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Abstract In this paper, an improved signal processing
method is given, aiming at a sensitivity improvement of the
tunable diode laser spectroscopy based gas concentration
measurement. The gas absorption spectrum is probed with
an optimum wavelength scanning function which enables
a more efficient curve fit than for traditional linear wave-
length scanning. The wavelength scanning function is deter-
mined to be optimum, in the sense that the variance of the
estimated concentration noise is minimized. This optimum
scanning function depends on the signal model used in curve
fitting. Several models including interfering gas spectra and
etalon fringes are examined. Compared to the gas absorp-
tion spectrum recorded by ramping the wavelength linearly,
the optimum spectrum waveforms have a cascade structure,
which means that the optimum scanning preferably samples
important points of the spectrum. The new method theo-
retically enables a factor of ∼2 improvement on detection
sensitivity of the estimated concentration. Furthermore, di-
rect spectroscopy is superior to second harmonic detection,
because the concentration noise can be an additional factor
of ∼2 lower.

1 Introduction

Tunable diode laser spectroscopy (TDLS) detects gas con-
centration by taking a spectral fingerprint of the gas absorp-
tion. The gas absorption spectrum A(λ) is given by the quo-
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tient of ingoing (I0) and outgoing (I ) laser light intensities
through a gas sample:

A(λ) = I0(λ) − I (λ)

I0(λ)
. (1)

Usually, in the sensor the gas absorption is measured di-
rectly, e.g. by implementing (1) (direct spectroscopy), or in-
directly by using derivative spectroscopy, e.g. wavelength
modulation spectroscopy (WMS) [1].

A common task of a TDLS-based gas sensor is to achieve
high sensing sensitivity. To improve the sensing sensitivity
of a sensor the following basic methods exist:

• Probe a stronger absorption line, e.g. using lines in the
fundamental gas absorption band in the mid-infrared
range.

• Increase the optical path length, e.g. by using multi-pass
cells or cavity-enhanced methods, e.g. Integrated Cavity
Output Spectroscopy (ICOS) [2, 3].

• Lower the noise induced by laser and detector, e.g. by ap-
plying a low-noise laser and/or using a higher laser power
to improve the detector signal to noise ratio, in the case
laser noise is not dominating. In the other case, laser noise
compensation methods can also be employed, e.g. bal-
anced detection [4, 5].

• Average the concentration values over time to reduce the
overall sensor bandwidth, which lowers the sensor noise
level. This method corresponds to application of a fil-
ter with rectangular impulse response. More sophisticated
methods employ time-variant filters with an adaptive fil-
tering bandwidth like the Kalman filter [6–8].

• Use optimized signal processing, e.g. linear least squares
curve fitting. At a given sensor bandwidth linear least
squares curve fitting is the best linear method to filter the
measurement noise, because it gives the smallest variance
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on the fitted concentration values among all linear digi-
tal filtering methods, e.g. low pass/high pass or Wiener
filtering [9, 10]. However, the performance of curve fit-
ting depends on the signal model for the measured data.
Therefore, the sensor performance can be improved if the
measurement data is recorded in an adjusted way and the
corresponding signal model is changed accordingly. This
method is discussed in the following sections.

Usually, the laser wavelength is linearly ramped with re-
spect to time to scan the absorption, so a linear wavelength
scanning function1 as shown in Fig. 1a is used. The recorded
spectrum waveform2 is disregarding the x-axis unit (t in-
stead of λ) equal to the gas absorption spectrum. This is
shown in Fig. 1b for direct spectroscopy [11] and Fig. 1c for
WMS second harmonic [1], respectively. After each spectral
scan, a curve fit is applied to determine the gas concentra-
tion, which then is an output value of the sensor (Fig. 2).

Fig. 1 Schematic illustration of the wavelength scanning function:
conventional (linear) (a) and optimized (nonlinear) (d). The resulting
spectrum waveform is shown for direct spectroscopy in (b) for linear
scanning and (e) for nonlinear scanning as well as for WMS (second
harmonic detection) in (c) and (f)

1The wavelength scanning function is the function describing the laser
emission wavelength over time. The wavelength scanning function is
applied to scan the gas absorption spectrum.
2The spectrum waveform is the signal obtained by scanning the gas
absorption spectrum over time with a given wavelength scanning func-
tion.

However, with linear laser wavelength scanning the
signal-to-noise ratio (SNR) on the estimated gas concentra-
tion may not be optimum. The SNR is defined as the aver-
aged sensor output values versus their standard deviation at
constant gas concentration. The variation of the sensor out-
put originates from the measurement noise on the spectrum
that ‘passes through’ the sensor signal processing, i.e. curve
fitting. Basically, if a single line is probed, the gas absorption
at center wavelength carries the highest information content
of the gas concentration and thus should be sampled more
often than the other spectral ranges. This is nonlinear wave-
length sampling because the wavelength scanning function
over time is nonlinear. An example is shown in Fig. 1d; the
resulting spectrum waveform is shown in Fig. 1e and f for
direct spectroscopy and WMS, which are more flat at the
center wavelength, because more time is spent to sample the
center wavelength. A special case of nonlinear scanning is
applied in [12]. The wavelength scanning jumps over the
spectral range where no absorption line is present and there-
fore optimizes scanning of two separate absorption lines. In
the following, this approach is generalized and the optimum
scanning method and corresponding SNR improvement is
determined.

Whether a sensor is limited by white noise or slow drifts
depends on the measurement rate of the sensor. At high mea-
surement rate (low averaging time) the limitation is always
given by white noise, as commonly seen on the characteris-
tic slope of −1 in a typical Allan plot [13]. However, sen-
sors for trace-gas analysis are often operated at their opti-
mum averaging time (minimum of the Allan plot) where the
sensor resolution is given by other noise sources than white
noise, e.g. drifts or 1/f noise [14, 15]. White noise is always
present (e.g. detector shot noise or amplifier thermal noise)
and 1/f noise and drift have very different sources which
strongly depend on the electrical and mechanical compo-
nents. Furthermore, the contribution of 1/f noise gener-
ated in the detector or amplifier electronics is generally sup-
pressed by technical measures, e.g. detection of a harmonic
component in the kHz range or direct spectroscopy with
scanning rates in the kHz range. In this paper only the white
noise contribution of sensor noise is considered, which is the
dominating noise source for sensors whose averaging time
is well below the minimum of the Allan plot. The aim of
this paper is to analyze the optimum case, i.e. to determine
the upper limit of improvement that is possible to achieve
by nonlinear scanning. This method may reduce the opti-
mum averaging time (minimum of the Allan plot), because
the white noise suppression is improved. For white noise
limited systems (high measurement rate) the concentration
resolution is enhanced. The nonlinear scanning method thus
improves either sensor response time (for drift or 1/f noise
limited systems) or concentration resolution (for white noise
limited systems).
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Fig. 2 Sensing block diagram: the laser is tuned with the wavelength
scanning function: linear (solid curve) or nonlinear (broken curve).
After power normalization the measured data set y is a pure measure
of the gas absorption spectrum, and concentration estimation is done

by a curve fit. ε represents the inevitable noise induced by the measure-
ment apparatus, which is included in y. The noise w on the estimated
concentration values C̃ originates only from measurement noise ε

To maximize the SNR on the concentration values, the
spectrum waveform has to be chosen properly. Basically, the
spectrum waveform can be varied by:

• Scanning the laser current nonlinearly with respect to
time so that certain wavelength ranges containing more
information of the gas concentration are sampled more
often than the less important wavelength ranges. The gas
spectrum is not necessarily sampled at equally spaced
wavelength points.

• Varying the modulation index m = λa/aL if WMS is ap-
plied. Here λa is the amplitude of the sinusoidal modula-
tion in wavelength and aL the half width at half maximum
(HWHM) of the absorption line. m is typically set to a
value aiming at the highest signal peak, which is around
2.2 for second harmonic detection for the Lorentzian gas
profile [1]. But, it is not necessarily optimum in terms of
minimal concentration noise because the scanned spec-
trum also contains other points, e.g. minima, which have
then possibly lower signal amplitude and overcompensate
the high center peak.

• Varying the wavelength range which is scanned. If the
spectral baseline, i.e. slope, offset or parabolic terms, is
unknown or the target gas absorption is interfered with
other gas absorptions, a larger spectral range than only
the absorption peak value should be scanned.

We present in this paper a universal criterion to deter-
mine the optimum spectrum waveform and thus also the
corresponding wavelength scanning function. This includes
how broad the scanned spectral range should be and—
if WMS is applied—the optimum modulation index m.
The optimum spectrum waveform depends on the signal
model.

In most cases, the more components are included in the
signal model and the more parameters are fitted, the less gain
in SNR on the estimated target gas concentration value by
the curve fit is achieved. No degradation in signal to noise
ratio is observed if the additional components are orthogonal
to the existing ones. Usually, the measured signal consists of
several components, e.g. the spectral components belong-
ing to the target gas absorption, the absorption spectrum of

interfering gases, the spectral baseline consisting of offset,
linear or parabolic terms (caused by the laser residual am-
plitude modulation (RAM) [16]) and etalon fringes caused
by unwanted optical interference. These components for the
measured data are used in the curve fit and form the ‘signal
model’ which is needed for every curve fit. The components
can be of both theoretical and experimental origin. Com-
ponents which are quantitatively known from a reference
measurement or a theoretical calculation are not included
in the curve-fit model, because they are subtracted before
curve fitting. One approach is described in [14], where re-
peated background measurements are performed and the de-
termined background is subtracted from measurement data
before the spectrum curve fitting. In this case the curve-fit
model can contain additional components like offset or slope
to compensate for incomplete background subtraction [15].
Another approach with an adaptive curve-fit model which
includes several possible background patterns is described
in [17]. Different signal models for the measurement data
can be distinguished by the a priori information which is
available in the specific situation. The ‘value’ of the a pri-
ori information can be determined, because different mod-
els give different SNR improvements in the curve fit. For
example, it turns out that by knowing the spectral baseline
the sensor resolution can theoretically be a factor of two bet-
ter than without the knowledge of the spectral baseline (see
Table 1).

In this paper, three signal models are discussed: (I) only
the gas concentration is fitted (spectral baseline and spec-
tral components and concentrations of interfering gases are
known), (II) the target gas concentration and linear baseline
are fitted and (III) the concentrations of target gas and inter-
fering gas, spectral baseline and the amplitudes and phases
of etalon fringes with known period lengths are fitted. We
derive the optimum wavelength scanning function analyti-
cally for models I and II and numerically for model III. The
solution for a linear model is also applicable for nonlinear
models, by linearizing it with a Taylor series. This is dis-
cussed in Sect. 2.7.
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Fig. 3 The estimated gas concentration is the linear least squares fit
solution of the measured data y divided by a · l

2 Determination of the optimum spectrum waveform
and scanning wavelength function

2.1 Optimization criterion

In Fig. 2, it is shown that the laser diode is tuned with a
linear or nonlinear wavelength scanning function. The gas
absorption spectrum recorded at the photodiode is power-
normalized and is a pure measure of the gas absorption.
A curve fit is carried out on the sampled measurement data
y to estimate the gas concentration, whereas ε represents
the noise of y induced by the measurement system, i.e. laser
noise, shot noise, thermal noise and electronics noise. The
curve-fit result C̃ is the true gas concentration C plus noise
w, which originates from ε. So, we have

C̃ = C + w, (2)

σ 2
w = 〈

w2〉, (3)

with 〈 〉 denoting the expectation value. To investigate the
optimum spectrum waveform or the optimum wavelength
scanning function the noise variance σ 2

w is minimized. The
sensor sensitivity (minimum detectable concentration) is
equal to σw and is thus optimum. In the following, we derive
an analytical expression for σ 2

w .

2.2 Signal model of curve fit

The vector y represents the measured data and is the sum of
the sampled direct absorption spectrum or harmonic spec-
trum, spectral baseline, measurement noise, etc. It consists
of N data points. The data sample rate is R N , with R (unit:
Hz) being the measurement rate, i.e. the rate with which
spectra are scanned and concentration values are output.

The vector y can be expressed by the following model:

y = (
ψ1|ψ2| · · ·

)

︸ ︷︷ ︸
Ψ

⎛

⎜
⎝

p1

p2
...

⎞

⎟
⎠ + ε. (4)

ψ1, ψ2, . . . are the column vectors of the model matrix Ψ ,
which represent the spectra components linearly weighted

Fig. 4 Schematic explanation of the peak absorption coefficient a: it
is the amplitude of a 1 ppm m gas absorption spectrum

with the parameters p1, p2, . . . and superimposed with noise
ε to form the measured spectrum y.

The parameters pi are for example the peak absorption
values of the target or interfering gases that are present in
the optical cell; offset; slope and amplitude, phase of etalon
fringes. p1 is the peak gas absorption value of the desired
gas, which is the product of gas concentration C, optical
path length l and peak absorption coefficient a (see Fig. 4):

a = A(λ0)|C·l=1ppm m , (5)

where λ0 is the wavelength of the absorption line center or—
in the case of a complex spectrum consisting of many over-
lapping lines of one gas—the wavelength of the peak value.
The gas concentration C is estimated from y by a linear least
squares curve fit [18] and has the following analytical ex-
pression:

C = p1

a l
= 1

a l

((
Ψ T Ψ

)−1
Ψ T y

)
1, (6)

where the subscript notation (X)1 denotes the first element
of the vector X. The curve-fit process is schematically ex-
plained in Fig. 3.

The ψ i are the spectrum waveforms of the target gas and
interfering gases, the spectral background (offset, slope) and
etalon fringes. The first column ψ1 is the spectrum wave-
form of the target gas and has the following expression for
direct spectroscopy:

ψ1 =
(

A(λ1)

a C l
,
A(λ2)

a C l
, . . . ,

A(λN)

a C l

)T

(7)

with the vector of sampled wavelength points:

λ = (λ1, λ2, . . . , λN)T . (8)

For WMS with second harmonic detection it is given by

ψ1 =
(

S2(λ1)

a C l
,
S2(λ2)

a C l
, . . . ,

S2(λN)

a C l

)T

. (9)

ψ1 is independent of which gas is investigated, the gas con-
centration C as well as the optical path length l. In the case
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Fig. 5 Examples of sampled spectrum waveforms ψ1 for linear scan-
ning in (a) direct spectroscopy and (b) WMS (second harmonic) are
shown

of WMS the definition of the second harmonic spectrum
S2(λ) is taken from [19]:

S2(λ) = − 1

π

∫ π

−π

A
(
λ + λa cos(z)

)
cos(2z)dz, (10)

with λa being the amplitude of wavelength modulation.
ψ1 has a maximum value of 1 for direct spectroscopy and
is less than 1 for WMS. Examples of linearly scanned ψ1 in
direct spectroscopy and WMS (second harmonic) are shown
in Fig. 5a and b, respectively.

2.3 Analytical expression for noise variance σ 2
w

As explained before, the measurement noise ε is assumed to
be white noise, i.e.

〈ε〉 = 0,
〈
ε · εT

〉 = σ 2I , (11)

with I being the identity matrix. The noise variance σ 2 is
expressed by the product of noise power density Syy on mea-
sured data y and the noise bandwidth R N :

σ 2 = Syy R N. (12)

The relationship between σ 2 and σ 2
w is given by taking the

variance of (6) [18]:

σ 2
w = 1

a2 l2

(
Ψ T Ψ

)−1
11 · σ 2 (13)

= 1

a2 l2

(
Ψ T Ψ

)−1
11 N · Syy · R. (14)

(Ψ T Ψ )−1
11 is the left top element of the inverse matrix of

Ψ T Ψ . As clearly can be seen, σ 2
w (unit: ppm2) is a func-

tion of Syy (unit: 1/Hz), N (unit: 1), R (unit: Hz), a (unit:
1/ppm m), optical path length l (unit: m) and the vectors ψ i .
By scanning the wavelength nonlinearly or modifying the
WMS modulation index m or varying the scanned wave-
length range, the spectral components ψ i change, which re-
sults in the variation of (Ψ T Ψ )−1

11 N and possibly lower val-
ues of σ 2

w . Note that (Ψ T Ψ )−1
11 N is constant for N → ∞,

because (Ψ T Ψ )−1
11 is asymptotically inversely proportional

to N , whereas the limiting case also represents the continu-
ous situation without sampling.

In the following sections, the optimum wavelength scan-
ning functions for three different models are discussed.

2.4 Signal model I: only target gas concentration is
unknown

If the spectral baseline is known, and there is no interfering
gas or the concentration and spectrum of interfering gas are
known, the model is written as

y = (ψ1) (C l a) + ε, (15)

where y is the measured data with baseline and interfering
gas spectrum removed.

Substituting the model in (14) gives

σ 2
w = 1

a2 l2 |ψ1|2
· Syy · R · N. (16)

It is evident that (16) is minimized if |ψ1| is maximized.
This is achieved by sampling the absorption spectrum only
at its absorption maximum (peak) value. This gives

ψ1,opt = (
ψ1,max, . . . ,ψ1,max

)T
, (17)

which results in

σ 2
w,opt = 1

a2 l2 ψ2
1,max

· Syy · R. (18)

The corresponding spectrum waveform carries the constant
value ψ1,max, which is 1 for direct spectroscopy and 0.343
for second harmonic detection, with m = 2.2. The modula-
tion index m is chosen for a maximum signal peak height.
For this model with known baseline and known interfering
gas spectrum if there is any, it is thus optimum to sample
only the maximum value of the gas absorption spectrum or
the WMS harmonic spectrum.

2.5 Signal model II: target gas concentration and baseline
(slope, offset) are unknown

In this case the signal model is consisting of spectral com-
ponents belonging to the target gas and a spectral baseline
consisting of a slope and an offset. There is no interfering
gas in the spectral range and no other spectral baseline com-
ponents, e.g. cubic baseline or interference fringes, or they
are known and subtracted from the measurement data as in
[14, 15].

y = (ψ1|ψ2|ψ3)

⎛

⎝
C l a

slope
offset

⎞

⎠ + ε, (19)
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with the new baseline components for offset and slope:

ψ2 = (1 . . .1)T (offset), (20)

ψ3 = (−1 . . .1)T (slope). (21)

Note that the slope component of the spectral baseline also
changes in a nonlinear fashion when the wavelength is
scanned nonlinearly. Then σ 2

w is given by (under the as-
sumption that ψ1 is symmetric)

σ 2
w = 1

a2 l2 (|ψ1|2 − Nψ
2
1)

· Syy · R · N. (22)

ψ1 denotes the average value of the elements of vector ψ1.
Equation (22) is minimized when (|ψ1|2 − Nψ2

1) is maxi-
mized. From optimization theory it follows that this requires
sampling the minimum and maximum points of the spec-
trum only. Knowing this, it follows by a simple calculation
that the optimum is achieved by sampling the maximum and
minimum of the spectrum equally often and in a symmetri-
cal manner as required by the assumption

ψ1,opt = (ψ1,min...︸ ︷︷ ︸
N/4

ψ1,max...︸ ︷︷ ︸
N/2

ψ1,min...︸ ︷︷ ︸
N/4

)T . (23)

The minimized noise variance then has the expression

σ 2
w,opt = 4

a2 l2 (ψ1,max − ψ1,min)2
· Syy · R. (24)

For direct spectroscopy we have ψ1,max = 1 and ψ1,min ≈ 0.
For second harmonic detection, the peak to peak amplitude
of the second harmonic spectrum is maximum when m is set
to 3 [20], which gives ψ1,max = 0.33 and ψ1,min ≈ −0.22.
The optimum spectrum waveforms for target gas ψ1 and the
wavelength scanning function are shown in Fig. 6.

2.6 Signal model III: target gas, baseline, interfering gases
and etalon fringes are unknown

In this section, an interfering gas spectrum and etalon fringes
are also included in the model. A parabolic/cubic spectral
baseline or polynomial arbitrary order can also be added
to the model. Etalon fringes caused by interfering of light
consist of a periodic sinusoidal structure in the measured
spectrum; this structure can limit the sensitivity of a diode
laser measurement for trace gas concentration measure-
ments. Most of the etalon fringes are caused by parallel re-
flecting surfaces, between which the light is reflected back
and forth several times. The reflected beams interfere at the
photodetector constructively or destructively, causing the re-
sulting intensity to be wavelength dependent. The period
length of the sinusoidal structure depends on the distance
between the two optical surfaces. If the distance is known,

Fig. 6 The scanning waveform (second harmonic spectrum) for target
gas (a) and the wavelength scanning function (b) for model II (includ-
ing baseline, but no interfering gas). Traditional linear scanning (blue)
and proposed optimum scanning (red) are both presented. The y-axis
of (b) is the wavelength, which is relative to the line center λ0 normal-
ized with the HWHM of the gas absorption line

the etalon fringes can be included in the linear model, with
amplitude and phase of the sinusoidal structure being fit-
ted. This modeled spectral background consists of a linear
baseline and interfering fringes with certain known period
length. The amplitude of the linear baseline and amplitude
and phase of the fringes are fitted continuously, so a time-
dependent baseline change is handled. As an extension, the
fringes could be modeled not only as a single sinusoid, but
as many shifted and partially overlapping finite length sinu-
soids. This would even allow for fitting a fringe with varying
phase and amplitude during a single spectrum scan. How-
ever, simulations have shown that the optimum scanning
waveform for this extended model is very similar to the sim-
plified case used here. The model is the following:

y = (ψ1|ψ2|ψ3|ψ4|ψ5|ψ6)

⎛

⎜⎜⎜⎜⎜⎜
⎝

C l a

slope
offset
C2 l

A

B

⎞

⎟⎟⎟⎟⎟⎟
⎠

+ ε, (25)

with ψ4 being the interfering gas spectrum and C2 the con-
centration of the interfering gas. ψ5 and ψ6 are the compo-
nents for the etalon fringes with unknown phase:

ψ5(λ) = sin
(
2π (λ − λ0)/�λ

)T
, (26)

ψ6(λ) = cos
(
2π (λ − λ0)/�λ

)T
, (27)

and �λ is the period length of the etalon fringes in wave-
length, which is derived from the length of the etalon L. λ0
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Fig. 7 Example of simulated
spectral compositions ψ i in
model III: ψ1 is the second
harmonic spectrum of CO at
2.365 µm (a) with interfering
gas methane ψ4 (second
harmonic spectrum of 20
methane lines) (c); ψ2 and ψ3
(b) are the spectral baseline:
offset and slope; ψ5 and ψ6 (d)
are the sampled sine and cosine
components forming the etalon
fringes

is the central wavelength of the laser light. We have

�λ = λ2
0

2nL
. (28)

By fitting the parameters A and B , the amplitude and phase
of the sinusoidal structure are adjusted.

σ 2
w can be only minimized numerically. The optimization

problem is

minimize
(
Ψ T Ψ

)−1
11 (29)

subject to λmin ≤ λ1 ≤ λ2 ≤ · · · ≤ λN ≤ λmax, (30)

where the columns of the Ψ matrix ψ i are dependent on
the sampled wavelength λj . This algorithm for the con-
straint optimization problem [21] is described in [22, 23],
and implemented in the MATLAB function ‘fmincon’.
We demonstrate the numerical optimization for CO detec-
tion at 2.365 µm with the interfering gas methane. For this
case, the spectral compositions ψ i are shown in Fig. 7. The
results obtained are shown in Figs. 8 and 9 for direct spec-
troscopy and second harmonic detection, respectively. It is
remarkable that also in the numerically optimized case the
optimum wavelength scanning function has a cascade struc-
ture. The maximum is more often sampled than in the linear
scanning case. The algorithm determined the modulation in-
dex m to be 3, so the peak to peak amplitude of the second
harmonic spectrum is maximized as in model II. On the
other hand, the transitions from minimum to maximum are
also sampled to obtain the information of the methane spec-
trum and to average over one period of the etalon fringes.

2.6.1 Comparison between direct spectroscopy and WMS

The sensor sensitivity σw is multiplied with a l/
√

Syy R and
the values are listed for comparison of linear scanning and

Fig. 8 (a) The spectrum waveform (direct absorption spectrum) for
target gas CO and (b) the wavelength scanning function for model III.
Traditional linear scanning (blue) and proposed optimum scanning
(red) are both presented

Fig. 9 (a) The spectrum waveform (second harmonic spectrum) for
target gas CO and (b) the wavelength scanning function for model III.
Traditional linear scanning (blue) and proposed optimum scanning
(red) are both presented
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Table 1 List of σw a l√
Syy R

values for the comparison of linear scanning and nonlinear wavelength scanning applying direct spectroscopy or WMS.

Lower values are better

σw a l√
Syy R

=
√

(Ψ T Ψ )−1
11 N Direct spectroscopy WMS (second harmonic)

Optimum nonlinear
scanning

Linear scanning
(typical width)a

Optimum nonlinear
scanning

Linear scanning
(typical width)a

I 1 2.8 2.9b 5.9

II 2 3.6 3.6c 5.9

III 2.2 4.2 4.2c 7.6

aThe width of the linear wavelength scanning is chosen as 12 × HWHM of the gas absorption line for models I and II, and 20 × HWHM of the
gas absorption line for model III
bModulation index adjusted to maximize spectrum waveform peak (mopt ≈ 2.2)
cModulation index adjusted to maximize spectrum waveform amplitude (peak to peak) (mopt ≈ 3)

nonlinear wavelength scanning applying direct spectroscopy
or WMS (Table 1). This value is independent of the absorp-
tion line strength (given by a), optical path length l, sensor
time resolution R and noise power density on measurement
data Syy . The lower values are better. Different models rep-
resent different levels of available a priori information. For
model I (Sect. 2.4) the spectral baseline is known, for model
II (Sect. 2.5) it is unknown and model III (Sect. 2.6) addi-
tionally handles interfering gases and interference fringes.

The width of the linear wavelength scanning is chosen
as 12 × HWHM of the gas absorption line for models I
and II, and 20 × HWHM of the gas absorption line for
model III because of the involvement of interfering gas. Ac-
cording to Table 1, the standard deviation of the concentra-
tion noise/sensor detection sensitivity can be improved by
a factor ∼2 by applying nonlinear wavelength scanning in-
stead of linear scanning for direct spectroscopy and WMS.
Furthermore, an additional factor of ∼2 lower standard de-
viation can be achieved theoretically if direct spectroscopy
instead of second harmonic detection is applied.

With the values given in Table 1, we can also calculate
the expected detection sensitivity of a sensor system. For ex-
ample, assume a sensor with a measurement rate of 10 Hz,
and a high enough light intensity at the detector so that the
laser noise is dominating. Additionally, we assume a laser
relative intensity noise (RIN) of –130 dB/Hz and therefore
obtain Syy = RIN = 10−13. The CO line at 2.3655 µm has an
absorption coefficient a = 3.5714 × 10−5 ppm m−1 at am-
bient conditions. With an optical path length of about 10 cm
the standard deviation of the estimated concentration value
is according to the table (model III; WMS) expected to be
2.1 ppm for linear scanning, which is in good agreement
with the experimental data (standard deviation: 2–3 ppm)
[24, 26]. This performance can theoretically be improved by
a factor of 1.8, if nonlinear wavelength scanning with sec-
ond harmonic detection is applied, or by a factor of 3.3 us-
ing direct spectroscopy with optimum nonlinear wavelength
scanning.

2.7 Nonlinear model

The theory for the linear model is applicable for the general
nonlinear curve-fit model by linearizing it at first. The non-
linear model contains nonlinear parameters, e.g. gas pres-
sure, gas temperature or wavelength offset. To explain this
procedure, we analyze the simplest case that the model con-
tains two parameters: one is the gas concentration C; the
other is a nonlinear parameter p (e.g. gas pressure or a wave-
length shift). By applying Taylor series, the model is lin-
earized around (C0,p0) to

y =f (C,p) + ε (31)

≈f (C0,p0) + ∂f (C0,p0)

∂C
(C − C0)

+ ∂f (C0,p0)

∂p
(p − p0) + ε (32)

=∂f (C0,p0)

∂C
C + ∂f (C0,p0)

∂p
(p − p0) + ε (33)

=
(

∂f (C0,p0)

∂C

∣∣∣∣
∂f (C0,p0)

∂p

)

︸ ︷︷ ︸
Ψ

(
C

p − p0

)
+ ε, (34)

where C0 and p0 should be as close as possible to the real
values of C and p.

3 Conclusion and discussion

In summary, the theoretical investigation gives the optimum
method to scan the laser wavelength to minimize the influ-
ence of white noise on the determined concentration val-
ues. For this, the gas absorption spectrum is probed with
an optimized wavelength scanning function which enables a
more efficient curve fit than for traditional linear wavelength
scanning. The wavelength scanning function of the laser
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current/wavelength and the modulation index—if WMS is
applied—are determined to be optimum, in the sense that
the variance of the estimated concentration noise is mini-
mized. This optimum scanning function depends on the sig-
nal model used in curve fitting. Several models including in-
terfering gas spectra and etalon fringes are examined. While
for the simple models, analytical solutions were found, for
the more comprehensive cases like models including inter-
fering gas components and etalon fringes the equation (14)
were handled numerically. Compared to the gas absorp-
tion spectrum recorded by ramping the wavelength linearly,
the optimum spectrum waveforms have a cascade struc-
ture, which means that the optimum scanning only samples
important points of the spectrum. When the spectral base-
line is unknown, the modulation index m for WMS is op-
timally chosen to maximize the peak to peak value of the
signal (m = 3), not the maximum value (m = 2.2). The new
method theoretically enables a factor of ∼2 improvement
on detection sensitivity of the estimated concentration com-
pared to conventional linear wavelength scanning with typ-
ical scanning width. Furthermore, direct spectroscopy is su-
perior to second harmonic detection, because the concentra-
tion noise can be an additional factor of ∼2 lower.

To use this method, knowledge of the sampled wave-
length and the laser current-to-wavelength relationship is es-
sential. For WMS it is not obvious which wavelengths cor-
respond to the minima of the curve, because their positions
are also dependent on the modulation index m. To obtain the
laser current-to-wavelength relationship, a wavelength cali-
bration with a reference measurement can be carried out.
This can be done with a separate reference cell or integrated
reference cell filled with reference gas [24, 26] or a refer-
ence etalon [25]. A remaining open question is whether the
nonlinear scanning may increase the influence of drifts and
time-varying fringes compared to linear scanning. Unfortu-
nately, this cannot be answered by this theory. It has to be
examined by experiments. The result is partly confirmed by
the observed SNR improvement by using jump scanning in
[12] and the used formula (14) for the SNR after the curve
fit is verified in [26]. There the computed maximized SNR
by optimizing the scanning width of a spectrum is in good
agreement with the experimental results. In addition to the
‘jump scanning’ experimental paper [12], this paper tells the
optimum positions where the jumps have to occur and the
obtained gain in signal-to-noise ratio.
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