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Abstract

We consider random walks on the infinite cluster of a conditional bond percolation model on
the infinite ladder graph. In a companion paper, we have shown that if the random walk is
pulled to the right by a positive bias ) > 0, then its asymptotic linear speed V is continuous
in the variable ) > 0 and differentiable for all sufficiently small ). > 0. In the paper at hand,
we complement this result by proving that v is differentiable at ). = 0. Further, we show
the Einstein relation for the model, i.e., that the derivative of the speed at ). = 0 equals the
diffusivity of the unbiased walk.

Keywords Einstein relation - Invariance principle - Ladder graph - Percolation -
Random walk

Mathematics Subject Classification 82B43 - 60K37

1 Introduction

We continue our study of regularity properties in [14] of a biased random walk on an infinite
one-dimensional percolation cluster introduced by Axelson-Fisk and Héggstrom [3]. The
model was introduced as a tractable model that exhibits similar phenomena as biased random
walk on the supercritical percolation model in Z¢. The bias, whose strength is given by some
parameter \ > 0, favors the walk to move in a pre-specified direction.

There exists a critical bias A € (0, co) such that for ) € (0, \.) the walk has positive
speed while for )\ > \. the speed is zero, see Axelson-Fisk and Héaggstrom [2]. The reason
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for the existence of these two different regimes is that the percolation cluster contains traps
(or dead ends) and the walk faces two competing effects. When the bias becomes larger
the time spent in such traps (peninsulas stretching out in the direction of the bias) increases
while the time spent on the backbone (consisting of infinite paths in the direction of the bias)
decreases. Once the bias is sufficiently large the expected time the walk stays in a typical
trap is infinite and the speed of the walk becomes zero.

Even though the model may be considered as one of the easiest non-trivial models for a
random walk on a percolation cluster, explicit calculation for the speed Vv = V().) could not be
carried out. The main result of our previous work [14] is that the speed (for fixed percolation
parameter p) is continuous in ) on (0, 0o). The continuity of the speed may seem obvious,
but to our best knowledge, it has not been proved for a biased random walk on a percolation
cluster, and not even for biased random walk on Galton-Watson trees. Moreover, we proved
in [14] that the speed is differentiable in X on (0, A /2) and we characterized the derivative
as the covariance of a suitable two-dimensional Brownian motion.

This paper studies the regularity of the speed in % = 0. In particular, we establish the
Einstein relation for the model: we prove that Vv is differentiable at ). = 0 and that the
derivative at ). = 0 equals the variance of the scaling limit of the unbiased walk.

The Einstein relation is conjectured to be true in general for reversible motions which
behave diffusively. We refer to Einstein [9] for a historical reference and to Spohn [29] for
further explanations. A weaker form of the Einstein relation holds indeed true under such
general assumptions and goes back to Lebowitz and Rost [22]. However, the Einstein relation
in the stronger form as described above was only established (or disproved) in examples. For
instance, Loulakis [24,25] considers a tagged particle in an exclusion process, Komorowski
and Olla [21] and Avena, dos Santos and Vollering [1] investigate other examples of space-
time environments.

Komorowski and Olla [20] treat a first example of random walks with random conduc-
tances on Z4,d > 3, and Gantert, Guo and Nagel [12] establish the Einstein relation for
random walks among i.i.d. uniformly elliptic random conductances on Z¢, d > 1. In dimen-
sion one the Einstein relation can be proved via explicit calculations, see Ferrari et al. [11].
There are only few results for non-reversible situations, see Guo [16] and Komorowski and
Olla [21]. We want to stress that while the differentiability of the speed might appear as
natural or obvious, there are examples where the speed is not differentiable, see Faggionato
and Salvi [10].

Despite this recent progress not much is known in models with hard traps, e.g. random
conductances without uniform ellipticity condition or percolation clusters. The first result
in this direction is Ben Arous et al. [4] that proves the Einstein relation for certain biased
random walks on Galton-Watson trees. An additional difficulty in our model is that the traps
are not only hard but do also have an influence on the structure of the backbone. Our paper
is the first, to our knowledge, to prove the Einstein relation for a model with hard traps and
dependence of traps and backbone. Although the structure of the traps is elementary the
decoupling of traps and backbone is one of the major difficulties we encountered.

We prove a quenched (joint) functional limit theorem via the corrector method, see Sect. 7,
with additional moment bounds for the distance of the walk from the origin. The law of the
unbiased walk is compared with the law of the biased one using a Girsanov transform. The
difference between these measures is quantified using the above joint limit theorem. Finally,
we use regeneration times that depend on the bias and appropriate double limits to conclude
that the derivative of the speed equals a covariance, see Sect. 8. It remains then to identify
the covariance as the variance of the unbiased walk, see Eq. (2.6).
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Fig. 1 A piece of the cluster sampled according to P;,k

2 Preliminaries and Main Results

In this section we introduce the percolation model. The reader is referred to Fig. 1 for an
illustration.

Percolation on the ladder graph Let L = (V, E) be the infinite ladder graph with vertex
set V. =7 x {0, 1} and edge set E = {(v,w) : v,w € V,|v — w| = 1} where (v, w) is
an unordered pair and | - | the standard Euclidean norm in R?. We also write v ~ w for
(v, w) € E, and say that v and w are neighbors.

Axelson-Fisk and Héaggstrom [3] introduced a percolation model on £ that may be called
‘i.1.d. bond percolation on the ladder graph conditioned on the existence of a bi-infinite path’.
We give a short review of this model.

Let 2 := {0, 1}£. We call £2 the configuration space, its elements w € £2 are called
configurations. A path in £ is a finite or infinite sequence of distinct edges connecting a finite
or infinite sequence of neighboring vertices. For a given w € §2, we call a path 7 in £ open
if w(e) = 1 foreach edge e from 7. If w € £2 and v € V, we denote by C, (v) the connected
component in w that contains v, i.e.,

Cy(v) = {w € V : there is an open path in w connecting v and w}.

We write x : V. — Zandy : V — {0, 1} for the projections from V to Z and {0, 1},
respectively. Then v = (x(v), y(v)) for every v € V. We call x(v) and y(v) the x- and
y-coordinate of v, respectively. For N1, N> € N, let 2, n, be the set of configurations in
which there exists an open path from some v; € V with x(v;) = —Nj to some vy € V with
X(v2) = N». Further, let 2* := ﬂNl,szO £2n,.n, be the set of configurations which have
an infinite path connecting —oo and +oc.

Denote by F the o-field on §2 generated by the projections p, : 2 — {0, 1}, ® > w(e),
e € E.For p € (0,1), let ), be the probability distribution on (§2, F) which makes
(w(e))eek an independent family of Bernoulli variables with ), (w(e) = 1) = p for all
e € E. Then u,(£2*) = 0 by the Borel-Cantelli lemma. Write P, y, n,(-) = pp(- N
£2N,,N>)/ I p (82N, N, ) Tor the probability distribution on £2 that arises from conditioning on
the existence of an open path from X-coordinate —N; to x-coordinate N». The measures
Py Ny, N, (-) converge weakly as Ni, No — oo as was shown in [3, Theorem 2.1]:

Theorem 2.1 The distributions P, y, n, converge weakly as N1, No — oo to a probability
measure P[’,‘ on (82, F) with P;‘(.Q*) =1

For any w € £2*, we write C = C,, for the Pj-a.s. unique infinite open cluster. We write
0 := (0, 0) und define £2¢ := {w € £2* : 0 € C} and

P, () := P (-£20).

Random walk on the infinite percolation cluster Throughout the paper, we keep p € (0, 1)
fixed and consider random walks in a percolation environment sampled according to P,.
The model to be introduced next goes back to Axelson-Fisk and Haggstrom [2], who used a
different parametrization.

We work on the space V0 equipped with the o-algebra G = o (¥, : n € Ny) where
Y, : VMo — Vv denotes the projection from V0 onto the nth coordinate. Let Py, be the
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distribution on Vo that makes Y := (Yn)nen, a Markov chain on V with initial position 0
and transition probabilities py, 5 (v, W) = Py 5 (Y41 = w | ¥;, = v) defined via

MK X))

Trite T Ho(uw)=1} if v~ w,
_ o MXW)—x(v)) . . 2 1)
P w) =130 S Lo(uap=0) if v =w, (2.
0 otherwise.

The random walk (Y;),en, is the weighted random walk on the ladder graph £ with
edge conductances ¢, 5 (v, w) = XWX gy for v~ w and ¢y (v, V) =
Dy @KXW =0y see [23, Sect. 9.1] for some background. We write PJ, to
emphasize the initial position 0, and P, , for the distribution of the Markov chain with
the same transition probabilities but initial position v € V. The joint distribution of w and
(Yi)nen, on (£2 x VN F®G) when w is drawn at random according to a probability measure
Q on (£, F) is denoted by Q x ch,x = IP’"Q’x where v is the initial position of the walk.

(Notice that, in slight abuse of notation, we consider ¥, also as a mapping from £2 x Vo

to V.) We refer to [14] for a formal definition. We write P for ng,w Py for IP’({ and P73 for

IP’?,* < If the walk starts at v = 0, we sometimes omit the superscript 0. Further, if \ = 0, we
i
sometimes omit \ as a subscript, and write p,, for p,, o, and P for Py.

The speed of the random walk Axelson-Fisk and Haggstrom [2, Proposition 3.1] showed that
(Yu)nen, is recurrent under [Py and transient under IP, for ) # 0. Moreover, there is a critical
bias \¢ € (0, co) separating the ballistic from the sub-ballistic regime. More precisely, if
one denotes by X, := x(Y}) the projection of Y, on the x-coordinate, the following result
holds.

Proposition 2.2 For any )\ > 0, there exists a deterministic constant v(\) = v(p, \) € [0, 1]
such that

% — V(\) Py-a.s.asn — oo.
Further, there is a critical bias \.. = \.(p) > 0 (for which an explicit expression is available)
such that

V(OA) >0forO <x <\ and VO.) =0for x\=0and \ > \.
C C

Proof For )\ > 0 this is Theorem 3.2 in [2]. For ). = 0, the sequence of increments (X, —
Xn—1)nen is ergodic under P by Lemma 4.4 below. Birkhoff’s ergodic theorem implies
¥(0) = limy 0 22 = E[X;] = 0P-a.s. o

Functional central limit theorem for the unbiased walk In a preceding paper [14], we have
shown that v is differentiable as a function of )\ on the interval (0, )\ /2), and continuous on
(0, 00). In this paper, we show that V is also differentiable at 0 with v/ (0) = o2 where o2
is the limiting variance of n~1/2X, under the distribution Py. This is the Einstein relation
for the model. Clearly, a necessary prerequisite for the Einstein relation is the central limit
theorem for the unbiased walk.

Before we provide the central limit theorem for the unbiased walk, we introduce some
notation. As usual, for ¢t > 0, we write | 7] for the largest integer < ¢. Then, we define

Jn )05151
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for each n € N. The random function B, takes values in the Skorokhod space D([0, 1]) of
right-continuous real-valued functions with existing left limits. We denote by “="" conver-
gence in distribution of random variables in the Skorokhod space DI0, 1], see [6, Chapter 3]
for details.

Theorem 2.3 There exists a constant 6 = o (p) € (0, 00) such that
B, = o B under P, 2.2)

for Py-almost all w € §2 where B is a standard Brownian motion.

It is worth mentioning that an annealed invariance principle for (Bj,),en follows without
much effort from [7]. In principle, we do not require a quenched central limit theorem for the
proof of the Einstein relation. However, we do require a joint central limit theorem for B,
together with a certain martingale M,,, see Theorem 2.5 below. Therefore, we cannot directly
apply the results from [7]. On the other hand, in the proof of the Einstein relation we use
precise bounds on the corrector. Using similar arguments as Berger and Biskup [5], these
bounds almost immediately give the quenched invariance principle.

Einstein relation We are now ready to formulate the Einstein relation:
Theorem 2.4 The speed V is differentiable at \. = 0 with derivative

V(0) = limy jo %2 = o2 (2.3)
where o? is given by Theorem 2.3.

The joint functional central limit theorem As in [14], the proof of the differentiability of the
speed is based on a joint central limit theorem for X, and the leading term of a suitable
density.

To make this precise, we first introduce some notation. Forv € V,let N, (v) :=={w e V :
Pw.0(v, w) > 0}. Thus, N, (v) # @, even for isolated vertices. For w € N, (v), the function
log py. (v, w) is differentiable at \ = 0. As log p,, 5 (v, w) is differentiable at . = 0, we
have

log pw,». (v, w) =log pe (v, w) + X ve(v, w) + KN o(l) (2.4)

where v, (v, w) is the derivative of log p, 5 (v, w) at 0 and o(1) converges to 0 as x — 0.
The one-step transition probability p,, (v, w) depends other than on )\ only on the local
configuration around v in w and the position of w relative to v. Because of the discrete nature
of the model, there are only finitely many such local configurations. Consequently, the error
term o(1) — 0 as \ — O uniformly (in v, w and w).

For all v and all w, p,, (v, -) is a probability measure on N,,(v) and hence

2 weN, @) VoV, W) pu (v, w) = 0.
Therefore, for fixed w, the sequence (M), e, Where My = 0 and, forn € N,
My =371 vo(Ye—1, Yi)

is a P,-martingale with respect to the canonical filtration of the walk (Yy)en,. Clearly, M,
is a (measurable) function of @ and (Yj)ken, and thus a random variable on £2 x yNo_ The
sequence (M, )neN, is also a martingale under the annealed measure PP.
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742 N. Gantert et al.

Theorem 2.5 Let p € (0, 1). Then, for P,-almost all w € £2,
(Bu(t),n" M) = (B, M) under P, (2.5)

where (B, M) is a two-dimensional centered Brownian motion with deterministic covariance
matrix X = (0y});, j=1,2. Further, it holds that

o012 =021 = E[B()M(1)] = E[B(1)*] = 0. (2.6)

As the martingale M, has bounded increments, the Azuma-Hoeffding inequality [30,
E14.2] applies and gives the following exponential integrability result, see the proof of
Proposition 2.7 in [14] for details.

Proposition 2.6 For everyt > 0,

sup,- 1 By e M) < oo, 2.7)

We finish this section with an overview of the steps that lead to the proof of Theorem 2.4.

1. In Sect. 7, we prove the joint central limit theorem, Theorem 2.5. The proof is based
on the corrector method, which is a decomposition technique in which Y, is written as
a martingale plus a corrector of smaller order. The martingale is constructed in Sect. 6.
Many arguments are based on the method of the environment seen from the point of view
of the walker.

2. In Lemma 8.1, we prove that

1
sup B[ max X?| < oo, 2.8)
neN 1 k=1,...,n
The proof is based on estimates for the almost sure fluctuations of the corrector derived
in Sect. 7.
3. Using the joint central limit theorem and (2.8), we show in Proposition 8.3 that, for any
a >0,

lim
r—0,
)\2 n—a

E,\[X
Xal E[B(1)M(1)]. (2.9)
An

Equation (2.9) is a weak form of the Einstein relation going back to Lebowitz and Rost

[22].
4. Finally, we show in Sect. 8.4 that, for any o > O,

v E, [X
lim [@— il "]] = 0. (2.10)
r—0, by an
xzn—>a

Notice that by (2.9) the limit in (2.10) does not depend on o > 0. Hence, (2.10) together
with V(0) = 0 implies

v (0) = lim M =E[B(1)M(1)]. (2.11)
)2\~>0, n
N n—a
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3 Background on the Percolation Model

In this section we provide some basic results on the percolation model.

Ergodicity of the percolation distribution To ease notation, we identify V with the additive
group Z X Z,. For instance, we write (k, 1) + (n, 1) = (k + n, 0) for k, n € 7Z. With this
notation, for v € V, we define the shift 6V : V — V, w + w — v. The shift 6V canonically
extends to a mapping on the edges and hence to a mapping on the configurations w € £2.
In slight abuse of notation, we denote all these mappings by 8'. The mappings 8" form a
commutative group since §V9% = gV,

The next result is contained in the proof of Lemma 5.5 in [2].

Lemma 3.1 The probability measure P; is ergodic w.r.t. the family of shifts 0¥, v € V,
that is, it is invariant under all shifts 0V and for all shift-invariant sets A € F, we have
P (A) € {0, 1}.

Cyclic decomposition We introduce a decomposition of the percolation cluster into inde-
pendent cycles. A similar decomposition for the given model was first introduced in [2]. If
(i, 1) is isolated in w, we call (i, 0) a pre-regeneration point. Cycles begin and end at pre-
regeneration points. These are bottlenecks in the graph which the walk has to visit in order to
get past. Let .. ., Rpfg, Rpfle, Rgre, R?re, Rzpre, ... be an enumeration of the pre-regeneration

points such that ... < x(R™}) < 0 < x(R)) < x(R¥™) <....

@ [ e o—o

re e
RP™S 0 Ry R

Let RP'™ be the set of all pre-regeneration points. Let E©»=, E/"> C E consist of those edges
with both endpoints having x-coordinate < i or > i, respectively. Further, let £ L<.— F \E L,z
and E-> := E \ E"=. We denote the subgraph of @ with vertex set {v € V : a < x(v) < b}
and edge set {¢ € E*= N E"< : w(e) = 1} by [a, b) and call [a, b) a block (of w). The
pre-regeneration points split the percolation cluster into blocks

wn = X(RYS ), X(RY)), n €L,

There are infinitely many pre-regeneration points on both sides of the origin P,-a.s. The
random walk (Y},),>0 under [P can be viewed as a random walk among random conductances
(w(e))eck (With additional self-loops). For n € Z, we define C, to be the effective con-

ductance between Rgrfl and Rﬁre. To be more precise, consider the nth cycle w, as a finite
network. Then the effective resistance between Rsr_el and Rf’,re is well-defined, see [23, Sect.
9.4]. We denote this effective resistance by 1/C,, and the effective conductance by C,,. We
further define L, := L(w,) to be the length of the nth cycle, i.e., L, = X(RY™®) — x(Rsrfl).

We summarize the two definitions:
Cy = Ceit (R, < RY®) and L, = x(RY") — x(R"™)). (3.1

For later use, we note the following lemma.
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(] e 6o
@ o
R Ry
R Ry

Fig.2 The original percolation configuration and the backbone

Lemma 3.2 Under Py, the family {(C,, L,) : n € Z} is independent and the (Cy, Ly),
n € Z\ {0}, are identically distributed. Further, there is some ¥ > 0 such that

E, [exp(#/Cy)] + Eplexp(9L,)] < 00 (3.2)
foralln € Z.

Proof By Lemma 3.31in[14], under P,, the family (9 R wn)nez s independent and all cycles
except cycle 0 have the same distribution. Hence the family ((C,, L;)),cz is independent
and the (C,, L,), n € Z, n # 0 are identically distributed. Lemma 3.3(b) in [14] gives
that L = X(Rfre) — X(Rgre) has a finite exponential moment of some order ¥’ > 0. By
Raleigh’s monotonicity law [23, Theorem 9.12], C{ l, the effective resistance between R?re
and Rgre, increases if open edges between these two points are closed. So, the effective
resistance between lere and Rgre is bounded above by the effective resistance of the longest
self-avoiding open path connecting these two points. This path has length at most 2L and
thus, by the series law, resistance of at most 2L . Therefore, C; ! has a finite exponential
moment of order ©'/2.

The proof of the statements concerning the cycle QRgrlewO can be accomplished analo-
gously, but requires revisiting the proof of Lemma 3.3 in [14]. We omit further details. 0O

We close this section with the definition of the backbone. We call a vertex v forwards-
communicating (in w) if it is connected to 400 via an infinite open path that does not
visit any vertex u with x(u) < x(v). Finally, we define B := B(w) = {v € V :
v is forwards-communicating (in w)}.

4 The Environment Seen from the Walker and Input from Ergodic
Theory

We define the process of the environment seen from the particle (o(n)),en, by @(n) := 0 Vi,
n € Np. It can be understood as a process under P, as well as under Py. For later use, we
shall show that (o(n)),>0 is a reversible, ergodic Markov chain under Py.

Lemma 4.1 The sequence (w(n))qcn, is a Markov process with state space §2 under P,
IP§ and Po, with initial distributions &, P;‘,‘ and Py, respectively. In each of these cases, the
transition kernel M (w, do') is given by

1

M@, f) = Eolf@" )] = 33 (Lown=/O"®) + Lpen=0f @), @D

v~0

w € 82, f nonnegative and F-measurable. Moreover, (o(n)),cn, is reversible and ergodic
under P.
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Proof The proof of (4.1) is a standard calculation and can be done along the lines of the
corresponding one for random walk in random environment, see e.g. [31, Lemma 2.1.18].
To prove reversibility of (w(n)),cn, under Py, notice that, for every bounded and measurable
f:£2 — Randallv € V withv ~ 0,

Eplf(0"®)Liwov=1}] = Eplf(@)Liw©,-v=1] (4.2)

This can be verified along the lines of the proof of (2.2) in [5]. Arguing as in the proof of
Lemma 2.1 in [5], (4.2) implies that

Ep[f(o)Mg(w)] = Eplgw)Mf(w)] (4.3)

for all measurable and bounded f, g : £2 — IR, which is the reversibility of (w(n)),cn,
under [Py. To prove ergodicity, we argue as in the proof of Lemma 4.3 in [7]. Fix an invariant
set A C £2,1.e.,

M(w,A’) = 1 forP,-almostall w € A".

By Corollary 5 on p. 97 in [28], it is enough to show that P, (A" € {0,1}. If Pp(A’) =0,
there is nothing to show. Thus assume that P,(A") > 0. Since P, is concentrated on £2¢, we
can ignore the part of A’ that is outside £2¢ and can thus assume A" C £2¢. From the form of
M, we deduce that

for P,-almost all w € A" we have that 6w € A’ for all v € C,,(0).

To avoid trouble with exceptional sets of P,-probability 0, we define A := {w € A’ :
0%w € A’ forall v € C,(0)}. Since A € A, it suffices to show P,(A) = 1. First notice that
P,(A) = P,(A’) > 0 and that

® € A and v € Cy,(0) imply 0%w € A. 4.4
Plainly,
ACB:={we R:0°we Aforsomev € V}.

By definition, B is invariant under shifts 6V, v € V. Since P;," (B) > P;," (A) > 0, the ergodicity
of P;,‘ (see Lemma 3.1) implies P]’;‘(B) = 1. We shall now show that B N §£29 C A up to a set
of P;,‘ measure zero. Once this is shown, we can conclude that P]’,k (A) = P]*; (£29), in particular,
P,(A) = 1. In order to show B N 29 S A Pj-a.s., pick an arbitrary w € B N §29 such that »
has only one infinite connected component C,,. (The set of @ with this property has measure 1
under P;:.) By definition of the set B, there existsav € V such that0'w € A. Since A C 2y,
the origin 0 must be in the infinite connected component of 6¥w or, equivalently, v is in the
infinite connected component of w. From the uniqueness of the infinite connected component
together with w € £2¢, we thus infer v € C,(0). This is equivalent to —v € Cyv,(0). Together
with 6%w € A this implies @ = 070w € A by means of (4.4). The proof is complete. O

The lemma has the following useful corollary.

Lemma4.2 Let f : 2 — R be integrable with respect to P,. Then, for P,-almost all o € 2,
we have

n—1

1
Jim 3" f@K) =Eplf] Poas (4.5)
k=0
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746 N. Gantert et al.

Proof As (w(n))nen, is reversible and ergodic with respect to Pg, we infer

n—1

. _ _
Jim - Z f(@(k)) =Eolf (@(0))] Po-a.s. (4.6)
k=0

from Birkhoff’s ergodic theorem. As the law of @(0) under Py is P,,, we have Eo[ f (@(0))] =
E,[f]. Hence (4.5) follows from (4.6) and the definition of IPy. O

Next we see that if the walker sees the same environment at two different epochs, then,
with probability 1, the position of the walker at those two epochs is actually the same. This
allows to reconstruct the random walk from the environment seen from the walker.

Lemma4.3 We have P;(O”a) = 0"w) = 0 forallv,w € V, v # w. The same statement
holds with Py replaced by P),.

Proof By shift invariance, we may assume w = 0 and v # 0. Call a vertex u € V backwards-
communicating (in w) if there exists an infinite open path in @ which contains u but no vertex
with strictly larger x-coordinate. Define T = (T;);cz by letting

00 if neither (i, 0) nor (i, 1) are backwards-communicating;
01 if (i, 0) is not backwards-communicating but (i, 1) is;
10 if (i, 0) is backwards-communicating but (i, 1) is not;
11 if (,0) and (7, 1) are backwards-communicating.

Notice that 0’w = w implies 6T = T where 8'T; records whether the vertices (i, 0) and
(i, 1) are backwards-communicating in 6”w. Under P;, T is a time-homogeneous, stationary,
irreducible and aperiodic Markov chain with state space {01, 10, 11} by [3, Theorem 3.1 and
the form of the transition matrix on p. 1111]. From this one can deduce P;‘ O'T =T) = 0and,
in particular, P; (0w = w) = 0. Finally, notice that, for every event A € F, P;; (A) =P,(A)
whenever P;,‘(A) € {0, 1}. O

Lemma 4.4 The increment sequences (X, — Xn—1)neN and (Y, — Yy—1)neN are ergodic
under P.

Proof Define a mapping ¢ : 2 x 2 — V via

, v if ' = 0Vw for a unique v € V;

oo, )= .

0 otherwise.

It can be checked that ¢ is product-measurable. Further, P-a.s., Y, —Y,,—1 = ¢(w(n—1), ©(n))
foralln € N. Combining the ergodicity of (w(n)),cn, under Py (see Lemma4.1) with Lemma
5.6(c) in [3], we infer that (Y, — Y;,—1)nen = (p(@(n—1), @(n))),en is ergodic. (To formally
apply the lemma, one may extend (@(n)),en, to a stationary ergodic sequence (@(n)),ez
using reversibility.) Then also (X, — X,—1)neny = X(Y;, — Y,—1))nen is ergodic under P
again by Lemma 5.6(c) in [3]. O

5 Preliminary Results

Hitting probabilities The next lemma provides bounds on hitting probabilities for biased
random walk that we use later on.
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Fig.3 Construction of the graph e @ )
G [u, w)
u v w
@
LIl L, @
®
U v w

Lemma5.1 Let L,R € N and u,v,w € RP*® be such that x(v) — x(u) = LL%J and
x(w) —x(v) = R L%J. Then, with T,, and T,, denoting the first hitting times of (Y,)nen, at u
and w, respectively, we have

R 2R

1—e
1 —e 2R 4 %(eL -1

1—e™ -
l—eR46(2L—1)

P (T, <Ty) <

(5.1)

Sor all sufficiently small \ € (0, \o] for some \o > 0 not depending on L, R. In particular,
for these )\,

1
gt =5 = Fon(Tu < 00) < 70— (5.2)
Moreover, for L = 1 and R = oo, for all sufficiently small ). > 0, we have
v 4
Pw,x(Tu <00) < — (5.3)

- 10
Proof Since u, w are pre-regeneration points, it suffices to consider the finite subgraph [u, w).

As v is also a pre-regeneration point, the walk cannot visit both # and w during one excursion
from v to v. Standard electrical network theory thus gives

Refr (v <> w)

PY (T, <T,) =
o3 (T < Tw) Refi (U <> V) + Refr (v <> w)

where Refr(u <> v) = Refr,) (# <> v) denotes the effective resistance between u and v in
[u, w), see [23, Proposition 9.5]. Let us first prove the upper bound by applying Raleigh’s
monotonicity law [23, Theorem 9.12]. We add all edges left of v that were not present in the
cluster w. This decreases the effective resistance Refr (4 <> v) between u and v. On the right
of v we delete all edges but a simple path from v to w. This increases the effective resistance
Refr (v <> w).

The graph obtained is denoted by G, see Fig. 3 for an example. We conclude

Rett,c (v <> w)

Py (T, < Ty) <
ot Refr, (U <> v) + Refr,G (v < w)

where Refr, ¢ denotes the corresponding effective resistance in G. We may assume without

loss of generality that v = 0. Recall that the conductance of an open edge is e** where k is

the sum of the x-coordinates of the two end points of the edge. Then, by the series law, we

can bound Reff,g (v <> w) from above by
-\ 1— 6_2R

2R|_%j€7)\k e
l—e "

Retf,c(v < w) <) 1o

From the Nash-Williams inequality [23, Proposition 9.15], we infer

(1— e 2R <

M 2MLL 2000

> _
2 e2n—1 T2 e2r—1

LI (o @k—1)y—1
Refr,g(u <> v) = Y1 (2e” M) =
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Consequently,

1— e*ZR

—2R 4 l(,2(1—0)L l—e*
1—e +§(e( ») —l)gZLI

PL})),)\(TM < Tw)

1— 672R

=
1—e 2R 4 Ll — 1)

54

for all sufficiently small . > 0 independent of L, R. The proof of the lower bound is similar.
We add all edges right of v and keep only one simple path left of v. For this new graph
G we bound the effective resistances as follows. From the Nash-Williams inequality [23,
Proposition 9.15], we infer

_ —%N2R[1) —R
R, okein—1 e M1—e ML 11—e
Regp5(v < w) = 3 (2M70) 7 = 3 1 _e2n 5] _e-n

for all sufficiently small ) > 0. Moreover,

zLL%JeM _ et

»
1 e
Regr, g <> v) =) 4y (el —1y < 71(82L — 1.

et — 1 T eh—

The lower bound in (5.1) now follows. Equation (5.2) follows from (5.1) by letting R — oo.
Equation (5.3) follows from (5.4) and the observation that the term on the right-hand side of
(5.4) with R = co and L = 1 tends to 3_;% =0.3850...for » — 0. |

6 Harmonic Functions and the Corrector

Throughout this section, we consider the unbiased walk, i.e., we assume » = 0. We use
harmonic functions to construct a martingale approximation for X,,. As a result, X,, can be
written as a martingale plus a corrector.

The corrector method The corrector method has been used in various setups, see e.g. [S] and
[26]. In the present setup, the method works as follows.

We seek a function ¢ : 2 x V — R such that, for each fixed w, ¥ (®, -) is harmonic in the
second argument with respect to the transition kernel of P, thatis, E} [ (w, Y1)] = ¥ (@, v)
for all v € C,. In what follows, we shall sometimes suppress the dependence of ¥ on w in
the notation so that the above condition becomes

E [y YD =¥ (), veCy. (6.1)

If we find such a function, then (Y (@, Y,,))sen, is a martingale under P,,. We can then define
X (w,v) :=x() — ¥(w, v) and get that X,, = ¥ (¥,) + x(¥,,). In other words, X,, can be
written as the nth term in a martingale, v (Y,), plus a corrector, x(¥y). In order to derive a
central limit theorem for X, it then suffices to apply the martingale central limit theorem to
¥ (Y,) and to show that the contribution of x (Y,) is asymptotically negligible.

Construction of a harmonic function Let w € §2¢ be such that there are infinitely many pre-
regeneration points to the left and to the right of the origin (the set of these w has P,-probability
1). Then, under P,,, the walk (Y;),>0 is the simple random walk on the unique infinite cluster
Cw- It can also be considered as a random walk among random conductances where each edge
e € E has conductance w(e). Recall that C,, = C,(w) denotes the effective conductance

between Rsr_el and RY™ see (3.1). We couple our model with the random conductance model
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on Z with conductance C,, between n — 1 and n. For the latter model, the harmonic functions
are known. In fact,

— Zg=n+1 Cik forn <0,
Yn):=140 forn =0, (6.2)

n 1
D e o forn > 0,

is harmonic for the random conductance model on Z. Notice that ¥ is a function of w and n as
the conductances C (w) depend on . We define ¢ (w, RP™) .= W (w, n). Now fix an arbitrary
n € 7Z. For any vertex v € w,, we then set ¢ (w, v) = ¢(w, Rp el) + Reff(Rn | <),

where the latter expression denotes the effective resistance between Rp _; and v in the finite
network w,,. This definition is consistent with the cases v = REr_el, Ere, and, by [23, Eq.

(9.12)], makes ¢ (w, -) harmonic on w, under P,,. Asn € Z was arbitrary, ¢ (w, -) is harmonic
on C, under P,. We now define

V(w,v) =

V) —¢(@,0), v eCo,

where we remind the reader that the L,, n € Z were defined in (3.1). Notice that the
expectations E,[L{] and E,[C fl] are finite by Lemma 3.2. Since ¢ (w, -) is harmonic under
P,, sois ¥ (w, -) as an affine transformation of ¢ (w, -). It turns out that ¥ is more suitable
for our purposes as i is additive in a certain sense. Next, we collect some facts about .

Proposition 6.1 Consider the function W : 2 x V. — R constructed above. The following
assertions hold:

(a) For Py-almost all w € $2, the function v — ¥ (w, v) is harmonic with respect to (the
transition probabilities of) P,.
(b) For Pp-almost all w € 29 and all u, v € C,, it holds that

Y(w,u+v) =y(w,u)+ ¥ 0", v). (6.3)

(c) ForP,-almost all v € §2¢

Ep[Ll]

ERTeh 6.4)

sup | (w, v) — ¥ (@, W) lwec,) Lo(w,w)=1} <

v~w
Proof Assertion (a) is clear from the construction of y. For the proof of (b), in order to ease
notation, we drop the factor E,[L]/E,[C| 1] in the definition of v. This is no problem as
(6.3) remains true after multiplication by a constant. Now fix w € £2¢ such that there are
infinitely many pre-regeneration points to the left and to the right of 0. The set of these @
has P,-probability 1. Let u, v € C,. We suppose that there are n, m € Ng such that u € w,
and v € wy4,- The other cases can be treated similarly. We further assume that y(u) = 0.
Define T := inf{n € Ny : Y¥,, € RP} to be the first hitting time of the set of pre-regeneration
points. From Proposition 9.1 in [23], we infer

! u pre 1
Y(w,u) = Zk 1 Ck((u) + Pw(YT =Ry )Cn(a)) — ¢ (w,0) (6.5)

n+m—1
and ¥ (0" w, v) :Zk o oty + Phio (YT = RN ) s — 9(0"0,0)  (6.6)

where we have used that y(u) = 0 which implies that the pre-regeneration points in 6% are
the pre-regeneration points in w but shifted by index n as u € w,. Here,
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P, (Yr = RIS) = PUt(Yr = RS,
and  — (0", 0) = Py, (Y7 = Rprle)c =P,(Yr = Rprel)c
Using the last two equations in (6.6) and summing over (6.5) and (6.6) gives:
W(a), 14) + W(Quah U) = Z:q” 1 Ck(w) + Pu+U(YT — Rsfm)c)1+iz(w) _ ¢)(a)! 0)

=V (w, u +v).

The proof in the case y(u) = 1 is similar but requires more cumbersome calculations as the
pre-regenerations change when considering 6" instead of w due to the flip of the cluster.
However, the pre-regeneration points in @ remain pivotal edges in 6w and by the series law
the corresponding resistances add. We refrain from providing further details.
We now turn to the proof of assertion (c). According to the definition of i, the statement is
equivalent to
sup |¢(w, v) — ¢(w, w)|Ljvec,} Liw(w,wn=1) <1 forP,-almost allw. 6.7)
v~w
For the proof of (6.7), pick w € £2¢ such that there are infinitely many pre-regeneration points
to the left and to the right of the origin. Now pick v, w € C, with o ({v, w)) = 1. Then there
is an n € Z such that v, w are vertices of w, and (v, w) is an edge of w,. In this case, by the
definition of ¢, ¢ (w, V) := P (w, a) + Retr(a <> v) and ¢ (w, w) := ¢ (w, a) + Refr(a <> w)
fora = Rz’fl where Refr(u < u’) denotes the effective resistance between u and u’ in
the finite network w,. To unburden notation, we assume without loss of generality that
¢(w, a) = 0. Then Regr (- <> -) is a metric on the vertex set of w,,, see [23, Exercise 9.8]. In
particular, Reff (- <> -) satisfies the triangle inequality. This gives

¢ (0, w) = Refr(a < w) < Refr(a<>v) + Refr (v < w)
< Reff(a<v)+1=¢(w,v) + 1,

where we have used that Regr(v <> w) < 1. This inequality follows from Raleigh’s
monotonicity principle [23, Theorem 9.12] when closing all edges in w, except (v, w).
By symmetry, we also get ¢ (w, v) < ¢(w, w) + 1 and, hence, |¢ (w, v) — ¢ (w, w)| < 1.0

For v € V (and fixed w), we define x (w, v) := x(v) — ¥ (w, v). Then (suppressing w in
the notation) X, = x (¥,,) + ¥ (Y},). For the proof of the Einstein relation, we require strong
bounds on the corrector x. These bounds are established in the following lemma.

Lemma 6.2 Foranye € (0, %) and every sufficiently small § > O there is a random variable
K on §2 with EP[KQ] < 00 such that

[ x(w,v)| < K(w) + 8|X(U)|%+8 forall v € C, Py-almost surely. (6.8)
Further, there is a random variable D € L*(P) such that

Ix(Y)| <D+ k4l+5 P-almost surely for all k € N. (6.9)

Proof For k € 7, set ni(w) := Li(w) — ”[L_IIJ] ckl(w) Then, forn € N,

x (@, RYS) = x(RY®) — ¥ (0, RY)

EplL1] 1 EplLi]
= Yo (L@ — g e) + ghené @ 0
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E,[Li]
=D =1 k(@) + EV[CI ¢(@,0)
where 7y, ..., n, areii.d. centered random variables on (£2, F, Py). Itholds that E , [e?Im]) <

oo for some ¥ > 0 by Lemma 3.2. From (A.2), the fact that |¢ (@, 0)] < 1/Co and again
Lemma 3.2, which guarantees that E,[1/ Cé] < oo, we thus infer, for arbitrary given ¢ €
(0. ) and § € (0, 3),

EplL1]

+8
E,IC; T o < < Ka(@) +en2 ™ (6.10)

Ix (@, RE] < (@) + ... + nu(@)] +

for all n € N and a random variable K> on (§2, F) satisfying Ep[KQZ] < oo. If v € w, for
some n > 0, then

Epl L1]
EplCy '] Cn(@)

X (@, RY) = x(@,v)| < Ly(o) + = &n(w).

The &,, n € N are nonnegative and i.i.d. under P,. Hence, (A.1) gives

£, < Ky +en2 ™ 6.11)

for all n € N, where K is a nonnegative random variable on (£2, F) with E[Klz] < o0.
Analogous arguments apply when v € w, with n < 0. Combining (6.10) and (6.11), we
infer that for sufficiently small § > O there is a random variable K > 1 on (£, F) with
E,[K?] < oo such that

X (@, v)] < K (@) + 2e[x(v)] 2+

forall v € C,, i.e., (6.8) holds.
Finally, we turn to the proof of (6.9). We use (6.8) with ¢ = % twice and |x(Yy)| < k to

infer for some sufficiently small § € (0, %),
X (@, YOl < K (@) + X2 = K@) + Ly (@, ) + x (@, Y2+
< K@) + 3y @, YOI + Lix(, v+
< K@) + (o, Y017+ 4+ LK ()2 4 LG+ (6.12)

P,-a.s. for all k € No. Now (Y (@, Yi))ken, is a martingale with respect to P, and also a IP-
martingale with respect to its canonical filtration. As it has bounded increments, we may apply

Lemma A.1(d) to infer the existence of a variable K» € L%(P) such that |y (Y)| < K» —|—k%+‘S
for all k € Ng P-a.s. Using this in (6.12), we conclude

2 3497 1 1502
Ix(@, Y| < K(w) + %KZ(C(), (Uj)jENO)ZJ'_S—{— %k(z-‘ré) 4 %K(w)2+8+ %k(2+5)
< K@) + 1K @) + Koo, (v))jeny) 7+ + K

for P-almost all (w, (v}) jeN,) € £2 x VMo and all k € Ny. The assertion now follows with
D(w, (Vi)ken,) = K (o) + %K(a))%*"S + K> (w, (Uk)kENO)%_HS and with the observation that
G +82— Ltass o O

7 Quenched Joint Functional Limit Theorem Via the Corrector Method

From Proposition 6.1 and the martingale central limit theorem, we infer the following result.
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Proposition 7.1 For P,-almost all w € 2,
W) Mie)) = (B. M) under P, (7.1)

where (B, M) is a two-dimensional centered Brownian motion with covariance matrix X =
(0ij)i,j=1,2 of the form

(ww)_( Ely (1)’] IEW(Yovw(o,Yl)])

o1 022) ~ \E[Y(Y1)ve(0, Y] E[v,(0, Y1)?]

Proof Let w € £2¢ such that there are infinitely many pre-regeneration points to the left
and right of the origin in w, and «, 8 € R. We prove the convergence in distribution of
n_% (¥ (Y|nr)) + BM 1)) to a centered Brownian motion in the Skorokhod space D([0, 1])
under P,,. To this end, we invoke the martingale functional central limit theorem [17, Theorem
3.2]. Let

Snilen B) = S (W@, V) = Y@, Yem) + Jove(Yier, Yo,

forn e Nand k = 1, ..., n. In order to apply the result, it suffices to check the following
two conditions:

Lnt]

Z Ew[‘i:n,k(a7 B | gk,l] — c(a, B)t in P,-probability (7.2)
k=1
|nt]
Z Ea)[én,k(a» ,3)2]1{@"4,((a’5)|>5} | gk_l] — 0 in P,-probability (7.3)
k=1

for every ¢ > 0 where c(«, f) is a suitable constant depending on «, . Here, Gy :=
o(Yy,...,Yy) C G where Yy, Yq, ... are considered as functions yNo 5 V. To check
(7.2), we first define the functions f, g, h: 2 — R,
f(@) = Ey[¥ (@, Y1)°],
g(w) := Ey[¥ (o, Y1)y (0, Y1)],
h(®) 1= Ey[vy,(0, Y1)?].
These three functions are finite and integrable with respect to P,,. This follows from Propo-
sition 6.1(c) for v and from the boundedness of v, (v, w) as a function of w, v, w. From
Proposition 6.1(b) (with u = Y;_1 and v = Y} — Yx_1), we infer for every k € N:
f@k — 1)) = Eo[(¥ (@, Y) = ¥(@, e 1)* | Gea ],
g@k — 1)) = Eo[(¥ (@, Yi) — ¥ (@, Yke)Ve Vi1, Yo) | Ge—1].
h@(k — 1)) = Eo[vo(Yi-1. Y)? | Ge1].

Lemma 4.2 thus gives

Y E (€ i@, B)? | Gioi]
= 1yl (@2 f @k — 1) + 2apg@(k — 1) + B2h@(k — 1))
— (®Ep[f14 2aBE,[g] + B*E,[h])t for P,-almost all w € 2. (7.4)

@ Springer



Einstein Relation for Random Walk 753

This gives (7.2) with P,-almost sure convergence instead of the weaker convergence in P,,-
probability. Equation (7.3) follows by an argument in the same spirit. We therefore conclude
that, for P,-almost all w € £2,

L (@, Vi) + %MW = aB(t) + BM(t) under P,

in the Skorokhod space DI[0, 1] as n — oo. Now fix an w € §2¢ for which this convergence
holds. For the rest of the proof, we work under P,,. The above convergence in D[0, 1] implies
convergence of the finite-dimensional distributions. By the Cramér-Wold device, we conclude
that the finite-dimensional distributions of n~"/?( (w, ¥ lnt])> Mn)) converge to the finite-
dimensional distributions of (B, M). As the sequences n™ l/zxp (@, Y|ns)) andn™ 1/2MLmJ are
tight in the Skorokhod space D[0, 1], s0 is n™Y2(¥ (Y|r)), M sz)), cf. [6, Section 15]. This
implies (7.1). The formula for the covariances follows from (7.4). m}

We now give the proof of Theorem 2.5.

Proof of Theorem 2.5 In view of (7.1) and Theorem 4.1 in [6], it suffices to check that, for
P,-almost all w,

max | X (w, Yi)|
k=0,...,n \/ﬁ

For a sufficiently small § € (0, %), we conclude from (6.9) that

— 0 in P,-probability. (1.5)

Ix(@, Y| < D+ kit Poas,

for all £ € Ny and a random variable D € Lz(]P’). Hence

1
ﬁ kir(%?fn x(w, Yy)| > 0 P-a.s. (7.6)
Almost sure convergence with respect to [P is equivalent to P,,-a. s. convergence for P,-almost
all w, hence (7.5) holds.
It remains to prove (2.6), that is, E[B(1)M (1)] = E[B(1)?] = ¢2. Uniform integrability,
see (2.7) and (8.1) below, implies

1 1
E[B(H)M(1)] = lim —E[X,M,] and E[B(1)*]= lim fE[Xﬁ]. .7
n—-oon n—-oon
To conclude that the two limits in (7.7) coincide, it suffices to show that
1
lim —-E[X,(M, — X,)] =0. (7.8)
n—oon

To see that this is true, recall from the proof of Lemma 4.4 that Yy, — Yx—1 = ¢p(w(k—1), w(k))
P-a.s. for all k € Ny for some product-measurable function ¢ : 2> — V. Therefore, for
k € N, the increments Xy — X;_1 and v, (Yx—1, Yi) — (Xx — Xy —1) of the processes (X ) en,
and (M,, — X,,)nen, are functions of the pair (w(k—1), w(k)). Hence, X,, and M,, can be
written in the form X, = ¢, (®©(0), ..., w(n)) and M, — X,, = Y (@(0), ..., ®(n)) for
measurable functions ¢, and v,,. We claim that ¢, is antisymmetric and v, is symmetric in
the sense that with [P-probability one, we have

(@), ..., 0(0) = =g (@(0), ..., &),
Yp(@n), ..., 0(0)) = ¥, (@), ..., o0n)). (7.9)
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Notice that (7.9) together with the reversibility of (w(n)),cn, (see Lemma 4.1) implies

E[X, (My — X5)] = Elgn(@(0), ..., @)Y (@(0), ..., o(n))]
= Elgn(@(n), ..., 0(0) ¢, ([@(n), ..., ®(0))]
= E[—¢n (@(0), ..., 02(m)Yn(@(0), ..., ®n))]
= _E[Xn(Mn — Xl
ie., E[X,(M, — X,)] = 0. It thus remains to prove (7.9). While the first line of (7.9)

corresponding to X, clearly holds, we require some work to show the second. For w € 2
andw € N,(v) ={w € V : py.0(v, w) > 0}, an elementary calculation yields

x(w) — x(v) if w# v,

Y v (=0 X@) = X)) ifw=w. (7.10)

Ve (v, w) = {
In particular, vy, (Yi—1, Yi) = Xy — Xp—1 if Yy # Yi_1. Therefore, My — My—1 — (Xi —
Xi—1) #0iff Yy = Yp 1. If Yg = Yy, then My — My — (Xg — Xi—1) = v (Yi—1, Yi).
Together with (7.10) and the fact that, with P-probability one, Y31 = Y; holdsiff w(k—1) =
w(k), this implies

Va @), ..., (1) =My =Xy = Y v (Yi1, Yo)

k=1,...,n,
wk—1)=w(k)

= D oVttt Yai) = Y @), ..., (0)),

k=1,...,n,
wn—k+1)=w(n—k)

i.e., (7.9) holds. O

8 The Proof of the Einstein Relation
8.1 Proof of Equation (2.8)

For the proof of the Einstein relation, we use a combination of the approaches from [13,16,22].

Lemma 8.1 Ir holds that

1
lim sup fE[kmax X,%] < 00. (8.1)

n—oo N =

.....

Proof By Lemma4.1, (w(n)),>0 is a stationary and ergodic sequence under IP. This sequence
can be extended canonically to a two-sided stationary and ergodic sequence (w(#)),cz on
the underlying space .QOZ. The increment sequences (X, — X,,—1) and (¥, — Y,—1)aez also
form stationary and ergodic sequences by Lemma 4.4. Therefore, we can invoke Theorem 1
in [27] and conclude that

E[k:nl% X,%] < 4n(1 + 805, ) (8.2)

1
where 8,2 = >_, j’% (Ep[Ew[X;1%1)?. Here, we have

EolX;1> = Eol¥ (Y)) + x(Y)DI? = Eulx (Y)I? < Eullx (Y.
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There exists a random variable D € L2(P) such that (6.9) holds for some § > 0 sufficiently
small, ie., |[x(Y;)| < D+ j%+% for all j € Ny P-a.s. Hence,

1 ) 1
Eollx(Y)!1 < EolID + j3+21] < E,[2D?] + 227,

Consequently,
1
supduz < Y 3 (2E[D?] +2j17%))? < oo
nzl jz1
if we pick § > O sufficiently small. Consequently, (8.1) follows from (8.2). O

8.2 Proof of Equation (2.9)

The first two steps of the proof of Theorem 2.4 are completed. We continue with Step 3, i.e.,
the proof of (2.9). Itis based on a second order Taylor expansion for Z;:l log pwy(Yj-1,Y))
atx =0:

n n

> 10g po s (Yio1, Yj) = Y log po(Yj-1, ¥})
j=1 j=1

22 i(ﬁg,o()’j—l, Y;)

=AM, + =
" Pow,0(Yj-1,Y;)

2 n
: VoV YY) 1) 00n (VoY) (83)

j=1 j=1

where it should be recalled from the paragraph following (2.4) that o, (v, w) tends to 0
uniformly inw € £2 and v, w € V as . — 0. Set

n

1 Po¥j-1.Y))
Ap=35Y" (vw(Yj,l, Yt — st
2 e Po(Yj-1,Y})

where we write p,, for py 0, and
2 n
R?\Jl = )\Zoa),)\(yj—la Y/)
j=1
Both, A, and R, , are random variables on (£2 x vN F Q6.

Lemma 8.2 Let ) — 0 and n — oo such that lim,_ oo M2 n =« > 0. Then

2 « 2 -

NA, &> EE[M(I) 1 P-a.s.andin L (8.4)
and Ry , — 0 P-a.s.

Proof The convergence R, , — 0 follows from the fact that o, ; (v, w) tends to 0 uniformly
inwe andv, w € Vas) — 0.

For the proof of (8.4), notice that A, — A,,_ is a function of (w(n — 1), @(n)). To make
this more transparent, we write

1 P (Yn-1,Yn)
Ay — Apy = 5(vwaml, Y, - B

pw(Ynfl» Yn)

PO, 0@ — 1), w(n))))
2

1
= | vau-1) 0, p(@7n — 1), ® : — —
<H DO ¢@ =D, o))"= =G @ — 1. o))
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with the function ¢ from the proof of Lemma 4.4. Since (w(n)),cN, is ergodic under P, so
is (A, — Ap—1)n>1, see e.g. Lemma 5.6(c) in [2]. Birkhoff’s ergodic theorem gives

> (Uw((), w)* — M)pw(& w)] P-a.s.

1 1
lim 7A” = EE[ 0
wer(O) pw( ’ ll))

n—>o0o n

Further, for all v and all w, p (v, -) is a probability measure on N, (v), hence Zwe Noy(v) pg)
(v, w) = 0. Consequently,

1 1
lim —A, = fIE[ > 060, w)* pe0. w)] P-a. s.
n—oon 2
weN,,(0)
On the other hand, by Theorem 2.5, we have
2 .1 2 NN IR 2
EIM()? = lim ~E[M]= lim ~ E[v,(Yi—1. Y)’]
n—-oon n—-oon P

= Elv, (Yo, Y1)’ =JE[ D (0, w)*pu o (0, w)}

weN,, (0)

where the second equality follows from the fact that the increments of square-integrable mar-
tingales are uncorrelated and the third equality follows from the fact that (v, (Yx—1, Yr))keN
is an ergodic sequence under PP. O

Proposition 8.3 For any o > 0, it holds that

. Ey[Xn]

im —— =E[B(1)M(1)]. 2.9
)2\%0, n

N n—o

Proof We follow Lebowitz and Rost [22] and use the (discrete) Girsanov transform introduced
in Section 2. Indeed, using (8.3), we get

n
pw)\(Y/*Ian)
IE[X]:]E[X ex < log ————F——
] =B Xnewp( Qe T T

2
= E[Xyexp (h My — LAy + Ry )]

Now divide by \n ~ 4 /an and use Theorem 2.5, Lemma 8.2, Slutsky’s theorem and the
continuous mapping theorem to conclude that

%ewn—xz AvtRn & 1 pgy vaMm B, 8.5)
n o

Suppose that along with convergence in distribution, convergence of the first moment holds.
Then we infer
E\[X 1
fim 1 Xnl —E[B(l) exp (J&M(U - g]E[Ma)z])] — E[B()M(1)]

n—oo  \Hn \/& 2
where the last step follows from the integration by parts formula for two-dimensional Gaus-
sian vectors. It remains to show that the family on the left-hand side of (8.5) is uniformly
integrable. To this end, use Holder’s inequality to obtain
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6
5:|
2

] supE[ 3% My—322 An+3Rx‘,,] 5

sup E

H Xn an—xz Ay+Ry
i

< sup]E[

By Lemma 8.1, the first supremum in the last line is finite. Concerning the finiteness of the
second, notice that 3% A,, and R, are bounded when 22n stays bounded (see the proof of
Lemma 8.2 for details), whereas (2.7) gives sup,_, E[e3*Mn] < 0. ]

8.3 Regeneration Points and Times

Given )\ € (0, 1], define \-dependent pre-regeneration points by:

pre,h __ ppre
Ry RnU/M’ ne.
The set of n\-pre- regeneration points is denoted by RP™*. The cluster is decomposed into
mdependent pieces o} 1= [Rsrelx, RY™. n € Z. The )\-regeneration times are defined as
1'8‘ = ,00 := 0 and, inductively,

= inf{k > r :Yp € RPOM Y, # Yy forall j < k and
Y, ¢ RP™* for all j > kwith X; < Xi},
Rr)l‘ = Yt,}

for n € N. We further set p} := X = X(R}). In words, a \-regeneration point is a \-

pre- regeneration point REre’x such that the walk after the first visit to R,I,’re‘x never returns
to Rsre | the \-pre-regeneration point to the left. For n € N, we write R}~ for the )\-pre-
regeneration point with the largest x-coordinate which is strictly to the left of R}. With this
definition, the walk (Y )ken, will eventually hit the nth regeneration point R,}. Afterwards,
there may be excursions from R,} to the left, but none of those will reach R,}’_. In the context
of regeneration-time arguments it will be useful at some points to work with a different
percolation law than P, or P}, namely, the cycle-stationary percolation law P?, which is
defined below.

Definition 8.4 The cycle-stationary percolation law Py is defined to be the unique probability
measure on (£2, F) with the following properties:

(i) with P}-probability one, there are infinitely many pre-regeneration points to the left and
to the right of the origin including one pre-regeneration point at the origin;
(ii) the cycles wy,, n € Z are i.i.d. under PI;’;
(iii) each cycle w, has the same law under P[;’ as w under P;,‘.

: 0
We write P} for PP;:,X'
We define
re, N
Hy = o(z), ..., 1M Yo, Y1,...,Yh,a)k X(RV“M) < ph),

the o -algebra of the walk up to time 7, and of the environment up to p). The distances
between )\-regeneration times are not i.i.d., but 1-dependent.

@ Springer



758 N. Gantert et al.

Lemma 8.5 Foranyn € N and all measurable sets F € F> = o (p,w) : X(v) A Xx(w) > 0)
and G € G,

h—

P, (0% Y, ke, € G, 08w e F I HE_))
= PO (Ykeny € G, 07 w € F | X > x(R™™) forall k e N).  (8.6)

In particular, ((‘rnxJrl - pﬁ i PN nen is a 1-dependent sequence of random variables
under P, .

Since Lemma 8.5 is a natural observation and its proof is a rather straightforward but
tedious adaption of the proof of Lemma 4.1 in [14], we omit the details of the proof.

The subsequent lemma provides the key estimate for the distances between ) -regeneration
points.

Lemma 8.6 There exist finite constants C, & > 0 depending only on p such that, for every
sufficiently small \ > 0,

]P’)\(,olx >n) < Ce ™" and]P’)\(p;‘—pf‘ >n) < Ce ™" foralln e Ny. (8.7)

In particular,
2
lim sup )2E, [(0])?] < 00, limsup kB, [(0) — p)?] < o0, (8.8)
r—0 r—0
and
2
lim sup \ ZnIF’x(,o% — ,01x > n)% < 00. (8.9
r—0 n>1

For the proof, we require the following lemma.

Lemma 8.7 There exist finite constants ¢ = €(p) > 0, cx = cx(p) > 0 such that, for all
x>0,

P;(X(le;i P >x) <e” ™ and Pp(x(Rf;i ) > x) <2

Proof Tt follows from Lemma 3.3(b) of [ 14] that there exists a constant c¢(p) € (0, 1) depend-
ing only on p such that

Po(X(RY™) > m) < ¢(p)"

. . prey .
for all m € Np. Hence, the moment generating function ¥ + E; [e?*(R1)] is finite in

some open interval containing the origin, in particular, X(RII) re) has positive finite mean p(p)
(depending only on p). Let ¢ € (0, w(p)~"). Then, for some sufficiently small u > 0,

1 > E° [eux(R‘,’“")]efue*1 = oG
5 : )

Fix x > 0. Since the w,, n € N are i.i.d. under P;’ x(Rf;iJ) is the sum of | ex | i.i.d. random

variables each having the same law as X(Rllarc) under P7. Consequently, Markov’s inequality
gives

POK(RYE ) > x) < EpleRIDlexl o= < o [ e s < gmea,
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Further,
P, (x(ngi P>x) < P,(X(R)) > x/2) + Pp(x(R}f;i D= X(R) > x/2)
) > x/2).

pre

=P, (x(R)) > x/2) + PS(x(R

pre

Lex]

The first probability decays exponentially fast as x — oo by the Markovian structure of the
percolation cluster under P, see Section 3 in [14]. The second probability is bounded above
by e~%*/2 by what has already been shown. Replacing ¢, by a smaller positive real, the
second inequality of the lemma follows. O

Proof of Lemma 8.6 We first derive (8.8) and (8.9) from (8.7). We only prove the second
relation of (8.8). For \ > 0, summation by parts and (8.7) give

2 2 2
MEL(0) — o)1= _2n+ DPy(py — pi > n) < ChY_(2n+ De  *¥,
n>0 n>0
which remains bounded as . |, 0. Analogously,
2 2
}\Zn[P)\(p%‘ _ ,le > n)% < C% )\Zne_)‘g”/z’
n>1 n>0

which again remains bounded as ). — 0 and thus gives (8.9).
‘We now turn to the proof of (8.7). By Lemma 8.5 the law of ,o% — ,olx under Py, is the same

as the law of ,01x under IP; given that (Y,,),>0 never visits Rgrf i
Py (o) — pi € ) =P (ol € | X > R™S* forall k € N). (8.10)
Let C := {X; > X(Rp_rf’)‘) for all k € N}. In order for C© to occur, the walk (¥}, ),en, must
travel at least 1/ \ steps to the left on the backbone as the distance of 0 = Rgre’x and R”' rle,x
is at least 1/x. From Lemma 5.1, Eq. (5.3), we thus conclude that
o} C 4
°(CY) < — (8.11)

- 10
for all sufficiently small ). > 0. Hence, for all sufficiently small \. > 0, we have IP; (C) > 1/2.
Fix such a ). Then

P} (p} € -1C) =P5.(C) ' Py(pf €. C) < 2Py (p €. C) <2P5(p; € ) (8.12)

and it thus remains to bound the probability of {,01x > n} for n € No under both P; and ;.
From here on, we work under IP; ; the corresponding proof with P, is analogous.

The basic idea is that ,01x > n if either there are unusually few \-pre-regeneration points
in [0, n] or the walk (¥;)ren, has to make too many excursions of length at least L%J to the
left. To turn this idea into a rigorous proof, we first observe that for ¢ = ¢(p) > 0 from
Lemma 8.7, we have

2ot = m) < PSR ) > m) + B3(p) = (RIS ). (8.13)

The first probability on the right-hand side of (8.13) is bounded by

pre

a1 1) >

o Y o Y o
x(x(le‘f;ew) >n) =P (x(R‘ffm) > n) =Py (x(R

o pre
< Pp (X(R

Lan) >n) <e "
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where we have used the elementary inequality |a] - |»] < |ab] for all a, b > 0 and then
Lemma 8.7.

We now turn to the second probability on the right-hand side of (8.13). Observe that a -
pre-regeneration point Rlpre’x is a \-regeneration point iff after the first visit to it, the random

walk (Yi)x>0 never returns to Rf:el’)‘. We define Z), Z{, Z}, . . . to be the sequence of indices
of the \-pre-regeneration points visited by (Y )0 in chronological order, i.e., Z} =i if the

jth visit of (Y)k>0 to RP™™ is at the point Rfre’x. We then define Zy, Z1, Z», ... to be the
corresponding agile sequence, that is, each multiple consecutive occurrence of a number in
the string is reduced to a single occurrence. For instance, if

(Zb, 24, 23, 25, 24, 25, Z4, ) = (0,—1,0,0,0,1,2, ...),
then
(Zo. 21,252,273, 24,...)=1(0,—-1,0,1,2,...).

Then R}m’)‘ is a ‘\-regeneration point if for the first j € N with Z; =i, we have Z; > i for
allk > j. Let

o" =inf{Z; :k e NwithZ; < Z; < Z; forall0 < j <k <1}.
Then
PS (o} = (RS ) =P5 (0" = Lenn)).

We compare the latter probability with the corresponding probability for a biased nearest-
neighbor random walk on Z which at any vertex is more likely to move left than the walk
(Zk)keN,- More precisely, we may assume without loss of generality that on the underlying
probability space there exists a biased nearest-neighbor random walk on Z which we denote
by (Sk)ken, such that P5 (So = 0) = 1 and

=P Sk =+ 1 Se=j) =1 —P(Skpr1 = j — 1| St = ).
According to (5.3), we have
P (Ziyr=j— 11 Zk = j) < 15

for )\ > O sufficiently small. This means that we may couple the walks (Si)ren, and (Zx)ken,
such that {Zy — Z;_; = —1} C {8 — Sxk—1 = —1} for all k € N. Define

o :=inf{Sy : k e Nwith §; < §y < §;forall0 <i <k < j}.
A moment’s thought reveals that 0 > o* and hence, for every n € Ny, by Lemma A.2,
Pi(0* = lean]) < Pj(o = lsan]) < Ce 1M < Creem oM,
This completes the proof of (8.7). O

Lemma 8.8 We have

) 4 2 . 4 A a2
lim sup \E, [(7,")°] < o0 and lim sup M, [(7;" — 7)°] < oo, (8.14)
r—0 r—0
and
. . 2 . . 2
hmmfoEx[tl)‘] > 0 and lim 1nf)\IE)\[rz)‘ — 7:1)‘] > 0. (8.15)
r—0 r—0
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Asa consequence,

2 2
limsup % E; [t]"] < 00 and limsup A E; [t — /] < o0, (8.16)
r—0 r—0
and
E M2 E A M2
lim sup Ll)\)z] < 00 and lim sup x[(fz)\ifl)\)z] < 00 (8.17)
r—0 E}\[Tl ] r—0 E)\[Tz -7 ]

Proof The uniform bounds in (8.16) follow from (8.14) and Jensen’s inequality. The bounds
(8.17) follow from (8.14) and (8.15). Let us first prove (8.15). The time spent until the
first ).-regeneration is bounded below by the number of visits to the pre-regeneration points
R,fre with 0 < k < [1/ %], the pre-regeneration points between 0 and lere’x. Fix such
k € {0,...,[1/»)"" — 1} and write Ny for the number of returns of (Y)n=o0 to REre.
We shall give a lower bound for E, , [Ni]. We may assume without loss of generality that
R,fre = 0. Under P, ,, the number of returns of the walk (¥,),>0 to 0 is geometric with

success probability being the escape probability
Cefr (0, 00)
Pw’)\_(Yn 7& 0 for all n > 1) = m,

where the identity is standard in electrical network theory, see for instance [2, Formula (13)].
Consequently,

Ceft (0, 00) )/< Cett (0, 00)

EoaINel = (1~
oLVl e lter) \fiqer

) > Refi (0, 00)
for all sufficiently small ). > 0. From the Nash-Williams inequality [23, Proposition 9.15],
we infer
o syl _ € 1
Retr (0, 00) > Z (23)\( - )) =5

T—e2v
k=1

a bound which is independent of w. Since there are [1/ ] such pre-regeneration points to
the left of Rll’re’x, we conclude that
2 2 - 1
liminf % E, [z}] > liminf X[ | > 0.
0 = r—0 r

e
A 2 1 —e 22

This proves the first part in (8.15). The second part is analogous or follows using Lemma 8.5.
Let us turn to (8.14). We shall prove the unconditioned case for rlx; the conditioned case
involving r% - 1'1x follows similarly. We decompose the time 1:1)‘ until hitting the first \-

regeneration point Rlx into the time rlx’B spent on the backbone B before hitting R”, see
. traps

Fig. 2 and the paragraph preceding it, and the time 7, spent outside the backbone (i.e.
inside traps) before first hitting Rlx. This gives
2= (g]F 2 (8.18)

First we treat Ex[(Tltraps)z].

In order to control the time spent in traps we first bound the time spent in a fixed trap
of finite length. Unfortunately the upper bound given in Lemma 6.1(b) in [14] is too rough.
However, we follow the arguments there but only consider k = 4. Let us consider a discrete
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line segment {0, ..., m}, m > 2, and a nearest-neighbor random walk (S,),>0 on this set
starting at i € {0, ..., m} with transition probabilities
. , . . et
FSini=j+11S=)D=1-RSin=j-11S%=j)=—"7-=
e +e

forj=1,...,m —1and
Bi(Sk+1 =118 =0) =P (Skp1=m—1]| S =m)=1.

Fori = 0, we are interested in 7, := inf{k € N : S; = 0}, the time until the first return of the
walk to the origin. Let (Z,),>0 be the agile version of (¥,,),>0. i.e., the walk one infers after
deleting all entries Y, for which Y, = Y,,_; from the sequence (Yo, Y1, ...). The stopping
times 7, will be used to estimate the time the agile walk (Z,),>0 spends in a trap of length
m given that it steps into it.

Let V; := > " Il 1(s,=i} be the number of visits to the point i before the random walk

returnsto 0,i =1,...,m. Thent, =1+ Z;"zl Vi and, by Jensen’s inequality,
m 4 m
Eol}] = Eo[<1+ZVi>] < (m+1)3(1+1~:0[2 v;‘]). (8.19)
i=1 i=1
Fori =0,...,m,let

o; ;= inf{k e N: S =i} and r; :=Pi(o; < 0yp).

Given Sy = i, when S| = i + 1, then 0; < o0p. When the walk moves to i — 1 in its first
step, it starts afresh there and hits i before O with probability P,_;(o; < o¢). Determining
P,_1(0; < o) is the classical ruin problem, hence

et e M A1 23 . .
e S = e ) fori=1, . m -1 290
ri = A1 2wm . (8.20)
I — = =we fori =m.
In particular, for i = 1,...,m — 1, r; does not depend on m. Moreover, we have r| <
rn < ... <ry—1andr; < r, < rp—1. By the strong Markov property, for k € N,

Py(Vi = k) = Py(0; < 09) rF " (1 — r;) and hence

BolVi'1 = Y KR(Vi =) = (1=rn ) SORAT < patrm (7))
k=1 k=1 m=1
for some polynomial p3(x) of degree 3 in x independent of \. Letting ). — 0, we find
2m —3
2m —2

lim ry,—1 =
r—0

and hence

2m —3
li Eo[V;'] < 2m —2)*.
im sup ol ,]_p3(2m_2)( m—2)

Hence, using Eq. (8.19),
m
lim sup Eo[74] < lim ((m + 1)3<1 +E0[Z Vﬁ])) < p(m), (8.21)
r—0

r—0 i=1

for some polynomial p. Let £1 denote the length of the trap with the trap entrance having the
smallest nonnegative x-coordinate. Let £( and £ be the lengths of the next trap to the left and
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right, respectively, etc. The law of ¢q differs from the law of the other £, but this difference
is not significant for our estimates, see Lemma 5.1 in [14]. We proceed as in the proof of
Lemma 6.2 in [14]. For any @ € §2* and any v on the backbone, by the same argument that
leads to (24) in [2],

PY. (Y, #vforallneN)> T D7 et o, (8.22)
, er+1+e erl4eH

This bound is uniform in the environment w € £2* but depends on \. Denote by v; the
entrance of the ith trap. By the strong Markov property, 7;, the time spent in the ith trap,
can be decomposed into M i.i.d. excursions into the trap: 7; = T; 1 + ... + T; m. Since
v; is forwards-communicating, (8.22) implies that P, ; (M > n) < (1 — pesc)”, n € N.
In particular, M is stochastically bounded by a geometric random variable M with success
parameter pes.. Moreover, T; 1, ..., T; j are i.i.d. conditional on {M > j}. We now derive
an upper bound for Ew,)\[T;} ; |[M > j]. To this end, we have to take into account the times
the walk stays put. Each time, the agile walk (Z,),>0 makes a step in the trap, this step is
preceded by an independent geometric number of times the lazy walk stays put. The success
parameter of this geometric random variable depends on the position inside the trap. However,
it is stochastically dominated by a geometric random variable G with Py(G > k) = y{‘ for
v = (1 +eM) /(e + 1+ e ). Plainly, y,, — % as ) — 0. Consequently, estimate (8.21)
and Jensen’s inequality give

limsup E,, 3, [T;;|M > j] < limsup Eo[;} IEo[G*] < p(£:),
r—0 ’ r—0 !

where ¢; is the length of the ith trap (which is treated as a constant under the expectation Eg)
and p = Eo[G] - p is again a polynomial. Moreover, by Jensen’s inequality and the strong
Markov property,

[e'9) m 4
Epo (T =Y E[(z T,-,,,-)
j=1

m=1

M= m] Py (M =m)

o0
<Y m*EpalTHIM = 1P, (M = m)
m=1

< E[MYE,, [T} |M = 1]

L\ 4
= &(—) EualT{ 1M = 11,
pCSC ’

for some constant ¢ independent of @ and \. We have

lim sup < 00. (8.23)
=0 Pesc
Hence
. 4 4 *
lim sup \E, [T;7|¢; = m] < p™(m), (8.24)

r—0

where p* is a polynomial with coefficients independent of . Using Lemma 3.5 in [14], we
find
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(T =) Py (6 = mBE, [T} |6 = m)]

m>1

<clp) Yy me 2R B [THe: = ml,

m>1

where )\ is defined in Proposition 2.2 and c(p) is a constant only depending on p. Due to
(8.24), the dominated convergence theorem applies and gives the following bound:

4
lim sup A, [T}] < oo. (8.25)
r—0
Now let L := — min{Xy, k € N} be the absolute value of the leftmost visited x-coordinate

of the walk. Since

—1 Py 2
B, [(1"")?] < Ex[( Do Ti+To+ ), T,) } (8.26)

we first consider

P]k 2 o0
Ek[(Z Tl)] :EX[ TiTil{p}zivj}]
i=1 ij=1

oo j—l1

oo
<Y BT L] +2) D B [NiTi0 ] (8.27)
j=1 j=1i=1

One application of the Cauchy-Schwarz inequality for the first sum and two applications for
the second give

glll

2 00
T"> } < Y EITI)Bio} = '

j=l1

i Mi@,
X

oo j—I1

+2) Y EITIEITIN Py (o} = '
j=1i=1

o0 o
< (]EX[T{‘])W(ZC‘/%*“”2 +2) " jPp} > j)l/z).
j=1 j=1

With the estimates (8.25) and (8.9) we obtain

. P2
lim sup xE{(Z Ti> ] < 00.
A0 i=1

The first term in the upper bound in (8.26) is treated in the same way. Next, we show that
Py (L > m) decays exponentially fastin m. Indeed, L > 2m implies that there is an excursion
on the backbone to the left of length at least m or the origin is in a trap that covers the piece
[—m, 0) and thus has length at least m. The probability that there is an excursion on the
backbone of length at least m is bounded by a constant (independent of %) times e ~2*" by
Lemma 6.3 in [14]. The probability that a trap that covers the piece [—m, 0) is bounded by a
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constant (again independent of )\) times e 2hem by [3, pp. 3403-3404] or [14, Lemma 3.2].
We may thus argue as above to conclude that

—1 2
4
limsup)\E)\[< Z T,):| < 00.

A0 i=—L

Regarding the term E,, [Toz], we can apply (8.25). Controlling the mixed terms in (8.26) using
the Cauchy-Schwarz inequality we obtain

4
lim sup A E, [(¢]""P*)?] < oc. (8.28)
r—0

Next we treat the time on the backbone. Since the strategy of proof is the same as for the
traps we try to be as brief as possible. Write N (v) := ano 1{y,=v) for the number of visits
of the walk (Y,,),>0 to v € V. We have

Ex[(flx,e)z]S}ExK > N(v)]l{veg})z]

—L=x()<p}

2
:}Ex[( Y NOlpem+ Y. N(v)nweg}ﬂ. (8.29)

—L=x(v)<0 0=<x(v)<p}

We treat the second moment of the second sum first. Using the Cauchy-Schwarz inequality
twice, we infer

E{( > N(v)n{ues}ﬂ

0=<x(v)<p}

=E%[ > N(”)N(w)ﬂ{vvwdﬂl{p;"zxw)vx(w)}]

X(v),x(w)=0

©
SZEx[ZZ > N(v)N(wmv,weB}ﬂ{pm]

j=0i=0 x(v)=i,
X(w)=j

o J
1/4 1/4 .
<235 3 BN Lpen) T (BN @) Lwes)) P (o} = Y2
=0 i=0 x(v)=i,
x(w)=j

The number of visits to v € B is stochastically dominated by a geometric random variable
with success probability pegc, see (8.22). Hence

ERY
E[N(v)4]l{ue6}]ic<p )
€SsC

Using (8.9) and (8.23), we infer

2
limsupiEx[< Z N(U)]l{ueb’})i|

+=0 0=x(v)<p}

4,1 \2
5851/21imsupx< ) DG+ DR = Y < oo

2—0 Pesc =0
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We may argue similarly to infer the analogous statement for the first sum in (8.29). Hence,
using again the Cauchy-Schwarz inequality for the mixed terms in (8.29), we conclude that

4
lim sup 1., [(r}-’@)z] < 0. (8.30)
r—0

Using the Cauchy-Schwarz inequality for the mixed terms in decomposition (8.18) together

with (8.28) and (8.30), we finally obtain the first statement in (8.14). The second statement

in (8.14) then follows from Lemma 8.5. More precisely, ‘52)‘ - rl)‘ is a measurable function of

the random walk path (YTlx +1)keN, and the cluster to the right of the origin in OR;"_a). Here,
recall that Rlx’7 denotes the right-most )\-pre-regeneration point strictly to the left of R%‘.
Lemma 8.5 thus yields

Eyl(ty — )% = ES[(x)? | Xi > x(R”}™) for all k € NJ.

Here, PS (X > x(R”7™) forallk € N) > 1 by (5.3) for all sufficiently small % > 0.
Consequently,

N M2 o M2
Eal(ry — 7)1 < 2B, [(z) ]I{Xk>x(RErle’x)for all keny -

To show that the second relation in (8.14) holds, we may now argue as for the first. The
arguments carry over without substantial changes. The bounds required on P; (,01X > j) are
contained in the proof of Lemma 8.6. We omit further details. O

The existence of a regeneration structure allows to express the linear speed in terms of
regeneration points and times.

Lemma8.9 Let ) > 0. Then

Ey [0} — o]

v = E, [ty — /1

We omit the proof as it is standard and can be derived as [ 14, Proposition 4.3], with references
to classical renewal theory replaced by references to renewal theory for 1-dependent variables

as presented in [18]. As a consequence of Lemmas 8.6, 8.8 and 8.9, we obtain

lim sup w < 0. (8.31)
r—0

8.4 Proof of Equation (2.10)

It remains to prove (2.10), i.e.,

V00 EX
lim [L(“ _Bl ”]] =0 (2.10)
1—0, A An
)LG%a

for @ > 0. The proof follows along the lines of Section 5.3 in [13]. In order to keep this paper
self-contained, we repeat the corresponding arguments from [13] in the present context.

For ) > 0, we set
n
k(ny:=| ——— |, neN.
LEX[TQ — 1:1x J

@ Springer



Einstein Relation for Random Walk 767

Notice that k(n) is deterministic but depends on ) even though this dependence does not figure
in the notation. Analogously, we shall sometimes write 7, for 7 and, thereby, suppress the
dependence on \. In view of (2.9), the limit in (2.10) (if it exists) does not depend on «,
hence it is sufficient to show that

lim lim sup
a— 00 »}\‘_>0

Iiw_ Ex[Xn]:| -
An o

2 n—a

To show this it is, in turn, sufficient to show

X
lim_tim sup | ] Vm‘ (8.32)
a— 00 2—0, n
xzn—>a
1
and lim limsup | —E, [X, - Xgwl| = 0. (8.33)
a—>00 4 ), n
xzn—>a
For the proof of (8.32), notice that
_ k(n) <
]E)\[X‘[k(n)] V()\) 1 V()\.)
—_— — — | =|—E X — Xo, - —
an x an *[;( o ’f‘l)] x
1 1 v(n)
< —F,[X —(k(n) — HE,[X,, — X ] — —|. (8.34
= " )\[ ‘[1]+’,}\n( (f’l) ) )\[ 19 ‘51] N ’ ( )

Here, using that 22n — «, we have that Ex[Xr]] ~ g1 N E, [X:,]. Thus, the first
term in (8.34) vanishes as first . — 0 and n — oo simultaneously and then « — oo by
(8.8). Turning to the second summand in (8.34), we first notice that by Lemma 8.9, we have
v\ = Ey [Xy, — X, 1/E, [t2 — 1] and hence

1 v(n)
‘m(km) — DE, [Xy, — Xg] — V‘

_ V) | Byl — 7] n L
B x‘ n <LEx[Tz—t1]J 1> 1‘.

We now infer (8.32) by first letting ). — O such that A2 n — « (and using (8.15) and (8.31))
and then letting o« — oo.

It finally remains to prove (8.33). We begin by proving the analogue of Lemma 5.13 in
[13]. While the proof is essentially the same, we have to replace the independence property
of the times between two regenerations by the 1-dependence property.

Lemma8.10 Forall e > 0,
Px(|fk—kEx[r2—1'1]| > akEx[rz—rl]) — 0 fork — oo
uniformly in '\ € (0, \.*] for some sufficiently small \* > 0.

Proof An application of Markov’s inequality yields

1
2k2(]Ex[Tz 71])?

1 2
= m]}?x |:<11 —Ein—ul+ Z(Tj —Tj-1 —]E}\[Tz—‘[l])> }

j=2

Py (It —kE, [12— 11| > ekEs [12—11]) < x[|fk—kEx[72—t1]|2]
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Denote the summands under the square by Ay, ..., Ax. Expanding the square and using the
1-dependence of the A; and the fact that all A; but A are centered, we infer

Py (I —kEy [12—11]| = ek, [T2—11])
k
1
L (YR E\[AA
_SszE)\[‘Q—Tl]Z(; )\[ J]+|i72j:|:1 x[ i j])

1+ 2(E [A2IE, [43]) 2

M»

S S
T 2R, [ -1 ]

1/2
+2(k — 1>(EX[A%JEX[A%J) / )
The assertion now follows from Lemma 8.8. ]
Now fix ¢ > 0 and write
1 1
x—nllEx[Xn — Xyl < x—nlEx[(xn = Xp) Lty —nl<eny ]|

1
+ EHE)\[(X” - er(,,))l[lrk<,,)—n|2£n}]|- (835)

Using the Cauchy-Schwarz inequality, the first term on the right-hand side of (8.35) can be
bounded as follows.

1 2
)\7 |Ex[(Xn _th(,,))1{\rk(,,)—n|<sn}]| EE)\I: ljir:jli(sn |Xj _X\_(l—a)nj |]

2 .2
—Eo[ max |Xj—XL(1_8)nJ|eXM" A A"+R*~”]

\An |j—n|l<en

2 952 9172
< on[ max X —X|(1—em)| ] Eo[ 20 M,y—2 An+2RM] / '

An [j—nl<en

. . 2
We infer lim sup,2,, ., Eo[e?* Mn=20" Ant2R,

Regarding the first factor, we find

w1 < oo as in the proof of Proposition 8.3.

1 1
IE[ max |X;—X - 2]:—fE [Ef _ [ max Xz]]
PSR \j7n|<£n| =X (1-em)l 20 o[ Bota—enp.0] (max
=ELE0[ max XZ-].
\2n2en 0<j<2en /

This term vanishes as first .2 n — « (by Lemma 8.1) and then @« — o0. The second term on
the right-hand side of (8.35) can be bounded using the Cauchy-Schwarz inequality, namely,

1
E“EX[(X" - ka(n))]l{lfk(m—ﬂ\zsn}]|
1
= S E(X, - X)) 12 Ptk — nl = en)!/?
V2 1/2
<1 X EXA + 0 E XS, 1) P (i — ) = em)2.

The first factor stays bounded as \? n — « whereas the second factor tends to 0 as n — 00
and A2 n — « by Lemma 8.10. Altogether, this finishes the proof of (8.33).
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A: Auxiliary Results from Random Walk Theory

We use the following result, which may be of interest in its own right.

LemmaA.1 Let &1, &, ... be random variables on some probability space with underlying
probability measure P (and expectation E), and let S,, :== & + - -+ + &,, n € N.

(a) Let o > 0. If K is an Ny-valued random variable with E[K*] < oo and if &1, &, ...
are i.i.d. with E[|£|* 1] < oo, then E[S%] < oc.

(b) Assume that &1, &>, . . . are nonnegative and i.i.d. under P with E[e?%1] < oo for some
¥ > 0. Then, for every ¢ > 0 and § € (0, %) there is a random variable Ky with
E[Klz] < oo such that, for alln € N,

£, < K +enitda s, (A1)

(c) Assumethat&y, &, ... arei.i.d., centered random variables under P with E[e?511] < 00
for some ¥ > 0. Then, for every e > 0 and § € (0, %) there exists a random variable
K> with E[Kzz] < 00 such that, for alln € N,

S| <K —l—sn%""sa.s. A2
|n|_ 2 ( )

(d) Assume that (Sp)nen, is a martingale and that there is a constant C > 0 with P(|§,| <
C) = 1 forall n € N. Then, for every ¢ > 0 and § € (0, %) there exists a random
variable K, with E[Kzz] < 00 such that (A.2) holds.

Proof Assertion (a) follows from [15, Corollary 1].
For the proof of (b), fix ¢ > 0 and 6 € (0, %). Then define

L:=max{neNp:n=0orn>1and§, > 8I’l%+8}.
For n > 1, the union bound and Markov’s inequality give
P(L > n) = P(& > ek2* for some k > n)
< Y ion P& = sk2H0) <EBleP1Y, ek (A3)

Hence, P(L > n) decays faster than any negative power of n as n — oco. With K| := S,
we have E[Kf] < oo from (a) and, for all n € N,

1
£, < Ky +en2™,
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For the proof of assertion (c), we use moderate deviation estimates (see e.g. [8, Theorem
3.7.1]). The cited theorem gives

2

. 25 P N
nll)n;on logP(|S,| > en2™°) = NarlE]-

Hence, for any ¢ € (0, ﬁz[m), we have

1 28
P(|S,| > en2 ™) < 7"

for all sufficiently large n. With L := max{n € Ny : |S,| > sn%Jr‘s}, we infer for sufficiently
large n

P(L > n) =P(|S] > ek for some k > n)
< Y an PUSH = k3 H) < 3 ek, (A.4)
In particular, L has finite power moments of all orders. Now define K, := L Vv (Zle & D).
Then E[Kzz] < oo by assertion (a) and, foralln € N,
1Sul < Ko + en3 . (A5)

Assertion (d) follows from an application of the Azuma-Hoeffding inequality [30, E14.2].
The cited inequality gives for L+ := max{n € Ny : £S5, > sn%""s}

P(Li>n) < Y PS> eki™) < 3 =0/,

k>n k>n

As above, we conclude that L := L4 Vv L_ has finite power moments of all orders and, for
alln € N, (A.5) holds with K, := CL. O

Finally, we use the following lemma for biased nearest-neighbor random walk on Z. It is
possible that the result is available in the literature. However, we have not been able to locate
it.

LemmaA.2 Let (S;)neN, be a biased nearest-neighbor random walk on Z with respect to
some probability measure P, i.e., P(Sy = 0) = 1 and
1 <r=PSu1=k+1]8$==1-PSup1=k—1|S, =k
forallk € Z and n € Ny. Further, let
o:=inf{j eN:S; <S§; <Sforall0 <i < j <k}

be the first positive point the walk visits from which it never steps to the left. Then there exist
finite constants C*, c* = ¢*(r) > 0 such that P(t > k) < C*e_c*kfor all k € Ny.

Proof The proof is standard and relies on the usual recursive construction of regeneration
times, see e.g. [19], and the Gambler’s ruin formula. We omit the details. ]
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