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We present the first determination of the energy-dependent amplitudes of N∗ resonances extracted from 
their decay in K� pairs in p+p→ pK+� reactions. A combined Partial Wave Analysis of seven data 
samples with exclusively reconstructed p+p→ pK+� events measured by the COSY-TOF, DISTO, FOPI 
and HADES Collaborations in fixed target experiments at kinetic energies between 2.14 to 3.5 GeV is 
used to determine the amplitude of the resonant and non-resonant contributions into the associated 
strangeness final state. The contribution of seven N∗ resonances with masses between 1650 MeV/c2 and 
1900 MeV/c2 for an excess energy between 0 and 600 MeV has been considered. The �–p cusp and final 
state interactions for the p–� channel are also included as coherent contributions in the PWA. The N∗
contribution is found to be dominant with respect to the phase space emission of the pK+� final state 
at all energies demonstrating the important role played by both N∗ and interference effects in hadron–
hadron collisions.

© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The production of strange hadrons within nuclear matter is a 
key ingredient in the understanding of the innermost structure of 
neutron stars (NS). Indeed, several theoretical models predict that 
the production of strange hadrons is energetically favourable al-
ready at moderate densities of neutron-rich matter [1,2] and hence 
neutron stars with strange hadrons could appear. On the other 
hand, the appearance of strange hadrons softens the equation of 
state of NS excluding the existence of massive NS unless a strong 
repulsive interaction is assumed for the �NN system [3]. Since 
NS with two solar masses have already been measured with high 
precision [4,5], this situation translates into a puzzle that can be 
solved only studying hyperons and kaons production in hadron–
hadron collisions. The best environment to carry out this kind of 
studies is provided by hadron–hadron collisions at few GeV kinetic 
energies because at these energies large baryonic densities, similar 
to those within NS, can be created. On the other hand the reaction 
dynamics at these energies is dominated by hadronic resonances, 
that need then to be quantitatively understood [6–13].

For final states containing pions and nucleons produced in ele-
mentary reactions, partial wave analysis (PWA) was already em-
ployed to correctly take into account interferences among reso-
nances and determine the amplitude of the contributing waves 
[14–17]. For the contribution of resonances to final states with 
open strangeness the reaction N∗ →K+� was first studied by ana-
lyzing the Dalitz plot for the reaction p+p→p+K++� up to kinetic 
energies of T = 2.5 GeV, but without accounting for interference 
effects [13]. The HADES collaboration was the first to employ a 
PWA for the search for the kaonic bound state ppK− [18,19] in the 
reaction p+p→p+K++� at a beam kinetic energy of 3.5 GeV. In 
this reaction it was found that N∗ contribute to the measured fi-
nal state and influence the background for the kaonic bound state 
[20,21]. No evidence for the existence of ppK− bound states could 
be found and upper limits for the production of such states of the 
order of a few μb were extracted. To get a consistent description of 
the open strangeness production, we further improve this method 
and develop a framework that allows for the simultaneous anal-
ysis of seven different data sets measured in the p+p→p+K++�

reaction by the COSY-TOF, HADES, DISTO and FOPI experiments in 
fixed target experiments at kinetic energies in the laboratory frame 
varying from 2.14 to 3.5 GeV [20,22–27]. This is the very first 
joint PWA analysis of different data sets for this reaction. This way, 
the energy-dependent amplitude of seven different contributing N∗
resonances decaying into the �-K+ channel and for non-resonant 
pK+� final states could be extracted for the first time.
A second interesting aspect is the study of the p–� interaction. 
This interaction was previously investigated primarily by means of 
scattering experiments [28–30]. The reaction p+p→p+K++� offers 
the possibility to study the final state interaction of the p–� pair 
as an alternative to scattering experiments [27,30–32]. Since so far 
the resonances were not treated in a coherent way, a precise de-
termination of their contributions and of the scattering lengths and 
effective ranges was challenging.

The combined PWA presented in this work offers the unique 
possibility to study the interplay between the N∗ coupling to the 
�-K+ channel and the p–� final state interaction.

2. Data samples and combined analysis

The experimental data were measured by the COSY-TOF, DISTO, 
FOPI and HADES Collaborations. Table 1 provides an overview of 
the data sets used for the combined PWA, their beam energy and 
number of events. Together with each experimental data set, sim-
ulations of the pK+� production according to phase space kine-
matics, filtered through the detector simulation and analysed as 
the experimental data are used for the PWA. The details about the 
reconstruction of the exclusive pK+� final state, achieved resolu-
tion, efficiency, and purity are explained in the already published 
works by the different collaborations [20,22–27]. The two HADES 
data samples at the same kinetic energy correspond to two dif-
ferent reconstruction analyses including or excluding the forward 
spectrometer [20]. These data sets are complementary and do not 
share any reconstructed events because of the exclusive selection 
of the final state.

The goal of this PWA is to employ the seven data samples in 
a combined analysis and extract the amplitudes of the different 
waves, characterised by their quantum numbers, leading to given 
final states. We use the Bonn-Gatchina PWA (BG-PWA) frame-
work [15,16] to fit event-by-event the measured 4-momenta for 
the exclusive final state p+p→p+K++� weighted with the coher-
ent superposition of specific participating waves. The best choice 
for the waves used in the PWA is determined by comparing the 
experimental data to the PWA output event-by-event in terms of 
a log-likelihood parameter. In the specific case of the COSY-TOF 
data sample, only the region of phase space within | cos θCM

p | < 0.7, 
where θCM

p is the proton angle in the p–p center of mass system, 
was considered because of the poor description of the trigger ef-
ficiency in the simulation for the excluded region. For the DISTO 
data samples the region corresponding to cos θCM

p > 0.95 was ex-
cluded from the fit to minimize the bias introduced by the digiti-
zation of the scintillation-fiber sub detector used for tracking close 
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Table 1
List of available number of events for the reaction p+p→ p + K+ + � measured by the COSY-TOF, DISTO, FOPI and HADES Collaborations. The kinetic beam energy, the total 
cross section and the reduced χ2 values resulting from different PWA analyses are shown (see text for details).

Experiment T (GeV) Events/ndf σtot [μb] χ2/ndf (single) χ2/ndf (combined)

DISTO [22,23] 2.14 121000/644 19.0 ± 3.3 0.52 1.52
COSY-TOF [25,27] 2.16 43662/712 19.7 ± 3.5 1.69 0.44
DISTO [22,23] 2.5 304000/766 30.5 ± 5.7 2.85 2.56
DISTO [22–24] 2.85 424000/555 38.7 ± 7.9 7.68 3.55
FOPI [26] 3.1 903/226 43.1 ± 9.3 1.21 0.91
HADES [20] 3.50 13155/528 48.0 ± 11.5 1.12 2.14
HADES [20] 3.50 8155/534 48.0 ± 11.5 1.38 1.86
to the target region. These cuts were also added in the simulations 
used in the PWA analysis procedure.

This PWA allows to decompose the baryon-baryon scatter-
ing amplitude into separate sub-processes characterized by dif-
ferent intermediate states. Within the BG-PWA framework this is 
achieved by fitting event-by-event the experimental 4-vectors for 
a given reaction measured within the acceptance of the spectrom-
eter with a coherent superposition of the participating waves. This 
coherent cocktail of contributing waves is weighted with the full 
scale phase space simulations of the considered final state that ac-
counts for the geometrical acceptance and reconstruction efficiency 
of the spectrometer.

Within the BG-PWA, the production cross section of a three 
particle final state with single particle four-momenta q1,2,3 is 
parametrized as [15]:

dσ = (2π)4|A|2
4|�k|√s

d�3 (P ,q1,q2,q3) , (1)

wherein P is the total four-vector, �k is the beam momentum, 
√

s
the center of mass energy of the reaction, d�3 is the infinitesimal 
phase-space volume of the final state and A is the total transition 
amplitude of the considered reaction. Both initial and final states 
can be seen as a superposition of eigenstates with various angular 
momentum and A is the sum over all the transition amplitudes 
Aα

tr between these eigenstates [35]:

A =
∑
α

Aα
tr(s)Q in

μ1..μ j
(S, L, J )A2b (i, S2, L2, J2)

Q fin
μ1..μ j

(i, S2, L2, J2, S ′, L′, J ).
(2)

The index α runs over all the amplitudes contributing to the tran-
sition from the initial to the final state. The factors Q in

μ1..μ j
(S, L, J )

and Q fin
μ1..μ j

(i, S2, L2, J2, S ′, L′, J ) are the spin-momentum opera-
tors of the initial and final states respectively and the indexes μ j
refer to the rank of the total angular momentum J in the spin–
momentum operators Q . The index i refers to the two-particle 
sub-system considered in the final state.

The dependency of the amplitudes Aα
tr(s) upon the centre of 

mass energy is given by:

Aα
tr(s) = (

aα
1 + aα

3

√
s
)

exp
(
iaα

2

)
. (3)

The real parameters aα
1 , aα

2 and aα
3 are determined by the fit to the 

experimental data.
The parametrization of the factor A2b depends on the final 

state. For the production of a N∗ resonance, the final state is 
treated as a two-body system composed of a proton and the N∗ . In 
this case the quantum numbers S2, L2, J2 refers to the N∗ , while 
the S ′, L′, J represent the quantum numbers of the N∗-proton sys-
tem. Non resonant pK+� final states are also treated as a two 
particle system composed of a p� “particle” and a K+ . In this case 
S2, L2, J2 are the spin, angular and total angular momentum of 
Table 2
N∗ resonances included in the PWA written in the spectroscopic notation with the 
corresponding masses, widths and branching ratios in the K-� final states [33,34].

N∗ J P Mass ( GeV
c2 ) Width ( GeV

c2 ) 
K�/
tot (%)

1650 1
2

−
[33] 1.655 0.14 7 ± 4

1710 1
2

+
[33] 1.710 0.23 15 ± 10

1720 3
2

+
[33] 1.720 0.25 4 ± 1

1875 3
2

−
1.875 0.20 [33] 4 ± 2 [34]

1880 1
2

+
1.870 0.24 [34] 2 ± 1 [34]

1895 1
2

−
1.895 0.09 [34] 18 ± 5 [34]

1900 3
2

+
1.900 0.26 [34] 11 ± 9 [33]

the p� ‘particle’ while S ′, L′, J are the quantum numbers of the 
p�-K+ system.

For the resonant case, the factor A2b is parametrized with a 
relativistic Breit–Wigner formula [36].

Aβ

2b = 1

(M2 − s − i
M)
, (4)

with M and 
 as the pole mass and width of the corresponding 
resonance. For the presented analysis, the N∗ resonances listed in 
Table 2 have been considered with fixed masses and fixed widths 
taken from [33,34].

To obtain an acceptable description of the experimental data it 
is necessary to include non-resonant partial wave amplitudes. We 
have included these amplitudes in a simple form which provides 
a correct behaviour near threshold. For the S-wave this form cor-
responds to the well known Watson–Migdal parameterization. The 
resulting A2b amplitude is

Aβ

2b =
√

si

1 − 1
2 rβq2aβ

p� + iqaβ
p�q2L/F

(
q, rβ, L

) , (5)

where q is the p–� relative momentum, aβ
p−� is the p–�-scatter-

ing length, rβ is the effective range of the p–� system and the 
index β denotes the quantum numbers combination.

F (q, r, L) is the Blatt–Weisskopf factor used for the normaliza-
tion, it is 1 for L = 0 and the explicit form for other partial waves 
can be found in [15]. The values of the scattering length and effec-
tive range can be set as free parameters in the PWA fit and hence 
be extracted within this analysis. This coherent approach differs 
from the analysis techniques usually employed for the extraction 
of scattering parameters [37] and should be considered as comple-
mentary.

Another intermediate channel contributing to pK+� final state 
is the �-N cusp, which appears at or above the �-N threshold 
(2130 MeV/c2) [38]. The coupling between the �-N and �-N chan-
nels leads to an enhancement of the cross-section in the p–� final 
state in a mass range close to the above mentioned threshold. In 
order to include the cusp contribution in the BG-PWA framework, 
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Fig. 1. (Color online). Missing mass distributions (MM) for the three different particles of the final state (p, �, K+) are shown. The experimental data within the geometrical 
acceptance are from COSY-TOF at 2.16 GeV (blue symbols), DISTO at 2.85 GeV (green symbols) and HADES at 3.5 GeV (red symbols) samples. The colored lines in the same 
color-code represent the PWA results (see text for details).
new transition waves must be added to Eq. 2. Since the cusp is 
located at the �-N threshold, the � and N must be in a relative 
S-wave state, which means that the spin-parity of the �-N system 
is either J P = 0+ or 1+ [38]. The resulting p–� system then may 
appear in an S-wave state in case of J P = 0+ or in an s- or d-wave 
state in case of J P = 1+ . This has also been confirmed by an analy-
sis of the �-N cusp carried out by the COSY-TOF collaboration [38]. 
Additionally, since the cusp is a resonance structure in analogy to 
the N∗ , the Breit–Wigner parametrization is used for A2b (Eq. 4) 
where the mass and width are varied within 2.1–2.16 GeV and 
0.01–0.03 GeV/c2, respectively in the PWA fit. This first attempt 
can be also replaced by a more sophisticated parametrization of 
the cusp contribution like a Flatte’ function, but this is beyond the 
scope of this investigation. Indeed the cusp contribution has a neg-
ligible effect on the determination of the N∗contributions.

3. Results

First, the PWA was performed individually for the different data 
samples to determine the correct start values of the parameters for 
the global fit. The total number of available degrees of freedom for 
each data set is listed in Table 1. The total number of free parame-
ters in the PWA fit containing all accessible N∗ is equal to 345 ±17, 
the error refers to the systematic variation of the contributing N∗
considered in the global fit. The best solution of the PWA fit cor-
responds to the minimum of the log-likelihood obtained by fitting 
the experimental data with the PWA event-by-event.

A comparison of the three missing mass spectra and CM, 
Gottfried–Jackson and Helicity angle distributions (for the defini-
tion of these variables see [11]) obtained from the experimental 
data and from the single PWA fits was carried out and the corre-
sponding reduced χ2 values are listed in Table 1. Only the statisti-
cal error of the experimental data has been considered to evaluate 
the χ2 of the single PWA fits. As a second step, a simultaneous 
PWA of three data samples was carried out. This intermediate step 
allowed to determine the starting values for the global fit. The 
HADES, FOPI and DISTO (T = 2.5 GeV) samples were selected to 
account for both the contributions from the �-N cusp and from 
higher mass resonances. After finding a solution that described the 
three data samples, further data samples were added stepwise. The 
starting values of each new PWA fit were taken from the results 
of the previous fit step. The systematic error of the experimental 
samples have not been considered in the fit since the latter were 
not available for all the data sets. To account for possible system-
atic variations of the kinematic distributions we have considered 
all permutations for the exclusion of one or more N∗ resonances 
from the list in Table 2 in the PWA fit. The five best solutions 
in terms of log-likelihood obtained from this systematic variation 
of the PWA fits were considered to extract the final results and 
the PWA systematic errors. As far as the resonances are concerned, 
considering the list of seven resonances in Table 2, the five best so-
lutions correspond to the following combinations: 1) all seven N∗
included, 2) N∗(1720) excluded, 3) N∗(1875) excluded, 4) N∗(1900) 
excluded and, 5) N∗(1900) and N∗(1875) excluded.

The reduced χ2 values for the combined PWA listed in Table 1
were obtained by comparing the experimental data in the mass 
and angle variables with the average values of the five best PWA 
solutions, taking as errors the statistical errors of the experimental 
data and the standard deviation of the five solutions for each bin. 
By adding additional solutions the χ2 did not improve. This justi-
fies the choice of the five best solutions. A more refined treatment 
of systematic uncertainties is current under development.

Fig. 1 shows the missing mass distributions (MM) for the 
three final state particles p, � and K+ for COSY-TOF at 2.16 GeV 
(blue symbols), DISTO at 2.85 GeV (green symbols) and HADES at 
3.5 GeV (red symbols) data samples measured within their respec-
tive acceptances and arbitrarily normalized. The signature of the 
�-N cusp is visible in the COSY-TOF and DISTO MMK+ distribution 
around 2.13 GeV/c2. The errors of the experimental data are sta-
tistical only. The lines in the same color-code represent the PWA 
results for the corresponding data sets. The line widths represent 
the error bands of the global PWA fit expressed as the standard 
deviation of the five best PWA solutions. Fig. 2 shows the angular 
distributions of the three particles measured in the final state for 
different reference systems for the same data samples discussed 
in Fig. 1. A similar quality is obtained for the description of the 
kinematic variables of other data samples.

The output of each PWA solution provides the strength of the 
individual waves with respect to the total measured yield. The 
resulting relative contributions of the resonant and non-resonant 
waves can be translated into cross sections for the K� decay chan-
nel multiplying the relative yield by the total production cross 
section for the pK+� final state.

The total pK+� cross section for the different data sets was 
evaluated employing a phase space fit of the existing measure-
ments of the pK+� channel as a function of the excess energies 
[13,25,38–40]. The error associated to the pK+� cross section of 
each data sample is extracted from the fit. A detailed description 
of the extraction of the pK+� cross sections can be found in [41].

In Fig. 3 the cross section for the different N∗ channels de-
caying into the K� final state is plotted versus its excess energy 
calculated as the center of mass energy of the p–p colliding sys-
tem minus the sum of the proton and N* masses (

√
s − Mp,N∗ ). 

The standard deviation of the five best solutions is shown by the 
black vertical error bars, the green bands show the error originat-
ing from the cross section normalization. The non-vanishing cross 
section below the respective thresholds is due to the large width 
of all the considered resonances (see Table 2). The relative contri-
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Fig. 2. Angular correlations for the pK+� final state. The upper index at the angle indicates the rest frame (RF) in which the angle is displayed. The lower index names the 
two particles between which the angle is evaluated. CM stands for the center-of-mass system. B and T denote the beam and target vectors, respectively. The observables 
are: CM distributions (cos (θC M

X

)
) of the � (d), Proton (e) and Kaon (f); Gottfried–Jackson distributions cos

(
θ

R F pK
K B/T

)
(g), cos

(
θ R F K�

K B/T

)
(h), cos

(
θ

R F p�
pB/T

)
(i) and Helicity angle 

distributions cos
(
θ

R F p�
Kp

)
(j), cos

(
θ

R F pK
K�

)
(k) and cos

(
θ R F K�

p�

)
(l). The experimental data within the geometrical acceptance are from COSY-TOF at 2.16 GeV (blue symbols), 

DISTO at 2.85 GeV (green symbols) and HADES at 3.5 GeV (red symbols) samples. The colored lines in the same color-code represent the PWA results.

Fig. 3. (Color online). Cross sections of the different N∗ resonances decaying into the pK+� final state obtained from the combined PWA as a function of the excess energy. 
The excess energy is calculated as the center of mass energy of the p–p colliding system minus the sum of the proton � and Kaon masses (√s − Mp,K +,�). The black bars 
show the systematic errors originating from the five different PWA solutions and the green bands represent the errors due to the normalization to the total pK+� cross 
section.
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Fig. 4. (Color online). Cross sections of the initial state waves as a function of the excess energy for the pK+� final state. The excess energy is calculated as the center of 
mass energy of the p–p colliding system minus the sum of the proton and N* masses (√s − Mp,N∗ ). The error bars correspond to the standard deviation among the five best 
PWA solutions and the green band refers to the normalization to the total pK+� production cross section.
Table 3
Scattering lengths extracted from the combined PWA fit and reference values from 
previous measurements [30,31,42] and theoretical calculations [43,44] (see text for 
details).

Source 1 S0 a�−p [fm] 3 S1 a�−p [fm]

This work −1.43 ± 0.36 ± 0.09 −1.88 ± 0.38 ± 0.10
[30] −1.8+2.3

−4.2 −1.6+1.1
−0.8

[42] −2.43+0.16
−0.25 −1.560.19

−0.22
[31] – −2.55+0.72

−1.39 ± 0.6 ± 0.3

χEFT LO [43] −1.91 −1.23
χEFT NLO [43] −2.91 −1.54
ESC08 [44] −2.7 −1.65

bution of the non-resonant amplitude decreases from 37% for 2.14 
GeV to 10% for 3.5 GeV, so that most of the yield stems from N∗
resonances for all the measured energies. The dominant contribu-
tion from the N∗ resonances is consistent with the results shown 
in Ref. [13], except for the relative contribution of the N∗(1650), 
which is decreasing as a function of the beam energy in [13]. In 
this work we found an increment of the N∗(1650) similarly to the 
N∗(1710) and N∗(1720). This difference probably results from ne-
glecting interference in Ref. [13].

The �-N cusp contribution varies from 10−3 to 10−2 with de-
creasing energy with respect to the N∗ and is not shown in Fig. 3. 
The global PWA fit favors the �-N cusp contribution of the s-
or d-wave state J P = 1+ with respect to the S-wave J P = 0+ as 
shown by the amplitudes in Table 4. The obtained �-N cusp yield 
is slightly different from the findings in Ref. [38] where at a beam 
energy of 2.28 GeV the contribution of the cusp was found equal 
to 5% of the total cross section, but neglecting interferences.

Fig. 4 shows the cross sections of the different p+p initial states 
as a function of the pK+� excess energy calculated as the center 
of mass energy of the p–p colliding system minus the sum of the 
proton � and Kaon masses (

√
s − Mp,K +,�). The error bars are 

associated to the standard deviation of the five best PWA solutions, 
and the green band refers to the uncertainty of the exclusive pK+�

production cross section. All extracted cross-sections as a function 
of the excess energy are summarised in Table 4 and Table 5.

The non-resonant amplitude included in this PWA is parame-
trized as a function of the scattering length and effective range 
for the p–� final state interaction. The interference of the non-
Table 4
Production cross sections of the total pK+� non-resonant contribution and of the different N∗ resonances decaying into the pK+� final state 
obtained from the global PWA as a function of the beam kinetic energy. The cross sections refer to the amplitudes prior to the coherent 
sum of the latter and hence do not consider interference effects. The N∗ cross sections are not corrected for the branching ratio into the 
K+-� final states. The first error corresponds to the systematic error due to the five best solutions, the second stems from the cross section 
normalisations. The systematic error of the PWA fitting procedure is found to be negligible and hence is not shown.

3.500 GeV 3.100 GeV 2.85 GeV

pK+� [μb] 5.1 ± 1.0 ± 1.2 6.3 ± 1.2 ± 1.4 6.5 ± 1.1 ± 1.3
N∗(1650) →pK+� [μb] 8.6 ± 0.6 ± 2.1 5.7 ± 0.4 ± 1.2 8.1 ± 0.4 ± 1.6
N∗(1710) →pK+� [μb] 11.7 ± 1.0 ± 2.8 9.7 ± 0.8 ± 2.1 10.2 ± 1.0 ± 2.1
N∗(1720) →pK+� [μb] 2.4 ± 1.3 ± 0.6 2.2 ± 1.2 ± 0.5 1.6 ± 0.8 ± 0.3
N∗(1875) →pK+� [μb] 1.5 ± 1.3 ± 0.4 2.2 ± 1.9 ± 0.5 1.2 ± 1.0 ± 0.2
N∗(1880) →pK+� [μb] 14.9 ± 0.2 ± 3.6 13.7 ± 0.4 ± 3.0 8.4 ± 0.4 ± 1.7
N∗(1895) →pK+� [μb] 3.3 ± 0.2 ± 0.8 2.5 ± 0.2 ± 0.6 1.7 ± 0.2 ± 0.3
N∗(1900) →pK+� [μb] 0.2 ± 0.2 ± 0.0 0.3 ± 0.3 ± 0.1 0.2 ± 0.2 ± 0.0
�−N(1+S) [μb] 0.01 ± 0.02 ± 0.002 0.03 ± 0.02 ± 0.007 0.12 ± 0.05 ± 0.02
�−N(1+D) [μb] 0.13 ± 0.02 ± 0.03 0.2 ± 0.04 ± 0.05 0.5 ± 0.08 ± 0.1

2.5 GeV 2.157 GeV 2.14 GeV

pK+� [μb] 7.2 ± 1.1 ± 1.3 7.5 ± 0.6 ± 1.3 7.1 ± 0.6 ± 1.2
N∗(1650) →pK+� [μb] 7.5 ± 0.4 ± 1.4 5.5 ± 0.3 ± 1.0 5.4 ± 0.3 ± 1.0
N∗(1710) →pK+� [μb] 7.5 ± 0.9 ± 1.4 3.3 ± 0.5 ± 0.6 3.5 ± 0.5 ± 0.6
N∗(1720) →pK+� [μb] 1.3 ± 0.7 ± 0.2 0.8 ± 0.4 ± 0.1 0.7 ± 0.3 ± 0.1
N∗(1875) →pK+� [μb] 0.7 ± 0.6 ± 0.1 0.2 ± 0.1 ± 0.0 0.2 ± 0.1 ± 0.0
N∗(1880) →pK+� [μb] 4.8 ± 0.3 ± 0.9 1.7 ± 0.1 ± 0.3 1.5 ± 0.1 ± 0.3
N∗(1895) →pK+� [μb] 0.7 ± 0.1 ± 0.1 0.2 ± 0.0 ± 0.0 0.2 ± 0.0 ± 0.0
N∗(1900) →pK+� [μb] 0.2 ± 0.2 ± 0.0 0.1 ± 0.1 ± 0.0 0.1 ± 0.1 ± 0.0
�−N(1+S) [μb] 0.12 ± 0.04 ± 0.02 0.16 ± 0.04 ± 0.03 0.13 ± 0.03 ± 0.02
�−N(1+D) [μb] 0.34 ± 0.07 ± 0.06 0.21 ± 0.04 ± 0.04 0.17 ± 0.03 ± 0.03
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Table 5
Contributions of the different initial state waves as a function of the beam kinetic energy. The obtained cross sections are normalised to the exclusive pK+� cross section. 
The first error corresponds to the systematic error due to the five best solutions, the second originates from the cross section normalisation. The systematic error of the PWA 
fitting procedure is found to be negligible and hence is not shown.

3.5 GeV 3.1 GeV 2.85 GeV 2.5 GeV 2.157 GeV 2.140 GeV

σpk� [μb] 48.0±5.8 43.1±5.3 38.7±4.8 30.5±3.9 19.7±2.7 19.0±2.6
1S0[μb] 2.0 ± 0.4 ± 0.5 2.1 ± 0.6 ± 0.5 2.9 ± 0.5 ± 0.6 3.3 ± 0.4 ± 0.6 4.0 ± 0.6 ± 0.7 3.7 ± 0.5 ± 0.6
1D2[μb] 12.7 ± 1.9 ± 3.0 8.9 ± 1.2 ± 1.9 8.6 ± 1.2 ± 1.8 5.6 ± 0.7 ± 1.0 1.8 ± 0.1 ± 0.3 2.5 ± 0.2 ± 0.4
3P0[μb] 1.4 ± 0.2 ± 0.3 1.8 ± 0.2 ± 0.4 2.1 ± 0.3 ± 0.4 2.6 ± 0.3 ± 0.5 3.5 ± 0.3 ± 0.6 2.9 ± 0.2 ± 0.5
3P1[μb] 13.7 ± 1.4 ± 3.3 15.3 ± 1.6 ± 3.3 11.8 ± 0.9 ± 2.4 9.1 ± 0.7 ± 1.7 5.9 ± 0.6 ± 1.0 5.1 ± 0.5 ± 0.9
3P2[μb] 5.8 ± 1.5 ± 1.4 5.2 ± 1.5 ± 1.1 4.8 ± 1.1 ± 1.0 3.5 ± 0.8 ± 0.7 1.8 ± 0.4 ± 0.3 1.9 ± 0.4 ± 0.3
3F2[μb] 12.5 ± 1.7 ± 3.0 9.8 ± 2.0 ± 2.1 8.6 ± 1.2 ± 1.8 6.4 ± 0.8 ± 1.2 2.7 ± 0.3 ± 0.5 3.0 ± 0.3 ± 0.5
resonant partial waves with the resonant amplitudes allows us to 
extract independently the values for S-wave singlet and S-wave 
triplet partial waves. In Table 3 the resulting values for the scat-
tering lengths are listed. The values are obtained by averaging the 
five best PWA solutions. The first error represents the standard de-
viation of the five fit results. The second one is the PWA fit error 
obtained by adding quadratically the PWA fit errors from the five 
solutions. In the same table also the scattering lengths obtained 
from p+p reactions with unpolarized [30,42] and polarized beams 
[31] and the predictions by recent theoretical calculations [43,44]
are shown.

The results from this PWA are comparable with previously ex-
tracted values. Different parametrization, as by means of a Jost 
function, might modify the extracted scattering parameters. Still, 
the comparison of the values that have been extracted within this 
PWA to other experimental results and theoretical parametrisation 
demonstrate that despite the very large number of free parameters 
of this PWA and that all contributions have been treated coher-
ently, a reasonable agreement is achieved.

4. Summary

We have applied a combined PWA to seven different data 
sets measuring the reaction p+p→p+K++� for kinetic ener-
gies between 2.14 and 3.5 GeV and determined for the first 
time the production amplitude of the resonances: N∗(1650)1/2− , 
N∗(1710)1/2+ , N∗(1720)3/2+ , N∗(1875)3/2− , N∗(1880)1/2+ ,
N∗(1895)1/2− and N∗(1900)3/2+ and initial state partial wave 
as a function of the excess energy. The contribution of the reso-
nances has been found to be dominant with respect to the direct 
production of the pK+� final state especially for the highest ki-
netic energy of 3.5 GeV where 90% of the yield is associated to 
N*. This shows not only that the resonant production is domi-
nating this energy regime of hadron–hadron collisions, but also 
provides a quantitative understanding for the first time of the in-
terference effects on the N* excitation function. The �-N cusp was 
also included in the PWA but its contribution is found to vary be-
tween 10−3 to 10−2 with decreasing energy. Hence it does not 
influence the obtained results for the N* and non resonant am-
plitudes. The p–� scattering lengths have also been extracted
from this combined PWA and found to be consistent with pre-
vious measurements. Higher precision should be achieved with a 
dedicated analysis of the data at the lowest energies of the here 
presented data samples. A natural improvement of the results pre-
sented in this work will be achieved by including two additional 
data sets measured by the COSY-TOF collaboration at 2.7 and 2.95
GeV [31,45].
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