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Abstract

Optical interferometric systems are commonly used tools for the investigation of optical

waves. It gives the possibility of detecting optical waves in an indirect scheme, because

no counter is available to directly register the fast oscillations in the level of optical

frequencies. Phase-shifting technique further renders the optical interferometric system

quantitative, in which the phase of the optical wave is detected precisely. A reliable and

proper phase modulator is more than a guarantee for a successful investigation, but also

determines the features of the system. The motivation of the present study is the demand

in a versatile phase modulator which is compatible with distinct optical interferometric

systems.

A novel phase modulator is thus proposed, which is based on the dual transverse electro-

optic effect. A revised electro-optic coefficient is taken into consideration to run the

proposed phase modulator within the frame rate of most commercial array detectors. Two

sinusoidal electric fields are applied to the electro-optic crystal in orthogonal directions

with a phase delay of π/2. The proposed phase modulator has the following features: 1)

simultaneous and local modulation for both interfering waves; 2) installation in the main

path prior to the beam split; 3) linearly time-varying phase shift; 4) easy operation; and

5) no mechanical motion unit. Thanks to these inherent features, the proposed phase

modulator is capable of being applied in diverse interferometric systems.

The feasibility and functionality of the proposed phase modulator are demonstrated by

an implementation which is based on a Michelson interferometer. A sinusoidal variation

in the interference intensity is observed, which gives the proof of the linearly time-varying

phase shift. In terms of its compatibility, the proposed phase modulator is coupled into

three typical representatives of interferometric systems, respectively, namely an inter-

ferometer, a holography system, and a differential microscope. Firstly, in the temporal

electronic speckle pattern interferometry (ESPI) system, the proposed phase modulator

provides the temporal frequency carrier, from which the in-plane rotation is evaluated.

Real-time measurements for dynamic targets are achieved, which reflects the superior-

ity of the proposed phase modulator. Secondly, in the phase-shifting in-line holography



system, the proposed phase modulator is used for the retrieval of the optical field at the

hologram plane. The retrieved field is free of the twin image and the non-diffraction

component. Lensless imaging is accomplished by the back propagation of the retrieved

optical field. Thirdly, a Nomarski differential interference contrast (DIC) microscope is

proposed, which is based on the phase modulator. Quantitative phase contrast imaging

is realized by a novel phase shift scheme which is termed as joint spatio-temporal phase

modulation. The joint modulation is provided by the proposed phase modulator and the

differential prism. Transparent samples, e.g., a single-mode fiber and the forewing of a

honey bee, are quantitatively visualized without dyeing.

The physical principle, mathematical derivation, and experimental verification are demon-

strated in detail. Regarding the further developments of the proposed phase modulator,

much work and study remain to be done. Among others, two potential aspects are dis-

cussed, namely the high frequency applications and the cascade usage of multiple modu-

lators in a single system.
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Chapter 1

Introduction

Phase, according to its etymology, originates from the Greek word phasis. The stem pha-

means ”to shine”, which gives an interpretation of phase as ”appearance” [1]. Historically,

phase was used to refer, in particular, to the lunar phase or phase of the moon [2].

Nowadays, the physical society has developed the term phase into two abstract meanings.

One represents a property of waves, which indicates the absolute/relative position of a

point on a waveform cycle in space-time [3]. Considering the waves with an identical

frequency, they are said to be in phase if they have the same phase, whereas to be out

of phase otherwise. The term phase is also used to describe the states of matter. The

four classic phases of matter are solid, liquid, gaseous, and plasma phases. When a

phase of matter alters into another, the matter is said to undergo a phase change or

a phase transition [4]. In this thesis, the term phase is restricted to the property of

electromagnetic (EM) waves unless otherwise indicated.

EM radiations exhibit a transverse wave feature, which indicates the oscillations of the

electric and the magnetic fields are perpendicular to the direction of the wave propagation.

In vacuum, despite of their distinct frequencies or wavelengths, all EM waves travel at

the speed of light with an approximation of 3 × 108 m/s. The wavelength, speed, and

frequency of EM waves are related to one another [5], denoted by

λ = c/f, (1.1)

where λ, c, and f represent the wavelength, the speed of light, and the frequency, respec-

tively. In the order of descending wavelength, the EM spectrum consists of radio waves,

microwaves, infrared, visible light, ultraviolet, X-rays, and gamma rays. The behavior of

an EM wave depends on its frequency and further determines its usage and application.

For example, visible light, the most familiar group of the EM spectrum, is used for pho-
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tography and illumination, because such a portion of spectrum is visible to human eyes

and shows colors as well.

In the field of optics, the portion of the EM spectrum that is of interest is commonly

termed as light, which includes infrared, visible, and ultraviolet lights. However, optics

was recognized as an individual discipline for a long time until Maxwell concluded from

his crowned equations that light itself is also an EM wave [6]. Since light joined the EM

spectrum family, most optical phenomena can be described by the EM laws, which pro-

motes the development of optical science and technology. In return, the electromagnetism

also benefits from the convenience in the observation of optical phenomena. The appli-

cations of optics in the written history dates back to the ancient Greece, when Thales

(640 - 546 B.C.) estimated the height of the Pyramid by its shadow under sunlight [7].

Not surprisingly, the evolution of light sources accelerates the study of optical science

and broadens its applications as well. Throughout the history of science, the knowledge

of optics always finds a tremendous growth when there is a fundamental upgrade of the

light source. For example, in ancient times, the study of optics was based on the obser-

vation of natural phenomena from sunlight. Geometrical optics, which mainly deals with

reflections and refractions, was developed under the help of candles [8]. Physical optics

had to wait until the gas-discharge lamps [9] came into being, which provides a passable

monochromatic light for a successful study of interference, diffraction, and polarization.

Modern optics was fully brought onto the stage only when continuous-wave (CW) lasers

[10] first became commercially available.

Following the aforementioned evolution history, it is quite fair to say the enhancements of

light sources take place normally in two aspects. One is the power density of the output

radiation, which is expressed as intensity in the detection. The other is the EM spectrum

bandwidth of the output power density, which is termed as monochromaticity. Generally

speaking, the increasing intensity is driven by the study of light-matter interaction, while

the improving monochromaticity is motived by the demand of a higher accuracy in the

field of optical metrology. As of this writing, the stabilized laser at sub-hertz level of

linewidth has been reported [11], and the commercial products stabilized at kilohertz

level have been widely available with a selection of output intensities.

Under such circumstances, the present study goes into a detailed branch of optical metrol-

ogy, in which wavelength is taken as a measure. The methodology for quantitatively

investigating the light waves involves the coherent superposition of two waves and the

phase modulation between them. The focus of this thesis lies on a newly developed phase

modulator, which is based on the dual transverse electro-optic (DTEO) effect. Most

optics-related theories and discussions in this thesis are based on physical optics without

entering the complicated quantum optics, which is to say the light is treated as wave.
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1.1 Scientific Problem Statements

Before long, since the birth of laser in the early 1960s, the study of optical metrology

was brought into a new era. Indeed, before laser was invented, quite a lot of studies had

touched a few fundamental nature of light, such as Thomas Young’s double slit inter-

ferometer in 1803 [12, 13]. The underlying potential of laser, compared with other light

sources by then, provides an illumination with excellent monochromaticity and coherence.

Aside from the promotion in the study of light itself, such a superior illumination enables

an application of light, in which the wavelength/frequency of the quasi-monochromatic

light is taken as a measure in the field of metrology. The accuracy and reliability of

measurements in the generalized background is greatly improved, because the measure

itself, namely the wavelength, is determined by the stimulated emission. For one thing,

the wavelength is precise enough to improve the accuracy to the micron-nanometer level.

For another, the monochromaticity and the stability of the wavelength are guaranteed

by the stimulated emission. However, a wavelength of a micron-nanometer order brings

around difficulties to the direct detection of the light wave. As a matter of fact, the

optical frequencies are in an order of hundreds of terahertz (terahertz=1012 Hz), resulting

in a reality that no counter is available to register so fast oscillations.

Fortunately, the behavior of waves is different from that of solid bodies. Two waves can

go through each other, which means they can be in the same place at the same time.

This gives a potential to investigate the optical frequencies indirectly. By superposing

two waves, it is relatively easy to inquire the difference between them. In the case of

two close frequencies, the resultant intensity varies at a far more lower rate, which is

readily recorded by photodetectors. A special but practical implementation of the waves

superposition involves two waves with an identical frequency, or more precisely, coherence,

which lays the fundamental of interferometry.

In the study of interferometry, one of the crucial issues is to interpret the intensity pat-

terns, termed as interferogram, of the coherent superposition. At the very beginning, the

interferograms are analyzed manually by counting the interferometric fringe orders [14].

Later on, with the bloom of the digital image processing technique, the labor works are

replaced by computer [15]. Plenty of algorithms are developed to track the interferometric

fringes, resulting in certain degree of automation. Due to its simple implementation, today

the intensity-based method still occupies a good portion of the analysis tasks, especially

under the scenario that only a qualitative result is on request.

The advent of phase-shifting technique [16] gives another approach to the illustration of

interferograms under a different framework. Compared with the fringe-tracking methods,

phase-shifting techniques do not rely on finding the fringe centers, rather, it records a set
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of interferograms with varying phase difference between the two interfering waves. There

are many advantages of phase-shifting techniques, including 1) a higher accuracy, 2) an

improved resolution, 3) automation, 4) real-time analysis, and 5) an analytical solution

to the phase of the probe wave [17]. However, all of these merits depend on a single

precondition, that is the introduced phase difference.

The varying phase difference between the two interfering waves is normally called phase

shift. The accompanied device, which is used to generate the phase shift, is known as phase

shifter, or put it more general, phase modulator. It is safe to say that the performance of

an applying phase-shifting technique relies highly upon a phase modulator [18], although

algorithms also have an impact. An ideal phase modulator brings the technique to its

best efficiency, whereas an under-qualified phase modulation results in a failure of the

investigation. Hence, it is crucial to develop or design a reliable phase shifter or a phase

modulation method. Based on distinct physical principles, a number of phase modulators

have been developed for the applications in specific scenarios, which is to say that most

of the phase modulators are dedicated to a certain task. For example, the widely used

piezo-electric transducer [19] can be hardly applied in a common-path configuration, in

which the two interfering waves propagate essentially along the same light path. In such

a case, Zeeman lasers [20, 21] succeed in introducing a feasible phase shift, but it fails

in a time-related full-field investigation, because the frequency difference is in an order

of megahertz, which is beyond the sampling rate of most array detectors. Although the

instances illustrated above have not revealed the full view of the problem, they are indeed

a representative of the unsolved issues. Consequently, the demand of a versatile phase

modulator motivates the study in this thesis.

1.2 Objective

The objective of this thesis is deduced from a detailed definition of the aforementioned

”versatile” in the sense of optical engineering. Within the scope of the present study, which

deals with optical interferometric systems, the features of a versatile phase modulator are

specified in the following aspects:

1. No mechanical motion unit. Mechanical movements, such as slide, translation,

rotation, or extension, are very likely to introduce an error source in an optical

system. Besides, the mechanical motion based method or device limits itself to

static or quasi-static investigations, due to the mechanical inertia.

2. A proper and adjustable operating frequency. The operating frequency represents

the rate of the phase change between the two interfering waves. A proper operating

frequency considers the frequency requirements from both dynamic measurements
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and the array detectors. An adjustable operating frequency gives the flexibility to

satisfy the changing demand of the measurements.

3. A simultaneous and local modulation for both interfering waves. It is in desire that

a single modulator shifts the phases of both interfering waves in the same time and

at the same place. In other words, the phases of the interfering waves are modulated

before the beam splitting. This renders the phase modulator versatile, because the

phase modulation is carried out without being bothered by the followed-up light

path arrangement or optical configuration.

Though some of the existing phase modulators possess one or two features listed above,

throughout the study of this thesis, there are few reported modulators that cover all the

three features. Therefore, the objective of this thesis is to design, develop and study a

phase modulator which operates without any mechanical motion units, has a proper and

adjustable operating frequency, and modulates the interfering waves locally and simulta-

neously.

1.3 Thesis Organization

This thesis consists of seven chapters. Chapter 1 presents a general background of the

study, which starts from a brief history of optics. The scientific problem, to which this

thesis is facing, is clarified, and the objective of this study is deduced from the facing

problem. Chapter 2 is on literature review of the state of the art phase-shifting tech-

niques. Meanwhile, the fundamentals of phase-shifting techniques, as well as the tech-

niques related to interferometric systems, are introduced. In Chapter 3, as a solution to

the aforementioned problem, a new phase modulator is described in terms of the theoret-

ical principle, physical features, and practical implementation. Preliminary experiments

are presented to verify the feasibility and functionality of the proposed phase modulator.

From Chapter 4 to Chapter 6, the proposed phase modulator is coupled in three individ-

ual optical interferometric techniques, namely interferometry, holography, and differential

phase contrast microscopy. At the end, Chapter 7 summaries the study in this thesis

and draws the conclusions. As outlooks and prospects, some potential studies for further

related investigations are proposed in this chapter as well.





Chapter 2

Fundamentals and State of the Art

In optical interferometric systems, phase-shifting techniques establish an approach to

quantitative phase measurement. The phase to be measured is obtained from a set of

phase-shifted interferograms, in which the data processing is normally known as phase

retrieval [22]. Distinct phase retrieval algorithms, as well as phase shifters or modulators,

are developed with diverse features to satisfy different requirements [23]. For clarity

and efficiency, the phase to be measured is called target phase hereafter. In an optical

interferometric system, the target phase is generally induced from the variation in optical

path length (OPL), which is specified by the length of the light path and the refractive

index. For a better generality, the concrete physical quantity that contributes to the

target phase is dropped in this chapter, which means the demonstration and discussion

are not related to a specific system. In the following, the fundamentals of phase retrieval

are first introduced, which also includes the commonly used algorithms. Then, the state

of the art in phase-shifting technique is reviewed to give a general picture of the field.

2.1 Fundamentals of Phase Retrieval

Before entering the technical details, some assumptions are made about the propagation

medium. The medium is assumed to be linear, isotropic, homogeneous, nondispersive, and

nonmagnetic. In such a manner, the scalar theory [24] is applied to describe the EM waves

in a sufficient accuracy without deducing the technical parts from Maxwell’s equations

[25]. Besides, the wavefront is used in the description, which makes the illustration

independent of the specific system. A monochromatic wave, which carries the object

phase, is called object wave. The wavefront of the object wave is described in scalar

theory by

Ũobj (ρ,t) = Aobj (ρ) · exp {−j [ω0t+ φobj (ρ)]} , (2.1)
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where Ũobj stands for the complex amplitude (phasor) of the investigated wave, ρ is

the position vector defining the observation plane, t represents the time, Aobj denotes

the magnitude, j is the imaginary unit, ω0 is the optical frequency of the wave, and φobj
represents the object phase. Considering the sampling rate of most detectors, the intrinsic

angular frequency, ω0, of the optical wave is too high to be recorded.

For a successful investigation of the wavefront denoted by Equation (2.1), another wave,

which is mutually coherent with the object wave, is considered. Generally, this auxiliary

wave is termed as reference wave which normally appears as an ideal plane wave, or certain

well-defined wave, emitted from the same source. It is noted that in certain circumstance,

a modified object wave is also capable to act as the reference wave. In terms of the

phase shift, it is possible to introduce a feasible phase shift in the reference wave, the

object wave, or both waves. In the following illustration, a phase-shifted reference wave

is assumed, which is emitted from the same source as the object wave. The wavefront of

this reference wave is denoted by

Ũref (ρ,t) = Aref (ρ) · exp {−j [ω0t+ φref (ρ)− ϕsft (t)]} , (2.2)

where φref represents the phase distribution of the reference wave, ϕsft is the introduced

phase shift in the reference wave. The coherent superposition of the object and the ref-

erence wavefronts gives rise to a resultant complex amplitude. The intensity distribution

of the resultant complex amplitude is known as interferogram which can be detected by

cameras. Mathematically, the interferogram is described by

I (ρ,t) =
[
Ũobj (ρ,t) + Ũref (ρ,t)

]
·
[
Ũobj (ρ,t) + Ũref (ρ,t)

]∗
=I0 (ρ) · {1 + γ (ρ) · cos [φobj (ρ)− φref (ρ) + ϕsft (t)]},

(2.3)

with the background intensity

I0 (ρ) = A2
obj (ρ) + A2

ref (ρ) , (2.4)

and the visibility

γ (ρ) =
2Aobj (ρ)Aref (ρ)

A2
obj (ρ) + A2

ref (ρ)
. (2.5)

The descriptions above assume that the phases, φobj and φref , are time-independent for an

ease of illustration. For dynamic phases, certain phase-shifting techniques and algorithms

are available to retrieve a time-dependent phase, which will be discussed later.

In Equation (2.3), the phase difference, φobj−φref , is retrieved later by the phase-shifting

technique. The physical meaning of the target phase is determined by the applied optical
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configuration. For example, if the reference phase is set to zero, then the phase difference

directly equals to the object phase. Considering that in Equation (2.3), the intensity,

I (ρ,t), is a function of the phase shift, ϕsft (t), the one-dimensional (1-D) illustration of

the intensity-phase shift function is shown in Figure 2.1.

I
0

Figure 2.1: 1-D plot of the phase shift-intensity function.

Figure 2.1 shows a cosine curve of the intensity evolution at a probe point, resulting

from a linearly varying phase shift. Three quantities are readily identified in the cosine

curve, namely 1) the direct current (DC) offset is the background intensity, I0, 2) the peak

amplitude and the DC offset determine the visibility, γ, and 3) the point of intersection, for

the vertical axis (ϕsft = 0) and the cosine curve, locates the target phase, φtar. It is worth

noting that the target phase is obtained by locating the position of the peaks, valleys,

or the equilibriums, rather than considering the intensity [26]. This fact implies the

superiority of the phase-shifting technique, because normally the interferogram described

by Equations (2.3)-(2.5) suffers from the intensity fluctuation.

Algorithms for retrieving the target phase from the phase-shifted interferograms gener-

ally fall into two categories [27], namely the discrete phase-shifting method and the time

sequence method. The discrete phase-shifting method retrieves the target phase from a

specific number of interferograms with a particular phase shift between them, whereas

the time sequence method involves the analysis of a set of continuously captured interfer-
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ograms with a linear varying phase shift in time sequence. In Subsections 2.1.1 and 2.1.2,

the aforementioned two methods are introduced, respectively. A summary and a general

overview of the phase retrieval techniques are given in Subsection 2.1.3.

2.1.1 Discrete Phase-Shifting Method

The discrete phase-shifting method is based on the fact that there are three unknowns

in Equation (2.3), namely the DC offset, the visibility, and the target phase. In imple-

mentations, the number of the involved phase-shifted interferograms and the phase shift

between them vary from algorithm to algorithm. For a minimum, it requires at least three

individual phase-shifted interferograms to establish three mutually independent equations

for a success in solving the unknowns [28]. In terms of the intensity-phase shift function

shown in Figure 2.1, the requirement stated above indicates that a complete depiction

of the cosine function demands a minimum of three individual points with well-defined

phase shifts. In the following, the three-frame algorithm is first introduced as a basic

algorithm, and then a general consideration is discussed, which gives an overview of the

discrete phase-shifting method.

Being a theoretical basis, the three-frame algorithm is introduced [29]. The phase shift

between adjacent interferograms is identical, noted by α. The three recorded intensities

are described by

Ii (ρ,ti) = I0 (ρ) · {1 + γ (ρ) · cos [φtar (ρ) + ϕsft (ti)]} , i = 1,2,3, (2.6)

where φtar = φobj − φref represents the phase difference between the wavefronts of the

object and the reference waves, and

ϕsft (ti) =


−α , i = 1

0 , i = 2

α , i = 3

. (2.7)

By applying the trigonometric identities to Equations (2.6) and (2.7) [26, 29], the target

phase is evaluated by

φtar (ρ) = arctan

[
1− cosα

sinα
· I1 (ρ)− I3 (ρ)

2I2 (ρ)− I1 (ρ)− I3 (ρ)

]
, (2.8)

and the background intensity and the visibility of the interferograms are calculated re-

spectively by

I0 (ρ) =
I1 (ρ) + I3 (ρ)− 2I2 (ρ) · cosα

2 (1− cosα)
, (2.9)
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and

γ (ρ) =

{
(1− cosα)2 [I1 (ρ)− I3 (ρ)]2 + sin2 α [2I2 (ρ)− I1 (ρ)− I3 (ρ)]2

}1/2

[I1 (ρ) + I3 (ρ)− 2I2 (ρ) · cosα] sinα
. (2.10)

It is important to note that there are two schemes of altering the phase and capturing

the interferograms. One is the phase-stepping scheme [30], in which the phase is shifted

step by step. During each capturing, the phase is stable. The other is the integrating

bucket scheme [31, 32], which relies on a time-varying phase shift. The interferograms are

captured while the phase is shifting. Figure 2.2 gives a detailed illustration about these

two schemes.
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Figure 2.2: Phase-stepping and integrating bucket.

The three-frame algorithm is taken as an example in Figure 2.2. As the name indicated,

three interferometric intensities are collected at different phase shifts. The phase shifts are

shown as φ1, φ2, and φ3. It is obvious that in the phase-stepping scheme [Figure 2.2(c)],

the phase is shifted exactly by the announced amount, whereas in the integrating bucket
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scheme [Figure 2.2(d)], the labeled quantities are only the nominal value of the phase

shift. To demonstrate the integrating bucket scheme, the phase is assumed to change by

an amount of ∆ during each acquisition. The intensity is then given by [33]

Ii (ρ,ti,∆) =
1

∆

∫ φi+∆/2

φi−∆/2

I0 (ρ) · {1 + γ (ρ) · cos [φtar (ρ) + φi (ti)]} dφi

=I0 (ρ) ·
{

1 + γ (ρ) ·
(

sinc
∆

2

)
· cos [φtar (ρ) + φi (ti)]

}
,

(2.11)

with sinc∆
2

=
(
sin ∆

2

)
/∆

2
and i = 1,2,3 being the counts of the phase shift. Recalling

Equation (2.6), which describes the phase-shifted interferograms in the phase-stepping

scheme, the interferograms captured by the integrating bucket scheme show a reduction

in the visibility. The integration of the intensity with a time-varying phase shift is regarded

as an average to the interferogram over time. In the case of that ∆ = 2π, the visibility in

Equation (2.11) goes to zero, which indicates that there is no observable phase shift any

longer. At another condition that ∆ → 0, the two schemes are then equivalent. Hence,

the discrete phase-shifting method is feasible for both schemes to retrieve the target phase

as long as the integrating bucket scheme gives rise to a sufficient visibility. Compared with

the phase-stepping scheme, the integrating bucket scheme provides another possibility of

phase retrieval. It is shown in Subsection 2.1.2 that by combining the integrating bucket

scheme with the time sequence method, dynamic measurements of the target phase are

accomplished. Hereafter, for convenience, the sinc function is assumed to be unit, so that

the phase-stepping and the integrating bucket schemes share an identical description.

For a general analysis of the discrete phase-shifting method, a least-squares solution of

N phase-shifted interferograms is considered [33]. The principle lays on the fact that

the intensity of the interferograms varies in a sinusoidal manner under the function of a

known phase shift. Equation 2.3 is then rewritten by

Ii (ρ,i) = a0 (ρ) + a1 (ρ) · cosϕi + a2 (ρ) · sinϕi, (2.12)

where

a0 (ρ) = I0 (ρ) , (2.13a)

a1 (ρ) = I0 (ρ) γ (ρ) · cos [φtar (ρ)] , (2.13b)

a2 (ρ) = −I0 (ρ) γ (ρ) · sin [φtar (ρ)] , (2.13c)

and ϕi = ϕsft (ti) represents the phase shift. Equation (2.12) yields an issue, the task of

which is to seek the optimum solution for the three unknowns in a least-squares sense.

The approach is formulated by minimizing the following objective function [26, 34] (or
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called cost function in mathematics):

E2 (ρ) =
N∑
i=1

[Ii (ρ,i)− a0 (ρ)− a1 (ρ) · cosϕi − a2 (ρ) · sinϕi] . (2.14)

The cost function is minimized by nulling its partial derivatives with respect to each of

the three parameters, namely a0, a1, and a2, respectively, given by
N

N∑
i=1

cosϕi
N∑
i=1

sinϕi

N∑
i=1

cosϕi
N∑
i=1

cos2 ϕi
N∑
i=1

cosϕi sinϕi

N∑
i=1

sinϕi
N∑
i=1

cosϕi sinϕi
N∑
i=1

sin2 ϕi




a0

a1

a2

 =



N∑
i=1

Ii

N∑
i=1

Ii cosϕi

N∑
i=1

Ii sinϕi

 . (2.15)

After the three parameters are determined by solving the linear system of equations in

Equation (2.15), the target phase is calculated by

φtar (ρ) = arctan

[
−a2 (ρ)

a1 (ρ)

]
. (2.16)

In the general illustration of the discrete phase shift above, it is demanded that the phase is

shifted to at least three individual positions over a single period of the sinusoidal function.

In the implementations, certain precondition or restrict to the phase shift simplifies the

calculation greatly, e.g., an evenly spaced phase shift. A most common example is the

four-frame algorithm [35], in which the phase shifts are set to

ϕi = (i− 1)
π

2
. (2.17)

Considering this special case, only the diagonal elements in the first matrix of Equation

(2.15) are non-zero. This fact leads to a straightforward solution of the target phase,

denoted by

φtar (ρ) = arctan

[
I2 (ρ)− I4 (ρ)

I3 (ρ)− I1 (ρ)

]
. (2.18)

The aforementioned three-frame algorithm [28] is also accessible by investigating Equa-

tion (2.15). Special attention is required upon the basis behind. The solutions of either

the three- or four-frame algorithms are derived analytically without the consideration of

the least-squares method. In other words, the target phase is retrieved from its phys-

ical property instead of a least-squares fitting. However, in terms of the mathematical

descriptions, the least-squares solutions are equivalent to the analytical solutions.
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The least-squares solution to the target phase lays a basis for a family of algorithms,

which normally called N -frame algorithms. These algorithms are various in the phase

shift arrangement, including the amount and the number of the shift. Considering the

evenly spaced phase-shift arrangement, algorithms with different number (N) of frames

possess their respective unique performance in suppressing the measurement noises and

errors. Dedicated algorithms are developed to accomplish certain specific requirements.

For example, the Carré algorithm [36, 37] only requires a constant phase shift between each

frame without knowing the exact amount of the phase shift. The averaging algorithms

[38, 39] and the Hariharan algorithm [40] aim to reduce the linear phase shift error, but

by using different schemes. The 2+1 algorithm [41–43] gives a rise in the time resolution

of a time-varying target phase.

In fact, regarding the number of frames, there is no theoretical limitation in developing

algorithms which use the discrete phase-shifting method. However, for a good number

of frames, another approach to the target phase is ready to be considered. That is the

time sequence method. In Subsection 2.1.2, the principle, the advantages, as well as the

disadvantages of the time sequence method are illustrated.

2.1.2 Time Sequence Method

A linearly time-varying phase shift is normally configured for the time sequence method,

and the integrating bucket scheme is applied to record the interferograms [see Figure

2.2(b), (d), and (f)]. The sampling interval and the integrating (exposure) time are both

the same from frame to frame.

This analysis routine for a large number of frames is based on the least-squares solution,

which is described by Bruning et al. in 1974 [16]. Under such a phase-shifting config-

uration, the collected interferograms are first analyzed by the generalized least-squares

method. As illustrated in the previous subsection, an evenly spaced phase shift over a full

period leads to a simplified solution to the generalized least-squares method. The linear

phase shift is denoted by ϕi = i2πp/n with i being the ordinal number of the frames. The

integer n denotes the number of frames within one single period of the sinusoidal intensity

variation. The other integer p represents the number of periods over which N = np frames

are collected. Equation (2.15) is then readily simplified as
np 0 0

0
np

2
0

0 0
np

2




a0 (ρ)

a1 (ρ)

a2 (ρ)

 =


np∑
i=1

Ii (ρ)

np∑
i=1

Ii (ρ) cosϕi
np∑
i=1

Ii (ρ) sinϕi

 . (2.19)
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By solving Equation (2.19) and using the well-known arctangent function in Equation

(2.16), the target phase is retrieved by

φtar (ρ) = arctan

−
np∑
i=1

Ii (ρ) sinϕi

np∑
i=1

Ii (ρ) cosϕi

 . (2.20)

Provided that the sinusoidal intensity variation is sufficiently sampled, a selection of well-

established tools are readily to be used for the retrieval of the target phase. Among others,

Fourier analysis is one of the most familiar and commonly used methods. Hence, in this

subsection, the time sequence method is demonstrated by the Fourier analysis approach.

Rather than investigating individual intensities, the Fourier analysis approach emphasizes

the study of the relations among them, namely the frequencies. Though the Fourier fringe

method is proposed by M. Takeda et al. [44] for the analysis of the spatial phase shift, it is

compatible to describe the temporal phase shift, because they share the same fundamental.

An alternative expression for Equation (2.3) is denoted by

I (ρ,t) =I0 (ρ) + I0 (ρ) γ (ρ) · cos [φtar (ρ) + ϕsft (t)]

=a (ρ) + c (ρ) exp [jϕsft (t)] + c∗ (ρ) exp [−jϕsft (t)] ,
(2.21)

where

a (ρ) =I0 (ρ) , (2.22a)

c (ρ) =
1

2
I0 (ρ) γ (ρ) exp [jφtar (ρ)] . (2.22b)

In Equation (2.21), Euler’s formula is applied to the cosine function and the raised as-

terisk represents the complex conjugation. The linearly time-varying phase shift, ϕsft, is

specified by

ϕsft (t) = ωsft · t, (2.23)

with ωsft being the angular frequency of the phase shift in radians per second (rad/s). For

an ease of illustration, continuous mathematics is adopted in the following deductions,

though the sampling is discrete in both space and time. With respect to the time axis,

Fourier transform is applied to Equation (2.21). A series of intensities in time sequence

is then converted to frequency domain, denoted by

F [I (ρ,t)] (ρ,ft) = A (ρ,ft) + C (ρ,ft − fsft) + C∗ (ρ,ft + fsft) , (2.24)

where F [ · ] stands for the Fourier transform operation, ft denotes the variable in the
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Fourier frequency domain, capital letters, A and C, represent the Fourier spectrum of

the corresponding items in Equation (2.21), and fsft is the frequency of the sinusoidal

varying intensity determined by fsft = ωsft/2π. It is necessary to give a brief illustration

to Equations (2.21) and (2.24). Firstly, the position vector, ρ, is only used to indicate

the probe point, namely where the intensity is observed. The position vector itself is not

involved in the current deduction. Secondly, if an ideal condition is assumed, then the

background intensity, a (ρ), is a constant. Consequently, its Fourier spectrum, A (ρ,ft)

appears as the DC component. Thirdly, considering the item, c (ρ), which relates to the

target phase, its Fourier spectrum has an obvious frequency shift toward the higher fre-

quency by a value of fsft, which results from the applied phase-shift configuration. At last,

the Fourier spectral components, C (ρ,ft − fsft) and C∗ (ρ,ft + fsft), are mutually conju-

gated. As a result, the three components, A (ρ,ft), C (ρ,ft − fsft), and C∗ (ρ,ft + fsft),

have a trimodal distribution in the Fourier frequency domain, as shown in Figure 2.3(a).
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Figure 2.3: Fourier spectrum of a series intensities in time sequence.

It is noted that, in the current illustration, there is neither spectrum broadening nor
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frequency shift regarding the spectral component, C (ft − fsft). The reason is that the

discussions are still restricted to ideal conditions and the target phase is assumed to be

time-independent. Thus, to figure out the target phase, the +1 order of the side lobe,

which refers to C (ft − fsft) and the neighborhood frequencies, is isolated by a frequency

filter. Afterwards, the isolated +1 order of the side lobe is translated by fsft towards

the origin [see Figure 2.3(b)]. The complex function in Equation (2.22b) is computed by

conducting an inverse Fourier transform to the modified frequency spectrum, denoted by

c (ρ) = F−1 [C (ρ,ft)] , (2.25)

where F−1 [ · ] stands for the inverse Fourier transform operation. At last, the target

phase is calculated by

φtar (ρ) = arctan

{
Im [c (ρ)]

Re [c (ρ)]

}
, (2.26)

with Re [ · ] and Im [ · ] being the operations of getting the real and the imaginary parts,

respectively. When the amplitude is requested as well, both the amplitude and the target

phase are accessible by taking the logarithm of the complex function, given by

log [c (ρ)] = log [(1/2) I0 (ρ) γ (ρ)] + j · φtar (ρ) , (2.27)

where the real part contains the amplitude and the imaginary parts is the target phase.

In all the notations above, there is no time parameter in the target phase, because it is

time-independent. However, as a matter of fact, the time sequence method retrieves the

phase at each individual sampling point along the time axis. As a result, although the

target phase is time-independent, the time sequence method gives a series of target phase

with an identical value in time sequence.

Next, the temporal feature of the time sequence is demonstrated by considering a time-

dependent object wave, denoted by

Ũobj (ρ,t) = Aobj (ρ) · exp {−j [ωt+ φobj (ρ,t)]} . (2.28)

In Equation (2.28), a time parameter is found in the object phase, φobj. Consequently,

Equation (2.21) is rewritten by considering the time parameter, which is given by

I (ρ,t) = a (ρ) + c (ρ,t) exp [jϕsft (t)] + c∗ (ρ,t) exp [−jϕsft (t)] , (2.29)

where c (ρ,t) has a similar expression as it does in Equation (2.22b), but now all the
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notations are time-dependent, denoted by

c (ρ,t) =
1

2
I0 (ρ) γ (ρ) exp [jφtar (ρ,t)] . (2.30)

In this time-dependent demonstration, the Fourier transform of the series of intensities

in time sequence is still able to be described by Equation (2.22), which indicates that

the frequency spectrum stays unchanged in general. However, the details of the trimodal

distribution are changed due to the time-dependent wavefront, as shown in Figure 2.4.
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Figure 2.4: Fourier spectrum of a time-dependent measurement.

Spectrum broadening, as well as frequency shift, is observed in the Fourier spectrum. The

broadening in the DC component, A (ft), is normally considered as a result of the low

frequency noise in the surroundings. Regarding the conjugated side lobes, C (ft − fsft)
and C∗ (ft + fsft), the spectrum broadening and the frequency shift come from the time-

dependent phase of the object wave. Specifically, a non-linear target phase results in

a signal with harmonics in multiple orders, which further broadens the conjugated side

lobes in the Fourier domain. Meanwhile, the peaks of the side lobes are shifted by fmed,
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which is the median frequency of the time-dependent target phase [45], denoted by

fmed (ρ) = M

[
1

2π
· ∂φtar (ρ,t)

∂t

]
, (2.31)

where M [ · ] stands for the median (middle number) of the given data set. In Equation

(2.31), the given data set is the instant frequency of the target phase. To retrieve this time-

dependent target phase, the isolation, translation, and inverse transformation are applied

to the desired side lobe in a similar manner introduced above. In the implementation,

it is necessary to consider two parameters for a successful target phase retrieval, namely

the window width of the frequency filter and the frequency capacity of the operating

configuration. The concerned parameters are denoted by

Wfilter |min =
1

2π
· ∂φtar (ρ,t)

∂t

∣∣∣∣
max

− 1

2π
· ∂φtar (ρ,t)

∂t

∣∣∣∣
min

, (2.32)

and

fsft ≥
∣∣∣∣ 1

2π
· ∂φtar (ρ,t)

∂t

∣∣∣∣∣∣∣∣
max

. (2.33)

Equation (2.32) determines the narrowest window width of the frequency filter, which

indicates that the filter is expected to cover the full range of the instant frequency of

the target phase. Equation (2.33) shows that the maximum absolute value of the instant

frequency is required to be no greater than the phase shift induced frequency. Generally,

in terms of signal processing, the time sequence method with a linearly time-varying

phase shift is regarded as a heterodyne technique [46], in which the phase shift induced

frequency serves as a temporal carrier frequency. Hence, the two preconditions stated

above actually come from the heterodyne technique. By fulfilling these preconditions and

through a similar procedure which has been demonstrated in the time-independent case,

a time series of the time-dependent target phase is retrieved successfully.

2.1.3 Summary

In this section, the phase retrieval algorithms are summarized. The demonstration fo-

cuses on the basic principle instead of specific implementations. The presented categories

are a general classification of the phase retrieval techniques. Within the phase-shifting

framework, there are many other algorithms and techniques, e.g., the 3+1 frames method

[47] for the discrete phase-shifting method, and the Wavelet transform [48], as well as the

Hilbert transform [49], for the time sequence method. Dedicated phase-shifting arrange-

ments enable specific techniques. For example, the phase lock detection technique involves

a continuous phase shift in a linear variation. Each of the phase retrieval techniques has
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its unique features and preferred implementation.

The phase shift arrangements discussed above are all time-varying phase shifts, regardless

of the fact that it is discrete or in sequence. From a mathematical view, if the phase is

shifted along the spatial axis instead of the temporal axis, another approach emerges,

namely the spatial phase-shifting technique [50–52]. Generally, by exchanging the tempo-

ral axis with the spatial axis, most of the temporal phase retrieval algorithms are effective

in the spatial phase-shifting arrangements. A superior feature of the spatial phase-shifting

technique is its real-time performance, but at a cost of a reduced spatial resolution.

Regarding practical implementations, no matter in lab or at site, an adequate analysis of

the measurement requirements and conditions is a pre-step by considering the noise distri-

bution, the time and space resolutions, the optical configuration compatibility, etc. Thus,

a proper selection or a specific development of the phase-shifting technique is achieved.

2.2 State of the Art in Phase-Shift Technique

The previous section gives an overview of the mathematical description to the phase

retrieval algorithms which are based on the phase-shifting technique. All the phase shifts

are assumed to be ideal without considering the issue of how the phase is shifted. A

successful phase retrieval requires not only a suitable algorithm, but also a reliable phase-

shifting device or method. More importantly, the physical performance of the phase-

shifting technique is mostly determined by the phase modulator, because an inappropriate

behavior of the phase shift results in an increasing uncertainty or even brings the retrieval

algorithms out of function. Meanwhile, certain specific phase retrieval algorithms rely

strongly on a dedicated phase-shifting device or method. Therefore, a detailed treatment

of the existing phase-shifting techniques and methods is presented in this section.

Referring to the mathematical description of an interferogram [see Equation (2.3)], it is

customary to consider a phase shift in the cosine function from two generalized aspects,

i.e., the optical path length (OPL) and the optical frequency. A successful phase shift

involves altering the optical path difference (OPD) or introducing an additional frequency

difference between the two interfering waves. Hence, for the phase-shifting devices and

methods, the following demonstration is split into two subsections according to the origins

of the phase shift.

2.2.1 Optical Path Length Based Phase Shift

The definition of optical path length (OPL) is the product of the geometric path length

of the wave propagation and its corresponding refractive index. Essentially, the OPL
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characterizes the time of flight for an optical wave. Considering a given OPL, the time of

flight is identical for waves with the same wavelength. The optical path difference (OPD)

describes the difference between the OPLs. In terms of phase, an OPD indicates a phase

difference between the two interfering waves [53], denoted by

∆ϕ =
2π

λ
(nobjLobj − nrefLref )︸ ︷︷ ︸

OPD

. (2.34)

It is obvious that a phase shift is introduced in the interference by altering the geometric

path length or the distribution of the refractive index in one or both waves.

Piezo-Electric Transducer The most commonly used method for introducing a time-

varying phase shift is based on the piezo-electric transducer (PZT) [54–56]. The PZT is a

device that has a length change response to the externally applied voltage. It is possible

to carry out the demanded motion within a wavelength by a careful control of the applied

voltage. Both of the discrete and the continuous phase shifts are able to be introduced.

Normally, the reference mirror is attached to a PZT which translates the mirror along the

axial direction, as shown in Figure 2.5.

Incident Wave Emergent Wave

θ

�Lm

PZT

Mirror

�Lref

Figure 2.5: Phase shift induced by a PZT-driven reference mirror.

In order to give a general illustration, the incident wave in Figure 2.5 is set oblique at

an angle of θ with respect to the mirror normal. The incident wave is regarded as a

plane wave, and the lateral displacement of the emergent wave is ignored. Assuming that

the PZT has a normal expansion of ∆Lm, the difference of the geometric path length is

denoted by

∆Lref = 2∆Lm · cos θ. (2.35)
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Consequently, the phase shift is given by

ϕsft =
2π

λ
(nobjLobj − nrefLref )︸ ︷︷ ︸

∆ϕa

− 2π

λ
[nobjLobj − nref (Lref −∆Lref )]︸ ︷︷ ︸

∆ϕb

=
2π

λ
nref · 2∆Lm cos θ,

(2.36)

where ∆ϕa and ∆ϕb stand for the phase difference between the two interfering waves,

before and after the phase shift, respectively. By applying a distinct voltage, the expansion

of the PZT is changed, and, further, the time-varying phase shift is introduced.

Besides, it is also capable to introduce a desired phase shift by a radially expanding PZT,

which is coupled with a highly birefringent (HiBi) fiber [57–59], as shown in Figure 2.6.

45 deg pol.

  0 deg pol.

90 deg pol.

Radial Expand PZT

rr'

Emergent

Incident

Figure 2.6: Phase shift induced by a stretched HiBi fiber which is driven by a radially
expanding PZT.

A HiBi fiber with a given length is wrapped around a cylindrical PZT at a specific

number of turns. A half-wave plate (HWP) (not shown in the figure) is readily used

to align the incident polarization at 45 deg with respect to the fiber birefringence axis.

Thus, inside the HiBi fiber, the incident wave is split equally into the two orthogonally

polarized modes (eigenmodes), which are polarized at 0 deg and 90 deg, respectively. The

two modes are spatially separable by the optical polarization element (e.g., a Wollaston

prism) upon request, but a conventional use of the PZT-HiBi phase shifter is in the

common-path configuration, in which no significant separation or only lateral shear is

required. Considering a radial expansion of the PZT, a variation of the strain is found in

the wrapped HiBi fiber. The varying strain induces distinct behaviors of the refractive

indices for respective modes. Recalling Equation (2.34), when the two refractive indices,

nobj and nref , change in different manners, the phase difference between the two interfering
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waves is altered, which expresses as a phase shift in the PZT-HiBi fiber-based phase shifter.

In practical implementations, the PZT-HiBi phase shifter requires a calibration to draw

a look-up table. It is hardly to summarize a simple equation, because the mathematical

relation between the applied voltage and the phase shift depends strongly on how the

fiber is wrapped by considering the radius of the PZT, the length of the HiBi fiber, and

the number of turns.

Tilted Glass Plate Tilted glass plate (plane-parallel plate) [60] is an alternative option

of introducing a phase shift in one of the interfering waves, as shown in Figure 2.7.

Incident Wave Emergent Wave

θ

Tilted Glass Plate

Figure 2.7: Phase shift induced by a tilted glass plate.

Considering the incident wave is the reference plane wave, a normal incidence onto the

glass plate is assumed as the initial state of the configuration (dashed line in Figure 2.7).

To introduce the phase shift, the glass plate is tilted by an angle of θ. The phase shift is

then given by [60]

ϕsft =
2π

λ

{
d

cos θr
ng +

[
d− d

cos θr
cos (θ − θr)

]
n0

}
︸ ︷︷ ︸

tilted

− 2π

λ
(dng)︸ ︷︷ ︸

initial

=
2π

λ

{(
1

cos θr
− 1

)
dng +

[
1− cos (θ − θr)

cos θr
dn0

]}
,

(2.37)

where d stands for the thickness of the glass plate, n0 and ng are the refractive indices

of the air and the glass, respectively, θr is the refractive angle inside the glass plate.

According to Snell’s law, the refractive angle, θr, is denoted by

θr = arcsin

(
n0

ng
sin θ

)
. (2.38)



24 CHAPTER 2. FUNDAMENTALS AND STATE OF THE ART

Equation (2.37) shows that a varying phase shift is introduced by tilting the glass plate

to a different angle. The essence of the tilted glass plate method is the redistribution

of the refractive index in space. In implementations, to give a reliable phase shift, the

incident beam is required to be collimated, and the glass plate is expected to be in high

and homogeneous optical quality.

2.2.2 Optical Frequency Based Phase Shift

Rather than modifying the optical path length (OPL), it is also feasible to induce a

time-varying phase shift by introducing a detectable frequency in one or both interfering

waves. Referring to Equation (2.3), the introduced frequency is expressed as an individual

item in the cosine function. The optical frequency based phase shift has a widely range

of application. Especially, it is preferred in the time sequence phase retrieval method,

because a linearly time-varying phase shift is readily introduced by the optical frequency

method. The mathematical description of an introduced linearly time-varying phase shift

is shown in Subsection 2.1.2. In the following, the demonstration focuses on the hardware.

Sliding Grating Diffraction gratings are optical components with spatially periodic

structure. The incident wave is spatially modulated and diffracted into several different

orders. When a diffraction grating is translated vertically with respect to the propagation

of the incident wave, a Doppler shift is introduced in the diffracted waves, as shown in

Figure 2.8.

Wavefront Velocity v +1st Order

0 Order

d

Sliding Grating

θ

Figure 2.8: Phase shift induced by a sliding diffraction grating.

Assuming that the grating period is d (grating constant = 1/d) and the sliding velocity

is v, the angular frequency shift in terms of phase is denoted by [61, 62]

∆ω = 2πmv/d, (2.39)
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where m is the diffraction order. Equation (2.39) shows that the angular frequency shift

depends on the order of diffraction, so the final resultant phase shift is related to the

selection of the order. For example, when the two interfering waves are the +1st and the

0 orders of diffraction, the linearly time-varying phase shift is

ϕsft (t) = (∆ω |m=1 −∆ω |m=0) t = 2πmvt/d. (2.40)

If the ±1 orders of diffraction are selected as the interfering waves, then the phase shift

becomes to

ϕsft (t) =
(
∆ω |m=1 −∆ω |m=−1

)
t = 4πmvt/d. (2.41)

Higher orders are seldom adopted due to the limited diffraction efficiency. One of the

interesting features in the sliding grating method is that the introduced frequency shift

is independent from the operating wavelength. According to the grating equation, the

wavelength, on the other hand, determines the diffraction angles, denoted by

d (sin θi − sin θm) = mλ, (2.42)

where θi and θm are the angles of incidence and diffraction, respectively. For a normal

incidence as shown in Figure 2.8, the angles are specified as θi = 0 and θm = θ, respec-

tively.

Acousto-Optic Modulator An acousto-optic modulator (AOM), also known as a

Bragg cell, is an optical device which is based on the acousto-optic effect [63–65]. A

ultrasonic grating is induced inside the acousto-optic crystal. In the application of phase

shift, the AOM usually runs under the Bragg condition, as shown in Figure 2.9.

PZT

Absorber

L

Ultrasound

Wavefronts

Diffracted

Undiffracted

Incident

θB
2θB

Figure 2.9: Phase shift induced by an AOM.
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A radio frequency (RF) signal is fed to the PZT which is in contact with the acousto-optic

crystal. As a result, a traveling acoustic field is established inside the crystal by the RF

modulation at a frequency of fRF . The acoustic wave propagates at the speed of sound,

denoted by vs. Consequently, the acoustic wavelength is calculated by [66]

Λ = 2πvs/fRF . (2.43)

By using the acoustic wavelength, Λ, the aforementioned Bragg condition is stated by a

particular incidence angle, denoted by

sin θB = λ/2Λ. (2.44)

The particular angle, θB, is known as Bragg angle. By satisfying the Bragg condition at

the Bragg angle, only one diffraction order is produced at the output end, while the other

orders of diffraction vanish due to the destructive interference. Analogous to the sliding

grating method [see Equations (2.40) and (2.41)], the frequency shift in the diffracted

wave results in a linearly time-varying phase shift, given by

ϕsft (t) = 2πvst/Λ = fRF · t. (2.45)

It is obvious that the RF signal determines the phase shift rate with respect to time.

Commercial AOMs with operating frequency from tens to hundreds of megahertz are

widely available in the market. However, such a frequency band is normally considered

too high for array detectors. For a practical implementation in optical interferometric

systems, two AOMs are normally used in parallel. It means that each of the interfering

waves is modulated by an individual AOM. By a precision control of the two AOMs, it

is readily to set the frequency difference within kilohertz or even lower. Thus, a scanning

unit is avoided which in turn enables the usage of array detectors.

Rotating Polarizing Optics An alternative method for introducing a frequency differ-

ence is based on rotating polarizing optics [67] such as phase retarder [68, 69] and polarizer

[70, 71]. Various combinations and arrangements of the rotating polarizing optics are ca-

pable to introduce the frequency difference. In this demonstration, only one example is

given in which the rotating polarizing optics is configured in front of the interferometric

system, as shown in Figure 2.10.

The phase modulation unit is configured outside the interferometric system, which consists

of a stationary polarizer, a rotating HWP, and a 45◦-oriented quarter-wave plate (QWP).

When a monochromatic wave incidents into the phase modulation with an arbitrary

polarization, it is then converted to a linearly polarized wave by the polarizer. Assumed
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Figure 2.10: Phase shift induced by rotating optics.

for convenience, the linearly polarization is along the vertical direction, denoted by

Vp =

[
0

1

]
· exp (−jω0t) , (2.46)

where ω0 stands for the angular frequency of the input wave. The linearly polarized wave,

Vp, passes through the rotating HWP and the 45◦-oriented QWP, successively. The wave

at the exit end of the phase modulation unit is calculated by[
Vhrz
Vvrt

]
=

[
1 j

j 1

]
︸ ︷︷ ︸

QWP

[
cos 2ωt sin 2ωt

sin 2ωt − cos 2ωt

]
︸ ︷︷ ︸

rHWP

Vp =

[
− exp (j2ωt+ π/2)

− exp (−j2ωt)

]
e−jω0t, (2.47)

where Vhrz and Vvrt represent the horizontal and the vertical polarization components of

the emergent wave, respectively, and ω is the angular frequency of the rotating HWP.

The magnitude of the wave vector is dropped in Equation (2.47) which in return only

shows the phase-related items. Afterwards, the modulated wave enters the interferometric

system, in which the two orthogonally polarized components, Vhrz and Vvrt, are separated

by the polarizing beam splitter (not shown), e.g., the Wollaston prism. The linearly

time-varying phase shift between the two components is then denoted by

ϕsft (t) = 4 · ωt. (2.48)

The phase shift rate with respect to time is determined by the angular frequency of the

rotating HWP. Normally, the demanded rotation is provided by a mechanical unit. As a

matter of fact, the maximum of the upper limit of the angular frequency is in the order
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of kilohertz. When the frequency goes up, the introduced phase shift becomes unreliable,

because of the mechanical rotation.

Zeeman Laser As its name indicated, the principle of the Zeeman laser is based on

the Zeeman effect, which states that the spectral line splits into several components in

the presence of a static magnetic field [20, 21]. Specifically, under the application of a

longitudinal magnetic field, the spectrum of the output laser is split into two oppositely

circular polarizations which are converted into orthogonal linear polarizations by a QWP

[72], as shown in Figure 2.11.

Interferometric 
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QWP

F

45°

He-Ne Laser with 
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Figure 2.11: Phase shift provided by Zeeman laser.

Ideally, the spectral line of a He-Ne laser is 632.8 nm. The two spectral lines of the two

split components are symmetrically distributed with respect to the 632.8 nm spectral line.

According to the Zeeman effect [73, 74], the frequency difference between the two split

components is

vrc − vlc = 2∆v = 2 · gµBH
h

, (2.49)

where g = 1.3 is the Landé g-factor, µB stands for the Bohr magneton, H represents the

intensity of the applied magnetic field, and h denotes the Planck constant. Analogous

to the description in the rotating polarizing optics, the conversion from circular to linear

polarizations maintains the angular frequency of the corresponding waves. Consequently,

the linearly time-varying phase shift is described by

ϕsft (t) = (vrc − vlc) · t. (2.50)

The typical frequency difference, which is introduced by Zeeman laser, is in the order of

megahertz. So the Zeeman laser is normally used in point sensing or with scanning unit.
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2.2.3 Summary

This section presents the commonly used phase-shifting devices and methods. The ob-

jective of this thesis (see Section 1.2) is drawn from the review of the representatives of

the phase shifters.

Generally, the mechanical motion based phase shifters suffer from the noises resulting

from translating, rotating, or expanding. Meanwhile, the maximum speed is restricted

due to the inertia. Most of the acousto-optic or magneto-optic effects based phase shifters

provide a phase shift in the order of megahertz, which is too fast for a camera to capture

at least three images in a single cycle (see Subsection 2.1.1). Even though it is possible to

capture such a fast varying interferogram in different cycles with a fixed delay, namely the

stroboscope technique [75], a strong condition must be assumed that each cycle is com-

pletely the same. Regarding the location of the phase shifters, in certain interferometric

systems, the phase is preferred to be shifted before entering the interferometer, because

it is not necessary to consider the specific optical arrangement inside the interferometer.

Not all of the phase shifters success in this task.

In terms of physical effect, the acousto-optic modulator belongs to the elasto-optic effect,

and the Zeeman laser is based on the magneto-optic effect. As for the electro-optic effect

based modulator, it is introduced in the following chapters, together with the proposed

modulator in this thesis, to make a better comparison.





Chapter 3

Dual Transverse Electro-Optic

Modulator

Recalling the scientific problem defined in Section 1.2, this chapter presents a solution

to the phase-shifting issues. A polarization-controlled phase modulator is proposed to

introduce a linearly time-varying phase shift in interferometric systems. The physical

principle is based on the dual transverse electro-optic (DTEO) effect. The phase modu-

lator operates under two orthogonally alternating electric fields without any mechanical

motion units. The two interfering waves are phase shifted inside the phase modulator,

simultaneously and locally, which means the phase modulator is capable to be applied in

most polarizing interferometric systems. In terms of the operating frequency, a revised

electro-optic coefficient is analyzed for a successful data collection by array detectors. The

physical principle and the experimental verification of the proposed phase modulator are

introduced in Sections 3.1 and 3.2, respectively.

3.1 Physical Principle

The DTEO phase modulator relies on an electro-optic crystal which has a trigonal crystal

system. The unique symmetry of such a crystal system is that it has a three-fold rotation

axis [76]. In terms of group theory, the trigonal crystal system is denoted by the 3m

point group. In order to give a specific illustration, the lithium niobate (LN) (chemical

formula: LiNbO3), a representative crystal of the trigonal system, is selected in the analy-

sis and experiment, but any crystal which has the same symmetry, e.g., lithium tantalate

(LiTaO3), succeeds in the proposed phase modulator.
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3.1.1 Basics and Limitations

Generally, the electro-optic effect describes the phenomenon that the refractive index

of the medium varies under the application of external electric field. The mathematics

between the refractive index and the electric field is denoted by [77]

n = n0 + aE + bE2 + · · · , (3.1)

where E stands for the strength of the electric field, n0 is the refractive index of the

medium in the absence of the electric field (E = 0), a and b are the linear and the

quadratic constants, respectively. Typically, the Pockels linear electro-optic effect is much

more significant (many orders of magnitude larger) than the Kerr quadratic electro-optic

effect. Even so, the variation in refractive index induced by the linear effect is so small

that the changes are normally shown by interferometric methods. Throughout the present

study, only the Pockels effect is considered and discussed, unless otherwise indicated.

According to the EM theory, the speed of light in the medium is [5]

c = c0/n = (µε)−1/2 (3.2)

with

n2 = ε/ε0, (3.3)

where c0 stands for the speed of light in vacuum, µ and ε are the relative permeability

and the relative permittivity in the medium, respectively, and ε0 represents the vacuum

permittivity. The relative permittivity is a symmetric second-order tensor which has

εij = εji. In isotropic medium, the representation of the relative permittivity is a diagonal

matrix in which all the diagonal elements have an identical value, namely ε11 = ε22 =

ε33 = ε. The EM wave propagates in the isotropic medium at the same speed regardless

of the direction. The situation becomes different in the case of an anisotropic medium. In

an anisotropic medium, the refractive index is directional. As a result, the speed of light

in an anisotropic medium is depended on the state of polarization and the propagation

direction. This phenomenon is called birefringence. It is customary to use an index

ellipsoid, termed as indicatrix, to describe the refractive index distribution according to

the state of polarization and the propagation direction. In the principal axis system, the

indicatrix is denoted by [78] x

y

z


T  1/n2

1 0 0

0 1/n2
2 0

0 0 1/n2
3


 x

y

z

 = 1, (3.4)
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where ni is the refractive index along the corresponding principal axis which is known

as principal refractive index. The shape and orientation of an indicatrix are determined

by the symmetry of the crystal. Considering a uniaxial crystal, e.g., lithium niobate

crystal, its indicatrix is an ellipsoid of revolution about the principal symmetry axis with

n1 = n2 = no and n3 = ne, where no and ne represents the ordinary and the extraordinary

refractive index, respectively. An illustration of such an indicatrix is shown in Figure 3.1.
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Figure 3.1: Indicatrix at the absence of an external field.

When the light propagates along the principal axis, the refractive index is readily found

by investigating the indicatrix. For example, a monochromatic wave is considered prop-

agating along the principal z-axis and linearly polarized along the x-axis. The refractive

index for such a wave is found to n1 in Figure 3.1. For a general case, the wave vector is

assumed to be OP = (cosαx, cosαy, cosαz), as shown in Figure 3.2.

The angles are defined as ]POx = αx, ]POy = αy, and ]POz = αz. Considering a plane

that contains the origin O and is perpendicular to the wave vector OP, the intersection

of this plane and the indicatrix is an ellipse in which the semi-major axis is OA and the

semi minor axis is OB. The semi-major and the semi-minor axes indicate the two allowed

polarization directions inside the crystal upon a propagation with the wave vector OP,

and their lengths denote the corresponding refractive indices, na and nb, respectively.

Under the application of an external electric field, the shape, size, and orientation of the

indicatrix are all changed, denoted by [79] x

y

z


T  1/n2

11 1/n2
12 1/n2

13

1/n2
12 1/n2

22 1/n2
23

1/n2
13 1/n2

23 1/n2
33


 x

y

z

 = 1. (3.5)



34 CHAPTER 3. DUAL TRANSVERSE ELECTRO-OPTIC MODULATOR

na

nb

y

x

z

O

A

B

P

Figure 3.2: Indicatrix for arbitrary propagation.

The cross terms in Equation (3.5) are induced by the external field, which indicates that

the principal axes of the indicatrix are not coincident to the one without the external

field. The mathematics between the refractive indices and the external electric field is

1

n2
11

− 1

n2
1

=γ11Ex + γ12Ey + γ13Ez,

1

n2
22

− 2

n2
2

=γ21Ex + γ22Ey + γ23Ez,

1

n2
33

− 1

n2
3

=γ31Ex + γ32Ey + γ33Ez,

1

n2
23

=γ41Ex + γ42Ey + γ43Ez,

1

n2
13

=γ51Ex + γ52Ey + γ53Ez,

1

n2
12

=γ61Ex + γ62Ey + γ63Ez,

(3.6)

where γij (i = 1,2,3, · · · ,6, j = 1,2,3) is the electro-optic coefficient of the third-order ten-

sor with 18 components. The number of components reduces due to certain kind of

crystal symmetry. Considering the lithium niobate crystal [80], the non-zero components

are γ13 = γ23, γ22 = −γ12 = −γ61, γ42 = γ51, and γ33. Equation (3.6) then becomes

1

n2
11

=
1

n2
o

− γ22Ey + γ13Ez,
1

n2
22

=
1

n2
o

+ γ22Ey + γ13Ez,

1

n2
33

=
1

n2
e

+ γ33Ez,
1

n2
23

= γ51Ey,

1

n2
13

=γ51Ex,
1

n2
12

= −γ22Ex.

(3.7)
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Thus, the indicatrix of the lithium niobate crystal under the function of an external

electric field is described by Equations (3.5) and (3.7) as xy
z


T  1/n2

o − γ22Ey + γ13Ez −γ22Ex γ51Ex
−γ22Ex 1/n2

o + γ22Ey + γ13Ez γ51Ey
γ51Ex γ51Ey 1/n2

e + γ33Ez


 xy
z

 = 1. (3.8)

To show the usage of Equation (3.8), a transverse electro-optic modulation is first consid-

ered in which the wave propagates perpendicular to the applied electric field. Assuming

that the wave is monochromatic and propagates along the z-axis, and the electric field

only has an x-component, i.e., E = Ex and Ey = Ez = 0. Under this assumption,

the indicatrix described by Equation (3.8) degenerates into an ellipse with z = 0 [81],

represented by [
x

y

]T [
1/n2

o −γ22Ex
−γ22Ex 1/n2

o

][
x

y

]
= 1. (3.9)

By completing the square, Equation (3.9) is presented in the principal form, denoted by[
x′

y′

]T [
1/n2

o − γ22Ex 0

0 1/n2
o + γ22Ex

][
x′

y′

]
= 1, (3.10)

where x
′
and y

′
are the new principal axes called induced principal axes. The correspond-

ing refractive indices are [81]

nx′ =no
(
1− n2

oγ22E
)−1/2 ≈ no +

1

2
n3
oγ22E,

ny′ =no
(
1 + n2

oγ22E
)−1/2 ≈ no −

1

2
n3
oγ22E,

nz′ =nz = ne,

(3.11)

where the approximation is calculated by the binomial theorem. It is obvious that the

induced principal z
′
-axis is identical to the intrinsic principal z-axis, whereas the induced

principal x
′
- and y

′
-axes rotate at an angle of θr. To find out the rotation angle, θr,

the principal axis transform from Equation (3.9) to (3.10) is shown in detail by a matrix

notation of the ellipse, given by[
x
′

y
′

]T
RT (−θr)

[
1/n2

o −γ22Ex
−γ22Ex 1/n2

o

]
R (−θr)

[
x
′

y
′

]
= 1 (3.12)
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with [
x
′

y
′

]
=

[
cos θr sin θr
− sin θr cos θr

][
x

y

]
= R (θr)

[
x

y

]
, (3.13)

where R represents the rotation matrix and [ · ]T stands for the transpose operator.

Equation (3.12) is then calculated as[
x
′

y
′

]T [
1/n2

o − γ22Ex · sin 2θr −γ22Ex · cos 2θr
−γ22Ex · cos 2θr 1/n2

o − γ22Ex · sin 2θr

][
x
′

y
′

]
= 1, (3.14)

where the cross term element, −γ22Ex · cos 2θr, is zero in the condition of a principal axis

system. The rotation angle, θr, is determined by

− γ22Ex · cos 2θr = 0 ⇒ θr = 45◦. (3.15)

Figure 3.3 is a visualization of the deformation of the indicatrix from Equations (3.4) to

(3.10). The drawing plane is z = 0, in which the rotation and the length change in the

semi-major and the semi-minor axes are illustrated.
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Figure 3.3: Deformed indicatrix.

Next, a monochromatic wave with a wavelength of λ is considered to demonstrate the

phase delay in the transverse electro-optic effect. An orthonormal representation, which

is based on the principal axes, is adopted in mathematics to describe the physical phe-

nomenon. Inside the electro-optic material, the wave splits into two orthogonally polarized

components, the polarization directions of which are aligned to the semi-major and the

semi-minor axes, respectively. For the ease of illustration, the axial direction are called

allowed polarization direction. Following the assumption that the wave propagates along

the z-axis, and the electric field only has an x-component. The phase delay is described
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by

∆φ =
2π

λ
L |nx′ − ny′ | ≈

2π

λ
n3
oγ22ExL =

2π

λ
n3
oγ22

L

d
u, (3.16)

where L represents the geometric path length of the wave propagation in the electro-

optic material, d stands for the thickness of the material along the electric field direction,

and u is the applied voltage. The phase delay between the two allowed polarizations

is proportional to the applied voltage, u. An important parameter of the electro-optic

material is the half-wave voltage which is required to retard one allowed polarization by

π in phase relative to the other. In the current demonstration, the half-wave voltage is

denoted by [82]

uπ =
λ

2n3
oγ22

· d
L
. (3.17)

When the material is chosen, the half-wave voltage is determined by the length-thickness

ratio, L/d. Although the longitudinal effect is beyond the scope of the present study, it is

worth noting that the half-wave voltage is independent on the dimension of the material

in that case.

As indicated previously, it is also capable to introduce a time-varying phase shift by the

electro-optic effect, which is denoted by

ϕsft (t) = π · u (t)

uπ
, (3.18)

where u (t) is the applied voltage. Theoretically, the conventional electro-optic phase

modulation is sufficient to introduce a desired phase shift between the two interfering

waves by a linearly varying potential voltage. However, in practice, especially for the

time-related measurement, it is not easy to generate a linear variation of the voltage

which covers a large number of periods in terms of the cosine function [see Equation

(2.21)]. Hence, for the phase modulation which is based on the electro-optic effect, a

sinusoidally varying potential voltage is normally applied. In turn, the potential voltage

of such a kind results in a time-varying intensity, in which the description involves the

Bessel function, denoted by

I (ρ,t) = I0 (ρ) + I0 (ρ) γ (ρ) · cos

[
π · β · cos (ωut)

uπ

]
(3.19)

with

cos

[
π · β · cos (ωut)

uπ

]
= J0

(
πβ

uπ

)
+ 2

∞∑
n=1

(−1)n J2n

(
πβ

uπ

)
cos (2nωut) , (3.20)

where Ji is the i-th Bessel function of the first kind, β and ωu represent the amplitude
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and the angular frequency of the sinusoidally varying potential voltage, respectively. As a

matter of fact, the phase-shifted intensity described by Equation (3.19) brings difficulties

in the phase retrieval.

3.1.2 Dual Transverse Electro-Optic Effect

In phase-shifting interferometric systems, a linearly time-varying phase shift is preferred,

because the accompanied phase retrieval procedure is straightforward. In fact, the electro-

optic phase/intensity modulators have already been studied for long. A number of com-

mercial products are available, which are based on the physical principle, as introduced in

Subsection 3.1.1. However, the aforesaid driving issue in conventional electro-optic mod-

ulators is considered as a barrier regarding the introduction of a linearly time-varying

phase shift. As a result, it is not so common to apply an electro-optic modulator in

phase-shifting applications.

In this section, being different from the conventional electro-optic phase modulation de-

scribed above, a dual transverse electro-optic (DTEO) phase modulation is introduced

and shown in Figure 3.4. As its name indicated, the DTEO modulation is defined by the

θr=�/4-ωt/2

y

x

u
v Electrodes

Ey=E0·sinωt

Ex=E0·cosωt

z

Monochromatic Wave

Figure 3.4: Configuration of dual transverse electro-optic effect.

configuration in which the electro-optic material operates in the transverse mode with

two orthogonal electric fields. The orthogonality between the two electric fields expresses

in both the space and the time domains. Considering a cubic bulk of crystal, in the space

domain, the orientations of the two electric fields are perpendicular to each other. As

shown in Figure 3.4, each rectangular surface of the crystal is provided with an electrode.

The vertical and the horizontal electrode pairs generate the two mutually perpendicular

electric fields. Note that Figure 3.4 is drawn in an exploded view. In practical implemen-

tations, the electrodes are attached to corresponding rectangular surfaces. In the time
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domain, the expression of orthogonality is a π/2 phase delay between the two electric

fields. The applied electric fields are denoted mathematically by Ex
Ey
Ez

 = E0

 cosωt

sinωt

0

 , (3.21)

where the z-directional electric field, Ez, is shown for a complete description of the electric

field, even though Ez = 0; E0 represents the amplitude, ω is the angular frequency, and

t denotes the time parameter. The electric fields are applied to an electro-optic material.

Assuming that the intrinsic principal axes of the material are aligned to the electric fields,

Ex, Ey, and Ez, respectively, the indicatrix of the operating material is then calculated

by substituting Equation (3.21) into Equations (3.5) and (3.6), denoted byxy
z


T 

1
n2
x

+ γ11Ex + γ12Ey γ61Ex + γ62Ey γ51Ex + γ52Ey

γ61Ex + γ62Ey
1
n2
y

+ γ21Ex + γ22Ey γ41Ex + γ42Ey

γ51Ex + γ52Ey γ41Ex + γ42Ey
1
n2
z

+ γ31Ex + γ32Ey


xy
z

 = 1, (3.22)

where nx, ny, and nz are the intrinsic principal refractive indices in the absence of the elec-

tric fields. Because the electro-optic material in the present study is the lithium niobate

crystal, the symmetry of the crystal is directly considered for an ease of demonstration

without a cumbersome discussion of the general case. Specifically, a z-cut lithium niobate

crystal is oriented so that the three-fold axis of the crystal aligns to the z-axis. Recalling

the crystal symmetry of point group 3m, the useful electro-optic properties of the lithium

niobate crystal are listed as

nx = ny = no, nz = ne, γ =



0 −γ22 γ13

0 γ22 γ13

0 0 γ33

0 γ51 0

γ51 0 0

−γ22 0 0


, (3.23)

where γ is the 6×3 electro-optic tensor. By taking the symmetry of the operating crystal

(Equation 3.23) into Equation (3.22), it yields x

y

z


T  1/n2

o − γ22Ey −γ22Ex γ51Ex
−γ22Ex 1/n2

o + γ22Ey γ51Ey
γ51Ex γ51Ey 1/n2

e


 x

y

z

 = 1. (3.24)
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Recalling Figure 3.4, in the transverse operating mode, the wave propagates inside the

crystal along the z-axis. The change in the refractive index is governed by the intersection

of the plane, z = 0, and the indicatrix denoted by Equation (3.24). The intersection is

an ellipse which is a degeneration of the indicatrix at z = 0 [83], denoted by[
x

y

]T [
1/n2

o − γ22Ey −γ22Ex
−γ22Ex 1/n2

o + γ22Ey

][
x

y

]
= 1. (3.25)

In order to show the induced refractive indices clearly, a rotation to the coordinate system

is applied to rewrite Equation (3.25) in a principal form. Note that such a rotation does

not change the physical phenomenon. The rotation of the coordinates is denoted by[
u

v

]
=

[
cos θr sin θr
− sin θr cos θr

][
x

y

]
= R (θr)

[
x

y

]
, (3.26)

where u and v are the coordinates in the principal axis system. Substituting u and v in

Equation (3.25) yields[
u

v

]T [
1/n2

u cross term

cross term 1/n2
v

][
u

v

]
= 1, (3.27)

where nu and nv are the refractive indices along the principal axes, respectively, and

1/n2
u = 1/n2

o − γ22Ex sin 2θr − γ22Ey cos 2θr, (3.28a)

1/n2
v = 1/n2

o + γ22Ex sin 2θr + γ22Ey cos 2θr, (3.28b)

cross term = −γ22Ex cos 2θr + γ22Ey sin 2θr. (3.28c)

Obviously, in the principal axis system, the cross term is zero, so the rotation angle, θr,

is thus related to the applied electric fields [see Equation (3.21)], denoted by

− γ22Ex cos 2θr + γ22Ey sin 2θr = 0 ⇒ θr =
π

4
− ωt

2
, (3.29)

where ω is the angular frequency of the applied electric fields defined in Equation (3.21).

It is beneficial to give an insight into Equation (3.29), from which two points are drawn:

1. The rotation of the coordinate is time-dependent, and the angular frequency of the

rotation is determined by the electric field, denoted by ω/2.

2. The minus sign indicates that the rotation of the coordinate is in the opposite sense

to that of the resultant electric field.
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Though the ellipse rotates, the lengths of its semi-major and semi-minor axes stay un-

changed. Or put it another way, the ellipse, which is used to describe the refractive index,

maintains its shape but rotates around its center. In a dynamic view, the difference be-

tween the two principal refractive indices is constant in time. Here, the dynamic view has a

meaning of a rotating reference coordinate system. By considering the longitudinal length

of the operating crystal, namely along the direction of wave propagation (z-direction in

Figure 3.4), the phase delay between the two principal axes is readily described by [83]

∆ϕ =
2πL|nu − nv|

λ
=

2
√

2πLno
λ

√
1− sin β

sin2 β
, (3.30)

where L is the longitudinal length of the crystal, λ is the operating wavelength, nu and

nv are the principal refractive indices in the dynamic view [see Equation (3.28)], and

β = arccos(n2
oγ22E0). (3.31)

Considering the phase delay between the two rotating principal axes, the effect of the

operating crystal on the wave is established by the Jones matrix as

Tcrystal = R (θr)

[
exp

(
j∆ϕ

2

)
0

0 exp
(
−j∆ϕ

2

) ]R (−θr) . (3.32)

Substituting the rotation matrix, R, and the angle of rotation, θr, in Equation (3.32), the

effect of the operating crystal is finally denoted by

Tcrystal =

[
cos
(

∆ϕ
2

)
+ j sin

(
∆ϕ
2

)
sin (ωt) j sin

(
∆ϕ
2

)
cos (ωt)

j sin
(

∆ϕ
2

)
cos (ωt) cos

(
∆ϕ
2

)
− j sin

(
∆ϕ
2

)
sin (ωt)

]
. (3.33)

By far, the behavior of a specific electro-optic material is described, in which the three-fold

rotational symmetry is required. The two driving electric fields are mutually orthogonal in

both time and space. It is equivalent to a rotating field applied in the plane perpendicular

to the three-fold axis. The wave propagates along the three-fold axis, but it is noted that

the transit time for the wave goes through the material is ignored in the discussion.

Next, the mathematics is deduced which describes the phase modulation by means of the

DTEO effect, as shown in Figure 3.5. A linearly polarized input wave is assumed which

has an arbitrary polarization angle, denoted by

V0 = A

[
cosα

sinα

]
· exp (−jω0t), (3.34)
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Figure 3.5: Principle and configuration of the DTEO phase modulator.

where A is the amplitude, α stands for the polarization angle (arbitrary) of the input wave

with respect to the x-axis and ω0 represents the angular frequency of the input wave. The

wave is directed into the powered-up crystal. The DTEO modulation to the input wave

is denoted by

Vcrystal = Tcrystal · V0, (3.35)

where Vcrystal stands for the wave immediately after the crystal. By a proper split, Equa-

tion (3.35) is calculated as

Vcrystal =
A

2
sin

(
∆ϕ

2

){[
1

j

]
exp[−j (ω0t−ωt−α)]︸ ︷︷ ︸
right circular pol.

+

[
1

−j

]
exp[−j (ω0t+ωt+α−π)]

}
︸ ︷︷ ︸

left circular pol.

+ A cos

(
∆ϕ

2

)[
cosα

sinα

]
exp (−jω0t)︸ ︷︷ ︸

linear pol.

,

(3.36)

where an identity is used for the split, denoted by[
cosχ

sinχ

]
=

1

2

{[
1

j

]
exp (−jχ) +

[
1

−j

]
exp (jχ)

}
. (3.37)
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As indicated in Equation (3.36), the modulated wave possesses three components, namely

two orthogonal circular polarizations with a frequency difference and a linear polarization

which is identical to the input wave. The linearly time-varying phase shift is found

between the orthogonal polarizations. By a careful selection of the operating parameters,

the linear polarization in Equation (3.36) vanishes, which is done by considering the half-

wave voltage of the operating crystal. The half-wave voltage refers to the voltage required

for inducing a phase change of π for the light going through the crystal. Specifically, when

the half-wave voltage, uπ, is applied, the electric field strength is denoted by E0 = uπ/d,

where d represents the distance between the electrode pair, namely the side length of the

square section of the crystal. As a result, the phase delay, ∆ϕ, between the two principal

axes is π, and further, the wave immediately after the crystal is denoted by

Vcrystal |uπ =
A

2

[
1

j

]
exp [−j (ω0t−ωt−α)]︸ ︷︷ ︸
right circular pol.

+
A

2

[
1

−j

]
exp [−j (ω0t+ωt+α−π)]︸ ︷︷ ︸

left circular pol.

. (3.38)

For the convenience of further applications, a QWP is used to convert the two circular

polarizations into linear ones. The conversion is done by directing the modulated beam

[see Equation (3.38)] passes through the QWP, the fast axis of which is oriented at an

arbitrary angle, η, with respect to the x-axis. The output is calculated as[
Vy′

Vx′

]
=R(η − π

4
) ·
√

2

2

[
1 + j cos 2η j sin 2η

j sin 2η 1− j cos 2η

]
︸ ︷︷ ︸

QWP

·Vcrystal |uπ

=

√
2A

2

[
exp

[
−j
(
ω0t+ ωt+ α + η − 5π

4

)]
exp

[
−j
(
ω0t− ωt− α− η − π

4

)] ] ,
(3.39)

where the coordinate is rotated by an angle of η− π/4, represented by R(η− π
4
), Vx′ and

Vy′ are the two components along the axes in the rotated coordinate, respectively. Note

that the coordinate transformation does not influence the physical features of the mod-

ulation, but changes the mathematical representation into an easy-reading form. Under

the application of a polarizer which is oriented at ψ with respect to the x-axis, the two

interfering waves are denoted by

Ũ1 (t) =

√
2A · sinψ

2
· exp

[
−j
(
ω0t+ ωt+ α + η − 5π

4

)]
, (3.40a)

Ũ2 (t) =

√
2A · cosψ

2
· exp

[
−j
(
ω0t− ωt− α− η − π

4

)]
. (3.40b)
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In Equation (3.40), the spatial coordinates are dropped for clarity, because here the phase

is only discussed and modulated along the time. Consequently, the linearly time-varying

phase shift between the interfering waves is given by

ϕsft (t) = 2ωt+ 2α + 2η − π, (3.41)

where the time-dependent item is only related to the angular frequency, ω, of the applied

electric fields. A linearly time-varying phase shift is then brought around by such a

scheme. The phase shift is carried by two orthogonally linear polarizations which gives

flexibility for further applications in interferometric systems, because such a phase shift

scheme does not rely on the followed-up optical configurations.

In the description above, the orientations of the input polarization (α), the QWP (η),

and the polarizer (ψ) are all arbitrary. The purpose is to demonstrate that the present

phase modulator is insensitive to orientation errors. This feature results from the circular

symmetry of modulation. There is no preferred direction in the phase modulator. The

time-varying interferometric intensity of a general form resulting from the two waves in

Equation (3.40) is calculated by

I (t) =
[
Ũ1 (t)+Ũ2 (t)

]
·
[
Ũ1 (t)+Ũ2 (t)

]∗
=
A2

2
+
A2

2
sin 2ψ cos (2ωt+2α+2η−π) . (3.42)

It is apparent that the orientations do not determine the time-varying phase shift. Once

an interferometric system is built up, the parameters, α, η, ψ, are fixed and the phase

item, 2α+ 2η−π, is regarded as the initial phase in the system. In fact, the initial phase

is determined by the choice of the describing coordinates. The time-varying phase shift

is only related to the applied electric fields. On the other hand, the orientation, ψ, of the

polarizer has a substantive impact on the interference, but it only determines the visibility

of the interferometric pattern. Therefore, the proposed phase shifter is immune to the

orientation errors of the optical components and insensitive to the input polarization

direction.

The parameters of a particular configuration are summarized which give a good efficiency

to the phase modulator, listed as follows:

1. The operating electro-optic material is a cubic bulk of crystal with a three-fold

rotational symmetry. The intersection, which is perpendicular to the three-fold

axis, is a square.

2. In the transverse operation mode, the wave propagates along the three-fold axis.

The resultant electric field is constant in strength, while rotating in the square

section around the three-fold axis.
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3. The two orthogonal electric fields are driven by the half-wave voltage, which is

determined by the length-thickness ratio and the electro-optic property of the crystal

in use, as well as the operating wavelength.

4. The QWP is 45◦ oriented with respect to the x-axis.

Recalling Equations (3.33) and the Jones matrix of the QWP [84], the phase modulator

under such a configuration is denoted by

TPM = TQWP |45◦ · Tcrystal |uπ =

√
2

2

[
− cosωt+ j sinωt j cosωt+ sinωt

j cosωt− sinωt − cosωt− j sinωt

]
. (3.43)

3.2 Experimental Verification

After the description of the physical principle in the DTEO phase modulator, this section

demonstrates the feasibility of the modulator by a series of experiments. Some practical

issues regarding the implementations are shown and discussed. Particularly, a revised

electro-optics coefficient is considered to run the modulator in an operating frequency

which satisfies the frame rate of commercial array detectors.

3.2.1 Revised Electro-Optic Coefficient

This subsection first clarifies the difference between the electro-optic effect and the Pockels

effect, because sometimes the concepts are confusable. Then, a proper choice of the

electro-optic coefficient is presented. The electro-optic effect discussed above is all about

the refractive index variation resulting directly from the applied electric field, which is

known as the primary effect. Being rigorous, there is actually another contributory factor

besides the primary effect, namely the secondary effect [78]. The secondary effect takes

its function by an indirect impact on the refractive index. The observed phenomenon

from an electro-optic effect is the sum of the primary and the secondary effects. Figure

3.6 shows a full description of the origins which lead to a variation in the refractive index

under the application of an external electric field.

It is found that there are two routes linking the applied electric field and the variation

in the refractive index. The applied electric field gives rise to the changes in both the

strain and the refractive index of the crystal. The direct primary effect shows the pure

influence on the refractive index from the applied electric field. Such an influence strictly

defines the Pockels effect, whereas the electro-optic covers both the Pockels effect and

the secondary effect. Considering the secondary effect, the field-induced strain further

alters the refractive index through the photo-elastic effect. For the purpose of clarity, it is
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Figure 3.6: Primary and secondary effects from external field to refractive index.

customary to denote the electro-optic coefficient by the Pockels effect. The contribution

from the secondary effect to the refractive index is normally announced separately when

considered.

For a high frequency practice (normally above 1 kHz), the secondary effect is convention-

ally dropped when describing the field-induced refractive index, because, compared to the

primary effect, the consequential variation in the refractive index is not sufficiently signif-

icant. The reason is that, at high frequencies, the inertia of the crystal prevents it from

being strained macroscopically. However, this is not the case when the crystal undergoes

a static or slowly varying field. At low frequencies, the secondary effect has a competitive

magnitude in the observed phenomenon with respect to the primary effect. When the

secondary effect is taken into account, the effective electro-optic effect is calculated by

[79]

∆
1

n2
i

=
3∑
j=1

6∑
k=1

pikdjkEj +
3∑
j=1

rijEj, (3.44)

where i runs from 1 to 6 (in contracted notation), p is the elasto-optic coefficient, d

is the piezo-electric coefficient, r is the Pockels electro-optic coefficient. The effective

electro-optic coefficient is then denoted by

γij =
6∑

k=1

pikdjk + rij. (3.45)

At high frequencies the first term on the right-hand side of Equation 3.44 is zero. How-

ever, at low frequencies the elasto-optic effects contribute additionally to the changes of

the refractive indices. In the present study, all the electro-optic coefficient refers to the

effective one, which includes the contribution from the secondary effect, because the phase
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modulator aims to be coupled with array detectors.

3.2.2 Experiments and Results

To verify its feasibility, the DTEO modulator is configured in an experimental setup. The

laser beam leaving the DTEO modulator is directed into a Michelson interferometer, as

shown in Figure 3.7. Before the linearly polarized laser beam enters the phase modulator,

x

y

z

Laser HWP

Phase Modulator

L1 L2

PBS

QWP1

QWP2

Mirror1

Mirror2

P45°

CCD

LN QWP

Tilted Around the x-Axis

Figure 3.7: Experimental configuration of the optical setup. Mirror1 is tilted around the
x-axis to form a vertical distribution of the interferometric fringes at the CCD plane.

the HWP orients the polarization, assumed for convenience, along the x-axis. The laser

beam is then modified by the DTEO phase modulator. Lenses L1 and L2 are configured

as a Keplerian telescope, which is used to collimate the modulated laser beam. Thanks

to the orthogonality of the two modulated components [Vx′ and Vy′ in Equation (3.39)], a

polarizing beam splitter (PBS) is readily exploited to split the two components spatially

and direct them into corresponding interferometric arms. Ideally, there is only a single

optical frequency in one arm, but this is not always true in practical implementations.

The reason is that 1) the degree of polarization (DOP) can hardly achieve 100% in the real

world, and 2) the misalignments also result in a frequency mix in a single arm. Hence, to

increase the frequency purity in each arm, the best practice is to orient the fast axis of the

QWP at 45◦ with respect to the optic axis of the PBS, say the x-axis. Between the PBS
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and each mirror, a QWP is inserted to switch the polarization in corresponding arm to its

orthogonal state. Consequently, when the beams in each arm returning to the PBS, the

previously transmitted beam is reflected and vice versa. A 45◦ oriented polarizer helps to

force the x- and y-polarized beams into interference at the CCD plane. It is noted that all

the polarization conversions in the present configuration do not change the time-varying

phase shift between the two interfering beams, but indeed the initial phase changes along

with the conversion, which does not influence the time-varying phase shift.

The experimental setup is configured as shown in Figure 3.7, and all systematic settings,

as well as parameters of the devices in operation, are listed below:

� Source: Helium-Neon laser, Carl Zeiss Jena HNA 188-2

– Power: 50 mW;

– Wavelength: 632.8 nm;

– Polarization extinction ratio: 1000:1;

� Electro-optic material: LN crystal

– Intrinsic refractive index: n0 = 2.2863 @ 632.8 nm;

– Effective electro-optic coefficient: γ22 = 7× 10−12 m/V, < 1kHz;

– Dimension: 5 (d)× 5 (d)× 30 (L) mm3;

– Orientation: z-cut, three-fold axis // 30 mm direction;

– Electrode: four electrodes cover the four rectangular surfaces, respectively;

� Power supply: two channels for one pair of opposite electrodes each

– Output waveform: sinusoid;

– Phase delay between channels: π/2;

– Angular frequency: ω = 34π rad/s;

– Amplitude: half-wave voltage uπ = d · E0=349 V;

� Optics:

– Wave plates: polymer true zero-order retarders;

– Lenses: L1 and L2 with focal lengths of 5 mm and 40 mm, respectively;

� Array detector: CCD camera, Basler piA640-210gm

– Frame rate: 136 fps;
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– Region of interest: 384 px × 512 px;

– Pixel size: 7.4 µm × 7.4 µm;

– Pixel bit depth: 8 bits;

The acquisition time is eight seconds. Considering the operating frame rate of the cam-

era, a set of 1088 frames is recorded during the experiment in time sequence. Figure 3.8

shows four interferograms with an identical time interval between successive frames. The

(a) (b)

(c) (d)

Figure 3.8: Four captured interferograms. From (a) to (d), the frame indices of the
interferograms are 7, 8, 9, and 10, respectively.

vertically oriented fringes are the expression of the interference between the two mutually

tilted wavefronts. A fringe movement is observed, which results from the shifting phase

in the two interferometric arms. Without losing generality, each of the captured interfer-

ograms is represented by the gray levels in its 192nd row of pixels for further analysis, as

shown in Figure 3.9.
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Figure 3.9: Temporal intensity evolution history.

Figure 3.9(a) shows the temporal evolution history of the interferometric intensity, in

which the 192nd row of pixels in each frame is extracted and stacked together from the

top to the bottom in time sequence. For example, the rows of pixels, which are marked by

the black solid lines, in Frames 34 and 102 [see Figure 3.9(b) and (c)] are extracted and

placed in Figure 3.9(a) at the points in time, 0.25 s and 0.75 s, respectively. It is noted that

Figure 3.9(a) only involves the data collected within one second for efficiency. A periodic

intensity evolution is observed over time, which indicates the linearly time-varying phase

shift.

To give a quantitative investigation of the phase shift, the temporal frequency of the

intensity evolution history is examined. The pixel located at (137,424) is selected as

an example. The temporal intensity evolution history of the selected pixel is presented

in Figure 3.10(a), and its corresponding temporal frequency is shown in Figure 3.10(b).

Once again, for a detailed illustration, Figure 3.10(a) only covers the first 136 sampling

points in time sequence, which corresponds to an acquisition time of one second. The
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Figure 3.10: Investigation of the temporal intensity at a single pixel. (a) Intensity along
time and (b) Fourier spectrum of (a).

temporal frequency shown in Figure 3.10(b) accounts for all the 1088 sampling points. As

shown in the temporal frequency spectrum, the DC component is contributed from the

background intensity. The labeled frequency, which is located exactly at 34 Hz, confirms

the linearly time varying phase shift.

It is worth noting that besides the DC and the 34 Hz components, there is occasionally

a non-dominating component which occupies the frequency of 17 Hz [too small to be

noticed in Figure 3.10(b)]. This component results from the manufacturing error in the

DTEO modulator. Specifically, referring to Equation (3.36), when the driving voltage is

not perfectly equal to the half-wave voltage of the operating crystal, a linear polariza-

tion appears with an identical optical frequency to the input wave. The QWP converts

the linear polarization into a circular polarization. The 17 Hz component is a result of

the interference between the said circular polarization of the original frequency and the

up/down shifted frequencies. In implementations, the non-dominating 17 Hz component,

as well as other noise, is readily removed by the frequency domain filtering.
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In the experimental setup, the laser beam is expected to pass through the center of the

square cross section of the powered-up crystal. Inside the crystal, the electric field is

uniform along the center line in the three-fold axis direction. In the off-axis area, there

is a cross talk between the x- and y- components of the electric field. Certain distortion

is found in the resultant field and the distortion reaches its maximum at the edge of the

crystal. A spatial filter or a pinhole give rise to an enhanced quality of the phase shift by

eliminating the undesired portion of beam.

3.3 Summary

This chapter presents the dual transverse electro-optic (DTEO) phase modulator. The

description starts from the basics of conventional electro-optic modulator, and its difficulty

of introducing a linearly time-varying phase shift is identified. In such a background,

the physical principle of the DTEO phase modulator is demonstrated in detail. The

functionality of the DTEO phase modulator relies on the three-fold rotational symmetry

of an electro-optic crystal. An useful physical property of the DTEO effect is concluded,

which lays the fundamental of the DTEO phase modulator. The property is that the

principal axes of the operating crystal is rotating along time, but the phase delay between

the principal axes is constant. The phase delay is deduced in terms of the applied voltage.

The half-wave voltage is indicated by finding the phase delay of π. The Jones matrix of

the DTEO phase modulator is presented in the general and a preferred configurations,

respectively [see Equations (3.33) and (3.43)].

The feasibility of the DTEO phase modulator is verified in an experimental setup. The

lithium niobate crystal is selected as the operating material, because it possesses the 3m

point group symmetry. The Michelson interferometer is used to have the experimental

demonstration, in which the DTEO phase modulator is configured before the beam split-

ting. The difference between the electro-optic effect and the Pockels effect is clarified

to have a proper choice of the electro-optic coefficient. By investigating the temporal

intensity evolution history of the interferograms, as well as its corresponding temporal

frequency spectrum, the feasibility and functionality of the DTEO phase modulator is

confirmed.



Chapter 4

Temporal ESPI Based on DTEO

Modulator

Electronic speckle pattern interferometry (ESPI) is an important member in the family of

interferometric systems. It is customary to consider the electronic speckle pattern inter-

ferometry (ESPI) as a successor of the conventional speckle interferometry in which the

interference pattern is recorded by exposing a photosensitive film. To visualize the speckle

interference, which is generated by conventional speckle interferometers, a post-treatment

is normally involved, namely the film development. The film development brings difficul-

ties to the quantitative analysis of the interference and reduces the time resolution of the

measurement greatly. In the year 1970, Leendertz [85] brought a television camera to a

conventional speckle interferometer, which now has gained wide acceptance to be recog-

nized as the emergence of ESPI. In ESPI systems, the photosensitive films are replaced

by electronic devices, e.g., digital cameras. For further data interpretation, it is possible

to transfer the captured speckle interference pattern to a host computer, which gives var-

ious possibilities to potential applications of ESPI. In this case, the ESPI is sometimes

specified as digital speckle pattern interferometry (DSPI), in which the speckle data is

processed in the host computer instead of hardware.

In practice, the ESPI technique plays a vital role in the field of non-destructive test-

ing. The crowned features of the ESPI technique include: full-field investigation, non-

destructive evaluation, high accuracy, and the potential possibility of real-time measure-

ment. A good number of literatures have been published regarding the ESPI technique

[86–88]. The more promising aspect is that the technique is no longer limited in optical

laboratory. Rather, quite a lot of industrial applications rely on the ESPI technique. The

application area covers auto and aerospace industry, manufacturing, civil engineering,

material science, biology, etc. Various ESPI systems have been developed for differ-
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ent scenarios, e.g., out-of-plane/in-plane deformation measurement [89–91], shape/profile

modeling [92], and surface roughness evaluation [93, 94].

In this chapter, a temporal ESPI system is proposed which is based on the DTEO phase

modulator. The proposed system possess the ability of measuring the in-plane rotation

in real time. The direction of rotation is obtained together with the angle quantity. The

relationship between the rotation and the phase change distribution is established for

a successful evaluation of the target. Thanks to the DTEO phase modulator, dynamic

measurements are accomplished and the results are given in real time.

4.1 Basics in ESPI

The ESPI systems are normally used for the investigation of optically rough surfaces, the

average height variation of which is larger than a quarter of the operating wavelength.

Under coherent illumination, the reflection from the rough surface develops speckle pat-

terns at the observation plane. The speckle phenomenon was a trouble for scientists and

researchers in the field of holography, which makes the hologram granular [95]. Efforts

have been put in suppressing speckle until it was recognized that the speckles actually

carry the information about the surface under investigation. Soon after, the speckles are

taken as a kind of tool in optical metrology. The associate speckle-related techniques are

developed, such as speckle photography, speckle interferometry, and speckle statistics. In

this section, the basics in ESPI is introduced.

4.1.1 Working Principle

A Michelson interferometer is considered to illustrate the working principle of ESPI, as

shown in Figure 4.1. The coherent illumination is provided by a laser. The emission

beam is collimated by the collimation lens and then enters the beam splitter. The beam

scattered from the rough surface (object) is termed as the object beam and the one

reflected from the mirror as the reference beam. The two beams are recombined at the

beam splitter and the interference speckle pattern is imaged to the detector array. At

the detector array, the imaged interference speckle pattern is called the subjective speckle

pattern. For a successful access to the fringes or phase, it is necessary to control the

minimum diameter of the speckles, so that the speckle pattern is fully resolved by the

detector array. Considering a single speckle pattern that is formed by an imaging system,

e.g., a lens, the minimum diameter of the speckles is determined by the effective numerical

aperture (N.A.) of the imaging lens [96], denoted by

σ ≈ 0.6λ/N.A., (4.1)
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Figure 4.1: ESPI system based on a Michelson interferometer.

where λ is the illumination wavelength. When it comes to a speckle interferometer, the

speckles in the interferogram result from the coherent superposition of the speckle field

and a uniform field, namely the reference field. The superposition of the reference field

has an impact on the size of the individual speckles. Specifically, the minimum diameter

of the speckles is doubled [96]. Hence, a simple way to control the speckle size in the

speckle interferometer is realized by placing an aperture in front of the imaging lens.

Through the change in the opening size of the aperture, it is straightforward to control

the speckle size by the effective N.A. To measure a quantity by using ESPI systems, a

basic scheme is the double exposure method [97]. An interference speckle pattern is first

captured of the object in one state. Then, the object undergoes certain load or change

and the other interference speckle pattern is recorded. The correlation fringes of these

two speckle pattern reveals the measured quantity.

4.1.2 Correlation Fringes

Conventionally, the correlation fringes are accessible through three approaches, namely

the addition, the subtraction, and the convolution methods. Each method has its own

features in the presentation of the correlation fringes. To demonstrate these methods, it

is helpful to mathematically denote the intensity of the interferogram:

Ibefore (ρ) = A2
1 (ρ) + A2

2 (ρ) + 2A1 (ρ)A2 (ρ) cos [φs (ρ)] , (4.2)
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where A1,2 represents the amplitude of the reference wave and the object wave, respec-

tively, φs stands for the phase of the interference speckle pattern. Similarly, after the

object undergoes a deformation, for example, the intensity becomes

Iafter (ρ) = A2
1 (ρ) + A2

2 (ρ) + 2A1 (ρ)A2 (ρ) cos [φs (ρ) + φ (ρ)] , (4.3)

where φ denotes the phase change induced by the deformation.

Addition Mode As its name indicates, the addition mode of the correlation fringes is

calculated by the absolute sum of the intensities of the double exposure [98], denoted by

Icf (ρ) = |Ibefore (ρ) + Iafter (ρ)|

=2
(
A2

1 + A2
2

)
+ 4A1A2

∣∣∣∣cos

[
φs (ρ) +

φ (ρ)

2

]
cos

[
φ (ρ)

2

]∣∣∣∣ , (4.4)

where the sum-to-product identities are used for the calculation. The correlation fringes

are revealed by the term cos [φ (ρ) /2], which shows the measured quantity, such as the

displacement. It is noted that the correlation fringes are superimposed by the multiplica-

tive noise, presented by the random-speckle granular term cos [φs (ρ) + φ (ρ) /2]. When

the correlation fringes are illustrated by the addition mode, special care is required to

enhance the contrast, because the term 2 (A2
1 + A2

2) gives rise to the stationary noise and

reduces the visibility of the correlation fringes.

Subtraction Mode Analogous to the addition mode, the subtraction mode of the

correlation fringes is obtained by the subtraction operation of the double exposure [99].

By subtracting Equations (4.2) and (4.3) and getting the absolute value, it yields

Icf (ρ) = |Ibefore (ρ)− Iafter (ρ)|

=4A1A2

∣∣∣∣sin [φs (ρ) +
φ (ρ)

2

]
sin

[
φ (ρ)

2

]∣∣∣∣ . (4.5)

Each item in Equation (4.5) has the same definition to Equation (4.4). A significant

distinction is that the background intensity is canceled out due to the subtraction op-

eration. Ideally, the minimum intensity of the correlation fringes is zero without being

bothered by the background intensity, or the DC component. As a result, the contrast

of the correlation fringes is greatly enhanced. On the other hand, the gray level of the

correlation fringes obtained by the subtraction mode is limited to a narrow range. It is

concluded that the subtraction mode has an enhanced contrast and a relatively low gray

level of the correlation fringes. Due to the exist of the multiplicative noise, the subtrac-

tion mode also suffers from the random-speckle granular pattern. For either the addition
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or the subtraction mode, a post-treatment of filtering is conventionally applied to reduce

the multiplicative noise.

Convolution Mode The convolution mode is also known as the correlation mode which

is based on the knowledge of the speckle statistics. A sliding window is involved to

calculate the correlation coefficient within the desired area [100]. The correlation fringes

are presented by the value of the correlation coefficients. The advantage of the convolution

mode is that it removes the multiplicative noise in the correlation fringes. By reviewing

the two previous modes, it is known that when there is no difference between the two

captured speckle interference patterns, the intensity of the correlation fringes reaches its

minimum. Dark fringes are presented in this case. In other words, the two intensity

measures are correlated to the greatest extent at the position where dark fringes appears.

On the contrary, the two measures show lowest correlation at bright fringes. Hence, it

is possible to reveal the fringes by the correlation coefficients. Recalling Equations (4.2)

and (4.3), the correlation coefficient is calculated by the covariance [101], denoted by

C (ρ) =

〈(
Ibefore − 〈Ibefore〉m×n

) (
Iafter − 〈Iafter〉m×n

)〉
m×n[〈(

Ibefore − 〈Ibefore〉m×n
)2
〉
m×n

]1/2 [〈(
Iafter − 〈Iafter〉m×n

)2
〉
m×n

]1/2
, (4.6)

where the angle brackets represent the ensemble average, m×n stands for the size of the

window in pixel. It is assumed that 1) the intensity within the investigation window is

constant during the loading event, and 2) the average intensities in both interferometric

arms are identical. Mathematically, the assumptions are denoted by

〈Ibefore〉 = 〈Iafter〉 = 2 〈Iarm〉m×n , (4.7)

where Iarm represents the intensity in a single arm. Another useful identity is based on

the condition that the size of the investigation window is sufficiently large. Under this

condition, the identity is denoted by

〈cosφs〉m×n = 〈cos (φs + φ)〉m×n = 0. (4.8)

Substituting Equations (4.7) and (4.8) into Equation (4.6) yields

C (ρ) =
2 〈Iarm〉2m×n + 2 〈Iarm〉2m×n cosφ

4 〈Iarm〉2m×n
=

1

2
(cosφ+ 1) . (4.9)

It is shown in Eq. (4.9) that when the correlation fringes are calculated by the convolution

method, the distribution of the correlation coefficient directly characterizes the fringes.
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More importantly, the presented fringe pattern is free of the multiplicative noise which is

resulted from the speckles.

To sum up, any one of the three calculation modes is effective in extracting the correlation

fringes from the randomly distributed speckle patterns. Considering the quality of the

correlation fringes, the convolution mode removes the multiplicative noise and has an

improved contrast at the same time. Both of the addition and the subtraction modes

suffer from the multiplicative noise. Specifically, the subtraction mode cancels out the

background intensity to enhance the contrast but at a cost of a narrowed gray level,

whereas the correlation fringes revealed by the addition mode appears in a relatively low

contrast due to the exist of the background intensity. In terms of the complexity of the

algorithms, the convolution mode requires much more resources compared to the other two

modes. It means that it demands longer time for the calculation to render a correlation

fringe map. The convolution and the subtraction modes are frequently used in practice.

When the first priority is the quality of the correlation fringe map, the convolution mode

is preferred. In the case that there is a requirement of time resolution, the subtraction

mode is a better choice.

4.1.3 Sensitivity Vector

The aforementioned correlation fringes are the contours of constant displacement which is

projected along the sensitivity vector [102]. The optical geometry determines the sensitiv-

ity vector. Specifically, the illumination and the observation directions play an important

role in the determination of the sensitivity vector [103]. The discussion in this subsection

is restricted to the optically rough surface, because when it comes to specular surfaces,

the analysis follows the law of reflection.

Considering a general case as shown in Figure 4.2, the point source, which is located at

Point O, illuminates an optically rough target. An object point, P, on the investigating

surface is selected for the demonstration. Its corresponding displaced point is marked as

P
′
. The observer is placed at point S. The illumination wave vectors are denoted by ~k1

and ~k3 for P and P
′
, respectively. Correspondingly, the observation wave vectors are ~k2

and ~k4. The wave vectors are all unit vectors and the magnitude is defined by

|~k| = 2π

λ
. (4.10)

The quantity of interests is the phase difference between the two paths. The individual

phases of the optical path length (OPL) before and after the target displacement are
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Figure 4.2: Sensitivity vector.

denoted by

φ1 = ~k1 ·
−→
OP + ~k2 ·

(−→
OS−

−→
OP
)

+ φ0, (4.11a)

φ2 = ~k3 ·
−−→
OP

′
+ ~k4 ·

(
−→
OS−

−−→
OP

′
)

+ φ0, (4.11b)

where φ0 stands for the initial phase. The phase difference which results from the dis-

placement is then calculated by

∆φ = φ2 − φ1 =
(
~k1 − ~k2

)
·
−−→
PP

′
+ ∆~k1 ·

−−→
OP

′
+ ∆~k2 ·

−→
P
′
S, (4.12)

with

~k3 =~k1 + ∆~k1,

~k4 =~k2 + ∆~k2.
(4.13)

The ESPI systems are in function until the speckles reach the decorrelation state, which

in turn defines the measuring range of the displacement. In practical scenarios, to run

the system in full function, the distances illustrated in Figure 4.2 have a relationship
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regarding their magnitudes, denoted by

|
−→
OP| ≈ |

−−→
OP

′| � |
−−→
PP

′| = |
−−→
OP

′ −
−→
OP|. (4.14)

Under such an approximation, the difference vectors, ∆~k1 and ∆~k2, are considered per-

pendicular to the displaced illumination vector,
−−→
OP

′
, and the displaced observation vector,−→

P
′
S, respectively. Considering the fact that the dot product between orthogonal vectors

is zero, Equation 4.12 is reduced to

∆φ =
(
~k1 − ~k2

)
·
−−→
PP

′
= ~ks ·

−−→
PP

′
, (4.15)

where ~ks is the sensitivity vector. Equation (4.15) shows that 1) the sensitivity vector is

determined by the illumination vector and the observation vector, and 2) the measured

phase at the observation point is a projection of the displacement-induced phase onto

the sensitivity vector. Depending on the specific optical geometry, a distinct sensitivity

vector is built for dedicated systems. Pure out-of-plane and pure in-plane sensitivities

are the two typical and basic configurations for phase measurements in ESPI systems.

When multiple illumination/observation vectors are given, the ESPI system is with the

potential of possessing multiple sensitivity vectors [90, 104], which gives the possibility of

carrying out multi-quantity simultaneous measurements in a single system.

4.2 Optical Configuration

As is demonstrated previously, phase-shifting techniques are frequently used to quanti-

tatively determine the phase in ESPI systems. The own features of an individual phase

modulator or method have a strong influence on the performance of the ESPI system.

Among various aspects in system evaluation or assessment, the time resolution is some-

times a crucial parameter, especially when the real-time measurement for dynamic target

is involved. In this section, the optical configuration of a temporal ESPI system is de-

scribed which is based on the DTEO phase modulator. It is capable for the proposed

system to carry out real-time measurement, which is designed for in-plane rotation evalu-

ation. The rotation-induced phase is retrieved from the temporal carrier which is provided

by the DTEO modulator. The mathematical model which gives the relationship between

the phase change distribution and the in-plane rotation angle is deduced. At the same

time, the direction of the rotation is determined as well by considering the sign of the

derivative of the phase change map.

Figure 4.3 illustrates the proposed temporal ESPI system. The laser beam emitted from
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Figure 4.3: Optical configuration of the temporal ESPI.

the coherent source passes through the HWP and the DTEO modulator, successively. The

HWP orients the input polarization to a desired direction, along the y-axis for example.

In order to give a straightforward demonstration, the coordinate system is established

with respect to the target surface, the positive z-axis of which points out of the surface

perpendicularly. The modulated laser beam is expanded and collimated by the lens set,

L1 and L2. Then a PBS is used to separate and direct the orthogonal polarizations into

different interferometric arms.The two separated beams are directed by the two mirrors

and illuminate the target surface symmetrically. A 45◦-oriented polarizer is placed be-

tween the target surface and the camera lens. Finally, the two orthogonal polarizations

interfere with each other at the image plane, in which the CCD camera is placed to

capture the interferograms.

Referring to the coordinate system in Figure 4.3, the laser beam is assumed to propagate

in the yz-plane (x = 0) and the sensitivity vector of the proposed system is described by

~ks(~u,~v,~w) = (~k11 − ~k2)− (~k12 − ~k2) =
4π

λ
sin θ · ~v, (4.16)

where ~u, ~v, and ~w are the unit vectors along the x-, y-, and z-axes, respectively, θ

represents the illumination angle with respect to the normal of the surface, ~k11,12 stands for
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the illumination wave vector, and ~k2 is the observation wave vector. In the configuration,

the absolute values of the illumination angle for both incident beams are identical, which

means the target is illuminated by the two incident beams symmetrically. Based on the

description of the sensitivity vector, the measured phase change distribution is related to

the in-plane displacement, which results from the in-plane rotation, denoted by

∆ϕ(x,y) = ~ks(~u,~v,~w) · (∆lx~u+ ∆ly~v + ∆lz ~w) =
4π

λ
sin θ ·∆ly(x,y), (4.17)

where ∆lx , ∆ly, and ∆lz are the corresponding axial components of the displacement

vector. It is shown that, in the current configuration and discussion, the system is sensitive

to the y-direction only.

Next, the relationship between the phase change distribution and the in-plane rotation

is established, as depicted in Figure 4.4. For an ease of demonstration, the in-plane

y

x

O

ΔlyP

ΔlyQ

P

Q

P'

Q'

Ω

Figure 4.4: Mathematical model of the relationship between the phase change distribution
and the in-plane rotation.

rotation is assumed clockwise. An arbitrary point on the surface is selected, marked by

Point P, in the following discussion. The center of the in-plane rotation is labeled as the

origin O of the coordinate system. When the rotation occurs with an angle of Ω, Point

P(x1,y1) moves to Point P
′
(x2,y2). Analogously, another point is considered which has

the same y−coordinate to Point P, labeled by Point Q(x3,y1). Its corresponding displaced

location is marked by Q
′
(x4,y4). To specify the direction, x1 is assumed larger than x3 in

value, denoted by x1 > x3. The elementary geometry is used to calculate the two lateral

displacements for Points P and Q along the sensitivity vector. The mathematics gives

∆lyP = y2 − y1 = y1 cos Ω∓ x1 sin Ω− y1,

∆lyQ = y4 − y1 = y1 cos Ω∓ x3 sin Ω− y1,
(4.18)
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where the minus-plus sign applies for the clockwise (-) and the counterclockwise (+)

rotations, respectively. The directional derivative of the phase change distribution is

calculated by
∂∆ly(x,y)

∂x
=

∆lyP −∆lxQ
x1 − x3

= ∓ sin Ω. (4.19)

Equation (4.19) is deduced under the condition of rigid body, where the rotation angle is

identical across the entire surface. Particularly, the partial derivative is calculated along

the direction which is perpendicular to the sensitivity vector. In the current demonstra-

tion, the calculation is conducted along the x-axis. By substituting Equations (4.17) and

(4.18) into Equation (4.19), it yields

Ω = arcsin[∓ λ

4π sin θ
· ∂∆ϕ(x,y)

∂x
], (4.20)

where the phase change distribution, ∆ϕ(x,y), is obtained from the temporal carrier by

the Fourier transform method. The minus-plus sign applies for the clockwise and the

counterclockwise rotations, respectively. Finally, Equation (4.20) connects the in-plane

rotation to the measured phase change distribution.

4.3 Experiments and Results

The experiments are carried out to demonstrate the feasibility of the proposed tempo-

ral ESPI system, which in particular emphasizes the time-dependent measurement for

dynamic target. The in-plane rotation of the optically rough surface is provided by a

PZT. Specifically, the surface is attached to a micro-mechanical rotation stage which is

driven by the PZT. The system is configured as illustrated in Figure 4.3. For an efficient

demonstration, the parameters regarding the light source and the DTEO modulator are

not repeated here, referring the list in Subsection 3.2.2 for information. The dedicated

parameters for the temporal ESPI system are given below:

� PZT-driven mechanical rotation stage

– Resolution: 0.1 arcsec;

– Direction: counterclockwise viewing from the camera;

� Lenses:

– Focal length: L1 = -6 mm; L2 = 75 mm;

� Camera lens: Nikon AF-S DX Zoom-Nikkor

– Focal length: 17-55 mm;
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� Array detector: CCD camera, Basler piA640-210gm

– Frame rate: 272 fps;

– Region of interest: 300 px × 300 px;

– Pixel size: 7.4 µm × 7.4 µm;

– Pixel bit depth: 8 bits;

– Acquisition time: 5 seconds;

Under this configuration, 1360 frames are captured within five seconds. The captured

frames are analyzed pixelwise. For an individual pixel, its intensity evolution history

possesses 1360 values in length, and the phase of this investigating pixel is evaluated

from intensity evolution history. Figure 4.5 gives an illustration to the intensity evolution

history of the selected rows of pixels. The targeted rows of pixels is chosen as the 150th
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Figure 4.5: Temporal evolution history. (a) is the time sequence intensity of the 150th row
of pixels in each frame. (b) and (c) are two example frames, showing where the selected
rows are located.
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rows in each frame, and stacked together in time sequence. That is how Figure 4.5(a)

is generated. The black solid lines across the captured frames [see Figure 4.5(b) and

(c)] indicate the location of the target rows of pixels. In the intensity evolution history,

the periodical variation in the intensity from the top to the bottom is the proof of the

temporal carrier which is introduced by the DTEO modulator. It is noted that only the

first 544 frames out of the captured 1360 frames are considered in Figure 4.5(a).

To have a further examination of the intensity evolution history, the pixel which is indexed

by (66,131) is selected and its 1360 measured intensities are transformed into the Fourier

domain, as shown in Figure 4.6. Figure 4.6(a) illustrates the intensity captured within

0 0.25 0.50 0.75 1.00

0

1

(a)

-102 -68 -34 0 34 68 102

(b)

~ 34 Hz

Figure 4.6: Time sequence intensity extracted from an example pixel. (a) is the intensity
evolution history of the pixel within the first second. (b) is the corresponding Fourier
spectrum of (a).

the first second (272 sampling points in time), whereas the entire 1360 sampling points

are considered when calculating the Fourier spectrum. Theoretically, in the frequency

domain, the temporal carrier undergoes certain kind of shift and broadening due to the

rotation of the target. However, in Figure 4.6(b), the shift and the broadening is not so
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obvious. This is because the ’speed’ of the dynamic target is relatively low with respect

to the temporal carrier and the frame rate of the camera.

The phase of an individual pixel is evaluated by the time sequence method introduced

in Subsection 2.1.2, which is based on the Fourier transform. In the implementation,

the isolated +1 order side lobe stays where it is, instead of being translated towards the

origin in the Fourier spectrum. Thus, the retrieved phase contains the temporal carrier.

To evaluate the pure rotation-induced phase change, the temporal carrier is removed

mathematically from the direct retrieved phase [105], denoted by

∆ϕ(x,y,t) = arctan
Im[c(x,y,t)]

Re[c(x,y,t)]
− 2ωt, (4.21)

where Im [ · ] and Re [ · ] represent the real and imaginary parts, respectively, and 2ωt

stands for the temporal carrier. The purpose of such a replacement in data processing

is to remove the step of finding out the amount of the side lobe translation, which is

not generally an integer multiple of the sampling interval. A misleading determination of

the amount of the side lobe translation results in an additional residual in the retrieved

phase. By applying the phase retrieval algorithm to each and every pixel, the phase change

distribution is obtained in both time and space, as shown in Figure 4.7. Nine examples

(a)

-

0

(b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.7: Nine examples of the phase change distributions. The illustrations are in
equal time intervals from (a) to (i).

out of the 1360 retrieved phase change distributions are shown with an identical time
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interval. The frame index of the first shown phase change distribution [Figure 4.7(a)] is

250, and the interval is 100 frames. In the illustration, the sine-cosine filter [105–107] is

applied to remove the random noise from the phase change distribution.

It is shown that the retrieved phase maps are time-dependent, which in turn gives a

demonstration to the dynamic feature of the proposed temporal ESPI system. To process

further, Equations (4.19) and (4.20) are used to calculate the angle of the in-plane rotation

from the retrieved phase change distributions. The evaluated angle is shown in Figure

4.8(a), in which the solid line is the evaluated angle and the dashed line is the theoretical
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Figure 4.8: Measurement result of the in-plane rotation. (a) shows a comparison of the
evaluated value and the theoretical value and (b) is the absolute error.

value. Considering the sensitivity vector of the current configuration, the partial derivative

is calculated along the vertical direction. In the angle evaluation, the partial derivatives

are all positive, which indicates that the target rotates continuously counterclockwise.

By taking the absolute difference between the evaluated and the theoretical values, it

yields the absolute errors for each sampling point in time. The mean absolute error in

the current illustration is 0.39 arcsec.
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4.4 Summary

This chapter presents a temporal ESPI system which is based on the DTEO phase mod-

ulator. Symmetric illumination is applied in the optical configuration. The system is

dedicated to the measurement of the in-plane rotation. The rotation angles are evalu-

ated quantitatively, and the direction of the rotation is obtained at the same time. The

DTEO phase modulator provides a temporal frequency carrier in the system, from which

the phase change distribution is retrieved. The mathematical model is established which

describes the relationship between the phase change distribution and the rotation angle.

The feature of the temporal ESPI system is its capability of carrying out real-time mea-

surements for dynamic targets. For achieving this, the key component is the DTEO

phase modulator. The temporal frequency carrier introduced by the modulator satisfies

the frame rate of most industrial cameras. Thus, the scanning unit is avoided in order

to improve the time-resolution of the system. The general features, like non-destructive

investigation, full-field measurement, and high accuracy, are the inherent characteristics

of the ESPI systems, which are not demonstrated separately in this chapter.

In the data processing, the time-dependent phase change distribution is retrieved by the

time sequence method. In order to improve the phase retrieval accuracy, the temporal

carrier is removed mathematically instead of translating the isolated +1 order of the

side lobe. Such an operation attempts to minimize the phase residual resulted from the

leakage frequency. In another scenario, not shown in the present study, a lock-in amplifier

is a promising alternative regarding the phase retrieval [108–111]. It reads out the phase

change directly from the temporal carrier. However, most of the lock-in amplifiers collect

the intensity by a point detector, which reduces the spatial resolution greatly. Herein, the

lock-in amplifier is pointed out, because in certain applications the spatial resolution is

not the first priority. In the present work, the data processing is taken as an useful tool

instead of the focus of the study, so the details of the lock-in amplifier is reserved.



Chapter 5

DTEO Modulator in Holography

Holography is one of the most important branches of optical techniques. The shining

feature of holography is its capability of reconstructing the optical field in both ampli-

tude and phase, whereas for photography only the amplitude is recorded and presented.

Technically, holography is considered as a combination of interference and diffraction. For

a successful reveal of the object wave, two crucial procedures are involved in holography,

namely the holography recording and the wavefront reconstruction. In the recording of

holography, the two superposing waves form the interference. The pattern of the in-

terference is called hologram which is then recorded by the recording media. The two

superposing waves are the reference wave and the object wave, respectively. The reference

wave is normally a plane wave, but sometimes a spherical wave also works with interest-

ing behaviors. The object wave is literally the wave diffracted from the object which is

illuminated coherently. To reconstruct the wavefront of the object, a replica of the afore-

mentioned reference wave is required to illuminate the hologram. The illuminating wave

is diffracted by the hologram and the wavefront of the three-dimensional (3-D) object is

reconstructed in space.

The holography technique was first invented by Dennis Gabor in 1948 [112]. The nov-

elty involves the two-step lensless imaging process, which is later known as wavefront

reconstruction. For Gabor’s conventional in-line configuration, the reconstruction suffers

from a problem that the reconstructed image is mixed with the zero-order diffraction

and the twin images. To address this issue, an off-axis configuration was proposed by

Emmett Leith et al. [113–115]. In the off-axis configuration, the reference wave impinges

the recording medium with an angle to the object wave. Thus, when reconstructing the

hologram by using the tilted reference wave, the +1, 0, and -1 orders of diffraction are

separated in space. Yet, holograms were still reconstructed by optical methods.
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The digital holography was first proposed by Joseph W. Goodman et al., in which they

demonstrated the numerical reconstruction of the digitally recorded holograms [116].

Compared to the photosensitive films, the digital array detectors provide a relatively

limited resolution, because the field is sampled by pixels. Moreover, the off-axis configu-

ration undergoes a reduction in the resolution of the reconstructed image. To maintain

the resolution of the digital holography and solve the superposition problem at the same

time, phase-shifting digital holography was invented by Ichirou Yamaguchi et al. in 1997

[117], which is regarded as a significant contribution to the field. The reconstruction

scheme involves the retrieval of the field at the detector plane and the numerical propaga-

tion. The retrieved field is numerically propagated from the detector plane to the plane

in which the object originally is. In recent years, the phase-shifting holography grabs

a great deal of attentions in academic society and industry, particularly, in the fields of

biological and medical imaging, conventional physics, electrical engineering, etc.

In this chapter, a phase-shifting digital holography system is described, which is based on

the DTEO phase modulator. The phase is modulated in the main path before the beam

split. No mechanical movement is involved during the phase modulation. The system

is configured in an in-line scheme to make full use of the spatial resolution provided by

the array detector. In the meantime, the phase shift provides the access to the com-

plex field at the detector plane. The target under investigation is reconstructed by the

numerical propagation. In the following sections, the basics of the phase-shifting digital

holography are first summarized, and the proposed system is described in both theory

and experiments.

5.1 Basics in Digital Holography

Digital holography is generally shown as a promising technique for imaging applications.

The most significant difference between conventional holography and digital holography is

the recording media, or more precisely, the recording device. For conventional holography,

the recording media is a photosensitive film. Post-treatment, namely the film develop,

is compulsory to get the hologram. The digital holography removes the cumbersome

chemical develop procedure and uses the electric devices to record the hologram digitally.

Such a replacement brings around new applications and capabilities for the holography

technique.

Despite its many merits which are known for years, conventional holography is generally

grounded in laboratories, because of the complex steps and the strict requirement of the

operation environment. Practical applications are thus restricted. Except for some special

and dedicated materials, the photosensitive film is considered as a barrier for achieving
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a real-time imaging in conventional holography. In digital holography, the holograms

are captured by array detector, e.g., CCD cameras. The digitalized holograms are then

transfered to a host computer for further processing. By using the diffraction theory,

the propagation of the optical field is precisely modeled, which lays the basics for the

foundation of the numerical reconstruction of the holograms in both intensity and phase.

Digital holography provides quite a lot of significant advantages, e.g., the fast access to

the hologram and the complete description of the optical field. More importantly, a good

number of digital image processing techniques are at hand for further interpretation of

the holograms.

5.1.1 Recording and Reconstruction

Leaving apart the recording unit of a holography system, this subsection gives a descrip-

tion to the general optical configuration of holography. In the recording of holograms,

both the intensity and the phase of the optical field are recorded. The illumination wave

is reflected by or goes through the object and thus becomes the object wave which carries

the information of the object. According to the Huygens-Fresnel principle, the object

wave is seen as the superposition of the spherical wavelet of every point on the object

[53], denoted by

Ũobj (Q) =
∑

ũn (Q) = Aobj (Q) · exp {−j [φobj (Q)]} , (5.1)

where Q represents a point at the object wavefront, ũn is the individual wavelet with

n being a large number. It is shown that in order to get a complete description of the

object wave, both the amplitude, Aobj (Q), and the phase, φobj (Q), are demanded to be

recorded.

In holography, the optical field is recorded by the means of interference. Both the am-

plitude and the phase are encoded in the interference pattern. An off-axis configuration

is treated as an example for the demonstration of holography, as shown in Figure 5.1.

The illumination wave is split by the beam splitter and directed to the object and the

mirror, respectively. The wave carries the object information is labeled as object wave

[see Equation (5.1)] and the one directed to the mirror as the reference wave. The term

off-axis refers to the off-set of the angle between the wave vector of the reference wave

and the normal of the recording plane. Based on the describing coordinate system shown

in Figure 5.1, the reference wavefront at the hologram plane is thus denoted by

Ũref = Aref · exp

(
j

2π

λ
sin θ · x

)
, (5.2)
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Figure 5.1: Off-axis configuration for the recording of a hologram.

where θ is the off-set angle. The interference between the object and the reference waves

at the recording plane forms the hologram, mathematically denoted by

I (x,y) =
∣∣∣Ũobj (x,y) + Ũref (x,y)

∣∣∣2
=A2

obj + A2
ref + Ũobj (x,y) Ũ∗ref (x,y) + Ũref (x,y) Ũ∗obj (x,y) .

(5.3)

It is worth noting that there is a periodical intensity distribution of the off-axis hologram

due to the off-set angle. The spatial frequency of the periodical variation is denoted by

fsp =
sin θ

λ
. (5.4)

The term fsp is known as the spatial carrier frequency. In conventional holography, pro-

vided the off-set angle is sufficiently large, the different orders of diffraction are spatially

separated in the process of reconstruction. However, in digital holography, there is a

limitation regarding the maximum of the off-set angle. It is determined by the spatial

sampling interval of the recording device. Or, put it another way, the maximal value is

limited to fulfill the sampling theorem. The maximum off-set angle is denoted by [118]

θmax ≈
λ

2∆l
, (5.5)
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where ∆l is the spatial sampling interval of the recording device.

In this current illustration, conventional holography is considered. The hologram is then

recorded by a photosensitive film and the hologram is reconstructed optically. For sim-

plicity, the amplitude transmittance of the developed film is assumed a linear function of

the intensity described by Equation (5.3), denoted by

t (x,y) = t0 + βI (x,y) , (5.6)

where t0 stands for the initial transmittance of the film, β is a parameter related to the

exposure time and the photon sensitivity of the film material. After chemical developing,

the film is placed back to the same position as in the recording configuration shown in

Figure 5.2. The developed film (hologram) is illuminated by the reconstruction wave which

x

y
z

θ
Reconstraction Wave

Virtual Image

-1 Diffraction Order

Transmission

Observer

Hologram

Figure 5.2: Off-axis configuration for the reconstruction of a hologram.

is a replica of the reference wave in terms of the wave vector. Through the diffraction of

the hologram, the reconstruction wave becomes

Ũref (x,y) · t (x,y) =
[
t0 + β

(
A2
obj + A2

ref

)]
· Ũref (x,y)

+ βA2
ref · Ũobj (x,y) + βŨ2

ref (x,y) · Ũ∗obj (x,y) .
(5.7)

The first item on the right is the construction (reference) wave multiplied by a constant.

Referring to Figure 5.2, it appears as the direct transmission, the non-diffracted wave, or
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the zero-diffraction order. The second item is the reconstruction of the object wavefront.

In the illustration, a virtual image of the original object is observed. Physically, the

second item is the +1 diffraction order. The real factor in front of the object wavefront,

Ũobj, only has an influence on the overall brightness of the reconstructed virtual image.

As for the -1 diffraction order, it is shown as the third item in Equation (5.7). A real

image of the object is generated with distortion. The origin of the distortion is the spatial

variation in the squared complex field, Ũ2
ref . Under a proper selection of the off-set

angle, the three diffraction orders are completely separated in space. It is noted that, in

digital holography, which uses the electronic detector for the recording, the term of initial

transmittance [t0 in Equation (5.6)] is neglected. Thus, it is capable to apply Equation

(5.6) to the description of both conventional and digital holography.

5.1.2 Numerical Reconstruction of Wavefront

The digital holography is nothing more than conventional holography, save that the

recording media is an electronic array detector rather than a photosensitive film. Chem-

ical developing of the film is not necessary any longer. For the reconstruction, digital

holography relies on the numerical calculation instead of illuminating the hologram by a

replica of the reference wave. The virtual image, as well as the real image and the non-

diffraction wave, is calculated at a given plane. The results are presented on a monitor

for visualization.

The fundamental of numerical reconstruction is the diffraction integral. The spatial coor-

dinates of each concerning plane are illustrated in Figure 5.3. The hologram is captured

at the hologram plane by the electronic device. Here, a precondition is assumed that a

plane wave perpendicularly illuminates the target for the recording process. In the nu-

merical reconstruction, the diffraction field at the hologram plane is first calculated and

then propagates numerically to the reconstruction plane. The propagation is modeled by

the Fresnel-Kirchhoff integral [119], denoted by

Γ
(
ξ
′
,η
′
)

=
j

λ

∫∫
I (x,y) Ũref (x,y)

exp
(
−jkρ′

)
ρ′

dxdy, (5.8)

where I (x,y) is the intensity of the hologram described by Equation (5.3), Ũref (x,y)

stands for the reconstruction wavefront at the hologram plane, k represents the wave

number, and ρ
′

is the distance from a point in the hologram plane to a point in the

reconstruction plane. Specifically, the distance, ρ
′
, is calculated by

ρ
′
=

√
(x− ξ′)2 + (y − η′)2 + d2, (5.9)
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Figure 5.3: Coordinate systems for the corresponding planes in numerical reconstructions.

where the paraxial approximation [120] is considered in the calculation. Equation (5.8)

reconstructs the complex field of the real image [-1 order of diffraction in Figure 5.2]. In

the discussion of Equation (5.7), it is shown that the real image is tangled with distortion.

In order to calculate the undistorted real image, the conjugated field of Ũref (x,y) is taken

into account for Equation (5.8) and the field is numerically propagated from the hologram

plane to the object plane [121], denoted by

Γ (ξ,η) =
j

λ

∫∫
I (x,y) Ũ∗ref (x,y)

exp (−jkρ)

ρ
dxdy, (5.10)

where the distance ρ has a similar definition shown in Equation (5.9). It is noted that

the reference wave and its conjugation are equivalent, Ũref = Ũ∗ref = Aref , because it is a

plane wave with a wave vector perpendicular to the hologram plane. Hence, the real image

is reconstructed numerically by Equation (5.10) at the object plane without distortion.

The direct processing of the diffraction integral is time consuming and sometimes fails

to get an analytical solution. Hence, for an efficient calculation of Equation (5.10), two

approaches are mostly used, namely the Fresnel transform and the convolution method.

Fresnel Transform Considering practical configurations, the axial length, d, is larger

than the transverse dimensions. Taylor series is used to expand the distance function,
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denoted by

ρ = d+
(ξ − x)2

2d
+

(η − y)2

2d
− 1

8

[
(ξ − x)2 + (η − y)2]2

d3
+ · · · . (5.11)

The fourth item (and the items in higher orders) are neglected upon the fact that they are

small with respect to the wavelength. Thus, in the calculation of the diffraction integral,

only the linear and the quadratic terms are maintained for an approximation. Equation

(5.10) then becomes [121]

Γ (ξ,η) =
j exp (−jkd)

λd

∫∫
I (x,y) Ũ∗ref (x,y) exp

{
−jk

2d

[
(ξ−x)2+(η−y)2]} dxdy. (5.12)

In a detailed investigation of Equation (5.12), the squared functions in the exponential

are expanded, denoted by

Γ (ξ,η) =
j exp (−jkd)

λd
exp

[
−jk

2d

(
ξ2 + η2

)]
×
∫∫

I (x,y) Ũ∗ref (x,y) exp

[
−jk

2d

(
x2 + y2

)]
exp

[
jk

d
(xξ + yη)

]
dxdy.

(5.13)

By introducing a proper definition and substitution, it is apparent that the second expo-

nential in the integral sees a Fourier transform kernel, represented by

Γ (u,v) =
j exp (−jkd)

λd
exp

[
−jπλd

(
u2 + v2

)]
×
∫∫

I (x,y) Ũ∗ref (x,y) exp

[
−jk

2d

(
x2 + y2

)]
exp [j2π (xu+ yv)]︸ ︷︷ ︸
Fourier transform kernel

dxdy,
(5.14)

with

u =
ξ

λd
, v =

η

λd
. (5.15)

Rewriting Equation (5.14) in the form of Fourier transform yields

Γ (u,v) =
j exp (−jkd)

λd
exp

[
−jπλd

(
u2 + v2

)]
×F−1

{
I (x,y) Ũ∗ref (x,y) exp

[
−jk

2d

(
x2 + y2

)]}
,

(5.16)

where F−1 [ · ] stands for the inverse Fourier transform operation.

The derivation introduced above is known as the Fresnel transform, which is used for

the digital reconstruction of holograms. It is readily carried out by using the Fourier
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transform. In the reconstructed object wave, the intensity is given by

I (ξ,η) = |Γ (ξ,η)|2 (5.17)

and the phase by

φobj (ξ,η) = arctan
Im [Γ (ξ,η)]

Re [Γ (ξ,η)]
. (5.18)

Convolution Method A different interpretation of Equation (5.10) is based on the

convolution theorem. The convolution method is also known as the angular spectrum

method (ASM) [122]. In Equation (5.10) the superposition integral is thus performed as

Γ (ξ,η) =

∫∫
I (x,y) Ũ∗ref (x,y) g (ξ,η,x,y) dxdy, (5.19)

with the impulse response function, g (ξ,η,x,y), being [123]

g (ξ,η,x,y) =
j

λ
·

exp

[
−jk

√
(x− ξ)2 + (y − η)2 + d2

]
√

(x− ξ)2 + (y − η)2 + d2

. (5.20)

It is concluded from Equation (5.20) that the impulse response function is space-invariant,

namely g (ξ,η,x,y) = g (ξ − x,η − y), which further indicates that the reconstruction pro-

cess is a linear system. According to the statement of the convolution theorem, the

Fourier transform of the reconstructed wavefront is the pointwise product of the Fourier

transforms of the diffraction field immediately behind the hologram plane and the impulse

response function. The mathematics gives [124]

Γ (ξ,η) = F−1
{

F
[
I (x,y) Ũ∗ref (x,y)

]
·F [g (ξ − x,η − y)]

}
. (5.21)

Noting that it is possible to model and calculate the Fourier transform of the impulse

response function, F [g (ξ − x,η − y)], directly, so that one Fourier transform operation

in the calculation of Equation (5.21) is saved. The Fourier transform of the impulse

response function is analytically expressed [125] by

G (fx,fy) = exp
(
−jkd

√
1− λ2f 2

x − λ2f 2
y

)
, (5.22)

where fx and fy are the spatial frequencies in the Fourier domain. Thus, the convolution

method is simplified as

Γ (ξ,η) = F−1
{

F
[
I (x,y) Ũ∗ref (x,y)

]
·G (fx,fy)

}
. (5.23)
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In the experiment section of this chapter, the convolution method is applied for the

reconstruction of the object wave. The advantage is that the convolution method does not

take any approximation to the calculation. The standard steps are collected as following:

1. Calculating the Fourier transform of the diffracted wavefront at the hologram plane.

2. Numerically describing the Fourier transform of the impulse response function.

3. Multiplying the Fourier transforms in Steps 1 and 2.

4. Calculating the inverse Fourier transform of the result from Step 3.

Finally, the object wave is reconstructed in terms of both phase and amplitude.

5.2 Optical Configuration

Digital holography gives the possibility of introducing a phase shift between the object and

the reference waves. This is a significant difference to conventional holography. Numerical

operations, such as additions, subtractions, and manipulations, are easily carried out for

the captured holograms. As a result, the object field on the hologram plane is figured

out by using the phase-shifting technique. The numerical propagation of the field on the

hologram plane is calculated by the diffraction integral in a certain form. Thus, at the

object plane, a real image (complex field) is obtained in another way around. This kind

of holography is known as phase-shifting digital holography.

Actually, given that the object field on the hologram plane is known, the optical field at

any plane can be calculated by the numerical diffraction. So the phase-shifting digital

holography has the post-focusing or refocusing ability. As introduced in the previous

section, the off-axis configuration provides a straightforward scheme to introduce a spatial

phase shift between the object and the reference waves. One of the limitations of the

off-axis configuration in phase-shifting digital holography is that the resolution in the

reconstruction is only a fraction of that in the array detector. To make full use of the

resolution of the array detector, in-line configuration is required, in which the spatial

phase shift is difficult to be carried out. Hence, rather than the spatial phase shift, the

temporal phase shift is introduced in the in-line configuration, which requires a reliable

phase modulator.

In the proposed configuration, as shown in Figure 5.4, the DTEO phase modulator is

used to introduce the temporal phase shift, or more precisely, the temporal frequency

carrier. The linearly polarized wave is provided by a laser. At the output end of the

laser, a HWP is used to orient the polarization along, for example, the x-axis. The

coherent monochromatic wave which is prepared to enter the DTEO phase modulator is
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Figure 5.4: Optical configuration of the proposed phase-shifting digital holography.

then denoted by

V0 =

[
A0

0

]
exp (−jω0t) , (5.24)

where ω0 represents the optical frequency of the input laser and A0 stands for the ampli-

tude. The fast axis of the QWP in the phase modulator is oriented at 45◦ with respect

to the x-axis. The phase modulation is mathematically denoted by[
Vx
Vy

]
= TPM · V0 =

√
2

2
A0 ·

[
exp [−j (ω0t+ ωt)]

exp
[
−j
(
ω0t− ωt− π

2

)] ] , (5.25)

where TPM stands for the function of the DTEO phase modulator [see Equation (3.43)].

The modulated laser beam is expanded and collimated by a set of lenses which form a

Keplerian telescope. Inside the PBS, the laser beam is split according to the polarization.

It is assumed that the x-polarized component transmits through the PBS, and the y-

polarized component is reflected. The transmission wave illuminates the target. The

diffraction field immediately behind the target is labeled by Vobj |OP (ξ,η), where the

subscript OP means object plane. This field is hereinafter named by object field for

convenience. If the phase shifting in the illumination is considered, the object field is
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then time-dependent, denoted by

Vobj |OP (ξ,η,t) = Vobj |OP (ξ,η) · Vx (t) . (5.26)

The reflected wave serves as the reference wave, Vref = Vy. Noted that, the axial distance

is neglected when the wave is described, because the phase introduced by the axial distance

presents as a constant phase. The only exception is the discussion of the reconstruction,

in which the axial distance is crucial to the result. A non-polarizing beam splitter (BS) is

used to recombine the diffracted object wave and the reference wave. The BS is aligned

to a state that an in-line hologram is generated at the detector plane. A 45◦-oriented

polarizer is inserted between the BS and the detector plane to force the two orthogonally

polarized waves superpose with each other coherently. A CCD camera is placed at the

detector plane to capture the holograms.

Mathematically, the captured hologram is denoted by

I (x,y,t) =

[
Vobj |HP ·

√
2

2
Vx (t) +

√
2

2
Vref

]
·

[
Vobj |HP ·

√
2

2
Vx (t) +

√
2

2
Vref

]∗
, (5.27)

where Vobj |HP is the object wavefront at the hologram plane (HP), the constant factor√
2

2
comes from the 45◦-oriented polarizer. Physically, the object wavefront Vobj |HP is

generated by the propagation of Vobj |OP from the object plane (ξη, OP) to the holog-

raphy plane (xy, HP). The numerical propagation is readily calculated by the Fresnel

transform or the convolution introduced in the previous subsection. Hence, the task of

the reconstruction becomes finding out the object wavefront distribution, Vobj |HP , at the

hologram plane.

The linearly time-varying phase shift between the object and the reference waves provides

an approach to the calculation of the object wavefront distribution at the hologram plane.

Rewriting Equation (5.27) yields

I (x,y,t) =
A2

0

4

{
|Vobj |HP (x,y)|2 + 1

}
+
A2

0

4
cos {2ωt+ arg [Vobj |HP (x,y)]} , (5.28)

where arg [Vobj |HP (x,y)] stands for the phase of the object wavefront at the hologram

plane. Equation (5.28) shows a typical description of the phase-shifting interference pat-

tern. Considering the linearly time-varying phase shift, namely the temporal frequency

carrier, a set of phase-shifting holograms is captured in time sequence and analyzed pixel-

wise. A single individual pixel, indexed by (x0,y0), is selected for further demonstration.

The Fourier transform is applied to the time-sequenced intensity of the selected pixel.
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Rewriting Equation (5.28) in the form of exponential gives

I (x0,y0,t) = a (x0,y0) + c (x0,y0) · exp (j2ωt) + c∗ (x0,y0) · exp (−j2ωt) , (5.29)

where the time-dependent components, namely the introduced temporal phase modula-

tion, are written separately from the stationary items. The substitutions of a (x0,y0) and

c (x0,y0) are specified by

a (x0,y0) =
A2

0

4

{
|Vobj |HP (x0,y0)|2 + 1

}
, (5.30a)

c (x0,y0) =
A2

0

8
exp {j · arg [Vobj |HP (x0,y0)]} . (5.30b)

The Fourier spectrum of the time-sequenced intensity is described by

F [I (x0,y0,t)] (x0,y0,ft) = A (x0,y0,ft) + C (x0,y0,ft−ω/π) + C∗ (x0,y0,ft+ω/π) . (5.31)

In a plot of such a spectrum, A appears as the DC component which is located at the

origin, C and C∗ are the +1 and -1 orders of the side lobe, respectively. A filter is used to

isolate the +1 order side lobe which is then translated towards the origin by an amount

of ω/π. Inverse Fourier transform is applied to the isolated and translated side lobe in

order to obtain the complex function c (x0,y0). The phase of the object wavefront at the

hologram plane is then evaluated by

φobj |HP (x0,y0) = arg [Vobj |HP (x0,y0)] = arctan

{
Im [c (x0,y0)]

Re [c (x0,y0)]

}
. (5.32)

As for the amplitude Aobj |HP (x0,y0), it is obtained physically by blocking the reference

wave. When the phase and the amplitude are both accessible, the object wavefront at

the hologram plane is thus described by

Vobj |HP (x0,y0) = Aobj |HP (x0,y0) · exp [jφobj |HP (x0,y0)] . (5.33)

Equation (5.33) gives a single point of the wavefront. The object wavefront over the

hologram plane is retrieved by applying the method introduced above to every single

pixel. Finally, to numerically reconstruct the object wavefront at the object plane, the

back propagation of Vobj |HP (x,y) is calculated by the convolution method, denoted by

Vobj |OP (ξ,η) = F−1 {F [Vobj |HP (x0,y0) (x,y)] ·G (fx,fy)} , (5.34)

where G (fx,fy) is the Fourier spectrum of the impulse response function [Equation (5.22)].
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5.3 Experiments and Results

In this section, the proposed phase-shifting digital holography is shown experimentally

with the proposed optical configuration. The testing object is a USAF resolution target,

which is customarily regarded as a typical target to verify holography systems. The

experimental setup is configured according to Figure 5.4. Basic parameters of the system

regarding the DTEO phase modulator and the light source are shown in Subsection 3.2.2,

not repeated here. The other crucial parameters are given in the list below:

� Testing object: 1951 USAF Resolution Test Targets, Thorlabs Inc.

– Positive target with a chrome pattern plated onto a clear substrate;

– Target index: Group 2, Elements 3-6;

– Resolution: 5.04 lp/mm - 7.13 lp/mm;

� Diffraction distance:

– about 11 cm from the target to the hologram plane;

� Lenses:

– Focal Length: L1 = -6 mm; L2 = 75 mm;

� Array detector: CCD camera, Basler piA640-210gm

– Frame rate: 136 fps;

– Region of interest: 488 px × 275 px;

– Pixel size: 7.4 µm × 7.4 µm;

– Pixel bit depth: 8 bits;

– Acquisition time: 2 seconds;

A set of phase-shifting holograms are captured. The number of frames is 272. The

temporal sampling interval is constant between frames. Considering the frame rate of the

camera and the linearly time-varying phase shift, four frames are captured in a full cycle

(2π) of the phase shift. Figure 5.5 gives four successive frames to illustrate a full cycle

of phase shift between holograms. The intensity variations between holograms indicate

the linearly time-varying phase shift. The four images are blurry, because there is no

imaging lens in the system. The captured images are the interference patterns, which are

generated from the coherent superposition of the diffraction field and the reference plane

wave. In each individual frame, the spatial intensity variation comes from the imperfect

illumination. The spatial variation does not have a major influence on the hologram
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(a) (b) (c) (d)

Figure 5.5: Phase-shifting holograms. The frames are in a single cycle of the phase shift
and arranged successively in time sequence from (a) to (d).

reconstruction, because the phase-shifting holograms are analyzed pixel by pixel along

the time axis.

From the captured set of holograms, the phase of the object wavefront at the hologram

plane is calculated by using the time sequence method introduced in the last section. To

obtain the amplitude of the wavefront, the optical path of the reference wave is blocked,

so that, at the CCD camera plane, only the diffraction intensity of the testing object

is collected. The amplitude of the wavefront is calculated by taking the square root of

the diffraction intensity. Hence, the complex field of the object at the hologram plane

is retrieved. The corresponding amplitude and phase are shown in Figure 5.6. The

amplitude is normalized in this illustration.

In order to retrieve the wavefront at the object plane, back propagation is calculated by

the convolution method. The distance of the back propagation, namely the distance from

the hologram plane to the object plane, runs from 8.5 cm to 13.9 cm with an interval of

0.6 cm. Ten slices along the propagation are reconstructed and shown in Figure (5.7).

The reconstructed slices show the refocusing ability of the digital holography. By the

comparison between reconstructions, Figure (5.7)(e) appears as the sharpest. It means

that at the distance of 10.9 cm from the hologram plane, the target is best reconstructed.

The strips, as well as the element index, are clearly presented in Figure (5.7)(e).

As a post-note of the reconstruction, it is useful to indicate the digitalization which is

used in the experiment. Referring to Equations (5.22) and (5.23), the Fourier spectrum

of the impulse response function is first modeled digitally. In the theoretical part, the
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(b)

-π
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π

Figure 5.6: Object wavefront at the hologram plane. (a) and (b) are the normalized
amplitude and the phase of the complex field, respectively.

(a) 8.5 cm (b) 9.1 cm (c) 9.7 cm (d) 10.3 cm (e) 10.9 cm

(f) 11.5 cm (g) 12.1 cm (h) 12.7 cm (i) 13.3 cm (j) 13.9 cm

Figure 5.7: Reconstruction of the 1951 USAF Resolution Test Targets. The distance of
the back propagation is shown at the top of each subfigure.
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mathematics is discussed in the continuous form, whereas in the experimental part, the

Fourier spectrum of the impulse response function is described pixel by pixel. Here,

for a better demonstration of the reconstruction, the digitalized Fourier spectrum of the

impulse response function is given:

G (m,n) = exp

[
−jkd

√
1− (λ ·m∆x)2 − (λ · n∆y)2

]
, (5.35)

where (m,n) is the pixel index, ∆x and ∆y are the side length of a pixel along horizontal

and vertical directions, respectively. In the current demonstration, the values are specified

as ∆x = ∆y = 7.4 µm.

5.4 Summary

This chapter demonstrates a phase-shifting digital holography system which is based on

the DTEO phase modulator. A linearly time-varying phase shift is introduced between

the object and the reference waves. The reconstruction of the digital holograms involves

1) the retrieval of the object wavefront at the hologram plane, and 2) the back propagation

of the retrieved wavefront. The proposed system is configured in the in-line scheme which

improves the usage efficiency of the resolution provided by the detector array.

Experiments are carried out to verify the proposed phase-shifting digital holography sys-

tem. The capability of refocusing or post-focusing is illustrated, which renders the lensless

imaging system. The time sequence method is used to retrieve the phase of the wavefront

and the amplitude is captured directly by blocking the reference wave. The convolution

method, which is also known as angular spectrum method (ASM), is adopted to calculate

the back propagation of the retrieved wavefront. As a comparison to conventional holog-

raphy, the proposed system provides the reconstruction which is free of the non-diffraction

component and the twin image of the target. At the same time, the in-line configuration

makes full use of the camera resolution.





Chapter 6

DTEO Modulator in Nomarski DIC

Microscopy

Pure phase objects, such as certain transparent biological specimen, normally bring dif-

ficulties in its visualization, because it does not contribute to an intensity change when

investigated under illumination. Two milestones are remarkable in the visualization of

pure phase objects, namely the Zernike phase contrast imaging [126, 127] and the No-

marski differential interference contrast (DIC) microscopy. Both of the techniques are

based on the coherent superposition of two waves. For Zernike phase contrast imaging,

the object and the reference waves are longitudinally modified, whereas, for Nomarski

DIC microscopy, no reference wave is required and the two object waves are laterally

sheared. In this chapter, the focus is laid on the Nomarski DIC microscopy, in which it

is possible to use the DTEO phase modulator.

The concept of differential interference contrast was first proposed and brought into mi-

croscopy by Georges Nomarski [128–130]. The two interfering object waves are identical,

but laterally sheared at the observation plane. Through the coherent superposition of the

laterally sheared waves, the phase gradient or differential phase distribution of the spec-

imen is converted into the intensity variations, which gives the possibility of visualizing

the pure phase object. However, for quantitative investigation and pure phase imaging,

the conventional Nomarski DIC microscopy faces two major issues:

1. The intensity has a non-linear response to the phase gradient, because the intensity

of the interference between the two object waves are determined by the cosine

function of the differential phase distribution.

2. When the specimen is stained or light-absorbing, the intensity of the DIC image is

a mixture of the absorption and the phase gradient distribution.
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The two issues above hamper a more informative interpretation of the DIC image. To

address the issues, the phase-shifting technique is introduced which renders the Nomarski

DIC microscopy a quantitative tool for differential phase imaging.

The standard configuration of a Nomarski DIC microscope possesses a feature that the

two interfering object waves propagate along essentially the same optical path, which is

known as quasi-common-path configuration. The superiority of such a configuration in-

cludes the convenience of implementation and the enhancement of performance, because

all the optics are collinear and the noises are canceled out. However, for phase-shifting

differential interference contrast (PS-DIC) microscopy, the quasi-common-path configu-

ration, on the other hand, restricts its access to most of the conventional phase-shift

methods and devices. Qualified phase-shifting methods normally involve mechanical mo-

tion, e.g., rotating polarizing optics [131] (also see Subsection 2.2.2) and translating the

differential prism [132]. In the last decade, another PS-DIC microscopy [133] emerges

which is based on an off-axis configuration. The two interfering wavefronts are tilted to

an extent that is sufficient to induce a detectable spatially distributed fringe. The quanti-

tative phase gradient is then calculated from the spatial modulation. Though the spatial

modulation in PS-DIC is promising, but it in return reduces the spatial resolution of the

retrieved phase gradient image, because at least three pixels are required to determine a

single point in the final phase gradient map [134].

In this chapter, a quantitative Nomarski DIC microscopy is described which is based

on the joint spatio-temporal phase modulation. The DTEO modulator is applied to

introduce the temporal phase shift, and the spatial phase shift is provided by the beam

tilt. The phase gradient of the specimen is retrieved by the reference-frame-based 3-D

Fourier analysis. The advantages include:

1. a joint spatio-temporal phase modulation without moving parts;

2. the flexibility of placing the specimen-related spectra in the 3-D Fourier domain;

3. a straightforward variation in the shear by an axial sliding differential prism;

4. a residual-free differential phase retrieval by reference frame.

The useful basics of the PS-DIC microscopy are first introduced in Section 6.1. The

optical configuration is demonstrated in Section 6.2, in which the operation principle and

the adjustable shear are described as well. The reference-frame-based 3-D Fourier analysis

[135–137] is illustrated together with the experiments in Section 6.3, where a single-mode

fiber and a bio-sample, i.e., the forewing of a honey bee, are imaged. Typical distributions

of the phase gradient from the specimens are shown at different shears. Section 6.4 gives

a summary to the current chapter.
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6.1 Basics in PS-DIC Microscopy

Though there are several distinct models describing the DIC images, the PS-DIC adopts

the geometric DIC imaging model to interpret the image formation [138]. The geometric

DIC imaging model assumes that the specimen is coherently illuminated by a monochro-

matic plane wave. The optical configuration of a conventional DIC microscope is consid-

ered for the demonstration [139], as shown in Figure 6.1.

Laterally Sliding

Polarizer 1 @ 45°

Auxiliary DP

Primary DP

Condenser

Specimen

Objective

DIC Image Plane

Polarizer 2 @ 45°

Optical Axis

O-Wave Pol.

E-Wave Pol.

Illumination

Figure 6.1: Optical configuration of a basic DIC microscope. DP: differential prism.
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6.1.1 DIC Image Formation

Referring to Figure 6.1, the basic and key components of the DIC microscope are a

microscope objective, an eyepiece, and a differential prism which is normally a Wollaston

prism. Analogous to conventional microscopes, when the illumination is in a form of

a divergent beam, a condenser is used to gather the light. In this case, an auxiliary

differential prism is further required for the DIC microscope to make full use of the

condenser aperture. As a result, the overall brightness of the DIC image is enhanced. For

completeness, all the components are introduced in this section. In the following sections,

only the basic components are considered, because the illumination in the present study is

provided by a laser. No light gathering and brightness issues are involved. A polarizer is

used to produce the necessary polarized illumination. The allowed polarization direction

of the polarizer is aligned to 45◦ with respect to the optical axis of the auxiliary differential

prism, so that the illumination wave is separated equally in intensity by the auxiliary

differential prism. The condenser is placed behind the auxiliary differential prism at a

distance of its focal length. The specimen is then illuminated with two laterally sheared

plane waves. The primary differential prism is positioned at the rear focal point of the

microscope objective to recombine the two sheared waves. A second polarizer is installed

behind the objective to force the two orthogonal polarizations interfere with each other.

The combined waves pass through the eyepiece and the DIC image is formed at the image

plane. The interference between the waves from an object point and its neighborhood

point gives rise to the contrast in the DIC image of a transparent phase object. The

intensity is determined by the phase difference between the two interfering object waves.

6.1.2 Bias Retardation

The bias retardation is introduced in the DIC microscope by the primary differential

prism [140]. A distinct bias retardation is implemented by laterally sliding the prism. In

terms of the phase in the interference, the change in the bias retardation shifts the phase

between the two interfering object waves. From the view of intensity, a change in the bias

retardation moves the 0 order interference fringe. In this subsection, the bias retardation

is demonstrated by taking a Wollaston prism as the primary differential prism.

The Wollston prism is composed of two quartz wedges (uniaxial birefringent crystal), the

optical axes of which are perpendicular to each other, as shown in Figure 6.2. With

respect to the optical axis of the Wollaston prism, a 45◦-polarized incident wave that

enters the prism is split into two orthogonal waves, which are known as the ordinary

and the extraordinary waves, respectively. The two orthogonal waves propagate along

different directions resulting in a beam separation in space. The split angle at the output
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Figure 6.2: Physical principle of a Wollaston prism; (a) shows the wave split process and
(b) shows the incidence-dependent OPD between the two separated waves.

end is calculated by [141]

α = 2 (ne − no) tan θ, (6.1)

where ne and no are the refractive indices of the extraordinary and the ordinary waves,

respectively, and θ represents the wedge angle. The OPD between the two separated

waves is dependent on the incident point [26], denoted by

OPD = 2 (ne − no) l · tan θ = α · l, (6.2)

where l represents the geometric length from the incident point to the geometric median

of the prism. It is noted that Equations (6.1) and (6.2) are concluded under normal

incidence. The aforementioned bias retardation is a description of the OPD in terms of

phase, denoted by

ϕbias =
2π ·OPD

λ
=

2παl

λ
. (6.3)

When the incident wave enters the prism at the geometric median, namely l = 0, the

thicknesses of the two wedges are identical. The OPD and the bias retardation are zero

in this case. Particularly, it is possible to modify the bias retardation by sliding the prism

laterally, which is equivalent to a change in the incident point. For the general description,
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the object wavefronts at the image plane are denoted by

Ũ1,2 (ρ) = A (ρ±∆ρ/2) · exp [φ (ρ±∆ρ/2)± ϕbias/2] , (6.4)

where the plus and the minus signs apply for the subscripts 1 and 2, respectively, A

represents the amplitude, φ stands for the object phase, and ∆ρ is the shear. The DIC

intensity distribution which results from the interference is described by

I (ρ) =
[
Ũ1 + Ũ2

]
·
[
Ũ1 + Ũ2

]∗
= I0 + Ic · cos (φ1 − φ2 + ϕbias) , (6.5)

with

φ1 (ρ) = φ (ρ + ∆ρ/2) , (6.6a)

φ2 (ρ) = φ (ρ−∆ρ/2) . (6.6b)

The intensity distribution given by Equation (6.5) provides only a qualitative observation

of the specimen, which is a mix of the object amplitude, the object phase, and the

bias retardation. By considering the geometric model described in Equation (6.5), it is

concluded that a phase shift is readily introduced by laterally sliding the prism, namely

changing the incident point. Thus, a PS-DIC microscope is configured and the pure phase

gradient distribution is calculated by phase-shifting algorithms. As a result, a quantitative

investigation to the specimen is accomplished.

6.2 Optical Configuration

In this section, the present quantitative PS-DIC microscopy is described, which is based

on the joint spatio-temporal phase modulation. The optics is presented in a minimum

configuration to lay the focus on the phase modulation. Specifically, the condenser and

the auxiliary differential prism are dropped, because a collimated laser beam is used as

the illumination. No light gathering and brightness issues are involved in this case. The

optical configuration is shown in Figure 6.3.

The laser provides the linearly polarized illumination and a HWP is used to orient the

input polarization conveniently. The laser beam travels through the DTEO phase mod-

ulator which is composed of the powered-up LN crystal and the QWP. The temporally

modulated beam is collimated by two lenses L1 and L2 which are configured as a Kepler

telescope. The collimated beam then illuminates the specimens. The light from the spec-

imen is first imaged at the intermediate plane IP through the microscope objective MO.

The lens L3, which serves as the eyepiece, further images the specimen from the inter-
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CCDPol.L3WPIPMOS

Mirror

Mirror L1L2 LaserHWP

LNQWP

Phase Modulator

P1 Q1 Lwp P2-Lwp Q2

Figure 6.3: Optical configuration of the quantitative PS-DIC microscope.

mediate plane IP to the final image plane. The DIC intensity distribution is captured by

a CCD camera which is placed at the final image plane. A Wollaston prism is inserted

between the objective MO and the lens L3 to generate two laterally sheared object waves.

In front of the CCD camera, a polarizer is placed to force the two orthogonal object waves

interfere with each other. The labels at the bottom in italic represent the corresponding

distances.

6.2.1 Joint Spatio-Temporal Phase Modulation

To demonstrate the joint spatio-temporal phase modulation, a Cartesian coordinate sys-

tem is established with the left hand rule. Because there are two directing mirrors, the

coordinate is built up with respect to the laser beam. Specifically, the positive z-axis

points along the direction of the laser beam propagation and the x-axis along the di-

rection of the beam split. Assuming that the laser beam at the entrance of the DTEO

phase modulator is x-polarized. Under the function of the DTEO phase modulator, the

temporally modulated wave is denoted by[
Vx
Vy

]
︸ ︷︷ ︸
Output

=

[
1 j

j 1

]
︸ ︷︷ ︸

QWP

[
j cosωt j sinωt

j sinωt −j cosωt

]
︸ ︷︷ ︸

Powered-up LN

[
exp (−jω0t)

0

]
︸ ︷︷ ︸

Input Vin

=

[
exp

[
j (−ω0+ω) t+ π

2

]
exp [j (−ω0−ω) t]

]
, (6.7)

where j is the imaginary unit, ω represents the angular frequency of the crystal’s driver,

ω0 stands for the optical frequency, and t is the time parameter. The optical axis of the

Wollaston prism is aligned to the x-axis, so that the two output components, Vx and



94 CHAPTER 6. DTEO MODULATOR IN NOMARSKI DIC MICROSCOPY

Vy, act as the extraordinary and the ordinary waves inside the prism. Consequently, the

separated waves possess distinct frequencies which are ω0 + ω and ω0 − ω, respectively.

Considering the bias retardation in Subsection 6.1.2, the time-dependent phase difference

between the two separated components, Vx and Vy, are equivalent to a continuous shift

in the bias retardation, but without any mechanical motion unit.

The spatial phase modulation is provided directly from the DIC microscope at the con-

dition of a sufficient tilt between the two interfering object waves. For a clear illustration

of the spatial phase modulation, the intermediate plane IP, the Wollaston prism WP, the

lens L3, and the final image plane are considered separately from the whole setup, as

shown in Figure 6.4. The paraxial condition and an identical polarization are assumed

Q2

α/2

IP WP L3 CCD

θt

P2

Lwp P2-Lwp

Shear

Figure 6.4: Formation of the spatial phase modulation and the adjustable shear.

for the following description. The object and the image distances, P2 and Q2, satisfy the

thin lens formula, denoted by
1

P2
+

1

Q2
=

1

f
, (6.8)

where f is the focal length of the lens L3. According to the geometry, the tilt angle of

the object wave that impinges on the CCD plane is calculated by [142]

tan θt =
P2− Lwp− f

f
· tan

α

2
, (6.9)
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where θt represents the tilt angle and α stands for the split angle provided by the Wollaston

prism. Considering the paraxial condition [120], Equation (6.9) is simplified as

θt =
α (P2− Lwp− f)

2f
. (6.10)

Assuming that the operating wavelength is λ, the spatial phase modulation is expressed

as a set of fringes. The spatial frequency of the spatial phase modulation is given by

fsp (Lwp) =
2 sin θt
λ

=
α (P2− Lwp− f)

λf
. (6.11)

Now, both the temporal and the spatial phase modulations are taken into account. The

two laterally sheared wavefronts at the CCD plane are described by

Ũ1 (ρ,t) =A1Vx exp
{
j
[
φ
(
ρ + ∆ρ

2

)
+ πfspx

]}
=A1 exp

{
j
[
φ
(
ρ + ∆ρ

2

)
+ πfspx+ ωt

]}
,

(6.12a)

Ũ2 (ρ,t) =A2Vy exp
{
j
[
φ
(
ρ− ∆ρ

2

)
− πfspx

]}
=A2 exp

{
j
[
φ
(
ρ− ∆ρ

2

)
− πfspx− ωt

]}
,

(6.12b)

where the constant phase difference π/2 between Vx and Vy is dropped and the Wollaston

prism is assumed providing the beam split along the x-axis. It is shown in Equation (6.12)

that the phase of each split wave is modulated, both spatially (fsp) and temporally (ω).

6.2.2 Adjustable Shear

The shear in the DIC microscopy determines the sensitivity of the system. An adjustable

shear provides the possibility of imaging the specimen at different sensitivities. In the

present PS-DIC microscopy, the adjustable shear is introduced by axially sliding the

Wollaston prism. Referring to Figure 6.4 once again, the shear is geometrically given by

Shear ∆ρ = α

[
P2− Lwp− Q2

f
(P2− Lwp− f)

]
. (6.13)

When the Wollaston prism slides axially, the distance Lwp alters and further the shear is

changed according to Equation (6.13). It is noted that Equation (6.13) is true, when the

intermediate image exists. If the microscope objective MO and the lens L3 are configured

as a 4f system, the axial position of the Wollaston prism does not control the shear any

longer. The reason is that each lens acts as a Fourier transform engine in a 4f system.

The wave tilt induced by the Wollaston prism is equivalent to a modification of the spatial

Fourier spectrum from the specimen, which means a linear phase distribution is added to
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the spatial Fourier spectrum. The additional phase distribution is proportional to the half

angle of the wave split of the Wollaston prism, which is not influenced by the position of

the prism. In terms of effect, the additional phase distribution shifts up/down the image

at the final image plane. Though the two images are still mutually sheared, the amount

of shear is constant.

6.3 Experiments and Results

In order to give a clear and detailed illustration to the feasibility and the adjustable shear

of the present PS-DIC microscope, a single-mode fiber is first imaged, because of its simple

phase distribution. The second experiment involves imaging a biological specimen which

is the forewing of a honey bee. The present PS-DIC microscope is configured as illustrated

in Figure 6.3. All the experiments are carried out with the same configuration except for

the shear. Regarding the light source, the DTEO modulator, and the CCD camera, the

basic information is shown in the list in Subsection 3.2.2. The specific settings of the

PS-DIC are listed below:

� Microscope objective MO: Leica HI PLAN EPI

– N.A.= 0.40;

– Magnification: 20×;

� Wollaston prism:

– Clear aperture: ∅ 10 mm;

– Beam separation angle: 1◦ at 633 nm;

� Lenses:

– Focal length: L1 = 5 mm; L2 = 40 mm; L3 = 60 mm;

� Array detector: CCD camera, Basler piA640-210gm

– Frame rate: 136 fps;

– Region of interest: 402 px × 536 px;

– Pixel size: 7.4 µm × 7.4 µm;

– Pixel bit depth: 8 bits;

The setup is calibrated by a positive 1951 USAF resolution test target. The acquisition

time is two seconds and 272 frames of the phase-shifted DIC images are captured. The

first experiment is conducted with a single-mode fiber. One of the captured frames is
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shown in Figure 6.5(a). The inset gives a zoomed-in illustration of the fringe structure,
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Figure 6.5: Captured frames. (a) An example of the PS-DIC image. The inset is a
zoomed-in illustration of the fringe structure. (b) Bright field image. (c) Temporal
intensity evolution history of the image cube.

which is the expression of the spatial phase modulation. As a comparison, the bright

field image is also provided in Figure 6.5(b). The bright field image is captured by using

the same microscope but without the Wollaston prism. To illustrate the temporal phase

modulation, the temporal intensity evolution history of the 244th row of pixels from all

the captured 272 frames is shown in Figure 6.5(c). The periodical variation indicates the

temporal phase modulation. Recalling the wavefronts described by Equation (6.12), the

collected image cube is denoted mathematically by

I (ρ,t)=
[
Ũ1 (ρ,t)+Ũ2 (ρ,t)

] [
Ũ1 (ρ,t)+Ũ2 (ρ,t)

]∗
=A2

1+A2
2+A1A2 cos [ΦO (ρ,t)] , (6.14)

with

ΦO (ρ,t) = φ
(
ρ + ∆ρ

2

)
− φ

(
ρ− ∆ρ

2

)︸ ︷︷ ︸
diff. phase distribution

+2πfspx+ 2ωt︸ ︷︷ ︸
joint modulation

+ϕ1 − ϕ2︸ ︷︷ ︸
residuals

. (6.15)
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To show the residual free algorithm, in the present discussion, the residual of the measure-

ment is considered. The origin of the residual phase is the aberrations and misalignments

of the setup.

In order to retrieve the differential phase distribution of the specimen from the joint

modulation, the 3-D Fourier fringe analysis method is adopted, which is an extension of

the conventional 2-D Fourier transform. The 3-D image cube is first converted into the

3-D spatio-temporal frequency domain by applying the 3-D Fourier transform, as shown

in Figure 6.6. For clarity, Figure 6.6(a) and (b) show the spatial and the temporal carrier

Figure 6.6: 3-D spatio-temporal Fourier frequency spectrum. (a) 2-D slice of the frequency
cube (two spatial frequency axes). (b) 1-D line of the frequency cube (temporal frequency
axis). (c) 3-D frequency cube.

frequencies, respectively, and the 3-D frequency cube is shown in Figure 6.6(c). It is

found that the joint spatio-temporal phase modulation is expressed as a 3-D frequency

carrier which is located around (36 lp/mm, 0, 34 Hz) in the frequency cube. Regarding
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the temporal component of the carrier frequency, there is no shift nor broadening, which

indicates that the specimen is a stationary target. For the spatial component, the shift

and the broadening result from the spatial distribution of the specimen.

As is demonstrated previously in Subsection 2.1.2, the Fourier transform based phase

retrieval algorithms involve an operation of translating the isolated +1 order spectrum

towards the origin. In the proposed PS-DIC microscopy, rather than the spectrum trans-

lation, a set of reference frames is captured without the presence of the specimen. Thus,

a reference-frame-based 3-D Fourier analysis is applied for a residual-free phase retrieval.

The side lobe translation method has the best performance, when the spatio-temporal

carrier frequency is an integer multiple of the sampling interval in both space and time

domains. However, in practice, the carrier frequency is generally not an integer multiple

of the discrete frequency interval and falls between neighboring discrete frequency points

in the discrete spectrum domain. Therefore, a fractional carrier frequency component

(called leakage) remains as a small tilt after the +1 order spectrum being shifted by an

integer multiple of the frequency interval to the origin. By applying the reference-frame-

based 3-D Fourier analysis, the frequency leakage effect mentioned above is essentially

avoided.

To isolate the +1 order spectrum, the frequencies around (36 lp/mm, 0, 34 Hz) are first

filtered out and then the inverse Fourier transform is directly applied to the isolated

+1 order spectrum without the spectrum translation. The obtained complex function is

denoted by

cO (ρ,t) = A1A2 exp {j [ΦO (ρ,t)]} . (6.16)

Similarly, the complex function of the image cube of the reference frames is calculated by

an identical procedure, which is given by

cR (ρ,t) = A1A2 exp {j [ΦR (ρ,t)]} , (6.17)

with

ΦR (ρ,t) = 2πfspx+ 2ωt︸ ︷︷ ︸
joint modulation

+ϕ1 − ϕ2︸ ︷︷ ︸
residuals

. (6.18)

The differential phase distribution of the specimen is retrieved by

arctan

{
Im [cO (ρ,t) c∗R (ρ,t)]

Re [cO (ρ,t) c∗R (ρ,t)]

}
= φ

(
ρ + ∆ρ

2

)
− φ

(
ρ− ∆ρ

2

)
≈ ∂φ (ρ)

∂x
·∆ρ, (6.19)

where the item right behind the equal sign is the differential phase distribution, and the

partial derivative is the phase gradient of the specimen. The approximation holds when

the shear is small compared to the highest spatial frequency of the specimen.
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By applying the reference-frame-based 3-D Fourier analysis, the differential phase distri-

bution of the single-mode fiber is retrieved, as shown in Figure 6.7. In Figure 6.7(a) and

(a) (b)

-π

0

π

50 µm

1.5 µm

shear

12.8 µm

shear

50 µm

Figure 6.7: Retrieved differential phase map of a single-mode fiber. The shear in (a) and
(b) are 1.5 µm and 12.8 µm, respectively.

(b), the experiments are carried out at 1.5 µm shear and 12.8 µm shear, respectively. As

is illustrated previously, the shear determines the sensitivity of the system. Considering

that the same fiber is imaged in Figure 6.7(a) and (b), the density of the fringe of the

wrapped differential phase distribution increases when the shear is enlarged. At the edge

of the fiber, the image becomes blurry. The reason is that in Figure 6.7(b) the sensitiv-

ity is too high for the current specimen. The maximum capacity of the wrapped phase

density at the CCD plane is determined by the shear, denoted by

∂2φ (ρ)

∂x2

∣∣∣∣
max

=
π

∆ρSp
, (6.20)

where Sp is the pixel size along the shear direction of the CCD camera. Equation (6.20) is

deduced from the fact that, for a fully resolved phase retrieval, a spatial phase variation of

2π must cover at least two pixels. Otherwise, due to the phase is wrapped, two neighboring

phase fringes are not able to be distinguished. Considering the current configuration, the

maximum phase gradient variations that is supported by the two shears are

∂2φ (ρ)

∂x2

∣∣∣∣
max at ∆ρ = 1.5 µm

=
π

1.5 µm× 7.4 µm
≈ 0.0901π µm−2, (6.21a)

∂2φ (ρ)

∂x2

∣∣∣∣
max at ∆ρ = 12.8 µm

=
π

12.8 µm× 7.4 µm
≈ 0.0106π µm−2. (6.21b)

The second experiment is conducted with the forewing of a honey bee to demonstrate

the imaging ability for irregular biological specimen. The imaging area at the specimen
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plane is 180 µm × 240 µm. The shear is adjusted to 3.3 µm. Under such a configuration,

the supported maximum phase gradient variation rate is ∼ 0.0410π µm−2. The retrieved

differential phase distribution is shown in Figure 6.8. It is noted that the magnification

(a)

0

0.5

1
(b)

-π

0

π

50 µm 50 µm
Vein

Figure 6.8: Images of the forewing of a honey bee. (a) Enhanced bright field image. (b)
Quantitative differential phase image.

is different from the previous experiment, which is indicated by the scale bar. In Figure

6.8(a), the bright field image is first shown, which is enhanced in the contrast, to have a fair

comparison with the quantitative DIC image shown in Figure 6.8(b). The singularity areas

in the quantitative DIC image indicate where the phase is wrapped due to the arctangent

function. The medial vein in the forewing is clearly visualized in the quantitative DIC

image, whereas in the bright field image, the medial vein is presented in a low contrast.

As for the wing hairs, it is not so hard to distinguish them among the others, even in the

bright field image. The reason is that the wing hairs are actually not a pure phase object.

They also contribute to an intensity change when illuminated.

6.4 Summary

In this chapter, a quantitative Nomarski PS-DIC microscopy is proposed. The phase shift

is introduced by a joint spatio-temporal phase modulation. The spatial component of the

carrier frequency is generated by the tilt between the two interfering waves, as long as the

tilt is sufficient. The temporal component is provided by the present DTEO modulator.

The introduced temporal component is equivalent to that is introduced by shifting the

bias retardation of the DIC microscope, but without any mechanical moving parts.

Regarding the phase retrieval algorithm, the reference-frame-based 3-D Fourier fringe

analysis is applied to the captured image cubes. Thus, the residual phase in the system

is removed. More importantly, the frequency leakage effect is eliminated essentially. It
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is straightforward to control the shear in the proposed DIC microscopy by setting the

axial position of the Wollaston prism. The proposed optical configuration, as well as

the associate phase retrieval algorithm, is experimentally verified. The experiments are

carried out with a single-mode optical fiber and the forewing of a honey bee. Typical

differential phase distributions are presented in the experimental verification.



Chapter 7

Conclusion and Outlook

The present study is mainly motivated by the demands in a versatile phase modulator

for distinct interferometric systems. A novel dual transverse electro-optic (DTEO) phase

modulator is proposed. As its name indicates, the physical principle of the modulator is

based on the dual transverse electro-optic effect. The term, dual transverse, reveals the

configuration, in which two orthogonal sinusoidal electric fields are applied to the electro-

optic crystal. Here, the fields are orthogonal, which are expressed in terms of both time

and space. Specifically, in the time domain, the two applied fields have a phase delay

of π/2. Meanwhile, in the space domain, the electric field lines of them are mutually

perpendicular. A revised electro-optic coefficient is adopted to run the phase modulator

within the frame rate of most array detectors. As a subsequent benefit, the half-wave

voltage is lowed down by the introduction of such a revised electro-optic coefficient. The

related derivations in physics and mathematics are described in detail.

The features of the propose DTEO phase modulator include:

1. The phase modulator is installed in the main optical path prior to the beam splitter.

2. The two interfering waves are phase shifted simultaneously and locally.

3. The adjustable operating frequency satisfies the frame rates of most array detectors.

4. No mechanical motion unit is involved during the phase modulation.

In fact, the features above are nothing new to the existing phase modulators, which

are used in the optical interferometric systems. However, there are barely any reported

modulators that possess all the four features at a time. The proposed DTEO phase

modulator, on the other hand, accomplishes such a demand. By covering the four features
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in a single individual device, the proposed DTEO phase modulator has the capability of

being applied in diverse interferometric systems.

As an opponent, the conventional electro-optic (EO) phase modulator, which is based on

the single transverse EO effect, is well established. It has a broad range of applications,

including the educational demonstrations, academic studies, and industrial solutions. A

further advantage of the proposed DTEO phase modulator is rendered by a compari-

son with the conventional EO modulator, namely the input requirement and the output

performance. It is a consensus that, in practical implementations, signals in the linear

form or sinusoid are preferred, because they bring convenience to the signal generation or

further uses of the signal. The conventional EO phase modulator has a linear response

to its input, which means the output signal follows the input. The sinusoidal input gives

a sinusoidal phase shift. The generated intensity change in the Bessel form brings diffi-

culties in the data analysis. For conventional EO phase modulators, a linear input seems

capable to induce a linear phase shift, but in practice it is not possible to run the driving

linear signal to infinity. Interrupts and resets are necessary which smash the time domain

continuity of the phase modulation, especially for time-dependent systems. In the case of

the DTEO phase modulator, it is shown that the driving signal is sinusoidal, in the mean-

time, the output phase shift is linear. In other words, a linear phase shift is generated

under a sinusoidal driving signal. Regarding the phase-shifting interference, the linear

phase shift results in a sinusoidal variation in intensity. The analytical investigations of

the sinusoidal-variation interference are straightforward.

The proposed DTEO phase modulator is first verified experimentally in a Michelson in-

terferometer. The feasibility is confirmed by the periodical intensity evolution history

of the temporal interference pattern. The linear time-varying phase shift is achieved.

The resulting frequency of the interference intensity variation is 34 Hz, which satisfies

the frame rate of most commercial cameras. In order to demonstrate the compatibility,

the DTEO phase modulator is coupled in three typical representatives of the interfero-

metric systems, namely the interferometer, the holography system, and the differential

microscope. Specifically, the temporal electronic speckle pattern interferometry (ESPI)

system shows the dynamic feature which is brought by the DTEO phase modulator.

Real-time measurements of the in-plane rotation is accomplished. In the phase-shifting

in-line holography system, the phase modulator plays a role for the retrieval of the op-

tical field at the hologram plane. Lensless imaging is realized by the back propagation

of the retrieved optical field. In the Nomarski phase-shifting differential interference con-

trast (PS-DIC) microscope, a novel scheme of phase shit is proposed, which is termed as

joint spatio-temporal phase modulation. The joint modulation is provided by the DTEO

phase modulator and the differential prism. Quantitative visualization of phase objects is
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achieved without dyeing. Bio-samples, i.e., the forewing of a honey bee, is rendered with

sufficient contrast by the proposed quantitative Nomarski PS-DIC microscope.

For further developments regarding the DTEO phase modulator, two aspects are being

into shape in the near future. One aspect goes to high frequency applications, and the

other involves multi-carrier systems. By a new design of the driver circuit, the DTEO

phase modulator is with the potential of running in the high frequencies, which is pre-

ferred in the investigation of transient process. Under high frequencies, the electro-optic

coefficient requires a reconsideration, because there is no secondary effect from the electric

field to the refractive index. Subsequently, the scheme of detection needs to be altered

for high speed applications. A promising approach is based on the lock-in amplifier. The

readout of the amplifier directly gives the information about the measuring phase without

post-treatment algorithms. In the meantime, the lock-in amplifier has a strong ability of

weak signal detection in a noisy environment.

In the other aspect, the optical interferometric systems with multiple temporal carriers are

in conception. Two or more DTEO phase modulators are used in cascade. The multiple

temporal carriers are generated by a precision control of the polarizations. Different

carriers are mutually distinguished by their polarizations. For example, in the cascade

of two DTEO phase modulators, one of the two phase-shifted components, which are

generated by the first modulator, is sent to the second. The second modulator further

shifts the received polarization into two components with different phases. At the exit of

the cascade, the phases of the three components are shifted to different frequencies. The

combination of either two components generates an individual temporal carrier. When

the non-phase-shifted original wave is considered, even more carriers are generated in this

scenario. Each temporal frequency carries an individual information, and thus multi-

quantity simultaneous measurements are brought into conception.

In conclusion, a novel phase modulator is investigated in the present study, which is based

on the dual transverse electro-optic effect. Physical fundamentals, mathematical deriva-

tions, and experimental demonstrations are described in detail. The compatibility of the

proposed phase modulator is illustrated by three novel optical configurations, which are

based on the typical representatives of interferometric systems. Two of the further devel-

opments are described but the future is not limited to that. For dedicated applications,

it is readily to couple the proposed DTEO phase modulator into existing systems. It is

expected that the DTEO phase modulator sees a development in both academic research

and industrial applications.
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A.1 List of Symbols

The symbols listed below are applied throughout the entire thesis. The locally used

symbols are explained and defined in respective content where they first appear.

A modulus of complex amplitude

Aobj magnitude of the object wave

Aref magnitude of the reference wave

c speed of light

exp exponential function

E electric field

fsp spatial frequency

ft temporal frequency

I intensity

j imaginary unit

k wave number

L length

n refractive index

ne extraordinary refractive index

no ordinary refractive index

V Jones matrix for wave

t time

T Jones matrix for optical element

u voltage

Ũ complex amplitude, phasor

Ũobj wavefront of object wave

Ũref wavefront of reference wave
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α angle

γ visibility of interference

γij electro-optic coefficient

Γ transmission function

∆ phase shift within an acquisition cycle

θ angle

λ wavelength

ρ position vector

φ phase

φobj object phase

φref reference phase

φstf phase shift

φtar target phase

ω angular frequency

ω0 optical frequency of the wave

Ω rotation angle

F Fourier transform

M operation of obtaining median

R rotation matrix
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A.2 List of Abbreviations

1-D one-dimensional

2-D two-dimensional

3-D three-dimensional

AOM acousto-optic modulator

ASM angular spectrum method

BS beam splitter

CCD charge-coupled device

CW continuous-wave

DC direct current

DIC differential interference contrast

DOP degree of polarization

DSPI digital speckle pattern interferometry

DTEO dual transverse electro-optic

EM electromagnetic

EO electro-optic

ESPI electronic speckle pattern interferometry

HiBi highly birefringent

HWP half-wave plate

LN lithium niobate

N.A. numerical aperture

OPD optical path difference

OPL optical path length

PBS polarizing beam splitter

PS-DIC phase-shifting differential interference contrast

PZT piezo-electric transducer



110 APPENDIX A.

QWP quarter-wave plate

RF radio frequency
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Liu, F. Salazar-Bloise, and A. W. Koch. “Shear-unlimited common-path speckle

interferometer”. In: Optics Letters (2020). Accepted on 28 January 2020. doi:

10.1364/OL.382893.

127

https://doi.org/10.1364/AO.58.000593
https://doi.org/10.1364/AO.58.000593
https://doi.org/10.1364/OE.26.008744
https://doi.org/10.1364/OE.26.008744
https://doi.org/10.1364/OE.22.007799
https://doi.org/10.1364/OE.21.023058
https://doi.org/10.1016/j.optcom.2014.09.078
https://doi.org/10.1016/j.optcom.2014.09.078
https://doi.org/10.1364/OL.382893


128 PATENTS AND PUBLICATIONS

[8] J. Dong, Shengjia Wang, M. Lu, M. Jakobi, Z. Liu, X. Dong, F. Pöller, L. M.
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[25] X. Dong, A. K. Yetisen, M. H. Köhler, J. Dong, Shengjia Wang, M. Jakobi,

X. Zhang, and A. W. Koch. “Microscale spectroscopic mapping of 2D optical

materials”. In: Advanced Optical Materials 0.0 (2019), p. 1900324. doi: 10.1002/

adom.201900324.

https://doi.org/10.1063/1.4929533
https://doi.org/10.1117/12.2270548
https://doi.org/10.1117/12.2269453
https://doi.org/10.1117/12.2193121
https://doi.org/10.1117/12.2193121
https://doi.org/10.7567/1882-0786/ab3e51
https://doi.org/10.1002/adom.201900324
https://doi.org/10.1002/adom.201900324


130 PATENTS AND PUBLICATIONS

[26] C. Zhong, Z. Gao, X. Wang, C. Gao, S. Yang, X. Sun, X. Wen, Z. Feng, and

Shengjia Wang. “The machine learning method of phase extraction in interfer-

ometry”. In: Optics and Lasers in Engineering 110 (2018), pp. 384 –391. doi:

10.1016/j.optlaseng.2018.06.021.

[27] X. Wang, Z. Gao, S. Yang, C. Gao, X. Sun, X. Wen, Z. Feng, Shengjia Wang, and

Y. Fan. “Application of digital shearing speckle pattern interferometry for thermal

stress”. In: Measurement 125 (2018), pp. 11 –18. doi: 10.1016/j.measurement.

2018.04.073.

[28] X. Zhang, Z. Gao, J. Qin, G. Li, Z. Feng, and Shengjia Wang. “Synchronous

two-wavelength temporal interferometry”. In: 8th International Symposium on Ad-

vanced Optical Manufacturing and Testing Technologies: Optical Test, Measure-

ment Technology, and Equipment. Vol. 9684. International Society for Optics and

Photonics. 2016. doi: 10.1117/12.2239472.

https://doi.org/10.1016/j.optlaseng.2018.06.021
https://doi.org/10.1016/j.measurement.2018.04.073
https://doi.org/10.1016/j.measurement.2018.04.073
https://doi.org/10.1117/12.2239472


Supervised Student Theses

[1] Q. Wang. “Spatial phase-shifting in common-path shearography by using virtual

apertures”. Bachelor Thesis. Technical University of Munich, Apr. 2018.

[2] Q. Cao. “Phase retrieval based on temporal phase shifting techniques - devices and

algorithms evaluation”. Advanced Seminar. Technical University of Munich, Mar.

2016.

131




	Introduction
	Scientific Problem Statements
	Objective
	Thesis Organization

	Fundamentals and State of the Art
	Fundamentals of Phase Retrieval
	Discrete Phase-Shifting Method
	Time Sequence Method
	Summary

	State of the Art in Phase-Shift Technique
	Optical Path Length Based Phase Shift
	Optical Frequency Based Phase Shift
	Summary


	Dual Transverse Electro-Optic Modulator
	Physical Principle
	Basics and Limitations
	Dual Transverse Electro-Optic Effect

	Experimental Verification
	Revised Electro-Optic Coefficient
	Experiments and Results

	Summary

	Temporal ESPI Based on DTEO Modulator
	Basics in ESPI
	Working Principle
	Correlation Fringes
	Sensitivity Vector

	Optical Configuration
	Experiments and Results
	Summary

	DTEO Modulator in Holography
	Basics in Digital Holography
	Recording and Reconstruction
	Numerical Reconstruction of Wavefront

	Optical Configuration
	Experiments and Results
	Summary

	DTEO Modulator in Nomarski DIC Microscopy
	Basics in PS-DIC Microscopy
	DIC Image Formation
	Bias Retardation

	Optical Configuration
	Joint Spatio-Temporal Phase Modulation
	Adjustable Shear

	Experiments and Results
	Summary

	Conclusion and Outlook
	Appendix 
	List of Symbols
	List of Abbreviations
	List of Figures

	Acknowledgment
	Bibliography
	Patents and Publications
	Supervised Student Theses

