TECHNISCHE UNIVERSITAT MUNCHEN

Fakultat fur Maschinenwesen

Lehrstuhl fir Numerische Mechanik

Computational Models and Methods for
Molecular Interactions of Deformable Fibers
in Complex Biophysical Systems

Maximilian Josef Grill

Vollstindiger Abdruck der von der Fakultit fiir Maschinenwesen der Technischen Universitit
Miinchen zur Erlangung des akademischen Grades eines

Doktor-Ingenieurs (Dr.-Ing.)

genehmigten Dissertation.

Vorsitzende: Prof. Dr. Petra Mela

Priifer der Dissertation:
1. Prof. Dr.-Ing. Wolfgang A. Wall
2. Prof. Dr. Philipp J. Thurner

Die Dissertation wurde am 10.02.2020 bei der Technischen Universitit Miinchen eingereicht
und durch die Fakultit fiir Maschinenwesen am 12.08.2020 angenommen.






Abstract

This work is motivated by the abundance and manifoldness of biological, fiber-like structures
on the nano- and microscale such as actin, collagen, and DNA. These slender, deformable fibers
form a variety of complex, hierarchical assemblies such as networks (e.g. cytoskeleton, extracel-
lular matrix, mucus) or bundles (e.g. muscle, tendon, ligament), which are crucial for numerous
essential processes in the human body. Mainly due to the involved length and time scales and
the complex composition of these systems, gaining insights into their fundamental properties
and behavior both from experiments and theory often is severely restricted. In particular, the
design and working principles mostly remain poorly understood and their significant importance
for human physiology and pathophysiology can only be roughly estimated so far.

This thesis tackles one of the great challenges of the simulation-based investigation of these
complex biophysical systems caused by the efficient and accurate modeling of molecular in-
teractions such as van der Waals adhesion, electrostatic effects, and steric repulsion. In many
cases, these interactions between atoms or charges are the key to the functionality and behavior
on the system level. The main achievement of this work is the development of conceptually new
computational approaches to account for molecular interactions of fiber-like structures in the
simulation of complex biophysical systems. On the one hand, the models are derived from the
first principles of molecular interactions, which are formulated as interaction potentials of atoms
or unit charges, and on the other hand, they are inspired by (geometrically exact) beam theory,
exploiting the dimensionally reduced, slender structure of the fibers. This leads to accurate,
highly efficient, and versatile beam-beam interaction formulations that allow for the computa-
tional study of so far intractable problems in complex biophysical systems, which is demon-
strated in the second half of this work. This class of problems is characterized by involving
length and time scales that are inaccessible for molecular dynamics simulations, but require a
level of detail, which precludes homogenized continuum models.

The key idea of the novel formulations is to evaluate the two-body interaction potential of
arbitrarily deformed and oriented slender fibers in three-dimensional space based on effective
section-section interaction potentials (SSIP), i.e., reduced, analytical interaction laws, which
effectively reduces the overall dimensionality of the problem from 6D to 2D. While this fun-
damental approach and the generic form of an SSIP law are universal and therefore capable of
describing a broad variety of (molecular) interactions, the present work also proposes specific,
ready-to-use SSIP law expressions, which have a pleasantly simple form due to reasonable as-
sumptions, e.g., about the either long or short range of interactions. Further exploiting the rapid
decay of the strength of short-ranged interactions also motivated the development of a second
fundamental approach based on section-beam interaction potentials (SBIP) including the analyt-
ical derivation of the required SBIP law starting from a generic, inverse power law for the point
pair potential. This specialized SBIP approach is thus even more efficient than the SSIP approach
and the derived interaction law turns out to be also significantly more accurate than the previ-
ously considered simple SSIP laws in the intended use case of short-ranged interactions. The
first, methodological part of this work furthermore includes a numerical regularization of the
characteristic singularity of all the reduced interaction laws, the spatial discretization by means
of finite elements and the required linearization of all resulting virtual work contributions.



The second half of this thesis is dedicated to the simulation-based investigation of so far in-
tractable problems by employing the novel models and methods to both abstract systems of uni-
versal importance (e.g. the peeling and pull-off of two adhesive elastic fibers) and specific, real
biological systems. The obtained insights include the first analysis of conformational changes
of the mucin filament due to changes in its effective line charge distribution and the first direct
evidence of mechanisms and motion patterns giving rise to the remarkable selective filtering of
biological hydrogels such as mucus layers or the extracellular matrix, to name but a few. Beside
this immediate gain of knowledge regarding current biophysical research questions, the large
number and broad variety of scenarios considered in these applications provide an extensive
proof of concept for the novel computational models and methods.

Together with the versatile, modular nature of the approaches and the overall theoretical and
computational framework, this should encourage further applications such as the computational
reconstitution of collagen (type I) fibrils, which is outlined already in this work. The future fields
of applications, however, need not remain limited to biological systems and may be extended
along with the technological applications on these small length scales involving e.g. synthetic
polymer, glass, and carbon nanofibers. In the long run, further enhancements towards truly
predictive, powerful simulation tools could contribute to a streamlined design and manufacturing
process of innovative materials and microscale machines. Moreover, such simulation tools could
enable innovative medical treatment including, e.g., the patient-specific design of drug delivery
objects based on the prediction of its mobility in the selective hydrogels mentioned above. Also
an optimal choice of therapeutic options based on individually predicting the occurrence and
course of dysregulations in the complex biological microscale systems is conceivable.
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Zusammenfassung

Diese Arbeit ist motiviert durch die Fiille und Vielfalt biologischer, faserdhnlicher Strukturen auf
der Nano- und Mikroebene, wie z.B. Aktin, Kollagen und DNA. Diese schlanken, deformierba-
ren Fasern bilden eine Vielzahl von komplexen, hierarchischen assemblierten Strukturen wie
Netzwerke (z.B. Zytoskelett, extrazelluldare Matrix, Schleim) oder Biindel (z.B. Muskel, Sehnen,
Binder), die fiir zahlreiche essentielle Prozesse im menschlichen Korper eine entscheidende
Rolle spielen. Vor allem aufgrund der involvierten Lingen- und Zeitskalen und der komplexen
Zusammensetzung dieser Systeme sind Einblicke hinsichtlich deren grundlegender Eigenschaf-
ten und deren Verhaltens sowohl aus Experimenten als auch aus der Theorie oft nur sehr ein-
geschrinkt moglich. Insbesondere die Design- und Funktionsprinzipien sind meist noch wenig
verstanden und ihre Bedeutung fiir die menschliche Physiologie und Pathophysiologie kann bis-
her nur erahnt werden.

Die vorliegende Arbeit befasst sich mit einer der grolen Herausforderungen der simulati-
onsbasierten Untersuchung dieser komplexen biophysikalischen Systeme, die darin besteht, die
molekularen Wechselwirkungen wie van-der-Waals-Adhésion, elektrostatische Effekte und ste-
rische AbstoBung effizient und genau zu modellieren. In vielen Fillen sind diese Wechselwir-
kungen zwischen Atomen oder Ladungen der Schliissel zu Funktionalitdt und Verhalten auf der
Systemebene. Die wichtigste Errungenschaft dieser Arbeit ist die Entwicklung konzeptionell
neuer computergestiitzer Ansétze zur Beriicksichtigung der molekularen Wechselwirkungen fa-
serartiger Strukturen bei der Simulation komplexer biophysikalischer Systeme. Die Modelle sind
einerseits von den physikalischen Grundprinzipien der molekularen Wechselwirkungen abgelei-
tet, die als Interaktionspotential von Atomen oder Einheitsladungen formuliert sind, und an-
dererseits von der (geometrisch exakten) Strahltheorie inspiriert, die die dimensionsreduzierte,
schlanke Struktur der Fasern ausnutzt. Dies fiihrt zu akkuraten, hocheffizienten und vielseiti-
gen Formulierungen fiir Balken-Balken-Interaktionen, die die simulationsbasierte Untersuchung
bisher kaum beantwortbarer Fragen in komplexen biophysikalischen Systemen ermoglichen, wie
in der zweiten Hilfte dieser Arbeit demonstriert wird. Diese Klasse von Problemen ist dadurch
gekennzeichnet, dass sie einerseits Lingen- und Zeitskalen betreffen, die fiir molekulardynami-
sche Simulationen nicht zugénglich sind, andererseits aber einen Detaillierungsgrad erfordern,
der homogenisierte Kontinuumsmodelle ausschlief3t.

Die Kernidee der neuen Formulierungen besteht darin, das Zwei-Korper-Interaktionspotential
von beliebig deformierten und orientierten schlanken Fasern im dreidimensionalen Raum auf
der Basis resultierender Interaktionspotentiale zweier Querschnitte (SSIP), d.h. reduzierter, ana-
lytischer Interaktionsgesetze, zu berechnen, wodurch die Gesamtdimensionalitit des Problems
von 6D auf 2D reduziert wird. Wihrend dieser grundlegende Ansatz und die generische Form
eines SSIP-Gesetzes universell sind und daher in der Lage sind, eine breite Vielfalt von (mo-
lekularen) Wechselwirkungen zu beschreiben, schligt die vorliegende Arbeit auch spezifische,
anwendungsbereite SSIP-Gesetz-Ausdriicke vor, die aufgrund plausibler Annahmen, z.B. iiber
die entweder lange oder kurze Reichweite von Wechselwirkungen, eine erfreulich einfache Ge-
stalt haben. Eine weitere Ausnutzung des raschen Abklingens der kurzreichweitigen Wechsel-
wirkungen motivierte auch die Entwicklung eines zweiten grundlegenden Ansatzes basierend
auf Querschnitt-Balken-Interaktionspotentialen (SBIP) einschlieBlich der analytischen Herlei-
tung des erforderlichen SBIP-Gesetzes ausgehend von einem generischen, inversen Potenzge-
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setz fiir das Punkt-Paar-Potential. Dieser spezialisierte SBIP-Ansatz ist somit noch effizienter
als der SSIP-Ansatz und das hergeleitete Interaktionsgesetz erweist sich im beabsichtigten An-
wendungsfall von kurzreichweitigen Wechselwirkungen zudem als wesentlich genauer als die
bisher betrachteten einfachen SSIP-Gesetze. Der erste, methodische Teil dieser Arbeit beinhal-
tet dariiber hinaus eine numerische Regularisierung der charakteristischen Singularitit aller re-
duzierten Interaktionsgesetze, die rdumliche Diskretisierung mittels finiter Elemente und die
erforderliche Linearisierung aller resultierenden virtuellen Arbeitsbeitréage.

Die zweite Hilfte dieser Arbeit ist der simulationsbasierten Erforschung bisher unerreich-
barer Problemstellungen gewidmet, indem die neuartigen Modelle und Methoden sowohl auf
abstrakte Systeme von universeller Bedeutung (wie z.B. das Abschilen und Abziehen zwei-
er adhidsiver elastischer Fasern) als auch auf konkrete, reale biologische Systeme angewendet
werden. Die gewonnenen Erkenntnisse beinhalten unter anderem die erste Analyse von Konfor-
mationsidnderungen des Mucin-Filaments aufgrund von nderungen seiner effektiven Ladungs-
verteilung und den ersten direkten Nachweis von Mechanismen und Bewegungsmustern, die zu
den bemerkenswerten selektiven Filtereigenschaften von biologischen Hydrogelen wie Schleim-
schichten oder der extrazelluliren Matrix fiihren. Neben diesem unmittelbaren Erkenntnisge-
winn zu aktuellen biophysikalischen Forschungsfragen liefert die groe Anzahl und Vielfalt der
in diesen Anwendungen betrachteten Szenarien einen umfassenden Nachweis des allgemeinen
praktischen Nutzens der neuen computergestiitzten Modelle und Methoden.

Zusammen mit der Vielseitigkeit und Modularitit sowohl der Ansitze als auch des iibergreif-
enden theoretischen und Code-Frameworks sollte dies weitere Anwendungen wie die simu-
lationsbasierte Rekonstitution von Kollagen (Typ I)-Fibrillen ermutigen, die bereits in dieser
Arbeit skizziert wird. Die kiinftigen Anwendungsbereiche miissen jedoch nicht auf biologi-
sche Systeme beschrinkt bleiben und konnen einhergehen mit der Zunahme der technologi-
schen Anwendungen auf diesen kleinen Léangenskalen, z.B. mittels synthetischen Polymeren,
Glas und Kohlenstoff-Nanofasern. Langfristig konnten Weiterentwicklungen hin zu wahrhaft
pradiktiven, leistungsfihigen Simulationswerkzeugen dazu beitragen, den Entwurfs- und Her-
stellungsprozess innovativer Materialien und Maschinen auf der Mikrometerebene zu vereinfa-
chen. Dariiber hinaus konnten solche Simulationswerkzeuge innovative medizinische Behand-
lungen ermdglichen wie beispielsweise ein patientenindividuelles Design von Wirkstofftransport-
Objekten basierend auf der Vorhersage ihrer Mobilitét in den oben genannten selektiven Hydro-
gelen. Auch eine optimale Auswahl von Therapieoptionen auf der Grundlage einer individuellen
Vorhersage des Auftretens und des zeitlichen Verlaufs von Stérungen in den komplexen biologi-
schen Systemen auf der Mikroskala ist denkbar.
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1. Introduction

The aim of this introductory section is to outline both the overarching theme and the specific
content of this thesis. In particular, the description of the motivation for this work is directed to a
broader audience beyond the experts in the field(s) to foster the comprehensible communication
of this research topic to larger parts of the society. The stated long-term, visionary goals will
subsequently be broken down and after the specification of requirements in Section 1.2 and a
review of fundamental approaches in Section 1.3, the achievements of this work will be listed in
Section 1.4. The latter is considered the best way for experts to quickly get an overview of the
novelties. The organization of the remainder of this thesis will finally be outlined in Section 1.5.

1.1. Motivation

The content of this section is predominantly grounded on general knowledge and textbook
knowledge such that references will only be given where deemed particularly necessary.

The relevance of fibers and fibrous systems in nature The original motivation for this
work lies in the recognition of fiber-like structures as a fundamental, abundant pattern in biolog-
ical systems. Fibers, fibrils, filaments, strands, threads, rods, and other slender structures can be
found across several length scales from meters down to the range of nanometers. Popular exam-
ples include hair, muscle fibers, tendons, ligaments, cellulose fibers, collagen, actin, mucin and
other biopolymer filaments, DNA, wood fibers, stems, branches, twigs and tendrils, spider silk,
tentacles, and limbs. In this work, the focus lies on the fibrous species to be found on the nano-
and microscale, which gives rise to the fact that molecular interactions between these fibrous
species play a decisive role as will be discussed in further detail below. Typically, these slender
structures form fibrous systems such as networks (cytoskeleton, extracellular matrix) or bundles
(muscle, tendon), which can be very complex in terms of the large number of fibers and fiber
species with a broad variety of properties, their interconnections and especially various kinds of
interactions. Often, the fiber-like components can be found even across several levels of a hierar-
chical architecture (e.g. muscle, tendon, bone), possibly also as part of composite structures [50].
In many cases, such fibrous systems act as load-bearing structures providing mechanical support
and protection against environmental influences, and in fact they can be identified as a govern-
ing design principle in terms of light-weight design. The range of observed material behaviors
hereby varies from soft matter like tissue to stiff structures like bones and include as diverse
characteristics as both active and passive behavior. However, they at least contribute to a large
number of further purposes such as filtering, transport and energy transfer and play a crucial role
in a large number of functions and processes in the human body. The multitude of behaviors and
purposes on the system scale can be regarded as a result of the complex interplay of the many
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different constituents and for many of the above mentioned systems, especially on the nano- and
microscale, the underlying design and working principles and mechanisms still remain unclear.

The relevance of intermolecular forces The interactions between molecules such as
electrostatic and -dynamic forces, including adhesive van der Waals and repulsive contact forces,
are truly ubiquitous and significantly influence the behavior of (fibrous) systems on the micro-
and nanoscale. On these small length scales, such molecular interactions are as fundamental and
important as gravity and mass inertia are on the length scales that we experience in our daily
life [51, 74]. For some visible effects on the macroscale such as Gecko adhesion and the Lotus
effect, the origin and causal link to intermolecular forces are widely known. For others such
as contact, friction, and stiction, the effect is just as clearly observable, however, the origin in
terms of molecular interactions seems to be less perceived. Also regarding the biological, fibrous
systems on cellular and subcellular scale mentioned above, the key to their behavior, functions,
and working principles lies in the interactions of the fiber-like constituents. It would thus be
highly desirable to gain a better knowledge about the fundamental properties of various kinds
of intermolecular interactions, their complex interplay, and finally their influence on the system
behavior. In this respect, the important role of the aforementioned fibrous systems in count-
less body functions needs to be emphasized and it seems appropriate to think of these nano-
and microscale systems as the actual machine rooms of our body that substantially contribute to
running the entire organism. Even more desirable and promising than the solution for already
acknowledged, yet unresolved issues, however, should be the discovery of so far unknown and
unexpected phenomena on these length scales.

The opportunities of physics-based, predictive simulations The key value of com-
puter simulations is to foresee the future and thus enable to predict a course of events and their
final outcome before they take place in the real world. Generally, humans are quite successful in
anticipating the future and even do this subconsciously in everyday situations that are covered
well enough by their previous personal experiences. Also regarding some more complicated sce-
narios requiring conscious action, the human intelligence allows to predict the outcome based
on either heuristics or a basic knowledge of physics such as the trajectory of a thrown object. At
some point, however, the complexity of the matter prevents any reliable predictions by human
individuals. The solution of many important problems for instance in the fields of economy,
climate, and medicine would require to predict the outcome of different options, because a trial-
and-error approach is impossible due to the fatal, irreversible consequences. In these cases, the
use of truly predictive, physics-based computer simulations could contribute and finally lead to
optimal decisions with a big impact and great benefit. But also in other situations, where humans
are either not able or intended to make the decisions such as in autonomous systems like cars
or on flights into outer space, the assessment of different options by means of computer simu-
lations can be of great help. Apart from the just mentioned possibility of automation, computer
simulations have a number of further advantageous properties including ideal reproducibility,
reusability, controllability of influences, freedom in experimental design (including even unreal-
istic choices of physical parameters and laws), and the fact that results can directly be processed,
stored and shared without much effort and accessed in arbitrary detail. Generally speaking, this
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relatively young discipline complements theory and experiment as a third source of knowledge
in science and technology. The ongoing, rapid development in terms of computer hardware
and software leading to increasing computational resources (high performance clusters, GPUs)
and enhanced digital tools (compilers, IDEs, web-based collaboration platforms) is expected to
accelerate both the development and use of simulation tools. Altogether, the extension and en-
hancement of computational solution approaches to physical problems is thus considered to be
highly promising.

The visionary goals of this research Considering the high relevance of complex bio-
physical systems on the nano- and microscale, involving manifold interactions of fiber-like
structures, and in awareness of the great opportunities of computer simulations, the following
long-term goals of this research can be stated:

1. Gain knowledge about the yet poorly understood fundamental properties, design and work-
ing principles of many complex biological systems by providing useful tools for compu-
tational experiments.

2. Enable innovative medical treatment due to an enhanced understanding of human physiol-
ogy and pathophysiology.

3. Enable case- and patient-specific treatment by predicting the individual course of existing
illnesses as a result of different therapeutic options in simulations.

4. Enable case- and patient-specific precaution and diagnosis by predicting the outbreak and
severeness of illnesses caused by malfunctions and dysregulations in simulations.

5. Enable and streamline the design and manufacturing of innovative materials, products,
and machines on the micro- and nanoscale by providing useful tools for computational
experiments.

These ambitious goals showcase the great potential and possibly far-reaching implications of
this research in the fields of science, medicine, and (bio-)engineering in the long run.

The short-term goals of this research In pursuit of the long-term goals stated above, the
main objectives of this PhD project and for the near future are given as follows.

1. Develop suitable! computational models and methods to enable simulations of complex
(biophysical) systems that account for various kinds of molecular interactions between
deformable, fiber-like structures.

2. Apply them to first specific biological systems in order to both provide a proof of concept
and gain immediate insights with regard to open scientific questions in biophysics.

The two preliminary steps of specifying the requirements for the aspired computational methods
and reviewing the existing fundamental approaches will be taken in the following sections.

I¢cf. Section 1.2 for the specification of requirements
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1.2. Specification of requirements

The following is a list of the key requirements for computational approaches with regard to the
objectives of this work and beyond.

Accuracy The feasibility of predicting the quantity of interest with small error and small un-
certainty. Mainly influenced by the choice and validity of model assumptions.

Efficiency The feasibility of simulating biologically relevant system sizes and time scales at
small computational cost. Mainly influenced by the level of modeling, i.e., the resolution
of details, and the implementation.

Generality The validity for a large number and broad range of relevant problems. Mainly
influenced by the limitations of model assumptions.

Robustness The ability to avoid failure and yield accurate results despite the occurrence of
rare, untypical and unfavorable cases. Mainly influenced by the solution strategy, its im-
plementation, and the composition and interplay of model assumptions.

Simplicity The quality of both theory and code to be easy to understand and convenient to
work with.

Modularity The quality of a theoretical and code framework to consist of separable logical
units that can be recombined depending on the specific needs.

The applicability and usefulness and in turn the overall value of computational models and meth-
ods will be determined by the combination of all these requirements. Trying to meet all require-
ments will, however, often entail severe conflicts of objectives such that optimal compromises
will be searched for in many places throughout this thesis. The necessary decisions between dif-
ferent options in the development but also in the application of models and methods will always
be made under consideration of both the short-term and the long-term goals stated above.

1.3. Brief review of fundamental approaches

While a detailed and exhaustive review of literature will later be presented for each specific topic,
this section aims to provide a rough overview of existing approaches and a corresponding fea-
sibility analysis based on order-of-magnitude estimates. Most well-established computational
approaches to classical problems related to the ones involving complex fibrous systems as de-
scribed above can be divided into the following two categories. On the one hand, molecular
dynamics (MD) simulations generally resolve every single atom and are based on solving New-
ton’s laws of motion to determine the trajectory of all atoms in the system (see e.g. [52, 59]).
On the other hand, classical continuum mechanical approaches are based on the formulation
and solution of space-continuous equations for a bulk material (see e.g. [11, 68]). The fiber-
like, macromolecular species in mind represent structures with diameters starting from several
nanometers and typical lengths up to the order of micrometers. As outlined above, the class of
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problems at hand is characterized by the interactions of a large number of these fiber-like struc-
tures giving rise to a complex system behavior. The great challenges associated with this class
of problems comes from the biologically relevant length scales of several nano- to tens of mi-
crometers (in three-dimensional space) in combination with the biologically relevant time scales
of at least tenths up to hundreds of seconds. Despite considerable efforts and the use of high
performance computers, the current limits of all-atom MD approaches are either on the order
of milliseconds for very small systems or on the order of millions of atoms (corresponding to
system sizes of approx. 10 — 100 nm in three-dimensional space) for very short time spans. MD
approaches can thus be considered as highly resolved and accurate, yet by orders of magnitude
not efficient enough to allow for the combinations of relevant length and time scales specified
above. In contrast, applying solid mechanical continuum approaches on the system level does
not allow to resolve the required level of detail, which is determined by the fiber-like structures
and their interactions, and is therefore not suitable for the described needs. If, on the other hand,
these solid mechanical continuum models are applied to fully resolve the three-dimensional vol-
ume of the fibers, the solution of the resulting systems would again be computationally infeasible
as will turn out also in the remainder of this work.

An alternative approach that overcomes these limitations is to develop models and methods on
the level of fibers. The dimensions of the fibers stated above are just beyond the atomistic level
and can thus be considered as objects in an intermediate regime where the principles and laws
of physics from both atomistic and continuum theory can be relevant and valid. Specifically,
a computational micromechanical approach to the Brownian dynamics of biopolymer filaments
described by beam theory and corresponding finite element formulations has been proposed by
Cyron and Wall [31, 32]. It has been shown to be an accurate and highly efficient approach
to this microscale problem. The subsequent application to the simulation of the self-assembly
of biopolymer networks has furthermore demonstrated its capability of simulating large and
complex systems of fibers [34, 35]. The rheology of such transiently cross-linked biopolymer
networks from the high- to the low-frequency regime has in the following been investigated for
the first time by Miiller et al. [118]. The considered system sizes of hundreds of fibers in a
simulation cube of up to 10 um edge length and the time intervals of several hundreds of seconds
prove the unique capabilities of this kind of approach. It is thus chosen as the one to be followed
in this thesis and extended towards the important molecular interactions of the fibers that are
expected to play a crucial role in many biological systems as outlined above.
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1.4. Achievements of this work

The following is a concise list of the most important scientific achievements of this work.
1. Development of a novel beam-beam interaction formulation based on section-section in-
teraction potentials

a) Proposal of specific expressions for reduced, i.e., disk-disk, interaction laws for
generic long-ranged (e.g. Coulomb) and short-ranged (e.g. van der Waals and steric)
interactions

b) Derivation of virtual work contribution, spatial discretization, and linearization
¢) Proposal of a numerical regularization scheme
d) Validation by means of numerical examples
2. Development of a specialized, more efficient beam-beam interaction formulation for short-
ranged interactions based on section-beam interaction potentials

a) Derivation of a reduced, i.e., disk-cylinder, interaction law for generic short-ranged
(e.g. van der Waals and steric) interactions via analytical 5D integration

b) Derivation of virtual work contribution, spatial discretization, and linearization
c¢) Proposal of a numerical regularization scheme

d) Validation by means of numerical examples

3. Further methodological work

a) Extension of the well-established Simo-Reissner beam element formulation [29, 76]
to a C''-continuous centerline interpolation using cubic Hermite polynomials

b) New classification of existing and new beam-beam interaction formulations
c¢) Derivation of formulations for a beam interacting with a rigid sphere as special case
of the beam-beam interactions
4. Applications to abstract, academic examples with universal importance
a) Investigation of the peeling and pull-off behavior of adhesive elastic fibers
b) Study of the conformation of a semiflexible filament in a static random potential field

¢) Proof of principle for nanofiber-grafted adhesive surfaces

5. Applications to specific biological systems

a) Investigation of the conformations of mucin filaments resulting from changes in its
effective line charge distribution

b) Study of the hindered mobility of charged particles in biological hydrogels including
the key influences and mechanisms

¢) Computational reconstitution of collagen (type I) fibrils
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1.5. Organization of this thesis

The remainder of this thesis is organized as follows. Chapter 2 and Chapter 3 summarize and
review the fundamentals of intermolecular forces and beam theory that will be of high relevance
for the following chapters. Chapter 9 and Chapter 5 are concerned with the development of
two computational approaches for molecular interactions of deformable fibers. A subsequent
classification and comparison of these novel and existing approaches as well as the derivation of
formulations for some special cases is presented in Chapter 6 and concludes the methodological
part of this thesis. The second part consists of the Chapters 7 to 11 and applies the novel
computational approaches to systems that range from rather abstract, academic problems of
fundamental importance to specific, real biological systems. Finally, Chapter 12 concludes the
present work by providing a summary and outlook to promising directions for future research.






2. Fundamentals of Intermolecular
Forces and Potentials

Interactions between molecules may result from various physical origins and are a complex
and highly active field of research within the community of theoretical as well as experimental
physics. The methods to be derived in this work make use of the most essential and well estab-
lished findings as summarized e.g. in the textbooks [74] and [125]. This chapter briefly presents
a selection of aspects relevant for this work and shall serve as a valuable source of reference
for the later use. The majority of this chapter has previously been published in the author’s
article [61].

2.1. Characterization, terminology and disambiguation

To begin with, a number of universal aspects characterizing molecular interactions, especially
with regard to the numerical methods to be developed in this work, shall be presented. A few
simple facts about the examples mostly considered throughout this work, namely electrostatic
and vdW interaction, are presented straight away, whereas the details on these and further types
of molecular interactions are to be discussed in the subsequent Section 2.2.

A collection of characteristics of molecular interactions with high relevance for
this work

e Type of elementary interaction partners Interaction may originate from unit charges as in
the case of electrostatics. Another popular example are vdW effects that are caused
by fluctuating dipole interactions occurring in every molecule and hence are related
to the molecular density of the material.

e Spatial distribution of elementary interaction partners Thinking of the resulting interac-
tion between two bodies as accumulation of all molecular interactions, the question
for the locations of all elementary interaction partners arises. Charges can often
be found on the bodies’ surfaces whereas molecules relevant for vdW interactions
spread over the entire volume of the bodies. This work focuses on solid bodies
(i.e. condensed matter) that are non-conducting such that interaction partners will
not redistribute, i.e., change their position within a body.

e Distance-dependency of the fundamental potential law Generally, the strength of molec-
ular interactions decays with increasing distance. Most frequently, inverse power
laws with different exponents or exponential decay can be identified.



2. Fundamentals of Intermolecular Forces and Potentials

e Range of interactions As aresult of the previous aspects, a range of significant strength of
an interaction can be defined. Rather than an inherent property, the classification of
long- versus short-ranged interactions is a theoretical concept to judge the perceptible
impact in specific scenarios. Moreover, it is a decisive factor in the derivation of
well-suited numerical methods.

e Additivity and higher-order contributions Many approaches including the one presented
in this work make use of superposition, i.e., accumulating all the individual contri-
butions from elementary interaction partners to obtain the total effect of interaction.
This assumes that the interactions behave additively, i.e., that the sum of all pair-wise
interactions describes the overall interaction sufficiently well. More specifically, the
presence of other elementary interaction partners in the surrounding must not have a
pronounced effect as compared to an isolated system of an interacting pair. Other-
wise, the sum of all pair-wise interactions would need to be extended by contributions
from sets of three, four and more elementary interaction partners.

As a matter of course, this list is not exhaustive, but represents a selection of the most relevant
aspects considered in the development of the novel computational methods throughout Chapter 4
and 5.

Interaction potential and corresponding force

An interaction potential ® (), also known as (Gibbs) free energy of the interaction, is defined
as the amount of energy required to approach the interaction partners starting from a reference
configuration with zero energy at infinite separation. Hence, the following relations between the
interaction potential ®(r) and the magnitude of the force f(r) acting upon each of the partners,
each in terms of the distance between both interacting partners r, hold true:

@(T):/—f(r)dr o f(r):—d;by) 2.1)

Although the final quantities of interest are often the resulting, vectorial forces on slender bodies,
it is yet convenient and sensible to consider the scalar interaction potential throughout large parts
of this work. This is underlined by the fact that nonlinear finite element methods in the context
of structural dynamics can be formulated on the basis of energy and work expressions. Equation
(2.1) expresses the direct and inherent relation between force and potential. Note that the forces
emanating from such interaction potentials are conservative and the integral value in (2.1) is path-
independent. Furthermore, the interaction is symmetric in a sense that the force acting upon the
first interacting partner f,(r) has the same magnitude yet opposite direction as compared to the
force acting on the second partner f,(r). Using the partners’ position vectors &, x, € R3, we
can formulate the vectorial equivalent of the formula above:

d(I)(T) L1 — Lo
dr ||$1 —.’L'QH

and fQ(T‘) _ d (I)(’I") 1 — Iy

with r = ||@; — x,|

(2.2)

Fi(r) =

dr Hil’,'l —QZQH
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2.2. Interactions between pairs of atoms, small molecules or point charges

Disambiguation

In order to particularize the very general term molecular interactions, we may note that we
solely consider interactions between distinct, solid (macro)molecules, i.e., no covalent or other
chemical bonds, but rather what is sometimes referred to as physical bonds. Thus, we restrict
ourselves to intermolecular forces as opposed to intramolecular ones.

2.2. Interactions between pairs of atoms, small
molecules or point charges

First principles describing molecular interactions are formulated for a pair of atoms, molecules
or point charges. In the following, all types of interactions to be considered in this work are

thus first presented for a minimal system consisting of one pair of these elementary interaction
partners.

2.2.1. Electrostatics

Coulomb’s law is one of the most fundamental laws in physics and describes the interaction of a
pair of point charges under static conditions by

i@ 1

Amege T’

Q1Q2 1

Amege 2’

_ Q1Q2 T — Ty

Ameee |y — @)

(I)elstat(r) H felstat(r) H -

felstat,l(r) (23)

where ¢ and ¢ are the vacuum and dielectric permittivity, respectively. For the sake of brevity
in any later usage, let us define the abbreviation Cegye 1= (471'808)_1. Depending on the signs
of (); and ()», electrostatic forces may either be repulsive or attractive. Besides a pair of point
charges, Coulomb’s law likewise holds for a pair of spherically symmetric charge distributions
with resulting charges (), and (s, respectively. This is an important insight, since ultimately
we are interested in interactions between two bodies with finite extension rather than points.
Furthermore, interactions between rigid spheres and rigid bodies are of interest for applications
such as particle diffusion in hydrogels. Throughout the entire work, no electrodynamic effects
shall be considered. This is a valid assumption as long as bodies are non-conductive and the
motion of bodies carrying the attached charges happens on much larger time scales than relevant
eigenfrequencies in electrodynamics.

Due to the inverse-first power law, the electrostatic potential has quite a long range, mean-
ing that two point charges at a large distance still experience a considerable interaction force as
compared to small distances. This behavior is even more pronounced for the interaction of two
extended bodies, where the whole lot of all distant point pairs dominates the total interaction en-
ergy as compared to the few closest point pairs. This property is crucially different as compared
e.g. to vdW interactions considered in the next section. We will account for and indeed make
use of this important property in the development of the methods to be presented in this work.

11



2. Fundamentals of Intermolecular Forces and Potentials

2.2.2. Van der Waals interactions

VdW forces originate from charge fluctuations, thus being an electrodynamic effect caused by
quantum-mechanical uncertainties in positions and orientations of charges. Depending on the
interaction partners, three subclasses can be distinguished as Keesom (two permanent dipoles),
Debye (one permanent dipole, one induced dipole) and London dispersion interactions (two
transient dipoles). The ubiquitous nature of vdW interactions is due to the fact that the latter
contribution even arises in neutral, nonpolar, yet polarizable matter that means basically every
atom or molecule. All three kinds of dipole interactions can be unified in that their interaction
free energy follows an inverse-sixth power law in the separation [125]:

CvdW

76

O aw(r) = — (2.4)

This is a pleasantly simple expression, yet intricate when it comes to transferring it to two-body
interactions, as we will discuss in Section 2.3.2. In general, vdW forces are always attractive for
two identical or similar molecules, yet may be repulsive for other material combinations.

2.2.3. Steric exclusion

Two approaching atoms or molecules will at some very small separation suddenly experience
a seemingly infinite repulsive force. This effect is attributed to the overlap of electron clouds
and referred to as steric repulsion, steric exclusion or hard core repulsion. Without thorough
theoretical foundation, several (almost) infinitely steep repulsive potential laws are empirically
used to model this phenomenon. The first option is a hard wall/core/sphere potential which has
a singularity at zero separation

li_r}(l) Do ps(r) = o0 and O.ps(r) =0 for r>0. (2.5)
Other common choices include a power-law potential with a large integer exponent 7 pow
Pepow (1) = Cepow 77" (2.6)
and finally an exponential potential
Deexp(r) = Ceexpe /7. 2.7)

Note that the former two coincide in the limit 7.0, — 00 and increase indefinitely for r — 0
while the exponential one does not. Generally, this behavior of steric exclusion is in good agree-
ment with our intuition based on macroscopic solid bodies coming into contact.

2.2.4. Total molecular pair potentials and force fields

In many systems of interest, any two or more of the aforementioned effects may be relevant at
the same time such that a combination of the pair potentials is required. This is typically done
by summation of the individual potential contributions and leads to a fotal intermolecular pair

12



2.2. Interactions between pairs of atoms, small molecules or point charges

potential. Among the large number of possible combinations', the Lennard-Jones (LJ) potential
is probably the most commonly used variant (see Figure 2.1).

12 6
(I)LJ(T) = ]{;127,—12 + k;ﬁ’r‘_ﬁ — _CI)LJ,eq ((TL;,eq> -9 (M) ) (2.8)

r

It is a special case of the Mie potential Prie(1) = Cpien 7" — Cmien 7~ With exponents being

@

— steric repulsion
— vdW adhesion
— Lennard-Jones

n

=

[=]

1 2 3 4 5
normalized distancer/ MJeq

normalized potential @/| @LJ eq|
-

|
N2

Figure 2.1.: Lennard-Jones interaction potential for a pair of points, i.e. atoms. Figure taken
from the author’s article [61].

chosen to model the inverse-sixth vdW attraction on the one hand and a strong repulsion on the

other hand. The parameters can be identified as the minimal value @1 ;.4 < 0 that the LJ potential

takes at equilibrium separation ry.q > 0, i.e., at the separation where the resulting force is zero.
Other important quantities characterizing the LJ force law

fulr) = — Tt (<qu>13 - (&Y) 2.9)

TL Jeq T T

are the minimal force value fijmi, and corresponding distance 7y

min

13

1/6
and TLI i — (7) TLleq = 1.1087 TLleq- (210)

Dy
Fymin = 2.6899 —

TLleq

The minimal force, i.e., the maximal adhesive force, is commonly referred to as pull-off force.
Israelachvili [74] also points out the chance of a fortunate cancellation of errors in total pair
potentials, especially close to the limit » — 0. In this regime, attractive forces tend to be
underestimated by the simplified inverse-sixth term but likewise the steric repulsion is probably
stronger than estimated from the power law. Both errors cancel rather than accumulate and
increase the model accuracy.

ISee [74][p. 138] for a comprehensive list of combinations used as total pair potential laws.
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2. Fundamentals of Intermolecular Forces and Potentials

Remarks

1. Many of the presented point-point interaction potentials decay rapidly with the distance as
shown exemplarily for a law ®(r) oc r~'2 in Figure 2.2. In anticipation of the numerical
methods to be proposed in this work we can already state at this point that these extreme
gradients are very challenging for numerical quadrature schemes that will therefore be
discussed in a dedicated Section 4.4.4.

2. In molecular dynamics, a force field is typically used instead of the potential law to model
the total interaction of a pair of atoms. Specific forms are being proposed for (coarse-
grained) force fields modeling the interaction of macromolecules such as DNA instead of
atoms. Since these all-atom approaches follow an entirely different approach as compared
to the continuum model proposed here, we will not discuss force fields any further.

%10 B x1074 B B
4+ 25"
3- 2

(a) (b)

Figure 2.2.: Example of a point-point interaction potential ®(r) oc r~'2 plotted over a circular
domain (blue circle) with (a) small and (b) large distance to the point-like interaction partner
(red dot). Note the huge difference in scales. Figure taken from the author’s article [61].

2.3. Two-body interaction: Surface vs. volume
interaction

In this section, we take the important step from interacting point pairs to interactions between two
bodies with defined spatial extension containing many of the fundamental point-like interaction
partners considered throughout the preceding Section 2.2. The obvious question for the spatial
distribution of the interaction partners leads to the important distinction between surface and
volume interactions. As the name suggests, in the first case, the elementary interaction partners
are distributed over the surface of the bodies but not in the interior. The most important example
from this category are electrostatic interactions between bodies where the charges sit on the
surfaces and are not free to move around. This applies to a large number of charged, non-
conductive biopolymer fibers such as actin or DNA. In the second case of volume interactions,
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2.3. Two-body interaction: Surface vs. volume interaction

the elementary interacting partners are distributed over the entire volume of the bodies. The most
important examples here are vdW interactions and steric exclusion. As compared to surface
interactions, this further increases the dimension of the problem making it more challenging to
tackle, both by analytical as well as numerical means. In terms of notation one may also find the
expressions body forces or bulk interaction referring to this category of interactions.

Let us briefly look at volume and surface interactions as an abstract concept, leaving aside
the specifics of the underlying physical effects that are to be discussed in the subsequent Sec-
tion 2.3.1 and Section 2.3.2. Likewise, we assume additivity here and discuss the applicabil-
ity later with the physical type of interaction. Since volume interactions are the more general
and challenging case, we will discuss most aspects and approaches first for volume interactions
and later only point out the differences considering surface interactions. Figure 2.3 schemati-
cally visualizes the distribution of elementary interaction partners within two macromolecular
or macroscopic bodies.

Figure 2.3.: Two arbitrarily shaped, deformable bodies B; and By with volumes V;, V5 and con-
tinuous particle densities p;, po. Figure taken from the author’s article [61].

Assuming additivity, we apply pairwise summation to arrive at the two-body interaction po-

tential
M= > Y ®(ry). 2.11)

i€By jJEB2

Further assuming a continuous atomic density p;, ¢ = 1,2, the total interaction potential can
alternatively be rewritten as integral over the volumes V7, V5 of both bodies B; and Bs:

Hia = // pl(wl)pQ(QZQ)q)(T) d‘/g d‘/l with r = ||5131 — 112” (212)
Vi,Va

It can be shown that this continuum approach is the result of coarse-graining, i.e., smearing-out
the discrete positions of atoms in a system into a smooth atomic density function p(x) [141].

In the case of surface interactions, the dimensionality of the problem reduces and summation
or integration is carried out over both bodies’ surfaces 081, 0B5:

Hia = // 0'1($1)0’2($2)(I>(7’) dSQ dSl with r = ||m1 — $2|| (213)
51,52

Accordingly, surface densities o;(x;), i = 1, 2, replace the volume densities in this case.
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2. Fundamentals of Intermolecular Forces and Potentials

The range of two-body interaction forces originating from point pair potentials
Let us assume a general inverse power law ®(r) = kr~"™ for the point pair interaction potential.
It is obvious, that the potential becomes infinitely large if the separation of the two individual
points 7 approaches zero and, on the other hand, that the potential rapidly decays with increasing
distance. Turning to two bodies of finite size, i.e., two clouds of points, things are more involved
as the following theoretical considerations demonstrate. In short, it can be shown that there is a
fundamental difference between potentials with an exponent m < 3 on the one hand and m > 3
on the other hand. Starting with the case m > 3, e.g., vdW interactions, the two-body interaction
potential goes to infinity if the bodies approach until their surfaces touch each other. This can be
illustrated by the simple example of two spheres of radius R, where the vdW interaction potential
scales with Il,qw o< g~ ! (cf. [74, p.255]) with surface-to-surface separation or gap g = d — 2R
and the distance between the spheres’ centers d. This singularity of the two-body interaction
potential in the limit of zero separation g — 0 is due to the fact that potentials with m > 3 decay
so rapidly that the few point pairs with smallest separation outweigh the potentially very large
number of all other, distant point pairs in terms of their potential contributions. Therefore, we
can conclude that potentials with m > 3 have no significant large distance contribution and the
two-body interaction potential is governed by the separation of any two closest points (and their
immediate surrounding). Considering the example of two cylinders later on, we will also see
that the vdW interaction potential of two perpendicular cylinders does not change perceptibly if
the length of the cylinders is increased (cf. Equation (2.16)), which can again be attributed to the
short range of vdW interactions.

The situation is substantially different for potentials with m < 3, e.g., Coulombic interac-
tions. Here, the total contribution of all distant point pairs dominates over the few closest point
pairs and the total interaction potential remains finite even if both bodies are in contact. Looking
once again at the simple example of two spheres, Coulomb’s law (cf. Equation (2.3)) directly
shows g oc d~! and thus no singularity occurs for (nearly) contacting surfaces g — 0,
1.e., d — 2R. Also, in contrast to the case of vdW mentioned above, the Coulomb interaction
potential of two perpendicular cylinders would increase if their length is increased. The under-
lying theoretical derivations revealing also the turning point, i.e., the exponent m = 3 were first
noted by Newton and can be found e.g. in [74, p. 11]. Due to this crucial difference, potentials
with m > 3 will be denoted as short-range interactions (e.g. repulsive as well as attractive part of
LJ) and potentials with m < 3 as long-range interactions (e.g. Coulomb) throughout this work.

2.3.1. Electrostatics of non-conductive bodies: An example for
long-range surface interactions

The Coulomb interaction is additive such that the net force acting on an individual point charge
in a system of point charges can be calculated from superposition of all pair-wise computed
force contributions [74]. Equivalently, the net interaction potential results from summation of
all pair potentials. A large body of literature deals with the problem of electrostatic multi-body
interaction. One concept of high relevance for the present work is a well-known strategy called
multipole expansion, which aims to express the resultant electrostatic potential of a (continuous)
charge distribution as an (infinite) series (see e.g. [127] for details). The individual terms of the
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2.3. Two-body interaction: Surface vs. volume interaction

series expansion generally are inverse power laws in the distance with increasing exponent and
referred to as mono-, di-, quadru-, up to n-pole moments. At points far from the location of
the charge cloud, the series converges quickly and can thus be truncated in good approximation.
Regarding the total interaction potential of two charged bodies as formulated in (2.12) or (2.13),
this already outlines the way how to determine I, for trivial geometries of the interacting
bodies, where the integrals can potentially be solved analytically. We will return to this concept
in the context of deformable slender fibers when proposing the general SSIP approach in the
beginning of Section 4.2 and make use of a (truncated) multi-pole expansion of the charged
cross-sections for the (simplified) SSIP law for long-range surface interactions to be proposed
in Section 4.3.3.

2.3.2. Van der Waals interaction: An example for short-range
volume interactions

Here, we want to discuss vdW interactions as one example of physically relevant volume inter-
actions that is based on the inverse-sixth power law (2.4). However, very similar considerations
and formulae apply to steric interactions as well as LJ interactions.

Today, we know that vdW interactions are generally non-additive. The latest and most ac-
curate models for two-body vdW interactions are based on Lifshitz theory and, among other
effects, include retardation, anisotropy and differences in polarizability. Nevertheless, a “happy
convergence” of old, i.e., Hamaker’s pairwise summation, and new, i.e. Lifshitz, theory allows
to determine the distance dependency from pairwise summation and then estimate the prefactor,
i.e., Hamaker “constant” Ap,n, from more advanced modern theory. This approach yielding a
so-called Hamaker-Lifshitz hybrid form [125], [74, p. 257] is what motivates us to use pair-
wise summation in the derivation of the numerical methods to be proposed in the present work.
Also, there are some special scenarios (negligible retardation, negligible difference in optical
properties of the bodies, interaction in vacuum, ...), where additivity can be assumed as a good
approximation even without adaption of the Hamaker constant.

Generally, even the simple approach of pairwise summation requires two nested 3D integrals
over both bodies’ volumes, i.e., six-dimensional integration. Mainly due to this high dimension-
ality of the problem, unfortunately, (closed-form) analytical solutions can only be obtained for
some simple special cases. Still, careful considerations and selection allow us to exploit some of
these analytical expressions in order to develop efficient, reduced methods in Section 4.2.2. To
get a concise overview of all expressions relevant for the remainder of this work, we will provide
a collection of closed-form analytical solutions in the following.

First, we want to look at two cylinders representing the simplest model for two interacting
straight, rigid fibers with circular cross-section. A number of publications consider this scenario
and due to the simplicity of the geometry they were able to derive analytical solutions for some
special cases. The resulting expressions are summarized in Table 2.1 and will be used for ver-
ification purposes in Section 4.5.1. A second, highly relevant scenario is the one considering
two disks. These analytical expressions, summarized in Table 2.2, will be beneficial, and in fact
provide the main ingredient, for the SSIP approach to describe molecular interactions between
deformable fibers modeled as 1D Cosserat continua.
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2. Fundamentals of Intermolecular Forces and Potentials

Two Cylinders

To begin with, we consider the cases of parallel and perpendicular cylinders before we turn
to arbitrary mutual angles further down. Generally, the cylinders are assumed to be infinitely
long, such that the boundary effects at its ends may be neglected. As the interaction potential
for parallel cylinders would be infinite, one typically considers a length-specific interaction po-
tential Tyqwcyi|cy1 With dimensions of energy per unit length. This quantity thus describes the
interaction of one infinitely long cylinder with a section of unit length of the other infinitely long
cylinder. For perpendicular orientation (and all other mutual angles apart from o = 0) on the
other hand, the total interaction potential IT,qw,cy1 1 ¢y remains finite.

Even for this simple case of two cylinders, no closed-form analytical solution for the vdW
interaction energy can be found for all separations. One thus resorts to the consideration of the
limits of small and large surface-to-surface separations for which the general solution, an infinite
series, converges to the expressions presented in the following Table 2.1.

Limit of small separations Limit of large separations
g<<R17R2 gvd>>Rl7R2

parallel | Fyaweyljeyss = —22m  / i 977 (2.14) | Faweylfeytss = — % Auan RIR3 d7° (2.15)
[energy} see [741[p. 2551, [1251[p. 172] see [125][p. 16, p. 172]

length

perp. 1_[vdW,cle_cyl,ss = _A%am V RlRQ g_l (216) 1_IvdW,cle_cyl,ls = _g AHam R%R% d_4 (217)
[energy] see [74][p. 255] see [125][p. 16]

Table 2.1.: A collection of analytical solutions for the cylinder-cylinder interaction potential
derived via pairwise summation. Here, R; denotes the cylinder radii, d denotes the clos-
est distance between the cylinder axes, g denotes the surface-to-surface separation, i.e., gap,
Attam 1= 72p1p2C,aw is the commonly used abbreviation known as Hamaker constant where p;
denotes the particle densities and Cqw denotes the constant prefactor of the point-pair potential
law (see Equation (2.4)).

Despite the different dimensions of the quantities for parallel and perpendicular cylinders,
we can still compare these expressions as becomes clear by the following thought experiment.
Considering two “sufficiently long” cylinders of length L in parallel orientation, the total inter-
action potential is well described by Il gwcyijcyt = Tvaw,eyljeyl + L and thus shows the same scaling
behavior in the separation as (2.14) and (2.15). In addition, (2.16) and (2.17) are also a good
approximation for the perpendicular orientation of these cylinders of finite length L since the
difference in the distant point pairs is negligible.
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2.3. Two-body interaction: Surface vs. volume interaction

It seems worth to point out a few interesting aspects of these equations. First, it is remarkable
how the expressions differ in the exponent of the power law describing the distance dependency
of the potential. This relates to a diverse and highly nonlinear behavior already for this sim-
plest model system of fiber-fiber interactions composed of two cylinders. Second, the parallel
orientation is a very special orientation that gives rise to the strongest possible adhesive forces
between two cylinders and at the same time is the only stable equilibrium configuration. Third,
the distance scaling behavior of two parallel cylinders at small separations yqw,cyi|jcylss X g_%
lies between the fundamental solutions known for two infinite half spaces 7 o g2 (double tilde
indicates a potential per unit area) and two spheres IT o< g~!. Note that again multiplication of
these laws by a length or area does not alter the scaling law in the distance. Looking at the equa-
tions for large separations, we see similar relations, once again with a stronger distance scaling
behavior in the parallel case. Generally, the solutions for large separations are expressed more
naturally in the inter-axis separation d rather than the surface-to-surface separation g.

Angle-dependency in the two-cylinder scenario

In the limit of small separations, the vdW interaction potential of two infinitely long cylinders
follows the following general relationship valid for all (nonzero) mutual angles o €]0,7/2] as
stated e.g. in [125, p. 173]:

Atam /55 1, :
1_[vdW,cyl-cyl = - Iéa Ry Ry g 1/ S & with AHam = 7T2101p2CVdW (2.18)

For the limiting case of perpendicular cylinders av = 7/2, this coincides with IL,qwcy Leylss A8
given before in Equation (2.16) in Table 2.1. For the case of parallel cylinders, however, the
total interaction potential of infinitely long cylinders is infinite and we obtain 7yqw,cy|jcyl,ss frOm
Equation (2.14) instead, which is also listed in Table 2.1.

Remark. Interestingly, the 1/sin a-scaling behavior also holds true for screened electrostatic
interaction of two cylinders [16], [91, p. 23]. Indeed, it is shown in [74, p. 218], that this
relation results from fundamental geometric considerations related to the so-called Derjaguin
approximation, and is thus independent of the type of interaction, i.e., the specific form of the
point interaction potential law & (7).

Two Disks

This problem has been studied in literature on vdW interaction of straight, rigid cylinders of
infinite length [90]. In analogy to the cylinder-cylinder scenario, it turns out that not even in
the simplest case of parallel orientation, i.e., two disks with parallel normal vectors lying in one
plane, a closed analytical solution can be found for all separations. Instead, two expressions
for the limit of small and large separations of the disks g as compared to their radii Ry, R, are
presented in the following Table 2.2, respectively.

To summarize this Section 2.3.2 on two-body vdW interactions, it can be stated that a closed-

form expression for the two-body vdW interaction potential is only known for some rare special
cases and the ones relevant for fiber-fiber interactions have been identified in the voluminous
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2. Fundamentals of Intermolecular Forces and Potentials

Limit of small separations Limit of large separations
g<<R17R2 g,d>>R1,R2

parallel | Tyawdisk|disk.ss = —32‘% \/ % g3 (2.19) Tvawdisk|diskls = —Amam BT B3 d 7 (2.20)
[_e“ergy} see [90] see [90]

length?

Table 2.2.: A collection of analytical solutions for the disk-disk interaction potential derived via
pairwise summation. Here, R; denotes the disk radii, d denotes the closest distance between the
disk midpoints, g denotes the surface-to-surface separation, i.e., gap, Apam 1= m2p1p2Cyaw i the
commonly used abbreviation known as Hamaker constant where p; denotes the particle densities
and C',qw denotes the constant prefactor of the point-pair potential law (see Equation (2.4)).

literature on this topic and presented here in a brief and concise manner and unified notation.
In addition to these analytical expressions obtained by means of simple pairwise summation,
further theoretical work that relax certain assumptions and consider more advanced aspects like
interaction across inhomogeneous or anisotropic media, differences in optical material proper-
ties or retardation can be found in the literature. To give but one example, [128] studies cylinders
with anisotropic optical properties considering the example of carbon nanotubes. A review of
recent research activities on this topic is given in [39]. This work however focuses on the ex-
tension towards deformable and thus curved slender fibers with arbitrary mutual separations and
orientations due to their possibly large elastic deformations in 3D, and therefore uses the basic
pairwise summation approach as discussed and motivated in the beginning of this section.

2.3.3. Steric repulsion — mechanical contact

As a last type of two-body interaction, steric exclusion, i.e., contact interactions, shall be briefly
discussed in this section as already done for pairs of atoms or small molecules in Section 2.2.3.
The prevailing notion of contact between microscopic bodies (e.g. in biophysics) is most com-
monly described as excluded volume effect, which means that bodies may approach each other
without any influence on each other and only as soon as their surfaces touch, the repulsive con-
tact forces that inhibit any overlap of the bodies’ volumes may rise to infinite strength. This class
of physical interactions shares the two central properties of being extremely short in range and
being volume interactions with the previously considered vdW interactions. Starting e.g. from
the inverse-twelve power law as in the repulsive part of the LJ interaction law (2.8), one may
apply very similar solution strategies and finally obtain very similar expressions as the ones pre-
sented in the previous section. For the sake of brevity, we refer to the derivations in Appendix A
and the analysis of the resulting total LJ interaction that will also be used for the regularization
of the reduced potential laws in Section 4.4.3 and 5.4.1.
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2.3. Two-body interaction: Surface vs. volume interaction

In the field of (computational) mechanics with a focus on applications in engineering, the ef-
fect of contact interaction has also been considered a lot, albeit with a slightly different, rather
macroscopic perspective. The existing, macroscopic beam contact formulations relevant for this
work will thus be briefly summarized in Section 3.3 and a comparison with the novel compu-
tational approaches to be developed in Chapter 4 and 5 will be given in Section 6.2. Finally,
both the existing, macroscopic approaches and the novel beam interaction formulations based
on the repulsive part of the LJ potential will be applied in the remainder of this work depending

on the specific use case and e.g. directly compared in the numerical example to be presented in
Section 4.5.2.
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3. Fundamentals of Beams and Beam
Contact

This chapter aims to provide a brief and concise introduction to those well-known concepts of
beam theory to be used in the remainder of this work. It shall also serve as a valuable source of
reference for the reader of the following chapters and by no means is meant to be an exhaustive
overview of the vast body of literature on this topic for which the interested reader is kindly
referred e.g. to the recent article [113] and the dissertation by C. Meier [108].

As commonly used in engineering mechanics, we refer to the term beam as a mathematical
model for a three-dimensional, slender, deformable body for which the following assumption can
be made. The much larger extent of the body in its axial direction as compared to all transverse
directions often justifies the Bernoulli hypothesis of rigid and therefore undeformable cross-
sections. This in turn allows for a reduced dimensional description as a 1D Cosserat continuum
embedded in the 3D Euclidian space.

The outline of this chapter is as follows. First, the space-continuous beam theory will be
summarized in Section 3.1 before suitable finite element formulations will be presented in Sec-
tion 3.2. Finally, Section 3.3 will summarize the existing, macroscopic beam contact formula-
tions already mentioned in the context of repulsive steric interactions in the previous chapter.

Generally, this chapter is a review of existing knowledge in this field as previously elaborated
e.g. in the dissertation by C. Meier [108]. However, this chapter will also include the following
two original contributions of the author. On the one hand, the existing Simo-Reissner beam el-
ement formulation proposed by Crisfield and Jelenié [29, 76] is augmented by a C''-continuous
Hermite centerline interpolation in Section 3.2.2 and its optimal spatial convergence behavior is
verified by a numerical example in Section 3.2.3. On the other hand, the beam contact formula-
tions recently proposed by Meier et al. [110, 111] are for the first time applied in combination
with this Hermitian Simo-Reissner element and also in combination with the Kirchhoff-Love
beam element recently proposed by Meier et al. [113] in the numerical examples to be presented
in Section 3.3.4. This demonstrates the versatility of the theoretical and computational frame-
work and allows for a comparison of the different types of beam formulations in challenging
beam contact scenarios. This original work of the author has previously been published as part
of the co-authored article [112].

3.1. Geometrically exact 3D beam theory

Throughout this work, solely the so-called geometrically exact beam theory will be applied. Its
name aims to underline the fact that this category of beam theory uses deformation measures that
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3. Fundamentals of Beams and Beam Contact

are consistent with the strong and weak form of the balance equations for arbitrary translated,
rotated, and deformed configurations of the beam.

Since the theory of Simo and Reissner, which accounts for the deformation modes of axial
tension, bending, torsion and shear deformation, is the most general representative of geomet-
rically exact beam theories, it will be predominantly applied throughout this work. However,
Kirchhoff-Love beam formulations are known to be advantageous in the regime of high slender-
ness ratios where the underlying assumption of negligible shear deformation is met [112, 113].
This work thus aims to develop novel approaches to molecular interactions of beams that are
not restricted to a specific beam formulation and can be applied to different beam formulations
depending on the specific use case. Thus, the fundamentals of both types of beam theories will
be briefly presented in the following.

3.1.1. Simo-Reissner beam theory

The Simo-Reissner beam theory dates back to the works of Reissner [129], Simo [150], and
Simo and Vu-Quoc [151], who generalized the linear Timoshenko beam theory [159] to the
geometrically nonlinear regime.

Geometry representation

A certain configuration of the 1D Cosserat continuum is uniquely defined by the centroid position
and the orientation of the cross-section at every point of the continuum. The set of all centroid
positions is referred to as centerline or neutral axis and expressed by the curve

s, t > r(s,t) € R? (3.1)

in space and time ¢ € R. Each material point along the centerline is represented by a correspond-
ing value of the arc-length parameter s € [0, [y] =: €, C R. Note that this arc-length parame-
ter s is defined in the stress-free, initial configuration of the centerline curve ry(s) = r(s,t=0).
Thus, the norm of the initial centerline tangent vector yields

, 0
()l = 120y =, 62)

but generally, in presence of axial tension, ||7/(s,t)|| = ||0r(s,t)/0 s || # 1.
Furthermore, the cross-section orientation at each of these material points is expressed by a
right-handed orthonormal frame often denoted as material triad:

Sat = A(Svt) = {91(5715)7 g2(87t)7 g3(87t)] € 503 (33)

The second and third base vector follow those material fibers representing the principal axes of
inertia of area. Such a triad can equivalently be interpreted as rotation tensor transforming the
base vectors of a global Cartesian frame E; € R?,i € 1, 2, 3 into the base vectors of the material
triad g; € R®,i € 1,2,3 via

g,(s,t) = A(s,t) E(s,t). (3.4)

In summary, a beam’s configuration may be uniquely described by a field of centroid posi-
tions (s, t) and a field of associated material triads A (s, t), altogether constituting a 1D Cosserat
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3.1. Geometrically exact 3D beam theory

Figure 3.1.: Geometry description and kinematics of the Cosserat continuum formulation of a
beam: Initial, i.e., stress-free (blue) and deformed (black) configuration. The straight configura-
tion in the initial state is chosen exemplarily here without loss of generality. Figure taken from
the author’s article [61].

continuum (see Figure 3.1). According to this concept of geometry representation, the position x
of an arbitrary material point P of the slender body is obtained from

@p(S, S2,83,1) = 7(s,t) + S2.g5(s,t) + s395(s,1). (3.5)

Here, the additional convective coordinates s, and s3 specify the location of P within the cross-
section, i.e., as linear combination of the unit direction vectors g, and g,;. For a minimal pa-
rameterization of the triad, e.g. the three-component rotation pseudo-vector 1) may be used such
that we end up with six independent degrees of freedom (7, 1)) to define the position of each
material point in the body by means of (3.5).

Remark on notation. Unless otherwise specified, all vector and matrix quantities are expressed
in the global Cartesian basis E;. Differing bases as e.g. the material frame are indicated by a
subscript . g,- Quantities evaluated at time ¢ = 0, i.e., the initial stress-free configuration, are
indicated by a subscript 0 as e.g. in 7o(s). Differentiation with respect to the arc-length coor-
dinate s is indicated by a prime, e.g., for the centerline tangent vector r/(s,t) = dr(s,t)/d s.
Differentiation with respect to time ¢ is indicated by a dot, e.g., for the centerline velocity vec-
tor (s, t) = d r(s,t)/d t. For the sake of brevity, the arguments s, ¢ will often be omitted in the
following.

Remark on finite 3D rotations. To a large extent, the challenges and complexity in the numerical
treatment of the geometrically exact beam theory can be traced back to the presence of large
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3. Fundamentals of Beams and Beam Contact

rotations. In contrast to common vector spaces, the rotation group SO(3) is a nonlinear manifold
(with Lie group structure) and lacks essential properties such as additivity and commutativity,
which makes standard procedures such as interpolation or update of configurations much more
involved. This also carries over to the novel beam interaction formulations to be developed in
Chapter 4 and 5 and thus motivates to avoid the handling of finite rotations wherever possible in
order to achieve simpler and more compact numerical formulations.

Kinematics and deformation measures

Figure 3.1 summarizes the kinematics of geometrically exact beam theory. Based on these kine-
matic quantities, translational and rotational deformation measures as well as constitutive laws
relating these deformation measures to resulting forces and moments can be defined. Particularly
the objectivity and path-independence of deformation measures should be mentioned as essen-
tial requirements for a consistent formulation at this point. See e.g. [29, 76, 113] for a detailed
presentation of these steps.

Finally, the potential energy of the internal (elastic) forces and moments II;, is expressed
uniquely by means of the set of six degrees of freedom (7, 1) at each point of the 1D Cosserat
continuum as will be outlined in the following. In addition to the internal elastic energy, the
contributions from kinetic energy and the work of external forces and moments can be included
in the balance equations.

Strong and weak form of equilibrium equations
The internal energy, i.e. the contribution from elastic forces and moments, reads

l
1 1
Oy = / 5QTCMQ + §I‘TCFI‘ ds. (3.6)
0

It results from an assumed hyperelastic stored energy function relating the material deformation
measures {2 and I' to material stress resultants M and F’ via constitutive matrices C';; and Cr:

M = diag[GIr, EL,, EL3) 2,  F =diag[EA,GAy,GA;3]T (3.7)

The required scalar values for torsional rigidity GIr, bending rigidities E [y, E']3, axial rigid-
ity E'A and shear rigidities G A, G A3 may either be obtained from experiments or calculated
from geometrical as well as constitutive parameters of the 3D continuum such as Young’s mod-
ulus F, shear modulus G, and Poisson’s ratio v. For the latter approach, the cross-section geom-
etry is well defined via the torsional moment of inertia /1, principal moments of inertia /5, I3,
cross-section area A and reduced cross-section areas A,, A3, which are related to the cross-
section area via the shear correction factor k.

Based on the spatial angular velocity w and the centerline velocity 7, the kinetic energy may
be expressed as the sum of rotational and translational inertia terms:

l
1 1
o = / 5chpw - §pA7'°T'i“ ds (3.8)
0
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3.1. Geometrically exact 3D beam theory

Again, the values for the inertia tensor

¢, = diag[p(L+1L), plz, pl3] (3.9)

=:Ip

involve cross-section moments of inertia as well as material specification in terms of the mass
density p.

Finally, external forces f, and moments m, specified at the Neumann boundary I, as well
as distributed external forces j~" and moments 77 contribute to the virtual work via

l

W = / (59Tm+5rT}’) ds + [W f(,]F + [5¢9ng} . (3.10)
0

o

Here, 67 and 60 denote the virtual displacements and the (multiplicative) variation of the rotation
vector, respectively.

According to the Principle of Virtual Work, the total virtual work of a system must vanish
in the state of (either static or dynamic) equilibrium and we end up with the weak form of the
balance equations:

SW = 6Ly + 01Ty — OWay = 0 3.11)

Alternatively, the strong, 1.e., point-wise form of equilibrium can be expressed as balance of all
yet considered forces and moments:

ff+f+f,=0 (3.12)
m+r'xf+m+m,=0 (3.13)

3.1.2. Kirchhoff-Love beam theory

Euler’s theory neglecting shear deformation marks the beginning in the long history of beam
theory. A shear-free model in the geometrically linear regime assuming small deformations
today is referred to as Euler-Bernoulli beam. Kirchhoff and Love later refined this theory to be
geometrically exact, i.e., hold for arbitrary geometrical configurations as a result of rigid body
translations, rotations and deformations. The effect of shear deformation is known to decrease
with increasing slenderness of the beam. Thus, the slenderness ratio ( = [/R defined via the
length [ and cross-section radius R of the beam is the key parameter to judge the applicability of
shear-free Kirchhoff-Love beam theory.
Vanishing shear deformation can be mathematically described as

,r/

gir' =0 and gir’' =0 or, equivalently, g, = Tk (3.14)
r

i.e., the cross-section plane remains perpendicular to the centerline tangent vector in every point
along the beam centerline. This additional constraint reduces the number of rotational degrees of
freedom that parameterize the cross-section orientation and couples it to the centerline geometry.
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3. Fundamentals of Beams and Beam Contact

In contrast to Simo-Reissner theory using three independent parameters, e.g., the components of
a rotation pseudo-vector, the Kirchhoff-Love theory thus features one scalar degree of freedom
representing rotation around the tangent vector. This additional degree of freedom relates to the
twist deformation.

Introducing the additional constraint equations, the governing equations for Kirchhoff beam
theory can be derived from the Simo-Reissner theory presented above. As an example, the
contribution from internal elastic forces and moments is obtained as

l
1 1
0, = /§QTCMQ + 5EAe%Ls. (3.15)

0

The comparison with Equation (3.6) illustrates that energy contributions from shear forces van-
ish due to zero shear deformations. However, Equation (3.8) for the kinetic energy remains
unchanged.

Instead of strongly enforcing the Kirchhoff constraint (3.14) at every point of the 1D con-
tinuum, we will follow the approach proposed by Meier et al [113] to include this constraint
in a weak sense. As it turns out that this exclusively affects the rotation interpolation strategy,
further details on this approach will be discussed along with the spatial discretization scheme
in Section 3.2.4. Alternatively, a geometrically exact method following a strong, point-wise en-
forcement of the Kirchhoff constraint has been proposed in [107, 109]. A detailed analysis of
both approaches can be found in [113].

3.1.3. Torsion-free Kirchhoff-Love beam theory

As shown in [108], rod-like structures remain torsion-free under specific loading and boundary
conditions. It turns out that the assumption of vanishing torsion and initially straight beams
with isotropic cross-section allows for a specifically simple and elegant beam theory exclusively
based on the beam centerline curve. Hence, the mathematical description of finite 3D rotations
and corresponding interpolation schemes can be avoided. This combination of a significantly
simplified theory and the applicability in many practically relevant scenarios is the motivation
to include this torsion-free beam theory in the versatile computational framework outlined in
Appendix F.

The internal energy contributions from the remaining deformation modes axial tension and
bending and the kinetic energy read

l
1_Iint = /
0

respectively. This formulation thus includes isotropic bending quantified via the scalar curva-
ture ~ that can directly be expressed via the curvature of the Frenet-Serret frame

l
(EAE® + ElIx*)ds and Iy, = /
0

pAT? ds, (3.16)

N | =
N | —

! "
o= 2T (3.17)

I
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3.2. Finite element formulations

3.1.4. Concluding overview of the applied beam theories

To conclude this brief summary of the fundamentals of beam theory, Figure 3.2 shows a graphical
overview of the three presented categories of beam theory that have been applied in the scope
of this work. This categorization illustrates the underlying assumptions and thus applicability

assumptions

Torsion-Free + torsion-free, no initial axial
Kirchhoff-Love curvature, isotropic tension,

beam (TF) Q cross-section shape bending (2x)
. + cross-sections
Kirchhoff-Love o Tt

remain perpendicular

beam (KL) to tangent vector
Simo-Reissner increasing “”di';zgab'e hear (2x)
lend - + shear (ZX
beam (SR) sienderness sections

ratio

deformation modes

Figure 3.2.: Graphical overview of the three categories of beam theory that have been used in
the scope of this work. Simo-Reissner (SR), Kirchhoff-Love (KL), and torsion-free Kirchhoff-
Love (TF) theory are categorized by the underlying assumptions and corresponding deformation
modes, which in turn determine the number of physical degrees of freedom of the 1D continuum.

on the one hand and the resulting deformation modes and thus number of physical degrees of
freedom on the other hand. Due to these conflicting fundamental objectives of generality and
simplicity/efficiency, all three beam theories are considered to be valuable in distinct areas of
applications. We will revisit and extend this comparison of beam models after the presentation
of the corresponding finite element formulations at the end of the following section.

3.2. Finite element formulations

This section briefly outlines the general solution strategy for the set of space- and time-continuous
partial differential equations presented so far. The fundamentals of the applied finite element
method can be found in textbooks such as [12, 170].

In order to solve the governing equations presented in the preceding Section 3.1, discretization
in space and time is inevitable except for very rare cases. The resulting nonlinear system of
equations is solved iteratively by Newton’s method or modified variants thereof until specified
convergence criteria are met. We therefore need to repeatedly evaluate the residual R as well as
the corresponding Jacobian K, resulting from linearization with respect to the discrete degrees
of freedom X:

K(X) = (3.18)
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3. Fundamentals of Beams and Beam Contact

The Jacobian is commonly referred to as tangent stiffness matrix expressing its interpretation in
continuum solid mechanics.

In the following, we will first briefly discuss the applied temporal discretization schemes in
Section 3.2.1 before turning to the spatial discretization by means of the finite element method.
A key concept of the latter is the subdivision of the spatial domain [0;!] into a finite number
of elements ng. and the geometry description in a local, element-wise manner. It is therefore
sufficient to discuss the spatial discretization of a single beam finite element. As for the space-
continuous theory in the last section, once again all three element formulations of Simo-Reissner
(SR), Kirchhoff-Love (KL) and torsion-free Kirchhoff-Love (TF) type will be briefly presented
in the remainder of this section.

3.2.1. Temporal Discretization

Throughout this work, finite difference schemes will be applied as temporal discretization for
dynamic problems. As commonly used in the context of structural finite element simulations,
the Generalized-a method as originally proposed by [25] is chosen for its second-order accuracy,
unconditional stability and optimized damping characteristics. However, in case of finite rota-
tions, an extension to Lie groups as proposed by [20] is required and thus applied in combination
with Simo-Reissner and Kirchhoff-Love beam elements throughout this work. Accordingly, the
original Generalized-o method is only used along with the torsion-free Kirchhoff-Love beam
model. Refer to [108, 113] for further details on this topic.

Additionally, the Brownian motion of slender fibers modeled as beams will be considered in
some of the applications to be presented e.g. in Chapter 8 and 9. In this scenario to be found on
the nano- to micrometer scale, inertia can generally neglected in good approximation resulting in
a system of first order (stochastic) partial differential equations in time. The Brownian dynamics
finite element formulation that has been developed specifically for this application in [32] is
based on a Backward Euler scheme to discretize in time. For further details, the reader is kindly
referred to the original publication [32].

3.2.2. Hermitian Simo-Reissner beam element

As presented in Section 3.1, the centerline position = and the triad A arise as the two primary
fields of unknowns. Within Simo-Reissner beam theory, both fields are uncorrelated and their
discretization can hence be considered independently as follows.

Centerline field

The Simo-Reissner beam element used throughout this work originates from [29, 76], although
we apply a different centerline interpolation scheme here. We employ cubic Hermite polynomi-
als based on nodal position vectors Ell, 612 and tangent vectors ‘El, t” as the primary variables. See
[109] for a detailed discussion of Hermite centerline interpolation in the closely related context
of geometrically exact Kirchhoff-Love beams.
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3.2. Finite element formulations

Applying the cubic Hermite interpolation scheme results in the following discretized center-
line geometry and variation thereof:

r(©) ~m(©) = S HO A 1 5 Y (O = Ha, (3.19)
i=1 =1
2 , 2 , A
or() m dr(§) = Y Hi(¢)dd + é > Hi(¢) ot =Hdd (3.20)
i=1 =1

Here, all the degrees of freedom of one element relevant for the centerline interpolation, i.e.,

nodal positions d' and tangents ’EZ, 1 = 1, 2 are collected in one vector d. Thus, H denotes the
accordingly assembled matrix of shape functions, i.e., Hermite polynomials H’ and H;. The
newly introduced element-local parameter £ € [—1;1] is biuniquely related to the arc-length
parameter s € [Sele.min; Sele.max] describing the very same physical domain of the beam as follows
and the scalar factor defining this mapping between both infinite length measures is called the
element Jacobian J(&):

_ 45 e - _ 1d7ron()
ds = Edf =:J(&)d¢ with J(&) = || e |- (3.21)
The definition of the cubic Hermite polynomials is finally given as
1 1
Hi= 7@+ =97 Hi=72-91+¢)7 (3.22)
1 1
Hi = 70+ 90 =€ H = = (1 -9+ (3.23)

Refer to [109] for a discussion of the interpolation properties of Hermite polynomials.

The motivation to use (cubic) Hermite interpolation originates from the fact that it ensures
C!-continuity, i.e., a smooth geometry representation even across element boundaries. This
property turned out to be crucial for the robustness of simulations in the context of macroscopic
beam contact methods [112], and is just as important if we include molecular interactions as
proposed in this work. See [136] for a comprehensive discussion of (non-)smooth geometries
and adhesive, molecular interactions using 2D solid elements. Note however that neither the
general SSIP and SBIP approaches to be proposed in Chapter 4 and Chapter 5 nor the specific
expressions for the interaction free energy and the virtual work are restricted to this Hermite
interpolation scheme. In fact, all of the discrete expressions to be presented throughout these
chapters will be equally valid for a large number of other beam formulations, where the discrete
centerline geometry is defined by polynomial interpolation, which can generally be expressed in
terms of a generic shape function matrix H introduced above.

Triad field

The correct interpolation of large rotations is the crux of geometrically exact beam finite ele-
ments. We follow the approach of [29, 76], thus ensuring objectivity based on the definition of
an element-local reference triad and the interpolation of local rotation vectors. More specifically,
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3. Fundamentals of Beams and Beam Contact

the three-noded variant, i.e., using quadratic Lagrange polynomials L, is applied throughout this
work as this turns out to ideally complement the cubic centerline interpolation in terms of nu-
merical efficiency. Without going into detail, the procedure can be summarized as determining
the interpolated triad A (¢) from all nodal triads A” in a nonlinear manner:

A(&) = An(§) = nl(A', A% A% ¢) (3.24)

In contrast, the virtual rotation vector 60(§) is linearly interpolated from nodal quantities fol-
lowing a Petrov-Galerkin scheme:

3

564(€) = > Li(¢) 66" = L 56 (3.25)

i=1

In analogy to the previously considered matrix of Hermite polynomials H, here L has been in-
troduced as the properly assembled matrix of Lagrange shape functions. In terms of primary
degrees of freedom, we choose a minimal parameterization of the nodal triads A’(¢)") via rota-

tion vectors {bl € R3, i = 1,2, 3 and transform between triads and rotation vectors by means of
the Rodrigues formula and Spurrier’s algorithm.

Nodal degrees of freedom
To summarize, the applied Hermitian Simo-Reissner element thus features the following set of
primary degrees of freedom defined at three nodes i = 1, 2,3 located at { = {—1,1,0}:

~371T

A1T 1T A 3 EQT7 ILQT”(p (326)

. IT ~2T
XSR::d 7t 7170 7d )

For convenience in later notation and since the centerline description is independent of the rota-
tional degrees of freedom, the following split into one vector collecting the primary degrees of
freedom that is sufficient to describe the centerline geometry dsg and another vector holding the
rotational primary degrees of freedom 1,AbSR shall be defined:

AT AT 2T ~27]7T
, t

dgg = [d 7 a (3.27)

~1T  ~2T A3T}T

Ysp = [¢ L (3.28)

This has already been used in Equation (3.19). With respect to the required variations dXsg and
increments Axgsg of these degrees of freedom, it seems worth to highlight the consistent use

of multiplicative rotation vector variations 59z, also known as spin vectors, and corresponding
multiplicative increments A@Z, 1 = 1,2, 3, in the computational framework used in this work:

1T ~1T ~1T ~2T  ~2T ~2T ~3771T
60 }

- [5&1 ot 50" sa™ 57T 50 (3.29)

~ “ ~ ~ R ~ ~S T
ARgg = [Ad”, At A0, Ad” AT, AT AadT} (3.30)
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3.2. Finite element formulations

Discrete element residual vector

The combination of cubic Hermite interpolation for the centerline geometry as well as its vari-
ations and quadratic Lagrange interpolation for the triad field yields fourth order spatial con-
vergence in the L2-error as will be verified numerically in the following section. Finally, the
discrete element residual vectors rsg resulting for the internal, inertia, and external forces and
moments of this Hermitian Simo-Reissner element are obtained as

1

I‘SR,(;l = / (H/T .f + HTfp - HT}) J dé - [HTfU] Ty (331)
-1
1

Tspo = / (L"m - L'S(#) f + L'm, — L'm) J d¢ — [L'm,] . . (3.32)

-1

In order to avoid shear and membrane locking effects, the contributions including the defor-
mation measure I' are computed with reduced integration, whereas all other contributions are
integrated by means of a four point Gauss-Legendre scheme. Specifically, a three point Gauss-
Lobatto integration scheme featuring integration points at the boundary nodes as well as the ele-
ment midpoint is applied for the reduced integration. The effectiveness of this strategy grounds
on a discrete constraint ratio of two, thus matching that of the space-continuous problem, and
has been verified by means of a convergence study using a standard numerical example to be
presented in the following section.

3.2.3. Verification of the Hermitian Simo-Reissner beam element

This study has previously been published in the author’s contribution [112]. The initial geometry
is represented by a 45°-degree circular arc-segment with curvature radius ry = 100 that lies
completely in the global z-y-plane and that is clamped at one end. The section constitutive
parameters of the beam result from a quadratic cross-section shape with side length R=1 and a
Young’s modulus of £ =107 as well as a shear modulus of G =0.5 - 107. This initial geometry
is loaded by an out-of-plane force f = (0,0, f.)T in global z-direction with magnitude f, = 600.
This example has initially been proposed by Bathe and Bolourchi [13] and can meanwhile be
considered as a standard benchmark test for geometrically exact beam element formulations that
has been investigated by many authors (see e.g. [22, 28, 30, 46, 72, 76, 130, 131, 147, 151)).
While the original definition of the slenderness ratio yields a value of ( =1/R = 1007 /4 for this
example, a slightly modified definition of the slenderness ratio according to Q: =ro/R =100 is
employed here.

For comparison reasons, also a second variant of this example with increased slenderness ratio
(= ro/R=10000, i.e. R=0.01, and adapted force f. =6 - 10~° will be investigated. The initial
and deformed geometry are illustrated in Figure 3.3(a). In Figure 3.3(b), the relative L?-error
(see e.g. [109] for the exact definition of the applied error norm) has been plotted over the total
number of degrees of freedom for the two different slenderness ratios C =100 and C =10000 as
well as for discretizations with 1,2, 4,8 16,32,64 and 128 Hermitian Simo-Reissner (SR) ele-
ments. In order to investigate the effectiveness of the employed reduced integration procedure
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Figure 3.3.: (a) Initial, stress-free (red) and final (green) configuration. (b) L?-error resulting
for low and high value of the slenderness ratio 5 and using full or reduced integration (FI/RI)
each. 512 SR elements are used to determine the numerical reference solution. Taken from the
co-authored article [112].

(RI) based on a three-point Gauss-Lobatto integration scheme (integration points at the element
boundary nodes and the element mid-point), also the L?-error resulting from a full integration
(FI) by means of a four-point Gauss-Legendre integration scheme is presented in Figure 3.3(b).
Similar to the observations made in [107], the full integration leads to a clearly visible decline
in the spatial convergence rate that can be attributed to membrane and shear locking. The de-
terioration of the convergence order increases with increasing beam slenderness ratio ¢ and de-
creases with mesh refinement as a consequence of an decreasing element slenderness ratio (see
also [107]). On the contrary, the proposed reduced Gauss-Lobatto integration scheme success-
fully avoids membrane and shear locking, thus leading to the optimal convergence order of four
for both investigated beam slenderness ratios. Furthermore, it has been verified numerically
(not plotted in Figure 3.3(b)) that a reduced integration approach based on a three-point Gauss-
Legendre integration scheme (three integration points in the elements interior) barely improves
the spatial convergence behavior as compared to the four-point scheme plotted in Figure 3.3(b).
This observation underlines the importance of the special choice of Gauss-Lobatto integration
points, which are identical to the collocation points applied by the so-called minimally con-
strained strains method as proposed in [107] for the avoidance of membrane locking.
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3.2. Finite element formulations

3.2.4. Kirchhoff-Love beam element

Throughout this work, the element formulation developed in [113] is applied. To be more pre-
cise, the variant based on a weak enforcement of the Kirchhoff constraint and nodal tangents as
primary degrees of freedom is chosen (denoted as WK-TAN in the original publication).

The same C'-continuous Hermite centerline interpolation scheme as for the Simo-Reissner
beam element is applied for the Kirchhoff-Love element. Due to the Kirchhoff constraint (3.14),
the centerline tangent vector at the same time determines the first base vector of the material
triad. Assuming a strong enforcement of the Kirchhoff constraint, it would thus be sufficient to
introduce one additional scalar rotational degree of freedom ¢ to keep track of the triad orien-
tation. The weak enforcement of the Kirchhoff constraint, however, only requires the first base
vector and centerline tangent vector to be identical at the so-called collocation points. It is there-
fore most convenient to apply also the same triad interpolation scheme that is well known from
the Simo-Reissner element and has been proposed originally in [29, 76].

At the two boundary nodes used for centerline interpolation, the ﬁrst base vector of the nodal

triad is directly determined from the tangent degrees of freedom t',i = 1,2. At the interior
node ¢ = 3, however, the first base vector and hence the nodal triad depends on the normalized
interpolated centerline tangent vector 7/ ||7}|| at this point £ = 0. Further details on the
definition of the triads by means of first base vector and scalar twist degree of freedom (' can be
found in the original publication [113] and are omitted here for the sake of brevity.

Nodal degrees of freedom
The resulting nodal degrees of freedom for this Kirchhoff-Love beam element are summarized
as follows:

~1T . ~2T - T
L IR A (3.33)

Once again, it is emphasized that the centerline representation is identical to the employed Simo-
Reissner element: dg; = dsg. Moreover, the vector of variations and increments of the primary
degrees of freedom are given as

1T

~ A ~ ~ “ N N T
kL, = [5(1 Lot'T, 56t 6d”, ot 602, 5@%} (3.34)

R R R R T
Ak = [Ale, AT Agt Ad”T, AT Ag? A@ﬂ (3.35)

Note that (5@% denotes the first component of the multiplicative material spin vector at each of
the three nodes : = 1,2, 3, whereas the increment of the scalar twist angle A’ is an additive
increment.

Discrete element residual vector
The resulting discrete element residual vectors of the employed Kirchhoff-Love beam element
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are given as

1
L / (vgl m+v. F+H f, —H f+v,, m, - vglm) J A& — [H' f, + 94, m, |
-1

(3.36)

1
Lo, = / (Vo070 + Vojm, = Vao1) J A = Vg oma] (3.37)

-1

Here, the quantities denoted as v,y are vectors representing discrete strain variations. The bars
over these quantities indicate that a re-interpolation of these quantities based on collocation
point values is applied in order to fulfill the Kirchhoff constraint in a weak sense. A similar
re-interpolation technique called minimally constrained strains (originally proposed in [107]) is
applied to the axial force term to avoid membrane locking. The re-interpolation process can be
summarized as

3

V(&) =) L& v, (&), (3.38)

=1

Once again, refer to the original publication [113] for further details.

3.2.5. Torsion-free Kirchhoff-Love beam element

In the special case of the torsion-free Kirchhoff-Love beam element as proposed in [107], no
triad field needs to be discretized such that only the centerline field remains to be discretized
in space. Once again, the C''-continuous cubic Hermite interpolation as applied before to the
Simo-Reissner and Kirchhoff-Love elements is chosen here. All components of the vector of
nodal degrees of freedom for this element hence are already known from the previous sections
since aTF = aKL = aSR = a!

~1T 1T ~2T ~o7]7T
, €

)A(TF = aTF = |:d s t s d (339)

Here, the structure of the discrete element residual vector is reproduced for convenience and
again the reader is kindly referred to the original publication [107] for further details:

(3.40)

s

1
rTF,& = / <\75F‘1 +vem + HTf/J o HT}. - V,{fh) J df - [HTfa + V@J_mO'J_:|
-1

3.2.6. Concluding comparison of beam element formulations

Figure 3.4 provides a brief assessment and comparison of the presented beam element formula-
tions that have been used in the scope of this work. Simo-Reissner (SR), Kirchhoff-Love (KL),
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Figure 3.4.: Comparison of the three beam element formulations that have been used in the scope
of this work. Simo-Reissner (SR), Kirchhoff-Love (KL), and torsion-free Kirchhoff-Love (TF)
theory are judged based on the five criteria of generality, efficiency, theoretical complexity, the-
oretical complexity, and numerical conditioning.

and torsion-free Kirchhoff-Love (TF) theory are judged based on five criteria that are consid-
ered to be important for the optimal choice of the beam formulation depending on the specific
use case. Recall from the first comparison of the underlying space-continuous beam theories
in Section 3.1.4 that there is a fundamental tradeoff between the generality and thus applicabil-
ity on the one hand and the efficiency in terms of required physical degrees of freedom on the
other hand. Figure 3.4 illustrates that the additional assumptions of shear-free and torsion-free
theory moreover has a beneficial effect on the numerical conditioning of the problem due to the
characteristic high stiffness associated with the shear and torsion mode. This in turn reduces
the computational cost by decreasing the number of nonlinear iterations and/or increasing the
feasible time step size. In addition, the one-time cost to comprehend a theory in the first place
and implement it in a code framework is compared in this diagram. Refer to the recent arti-
cle [113] for a more comprehensive comparison of SR and KL beam theory and corresponding
geometrically exact finite element formulations.

To conclude, the TF beam element is considered to be the most efficient and at the same time
pleasantly simple formulation such that it should be used whenever the underlying assumptions
are met in the specific use case. If, however, a more general scenario including for example
torsion or initially curved beams is considered, the KL formulation should be the method of
choice as long as the slenderness of the beam is large enough to fulfill the assumption of vanish-
ing shear deformations. Finally, the SR beam element formulation is the most general one that
should be chosen whenever shear deformation is expected to play a role or if numerical perfor-
mance of the beam formulation is not critical e.g. due to a small system size or another part of
the computational model dominating the overall computational cost.
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3. Fundamentals of Beams and Beam Contact

3.3. Macroscopic approaches for beam contact

Existing approaches to beam-to-beam contact are motivated by the macroscopic perspective to
not allow for any penetration (see e.g. [23, 43, 56, 86, 87, 98, 110, 111, 161, 163]). This agrees
with the perception of a hard core model on the atomistic level as discussed in Section 2.2.3.
Following a similar key idea, one category of existing beam-to-beam contact formulations —
commonly referred to as penalty methods — use heuristic contact potentials to model the strong
repulsion. Most often, these contact potentials are formulated for a pair of closest points thus
yielding discrete point forces. As becomes clear from the illustrative example of two paral-
lel straight beams, such point contact formulations fail whenever no unique closest-point pair
between deformable slender bodies exists. Recently, a number of so-called line contact formu-
lations have thus been proposed to overcome this deficiency (cf. e.g. [110]). Moreover, a unifi-
cation of both approaches to combine the advantages of both formulations in different regimes
of mutual orientations has been suggested in [111]. It is a distinct characteristic of penalty ap-
proaches that small penetrations are conceded in order to get a repulsive potential contribution
from the penalty law.

In strong contrast, a second category of (beam) contact formulations based on Lagrange mul-
tipliers enforces the positions of the contacting surface points to coincide by means of equality
constraints (cf. e.g. [98]). The main drawbacks associated with this approach are an increased
system size due to additional degrees of freedom for the Lagrange multipliers and the resulting
saddle-point structure of the overall system of equations.

At this point, recall that the beam theory presented in Section 3.1 generally neglects cross-
section deformations. It is therefore appealing to use penalty methods for beam contact and
implicitly model the cross-section compliance via the penalty potential. In this way, the simpler
and at first glance less accurate approach can be exploited to achieve an overall more realistic
model for cross-section characteristics. Throughout this work, only the penalty approach will be
applied to model macroscopic contact between beams. It can also be considered as one of the
basic theoretical concepts based on which this work has set out to develop the novel methods for
molecular interactions between beams that are to be proposed in Chapter 4 and 5.

Note that in the following we restrict ourselves to beams with circular cross-sections and beam
radii R;, © = 1,2. Some extensions to more general cross-section shapes can be found in the
literature and will be briefly discussed in a remark at the end of this section.

Remark on the search for interaction partners. Identifying all pairs of beam elements that poten-
tially interact with each other is an essential step that turns out to even be critical in terms of the
total computational effort for large systems. The basic concept of the applied search algorithm
and its role in partitioning the problem to allow for parallel computing will be briefly presented
in Section 4.4.6 in the context of the novel beam interaction formulation for molecular interac-
tions to be developed. For all methods to be presented, it is sufficient to look at one pair of beam
elements at a time and apply the formulation subsequently for all pairs obtained from the search
algorithm.
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3.3. Macroscopic approaches for beam contact

3.3.1. Point penalty contact

The applied point contact formulation has been proposed by Wriggers and Zavarise in [163].
See Figure 3.5 for an overview of the kinematic quantities. We aim at fulfilling the following

Figure 3.5.: Illustration of the geometric quantities used in the point contact formulation.

contact constraint formulated for a pair of material points &, &, anywhere along the considered
pair of beams

9(&,&) >0 (3.41)

where the so-called gap ¢ is defined as the surface-to-surface separation computed via g :=
dy — Ry — Rs. A bilateral closest-point projection yields the minimum centerline separation

dpy = gllél d(Sla 52) = d(fm féc) (3.42)

and parameter coordinates of the corresponding two contacting points &, 2. Using the spatial
curves 7;(&;), i = 1,2 representing the beams’ centerlines, the nonlinear orthogonality condi-
tions

(&) (11(&) = 72(&)) =0,
7y (§2) (r1(&1) — 72(82)) =0
need to be solved. Note that here the short prime has been introduced and denotes a differen-

tiation with respect to the element parameter coordinate, i.e., 7;(§;) = dr;(&;)/d &, . For this
special pair of points i, £o¢, a penalty potential law is defined for instance as

(3.43)

z, <0

1
e, = 5&(9(51@62(;))2 with  (z) := { 0 250 (3.44)
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3. Fundamentals of Beams and Beam Contact

The point penalty parameter €, determines the slope of this linear force law (i.e. quadratic po-
tential law). Variation of this point potential yields the contributions to the weak form

0, = 21(g) g = £1(g) (or1(&1e) — Ora(bar))’ m (3.45)
and the point contact forces can be identified as

n— r1(§ic) — ra(ac)
o lra(&ae) = (el

Note that the centerline field is sufficient to compute the contributions from beam contact and no
triad information is required. Discretization of (3.45) by means of (3.19) hence yields the con-
tributions to the discrete residual vectors and stiffness matrices of the two interacting elements.
In addition, off-diagonal entries coupling the centerline degrees of freedom of both elements
result from the linearization of one element’s residual vector with respect to the other element’s
degrees of freedom. All required expressions as well as further details are given in [110, 163].

(3.46)

.fcaL - igL(.g) n,

3.3.2. Line penalty contact

As mentioned earlier, the point contact formulation suffers from the non-uniqueness of the
closest-point projection in certain geometric configurations. The most obvious and practically
relevant example is the scenario of parallel, straight beams. Therefore, a specific formulation
for beams coming into contact at a small mutual angle as proposed by [110] is outlined in the
following. See Figure 3.6 for an overview of the kinematic quantities.

Figure 3.6.: [llustration of the geometric quantities used in the line contact formulation [110].

As the name of the line-to-line contact approach suggests, the contact constraint is formulated
for a pair of lines instead of a pair of points.

g(fl) Z 0 V 51 with g(gl) = dul(ﬁl) — Rl — R2 (347)
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3.3. Macroscopic approaches for beam contact

Instead of the bilateral closest-point projection, the minimal distance problem this time tries to
find the closest point &5 on the opposing beam while the first point is given as the integration
point §; gp. Acknowledging this inherent distinction between interaction partners, we refer to
the beam with given point &; as the slave beam (index 1) and the beam projected onto to find o,
as the master beam (index 2). This unilateral closest-distance problem may be formulated as

dlﬂ(fl) = Hgn d(flv §2) = d(&b 520)7
d(&1,&2) == [[71(&) — ra(&)l

and solving it is equivalent to solving the following orthogonality condition for &,,:

Y (&) (r1(&1) — r2(&)) =0. (3.49)

In this manner, the contact normal vector n and thus the direction of applied contact force is
always perpendicular to the centerline curve of the master beam 2, but not necessarily to that of
the slave beam 1. Finally, a penalty potential per unit length is postulated as

(3.48)

Foey = 2oy {g(60))? (3.50)

2
and the total interaction potential for this pair of beams in contact is evaluated via numerical
integration over the slave beam’s domain:

Iy
1

M., = 56l /<g(51)>2ds1 (3.51)

0

The integral is evaluated by Gaussian quadrature such that the terms need to be evaluated at
a finite number of Gauss points &;gp. It is also worth mentioning that a segmentation of the
integration domain in order to avoid integration across strong discontinuities turned out to con-
siderably reduce the discretization error [110]. Once again, the variation of this potential yields
the contributions to the weak form

l1

oMoy =< [[to(€0)dg(er) dsy (3.52

0

with  dg(&1) = (671(&) — 6ra(&ac)) n(&). (3.53)
Here, the contact line force vector acting on both interacting partners can be identified as

Fale) = sa@E). €)= i

Finally, the contributions to both elements’ residual vectors and stiffness matrices are obtained
as a result of spatial discretization of the centerline field as stated in (3.19). All expressions and
further details can be found in [110].

(3.54)

41



3. Fundamentals of Beams and Beam Contact

3.3.3. Unified approach for beam contact

This section briefly presents the concept of how to combine the point and line contact formu-
lations in order to unite the advantages of both approaches as proposed in [111]. To sum up,
the line contact formulation remedies the issue of a non-unique closest-point projection at small
mutual angles of the beams. However, its computational cost increases with the enclosed angle,
because a higher Gauss point density is required to ensure the detection of contact. It is thus
preferable to resort to the point contact formulation as soon as the enclosed angle exceeds a cer-
tain value. This combined approach called all-angle beam contact (ABC) allows for a smooth
transition between both formulations.

First of all, the definition of the contact angle based on the mutual angle of both tangent
vectors shall be given for both point and line contact strategy:

|"°‘1T(€IC) Té(§20)|

a = arccos (z), z= (3.55)

173 (Eae) - [l (&)

— arccos (= £ — [ (&) 7y (6ec )|
(60 Zareeos G820 = it ratea 030

Note that again the short prime denotes a differentiation with respect to the element parameter
coordinate, i.e., 7;(§;) = dr;(§)/d & . In order to ensure a smooth transition, a blending of
contributions from the point and line contact formulation is applied within an angle interval

a € [a;as), aj,az €0%90°], oy < ao. (3.57)

The transition is controlled via a scaling factor k(z) defined as

1, a < o
k(z) = 0.5(1—003 <7TZTZ;2>) , > a>a (3.58)
0, o> o

As shown in [111], blending of contact forces instead of the potential contributions according to
Ollee = (1 — k(2c)) e1(g) g

(.

-~

=t—feel
/ (3.59)
+/1€(Z<51))5<g(€1)25g(§1)d51
0 ::—£:||(£1)

is not variationally consistent and hence does not guarantee conservation of energy because
additional contact moment contributions are ignored. By a sensible choice of the ratio of penalty
parameters ¢ /||, this effect however is negligible and thus avoids the additional complexity
associated with a transition on the level of contact potentials. An estimate for this optimal ratio
based on analytical considerations is given by

g1 4R . _ ay + Qo
— N o with Ao 1= .
el 3 sin o 2

(3.60)

Once again, refer to the original publication [111] for further details including all required ex-
pressions.
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3.3. Macroscopic approaches for beam contact

Remarks on beam contact

1. Instead of a linear penalty force law used for demonstrating the basic concepts here, it
is well established to use a smoothed force-gap relation in the range of very small gap
values [43, 111]. Most commonly, a quadratic regularization in the gap value range g €
[0, g] with a small, positive regularization gap value g ~ R/10 is applied to enhance the
robustness of the nonlinear solution scheme.

2. Although contact with a beam endpoint is a seemingly rare event, it should be considered
by means of a slightly modified variant of the point contact formulation, with the beam
endpoint being fixed. Otherwise, in the first place undetected large penetrations might
suddenly result in very large contact forces that considerably deteriorate the robustness of
the nonlinear solution scheme. Refer to [111] for a discussion of this topic.

3. Rectangular or other piecewise straight cross-section shapes require an individual strategy
for each of the possible geometric configurations such as plane-to-plane, edge-to-plane or
edge-to-edge and a consistent and robust transition between these regimes (see e.g. [100]
for rectangular cross-sections). An extension to more general, parameterized cross-section
shapes has been proposed in [56] and demonstrated for the example of superelliptic shapes.

4. Friction in beam-to-beam contact has been accounted for by several publications (see
e.g. [24, 44, 57, 99, 101, 167]).

5. Despite the molecular origin of the repulsive forces acting on bodies coming into contact,
existing formulations for beam contact have thus far been developed and analyzed from a
macroscopic perspective. Bridging this gap between the atomistic understanding of repul-
sive forces and the experience of contact on the macroscale is considered a valuable and
insightful endeavor of future research. First theoretical considerations on this topic will
be presented in Section 6.2 and a first numerical example comparing the novel approach
to molecular interactions of beams with existing macroscopic beam contact approach will
be discussed in Section 4.5.2.

3.3.4. First application of these macroscopic beam contact
formulations to KL and SR beam elements: Static and
dynamic loading of a helical spring

In the original publication of the ABC formulation [111] (summarized in the preceding Sec-
tion 3.3.3), the contact formulations have solely been applied in combination with the torsion-
free Kirchhoff-Love (TF) element formulation (cf. [107], summarized in Section 3.2.5). In the
scope of this work, the ABC formulation has for the first time been applied in combination with
the Kirchhoff-Love (KL) beam element (cf. [110], summarized in Section 3.2.4) and the Hermi-
tian Simo-Reissner (SR) element (cf. Section 3.2.2). The content of this section has previously
been published in the author’s contribution [112].

Beside this proof of concept of combining the beam contact formulations also with KL. and
SR beam elements, the following numerical example aims at comparing the results of KL and
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3. Fundamentals of Beams and Beam Contact

SR elements based on the characteristics of the structures and the applied boundary conditions.
Specifically, it investigates the response of a spring to static as well as dynamic loading. Its initial
and stress-free geometry is defined as a helix with linearly increasing slope (see Figure 3.7(d))
via the analytic representation

70z sin 3
ro(B)=| 1oy | =Rno| cosf—-1 [, (3.61)
T0z 81@1’262
l
Rpo= (3.62)
oy (122 m (4414 (1))
~ 34.36. (3.63)

The radius Ry of the enveloping cylinder of the helix is chosen such that the helix exactly

o S

(a) (b) (©) (d) u, = 0: (e) u,=125 ) u,=250:
u, = —168 u, =—150 u, =—100 undeformed max. tension
max. com-

pression

(g) detail views at u, ~—168 (central rigid cylinder hidden)

Figure 3.7.: Quasi-static simulation of a helical spring with linearly increasing slope. Taken from
the co-authored article [112].

consists of 4.5 coils, i.e. 5 € [0;97], along the length of [ =1000. A value of R = 4 is chosen
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3.3. Macroscopic approaches for beam contact

for the cross-section radius of the helix which results in a slenderness ratio of ¢ = 250. The
spring is clamped at one end (bottom in Figure 3.7) and load will be applied to the other end
point (top in Figure 3.7). In order to mimic a realistic application of this spring, two additional
rigid structures were added in the surrounding of the helix to guide its large deformation under
the applied load (see grey colored structures in Figure 3.7). A rigid cylinder of radius R.,; = 28
and length /., =500 is placed along the centerline of the helix, providing a close guidance with
an initial closest distance of approximately 2.36 from the surface of the spring. Moreover, a rigid
torus with the same cross-section area as the helix is placed such that its centerline contour lies
in the zy—plane at the vertical position z=—9.1.

The material of the spring is modeled by a St. Venant-Kirchhoff law with Young’s modulus
E = 1.0, Poisson’s ratio v = 0 and density p = 1.0 - 108, In case of the shear-deformable SR
formulation, the shear correction factor is chosen as x=1.0.

Since small contact angles are prevailing in this example, only the line contact formulation
with a linear penalty law and quadratic regularization ([110], summarized in Section 3.3.2) is
applied here. Note that a point contact formulation would anyway not be able to model the
contact between spring and the central rigid cylinder (aligned with the helix axis), because no
unique bilateral closest point exists, which is a prerequisite for this type of formulation. Even
though the ABC formulation would automatically resolve this geometrical property in a correct
and robust manner, here use has been made of the a priori knowledge that only small contact
angles will ocur which makes the point-to-point contact contribution of the ABC formulation
obsolete. The corresponding line penalty parameter is chosen as £/, = 10~ in the quasi-static
simulations and &/ = 102 in the dynamic simulations, and the regularization parameter of the
quadratically regularized penalty law are g =0.05?=0.2 and g=0.25R =1.0 respectively. Each
beam element is subdivided into twenty 5-point integration segments.

First, a quasi-static loading process will be analyzed. For this purpose, the helical structure
is discretized by 16 or 64 beam elements of tangent vector-based KL(-TAN) type or SR type
respectively. The tip of the spring is displaced in a Dirichlet controlled way prescribing zero dis-
placement in z- and y-direction u, =u, =0 and a piecewise linear displacement in z—direction:
u,=0...250for0<t<1,u,=250...0for1<t<2and u,=0...—200 for 2 <t < 3. Like
for a clamped end, all rotations of the beam cross-section at =0 are suppressed by appropriate
Dirichlet conditions for the tangential and rotational degrees of freedom in case of KL and SR
elements respectively.

Via the defined time curve for the tip displacement ., first the tensile and then the com-
pression range of the characteristic displacement-reactions curve of the spring is measured by
tracking the reaction forces at the tip. The simulations are conducted with a time step size of
At =0.01 using a Newton-Raphson scheme with step size control that limits the displacement
increment per iteration to a maximum value of 0.25R=0.1 (see Section F.2 for details). Again,
a step adaptivity is employed that repeats a step with half of the original (pseudo-) time step size
if convergence fails within the prescribed maximum number of 30 iterations.

Some characteristic configurations are illustrated in Figure 3.7. The simulation ends at the
fully compressed state with u, ~ —168 (see Figure 3.7(g)). The resulting displacement-reactions
curves are plotted in Figures 3.8(a) and 3.8(b). As expected from Hooke’s law, the relationship
between displacement in axial direction of the spring u, and axial reaction force £, is linear in the
regime of moderate displacements (approx. —100 < u, < 100). For large tensile deformations,

45



3. Fundamentals of Beams and Beam Contact
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Figure 3.8.: Displacement-reactions curves: (a) 16 SR vs. 64 SR, and (b) 64 KL vs. 64 SR. Taken
from the co-authored article [112].

the stiffness of the spring increases smoothly but steadily due to the strong geometrical nonlin-
earity and the growing influence of stiff axial tension deformation modes. In the compression
regime, a strong nonlinear effect, in form of a kink in the load-displacement curve illustrated in
Figure 3.8(b), due to the contacting coils can be observed. This compression stiffness is mainly
determined by the number of coils in contact and the cross-section stiffness represented by the
penalty regularization of the applied beam contact model.

Also for this example of an initially curved elastic fibrous structure, the results from KL and
SR elements are in excellent agreement (see Figure 3.8(b)). This meets the expectation of negli-
gible shear deformation for highly slender bodies as it is the case in this example. Furthermore,
Figure 3.8(b) reveals that the comparatively rough discretization with 16 SR elements leads to a
still visible discretization error as compared to the discretization with 64 finite elements, how-
ever, the qualitative behavior is already captured very well.

In order to investigate the influence of shear deformation, a further variant of this example
with increased beam cross-section radius shall be investigated. For better comparability, only
the value of the cross-section radius occurring in the section constitutive law (3.7) is scaled by a
factor of 5, i.e., R=5R, leading to correspondingly adapted values of A, Ay, As, Iy, Is, I, while
the external beam geometry, i.e., the cross-section radius occurring in the beam-to-beam contact
model, remains unchanged. Again, the simulation is performed in a Dirichlet-controlled manner
similar to the first variant. The resulting load-displacement curve is illustrated in Figure 3.9.

Accordingly, due to this artificially increased cross-section radius a clear difference between
the results of the shear-free KL elements and the shear-deformable SR elements becomes visible.
Consequently, in such a case the Simo-Reissner theory of thick rods might be preferable as
compared to the Kirchhoff-Love theory of thin rods.

After this quantitative static analysis, also the dynamic response of the elastic spring shall
be investigated in a qualitative as well as quantitative manner. For comparison purposes, the
helical structure is discretized by 16 or 64 beam elements of tangent-vector based KL or SR
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Figure 3.9.: Displacement-reactions curves in case of an increased cross-section radius R=5R:
64 KL vs 64 SR. Taken from the co-authored article [112].

type respectively. Again, one end of the spring is clamped but now the other end is loaded by
a discrete external force f. in z-direction. As the location of load application, i.e. the tip, does
not lie on the centerline of the helix, it causes a moment around the x-axis that is (partly, since
the tip location changes in time) balanced by an additionally applied discrete external moment
me = Rof.. Both loads are increased linearly within 0 < ¢ < 4 and subsequently decreased
linearly within 4 < ¢t < 5. After the release of the applied load, the spring performs a free
oscillation and the simulation covers a full cycle up to te,q = 10.

The extended generalized-« scheme outlined in Section 3.2.1 with a prescribed spectral radius
Poo = 0.95, i.e. a small amount of numerical dissipation, and a constant time step size of At =
1073 is applied for temporal discretization of the problem.

Figure 3.10 visualizes the deformed geometry at several points in time.

(a) timet =0 (b) timet =2 (c) timet = 4.5 (d) time t = 6 (e) timet = 6.5
® ® ® P W
) timet =7 (g) timet =7.5 (h) time t = 8 (i) timet =9 () time t = 10

Figure 3.10.: Dynamic simulation of a clamped helical spring loaded by a tip force. Taken from
the co-authored article [112].

In the course of the simulation, the spring undergoes large deformations in the tensile as well
as the compression regime and shows a highly dynamic motion. Contact interactions with the
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rigid guides as well as self contact of the coils occur over the entire simulated time span. Note
that in the state of high compression, also the beam endpoints come into contact with other coils
such that the contact model for beam endpoints as mentioned in Section 3.3.3 and proposed
in [110] is mandatory for this challenging example.

In terms of quantitative analysis, the elastic, kinetic and contact penalty energy is plotted
over time in Figure 3.11. The sum of these three contributions is plotted as total system energy
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(a) 16 SR vs 64 SR elements (b) 64 KL vs 64 SR elements

Figure 3.11.: Conservation of total system energy. Taken from the co-authored article [112].

and remains constant with only very little deviations after the external load is released (see
Figure 3.11(a)). Already for a rather coarse spatial discretization with 16 beam elements, energy
conservation is thus very well fulfilled by the applied beam and contact formulation and the time
integration scheme. For a fine discretization of 64 elements, energy is even better conserved
and the fluctuations associated with the highly dynamic shocks from self-contacting coils in the
compressed state are hardly visible anymore. Even though the total system energy is slightly
higher for the SR elements due to the prevalence of additional shear deformation modes, the
results for KL and SR elements match excellently well for a sufficiently fine discretization with
small spatial discretization error (see Figure 3.11(b)).
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4. A Beam-Beam Interaction
Formulation Based on
Section-Section Interaction
Potentials

This chapter aims to develop the first beam-beam interaction model for molecular interactions
between curved slender fibers undergoing large deformations in 3D. After a review of related
previous work in Section 4.1, the subsequent Section 4.2 will present the general approach with-
out specializing on specific kinds of physical interactions. Section 4.3 turns to specific examples
of molecular interactions such as electrostatic, van der Waals (vdW) or repulsive steric forces.
Section 4.4 presents the required spatial discretization via finite elements and selected aspects
of the algorithmic framework required in the solution procedure. Finally, the set of numerical
examples in Section 4.5 aims to verify the effectiveness, accuracy and robustness of the novel
interaction models and the chapter will be concluded with a summary and an outlook in Sec-
tion 4.6. The content of this chapter has previously been published in the author’s article [61].

4.1. Literature review

A comprehensive review of the origin, characteristics and mathematical description of inter-
molecular forces can nowadays be found in (bio)physics textbooks [74, 125] and the relevant
aspects for this work have been summarized in Chapter 2. The critical point is to transfer the
first principles formulated for the interaction between atoms or single molecules to the inter-
action between macromolecules such as slender fibers. Here, the analytical approaches to be
found in textbooks and also in recent contributions [75, 103, 122, 153] from the field of theoreti-
cal biophysics are (naturally) restricted to undeformable, rigid bodies with primitive geometries
such as spheres, half spaces or, most relevant in our case, cylinders. Some computational ap-
proaches can be found in the literature, but rather aim at including more complex phenomena
such as retardation and solvent effects in vdW interactions [42], still limited to rigid bodies. All-
atom simulation methods like molecular dynamics do not suffer from this restriction, but their
computational cost is by orders of magnitude too high to be applied to the relevant, complex
biological systems mentioned in the beginning and thus currently limited to time scales of nano-
to microseconds [74].

On the other hand, studying the deformation of elastic, slender bodies has a long history
in mechanics and today’s geometrically exact finite element formulations for shear-deformable
(Simo-Reissner) as well as shear-rigid (Kirchhoff-Love) beams have proven to be both highly
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accurate and efficient [29, 76, 113] (see Section 3.2 for a summary). Moreover, contact interac-
tion between beams has been considered in a number of publications, e.g. [23, 43, 56, 86, 87, 98,
110, 111, 161, 163]. However, all these methods are motivated by the macroscopic perspective
of non-penetrating solid bodies rather than the microscopic view considering first principles of
intermolecular repulsive forces (see Section 3.3 for a summary).

The combination of elastic deformation of general 3D bodies and intermolecular forces has
first been considered by Argento et. al. [7] for small deformations, by Sauer and Li [141] for
large deformations and finally by Sauer and Wriggers [143] also for three-dimensional problems.
In order to reduce the high computational cost associated with the required high-dimensional
numerical integrals, a possible model reduction from body to surface interaction in case of
sufficiently short-ranged interactions as e.g. predominant in (adhesive) contact scenarios has
already been addressed in these first publications and has been the focus of subsequent publi-
cations [48, 140]. However, since these formulations aim to describe the interaction between
3D bodies of arbitrary shape, the inherent complexity of the problem still requires a four-
dimensional integral over both surfaces in case of surface interactions and a six-dimensional
integral over both volumes for volume interactions, respectively. In contrast, beam theory de-
scribes a slender body as a 1D Cosserat continuum, such that a further reduction in the dimen-
sionality and thus computational cost can be achieved. So far, this idea has been applied to
describing the interaction between a beam and an infinite half-space in 2D as a model for the
adhesion of a Gecko spatula on a rigid surface [135, 142] and later also for the interaction of a
carbon nanotube with a Lennard-Jones wall in 3D [146]. In both cases, the influence of the rigid
half space can be evaluated analytically and formulated as a distributed load on the beam.

To the best of the author’s knowledge, no approach for describing molecular interactions be-
tween curved 3D beams for arbitrary configurations and large deformations has been proposed
so far. Notable previous approaches to similar problems have made simplifying assumptions.
Ahmadi and Menon [2] study the clumping of fibers due to vdW adhesion by means of an ana-
lytical 2D beam method, yet only include vdW interaction between the hemispherical tips based
on an analytical expression for the interaction of two spheres. A numerical study of the influence
of inter-fiber adhesion on the mechanical behavior of 2D fiber networks assumes an effective ad-
hesion energy per unit length of perfectly parallel fiber segments and solves for the unknown
contact length in a second, nested minimization algorithm [120].
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4.2. The section-section interaction potential (SSIP)
approach

Based on the fundamentals of molecular interactions (Chapter 2) as well as geometrically exact
beam theory (Chapter 3), this section will propose the novel SSIP approach to model various
types of molecular interactions between deformable fibers undergoing large deflections in 3D.

4.2.1. Problem statement

For a classical conservative system, the total potential energy of the system can be stated taking
into account the internal and external energy 11;,; and II.,;. The additional contribution from
molecular interaction potentials II;, is simply added to the total potential energy as follows.

rpg = i — ey + Iy = min, 4.1)

Note that the existing parts remain unchanged from the additional contribution. One noteworthy
difference is that internal and external energy are summed over all bodies in the system whereas
the total interaction free energy is summed over all pairs of interacting bodies.

According to the principle of minimum of total potential energy, the weak form of the equilib-
rium equations is derived by means of variational calculus. The very same equation may alterna-
tively be derived by means of the principle of virtual work which also holds for non-conservative
systems:

5Hint - 5Hext + 6Hia =0 4.2)

Clearly, the evaluation of the interaction potential I1;,, or rather its variation 611;,, is the crucial
step here. Recall from Equation (2.12) that this evaluation generally requires the evaluation
of two nested 3D integrals'. The direct approach using 6D numerical quadrature turns out to
be extremely costly and in fact inhibits any application to (biologically) relevant multi-body
systems. See Section 4.4.4 for more details on the complexity and the cost of this naive, direct
approach as well as the novel SSIP approach to be proposed in the following.

4.2.2. The key to dimensional reduction from 6D to 2D

Starting from the 6D integration required for the two-body interaction potential in Equation (2.12),
a split of the integral into the length dimensions [y, [ on the one hand and the cross-sectional
dimensions A;, A, on the other hand is proposed as follows:

Hia = // // pl(azl)pQ(wg)(I)(r) dA2 dAl dSQ d81 with r = ||331 — CL'QH . (43)
l1,l2 A1,A2

= 7(ri—2,P1_s)

Tt is important to mention that, assuming additivity of the involved potentials, systems with more than two bodies
can be handled by superposition of all pair-wise two-body interaction potentials. It is thus sufficient to consider
one pair of beams in the following. The same reasoning applies to more than one type of physical interaction,
i.e., potential contribution.
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Exploiting the characteristic slenderness of beams, the 4D integration over both undeformable
cross-sections shall be tackled analytically and only the remaining two nested 1D integrals along
the centerline curves shall be evaluated numerically to allow for arbitrarily deformed configura-
tions. Generally speaking, we follow the key idea of reduced dimensionality from beam theory
and thus aim to express the relevant information about the cross-sectional dimensions by the
point-wise six degrees of freedom (7;,1),) of the 1D Cosserat continua without loss of signif-
icant information. To this end we need to consider the resulting interaction between all the
elementary interaction partners within two cross-sections expressed by an interaction poten-
tial 7(7,_5, %, ,) that depends on the separation ,_, of the centroid positions and the relative
rotation 1), _, between both material frames attached to the cross-sections. For this reason, the
novel approach is referred to as the section-section interaction potential (SSIP) approach. The
SSIP 7 is a double length-specific quantity in the way that it measures an energy per unit length
of beam 1 per unit length of beam 2, which is indicated here by the double tilde. The sought-
after total interaction potential II;, of two slender deformable bodies thus results from double
numerical integration of the double length-specific SSIP along both centerline curves:

Lol
I, = //7?(7“1—277/’12)d32 ds (4.4)
0 0
This relation suggests another, alternative interpretation of the SSIP 7. In analogy to the term inter-

surface potential, introduced by [7], 7 can be understood as an inter-axis potential, i.e., describ-
ing the interaction of two spatial curves (with attached material frames).

Figure 4.1.: Illustration of the novel SSIP approach: Two cross-sections at integration
points ;2 gp of beam 1 and 2, respectively, their separation r,_» and relative rotation v, _,.
Figure taken from the author’s article [61].

To further illustrate this novel concept, a simple, demonstrative example is shown in Fig-

ure 4.1. In this scenario of two beams with circular cross-section, the SSIP 7 (7_5, %, ,) de-
scribes the interaction of two circular disks at arbitrary mutual distance and orientation. To
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evaluate the two nested 1D integrals along the beam axes numerically, the SSIP needs to be
evaluated for all combinations of integration points (denoted here as Gaussian quadrature points
(GP), without loss of generality). For one of these pairs (§; gp, §2,6p), the geometrical quantities
are shown exemplarily.

While analytical integration of the inner 4D integral of Equation (4.3) has already been sug-
gested above as one way to find a closed-form expression for the SSIP 7, it is important to stress
the generality of the SSIP approach at this point. The question of how to find 7 is independent of
the strategy to determine the interaction energy II;, of two slender bodies via numerical double
integration as proposed in this section. This is important to understand because the SSIP 7 will
obviously depend on the type of interaction as well as the cross-section shape and a number of
other factors and there might also be cases where no analytical solution can be obtained and one
wants to resort to relations fitted to experimental data. In the scope of this work, several specific
expressions of 7, e.g., for vdW as well as electrostatic interactions, will be derived analytically
in the following Section 4.3.

In its most general form 7 will be a function of the relative displacement 7, - and the relative
rotation 1, _, between both cross-sections, i.e., three translational and three rotational degrees of
freedom. This becomes clear if one recalls that the position xp of every material point in a slen-
der body can be uniquely described by the six degrees of freedom of a 1D Cosserat continuum
(cf. Equation (3.5)). Thus, keeping one cross-section fixed, the position xp;_ps of every material
point in the second cross-section relative to the (centroid position and material frame of the) first
cross-section is again uniquely described by six degrees of freedom (r;_2,%,_,). This insight
naturally leads to the interesting question under which conditions the SSIP 7 can be described
by a smaller set of degrees of freedom, thus simplifying the expressions. Rotational symmetry of
the interacting cross-sections is one common example where the SSIP would be invariant under
rotations around the cross-section’s normal axis. We will return to this topic in Section 4.3.1 as
a preparation for the following derivation of specific expressions for the SSIP.

Remark on the included special case of surface interactions. It is very convenient that the prac-
tically highly relevant case of surface potentials is already included as a simpler, special case in
the proposed SSIP approach to model molecular interactions between the entire volume of flexi-
ble fibers. In simple words, it is sufficient to omit one spatial dimension of analytical integration
on each interacting body in the analytical derivation of the required SSIP 7. More specifically,
this means that 7 may be obtained from solving analytically two nested 1D integrals along both,
e.g. ring-shaped, contour lines of the fiber cross-sections.

Remark on self-interactions. Note that self-interaction, i.e., the interaction of distinct parts of the
same fiber, can be accounted for if we evaluate also interactions between those cross-sections that
belong to one and the same beam. Leaving everything else of the SSIP approach unchanged, this
is naturally achieved by including those fiber pairs where the first fiber is identical to the second
fiber. Including self-interaction in this manner is considered to be important whenever the fibers
likely exhibit self-contact or generally speaking whenever distinct (non-neighboring) parts of the
same fiber come close to each other. If this is not the case, an alternative modeling strategy is
to include these contributions from self-interaction in the constitutive model of the beam theory
and thus consider them as part of an effective elastic stiffness as has e.g. been suggested in
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[35, 141]. The latter approach has been applied in the numerical examples of Section 4.5. An
example for using the SSIP approach to explicitly model self-interactions will be presented in
Chapter 9, which studies the conformations of a single mucin filament due to varying line charge
distributions.

4.3. Application of the general SSIP approach to
specific types of interactions

At this point, let us return to the fact that the SSIP approach proposed in Section 4.2 is general
in the sense that it does not depend on the specific type of physical interaction. This section
provides the necessary information and formulae to apply the newly proposed, generally valid
approach from Section 4.2.2 to certain types of real-world, physical interactions such as elec-
trostatics or vdW. As mentioned above, the approach requires a closed-form expression for the
SSIP 7. We basically see two alternative promising ways to arrive at such a reduced interaction
law 7:

1. analytical integration, e.g., as presented in Section 4.3.2

2. postulate 7 as a general function of separation r1_, and mutual orientation 1), _, and
determine the free parameters via fitting to

a) experimental data for specific section-section configurations, i.e., discrete values of
separation r;_ and mutual orientation ¢, _,

b) data from (one-time) numerical 4D integration for specific section-section configu-
rations, i.e., discrete values of ;5 and ¢, _,

c) experimental data for the global system response, e.g., of the entire fiber pair or a
fiber network

As a starting point we will restrict ourselves to the first option based on analytical integration
throughout the remainder of this work. See Section 4.3.2 for an example of the further steps
required to derive the final, ready-to-use expressions in case of vdW interactions. To give but
one example for a recent experimental work, which could serve as the basis for the second
option listed above, the reader is kindly referred to [67] measuring cohesive interactions between
a single pair of microtubules. Postulating an SSIP and studying the global system response
in numerical simulations could also be used as a verification of theoretical predictions for the
system behavior. To give an example, the reader is kindly referred to the work of theoretical
biophysicists studying the structural polymorphism of the cytoskeleton resulting from molecular
rod-rod interactions [15], which is based on a postulated model potential “that captures the main
features of any realistic potential”. In summary, one can expect a large number of promising
future use cases for the proposed SSIP approach.
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4.3.1. Additional assumptions and possible simplification of the
most general form of SSIP laws

Recall that the most general form of the SSIP is uniquely described by a set of six degrees of
freedom, three for the relative displacement and three for the relative orientation of the two in-
teracting cross-sections, as presented in the preceding Section 4.2.2. The following assumptions
turn out to significantly simplify this most general form of the SSIP law by reducing the num-
ber of relevant degrees of freedom from six to four, two or even one. This in turn eases the
desirable derivation of analytical closed-form solutions of the SSIP 7 based on the point pair
potentials ®(r) presented in Section 2.2. Specifically, these assumptions are:

1. undeformable cross-sections
2. circular cross-section shapes

3. homogeneous (or, more generally, rotationally symmetric) particle densities py, ps in the
cross-sections or surface charge densities o1, 09 over the circumference

The first assumption is typical for geometrically exact beam theory and the second and third
assumption are reasonable regarding the applications to biopolymer fibers such as actin or DNA
that can often be modeled as homogeneous fibers with circular cross-sections. Based on these
three assumptions, we can conclude that the interaction between two cross-sections is geometri-
cally equivalent to the interaction of two homogeneous, circular disks (or rings in case of surface
interactions). The rotational symmetry of the circular disks then implies that the interaction po-
tential is invariant under rotations around their own axes and thus reduces the number of degrees
of freedom to four. The relative importance of the remaining degrees of freedom, i.e., modes, will
be the crucial point in the following discussion, where we turn to the interaction of two slender
bodies, i.e., consider the entirety of all cross-section pairs. At this point, recall the fundamental
distinction between either short-range or long-range interactions as outlined in Section 2.3.2.

(a) (b)

Figure 4.2.: Sketches to illustrate the simplifications resulting for (a) short- and (b) long-range
interactions. Figure taken from the author’s article [61].

55



4. A Beam-Beam Interaction Formulation Based on Section-Section Interaction Potentials

Short-range interactions

In the case of short-range interactions, the cross-section pairs in the immediate vicinity of the
mutual closest points of the slender bodies dominate the total interaction. As is known from
macroscopic beam contact formulations [110, 111, 163], the criterion for the closest point is that
the distance vector 7;_» is perpendicular to both centerline tangent vectors 77, i.e., (assuming
small shear angles) the normal vectors of the disks (see Figure 4.2(a)). Since only cross-section
pairs in the direct vicinity of the closest points are relevant, arbitrary relative configurations
(i.e. separations and relative rotations) between those cross-sections shall in the following be
discussed on the basis of six alternative degrees of freedom as illustrated in Figure 4.2(a). By
considering the cross-sections A, and A, at the closest points as reference, the relative config-
uration between cross-sections in the direct vicinity of A;. and A, can be described via (small)
rotations of A;. around the axis 7} (angle ;) and ry_» X ) (angle /3;), (small) rotations of Ay,
around the axes 7/, (angle ;) and 7 _» X 7/, (angle (), (small) relative rotations between A;.
and A, around the axis r;_ (angle «), and (small) changes in the (scalar) distance d = ||r1_»]|.
As a consequence of assumptions 1-3 discussed above, the considered interaction potentials are
invariant under rotations 7; and 7,. From the remaining four degrees of freedom, the scalar
distance d clearly has the most significant influence on the interaction potential because changes
in d directly affect the mutual distance r of all point pairs in the body and, most importantly,
the smallest surface separation g between both bodies. The second most significant influence is
expected for the scalar relative rotation angle o between the cross-section normal vectors, i.e.,
cos(a) = ny -ng = 1) - rh/(||7) || |75]]). A change in « does not alter the gap g, but influences
the distance of all next nearest point pairs in the immediate vicinity of the closest surface point
pair. For the remaining two relative rotations ; and (35, arguments for both sides, either signif-
icant or rather irrelevant influence on the total interaction potential, can be found at this point.
On the one hand, the orthogonality conditions 7 - r;_o = 0, ¢ = 1,2 at the closest points are
fulfilled in good approximation also for cross-sections in the direct vicinity of the closest points,
such that the influence of 3;/» could be considered negligible. On the other hand, even small
rotations 31/, change the smallest separation of any two point pairs in the immediate neighbor-
hood of the closest point pair as soon as the centroid distance vector r;_5 rotates out of the two
cross-section planes. Therefore, it seems hard to draw a final conclusion with respect to the
influence and thus importance of 3, based on the qualitative theoretical considerations of this
section.

To summarize, the scalar distance d between the cross-section centroids, the scalar relative
rotation angle o between the cross-section normal vectors and possibly also the relative rotation
components /31 /, are supposed to have a perceptible influence on the short-range interaction be-
tween slender beams fulfilling assumptions 1-3, with a relative importance which decreases in
this order. In favor of the simplest possible model, we will therefore assume at this point that
the effect of this scalar relative rotations «, 81 and [, is negligible as compared to the effect of
the scalar separation d. This allows us to directly use the analytical, closed-form expression for
the disk-disk interaction potential as presented in Section 2.3.2. The error for arbitrary config-
urations associated with this model assumption will be thoroughly analyzed in Section 4.5.1.1.
In this context, it is a noteworthy fact, that the first published method for 2D beam-rigid half
space LJ interaction [135] likewise neglects the effect of cross-section orientation. In the subse-
quent publication [142], the effect of cross-section rotation, i.e., interaction moments, has finally
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been included and a quantitative analysis considering a peeling experiment of a Gecko spatula
revealed that the differences in the resulting maximum peeling force and bending moment are
below 8% and 2%, respectively. However, it is unclear whether this assessment also holds for
beam-beam interactions modeled via the proposed SSIP approach. Including the orientation of
the cross-sections thus is considered an important step that will be taken in the context of the
slightly different beam interaction formulation to be proposed in the following Chapter 5. Be-
cause this alternative formulation is specialized in short-ranged interactions, it turns out to be
more efficient for this class of interactions and the improvement of the accuracy expected from
including the cross-section orientation will therefore be realized in that context first. However,
also the SSIP laws considered here would benefit from the increased accuracy and including the
cross-section orientation is thus considered a valuable future extension.

Finally, it is emphasized that by the assumptions discussed above, the SSIP law 7 as well
as the total two-body interaction potential II;, can be formulated as pure function of the beam
centerlines ; and 75 without the necessity to consider cross-section orientations via rotational
degrees of freedom. This is considered a significant simplification of the most general case of
the SSIP approach and thus facilitates both the remaining derivations in the present work as well
as potential future applications.

Remark on configurations with non-unique closest points. It is well-known from the literature
on macroscopic beam contact that the location of the closest points is non-unique for certain
configurations of two interacting beams, e.g., the trivial case of two straight beams, where an
infinite number of closest point pairs exists (see e.g. [110]). Note however that the reasoning
presented above also holds in these cases, since the cross-section pairs in either one or several of
these regions will dominate the total interaction potential.

Long-range interactions

In the case of long-range interactions, the situation is fundamentally different. Recall that here
the large number of cross-section pairs with large separation d > R outweighs the contribu-
tions from those few pairs in the vicinity of the closest point and dominates the total interaction.
Thus, the regime of large separations is decisive in this case and it has already been shown in the
literature considering disk-disk interaction (see the brief summary in A.1.1) that in this regime
the exact orientation of the disks can be neglected as compared to the centroid separation d. In
simple terms, this holds because the distance xp;_po between any point in disk 1 and any point
in disk 2 may be approximated by the centroid separation d, if d is much larger than the disk
radii R;, which - again - holds for the large majority of all possible cross-section pairs. The va-
lidity of this assumption will be thoroughly verified by means of numerical reference solutions
in Section 4.5.1.2.

Remark. The following, similar reasoning from the perspective of slender continua comes to the
same conclusion. As visualized in Figure 4.2(b), even pure (rigid body) rotations of slender
bodies always entail large displacements of the centerline? in the region far away from the center

Disregarding rotations around its own axis, which are irrelevant here due to rotational symmetry, as mentioned
above.
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of rotation. The displacement of any material point due to cross-section rotation will be in the
order of (R, where (2 is the angle of rotation and R denotes the cross-section radius, whereas
the displacement due to centerline displacement will be in the order of (2L, where L is the
distance from the center of rotation and thus in the order of the beam length /. Due to the
high slenderness [/R > 1 of beams, the displacement from translation of the centroid will
dominate in the region of large separations with L > R, which is the decisive one here, because
it includes the large majority of all possible cross-section pairs, as outlined above. The original,
analogous reasoning has been applied to the relative importance of translational versus rotational
contributions to the mass inertia of beams.

Conclusions

To conclude, this section has discussed the possibility of defining and using SSIP laws 7 as a
function of the scalar separation of the centroids d instead of the six degrees of freedom in the
most general form. This significantly simplifies the theory because the analytical solutions for
the planar disk-disk interaction from literature can directly be used and the complex treatment
of large rotations is avoided. Having considered the additional assumptions above in the context
of short-range interactions, the relative importance of cross-section rotations still needs to be
verified in the subsequent quantitative analysis of Section 4.5.1.1. In the case of long-range
interactions between slender bodies, it has been argued that the application of such simple SSIP
laws 7:r(d) is expected to be a good approximation, which will be confirmed by the quantitative
analysis of Section 4.5.1.2.

4.3.2. Short-range volume interactions such as van der Waals and
steric repulsion

In the following, a generic short-range volume interaction described by the point-pair potential
law
O(r) =knr ™, m >3 4.5)

will be considered, because it includes vdW interaction for exponent m = 6 (cf. Equation (2.4))
as well as steric repulsion as modeled by LJ for exponent m = 12 (cf. Equation (2.8)). As
outlined already in the preceding section, only the regime of small separations is practically rel-
evant in this case of short-range interactions and we neglect the effect of cross-section rotations
throughout this article. At this point, we can thus return to the results for the disk-disk scenario
obtained in literature on vdW interactions [90] and summarized in Table 2.2. In particular, we
make use of expression (2.19) or rather the more general form (A.12). The latter is valid for all
power-law point pair interaction potentials with a general exponent m > 7/2, i.e., all interactions
where the strength decays “fast enough”.

First, let us introduce the following abbreviation containing all constants in the lengthy ex-

pression:
o 2R, R, I'(m — %)F(mT_l>
. 4.6
Can, p1pP2 (m — 2)2 \/; L(m—2)I'(F —1) 4.6)

Using Equation (A.12) in combination with the general SSIP approach (4.4) from Section 4.2.2,
we directly obtain an expression for the total interaction potential of two deformable fibers in
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the case of short-range interactions:

>lu

L ol
M ss / / Cmss § +2 dse ds; for m > % 4.7)
with  g(s1, 52) = [|71(81) — 72(s2)|| — R1 — Rz (4.8)

In accordance with the key principle of the general SSIP approach, the specific SSIP law 7
for the generic short-range interactions considered here can be identified as the integrand of this
expression. The so-called gap g is the (scalar) surface-to-surface separation, i.e., the beams’
centerline curves 71(s;) and 7r3(sy) minus the two radii R;, as visualized in Figure 4.1. In
general, the particle densities p;, may depend on the curve parameters s, /5, i.e., vary along the
fiber, without introducing any additional complexity at this point. For the sake of brevity, these
arguments s; /> will be omitted in the remainder of this section.
The variation of the interaction potential required to solve Equation (4.2) finally reads

Lol
M = ( m+ / / Cm.ss (57’1 —(57'2) dTQ _m+2 dsyds; for m> £ 4.9

Here, we used the variation of the gap d¢g, which is a well-known expression from the literature on

macroscopic beam contact [163] and is identical to the variation of the separation of the beams’
centerlines dd to be used in (4.13), because the cross-sections are assumed to be undeformable:

Ty —T2

6g = dd = (6r] — or}) p

(4.10)

Solving Equation (4.2) generally requires two further steps of discretization and subsequent
linearization of this additional contribution 011, s to the total virtual work. The resulting ex-
pressions will be presented in Section 4.4.1.1 and Appendix C.1.1, respectively. As discussed
along with the general SSIP approach in Section 4.2.2, the remaining two nested 1D integrals
are evaluated numerically, e.g., by means of Gaussian quadrature. See Section 4.4.4 for details
on this algorithmic aspect.

Remark on the regularization of the integrand. The inverse power law in the integrand of Equa-
tion (4.9) has a singularity for the limit of zero surface-to-surface separation ¢ — 0. Con-
sequently, a so-called regularization of the potential law is needed to numerically handle (the
integration of) this term robustly as well as sufficiently accurate. This approach is well-known
e.g. from (beam) contact mechanics (see e.g. [45, 110, 140]) and will be further discussed and
elaborated in Section 4.4.3.

At the end of this section, we can conclude that a number of specific, ready-to-use expres-
sions for the interaction free energy as well as virtual work of generic short-range interactions
described via the SSIP approach have been found. Thus, vdW interaction or steric exclusion of
slender, deformable continua can now be modeled in an efficient manner, reducing the numer-
ical integral to be evaluated from six to two dimensions. A detailed quantitative study of the
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approximation quality with regard to the assumptions discussed in the preceding Section 4.3.1
is content of Section 4.5.1.1.

Note that speaking about the proposed SSIP laws in the remainder of this chapter refers to
the fact that to the best of the author’s knowledge these expressions have not been used as an
interaction potential for beam cross-sections before and we thus propose to use specifically these
expressions in this new context. In contrast to the general SSIP approach from Section 4.2,
the specific expressions exemplarily chosen for the SSIP laws considered throughout this work
are not original content of the present work and instead have been carefully selected from the
literature and referenced accordingly.

4.3.3. Long-range surface interactions such as electrostatics

Having discussed short-range volume interactions, we now want to consider one example of
long-range surface potentials. Since electrostatic interaction is the prime example of surface
potential interaction and at the same time of high interest for the application to biopolymers we
have in mind, we will focus on this case throughout the following section and mostly speak of
point charges as the elementary interaction partners. However, the required steps and formulae
will be presented as general as possible in order to allow for a smooth future transfer to other
applications.

Especially in this context, it is important to stress again that within this model the elementary
interaction partners, i.e., charges must not redistribute within the bodies. Hence, only non-
conducting materials can be modeled with the SSIP approach. This however covers our main
purpose to model electrostatic interactions between bio-macromolecules such as protein fila-
ments and DNA because charges are not free to move therein.

According to the SSIP approach proposed in Section 4.2.2, we aim to use analytical expres-
sions for the two inner integrals over the cross-section circumferences, while the integration
along the two beam centerlines will be evaluated numerically (cf. Equation (4.3) in combination
with the remark on surface interactions at the end of the corresponding section). As discussed
in Section 4.3.1, the regime of large separations is the decisive one for beam-beam interactions in
this case of long-range interactions and the SSIP law can be simplified in good approximation to
depend only on the centroid separation d, which will be confirmed numerically in Section 4.5.1.2.

At this point, we again return to the expressions for the disk-disk interaction based on a generic
point pair potential ®,(r) = kr~™, as derived in the literature on vdW interactions [90] and
summarized in Appendix A.1.1. In particular, the relation (A.6) will be used, which is the same
approximation used to derive Equation (2.20) that describes the practically rather irrelevant sce-
nario of short-range vdW interactions in the regime of large separations. Note that in the context
of electrostatics, this result is well-known as the first term, i.e., zeroth pole or monopole of the
multipole expansion of the ring-shaped charge distribution on each of the disks’ circumference,
which represents the effect of the net charge of a (continuous) charge distribution and has no
angular dependence (see Section 2.3.1). In simple terms, this monopole-monopole interaction
means that the point pair interaction potential ®(r) is evaluated only once for the distance be-
tween the centers of the distributions » = d = ||r; — 73| and weighted with the number of all
point charges on the two circumferences of the circular cross-sections. The expression for the
SSIP law to be used throughout this work would thus be exact for the scenario of the net charge
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4.3. Application of the general SSIP approach to specific types of interactions

of each cross-section concentrated at the centroid position (or distributed spherically symmetric
around the centroid position). If the accuracy of the SSIP approach needs to be improved beyond
the level resulting from this simplified SSIP law (see Section 4.5.1.2 for the analysis), one could
simply include more terms from the multipole expansion of the (ring-shaped) charge distribu-
tions to the SSIP law, which would take the relative rotation of the cross-sections into account.
For the desired applications throughout this work, the simplified SSIP law, which is based on the
monopole-monopole interaction of cross-sections, turns out to be an excellent approximation for
the true electrostatic interaction law and we thus restrict ourselves to this variant.

Two nested 1D integrals over the beams’ length dimensions then yield the two-body interac-
tion potential for two fibers with arbitrary centerline shapes

Ju
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Once again, the specific SSIP law 7, for the generic long-range interactions considered here can
here be identified as the integrand of this expression. The surface (charge) densities 0;, j = 1,2
have already been introduced in Equation (2.13). Particularly for the case of electrostatics, the
surface charge per unit length can be identified as \; = 27 R;o0;, j = 1,2, and is commonly
referred to as linear charge density. Note however that Equation (4.11) holds for all long-range
point pair potential laws ®(r), e.g., all power laws ®,(r) = k7~ with m < 3. In order to
obtain the weak form of the continuous problem, the variation of this total interaction energy
needs to be derived. This variational form can immediately be stated as

T — T2

Il lo O(r =
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0

as the consistent variation of the separation of the beams’ centerlines d, which is well-known
from macroscopic beam contact formulations [163]. By inserting the generic (long-range) power
law

Ou(r)=kr™™, m<3 (4.14)

into (4.13), we obtain the final expression for the variation of the two-body interaction energy of
two deformable slender bodies

Lo opl B
Oty = / / km s (—orT 4 6r]) % dsydsy. (4.15)
0 0 g

=:Cm,ls

The specific case of Coulombic surface interactions follows directly for m = 1 and k = Cigy
(cf. Equation (2.3)). At this point, we have once again arrived at the sought-after contribution to
the weak form (4.2) of the space-continuous problem. The steps of finite element discretization
and linearization will again be presented later, in Section 4.4.1.2 and Appendix C.1.2, respec-
tively.
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Remark on volume interactions. Note that there is no conceptual difference if long-range volume
interactions were considered instead of the long-range surface interactions presented exemplarily
in this section. The only difference lies in the constant prefactor c, s, which would read ¢y, s =
kmAi Ay p po instead. Rather than the spatial distribution of the elementary interaction points in
the volume or on the surface, it is the long-ranged nature of the interactions, which is important
for the derivations in this section and allows the use of approximations for large separations
(refer to the extensive discussion in Section 4.3.1).

4.4. Finite element discretization and selected
algorithmic aspects

Having discussed the space-continuous theory in Sections 4.2 and 4.3, we now turn to the step
of spatial discretization by means of finite elements. Subsequently, the most important aspects
of the required algorithmic framework will be presented briefly and discussed specifically in
the light of the novel SSIP approach. This includes the applied regularization technique, multi-
dimensional numerical integration, an analysis of the algorithmic complexity as well as the topics
of searching for interaction partners and parallel computing.

4.4.1. Spatial discretization based on beam finite elements

At this point, recall the spatial discretization schemes employed in the context of the applied
beam finite elements that have been summarized in Section 3.2. The identical centerline in-
terpolation based on cubic Hermite polynomials will be applied to the two-body virtual work
contribution from molecular interactions that result from the SSIP approach and reduced inter-
action laws. The motivation to use Hermite interpolation is that it ensures C';-continuity, i.e., a
smooth geometry representation even across element boundaries. This property turned out to be
crucial for the robustness of simulations in the context of macroscopic beam contact methods
[112], and is just as important if we include molecular interactions. See [136] for a comprehen-
sive discussion of (non-)smooth geometries and adhesive, molecular interactions using 2D solid
elements. Note however that neither the SSIP approach proposed in Section 4.2 nor the specific
SSIP laws and resulting expressions for the interaction free energy and the virtual work are lim-
ited to this Hermite interpolation scheme. In fact, all of the following discrete expressions will
be equally valid for a large number of other beam formulations, where the discrete centerline
geometry is defined by polynomial interpolation, which can generally be expressed in terms of
the generic shape function matrix H introduced above.

Recall also that the proposed SSIP laws from Section 4.3 solely depend on the centerline curve
description, i.e., the rotation field does not appear in the additional contributions and hence its
discretization is not required here. It is therefore sufficient to apply the discretization scheme
for the centerline field stated in Equation (3.19) to the expressions for the virtual work con-
tributions 61I;, presented in Section 4.3 and finally end up with the discrete element residual
vectors 1, 1/2. The latter need to be assembled into the global residual vector R as it is stan-
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dard in the (nonlinear) finite element method. Note that the linearization of all the expressions
presented in this Section 4.4.1 is provided in Appendix C.1.

4.4.1.1. Short-range volume interactions such as van der Waals and steric
repulsion

Discretization of the centerline curves according to Equation (3.19), i.e., r; = r,; = H; Elj

~T .

and 57“} ~ 57{ ;= 6dj HJT for both beam elements j = 1,2 transforms the space-continuous
form (4.9) of the two-body virtual work contribution from molecular interactions 011, s into its
discrete counterpart

1 lo R R o —m 5
OMen = —(m — 1) / / Comss <5dTH{ _ &éﬂg) Wld—hr”’?gh T2 4s,dsy. (4.16)
0

Refer to Equation (4.6) for the definition of the constant ¢, ;. Note that Equation (4.16) only
contributes to those scalar residua associated with the centerline, i.e., translational degrees of
freedom d. This is a logical consequence of the fact that the SSIP law solely depends on the
beams’ centerline curves, as discussed in detail in Section 4.3. For the sake of brevity, the index
’h’ indicating all discrete quantities will be omitted from here on since all following quantities
are considered discrete. In Equation (4.16), the discrete element residual vectors of the two
interacting elements j = 1, 2 can finally be identified as

i pl2 _ 5
Tmss,1 = _(m - %)/ / Cm,ss H'f@%dm g_m+§ dsyds; and “4.17)
o Jo
o plo _ 5
Imss2 = (m —3) / / e HTUTLZT2) ol g (4.18)
o Jo d
See Section 4.4.4 for details on the numerical quadrature required to evaluate these expressions.

4.4.1.2. Long-range surface interactions such as electrostatics

In analogy to the previous section, we discretize Equation (4.15) and obtain the discrete element
residual vectors

i pl2
Tois1 = — / / CMHT yTT +2)d52d51 and (4.19)

r = ne HT )d d (4.20)
mls,2 — Cm,ls d P S2 ASy. .

As mentioned already in Section 4.3.3, the discrete element residual vectors in the specific case
of Coulombic interactions follow directly for m = 1 and ¢35 = Ceistar A1 A2. See Section 2.2.1
for the definition of Cy,; and Section 4.3.3 for the definition of the linear charge densities );.
Again, as mentioned in Section 4.3.3, the case of long-range volume interactions only requires
to adapt the constant prefactor via ¢y, ;s = kmA; Asppo.
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4.4.2. Objectivity and conservation properties

It can be shown that the proposed SSIP approach from Section 4.2 in combination with the
SSIP laws from Section 4.3 fulfills the essential mechanical properties of objectivity, global
conservation of linear and angular momentum as well as global conservation of energy. Due
to the equivalent structure of the resulting space-discrete contributions, e.g., Equation (4.16), as
compared to the terms obtained in macroscopic beam contact formulations, the reader is kindly
referred to the proof and detailed discussion of these important aspects in [111, Appendix B].
The fulfillment of conservation properties will furthermore be verified by means of the numerical
examples in Section 4.5.2 and Section 4.5.4.

4.4.3. Regularization of SSIP laws in the limit of zero separation

The singularity of inverse power laws for zero separation is a well-known pitfall when dealing
with this kind of interaction laws. See e.g. [74, p.137] for a discussion of this topic in the context
of point-point LJ interaction as compared to a hard-sphere model. In numerical methods, one
therefore typically applies a regularization that cures the singularity and ensures the robustness
of the method. Sauer [136] gives an example for a regularized LJ force law between two half-
spaces, where the force is linearly extrapolated below a certain separation, which is chosen
as 1.05 times the equilibrium spacing of the two half spaces. Also, existing, macroscopic beam
contact formulations rely on the regularization of the seemingly instantaneous and infinite jump
in the contact force when two macroscopic beams come into contact (see e.g. [44, 111]).

However, the SSIP laws derived for disk-disk vdW or LJ interaction from Section 4.3.2 have
not yet been considered in literature. Note that LJ interaction is the most general and challenging
case considered in this work, since strong adhesive forces compete with even stronger repulsive
forces whenever two fibers are about to come into contact. To be more precise, it is not only the
strength of these competing forces, but also the high gradients in the force-distance relation that
lead to a very stiff behavior of the governing partial differential equations. This alone places high
demands on the nonlinear solver, which in combination with the already mentioned singularity at
zero separation g = 0, and the fact that LJ interaction laws are not defined for configurations g <
0 where both fibers penetrate each other, makes it extremely demanding to solve the problem
numerically.

The results and conclusions discussed throughout this section are mainly based on the ex-
tensive numerical peeling and pull-off experiment with two adhesive fibers, which will be pre-
sented in Chapter 7. In absence of a regularization, only the pragmatic yet effective approach
of applying a very restrictive upper bound of the displacement increment per nonlinear iteration
(see Appendix F.2 for details) proved successful to solve for the quasi-static equilibrium con-
figurations without occurrence of any invalid configuration g < 0 for any integration point pair
in any nonlinear iteration. It must be emphasized that even a single occurrence of the latter is
fatal and aborts the simulation, such that the mentioned approach is the only way to compute a
solution for the full LJ interaction law, which can in turn serve as a reference solution during the
validation of the regularization to be proposed and applied. However, the mentioned approach
severely deteriorates the convergence behavior and leads to a large number of nonlinear itera-
tions per time step. Thus, the regularization to be proposed in this section is superior in two
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respects: it guarantees the avoidance of singular/undefined values and saves a factor of five in
the number of iterations of the nonlinear solver.

Specifically, we apply a linear extrapolation of the total LJ force law below a certain sepa-
ration g,y in a manner very similar to [136] with the only difference that it is applied to the
length-specific disk-disk force law instead of the force law between two half spaces. Linear
extrapolation means that the original expression (m — 7/2) ¢ g~™3 in (4.17) and (4.18) is
replaced by a linear equation a g + b in the gap g for all g < gyo1.5. The two constants a and b are
determined from the requirements that the force value as well as the first derivative of the origi-
nal and the linear expression are identical for the regularization separation g = gy, 1. Figure 4.3
shows both the original (blue) and the regularized (red) LJ disk-disk force law as a function of
the smallest surface separation g.

force —disk-disk 1] force
100 =disk-disk 1eg. L] force

0 T
O.WOS 0.005 0.007

gap

-100

Figure 4.3.: Comparison of regularized (red) and full (blue) LJ disk-disk force law. Here,
Greg. L] = JLieq.disk|disk 1S Shown exemplarily®. Note that the same idea has previously been applied
in the context of LJ interaction between half spaces [136] instead of disks as considered here.
Figure taken from the author’s article [61].

The numerical experiment of adhesive fibers studied in Chapter 7 reveals that this regular-
ization yields the already mentioned great enhancement in terms of robustness as well as effi-
ciency without any change in the system response. As will be shown in the comparison of the
force-displacement curves in Section 7.3.2, the results obtained with the full L] and with the
regularized LJ force law do indeed coincide down to machine precision. This is reasonable and
expected, because of the choice of a regularization parameter greg15 < gLy eq.eylljcyl that is smaller
than any separation value g occurring anywhere in the system in any converged equilibrium state.
Thus, the solution never “sees” the modification to the vdW force law in the interval g < greo1s
and the results are identical. However, since during the nonlinear iterations also non-equilibrium
configurations with g < g, 1y Occur, the nonlinear solution procedure is influenced in an ex-
tremely positive way, leading to an overall saving of a factor of five in the number of nonlinear
iterations as compared to the full LJ interaction without any regularization.

3See Equation (A.29) for an analytical expression of LT eq.disk||disk-
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4.4.4. Numerical evaluation of n-dimensional integrals of
intermolecular potential laws

Generally, n nested loops of a 1D Gauss-Legendre quadrature scheme are used, which is the
well-established and de-facto standard method in nonlinear finite element frameworks and has
been used also in previous publications in the context of molecular interactions [7, 140]. Due
to the strong nonlinearity, i.e., high gradients of the power laws, a large number of quadrature
points is required in each dimension to achieve sufficient accuracy. This effect is most critical
for high exponents of the potential law, i.e., vdW and steric interactions, and small separations of
the interacting bodies. We thus implemented the possibility to subdivide the domain of a finite
element into n;s integration segments and apply an ngp-point Gauss rule on each of them in order
to achieve sufficient density of quadrature points in every case. In this respect, the development
and use of more sophisticated numerical quadrature schemes for these challenging integrands
consisting of rational functions is considered a promising future step (see e.g. [55]).

4.4.5. Algorithm complexity

Multi-dimensional numerical integration of the intermolecular potential laws as discussed above
turns out to be the crucial factor in terms of efficiency. For the following analysis of efficiency,
we consider the associated algorithmic complexity. Generally, all possible pairs of elements need
to be evaluated, which has O (nzle) complexity. Let us assume we apply a total of ngp;otele-length
integration points along the element length and 7.Gp ot transverse 1Nt€gration points in the transversal,
1.e., cross-sectional in-plane directions. Thus, the complexity of an approach based on full 6D
numerical integration over the 3D volumes of the two interacting bodies (cf. Equation (2.12))
can be stated as

2 2 4
@ (nele " NGPtotele-length * nGP,tot,transverse) : (421)

In contrast to that, the novel SSIP approach proposed in Section 4.2.2 reduces the dimensionality
of numerical integration from six to two (cf. Equation (4.4)) and thus yields

o (ngle ’ n%}P,tot,ele-length) 4.22)

complexity. The resulting difference between both clearly depends on the problem size, type
of interaction and other factors. To get an impression, typical numbers for the total number of
quadrature points in transverse dimensions based on the numerical examples of Section 4.5 are
given as Ngprouansverse = 10 ... 100. The gain in efficiency thus easily exceeds a factor of 10%
and can be as large as a factor of 10%. In addition to this tremendous saving from the inherent
algorithmic complexity, the power law integrand has a smaller exponent due to the preliminary
analytical integration in case of the SSIP approach. This in turn allows for a smaller number of
integration points e * NGPotcle-length 10T €ach of the two nested 1D integrations along the center-
line, given the same level of accuracy. To give an example, the vdW interaction force scales with
an exponent of —7 if formulated for two points (cf. Equation (2.4)) as compared to an exponent
of —7/2 for two circular cross-sections (cf. Equation (4.9) for m = 6). This makes another
significant difference, especially if very small separations — as typically observed for contacting
bodies — are considered. The combination of high dimensionality and strong nonlinearity of the
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integrand renders the direct approach of six-dimensional numerical quadrature to evaluate Equa-
tion (2.12) unfeasible for basically any problem of practical relevance. In fact, even a single
evaluation of the vdW potential of two straight cylinders to serve as a reference solution turned
out to be too computationally costly below some critical, small separation. See Section 4.5.1.1
for details on this numerical example. Note that although there might be more elaborate numer-
ical quadrature schemes for these challenging integrands consisting of rational functions (see
e.g. [55]), the basic problem and the conclusions drawn from this comparison of algorithmic
complexities remain the same.

These cost estimates based on theoretical algorithm complexity and the experience from rather
small academic examples considered in Section 4.5 show that the SSIP approach indeed makes
the difference between feasible and intractable computational problems. This directly translates
to the applicability to complex biopolymer as well as synthetic fibrous systems outlined in Sec-
tion 1.1 and thus significantly extends the range of (research) questions that are accessible by
means of numerical simulation.

4.4.6. Search algorithm and parallel computing

In order to find the relevant pairs of interaction partners, the same search algorithms as in the
case of macroscopic contact (between beams or 3D solids) may be applied, however, the obvious
difference lies in the search radius. For contact algorithms, a very small search radius covering
the immediate surrounding of a considered body is sufficient, whereas for molecular interac-
tions the search radius depends on the type of interaction and must be at least as large as the
so-called cut-off radius. Only at separations beyond the cut-off radius, the energy contributions
from a particular interaction are assumed to be small enough to neglect them. Depending on the
interaction potential and partners, the range and thus cut-off radius can be considerably large
which underlines the importance of an efficient search algorithm. In the scope of this work, a so-
called bucket search strategy has been used, that divides the simulation domain uniformly into
a number of cells or buckets and assigns all nodes and elements to these cells to later determine
spatially proximate pairs of elements based on the content of neighboring cells. This leads to
an algorithmic complexity of O(n..) and the search thus turned out to be insignificant in terms
of computational cost as compared to the evaluation of pair interactions as discussed in the pre-
ceding section. See [164] for an overview of search algorithms in the context of computational
contact mechanics.

To speed up simulations of large systems, parallel computing is a well-established strategy
of ever increasing importance. Key to this concept is the ability to partition the problem such
that an independent and thus simultaneous computation on several processors is enabled. In our
framework, this partitioning is based on the same bucket strategy that handles the search for
interaction partners. Regarding the evaluation of interaction forces, a pair (or set) of interacting
beam elements is assigned to the processor which owns and thus already evaluates the internal
and external force contribution of the involved elements. At processor boundaries, i.e., if the two
interacting elements are owned by different processors, one processor is chosen to evaluate the
interaction forces and the required information such as the element state vector of the element
owned by the other processor is communicated beforehand. Upon successful evaluation of the
element pair interaction, the resulting contribution to the element residual vector and stiffness
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matrix is again communicated for the element whose owning processor was not responsible for
the pair evaluation. See Appendix F for a brief overview and discussion of some important
aspects of the computational framework used throughout this work.

4.5. Numerical examples

The set of numerical examples studied in this section aims to verify the effectiveness, accuracy
and robustness of the proposed SSIP approach and the corresponding SSIP laws as a computa-
tional model for either steric repulsion, electrostatic or vdW adhesion and also a combination
of those. Supplementary information on the code framework and the algorithms used for the
simulations is provided in Appendix F.2.

4.5.1. Verification of the simplified SSIP laws using the examples
of two disks and two cylinders

As a follow-up to the general discussion of using simplified SSIP laws in Section 4.3.1 and
the proposal of specific closed-form analytic expressions in Sections 4.3.2 and 4.3.3, this section
aims to analyze the accuracy in a quantitative manner. The minimal examples of two disks or two
cylinders are considered in order to allow for a clear and profound analysis of either the isolated
SSIP laws or its use within the general SSIP approach to modeling beam-beam interactions,
respectively.

4.5.1.1. Verification for short-range volume interactions such as van der Waals
and steric repulsion

Throughout this section, we consider the example of vdW interaction, but analogous results are
expected for steric interaction or any other short-range volume interaction. Specifically, we will
focus on the approximation quality of the proposed SSIP law from Section 4.3.2, which is based
on the assumptions and resulting simplifications discussed in-depth in Section 4.3.1. Recall that,
beside the obviously most important surface-to-surface separation g, the rotation of the cross-
sections around the closest point o (quantified by the angle enclosed by their tangent vectors) and
potentially also the rotation components 31, 32 (see Figure 4.2(a)) have been identified as rele-
vant degrees of freedom, yet are neglected in the simplified SSIP law proposed in Section 4.3.2.
The influence of these factors, separation and rotation, on the approximation quality will thus be
analyzed numerically in the following.

Recall also from the discussions in Sections 4.3.1 and 4.3.2 that only the regime of small
separations will be of practical relevance in the case of short-range interactions considered here.
However, we include the regime of large separations in the following analyses, mainly because it
will be interesting to see the transition from small to large separations and confirm that potential
values indeed drop by several orders of magnitude as compared to the regime of small separa-
tions. Moreover, it is a question of theoretical interest and has been considered in literature on
vdW interactions [90]. This regime of large separations can be treated without any additional
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effort as described for the case of long-range interactions in Section 4.3.3 (where this regime is
the decisive one) if we take into account the corresponding remark on volume interactions.

As presented in Section 2.3.2, analytical solutions for the special cases of parallel and perpen-
dicular cylinders, for the regime of small and large separations, respectively, can be found in the
literature [74, 125] and thus serve as reference solutions in this section. To the best of the author’s
knowledge, no analytical reference solution has yet been reported for the intermediate regime in
between the limits of large and small separations. Another source for reference solutions is the
full numerical integration of the point pair potential over the volume of the interacting bodies,
however it is limited due to the tremendous computational cost. Only a combination of both an-
alytical and numerical reference solutions thus allows for a sound verification of the novel SSIP
approach and the proposed SSIP laws.

In the following analyses, either the SSIP, i.e., the interaction potential per unit length squared
7 of a pair of circular cross-sections, the interaction potential per unit length 7 of a pair of parallel
cylinders or the interaction potential II of a pair of perpendicular cylinders will be plotted as a
function of the dimensionless surface-to-surface separation g/ R, respectively. For simplicity,
the radii of the beams are setto Ry = Ry =: R = 1.

Parallel disks and cylinders

Figure 4.4(a) shows the SSIP 7 of two disks in parallel orientation, i.e., their normal vectors
are parallel with mutual angle o = 0, as a function of the normalized separation g/R. This is
the simplest geometrical configuration and forms the basis of the proposed SSIP laws from Sec-
tion 4.3. We thus begin our analysis with the verification of the used analytical solutions in the
limit of small (green line, cf. Equation (2.19)) and large (red line, cf. Equation (2.20)) separa-
tions by means of a numerical reference solution (black dashed line with diamonds) obtained
from 4D numerical integration of the point pair potential law (2.4).

Figure 4.4(a) confirms that both analytical expressions match the numerical reference solution
perfectly well in the limit of large and small separations, respectively. As predicted, the interac-
tion potential of two circular disks follows a power law with (negative) exponent 2.5 for small
and 6 for large separations*. Note that all plots in this section are normalized with respect to the
length scale R and the energy scale p; poCyqw. It is remarkable that the obtained values span sev-
eral orders of magnitude which illustrates the numerical challenges associated with power laws,
especially in the context of numerical integration schemes as discussed already in Section 4.4.4.
Moreover, it underlines that the regime of large separations is practically irrelevant in the case
of short-range interactions, because the potential values are basically zero as compared to those
obtained in the small separation regime.

Regarding the full range of separations, one may ask where either of the two expressions may
be used given a maximal tolerable error threshold. As can be concluded from Figure 4.4(a), the
resulting error is small for separations g/ R < 0.1 with a relative error below 8% and g/R > 10
with a relative error below 7%. In the region of intermediate separations, the analytical solution
for small separations seems to yield an upper bound, whereas the one for large separations seems
to yield a lower bound for the interaction potential.

“Note that in the double logarithmic plot, a power law with exponent m is a linear function with slope m.
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Figure 4.4.: (a) VAW interaction potential per unit length squared 7 of two disks in parallel
orientation over normalized surface separation g/R. The analytical expressions (2.19) (green
line) and (2.20) (red line) used as SSIP laws throughout this work are verified by means of a
numerical reference solution (black dashed line with diamonds). (b) Subdivision of circular
cross-sections into integration sectors used to compute numerical reference solution. For rapidly
decaying potentials, only the areas highlighted in dark and light gray considerably contribute to
the total interaction potential. Figure taken from the author’s article [61].

Let us have a look at the efficiency gain from using the analytical solutions. The numerical
reference solution requires the evaluation of a 4D integral over both cross-sectional areas for a
given separation g and has been carried out in polar coordinates. Assuming Gaussian quadrature
with the same number of Gauss points 7Gp o transverse 10 radial and circumferential dimension and
for both cross-sections, this requires a total of (nGRmt,tmnsverse)4 function evaluations. In contrast,
the analytical expressions for the large and small separation limit, respectively, require only one
function evaluation. This significant gain in efficiency is most pronounced for small separations,
where the number of required Gauss points increases drastically due to the high gradient of the
power law that needs to be resolved (see Section 4.4.4 for details). If the number of Gauss
points is not sufficient, this leads to so-called underintegration and it has been observed that the
obtained curve of the numerical reference solution erroneously flattens (because the contribution
of the closest-point pair is not captured) or becomes steeper (because the contribution of the
closest-point pair is overrated).

For these reasons, the computation of an accurate numerical reference solution shown in Fig-
ure 4.4(a) requires quite some effort. The integration domains were subdivided into integration
sectors (see Figure 4.4(b)) in order to further increase the Gauss point density. But even in
this planar disk-disk scenario requiring only 4D integration, a minimal separation of g/R =~
5 x 1072 has been reached, below which the affordable number of Gauss points was not suffi-
cient to correctly evaluate the SSIP 7 by means of full numerical integration®. For these very
small separations, only the exact analytical dimensional reduction from 4D to 2D according to

5The maximum number of NGPyot transverse = S X 32 = 256 considered in the scope of this work led to several hours
of computation time on a desktop PC for the evaluation of 7 as a numerical reference solution for Figure 4.4(a).
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Langbein (cf. [90] and Equation (A.7)) allowed to compute an accurate numerical reference so-
lution. The analytical solutions for the disk-disk interaction potential (2.19) (and (2.20)), used
as SSIP law in Equation (4.9) (and (4.13)), thus realize a significant increase in efficiency and
indeed only enable the accurate evaluation of the interaction potential in the regime of very small
separations. Note that such small separations are highly relevant if we consider fibers in contact
since surface separations are expected to lie on atomic length scale in this case. For instance, the
work of Argento et al. [7] mentions g = 0.2 nm to be a typical value for contacting solid bodies
and states that accurate numerical integration thus is the most challenging and in fact limiting
factor for the numerical methods based on inter-surface potentials. As a reference value for the
applications outlined in Section 1.1, the fiber radius R varies from several nm for DNA to mm
for synthetic polymer fibers, resulting in a potentially very small normalized separation g/R.
An example for the simulation of adhesive fibers in contact can be found in Chapter 7, which
studies the peeling and pull-off behavior of two fibers attracting each other either via vdW or
electrostatic forces.

As a next step, the interaction potential per unit length 7 of two parallel straight beams is
considered. The length of the beams is chosen sufficiently high such that it has no perceptible
influence on the results and meets the assumption of infinitely long cylinders made to derive the
analytical reference solution from [90]. Accordingly, a slenderness ratio ( = [/R = 50 is used
in the regime of small separations, whereas ( = [/ R = 1000 is used for large separations. Based
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Figure 4.5.: VAW interaction potential per unit length 7 of two parallel cylinders over normalized
surface separation g/ R. Figure taken from the author’s article [61].

on the experience from the disk-disk scenario, it is not surprising that the full 6D numerical
integration in this case exceeds the affordable computational resources by orders of magnitude
and thus can not serve as a reliable reference solution. In fact, it was not possible to reproduce
the theoretically predicted power law scaling in the regime of small separations despite using a
number of Gauss points that led to computation times of several days. However, instead of the
numerical reference solution, the analytical solution for infinitely long cylinders in the limit of
very small (black dashed line, cf. Equation (2.14)) and very large separations (blue dashed line,
cf. Equation (2.15)) serves as a reference in Figure 4.5. Note that as compared to the case of two
circular disks the exponent of the power laws and thus the slope of the curves drops by one due
to the integration over both cylinders’ length dimension.
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Interestingly, the SSIP approach using the simplified SSIP law from Section 4.3.2 (green line
with crosses) does not yield the correct scaling behavior even in this case of parallel cylin-
ders. This confirms the concerns from Section 4.3.1 that the simplified SSIP law neglecting
any relative rotations of the cross-sections deteriorates the accuracy of the approach in the case
of short-ranged interactions in the regime of small separations. Due to this specific scenario
of parallel cylinders, this deterioration can be attributed solely to the rotation components [3;
(see Figure 4.2(a)) since the included angle of the cross-section normal vectors « is zero for
every of the infinitely many pairs of cross-sections. Despite the correct trend of the resulting
interaction potential as an inverse power law of the surface separation, it must thus be stated
that the simplified SSIP law overestimates the strength of interaction and that the error increases
with decreasing separation 6. In the regime of large separations, however, the results for the SSIP
approach (red line with circles) perfectly match the analytical reference solution (blue dashed
line). This confirms the hypothesis from Section 4.3.1 that the relative rotation of cross-sections
is negligible in this regime and a high accuracy can be achieved with the simplified SSIP law.
Although being of little practical importance here due to the negligible absolute values, this is
a first numerical evidence for the validity of the SSIP approach in general and its high accuracy
even in combination with simplified SSIP laws in the particular case of long-range interactions
to be considered in the following Section 4.5.1.2.

Perpendicular disks and cylinders

Up to now, we have only discussed the situation of parallel orientation of disks and cylinders. In
the following, the accuracy of the simplified SSIP laws as well as the SSIP approach for twisted
configurations will be analyzed by considering the most extreme configuration of perpendicular
disks and cylinders. Again, computing a reference solution by means of full numerical inte-
gration was only affordable for the 4D case of two disks. The results for perpendicular disks
shown in Figure 4.6(a) confirm that there is no difference between perpendicular and parallel
orientation for large separations and the scaling behavior of the numerical reference solution
(black dashed line with diamonds) with exponent 6 is met by the simplified SSIP law (red line,
cf. Equation (2.20)). On the other hand, there is a remarkable difference in the scaling behavior
for small separations. While the interaction potential of two parallel disks, which is the underly-
ing assumption of the proposed SSIP law (green line, cf. Equation (2.19)), follows an inverse 2.5
power law, the numerical reference solution (black dashed line with diamonds) suggests that this
behavior changes for perpendicular disks to an inverse 2 power law. This time, the difference
in results can be attributed to the relative rotation «, i.e., the angle included by the cross-section
normal vectors and again the error of the proposed simplified SSIP law increases with decreasing
separation.

Finally, the scenario of perpendicular cylinders is considered in Figure 4.6(b) plotting the
total interaction potential II as a function of the normalized smallest surface separation g/ R.
As discussed before, the computational cost of the full 6D numerical integration is too high to
compute a reliable reference solution in the case of two 3D bodies and we resort to the ana-

6 Note that the numerical integration error has been ruled out as cause for this behavior by choosing a high number
of Gauss points nGpotele-length = 2 X 50 = 100 for each of the 64 elements used to discretize each cylinder. A
further increase of ngp by a factor of five does not change the results using double precision.
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Figure 4.6.: (a) VAW interaction potential per unit length squared 7 of two perpendicular disks
and (b) vdW interaction potential IT of two perpendicular cylinders, plotted over the normalized
surface separation g/ R, respectively. Figure taken from the author’s article [61].

lytical solutions for the limits of very small and very large separations, respectively. Note that
in contrast to the case of infinitely long parallel cylinders (cf. Figure 4.5) the total interaction
potential of infinitely long perpendicular cylinders is finite and the result thus has dimensions
of energy instead of energy per length. Perpendicular cylinders are worth to consider because
they trigger both of the sources of errors that have been analyzed individually so far - neglecting
relative rotations « as well as [3; 5 in the simplified SSIP law. In short, the resulting accuracy
is similar as for either perpendicular disks or parallel cylinders. In the decisive regime of small
separations, the SSIP approach based on the simplified SSIP law (green line with crosses) fails
to reproduce the correct scaling behavior of the analytical reference solution (black dashed line,
cf. Equation (2.16)), whereas in the regime of large separations, the SSIP approach based on the
simplified SSIP law (red line with circles) perfectly matches the analytical reference solution
(blue dashed line, cf. Equation (2.17)).

Conclusions

First, this section reveals that full 6D numerical integration to compute the total interaction
potential of slender continua is by orders of magnitude too expensive and can thus not reasonably
be used as a numerical reference solution even in minimal examples of one pair of cylinders. At
most, 4D numerical integration required for disk-disk interactions allows to compute numerical
reference solutions for the intermediate regime of separations where no analytical solutions are
known. This underlines the importance of reducing the dimensionality of numerical integration
to 2D as achieved by the proposed SSIP approach in order to enable the simulation of large
systems as well as a large number of time steps.

Second, the thorough analysis of the accuracy resulting from using the proposed simplified
SSIP law — neglecting the cross-section rotations — reveals that one has to distinguish between
the regime of small and large separations. In the decisive regime of small separations, we find
that the scaling behavior deviates from the analytical prediction for perpendicular disks and par-
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allel as well as perpendicular cylinders and that the resulting error increases with decreasing
separation. An instant remedy of this limitation could be a calibration, i.e., a scaling of the
prefactor £ in the simple SSIP law, to fit a given reference solution within a small range of sep-
arations (e.g. around the equilibrium distance of the LJ potential). For the numerical example
studying the peeling and pull-off of adhesive fibers (cf. Section 7.4.5), this pragmatic procedure
will be shown to reproduce the global system response very well. Still, it would be valuable
to include the relative rotations of the cross-sections in the applied SSIP law to obtain the cor-
rect asymptotic scaling behavior. To the best of the author’s knowledge, no according analytical
closed-form expression has been published yet and the like is far from trivial to derive. The
derivation of such an enhanced interaction law including the orientation will be presented in
Section 5.2 in the context of the slightly different beam interaction formulation to be proposed
in the following Chapter 5. Because this alternative formulation is specialized in short-ranged
interactions, it turns out to be more efficient for this class of interactions and the improvement of
the accuracy expected from including the cross-section orientation will therefore be realized in
that context first. However, also the SSIP laws considered here would benefit from the increased
accuracy and including the cross-section orientation is thus considered a valuable future exten-
sion. As mentioned before, the regime of large separations is of little practical relevance in the
case of short-range volume interactions, however, it is of some theoretical interest and the corre-
sponding findings and conclusions of this regime will hold true also for long-range interactions
such as electrostatics to be considered in the following section. Here, the results are in excellent
agreement with the theoretically predicted power laws for parallel as well as perpendicular disks
and cylinders.

4.5.1.2. Verification for long-range surface interactions such as electrostatics

Turning to long-range interactions, again parallel and perpendicular disks and cylinders will be
considered in order to analyze the accuracy of the simplified SSIP law from Section 4.3.3 both
individually as well as applied within the general SSIP approach proposed in Section 4.2.2. As
before, Coulombic surface interactions are chosen as specific example, however, the conclusions
are expected to hold true also for other types of long-range interactions. As compared to the
preceding section, the computation of a numerical reference solution simplifies mainly due to
the reduction from volume to surface interactions but also due to the smaller gradient values,
which need to be resolved in the regime of small separations thus requiring less integration
points. This allows for a verification by means of a numerical reference solution also in the case
of cylinder-cylinder interaction.

Figure 4.7 shows the results for the simplified SSIP law obtained from the monopole-monopole
interaction of two disk-shaped cross-sections in Section 4.3.3 (red line) and a numerical refer-
ence solution (black dashed line with diamonds). As expected, the proposed SSIP law excellently
matches the reference solution in the regime of large separations, both for the parallel as well as
perpendicular configuration. In both cases, the relative error is below 7% already for g/ R = 1.
The most important and remarkable result of this section, however, is the following. The in-
evitable error of the simplified SSIP law in the regime of small separations does not carry over
to beam-beam interactions as shown in Figure 4.8. For both parallel as well as perpendicular
cylinders, the results from the SSIP approach using this simplified SSIP law from Section 4.3.3
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Figure 4.7.: Electrostatic interaction potential per length squared 7 of (a) two parallel disks and
(b) two perpendicular disks, plotted over the normalized surface separation g/ R, respectively.
Figure taken from the author’s article [61].

(red line with crosses) agree very well with the numerical reference solution (black dashed line
with diamonds) over the entire range of separations. This confirms the theoretical considerations
from Section 4.3.1 arguing that the beam-beam interaction will be dominated by the large num-
ber of section pairs with large separations, which outweigh the contributions of the few section
pairs with smallest separations.

A closer look reveals that the relative error for the parallel cylinders is below 0.3% even
for the smallest separation g/R = 1073 considered here. For the presumably worst case of
perpendicular cylinders, this deviation is even smaller with a relative error of 0.03%, which
can be explained by the following two reasons. First, a comparison of Figure 4.7(a) and 4.7(b)
reveals that the accuracy of the simplified SSIP law in the regime of small separations is higher
for perpendicular orientation, which can be regarded a happy coincidence. And second, the large
majority of all section pairs has a larger separation (which according to Figure 4.7 is the regime
of higher accuracy) as compared to the case of parallel cylinders.

Note that — unlike in the case of short-range interactions — here the total interaction potential
is considered also for the parallel cylinders. Due to the long range of interactions, the interaction
potential per length depends on the length of the cylinders and is thus no representative quantity.
For Figure 4.8, a slenderness ratio of ( = L/R = 50 is chosen exemplarily. The two nested 1D
integrals along the cylinder length dimensions are evaluated using ngpee-lengtn = 5 Gauss points
for each of the 64 elements used to discretize each cylinder. Additionally, ngper. = 8 X 32 = 256
Gauss points over the circumference of each disk are used to compute the numerical reference
solution. In all cases, it has been verified that the numerical integration error does not influence
the results noticeably.

At this point, recall from Section 4.3.3 that the accuracy of the applied SSIP law can still be
increased whenever deemed necessary by including more terms of the multipole expansion of the
cross-sections. However, because the results of this section show a high level of accuracy and the
resulting simplification is significant, the simplified SSIP law seems to be the best compromise
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Figure 4.8.: Electrostatic interaction potential II of (a) two parallel cylinders and (b) two per-
pendicular cylinders, plotted over the normalized surface separation g/R, respectively. The
slenderness ratio of the cylinders is ( = L/R = 50. Figure taken from the author’s article [61].

for our purposes. To conclude this section it can thus be stated that the novel SSIP approach as
proposed in Section 4.2.2 in combination with the simplified SSIP law from Section 4.3.3 is a
simple, efficient, and accurate computational model for long-range interactions of slender fibers.
In the following, it will be applied to first numerical examples of deformable slender fibers in
Sections 4.5.3 and 4.5.4.

4.5.2. Repulsive steric interaction between two contacting beams

This numerical example aims to demonstrate the general ability of the proposed method to pre-
clude penetration of two slender bodies that come into contact under arbitrary mutual orientation
in 3D. No adhesive forces are considered in this example. The setup is inspired by Example 1
in [111] where the macroscopic, so-called all-angle beam contact (ABC) formulation is used to
account for the non-penetrability constraint. Here, we model the contact interaction based on
the repulsive part of the LJ interaction potential (2.8). More specifically, we apply the novel
SSIP approach as proposed in Section 4.2.2 in combination with the SSIP law proposed in Sec-
tion 4.3.2. The parameter specifying the strength of repulsion is set to be kp;p, = 10716, To
be consistent throughout this chapter, we apply Hermitian Simo-Reissner beam elements instead
of the torsion-free Kirchhoff elements used in [111]. As compared to the original example, this
requires us to replace the hinged support of the upper beam by clamped end Dirichlet boundary
conditions in order to eliminate all rigid body modes in this quasi-static example. The same
number of three finite elements for the upper, deformable beam and one element for the lower,
rigid beam is used.

A sequence of the resulting simulation snapshots is shown in Figure 4.9. As expected, the
two beams do not penetrate each other in any of the various mutual orientations throughout the
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Figure 4.9.: Simulation snapshots: a straight deformable beam rotating on a rigid arc. Figure
taken from the author’s article [61].

simulation. Figure 4.10 visualizes the contact force distributions’ in the most interesting time
span before the beams reach the parallel orientation at time ¢ = 2.0. The force distribution

= W - m I

(a) timet = 1.95 (b) time t = 1.97 (c) time t = 1.99 (d) time t = 2.0

Figure 4.10.: Evolution of contact force distribution in the regime of small contact angles be-
tween the beam axes. Each beam element is divided in 100 integration segments with 10 Gauss
points each in the simulation shown here. Figure taken from the author’s article [61].

quickly changes from a point-like force for large mutual angles to a broad distributed load for
parallel beam axes. Note also that the line load has a three dimensional shape where the out-of-
plane component decreases with decreasing mutual angle until both beam axes and thus also the

"More precisely, the vectorial line load with dimensions of force per unit length is visualized as an arrow at each
integration point. The force resultant therefore equals the integral over the contour curve defined by the arrows’
tips (i.e. the area under this curve), and not the vector sum of all arrows shown. This is important to understand
because the number of visible arrows per unit length depends on the discretization and is thus higher for the
upper, deformable beam.
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line loads lie in one plane at ¢ = 2.0. Another remarkable result is the symmetry between the line
loads on both fibers. It nicely confirms that the novel approach indeed fulfills the expected local
equilibrium of interaction forces in good approximation. In contrast to existing, macroscopic
formulations for beam contact, this is not postulated a priori in the SSIP approach and hence is
a valuable verification at this point. See [140] for a comprehensive discussion of this important
topic in the context of contact between 3D solids described by inter-surface potentials. The
global equilibrium of contact forces on the other hand is fulfilled exactly, as can be concluded
from the global conservation of linear momentum that can be shown analytically as outlined
in Section 4.4.2. In this numerical example, we found that the sum of all reaction forces in
either of the spatial dimensions is indeed zero with a maximal residuum of 10~ throughout all
simulations considered here, which confirms the statement numerically.

Figure 4.11 shows the resulting vertical reaction force as well as the interaction potential over
time. Due to the inverse-twelve power law and the extremely small separations of the interacting

70 w 0.04
o
3
£ 60 | A
& =
< 50 = 0.03 |
2 g
v 40 2
8 £0.02 |
= 30 F pe
e 2
s 20 | ——rep. LJ (30 x 5)® GPs| | g
§ - —-rep. LJ (50 x 5)* GPs £ 001 ¢ ——rep. LJ (30 x 5)% GPs| |
=10t /| rep. LJ (64 x 5)% GPs| | - —-rep. LJ (50 x 5)2 GPs
g ___ABC@0x5CPs |1 | /| rep. LI (64 x 5)2 GPs
To0 ; ‘ 0 ; ‘
0 1 2 3 0 1 2 3
time time

(a) (b)

Figure 4.11.: (a) Reaction force and (b) interaction potential over time. Figure taken from the
author’s article [61].

bodies, the numerical integration of the disk-disk interaction forces is very challenging and we
studied the influence of the number of Gauss points. For this purpose, the number of integration
segments per element with five Gauss points each is set to 30, 50, or 64, respectively. Interest-
ingly, the interaction potential shown in Figure 4.11(b) seems to be more sensitive with respect
to the integration error than the vertical reaction force shown in Figure 4.11(a) despite the fact
that the latter has a higher inverse power law exponent. Presumably, this is due to the fact that
the reaction force is dominated by the bending deformation of the beams. For reference, the
reaction force obtained by using the macroscopic ABC formulation is shown as well and is in
excellent agreement with the one resulting from the repulsive part of the LJ interaction potential.

A more comprehensive comparison of this novel SSIP approach to model contact between
beams based on (the repulsive part of) the molecular LJ interaction and existing, macroscopic
formulations based on heuristic penalty force laws is a highly interesting subject that is worth
to investigate in the future. It is expected that both the numerical formulations for the micro-
and for the macroscale could benefit from the inspirations of such a comparative analysis. Some
first theoretical considerations on this topic will be presented in Section 6.2 resulting in a first
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recommendation of which kind of formulation to use in which scenarios. The decision criteria
elaborated therein will be followed in the numerical examples and practical applications to be
considered throughout the remainder of this work.

4.5.3. Two initially straight, deformable fibers carrying opposite
surface charge

The following example consists of two initially straight and parallel, deformable fibers that at-
tract each other due to their surface charge of opposite sign. Its setup is kept as simple as possible
to allow for an isolated and clear analysis of the physical effects as well as the main characteris-
tics of the proposed SSIP approach. In a first step presented here, the interplay of elasticity and
electrostatic attraction in the regime of large separations is studied. Additionally, the scenario of
separating these adhesive fibers starting from initial contact will be considered in the dedicated
Chapter 7, because this fundamental problem turned out to show a surprisingly rich and complex
system behavior including a variety of different effects that will be investigated in depth.

In this numerical example, we are interested in the static equilibrium configurations for vary-
ing attractive strength. As shown in Figure 4.12(a), two straight beams of length [ = 5 are
aligned with the global y-axis at an inter-axis separation d = 5. Both are simply supported
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(a) Problem setup: undeformed configuration. (b) Static equilibrium configurations for varying attractive
strength. Solution for beam centerlines and corresponding
value of the potential law prefactor k& shown in the same
color.

Figure 4.12.: Two parallel beams with constant surface charge density (left beam positive, right
beam negative). Figure taken from the author’s article [61].

and restricted to move only within the xy-plane and rotate only around the global z-axis. The

beams have a circular cross-section with radius 2 = 0.02 which results in a slenderness ratio
of ¢ = 250. Cross-section area, area moments of inertia and shear correction factor are computed
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using standard formula for a circle. A hyperelastic material law with Young’s modulus E = 10°
and Poisson’s ratio v = 0.3 is applied. In terms of spatial discretization, we use five Hermitian
Simo-Reissner beam elements per fiber (see Section 3.2.2 for details on this element formula-
tion). Electrostatic interaction is modeled via the SSIP approach as presented in Section 4.2.2
and applied to long-range Coulomb interactions in Section 4.3.3. Both beams are nonconducting
with a constant surface charge density of o0y = 1.0 and 09 = —1.0, respectively. For simplicity,
we vary the prefactor & of the underlying Coulomb law ®(r) = kr~! to vary the strength of
attraction. However, as becomes clear from Equation (4.15), this is equivalent to a variation of
surface charge densities because in our case the product of these quantities is a constant prefactor
in all relevant equations. In order to evaluate the electrostatic force and stiffness contributions,
Gauss quadrature with two integration segments per element and ten Gauss points per integration
segment is applied. This turns out to be fine enough to not change the presented results percepti-
bly. More precisely, the difference in the displacement of the beam midpoint for ngp = (2 x 10)?
as compared to (2 x 32)? is below 107®. No cut-off radius is applied here, i.e., the contributions
of all Gauss point pairs are evaluated and included.

Figure 4.12(b) finally shows the resulting static equilibrium configurations for different levels
of attractive strength. As expected, the beams are increasingly deflected and pulled towards each
other if the prefactor of the applied Coulomb law £ and thus the attractive strength is increased.
Like the problem definition, also all the solutions are perfectly symmetric with respect to the
vertical axis of symmetry located at z = d/2. Moreover, the centerline curves of each individual
solution show a horizontal axis of symmetry defined by the position of the two beam midpoints
in the respective deformed state. As a consequence, the vertical force components in the system
cancel and the vertical reaction forces vanish. This also becomes clear when looking at the visu-
alization of the resulting electrostatic forces as shown exemplarily for £ = 1.0 in Figure 4.13(a).
Additionally, the forces acting on the Gauss point of one beam caused by the interaction with one
finite element of the other beam are visualized individually in Figure 4.13(b). This representation
illustrates the nature of the SSIP approach, which is based on two nested 1D numerical integrals
that are evaluated element pair-wise. Accordingly, we can identify five force contributions at
each Gauss point, one for each of the five beam elements on the opposing fiber. As expected,
the magnitude of these individual forces decays with the distance and the contributions of the
closest element pair shown in an isolated manner in Figure 4.13(c) constitute the largest part of
the total electrostatic load on the beams and are clearly larger than the contributions of the next-
nearest element pair shown in Figure 4.13(d). However, the relatively long range of electrostatic
forces yields a smooth force distribution along the centerlines and we can identify non-zero force
contributions even at the most distant Gauss points right next to the supports in Figure 4.13(a).
As mentioned above, a quantitative analysis of the resulting horizontal reaction forces will be
presented in Section 7.2.2.

To conclude this example of two charged, attractive beams, we briefly look at the nonlinear
solver. Newton’s method without any adaptations is used here to allow for a clear and meaningful
analysis of nonlinear convergence behavior. The solutions for £ < 0.4 can be found within one
load step which is a remarkable result given the resulting large deflection of the beams shown
in Figure 4.12(b) and the strong nonlinear nature of the system. For stronger attractive forces,
the strength of electrostatic attraction was ramped up in up to ten equal steps Ak = 0.1. As
convergence criteria, it has been enforced that both the Euclidean norm of the residual vector
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Figure 4.13.: Electrostatic forces acting on the beams for £ = 1.0. Color indicates force magni-

tude. Figure taken from the author’s article [61].
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fulfills | R|| < 107!° and the norm of the iterative displacement update vector fulfills || AX]| <
1078, In fact, this combination leads to ||R|| < 107'? in almost all equilibrium configurations
shown here.

4.5.4. Two charged deformable fibers dynamically shap into
contact

Due to the high gradients in the inverse power laws, molecular interactions give rise to highly
dynamic systems. This is a first, simple example for a dynamic system consisting of two oppo-
sitely charged fibers with a hinged support at one end each, that will snap into contact. In the
initial configuration shown in Figure 4.14(a), the straight fibers include an angle of 45° and their
axes are separated by 5R in the out-of-plane direction z. With a cross-section radius R = 0.02
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(a) Problem setup. (b) Energy over time.

Figure 4.14.: Two oppositely charged, crossed beams dynamically snap into contact. Figure
taken from the author’s article [61].

and length [ set to [ = 5, they have a high slenderness ratio of ( = 250 and 354. Each of the
fibers is discretized by 10 Hermitian Simo-Reissner beam elements (cf. Section 3.2.2) and the
material parameters are chosen to be £ = 10°, v = 0.3, and p = 1073. The fibers carry a
constant, opposite surface charge o/, = +1.0 and interact via the Coulomb potential law stated
in Equation (2.3) with the prefactor set to Ceii,e = 0.4. In order to start from a stress-free initial
configuration, the charge of one of the fibers is ramped up linearly within the first 100 time steps.
We apply the SSIP approach as proposed in Section 4.2.2 and applied to long-ranged interac-
tions in Section 4.3.3. A total of 5 integration segments per element with 10 Gauss points each
is used to evaluate these electrostatic contributions. The contact interaction between the fibers is
modeled by the line contact formulation proposed in [110], using a penalty parameter ¢ = 103
and 20 integration segments per element with 5 Gauss points each for numerical integration.
An undetected crossing of the fiber axes is prevented by applying the modified Newton method
limiting the maximal displacement increment per nonlinear iteration to R/2 (see Appendix F.2
for details).
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In terms of temporal discretization, we apply the Generalized-alpha scheme for Lie groups
as proposed in [20] and set the spectral radius at infinite frequencies to p,, = 0.9 for small
numerical damping. A small time step size of At = 107° is applied to account for the highly
dynamic behavior of this system.

Figure 4.15 shows a sequence of simulation snapshots where the electrostatic forces on both
fibers are visualized as green arrows. We observe a large variety of mutual orientations of the
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Figure 4.15.: Sequence of simulation snapshots. Electrostatic forces acting on both fibers shown
in green. Figure taken from the author’s article [61].

two fibers and a strong coupling of adhesive, repulsive and elastic forces that demonstrate the
effectiveness and robustness of the proposed SSIP approach. Most importantly, we see that the
total system energy is preserved with very little deviation of +2% as shown in Figure 4.14(b).
Note that the negative energy values result from defining the zero level of the interaction potential
at infinite separation as described in Section 2.1. Based on this numerical example, it can thus
be concluded that the novel SSIP approach proves to be effective as well as robust in a highly
dynamic example with large deformations and arbitrary mutual orientations of the fibers in 3D.
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4.6. Conclusions and outlook

This chapter proposes the first 3D beam-beam interaction model for molecular interactions such
as electrostatic, van der Waals (vdW) or repulsive steric forces between curved slender fibers
undergoing large deformations. While the general interaction model is not restricted to a spe-
cific beam formulation, in the present work it is combined with the geometrically exact beam
theory and discretized via the finite element method. A direct evaluation of the total interac-
tion potential for general 3D bodies requires the integration of contributions from molecule or
charge distributions over the volumes of the interaction partners, leading to a 6D integral (two
nested 3D integrals) that has to be solved numerically. The central idea of the novel approach
is to formulate reduced interaction laws for the resultant interaction potential between a pair of
cross-sections of two slender fibers such that only the two 1D integrals along the fibers’ length
directions have to be solved numerically. This section-section interaction potential (SSIP) ap-
proach therefore reduces the dimensionality of the required numerical integration from 6D to 2D
and yields a significant gain in efficiency, which only enables the simulation of relevant time and
length scales for many practical applications.

Being the key to this SSIP approach, the analytical derivation of the specific SSIP laws is
based on careful consideration of the characteristics of the different types of molecular inter-
actions, most importantly their point pair potential law and the range of the interaction. In a
first step, the most generic form of the SSIP law, which is valid for arbitrary shapes of cross-
sections and inhomogeneous distributions of interacting points (e.g. atoms or charges) within the
cross-sections has been presented in Section 4.2 before the focus was laid on specific SSIP law
expressions for dedicated applications in Section 4.3. Considering the practically relevant case of
homogeneous, disk-shaped cross-sections, Section 4.3.1 has discussed the advantages as well as
limitations of possible simplifications of the SSIP law, finally leading to pleasantly simple SSIP
laws that solely depend on the scalar separation of the cross-section centroids and in particular
neglect the cross-sections’ mutual orientation. In this manner, simple SSIP laws for short-range
volume interactions such as vdW or steric interactions (Section 4.3.2) and for long-range surface
interactions such as Coulomb interactions (Section 4.3.3) are obtained, which have been used
and further analyzed in the remainder of the chapter. It should be emphasized that postulating
the general structure of the SSIP law and fitting the free parameters to e.g. experimental data
is one of the promising alternatives to the strategy of analytical derivation of the SSIP law as
applied throughout this work. It is also important to highlight that the general SSIP approach
can be seamlessly integrated into an existing finite element framework for solid mechanics. In
particular, it does neither depend on any specific beam formulation nor the applied spatial dis-
cretization scheme and in the context of the present work, it has exemplarily been used with
geometrically exact Kirchhoff-Love as well as Simo-Reissner type beam finite elements. Like-
wise, it is independent of the temporal discretization and has been used along with static and
(Lie group) Generalized-Alpha time stepping schemes as well as inside a Brownian dynamics
framework. In order to remedy the characteristic singularity of inverse power interaction laws
in the limit of zero separation, a numerical regularization of the LJ SSIP law has been proposed,
which leads to a significant increase in robustness and efficiency, saving a factor of five in the
number of nonlinear iterations while yielding identical results.
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The accuracy of the proposed SSIP laws as well as the general SSIP approach has been stud-
ied in a thorough quantitative analysis using analytical as well as numerical reference solutions
for the case of vdW as well as electrostatic interactions. It is found that a very high level of
accuracy is achieved for long-range interactions such as electrostatics both for the entire range
of separations as well as all mutual angles of the fibers from parallel to perpendicular. In the case
of short-range interactions, however, the derived SSIP law without cross-section orientation in-
formation slightly overestimates the asymptotic power-law exponent of the interaction potential
over separation. As a pragmatic solution, a calibration of the simple SSIP law has been proposed
to fit a given reference solution in the small yet decisive range of separations around the equilib-
rium distance of the LJ potential. As will be shown for the fundamental numerical example of
peeling two adhesive fibers in Section 7.4.5, this strategy leads to a very good agreement in the
force response on the system level. While this accuracy might already be sufficient for certain
real world applications, the derivation of reduced interaction laws including the cross-section
rotations is considered an important next step. In the present work, the derivation of such an
enhanced interaction law including the orientation will be presented in Section 5.2 in the context
of the slightly different beam interaction formulation to be proposed in the following Chapter 5.
Because this alternative formulation is specialized in short-ranged interactions, it turns out to be
more efficient for this class of interactions and the improvement of the accuracy expected from
including the cross-section orientation will therefore be realized in that context first. However,
also the SSIP laws considered in this chapter would benefit from the increased accuracy (and
particularly the exact asymptotic scaling behavior) and including the cross-section orientation is
thus considered a valuable future extension.

The presented set of numerical examples in Section 4.5 has finally demonstrated the effec-
tiveness and robustness of the SSIP approach to model steric repulsion, electrostatic or vdW
adhesion. Several important aspects such as the influence of the Gauss integration error and the
spatial discretization error and local and global equilibrium of forces and conservation of energy
are studied in these simulations, including quasi-static and dynamic scenarios as well as arbitrary
mutual orientations and separations of the interacting fibers. These first applications of the novel
formulations to rather simple, academic examples will be complemented by the comprehensive
study of the peeling and pull-off of adhesive elastic fibers in Chapter 7. This simple, fundamen-
tal problem turns out to show a surprisingly rich and complex system behavior with a multitude
of different effects to be studied in detail. In addition, the SSIP approach will be applied to
challenging, real biophysical systems such as the conformations of mucin filaments due to the
electrostatic self-interaction under varying line charge distributions to be studied in Chapter 9.
A number of further interesting applications including the mechanics of collagen (micro)fibrils
(cf. Chapter 11) and DNA origami (cf. Section 12.2) will be outlined in the remainder of this
work and are considered highly promising aspects of future research.
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5. A Specialized, More Efficient
Formulation for Short-Ranged
Interactions Based on
Section-Beam Interaction Potentials

Following up on the development of the first 3D beam-beam interaction formulation for molec-
ular interactions in the preceding Chapter 4, this chapter aims to develop an enhanced approach
for the most challenging case of short-ranged interactions such as the vdW adhesion and the
steric repulsion of the LJ interaction. Exploiting the characteristic rapid decay of the interaction
potential with increasing distance will lead to a novel formulation that is superior to the SSIP
approach (and the applied SSIP laws) in the following two key aspects. First, this specialized
formulation will be significantly more efficient and second, it will also be significantly more
accurate than the previous one.

To be more precise, the enhanced efficiency is a result of the different general approach based
on the interaction potential of a cross-section interacting with (a surrogate of) the entire opposing
beam instead of a pair of cross-sections as considered in the SSIP approach. The resulting
section-beam interaction potential (SBIP) approach is proposed in the following Section 5.1. In
addition to that, a more sophisticated reduced interaction law including the mutual orientation
is derived in Section 5.2, thus achieving the enhanced accuracy as compared to the simple SSIP
laws used before. In particular, this will lead to the correct asymptotic scaling behavior in the
decisive regime of small separations, which has been identified as the most critical shortcoming
when using the simple SSIP law from Section 4.3.2 neglecting the mutual orientation of cross-
sections.

These two fundamental novelties — the general SBIP approach and the specific analytical inter-
action law — will be combined and the resulting virtual work contribution, its discretization based
on finite elements, and the consistent linearization is presented in Section 5.3 and Appendix C.2.
A suitable numerical regularization of the singularity at zero separation in the reduced interac-
tion law is proposed in Section 5.4 along with the discussion of selected algorithmic aspects
such as a criterion to sort out beam element pairs with a larger separation than the cutoff ra-
dius before the actual evaluation to save computational resources. Section 5.5 finally presents
a comprehensive numerical example studying adhesive nanofiber-grafted surfaces, which con-
firms the effectiveness, efficiency and robustness of the novel formulation also for large-scale,
complex systems with arbitrary mutual configurations and large deformations of the interacting
fibers. At the same time, this computational study serves as a proof of principle for the design
of bio-inspired artificial adhesive surfaces and delivers insights into the system behavior for dif-
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ferent loading scenarios. This chapter will be concluded by the summary and outlook provided
in Section 5.6.

5.1. The section-beam interaction potential (SBIP)
approach

Consider a point-pair interaction potential with a very steep gradient as for example the inverse
power laws with exponent six or twelve from the popular LJ interaction (2.8). The rapid decay
of the potential with increasing distance implies that among all possible point pairs between both
bodies only those with the smallest separation contribute significantly to the total interaction po-
tential of both bodies. When looking at the interaction of two deformable slender bodies such as
fibers, this consideration gives rise to an approach where the geometry of the second body is ap-
proximated by a surrogate body with simplified geometry located at the point of closest distance
from a given point on the first body. See Figure 5.1 for an illustration of the approach using the
example of circular cross-sections and therefore a cylinder-shaped surrogate body. In the region

6

E,

Figure 5.1.: Illustration of the section-beam interaction potential (SBIP) approach. The actual,
deformed volume of the second interaction partner (“master”) is approximated by a surrogate
body (blue) located at the closest point &5 to a given integration point &; gp of the first interaction
partner (“slave”). Distance vector 71 _». and relative rotation vector 1),_,, uniquely describe the
mutual separation and orientation.

around the closest point, this straight cylinder is expected to be a good approximation for the
actual, possibly deformed, beam geometry. Note, however, that the general SBIP approach to
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short-ranged beam-beam interactions is not limited to the circular cross-section shape shown in
this example.

In accordance with formulations for macroscopic beam contact (see Section 3.3 for a sum-
mary), the body which is projected onto, i.e., here the one with approximated geometry is re-
ferred to as master beam (indicated by subscript m) whereas the first body is called slave beam
(indicated by subscript s). Without loss of generality, the beam with index 1 is assumed to be the
slave beam whereas index 2 is used as a synonym for master.

From a mathematical point of view, the geometrical approximation used in this context is
equivalent to a Taylor series expansion of the centerline curve 75 (&) of the master beam at the
closest point &, truncated after the second, i.e., linear term.

r2,approx(£2) ~ 7“2(520) + r|2 (520) 52 (+ HOT) (51)

Here, the linear term represents the orientation of the surrogate body in the direction of the
master beam’s tangent vector at the closest point 7, (s ). Recall from Section 3.3.1 that the short
prime denotes a differentiation with respect to the element parameter coordinate, i.e., r}(§;) =
dri(&)/d&.

Turning to the key question of how to evaluate the two-body interaction potential, we assume
a given interaction potential 7 (71 _o., ¥;_,.) for the interaction between all the points within one
cross-section of the slave beam and the entire master beam surrogate, i.e., the tangential straight
cylinder in the example above. The total interaction potential is then evaluated as an integral
along the centerline curve of the slave beam as follows:

I

iq :/ﬁ-(TIQC?wl—QC) ds;. (5.2)
0

Generally, such a section-beam interaction potential (SBIP) is a length-specific quantity with
dimensions of energy per unit length (of the slave beam). It is an analytical expression uniquely
defined by the mutual configuration, i.e., the distance vector r;_». and relative rotation vec-
tor 1), _,. as illustrated in Figure 5.1.

To evaluate the remaining 1D integral in equation (5.2), Gaussian quadrature is applied through-
out this work. The reduction starting from 6D integration (cf. Equation (2.12)) to 1D integration
already indicates the overall gain in efficiency that will be further analyzed and discussed in Sec-
tion 5.4.3. Recall also the 2D integral (two nested 1D integrals) resulting for the general SSIP
approach to realize the superior efficiency of this novel SBIP approach that will also be verified
in the numerical experiments of Section 5.5.

In analogy to the previously presented section-section interaction potential (SSIP) approach
from Chapter 4, the question of how to find an analytical, closed-form expression for the re-
duced interaction law 7 (71 _oc, %, _,.) can be considered separately from the generally valid
SBIP approach proposed in this section. Just as for the SSIP laws discussed in Section 4.3,
such an effective SBIP law 7 will depend on the considered type of interaction, the cross-section
shape(s) and dimensions, the atom density distributions, and possibly other interaction-specific
factors. An example for how to determine this (single) length-specific potential 7 (71 _oc, 11 _5.)
analytically by means of 5D integration starting from the point-point interaction potential law
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(2.8) in case of LJ interaction is presented in Section 5.2. However, other strategies such as pos-
tulating the general form of the SBIP law and fitting of the parameters to experimental results
e.g. for the force response in two-fiber systems are considered to be promising alternative ways
that could enable a broad variety of future applications of this SBIP approach.

Discussion of the choice of master and slave side. Starting from the problem of two-body interac-
tion that is symmetric with respect to the two interaction partners, the SBIP approach introduces
the notion of master and slave, which causes a bias in the formulation and asks for a criterion
how to assign these roles. Both from the mathematical description as a linear Taylor approxi-
mation and the illustration in Figure 5.1, it becomes clear that the resulting model error and bias
will depend on the magnitude of curvature of the master beam’s centerline. This would give
rise to a criterion that chooses the beam with the smaller (maximum or average) curvature as
the master beam. However, such criteria might lead to sudden changes of master and slave over
time, which is numerically unfavorable. Alternatively, one could consider to evaluate the pair of
beams in two half passes, where the roles of master and slave switch and only the contributions
on the slave side are evaluated in each of the passes (see e.g. [124, 140]), such that the bias in
the formulation is avoided. However, it can be argued that the model error introduced by the use
of the surrogate beam on the master side is negligible, because first, the curvature anyway is as-
sumed to be limited in the underlying beam theory (typically compared to the inverse radius 1/ R
in case of circular cross-sections) and second, the very short range of the considered interactions
naturally limits the impact of the master beam’s shape deviation from the surrogate shape, be-
cause only the immediate surrounding of the expansion point will contribute noticeably to the
total interaction. Following this assumption that the corresponding model error will be negligi-
ble, we apply the simple heuristic that the beam (element) with the smaller (global) identification
number (ID) will generally be the slave beam throughout this work and validate this assumption
in the numerical example of Section 7.4. The resulting maximal relative difference in the force
response on system level turns out to be below 1.5% even for relatively large curvatures, which
is considered to be a reasonably small model error. In addition, this simple criterion based on
element IDs ensures a unique decision that does not change in the course of the simulation.

Remark on self-interactions. As already discussed for the SSIP approach in Section 4.2.2, self-
interactions, i.e., the interaction of distinct parts of the same beam, can be treated naturally also
within the SBIP approach. Leaving everything else unchanged, the search for and evaluation of
(non-neighboring) beam element pairs from one and the same physical beam directly allows to
incorporate the effect of self-interaction. This is considered to be important for long, flexible
fibers showing the tendency to large deformations. An example for the case of long-range elec-
trostatic interactions treated by the SSIP approach will be presented in Chapter 9 studying the
conformations of mucin filaments as a result of different line charge distributions.
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5.2. Closed-form expression for the disk-cylinder
interaction potential

As mentioned before and discussed also in the context of the SSIP laws (cf. Section 4.3), there
are different ways to arrive at a closed-form expression for the required SBIP law 7. One of
them is the analytical integration of a point-pair potential ¢ over all point pairs in the section-
beam (surrogate) system. This strategy will be demonstrated here for a generic inverse power
law @, (r) = ky r~™ with exponent m > 6. Due to the generality, the resulting reduced inter-
action law 7 can be used to model both the adhesive vdW part (m = 6) and the repulsive part
(m = 12) of the LJ potential. Moreover, we consider the practically relevant case of circular,
undeformable cross-sections and homogeneous densities of the fundamental interacting points in
both fibers. From a geometrical point of view, this leads to the scenario of a disk and a cylinder
(cf. Figure 5.1) with arbitrary mutual configuration, i.e., separation and orientation.

Note that instead of the six degrees of freedom (71 _s., %, _,.) in the most general scenario
considered in the preceding section, this system consisting of a homogeneous disk and cylinder
has three degrees of freedom, which will be discussed in more detail later on. It is of great im-
portance for the accuracy of the SBIP approach that the applied disk-cylinder potential law is ac-
curate for all mutual configurations. To the best of the author’s knowledge, no such disk-cylinder
interaction potential law 7, gisk-cy1 based on a generic point-pair potential with exponent m and
valid for all mutual configurations can be found in the literature. The following Section 5.2.1
thus presents the required steps of the analytical integration and likewise serves as an example
for the future derivation of other section-beam interaction potential laws, e.g. for other types of
interactions or cross-section shapes. In the subsequent Section 5.2.2, the accuracy of the derived
closed-form expression for 7y, gisk-cyt Will be verified.

5.2.1. Derivation via 5D analytical integration of the point-pair
interaction potential

We aim to find the analytical solution for the disk-cylinder interaction potential

::Hlnl,pl-cyl
Py = / / ” / / / pa ®(r) AV dA (5.3)
Adgisk Veyl
with 7= ||z; —x3|| and = € Agisk, T2 € Veyr. (5.4)

Here, x; € Ay denotes any point in the disk, i.e., circular slave cross-section area A; =
Agx = {x € R®|ry + yyuy + 21v1, y7 + 27 < R2?}. This disk area is parameterized
via two coordinates v, 2; and its corresponding (for now not further specified) in-plane co-
ordinate vectors uq,v;. The latter complete the (normalized) slave centerline tangent vec-
tor t; = 7)/||r}] to form an orthonormal triad (¢;,u;,v;) and its definition will be dis-
cussed later. Once again, the short prime denotes a differentiation with respect to the ele-
ment parameter coordinate, i.e., (&) = dr;(&)/d& . On the master side, 2 € Vg, with
Vel := {x € R?| ra+aato+ypua+20v0, y3+25 < R3, x9 €]—00, 00[} denotes any point in the
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infinitely long auxiliary cylinder oriented along the (normalized) tangent vector to = 75/ ||7]|.
Again, a set of coordinates s, 2, 2o together with an orthonormal frame (¢,, us, v2) is chosen
for parameterizing the geometry. Regarding this second basis (s, us, v2), it will turn out that
the exact definition does in fact not play a role and is thus left unspecified. Figure 5.2 (left side)
illustrates the introduced geometrical quantities.

option A:

option B:
t17 T

} up =/ ||wl, p

_ ’111 = Ny — (t’{nul)tl

|

Figure 5.2.: Illustration of the geometrical quantities used to describe the disk-cylinder interac-
tion (left side). In addition, the two different options for the choice of the Cartesian coordinate
frame (¢, w1, v1) used for the analytical integration over the disk-shaped slave cross-section are
shown on the right side.

General strategy. The general strategy follows the one generally known as point-pairwise sum-
mation (see e.g. [74, 125] for details and a discussion) and e.g. applied in [117] for the analytical
calculation of vdW forces for certain geometric configurations, e.g., a cylinder and a perpendic-
ular disk. Since already for such specific scenarios, no exact analytical solution can be found
for the integrals, also the following derivation will make use of the common approach of series
expansions in order to find an analytical, closed-form expression for the integral of the leading
term(s) of the series. Due to the rapid decay of the inverse power laws, this approach is known
to yield good approximations for the true solution of the integral and in Section 5.2.2 we will
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verify the accuracy for the specific expressions derived here.

Fortunately, the point-cylinder scenario for the case m = 6 of vdW interaction has already
been studied in [117]. It can be generalized for exponents m > 6 as outlined in Appendix A.1.3.1
and at this point we can make use of the final result that the point-cylinder interaction potential
follows the proportionality

Hm,pt—cyl (08 gI;_T}TS (5 S )

where gy.cy1 denotes the smallest distance between the point and the cylinder surface. For
now, we do not need to specify the precise expression for the point-cylinder interaction poten-
tial IT;,, piey1 and in fact we will later investigate two different variants/approximations presented
in Appendices A.1.3.1 and A.1.3.2, which deviate by a scalar factor, and discuss its effect on the
accuracy of the disk-cylinder interaction potential 7y, gisk-cy1 t0 be derived.

Due to the orthogonality condition g, ., L %2 for the smallest distance from the master
centerline curve 7, gp.cy1 can be expressed via the smallest distance between a point and the
cylinder axis dp.cy1 as

Gptcyl -— dpt-cy] - RQa (56)

which in turn can be written as

dpt-cyl = ||dpt-cylH = ||331(317y1,21) - TQ(SQC(Sluylazl))H . (5.7)

Again refer to Figure 5.2 for a sketch. Note that r4(sac(s1, Y1, 21)) is the master centerline po-
sition at s,., which results from the unilateral closest-point (“c”) projection of the point x; onto
the master centerline curve r,. Therefore, it depends also on the exact coordinates ¥, z; of the
point within the slave cross-section and not only on the arc-length parameter s, i.e., the position
along the slave centerline curve ;. This fact can be used to express the decisive distance dpy.cyi in
terms of the primary centerline fields 7,/ as well as the slave arc-length parameter s, to be used
as integration variable in numerical integration (cf. Equation (5.2)) and v, 2; to be used as inte-
gration variables for the analytical integration over the disk area. Since g, is perpendicular to
to, Equation (5.7) can equivalently be written as

Aoyt = || (®1(51, Y1, 21) — T2(S2c(51, Y1, 21)) X o] (5.8)
= || (T‘l(Sl) + ylul(sl) + 21’01(81> — T'Q(SQC(Sl, O, 0))) X t2|| (59)
= || (dunu + yrur + z1v1) X Lo . (5.10)

Here, we have introduced the so-called unilateral inter-axis separation

dy = ||r1(s1) — T2(s2(51,0,0))]| (5.11)

and the corresponding unilateral normal vector n,;, which result from the unilateral closest-point
projection and are known from macroscopic (line) contact formulations (e.g. [110]). After a few
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steps of basic vector algebra and making use of ny L &5, u; L vy, v = t; X uy, and t2Tt2 =1,
we end up with

dgt—cyl = (]_ — (U?tg)z) y% + (1 — (t{ (’U,l X tg))2> Z% -2 (’U,{tg) (t{ (’U,l X tg)) Y121
— ~ ~ v ~-

=iay =:a, =ilyz

(5.12)

+ 2dy (naul) Y1 + 2dy (t{ (ug x nul)) 2+ di

—_—— N ~ —~—
=:by =:b, =:ic

which aims to express the integrand of Equation (5.3) as polynomial in the integration vari-

ables v, 21 to be used for the analytical integration over the disk-shaped cross-section area A,

on the slave side.

At this point, we return to the pending definition of the coordinate vector w;, which shall
serve as an in-plane direction within the slave cross-section and thereby complete the unique
definition of the coordinate frame (¢, u;, v1). To briefly outline the procedure, this direction w4
will firstly be used as the first direction of integration over the cross-section area and secondly
the associated coordinate y; also defines the point of series expansion (y; = —R;, z; = 0) to be
applied later on. We basically see two reasonable options for the definition of u, (see Figure 5.2
(right side) for an illustration):

e option A: u; := ny with  ny = (8 X t2) /||t X tof|
e option B: uy :=w;/ ||a1]] with @y := (I -t ®t])ny

Option A is a natural choice in the sense that the bilateral normal vector n, will always be
perpendicular to ¢; and thus lie within the cross-section. Note that its definition in the context
of this work deviates from the one known from macroscopic (point) contact models (e.g. [163]).
Here, it is defined via the cross product of the normalized tangent vector ¢, at the integration
point on the slave side, i.e., the vector perpendicular to the disk plane, and the normalized tangent
vector ¢, at the unilateral closest point on the master side, i.e., the vector defining the axis of the
auxiliary cylinder serving as a surrogate for the actual beam geometry on the master side. In
contrast to this, point contact formulations for beams define the bilateral normal vector as the
result of a bilateral closest-point projection, i.e., the minimization of the mutual distance of
both beam centerline curves. This difference is crucial because it carries over to the important
topic of non-uniqueness and singularities of the definition (see e.g. [110, 111]). Here, the only
critical geometric configuration is the case of parallel disk and cylinder ¢, || to. In the use case
considered here, one could overcome this issue with an alternative definition for this special
case t; || to (similar to the so-called all-angle beam contact (ABC) [111]), however at the cost
of an additionally required, smooth transition between both definitions.

In option B, w; is defined as the projection of the unilateral normal vector n; into the slave
cross-section plane, which can equivalently be regarded as the construction of an orthonormal
frame based on ¢, and n,. This already reveals the singularity in this second possible definition
of uy, which now occurs for ¢; || n,. Fortunately, this scenario is by far less critical than ¢; || ¢,
and will be discussed in further detail later on.
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To sum up, we consider both options A and B as viable choices for u; and want to further in-
vestigate both of them. Therefore, the introduction of generic scalar coefficients a,, a., by, b., c €
R in Equation (5.12) conveniently allow us to directly obtain and compare the two different fi-
nal expressions for the disk-cylinder potential 7, gisk-cy1 OnCe the analytical 2D integral has been
solved as presented in the following steps. For later reference, let us thus state the resulting
expressions for these coefficients in both cases. By inserting the definition of w; according to
either option A or B into Equation (5.12), the following final expressions are obtained for the
corresponding polynomial coefficients:

. / cos? 6 cos 6
optionA: a, =1, a, = cos? a, Ay, =0, by = 2dyy/1 — il a b, = 2dulm,c = dﬁl

2 2
) Cos” « cos” « cosa cost
optionB: ay,=1—- ——— =5 0y, = —2—5—V sin?a — cos26,  (5.14)

- a a
9 z . b .
tan? 0 sin? 6 sin? 6

by, =2dy sinf, b, =0, c=d}

For the sake of both brevity and clarity, here the dot products occurring in the expressions have
been replaced by using the corresponding scalar angles enclosed by the vectors as follows.

[tTty| =:cosa and tlmy =: cosf (5.15)

Remark on the minimal set of degrees of freedom. Note that the chosen set (dy, «, 0) is just one
of the many different ways to uniquely describe the mutual configuration of the disk-cylinder
system. Other choices include e.g. any three of dy, ¥ with cos? := nlny, and the three
aforementioned ones. Our choice however avoids the non-uniqueness of the bilateral normal
vector ny, for ¢; || t2 mentioned above and moreover appears to be most natural in the sense of
yielding both compact and illustrative expressions.

Remark on the interpretation of the angle §. Whereas the smallest distance between disk mid-
point and cylinder axis d,; and the angle included by the cylinder axis and the disk axis (i.e. the
normal to the disk surface) o are straightforward to interpret and visualize, this seems harder
for the angle 6. It helps to think of a disk and a cylinder at fixed distance d,; and inter-axis
angle a # 0 (e.g. perpendicular), and then begin to move the disk midpoint on the circle with
radius d,; around the closest point on the cylinder axis, while keeping « fixed. This is the in-
terpretation of the third degree of freedom 6. Now consider for instance the cases o = /2
and 6 = 0 to see that this configuration will not occur for small d; if we consider the interaction
of two (arbitrarily) curved fibers with bounded curvature, because the fibers would penetrate
each other. However, only these small values of d,,; are decisive for the two-fiber interaction
potential, such that we can conclude that certain disk-cylinder configurations are less important
for the two-fiber interaction potential. This will be the motivation to later use a further simplified
version of the disk-cylinder potential law 7, gisk-cy1 1n the context of the SBIP approach.
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Coming back to the problem statement in Equation (5.3), we can now reformulate the initial
problem to solve

// G dA with Agac = { (y1,21) |y + 27 < RY} (5.16)
Adisk

using gp.cy1 from Equation (5.6) and substituting dp.,i from Equation (5.12) to end up with the
general expression for the smallest separation of the point and the cylinder surface

oot = /0303 + 422 + etz + by + a2y + ¢ — Ry, (5.17)

Note that up to this point the two options A and B from above are just two different yet equiva-
lent ways of stating the identical problem. If we could solve the problem defined in either of the
two ways in an exact manner, the solution would of course be identical. However, as outlined
in the beginning of this section, our strategy to find an approximative solution includes the two
steps to first express gp.cy1 as a multivariate Taylor series expansion and second solve the 2D
integral with this simplified integrand analytically. The point of expansion hereby is of crucial
importance and due to the nature of the inverse power interaction law, it should be located at the
disk point with smallest disk-cylinder surface separation, where the by far largest contributions
come from. This is where the two options A and B again come into play, because we choose
the point of expansion to be at (y; = — Ry, 21 = 0) in both cases, which means that the point is
located on the disk contour and lies either on the bilateral normal direction vector for option A
or on the projected unilateral normal direction vector for option B. Both choices will be the opti-
mal choice in terms of being located at the point of smallest surface separation for some mutual
configurations, but not for all of them. This motivates the investigation of both of them and a
final judgment will later be made based on the resulting accuracy of the disk-cylinder potential
for all mutual configurations.

Remark on alternative solution attempts. Note that several other approaches to solve the 2D
integral over the circular cross-section area have been investigated, yet did not lead to any exact
analytical solutions and thus superior accuracy and simplicity of the final disk-cylinder potential
expression. These unsuccessful other attempts include e.g. coordinate transformations in polar
coordinates and the description of the projected rotated disk as an ellipse.

The required multivariate series expansion of (5.17) finally reads

Z:Ey :552
' =:c rl ~\ rl
Lin [goey]y g, o = B — R + 28 (by — 2a,Ry)(y1 + Ry) + 25 (b —ay.Ri) 21 (5.18)
1 (a, (b,—a,.R1)*\ ,
= - H.O.T.
2 (6 463 ’Zl + )
where the auxiliary variable § := \/ c—b,Ry + ayR% and further abbreviations ¢, l;y, Bz have

been introduced for the later use. Note also that we have already used the knowledge from the
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5.2. Closed-form expression for the disk-cylinder interaction potential

subsequent accuracy analysis here that the second order term in z; is indeed decisive for the
overall accuracy whereas neglecting the other second and higher order terms still gives us good
results. Continuing from Equation (5.16), the 2D integral can thus be further simplified by

2 2 2 2
Ry Ry—z Ry Ry—z}

—m+3
/ / gI;_Tg/-ll-fS dy; dz =~ / / (Lin [gP"Cyl]ylszl,n:O) dy;dz,  (5.19)
VR VR

for which a closed-form antiderivative exists for the inner integral in ¥, (see e.g. [19, p.1017]):

~ b1 ~
/(by(yl +Ri)+..) P dy = (_Tri/—+®(by(yl +Ri) 4.7 m#£4 (5.20)
To keep the expressions simple and enable the subsequent analytical integration in z;, we once
again exploit the fact that the contributions from point-pairs decay rapidly with increasing dis-
tance and set the upper integration limit in y; to infinity. Following the same reasoning, the lower

integration limit is replaced by its second-order Maclaurin series expansion at z; = 0

/R — 22~ R, + 2} /(2R)). (5.21)

The error introduced by this approximation is expected to be small because the point of expan-
sion and its immediate vicinity include the most important closest point pair. For a more detailed
analysis of the approximation quality, again refer to Section 5.2.2. Finally, the integral in y; can
be solved as follows:

2 2
V Rl —*1 Ymax

—m~+3
/ g dyy &~ lim / (Lm [gpt_cyl]yl?Rm:O) dyy  (5.22)

Ymax — OO
,\/@ —R1+2%/(2Ry)
b1 - b a b2
=Y (G40, it T A I 5.23
(_m+4)(c+ zl+<2Rl+25 25 z) (5.23)

N J/
-~

=:Qy

The remaining fifth and final integral to be evaluated analytically is the one in transversal di-
rection z; within the disk-shaped cross-section area. Naturally, this last step turns out to be the
critical point and many of the mentioned other attempts to find an analytical solution for the
disk-cylinder interaction potential 7y, gisk-cy1 failed here. For this specific formulation of the prob-
lem described above and the simplifications based on the previously discussed assumptions, an
analytical antiderivative exists and is stated in a recursive manner for a generic exponent m (see
e.g. [19, p.1019]):

7 20,2 + b, 202m — 1) a, [
/(dzz% +b,2 + &) " dz = 202 0z o + 2@m —1l)a /Z mts s,

-— (m—>5)A (m—"5)A
=7
with (m —4) > 1 (5.24)
- 2 20,2, + b
Z1'dz; = ——arctan | /22— 2= for A >0
/ VA ( VA )
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Here, the introduced dimensionless quantity A := 4a.,¢ — ZN)E represents the negative discriminant
of the quadratic expression Z(z; ), which can be identified as Lin [gpt_cyl] evaluated aty; = — R+
2?/(2Ry), i.e., the (approximated) distance between the points on the disk’s boundary and the
corresponding closest point on the cylinder surface. From this interpretation, we can follow
that A > 0 will hold true for all physically sensible scenarios, because the distance will always
be a positive value, i.e., have no roots and the corresponding discriminant Eg — 4a,c will be
negative.

Substituting Equation (5.23) into Equation (5.19) and making use of the analytical antideriva-
tive (5.24) finally allows us to find a closed-form analytical expression for 7y, gisk-cy1 fOr any given
exponent m > 6. The expression will however be lengthy, such that we make a final approxi-
mation and replace the exact integration domain z; € [—Ry, R;] by 21 €] — 00, 0o], which sig-
nificantly simplifies the expression, because all the recursive terms Z~™"° from Equation (5.24)
vanish and the arctan-function evaluates to /2, respectively. Once again, this is expected
to be a good approximation, since only the point pairs in the vicinity of the closest point yield
significant contributions to the value of the integral. Finally, the sought-after analytical solution
for the disk-cylinder interaction potential with generic exponent thus reads

ﬂ-m,disk—cyl = lem 6;1 d;n75 Aim+9/2, (525)

where all the constants have been collected in a newly introduced prefactor Ky,. For the two
parts of the LJ potential and using the point-cylinder potential law! from Appendix A.1.3.2,
these prefactors are given as

1 286
K6 = §7T2 ]{36 P2 and K12 = 1_5772 k12 P2 (526)

for the adhesive m = 6 and repulsive m = 12 part, respectively. At this point, we have found
an analytical expression for (both parts of) the LJ interaction potential 7y gisk-cy1 Of a disk and
a cylinder of infinite length valid for arbitrary mutual orientations «, ¢ in the decisive regime
of small separations gy < R;/2. Now recall the discussion of the two options A and B for
the definition of u; and thus the associated direction of integration in y; as well as the point of
expansion at y; = — Ry, 21 = 0. Re-substitution of the auxiliary variables as follows — together
with the general solution of Equation (5.25) — gives a first impression of the complexity of the

! See Appendix A.1.3.3 for a comparison of the two alternative expressions for the point-cylinder interaction
potential I, 5.cy1 and the reason for using the one presented in Appendix A.1.3.2.
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5.2. Closed-form expression for the disk-cylinder interaction potential

different expressions for option A and B.

option A: 3= \/dﬁl —2Rydyy/1 — cos? 0/ sin* o + R?

option B:

-1
b, = B <du1\/1 — cos?f/sin® a — R1>

-

b, = Bdm cos f cos o/ sin « (5.27)
. _13_+c052a_l~)_§

* 2R, 23 23

¢=p— Ry

A = 44,¢ — b?

\/d — 2R dy sin 6 + (1—0052aC0520/51n 9) R?

b, = 3 (dul sinf — (1 — cos® acos® 6/ sin” 0) Ry)
;1 .2 2
b, = 3 cos v cos @/ sin” 0 Vsin2a — cos? 6 Ry (5.28)
_ b, cos® a b2
a, = — + - 9, oo
2R,  2Bsin"0 20
c= 5 - RQ
A = 4a,é — b?

Looking at these expressions, we can state that both length and complexity of the terms is similar
for both options A and B. As mentioned before, the resulting accuracy will be analyzed in Sec-
tion 5.2.2 and thus complete the assessment of these two options. At this point, however, let us
turn to a possibility to simplify the resulting expressions without significant loss of accuracy. In
this respect, the following third option C turned out to be a good compromise between accuracy
and simplicity of the expression:

e option C: u; := ny,

The main difference to options A and B is that w; does in general not lie exactly within the
disk area, which is why it has not been considered in the first place. However, it will turn out
in Section 5.2.2 that the influence of this approximation on the accuracy is rather insignificant.
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In analogy to the derivation for the options A and B, the auxiliary variables follow as

optionC: [ =dy,— Ry

L = (5.29)
1 cos? v
-+
2R, 2(dy — Ry)
é:dul_Rl_RQ =!Gu
A= 462 Gul;s

and substitution into the general form of the disk-cylinder interaction potential in Equation (5.25)
results in the pleasantly simple expression

~ —x a2
T'm,disk-cyl — lem a,’ (4 gul) tz, (5.30)

Note that this option C is equivalent to both options A and B for the special case of § = 7/2, i.e.,
cosf = tlTnul = 0 and thus n L t; and n, = ny,. This means that the scalar angle ¢ has been
eliminated and only two degrees of freedom remain. Now recall from the interpretation of the
angle ¢ given above that certain configurations of the disk-cylinder system are more important —
and in fact decisive — for the two-fiber interaction potential and others are rather irrelevant. This
is the motivation for the special value § = 7/2. Consider the fact that cos § = sin avsin ¢ and
thus 6 = 7/2 if either J = 0, i.e. iy || 1, Which in turn means that we are at the bilateral
closest-point pair of the two fibers, or if & = 0, i.e., we have parallel beam axes and again a
bilateral closest-point pair, which is non-unique in this case. To conclude, all the disk-cylinder
configurations that are decisive for the two-fiber interaction will have § ~ 7/2. Therefore, the
option C disk-cylinder potential law will yield a very high accuracy if applied together with the
general SBIP approach on the level of fiber-fiber interactions. In this way, we have eliminated
the least relevant degree of freedom in order to obtain a reduced and thus simpler SBIP law.?

Note that such a simple SBIP expression is especially desirable for the later use in the resulting
virtual work contribution and its linearization in the context of an implicit, nonlinear finite ele-
ment framework for structural dynamics. In this use case, the required two-fold differentiation
of the potential law with respect to the discrete set of primary degrees of freedom can become
tedious and at some point unfeasible if the potential law is too complex. The same reasoning
applies to the replacement of the exact integration domain in z; by z; €] — 0o, 0o|. In other use
cases however, the above presented options A and B of the disk-cylinder interaction potential
expressions may still be considered reasonably simple and due to the increased accuracy (espe-
cially for those configurations with 6 far from 7 /2, as discussed above) they may be of great
value. For these reasons, they are included here despite the fact that solely the option C will be
used in the final beam interaction formulation to be applied in the numerical examples of this
work.

2 Note the analogy to the discussion of reduced section-section interaction potential (SSIP) laws in Section 4.3.1.
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In this light, one small further simplification can be achieved by recalling the initial restriction
to the dominating regime of small separations g, < /2 and thus applying

dy — Ry = ga + Ry = Ry (5.31)

to the coefficients in Equation (5.29), which finally leads to

A 9 ~
Fmdiskeyl = K p1 \/ a (320?2151 . g with Ky =43 Ky, m>6.  (5.32)
For convenience in later reference, we explicitly state the most common prefactors for the vdW
part m = 6 and the repulsive part m = 12 of the LJ potential as follows:
KG = iﬂj kZG P2 and K12 = %72 klg P2 (533)
At this point, we have arrived at the final form (5.32) of the disk-cylinder interaction potential to
be used as reduced interaction law in the context of the SBIP approach proposed in Section 5.1.
An immediate verification of these expressions for the special case « = 0 confirms that
both 76 gisk-cy1 and 712 gisk-cy1 are identical to the independently derived analytical solutions for the
interaction potential per unit length 7g cyijcy1 and 712,¢y1)jcy1 Of two infinitely long, parallel cylin-
ders (cf. Equations (2.14) and (A.15), respectively). This is an important finding, as it shows the
consistency of the more general expression (5.32) valid for all mutual angles o with previously
derived expressions for the important special case &« = 0. A much broader and deeper analysis
of the accuracy of Equation (5.32) as well as a comparison to the expressions obtained for the
other options A and B above will be the content of the following Section 5.2.2.

5.2.2. Verification

This section aims to verify both the general SBIP approach proposed in Section 5.1 and the spe-
cific SBIP law 7y, gisk-cy1 derived in the preceding Section 5.2.1. Let us first recall the underlying
assumptions of the general evaluation strategy:

e pair-wise summation

e very short range of interactions and focus on small separation regime g < R,
e linear Taylor expansion of the master beam volume

e choice of master and slave

Moreover, the following assumptions and approximations have been made in order to obtain
a closed-form analytical solution for the disk-cylinder interaction potential at arbitrary mutual
orientations in the previous section.

e multivariate Taylor expansion of point-cylinder distance, see Equation (5.19)

e Taylor expansion of lower integration limit y,;,(2) and set upper integration limit to oo,
see Equation (5.22)
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e set integration limits 2yiymax to 00, see comment above Equation (5.25)

e use of the point-half space expression 11, p.hs as point-cylinder interaction potential Iy, pi.cy1,
see Equation (A.18)

o further simplification by using option C: u; = my and finally g, + Ry = Ra, see steps
above Equation (5.32)

To allow for a clear analysis of the resulting accuracy, the minimal example of two cylinders,
which represents the special case of two straight beams with circular cross-section, is considered
in the following. In this case, analytical reference solutions are known for the limit of small
separations and specifically the influence of the second list of assumptions can be assessed,
because the first list is exactly fulfilled.

5.2.2.1. Van der Waals interaction potential of two cylinders for all separations
and all mutual angles

The relative configuration of two cylinders is uniquely described by their (bilateral) smallest
inter-axis separation dy, and their mutual angle «, as depicted in Figure 5.3. Note that the surface

Ry goi + R

Figure 5.3.: Illustration of the two-cylinder interaction scenario used for verification purposes.
Perspective view (left), side view (center), and top view (right) of the cylinders including their
smallest inter-axis distance dy,; and mutual angle o.

separation also known as gap g, = dy — 1 — Ry will often be used instead of the inter-axis
separation dy, in the following discussion. Exemplarily, vdW interaction with exponent m = 6 of
the point pair potential will be considered, however the results are expected to be analogous for
the repulsive part of LJ or any other short-ranged interaction. As mentioned before, analytical
reference solutions obtained via 6D analytical integration of the point-pair vdW potential ® 4y
for mutual angles o € ]0, /2] (see Equation (2.18) and e.g. [125, p. 173]) as well as the special
case of parallel cylinders « = 0 (see e.g. [125, p. 172] and the summary in Table 2.1) are
available from literature. However, keep in mind that these reference solutions are derived for the
limit of small separations g, < R; /2 and infinite length of the cylinders such that the solution
for parallel cylinders is given as interaction potential per unit length 7yqw.cyijcy1 Instead of the
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total two-body interaction potential II,qw,cy1.cy1, Which would be infinite. For simplicity, a fixed
length L = 20 and radius R = 1 is chosen exemplarily for the numerically evaluated solutions,
which turned out to have no noticeable influence as long as the slenderness L /R is sufficiently
large.

Figure 5.4 shows a double-logarithmic plot of the dimensionless vdW interaction poten-
tial I qw,cylcy1 @s a function of the dimensionless surface separation gy, /R at different mutual
angles «. The derived analytical expression for the disk-cylinder interaction potential e gisk-cyl
(option C) from Equation (5.32) is numerically integrated along the second cylinder axis (1D) as
proposed in the general SBIP approach from Section 5.1 and depicted as red line with triangles.?
For verification, the analytical reference solutions for parallel and skew cylinders as summarized
in Section 2.3.2 are plotted as black dashed line. In addition, the point-half space potential ILg p.ps
from Equation (A.18), which has been used as point-cylinder potential already in the analytical
5D integration to end up with the disk-cylinder potential 7g gisk-cy1 1S used for 3D numerical inte-
gration over the entire volume of the second cylinder and shown as green line with diamonds.*
This option serves two purposes at the same time. First, Figure 5.4 shows that the two-cylinder
interaction potential obtained in this way perfectly matches the analytical reference solutions
derived for the limit of small separations. This verifies that the point-half space potential is the
consistent approximation for the point-cylinder potential under the assumptions of short-ranged
interactions at small separations as discussed and motivated in A.1.3.3 and is thus an important
step of verification also of the disk-cylinder interaction potential 7, gisk-cy1- And second, it is an
important numerical reference solution, because it allows to judge the accuracy of the assump-
tions and simplifications made in the steps of analytically integrating the point-cylinder potential
over the disk-shaped slave cross-section (see list of assumptions above). Note also in this respect
that obtaining a fully numerical reference solution via 6D numerical integration of the point-pair
potential 4w once again failed due to its infeasible computational cost, especially in the deci-
sive regime of small separations. Refer to Section 4.5.1.1 for a more detailed discussion of this
topic. The 3D numerical integration of the point-cylinder potential I1..,; therefore is a valuable
reference solution for the two-cylinder potential IL,qw,cyicy1 in the regime of intermediate separa-
tions, where no analytical reference solution is known. For the sake of completeness, note that
the regime of large separations is covered in Section 4.5.1.1 as well. However, it is of minor
practical interest in the case of short-ranged interactions considered here.

Let us now have a detailed look at the most important topic of the accuracy of the analytical
disk-cylinder interaction potential 7 gisk-cy1 (Option C) from Equation (5.32). First and foremost,
the accuracy is excellent in the case of parallel cylinders shown in Figure 5.4(a), which is no
surprise as it has already been stated in an immediate assessment at the end of Section 5.2.1
that 7, gisk-cyl cOincides with the analytical reference solution for the interaction potential per
unit length of parallel cylinders 7y, cyijcyi- As a consequence, the asymptotic scaling behavior

3 Gaussian quadrature with 5 integration points has been applied in each of the 40 integration segments, which
were chosen increasingly fine around the bilateral closest point of the cylinders, and it has been verified that a
further increase of the number of integration points has no noticeable influence on the results.

4 In addition to the 1D integration scheme above, we applied Gaussian quadrature with 12 integration segments
in z;- and 16 segments in y;-direction (see Figure 5.2 for the definition of the coordinates), once again with
adaptive fineness and 5 integration points each, and verified that a further increase of the number of integration
points has no noticeable influence on the results.
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Figure 5.4.: Interaction potential of two cylinders as a function of the dimensionless minimal
surface separation gy / R at different mutual angles «. Verification of the analytical expression for
the disk-cylinder potential ¢ gisk-cy1 from Equation (5.32) (used together with the SBIP approach
from Section 5.1; red line with triangles) by means of a numerical reference solution obtained
via 3D Gaussian quadrature of the point-half space potential 11 s from Equation (A.18) (green
line with diamonds) and by means of analytical reference solutions summarized in Section 2.3.2

(black dashed line).
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being an inverse power-law with exponent 1.5 is correctly reproduced. Taking into account
also the reference from 3D numerical integration, the accuracy is found to be excellent even
for gy /R < 1, which is already well into the region of intermediate separations and the interac-
tion potential values have dropped by several orders of magnitude. To give a number, the relative
error is approx. 2.3% for gy /R = 0.1, increases to approx. 39% for gy /R = 1, and decreases as
expected with decreasing separation. Considering the next plot 5.4(b) for « = 7/64, it is striking
to see that the asymptotic scaling behavior now follows the g;;" law as theoretically predicted for
skew cylinders v # 0 in Equation (2.18). Despite this sharp transition between both cases & = 0
and o # 0, the SBIP approach with the “option C” disk-cylinder law 7y, gisk-cyi again shows the
correct asymptotic scaling behavior and agrees very well with the 3D numerical reference so-
lution up to separations of g,/R < 1. The same statements hold for all other mutual angles
shown in Figure 5.4(c) - 5.4(f), although one important point requires some more discussion. It
is clearly visible for & = 7/2 and noticeable above o ~ 7/4 that the “option C” disk-cylinder
law 7, gisk-cy1 DO longer approaches the correct level of the asymptotic solution for small separa-
tions, however still shows the correct g, scaling behavior. This deviation from the analytical as
well as numerical reference solution by an almost constant factor of e.g. approx. 1.5 for the worst
case « = /2 can be attributed to the additional simplifications made for option C of Trm,disk-cyl
and is not observable for the more accurate yet more complex option A and B expressions as will
be shown in a subsequent analysis further down. At this point, the most important conclusion
to take away from analyzing the accuracy of the “option C” disk-cylinder potential 7y, gisk-cy1 @S
a reduced interaction law within the general SBIP approach therefore is that the accuracy is best
for the regime of small separations gy /R < 1 and particularly for small angles, which is by far
the most important one, because the interaction potential values are by far the highest. Note also
in this respect that the only stable equilibrium configuration of two adhesive fibers is the one of
straight parallel fibers and it seems especially important to achieve the highest accuracy at and
around this special configuration. Finally, and maybe even most important is the finding that the
correct asymptotic scaling behavior g,' and g, is met for both distinctive cases o = 0 and
a # 0, respectively.

Specific investigation of the scaling behavior with respect to the mutual angle

Having observed the sharp transition between the cases a = 0 and o # 0 above it seems worth
to have a more specific look at the angle dependency and especially the sin ! scaling behavior
as theoretically predicted by Equation (2.18) for the limit of small separations. The double-
logarithmic plots in Figure 5.5 thus complement the analysis above by showing the dimension-
less interaction potential as a function of the sine of the mutual angle « for various separations.
Note the different scales on the vertical axes, which once again underline the importance of the
small separation regime. The considered scenario of two cylinders and the three different so-
lutions for the two-cylinder interaction potential are identical to the previous Figure 5.4. Most
importantly, the theoretically predicted scaling behavior is confirmed by the numerical refer-
ence solution and reproduced by the disk-cylinder potential law 7¢ gisk-cy1 (Option C) from Equa-
tion (5.32). Moreover, one can clearly observe the limits of validity of the analytical reference
solution (2.18) and particularly the predicted 1/ sin «v scaling due to the underlying assumptions
of small separations and o # 0. In order to include also the special value a« = 0 of parallel
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5.2. Closed-form expression for the disk-cylinder interaction potential

cylinders and to get a more intuitive impression of the change of the interaction potential over
the angle o € [0, 7/2], the equivalent plots as function of the angle « and in semi-logarithmic
style are provided in Appendix D (cf. Figure D.2).

Comparison of options A, Band C

Figure 5.6 specifically compares the different options A, B and C of the disk-cylinder interaction
potential derived in Section 5.2.1. Again, additional plots as function of the angle o and in
semi-logarithmic style are provided in Appendix D (cf. Figure D.1). For parallel as well as
perpendicular cylinders, option A and B are identical, as follows directly from the definition in
Equations (5.25) and either (5.27) or (5.28). In all other cases, option B is closer to the numerical
reference solution than option A and is thus the most accurate variant. Most important, however,
is the fact that both options A and B perfectly match the asymptotic solution for small separations
for all mutual angles up to o = 7/2 (see e.g. Figure 5.6(d) and Figure D.1(a)), which has been
identified as the most noticeable inaccuracy of the option C potential law above. Therefore,
future applications of the presented analytical disk-cylinder interaction potential laws with a
strong focus on minimizing the approximation error and less restrictions with respect to the
complexity of the equations probably want to use the option B expressions from Equations (5.25)
and (5.28). As outlined above, in the scope of this work the differences are considered small and
irrelevant enough to use the significantly simpler option C expression from Equation (5.32) as
the reduced interaction law within the SBIP approach proposed in Section 5.1.

Comparison with the previously used SSIP interaction law %m,disk”disk without ori-
entation information

As a last aspect of this comprehensive accuracy analysis, Figure 5.7 demonstrates that the
novel SBIP law 7, gisk-cyt from Equation (5.32) in combination with the general SBIP approach
from Section 5.1 is significantly more accurate than the previous method using the SSIP law frm,disk”disk
from Equation (4.7) in combination with the general SSIP approach as proposed in Chapter 4.
Recall the important result of the SSIP verification in Section 4.5.1 that the simple and readily
available section-section interaction law %m,disk”disk from Equation (4.7) does not yield the correct
asymptotic scaling behavior in the limit of small separations, which is decisive in case of short-
ranged interactions, and that the orientation of the (disk-shaped) cross-sections would need to be
included in the reduced interaction law 7 to improve this crucial characteristic. With the alterna-
tive SBIP approach specialized on short-range interactions and the derived SBIP law 7y, gisk-cy1,
the goal of reproducing the correct asymptotic scaling behavior has finally been accomplished.

Conclusions

The conclusions to take away from this important accuracy analysis are summarized as follows.
To begin with, the point-half space potential used as point-cylinder potential to compute the 3D
numerical reference solution yields the correct asymptotic scaling behavior and allows to verify
the two-cylinder potential in the range of intermediate separations where no analytical solution
is known. This is an important finding, because the same point-half space potential is used in
the analytical derivations of the disk-cylinder potential 7y, gisk-cyi Of Which all three considered
options have been analyzed in this section. The pleasantly simple option C (cf. Equation (5.32))
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Figure 5.6.: Interaction potential of two cylinders as a function of the dimensionless minimal
surface separation g, /R at different mutual angles « (first and second row) and as a function
of sin «v at different minimal surface separations gy, /R (third row). Comparison of the options A
(Equations (5.25) with (5.27); brown line with big diamonds), B (Equations (5.25) with (5.28);
blue dashed line with pluses) and C (Equation (5.32); red line with triangles) of the analytical
expression for the disk-cylinder potential 7g gisk-cy1 (used together with the SBIP approach from
Section 5.1). The numerical reference solution obtained via 3D Gaussian quadrature of the point-
half space potential 11 ,.ns from Equation (A.18) (green line with diamonds) and the analytical

reference solutions summarized in Section 2.3.2 (black dashed line) are plotted as reference.
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approach from Section 5.1). The numerical reference solution obtained via 3D Gaussian quadra-
ture of the point-half space potential Il¢.ns from Equation (A.18) (green line with diamonds)
and the analytical reference solutions summarized in Section 2.3.2 (black dashed line) are plotted
as reference.

shows the correct asymptotic scaling behavior in the decisive regime of small separations and
small angles and is thus considered the optimal compromise between accuracy and complexity
of the expression for the purposes of this work. In particular, also the theoretically predicted
1/ sin « angle dependence (for non-parallel cylinders o # 0) has been successfully verified. In
addition to that, options A (Equations (5.25) with (5.27)) and B (Equations (5.25) with (5.28))
also ensure the correct scaling behavior for large angles (and small separations) and thus achieve
an increased accuracy at the prize of an increased complexity of the expressions. Taking into
account the entire configuration space of separations and angles, option B shows the highest
accuracy and is thus recommended for future applications with less or no restrictions in terms of
the complexity of the expressions.

As compared to the simple SSIP law %m,disk”disk neglecting cross-section orientations previ-
ously applied within the SSIP approach from Section 4.2, the use of the derived SBIP law
Tmdisk-cyl (Option C) within the SBIP approach is significantly more accurate and particularly
ensures the correct asymptotic scaling behavior. To conclude this entire Section 5.2, it is a great
achievement of the analytical 5D integration using series expansions that the problem of vdW/LJ
interaction between a disk and a cylinder can be described by an analytical closed-form expres-
s10N T gisk-cy1 iNstead of the otherwise required 3D/5D numerical integration (of a numerically
unfavorable inverse power law in the regime of small separations) and that such a high accuracy
is achieved.
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5.3. Virtual work contribution

Recall from Equation (4.2) that it is the variation of the two-body interaction energy 611;,, which
needs to be evaluated to incorporate the effects of molecular interactions into both the theoretical
and computational framework of nonlinear continuum mechanics. According to the general
SBIP approach proposed in Section 5.1 combined with (any of the variant A, B or C of) the
generic disk-cylinder interaction potential law 7y, gisk-cy1 derived in Section 5.2.1, the variation of
the two-fiber interaction energy reads

l1
STl = [ G (5.34)
0

Note that 6(ds;) vanishes due to the fact that ds; = ||, (&1)]| d&; only depends on the element
parameter coordinate &; and the initial (“0”) configuration of the slave beam, but not on the
current configuration, i.e., current values of the primary degrees of freedom. As argued in the
previous Section 5.2, the final expression 7, gisk-cyi (gul, @) from Equation (5.32) (cf. option C) is
considered to be the best compromise between accuracy and complexity and will thus be used
for the numerical examples. For the sake of brevity, the subscripts “m” and “disk-cyl” as well
as the function arguments (g,, @) of 7 will be omitted in the remainder of this section. The
variation of 7 consists of the following four parts

d# d#
STl = Sgu + —— § dsi, 5.35
/dgul 91+d(cosa) (cosar) ds; (5.35)

which will be determined subsequently in the next steps. First, the derivatives of 7 can be
conveniently expressed in a recursive manner as follows:

d7#  (—m+32) _
= s

5.36
d Gul Gul ( )
dm R;cosa
=— 5.37
d(cos @) Ry cos? o + Ry " (5-37)

Note that the remaining two parts dg,; and §(cos «) are known from the macroscopic line contact
formulation proposed in [110] and its combination with a point contact formulation presented
in a unified ABC formulation [111], respectively. Both are reproduced here for the sake of
completeness and a unified notation.

Sgu = 0dy = ddiny = (077 (&) — 075 (&) M (5.38)
§(cosa) = (67 (&1) var + 6 (75 (&) va2) sgn(tits) (5.39)
In the last equation, we have introduced the auxiliary vectors
1 1
Va1l - — m (I3><3 — tl X t{) t2 and Vo2 :— m (I3><3 — tg X tg) tl- (540)
1 2
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Note the difference between 0 (7, (€s.)) and 07y (&oe) in Equation (5.39), which originates from
the fact that &, is the result of a (closest) point-to-curve projection. In contrast to dgy in Equa-
tion (5.38)%, here the additional contribution from J&,. must actually be computed and included
to ensure a variationally consistent formulation. Also for the later reference, all the expressions
required in this respect are given here as

0(ra(8ac)) = 0ma(&ac) + 15 (Eac) 0ac 5.41)
0(r5(&ac)) = 0Ty (&2c) + 75 (&2c) 62 (5.42)
and finally
06 = L( —6riry + ora Ty, — ory (1 — 7o) ), (5.43)
p2,52 ?/

where the derivation of the scalar orthogonality condition p, := 7 dy = 0 with respect to &,
reads

Dogy, = Ty dy — T 1Y, (5.44)

At this point, we have gathered all the required pieces that allow us to evaluate the virtual work
contribution from molecular interactions 611;, according to Equation (5.34). As discussed along
with the general SBIP approach in Section 5.1, the 1D integral along the slave beam is evaluated
numerically, e.g., by means of Gaussian quadrature. Note that the correctness of the presented
and implemented expressions of this section has been verified to be consistent with the cor-
responding interaction energy Il;, (see Equations (5.2) with (5.32)) by means of an automatic
differentiation tool [66].

Solving the nonlinear system of equations (4.2) generally requires two further steps of dis-
cretization and subsequent linearization of this additional contribution dI1;,. The discrete coun-
terpart o011, of the space-continuous form dlI;, is obtained via substitution of the centerline
interpolation scheme from Equations (3.19) and (3.20) into Equation (5.35). This allows to
identify the discrete residual vectors ry,; of the interacting beam elements i = {1,2} that fi-
nally result from the molecular interactions. As a last step, the linearization of these residual
vectors A[d11;,] with respect to the vector of primary degrees of freedom d is presented in Ap-
pendix C.2.

Discussion of the special treatment required for master beam endpoints.

Recall from the derivation of the disk-cylinder potential law 7, gisk-cy1 in Section 5.2.1 that the
cylinder used as the surrogate for the master beam has been assumed to have an infinite length.
Due to the very short range of the interactions considered here, this is an excellent approximation
in almost all cases. In the special case that the result of the closest-point projection is a master
beam endpoint, however, this approximation overestimates the true contribution to the interac-
tion potential approximately by a factor of two. Again, given the short range of interactions

3 In the final step of Equation (5.38), the orthogonality condition 7} (£2.) 7y = 0 has been exploited and the
additional contribution from the variation of the (closest-point) arc-length coordinate on the master side §&.
vanishes.
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considered here, the resulting model error can be interpreted as if the master beam was slightly
longer® than it actually should be.

Due to this short range of interactions and the rarity of this event involving the endpoints of
slender fibers among all those cases involving the points between the endpoints, the influence
of this model error on the total two-body interaction potential is expected to be negligible in al-
most all applications. Nevertheless, we can think of the worst case scenario, where two straight,
parallel, adhesive fibers of finite length (with equilibrium inter-axis separation) slide along each
other in axial direction and the only effective force would be the one at the fiber endpoints,
where the influence of the second beam on an exemplarily considered cross-section of the first
beam rapidly decreases, because the second beam ends. Whereas the unmodified SBIP approach
using 7 dgisk-cyt Would yield zero force, it could be augmented by a special treatment of master
beam endpoints that subtracts half of the interaction potential contribution at any integration
point where the result of the closest-point projection is a master beam endpoint. This proce-
dure probably needs to be smooth such that the transition from the full disk-cylinder interaction
potential contribution to half that value at the master beam endpoint needs to be smeared out
over a small, yet finite length of the beam. Due to the expected negligible effect in almost all
applications, this augmentation of the SBIP approach is left for future work, but this discussion
as well as the described worst-case scenario should be useful when implementing, calibrating
and verifying this model enhancement.

5.4. Regularization and selected algorithmic aspects

This section discusses the numerical regularization scheme as well as further algorithmic aspects
that are of special importance for the application of the novel SBIP approach and the proposed
interaction law 7.

5.4.1. Regularization of the reduced disk-cylinder interaction law in
the limit of zero separation

Due to the inherent singularity of molecular interaction potentials in the limit of zero separation,
a numerical regularization is required in order to solve the governing, nonlinear system of equa-
tions resulting from (4.2) in a robust manner. See Section 4.4.3 for a detailed discussion of the
motivation, the strategy as well as the effect of a suitable regularization. Generally, such a nu-
merical regularization is a standard approach in (beam) contact formulations (see e.g. [44, 111])
and in the specific context of the LJ potential considered here, it has first been applied in [136].
In analogy to the regularization of the section-section interaction potential law in Section 4.4.3,
a quadratic/linear extrapolation of the section-beam interaction potential/force law will be ap-
plied here in the range of very small gap values g, < guire below a certain regularization
parameter gy, € RT. It has already been argued in Section 4.4.3 that if this regularization
parameter is chosen sufficiently small, which means smaller than any gap value occurring in any

® by the length of the cut-off radius longer, to be more precise
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converged configuration of any time/load step throughout the entire simulation, such a regular-
ization scheme will not influence the results at all and can thus be considered a mere auxiliary
means to enable and improve the iterative process of solving the nonlinear system of equations.
The equation describing the mentioned quadratic extrapolation below gy, for a general section-
beam interaction potential law 7 is given as follows:

N d7 1d27 )
~ 71-(gul,reg) + d (gul - gul,reg> + 5 d_2 (gul - gul,reg> 3 Gul < gul,reg
7Treg - gul Gulreg gul Gulreg

7?(glll% Gul > Gul reg

(5.45)

Note that the required derivatives of this regularized potential law 7., accordingly change to

(d7 d?7 ( ) -
~ q 2 Gul — Gulreg)> Gul Gul,reg
d ﬂ-reg — d Gul Yul,reg d ‘gu] Gul,reg (5 46)
d d 7 ’
- i (glﬂ)7 Gul Z Gul reg
\ d Gul
d? 7 -
9 ~ B ) Gul Gul reg
d 7Treg — d g]'ﬂ Yul,reg (5.47)
49 a7 (9a),  gu=g
ul )y ul = Yulre
\ d Gul,reg &
([ d7 n A2z ( )
d(cos «) - d(cosa) d gu Gures ol ™ Goleeg) -+
d Frreg 1 &3 ,
- N = += ul — Yu ) ul < Gu 548
d(COS a) 2 d(COS Oé) dggl - (g 1 g l,reg) Gul Gul,reg ( )
dr
37 N \Yu ) u 2 u
\d(COSOé> (.g 1) Gul Gul,reg
( d?x N d3r ( ) -
- S/ N1 Gul — Gulreg)s Gu Gul,re
d? Freg _ d(cosa) d gu . d(cosa)d g2 Gutseg bree : bree
d(cos ) d gy dz# (o) -
L d(cosa)d gu ), Jul = Gulreg

(5.49)
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e ( )
Noma N2 Gul — Gulreg) - - -
d(COS a/)Q Gul.reg d (COS (1/)2 d gu Gulreg ) o
d? 7~Treg 1 d*# )
B 3 dlcosal d - 7 < 5.50
d(cos av)? < 3 d(cosa)?d gy |, (G = Gutree) gu < Guireg  (5-50)
&7 (gu) >
. d(COS @)2 Gui)s Gul Z Gulreg-

These expressions for the regularized general interaction potential 7 and its first and second
derivatives replace the original expressions presented in the context of Sections 5.2.1 and 5.3
and Appendix C.2, respectively. For the specific disk-cylinder interaction potential from Equa-
tion (5.32), most of the derivatives required on the right hand side of these equations have already
been presented in Section 5.3 and Appendix C.2, and the additionally required third and fourth
derivative follow (recursively) as

d3 7~Tm disk-cyl 9, 1 d2 ﬁ-m disk-cyl
- Tmaneyl -) — —=—— 5.51
d(cosa)?d gu (=m+ 2) gu d(cosa)? ’ (5-51)
d3 7~"—m disk-cyl 9 7. 1d ﬁ-m disk-cyl
_— Tmdiskeyl V(= Ly = = Cmdiskeyl 552
d(cosa)d g2 ( m—l—2)( m—i—Q)gﬁ1 d(cos @) (5:52)
and
d4 ﬁ-m disk-cyl 9 7,1 d2 ﬁ-m disk-cyl
_C Tmdiseenl (g Dy Ly - C Tmdiskeont 5.53
d(cosa)?d g3 (=m+ 2>( me 2) g% d(cosa)? (5:33)

Note that this regularization needs to be applied to both the adhesive m = 6 and the repul-
sive m = 12 part of the LJ potential law. Altogether, the necessity of a suitable regularization
scheme due to its significantly positive effect on robustness and efficiency (mentioned already
in Section 4.4.3 for the SSIP laws) will be confirmed also in the context of the proposed SBIP ap-
proach and corresponding reduced interaction law 7 by the numerical examples to be presented
in Sections 5.5 and 7.4.

5.4.2. Objectivity and conservation properties

Recall from Section 5.3 that the final contributions to the discrete element residual vectors r;, re-
sulting from the general SBIP approach in combination with the reduced interaction law derived
in Section 5.2.1 have the same abstract form as in the case of macroscopic beam contact formu-
lations [111]. Most importantly, they are functions of the unilateral gap g,; and the mutual angle
of the tangent vectors «. Due to this fact, the proofs presented in [111, Appendix B] likewise
hold in this case and it is thus straightforward to conclude that also the SBIP approach in com-
bination with the here proposed reduced interaction law fulfills objectivity, global conservation
of linear and angular momentum as well as global conservation of energy.

5.4.3. Algorithm complexity

The following discussion focuses on the part of evaluating the total interaction potential dI1;, (and
likewise its linearization A[011;,]) as this is the one determined by the computational approach to
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molecular interactions of fibers. Depending on many other factors, this part may or may not be
the dominating one in the entire algorithmic framework required for a nonlinear finite element
solver in structural dynamics. Based on the experiences with the novel SBIP approach, the
previously proposed SSIP approach from Chapter 4, and the attempt of directly evaluating J11;,
via 6D numerical integration (see Equation (2.12)), it can however be stated that in a best case
scenario the computational cost of evaluating this part is still a considerable one and in the worst
case scenario — using direct 6D numerical integration — it becomes so costly that it is actually
unfeasible for any system of practical relevance. This initial general assessment shows both the
urgent need for an efficient approach and also the high leverage of any potential improvement in
this respect, which has actually been the main motivation for the development of the novel SBIP
approach.

To narrow the broad topic of algorithm efficiency further down, this analysis can be restricted
to the evaluation of one element pair, because the number of interacting element pairs can be
considered a fixed number for now. This number mainly depends on the spatial distribution of
the fibers and the range of interaction, i.e., the cut-off radius, which means that it will be limited
due to both the short range of interactions considered in this chapter and the non-penetrability
constraint restricting the closest packing of fibers. Note that the associated important question
of an efficient search for element pairs and the selection of element pairs to be finally evaluated
will be discussed in the following Sections 5.4.4 and 5.4.5.

At this point, recall from the previous analysis in Section 4.4.5 that the algorithm complex-
ity of the evaluation of one element pair in case of direct 6D numerical integration of Equa-
tion (2.12) will be O(1nEp ot ele-tength * "GPiotimansverse) - HETE: NGPtotele-length AN MGp ot ransverse denote
the number of integration points in axial and transverse direction, respectively. The SSIP ap-
proach already reduces this complexity significantly to O(nép’mt’ele_length) due to the replacement
of the 4D numerical integration over the cross-section areas by an effective section-section in-
teraction potential law. By the novel SBIP approach, this is finally reduced even further and for
the remaining 1D integral along the slave beam (cf. Equation (5.2)), we obtain

@ (nGP,tot,ele—length) (5 5 4)

complexity. Bearing in mind the typically large number of integration points required to integrate
the (short-ranged) molecular interaction laws with its high gradients with sufficient accuracy, this
linear complexity makes a significant difference as compared to the quadratic complexity of the
SSIP approach. Based on the experience of the numerical examples studied throughout this
work, typical values are given as ngp;otele-length = 90 . . . 100, which is thus the factor we can ex-
pect to save from this reduced dimensionality of numerical integration. However, this comes at
the cost of the closest point-to-curve projection required in case of the novel SBIP approach. This
projection consists of solving the scalar nonlinear orthogonality condition (cf. Equation (5.44))
e.g. by means of Newton’s method, which however turns out to be rather insignificant as com-
pared to evaluating the terms of the integrand. The net saving will thus be slightly smaller than
the number of (axial) integration points per element, but still significant.

In addition to that, there is another positive effect to be considered. Due to the additional ana-
lytical integration step in the derivation of the reduced SBIP law from Section 5.2.1 as compared
to the SSIP laws presented in Section 4.3.2, the (inverse) exponent of the effective interaction
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law and thus integrand is reduced by one: cf. —m + 9/2 in Equation (5.32) vs. —m + 7/2
in Equation (4.7), for m > 6. In turn, this makes the integrand smoother and less integration
points are required to achieve the same accuracy of the numerical integration. Especially for
the short-ranged interactions e.g. from the LJ interaction with m = 6 and m = 12, this makes
a significant difference in the decisive regime of small separations and contributes to the supe-
rior efficiency of the SBIP approach as compared to the SSIP approach or even the direct 6D
numerical integration.

In this respect, it seems noteworthy to point out the clear separation of the general SSIP/SBIP
approach and the applied reduced interaction law. Generally, the complexity of the specific
expression does not necessarily depend on whether it is a SSIP or SBIP law. However, some
conclusions like the one just made for the resulting exponent of the power law — if consistently
derived from a inverse-power point pair potential law — are possible. Likewise, assuming ho-
mogeneous, circular cross-sections we can state that the mutual configuration of the disk-disk
system has four degrees of freedom (cf. Section 4.3.1) whereas the disk-cylinder system can be
described by three degrees of freedom as discussed in Section 5.2.1. However, this does not al-
low to estimate the complexity of the specific expressions even in the hypothetical case of exact
analytical interaction laws. Given the concrete examples of expressions for short-range inter-
actions presented in Section 5.2.1 and 4.3.2, respectively, it is important to underline that they
are based on different simplifying assumptions and thus naturally have a different accuracy as
discussed in Section 5.2.2. The fact that the SSIP law expressions from Section 4.3 are simpler
than their SBIP law counterparts must thus be seen in the light of this tradeoff between simplicity
and accuracy. Nevertheless, when comparing the performance in the numerical example to be
presented in Section 7.4, one will notice this effect of less operations being required to evaluate
the simpler yet less accurate specific SSIP law as compared to the SBIP law.” This contrary ef-
fect diminishes the observable net speed-up resulting from the superior efficiency of the general
SBIP approach over the general SSIP approach described above.

To conclude this important assessment of the algorithm’s efficiency, it can be stated that the
general SBIP approach is significantly more efficient than the SSIP approach (which in turn
is still significantly more efficient than a direct 6D numerical integration). This holds even
despite the superior accuracy of the applied SBIP law (5.32), which is therefore also slightly
more complex as compared to the simple SSIP law (4.7). In the numerical example of peeling
two adhesive fibers to be presented in Section 7.4, the combination of the novel SBIP approach
and the specific SBIP law turns out to be approximately a factor of 3.8 faster than its SSIP
counterpart.

7 Note that actually the evaluation of the discrete residual vector and, predominantly, the tangent stiffness matrix
should be considered when comparing simplicity of expressions and number of required operations. For the
sake of clarity, however, this argument is made on the level of reduced interaction laws knowing well that
the judgment holds true also for the resulting residual vector and stiffness matrix. In fact, the differences in
simplicity increase due to the two differentiation steps.
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5.4.4. Search for interacting pairs and partitioning for parallel
computing

The search for interacting beam element pairs follows an efficient standard algorithm commonly
referred to as bucket search (see e.g. [164] for details), which has already been used in combina-
tion with the SSIP approach (cf. Section 4.4.6). Due to the very short range of the interactions
such as vdW and repulsive steric forces considered in this chapter, the requirements for the search
algorithm are very similar to those from macroscopic (beam) contact formulations. The result-
ing small cut-off radius is beneficial with respect to both minimizing the number of interaction
pairs to be evaluated and an effective partitioning of the problem to parallelize the evaluation on
multiple processors without excessive cost for communication between the processors. Hereby,
the partitioning of the problem is based on the spatial arrangement of the beam elements and
uses the same subdivision of the computational domain into buckets already obtained from the
search algorithm. A repartitioning and thus redistribution of the interaction pairs to the proces-
sors is done only if the spatial distribution of the beam elements has changed so much that —
considering the cut-off radius — there is a chance that new interaction pairs need to be identified
and evaluated. Generally, the computational cost of these steps of search and partitioning turned
out to be insignificant as compared to the evaluation of the interaction pairs. Therefore, the par-
allelization of the pair evaluation on multiple processors indeed reduces the overall computation
time significantly.

5.4.5. A criterion to sort out element pairs separated further than
the cut-off radius before the actual evaluation

The following is applied as an additional step after the search for spatially proximate and thus
potentially interacting element pairs. Motivated by the critical influence of the pair evaluation on
the overall computational cost, this additional filtering step aims to sort out element pairs that are
identified by the rather rough and conservative bucket search algorithm, but are further separated
than the cut-off radius and will thus not contribute to the total interaction energy. The key idea
is thus to skip the entire evaluation of the element pair, i.e., the loop over the integration points
on the slave side, which otherwise would only after the closest point-to-curve projection check
the cut-off radius and skip the evaluation of terms for this specific integration point.

To achieve high net savings, the applied criterion must be cheap to evaluate and is thus only
based on the nodal positions and an estimate of the actual, deformed centerline geometry of
the elements by means of so-called spherical bounding boxes. A very similar filter criterion
has been applied in the context of macroscopic beam contact [111], where all details can be
found. The only difference lies in the distance threshold value that is used. Here, we skip
the pair evaluation if the minimal distance between the spherical bounding boxes is more than
twice the cut-off radius, which should be on the safe side to not miss any contributions also
in the case of strongly deformed elements. Still, the resulting decrease in the overall runtime
observed for the numerical examples from Section 5.5 was up to 30%, which is quite remarkable
and underlines the effectiveness of this additional filtering step. As an additional benefit, it
has been observed that the number of non-unique or ill-posed closest point-to-curve projections
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significantly decreased and in fact vanished for the numerical examples considered in the context
of this work.

5.5. Numerical examples

All presented formulations and algorithms have been implemented in C++ and integrated into
the existing computational framework outlined in Appendix F. Note that the implementation
of the SBIP approach as well as the disk-cylinder potential has been verified by means of a
second, independent implementation in MATLAB [157] used also for the accuracy analysis in
Section 5.2.2. Furthermore, the correct implementation of the discrete element residual vectors
as well as tangent stiffness matrices has been verified by means of an automatic differentiation
tool provided by the package Sacado, which is part of the Trilinos project [66].

At this point, it is also important to emphasize that the novel SBIP approach nicely integrates
into an existing nonlinear finite element solver for solid and structural mechanics. It does neither
depend on any specific beam (finite element) formulation nor time discretization scheme, which
underlines the versatility of this novel approach and shall be demonstrated also by the following
numerical examples.

The numerical examples are chosen to demonstrate the general functionality, validity and
versatility of the novel SBIP approach as well as the proposed disk-cylinder potential to be used
as effective SBIP law for both the adhesive (vdW) as well as repulsive part of the LJ potential. A
first set of numerical examples will be presented in the following section and another one in the
context of the comprehensive computational study of the peeling and pull-off behavior of elastic
fibers in Section 7.4.

5.5.1. Adhesive nanofiber-grafted surfaces: A proof of principle

This set of numerical examples deals with bioinspired adhesive surfaces, which have recently
gained a lot of attention (see e.g. [17] for a review). Generally, this topic is motivated by the
fascinating skills of geckos [8], spiders [84], mussels [92], and other animals to stick to surfaces
and defy significant detachment forces such as for instance their body weight when sitting on
the ceiling or steeply inclined surfaces. The origin of this extraordinary adhesion is known to lie
on the molecular scale and vdW forces between hierarchical arrays of nano-hairs and the surface
have been shown to play a major role [9, 53]. In this context, powerful simulations tools based
on both accurate and efficient nano-/micromechanical models are expected to contribute to both
the understanding and imitation of the underlying physical mechanisms, which are crucial steps
on the way to leverage these natural phenomena in human-made technical applications such as
in the field of robotics (see e.g. [93] for a review). In the long run, such simulation tools could
prove useful to streamline the design and manufacturing process of industrial products.

In addition to this long-term perspective and motivation, this numerical example serves two
immediate purposes. On the one hand, it demonstrates the capability of the novel SBIP approach
to handle arbitrary mutual configurations of fibers in 3D by means of an initially curved spatial
geometry as well as large, non-trivial deformations of fibers. Also the efficiency of the novel
approach will be showcased by applying it to a large-scale system regarding both the number of
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fibers and time steps. On the other hand, this computational study suggests and analyzes a pos-
sible design for artificial adhesive surfaces based on grafted helical nanofibers. Hereby, nature’s
ubiquitous pattern of helical fibers is used to achieve the desired large ratio of strong adhesion
and easy removal of surfaces, depending on the respective needs. The idea is to maximize the
total length of parallel, adhesive contact between fibers if helices from both surfaces match and
use twisting of surfaces to initiate the relatively easy separation via peeling of fibers, thereby
using also the lever arm of the surfaces’ large in-plane dimensions. To demonstrate this working
principle, we will thus measure the force-displacement curves of both normal, i.e., out-of-plane
loading and the removal process in numerical experiments. After considering a minimal setup,
the system will be upscaled in Section 5.5.1.3.

5.5.1.1. Setup and parameters

Figure 5.8 shows the setup of this numerical example from different view angles. As mentioned

(a) Perspective view with translucent top surface. (c) View along y-axis.

Figure 5.8.: Initial, undeformed configuration of the numerical experiments studying adhesive
nanofiber-grafted surfaces.

above, the system is mainly composed of helical fibers with a helix diameter of D), = 2R;, =1
and a pitch, i.e., height of one complete turn, of P, = 1, respectively. The grafting onto surfaces
is modeled by respective Dirichlet boundary conditions applied to the fibers and the dark colored
surfaces shown in Figure 5.8 are only used for visualization and not considered in the simulation.
In this first minimal setup, 2x2x2 fiber loops are considered, which refers to 2 surfaces with 2
helices each with 2 complete turns, i.e., loops each. The offset in axial direction of the helices,
1.e., along the global z-axis, is best seen in Figure 5.8(c) and chosen to be 0.2F, between the
helices on the same surface, and 0.5F, between helices on opposite surfaces. As can be seen
from Figure 5.8(b), the helix axes on each surface are separated by D}, in y-direction, and those
helix axes on opposite surfaces are separated by 0.75F;, in the surface normal, i.e., z-direction.
The individual fibers have a circular cross-section with radius of R = 0.02 and a hypere-
lastic material with axial, shear, torsional and bending stiffness of FA = 250, GA = 100,
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Glp = 0.03, EI = 0.05, respectively is considered, which resembles the values for a biopoly-
mer filament such as actin. The effect of inertia is neglected as commonly assumed on the micro-
and nanoscale. Velocity-proportional viscous forces and moments on the fibers are modeled as
proposed in [32] and can be interpreted either as the fibers’ interaction with a quiescent back-
ground fluid or an artificial damping, which is beneficial for the iterative solution procedure of
the nonlinear system of equations in order to deal with the challenging physical instabilities that
are inherent in adhesive contact problems. In the latter case, the quasi-static system behavior
is recovered in the limit of negligible velocity, i.e., very small displacement as well as rotation
increments per time step, which has already been made use of in [60]. Specifically, we choose a
viscosity of 7 = 1073, which corresponds to water, and apply a backward Euler time integration
scheme with a default step size of At = 0.01 and adaptive time step size reduction as described
in Appendix F.2. The spatial discretization of the fibers is given as 16 Hermitian Simo-Reissner
beam elements (see Section 3.2.2 for details) per complete turn of a helix, which leads to 128
elements for the smallest 2x2x2 loop system considered in the beginning.

As the key component of this numerical experiment, both the adhesive vdW and the repul-
sive steric part of the LJ potential are considered for the interactions of all individual fibers,
including those on the same surface. The LJ parameters are chosen as kg = —107° and
k1o = 10723 and atom densities are set to p = 1, which corresponds to an equilibrium spac-
INg Gijeqeylfeyt ~ 0.08 R and a minimal LJ force per unit length fmin,u ~ —1.36 (cf. Equa-
tions (7.2) and (7.3)). These LJ interactions are modeled via the SBIP approach proposed
in Section 5.1 and the disk-cylinder interaction law 7, gisk-cy1 from Equation (5.32). Gaussian
quadrature with five integration segments per element and 10 integration points each is applied
to evaluate the integral along the slave element. The regularization strategy proposed in Sec-
tion 5.4.1 is applied with a regularization separation gy, = 8 X 107* = 0.04 - R, which is
smaller than any given above. The short range of the LJ interactions is exploited by applying a
cut-off radius of r. = 0.1 = HR.

Getting back to the original idea behind this numerical example, two different scenarios are
considered in the following. The first scenario represents the actual use case of an adhesive bond
between two surfaces, i.e., the surfaces are first brought together and afterwards pulled apart.
To be more precise, the numerical experiment is conducted in a displacement-controlled manner
and the reaction force-displacement curve is determined. Here, the bottom plate is considered
fixed, whereas the top plate is moved down and then up in z-direction such that the plates remain
parallel. As mentioned above, the plates are not considered in the simulation and the displace-
ment boundary conditions are directly applied to the respective beam nodes, where we assume
that the fibers are grafted onto the surface every second turn of the helix. This first scenario —
referred to as “Pull” scenario in the remainder of this section — is thus defined by prescribing
zero displacement and zero rotation to those nodes grafted onto the bottom plate and prescribing
zero rotation, zero displacement in x- and y-direction and the following displacement curve in
z-direction to the nodes grafted onto the top plate:

— Uz max t, 0<t«1
Pull” s s (t) = 4 — e, 1 <t<?2
—Uz max + Uz max 2<t<b
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Here, the maximal displacement magnitude in negative z-direction is chosen as u, max = 0.71 R,
such that the smallest separation of the fiber surfaces g, is smaller than the equilibrium separa-
tion gpjeq.eyljjcyl and thus leads to repulsive forces in the closest mutual distance of the surfaces,
yet is slightly larger than the regularization separation gy, given above. The second scenario
on the other hand represents the desired easy removal mechanism of the adhesive bond and relies
on a mutual twisting of the surfaces before pulling them apart, thus referred to as “Twist & Pull”.
Again, the bottom surface is fixed, while the following z-displacement as well as rotation around
the z-axis is prescribed at the nodes grafted onto the top surface:

— Uz max ta 0 S t<1
“Twist & Pull” :  u,(t) = ¢ —Usmax, 1<t<4,
_uz7max + Uz,max ta 4 S t < 7

0, 0<t<?2
wz(t) = ¢z,max/2 (t - 2), 2 S t < 4
¢z,maxa 4§t< 7

Here, the center of rotation is assumed to be the midpoint of the fiber array on the top surface and
thus follows as ry = [1.35 Ry, 0.5 Ry, (.)]” and the maximal rotation angle is given as ¢, ma =
75°. Note that a shifted z-displacement @, = u, — u, max, Which is zero when the fiber surfaces
are closest, is used in some parts of the following analysis as a more natural and thus intuitive
quantity when discussing the pull-off behavior starting from fibers in contact.

5.5.1.2. Results and discussion

Figure 5.9 shows selected simulation snapshots for the normal loading referred to as “Pull”
scenario. The configuration in Figure 5.9(a) corresponds to the end of the approach (and equi-
libration) phase at ¢ = 2, where the helical fibers of both surfaces are perfectly aligned and
their surfaces touch. In the subsequent pull-off phase shown in Figure 5.9(b) - 5.9(d), the fibers
are continuously peeled and the contact length decreases while the fibers are strongly deformed.
Only after approximately ¢t = 4.09, the last contact points of the fibers detach and the separation
process is completed.

Figure 5.10 likewise shows selected simulation snapshots for the “Twist & Pull” scenario.
Note that until time ¢ = 2, this scenario is identical to the previously discussed “Pull” scenario
shown in Figure 5.9. Figure 5.10(a) - 5.10(d) cover the twisting phase and show that twisting
the surfaces by 75° indeed separates the fibers almost entirely, which agrees with the idea of a
subsequent, relatively easy separation of surfaces in normal direction. A closer look reveals that
the strength of adhesion suffices to keep the fibers in contact almost along the entire length up
to approximately 37.5°, which leads to quite large and complex deformations of the fibers. Note
also that Figure 5.10(d) shows a limitation of our modeling approach in a way that the fibers
can penetrate the surfaces, because the surfaces are not explicitly included in the simulation and
only accounted for by means of Dirichlet boundary conditions on the grafted fiber endpoints as
discussed above. This is however not expected to have a major influence on the pull-off forces
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(@) t = 2, u; = —Uzmax: Minimum separation of (b) ¢ = 2.5, u, = —0.5u, max: early stage of pulling
surfaces surfaces apart

(c) t = 3.5, uy = 0.5u, max: intermediate stage of (d) t = 4.09, u, = 1.09u, max: detachment of the
pulling surfaces apart last fiber points

Figure 5.9.: Sequence of simulation snapshots of the “Pull” scenario. Top surface is hidden for
better visibility of the fibers.
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(a) t = 2.5, ¥, = 18.75°: early stage of twisting (b) ¢t = 3, 1, = 37.5°: intermediate stage of twisting
surfaces surfaces

(/"

() t = 3.5, ¥, = 56.25°: intermediate stage of (d) t =4, vy, = 75°: final twisted configuration
twisting surfaces

(e) t = 5, u, = 0: intermediate stage of pulling sur- (f) ¢ = 5.72, u, = 0.72u, max: detachment of the
faces apart last fiber points

Figure 5.10.: Sequence of simulation snapshots of the “Twist & Pull” scenario. Top surface is
hidden for better visibility of the fibers. Note that until time ¢ = 2, this scenario is identical to
the “Pull” scenario shown in Figure 5.9.
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to be discussed next, as it occurs rather rarely and from Figure 5.10(d) it can be estimated that a
preclusion of the observed penetration would not change the overall deformed shape of the fibers
in a significant manner.

Finally, the force-displacement curves for both scenarios are shown in Figure 5.11. Specifi-
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Figure 5.11.: Force-displacement curves for the decisive phase, i.e., 2 < ¢t < 5 in the “Pull”

scenario and 2 < t < 7 in the “Twist & Pull” scenario. Force values are normalized with respect
to the maximal pull-off force F, .

cally, the reaction force component F, in the surface normal, i.e., z-direction, is summed over all
nodes grafted onto the top surface and normalized by means of the maximum force F), max2x2x2 =
0.356 that is observed for this 2x2x2 loop system to ease the subsequent comparison to larger
system sizes. As desired, the adhesive connection of surfaces is able to withstand approximately
two times larger pull-off forces in the normal loading scenario (red line) as compared to the sce-
nario meant to be used for the removal of surfaces (blue dashed line). While it is quite obvious
that the maximal pull-off force for normal loading will scale linearly with the surface area, it will
be interesting to see how this ratio between the maximal forces in the loading and removal sce-
nario behaves if we scale up the system size in the following section. Generally, a rich and highly
nonlinear system behavior can be observed from these force-displacement curves, which reflects
the complex interplay of strongly adhesive LJ interactions and large and complex structural de-
formations in 3D. Particularly for the “Pull” scenario, some characteristics of the fundamental
problem of peeling two initially straight adhesive fibers (cf. Chapter 7) such as the sharp force
peak, the extended pull-off phase and the sudden snap-free are however still recognizable. Note
also the considerable compressive forces that occur in the “Twist & Pull” for u, = 0, i.e., during
the twisting phase 2 < ¢ < 7. In this context, it seems worth mentioning that the reaction forces
in z- and y-direction are below (0.1 and thus another factor of two smaller than the maximal
pull-off force observed in this scenario.

5.5.1.3. Upscaling of the computational experiment

Increasing the size of the system is important to judge both the performance of the novel SBIP
approach for modeling the LJ interactions, but also the scaling of the maximal pull-off forces
of the adhesive surfaces. Therefore, a 2x8x8 loop system (see Figure 5.12(a) - 5.12(¢c)) and a
2x16x16 loop system (see Figure 5.12(d) - 5.12(f)) is considered in the following. With respect

124



5.5. Numerical examples

cesenses

ANDAN /A

(b) 2x8x8 loops: View along z-
axis.

/AN ANV
PN
WA\VA\VA\VAVA\VA\VAN

(c) 2x8x8 loops: View along y-axis.

CYY Y Y Y ‘Y Y Y Y Y Y

X C XX (L)
T,

(e) 2x16x16 loops: View along z-
axis.

\\\\\

(f) 2x16x16 loops: View along y-axis.

(d) 2x16x16 loops: Perspective view with hidden top surface.

Figure 5.12.: Initial, undeformed configuration of the 2x8x8 and 2x16x16 loops setup used to
study adhesive nanofiber-grafted surfaces.

to the original 2x2x2 loop system, this corresponds to a scaling factor of 16 and 64, respectively,
which leads to a total of 2048 elements / 4112 nodes and 8192 elements / 16416 nodes, respec-
tively. Except for the system size, the setup and parameters stated in Section 5.5.1.1 remain
unchanged.

Figures 5.13 and 5.14 show selected simulation snapshots for the “Pull” scenario of the scaled
systems and confirm that the periodicity in the problem setup is also observable in the resulting
deformed configurations. Note however that the problem setup differs at the boundaries in z-
direction such that only the solution sufficiently far from these boundary conditions, i.e., in
the interior region, is truly periodic and the aforementioned linear scaling of the pull-off force
with the surface area is expected to be slightly altered by this fact. But also in y-direction,
the neighboring rows of helical fibers come into contact and the solution at the boundary fibers
will thus slightly different as compared to the middle rows. This influence of the boundaries
on the periodicity of the solution is particularly clear in the side views of the system, e.g. in
Figure 5.14(d) for the 2x16x16 loops system.

Figure 5.15(a) shows the comparison of the force-displacement curves for the three different
system sizes. The curve for the 2x16x16 loops system (black dash-dotted line) and the 2x8x8
loops system (pink dashed line) clearly show qualitative similarities and the maximal normalized
force values deviate by a factor of 4.04, which supports the argument of linear scaling with the
area of the surfaces that deviates by a factor of 4. The comparison of the 2x8x8 loops system with
the smallest considered 2x2x2 loops system however is still influenced by the boundary effects
discussed above and results in a disproportionately high increase of the maximal pull-off force
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(a) t = 3.4, u, = 0.5 U, max: maximum force (b) t = 3.4 (view along y-axis)

(©) t=4,u; = Uz max (d) t = 4 (view along y-axis)

Figure 5.13.: Selected simulation snapshots of the “Pull” scenario with 2x8x8 loops. Top surface
is hidden for better visibility of the fibers.
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(c) t = 4.25: detachment of the last fibers (d) t = 4.25 (view along y-axis)

Figure 5.14.: Selected simulation snapshots of the “Pull” scenario with 2x16x16 loops. Top
surface is hidden for better visibility of the fibers.
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(a) Comparison of the “Pull” scenario with 2x2x2, (b) Comparison of “Pull” and “Twist & Pull” scenario
2x8x8 and 2x16x16 loops, respectively. with 2x8x8 loops.

Figure 5.15.: Force-displacement curves for the decisive phase, i.e., 2 < ¢t < 5 in the “Pull”
scenario and 2 < t < 7 in the “Twist & Pull” scenario. Force values are normalized with respect
to the maximal pull-off force F’, .« occurring for 2x2x2 loops.

by a factor of approximately 30 and noticeable differences both in the maximal displacement
before snapping free as well as the displacement value where the maximal force occurs.

5.5.1.4. Entanglement of fibers

Turning to the second considered scenario including the twisting of surfaces, an unintended en-
tanglement of fibers has been observed, which has a noticeable influence on the force-displacement
curve (blue dashed line) shown in Figure 5.15(b). This can be traced back to the (unphysical)
behavior that during the twisting phase the outermost loop from the top surface dives under the
fiber endpoint grafted onto the bottom surface and thus leaves the fibers entangled for the re-
maining course of the simulation, as can be seen from the simulation snapshots in Figure 5.16.
While this is obviously neither physically correct nor desirable in the initial context of separating
the adhesive fibers from each other, it still demonstrates the effectiveness and robustness of the
proposed SBIP approach even for highly complex, large 3D deformations in large-scale systems
that include a broad variety of mutual orientations and separations of fibers. In order to investi-
gate the actual differences in the force response between the “Pull” and “Twist & Pull” scenario
also in the upscaled 2x8x8 and 2x16x16 scenario, the computational experiments should be re-
peated with a slightly larger array of fibers on the bottom surface such that the fiber endpoints
can not be reached by the fiber loops of the top surface. It will be interesting to see how the ratio
of maximum loading force and required separation force scales with the system size.
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(d) t = 7: final configuration

(g) t = 7 (view along y-axis)

Figure 5.16.: Sequence of simulation snapshots of the “Twist & Pull” scenario with 2x8x8 loops.
Top surface is hidden for better visibility of the fibers.
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5.6. Conclusions and outlook

Following up on the development of the first 3D beam-beam interaction formulation for molec-
ular interactions (the so-called SSIP approach) in the preceding Chapter 4, this chapter proposes
an enhanced approach specializing on the most challenging case of short-ranged interactions
such as the vdW adhesion and the steric repulsion of the LJ interaction. Exploiting the charac-
teristic rapid decay of the interaction potential with increasing distance allows to further reduce
the dimensionality of the beam-beam interaction problem and thus achieve a significantly more
efficient approach than the more general SSIP approach. The key idea is to approximate the sec-
ond, arbitrarily deformed beam by a surrogate body with trivial geometry, which is located at the
closest point from a given point on the first beam and oriented according to the centerline tangent
vector of the second beam. Mathematically, this surrogate body is the linear series expansion of
the second, so-called master beam around the closest point. In this manner, the interaction of the
entire second beam with a given section of the first, so-called slave beam can be described by an
analytical, closed-form interaction potential law, which replaces the numerical integration along
the master beam by a single function evaluation. This novel, specialized approach is therefore
called the section-beam interaction potential (SBIP) approach.

In addition to being significantly more efficient, the novel formulation developed in this chap-
ter is also significantly more accurate than the one used before if short-ranged interactions are
considered. This is due to the fact that the reduced interaction law is superior to the previously
used simple SSIP law, because it includes the relative rotation, i.e., the orientation of the interact-
ing bodies in addition to their scalar separation. This SBIP law has been derived in Section 5.2
considering the case of circular, homogeneous cross-sections and a generic inverse power law
with exponent m > 6 as fundamental point-pair interaction potential. The required derivation
of the resulting disk-cylinder interaction potential is based on 5D analytical integration using
appropriate series expansions and is valid for arbitrary mutual orientations of the two bodies.
A comprehensive analysis of the accuracy of the disk-cylinder potential allowed to choose the
optimal compromise between accuracy and simplicity of the expression. In particular, the SBIP
law ensures the correct asymptotic scaling behavior in the decisive regime of small separations,
which has been identified as the most critical aspect when using the simple SSIP law from Sec-
tion 4.3.2 neglecting the mutual orientation of cross-sections.

These two fundamental novelties — the general SBIP approach from Section 5.1 and the spe-
cific analytical interaction law from Section 5.2 — have been combined in Section 5.3 to obtain
the resulting virtual work contribution. The subsequent discretization via finite elements and its
consistent linearization finally give rise to a novel beam-beam interaction formulation that can
be seamlessly integrated in an existing nonlinear finite element framework for structural or solid
mechanics. In this respect, it is important to point out that the approach does neither depend on
a specific beam (element) formulation nor time integration scheme and is thus considered to be
highly versatile. Further methodological aspects such as a suitable numerical regularization of
the singularity at zero separation in the reduced interaction law and a criterion to sort out beam
element pairs with a larger separation than the cutoff radius before the actual evaluation to save
computational resources have been presented in Section 5.4.

Section 5.5 finally presents a comprehensive numerical example studying adhesive nanofiber-
grafted surfaces, which confirms the effectiveness, efficiency and robustness of the novel for-
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mulation also for large-scale, complex systems with arbitrary mutual configurations and large
deformations of the interacting fibers. In addition, the computational experiments demonstrate
the working principle of the proposed design of the nanofiber-grafted surfaces based on arrays
of helical fibers by showing the desired large ratio of strong adhesive connection under load and
easy removal of the surfaces if desired. This showcases how suitable simulation tools such as the
one developed in this chapter could contribute to the design and manufacturing of bioinspired
artificial adhesives in the long run.

By means of the additional numerical example studying the peeling and pull-off behavior of
elastic adhesive fibers to be presented in Chapter 7, the higher efficiency of the novel, specialized
SBIP approach as compared to the previous, more general SSIP approach will be quantified. As
it will turn out, the novel approach is by about a factor of 4 faster than the previous approach.
This holds even despite the aforementioned superior accuracy of the derived SBIP law (Equa-
tion (5.32)), which is therefore also more complex than the simple SSIP law (Equation (4.7)).
To conclude, the combination of a better accuracy and higher efficiency leads to a drastically
improved applicability — for instance with respect to the maximum feasible system size and time
scales — and therefore opens the door to tackle a multitude of yet intractable problems in science
and technology.

A future derivation of other SBIP laws for instance for the case of screened electrostatics
or hydrophobic/-philic interactions would further extend the range of applications of the novel
SBIP approach. Given the importance of the mentioned interaction types in many biological
systems on the nano- and microscale, this is considered a highly promising extension of the
work presented in this chapter. In addition to an analytical derivation of SBIP laws, the identi-
fication and fitting of such reduced interaction laws based on experimental results (such as the
force-displacement curves for simple characteristic setups with two interacting fibers) would be
an interesting and worthwhile avenue of future research that could be of great benefit to the
prediction quality of computational experiments.
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6. Beam Interaction Formulations
from a Meta-Level Perspective

This chapter aims to take a step back and look at beam interaction formulations from a meta-
level perspective in order to get an overall picture of both the previously existing approaches
and the new ones proposed in the last two chapters. After the classification and comparison
to be presented in the following Section 6.1 and a detailed discussion of the differences and
applicability between formulations for macroscopic contact and molecular steric repulsion in
Section 6.2, the last section of this chapter provides an overview of formulations for interactions
of beams with special types of interaction partners of reduced dimensionality, which turn out to
be derivable as special cases of the beam-beam interaction formulations.

6.1. Classification and comparison of approaches for
beam-beam interactions

After reviewing the first principles of molecular interactions (Section 2) as well as existing for-
mulations for macroscopic contact between beams (Section 3.3), two fundamentally new formu-
lations of beam-beam interactions have been developed in Chapter 4 and Chapter 5. This asks
for a classification and comparison of all these approaches, which is presented in Figure 6.1.

The leftmost column depicts the approach of point-pairwise summation — or corresponding
nested volume integration — of the fundamental interaction potentials for pairs of charges or
charges. The second and third column shows the formulations based on section-section interac-
tion potentials (SSIP) proposed in Chapter 4, and based on section-beam interaction potentials
(SBIP) proposed in Chapter 5, respectively. Finally, the rightmost column depicts a possible
further dimensional reduction of the problem to the interaction of two beam surrogates, which
would allow to evaluate the two-body interaction potential by a single function evaluation. From
left to right, the resolution of details decreases and likewise the algorithmic complexity deter-
mined by the dimensionality of the underlying problem decreases. This overview of four dis-
tinct, logical categories of beam-beam interaction formulations therefore illustrates the tradeoff
between resolution of details ranging from atomistic view to trivial meso/macroscopic bodies on
the one hand and the dimensionality and thus main driver for the computational cost on the other
hand. The ultimate goal for the derivation and choice of (a class of) formulations however is
to outsmart this natural conflict of objectives by a consistent dimensional reduction of the fully
resolved problem (on the left) to the minimal possible description that is yet able to reproduce
the most important, characteristic features. Based on the detailed theoretical considerations in
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6.2. Brief comparison of micro- and macroscopic approaches to beam contact

Chapter 4 and Chapter 5, this optimal choice is given as the SSIP approach for long-range and
the SBIP approach for short-range molecular interactions of beams.

This new overall picture of beam interaction formulations also allows to classify previous ap-
proaches to macroscopic contact of beams and interpret them in the context of molecular interac-
tions, which are also the origin of the macroscopic contact forces and resulting non-penetrability
of objects that we observe in everyday life. Interestingly, the very first numerical formulation
of (macroscopic)) beam contact is based on the concept of determining the one bilateral closest-
point pair between both beams and evaluating an heuristic penalty force law as a function of the
closest point-pair separation in order to preclude any (noticeable) penetrations ([163], summa-
rized in Section 3.3.1). Given this new overall picture of beam interaction formulations, such an
approach can be interpreted as the consistent, most extreme dimensional reduction of the prob-
lem motivated by the short range of interactions and the resulting possibility to evaluate the total
interaction potential for a pair of surrogate bodies approximating the shape of the actual beams.
However, this new perspective likewise reveals the well-known limitations of this kind of ap-
proach with respect to describing arbitrary mutual configurations as the illustrative examples of
two parallel straight beams or one straight beam and a surrounding helical beam demonstrate (see
e.g. the discussion in [110]). The non-uniqueness of the bilateral closest-point pair in such situ-
ations is a confirmation of the oversimplification of the general beam-beam interaction problem
by such an approach. Nevertheless, this category of surrogate-surrogate interaction formulations
is the most efficient theoretically possible class of formulations and due to its validity for a cer-
tain range of mutual orientations, this efficiency can be exploited in combined approaches such
as the ABC formulation ([111], summarized in Section 3.3.3) that handle the problematic mutual
configurations differently. This recognition of the superior efficiency of the existing, combined
macroscopic contact formulation asks for a more detailed discussion of the applicability of such
an heuristic approach to preclude penetration also in microscopic problem settings, which will
thus be given in the following section.

6.2. Brief comparison of micro- and macroscopic
approaches to beam contact

Modeling the steric repulsion that prevents a penetration of distinct fibers has a long history in the
field of computational contact mechanics and has first been addressed in [163]. The paradigm of
these macroscopic continuum models is that the smallest surface separation or gap must be equal
to or greater than zero which is formulated as an inequality constraint. With the development of
the novel SSIP and SBIP approaches to molecular interactions of fibers, an alternative modeling
strategy has arisen, which is motivated by the rather microscopic perspective of LJ interactions
between all material points in the slender continua. In this work, both kind of approaches will
be applied, which asks for a brief assessment and comparison of the modeling approaches.

On the one hand, penalty-based models for beam contact are well-established formulations
with optimized efficiency as well as robustness. On the other hand, the SSIP and SBIP ap-
proaches are based on first principles in form of the LJ law and are thus expected to better resolve
the actual contact force distributions, especially in the case of nano- to micro-scale applications.
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This becomes obvious if we recall the purely heuristic nature of the penalty force law and the
resulting (small) negative gap values, i.e., tolerated penetrations. It will most likely depend on
the specific application whether the associated model error has a significant or rather negligi-
ble influence on the results. In order to answer this question with respect to the studies of this
work, it seems most important to look at the adhesive force laws to be applied in combination
with the models for steric repulsion. The SSIP law (4.11) modeling long-ranged electrostatic
attraction is an inverse power law in the inter-axis separation d rather than the smallest surface
separation g = d — R; — R, and thus expected not to be very sensitive to small changes in the
gap values in case of contacting fibers g ~ 0. On the contrary, the SSIP law (4.7) as well as
the SBIP law (5.32) modeling the short-range vdW adhesion are inverse power laws in the gap
itself and therefore highly sensitive with respect to the gap g. Indeed, the thorough validation of
both adhesion models using the example of two straight slender fibers in Section 4.5 as well as
an unsuccessful attempt to use penalty beam contact in combination with vdW adhesion for the
peeling simulation' to be presented in Section 7.3 confirm these considerations. Moreover, re-
fer to Section 4.4.3 for a detailed discussion of the importance to correctly resolve the regime of
small gap values by means of a suitable regularization strategy to remedy the inherent singularity
of the vdW SSIP law (4.7) for zero separation g — 0.

To conclude, the choice of a proper computational model for steric repulsion between contact-
ing fibers is closely linked to the type of adhesion and most probably even depends on the specific
application. For the reasons outlined above, the penalty-based line contact formulation will be
applied together with the SSIP law for electrostatic attraction, whereas the SSIP/SBIP approach
based on the repulsive part of the LJ law will be applied in combination with the SSIP/SBIP law
for vdW adhesion, respectively. Nevertheless, a more detailed analysis of the similarities and
differences of existing, macroscopic beam contact formulations and the novel approaches based
on molecular steric repulsion is considered a interesting aspect of future work in this field.

6.3. Approaches derivable as special cases of
beam-beam interactions

In the context of the overall picture of beam-beam interaction formulations presented in this
chapter, it becomes evident that certain related scenarios of similarly high practical relevance
can be regarded as dimensionally reduced, special cases of the beam-beam interaction and thus
treated by means of similar formulations that are derivable as special cases from the general
beam-beam case. One example is the interaction between a a rigid, infinite half-space or rigid
wall that has been considered in the literature as a model for the adhesion of a Gecko spatula
on a rigid surface [135, 142] and later also for the interaction of a carbon nanotube with a
Lennard-Jones wall in 3D [146]. In these cases, the influence of the rigid half space or wall
can be evaluated analytically and formulated as a distributed load on the beam. Recalling the
SSIP approach to beam-beam interaction presented in Chapter 4, this can be interpreted as an
analytical section-rigid half space interaction potential law, where the contributions of all points

IThe resulting peeling force values showed a noticeable unphysical dependence on both the type of the penalty
force law and the value of the penalty parameter €.
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in the half space are included by means of analytical integration over this rigid body with trivial
geometry.

This reveals the key characteristic of these special cases addressed in this section, namely that
the contributions of all elementary interacting points (e.g. charges or atoms) can be evaluated by
means of analytical integration and therefore the influence of the second interacting body on the
beam may be expressed in a closed-form, analytical expression, which reduces the dimension-
ality of the problem. In addition to the example of rigid half spaces or walls, the interaction of
a beam with a rigid sphere turned out to be another scenario of high practical relevance in the
context of studying the mobility of particles in fibrous networks to be presented in Chapter 10.
Since this beam-rigid sphere interaction has not been described in the literature before, the re-
sulting expressions will be presented in the following subsection. Another related scenario is the
interaction of a beam with a fixed background potential field, which will be applied in Chapter 8
to study the effect of prestress in biopolymer networks and motivates the brief presentation of the
used formulation of the interaction to be presented in Section 6.3.2. Figure 6.2 illustrates these
different considered scenarios by means of exemplarily chosen simulation snapshots. Finally,
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Figure 6.2.: Simulation snapshots illustrating the classification of beam interactions by the type
of interacting partners. (a) Beam-beam interaction (e.g. Section 4.5.4), (b) beam-rigid sphere
interaction (Chapter 10), (c) beam-static potential field interaction (Chapter 8).
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also the self-interaction of a beam should be noted as a very special case of beam-beam inter-
action, where the second beam is identical to the first one. Refer to the concluding remarks in
Section 4.2.2 and Section 5.1 for a discussion of this topic and to Chapter 9 for an application of
self-interaction to study the conformation of a mucin filament as a result of varying line charge
distributions.

6.3.1. Beam interacting with a rigid sphere

To the best of the author’s knowledge, the problem of a beam interacting with a rigid sphere
has not been considered in literature before. In the scope of this work, it will be applied to
study the hindered mobility of spherical particles due to steric repulsive as well as electrostatic
interaction with a fibrous, biopolymer network to be presented in Chapter 10. Following the idea
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of deriving this case from the general beam-beam interaction, both a formulation to describe
molecular interactions based on beam-sphere interaction potentials as well as a beam-to-sphere
penalty contact formulation will be briefly presented in the following. Here, the sphere will be
considered as a rigid, homogeneous body that can thus be uniquely described by its midpoint
position 7, and its radius R;.

6.3.1.1. Beam-sphere interaction potential approach
The two-body interaction potential of a beam-sphere pair will be described as

l

Hia = / 7p%section-sphere (rb-37 1/)]3_3) dS> (6 1)

0

where a reduced, effective section-sphere interaction potential 1aw eciion-sphere has been intro-
duced that potentially depends on the relative distance vector 7y of the section midpoint 7 (s)
and sphere midpoint r as well as the relative orientation 1), ;. Note the close analogy to both
the SSIP law and the SBIP law from Equations (4.3) and (5.2), respectively.

To give one specific example for the section-sphere interaction potential 1aw Teciion-sphere» W€
consider the case of the long-range Coulomb interaction that will be applied in the computational
study in Chapter 10. Again in close analogy to the careful choice of the SSIP law for this kind of
interaction (see Section 4.3.3), the following section-sphere interaction potential law is obtained:

7?section—sphere = )\b Qs @(d), with d = Hrb - TSH (62)

Here, )\, denotes the line charge density of the beam and (), denotes the total charge of the
sphere. Following the detailed theoretical considerations from Section 4.3.1, the section-sphere
interaction potential 1aw Tgecion-sphere May be expressed solely be the scalar separation of the
section and sphere midpoint positions. According to the detailed study of the accuracy of this
simple kind of interaction law in Section 4.5.1.2, this turned out to be a very good approximation
in the case of circular, homogeneous cross-sections and long-range interactions as considered
here.

The required variation of Equation (6.1) to obtain the corresponding virtual work contribution
and subsequent spatial discretization of the beam centerline to arrive at the discrete element
force vector for both the beam and the sphere as well as the consistent linearization of these
terms follows in close analogy to the SSIP approach and will thus not be presented here.

6.3.1.2. Beam-to-sphere penalty contact formulation

Following the argumentation of Section 6.2, a macroscopically motivated, heuristic penalty con-
tact formulation will be applied in Chapter 10 to model the steric repulsive forces between the
fibers and the spherical particle. For this reason, the line contact formulation ([110], summarized
in Section 3.3.2) will be adapted here to match the case of beam-sphere interaction.

Postulating a beam-sphere penalty force law as a linear function of the minimal surface-
surface separation (i.e. gap) g».s With constant scalar prefactor (i.e. penalty parameter) €y yields
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the two-body interaction potential

l
1
1_[ca,b—s - §5b—s /<gb—s(3)>2 dS, (63)

0

where the crucial difference to the beam-beam scenario lies in the way how the gap ¢ is com-
puted. Whereas a unilateral closest-point projection is required in the beam-beam scenario,
the problem simplifies significantly in the case of a rigid sphere, because the minimal surface
separation between the current beam cross-section and the sphere may be expressed in good
approximation as

Gos(s) = [|To — || — R — Rs. (6.4)

As in the previous section, the required variation of Equation (6.3) to obtain the corresponding
virtual work contribution and subsequent spatial discretization of the beam centerline to arrive
at the discrete element force vector for both the beam and the sphere as well as the consistent
linearization of these terms follows in close analogy to the beam-beam scenario and will thus not
be presented here. The evaluation of the virtual work contribution generally requires numerical
integration along the beam centerline curve such as Gaussian quadrature. In the computational
study to be presented in Chapter 10, this numerical integration has been replaced by a summation
over so-called collocation points, which is expected to be an equivalent formulation as long as
sufficiently many collocation points are used.

6.3.2. Beam interacting with a static background potential field

This scenario of a beam interacting with a static background potential field ¥ (x) will be applied
in Chapter 8 to study the effect of prestress in biopolymer networks. As mentioned before, this
interaction scenario can be interpreted as a special, dimensionally reduced case derivable from
the more general beam-beam interaction. Starting from the first principles for atoms or charges
and assuming that the background potential field ¥ (x) acts on every material point of the beam
thus yields the total interaction potential

I, = /V p(@) W () dV 6.5)

Note the analogy to Equation (2.12) describing beam-beam interactions, where the influence of
the second beam on the first one may be interpreted as a configuration-dependent spatial potential
field acting on every material point of the first beam. Following the key idea of the general SSIP
approach, a split of the volume integral into one part along the centerline curve and the other
over the cross-section leads us to

l
M, — / / p(z) U(z) dAds. 6.6)
A
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The resulting, effective potential V' (r, 1)) acting on the beam centerline has dimensions of energy
per length. Once again, note the analogy to the reduced interaction potential laws, either in form
of an SSIP law 7(71_5,%, ) or SBIP law 7(7,_s., %, ,.), that naturally result for the beam-
beam interaction in Equations (4.3) and (5.2), respectively.

To ease the following notation and discussion, and because only this case will be required
in the application in Chapter 8, we now restrict ourselves to an effective potential field V' (7)
that solely depends on the centerline midpoint positions r(s) and not on the orientation of the
cross-section expressed by the rotation vector 1(s). At this point, the problem can alternatively
be seen as a line Neumann load that results from the corresponding force field —VV (r) of the
potential V() and in general depends on the current configuration of the beam.

Its contribution to the virtual work required for the weak, variational formulation of the prob-
lem can thus be stated as

OlL, = — /0 (VV (r(s))" or(s) ds (6.7)

where 7 € R? is the centerline position and s € [0,] denotes the arclength coordinate in the
stress-free reference configuration of the beam. The evaluation of the virtual work contribu-
tion generally requires numerical integration along the beam centerline curve such as Gaussian
quadrature. Subsequent discretization of the admissible centerline variations dr according to the
finite element method (see Section 3.2) yields the contributions to the discrete element force
vector.
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7. Peeling and Pull-off Behavior of
Adhesive Elastic Fibers

The objective of this chapter is two-fold: On the one hand, it studies the fundamental problem
of separating two adhesive elastic fibers to foster the understanding of the underlying physical
mechanisms, which has only been made possible by the development of the beam interaction
formulations in Chapters 4 and 5. Specifically, it covers the peeling and pull-off process starting
from fibers contacting along its entire length to fully separated fibers (and the reverse order)
including all intermediate configurations and the well-known physical instability of snapping
into contact and snapping free. On the other hand, the computational study of this chapter serves
as a proof of concept for the application of the novel computational models, thus facilitating
future applications including also larger and increasingly complex systems of slender fibers.
Apart from the results considering the case of vdW adhesion by means of the SBIP approach in
Section 7.4, the content of this chapter has previously been published in the author’s article [60].

7.1. Motivation and background

This fundamental problem of separating two adhesive, elastic fibers seems to be intractable for
purely analytical approaches due to the interplay of adhesion, repulsion and structural resistance
against deformation, i.e., elasticity within the highly nonlinear regime of large deformations. For
the same reasons, it is challenging also for a computational approach and in fact the numerical
treatment brings a number of further challenges with it (see [137] for a summary) which will be
addressed in this chapter. Several contributions to related problems can be found in the literature.
The adhesion of a Gecko spatula to solid surfaces has inspired the development of computational
models to study and optimize the peeling behavior of thin elastic films and strips [114, 115, 134,
138, 142]. The corresponding model system of a beam interacting with a rigid half-space via
the Lennard-Jones (LJ) potential shows certain similarities with the system of two deformable
adhesive fibers to be studied in this chapter and this comparison will thus be addressed in the
discussion of the results. Also the contribution by Sauer [139], where the peeling of two flexible
strips is modeled via a 2D solid finite element formulation that combines a so-called cohesive
zone model with a penalty contact formulation, will serve as source for comparison. The problem
studied in [139] differs from the one in the present work in terms of the specific geometry,
boundary conditions, type of interactions and not at least in terms of the specific modeling and
discretization approach. It will thus be interesting to see how these differences carry over to the
resulting force responses. Two approaches to investigate the undesirable effect of clumping in
fibrillar arrays used for bio-inspired dry adhesives are presented in [2]. The analytical approach
aims to predict the critical fiber length leading to tip-tip contact by calculating the vdW force
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7. Peeling and Pull-off Behavior of Adhesive Elastic Fibers

between assumed spherical tips of the fibers and applying it as a tip load in Euler-Bernoulli beam
theory for a 2D cantilever. This is complemented by a finite element approach using 2D solid
elements and an effective inter-element vdW force based on the inverse-sixth power law. The
computational model proposed and applied in [120] focuses on the effect of inter-fiber adhesion
at the level of 2D fiber networks. It thus abstains from resolving the exact kinematics of adhesion
and contact at the fiber scale and applies an effective energy gain per unit length of contacting
parallel fiber segments and solves for the corresponding bundle segment lengths as additional
unknowns. Finally, an example for the electrostatic interaction of a double-clamped microbeam
with a flat rigid electrode in a microelectromechanical system is given in [148].

The present study extends these previously published results for related problems with respect
to the following aspects. To the best of the author’s knowledge, this is the first study of the peel-
ing behavior of two elastic fibers interacting via attractive electrostatic or vdW forces. Compared
to previous peeling studies, it also includes the pull-off phase, the intermediate regime around
the physical instability of snapping into contact and snapping free, as well as the separated state
of fibers. Moreover, we investigate the scenario of peeling from both ends of the fibers, which
turns out to show a similar behavior in the peeling phase yet a fundamentally different behavior
in the pull-off phase as compared to the peeling from one side considered in the related prob-
lems of strip-rigid surface LJ interaction [138] and double-strip debonding [139]. Eventually, we
analyze the resulting force-displacement curve revealing a rich, highly nonlinear system behav-
ior and investigate the underlying physical mechanisms arising from the interplay of adhesion,
mechanical contact interaction and structural resistance against (axial, shear and bending) de-
formation. Furthermore, the influence of different material and interaction parameters such as
Young’s modulus as well as type (e.g. electrostatic or vdW) and strength of adhesion on the
resulting force-displacement relationship is studied by varying these parameters over two orders
of magnitude.

In addition to the physical system behavior, the decisive numerical aspects required to simu-
late this challenging computational problem in a robust and accurate manner will be discussed
in this chapter. From a computational point of view, the major challenges resulting from the
physical system characteristics are the delicate task of determining equilibrium configurations in
the direct vicinity of the mentioned physical instability, the control of spatial discretization and
numerical integration error such that the high gradients of short-range interaction potentials are
represented with sufficient accuracy, and the regularization of inverse power laws to eliminate
the singularity at zero separation. For the employed reduced interaction laws, such a regulariza-
tion procedure has been proposed in Sections 4.4.3 and 5.4.1, which will turn out to enable a
considerable increase in numerical robustness and efficiency at identical accuracy when applied
to the highly challenging example of LJ interaction as considered in the present application.

7.2. Electrostatic attraction

The system considered in the simulation consists of two initially straight and parallel, deformable
fibers that attract each other due to their constant surface charge of opposite sign. Its setup is kept
as simple as possible to allow for an isolated and clear analysis of the physical effects as well as
the characteristics of the computational model. Note that the static equilibrium configurations as
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7.2. Electrostatic attraction

a result of different surface charge densities at a fixed, large separation of the fibers have already
been studied in Section 4.5.3. The study of the peeling and pull-off process to be presented in
this section can thus be considered the more advanced continuation of this analysis in order to
obtain the full picture of the system behavior from fibers clinging together along their entire
length to fully separated fibers.

7.2.1. Setup and parameters

As shown in Figure 7.1(a), two straight fibers of length [ = 5 are aligned with the global y-axis
and are simply supported at their endpoints. Additionally, both fibers are restricted to move
only within the xy-plane and rotate only around the global z-axis. The fibers have a circular
cross-section with radius R = 0.02, which results in a slenderness ratio of ( = [/R = 250. The
initial configuration is chosen such that the fiber surfaces are in contact, i.e., the fiber centerlines
are placed with an inter-axis separation dy = 2R. Starting from this initial state, a horizontal
displacement u, will be prescribed to both supports of the right fiber and the total resulting
horizontal force F, = F'" + F'" will be analyzed. Cross-section area, area moments of inertia
and shear correction factor are computed using standard formula for a circle. A hyperelastic
material law with Young’s modulus £ = 10° and Poisson’s ratio v = 0.3 is applied.
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(a) Problem setup (b) Quasi-static force-displacement curve. Force values to be interpreted as multiple of a
reference point load that causes a deflection of [ /4 if applied at the fiber midpoint.

Figure 7.1.: Numerical peeling and pull-off experiment with two adhesive elastic fibers. Figure
taken from the author’s article [60].

Electrostatic interaction is accounted for via the SSIP approach as presented in Section 4.3.3.
Both fibers are nonconducting with a constant surface charge density of 0y = 1.0 and 02 = —1.0,
respectively. Note that the hereby considered immobility of charges in nonconducting material
is consistently assumed also during the contact of fibers, such that no charge transfer occurs and
the constant surface charge densities of opposite sign will remain unchanged. The strength of
attraction is controlled via the prefactor k of the Coulomb law ®(r) = kr~' and setto k = 0.1
for the first part of this study. An analysis of the effect of parameter value variation will be the
content of Section 7.2.4.
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7. Peeling and Pull-off Behavior of Adhesive Elastic Fibers

The repulsive contact forces are modeled by means of the frictionless line penalty contact
formulation as presented in Section 3.3.2.! In particular, a quadratically regularized linear
penalty law with line penalty parameter ¢ = 100 and regularization parameter g = R/10 is
applied here. Recall at this point, that the surface-to-surface separation — or gap — g is defined
as ¢ = d — Ry — R, and thus negative gap values indicate a penetration, whereas positive
gap values imply physical separation of the bodies. The applied regularization therefore means
that contact forces smoothly increase in the regime of small positive gaps 0 < g < g, starting
from a force value as well as slope of zero at ¢ = g. As a result of the simulations, it will
turn out that these exemplarily chosen parameter values lead to a slightly positive equilibrium
spacing g., ~ 2.28 x 10~* &~ R/100, where the repulsive contact forces balance the adhesive
electrostatic forces. The initial state of the system with zero separation gy = dy — 2R = 0 along
the entire length of the fibers will thus lie in the compressive, i.e., repulsive regime with negative
reaction force values }7} < 0.

For the following quantitative analysis, we use a fine spatial discretization of n.. = 16 Her-
mitian Simo-Reissner beam elements (see Section 3.1 for details) per fiber to ensure that the
discretization error has no perceptible effect on the results. For the same reason, we choose
a high number of Gauss points for the numerical integration of contact as well as electrostatic
forces. Two integration segments per element with ten Gauss points each are used for electro-
static forces and 20 integration segments per element with five Gauss points each are used for
contact forces. This turns out to be fine enough to not change the presented results perceptibly.
A closer look at mesh refinement and the undesirable effect of too coarse meshes follows at the
end of this section.

Obviously, the competition of attractive and repulsive forces of which both are strongly defor-
mation dependent leads to a complex system behavior. The associated nonlinearity and stiffness
are highly demanding with respect to solving the nonlinear system of equations. We thus apply
Newton’s method in combination with a displacement increment control as described in Ap-
pendix F.2. The upper bound of the displacement increment per iteration is chosen as | Au/ . =
R/2 here, which prevents an undetected crossing of fibers.

7.2.2. Results

The resulting force-displacement curve shown in Figure 7.1(b) reveals a rich and interesting sys-
tem behavior. Most obvious, there are two distinct branches of static equilibrium configurations
that do not merge. On the one hand, starting from zero displacement and illustrated in red, we
see the branch where the fibers are in contact and on the other hand, for large separations, there
is another branch depicted in black where the fibers are separated. The transition between both
states as indicated with arrows will always be a dynamic process and will be discussed in further
detail later on. Simulation snapshots for some characteristic displacement values are provided in
Figure 7.2.

Let us first look at the left part of the force-displacement plot where the fibers are in contact.
Note that the force values are normalized and to be interpreted as multiple of a reference point
load that causes a deflection of 1/4 if applied at the fiber midpoint. At zero displacement and thus

! See Section 6.2 for a discussion of the applicability of penalty contact formulations in this context.
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Figure 7.2.: Simulation snapshots of the peeling and pull-off experiment of two adhesive elastic
fibers. Note that all configurations are symmetric with respect to a vertical as well as horizontal
axis. This also implies F!! = F? = —F" = —F" [, = 0 for the reaction force components
acting on the left (1) and right (r) fiber’s endpoints at the top (t) or bottom (b), respectively. Note
that (a) - (h) show configurations on the red branch, (i) - (k) on the black branch of Figure 7.1(b),
respectively. Figure taken from the author’s article [60].
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zero separation of the fiber surfaces, the fibers repel each other as a resistance against penetration
which results in a negative reaction force F, ~ —0.8. From the second data point onwards, we
identify the tensile regime with positive, rapidly increasing force values. At u,/l ~ 0.01, the
force reaches a local maximum value of Fx ~ 3.9 and then decreases until it reaches a local
minimal value of F, ~ 1.74 at u, /1 ~ 0.5. Upon further displacement, the force increases again
until the fibers suddenly snap free at some point. The exact point of snapping free strongly de-
pends on the dynamics of the system and can thus not be determined in this quasi-static analysis.
However, it is very interesting to see that for a certain range of separation 0.6 J u,/l < 0.8 two
different static equilibrium configurations exist - one with contacting fibers and one with sepa-
rated fibers. See also the corresponding simulation snapshots in Figure 7.2(g) and Figure 7.2(j),
respectively. The largest horizontal separation of the supports for which we could find a static
equilibrium configuration with the fibers being still in contact, i.e., the rightmost red data point
yields F, ~ 5.4 at u, /1 = 0.81. Beyond this point, Newton’s method fails to converge. This is
reasonable because the nearest solution of the nonlinear system of equations looks similar to Fig-
ure 7.2(j) whereas the last converged configuration and thus initial guess for Newton’s method
is Figure 7.2(h).

The second branch of static equilibrium with separated fibers is much more intuitive and
some qualitative aspects have already been discussed in Section 4.5.3, where the resulting equi-
librium configurations for varying attractive strength at a fixed, large separation u,/l = 1
have been studied. Here, we also present the quantitative analysis of the resulting force val-
ues as a function of the displacement and particularly include the intermediate range of sep-
arations 0.6 < u,/l < 0.8. Due to the long range of electrostatic forces, we still observe a
perceptible force and deflection for separated fibers. Nevertheless, as expected, force values de-
cay and approach zero for large separation. Most interesting however is once again the range
of 0.6 < u,/l < 0.8. Here, no static equilibrium could be found with Newton’s method as
fibers tend to jump into contact and so the equilibrium states are unstable. Instead, we con-
ducted dynamic simulations with artificial viscous damping forces and waited until the system
had reached its steady state?>. The method used to compute the viscous forces has been pro-
posed in [32] and models the interaction of a semi-flexible filament with a quiescent background
fluid. In this manner, we could determine further (unstable) static equilibrium configurations in
the range of 0.616 < wu,/l < 0.9. As discussed earlier for the pull-off, also the exact point of
jump-into-contact will depend on the dynamics of the system.

Since the separation of the fiber axes/surfaces is a non-trivial result of the competing attractive
and repulsive forces, it is worth to have a closer look at the gap values. From Figure 7.2, one can
already tell that contacting fibers neither show large penetrations nor a visible gap between the
surfaces and as such meet our expectations. In Figure 7.3, points of active contact are visualized
as spheres and coloring indicates the gap values g/R, i.e., normalized with respect to the fiber
radius. We find that g/R £ —0.15, i.e., the maximal penetration is less than 15% of the fiber
radius throughout the entire simulation from zero displacement to separation. In the context of
penalty-based models for beam contact, this is considered a reasonable small value and may be
interpreted as a model for the cross-section deformation, which is otherwise precluded in the

2 The steady state has been defined in a way that the magnitude of every velocity and acceleration component in
the system has fallen below a threshold value of 1010,
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Figure 7.3.: Visualization of surface-to-surface separation during the peeling and pull-off exper-
iment of two adhesive elastic fibers. Fibers represented by their centerlines and active contact
pairs illustrated as spheres located halfway between interacting points on fibers. Color indicates
gap values normalized with the fiber radius g/ R. Negative gap values indicate penetration. Here,
l. denotes the length of the contact line. Figure taken from the author’s article [60].

applied beam theory. Note also that the maximal penetration only occurs for a very short time
interval at u, /I =~ 0.61 in the spatially confined region around the fiber midpoints.

Remark on the reference force value At u,/l = 0.5, the deflection of the fiber mid-
point(s) is the same as in the experiment to determine the reference force used for normalization.
The corresponding force value of F, &~ 1.7 can thus be interpreted as a surplus of deformation
as compared to the simple reference experiment with a point load applied to the midpoint.

7.2.3. Discussion

In the following discussion, a deeper understanding of the observed system behavior will be
elaborated. Particularly, the underlying mechanisms of the complex force-displacement curve
from zero displacement to full separation of the fibers shall be elucidated. To this end, one has
to discuss the attractive as well as repulsive forces between both fibers along with the internal
elastic forces and moments in the fibers. Generally, the prevalent mode of fiber deformation is
bending, i.e., curvature of fiber axes. Axial elongation and shear deformation remain small and
no torsional deformation occurs due to the planar setup. Concerning the interaction forces, it is
most plausible to look at a net interaction line load acting on each of the fibers. To begin with,
we basically identify three distinct phases that are discussed individually in the following.

Phase a) initiation of fiber deformation and detachment (here: 0 < u,/l < 0.01): The displace-

ment of the fiber endpoints initiates a curvature in a locally confined region towards the
endpoints of the fiber. Accordingly, the first surface point pairs begin to separate, leave the
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7. Peeling and Pull-off Behavior of Adhesive Elastic Fibers

equilibrium spacing and cause an adhesive force. Since the fiber axes are almost parallel
and the fibers show a resistance against bending deformation, a considerable number of
surface point pairs must detach at once. This explains the steep increase of the pulling
force in the leftmost part of the force-displacement diagram. The major part in the middle
of the fibers however remains parallel in an equilibrium state of balanced contact and ad-
hesive forces. The two limiting cases would be rigid fibers, where the entire length of the
fiber needs to detach at once and rope-like fibers, 1.e., with negligible bending stiffness,
where one point pair after another could detach. It is thus a competition of elastic defor-
mation and electrostatic adhesion, that will be further analyzed in a parameter study with
varying Young’s modulus at the end of this section. Figure 7.2(b) illustrates the configura-
tion corresponding to the local force maximum which can be considered as the end of this
initial phase.

Phase b) peeling (here: 0.01 < u,/l < 0.5): Subsequently, the contact zone continuously de-

creases as more and more surface point pairs detach which can be identified as peeling.
Especially in the beginning of this peeling phase, the opening angle between the fiber axes
increases and likewise the pulling force decreases. This is due to the known effect, that
a larger angle requires less point pairs to detach at the same time. Additionally, the lever
arm in form of the already detached, free part of the fiber becomes longer, such that the
reaction force at the supports decreases. The combination of the increasing opening angle
and the decreasing effective stiffness of the longer free fiber parts are presumably the most
important effect in this phase. From the perspective of fiber deformation, the radius of
curvature increases as compared to the initially induced strong local curvature. Still, the
middle part of the fibers remains parallel whereas the end parts are bent. Interestingly, a
closer look at the gap values shown in Figure 7.3(c) reveals that the resulting centerline
shape resembles a very slight “w*. In the course of the peeling phase, the opening angle
as well as the free fiber length and likewise the pulling force approaches a constant value.
This constant peeling force over displacement is well-known from thin film peeling in the
limit of zero bending stiffness [138] as predicted analytically by [83].

Phase c) pull-off (here: 0.5 < u,/l < 0.8): The end of the peeling and begin of the pull-off
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phase can be identified as the point from which on the pulling force increases again. As
can be seen from Figure 7.2(e) and 7.3(d), the centerline shape now resembles a "c*, i.e.,
is convex. Accordingly, the contact zone diminished to a short region in the middle of
the fibers that can not easily be peeled any further because it would require a strong local
curvature of the fibers. During the entire pull-off phase, the adhesive forces acting on the
fibers change only marginally because there is not much change in the mutual distance
of the most important closest parts of the fibers. However, the repulsive contact forces
decrease and therefore the net interaction force increases considerably. So the remark-
able increase in the external pulling force before the fibers finally snap free results from
the compensation of the diminishing contact forces. The maximum value of the tensile
force that is required during the separation of adhesive bodies is commonly referred to
as pull-off force and is of highest relevance in many practical applications. Looking at
this phase from the different perspective of elastic deformation, the fibers undergo a high
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curvature in the middle part and increasing axial tension towards the endpoints in order to
conform with the ever increasing separation w,. /[, such that in the end each fiber resem-
bles a u*-shape?. The high axial stiffness of the fibers leads to an increase in the reaction
force until it ultimately reaches the maximum value that can be transferred by the adhesive
connection.

Note that the given range of displacement values is not meant to be the universal characteristic
property of the identified phases. Instead, the fundamental qualitative features of the force-
displacement curve and the revealed underlying mechanisms motivate the presented distinction
into three phases, while the specific displacement values separating these three phases depend
on the considered system parameters as will be shown in Section 7.2.4.

When comparing these results to those obtained for the related scenario of the one-sided peel-
ing of a thin elastic film adhering to a rigid surface via vdW forces in the previous study [138],
a number of similarities can be identified. In both of the aforementioned phases a) and b), the
resulting force-displacement curves have the same characteristic shape, i.e., a steep initial slope
towards a sharp force peak followed by gradually decreasing force values eventually approaching
a plateau-like regime of almost constant peeling forces thus representing a strongly nonlinear,
deformation-dependent system behavior that arises from the interplay of elasticity, adhesion and
mechanical contact interaction. This also holds true for the double-strip peeling modeled via 2D
solid elements and a cohesive zone model studied in [139], which underlines the universality
of both the results itself as well as of the thorough analysis of the underlying physical mecha-
nisms. Neither the differences in the physical origin (and computational modeling) of adhesion
nor the slightly different setup with respect to loading and support, i.e., the different boundary
conditions, seem to change this fundamental system response during peeling and the initiation
thereof. We will get back to this topic in the discussion of the results for the parameter variation
in Section 7.2.4 and for the case of vdW adhesion in Section 7.3.2.

Turning to the differences in the results as well as its reasons, the most obvious observation
from Figure 7.1(b) is the pronounced pull-off phase described above. As compared to the men-
tioned previous studies, this can be attributed to the application of pulling forces at both ends of
the fibers, which results in a two-sided instead of a one-sided peeling. While the pull-off dis-
placement and force in case of one-sided peeling strongly depend on the properties and modeling
of the fiber endpoints, the two-sided peeling setup shifts the focus to the interaction of the fibers’
middle parts. The observed significant increase of the force over an extended range of displace-
ment values 0.5 < u,/l < 0.8 before snapping free is therefore considered to be characteristic
for the two-sided peeling setup, which is an important finding with implications concerning the
assessment of real-world systems of adhesive fibers.

Following up on this, the most striking fact is that the global force maximum occurs at the
end of this pull-off phase c), ultimately before snapping free. As the results for the case of vdW
attraction will show, this appears to be a distinguishing feature of the long range of electrostatic
attraction considered here. In view of the fact that the global force maximum will be the deci-
sive feature in biological as well as bio-inspired synthetic dry adhesives, a clear understanding
of how the maximum force value and the corresponding displacement or, more generally, sys-
tem state depends on the elementary system properties is certainly of the highest importance.

3 This shape will be even more pronounced for a smaller value of Young’s modulus, cf. Figure 7.5(b).
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Thus, the following section investigates the effect of varying the principal parameters, and sub-
sequently the fundamentally different type of adhesion arising from vdW interactions will be
studied in Section 7.3.

7.2.4. Influence of the strength of adhesion and Young’s modulus

Having studied the interplay of elasticity and adhesion for one set of parameters, now the effect
of parameter variation will be considered. As has been noted already by Sauer [138] in the
scenario of peeling a thin film with finite bending stiffness from a rigid surface, the decisive
parameter is the ratio of Young’s modulus and adhesive strength. The simulations conducted in
the scope of this section confirmed that this holds true also for the case of two adhesive elastic
fibers studied here. In the following, the prefactor of the point potential law &£ = 0.1 is thus left
unchanged and Young’s modulus £ will be varied by a factor of 0.1 and 10, respectively, thus
covering a range of two orders of magnitude.
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each of the three curves.

Figure 7.4.: Comparison of results for ten times larger and ten times smaller value for Young’s
modulus F£. Figure taken from the author’s article [60].

The resulting force-displacement curves are shown in Figure 7.4(a). Accordingly, the static
equilibrium configurations for one exemplarily chosen displacement value u, /I = 0.4 are com-
pared in Figure 7.5(a) and the configurations ultimately before snapping free, i.e., corresponding
to the rightmost data point of each curve, are visualized in Figure 7.5(b). Note the two different
variants of normalization of force values shown in Figure 7.4(a) and Figure 7.4(b). On the one
hand, using the same reference force for all scenarios allows to compare the absolute force levels
in Figure 7.4(a). It is found that the force peak associated with the initiation of fiber deforma-
tion is more pronounced for higher values of Young’s modulus and thus bending stiffness of the
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fibers, as expected from the discussion of this initiation phase above. Directly related to this, the
subsequent peeling phase shows higher force values and passes over to the final pull-off phase
at smaller displacement values. The force plateau, which is characteristic for peeling with zero
bending resistance, is not observable at all for the highest value of Young’s modulus £ = 10°
considered here, but is very pronounced for £ = 10%. In the final pull-off phase, fibers with
higher Young’s modulus again show higher force values, however with a less sharp increase
just before snapping free. Altogether, the system behavior shows some analogy to the failure of
brittle and ductile material.

E=10*

4 E=10° ,
E=10°
0 1 2 3 4
(a)  Static equilib- (b) Static equilibrium configurations, ulti-

rium configurations mately before snapping free.
for u, /1 ~ 0.4.

Figure 7.5.: Comparison of equilibrium configurations for ten times larger and ten times smaller
value for Young’s modulus F. Figure taken from the author’s article [60].

Alternatively, one can compute an individual reference force for each of the three curves
with the corresponding value for the Young’s modulus £ = 10%, 10, 10°, respectively (see
Figure 7.4(b)). As expected, this reference force in the case of the ten times smaller / larger
value of Young’s modulus will be ten times smaller / larger than the reference force originally
obtained for £ = 10° and used in Figure 7.4(a), respectively. This alternative normalization
nicely illustrates the relative strength of the electrostatic interaction forces as compared to the
forces that would typically result from large elastic bending deformation as represented by the
scenario to compute the reference force. It can be observed that the pull-off force in the case
of the most flexible fibers with £/ = 10* exceeds this reference force by an impressive factor of
more than 40.

Getting back to the comparison with the previous study of one-sided peeling of a thin film ad-
hering to a rigid surface via vdW forces [138], the results from variation of the relative adhesive
strength over two orders of magnitude basically confirm the conclusions drawn above for the
reference value. The initial steep increase of the force and subsequent decrease in the initiation
and peeling phase can be identified as unifying characteristics throughout all setups. In addition,
the trends of increasing force peak values and decreasing plateau width with increasing Young’s
modulus, i.e., decreasing relative strength of adhesion are observable both for the system here
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as well as for one-sided peeling of a thin film from a rigid substrate. Also, the distinct pull-off
phase with increasing force values including the global force maximum is reproduced here for
all values of the relative strength of adhesion whereas it is not present for any of the parameter
values in the one-sided peeling scenario of [138]. This confirms the causal link between peeling
from two sides and such a pronounced pull-off phase as suggested and explained above.

7.2.5. Discussion of parameter values and the transfer of results to
specific real-world systems

Dimensional analysis by means of the Buckingham 7 theorem shows that the quasi-static prob-
lem considered in this section can be described by three dimensionless parameters. Apart from
the slenderness ratio ¢ := L/ R of the fibers, which is well known from beam theory to be the key
parameter concerning the elastic deformation of fibers under load, the ratio 02 kejgia/ E =: Cagn is
obtained as the dimensionless parameter governing the interplay of adhesive electrostatic forces
and structural stiffness/compliance of the fibers. The third dimensionless parameter involving the
penalty contact parameter ¢ is obtained as ¢/ (02 Keistat ), which can be interpreted as a measure
for the normalized equilibrium distance that results from the competition of repulsive steric and
attractive electrostatic forces.* For a given slenderness ratio ¢, the ratio Cygp, = 02 kejgiar /E of ad-
hesive strength and fiber stiffness is the decisive parameter for the peeling and pull-off behavior
observed and discussed here, as has already been mentioned above and has been the motivation
to vary Young’s modulus of the fibers while keeping the strength of adhesion fixed. Regarding
the further use, it seems reasonable to refer to this characteristic dimensionless quantity C,q, as
the ”adhesive compliance* of fibers.

This theoretical analysis has been verified by additional simulation runs, where all three quan-
tities F, kejsar and € have been multiplied by a factor of 10° such that the ratios /(02 kejsiar 1)
and 02 Kepsar /E remain unchanged and the resulting normalized force-displacement curves for
Young’s modulus F = {10%,10'%,10'!} are indeed identical to the ones shown in Figure 7.4.
Note also in this respect that intentionally no units are specified in this entire study, because
the computed results hold true for any consistent system of units. For example, for a system of
um, mg and s as often used in micromechanics, the numbers given for Young’s modulus £ =
{10%,10°,10°} in the parameter study above correspond to values of {10kPa, 100 kPa, 1 MPa},
respectively. However, other choices are equally valid.

Now that the adhesive compliance C,4, has been identified as the decisive dimensionless
quantity, it can be stated that the three values used for Young’s modulus £ = {10%,10°,10°}
correspond to parameter values Cogy = {107°,1075 1077}, respectively, and that these val-
ues turn out to cover the entire range from “relatively strong adhesion/relatively soft fibers” to
“relatively weak adhesion/relatively stiff fibers”. Based on the trends in the force-displacement
curves in Figure 7.4, one also gets an impression of the system behavior in both limits of “domi-
nant strength of adhesion/negligible stiffness” (cf. adhesion between ideal ropes) and “negligible

4 Since the penalty contact formulation is considered to be a numerical regularization of the non-penetration
constraint rather than a physically motivated repulsive force law (refer to the discussion in Section 6.2), it is
suggested to keep this ratio ¢/ (02 kst R) fixed when varying the adhesive strength, such that an increased
adhesive strength does not lead to an increased violation of the non-penetration constraint.
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strength of adhesion/almost rigid fibers” (cf. adhesion between rigid rods), respectively. In this
manner, the present study delivers basic insights for any set of real parameter values.

Finally, in order to draw conclusions for a specific real system or compare the results to exper-
imental results, one would need to quantify both the strength of adhesion and the stiffness of the
real fibers to determine their adhesive compliance C'q,. To give a real-world example, consider
the mucin filaments to be studied in Chapter 9. First, note that the slenderness ratio ¢ = 250 con-
sidered in this computational study is in the range of values ¢ € [150,400] that can be estimated
for mucin filaments [132, 149]. Second, taking into account the reported values for the surface
charge density’ [105] and persistence length [132, 149] allows to estimate Cyg, € [107¢,1071].
Due to these rather high values for the adhesive compliance as compared to the values consid-
ered in this computational study [10~7, 10~°], mucin is thus expected to lie in the regime of
“strong adhesion/soft fibers” of the observed spectrum of system responses and show consider-
able structural deformations due to the electrostatic interactions. This behavior will indeed be
observed in the computational experiments investigating the (self-)interaction of mucin filaments
in Chapter 9.

7.2.6. Discussion of the numerical approximation quality

At the end of this Section 7.2 considering electrostatic adhesion, the important numerical aspects
of spatial discretization as well as numerical integration error shall be briefly analyzed. Gener-
ally, peeling simulations are known to be extremely sensitive to non-smoothness and coarseness
of the spatial discretization and considerable effort has been made in the past to tackle this issue
by surface enrichment strategies for 2D solid elements [136, 139]. As outlined in Section 3.1,
here, third-order Hermite interpolation of the beam centerline has been used, which directly
ensures C''-continuity and needs no smoothing in the first place. This carries over to a smooth
representation of the inter-axis separation and hence the interaction force field. In turn, relatively
coarse meshes can be applied, which are limited with respect to the inherent spatial approxima-
tion error rather than non-smoothness at the element boundaries. Figure 7.6 shows the results
of the mesh refinement study. For each of the values for Young’s modulus used above, three
different levels of mesh refinement are shown. One of them obviously is too coarse and leads to
artificial oscillations in the force values as typically observed in this case. For the second and
third discretization, the difference in results is already very small such that the second refinement
level can arguably be regarded as a fine enough discretization for the purposes of this study. To
rule out the error from numerical quadrature as the decisive factor for the oscillations, each of the
three simulations has been repeated with the coarsest mesh and twice the number of Gauss points
per element from ngp;oele-lengh = 20 to 40, which did not eliminate the oscillations. From these
results, it also becomes obvious that more elements are needed for smaller values of the Young’s

> Although using the precise sequence of amino acids of the mucin macromolecule would lead to a much more
complex line charge distribution than the homogeneous charge density considered in this study, the correspond-
ing line charge densities are known to lie in the range of A = 27 Ro € [le/1.2nm, 1le/10nm]. Bearing in mind
the neglect of charge screening effects (as typically observed in electrolyte solutions under physiological condi-
tions), the parameters of the current computational model should be interpreted as effective charge densities and
the values for the real charge densities obtained from analysis of the sequence of amino acids would need to be
decreased to account for this modeling assumption.
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Figure 7.6.: Effect of mesh refinement depending on Young’s modulus £. Too coarse discretiza-
tions lead to artificial oscillations in the force-displacement curves. Two integration segments
per element with ten Gauss points each, i.e., ngpiotelelengn = 20 are used in all simulations.
However, doubling 7n6p ot cle-length did not eliminate the oscillations for each of the three coarsest
discretizations, such that the error from numerical quadrature is ruled out as the decisive factor.
Here, the same normalization for the force values as in Figure 7.4(a) is used. Figure taken from
the author’s article [60].

modulus, i.e., more flexible fibers. This can be explained by the degree of fiber deformation as
visible e.g. from Figure 7.5(b). In order to limit the spatial discretization error to a minimum and
ensure comparability of results, 32 elements per fiber were used for all simulations in Figure 7.4.
We can thus conclude that the smooth, cubic centerline representation used in combination with
the SSIP approach throughout this study allows for robust and accurate peeling simulations even
with relatively coarse meshes.
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7.3. Van der Waals attraction modeled by the SSIP approach

7.3. Van der Waals attraction modeled by the SSIP
approach

The aim of this section is to repeat the peeling experiment of Section 7.2 with a fundamentally
different type of attractive forces, namely vdW forces. This allows us to analyze the differences
and similarities in the force response of the system and also to discuss the differences in the nu-
merical methods used to model the two phenomena. Furthermore, this section will start with the
application of the SSIP approach and simple reduced interaction law neglecting mutual orienta-
tions of the cross-sections before Section 7.4 will repeat the numerical peeling experiment using
the SBIP approach and the more sophisticated SBIP law including orientation information. This
again allows for a clear analysis of the differences of the two computational approaches on the
global level of this two fiber system.

7.3.1. Setup and parameters

As mentioned above, the setup of this numerical experiment shown in Figure 7.7(a) is almost
identical to the one discussed in the preceding Section 7.2. The most important difference is
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configuration. fiber midpoint.

Figure 7.7.: Numerical peeling experiment with two adhesive elastic fibers interacting via the LJ
potential. Figure taken from the author’s article [60].

the fact that the fibers interact via a LJ potential instead of the electrostatic one. Specifically,
the LJ interaction is evaluated using the SSIP approach proposed in Section 4.2 and applying
the simple SSIP law presented in Section 4.3.2 with exponent 6 for the attractive vdW and
exponent 12 for the repulsive part. The parameter values of the LJ point pair potential law are
chosen exemplarily as kyaw = —1077 and kyeprs = 5 X 1072 such that the resulting reaction
forces are of the same order of magnitude as for the electrostatic adhesion. Obviously, this is
an arbitrary choice and the comparison of force-displacement curves between electrostatic and
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7. Peeling and Pull-off Behavior of Adhesive Elastic Fibers

LJ interaction, later on, will only be a qualitative one. The particle densities are assumed to
be constant and set to p;2 = 1.0. Due to the rapid decay of both the adhesive vdW and even
more the repulsive part of the LJ potential, the interaction has an extremely short range and
it is essential to ensure a fine resolution of these small length scales. Thus, a large number
of 64 elements per fiber and five integration segments with ten Gauss points each is used for
the discretization and numerical integration of the contributions from LJ interaction and it has
been verified that a further refinement does not change the results perceptibly. To reduce the
computational cost, the very short range of the interactions has been exploited by using a cut-off
radius 7. = 0.1 = 5R which again did not change the results perceptibly. See Section 7.2.1 for
all geometric and material parameter values. Specifically, the original value £/ = 10° for the
Young’s modulus is used again, which has been varied in the parameter study at the end of the
preceding section. The one, yet important difference in the geometric setup of the problem is the
initial separation of the fibers in the first step of the simulation that turns out to be crucial in order
to be close enough to a static equilibrium configuration such that the nonlinear solver converges.
For this reason, an analytical solution for the equilibrium separation g jeq.cyi||cy1 Of two parallel,
infinitely long cylinders interacting via the LJ potential has been derived in Appendix A.2.2
(cf. Equation (A.35)) and is repeated here for the reader’s convenience:

gLJ,eq,cychyl - <_5 ];:cyl,12/]%cyl,6) ° ~ 0.57169 TLJ,eq (71)

Here, 7154 denotes the equilibrium spacing of a point pair interacting via the LJ potential,
which is related to the alternative set of parameters used in this work according to rijeq =

(—2 Krepry/ kvdw)l/ % and l?:cyl,ﬁ and ];?cy],lg are used as abbreviations for the constant prefactors of
the cylinder-cylinder LJ interaction potential law. Refer to Appendix A for the required deriva-
tion of the cylinder-cylinder LJ interaction potential as well as force law starting from the point-
point LJ potential law. For the parameters listed above, we obtain g jeq.cyljjeyl & 4.2 ¥ 1072 R ~
1.7 x 10~* - 1. In order to include also the repulsive regime, a slightly smaller initial separation,
i.e., displacement u, /Il = 1.6 x 10~* is chosen here. Note, however, that in contrast to infinitely
long cylinders considered in the theory of Equation (7.1), the force-free equilibrium configu-
ration for this pair of deformable fibers with finite length [ is not straightforward to find. In
particular, it is not the trivial case of two straight fibers at a constant surface-to-surface spacing g
along their length.

7.3.2. Results and discussion

Figure 7.7(b) finally shows the resulting force-displacement curve. In addition, the most interest-
ing range of very small displacement values u, /I < 1072 is magnified and shown in a separate
plot in Figure 7.7(c). Let us first leave the different variants of numerical regularization aside,
since all of them yield identical results and will be discussed later. As suggested by the analyt-
ical solution for the equilibrium spacing of infinitely long, parallel cylinders, the first data point
with the slightly smaller initial separation lies in the repulsive regime with F, < 0, whereas all
subsequent data points yield positive, i.e., tensile reaction forces. The qualitative comparison
with the electrostatic attraction shown in Figure 7.8 reveals a substantial difference in the sys-
tem response, most obvious in terms of the much sharper and also higher force peak during the
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7.3. Van der Waals attraction modeled by the SSIP approach

initiation of the peeling process. Interestingly, after quickly dropping to a much smaller value,
the adhesive vdW force effectively keeps the fibers in contact up to a comparable separation of
the fibers’ endpoints as in the electrostatic case (see again Figure 7.2(g) for a visualization of the
corresponding system state).

gl ——electrostatic

van der Waals
4 7 \/
2 L

0 0.2 0.4 0.6 0.8 1
normalized displacement wu, /I [-]

normalized reaction force F) [-]

Figure 7.8.: Comparison of the quasi-static force-displacement curves obtained for electrostatic
and vdW attraction. Force values to be interpreted as multiple of a reference point load that
causes a deflection of [/4 if applied at the fiber midpoint. Figure taken from the author’s arti-
cle [60].

At this point, recall the known limitation of the applied simple SSIP law for vdW adhesion
in terms of accuracy that has been revealed in Section 4.5.1. To ensure that the model error
does not alter the qualitative results nor the following conclusions, we have repeated the simu-
lations employing the SBIP approach proposed in Section 5.1 together with the derived SBIP
law from Section 5.2.1 (cf. Equation (5.32)). This alternative modeling approach has been
shown to achieve the correct asymptotic scaling behavior and thus significantly enhanced ac-
curacy (cf. Section 5.2.2). The results of applying the SBIP approach will be presented in the
following Section 7.4 and confirm that the strength of adhesion resulting from the given value
of kyqw 1s overestimated here (which is expected also from the analysis in Section 4.5.1), leading
to a higher force peak and larger pull-off displacement. However, the characteristic shape of the
force-displacement curve and thus all the following conclusions remain valid. These insights are
important to decide about potential future applications of the most simple (SSIP) laws neglecting
the mutual orientation and thus accepting the loss in accuracy.

In fact, it can be shown that the prefactor k,qw of the simple SSIP law can be calibrated in a
manner such that the resulting overall force-displacement curve is in excellent agreement with
the corresponding force-displacement curve resulting from the enhanced computational model
using the SBIP law (5.32). Note also that the applied set of parameter values Kyaw, Arepry for the
LJ interaction is chosen based on the heuristic criterion that the resulting reaction forces are of
the same order of magnitude as in the case of electrostatic adhesion considered in Section 7.2,
such that this comparison between both cases naturally is a qualitative rather than quantitative
one. In the specific context of this section — and bearing the limitations in mind — the approach
using the simple SSIP law from Section 4.3.2 may still be a valuable computational model.
Nevertheless, the resulting quantitative inaccuracy on the system level will be critically analyzed
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in Section 7.4.5 to show the differences between the simple SSIP law and the more sophisticated
SBIP law.

Following up on the analyses of the previous sections, we can conclude that the characteristic
shape of the force-displacement curve in the initiation and peeling phases is obtained here as
well, although the force peak is higher, sharper and shifted to smaller displacement values, which
is most likely a result of the shorter range of adhesive forces. Once again, also the pronounced
pull-off phase is observed (despite the shorter range of interaction), which supports the argument
that it can be attributed to the symmetric two-sided peeling from both fiber endpoints. As a final
and most important result, however, it has to be pointed out that the maximum force value in
the entire separation process occurs during initiation of the peeling in the case of vdW adhesion
considered here, whereas it occurs in the final pull-off phase ultimately before snapping free in
the case of electrostatic attraction studied in Section 7.2. This noteworthy finding can again be
explained by the fundamental difference between the short and long range of these interaction

types.

7.3.3. Discussion of the numerical regularization of the
Lennard-Jones interaction law

A suitable regularization strategy to remedy the inherent singularity of the LJ SSIP law has been
proposed in Section 4.4.3. The concrete numerical example of this section allows us to study
and quantify its significant positive impact on the performance of the nonlinear solver and in this
way complement the theoretical considerations made in Section 4.4.3. The LJ potential applied
here shows both very high gradients in the force-distance law as well as the singularity in the
SSIP law for zero separation g = 0 and is thus the more challenging case with respect to the
nonlinear solver as compared to electrostatic interaction. In order to find a solution of the non-
linear system of equations in every load step, we apply Newton’s method in combination with a
displacement increment control as outlined in Section F.2. Using a very strict upper bound for
the displacement increment per iteration of |Au|m.x = R/20 allowed to compute the solution for
the LJ interaction without any modification of the SSIP laws stated in Section 4.3.2 and 4.3.2 for
the vdW and repulsive part, respectively. This effectively avoids the singularity in any uncon-
verged state, however comes at the tremendous computational cost of an average of 46.2 required
Newton iterations in each of the approximately 1600 steps required to compute the entire force-
displacement curve shown in Figure 7.7(b) (green line with diamonds). These numbers underline
the urgent need for the regularization of the LJ law in the limit of zero separation g — 0 as pro-
posed in Section 4.4.3 for the SSIP law and previously applied in the context of solid bodies in
[136]. Applying the proposed linear extrapolation of the section-section interaction force law
below a certain separation gy, 1y indeed considerably improves the performance of the nonlinear
solver. The average number of Newton iterations per step decreases to 10.2, which is almost
a factor of five, while the results shown in Figure 7.7(b) (blue, pink, and black line) coincide
with the full LJ solution (green line) down to machine precision. This remarkable reduction of
computational cost while obtaining identical results is exactly the same for all three values of the
regularization parameter greo 1y = {0.3,0.6,1.0} x JLieqeyl|cyl that we applied. As outlined in the
theoretical considerations of Section 4.4.3, this is reasonable and expected, because we choose
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a regularization parameter greg 1y < §Lyeqcyl|cyl that is smaller than (or equal to) any separation
value g occurring anywhere in the system in any converged state. Thus, the solution never “sees”
the modification of the LJ force law in the interval g < gy, 1s and the results are identical. If, on
the contrary, the regularization parameter is chosen as greg1y = 1.2 X gryeqeylleyl = JLiequeylfcyls
we observed that the nonlinear solver failed to converge at u, /I ~ 0.17 and the obtained force
values in the range u, /I < 0.17 deviate from those for the unmodified LJ SSIP law. This under-
lines the importance of the correct choice of the regularization parameter and the knowledge of
the theoretical equilibrium spacing gi j eq.cyl|jcyl Stated in Equation (7.1).

7.4. Van der Waals attraction modeled by the SBIP
approach

As mentioned above, the numerical peeling experiment of the preceding section is revisited here
to compare the results and computational cost of the SSIP and the SBIP approach in a minimal
example of adhesive contact between fibers. The unmodified problem setup consisting of two
parallel, straight fibers interacting via a LJ potential is shown in Figure 7.7(a). The idea is to
study the entire process of separating these adhesive fibers starting from contact along the entire
length up to the point where they would suddenly snap free. Therefore, a displacement u, in
x-direction is prescribed at both ends of the right fiber and the sum of the reaction forces F), :=
F + F™ in this direction is measured in order to obtain the characteristic, quasi-static force-
displacement curve.

7.4.1. Setup and parameters

At this point, only the differences in the setup will be presented. Refer to Section 7.2 and
Section 7.3.1 for a complete presentation of the setup, numerical methods and parameter values.
Most importantly, the LJ interaction between the fibers is modeled by means of the novel SBIP
approach from Section 5.1 in combination with the proposed disk-cylinder interaction potential
law 7 gisk-cy1 from Equation (5.32), which is used for both the attractive m = 6 as well as the
repulsive m = 12 part of the LJ interaction. The two prefactors kg and ki specifying the LJ
point-pair potential law will be varied to study their influence on the system response. Instead of
using these prefactors, however, it seems more meaningful and intuitive in this context to use an
equivalent set of parameters, which describe the equilibrium spacing gi j eq.cyi||cy1 and the minimal
(i.e. maximal adhesive) force per unit length fmin,u,cylucyl of straight, parallel fibers. According
to the theoretical work for the scenario of infinitely long and parallel rigid cylinders presented
in Appendix A.2.2, these two alternative sets of two LJ parameters are bi-uniquely related® as
follows:

1
gLJ,eq,cychyl ~ 1.1434 <_k12/k6)6 (72)
N 2R R 5
FoninLieylfest = 0.7927 p1po ﬁ kg (—ke/k12) ™ (7.3)
1 2

® taking into account the atom densities p; and radii R; of the fibers i = 1,2
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Again refer to Appendix A.2.2 for the rather lengthy exact expressions of the scalar prefactors
that are given here in their approximate floating point representation. For the sake of brevity, the
subscript “cyl||cyl” will be omitted in the remainder of this section, however, keep in mind that
these quantities describe the academic case of infinitely long and parallel, rigid cylinders. Since
the meaning of these two parameters is much more intuitive in the context of fiber adhesion,
it can now be argued that the equilibrium surface spacing gry.q is a fundamental property of
the type of physical interaction (and maybe also the material combination of both fibers and
surrounding media) and it can thus be kept fixed for now with an exemplarily chosen value
of gryeq = 1072 = 0.05- R =2 x 10~* - [, which corresponds to five percent of the fiber radius.
The minimal LJ force per unit length fmin,u on the other hand is a viable measure for the strength
of adhesion and will be varied to study this important influence on the system behavior. Unless
otherwise stated, two integration segments with ten Gauss points each are used for numerical
integration of the LJ contributions in each of the 64 beam elements per fiber. It has been verified
by means of refinement studies that the influence of the spatial discretization error and numerical
integration error is negligible for all results to be presented in the following. The regularization
strategy proposed in Section 5.4.1 has been applied with a regularization separation gy =
8 x 107* = 0.04 - R, which is smaller than the equilibrium spacing gijeq given above and
thus — as has been argued in Section 5.4.1 — led to identical results as compared to the non-
regularized interaction law, yet ensures robustness and a significant reduction of the number of
required nonlinear iterations by a factor of approximately 4.5. In order to further reduce the
computational cost, the very short range of the LJ interaction has been exploited by applying a
cut-off radius of r. = 0.1 = 5R, which again had no influence on the results. As mentioned
above, all other parameters including the geometrical and material properties of the fibers remain
unchanged as compared to the preceding sections.

7.4.2. Resulting qualitative system behavior

\ / 72\;\\;\\ _ _—

| / AN
(a) (b) (c) (d) u, /1 =0.2 (e) uy/l=0.5 (f) ug/l = 0.8218: ultimately
Uug/l=0 wuy/l=0.01 u,/l=0.1 before snapping free
Figure 7.9.: Characteristic equilibrium configurations obtained for the case fmin,u =—1.
Let us first look at the case of ,fmin,LJ = —1, which is the strongest attractive strength con-

sidered in this numerical experiment. The resulting equilibrium configurations for exemplarily
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chosen displacement values u, are shown in Figure 7.9. Note that the configurations are sym-
metric with respect to both a vertical and a horizontal middle axis, which also implies for the
individual reaction force components on the left/right (“1”/“r”) side and top/bottom (“t”/“b”)
that F' = F? = F'" = F and F, = 0, as expected from the symmetric setup of the ex-
periment and already observed in Section 7.2.2. The corresponding force-displacement curve
is shown in Figure 7.10(a) (blue line) and a magnified view of the small displacement value
range is provided in Figure 7.10(b). Overall, the shape of the curve is very similar to the one
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ues to be interpreted as multiple of a reference point ment values.

load that causes a deflection of [/4 if applied at the
fiber midpoint.

Figure 7.10.: Numerical peeling experiment with two adhesive elastic fibers interacting via the
LJ potential.

obtained using the previous SSIP approach in Section 7.3.2 and also the three characteristic
phases of initiation of fiber deformation, peeling, and pull-off as obtained and analyzed for the
case of electrostatic attraction in Section 7.2.3 are recognizable here. Moreover, the sharp force
maximum for a very small displacement value in the initiation phase is confirmed by this study
using the novel SBIP approach and more accurate disk-cylinder interaction law 7y, gisk-cy1- It can
thus be concluded that the known limitation regarding the accuracy of the previously applied,
simple SSIP law 7 from Section 4.3.2 does not affect the qualitative analysis and conclusions
drawn in the previous Section 7.2. A detailed comparison, including a quantitative analysis of
the differences in the global system response for the identical set of parameter values will follow
in a dedicated section below. Following up on the qualitative results, note that the very short
range of the LJ interactions leads to the fact that fibers interact almost exclusively if or where
they are in contact and that there is no perceptible far range effect as observed and measured in
form of a second branch (“separated fibers”) in the force-displacement plot, e.g., for the case of
electrostatic attraction in Figure 7.1(b). This observation is also in agreement with the common
notion that short-ranged interactions such as vdW adhesion only have an influence on the state
of being/remaining in contact, and not the process of coming into contact from an initially sepa-
rated state. A quantitative analysis of the results will be given in the following section discussing
the influence of the strength of adhesion, however, two brief aspects are stated here as an im-
mediate verification of the results. First, the specified parameter value for the equilibrium gap
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of infinitely long and parallel, rigid cylinders gij.q = 1072 is indeed recovered as a simulation
result in the middle parts of the fibers wherever they are approximately parallel. And second,
as can be seen from the visualization of the resulting LJ force distributions in Figure 7.11, the
maximum magnitude of the observed interaction forces per unit length agrees very well with the
specified parameter value fmin,u =—1.

force magnitude

0.06+00 05 1.0e+00
| _ |
(a) u, /1 =0.1 (b) u,/l ~ 0.8218: ultimately before snapping

free

Figure 7.11.: Detail study of the resulting line force distributions for two displacement values
obtained for the case fmin,u = —1. For clarity, the fibers are depicted as their centerlines and
forces are shown for the left fiber only. Note that both pictures show details of the entire system
and are not to scale.

7.4.3. Influence of the strength of adhesion

A more general, theoretical study of parameter influences in systems of adhesive fibers by
means of nondimensionalization of the governing partial differential equations is provided in Ap-
pendix B. Here, it is complemented by a numerical study considering the influence of the ad-
hesive strength for this fundamental two-fiber peeling and pull-off example. Thus, keeping all
other parameters unchanged, the minimal LJ force per unit length of infinitely long and par-
allel cylinders fmin,u is varied over two orders of magnitude such that both limits of “strong
adhesion/low fiber stiffness” and “weak adhesion/high fiber stiffness” can be observed. The
resulting force-displacement curves for fmin,u = {-1,-0.1,—0.01} (blue solid line, red solid
line, black dashed line) are shown in Figure 7.10(a) and 7.10(b) and the corresponding final
equilibrium configurations ultimately before snapping free are displayed in Figure 7.12. As ex-
pected, an increase of the adhesive strength generally leads to increased reaction force values
and higher displacement values before the fibers would finally snap free. Specifically, we ob-
tain normalized force peak values of Fx max ~ 0.32 at u, / [ ~ 3.4 x 107 for fmln L = —0.01,
meax ~ 1.8atu,/l ~ 3.6 X 107 for fminy = —0.1, and F, mex = 9.9 at u, /1 ~ 3.6 x 10~ for
fmm,u —1. The peak force values thus increase by a factor of approximately 5.6 and 31 if the
minimal LJ force per unit length is increased by a factor 10 and 100, respectively. However, the
location of the force peak is not influenced by the varying adhesive strength, which meets our
expectations from keeping the equilibrium surface separation gy j 4 fixed. Finally, the maximum
normalized displacement values u, ./l before the fibers would snap free are observed to be
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fminLJ =-1
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Figure 7.12.: Comparison of the final configurations before snapping free for different values of
the minimal LJ force per unit length fi,15.

approximately 0.13, 0.48, and 0.82 for fuinry = {—0.01, —0.1, —1}, respectively. Note how-
ever that these maximum displacement values are the result of a quasi-static analysis and that
the exact point of snapping free will depend on the dynamics of the system. A final interesting
observation based on the force-displacement curves in Figure 7.10(a) is that both pairs of curves
for f~min,LJ ={-0.01,—0.1} and fmm,u = {—0.1, —1} approximately correspond to each other in
a certain, limited displacement range u, /! ~ [0.08,0.13] and u,/l ~ [0.25,0.48], respectively,
before the system with weaker adhesive strength would snap free.

7.4.4. Influence of the choice of master and slave

Following up on the discussion of how to assign the roles of master and slave in Section 5.1, this
numerical example is used to study the influence of this choice and thus bias in the SBIP ap-
proach. For this sake, all three cases shown in Figure 7.10(a) have been repeated with switched
roles of master and slave and the resulting differences in the reaction force-displacement curves
have been evaluated. The maximal relative differences along the entire curve are approximately
{4 x107% 5 x 10,3 x 107°} for FrinLy = {-0.01, —0.1, —1}, respectively, and thus are of
the same order of or even smaller than the spatial discretization error that has been verified by
doubling the number of elements. These results meet our expectations, since the entire prob-
lem is symmetric and the resulting bias should thus be negligible. To quantify the model error
associated with replacing the master beam by a surrogate cylinder, the setup of the example is
now slightly modified by constraining the left fiber’s deformation to zero and thus preserving
the initial straight cylinder shape. Using the left fiber as the master beam will thus eliminate the
corresponding model error and serves as a reference solution for the subsequent simulation run
with switched roles of master and slave. This results in maximal relative differences of approxi-
mately {0.13%, 0.43%, 1.42%} for fuminry = {—0.01, —0.1, —1}, once again measured along the
entire force-displacement curve. Given the considerable magnitude of curvature for the high-
est adhesion force value, which is even slightly more than in the original example visualized in
Figure 7.12, this is considered to be a reasonably small error level, which will presumably be
negligible in most practical applications of the novel SBIP approach.
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7.4.5. Comparison of SSIP and SBIP approach and corresponding
reduced interaction laws

At this point, recall from the prior analysis of the model accuracy using the example of two
cylinders in Section 5.2.2 that the previously used simple SSIP law 7:Tm,disk|\disk from Section 4.3.2
overestimates both the total interaction potential and force in the decisive regime of small separa-
tions and that the novel SBIP law 7y, gisk-cy1 from (5.32) on the contrary ensures the correct scaling
behavior and is thus significantly more accurate. The influence of this model error on the global
system behavior shall be briefly investigated by means of the numerical peeling and pull-off
experiment considered in this section. Figure 7.13 shows the corresponding force-displacement
curves for the original set of LJ parameters k¢ = —1077, kj = 5 x 1072° from Section 7.3,
using either the SSIP law 7y, gigk-cy1 from Section 4.3.2 (red solid line) or the proposed SBIP
law 7 gisk-cy1 from (5.32) (blue solid line). The results confirm the assessment summarized above

- I R —
= 8¢ SSIP using 7 gisk|disk, k6 = —1077
By | ——SBIP using Taisk—cyl, k¢ = —1077
§ 6l - - -SBIP using #disk—eyl, kg = —4- 1077
L
o
2 =8
£ 47 ] =
3 <6
E 2r ] 2
s g2
= ol ] o
= -2 - . | é -4
° 02 04 0.6 08 "% 2 4 6 8 10
normalized displacement w, /1 [-] normalized displacement u,/1[] 103

(a) Quasi-static force-displacement curve. Force val- (b) Detail view for small separa-
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load that causes a deflection of {/4 if applied at the

fiber midpoint.

Figure 7.13.: Comparison of the results obtained in Section 7.3 via the SSIP law frm,disk”disk from
Section 4.3.2 with the results for the SBIP law 7y, gisk-cy1 from (5.32) and corresponding approach
from Section 5.1.

because the peak force value Fx,max is overestimated by a factor of approximately 2.6 and the
maximum displacement value before snapping free w, ma /! is overestimated by a factor of ap-
proximately 1.3 if using the simple SSIP law from Section 4.3.2. On the other hand, the location
of the force peak at u, /I ~ 3.0 x 10, which is determined by the ratio of adhesive and repulsive
contributions, is identical for both approaches. Most importantly, however, is that the qualitative
shape of the force-displacement curve is very similar for both approaches and indeed almost the
identical force-displacement curve can be obtained from the consistent SBIP law 7y, gisk-cy1 if @
different parameter value set kg = —4 X 1077, k1o = 2 x 1072* is used (black dashed line). This
confirms the argument given in Section 7.3.2 that the simple SSIP law %m,diskHdisk can be cali-
brated to compensate for the overestimation of the interaction potential in the small yet decisive
range of separations around the equilibrium separation of the LJ potential. In this manner, the
simple SSIP law %m,disk”disk from Section 4.3.2 yields results, which excellently agree with the
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consistent SBIP law on the system level, e.g., the reaction force-displacement curve studied in
this numerical example.

After the accuracy, let us now briefly compare the efficiency of both approaches, which has
been discussed on the theoretical level of algorithmic complexity in Section 5.4.3, by looking at
the computational cost for one simulation run of the numerical example considered here. Keep-
ing in mind the general limitations of such a simple performance comparison and especially the
unoptimized implementation of both approaches, we found that the SBIP approach is approxi-
mately a factor of 3.8 faster than the SSIP approach.” The advantage of the SBIP approach that
less integration points will be required for the same level of numerical integration error due to
the smaller exponent of the reduced interaction law as argued in Section 5.4.3 has not been ex-
ploited in this comparison to isolate the net effect of the decreased algorithmic complexity of the
approaches on the one hand and increased complexity of the reduced interaction law on the other
hand. It is thus confirmed by this numerical experiment that the novel SBIP approach in com-
bination with the proposed disk-cylinder interaction law 7y, gisk-cy1 18 significantly more efficient
than the previous SSIP approach from Chapter 4 for the case of short-ranged interactions.

7.5. Conclusions and outlook

This chapter studies the fundamental problem of separating two adhesive elastic fibers based
on numerical simulation employing the novel beam-beam interaction formulations developed
in Chapter 4 and 5. Specifically, it covers the peeling and pull-off process starting from fibers
contacting along its entire length to fully separated fibers (and also the reverse order) including
all intermediate configurations and the well-known physical instability of snapping into contact
and snapping free. In order to study the key influences, the strength of adhesion relative to the
Young’s modulus of the fibers has been varied over a broad range of values spanning two orders
of magnitude, and also two different types of attractive forces resulting either from van der Waals
(vdW) interactions or the electrostatic interaction of oppositely charged non-conducting fibers
are considered. The analysis of the resulting force-displacement curve reveals a rich, highly
nonlinear system behavior and the underlying physical mechanisms arising from the interplay
of adhesion, mechanical contact interaction and structural resistance against (axial, shear and
bending) deformation have been thoroughly investigated. Based on the differences in these fun-
damental mechanisms, the three distinct phases of a) initiation of fiber deformation and peeling,
b) the actual peeling, and c) a final pull-off phase have been identified. The initiation phase is
characterized by a steep initial increase towards a sharp force peak and followed by the peel-
ing phase with gradually decreasing force values eventually approaching a plateau-like regime
of almost constant peeling force. The unitary nature of these first two phases in the peeling of
adhesive elastic structures is confirmed by the comparison with previous studies and across all
considered variants in this study. On the contrary, the presence of the pull-off stage as a third
distinct phase of the separation process, that is characterized by a significant increase of the force

7 Average computation time per nonlinear iteration for each of the approximately 1.7 x 10% iterations of the full
run of either “SSIP using 7:rdisk”disk, ks = —107"” or “SBIP using Tdisk—cyl, k6 = —4- 10~ from Figure 7.13.
Apart from these two values identical set of parameters, identical code framework, build, system environment,
number of processors including parallel distribution and hardware.
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7. Peeling and Pull-off Behavior of Adhesive Elastic Fibers

over an extended range of displacement values before finally snapping free, was not observed
in the aforementioned one-sided peeling studies and can thus be attributed to the application
of pulling forces at both ends of the fibers, which results in a two-sided instead of a one-sided
peeling. Moreover, the practically highly relevant global maximum of the pulling force is found
to occur at the end of the initiation phase in case of short-ranged vdW attraction, whereas it
occurs in the final pull-off phase ultimately before snapping free in the case of the long-ranged
electrostatic attraction.

The complexity of the physical effects of adhesion, contact and elasticity in the regime of
large deformations — individually and particularly in combination — carries over to the computa-
tional models and numerical solution methods required for this study. In addition to the physical
behavior of the system, therefore, the decisive aspects regarding robustness and accuracy of the
simulations have been discussed. Here, the major challenges include the delicate task of deter-
mining equilibrium configurations in the direct vicinity of the mentioned physical instability, the
control of spatial discretization and numerical integration error such that the high gradients of
short-range interaction potential laws are represented with sufficient accuracy as well as the reg-
ularization of these inverse power laws to remedy the singularity at zero separation. Concretely,
the regularization procedure for the employed beam-beam interaction models, which have been
proposed in Section 4.4.3 and 5.4.1, have proven to significantly enhance robustness and effi-
ciency at identical accuracy by saving a factor of five in the number of nonlinear iterations when
applied to the highly challenging example of Lennard-Jones interaction. Besides the insights
gained into the peeling and pull-off behavior of the specific two-fiber system, the present study
thus serves as a proof of concept facilitating future applications of the employed beam-beam
interaction models to increasingly complex systems of slender fibers.

Subsequent fundamental studies may include e.g. the dynamics of the peeling and pull-off
process or further scenarios of loading and support of the fibers, e.g. twisting and out-of-plane
bending, all of which is directly accessible by means of the computational models and methods
applied in this work. In the wider context of the continued work on (the computational study
of) fibrous biophysical systems on the microscale (cf. Chapters 8, 9 and 10 and e.g. [118, 119])
a multitude of specific applications come to mind. In particular, investigating the influence
of adhesion on the conformation, self-assembly and mechanical behavior of biological fibrillar
assemblies such as collagen (cf. Chapter 11) or muscle fibers is considered a highly relevant
subject of future research.
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8. Conformation of a Filament in a
Static Random Potential Field

This chapter presents the computational study of a single filament’s conformation in a static
random potential field. The system is considered to be an abstract model for the interactions
of a semiflexible filament with the surrounding biopolymer network and allows to investigate
the effect of prestress in such self-assembled network structures. From a computational point of
view, this scenario can be regarded a special case of the general beam-beam interaction, where
one beam is replaced by an effective, static background potential field as has been discussed
in Section 6.3.2. The study thus represents the first application of this numerical formulation
to a relevant biophysical problem. It is a result of a collaborative research project combining
the theoretical work by V. Slepukhin and A. Levine (UCLA) with the computational work by
K. Miiller and the author (TUM) and has previously been published in the joint article [152].

8.1. Motivation

Transiently cross-linked networks of semiflexible biopolymer filaments are well-known to in-
clude elastically deformed, e.g., curved and stretched, filaments. This can be attributed to the
thermal fluctuations of the filaments and the stochastic formation of cross-links that couple cer-
tain parts of the deflected filaments to other filaments and therefore effectively trap their defor-
mation. Due to the dynamic nature of both the formation and the continuous re-organization of
these networks, the resulting structures are not necessarily in a state of mechanical equilibrium,
thus leading to some excess elastic deformation also known as prestress of the network struc-
ture. This in turn influences the fundamental rheological behavior of biopolymer networks (see
e.g. [18, 118]) and can thus be expected to have major implications on a number of processes
and functions in the human body such as cell division and migration.

Motivated by this important role of prestress in biopolymer gels, this study aims to foster the
understanding of the underlying mechanisms and decisive influences by developing and investi-
gating a model system both in theory and simulation. As mentioned above, the abstract model
consists of a single semiflexible filament immersed in a thermal bath at temperature 7" and inter-
acting with a random static potential field mimicking the (binding to the) surrounding network.
The spatial correlation length of the pinning potential hereby serves as a model for the mesh size
of the network and will be varied to study its influence on the amount of prestress. Moreover,
three different distributions of the random potential field will be considered and the influence of
the persistence length of the filament will be analyzed.
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8.2. Computational model and methods

The established computational framework for the Brownian dynamics of semiflexible filaments
proposed in [33] and used e.g. in [118] has been extended to account for forces resulting from
the random potential field. Both model components will be briefly presented in the following.

8.2.1. Brownian motion of a semiflexible filament

A single filament is modeled by nonlinear, geometrically exact, 3D Simo-Reissner beam theory
and discretized in space using the finite element formulation [29, 76] (summarized in Section 3).
In terms of the structural rigidity of the filament, we thus account for axial, torsional, bending,
and shear deformation. To model the Brownian motion, we include viscous drag as well as
thermal forces, each distributed along the entire filament length as proposed in [33]. More
precisely, viscous forces and moments are computed assuming a quiescent background fluid and
individual damping coefficients for translations parallel and perpendicular to the filament axis
as well as rotation around the filament axis, respectively. Thermal forces are determined from
the stochastic Wiener process in accordance with the fluctuation-dissipation theorem. Finally, an
implicit Backward-Euler scheme is used to discretize in time and a Newton-Raphson algorithm
solves the resulting nonlinear system of equations.

8.2.2. Random potential field

As discussed in Section 6.3.2, the interaction of a beam with a static background potential field
can be interpreted as a special, dimensionally reduced case derivable from the more general
beam-beam interaction. Alternatively, it may be seen as a Neumann boundary condition, i.e., a
line load that results from the corresponding force field of the potential and thus generally de-
pends on the current configuration of the beam. The resulting virtual work contribution is given
in Equation 6.7. Specifically, the trapezoidal rule is applied in each finite element to numerically
evaluate the integral along the filament. Regardless of the fact that only the planar problem is
considered in this chapter, the entire simulation framework as well as Equation 6.7 is capable
of modeling arbitrary filament configurations in 3D. Note that the potential exerts forces on the
filament, however, as it models a surrounding network, it is assumed to be independent of the
motion of the filament. This is commonly denoted as one-way coupling. In the remainder of this
section, the definition and generation process of the different variants of the potential field V'
will be presented.

Definition of the pinning potential.
Three different probability distributions are considered in the following. The first one is defined
via

Py (V) = %0 exp {_QLVOQ /de [(VV)* + 5_2\/2}} (8.1)

and generates an ensemble of random potentials in which the amplitude of each Fourier mode
is selected as an independent Gaussian random variable from a distribution with zero mean and
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a width that depends on the magnitude of the wavenumber & = |k|. Here, V; is used to set the
energy scale and £ denotes the spatial correlation length.

As a second option, the correlation length £ may be assigned on the force level instead of the
potential level, which results in a probability distribution given as

Pr(V) ~ exp {—QLW / dCrE(VV)2 + (VV)?] . (8.2)
0

In the following, this distribution will thus be referred to as the force-controlled distribution
whereas the one defined in Equation (8.1) is the energy-controlled distribution. The advantage
of the force-controlled distribution is that the correlation length £ can be varied without changing
the level of the force magnitudes and thus allows for a systematic analysis of its influence. In
contrast, the energy-controlled distribution leads to quite large forces on the filament for short
correlation lengths, because the gradient of the potential is proportional to V5 /&.

A third variant of the pinning potential follows from the idea of an exponential suppression
of the higher Fourier modes. Expressing the potential in the alternative form of the probability
distribution of these Fourier components illustrates and defines this third variant to be considered
in the analysis:

LoLy Vi 1,
52 8%2

P(Vi, k) X €Xp {— exp (52(155 + k;))} (8.3)
Here, the rectangular area A = L, x L, has been introduced. This third and last class of random
potential fields turns out to be particularly suitable for the simulations since the resulting force
field is much smoother as compared to the ones resulting for the energy- or force-controlled
distribution. The energy- and force-controlled distributions, however, are much more suitable
for analytical calculations, which is the reason why all three distributions have been included
in this study. See Figure 8.1 for one random realization of each of the three distributions and
Figure 8.2 for the corresponding force fields. As becomes clear from Figure 8.1(A), the energy-
controlled distribution leads to a complex force landscape with very short ranged correlations,
which is why the corresponding force vector field is omitted in Figure 8.2.

Finally, the generation of random realizations of these potential fields is conducted in a pre-
processing step before the actual simulation runs. To be more precise, applying a random number
generator and a discrete Fourier transformation yields the potential field V' and a subsequent
numerical differentiation via finite differences allows to compute the required force field —VV
on a sufficiently fine grid in the entire simulation domain. In each iteration, these precomputed
grid values are finally interpolated to calculate —VV' at the current position of each node and
evaluate Equation 6.7 element-wise.

8.3. Simulation setup and parameterization

The specific simulation setup consists of a single filament with initial length Ly = 20pm and
persistence length ¢, ~ 14um. Its initial, stress-free reference configuration is chosen straight
and parallel to the global z-axis, as shown in Figure 8.3(A). By means of Dirichlet boundary
conditions, the filament is constrained to the zy-plane and simply supported, i.e., free to rotate at
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Figure 8.1.: Examples of the random potentials V' (x, y) (shown as a heat map with contour lines)
selected from different distributions: (A) Energy-controlled distribution. (B) Force-controlled
distribution. (C) Exponential suppression of high modes. The correlation length is fixed in all
three so that L, /¢ = 20. Figure taken from the co-authored article [152].
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Figure 8.2.: Detail views of the force fields resulting due to the random pinning potentials shown
in Fig. 8.1. (A) Force-controlled distribution. (B) Exponential suppression of high modes. Fig-
ure taken from the co-authored article [152].
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(A) (B)

Figure 8.3.: (A) Simulation snapshot of the initial setup. An initially straight, stress-free filament
is constrained to the xy-plane and simply supported at its endpoints. It interacts with a random
potential V' (x,y) that is shown as a heat map with contour lines. (B) Simulation snapshot of a
deformed configuration showing the forces on the filament resulting from the pinning potential.
Figure taken from the co-authored article [152].

both ends, however only free to move in z-direction at one endpoint. Its circular cross-section is
specified by the area A = 1.9 x 10~5m?, area moment of inertia I = 4.3x107'2m* and polar
moment of inertia I, = 8.6x107'?um®*. The material is defined by the Young’s modulus F =
1.3 x 10°pN/um? and the Poisson’s ratio v = 0.3. Temperature is set to 7'= 293K and the
dynamic viscosity of the quiescent background fluid to = 1073 Pas. The filament is discretized
in space using 400 linear beam finite elements and the time step size is chosen as At = 0.01s.

8.4. Results and discussion

Most of the results of the theoretical work by V. Slepukhin and A. Levine (UCLA) will not be
presented here and the reader is kindly referred to the original joint publication [152]. Only
those aspects relevant for the interpretation of and comparison with the simulation results will
be reproduced in a concise form for the reader’s convenience. Two variants of the potential field
have been considered in simulations. First, the potential with exponential suppression of high
Fourier modes defined by Equation 8.3 and second, the force-controlled distribution defined by
Equation 8.2.

8.4.1. Results for the potential with exponential suppression of
high wavenumber modes

Figure 8.4 shows a typical simulation snapshot of three tensed filaments interacting with the
pinning potential, which is illustrated as a heat map with brighter colors representing higher
potential energies. This snapshot showcases characteristic features of the filament conformations
that result from the interaction with the static background potential field. Generally, the filament
axis follows the valleys of the potential landscape and thus adapts to the externally imposed

169



8. Conformation of a Filament in a Static Random Potential Field

Figure 8.4.: Simulation snapshot of three tensed filaments interacting with the pinning potential,
shown as a heat map with brighter colors representing higher potential energies. The lowest
filament traverses a saddle between local potential maxima. On the right of that saddle point it
curves into a deep potential minimum (dark). Similar features may be seen in the other filaments.
Figure taken from the co-authored article [152].

spatial structure by means of elastic bending and axial tension. This is an expected result, which
serves as a first verification of the computational model and simulation setup.

To study the effect of tension 7 on the prestress of a filament, let us define the excess ar-
clength AL as a measure for the (axial) prestress:

AL=[(L)] Ly with Lo= (L)y,_,- (8.4)

In the simulations, the tension was applied via a single point force 7 € [1072,50]pN in global
x-direction to the (right) endpoint of the filament that is free to move in this direction. For the
results shown in Figure 8.5, we used the potential with exponential suppression of high Fourier
modes from Equation 8.3, using 3096 Fourier modes, a correlation length of £ ~ 1.6pm and
Vo = 0.175pN. Each simulation was run for 5 x 10* time steps until t.,q = 500s. To speed
up simulations, we made use of parallelization and simulated systems of five filaments at a
vertical spacing much larger than & and without any interactions between the filaments to ensure
independent results for each filament. Each data point in Figure 8.5 results from the statistical
ensemble of 70 to 100 such systems with five filaments each, depending on the deviation in
results that was higher for the small tension values.

Figure 8.5 shows the simulation results (blue dots with errorbars) and includes a fit to the the-
oretical predictions for the regime of low tension (green line) and high tension (orange, dashed
line). All details on these theoretical predictions can be found in the original publication [152].
Most importantly, Figure 8.5 shows a decrease in the excess arclength AL of the filament with
increasing tension 7. This can be explained by the fact that high tension leads to a straightening
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Figure 8.5.: The excess arclength AL (see Equation 8.4) of a semiflexible filament in the
quenched pinning potential (with persistence length /p ~ 14um) as a function of tension 7.
The (blue) dots with errorbars represent simulation results and the errors show the standard de-
viations of about four hundred filaments. At high tension (orange, dashed line) the filament
cannot track the bottom of potential valleys, while at low tension (green line) or small bending
modulus the filament does track the potential valleys with higher fidelity. For details on these
theoretical predictions, refer to the original publication [152] where this figure is taken from.

of the filament and prevents it from following the (valleys of the) potential landscape. Specifi-
cally, the double-logarithmic plot shows that the behavior in the two distinct regimes of low and
high tension can be described by two different power laws. The theoretical predictions of these
power laws have been derived assuming the force-controlled distribution whereas the simula-
tions used the potential with exponential suppression of high Fourier modes. To obtain the fit,
the curvature and correlation length of the valley assumed in theory has been freely adjusted. To
allow for a direct comparison of theory and simulations, the simulation results presented in the
following section use the force-controlled distribution. As mentioned before, this distribution
leads to less smooth potential fields (see Figure 8.1) and force fields (see Figure 8.2) and is thus
numerically more challenging.

8.4.2. Results for the force-controlled distribution

Two parameter sets have been considered: one representing the case of large tension and another
one representing the case of large bending and zero tension. Both shall be directly compared to
the theory elaborated in the original publication [152] and repeated here for the reader’s conve-
nience. First, in the limit of a short correlation length { /Ly < 1 and large tension LO\/E > 1,
the prediction is

Vo Lg
= . 8.5
1272¢ (8.5)
Second, in the limit of large bending Lo/~ < 1, the prediction is
VLS
=20 (8.6)
1890K2¢
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The first parameter set is given as Vy = 1/2562 pN, 7 = 0.006 pN, £ = lum, Ly = 5um.
The simulation gives us (AL) = 2.0 + 0.6 x 10~°um, while Equation 8.5 predicts AL =
1.3 x 1075um. The second parameter set is Vy = 1/256% pN, 7 = 0, £ = 1lum, Ly = 5um,
k = 0.0125pN um?. Here, the result from the simulations is (AL) = 2.2 + 0.4 x 10~°um,
while Equation 8.6 predicts AL ~ 1.2 x 10~um. In total, sixteen simulation runs have been

performed for each parameter set.
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9. Conformation of Mucin Filaments
Subject to Varying Charge
Conditions

This chapter studies the effect of different charge distributions on the conformation of a single
mucin filament. Besides the primary purpose of delivering results and insights of biophysical
relevance, it serves as an example of how the SSIP approach from Chapter 4 can be applied
to model the (electrostatic) self-interaction of a slender fiber, i.e., the interaction of distinct,
charged parts of the filament. Accurate, efficient, and versatile computational models for all
kinds of molecular self-interactions are considered to be important, because tertiary and quater-
nary structures of proteins are a result of the complex interplay of this self-interaction and the
intramolecular forces giving rise to an elastic stiffness, which is in our case modeled by the hy-
perelastic constitutive law within classical beam theory. Especially for highly slender fibers that
show a tendency to undergo large 3D deformations, self-interaction due to intermolecular forces
is thus expected to play a crucial role, which highlights the practical relevance of the proposed
computational approaches.

9.1. Motivation

Mucins are a family of glycoproteins that are the key constituent of mucus hydrogels and thus
abundant in the human nose, mouth, eyes, lung, the gastrointestinal tract and the female genital
region. They are known to have extraordinary properties e.g. in terms of lubrication and selective
permeability, which allow them to fulfill central tasks such as reducing friction to avoid irritation
and wear on sliding surfaces and hindering pathogens from entering the body whilst ensuring
the effective transport of useful physiological substances [10, 95, 162]. Refer also to Section 10
for a computational study of the hindered mobility of particles in hydrogels due to steric and
electrostatic interactions. The computational investigation of this section studies the influence
of electrostatic interactions on the conformation of individual mucin filaments and thus aims to
contribute to the still ongoing exploration of mucin’s fundamental properties. In the long run,
this should lead to a detailed understanding of diseases caused by malfunction of the related
body functions and thus allow for novel therapeutic approaches, but also enable the transfer of
the underlying biophysical mechanisms to human-made, technical applications.

More specifically, this computational study is concerned with the question how the confor-
mation of mucin changes due to a varying charge distribution along the filament as a result of
an altered molecular architecture e.g. in the form of removed side chains, but possibly also as a
result of different pH conditions. Based on first in-vitro experimental results of our collaborators

173



9. Conformation of Mucin Filaments Subject to Varying Charge Conditions

Theresa Lutz and Oliver Lieleg (TUM), this is expected to have significant implications regard-
ing the interaction of mucin with other molecules. These investigations have been stimulated by
the observations of a previous study dealing with the charge-dependent transport of molecules
into and across mucin hydrogels [105] and suggesting that transient binding is the key influence
on the penetration speed and depth. In this context, it was found that the removal of negatively
charged side chains (i.e., sialic acids and sulfate groups) from mucin filaments does not increase
the binding affinity of negatively charged dextrans as one would expect from the decreased re-
pulsive forces. A possible explanation for this surprising behavior would be a conformational
change of mucin, for instance some kind of folding or coiling, that restricts the access to the pos-
itively charged amino acid side chains in the terminal regions. The hypothesis to be tested in this
computational study is that changes in the effective line charge distribution of mucin induced
by different pH conditions lead to the mentioned change in the conformation of the filament.
Such insights with respect to muco-adhesion are expected to contribute to an improved design
of pharmaceuticals and drug carrier objects that need to overcome the barrier of the mucus layer
in order to arrive and take effect at their intended destination.

9.2. Setup of the computational model and methods

Geometry, material and spatial discretization. The system consists of a single, initially straight
filament of length L = 1.155 um with a circular cross-section of radius R = 7nm, which is a
simple model for the actual molecular architecture of a mucin filament [132, 149] and yields a
slenderness ratio of ( = 165. The structural constitutive parameters for the bending, torsional,
axial and shear stiffness are set to FI = 2 x 107* pNum?, GIr = 2 x 107 pNum?, EA =
2 x 10" pN, GA = 2 x 10' pN. These values correspond to experimentally determined values
for the persistence length L, = EI/(kgT") ~ 50 nm reported in literature [132, 149]. A total of
68 Hermitian Simo-Reissner beam elements (see Section 3.2.2 for details) are used to discretize
the filament in space, which is a result of dividing the extended glycosolated domain consisting
of 2380 amino acids in the middle of the filament into 50 amino acids per element and treating the
two terminal regions of the filament individually according to the molecular domain structure.
The resulting discretization consists of 47 elements with a length of 17.5nm in the extended
glycosolated domain, 1 element for the remaining amino acids in this domain, and 10 elements
each for the N- and C-terminal region. This definition of the finite element domains will also be
reflected in the determination of the line charge distribution and a precise definition thus follows
further down.

Brownian dynamics and temporal discretization. Thermal excitation and viscous damping of
the filament due to the implicitly modeled surrounding fluid are incorporated via the microme-
chanical continuum approach to Brownian dynamics proposed in [33]. The thermal energy used
to compute the random thermal forces on the filaments is set to kg7' = 4.04 X 103 aJ, which
corresponds to room temperature and the viscous drag forces acting along the filament are com-
puted based on the viscosity = 1 x 1073 Pas of water and individual damping coefficients for
translations parallel and perpendicular to the filament axis as well as rotation around the filament
axis that are computed based on the cylindrical shape of the filament. A Backward Euler scheme
is used to discretize the problem in time and a base time step size of At = 1 x 1073 s is applied.
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This is augmented by the adaptive time stepping scheme described in Section F.2, in which how-
ever the stochastic thermal forces are kept constant over an interval of At = 1 X 102 s each
in order to allow the system to converge to the corresponding dynamic equilibrium configuration.

Electrostatic interactions. Being the key model component, the electrostatic self-interaction
is modeled via the SSIP approach from Section 4.2.2 and the SSIP law for Coulomb-type surface
interaction from Section 4.3.3. The constant prefactor C'%, ~ 1.12 x 10% aJumfC~? directly
follows from assuming the dielectric permittivity of water (at room temperature) for the sur-
rounding fluid. In order to not significantly overestimate the effect of Coulomb interactions
due to not considering the screening of charges in our computational model, the actual applied
prefactor Cegqe = 0.1 - Cte, has been reduced by a factor of ten, which is of course only a
rough model correction and would need to be verified by a more detailed model including the
counterions in the surrounding electrolyte either explicitly or via a (Debye) screening model. As
mentioned above, the focus of this study lies on the role of the complex line charge distribution A
along the filament, which varies due to manipulations of the molecular microstructure — to be
more specific the removal of the sialic acids (SA) and/or the sulfate groups (SOZ‘), and also
due to the two different considered pH values of 4 and 7. In a first step, the full sequence of
the porcine Mucin-5AC protein (AOA287ANG4 _PIG) was obtained from UniProt [158] and the
number of elementary charges at pH 4 and 7 was analyzed for each of the 4192 amino acids by
our collaboration partner Theresa Lutz. To arrive at the concrete input parameter values for the
simulation, the net charge for the specific region of each finite beam element was computed and
applied as an element-wise constant line charge density A(s) along the filament. The complete
data set used in the simulation setup for each of the different scenarios to be compared later on is
provided in Table E.1 in Appendix E.1 of this work. Finally, the contributions from electrostatic
interactions are evaluated by Gaussian quadrature using five integration points per element.

As a consequence of applying the electrostatic self-interactions, the filament with an initially
straight, stress-free reference configuration defined above will experience locally confined axial
tension as well as compression, which is equilibrated in ten additional time steps in the be-
ginning of each simulation during which no thermal forces are applied. This turned out to be
crucial for a successful iterative solution of the nonlinear system of equations, because other-
wise physical instabilities in form of local buckling was induced by the combination of strong,
inverse-distance dependent electrostatic forces and small undulations of the straight fiber axis
due to thermal forces. Both the resulting equilibrium configurations at the end of this equi-
libration phase and the definition of the stress-free reference configuration in the presence of
electrostatic self-interaction will be discussed in the subsequent result section.

Repulsive steric interactions. Due to the possibly strong attractive electrostatic forces, it is
particularly important to account for self-contact of the filament in order to preclude an unphys-
ical interpenetration of distinct parts of the filament, which would also lead to a singularity in
the inverse-distance dependent SSIP law for electrostatic interactions. Following the reasoning
in Section 6.2, a macroscopic beam contact formulation is applied that is summarized in Sec-
tion 3.3.2. The line penalty parameter is set to &; = 1 x 10° pNum™2, which — in combination
with a quadratic regularization in the gap value range [0, 2 nm| — turns out to be sufficiently large
to effectively preclude any noticeable penetration in any (dynamic) equilibrium configuration.
This is supplemented by the Newton increment control algorithm described in Section F.2 in
order to preclude also unphysical crossings, i.e., passing of distinct parts of the filament through
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each other’s volume in between two iterations of the nonlinear solver due to an overly large
displacement increment per nonlinear iteration.

Boundary conditions. One end of the filament is hinged by means of Dirichlet boundary
conditions in order to comply with the in-vitro experimental setup. Due to a lack of knowledge
and control over the fact which terminus of the filament is hinged in the in-vitro experiments,
the N-terminus is chosen to be pinned in all the simulations, but no noticeable changes in the
statistical quantities of interest are expected if instead the C-terminus was pinned or even if the
filament was entirely free to move. Still, there is no conceptual restriction in the computational
model or framework and repeating all simulations with a pinned C-terminus or free filament in
order to study the influence on the results would be straightforward to do.

Quantities of interest. Since we are interested in the conformation of this filament, the quanti-
ties of interest to be measured in the computational experiments will be the time- and configuration-
averaged end-to-end distance L. and radius of gyration I2,. To ensure a sufficient sampling of
these statistical quantities, the total simulation time is set to t.,q = 2s and five random realiza-
tions for each scenario, i.e., set of parameters will be computed. Note that the radius of gyration
is computed in a spatially discrete manner, i.e., the contributions are evaluated at the 69 nodes
used for the centerline discretization, which should however be sufficiently accurate especially
since we are interested in relative changes of this quantity over the different scenarios to be
considered.

9.3. Results and discussion

The average values of the root-mean-squared end-to-end distance < L%, >!/2 and radius of
gyration < Rz >1/2 over the five random realizations each are shown in the bar plot in Figure 9.1.
Accordingly, the error bars indicate the standard deviation of the mean over these five simulation
runs conducted for each of the six considered scenarios. As a reference, both the trivial analytical
solution for a rigid mucin filament, i.e., a cylinder with identical dimensions as the undeformed
state of mucin (black dashed line), and the simulation results for an uncharged mucin filament
with otherwise identical properties are included in these plots.

Comparison of results for pH 4 and pH 7
Let us first focus on the results for the two different pH conditions, one being acidic with a pH
value of 4 and the other being neutral with pH 7. With an end-to-end distance of < L2, >'/?~

eZe

0.29 #+ 0.038 um for pH 4 vs. < L2, >'2~ 0.98 + 0.017 um for pH 7 as well as radius of
gyration of < RZ >/2~ 0.21 4 0.0086 um for pH 4 vs. < R? >'/2~ 0.33 4 0.0019 um, we
obtain significantly smaller values for the acidic conditions as compared to neutral conditions.
These values indicating a more compact shape for pH 4 as compared to a more elongated, lin-
ear conformation for pH 7 can be explained by the illustrative simulation snapshots shown in
Figure 9.2. In these plots, the filament axis (blue line), the center of mass (red point), and the
radius of gyration (gray sphere around the center of mass) are visualized for two characteristic
conformations of pH 4 (top row) and pH 7 (bottom row), respectively. The difference in both the

end-to-end distance and radius of gyration can be observed very clearly and traced back to the
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Figure 9.1.: Mean of (a) the root-mean-square (rms) end-to-end distance < L2, >1/2 and (b)
rms radius of gyration < R? >'/2 over five random realizations of each of the six considered

scenarios. Error bars indicate the standard deviation of the mean.

fact that both ends of the filament are folded onto the extended glycosolated domain in the mid-
dle of the filament in case of pH 4. Looking at the prescribed line charge distributions provided
in Table E.1 reveals that both are identical and strongly negatively charged in the extended gly-
cosolated domain, however both terminal regions are positively charged at pH 4, whereas they
are negatively charged at pH 7. The resulting attraction of unlike charges and repulsion of like
charges explains both the folding of the terminal regions for pH 4 and the relatively unflexible
behavior for pH 7.

Figure 9.3 shows additional, detailed simulation snapshots revealing the axial strains, the re-
pulsive contact force distribution and the electrostatic force distribution along the mucin filament
at exemplarily chosen steps in time. Once again, the difference between the compact, folded con-
formation at pH 4 and the elongated, stretched conformation at pH 7 is clearly visible. The highly
negative charged extended glycosolated domain leads to considerable axial strains of up to 10%
in both scenarios. Whereas the adhesive self-contact observed in Figures 9.3(a) and 9.3(b) oc-
curs in almost all time steps for the pH 4 case, it is basically non-existent in the simulations for
pH 7. From a computational point of view, the adhesive self-contact is the most challenging as-
pect, because it requires a fine temporal resolution (i.e. smaller time steps) to resolve the contact
dynamics and prevent noticeable penetrations along the entire filament as well as it complicates
the iterative solution of the nonlinear system. The presented simulation results involving a lot of
adhesive self-contact in this highly dynamic system are therefore considered to be a proof of the
effectiveness and robustness of the applied computational model and methods.

Getting back to the interpretation of the biophysical system behavior, a comparison of both
scenarios with the reference solutions < L2,, >'/?~ 0.66 + 0.018 pm and < R2 >'/?~ 0.24 +
0.0054 um obtained from simulations of the uncharged filament (again refer to Figure 9.1) shows
that the electrostatic self-interaction has two different effects, which can be studied separately
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Figure 9.2.: Exemplarily chosen simulation snapshots for the case of pH4 (top row) and pH7
(bottom row) showing the centerline of mucin, the center of mass and the radius of gyration.
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Figure 9.3.: Simulation snapshots showing (a) the axial strains (red color indicates tension, blue
color compression) and contact force distributions along the mucin filament for the case of pH 4;
(b) the distribution of electrostatic forces for the case of pH 4; (c) the distribution of electrostatic
forces for the case of pH 7.

and isolated here. It can either lead to a stiffer and thus more rod-like behavior of the filament
as compared to the pure elastic stiffness as observed for the almost entirely negative and thus
like charges in case of pH 7, or it can lead to a seemingly less stiffer behavior, which in fact
is rather a compact, folded and relatively stable conformation with still quite stiff mechanical
properties. The latter is also confirmed by the plots over time of the end-to-end distance L.y,
and the radius of gyration I, for one run of each scenario shown in Figure 9.4. Starting from
the initially straight configuration, the data for mucin at pH 4 (red line) reveals two distinctive,
abrupt changes in the conformation, which can be traced back to the subsequent folding of
the two ends, and finally remains in the most compact, twice folded state for over a second.
Moreover, the data shows very little fluctuations around these distinct folded states as compared
to all other scenarios, which might be surprising after the larger standard deviations obtained for
this case as shown in Figure 9.1. Note also that the folding of ends in case of pH 4 manifests
itself in terms of a more drastic reduction and thus bigger difference in the end-to-end distance
than in the radius of gyration if compared to pH 7 or the charge-free reference, respectively.

Comparison of results for the modified molecular structure of mucin

Let us now turn to the results for the scenarios, where either of or both of the SA and SOi_
groups are removed from the extended glycosolated domain of the mucin filament, thus leading
to three more different line charge distributions (again cf. Table E.1) to be analyzed. Figure 9.1
shows that the removal of both types of side groups leads to a behavior that is almost identical to
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Figure 9.4.: End-to-end distance (top) and radius of gyration (bottom) over time for one random
realization of each of the six considered scenarios. The data for the remaining four simulation
runs of each scenario is provided as supplementary material in Appendix E.2.
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the reference solution obtained for an uncharged filament, which is expected due to the almost
complete removal of charges in the middle part of the filament that can be seen already in Ta-
ble E.1. As compared to the unmodified mucin filament at the same pH value 7, the removal of
these side groups and thus charges therefore causes a significant difference in the conformation
of the filament. The remaining question is which fraction of this effect is attributed to which type
of the side groups. Once again, the data for both the end-to-end distance L.,. and the radius of
gyration I, gives an unambiguous answer in that the significantly larger part of the difference
comes from the removal of the SO3~ groups, which is again expected based on the corresponding
line charge distributions listed in Table E.1.

Discussion of the stress-free reference configuration

In this study, we have treated the experimentally determined values for dimensions and consti-
tutive parameters as if these were measured in absence of any electrostatic (and other types of)
(self-)interactions and defined the stress-free reference configuration of the beam accordingly.
Enabling the electrostatic interactions in the simulation will then lead to an equilibrated config-
uration that slightly differs both in dimensions and effective structural stiffness of the filament
due to the induced deformations. These deformations in the equilibration phase are observed to
be small and are thus expected to not significantly change the results obtained for the statistical
quantities of interest. However, it would be desirable to further investigate and quantify the im-
pact of this simple modeling strategy. To this end, the results obtained here should be compared
to those obtained for a different set of parameters, which is obtained from fitting the experimen-
tally determined contour as well as persistence length of mucin to the ones resulting from the
computational model including electrostatic self-interaction after the equilibration phase.

9.4. Conclusions and outlook

The results of this computational study reveal a significant influence of the electrostatic self-
interactions on the conformation of the mucin filament. As compared to the reference solutions
obtained from simulations of a hypothetical, charge-free filament, the different line charge dis-
tributions characterizing the different considered scenarios of mucin at pH 4, at pH 7, and at
pH 7 with removal of either or both of the SA and SO}~ side groups, had a major impact on both
the end-to-end distance and the radius of gyration. The removal of both types of side groups
and therefore the majority of the charges from the extended middle domain of the filament led
to significantly smaller values for the end-to-end distance and the radius of gyration. This is
associated with a more flexible behavior as compared to the unmodified mucin filament at pH 7,
where the mutual repulsion of the big amount of negative charges distributed almost along the
entire filament contributes to the effective bending stiffness. At pH 4, the mucin filament shows a
persistent folding of both terminal regions onto the extended glycosolated domain, which can be
explained by the mostly positively charged terminal regions in this case and gives rise to a fun-
damentally different conformation as compared to the stretched out, semi-flexible conformation
observed at pH 7.

In addition to these relevant biophysical results, the present computational study serves as
the first proof of principle for modeling (electrostatic) self-interaction of fibers via the novel
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SSIP approach from Chapter 4. The large number of simulation runs and time steps and the
variety of different configurations generated both due to different sets of input parameters and
the stochastic thermal forces prove the effectiveness and robustness of the SSIP approach itself
as well as its combination with the macroscopic beam contact formulation. Especially the case of
pH 4 with self-contact of the bent ends occurring in almost all time steps needs to be highlighted
as the most challenging scenario in this respect.

Promising aspects of future work include the incorporation of charge screening effects in the
computational model, e.g., in form of a different SSIP law based on the theory of Poisson-
Boltzmann and its solution by Debye-Hiickel, and its influence on the resulting conformation
of mucin. Moreover, the consideration of hydrophobic interactions both in the computational
model and its effect on the presented results would be highly interesting and is expected to play
a role especially in the case of removed SA and SO7~ side groups, because the hydrophobic
terminal regions might show the tendency to fold onto each other in these cases, where the
effective bending stiffness of the filament is drastically reduced.
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10. Hindered Mobility of Charged
Particles in Hydrogels

This chapter both proposes and applies a novel computational model to study the mobility of
particles in hydrogels, i.e., cross-linked networks of biological or synthetic polymers immersed
in aqueous solution. Due to steric and electrostatic interactions with polymer fibers, the dynam-
ics of particles significantly differs from the classical random walk observed for free diffusion.
In the overall context of this work, this chapter serves as the first application of the fiber-sphere
interaction models both for electrostatic and repulsive steric interactions that have been proposed
in Section 6.3.1 as special cases of the general SSIP approach from Chapter 4. The following
Section 10.1 first highlights the biophysical background as well as the practical relevance of the
problem and briefly reviews existing experimental studies and computational models to point
out the motivation for the novel modeling approach. Section 10.2 presents all aspects of this
computational model and the required numerical methods, thereby relating to the broader con-
text of this work in terms of versatile, accurate and efficient modeling of molecular interactions
of deformable fibers. After the presentation and discussion of the results in Section 10.3, this
chapter will be concluded with a summary of the findings and an outlook to promising aspects
of future research in Section 10.4.

10.1. Motivation

The remarkable ability of biological hydrogels to individually control the mobility of diffusing
particles is of crucial importance for numerous functions of the human body and can likewise
be observed in a variety of other creatures. See e.g. [162] for a recent review of this topic.
On the one hand, this selective permeability gives rise to the protection of the organism against
pathogens such as viruses and bacteria that are effectively hindered from invading and traversing
the organism. On the other hand, it ensures the effective transport of a broad variety of substances
that are useful and important for the organism. Examples for such biological hydrogels include
mucus (cf. Section 9), the extracellular matrix (ECM), the cytoplasm, and biofilms and can
thus be found throughout the entire human body and in countless other places in nature. The
high practical relevance of this topic originates from its implications and associated prospects in
several fields ranging from medical diagnosis to therapy of body malfunctions and targeted drug
release, and carries over to yet unimagined possibilities in technical applications such as filters.

A large number of experimental studies has investigated the origin of this selective filtering.
Meanwhile, there is strong evidence that — besides the most obvious mechanism to filter by size
— also the surface charge of the particles plays an important role (see e.g. [1, 4, 6, 26, 37, 81, 95—
97, 165, 168] and again the review article [162]). This new paradigm thus suggests filtering
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not (only) by size but a combination of other particle properties such as charge, hydrophobic-
ity or binding affinity and is thus commonly referred to as interaction filtering. Despite the
considerable scientific effort in this field, many aspects concerning the underlying mechanisms
and specific conditions are, however, yet unknown. To a large extent, this can be explained by
the great complexity of the many different biological systems both in number and diversity of
components, e.g. with respect to their molecular architecture, as well as the lack of an in-depth
understanding of physical and chemical interactions on the molecular scale, and not least by the
challenges and limitations with respect to experimental preparation and measurement techniques
when it comes to the required high spatial and temporal resolution, especially over considerable
time spans of several seconds. At this point, computational studies are expected to contribute to
the scientific progress in this field.

As compared to the large body of literature reporting on experimental work, relatively few
computational studies have been published so far. Most of the early and also some of the recent
work concentrated solely on the so-called excluded volume effect of the fibers, i.e., the repulsive
steric interactions with the network fibers that hindered the free diffusion of a (hard) spherical
particle (see e.g. [77, 80, 121, 126, 144, 154]). Saxton [145] was the first to include and study
other than steric interactions in the form of a binding model in his Monte Carlo simulations.
Since the recognition of the dominant role of electrostatic and possibly other types of molecular
interactions as outlined above, several computational studies included electrostatic effects and
confirmed the trends observed in experiments and shed light on the underlying mechanisms
[64, 65, 116, 155, 168, 169]. Particularly the recent works published by Hansing et al. [65]
and Hansing and Netz [64] were very successful in analyzing the influences of particle size,
fiber volume fraction, particle charge, and the comparison of oppositely vs. similarly charged
particles and networks. They also found good agreement of the simulation results with several
sets of experimental data, which confirms the validity of such a modeling approach.

The computational model to be proposed in this work aims to improve especially on the mod-
eling of the fiber network, which has been modeled in a strongly simplified manner in all previ-
ous studies. Either a square array of straight and parallel, rigid fibers oriented along one spatial
dimension [155] or a cubic lattice consisting of either linearly aligned hard spheres [116] or
consisting of straight rigid fibers [65, 168] has been assumed. Zhou and Chen [169] likewise
applied a cubic lattice consisting of beads placed at the vertices and connected by linear spring
elements. Hansing and Netz [64] were the first to break the strong geometrical order in all these
models, however only allowed for a variation of the spacing of the still straight and infinitely
long, rigid fibers with mutually orthogonal orientation. Yet they found a significant and funda-
mental difference in the trapping mechanism of ordered and disordered fiber lattices, which can
be attributed to locally denser regions of the network in the case of attractive particle-network
interactions. This is a strong motivation to work towards a more realistic modeling of the fiber
network as a crucial part of biological hydrogels as will be outlined in the following.

First, the individual fibers will be explicitly modeled by geometrically exact 3D beam theory,
thus allowing for arbitrarily curved initial shapes of the fibers and possibly large deformations
including all six modes of axial strain, (2x) shear, torsion, and (2x) bending. Second, the initial
spatial distribution, orientation and interconnection of fibers will be modeled as a random 3D
Voronoi network, thus mimicking several important geometrical features of real biopolymer
networks such as a random, spatially variable mesh size distribution, a random fiber length
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distribution, random mutual orientations of the fibers, and arbitrary connectivity between the
fibers. Several of these attributes are expected to play an important role when it comes to both
purely steric interactions and the combination with electrostatic interactions and will be studied
in Section 10.3. A similar approach to network generation based on Voronoi tessellation has
previously been applied in a number of publications, e.g., to study cell-cell communication in a
2D network of linearly elastic springs [71].

Applying such a sophisticated model for the individual fibers and the network they constitute
comes at the cost of an increased complexity and size of the system of equations to be solved in
the simulations. However, the same modeling strategy based on geometrically exact beam finite
elements describing the biopolymer fibers has previously been applied to model the Brownian
dynamics of individual semiflexible filaments (cf. [32], Chapters 8 and 9) and has been proven
to be accurate and also efficient enough to study large-scale problems such as the process of self-
assembly of (different morphologies of) transiently cross-linked biopolymer networks [34, 35]
as well as their (high- and low-frequency) rheology [118]. On the one hand, this confirms the
feasibility of the novel modeling approach to study the hindered mobility of particles in hy-
drogels and on the other hand this already outlines the long-term opportunities and motivation.
Using the self-assembled network configurations, e.g., for an actin bundle network, can readily
replace the Voronoi-type network applied in a first step in the present study. Moreover, the dy-
namics of the network including the reorganization of the transient cross-links could be included
and would be highly interesting since there is experimental evidence that particles larger than
the mesh size of the particle can still diffuse through the network by locally breaking inter-fiber
links [89]. This has also been confirmed to be an effective transport mechanism in a first com-
putational model [58]. Another example for the dynamics of hydrogel networks is given by the
self-renewal process of a mucus layer [105, 162].

In general, the mathematical description of the problem and therefore also the numerical meth-
ods required to solve it as well as the code framework substantially differs from the ones used
by previous computational studies listed above, which is an inevitable consequence of the afore-
mentioned explicit modeling of biopolymer fibers as elastically deformable, geometrically exact
beams. In the present model, a set of well-established numerical formulations for beams (see
Section 3) is combined with the beam-sphere interaction models (see Section 6.3.1) derived as
a special case of the general SSIP approach to fiber-fiber interactions proposed in Chapter 4
of this work. The solution strategy follows the one commonly used in nonlinear finite element
frameworks for structural dynamics and — in short — it consists of the following steps. According
to the principle of virtual work the weak form of the mechanical balance equations is derived
and subsequently discretized in space and time. Given a proper set of initial and boundary con-
ditions, a load/time stepping scheme is applied and in every step the solution of the resulting
discrete system of nonlinear equations is found iteratively by means of Newton’s method. Re-
fer to Appendix F for an overview of the computational framework as well as a discussion of
selected aspects of the applied algorithms and libraries.
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10.2. Setup of the computational model and methods

Given the broad variety of biological hydrogels mentioned above, the ECM gel(s) used in the
comprehensive experimental studies of particle mobility by Lieleg et al. [96] and Arends et
al. [4] are chosen to serve as the main reference for the specific setup and parametrization of
the versatile computational model. For these gels, an additional, subsequent characterization
in terms of their biophysical properties has been conducted [5] that proves helpful with respect
to model setup and parametrization. The key components of the computational model are the
fiber network, the diffusing particle, and their mutual interactions. All these components will be
presented individually in the following sections before selected further aspects of the simulation
setup such as boundary conditions and post-processing of the results will be discussed.

10.2.1. Biopolymer fiber network

As outlined above, the initial, stress-free configuration of the fiber network is the result of a
3D Voronoi tessellation of the cubic simulation box (size 10 x 10 x 10 um) generated via the
open source library voro++ [133]. Figure 10.1(a) shows an example of the resulting network
architecture. The main input of this preprocessing step are the randomly chosen locations of a
number of nyp so-called Voronoi points!. The output are the vertices and edges of a random,
irregular, polygonal network that are used to define the position and orientation of the initially
straight beam segments as well as their interconnections. For Voronoi-based tessellation, the
connectivity number, i.e., the number of fibers branching off at each junction point, is 4, which
agrees well with values of 3 to 4 reported for ECM gels [166]. This parameter could also be
adapted by randomly removing or adding fibers to match other hydrogel architectures in the
future. At each junction, the beam endpoint positions and rotations are coupled, which is a
model assumption based on the expected mechanical behavior of the chemical binding between
the fibers, and once again is straightforward to adapt e.g. to hinged connections in the future.
To be able to use the simulation box as a representative volume element (RVE) with periodic
boundary conditions (details see below), the Voronoi tessellation and thus the resulting network
geometry is chosen to be periodic in space. Altogether, a simple visual comparison with electron
microscopy images of real biological hydrogels in Figure 10.1 reveals a high similarity both in
terms of the random, irregular, polygonal structure as well as its characteristic properties such as
the distribution of pore sizes, fiber segment length, and connectivity.

The individual fibers are modeled by 3D geometrically exact beam theory assuming a circular
shape of the cross-section and a hyperelastic material law (see Section 3.1.1 for details). Further
specifications such as the dimensional and constitutive parameters are chosen to mimic collagen
I as the key constituent of the targeted class of ECM hydrogels, however, all these parameters can
easily be adapted to study their influences or model specific other fiber species. In the present
study, the cross-section diameter is set to Dy = 75 nm, Poisson’s ratio is set to v = 0.3, and
Young’s modulus is varied from as low as £ = 0.1 MPa up to the theoretical limit of rigid
fibers to study the influence of the fiber stiffness. Note that experimental results for collagen I

Note that the original term Voronoi particles from [133] is not used here to avoid confusion with the diffusing
particle(s).
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Figure 10.1.: Network architectures (a) resulting as one example of the random, periodic Voronoi
tessellation and used as initial, stress-free configuration in the computational model (box size is
10 x 10 x 10 pm, rendered using Blender [14]); and (b)-(c) observed in SEM images of four
different basal lamina gels used by in vitro experiments studying particle mobility (scale bars
indicate (b) 25 um and (c¢) 5 ym, reprinted from [5]).

187



10. Hindered Mobility of Charged Particles in Hydrogels

suggest values in the order of £ = 0.1 — 1 GPa [160], which are covered by the wide range
of values considered here. As it will turn out from the results in Section 10.3.3, the influence
of the fiber stiffness on the particle mobility in the problem setup considered here is negligible
for the realistic range of values for Young’s modulus £ and a noticeable difference in results is
observed only below values of £ = 1 MPa. It can therefore be assumed that the specific values
for the fiber material are of minor importance and that the deformation of fibers will only become
important if the dynamics of the network reorganization will be included as outlined above or if
much thinner and softer, i.e., much more compliant fibers are considered e.g. in the context of a
different kind of hydrogel (e.g. mucin or F-actin) or a dysregulation of fiber stiffness.

To characterize the generated fiber networks, Figure 10.2 shows the resulting values of the
mean and standard deviation of the fiber volume fraction V; and the minimum / average / max-
imum cell diameters® as a function of the number of Voronoi points nyp. For this statistical
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Figure 10.2.: Mean and standard deviation of (a) the fiber volume fraction (black circles with er-
rorbars) and (b) the minimum (blue pluses with errorbars) / average (black circles with errorbars)
/ maximum (green diamonds with errorbars) cell diameter obtained for three random network
geometries for each of the considered numbers of Voronoi points nyp.

analysis of the random network geometries, a box size of 10 x 10 X 10 um and a fiber diame-
ter Dy = 75 nm as stated above is assumed. A number of nyp = 60 Voronoi points results in a
fiber volume fraction V; ~ 0.4% and a range of cell diameters of approx. 2.7 — 5.2 um. This turns
out to match the typical mesh size of 2— 3 pm reported in [96] quite well and is thus chosen as the
default value for most of the simulations conducted in this work (once again refer to Figure 10.1
for a visual comparison of model and real hydrogels). The densest network to be considered in
this work is given as nyp = 600 and thus results in a high fiber volume fraction V; ~ 1.8% and
cell diameters in the range of approx. 1.0 — 2.5 um. An example is shown in Figure 10.3 along
with electron microscopy images of the ECM hydrogel from the human amniotic basal mem-
brane [166], which appears to be much denser than the one considered above and thus motivates
this second considered value of the network parameter nyp = 600.

’Here, the cell diameter for each of the nyp cells in the network has been computed as an approximated inscribed
sphere of the irregular polyhedron based on the shortest distance of the Voronoi point to each of the cell edges.
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Figure 10.3.: (a) Image of an example network resulting for a second, very high value for the
fiber volume fraction V; ~ 1.8% considered in the simulations (box size is 10 x 10 x 10 pm,
rendered using Blender [14]). Comparison of (b) a magnified part of this network with (c)
a magnified part of the network with the default fiber volume fraction V; ~ 0.4% (shown in
Figure 10.1(a)). (d)-(f) Electron microscopy images of human amniotic basement membranes
(scale bars indicate 250 nm, 50 nm and 25 nm, reprinted from [166]).
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In order to investigate and average out the influence of the specific network geometry, 5 dif-
ferent realizations of the random network generation process will be considered as input for
the simulations for each — otherwise identical — set of input parameters in Sections 10.3.2 and
10.3.3, respectively. In contrast to the spherical particle, which will be discussed next, the fibers
are assumed to be athermal because the lengths of the individual fiber segments are generally
much smaller than their persistence length ¢, ~ 39 um (resulting from the parameters for the
bending stiffness given above and the thermal energy at room temperature kg7’ ~ 4 x 1073 aJ)
and thermal undulations will therefore be negligible. However, for another network architec-
ture with longer fiber segments or a different species of thinner and thus more flexible fibers
such as mucin or F-actin, this effect might become important and may be included in the novel
computational model by means of the formulation proposed in [32].

Finally, the spatial discretization of the fibers makes use of the geometrically exact Hermitian
Simo-Reissner beam elements presented in Section 3.2.2. Its centerline interpolation by means
of cubic Hermite polynomials ensures both a high accuracy in terms of spatial approximation
and a C'-continuous geometry representation. This is particularly important for smooth contact
kinematics and smooth interaction force distributions as has been shown in the context of beam-
beam interactions e.g. in Section 4.5 and 7. When creating the finite element discretization for
each of the random network configurations, a default element length /. = 1um is used for
each straight fiber segment and one additional shorter beam element is created for the remainder
of the random segment length if needed. Based on the previous experience (from challenging
scenarios with large deformations such as presented in Section 4.5) with this kind of beam finite
element featuring fourth order spatial convergence, this is considered to be a sufficiently fine
spatial resolution for the magnitude of deformations observed throughout this computational
study such that the influence of the spatial approximation error on the results is expected to be
negligible. To conclude, this strategy typically leads to a number of fiber segments n; ~ 800,
a number of beam elements n¢. ~ 1600, and a number of nodes 1,5 ~ 4000 for nyp = 60.
Likewise, for the densest network with nyp = 600, we obtain n; = 6200, ng. ~ 6200, and
Npode ~ 18700.

10.2.2. Spherical particle

The particle is modeled as a rigid sphere and therefore uniquely described by its midpoint po-
sition 7,(t) € R? as a function of the time ¢ as well as its diameter D, = 1pm that is chosen
to comply with the experimental studies presented in [4, 97]. As in several of the aforemen-
tioned previous computational studies (e.g. [64, 65]), the Brownian dynamics of the particle is
modeled by the Langevin equation (see e.g. [40]) including the stochastic thermal as well as vis-
cous drag forces that are repeated here for the reader’s convenience. The velocity-proportional
drag force f ;. implicitly models a quiescent surrounding fluid and makes use of the friction
coefficient of a sphere v = 371D, according to Stokes

fs,visc = ’7I3><3 'iap- (101)

Here, 7, denotes the particle velocity and the fluid viscosity is chosen as 7 = 1mPas, which
corresponds to the viscosity of water at room temperature and has been found to be in good agree-
ment with experimental tracer studies of freely diffusing particles [4]. Following the consistent
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modeling of the Brownian dynamics of slender biopolymers within the space- and time-discrete
theoretical framework of the nonlinear finite element method according to [32], the stochastic
thermal forces acting on the sphere are given as

= PW(x,t
fs,stoch = 2kBT7I3><3 # (102)

Here, the thermal energy is set to kg7 = 4.1 x 1072 aJ corresponding to room temperature
and the last term describes the space-time white noise resulting from a two-dimensional Wiener
process W(z, t). Both contributions from viscous and stochastic forces on the spherical particle
are added to the total virtual work of the system, which other than that includes the contributions
from internal elastic forces of the fibers and the contributions from the particle-fiber interactions
that will be discussed next. Afterwards, the temporal discretization and time stepping scheme
will be presented in Section 10.2.4.

10.2.3. Interactions between particle and fiber network

In view of the central research questions described above, the interactions between the spherical
particle and the fiber network are the key component of this computational model. In accordance
with the sophisticated, explicit modeling of elastic fibers, these interactions are modeled on the
level of individual particle-fiber pairs and evaluated as a fully resolved, resulting line force dis-
tribution on the fiber. At this point, it becomes clear that the sophisticated fiber model including
potentially large 3D deformations, which is a unique feature of this novel computational model,
carries over to the interaction modeling in form of additional challenges to accurately and ef-
ficiently describe the sphere-fiber interactions for arbitrarily deformed fiber configurations and
mutual orientations. Since the conclusion of previous experimental as well as computational
studies is that the combination of repulsive steric and (attractive) electrostatic effects is the main
reason for the effective selective filtering of biological hydrogels (see e.g. [4, 64, 97]), both
interaction types are accounted for in the present model.

The key idea of the applied modeling approaches hereby is to consider the sphere-beam inter-
action as a simpler, special case of the beam-beam interaction, for which well-established for-
mulations for (macroscopic) contact exist (cf. Section 3.3) and novel computational approaches
for molecular interactions have been developed in Chapter 4 and Section 5. The resulting, de-
rived formulations for contact as well as electrostatic interactions between a rigid sphere and
a beam are presented in Section 6.3.1. Note in this respect that the most critical limitation of
the computational model is the use of a Coulomb interaction potential law, which neglects the
presence of counterions in the electrolyte solution and the associated screening of charges that
in turn significantly reduces the range of electrostatic interactions in biological hydrogels. This
can be seen as a pragmatic, simplified model chosen due to the current lack of a sphere-beam or
beam-beam interaction formulation for screened electrostatic interactions and the implications
will be discussed in the following paragraph.

Discussion of the neglect of screening effects.
Regarding the impact of this model assumption on the results of this computational study, it is
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expected that the effect of charges in general and particularly the range of interaction is over-
estimated and that the simple applied Coulomb interaction model is thus not able to predict the
particle mobility in a quantitatively correct manner. However, the qualitative behavior of the
particle and the trends in the statistical quantities of interest such as the mean squared displace-
ment (MSD) of the particle over time for varying charge density is expected to be meaningful
and thus allow for both valuable insights in the biophysical system behavior and mechanisms
as well as a first proof of principle for this novel computational modeling approach in general.
Based on the experimental observations and in anticipation of the obtained simulation results,
this reasoning is supported by the fact that the most effective trapping mechanism is the one of
a persistent, strongly adhesive contact between the particle and the oppositely charged network
fibers, which is a scenario with minimal surface separation and thus minimal screening effect.
Therefore, the behavior of a particle with medium to large distance to the nearest fibers is thus
expected not to be reproduced correctly by the Coulomb interaction model whereas in contrast
the practically much more important regime of small separations should be represented with
sufficient qualitative accuracy in order to allow for the aforementioned analysis of trends and ba-
sic mechanisms. In order to still account for the screening of charges, the cutoff distance of the
interaction is set to 7eyoff = 2 Um, which is defined via the separation of the sphere and fiber mid-
point position and thus effectively neglects any interaction forces beyond particle-fiber surface
separations of geuosr = 0.96 um. Finally, despite the fact that the development of a screened elec-
trostatic interaction formulation for instance based on the Debye-Hiickel approximation of the
Poisson-Boltzmann theory would go beyond the scope of this computational study, it is clearly
considered an important and promising future extension of the present model that should be used
for both subsequent verification of the drawn conclusions and specific analysis of the influence
of salt concentration as well as ion-specific effects observed in experiments [4].

The parametrization used throughout this study is given as follows. Based on assuming the
dielectric permittivity of water (at room temperature) for the surrounding fluid, the constant pref-
actor of the Coulomb interaction potential law is obtained as Clgo =~ 1.12 x 102 aJumfC~2. As
a first step and in accordance with all previous computational studies, the surface charge density
of the fibers as well as of the particle is assumed to be homogeneous and constant along the
fibers. In view of the complex, inhomogeneous molecular architecture and thus charge distribu-
tion of individual biopolymer filaments (cf. Section 9) and moreover the complex constitution
of a real biological hydrogel, this model assumption is once again expected to have a significant
influence on the quantitative accuracy of the results. However, it should still allow for qualitative
analysis of trends and mechanisms, as argued above in the context of the electrostatic interaction
model. Concerning a potential improvement on this point, it is rather a question of parametriza-
tion as the current sphere-beam interaction model is capable of describing varying line charge
distributions along the filaments as has been demonstrated in Section 9. Here, a constant, homo-
geneous line charge density of the fibers Ay = —0.25 f{Cum ™" is assumed and the positive surface
charge of the particle will be varied in Section 10.3.2 to study its influence on the particle mobil-
ity. Finally, a total of 10 integration points per beam element is used to evaluate the contributions
of the electrostatic line force distribution along the fibers by means of Gaussian quadrature.

Turning to the repulsive steric interactions and following the reasoning in Section 6.2, it seems
appropriate to apply a penalty contact formulation that effectively precludes any noticeable pen-
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etration of particle and fibers. Throughout this study, a linear penalty law and a constant penalty
parameter ¢ = 100 pNum™! is chosen, which turned out to be sufficiently large such that the
maximum penetration of particle and fiber is smaller than 5% of the fiber diameter Dy even in
the most challenging scenarios of strongly adhesive contact and sudden stochastic forces on the
particle in the direction towards the fiber. Finally, 15 collocation points per beam element are
used for the evaluation of the contact line force distribution along the fibers.

At the end of this section, note that fiber-fiber interactions (apart from the obvious rigid con-
nections of endpoints at the network vertices) are generally neglected, because they are assumed
to be negligible due to the fact that their mutual separation and orientation is almost entirely
fixed by the chemical binding at their endpoints. However, beam-beam interaction formulations
for both steric repulsive and electrostatic interactions are readily available (cf. Section 3.3, Chap-
ter 4, and Section 5) and could be incorporated without any conceptual difficulties as a future
extension of this computational model.

10.2.4. Temporal discretization

In addition to the already discussed spatial discretization of the fibers via beam finite elements,
the problem is discretized in time via finite differences. Specifically, the resulting system of
first order stochastic partial differential equations in time is discretized by means of a Backward
Euler scheme, as proposed in [32]. Starting from a default time step size of At = 10735, an
adaptive time stepping scheme is applied, which is especially important to resolve the highly
nonlinear dynamics during (adhesive) contact interactions and potentially large sudden changes
in the magnitude and direction of the thermal forces. The total simulation time per run is set
to teng = 20's, which generally leads to a required number of time steps in the range of nge, €
[2 x 10°,3 x 10°]. In order to account for the stochastic nature of the thermal forces driving
the particle motion, generally two or more random realizations for each — otherwise identical —
set of input parameters (i.e. identical, random network geometry and interaction parameters) are
computed and considered in the analyses to be presented in Section 10.3.

10.2.5. Boundary conditions

Periodic boundary conditions are applied at each side of the simulation box shown in Fig-
ure 10.3(a). Thus, once the particle as well as (parts of) fibers leave the representative vol-
ume element at any side, they reenter it on the opposing side. Moreover, the steric as well as
electrostatic interactions are evaluated also across periodic boundaries. In the majority of the
simulations considered in Section 10.3, no other boundary conditions are applied. However, in
a certain batch of simulations, the entire network of fibers will be fixed by means of Dirichlet
boundary conditions in order to serve as a reference solution mimicking the limiting case of rigid
fibers.

10.2.6. Postprocessing and quantities of interest

Since this study focuses on the (hindered) diffusive mobility of particles, the most important raw
data obtained from the simulations is the particle midpoint position in every time step. From
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this point on, the postprocessing procedure is equivalent to experiments that track the motion of
individual fluorescent tracer particles (e.g. [4, 96, 97]). Based on the discrete time sequence of
particle positions, the mean squared displacement (MSD) < Arg > 1s computed for the range of
time intervals 7 € [At, tenq) Observable in one simulation run as follows.

=

1
N, 4

1

<Arl > = (rp(iAt 4 7) — 7, (iAL))” (10.3)

Il
o

Here, N, denotes the number of all distinct (but possibly overlapping) time intervals 7 obtained
for one simulation run. Because the number of independent samples obtained for large time
intervals is naturally limited, only the first 10% of the maximal possible time intervals, i.e., 7 €
[At,0.1 - tenq], will be considered in the statistical analyses. However, the remaining data is
included and indicated by a gray background in all the MSD plots to be presented. Moreover,
the mean and standard deviation of the MSD obtained for several realizations of the random
network geometry as well as several realizations of the stochastic process of thermal forces will
be considered. As the majority of the considered scenarios shows a subdiffusive behavior, the
MSD curves over the time interval will be presented and discussed instead of the (apparent)
diffusion constant, which obviously depends on the considered time interval and could still be
computed from the MSD curves if desired. Other simulation results such as the resulting axial
strains of the fibers will be presented and discussed for a few specific investigations wherever
needed for the interpretation of the system behavior.

10.3. Results and discussion

The following discussion of simulation results is divided into three parts. First, in Section 10.3.1,
we study the influence of collisions of the particle with the fiber network on the particle mobility.
Second, the effect of additional attractive electrostatic interactions between the particle and the
fiber network will be investigated in Section 10.3.2. Finally, Section 10.3.3 analyzes the special
role of the fiber stiffness in the case of the most effective hindrance mechanism observed in the
simulations.

10.3.1. The effect of solely repulsive steric interactions

To begin with, the double-logarithmic plot of the particle’s MSD < Arg > as a function of the
time interval 7 shown in Figure 10.4(a) confirms the validity of the applied Brownian dynamics
model, because the results obtained for free diffusion of the particle (red line with circles and
error bars) excellently match the analytical reference solution (black dashed line). Moreover,
the standard deviation of the mean over ten random realizations as indicated by the error bars
is negligible within the first 10% of the time interval range (indicated by the white background)
that is considered in the following analyses.
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Figure 10.4.: (a) Mean squared displacement (MSD) < Afr’g > as a function of the time inter-
val 7: Mean and standard deviation over ten random realizations for the case of free diffusion
(red line with circles and error bars), three individual random realizations for a medium fiber
volume fraction V; ~ 0.4% resulting from tessellation with nyp = 60 Voronoi points (cyan
lines), two sets of three individual random realizations each for a very high fiber volume frac-
tion V; ~ 1.8% resulting from tessellation with nyp = 600 Voronoi points (green lines). The
analytical solution for the case of free diffusion is plotted as a reference (black dashed line). The
gray background indicates the range of time intervals above 10% of the simulation time, where
only few independent samples are available for computing the MSD. (b) Network with very high
fiber volume fraction V; ~ 1.8% and overlay of all observed particle positions in one simulation
run corresponding to either the high MSD plateau value (I, blue) or the low value (II, orange). (c)
Magnified detail showing the two compartments with irregular polygonal shape that the particle
can not leave.
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Steric hindrance is insignificant as long as particle diameters are smaller than the smallest
mesh sizes.

Turning to the influence of repulsive steric interactions, i.e., collisions of the particle with the
fiber network, Figure 10.4(a) shows that a medium fiber volume fraction V; ~ 0.4% (cyan lines,
see Figure 10.1(a) for an example of the network) has almost no perceptible influence on the
MSD. Only above approximately 7 = 0.5s, a very subtle subdiffusive behavior is observable
for the three individual realizations plotted here, which is insignificant, but however indicates
the occurrence of a few collisions if the particle travels over longer periods in time. On the
one hand, this behavior of almost free diffusion of the particle is expected from the range of
cell diameters 2.7 — 5.2 um of this irregular polygonal network compared to the particle diam-
eter D, = 1 pm. Moreover, previous experimental studies have made very similar observations
for almost neutral particles or high salt concentrations that effectively shield any electrostatic
interactions [4, 96, 97]. However, this is the first computational study with a realistic, irregular
polygonal fiber network geometry and thus an important confirmation that the effect of solely
steric hindrance is indeed negligible in this regime where the ratios of network mesh sizes and
particle diameter are greater than one.

Particles with diameters in the range of the mesh sizes are caged in polygonal compart-
ments of random size and show confined diffusive behavior.

To push this to the limit where purely steric hindrance and thus filtering by particle size will be-
come significant, a ten times larger number of Voronoi points nyp = 600 corresponding to a fiber
volume fraction of V; =~ 1.8% and cell diameters of 1.0 — 2.5 um, i.e., in the order of the particle
diameter D, = 1um, has been applied. An example of the resulting network architecture is
illustrated in Figure 10.3(a). To probe the most extreme effect of steric hindrance, the fibers are
completely fixed in space for these two sets of three random realizations each. The results are
plotted in Figure 10.4(a) (green lines). One of the sets shows close to normal diffusive behavior
on very small time scales up to approximately 7 = 0.05 s and eventually reaches a plateau value
of < Arg >~ 0.7um? beyond 7 ~ 1s. The other set, which are random realizations using
the identical fiber network geometry, but a different initial position of the particle, shows a sig-
nificantly subdiffusive behavior already for the smallest considered time intervals and quickly
reaches a plateau value of < Arg >=2 (.05 um? for any time interval longer than 7 ~ 0.1s.

This is an expected behavior for the diffusion of particles in an irregular network with cell di-
ameters of the same order as the particle diameter and therefore randomly connected sufficiently
large cells that together form a polygonal volume surrounding the initial position of the particle,
which the particle can not leave at all. The specific compartments that the particle is able to
explore starting from either of the two initial positions in the identical network are illustrated in
Figure 10.4(b) and 10.4(c). Here, the overlay of all particle positions throughout the entire simu-
lation is shown in dark blue for the case of the higher MSD plateau value (I) and in orange for the
case of the lower MSD plateau value (II) observed in Figure 10.4(a). This behavior is known as
confined diffusion and has been theoretically described and experimentally observed e.g. in the
context of studying cadherin molecule mobility in plasma membranes [88]. As discussed e.g. in
[162], such a filtering mechanism based on size clearly has a very effective selectivity and is
applied by organisms to strictly preclude the access of any objects larger than the characteristic
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mesh size, e.g. of the nasal mucous membrane.

However, there are still open questions concerning the mobility of (medium to) large objects in
biological hydrogels taking into account the continuous reorganization of biopolymer networks
based on both (de-)polymerization and the transient nature of crosslinks. Such a transport mecha-
nism for relatively large particles has been observed in experiments [89] and recently been inves-
tigated also in a theoretical and computational model [58], where crosslink binding dynamics are
influenced by the diffusing particle. It is also suggested that this kind of mechanism could play a
role in the selective permeability of the nuclear pore complex, for which the governing principles
are still under debate (see e.g. the review article [162]). Replacing the Voronoi-type network in
the present computational model by the one of a transiently cross-linked, self-assembled network
driven by Brownian motion [34, 35] is thus considered a promising future step.

10.3.2. The effect of additional attractive electrostatic interactions

In addition to repulsive steric interactions, attractive electrostatic interactions due to uniformly
distributed, opposite charges on the particle and the fibers will now be considered. This has been
confirmed to be the most effective hindrance mechanism for particles smaller than the mesh sizes
both in experiments (e.g. [4, 96, 97]) and simulations (e.g. [64, 65]).

On average, the degree of subdiffusion increases with the strength of attraction.

The resulting MSD curves for a low (green), medium (cyan), and high (red) value of the par-
ticle’s surface charge (), are shown in Figure 10.5 and compared to the analytical reference
solution for free diffusion (black dashed line). The fiber volume fraction V; ~ 0.4% is identical
for all simulation runs and 5 different random network geometries with 2 random realizations
of the stochastic forces each have been simulated for each of the three different charge values.
Figure 10.5(b) shows these 10 independent realizations for each particle charge value and the
corresponding mean values and standard deviations are plotted in Figure 10.5(a). On average,
the degree of subdiffusion increases with the strength of attractive interaction, which has been
suggested by previous experiments (e.g. [4, 96]), and has been confirmed by previous compu-
tational studies using ordered (e.g. [65, 116]) and unordered arrays of straight, rigid, mutually
orthogonal fibers [64]. Here, the smallest charge value Q, = 0.125 x 1073 {C leads to a very
small degree of subdiffusion, which is in fact quite similar to the one observed in the limit of
no charge shown in Figure 10.4(a). In contrast, medium (cyan) and high charge values (red),
which are a factor of 8 and 64 higher, significantly hinder the diffusion of the particles already
on (very) small time scales 7 < 0.1 s. In this regime, the slopes of the MSD curves are however
close to one, which suggests normal diffusive behavior with a decreased diffusion constant.

The variability of MSD values and slopes increases for longer time intervals, which indi-
cates that particles randomly switch between distinct motion patterns.

This almost normal diffusive behavior with slope values close to one on very small time scales
changes drastically for longer time intervals 7 > 0.1 s, where the individual realizations exhibit
slopes in the broad range from zero to one, and even some examples for superdiffusive behavior
with a slope greater than one can be observed for medium charge values. Such a significant
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Figure 10.5.: Mean squared displacement (MSD) < Arg > as a function of the time interval 7:
(a) Mean and standard deviation over five random network geometries and two random realiza-
tions each and (b) corresponding individual realizations for three different values of the parti-
cle’s surface charge: Low charge @, = 0.125 x 107? fC (green), medium charge @, = 107 {C
(cyan), and high charge Q, = 8 x 1073 fC (red). The fiber volume fraction V; ~ 0.4% is identi-
cal for all these realizations. The analytical solution for the case of free diffusion is plotted as a
reference (black dashed line). The gray background indicates the range of time intervals above
10% of the simulation time, where only few independent samples are available for computing
the MSD.

increase in the variation of MSD values as well as slopes is in excellent agreement with the
experimental results from [4]. Their subsequent analysis of squared displacement values over
time revealed the existence of sudden trapping and escape events of particles switching between
an almost free, a loosely bound, and a tightly bound state. This hypothesis is confirmed by the
simulation results shown in Figure 10.6(a), where very similar motion patterns can be observed.

(Strongly) charged particles jump between local aggregates of fibers, i.e., opposite charges.
While the causal link of trapped states and local aggregation of fibers, i.e., charge patches of op-
posite sign, has already been suggested in several experimental studies (e.g. [4, 96]), the limited
spatio-temporal resolution of single particle tracking and imaging has so far precluded a direct
proof. The particle trajectory shown in Figure 10.6(b) and the detail view of the fiber aggregates
corresponding to the three observed trapped states illustrated in Figure 10.6(c) clearly confirm
this causality. Related observations have been made in the recently published computational
study [64], which for the first time considered disorder in the still rigid, straight, mutually or-
thogonal fibers and described a resulting, so-called dense-region trapping. In the present study,
the random, irregular polygonal network structure very similar to the one of real biological
hydrogels (cf. Figures 10.1 and 10.3) allows for a more detailed analysis of this trapping mecha-
nism. Particularly, these fiber aggregates are found at network vertices and small polygonal faces
in the network that have a lateral spatial extension smaller than the particle diameter. Figure 10.6
also suggests that the magnitude of the remaining thermal fluctuations observed in the squared
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Figure 10.6.: One realization with high charge @, = 8 x 107 fC and medium fiber volume
fraction V; ~ 0.4% that exhibits three distinct trapped states with sudden transitions (“jumps”)
between them. (a) Squared displacement Arg over the simulation time ¢. (b) Particle trajectory
with color indicating the characteristic intervals of simulation time where the particle is either
trapped or jumps between the trapped states. (c¢) Detail view showing an overlay of the particle
positions in the three distinct trapped states and an overlay of the (oppositely charged) fiber
aggregates that are responsible for the effective trapping. Colors indicate the corresponding time
intervals in (a) and (b).
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displacement of the particle are a measure for the strength of the trapping and that this strength
is proportional to the local fiber, i.e., charge, density. Finally, the results suggest that the stronger
the particle is immobilized, i.e., the smaller the fluctuations in the squared displacement are, the
longer will the particle remain at this location.

The irregularity in the fiber/charge distribution gives rise to three distinct motion patterns,
one of which allows the particle to travel via successive jumps.

From a mechanical point of view, the spatially varying distribution of fibers and thus charges
gives rise to a random 3D potential field to be explored by the particle (similar to the one used
in Chapter 8 to study the effect of filament prestress in biopolymer networks). The location
and values of the (local) minima in the potential field as well as the potential barrier and paths
connecting them strongly depend on the characteristic geometrical properties of the network such
as connectivity, distribution of fiber segment lengths and the resulting distribution of cell and
mesh sizes. Considering real biological hydrogels further extends the list of crucial influencing
factors by the type and fractions of load-carrying components and their specific surface charge
distributions. All these factors shaping the characteristic potential landscape will determine
whether and how the stochastic thermal excitation causes the particle to either (1) remain at one
location being completely immobilized, (2) cycle between neighboring minima being restricted
to a certain region, or (3) travel through the hydrogel via jumps — potentially also over long
distances.

Among the realizations shown in Figure 10.5(b), all three motion patterns (1)—(3) can be
identified. For long time intervals 7 > 0.1s, both patterns (1) and (2) lead to a similar behav-
ior of confined diffusion as obtained for the case of caged particles considered in the previous
section®. The plateau MSD value thus allows to draw conclusions with respect to the volume
enclosed by the particle’s initial position and the location(s) of the potential minimum/minima
(i.e. fiber/charge agglomerations) that the particle has visited. By looking at the sequence of
snapshots over the entire simulation time, it has been verified that those four (highly charged)
particles with the smallest MSD plateau values of < Arg >~ 2 x 1072 um? are completely
immobilized at one single location in the network (cf. motion pattern (1)). In contrast, those
medium and highly charged particles with intermediate values for the MSD slopes jump or
smoothly transit between local fiber agglomerations in cycles (cf. motion pattern (2)) such as
observed in the example shown in Figure 10.7. Finally, also motion pattern (3) has been iden-
tified in the set of individual realizations, as already shown in Figure 10.6 for a particle with
high surface charge. This case can easily be identified among the MSD curves plotted in Fig-
ure 10.5(b) as the one with the largest MSD values for long time intervals.

To conclude this section it can be stated that strong attractive forces mostly lead to motion
patterns (1) and (2) that effectively immobilize the particles in a confined volume. However, the
motion pattern (3) allows — at least theoretically — for a travel of particles over considerable dis-
tances by means of a series of successive jumps. The effectiveness of this transport mechanism
depends on the irregularity of the fiber/charge distribution in space and in particular the (relative)
height of the potential barriers between the fiber/charge agglomerations. While the specific ex-

3Note however the difference in the diffusive behavior for small time intervals 7 < 0.1 s that allows to differentiate
between purely steric hindrance (cf. Figure 10.4(a)) and additional attractive interactions (cf. Figure 10.5(b)).
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time

Figure 10.7.: Particle trajectory for one realization with medium charge @, = 1 X 1073 fC and
medium fiber volume fraction V; ~ 0.4% that smoothly cycles around a region of fiber/charge
agglomeration. Color indicates the course of the simulation time ¢.

ample observed in Figure 10.6 seems to be completely immobilized after two consecutive jumps,
one might think of another, special design of the fiber/charge distribution with a certain degree
of periodicity that could lead to an effective transport of the particle also over large distances
and in small time intervals. One could speculate that such a directed motion might even lead to
superdiffusive behavior.

Altogether, the results of this section indicate that the irregularity of the potential landscape
has a crucial influence on the overall effectiveness of particle immobilization and therefore on
the selectivity of hydrogels. The aforementioned factors shaping the effective potential field
explored by the particle are known to vary substantially between the multitude of different bio-
logical hydrogels (see e.g. [162]). Therefore, a systematic parametrization (and if required also
extension) of the present computational model with respect to other classes of gels is expected
to be a valuable means for studying the species-specific variations of the general behavior and
principles observed so far. In the long run, this might even lead to simulation-based prediction
tools enabling a case-specific choice or design of drug delivery vehicles.

Brief discussion of computational aspects.

In total, 60 simulations with at least 2 x 10 time steps each have been conducted and evaluated
for the results shown in this section (cf. Figure 10.5(b) for all the realizations). One simulation
typically took 2—4 days if run in parallel on 16 cores* on a Linux cluster. The main drivers for the
computational cost are the fiber volume fraction and the presence and strength of electrostatic
interactions leading to a complex interplay of repulsive steric and attractive electrostatic forces
that require a fine temporal resolution (i.e. smaller time steps) and make the nonlinear problem
more challenging to solve.

4AMD Opteron 6128
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10.3.3. The influence of fiber stiffness/compliance

Up to this point, we haven’t discussed the influence of the fiber stiffness, which mainly influ-
ences the amount of fiber deformations and — besides the realistic network geometry — is the
second unique feature of the present computational model. In the problem setup considered
here, fiber deformations originate exclusively from contact and/or electrostatic interactions with
the Brownian particle. Thus, the highest particle charge @), = 8 x 10~ fC will be considered in
this section, because the most frequent and strongest interactions can be expected in this case.
To explore the point where fiber deformations begin to change the results, the value for Young’s
modulus has been varied systematically starting from the theoretical limit of rigid fibers as out-
lined already in Section 10.2.1. In the following, the results for rigid fibers will thus be compared
to those obtained for a value of £/ = 0.1 MPa where first differences are observable, and to the
ones obtained for a ten times larger value £* = 10 - ¥ = 1 MPa, which are basically identical
to the case of rigid fibers.

Figure 10.8 compares the MSD curves obtained for the low fiber stiffness resulting for Young’s
modulus £ (red lines) with the ones obtained for a ten times higher value for Young’s modu-
lus £* (yellow lines) and the ones obtained for the limit of rigid fibers (cyan dashed lines). Apart
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Figure 10.8.: Mean squared displacement (MSD) < Arg > as a function of the time interval 7:
(a) Mean and standard deviation over five random network geometries and two random real-
izations each and (b) corresponding individual realizations for different levels of fiber stiffness:
Low value for Young’s modulus £ = 0.1 MPa (red, see also Figure 10.5), medium value for
Young’s modulus £* = 1 MPa (yellow), and the limit of rigid fibers (cyan). The fiber volume
fraction V; ~ 0.4% and particle’s surface charge (), = 8 x 1073 fC is identical for all these
realizations. The analytical solution for the case of free diffusion is plotted as a reference (black
dashed line). The gray background indicates the range of time intervals above 10% of the simu-
lation time, where only few independent samples are available for computing the MSD.

from the fiber stiffness, the compared sets of ten realizations are identical, notably with respect to
the 5 different random network geometries and the 2 different sequences of the random stochas-
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tic forces each.

The influence of fiber compliance on the particle mobility is insignificant for realistic values
of Young’s modulus.

There is no perceptible difference between the results for the medium fiber stiffness using £*
and those for the limiting case of rigid fibers. Recall from Section 10.2.1 that the value E* is
already a factor of 100 smaller than the reported values for ECM gels and has been chosen here
solely to show the limit above which the results will be (almost) identical to the ones for rigid
fibers. For the lowest considered fiber stiffness £/, the curves are slightly shifted towards smaller
MSD values, however, the difference is insignificant due to the considerable variability observed
already in the results of the last section. This becomes even more clear if three pairs of otherwise
identical realizations, i.e., particularly with identical network geometry and identical sequence
of stochastic forces, yet different fiber stiffness are exemplarily compared in detail as shown in
Figure 10.9. The first pair of realizations with otherwise identical parameters (both marked with
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Figure 10.9.: Mean squared displacement (MSD) < Arf, > as a function of the time interval 7
for three individual realizations (circles, crosses, and diamonds) of each value for the fiber stiff-
ness (red: ), yellow: E*). The analytical solution for the case of free diffusion is plotted as a
reference (black dashed line).

crosses) shows almost identical results for £ (red) and E* (yellow). The second pair of realiza-
tions, i.e. using a second sequence of stochastic forces, with otherwise identical parameters (both
marked with circles) leads to entirely different results for £ (red) and £* (yellow). This leads
to the conclusion that tiny differences in the fiber behavior can trigger entirely different particle
trajectories in individual realizations of the stochastic process. However, the deviations between
these individual realizations are large also for identical fiber stiffness (cf. Figure 10.8(b)) and on
average, there is no significant influence of the fiber stiffness on the particle mobility as becomes
clear from Figure 10.8(a). Still, these results allow to conclude that — for the given set of param-
eters — a value below E* will begin to influence the simulation results. To investigate the trends
to be expected for even softer fibers, the third and last pair of realizations shall prove useful.
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10. Hindered Mobility of Charged Particles in Hydrogels

For very soft fibers, the MSD values are shifted to lower values in short time intervals and
to higher values on long time intervals.

This third pair of realizations with otherwise identical parameters considered in Figure 10.9
(both marked with diamonds) once again shows the identical qualitative behavior for £ (red)
and E£* (yellow). However, the MSD values for the stiffer fibers £* are slightly smaller on long
time intervals and slightly larger on short time intervals. This interesting detail reveals the ex-
pected behavior of compliant fibers as will be further analyzed and discussed in the following.
To begin with, it is an intuitive result that the stiffer fibers constrain the particle motion more
effectively on long time intervals, because the compliant fibers deform due to the thermal forces
acting on the trapped particle as illustrated in Figures 10.10(a) and 10.10(b) showing an overlay
of fiber configurations for all time steps. On short time intervals, however, the opposite effect
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Figure 10.10.: Comparison of the amount of fiber deformations visualized by an overlay of the
configurations from all time steps: (a) low fiber stiffness £ leading to noticeable fiber defor-
mations; (b) ten times larger fiber stiffness £* = 10 - E preventing basically any deformations.
(c) Visualization of the magnitude and distribution of axial strains in the fiber network resulting
from the thermal excitation of the particle for a low fiber stiffness F.

can be observed and the stiffer fibers allow for slightly larger fluctuations of the particle and thus
MSD values. This is most likely due to the fact that the increased effective drag coefficient of
the compound consisting of the sticky particle and the surrounding, deformable fibers leads to a
decreased diffusion constant and thus smaller MSD values. The plot of the axial strains in the
network (at an arbitrarily chosen point in time) shown in Figure 10.10(c) allows to judge the
amount of axial deformation and how this perturbation spreads across the fiber network. It con-
firms that the surrounding fibers are deformed due to the interaction with the thermally excitated
particle and that both tension and compression occurs and decays with increasing distance from
the particle, however, the magnitude of strains is generally negligible.

To conclude this section, it can be stated that the influence of fiber deformation on the par-

ticle mobility is negligible in the here considered scenario and for realistic parameter values of
the fiber stiffness in ECM gels. If very soft fibers are considered, the fiber compliance leads
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to a decrease of MSD values on short time intervals and an increase of MSD values on long
time intervals (for particles that are effectively trapped sticking to oppositely charged fiber ag-
glomerations). In real systems, these trends might be observable as a result of dysregulated
fiber stiffness or for certain (biological) hydrogels with very thin or soft and therefore compliant
filaments such as mucin or F-actin.

10.4. Conclusions and outlook

This chapter presents the first computational study of the diffusive mobility of particles in hy-
drogels with a realistic fiber network model. It proposes a novel computational approach based
on, most notably, the modeling of deformable fibers via beam theory, a Voronoi tessellation
of the periodic simulation box to obtain random, irregular network geometries, and the beam-
sphere interaction model for contact and electrostatic interactions from Section 6.3.1. After a
model validation and the investigation of only repulsive steric interactions in Section 10.3.1,
the particularly important effect of additional attractive electrostatic forces has been studied in
Section 10.3.2. Finally, a specific look at the role of fiber deformations has been presented in
Section 10.3.3.

In the case of only repulsive steric interactions, it is found that the hindrance of the particle
mobility is insignificant as long as the mesh sizes of the fiber network are larger than the particle
diameter. If, however, the mesh sizes are in the order of the particle diameter, the particle
is effectively caged in a polygonal fiber hull of random shape and size and shows a behavior
known as confined diffusion and characterized by a plateau in the MSD curve for long time
intervals. Within the given problem setup and the focus on relatively small particles, these
are expected results validating the novel approach. However, this effect of steric hindrance
will become highly relevant if the effective transport of relatively large particles as observed in
experiments [89] is considered. In this context, including the dynamics of the fiber network such
as its self-assembly driven by Brownian motion and transient reorganization of cross-links (as
demonstrated for the directly compatible computational model applied in [34, 35]) might be an
important model component as suggested by recent findings in the context of the nuclear pore
complex [26, 58] or the dynamic secretion and shedding of mucus layers [105].

Turning to the effect of additional electrostatic interactions between the fibers and the oppo-
sitely charged particle, the prevailing notion that the degree of hindrance on average increases
with the strength of attraction has been confirmed by the numerical experiments with five differ-
ent network geometries and two random realizations each. Moreover an increased variability of
the particle’s mean squared displacement values and slopes in the regime of long time intervals
has been observed and excellently agrees with previous experimental results from [4]. A detailed
look at the 3D particle trajectories within the fiber network provides a first direct proof for the ex-
istence of distinct motion patterns of the particles that explain the variability in the MSD curves.
As hypothesized before in [4], the particles stick to oppositely charged fiber/charge aggregations
experiencing more or less strong trapping and eventually escape due to the continuous thermal
excitation only to be quickly attracted to another fiber/charge aggregation. While some particles
remain completely immobilized at one and the same location for the entire 20s of simulation
time, others smoothly or rapidly cycle between two local minima in the potential landscape.
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10. Hindered Mobility of Charged Particles in Hydrogels

Both of these motion patterns lead to a behavior on longer time intervals that is very similar to
the confined diffusion described for caged particles above, however the diffusive mobility on
short time intervals is significantly reduced as well due to sticking to the fibers. A third observed
motion pattern is the one of several successive jumps that — at least theoretically — could be a
transport mechanism also over longer distances if the potential landscape is formed accordingly
and e.g. shows some degree of periodicity and directional preference.

Altogether, these findings indicate that the precise shape of the effective 3D potential field
explored by the particle has a crucial influence on its mobility. In view of the broad variety
of biopolymer hydrogels with diverse chemical compositions and biophysical properties, the
current computational model could thus be leveraged to study the individual selective filtering
behavior for a large number of particle-hydrogel property combinations. Based on the recog-
nized importance of the precise fiber/charge distribution in the system, two points seem to be of
particular importance to achieve a case-specific, highly accurate and reliable prediction. First,
the inhomogeneous charge distribution along the fiber should be both determined (e.g. by ana-
lyzing the molecular architecture) and applied in the model as demonstrated for the example of
mucin in Chapter 9. Second, the specific composition and geometry of fiber networks should be
determined (e.g. by processing of electron microscopy images) and applied in the model. Also
the inclusion of the dynamic self-assembly and reorganization of networks mentioned above
would be worth considering in this respect.

As alast particular aspect investigated in this study, fiber deformations have been found to be
negligible for the range of realistic values for the fiber stiffness. To be more precise, varying the
value for the Young’s modulus over the range of reported values for the considered ECM gels
has led to identical results as obtained for the theoretical limit of rigid fibers. If, however, very
soft fibers are considered, the fiber compliance caused a decrease of MSD values on short time
intervals and an increase of MSD values on long time intervals (for particles that are effectively
trapped sticking to oppositely charged fiber agglomerations). In real systems, these trends might
be observable as a result of dysregulated fiber stiffness or for certain (biological) hydrogels with
very thin or soft and therefore compliant filaments such as mucin or F-actin.

In addition to the specific numerical results and gained insights, this study provides an exten-
sive proof of concept for the application of the novel computational model. As outlined above,
many important findings especially for various particle/hydrogel-specific behaviors and mech-
anisms can be expected from different parametrizations and the suggested model extensions in
the short to mid-term. In the long term, further advances of the present computational model
towards a truly predictive tool could ultimately lead to a case- and patient-specific choice (or
design) of pharmaceuticals and assessment of infection risk.
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11. Towards a Versatile, Powerful, and
Comprehensible
Nano-/Micromechanical Model for
Collagen Fibrils

This chapter demonstrates how the novel computational approaches to molecular interactions of
slender fibers from Chapter 4 and Chapter 5 could be used as the decisive model components
of a versatile, powerful, and comprehensible computational model for collagen fibrils, which is
based on an explicit modeling of the individual collagen molecules by geometrically exact 3D
beam theory.

11.1. Motivation

Collagen type I is the most abundant protein in the human body and for instance is the key com-
ponent of soft matter such as connective tissue, tendon, ligament, cornea or lung parenchyma,
but also occurs in extremely stiff material such as bone and tooth dentin, where it acts as matrix
within a mineralized nanocomposite. Its crucial role as the main load-bearing structure providing
support and protection has stimulated vast and intensive research projects over the last decades,
leading to a huge body of literature on this topic, parts of which are summarized in a comprehen-
sive textbook format [49]. As a result of this still ongoing research efforts, we nowadays know
the link of collagen-related disorders to severe diseases such as osteogenesis imperfecta (“brittle
bone disease”) [49], pulmonary fibrosis [78], aortic aneurysms and dissection [69], and cancer
metastasis [27] to name just a few. Another major achievement of the intense previous scientific
work is that the hierarchical fibrous structure from molecular polypeptide chains on the scale of
a few nanometers up to fibers, fiber bundles and fibrous networks on the scale of millimeters
is meanwhile quite well understood [49, 50, 82] and schematically depicted for the example of
tendon in Figure 11.1.

This insight into the hierarchical fibrous structure leads us to the specific motivation of this
work by exposing both the need and the solution approach. The variety and complexity of col-
lageneous material both in terms of number and diversity of individual components as well as
the range of involved length scales from molecular scales to tens of microns and the involved
range of time scales from nanoseconds to tens of years of a human life is a tremendous chal-
lenge for existing theoretical, computational as well as experimental techniques. Therefore, a
large number of both unanswered urgent questions and unforeseen crucial aspects yet remain to
be investigated. This work proposes a versatile, powerful, and comprehensible computational
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Figure 11.1.: Hierarchical fibrous structure of tendon. Image reprinted from [82].

model for collagen microfibrils that has the potential to study a variety of effects on the mi-
crofibrillar, fibrillar and fiber scale that are yet inaccessible both to atomistic (e.g. [21, 54]) and
macroscale continuum mechanical approaches (e.g. [63, 70, 106]). The central idea of the novel
computational model is the explicit modeling of the slender tropocollagen molecules by means
of geometrically exact 3D beam theory (cf. Section 3) as well as applying the novel, efficient ap-
proaches to molecular interactions between fibers (cf. Chapter 4 and Chapter 5) both integrated
within the versatile (theoretical and code) framework for nonlinear finite element methods in
structural mechanics (cf. Section F). A previously published mesoscale model with a similar
intention as the present work applies a bead-spring theory based on coarse-graining of the atom-
istic structure, which uses (bi)linear springs to account for translational as well as rotational
deformations of the bead sequence as well as a LJ potential for intermolecular interactions and
cross-links with a bilinear force-displacement relationship [21, 38]. Another related article ap-
plied 3D solid finite elements to fully resolve a mineralized microfibril geometry by means of
35000 tetrahedral elements and explicitly modeled cross-links via nonlinear springs [62]. To
give a first specific example, the model to be proposed here will be used to investigate the ori-
gin of the highly tunable nature of fibril stiffness even on very short time scales that has been
revealed in recent experiments [3].

In this concluding paragraph, the key modeling concept of this work will be motivated and
the specific objectives as well as the mid- and long-term goals will be highlighted. Inspired
by an in silico reconstitution of the collagen microfibril, the individual model components such
as geometrically exact, nonlinear elasticity of the slender molecules, their spatial arrangement,
(transient) mechanical links between them, and intermolecular effects such as steric repulsive
and vdW forces will be assembled in a flexible, modular manner. This allows for an isolated,
critical review and verification of their individual mechanical behavior compared to experimen-
tal results of real collagen molecules and (micro-)fibrils, which in turn will lead to an in-depth
understanding of the collagen (micro-)fibril, fiber, and fibrous system behavior from the perspec-
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tive of a (bio-)mechanical systems, including all decisive influences and parameter sensitivities.
In the long term, this could contribute to the development of innovative therapeutical approaches
for the aforementioned diseases as well as to the design and manufacturing of novel materials
both based on biological and synthetic (polymer) filaments. In addition, the continued enhance-
ment of computational approaches such as the one to be proposed might lead us to powerful
simulation tools that can predict the course of a disease on a case- and patient-specific level and
can thus also predict the effectiveness of different available options of treatment and lead to an
informed, optimal decision.

11.2. Computational reconstitution of a collagen
microfibril: Setup of models and methods

Inspired by the recent experimental study [3] of our collaborator P. Thurner (TU Wien), an in
silico reconstitution of the collagen microfibril with the aim to investigate fundamental proper-
ties of collagen fibrils and its key influences is elaborated in this section. In accordance with
the versatile modular approach above, the individual model components will be presented in the
following sections. Note that although the present model focuses on collagen type I as the most
abundant one, the modification of the model towards other fibrillar types of collagen is con-
sidered a feasible and promising subject of future research and would allow to investigate both
similarities as well as differences between the different types and its implications for the various
use cases in the human body. The parametrization and validation of the model by means of ex-
perimental results for single collagen molecules as well as (micro-)fibrils is a work in progress
and will thus not be discussed.

11.2.1. Tropocollagen molecules immersed in a thermal bath

As mentioned above, the individual tropocollagen molecules with a diameter of approximately
1.5nm and a length of approximately 300 nm [49] are modeled by the geometrically exact 3D
beam theory as summarized in Section 3, which accounts for the six deformation modes of axial
strain, (2x) shear, torsion, and (2x) bending and is known to accurately and efficiently describe
potentially large elastic deformations in 3D. An important aspect will be the relevance of bilin-
ear or nonlinear constitutive laws that probably depends on the magnitude of (axial) deformation
to be expected and observed in the numerical experiments. Whereas the experimental determi-
nation of mechanical properties of individual tropocollagen molecules is still challenging and
limited in this specific respect [102, 156], atomistic simulation of collagen-like peptide chains
[21] suggest a nonlinearity in the axial strain-force relation only in the regime of very large
strains above approximately 30%.

The thermal excitation as well as viscous drag that the molecules experience due to the sur-
rounding fluid is modeled implicitly by means of the finite element formulation for Brownian
dynamics proposed in [32] and previously applied in the context of polymer dynamics e.g. in
[34, 118] and Chapters 8 and 9.
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11.2.2. Assembly of molecules into (micro-)fibrils

The slender collagen molecules are known to self-assemble into fibrillar structures with diam-
eters ranging from 20 to 300 nm and lengths up to hundreds of microns [79, 94]. Due to a
characteristic band pattern observed in different imaging techniques, there is a clear understand-
ing of the axial staggering of the individual molecules that is given as a periodic repetition of
gap-overlap regions with a periodicity of 67 nm [49]. This repeated pattern gives rise to defin-
ing the unit building block of fibrils as five axially staggered collagen molecules, commonly
referred to as microfibril. Although the spatial resolution of the fibril cross-sections remains to
be a far more challenging task as compared to the axial direction, the current understanding of
the lateral packing of collagen molecules is that the parallel molecules arrange in a lattice with
quasi-hexagonal ordering [123]. Finally, the formation of covalent cross-links is known to sta-
bilize this assembled fibril structure (refer to the following Section 11.2.3 for the modeling of
cross-links). This leads to the prevailing notion of collagen fibrils as a large number of axially
staggered, laterally densely packed, parallel collagen molecules. However, Section 11.3 will
present a computational study of the dynamic self-assembly process of collagen molecules / mi-
crofibrils into fibrils driven by Brownian motion and the transient formation of cross-links that
challenges this prevailing notion of the fibril structure. Leaving this special topic aside for now
and sticking to the just presented fibril structure, Figure 11.2(a) shows the resulting geometry
of a microfibril in its initial, stress-free configuration as applied in the present computational
model.

(a) (b)

Figure 11.2.: (a) Initial, stress-free configuration of the microfibril model consisting of axially
staggered collagen molecules in a quasi-hexagonal lateral arrangement. (b) Divalent (top) and
trivalent (bottom) cross-links connecting the individual collagen molecules (cf. Section 11.2.3
for details).
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11.2.3. Covalent cross-links between molecules

Two distinct mechanisms of cross-linking in form of either enzymatic lysyl oxidase or non-
enzymatic glycosylation / glycation are known to stabilize the fibrillar assemblies of collagen
molecules. While the former play an important role in the fibril formation process and form
covalent bonds at both telopeptide ends, the latter type of cross-links is far less specific re-
garding both the time of formation as well as the location [47]. In the present computational
model, cross-links are treated as additional beam elements that connect the collagen molecules
at distinct binding spots and bind (and potentially unbind) at specified rates. The corresponding
numerical formulation has been proposed in [119] and applied to study the self-assembly process
of biopolymer networks driven by Brownian motion and mediated by transient cross-linking. A
special aspect regarding collagen fibril formation is that divalent enzymatic cross-links (connect-
ing two molecules) are known to undergo a transition to mature, trivalent cross-links over time
[47]. The resulting bi- and trivalent cross-links in the present computational model are shown in
Figure 11.2(b).

11.2.4. Intermolecular forces between molecules

A specific focus of the present computational model lies on the intermolecular forces, mainly re-
pulsive steric forces and adhesive vdW forces. This is due to the fact that the recently observed
tunable nature of collagen fibril stiffness is believed to have its origin in the varying lateral
separation of collagen molecules and thus varying strength of the inverse-distance dependent
intermolecular forces [3]. In order to investigate this behavior in computational experiments,
intermolecular forces are thus included in the model via the novel beam-beam interaction for-
mulations developed in Chapter 4 and Chapter 5.

As a very first step of model parametrization and validation using a minimal problem setup,
two initially straight, parallel collagen molecules with a fixed lateral separation and interacting
via attractive vdW forces are pulled apart in axial direction. In order to model the inhomoge-
neous molecular sequence along the collagen molecule, the atom densities p;, po are assumed
to alternate between two distinct, constant values. Figure 11.3(a) shows the resulting force-
displacement curves for different values of the lateral separation of the molecule surfaces. On
the one hand, this demonstrates that the novel mesoscale model is capable of reproducing the
qualitative behavior of pulling two collagen molecules apart as predicted via atomistic simula-
tions [54]. On the other hand, the decreasing maximal force values with increasing lateral sep-
aration, i.e., hydration of the molecules is a first sign that the tunable nature of collagen fibrils
might indeed result from the varying strength of attraction via intermolecular forces. However,
these preliminary results clearly need to be handled with care and a profound parametrization
and validation of the present computational model is still a work in progress. As a final remark
on this part of the model considering intermolecular forces, the influence of hydrogen bonds and
hydrophobic effects should be clarified and included if needed.
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Figure 11.3.: (a) Reaction force-displacement curves of a first minimalistic computational exper-
iment pulling two parallel collagen molecules with fixed lateral surface separation apart in axial
direction. (b) Corresponding maximal force values as a function of the lateral surface separation
of the molecules.

11.3. Self-assembly of collagen fibrils and fibers

This section provides some first insights into the preliminary results of a computational study
of the dynamic self-assembly process of collagen fibrils and fibers driven by Brownian motion
and the formation of lateral cross-links as briefly outlined in the previous section. It is motivated
by the observation of localized high curvature of collagen fibers in recent experiments (Q. Hu
and E. Botvinick, UCI, unpublished material) using fluorescence imaging [41]. Surprisingly,
these bends and kinks appear to be long-living, metastable states that occur even in absence
of external loads, which challenges the prevailing notion of the strictly parallel alignment and
quasi-hexagonal lateral packing of collagen molecules outlined in Section 11.2.2.

In order to investigate this in computational experiments, we consider initially straight and
parallel, semiflexible beams, apply the Brownian dynamics finite element formulation outlined in
Section 11.2.1, and include the transient cross-links outlined in Section 11.2.3. Some snapshots
of the resulting self-assembled bundle structures are shown in Figure 11.4. The full bundle
consisting of six initially straight, semiflexible filaments is shown in Figure 11.4(a) and a detail
thereof in Figure 11.4(b). These snapshots reveal a wavy and kinked bundle geometry that results
from braiding of filaments and is stabilized by the cross-link formation such that it persists over
considerable time intervals of tens of seconds. A reduction of the 3D problem via projection
to 2D and consideration of only two filaments is shown in Figure 11.4(c). Again, we observe
stabilized topological defects such as braiding of filaments and a bubble, i.e., trapped filament
length without any cross-links. All the observed mechanisms appear to be meta-stable states that
survive tens of seconds and occur in many different, independent simulation runs.

These observations in experiments as well as simulation has stimulated theoretical work on
this topic, which aims to describe these topological defects mathematically and predict their fre-
quency of occurrence as well as dynamics in order to analyze their stability (V. Slepukhin and
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(b) (©)

Figure 11.4.: Simulation snapshots of a self-assembled, randomly cross-linked bundle of six ini-
tially straight, semiflexible filaments undergoing Brownian motion. (a) The entire bundle of six
individual filaments, (b) a detail thereof showing the filaments in green and cross-links in pink,
(c) two examples for a minimalistic setup of two filaments in 2D that can be interpreted as a
projection of the full bundle in 3D. Both braids and bubbles, i.e., trapped filament length without
any cross-links can be observed.

A. Levine, UCLA, unpublished material). To conclude, the presented results indicate that the
stress-free configuration of collagen fibrils and fibers might not follow the strict and simple pat-
tern of a straight, ordered bundle as it is currently believed. Therefore, the observed localized
regions of high curvature might be meta-stable, stress-free states instead of the result of external
loads such as buckling effects. This would have far-reaching implications with respect to the
mechanics of collagen fibrils and fibers, because it gives rise to a much richer mechanical be-
havior than the current understanding of its stress-free state as a straight, homogeneous bundle
of regularly arranged, straight filaments would suggest.

Motivated by these observations and insights of highest practical relevance, the future col-
laborative research on this topic will focus on a detailed analysis of the effects such as the
cross-link distributions, frequency of occurrence as well as dynamics of topological effects, and
corresponding influences of parameters such as the number and binding rate of cross-linker
molecules. In the long term, the mechanical behavior of such self-assembled bundles of fila-
ments is expected to be an important and promising topic of future research.
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12. Summary and Outlook

Following the overall structure of this work, this concluding chapter is split into two major parts.
First, the outcome of the methodological work presented in Chapter 4 to 6 will be summarized
and second, the most important findings of its application to specific biophysical systems in
Chapter 7 to 11 will be recapitulated in Section 12.2. Promising future extensions and further
applications of the present work will be outlined in several suitable places.

12.1. Computational models and methods

The first part of this thesis is dedicated to the development of efficient and accurate compu-
tational models and methods for molecular interactions of deformable fibers. In a first step,
the fundamentals of intermolecular forces and potentials such as electrostatic, van der Waals
(vdW) and repulsive steric interactions have thus been reviewed and those aspects of high rel-
evance with respect to the later work have been selected from the vast body of literature on
this topic. The resulting Chapter 2 and Appendix A have proven to be a valuable source of
reference throughout the remainder of this work. As an additional preparatory step, the funda-
mentals of geometrically exact beam theory, the corresponding finite element formulations, and
existing computational approaches to macroscopic contact between beams have been studied
and extended with respect to a few, but decisive details (Chapter 3). Most importantly, the ex-
tension of the well-established Simo-Reissner beam element formulation developed by Crisfield
and Jelenié¢ [29, 76] to the smooth, C''-continuous centerline interpolation using cubic Hermite
polynomials has to be mentioned in this respect. Another important prerequisite for the actual
scientific progress made in this work has been the thorough revision of the existing code frame-
work as outlined in Appendix F.

The first primary objective of this work has been accomplished in Chapter 4, which proposes
the first 3D beam-beam interaction formulation for molecular interactions between curved slen-
der fibers undergoing large deformations. It has been published in the author’s article [61]. While
the general interaction model is not restricted to a specific beam formulation, in the present work
it is combined with the geometrically exact beam theory and discretized via the finite element
method. The central idea of the novel approach is to formulate reduced interaction laws for the
resultant interaction potential between a pair of cross-sections of two slender fibers such that
only the two 1D integrals along the fibers’ length directions have to be solved numerically. This
section-section interaction potential (SSIP) approach therefore reduces the dimensionality of the
required numerical integration from 6D (two nested 3D integrals) to 2D and yields a significant
gain in efficiency, which only enables the simulation of relevant time and length scales for many
practical applications.
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Being the key to this SSIP approach, the analytical derivation of the specific SSIP laws is
based on careful consideration of the characteristics of the different types of molecular inter-
actions, most importantly their point pair potential law and the range of the interaction. In a
first step, the most generic form of the SSIP law, which is valid for arbitrary shapes of cross-
sections and inhomogeneous distributions of interacting points (e.g. atoms or charges) within the
cross-sections has been presented in Section 4.2 before the focus was laid on specific SSIP law
expressions for dedicated applications in Section 4.3. Considering the practically relevant case of
homogeneous, disk-shaped cross-sections, Section 4.3.1 has discussed the advantages as well as
limitations of possible simplifications of the SSIP law, finally leading to pleasantly simple SSIP
laws that solely depend on the scalar separation of the cross-section centroids and in particular
neglect the cross-sections’ mutual orientation. In this manner, simple SSIP laws for short-range
volume interactions such as vdW or steric interactions (Section 4.3.2) and for long-range surface
interactions such as Coulomb interactions (Section 4.3.3) are obtained, which have been used
and further analyzed in the remainder of the chapter. In order to remedy the characteristic singu-
larity of inverse power interaction laws in the limit of zero separation, a numerical regularization
of the LJ SSIP law has been proposed, which leads to a significant increase in robustness and
efficiency, saving a factor of five in the number of nonlinear iterations while yielding identical
results.

The accuracy of the proposed SSIP laws as well as the general SSIP approach has been stud-
ied in a thorough quantitative analysis using analytical as well as numerical reference solutions
for the case of vdW as well as electrostatic interactions. It is found that a very high level of
accuracy is achieved for long-range interactions such as electrostatics both for the entire range
of separations as well as all mutual angles of the fibers from parallel to perpendicular. In the case
of short-range interactions, however, the derived SSIP law without cross-section orientation in-
formation slightly overestimates the asymptotic power-law exponent of the interaction potential
over separation. As a pragmatic solution, a calibration of the simple SSIP law has been proposed
to fit a given reference solution in the small yet decisive range of separations around the equi-
librium distance of the Lennard-Jones (LJ) potential. As has been shown for the fundamental
numerical example of peeling two adhesive fibers in Section 7.4.5, this strategy leads to a very
good agreement in the force response on the system level. While this accuracy might already be
sufficient for certain real world applications, the derivation of reduced interaction laws including
the cross-section rotations is considered an important next step. In the present work, the deriva-
tion of such an enhanced interaction law including the orientation has been exemplified in the
context of the alternative beam-beam interaction formulation, which has been developed with a
focus on short-ranged interactions in Chapter 5 and will be summarized in the following. How-
ever, also the SSIP laws considered in Chapter 4 would benefit from the increased accuracy (and
particularly the exact asymptotic scaling behavior) and including the cross-section orientation is
thus considered a valuable future extension.

In an effort to further improve the efficiency in the most challenging case of very short-
ranged interactions such as vdW adhesion and steric repulsion, a second fundamental approach
to molecular interactions of deformable fibers has been developed in Chapter S. Exploiting the
characteristic rapid decay of the interaction potential with increasing distance allows to further
reduce the dimensionality of the beam-beam interaction problem and thus achieve an even more
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efficient approach than the previously developed, more general SSIP approach. The key idea is
to approximate the second, arbitrarily deformed beam by a surrogate body with trivial geometry,
which is located at the closest point from a given point on the first beam and oriented according
to the centerline tangent vector of the second beam. Mathematically, this surrogate body is the
linear series expansion of the second, so-called master beam around the closest point. In this
manner, the interaction of the entire second beam with a given section of the first, so-called slave
beam can be described by an analytical, closed-form interaction potential law, which replaces
the numerical integration along the master beam by a single function evaluation. This novel,
specialized approach is therefore called the section-beam interaction potential (SBIP) approach.

In addition to being significantly more efficient, the SBIP formulation is also significantly
more accurate if short-ranged interactions are considered. This is due to the fact that the reduced
interaction law is superior to the previously used, simple SSIP law, because it includes the rela-
tive rotation, i.e., the orientation of the interacting bodies in addition to their scalar separation.
This SBIP law has been derived in Section 5.2 considering the case of circular, homogeneous
cross-sections and a generic inverse power law with exponent m > 6 as fundamental point-pair
interaction potential. The required derivation of the resulting disk-cylinder interaction poten-
tial is based on 5D analytical integration using appropriate series expansions and is valid for
arbitrary mutual orientations of the two bodies. A comprehensive analysis of the accuracy of
the disk-cylinder potential allowed to choose the optimal compromise between accuracy and
simplicity of the expression. In particular, the SBIP law ensures the correct asymptotic scal-
ing behavior in the decisive regime of small separations, which has been identified as the most
critical deficiency when using the simple SSIP law from Section 4.3.2, which neglects the mu-
tual orientation of cross-sections. To anticipate the result of a specific numerical example in
Chapter 7, the SBIP approach is found to be by about a factor of 4 more efficient than the more
general SSIP approach. This holds even despite the aforementioned superior accuracy of the
derived SBIP law (Equation (5.32)), which is therefore also more complex than the simple SSIP
law (Equation (4.7)).

The two fundamental novelties — the general SBIP approach from Section 5.1 and the specific
analytical SBIP law from Section 5.2 — have been combined in Section 5.3 to obtain the result-
ing virtual work contribution. As for the SSIP approach above, it needs to be underlined that
also the SBIP approach to beam-beam interactions does neither depend on any specific beam
formulation nor the applied spatial discretization or time integration scheme and is thus con-
sidered to be highly versatile. The required steps of discretization and consistent linearization
have been presented for all aforementioned variants of general approach and reduced interaction
law. The implementation of the resulting, ready-to-use expressions has proven that the novel
beam-beam interaction formulations can be seamlessly integrated in an existing nonlinear finite
element framework for structural or solid mechanics as outlined in Appendix F. In the context of
the present work, they have exemplarily been used with geometrically exact Kirchhoff-Love and
Simo-Reissner type beam finite elements, and in combination with quasi-static or (Lie group)
Generalized-Alpha time stepping schemes or a Brownian dynamics framework.

The set of first numerical examples in Section 4.5 and Section 5.5 has finally demonstrated

the effectiveness and robustness of the novel approaches to model molecular interactions such
as electrostatics, vdW adhesion, and steric repulsion, and a combination thereof. Several impor-
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tant aspects such as the influence of the numerical integration error and the spatial discretization
error, local and global equilibrium of forces, and conservation of energy have been validated by
these simulations. They include quasi-static and dynamic scenarios, and arbitrary deformations,
mutual orientations and separations of the interacting fibers. To highlight just one particularly
challenging example, Section 5.5 studies adhesive nanofiber-grafted surfaces and demonstrates
the working principle of a proposed design of the nanofiber-grafted surfaces based on arrays of
helical fibers by showing the desired large ratio of strong adhesive connection under load and
easy removal of the surfaces if desired. This showcases how suitable simulation tools such as the
ones developed here could contribute to the design and manufacturing of bioinspired artificial
adhesives in the long run.

In addition to the aforementioned inclusion of the cross-section orientations in the SSIP laws,
a future derivation of SSIP and SBIP laws, e.g. for the case of screened electrostatics or hy-
drophobicity, would further extend the range of applications of the novel formulations. Given
the importance of the mentioned interaction types in many biological systems on the nano- and
microscale, this is considered a highly promising extension of this work. As an alternative to
the analytical derivation of SSIP and SBIP laws, the identification and fitting of such reduced
interaction laws based on experimental results (such as the force-displacement curves for simple
characteristic setups with two interacting fibers) would be another interesting and worthwhile
avenue of future research that is considered to be of great benefit to the quantitative prediction
quality of computational experiments. Furthermore, a generalization of the formulations with
respect to the interacting bodies as considered e.g. for the beam-sphere interaction in the scope
of this work is deemed to be a desirable direction of future work. Once again inspired from
biological systems, the interaction of biopolymer filaments with lipid bilayers and the interac-
tion of cells with the extracellular matrix (ECM) immediately come to mind as an example for
beam-membrane and beam-solid interactions, respectively.

The first major part of this thesis dealing with the development of novel computational ap-
proaches has finally been wrapped up with a concluding overview of beam interaction formula-
tions from a meta-level perspective in Chapter 6. It suggests a new classification of beam-beam
interaction formulations spanning the full range from the fully resolved, yet computationally
costly point-pairwise (atomistic) perspective to the most efficient, yet least accurate method
of evaluating a fully reduced, analytical interaction law derived on the basis of two surrogate
beams. While the former generally requires the aforementioned 6D numerical integration of all
possible point-pair potential contributions, the latter can be associated with the well-established,
so-called point contact formulation that postulates a penalty law for one pair of closest points.
In this context, the novel approaches developed in this thesis thus bridge the gap between these
two extremes and can retrospectively be regarded as the consistent intermediate steps in the spec-
trum from fully resolved to maximally reduced formulations. Taking into account the either long
or short range of the interactions, the approach based on section-section interaction laws from
Chapter 4 or the one based on section-beam interaction laws from Chapter 5 appears to be the
most efficient, yet detailed enough and thus generally valid approach.

To conclude, the combination of high efficiency and high accuracy leads to a significantly
improved applicability to complex, large-scale fibrous systems as compared to the previously
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existing, fundamental approaches reviewed in Section 1.3. If, e. g., compared to molecular
dynamics, the applied modeling of fiber-like, slender structures and their molecular interactions
on the level of fibers allows for drastically increased feasible system sizes and time scales and
therefore opens the door to tackle a multitude of so far intractable problems in science and
technology. These include, but are not limited to, the specific biological systems that have been
studied in the second major part of this work and will be summarized in the following.

12.2. Biophysical applications

The second major part of this thesis from Chapter 7 to 11 is dedicated to the application of the
novel computational approaches to biophysical systems on the nano- and microscale. These ap-
plications have motivated the development of models and methods in the beginning and have
served the need of ambitious, yet achievable targets that inspired and pushed the successive
enhancement of the methodological part of this work. In addition to driving the progress and
innovation in the field of computational mechanics, the applications allow for valuable insights
into real biological systems of high relevance with respect to physiology and pathophysiology.
An overview of the second part of this thesis is given as follows. In the beginning, the rather
small and simple model systems have been considered, which represent the characteristics of real
biological systems on an abstract level. On the one hand, these reduced, academic examples are
particularly useful for the systematic analysis and advancement of the computational approaches
and on the other hand, they allow for the investigation of the fundamental properties and behav-
ior that many real systems have in common. Towards the end, more and more specific, realistic
systems have been studied, which has led to the aforementioned immediate gain of knowledge
about these particular biological systems.

The first extensive computational study presented in Chapter 7 investigates the fundamental
problem of separating two adhesive elastic fibers and large parts of it have been published in the
author’s article [60]. Specifically, it covers the peeling and pull-off process starting from fibers
contacting along its entire length to fully separated fibers (and also the reverse order) including
all intermediate configurations and the well-known physical instability of snapping into contact
and snapping free. In order to study the key influences, the strength of adhesion relative to the
Young’s modulus of the fibers has been varied over a broad range of values spanning two orders
of magnitude, and also two different types of attractive forces resulting either from vdW interac-
tions or the electrostatic interaction of oppositely charged, non-conducting fibers are considered.
The analysis of the resulting force-displacement curve has revealed a surprisingly rich, highly
nonlinear system behavior.

In an effort to understand and explain this behavior, the underlying physical mechanisms
arising from the interplay of adhesion, mechanical contact interaction and structural resistance
against (axial, shear and bending) deformation have been thoroughly investigated. Based on the
differences found in these fundamental mechanisms, the three distinct phases of a) initiation of
fiber deformation and peeling, b) the actual peeling, and c) a final pull-off phase have been iden-
tified. The initiation phase is characterized by a steep initial increase towards a sharp force peak
and followed by the peeling phase with gradually decreasing force values eventually approach-
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ing a plateau-like regime of almost constant peeling force. The unitary nature of these first two
phases in the peeling of adhesive elastic structures is confirmed by the comparison with previous
studies and across all considered variants in this study. On the contrary, the presence of the pull-
off stage as a third distinct phase of the separation process, that is characterized by a significant
increase of the force over an extended range of displacement values before finally snapping free,
was not observed in the previous, one-sided peeling studies and can thus be attributed to the
application of pulling forces at both ends of the fibers, which results in a two-sided instead of
a one-sided peeling. Moreover, the practically highly relevant global maximum of the pulling
force has been found to occur at the end of the initiation phase in case of short-ranged vdW at-
traction, whereas it occurs in the final pull-off phase ultimately before snapping free in the case
of the long-ranged electrostatic attraction. Subsequent studies may include the dynamics of the
peeling and pull-off process or further scenarios of loading and support of the fibers, e.g., twist-
ing and out-of-plane bending, all of which is directly accessible by means of the computational
models and methods developed and applied in this work.

Chapter 8 presents the computational study of a filament’s conformation in a static random
potential field while undergoing thermal fluctuations. It is the result of a collaborative research
project combining the theoretical work by V. Slepukhin and A. Levine (UCLA) with the com-
putational work by K. Miiller and the author (TUM) and has been published in the joint arti-
cle [152]. The system is considered to be an abstract model for the interactions of a semiflexible
filament with the surrounding biopolymer network and allows to investigate the fundamental
effect of prestress in self-assembled network structures such as the cytoskeleton. Due to the
dynamic nature of both the formation and the continuous re-organization of these networks, the
resulting structures are not necessarily in a state of mechanical equilibrium, thus leading to some
excess elastic deformation also known as prestress of the network. From a computational point
of view, this scenario can be regarded a special case of the general beam-beam interaction, where
one beam is replaced by an effective, static background potential field as has been discussed in
Section 6.3.2. The results of this computational study show a decrease in the excess arclength
of the filament with increasing externally applied tension. This can be explained by the fact that
high tension leads to a straightening of the filament and prevents it from following the (valleys
of the) potential landscape. Specifically, the simulation results have confirmed the previous the-
oretical prediction that the behavior in the two distinct regimes of low and high tension can be
described by two different power laws.

Chapter 9 studies the effect of different charge distributions on the conformation of a single
mucin filament. Mucins are a family of glycoproteins that are the key constituent of mucus hy-
drogels, which cover all wet epithelia in the human body and are known to have extraordinary
properties, e.g., in terms of selective permeability (cf. Chapter 10) and lubrication. This compu-
tational study of mucin’s conformation is inspired by the observations of a previous experimental
study [105] and additional, so far unpublished in-vitro experiments of our collaborators T. Lutz
and O. Lieleg (TUM). According to these experiments, changes in the effective line charge dis-
tribution along the mucin filament are expected to have an influence on the conformation and in
turn on the interaction of mucin with other molecules such as dextrans.
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From a computational point of view, this study serves as an example of how the SSIP approach
from Chapter 4 can be applied to model the (electrostatic) self-interaction of a slender fiber, i.e.,
the interaction of distinct, charged parts of the filament. In general, accurate, efficient, and
versatile computational models for all kinds of molecular self-interactions are considered to
be important, because tertiary and quaternary structures of proteins are a result of the complex
interplay of these self-interactions and the intramolecular forces giving rise to an elastic stiffness.
Especially for highly slender fibers that show a tendency to undergo large 3D deformations, self-
interaction due to intermolecular forces is expected to play a crucial role, which highlights the
practical relevance of the novel computational approaches.

The results of this computational study have revealed a significant influence of the electro-
static self-interactions on the conformation of the mucin filament. As compared to the reference
solutions obtained from simulations of a hypothetically charge-free filament, the different line
charge distributions characterizing the different considered scenarios of mucin at pH 4, at pH 7,
and at pH 7 with removal of either or both of the SA and SO?~ side groups, had a major impact
on both the end-to-end distance and the radius of gyration. The removal of both types of side
groups and therefore the majority of the charges from the extended middle domain of the fila-
ment led to significantly smaller values for the end-to-end distance and the radius of gyration.
This is associated with a more flexible behavior as compared to the unmodified mucin filament
at pH 7, where the mutual repulsion of the big amount of negative charges distributed almost
along the entire filament contributes to the effective bending stiffness. At pH 4, the mucin fila-
ment shows a persistent folding of both terminal regions onto the extended glycosolated domain,
which can be explained by the mostly positively charged terminal regions in this case and gives
rise to a fundamentally different conformation as compared to the stretched out, semi-flexible
conformation observed at pH 7.

Chapter 10 proposes and applies a novel computational model to study the mobility of par-
ticles in hydrogels, i.e., cross-linked networks of biological or synthetic polymers immersed in
aqueous solution. Due to steric and electrostatic interactions with polymer fibers, the dynamics
of particles significantly differs from the classical random walk observed for free diffusion as has
been shown in several experimental studies including, e.g., the ones by our collaboration partner
O. Lieleg (TUM) [96, 97], which inspired this work. The remarkable ability of biological hydro-
gels (e.g., mucus, ECM) to individually control the mobility of diffusing particles is of crucial
importance for numerous processes in the human body. The high practical relevance of this topic
originates from its significant implications e.g. with respect to the design of pharmaceuticals and
vesicles for targeted drug release.

As compared to previous numerical studies of the diffusive mobility of particles in hydro-
gels, the model developed in the present work is the first computational approach with a realistic
fiber network model. Most notably, it is based on the modeling of elastically deformable fibers
via beam theory and a Voronoi tessellation of the periodic simulation box to obtain random,
irregular network geometries. This approach has only been made possible by the novel beam-
sphere interaction models from Section 6.3.1. After a model validation and the investigation
of only repulsive steric interactions in Section 10.3.1, the particularly important effect of addi-
tional attractive electrostatic forces has been studied in Section 10.3.2. Finally, the role of fiber
deformations has been analyzed for the first time in Section 10.3.3.
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In the case of only repulsive steric interactions, it is found that the hindrance of the particle
mobility is insignificant as long as the mesh sizes of the fiber network are larger than the particle
diameter. If, however, the mesh sizes are in the order of the particle diameter, the particle is
effectively caged in a polygonal fiber hull of random shape and size and shows a behavior known
as confined diffusion and characterized by a plateau in the mean squared displacement (MSD)
curve for long time intervals. Within the given problem setup and the focus on relatively small
particles, these are expected results validating the novel approach. However, this effect of steric
hindrance will become highly relevant if the surprisingly effective transport of relatively large
particles is considered that has been observed in experiments [89]. In this context, including
the dynamics of the fiber network such as its self-assembly driven by Brownian motion and
transient reorganization of cross-links (as demonstrated for the compatible computational model
applied in [34, 118]) might be an important model component as suggested by recent findings
in the context of the nuclear pore complex [26, 58] or the secretion and shedding of mucus
layers [105].

Turning to the effect of additional electrostatic interactions between the fibers and the oppo-
sitely charged particle, the prevailing notion that the degree of hindrance on average increases
with the strength of attraction has been confirmed by the numerical experiments with five differ-
ent network geometries and two random realizations each. Moreover an increased variability of
the particle’s MSD values and slopes in the regime of long time intervals has been observed and
excellently agrees with previous experimental results from [4]. A detailed look at the 3D parti-
cle trajectories within the fiber network provides a first direct proof for the existence of distinct
motion patterns of the particles that explain the variability in the MSD curves. As hypothesized
before in [4], the particles stick to oppositely charged fiber/charge aggregations experiencing
more or less strong trapping and eventually escape due to the continuous thermal excitation
only to be quickly attracted to another fiber/charge aggregation. While some particles remain
completely immobilized at one particular location for the entire 20 seconds, others smoothly or
rapidly cycle between two local minima in the potential landscape. Both of these motion patterns
lead to a behavior on longer time intervals that is very similar to the confined diffusion described
for caged particles above, however the diffusive mobility on short time intervals is significantly
reduced as well due to sticking to the fibers. A third observed motion pattern is the one of sev-
eral successive jumps that — at least theoretically — could be a transport mechanism also over
longer distances if the potential landscape is formed accordingly and e.g. shows some degree of
periodicity and directional preference.

Altogether, these findings indicate that the precise shape of the effective 3D potential field
explored by the particle has a crucial influence on its mobility. In view of the broad variety
of biopolymer hydrogels with diverse chemical compositions and biophysical properties, the
current computational model could thus be leveraged to study the individual selective filtering
behavior for a large number of particle-hydrogel property combinations. Based on the recog-
nized importance of the precise fiber/charge distribution in the system, two points seem to be of
particular importance to achieve a case-specific, highly accurate and reliable prediction. First,
the inhomogeneous charge distribution along the fiber should be both determined (e.g. by ana-
lyzing the molecular architecture) and applied in the model as demonstrated for the example of
mucin in Chapter 9. Second, the specific composition and geometry of fiber networks should be
determined (e.g. by processing electron microscopy images) and applied in the model. Also the
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inclusion of the dynamic self-assembly and reorganization of networks mentioned above would
be worth considering in this respect.

As a last particular aspect investigated in this study, fiber deformations have been found to be
negligible for the range of realistic values for the fiber stiffness. To be more precise, varying the
value for the Young’s modulus over the range of reported values for the considered ECM gels
has led to identical results as obtained for the theoretical limit of rigid fibers. If, however, very
soft fibers are considered, the fiber compliance causes a decrease of MSD values on short time
intervals and an increase of MSD values on long time intervals (for particles that are effectively
trapped sticking to oppositely charged fiber agglomerations). In real systems, these trends might
be observable as a result of dysregulated fiber stiffness or for certain (biological) hydrogels with
very thin or soft and therefore compliant filaments such as mucin or F-actin.

As outlined above, further insights especially with respect to the variety of particle/hydrogel-
specific behaviors and mechanisms can be expected from different parametrizations and the
suggested model extensions in the short to mid-term. In the long term, further advances of the
present computational model towards a truly predictive tool could ultimately lead to a case- and
patient-specific choice (or design) of pharmaceuticals and assessment of infection risk.

As the last application considered in the present work, Chapter 11 already outlines the path to
promising future work in this field. It demonstrates how the novel computational approaches to
molecular interactions of slender fibers could be used as components of a versatile, powerful, and
comprehensible computational model for collagen fibrils, which is based on an explicit modeling
of the individual collagen molecules by geometrically exact 3D beam theory. Collagen is the
most abundant protein in the human body and type I collagen fibers are the key component of
both soft matter (e.g., connective tissue, tendon, lung parenchyma) and stiff material (e.g., bone,
dentin). The variety of collageneous material is a result of its complex, hierarchical fibrous
structure from nanometers up to the millimeter scale. In combination with the involved range of
time scales from nanoseconds to several years of a human life, this is a tremendous challenge for
existing theoretical, computational, and experimental techniques. Therefore, a large number of
both unanswered urgent questions and unforeseen crucial aspects yet remain to be investigated.
This is underlined by the already known causal links of collagen-related disorders to severe
diseases such as osteogenesis imperfecta (i.e., brittle bone disease) [49], pulmonary fibrosis
[78], aortic aneurysms and dissection [69], and cancer metastasis [27] to name just a few.

Inspired by the recent experimental study [3] of our collaborator P. Thurner (TU Wien), an in
silico reconstitution of the collagen microfibril with the aim to investigate fundamental properties
of collagen fibrils and its key influences is currently a work in progress. Section 11.2 has pre-
sented the first steps of including the individual model components such as geometrically exact,
nonlinear elasticity of the slender molecules, their spatial arrangement, (transient) mechanical
links between them, and intermolecular effects such as steric repulsive and vdW forces.

As a second, related line of exploration, an ongoing computational study of the dynamic self-
assembly process of fiber bundles such as collagen fibrils and fibers, driven by Brownian motion
and the formation of lateral cross-links, has finally been outlined in Section 11.3. It is motivated
by the observation of localized high curvature of collagen fibers in recent experiments (Q. Hu
and E. Botvinick, UCI, unpublished material) and has stimulated also theoretical work by our
collaborators V. Slepukhin and A. Levine (UCLA), which aims to describe these topological
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defects mathematically to predict their frequency of occurrence and their dynamics in order to
analyze their stability. Surprisingly, these bends and kinks appear to be long-living, metastable
states that occur even in absence of external loads, which challenges the prevailing notion of the
strictly parallel alignment and quasi-hexagonal lateral packing of collagen molecules outlined
in Section 11.2.2. This would have far-reaching implications with respect to the mechanics of
collagen fibrils and fibers, because it gives rise to a much richer mechanical behavior than the
current understanding of its stress-free state as a straight, homogeneous bundle of regularly ar-
ranged, straight filaments would suggest.

In summary, the presented applications in the second major part of this thesis provide an ex-
tensive proof of concept regarding the developed beam-beam interaction models and methods as
well as the overall theoretical and computational framework outlined in Appendix F. In partic-
ular, the large number of scenarios, simulation runs and time steps, and the variety of different
configurations resulting both from the many different sets of input parameters and the random
thermal forces demonstrate their robustness and effectiveness beyond one fortunate set of input
parameters. This work should therefore encourage and facilitate further applications, also to
increasingly complex systems of fiber-like structures on the nano- and microscale.

Recalling the abundance and relevance of slender structures and its interactions in biologi-
cal nano- and microscale systems as described in the introductory Section 1.1, a multitude of
promising future research topics come to mind. Besides a number of other aspects, the selec-
tive permeability of the nuclear pore complex has already been mentioned above. Moreover,
the topic of DNA origami would be worth considering, because a fast and reliable prediction
of the final tertiary structures by employing computational tools such as the ones developed in
this work would streamline the design process of the nanoscale objects. As a consequence of
the generality and versatility of the proposed approaches, the future fields of applications need
not remain limited to biological systems and may be extended to the investigation, design, and
manufacturing of synthetic fibrous systems involving e.g. cellulose, polymer, glass, and carbon
nanofibers. The range of technological applications on these molecular length scales is expected
to grow significantly with the ongoing progress of understanding the basic design and working
principles as well as the manufacturing of such microscale systems.

In the long run, computational tools based on the long and successful history of beam theory,
which have been extended towards (molecular) interactions within this thesis, might become
widely-used, valuable tools in several fields of science, engineering, and medicine. This in-
cludes, but is not limited to the visionary goals outlined both initially in Section 1.1 and through-
out this concluding chapter.
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A. Examples for the Derivation and
Analysis of the Two-Body
Interaction Potential and Force
Laws for Parallel Disks and
Cylinders

The aim of this appendix is to present the mathematical background of analytical solutions for
two-body interaction potential as well as force laws. Generally, the strategy of pairwise summa-
tion, i.e., integration of a point pair potential, is applied. See Section 2.3.2 for a discussion of
the applicability of this approach. Exemplarily, we consider the interaction between two parallel
disks and two parallel cylinders since these scenarios proved to be most important throughout
the derivation of SSIP laws as well as their verification in Section 4.3 and 4.5.1, respectively. In
addition, the point-cylinder interaction will be considered and used in the context of deriving a
closed-form analytical expression for the disk-cylinder interaction potential law in Section 5.2.1.
For all these scenarios, an inverse power law with generic exponent m will be assumed for the
point-pair potential law in order to obtain general expressions that can be applied to both vdW as
well as repulsive steric interactions. These results are then used as soon as we turn to the total LJ
interaction potential and force law in the limit of small separations, because the regularization
proposed in Section 4.4.3 is based on these theoretical considerations. Finally, also the equi-
librium spacing gy jeqcyijcyt Of two infinitely long cylinders interacting via the LJ potential will
be derived and has proven helpful in order to choose an almost stress-free initial configuration
of two deformable, straight fibers e.g. in Chapter 7 studying the peeling and pull-off behavior.
Major parts of this appendix have previously been published in the author’s article [61].

A.1. A generic interaction potential described by an
inverse power law

Instead of ®yqw(r) from (2.4) or any other particular interaction type, here, we rather use the
more general power law ®,,(r) = k,, 7~ for the point pair potential. As noted already in [90],
this does not introduce any additional complexity in the derivations and the solutions can directly
be used for other exponents m. We will make use of this fact when considering LJ interaction
between two disks and two cylinders analytically in Appendix A.2.1 and A.2.2, respectively.
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Laws for Parallel Disks and Cylinders

These findings are to be used in the context of deriving a proper regularization of the potential
laws in Section 4.4.3.

A.1.1. Disk-disk interaction

The following refers to the analytical solutions for the disk-disk vdW interaction potential from
literature that is summarized in Section 2.3.2. Let us first state the underlying mathematical
problem. We would like to find an analytical solution for the required 4D integral C,,, over the
circular area of each disk

Cm = // ®,,(r)dAyd Ay with @,,(r) =k, 7™ (A.1)
A1,A2

in order to arrive at the disk-disk interaction potential

7:Tm = p1p2 Cp. (A.2)

Details on 2(a) in Section 2.3.2: The regime of large separations
For the limit of large separations g > R;, R,, the solution is quite straightforward and can be
explained in simple words as follows. The distance of any point in a disk to its center is of order
O(R) and thus much smaller than the disks’ surface-to-surface separation g:

7:1/2 = O(R1/2) < (’)(g) (A.3)

Figure A.1 illustrates the introduced geometrical quantities. The distance r between any two

Figure A.1.: Two circular cross-sections, i.e. disks in parallel alignment. Figure taken from the
author’s article [61].

points x; in disk 1 and x5 in disk 2 may therefore be approximated by the inter-axis distance
d= g + R1 + R2:

r = ||il}'1 — CBQH = ||'I"1 —I—'f‘l — Ty — 'I~"2|| ~ ||T'1 — ’I"QH =d (A4)

Double integration over both disks is hence equivalent to a multiplication with the disks’ ar-
eas Aj, Ay
Cints & A1As @ (r = d) (A.5)

and finally we end up with the sought-after expression for the general disk-disk interaction po-
tential in the limit of large separations

Ton,disk|disk s 22 P12 A1 As @ (1 = d). (A.6)
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Note that this approximation is valid for arbitrary pair interaction functions ®(r). Moreover,
this solution does not even depend on the parallel orientation of the disks. It is valid for all
mutual angles of the disks which is important because we will apply it to arbitrary configura-
tions of deflected beams. For the special case of parallel disks, this result can alternatively be
obtained by the sound mathematical derivation of [90, Equation (10)]. The leading term of his
hypergeometric series is identical to the right hand side of equation (A.6).

Details on 1(a) in Section 2.3.2: The regime of small separations

Now, we consider the limit of small separations ¢ < R;, Rs. The problem has been studied by
Langbein [90] in the context of vdW attraction of rigid cylinders, rods or fibers. In the following,
we will briefly present the central mathematical concept of his derivations. The basic idea is to

/A
J

Figure A.2.: Integration over the cross-sections at small separations. Figure taken from [90] with
adapted notation.

choose a favorable set of integration variables p, t, p, 1) as shown in Figure A.2. In this way, the
four dimensional integral (A.1) can be reduced to a double integral because the integrand ®,,,(p)
does not depend on the angles ¢ and v:

/A/A p)dA;dA;, = /p/tL/ p) v depdtdp

/ / p) 2pp(p, t) 2ty (p, t) dt dp (A7)
pJt

pr+t?— t*+d* — R

where  cos(p) = ot , cos(yp) = 57d ,

d= g+ Rl + R2
For a general potential law ®,,,(r = p) = k,,p~™, this reads
C,, = 4k, / / p "oty dtdp (A.8)
pJt

Making use of g < Rj, R, and introducing reduced variables p = p/g and t = t/g leads to

2R1 g+2R1+2R>
Crnss = 4k | —— R TR / _m+1/ V't — g arccos ( ) dtdp (A.9)
1 2
2
= 4k | ﬂg’mﬂ/2 / _m“/ v/t — 1 arccos ( ) dtdp (A.10)
Ry + Rs p
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Another substitution of variables z = ¢/p and interchanging the order of integration finally
yields the solution!

T 2k, 2R\ R I'(m— DI(=L)
- m [ 2Ha Ry 2) -\ f T (Al
Cmss = 9 (m — 2)? Ri+Ry, T'(m-—-2)I(F—1) or m= ( )

Here, I" denotes the gamma function which is defined by I'(z) = fooo

Multiplication with the particle densities finally results in the sought-after general disk-disk
interaction potential for the regime of small separations

|

w? e ™ dw.

7:Tm,disk||disk,ss = p1P2 Cppss for m > % (A.12)
that can be further specified by means of m = 6 and ks = —C\,qw to end up with %de’disk”disk,ss
as in (2.19).

Remarks

1. Note that this solution is valid for exponents m > 7/2 only. This is in contrast to the
approximation for large separations (A.6) which is valid for arbitrary forms of the pair
interaction potential ®(r).

2. Note however the conceptual similarity of this expression to the one valid for the limit of
large separations (A.6). Here, we also find a power law, however in the surface-to-surface
distance g instead of the inter-axis distance d and with a different exponent.

A.1.2. Cylinder-cylinder interaction

Considering the case of two parallel cylinders, we are interested in the length-specific interaction
potential

1 l1/2 00
ﬁm,cyl”cyl = hm — / / // P1pP2 (I)m(’/’) dAg dAl d82 d81 Wlth (I)m(r) = k?m T_m.
— —00 Aq1,As

h—=oo by J g, /0
(A.13)
The integral over s; = —I;/2...1;/2 yields a factor of /; since the integrand is constant along s;
and thus immediately cancels with the normalization factor 1/1;.

Exemplarily, we want to discuss the more interesting and challenging regime of small separa-
tions here. Following [90, p.63], one can interchange the order of integration, solve the integral
over the infinitely long cylinder length analytically in a first step, and then make use of the
generic solution for (), i from (A.11), but this time with reduced exponent m — 1, to end up

'Note that in the original article [90], the final form of C,,, (Equation (15) on p. 65) seems to be incorrect. A
comparison with [125, p. 172] for the case of vdW potential with m = 6 confirms the solution presented here.
Additionally, this solution is verified by means of numerical quadrature in Section 4.5.1.1 (cf. Figure 4.4(a)).
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with
ﬁm,cyl”cyl,ss = // / P1P2 (I)m<'l") d52 d81 dA2 dAl (A14)
Ay,A2 J—00
3m Cmfl s
= — km —. A.15
3 P1pP2 o ( )

Plugging in m = 6 for vdW interaction directly yields the two-body interaction potential per
unit length for two parallel cylinders in the regime of small separations 7ryqw,cyi|jcyl,ss S Stated in
Equation (2.14). This generic expression (A.15) will be exploited when deriving the total LJ
interaction law in A.2.2.

A.1.3. Point-cylinder interaction

We aim to find an expression for the interaction potential IL;, ., of a single point, i.e. molecule,
and an infinite cylinder of radius 2 and atom density p via analytical pair-wise summation of the
generic point-pair potential ®,,:

o ptcyl = /p@m(r) dV, with @, (r) =knr ™, m >6. (A.16)

‘/cyl

Its solution shall serve as the basis for the disk-cylinder interaction potential 7y, gisk-cy1 as indicated
in Equation (5.3). To the best of the author’s knowledge, no exact (closed-form) analytical
solution exists for this problem, however, as commonly applied in this context, good approximate
analytical solutions for the dominating regime of small separations can be found by means of
series expansion and truncation. This solution approach will be exemplified in the remainder of
this section, where we present two alternative solutions and finally compare their accuracy to
choose the one to be used in the derivation of 7, gisk-cy1 in Section 5.2.

A.1.3.1. Generalization of the solution by Montgomery et al. for the case of vdW
interaction

We start from the following expression for the van der Waals, i.e. m = 6, interaction potential
as obtained by Montgomery et al. [117]:

1 1 1
e e o) = =72k — +H.O.T. A.17
opteyl (gpt yl) 8 o (ggt—cyl <9pt-cy1 + 2R)3 ) ( )

Here, gp.cy1 denotes the closest distance between the point and the cylinder surface. Since we are
interested in the limit of small separations gy.cy1/ R < 1, the second and all higher order terms
will be substantially smaller as compared to the first term and we will restrict ourselves to this
leading term, resulting in

1 -
Hﬁ,pt-(}yl (gpt'cyl) = §7T2 k6p gptiy] ° (A. 1 8)
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All the steps of the derivation in [117], basically solving three nested integrals over the cylinder
volume, can be generalized from the vdW case m = 6 to a generic exponent m > 6. Mainly due
to the recursive nature of the following antiderivative (see e.g. [19, p.1020]) required for one of
the integrals

2n —1
/ X4 gy = L xon 20 / X"dx with X =a®+2° (A.19)
2na? 2na?
X tdr = L arctan <§> , (A.20)
a a

writing down the final expression for generic exponents m however is quite tedious. For the later
reference, at this point we therefore present the general form of the solution
1_[m,pt—cyl = Km,pt—cyl gI)_tE/TL;; m > 6 (A21)
and only provide the exact prefactors K, pi.cy1 for the two cases of vdW (m = 6) and repulsive
part (m = 12) of the LJ potential, which are actually applied in the numerical examples of this
work:
1

7
K picyl = §7T Qkﬁp and Ky pieyl = %7? 2141‘120 (A.22)

A.1.3.2. Alternative solution obtained from the point-half space interaction

As compared to the point-cylinder interaction scenario from the previous section, the geometry
of an (infinite) half space is a much simpler integration domain and thus even an exact analytical
solution can be found and stated in closed form also for a general inverse power law exponent m
(see e.g. [74, p.210]):

—m . 2
Mo = Kmprs G With Knpos = 10—y

Thkmp (A.23)

This expression shall serve as an alternative approximate solution for the sought-after point-
cylinder interaction potential

1_-[m,pt—cyl ~ Hm,pt—hs (A24)

and its approximation quality will be investigated in the following section.

A.1.3.3. Investigation of the accuracy of both alternatives

This section aims to compare the accuracy of the variants Equation (A.21) and Equation (A.24)
presented above. At first sight, the expression derived for the point-cylinder geometry (A.21) ap-
pears to be the more natural choice. However, as shown in more detail in Section 5.2.2.1, the re-
sulting cylinder-cylinder interaction potential 76 y1.cy1 based on the approximate solution (A.21)
deviates from the one obtained via analytical 6D integration. To be more precise, the solu-
tions deviate by a constant scalar factor in the asymptotic behavior for very small separations,
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which turns out to be independent of the mutual angle of the cylinders. Interestingly, exactly
the same difference by a factor of 3/47 ~ 2.356 has already been identified for the asymp-
totic case @ — 00, 1.e., when comparing the result to the one for point-half space interaction
in the original publication [117]. This initially motivated the investigation of the alternative
solution for the point-cylinder interaction potential presented in Appendix A.1.3.2. Using this
alternative solution, the resulting disk-cylinder interaction potential applied within in the SBIP
approach indeed yields the asymptotically correct solution for the cylinder-cylinder interaction
(cf. again Sections 5.2.1 and 5.2.2 for the details), such that the difference in the results is tracked
down to the underlying solution for K ..y stated above. To this end, this assessment has been
verified by means of a numerical reference solution obtained from 3D integration of the vdW
point-pair potential over a cylinder volume in Maple [104]. For the relevant regime of small
separations g < R, the numerical reference solution excellently agrees with the analytical so-
lution obtained from the point-half space interaction in Appendix A.1.3.2. This rather coun-
terintuitive result appears reasonable if we think of the two radii of curvature of the cylinder
surface R,y = R and R., = oo, of which both are much greater than the surface separation in
the considered regime gp.cyi << I, such that the interacting point faces an almost flat surface.
Finally, in the limit gp.c;i/R — 0, this scenario coincides with the one of the point-half space
interaction, which is the illustrative explanation why the corresponding analytical solution is the
consistent one and therefore to be used in the derivation of Section 5.2.1.

A.2. Lennard-Jones force laws in the regime of small
separations

As compared to the preceding sections, we now want to turn to the LJ interaction consisting
of two power law contributions, one adhesive and one repulsive, respectively. Our motivation
is to study the characteristics of the resulting, superposed force laws for disk-disk as well as
cylinder-cylinder interactions by means of theoretical analysis of the analytical expressions.
These findings shall prove valuable when deriving an effective yet accurate regularization of
the LJ potential law for the limit of zero separation in Section 4.4.3. We therefore focus on the
regime of small separations throughout this section.

Coming from the expressions for the two-body interaction potential %m,disk\\disk,ss and T, cyl|[cyl,ss
derived for a generic point pair potential ®,, in A.1, we will now sum the adhesive contribu-
tion m = 6 and the repulsive contribution m = 12 and differentiate once to arrive at the desired
LJ force laws.

A.2.1. Disk-disk interaction

As outlined above, we make use of (A.12) for both parts of the LJ interaction and immediately
obtain

-

7

x g _5 g _ 17
TLydisk|[diskss = K6 g 2 + K12 g™ 2 (A.25)
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where the following abbreviations for the constant prefactors have been introduced:

- T | 2R1Ry ., (5 ~ | 2Ry Ry -3
ke := —k ——FI | = d ko =k ——5.30x 10
6 3 60102 Ry + Ry 5 an 12 120102 Ri+ Iy
(A.26)
For later use in the analysis of the force law, let us restate the conversion from one set of param-

eters kg, k1o specifying the point pair LJ potential to the other commonly used set ®pjcq, I'Lyeq
according to (2.8):

k?@ = Q(PLJ,equJ,eq and k’lg = _@LJ,eqTI{ieq (A27)
Differentiation with respect to the separation yields the disk-disk LJ force law

19

A7 17 -
TC LJ,disk||disk,ss + 7 k1o g 2. (A28)

fLJ,diSk disk,ss — — =
|| g

NI~

ke g

DO | Ot

See Section 4.4.3 for a plot of the function. This expression allows us to determine some very
interesting, characteristic quantities like the equilibrium spacing gpy eq gisk|disk» 1-€-, the distance
where the force vanishes:

17 ko

é
ILieqdisk|disk = | == = | =~ 0.653513 rLyeq- (A.29)
5 kg

Due to the fact, that repulsive contributions from proximate point pairs decay faster than the
adhesive contributions, we obtain a smaller equilibrium spacing as compared to the scenario of
a point pair. Another differentiation allows us to determine the value of the force minimum, i.e.,
the maximal adhesive force, and the corresponding separation

= 2R1Ry 5
Fusasasknin & 0904115 p1p2y | 5= 1cq Preq (A.30)

323 k2 \
= <_¥];;_12> ~ (0.7718448 T'Lleq ~ 1.18107 gLJ,eq,diskHdisk‘ (A31)
6

fLJ,disk || disk,min

These quantities turn out to be decisive for the choice of a regularized, i.e., altered force law that
is to be used instead of the original one in order to cure the numerical problems that come with
the singularity at zero separation g = 0.

In summary, we have found an analytical, closed-form expression for the disk-disk LJ force
law (A.28), valid in the regime of small separations and for parallel disks. By means of ele-
mentary algebra, we were thus able to determine analytical expressions for the characteristic
equilibrium spacing as well as value and spacing of the force minimum.

A.2.2. Cylinder-cylinder interaction

As in the previous section (A.1.2), we want to restrict ourselves to parallel, infinite cylinders and
consider the length-specific interaction potential as well as force law. Again, starting from the
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expression for a generic interaction potential (A.15), superposition yields

_15
2

~ ~ _3 ~
TLIcyl||cyl,ss — kcyl,6 g 2+ kcyl,12 g (A32)

where the following abbreviations have been introduced:

> 7T2 2R1R2 ~ 2R1R2
keyg := —k \/— d ke = 5.81868 x 10™* kyom? \| 55—
y1,6 24 60102 Ri + Ry an y1,12 127 P1P2 Ri + Ry

(A.33)
Differentiation with respect to the separation yields the cylinder-cylinder LJ force law
x d 7~rLJ,c 1|cyl,ss 3 - _5 15 - _ 17
fLJ,cyl||cyl,ss - _# = 5 kcyl,G g 2+ ? kcyl,12 g 2. (A34)

that shall be further analyzed in the following. To begin with, the equilibrium spacing for two
parallel cylinders interacting via a LJ potential can be derived as

cyl,6

ke °
9LIeqcyl|jcyl = <_5 ﬁ) ~ 0.57169 TLleq- (A35)

This is an extremely interesting and important result, since it leads the way to the non-trivial
stress-free configuration of two flexible, initially straight fibers. We make use of this knowledge
e.g. in Chapter 7. Again, since the repulsive contribution of proximate point pairs decays faster
than the adhesive contribution, this equilibrium spacing is smaller than gy y eq gisk|aisk for the disks,
that in turn is smaller than ry.q in the fundamental case of a point pair. The very same value
of 57% of the point pair equilibrium spacing has already been mentioned as a side note by
Langbein [90, p. 62], however, without presenting the detailed, comprehensive derivation. In
addition to the equilibrium spacing, we can again determine and look at the value and location
of the force minimum

~ 2R R, z
f Li.cyl||cylmin ~ 2.116 34 p1po m Tieq (I)LLeq (A.36)
255 ke ¢
gfLchchyl min - <_1_5 ﬁ) ~ 0.70104 "Lleq ~ 1.226 25 9Ll eq.eylfleyl- (A37)
' ’ kcyl,ﬁ

Here, we find that the force minimum, i.e., the maximal adhesive force is slightly shifted to-
wards a smaller separation as compared to the disk-disk interaction. However, expressed in
terms of the respective equilibrium spacing gi jeq.cyi|jcyi> the value is slightly larger as compared
to 1.18 g1y eq.aisk|disk from (A.31). With these results we conclude the derivation and analysis of
LJ force laws in the regime of small separations and summarize the most important results in the
following concluding section to serve as a quick access reference.
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A.2.3. Summary

The following table gives an overview of some important quantities characterizing the LJ force
laws for point-point, parallel disk-disk, and parallel cylinder-cylinder interaction.

equilibrium spacing

TLJ,eq / gLJ,eq

location of force min.

T fL5 min / 9 f15.min

min. force value

fLJ,min / fLJ,min / fLJ,min

point-point 1[rLyeq) 111 (7 eq) 2.69 [%J::]
5
disk||disk 0.65 [Ty eq 0.77 [rLieq) 0.90 [le At e ‘I’U’eq]
7
cylinder||cylinder 0.57 [rLyeq] 0.70 [riyeq] 2.12 {le é?jr% "Cleq q)LJ’eqw

Table A.1.: Comparison of characteristic quantities of LJ force laws for a pair of points, parallel
disks and parallel cylinders.

236




B. Dimensionless key parameters of a
system with (LJ) adhesive elastic
fibers

This aim of this appendix is to identify the dimensionless parameters that govern the fundamental
behavior of a mechanical system with elastic, adhesive fibers. Considering the space-continuous,
static problem without external loads, the governing equation for the total potential energy (4.1)
simplifies to the internal energy contributions from elastic forces and moments II;,,, which is
well-known from beam theory, and the energy contribution from the interaction II;,. For the lat-
ter, we use the most general form (2.12) based on two nested volume integrals of the point-pair
potential ®(r) and consider the LJ potential with its adhesive and repulsive component as an
example. The entire set of parameters carrying units is thus given by the length L and radius R
of the fibers, its Young’s modulus £, the atom density p, and finally the prefactors of the ad-
hesive and repulsive part of the LJ law kg and k1, respectively. Note that instead of these two
prefactors, an equivalent set of parameters 7y.q and ®y;.q specifying the equilibrium distance
and the corresponding minimal potential value of the LJ law is commonly used. Nondimension-
alization of this equation by means of normalization of the primary variables with suitable length
measures allows to identify the following (non-unique) set of dimensionless parameters:

- =:( slenderness ratio (B.1)
k e . .oy . .

I |12L 5 or TLR"] normalized equilibrium distance (B.2)
6

2 2 3

p” |ks| p° | PLieq| L . .

I or — 7 adhesive compliance (B.3)

The slenderness ratio ¢ is known to be the only dimensionless parameter of the static elastic
problem of beams and e.g. determines the amount and thus relevance of shear deformation. The
second and third parameter are specific for the interactions between beams and given for the
two alternative sets of LJ parameters mentioned above. Using ryjeq and ®y;.q, these parame-
ters nicely disclose their meaning as equilibrium distance measure and measure for the strength
of adhesion relative to the fibers’ structural rigidity. The latter is thus named “adhesive com-
pliance”, because it will determine how much the fibers will deform due to the exposure to
adhesive interactions with other fibers. As expected, this compliance will increase with increas-
ing strength of adhesion, i.e., increasing atom density and increasing depth of the LJ potential
minimum and decrease with increasing structural stiffness, i.e., increasing Young’s modulus and
decreasing fiber length. Such a ratio has before been reported to crucially influence the peeling
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behavior of thin films from rigid surfaces [138] and likewise the peeling and pull-off behavior
of two adhesive fibers (see Chapter 7). An illustrative analogy for this adhesive compliance may
be found as the ratio of fiber length L and persistence length [,, which is commonly used in
(bio-)polymer physics to measure the amount of deformation of filaments to be expected due to
thermal excitation in the context of Brownian dynamics and thus characterizes filaments to be
either flexible, semi-flexible, or rather stiff (see e.g. [40]). Finally, note that these dimensionless
parameters are not unique and other recombinations of the ones given above are possible. Our
approach of normalizing the governing equation as described above has been verified by means
of the formalized dimensional analysis based on the Buckingham 7 theorem, which in addition
to the three dimensionless parameters suggests a fourth dimensional group p L3, which can be
interpreted as the number of atoms in a cube with edge length L.
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C. Linearization of Virtual Work
Contributions

This appendix provides the required linearization of the discrete virtual work contributions for
both the SSIP and SBIP approach. The content of Appendix C.1 has previously been published
in the author’s article [61].

C.1. Expressions required for SSIP approach

Generally, the discrete residual vectors ri, ; from molecular interactions between two beam ele-
ments j = 1,2 depend on the primary variables x;, of both beam elements k£ = 1, 2. Consistent
linearization thus yields the following four sub-matrices k , to be considered and assembled into
the global stiffness matrix, i.e., system Jacobian K:

d Tia1 d Tia1 o d Tia,2 L d Tia 2
k=15, T R o e
Note that the linearization with respect to the primary variables X; of both interacting beam
elements simplifies due to the fact that the residuals rj, ; do not depend on the cross-section
rotations as discussed along with the derivation of the specific SSIP laws in Section 4.3. Thus,
only the linearization with respect to the centerline degrees of freedom d, yields non-zero entries
and are therefore presented in the remainder of this section.

k12 .

(C.1)

C.1.1. Short-range volume interactions such as van der Waals and
steric repulsion

The linearization of the residual contributions with respect to the primary variables x of both
interacting beam elements is directly obtained from differentiation of Equation (4.17) and (4.18):

l1 l2 5
km,ss,ll = (m - %)/ / Cm,ss (_d_l g—m+2 H¥H1+
0 0

5 3
(d3 g "2+ (m—3)d? gm+5> HY (11 —13) @ (ry —75)" Hl) dszds

(C.2)
I l2 5
km,ss,12 = (m - %)/ / Cm,ss (dl gim+2 H¥H2_
0 0

5 3
(d3 gim+§ + (m - g) diz gm+§> HI (7’1 — ’l"Q) X (7’1 — ’I"Q)T H2> d82 d51 (C3)
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l1 l2 § T
km,ss,21 == (TTL - %)/ / Cm,ss (dl gim+2 H2H1_
0 0

5 3
(d‘3 g "2+ (m—3)d? g_m+§> Hj (r1 —72) ® (r1—m3)" H1> dszds;

(C4)
Iy lo 5
km,ss,22 - (m - %) / / Cm,ss (_dl g_m+2 H§H2+
0 0

5 3
(d_3 g "2+ (m—3)d? g_m+5> Hj (r1 —72) ® (r1 —m3)" H2) dszdsi.
(C.5)

See Equation (4.6) for the definition of the constant ¢, and Equation (3.19) for the defini-
tion of the shape function matrices H;. Note that the ‘mixed” matrix products H{(...)H; and
H, (.. .)H, lead to off-diagonal entries in the tangent stiffness matrix of the system which couple
the corresponding degrees of freedom. This is reasonable and necessary because these couplings
represent the interaction between the respective bodies.

C.1.2. Long-range surface interactions such as electrostatics

In analogy to the previous section, differentiation of Equation (4.19) yields
i ple
Kinjs,11 = / / Cmas HY d2 ) <H1dm+2 —(m+2)d™ (r1 —72) ® (ry —1ry)" H1> dsy ds;
e T (m+2) . T
- /0 /0 Cm,ls dm”H Hy + WHI (ry — 1) @ (1, — 73) H1> dsy dsy

(C.6)

(C.7)

bt 1 m+ 2
Kinjs,12 = / / Cinls (dm+2 - (dm—+4>H’{ (1 —72) @ (11 —12)" Hz) dsy ds
0 0

l1 lo
m—+2
K s,21 =/ / Cmis de HyH, — (de >H§ (ri—72) @ (r1 —ra)" H1> dsy dsy
0 0
(C.8)

bl 49
Kinjs22 = / / Cimls ( g2 —SH H, + (m o )Hg (11 —72) @ (11 —12)" Hz) dsy ds
(C.9

See again Equation (3.19) for the definition of the shape function matrices H;. As mentioned
before, the discrete element residual vectors in the specific case of Coulombic interactions di-
rectly follow for m = 1 and cp)s = CegarA1A2. See Section 2.2.1 for the definition of Clgea
and Section 4.3.3 for the definition of the linear charge densities \;. Again, as mentioned al-
ready in Section 4.3.3, the case of long-range volume interactions only requires to adapt the
constant prefactor via ¢y, ;s = kmA; Aspypo.
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C.2. Expressions required for SBIP approach

In order to solve the nonlinear system of equations resulting from discretization of (4.2) by
means of Newton’s method, the linearization, i.e., the tangent stiffness matrix, of the virtual
work contribution (5.35) is required. Its derivation is a mere application of differentiation rules
and presented in the following. Differentiation of the discrete residual vector resulting from
Equation (5.35) reads

1

dm dm

AL, = [ A Oy Aldgy C.10
oL / 2 Jdga+ 4 Albg €10
dm dm
Al————]¢ —— A[d(cos )] d
+ [d(cos o) ] 6(cos a) + A(cosa) [6(cos )] dsq,
where A[.] = %[.] Ad denotes the incremental change of a quantity expressed by an incre-

mental change of the vector of degrees of freedom d. Refer to Equation (3.19) for the definition

of this vector consisting of all those discrete degrees of freedom d = [alT, (EIZ]T, which are
required for the centerline discretization of both elements ¢ = 1,2, and the definition of the
correspondingly assembled matrix of shape functions H. Therefore,

Ar, = [Hy, 0] Ad, Ar| = [H|,0] Ad, (C.11)
Ary = [0,Hy] Ad, Ar}, = [0, Hy] Ad, and A7) = [0, H)] Ad

and the four A[] terms from Equation (C.10) will now be expressed by means of these basic
quantities. To begin with,

dm d? 7 d? 7

d gu | = a2 Gul + Tgud(cosa) Alcos o, (C.12)
where
Aga = nl(Ar, — Ary) (C.13)
and
Alcosa] = (v} Ary + vl Arh + (75 va0) Abse) sgn(t] to) (C.14)

are analogous to the variations of these quantities given in Equations (5.38) and (5.39). The
required second derivatives of the disk-cylinder interaction potential 7 from Equation (5.32) can
— like the first derivatives in Equations (5.36) and (5.37) — be conveniently expressed in recursive
manner as

d? 7.1 d7
=(—m+=)— and C.15
d ga ( 2" gu d gu (1)
d? 7 9 1 dm
= — —_—. C.16
d gy d(cos a) (=m 2" gy d(cos ) (.16)
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Furthermore,
dm d? 7 d? 7
A = Agy+ ——A , C.17
[d(cos «) ] d gy d(cos «) Gor d(cos a)? [cos af (17)
and the missing second derivative of 7 with respect to cos « reads
d? 7 R 3 R? cos?
I L n [ S (C.18)
d(cos a)? Ricosa+ Ry  (Rjcosa+ Ry)?
The linearization of the variation of the unilateral gap is obtained as
Aldga] = (0r] — 6rd) Any — 675 ny @ Ay, (C.19)
where in turn the linearization of the unilateral unit normal vector
1
Any = 1 (I35 — o ® 1oy) Ady (C.20)
ul
and unilateral distance vector
Adul = A’I"l — ATQ — ’I”I2 X Agzc (C21)

are required. In these equations, the linearization of the (closest-point) arc-length coordinate on
the master side A&, appears, which is a result from the fact that &, is determined via a closest-
point-to-curve projection and thus depends on the current configuration, i.e., primary degrees of
freedom. For this reason, we need

A[T2(£2c)] = Ar2(€2c) + ré(f?c) Ach (C22)
Alry(ae)] = Ary(§ac) + 15(Eac) Abae (C.23)
with
A& = pl (—T"QTAT'l + 7l Ary — d{lAfr'Q) . (C24)
2,82

Note the analogy to the corresponding variation 6&,. from Equation (5.41) and the definition
of pa ¢, given in Equation (5.44).

Remark. Up to this point, the number and complexity of the expressions is comparable to the
ones required in the macroscopic line contact formulation proposed in [110] and the combi-
nation, i.e., blending1 thereof with a point contact formulation in [111] (see Section 3.3 for a
summary). Indeed, only the expressions that depend on the applied disk-cylinder interaction
potential law deviate from the line contact case, where most commonly a quadratic penalty po-
tential 7 = 0.5¢| g2 is used. This is an interesting insight contributing to the broader topic
of comparing macroscopic beam contact formulations and the approaches based on the steric

! on contact force level
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C.2. Expressions required for SBIP approach

repulsion of molecules developed in the scope of this work. See Sections 6.1 and 6.2 for a clas-
sification and brief comparison of these different approaches to beam-beam interactions.

Here, the additional expression for the linearization of the variation of the cosine of the mutual
angle

Ald(cos )] = (57»? AVay + 07T Avgy + 665 (P Avgy + v, APy (E)])  (C.25)
+ VLAl + (1 vee) Al ) sen(tts)

is required for a consistent linearization and in fact most of the complexity comes from this con-
tribution or, to be more precise, from the linearization of the variation of the element parameter
of the closest-point on the master side

1
Alo&s] = —— (dr1my — 0y + 075 dur) Alp2e,] (C.26)
2752
+ e ( — 6r] Alry(&e)] 4 0ry Alry(&e)] — 075 Ady + 1y Alors] — dﬂA[ér'Q])

In addition, the following quantities have been introduced in these last two equations.

1

Alval] = — TENTE ((I3xs — t1 @ t])ts) @ 77) Ar) (C.27)
1
1 1
+ W (IB><3 -1 ® tlT) Aty — W ((tthg)ng?, +t ® tQT) Aty
1 1
1
Alvas] = e (I3 — t2 @ t2)t1) @ 7 ) Alry(&e)] (C.28)
2
1 1
+ Tl (I3us —t2 @ 15) Aty — Tl ((tta)I50s + t2 @ t]) Aty
2 2
Alry(§ae)] = Ary(&ac) + 73 (6ac) A (C.29)
Alory] = ory @ Abse (C.30)
At; = ﬁ (I3><3 —t;® tZT) Alri(&)], withe=1,2 (C.31)

Note that the correctness of the presented and implemented analytical linearization has been
verified by means of automatic differentiation [66] of the virtual work expression (5.35). Due
to the high complexity of A[§&,], it would be interesting to investigate how a neglect of this
contribution would influence the computational cost on the one hand and the performance of
the nonlinear solver on the other hand. In the context of this work, however, always the fully
consistent linearization has been used.
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D. Supplementary plots for the
verification of the SBIP approach

This appendix provides additional plots that analyze the accuracy of the disk-cylinder interaction
potential law 7, gisk-cy1 derived in Section 5.2.1 and its use within the general SBIP approach
proposed in Section 5.1. In particular, Figure D.2 shows the vdW interaction potential of two
cylinders as a function of the enclosed angle in a semi-logarithmic fashion and is thus closely
related to Figure 5.5 using double-logarithmic plots to confirm the 1/ sin a-scaling. Similarly,
Figure D.1 shows the supplementary plots to Figure 5.6(e) — 5.6(f).

106 —e—lD num. int. of gisk—cy1 (OPt. A)| 104 —e—lD num. int. of Tgisk—cy1 (0pt. A)] |
—+-1D num. int. of Fgisk—cy1 (0pt. B) —+-1D num. int. of Tgisk—cy1 (opt. B)
— —v— 1D num. int. of Fgisk—cy1 (0pt. C) — ——1D num. int. of Tgisk—cy1 (0pt. C)
% E: 3D num. int. of II;_cy ,% 5: 3D num. int. of ;e
z (-2, e — — -analyt. ref. sol. : Q P — — -analyt. ref. sol.
5 210° 5 210%
ERSE S
El= TE !
5z iz
- - N
= 10t = 2107
= 0 = 0
o o © A
103 . . . f 10! . I I I
0 /8 /4 /3 /2 0 /8 /4 /3 /2
mutual angle « [rad] mutual angle « [rad]
(a) Surface-to-surface separation gy /R = 10-3 (b) Surface-to-surface separation g,/ R = 101

Figure D.1.: Interaction potential of two cylinders as a function of the mutual angle at different
minimal surface separations g,/ R. Comparison of the options A (Equations (5.25) with (5.27);
brown line with big diamonds), B (Equation (5.25) with (5.28); blue dashed line with pluses)
and C (Equation (5.32); red line with triangles) of the analytical expression for the disk-cylinder
potential 7g gisk-cy1 (used together with the SBIP approach from Section 5.1). The numerical refer-
ence solution obtained via 3D Gaussian quadrature of the point-half space potential II¢ s from
Equation (A.18) (green line with diamonds) and the analytical reference solutions summarized
in Section 2.3.2 (black dashed line) are plotted as reference.
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D. Supplementary plots for the verification of the SBIP approach

Figure D.2.: Interaction potential of two cylinders as a function of the enclosed angle at different
smallest surface separations g,/ R. Verification of the analytical expression for the disk-cylinder
potential ¢ gisk-cy1 from Equation (5.32) (used together with the SBIP approach from Section 5.1;
red line with triangles) by means of a numerical reference solution obtained via 3D Gaussian
quadrature of the point-half space potential Il¢ s from Equation (A.18) (green line with di-
amonds) and by means of analytical reference solutions summarized in Section 2.3.2 (black
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E. Supplementary information for the
computational study of mucin
conformations

This appendix provides the complete data set used for the definition of the line charge distribution
along the filament and additional result data showing the end-to-end distance as well as radius of
gyration over time for each of the five random realizations simulated for each of the six different
considered scenarios.

E.1. Line charge distribution data set used in the
computational study of mucin

Table E.1 provides the data specifying both the spatial discretization of the mucin filament by
means of 68 beam elements and the corresponding constant charge density values per finite
element, which are given in terms of the net number of elementary charges for all the considered
scenarios. As mentioned in Section 9.2, the charge data is the result of an analysis of the full
sequence of the porcine Mucin-5AC protein (AOA287ANG4_PIG, obtained from UniProt [158])
conducted by our collaboration partner Theresa Lutz (TUM). The elements with IDs 1-10 cover
the 185 amino acids of the N-terminus, elements with IDs 11-58 cover the 2380 amino acids
of the extended glycosolated domain, and the last ten elements with IDs 59-68 cover the 137
amino acids of the C-terminus.

element element
D length [nm] net number of elementary charges
H7, H7, H7,
pH4 | pHT n(I)) SO2~ IE)O SA | no sgﬁ, no SA

1 25 11 8 8 8 8

2 6 -5 -8 -8 -8 -8
3 26.5 4 -3 -3 -3 -3
4 26.5 1 -6 -6 -6 -6
5 6 13 -2 -2 -2 -2
6 22.25 2 0 0 0 0

7 22.25 0 -2 -2 -2 -2
8 22.25 0 -4 -4 -4 -4
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E. Supplementary information for the computational study of mucin conformations

element element
D length [nm)] net number of elementary charges
H7, H7, H7,
pH 4 | pH7 ncI: SO, 1?0 SA no S(%_, no SA
8 22.25 2 -1 -1 -1 -1
10 6 6 -4 -4 -4 -4
11 17.5 -5 -5 -1 -4 -6
12 17.5 -1 -1 0 -1 0
13 17.5 -8 -8 -3 -5 -3
14 17.5 -8 -8 -1 -7 -1
15 17.5 -19 | -19 |5 -14 4
16 17.5 -9 -9 -3 -6 -5
17 17.5 -4 -4 0 -4 -1
18 17.5 -16 | -16 | -5 -11 2
19 17.5 20 |20 | -5 -15 -1
20 17.5 -6 -6 -1 -5 0
21 17.5 -5 -5 -2 -3 -3
22 17.5 23 | -23 | -6 -17 0
23 17.5 -8 -8 -2 -6 -2
24 17.5 -1 -1 -1 0 2
25 17.5 23 |23 | -4 -19 0
26 17.5 36 | -36 | -6 -30 0
27 17.5 -14 | -14 | -4 -10 -2
28 17.5 -2 -2 0 -2 0
29 17.5 23 |23 | -7 -16 0
30 17.5 -18 | -18 | -3 -15 -2
31 17.5 -3 -3 -1 -2 1
32 17.5 -17 | -17 | -4 -13 0
33 17.5 -31 | -31 | -6 -25 2
34 17.5 32132 | -7 -25 1
35 17.5 29 129 |5 -24 0
36 17.5 -33 | -33 | -8 -25 1
37 17.5 32 | -32 | -6 -26 0
38 17.5 -:30 | -30 | -6 -24 0
39 17.5 -:30 | -30 | -5 -25 0
40 17.5 31 | -31 | -6 -25 0
41 17.5 -:33 | -33 | -6 -27 1
42 17.5 -30 | -30 | -5 -25 0
43 17.5 -33 | -33 | -6 -27 1
44 17.5 -30 | -30 | -8 -22 0
45 17.5 23 | -23 | -6 -17 0
46 17.5 -16 | -16 | -3 -13 -2
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E.2. Supplementary figures

element element
D length [nm] net number of elementary charges
H7, H7, H7,
pi4 | PH7 n(I)) SO~ III)O SA no S(%_, no SA
47 17.5 3 3 0 3 0
48 17.5 12 [-12 |4 8 >
49 17.5 26 |26 |7 719 0
50 17.5 8 |8 |- 7 0
51 17.5 2 |2 |- q 0
52 175 20 | 20 |5 13 1
53 175 30 |30 | -6 4 0
>4 17.5 23 |23 |6 17 0
35 17.5 a1 |11 | 2 9 2
56 17.5 -11 -11 -2 -9 1
57 17.5 8 |8 |2 6 >
58 10.5 6 |6 |-l 5 >
59 6 8§ |7 |7 7 =
60 20 0 A W ) i
61 20 0 |3 |3 3 3
62 4 3 |5 |5 5 5
63 12 2 _3 _3 _3 _3
64 4 2 4 2 ) i
65 17.75 5 i) i) ) )
66 17.75 6 4 4 4 1
67 17.75 5 0 0 0 0
68 17.75 4 3 3 3 3

Table E.1.: Data specifying the line charge distribution along the mucin filament for all the con-
sidered scenarios.

E.2. Supplementary figures

Figures E.1 and E.2 show the simulation results obtained for the end-to-end distance L.,. and
the radius of gyration 2, over time, thereby including all five simulation runs conducted for each
of the six different considered scenarios and the trivial analytical reference solution obtained for
a rigid mucin filament with the same dimensions as defined in the initial, stress-free state of the

filament.
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Figure E.1.: End-to-end distance over time for the five random realizations simulated for each
scenario.
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Figure E.2.: Radius of gyration over time for the five random realizations simulated for each

scenario.
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F. The Comprehensive, Versatile and
Powerful Computational Framework
for Beam-Related Models and
Methods

The software used for all the simulations presented in this work is the parallel, multi-physics,
in-house research code BACI [73]. It is written in C++ and aims to solve a multitude of prob-
lems by means of cutting-edge numerical methods from the field of computational mechanics.
Over many years, BACI has been and still is actively developed and maintained by a group of
researchers working on advanced finite element methods, (hybridizable) discontinuous Galerkin
methods, discrete element methods, mesh-free methods as well as other approaches. The aim
of this appendix is to provide a brief overview of one specific part of BACI dealing with the
mechanics of beams. In the context of this work, it has been thoroughly revised and extended as
will be outlined in the following.

At the beginning of this PhD project, much of the extensive beam-related simulation frame-
work to be presented in the next section has been readily available, mainly as a result of the
previous PhD projects by Christian Cyron, Kei Miiller, and Christoph Meier (TUM). However, a
thorough revision of the entire beam-related code framework has been undertaken by the author
in close collaboration with Jonas Eichinger (TUM), leading to the present state as summarized
in the following section. The primary goal of this revision was the modularization of existing
functionality, leading to a more versatile, extensible and maintainable code base. Further goals
were an improved overall performance and particularly in terms of parallelization as a prepa-
ration for the intended use and extension within this and other PhD projects. Besides the daily
maintenance and clean-up work and other minor contributions, the following list summarizes the
author’s major contributions to BACI:

e Implementation of the general SSIP approach and the interaction laws (cf. Chapter 4)
e Implementation of the general SBIP approach and the interaction laws (cf. Chapter 5)

e Design and implementation of a new code framework for all kinds of interactions between
beams

e Introduction of a beam base element that unifies the common functionality of all beam
element formulations

e Extension of the Simo-Reissner beam element to Hermite centerline interpolation (cf. Sec-
tion 3.2.2)

253



E The Comprehensive, Versatile and Powerful Computational Framework for Beam-Related
Models and Methods

e Implementation of the analytical linearization for the Kirchhoff-Love beam element

e Combination of the existing macroscopic beam contact formulations with the Simo-Reissner
and Kirchhoff-Love beam elements (cf. Section 3.3.4)

e Combination of the Brownian dynamics formulation with Hermitian Simo-Reissner beam
element, Kirchhoff-Love beam element, and torsion-free Kirchhoff-LLove beam element

e Combination of the cross-linking formulation with Hermitian Simo-Reissner beam ele-
ment, Kirchhoff-Love beam element, and torsion-free Kirchhoff-Love beam element

e Migration of large parts of the existing beam-related functionality to a new code frame-
work for solid and structural mechanics

e Implementation of a module writing output in VTK format at runtime

In addition, the author has been a member of the steering committee of BACI and thus acted as
one of the lead developers for more than three years.

F.1. Overview of implemented modules and overall
integration

The overall integration follows the theoretical framework of the nonlinear finite element method
applied to solve the nonlinear continuum mechanics of solids and structures. The novel ap-
proaches developed in this work can be integrated very well into such a framework. In partic-
ular, they do not depend on a specific beam (finite element) formulation and have been used
with geometrically exact Kirchhoff-Love as well as Simo-Reissner beam elements. Also, they
are independent of the temporal discretization and has been used along with statics, Lie group
Generalized-Alpha as well as Brownian dynamics. This versatility is reflected in the code archi-
tecture such that the many different combinations of the available models and methods allows to
tackle a multitude of problems including but not limited to the complex biophysical systems on
the nano- and microscale studied in this work.

In the following, a brief overview of the implemented functionality and its organization in
logical modules is provided. Selected aspects of special importance for the numerical examples
of this work will be discussed in further detail in the following Section F.2.

Beam element formulations
e Simo-Reissner, Kirchhoff-Love, and torsion-free Kirchhoff-Love: each including ...
e internal (elastic) forces and moments, and

e inertia forces and moments.
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Boundary conditions
e external point/line forces and moments via Neumann boundary conditions
e Dirichlet point/line boundary conditions

e periodic boundary conditions

Brownian dynamics of beams
e viscous drag forces and moments

e stochastic thermal forces (and moments)

Interactions between beams
e macroscopic beam contact: point contact, line contact, and ABC formulation
e (molecular) interactions based on the SSIP or SBIP approach
e (cross-)links / connections
e search algorithm and problem partitioning used by all these interaction types

e coupling of degrees of freedom at a set of nodes

Load/time stepping
e (Lie group) Generalized-« time integration
e One-step-f time integration
e Statics

e cach including load/time step size adaptation

Nonlinear solver

e Newton-Raphson scheme with a special update of the multiplicative increments of rota-
tional degrees of freedom

e Newton step size control

e Pseudo-transient continuation

Linear solver

e direct: UMFPACK [36]

e iterative: GMRES with different preconditioning strategies
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F.2. Supplementary information on selected algorithms
and external packages

The content of this section has previously been published in the author’s article [61].

Load/time stepping Either a fixed step size or an automatic step size adaption is applied, which
shall be outlined in the following. Starting from a given initial step size, a step is repeated
with half of the previous step size if and only if the nonlinear solver did not converge within
a prescribed number of iterations. This procedure may be repeated until convergence is
achieved (or until a given finest step size is reached which aborts the algorithm). After four
subsequent converging steps with a new, small step size, the step size is doubled. Again,
this is repeated until the initial step size is reached.

Nonlinear solver The Newton-Raphson algorithm used throughout this work is based on the
package NOX, which is part of the Trilinos project [66]. Unless otherwise stated, the
Euclidean norms of the displacement increment vector and of the residual vector are used
as convergence criteria. Typically, the corresponding tolerances were chosen as 1071°
and 1077, respectively. In some of the numerical examples, an additional Newton step
size control is applied. It restricts the step size such that a specified upper bound of the
displacement increment per nonlinear iteration is not exceeded. In simple terms, it is meant
to prevent any two points on two beams from moving too far and eventually crossing each
other without being detected from one iteration to the other. For this reason, the value for
this upper bound is typically chosen as half of the beam radius.

Linear solver Throughout this work, the algorithm UMFPACK [36] has been applied. It is a
direct solver for sparse linear systems of equations based on LU-factorization and included
in the package Amesos, which is part of the Trilinos project [66].

Parallel computing The implementation of the novel methods supports parallel computing and
is based on the package Epetra, which is part of the Trilinos project [66]. See Section 4.4.6
for details on the partitioning of the problem in the context of the search algorithm applied
to identify spatially proximate interaction partners.

F.3. Post-processing and visualization

The post-processing of raw simulation data and plotting of results was done by means of self-
written scripts using MATLAB [157]. Most visualizations of the simulation results were gener-
ated using Paraview [85] and the underlying file formats VTU for the beam geometries and VTP
for the interaction forces, which will be briefly summarized in the following.

Concerning the beam geometry, two major challenges associated with the special properties
of beam finite element formulations shall be outlined. Recall that the primary variables and
thus raw simulation results are given as the nodal centerline positions and triads of the beams.
The first challenge therefore is to visualize the actual, three-dimensional volumetric shape of the
slender bodies based on nodal centerline and triad data. In the context of this work, a workflow
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F.3. Post-processing and visualization

has been developed that uses the available Tube filter in Paraview [85] to generate the tube-
like surface geometry of a beam with circular cross-sections as applied throughout this work.
Specifically, the radius of each beam element is previously written as part of the simulation
output and automatically applied as the radius of the tube in a customized Paraview filter. The
second challenge is associated with the cubic Hermite polynomials that are used for the center-
line interpolation of all beam element formulations applied throughout this work. As opposed to
the more common Lagrange polynomials, these Hermite polynomials are not natively supported
in Paraview [85], which means that the actual centerline curve between the nodal positions is
not correctly obtained from the built-in interpolation scheme. As an alternative, the centerline
curve is subdivided into a sufficiently large number of straight line segments already in the out-
put routine in BACI and the VTK cell type polyline is written as output for each beam element.
Consequently, the centroid positions and base vectors are written as point data for each of these
polyline cells. Based on the experience of this work, a number of five straight subsegments per
element already results in a sufficiently smooth visual impression of the geometry in almost all
cases, i.e., for typical meshes and deformation magnitudes. Further result data can be written de-
pending on the specific needs and include deformation measures (axial and shear strains, twist,
curvature), resulting stresses (axial and shear forces, torsion and bending moments), internal and
kinetic energy contributions (for individual modes) as well as the aforementioned radius of the
circular cross-section.

Only where a particularly realistic and visually appealing representation of the simulated sys-
tems was intended, the scenes were rendered with the specialized computer graphics software
Blender [14]. For this sake, the geometry data for all time steps was exported from Paraview [85]
in STL format and imported and processed in Blender [14]. See Figures 10.1 and 10.3 for ex-
amples of this advanced visualization strategy.

As the most important quantity resulting from the novel approaches for molecular interac-
tions of beams, it is highly desirable to also visualize the interaction force distributions. This is
achieved by writing a set of point positions and associated force vectors at each of the integration
points (and projected closest points in case of the SBIP approach). In Paraview [85], this result
data set can then be processed using the Glyph filter to be finally depicted as individual force
arrows and as an ensemble form the line force distributions along the beam axes'. The identical
strategy has been applied to visualize the contact forces from the existing macroscopic beam
contact formulations. Finally, the cross-links connecting two beams are visualized in a similar
manner by writing its midpoint positions and a direction vector indicating its axis orientation.
In Paraview [85], the application of the Glyph filter with a cylinder that is oriented according
to this direction vector therefore allows to visualize the doubly bound cross-links in its current
state and geometry.

Note also the remark on the correct interpretation of the force visualization given in Section 4.5.2.
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