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Abstract: Min-stable multivariate exponential (MSMVE) distributions constitute an important family of dis-
tributions, among others due to their relation to extreme-value distributions. Being true multivariate expo-
nential models, they also represent a natural choice when modeling default times in credit portfolios. Despite
being well-studied on an abstract level, the number of known parametric families is small. Furthermore, for
most families only implicit stochastic representations are known. The present paper develops new parametric
families of MSMVE distributions in arbitrary dimensions. Furthermore, a convenient stochastic representa-
tion is stated for such models, which is helpful with regard to sampling strategies.
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1 Motivation

Min-stable multivariate exponential (MSMVE) distributions constitute an important class of multivariate dis-
tributions, in particular for real-world applications. This is mainly due to two reasons: First of all, starting
from an MSMVE distribution, one can easily derive corresponding extreme-value distributions by transform-
ing the one-dimensional margins appropriately. Extreme-value distributions in turn can be very useful for
modeling particular real-world use cases. Among others, they have been applied in environmental sciences,
e.g. when modeling the occurrence of floods at different places or maximal ozone levels at different moni-
toring stations, see [15, 18], and in Finance, e.g. when modeling the dependence of extreme asset returns,
see [25, 33]. The second reason applies to applications in risk-management, respectively modeling of credit
portfolios. A natural, widespread, and robust way to model the default times of single components of such
a portfolio (e.g. bonds or loans) is based on the exponential distribution. For a portfolio manager, it is daily
business to express the default risk associated with a single credit-risky asset in terms of an exponential rate
parameter, which is often called the “credit spread”. However, given exponentially distributed univariate
marginals, it is not obvious how to model the corresponding joint distribution of multiple credit-risky assets.
In practical portfolio credit-risk management, it is quite popular to link the univariate probability distribu-
tions to a joint distribution by the use of a copula, see, e.g., [6, 40]. However, it is the authors’ conviction that
“true” multivariate exponential concepts should be used because such concepts naturally fit the intuitive
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motivation of modeling lifetimes. Such “true” multivariate exponential distributions have been defined in
the statistical literature, see, e.g., [12]. In [5], one can find further support for the application of these depen-
dence concepts. In the past, some of the criticism surrounding copula modeling in the context of portfolio
credit risk can be attributed to the lack of such a natural link between the copula model and the intuition of
lifetime modeling.

Though being a very useful class of distributions and being very well studied on an abstract level, (see, e.g.,
[20, Chapter 6]; [24, 35]), the number of known parametric MSMVE families, in particular in large dimensions,
is rather small. Furthermore, the number of parametric models for which concrete stochastic representations
are known is even smaller. For most families, only the spectral representation of [7], or an implicit stochastic
representation as a limit distribution can be stated. However, concrete stochastic representations are helpful
for practical applications as they allow for a more intuitive understanding and can serve as a starting point
for developing efficient simulation algorithms.

Motivated by the above considerations, there is some recent work aiming at the construction of new and flex-
ible parametric MSMVE families in large dimensions, see, e.g., [1, 10, 13, 41]. In the same spirit, the aim of
the present paper is to develop new parametric models that have a convenient stochastic representation. We
will develop two similar classes of MSMVE distributions, giving rise to a huge quantity of parametric MSMVE
models in arbitrary dimensions (see Theorems 1 and 2). The underlying stochastic model is given by a frailty
construction, i.e. the components can be defined as first-passage times of a stochastic process across inde-
pendent trigger levels. Similar to [19], the aim is to introduce new classes of models, while an application of
these in practice requires a further, very detailed investigation of particular parametric families, which lies
outside the scope of this work.

Our findings have at least three important implications:

(i) They give rise to a huge class of parametric stable tail dependence functions in arbitrary dimensions.
(ii) The underlying stochastic model can be used for efficient simulations, in particular in large dimen-
sions, to construct non-exchangeable extensions (see Lemma 1), and to investigate statistical properties
of the associated MSMVE distribution.

(iii) Based on the specific stochastic model, which can be interpreted as a so-called frailty construction,
one further advantage is observed: When considering large homogeneous credit portfolios, Glivenko—
Cantelli type approximations for the portfolio loss process as presented in [28] are available. Since the
default times are conditionally independent and identically distributed in such models, for a large port-
folio, the portfolio loss can be approximated by the conditional default probability. The famous Vasicek
formula is derived using the same idea, see [42]. These approximations allow, e.g., for semi-analytic
evaluation of collateralized debt obligations or similar non-linear derivatives depending on the portfo-
lio loss.

The remainder of the paper is organized as follows. In Section 2, the necessary mathematical concepts are
introduced, including a brief introduction to MSMVE distributions and their connection to so-called IDT sub-
ordinators. In Section 3, a specific family of IDT subordinators and the related family of MSMVE distributions
is investigated. A similar example is sketched in Section 4. A note on simulation can be found in Section 5.
Section 6 concludes.

2 Mathematical prerequisites and notation

Section 2.1 recalls some background on MSMVE laws, Section 2.2 introduces IDT subordinators and the so-
called IDT-frailty model, and Section 2.3 provides an explicit construction of IDT subordinators, which is of
prime relevance for our results.
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2.1 MSMVE distributions

A random vector (X1, ..., X,) with support [0, >0)¢ on a probability space (2, F, P) is said to have a min-
stable multivariate exponential (MSMVE) distribution if each minimum over arbitrary subsets of scaled com-
ponents, i.e. min{cy X;,,..., ¢ X; }foralll < k<d,1<iy <...<i=<d,c1,...,¢ >0,1is (univariate)
exponential. Relying on the min-stability as a characterizing property reflects the philosophy of [12] to lift the
concepts and properties of the one-dimensional exponential law to higher dimensions. Furthermore, these
distributions can be seen as possible distributions of asymptotic component-wise minima, as stated in [32],
or as limiting extreme-value distributions with (negative) exponential marginals, as stated in [8].

It is well-known, see, e.g., [20, Theorem 6.2, p. 174], that the survival function F of an MSMVE distribution
can be written as

F(Xl,...,Xd) Z=P(X1 >X1,...,Xd >xd)=exp(—£(x1,...,xd)),

X;20,i=1,...,d, where ¢ : R? — R, is homogeneous of order 1, i.e. £(tx) = t¢(x) forall t > 0,x € RY.
Additionally assuming all marginal laws to be unit exponentials, such a function ¢ is called a stable tail de-
pendence function and /(e;) = 1 is fulfilled for all unit vectors e;, 1 < i < d. The previously mentioned link
between MSMVE distributions and extreme-value distributions can also be stated using the concept of copu-
las (for an introduction, see, e.g., the textbooks [20] and [31]): C is the copula of an extreme-value distribution,
a so-called extreme-value copula (see [14]), if and only if

Cluy,...,uqg) =exp (- (-log(uy),...,-log(ug)) ), ui,...,uqc(0,1],

with ¢ a stable tail dependence function. Furthermore, the survival copula of an MSMVE vector (X1, ..., X,)
is exactly of this kind.

One of the major findings in multivariate extreme-value theory, at least known since [9] and many times re-
discovered and re-formulated since then, is a one-to-one relationship between d-dimensional MSMVEs and
certain measures on a subspace of R, which is somehow comparable with the one-to-one relationship be-
tween infinitely divisible distributions and their associated Lévy measures. A quite recent, purely analytical
derivation of this result can be retrieved from [36]. Additionally, the latter reference shows that a d-variate
function F : [0, )¢ — [0, 1] is an MSMVE survival function with unit exponential marginals if and only if
the function

0x1,...,xq) :=—log (F(x1,...,xq))

is homogeneous of order 1, fully d-max-decreasing, and /(e;) = 1, 1 < i < d, so these are necessary and suf-
ficient conditions for ¢ : R — R, to be a stable tail dependence function. This refines a result of [16]. The
homogeneity property is a reformulation of the extreme-value property of the underlying extreme-value cop-
ula in terms of the function ¢. The fully d-max-decreasingness property is essentially a reformulation of the
d-increasingness property of the associated MSMVE’s distribution function after transformation to survival
functions and an application of the log-transform. However, it is not easy to investigate this property analyt-
ically. Another characterization of stable tail dependence functions in terms of so-called “max-zonoids” is
given in [30].

In the well-studied bivariate case, ¢ is characterized by the so-called Pickands dependence function A :
[0, 1] — [1/2, 1], which is defined by A(t) := £(t, 1 — t). Sufficient conditions for a function to be a bivariate
Pickands dependence function are as follows, see [14, Theorem 2.3]: A is a bivariate Pickands dependence
function if and only if A is convex and max{t,1 -t} < A(t) < 1, forall t € [0, 1]. Concerning measures
of dependence, like concordance measures and tail dependence coefficients, it is well-known for a bivariate
MSMVE vector (X1, X,) that these measures can be computed easily from A (see, e.g., [14, 17]), e.g.

1

p=12 / %dt -3, (Spearman’s p),
) (1+A@©)

AL =2 (1 -A(1/ 2)), (lower tail-dependence coefficient).
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Note that p = 0 for all MSMVE distributions. Assuming the dependence structure, respectively function 4, to
be of a given parametric form, maximum likelihood, maximum pseudo-likelihood or rank-based moment es-
timators are available, see the literature on estimation of (bivariate extreme-value) copulas, e.g., [21, Chapter
5].

Our approach is dimension-free in the sense that instead of random vectors (X, .. . , X;) we consider MSMVE
sequences {Xj }xcn. These are sequences of random variables such that the min-stability property holds for
all finite subsets of N, i.e. min;<;{c; X;} is exponentially distributed for all finite ] ¢ Nand c¢; > 0, foralli € I.

2.2 The IDT-frailty model

The starting point of our considerations is a result by [27] which shows that for an exchangeable MSMVE
sequence { X }xcn there exists a stochastic representation as a frailty model

Xy = inf{t>0:H[>Ek}, keN, (1)

with an iid sequence {E} } <y of unit exponential random variables and {H;}+( a so-called strong IDT sub-
ordinator, which is independent of {Ej };n. Conversely, starting from a strong IDT subordinator, the above
construction (1) yields an exchangeable MSMVE sequence. Exchangeability means that the distribution of
each finite sub-vector remains unchanged under arbitrary permutations of the components of the vector. A
process {H;}o is called a strong IDT subordinator in the sense of [27] if it is right-continuous, [0, co]-valued,
non-decreasing, Hy = 0, and lim;_, ., H¢ = oo, a.s., and satisfies

M 4+ HW

d
{Ht} = {Ht/n : t/n

}, vneN, )
where the processes H W, ..., H™ are iid copies of H. Property (2) corresponds to the definition of IDT pro-
cesses as used in, e.g., [29] or [11], restricted to non-decreasing processes with some additional technical con-
straints, which guarantee that {X; }cn is well defined. It is well-known for strong IDT processes, see, e.g.,
[29], that H, is infinitely divisible for every ¢ > 0 and thus, defining ¥j(x) := -log (E [exp(-x H1)]) yields
a so-called Bernstein function. A function ¥ : (0, o0) — R is a Bernstein function if and only if it admits a
(unique) representation via

Y(x)=c+ax+ / (1-e™") v(duw),

(0,00)

with ¢ > O the so-called killing term, a > O the drift term, and v a measure on (0, o) satisfying f(o,w)(l A
u) v(du) < oo, the Lévy measure. In the following, we will always ignore the so-called killing term as we only
consider distributions on [0, o), i.e. we set it to zero. Bernstein functions are often extended to the domain
[0, oo) setting ¥(0) := 0. The set of all Lévy measures is denoted M. For further information on Bernstein
functions, see [39]. For the Laplace transform of the one-dimensional margins of a strong IDT subordinator,
one has

E [exp(-x H)] = exp (-t Yu(x)), x=0.

Thus, for every strong IDT subordinator, there exists a Lévy subordinator with the same marginal dis-
tributions. Actually, Lévy subordinators are the best studied example of strong IDT subordinators. The
marginal distribution of H; is of relevance for the exchangeable sequence constructed in Equation (1), since
min;c;{X;} ~ Exp(¥y(|1))) for all finite subsets §) # I C N with cardinality |I|.

Theoretically, construction (1) allows to define new parametric families of MSMVE distributions (and thus
stable tail dependence functions) by defining parametric families of strong IDT subordinators. Furthermore,
using Lemma 1, it is possible to construct not only exchangeable sequences, but also non-exchangeable
vectors, e.g. based on factor-model motivations.
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Lemma 1 (Multi-factor MSMVE distributions). Consider a probability space (Q, F,P) supportingn + 1 € N
independent, non-decreasing strong IDT subordinators HO = {HE")}EO, i=0,...,n,and an independent iid
sequence E1, . .., E4 of exponential random variables with unit mean. Moreover, let A = (a; ;) € R0 pe gn
arbitrary matrix with non-negative entries, having at least one positive entry per row. We define the vector-valued
stochastic process

HY 2 a0 H? +... +ay , HY
H? 28 aro HO + ...+ ay, A™

H: = . =4 . = . . ;
H@ A ago H® +... +ag AM

whose component processes are all strong IDT subordinators. Then, the random vector (X1, ..., X;) defined via
Xe:=inf{t>0: HV>E3, k=1,...,d,

has an MSMVE law.

Proof. See [26, Lemma 4.4]. Note that by defining the entries of the matrix A appropriately and interpreting
the processes HY as stochastic drivers, dedicated factor models can be constructed. O

Besides Lévy subordinators there exist only few parametric families of (non-trivial) strong IDT subordinators
and those are not very well investigated, yet. The aim of the present paper is to define new classes of MSMVE
distributions by defining suitable parametric families of strong IDT subordinators in a first step.

2.3 Aclass of strong IDT subordinators

Consider an arbitrary Lévy subordinator {A;} o, i.e. a stochastically continuous process with independent
and stationary increments, which is almost surely cadlag and non-decreasing, see, e.g., [37, Definition 1.6],
where we assume that for every w € Q, A¢(w) is right-continuous in ¢, non-decreasing, and Aq(w) = O (see,
e.g. [37, p. 197]). We consider instances of the general example H; := f0°° f(s/t) dAs, with f a function fulfilling
certain conditions, see Lemma 2. This general example can be found, using slightly differing notation, e.g.,
in [29], and in [2] as an example of an infinitely temporally selfdecomposable process. The integral could be
defined using the definition of integrals with respect to independently scattered random measures by [34] or
[38]. However, as we restrict ourselves to pathwise non-decreasing processes, it is possible to use pathwise
the usual Lebesgue—Stieltjes integral for expressions of the form ja” ... dAg, see, e.g., [23, Example 1.56]. This
coincides a.s. with the more complex integral definition in [34, 38], so we can apply their results on properties
of the integral.

Lemma 2 (A class of strong IDT subordinators). Defining pathwise
He [ fsi0dns, e>o, ©)
0

with Hy := O for f a measurable, non-negative, non-increasing, left-continuous function, f % 0, fulfilling

oo

[ anf©+ [ 1AGFO] val@n) b ds <o,
0

0

]7 [1 A O3 f(s)z)} VA(dx) ds < oo,
0 0

where a, and v, are the drift and the Lévy measure of the subordinator A, yields a strong IDT subordinator
H = {H;} 0 in the sense of [27].
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Proof. It is possible to define the integral (3) pathwise as a Lebesgue-Stieltjes integral. However, one has to
admit the value +o0. The two integral conditions stated above are necessary and sufficient conditions for the
existence of the integral (for t = 1) with respect to independently scattered random measures as stated in [34,
Theorem 2.7]. One can show that the existence of that integral ensures the existence of the pathwise integral,
and furthermore, the two definitions coincide a.s.. O

The next two sections are devoted to a detailed investigation of two specific families, namely families based
on f1(s) = (1 - s)+ and f>(s) = log*(1/s). We derive the related strong IDT subordinators and the resulting
MSMVE distributions.

3 Family F1

We examine the construction of Lemma 2 using the function f; (s) = (1-5s)+ := max{1-s, 0}, which obviously
fulfills the conditions stated in Lemma 2: As we can estimate f;(s) < ]1[0’1](5), it follows that the first integral
expression is bounded above by a, + f(;” (1 Ax) v4(dx), and the second integral expression is bounded above
by f0°° (1 A x?) v4(dx), which both are finite expressions for Lévy measures. We now consider the strong IDT
subordinator

t

bom [ (1-3) an- [ (1-3)an. 50, @
0

0

with Hy := 0. The corresponding family of distributions resulting from construction (1) is called F1. The pro-
cess H has an alternative representation using integration by parts, namely

t

H; = %/Asds, t>0, (5)

0
which can be seen as some kind of moving average of the increasing process A. From Equation (4) it can be
seen that pathwise, H; equals a Williamson 2-transform evaluated at 1/t, see, e.g., [43] for the definition of
Williamson d-transforms. Consequently, H; = 1(1/t) with i a (random) convex and non-increasing function.
It can be seen from the representation in Equation (5) that H; equals the product of a differentiable function
and a function that is a.e. differentiable, a.s.. Consequently, the paths of H are a.e. differentiable, a.s.. Fur-
thermore,

X+t

X
1 t
Hyx-Hy= —— [ Asds—- —— [ 2
tex = Hx t+x/ sds x(x+t)/ sds
0

X

X+t
1 tA t
m/(As—Ax)dS*'X e X
X

+t x+t

t
d 1 ~ t t = t
Ly [t e B = L e B,

0
where A is an independent copy of A and H the corresponding independent copy of H. Consequently, the
increments, given the path of A up to time x, can be decomposed into a stochastic component independent
of the previous evolution and a component measurable with respect to Fx := 0(As, 0 < s < x). However, as
the value of A, can not be recovered from Hy, H is not Markovian.
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3.1 Attainable marginal distributions

In a first step, we analyze possible marginal distributions of H that can arise from this construction, as we have
seen above that these are of relevance for the corresponding distribution. Let ¥, be the Laplace exponent of
{At}t0, vy the corresponding Lévy measure, and a, its drift term. For the resulting strong IDT subordinator
H, we denote its associated Bernstein function by ¥y with Lévy measure vy and drift ay. Let @ denote the
considered integral transform, i.e. @ : £(A;) — £ ( fol 1-59) dAs>, where £(.) denotes the law of some
random variable, which we will use simultaneously on the level of considered Lévy measures @ : v, — vy.
Furthermore, define

U := {v e M: v(dx) = g(x)dx, g non-increasing} .

The corresponding class of distributions is called “Jurek class” or class of “s-selfdecomposable distributions”,
see [22], restricted to distributions on R. It is shown in [22] that @ : M — U is one-to-one, i.e. in particular
every Bernstein function ¥y possessing a non-increasing density can be attained by the given construction.

Lemma 3 (Lévy measures associated with H). (i) @ : M — U and the mapping is one-to-one.
(ii)) The Lévy density gy of the measure vy is given by

S}

gu(y) =/Lidx), y>0.
y

(iii) For any non-negative, measurable function h

oo oo 1 X
h(x)vy(dx) = [ = h(y)dy | va(dx).
[roman= [ ]

Proof. (i) is the result in [22, Theorem 2.6] restricted to distributions on R.. We only prove (iii), as (ii) can
be proven along the same lines (see, e.g., [4, Example 6.3 (1)]). For H; = fol (1 - s)dAs, [34, Proposition 2.6]
yields

1
V() = /‘I’A (x(1-s))ds, x=0,
0

as f1(s) = (1 - s)+ is obviously integrable. With [34, Theorem 2.7(iv)], one has
1 1

vi(B) = / va(B/(1-5))ds = / va(B/s)ds, B e B(R.). ®)
0 0
Thus, for any non-negative, measurable function h,

) 1 o o 1
h(x) vy(dx) = h(xs)v,(dx)ds = h(x s)dsv,(dx)
o/ 0/ 0/ 0/ 0

oo X
1
- [ 5| [ nay | vao,
0 0
applying a substitution in the last step. This proves the claim. O

Furthermore, it can be seen from Equation (6) that @ is a so-called “Upsilon transform” in the sense of [4],
with dilation measure y(dx) = 1 [O,ﬂdx, from which more results can be derived, e.g., on continuity properties
of the transform @.

Actually, it is even possible to compute the pre-image @ !(g(x)dx) explicitly, given a non-increasing Lévy
density g. Using the previous results, we can conclude that for every Lévy subordinator with marginal distri-
butions in the Jurek class, we can find another non-decreasing process with the same marginal distributions
and a.e. differentiable paths, a.s..
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3.2 The corresponding MSMVE family

It is known that for all d > 2, (Xq,..., X;) constructed as in Equation (1) exhibits an MSMVE distribution
which corresponds to a stable tail dependence function ¢. In the given construction, ¢ can be computed ex-
plicitly. In particular, it is a function of the Bernstein function ¥y. This constitutes a very flexible class of
stable tail dependence functions, since one can plug in any desired Bernstein function of the Jurek class.

Theorem 1 (Constructing parametric MSMVE distributions of family F1). For every Bernstein function ¥y
with drift ay, Lévy measure vy € U, and Wg(1) = 1, the function

. . d
X1,y .y Xg) = Yy(d) - Z < —irdl d-i ) Yyld-i- Z X/ X 7

d
Z] 1 /X(l) Z] zl/x(]) Z] i+1 1/X(l) j=i+1

is a stable tail dependence function for every d > 2. A random vector (X1, ..., X ;) with the respective MSMVE
distribution can be constructed via

t
=inf{t>0: Ek</ dAs , k=1,...,d,
0

with A = {A¢} 0 a Lévy subordinator with drift a, = 2 ay and Lévy measure v, = @ *(vy), and an iid sequence
{Ex }xen Of unit exponential random variables independent of A.

Remark 1 (¢ when some arguments are zero). Actually, the expression for ¢ in Theorem 1 is only defined for
values x4, ..., x4z > 0. However, since the constructionyields /(x, . . . , xz) = —log (E [ exp(-Hx, —...—Hy,) ])
and Hy = 0, it is obvious that the case x; = O for at least one i € {1, ..., d} has a simple solution: for I := {i €
{1,...,d} : x; = O} with k := [I|, one has ((x1,...,Xq) = £X(1)s--+»X(g) = £0,...,0,X(4s1) -5 Xg) =
U(X(ks1)s - + + » X(g)) and £(0, . . ., 0) = 0. The same observation holds true for Theorem 2 below.

Proof (Theorem 1). See Appendix A. O

Possible parameterizations:
We present two examples. An example with a very simple form is based on the positive a-stable case.

Example 1. ¥Yy(x) = x%, a € (0, 1), is attainable (respectively part of the Jurek class U) as vg(dx) = g(x) dx,
with

a

gx) = m X s

see [39, p. 218], which is a decreasing density and consequently, vy € U. We can compute the density f of v, as

f(x) = (1 — a) g(x), which can be checked using Lemma 3(ii). Consequently, the associated Lévy subordinator A
is an a-stable subordinator. The resulting bivariate Pickands dependence function is

A =t1-02T+(1 -1 -2, 0<t<0.5.

For a € (0, 1), this interpolates between complete dependence and independence as can be seen in Figure 1.
The lower tail dependence coefficient is given by A; = 2 — 2%, Though A appears to exhibit a kink at t = 1/2, we
know from previous computations that it is indeed differentiable.

Another simple class of Bernstein functions is based on the compound Poisson distribution. We present one
specific instance.
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Example 2. ¥y =(1+a)x/(x +a), a > 0, is attainable as vy(dx) = g(x) dx, with

g)=Q+a)ae™ ™, x>0,
which corresponds to a compound Poisson process with intensity (1 + a) and Exp(a)-distributed jumps. The
related Lévy process is a compound Poisson process with intensity (1 + a) and I'(2, a)-distributed jumps, as can
be seen from its Lévy measure v,(dx) = (1 + a) a® x exp(-a x) dx, which can again be checked using Lemma
3(ii) (a random variable is said to be I'(c, d)-distributed, c, d > O, if its distribution exhibits a density f of the
form f(x) = d°/I'(c) x“ L e"4X1 (0} ). The resulting bivariate Pickands dependence function is

42
4t + (1-2¢)

A =(1+a)1-0) |5 — 1-2t+a(1-0)]"’

0<t<0.5,

and the lower tail dependence coefficient is given by A; = 2/(2 + a), i.e. every value in (0, 1] is attainable.

The number of parametric families of attainable Bernstein functions is huge. For instance, [39, pp. 218-277]
list more than one hundred so-called complete Bernstein functions (for a definition, see Section 4.1), and
the family of complete Bernstein functions form a proper subclass of the attainable Bernstein functions. A
small selection of interesting examples can be found in Table 1. In many cases, one can also compute the
corresponding Lévy subordinator. If, e.g., H; is distributed according to a compound Poisson distribution,
the corresponding Lévy subordinator is a compound Poisson process (CP) as well. Figure 1 visualizes different
attainable shapes of A.

Table 1: Possible choices for ¥y together with their Lévy densities. One has to add a multiplicative positive factor to adjust for
¥y(1) = 1, which is omitted here. The restrictions a € (0, 1),a > 0,8 > 0, n > 0 have to hold. All examples are also complete
Bernstein functions. For a list of more than one hundred complete Bernstein functions see [39, pp. 218-277].

Name Yy gu type of A

Stable x“ a/T(1 - a)x 1@ Stable

CP1 x/(x +a) a exp(-ax) Compound Poisson

Gamma  log(1 +x/B) exp(-ax)/x Sum of independent CP1 and Gamma
IG V2x+n2-n VO.5/I(0.5) x>/% exp(-n?/2) Sum of independent CP and IG

4 Family F2

We examine the construction of Lemma 2 using f>(s) = log*(1/s) := max{log(1/s), 0}. The corresponding
family of distributions resulting from construction (1) is called family F2. This approach does not yield closed
form solutions for arbitrary subordinators, but it allows to find a convenient expression for the corresponding
stable tail dependence function such that tractable instances can be constructed easily. What is interesting
in this context is that the process H itself has an alternative representation, using integration by parts, as
shown in [3, Proposition 2.4], via
t t
H, =/ﬁds - lim /ﬁds, ®)
) s u\0 J S

where the limit is a.s.. In the context of the construction in Equation (1), this can be interpreted as an intensity
model with intensity As := As/s,s > 0, with A9 = a,. It is defined consistently, as limg\ o As = a, a.s., see
[37, p. 351]. This is a peculiar construction, as it follows, assuming the first and second moment of A to exist,

that E[As] = a, + 5~ xv4(dx) and Var[As] = 1/s ( f;” x* va(dx)) for s > 0. Thus, the variance of the intensity
is exploding close to 0 and is vanishing for large s.
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Figure 1: Left: Bivariate Pickands dependence functions for Example 1 (Pg(x) = x%) and different values of a. Right: The bivari-
ate Pickands dependence functions for different ¥y corresponding to the a-stable case, CP1, the Gamma case, and the IG case
as defined in Table 1. The parameters in the example to the right are chosen such that all models exhibit a Spearman’s p of 0.5.

4.1 Attainable marginal distributions

From [3, Proposition 2.3] it follows that f; fulfills the integrability conditions in Lemma 2. Furthermore, the
corresponding integral transform is well-known and thoroughly investigated in arbitrary dimensions, see [3].
We denote the transform restricted to distributions on R, again by @, and define

BO := {v € M : v(dx) = g(x)dx, g completely monotone} s

the so-called “Bondesson” class, where (see, e.g., [39, Definition 1.3]) a function g : (0, o0) — R is completely
monotone (c.m.) if g € €= and

-1)"g™ () = 0, foralln € NuU {0}, x > 0.

The Bernstein functions corresponding to Lévy measures in BO are called complete Bernstein functions. [3]
show that @®(M) = BO and that @ is one-to-one. We provide a short proof of the first result as it is helpful for
understanding the transform itself. It is based on a characterization of the class BO via complete Bernstein
functions given in [39, Remark 6.4]: ¥ is the Laplace exponent of a distribution in BO if and only if it has a
representation

X
Y(x)=ax+ ma(dt), x=20,

0\8

with ¢ the so-called Stieltjes measure on (0, o), which satisfies f(;” 1+ ta(dt) < oo.

Lemma 4 (Attainable marginal distributions using f>). Using f>, ¥y has a representation
Yy(x) =agx+ X 5 (dt), x=0
H =UuH X+t H ’ =Y,
0

with ag = a, and og(B) := f0°° 15(1/u)v,(du), B € B(R). Therefore, (M) = BO.

Proof. Using again [34, Proposition 2.6], it follows that

Yu(x) = / ¥4 (xfa(s)) ds, x=0.
0
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Consequently

1
Yy(x) = / ¥, (x log*(1/s)) ds
’ 1 1 oo
=a,x /10g+(1/s)ds+//1—exp (—ux log*(1/s)) va(du)ds

=a,x+

0\8

1
/1 s**dsv,(du)
0

X
=an+/va(du)=an /ﬁ oy(dt),
0 0

with oy as defined above. Consequently, @(M) € BO follows from the observation that oy as defined above
is a Stieltjes measure. @(M) = BO follows from the observation that oy as defined above is a Stieltjes measure
if and only if v, is a Lévy measure. This can be easily shown using basic inequalities. O

Lemma 4 defines a direct connection between the characteristics of ¥y and ¥, as we can write the Stieltjes
measure of H in terms of the Lévy measure of A. We will make use of this fact below.

4.2 The corresponding multivariate distribution

As we have seen in Lemma 4, for an arbitrary Stieltjes measures oy one can find a corresponding Lévy mea-
sure. We will use this fact and state the dependence function of the resulting multivariate distribution in terms
of the Stieltjes measures, such that arbitrary Stieltjes measures can be plugged in. Notice that Remark 1 also
applies to Theorem 2.

Theorem 2 (Constructing parametric MSMVE distributions of family F2). For every complete Bernstein func-
tion Wy with Stieltjes measure oy and drift ay such that ¥y(1) = 1, the function

oo 1/s

d
Wt xa) = X “H*/ 1532 Gramnera-pon® ©
i=1

X
o \jmir1 0

denotes a stable tail dependence function for every d = 2. A stochastic representation of an MSMVE distributions
(X4, ..., Xy) with stable tail dependence function ¢ and unit exponential marginals is given by

=inf{t>0: Ek</log< )dAs s

with A a Lévy subordinator with drift a, = ay and Lévy measure given by v,(B) := f0°° 15(1/u)oy(du), B €
B(R), and an iid sequence {E; } xcn Of unit exponential random variables independent of A.

Proof. See Appendix B. O

At least two approaches are possible when looking for tractable specifications of family F2. As there exists
a direct link between oy and v,, one can start from both sides. It is, for example, possible to start from oy
corresponding to a desired ¥y and try to compute the expression in Theorem 2. [39] lists the Stieltjes measures
for many of the known complete Bernstein functions. One could also start from a v, such that the Laplace
transform of the measure v, (du)/(n u + 1) for n € N is known in closed form. This can be seen from the third
from last line of the computation in the proof of Theorem 2.
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Figure 2: The bivariate Pickands dependence functions for the same Wy corresponding to the CP1 case, where the approach
using f1 (Example 2) is compared to the result for f, (Example 3). The parameters are chosen such that both models exhibit a
Spearman’s p of 0.75.

Possible parametrization:
We present one example starting from the Laplace exponent ¥y.

Example 3. Yy5(x) = (1+a) x/(x+a), a > 0 (called CP1in Table 1) is attainable and corresponds to a compound
Poisson distribution with intensity (1+a) and jump-size distribution Exp(a). This coincides with Example 2 in the
previous section, i.e. it is possible to construct a process H using f, which has the same marginal distributions as
the process constructed in Example 2 using f1. Thus, the minima of subsets of the two different resulting MSMVE
sequences have the same exponential distributions, though their multivariate distributions differ considerably.
The corresponding Stieltjes measure is determined as oy (ds) = (1+a)84(s), where 8, denotes the Dirac measure
at a. It is easy to see that v, = @~ (o) is given by v, (ds) = (1 + a)81/4(s), so A is a Poisson process with fixed
jump-size 1/a and intensity (1 + a). A closed-form solution for ¢ defined in Equation (9) is given by

d d 1/a
B X(i) ala+1)
Z(Xl""’xd)_z. X H X) (a+d-i+D(a+d-i)’
i=1 j=i+1

The bivariate Pickands dependence function for 0 < t < 0.5 can be stated as

t \Y* 4
A)=1-t)+t (ﬁ) FPDE

The dependence functions of this model and the one of Example 2 are compared in Figure 2. It can be observed
that both approaches yield considerably different dependence functions.

5 A note on simulation

As mentioned before, the stochastic representation of (X1, ..., X;) as an IDT-frailty model can be used to
develop efficient simulation algorithms. When the involved Lévy subordinators are compound Poisson pro-
cesses, simulating is straight-forward. Other Lévy subordinators can be approximated by compound Poisson
processes or more involved schemes can be developed based on the given representation. We compare Ex-
ample 2 of family FI with Example 3 of family F2, which both yield CP1, i.e. ¥x(x) = (1 + a) x/(x + a), a > 0,
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as the desired (complete) Bernstein function for H. In Example 2, this corresponds to AW being a compound
Poisson process with intensity (1 + a) and I'(2, a)-distributed jumps, i.e.

t

S
H§1)=/(1—?) dald, ¢>o,
0

has the desired Laplace exponent. For the family F2, as described in Example 3, this corresponds to A?) being
a Poisson process with deterministic jump-size 1/a and intensity (1 + a), i.e.

¢
HEZ) = /log (é) dAgz), t>0,
0

yields a second construction with the desired marginal distribution. Denoting by 7;, i € N, the jump times of
a Poisson process with intensity (1 + a), one can rewrite

HY =36 (1-71), t=0,

T;st

HO _ %Zlog (Til) , t=0,
Tist

where G;, i € N, are iid I'(2, a)-distributed. To illustrate the construction, sample paths are shown in Figure
3, where the same jump times are used to emphasize the differences of the resulting paths.

Based on these representations, it is clear how to sample from the construction in Equation (1). Exemplary
scatterplots can be found in Figure 4, where we transformed the marginals to uniform distributions on [0, 1]
so that samples from the related extreme-value survival copulas are obtained for reasons of better compara-
bility. Example 2 yields more samples close to the diagonal, which can be explained by the additional ran-
domness introduced through the random variables G;. High values of G; correspond to a steep increase of
HW, which increases the probability of imminent triggering for both components within a short time period.

5
O
477H<1) |
e, —
3t / |
I‘-t
2, 4
1, 4
O L L L L L
0 0.5 1 15 2 2.5 3

Figure 3: Simulated paths of the processes HD and H® where a = 2 is chosen. For comparison, a path of the simple com-
pound Poisson process H® with Exp(a)-distributed jumps is added, which has the same marginal distribution. For all pro-
cesses, the same jump times are used.
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Example 2: Scatterplot and density contours Example 3: Scatterplot and density contours
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Figure 4: Scatterplots with 800 samples of the survival copulas of the MSMVE distributions generated by Example 2 and Exam-
ple 3. The corresponding Pickands dependence functions are depicted in Figure 2 and the same parameters are chosen.

6 Concluding remarks

The present paper developed two new families of MSMVE distributions that give rise to many parametric
models. The analysis conducted has shown that these new classes are quite flexible. Similar to [19], the aim
of this paper was to introduce new classes of models, while an application of these in practice requires more
detailed investigations of particular parametric models. One clear advantage of the presented models is the
availability of concrete stochastic models allowing for efficient simulation even in large dimensions. Further-
more, applying these models in credit-portfolio modeling yields additional advantages.

Acknowledgments

We thank two anonymous referees for helpful remarks on an earlier version of the paper.

A Proof of Theorem 1

Theorem 1. It follows from Lemma 3 that there exists a Lévy subordinator A with drift ay = 2ay and v, =
@ (vg). Using this A in our construction, we observe

P(X1 > X1,...,Xq>xq) =exp (- (X1, ...,%9)) =E[exp(-Hx, —... - Hy,)]

d oo
=E |exp —Z/(l—%) dAs
v/ +
0

i=1
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where in the last step, we use [34, Proposition 2.6] again. Following Remark 1, we only consider x4, . . .

Plugging ¥, ’s representation into above expression and integrating the first summand, we find

X(d) oo

U(x1,...,Xq) =ag Zx] //1 exp <—u Z (1 - —.) ) va(du)ds.
We proceed with three helpful equalities:

d-1
1 1 1
X@ =T T =a 1_Z< d L_ d1)’
ijl Tw i=1 Zj:i+1 X(i) Z]:l X(j)

which follows from a telescope argument applied to the right hand side. Furthermore,

d-1 d
d Z 1 1 in .
X(d):dil_ (Zd i_ d 1 )|: (.)_(d_l):|,

1 1 X
1%y 1 i1 3G 2aj=i kg /) Lj=ie1 1 O)

as

d . .
1 1 X() N d-i+1 d-i
(zd . 1)[2)‘@_(‘1”)} LA Sas
j=i+1 X j=t X j=i+1 j=t X j=i+1 X
so again, we can use a telescope argument. Finally,
d d-1 . . d
I Ml e | CEED DT
d 1 d 1 S ]2
j=1 S W 1 \lmirg geiel i join1 Y0

which can be shown by rearranging
(d-i+1_ d-i )(d—i—ix(”)=(d‘i+1)2_ (d-)? .
d d . d 1 d 1 v
P x%) D jmist x%) j=i+l X0 > i xg D jmist )

so again, we can use another telescope argument.
For the second term in Equation (10), we can compute, defining X() =0,

X(d) oo d
//1 exp (—u Z <1 - —) ) va(du) ds
o o i1
oo d Yo
= /x( - Z exp | -u Z (1 - —) dsv,(du)
o i—1x(l )
T —u(d i+1)
/ X(a) = Z "0 Tk 5 _ Ui T Xo)) v (du)
0 Z] i X(])

7 L [ux X/ + 78_“
= [ 2 |UXa) ~Xa t =g 7
u Z

0 =1 xg)

— 43

,Xd>0.

(10)

(11

(12)

(13)
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d-1 d ﬂ-(d-')]
+Zeu [ ir1 X T ( . 1 _ 1 )} va(du)
1 d 1
i1 2jmirl Xy i xg

e d-1

1 esd s [Shin 8-a-0]
/ {/ Y- P e
/ L

j=1 XT»

|:zd: X (d ):| < 1 1 >ds} v, (du)
X — —a-1 Aldu
jir X0 Zliiﬂ % Zl %

= d-1 i .
i detd u [ St 20
= X(d) - d 1 + Z e

0 Z]Zl X(j) i=1

d
X(0) . 1 1
x Z—(d—z)}( - )VH(du)
L_m X() Shne Ths

where in the last step, we used Lemma 3(iii),

oo d- . .
(12) _du Yld-i+1 d-i
e -€ ) N d 1 d 1

0 ] 1 xo) i=1 Zj:i XG) Zj:i+l Xg)

ulsd, i[—’?—(d—i)}
x <1—e [ T Xy vy(du).

From Equation (10) follows that one has to add the term ay Z]il x; to the above expression in order to com-
pute 4. According to Equation (13), ay Z]‘il X;j can be rewritten as

d d-1 d
Z 3 d Z d-i+1 d-i , X(j)
2N <2d ER 1)“”(d_’_zxm '
i=1 Jj=1 X j=i+1 x5 j=i+1

Resorting all terms in Equation (10), we recover the corresponding expressions for ¥y and the claim follows.
O

@

=

j=1 j=1 X

B Proof of Theorem 2

Theorem 2. From Lemma 4 we know that there exists a Lévy subordinator A with drift a, = ay and Lévy
measure v,. Using this A in our frailty construction, we obtain as in Theorem 1

X(a)
Z(xl,...,xd)—/‘l’,l (Zlog ( ))ds,

X(a)

i+ 0/ 071 —exp (—u <ilog+ (’;’))) va(du)ds,

i=1

where following Remark 1, we consider x1, ..., x4 > 0. For the second term, we rewrite
X(a)

070/ 1-exp (—u (élog* (’:))) ds v, (du)

oo X(i)

/x(d) Z/exp -u Zlog( (])) dsv,(du)

0 i= 1x(, "
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oo d X(i) Hd X -u
=/X(d)_2/ <S’d‘_'l+1(')> ds v, (du)
) <

1=1X(H)
o d (4 X
=/x(d) - Z (H X(j) / s4 @ Dggy  (du)
s i=1 \ j=i X
oo d d u % (d-i+1)+1 _ x4 (d-i+1)+1
_ _ ) (@) (i-1) d
/X(d) Z HX(’) ud-i+1)+1 va(du)
0 i=1 j=i
Z/X(d) u+l
0
d-1 d M u (d-i+1)+1 u u [d-(i+1)+1]+1
S e e H x al va(du)
. L170) u(d-i+1)+1 ) uld-Gi+1)+1]+1| 2
i=1 J=i =i+1
[=5) -u
_ u (d-i)+1 1 _ 1
/X(d)u+1 Z HX(’) X (u(d—i+1)+1 u(d—i)+1> va(du)
0 i=1 \j=i+1
-u
o d-1 d
u X(j) 1 1
= - i — - d
/X(d)u+1 ZX(‘) H X <u(d—i+1)+1 u(d—i)+1) va(du)
i=1 = @
0 j=i+1
) d-1 -1/s
() S S
; - - og(ds
/ (d)1+s Z Hx(l) ((d—1+1)+s (d—1)+s> u(ds)
0 =1 j=i+1
o 1/s
X(i) s
/ on(ds).
1:1 ) ]1+1X(’) (s+d-i+1)(s+d-1)
The claim follows. O
References
[1] Ballani, F. and Schlather, M. (2011). A construction principle for multivariate extreme value distributions. Biometrika,

(2]

(3]

[4]
(5]

6]
(7]
(8]
9]
[10]

[11]

[12]
[13]

98(3):633-645.

Barndorff-Nielsen, O. E., Maejima, M., and Sato, K.-I. (2006a). Infinite divisibility for stochastic processes and time change.
J. Theoret. Probab., 19(2):411-446.

Barndorff-Nielsen, O. E., Maejima, M., and Sato, K.-I. (2006b). Some classes of multivariate infinitely divisible distributions
admitting stochastic integral representations. Bernoulli, 12(1):1-33.

Barndorff-Nielsen, O. E., Rosifski, J., and Thorbjornsen, S. (2008). General Y-transformations. Alea, 4:131-165.

Brigo, D. and Chourdakis, K. (2012). Consistent single- and multi-step sampling of multivariate arrival times: A characteri-
zation of self-chaining copulas. Working paper, available at arxiv.org/abs/1204.2090.

Cherubini, U., Luciano, E., and Vecchiato, W. (2004). Copula Methods in Finance. John Wiley & Sons, Chichester.

De Haan, L. (1984). A spectral representation for max-stable processes. Ann. Probab., 12(4):1194-1204.

De Haan, L. and Pickands, J. (1986). Stationary min-stable stochastic processes. Probab. Theory Rel. Fields, 72(4):477-492.
De Haan, L. and Resnick, S. (1977). Limit theory for multivariate sample extremes. Z. Wahrsch. verw. Gebiete, 40(4):317-337.
Durante, F. and Salvadori, G. (2010). On the construction of multivariate extreme value models via copulas. Environmetrics,
21(2):143-161.

Es-Sebaiy, K. and Ouknine, Y. (2007). How rich is the class of processes which are infinitely divisible with respect to time?
Statist. Probab. Lett., 78(5):537-547.

Esary, J. D. and Marshall, A. W. (1974). Multivariate distributions with exponential minimums. Ann. Statist., 2:84-98.
Fougéres, A.-L., Nolan, J. P., and Rootzén, H. (2009). Models for dependent extremes using stable mixtures. Scand. J. Stat.,
36(1):42-59.

Bereitgestellt von | Technische Universitat Miinchen
Angemeldet
Heruntergeladen am | 19.07.19 09:01


arxiv.org/abs/1204.2090

46

[14]

[15]

[16]

[17]
[18]

[29]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

[35]
[36]

[37]
[38]

[39]
[40]

[41]
[42]
[43]

- German Bernhart, Jan-Frederik Mai, and Matthias Scherer DE GRUYTER OPEN

Gudendorf, G. and Segers, J. (2010). Extreme-value copulas. In Jaworski, P., Durante, F., Hardle, W. K., and Rychlik, T., editors,
Copula Theory and its Applications, 127-145. Springer, Berlin.

Gumbel, E. J. and Goldstein, N. (1964). Analysis of empirical bivariate extremal distributions. J. Amer. Statist. Assoc.,
59(307):794-816.

Hofmann, D. (2009). Characterization of the D-Norm Corresponding to a Multivariate Extreme Value Distribution. PhD thesis,
Universitat Wiirzburg, http://opus.bibliothek.uni-wuerzburg.de/frontdoor/index/index/docld/3454.

Hiirlimann, W. (2003). Hutchinson-Lai’s conjecture for bivariate extreme value copulas. Statist. Probab. Lett., 61(2):191-198.
Jiménez, J. R., Villa-Diharce, E., and Flores, M. (2001). Nonparametric estimation of the dependence function in bivariate
extreme value distributions. J. Multivariate Anal., 76(2):159-191.

Joe, H. (1990). Families of min-stable multivariate exponential and multivariate extreme value distributions. Statist. Probab.
Lett., 9(1):75-81.

Joe, H. (1997). Multivariate Models and Multivariate Dependence Concepts. Chapman & Hall/CRC.

Joe, H. (2014). Dependence Modeling with Copulas. Chapman & Hall/CRC.

Jurek, Z. J. (1985). Relations between the s-selfdecomposable and selfdecomposable measures. Ann. Probab., 13(2):592-
608.

Klenke, A. (2006). Wahrscheinlichkeitstheorie. Springer, Berlin.

Kotz, S. and Nadarajah, S. (2000). Extreme Value Distributions: Theory and Applications. Imperial College Press, London.
Longin, F. and Solnik, B. (2001). Extreme correlation of international equity markets. J. Finance, 56(2):649-676.

Mai, J.-F. (2014). Mutivariate exponential distributions with latent factor structure and related topics. Habilitation Thesis,
Technische Universitat Miinchen, https://mediatum.ub.tum.de/node?id=1236170.

Mai, J.-F. and Scherer, M. (2014). Characterization of extendible distributions with exponential minima via processes that
are infinitely divisible with respect to time. Extremes, 17(1):77-95.

Mai, J.-F., Scherer, M., and Zagst, R. (2013). CIID frailty models and implied copulas. In Jaworski, P., Durante, F., and Hardle,
W. K., editors, Copulae in Mathematical and Quantitative Finance, 201-230. Springer, Berlin.

Mansuy, R. (2005). On processes which are infinitely divisible with respect to time. Working paper, arxiv.org/abs/math/
0504408.

Molchanov, 1. (2008). Convex geometry of max-stable distributions. Extremes, 11(3):235-259.

Nelsen, R. B. (2006). An Introduction to Copulas. Springer, New York.

Pickands, J. (1989). Multivariate negative exponential and extreme value distributions. In Hiisler, ). and Reiss, R.-D., editors,
Extreme Value Theory, 262-274. Springer, New York.

Poon, S.-H., Rockinger, M., and Tawn, J. (2004). Extreme value dependence in financial markets: Diagnostics, models, and
financial implications. Rev. Financ. Stud., 17(2):581-610.

Rajput, B. S. and Rosifiski, J. (1989). Spectral representations of infinitely divisible processes. Probab. Theory Rel. Fields,
82(3):451-487.

Resnick, S. (1987). Extreme Values, Regular Variation and Point Processes. Springer, New York.

Ressel, P. (2013). Homogeneous distributions - and a spectral representation of classical mean values and stable tail de-
pendence functions. J. Multivariate Anal., 117:246-256.

Sato, K.-1. (1999). Lévy processes and infinitely divisible distributions. Cambridge University Press, Cambridge.

Sato, K.-I. (2004). Stochastic integrals in additive processes and application to semi-Lévy processes. Osaka J. Math.,
41(1):211-236.

Schilling, R., Song, R., and Vondracek, Z. (2010). Bernstein Functions. De Gruyter, Berlin.

Schénbucher, P. ). and Schubert, D. (2001). Copula-dependent defaults in intensity models. Working paper, http://ssrn.
com/abstract=301968.

Segers, J. (2012). Max-stable models for multivariate extremes. REVSTAT, 10(1):61-82.

Vasicek, 0. A. (2002). Loan portfolio value. Risk, 160-162.

Williamson, R. (1956). Multiply monotone functions and their Laplace transforms. Duke Math. J., 23(2):189-207.

Bereitgestellt von | Technische Universitat Miinchen
Angemeldet
Heruntergeladen am | 19.07.19 09:01


http://opus.bibliothek.uni-wuerzburg.de/frontdoor/index/index/docId/3454
https://mediatum.ub.tum.de/node?id=1236170
arxiv.org/abs/math/0504408
arxiv.org/abs/math/0504408
http://ssrn.com/abstract=301968
http://ssrn.com/abstract=301968

	1 Motivation
	2 Mathematical prerequisites and notation
	2.1 MSMVE distributions
	2.2 The IDT-frailty model
	2.3 A class of strong IDT subordinators

	3 Family F1
	3.1 Attainable marginal distributions
	3.2 The corresponding MSMVE family

	4 Family F2
	4.1 Attainable marginal distributions
	4.2 The corresponding multivariate distribution

	5 A note on simulation
	6 Concluding remarks
	A Proof of Theorem 1
	B Proof of Theorem 2

