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ABSTRACT

Precise point positioning requires precise knowledgeteflia phase biases, satellite position and satellitelcémrrections.
In this paper, a method for the estimation of these parametith a global network of multi-frequency reference stasids
presented. It includes a clustering of the reference stsitieirst, individual satellite phase biases, position@adk corrections
are derived for each cluster. Subsequently, the solutibesch cluster are combined. We exploit the integer propafrthe
carrier phase ambiguities and perform an integer decdioeland fixing within each cluster and also in the multi-téus
combination. The performance of the proposed method iyaealwith Galileo measurements on both E1 and E5a of the IGS
stations. We defineth clusters and obtained satellite phase biases with an agcofdetter thar2 cm.

INTRODUCTION

Precise Point Positioning is becoming attractive as the dses not need any raw measurements from a reference station
Zumberge et al. have introduced Precise Point PositiorP] in [1] using precise orbits and clocks obtained fronrgela
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network of reference stations. Kouba and Héroux descritfe iR [2] including a precise modeling of satellite antenfiseds,
phase wind-up corrections, solid earth tides, ocean |ggaiiml earth rotation parameters. They have also assessperfbe
mance using IGS (International GNSS Service) productgis&esatellite orbit and clock information can be obtaingdHe
Bernese software as described by Dach et al. in [3].

Precise knowledge of satellite phase biases is requird@HBrwith integer ambiguity fixing. Ge et al. [4] used the Meillvz
Wibbena combination and the ionosphere-free phase catitnin These combinations were applied to satellite-gatsingle
difference measurements4if0 IGS stations to estimate the single-difference widelaasds and phase biases. The estimation
is performed in two steps, i.e. a first step for the widelandigmity fixing, and a subsequent step for fixing the narrowlan
ambiguities. The estimated phase biases of [4] vary by @nalgycles per day for some GPS satellites. Ge et al. also shaw tha
their corrections enable a narrowlane (NL) integer amiygixing, i.e.91 % of the float NL ambiguity estimates are deviating
by at mosi).1 cycles from the nearest integer.

Laurichesse et al. [5] estimatechdifferencedsatellite phase clocks, station clocks, satellite diffi¢isd code/ phase bias,
station differential code/ phase biases, station cootelioarrections, satellite orbit corrections and ambigsiin a Kalman
filter. They used the same combinations as Ge et al. [4], maggssed undifferenced measurements. The assumptions on th
process noise statistics are accurately described for gtatd parameter. Laurichesse et al. [5] analyzed the évolof the
narrowlane pseudorange minus phase biases over the wtzol2@@8 for all GPS satellites. They distinguished betwdeosh
IIA and IIR satellites and observed a drift of orynarrowlane cycles per year.

Wen et al. [6] proposed to estimate the undifferenced datglhase biases, non-dispersive geometry correctionsterm
cluding their time derivatives, slant ionospheric delays] carrier phase ambiguities in a Kalman filter. The ambjdixing
was triggered based on the stability of the float solution thedstatistics of the Kalman filter. The method was appliethé&o
regional network of SAPOS reference stations in Germany.

Carrier phase integer ambiguity fixing is essential for s@catellite phase bias estimates. Blewitt proposed aesgiql
ambiguity fixing in [8], which partially exploits the coregion between float ambiguities. The correlation was okthfrom a
triangular decomposition of the float ambiguity covarianearix. Teunissen developed the famous Least-squares gifgi
Decorrelation Adjustment (LAMBDA) method in [7] to solvedlinteger least-squares problem. The LAMBDA method inclu-
des an integer decorrelation and a sequential tree seafofdtthe integer ambiguities which minimize the sum of sqdare
ambiguity residuals. Teunissen provides an expressiothosuccess rate of integer bootstrapping based on the ativeul
Gaussian distribution in [9].

Brack et al. [10] proposed sequentialBest-Integer Equivariant (BIE) estimator for high-dimemal integer ambiguity
fixing. The authors performed one-dimensional searches instead of argimensional search, which is much more efficient.
The Sequential BIE was used for satellite phase bias estimaith 20 reference stations.

Henkel et al. [11] developed an ambiguity transformationGONASS double difference carrier phase measurements to
enable integer ambiguity fixing for FDMA-moduated signdlke transformation was used for joint ambiguity fixing of GPS
and GLONASS.

In this paper, a method for undifferenced satellite phaas bstimation with a large global network of reference eetis
presented. The method outperforms previous methods by

e splitting the global network into several clusters and byaducing a parameter mapping, which maximizes the number
of integer-valued parameters that can be estimated witlamltdefect on a global perspective

e fixing all integer-valued ambiguities within each clustsimg integer decorrelation
o fixing the between cluster differential ambiguities usintgger decorrelation

The method consists of two steps as shown in Fig. 1. The feptistludes the splitting of the global network into several
clusters and a separate processing of undifferenced armnloiced measurements of each cluster. The second steplésclu
the combination of the individual solutions.

We perform a clustering of the global receiver network fa thllowing reasons:

e selection otommorreference satellite antbmmorreference receiver for all measurements only feasible reigional
coverage

e common visibility at reference receiver and any other ragrawithin a cluster enables relationship betweeai-valued
undifferenced ambiguity/ phase biases using double diffegintegerambiguities

e reduced dimensions of measurements and states within kestérenables integer ambiguigcorrelationandfixing

e selection of receiver-independent reference satellisbkestransformationinstead ofre-estimationof clock offsets,
receiver phase biases and double difference integer aitibgyin case othanging reference satellite
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Fig. 1: Functional diagram for satellite phase bias esimnawith clustering of global network

The optimum size of the cluster depends on the geographisiibadition of the reference stations. A large cluster size
provides more measurements related to a certain satelliieh improves the accuracy of the respective clock andhas
estimates. However, there are also two arguments for smadbderate cluster sizes:

e integer ambiguity decorrelation onfgasiblewith small to moderate cluster size

e joint visibility between reference receiver and any other resradf cluster reduces with size of cluster

Thus, the optimum cluster size ist@de-off betweenmaximizingthe number of measuremerdsd maximizing common
satellite visibility.

Fig. 2 shows a map with the locations of tii¢l IGS stations. The stations are grouped ihécclusters with the reference
cluster being in Europe. Each cluster has a reference ex¢biwing denoted by a circle. It is selected based on thandiss of
the receivers’ positions from the mean value of all statioordinates within one cluster.
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Fig. 2: Map of IGS stations with6 clusters. The number of receivers per cluster is providadenupper left corner of each
cluster. The reference receiver of each cluster is additiphighlighted.
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MEASUREMENT MODEL

The undifferenced carrier phase measured at receiver {1, ..., R} on frequencym = {1,..., M} of satellitek =
{1,..., K} is modeled as

/\mgoljm = Ark(fT - fk) =+ C((STT - 5Tk) + mT(Ef)TZﬂ“ - Q%mlﬁl + AmNﬁm =+ ﬂT,m - ﬂfljm + Efrim VT, m, ka

with the wavelength\,,,, the carrier phase measuremetﬁ_f[m in units of cycles, the line of sight vectel® pointing from the
satellite to the receiver, the positiois and ' * of the receiver and satellite, the speed of lighthe clock offsetsi7,. and
57" of the receiver and satellite, the tropospheric mappingtianmr depending on the elevation andl#, the tropospheric
zenith delayr, ., the ratio of frequencieg.,, = f1/ fm, the ionospheric slant deld)’ﬁl on f1, the integer ambiguityN],fm, the
receiver phase bias$,. ,,,, the satellite phase big#, and the phase noisg, .

The pseudoranges are modeled similarly as

pf,m = é;{c (% — fk) + (67 — 6Tk) + mT(Ef)Tz,T + q%mlﬁ,l +brm — bfn + AplﬁlPr,m + nf,m Vor,m,k, 1)

with the code biasefs. ,,, andb”,, the pseudorange multipampl’im‘ym and the pseudorange nob$fé7m.

PARAMETER MAPPING

In this section, we introduce a parameter mapping that (a)béiwes some of the above parameters to enable a full-rank
system of equation and that (b) combines ambiguities mavitly ambiguities to preserve the integer property of amibigst
The mapping requires the selection of a reference receikreference satellite being denoted by the lower/ uppenine.
As the reference receiver and reference satellite areecldsipendent, we introduce the index= {1,...,C} to denote all
cluster dependent parameters.

The rank-defect of the absolute clock offset estimationrés/@nted by mapping the satellite clock offset of the refeee
satelliteref of clusterc to the receiver clock offset, i.e.

6T e = 067, — 070 Ve (2)
The clock offsets of the other satellites are adjusted cismdy:
57F¢ = o7F — 5770 Ve ®)

The code biaseéss. ,,, andb”, of the first two frequencies can be mapped to the clock ofiseéti@nospheric delay:

b'r‘,l - b]f b67’,\ - béfk

b,,‘72 - bé B b[f B

brs =05 | ZA| bra—b5 | )

bear — b, brar — b5,
with

1 1 0 0
1 gy 0 0

A=| 1 a1 0 (5)
1 gy 0 1

Solving for the biases of the clock offsets and ionosphezlays gives:

bérT - bé‘r" br,l - blf
B blﬁ B br,Q - b§
br,3 - b§ — A71 . br,3 - b§ . (6)

~ Sk k
br.,l\r[ — bl\,[ br,l\{ - b]u
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The receiver clock offset is extended to:
M
e = 07 = 67"+ 3 " Y1 - (brom — DIE), ©)
m=1

with ~1,,, being the element of the-st row andmn-th column ofA~1. The satellite clock offsets are adjusted respectivedy, i.

M
7ke = 678 — o770 13 " gy - (B, — BEE). ®)

m=1

The slant ionospheric delay is adjusted similar as:
~ M
I»,k = I»,k + Z Yom * (br,m - bfn)a (9)
m=1

with ~,,,, denoting the element of tiznd row andmn-th column ofA 1.

The estimation of an individual receiver phase bias for gackiver, of an individual satellite phase bias for eachlk,
and of an individual integer ambiguity for each link is nca$ible due to a rank deficient. We perform the following paetan
mappings to overcome the rank defect:

e mapping of phase bias of reference receiver to satelliteghemses
e mapping of ambiguities of reference receiver to satellitage biases

e mapping of ambiguities of reference satellite to receiveage biases

Additionally, the phase biases have to be corrected for dhde biases being mapped into the clock offsets and ionoispher
delay. Thus, the receiver phase bias with lumped code bé&skambiguities of reference receiver and satellite isrgixe

Br,c,m = Br,m - Bref,c,m
M

M
- Z Yim * (b'r‘,m - brcf,c,m) + Z Q%m cY2m - (b'r‘,m - brcf,c,m)
m=1

m=1
HNEhe - NISC L Ve m (10)

ref,c,m

The satellite phase bias is adjusted respectively, i.e.

ﬂrkric = Byljl - ﬂrcf.,c.,m

M M
- Z Yim - (bfn - bref,c,m) + Z q%m *Yom - (bfn - bref,c,m)
m=1 m=1
“Nlgem Vkcm. (11)

The individual integer ambiguity is related to the integerbéguity of the reference receiver and reference satelltach
results in the well-known double difference integer amiigu

Rl

NSE - NSE Nref,c NS Nref,c
r,Cm s ( rm Ve m ) - ( ref,c,m rcf,c,m)

Yo ek, (12)

=N

wheres, denotes the subset of visible satellites atithb receiver and: is the satellite index within this subset.
The undifferenced carrier phase measurements of Equdij@at be expressed in terms of the reduced parametéf, set

575, Br.comy BEC ande,c,m. Some parameters vanish and do not have to be estimated-faref or s* = ref as shown in
Equations (13) and (14).
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/\m@fm = _»rk(fr - fk) + mT(Ef)Tz,T - Q%mif,l

c0Tp,c — co7he +ﬁ~m7m —Bﬁf + /\mNﬁC,m —l—affm r # ref, k # ref

+ 057:-7“.,12 e +Br,c,m - J:nz +€£,m r }é ref, k = ref (13)
COTpc — COT™ —Bm; +erm r =ref, k # ref
C§7~—r,c _ﬁﬁic +€lrc7m r = ref, k = ref.

T

p]:,m = gk(fr - fk) +mt (Ef)Tz,r + Q%mif,l

c0Fp,c — COTMC +Ap1’f/lp7‘ym +0F r # ref, k # ref
cOTr.c +ApEp, N r # ref, k = ref
c0Fp,c — COTMC +Ap1’f/lp7‘ym +1E r =ref, k # ref (14)
0Ty e +Ap§/ﬂ>r:m +0F r = ref, k = ref.

SINGLE CLUSTER SOLUTIONS WITH KALMAN FILTER

In this section, we briefly describe the estimation of sa¢epositions, clock offsets and phase biases for one iddali

cluster.
The carrier phase and pseudorange measurements of alleeeet {1, ..., R} and frequencies: € {1, ..., M} in cluster
c of a certain epoch are stacked in a column vector, i.e.

1 K 1 K
z = ()\190171,---,)\1901,1,---,/\1303,1,---,/\14,0&1,---,

1 K 1 K
AMPI My -+ s AMPI M -+ s AMPR M s - -+ s AMPR, M s
1 K 1 K
pl,la'"apl,la'"7pR,1a"'apR717"'7
1 K 1 K \T
pl,Ma'"apl,Ma'"apR,Mv-'-va,M) . (15)

Similarly, all unknowns of clustet are stacked in the state vectogiven by

x:((fl)T,...,(fK)T,
COTt ey ooy COTR.e, 0TV, L, 67E0C,
To1,...,7, R,
Iy, IS Ty, TR
Bl,c,ly---yBR,c,ly---731,6,M7---,BR,C,M7
nl,c K, c nl.c aK,c
U B B B
Nigqoo oo NE o N aq o NE 1o
- - - - T
N carso s Norts o Nhears oo Near) (16)

As the satellite positions and clock offsets are known from liroadcast orbits with an accuracy bfm and as the order of
magnitude of atmospheric errors and satellite phase biasdso known, we introduce some prior knowledge on thege sta
parameters:

z=(@H",..., @,
oFLe, .. 67K,
Torroo s Ty,
Doy IE Ty TR
El,c,h .. '7/8:R,C,17 .. -;El,c,l\l; s aER,c,Mv

= = = = T
Bil7c""’/8]%(7C""’/8}\267""/8]Kw7c) k) (17)
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with a priori known covariance matriX.
Both measurements and prior information are linear dep#radethe state vector. Thusandz of epochn are combined to

< n ) — H,z, + < zn ) : (18)
T ni,n

with H,, being the projection of the state vector into the measuréharepoch. We use a standard Kalman filter to estimate
x,, from the extended measurement vector, i.e. the a postetatd estimaté;” at epoch is given by

=37 + Kn(zn — Hu),), (19)
with the Kalman gaink,,.
The estimated state vector also includes N
M- > (K, -1) (20)
r=1,r#ref

double difference ambiguities. A typical cluster with= 40 dual-frequency receivers and an average wiible satellites per
receiver results ir2 - (40 — 1) - (9 — 1) = 624 double difference ambiguities. The fixing of a few hundreduwibiguities to
integers is computationally demanding. The integer tiamsétionZ of Teunissen [7] is still feasible to decorrelate the float
ambiguity estimates, i.e.

N' = ZN, (1)

whereN represents the ambiguity estimates of all receivers ampliéncies in cluster as obtained from the Kalman filter:

_ o1 K o1 K
N = (Nl_’c_rl,...7N17C71,...,NR7C71,...,NR_’C_rl,...,
24 2 2 2 T
N17C7M,...,N17C7M,...,NR7C7M,...,NR7C7M) .
(22)

The subsequent ambiguity fixing can not be performed by ssgarch due to computational limitations. However, a setiglen
adjustment as described by Blewitt in [8] is still feasiblée i-th ambiguity conditioned on all previous ones is given by:

i—1
il|1.,...,i71 =N, - Z%’j (le'll.,...,jfl — [ ;\1,...,3'71]) (23)
j=1
with
UN;,NJ/M ..... j—1
Vij = - (24)
7

The conditioned decorrelated ambiguities are roundeddio tiearest integer number:

Nil = { Az'/\l,...,i—l} : (25)

The real-valued parameters of Eq. (16) are adjusted akeartibiguity fixing to improve their accuracy.

COMBINATION OF CLUSTERS

This section describes the combination of the satellitétipos, clock offsets and phase bias estimates of all dlsisile
derive a multi-cluster solution to achieve the followingkéts:

e satellites beingisible from more than one clust@rovide multiple correlatedsatellite position, clock and phase bias
estimates

e selection of a reference clusigg; enables relation of cluster-dependent satellite phasebi@ satellite phase biases of
reference cluster and to explaiteger propertyof double difference ambiguities relatedréderence satellite of reference
clusterandany other satellitdeingjointly visible at reference cluster and any other clustnd being observed by the
reference stationsef both clusters.
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The satellite position estimate of theh cluster can be related to the true satellite position:

he = '%k + 771% k,c» (26)

Z

where the true position is cluster-independentgnd. denotes the error of the estimate.
The estimates of the cluster-dependent satellite clodetsfof Equation (3) are related to the satellite clock tdfeé the
reference cluster and differential (cluster to referenaster) satellite clock offsets, i.e.

othe = o7k — ot fs
57_/9 _ §Tref,cmf _ (67_ref,c _ 67_ref,crcf) + 7757:_)“0
(27)

The estimates of the satellite phase bia&%@ of Equation (11) include satellite and/ or constellatiependent parameters.
Therefore, we rewrite the satellite phase bias estimates as

évﬁ{c = u(kam) +U(C, m) —|—’LU(]€,C, m) +77/§5nm (28)
with
M
u(k,m) = B =Y (Yim — @r2m)bl,
m=1
M
U(Ca m) = _ﬁref,c,m + Z (’71m - Q%m’}?m)bref,c,m
m=1
w(k,e,m) = _Nrkef,c,m' (29)

The satellite phase bias estimates of any clustemn be related to the satellite phase bias estimates offgrenee cluster, i.e.

B:,’ff = u(k,m) + v(cret,m) + w(k, crot, M)
+(v(e,m) — v(cret, m))
+(w(k,c,m) — w(k, crer, m)) + Njkc- (30)

The first three terms can be combined to

a(k,m) := u(k,m) + v(cret, m) + w(k, crer, m), (31)

which is of dimensionk M. As a separate determination@fk, m), v(c, m) andw(k, ¢, m) from 5% is not feasible due to
rank-deficiency and as the integer propertyu¢f, ¢, m) shall be exploited, we select a satellit¢hat is visible both at cluster
c and cluster,.; as dual-cluster reference satellite (being denotectBy and map the differential ambiguity(ref, ¢, m) —
w(ref, cref, m) tov(c, m). Thus, the satellite phase bias estimate is expressedis trthe reduced parameter set:

ﬁzfn’c = a(k,m) + o(c,m) + w(k, c,m) + nzr.c, (32)
with
o(c,m) = wv(e,m)— v(crer, m)
+(w(ref, c,m) — w(ref, crer,m) Ve # cret,m (33)
w(k,e,m) = (w(k,e,m) —w(k, crer,m))
— (w(ﬁ, c,m) — w(ref, cref, m)) V k # ref, ¢ # crep,m (34)

The meaning, dimensions and notation of the reduced paeasettare summarized in the following list.
e satellite phase biasegk, m) (dim. K M) including

— projected satellite code biases
— projected receiver phase and code biases of referenceeeaereference cluster
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— integer ambiguity of reference receiver at reference etust
e receiver phase biaségc, m) of reference receiver (dinfC' — 1) M) including

— projected receiver phase bias of reference receiver aerefe cluster

— projected integer ambiguities of reference receiver ateluand reference cluster

e double difference integer ambiguitiegk, ¢, m) (dim. KCM — CM — KM + M)
between reference stations at reference cluster and aeydtister

We derive the multi-cluster solution of satellite posipulock offsets and phase biases from the single clustetico$ by
stacking the estimates of all clusters in a column vector:

%1,1\T 5% K,1\T %1,0N\T % K,C\T
= (@NT, L @O, ERO)T, L )T,
oFbt ot et L e,
21,1 K1 51,1 SK,1
1 2 M 9. '1/3A4 sy MM
N A N . T
51,0 SK,C 51,0 SK,C
Lo pRe Bkl Bk ) (35)

The stacked estimates of all clusters are consideradessurementthat are linear related to the satellite positions, clock
offsets and phase biases, i.e.

z=Hzx+n,, (36)

where the mapping matrik and the state vectarcan be split into a part referring teal-valued states and a part referring to
integervalued states:

H = (Hreala Hint) 5 (37)

and the combined real- and integer-valued states

Tres
T = real 7 (38)
Tint
wherex,..1 andz;,; are defined as
= 1\T ~K\T
Treal = (1), ..., (@")7, (39)
st — 67-1“Cf-,¢3:ref7 e 67_K _ §Trcf-,cref’
Srretl _ 6TI‘Cf7Cref7 e §rref.C (STrcf,c,ref7

a(1,1),...,a(K,1),...,a(1, M),...,a(K, M),
3(1,1),...,8(C,1),...,5(1,M),...,5(C, M))",

and

Ting = (0(1,1,1),...,0(K,1,1), ...
w(1,C,1),...,w(K,C1),...,
(1,1,M),...,w(K,1,M), ...
@(1,C,M),... . w(K,C,M)". (40)
The least-squares solution ois given by
&= (HTSPH) THYY 2, (41)

with 33, being the covariance matrix of
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SIMULATION RESULTS

In this section, the performance of the proposed methodadlyaed. We simulated Galileo measurements on the freqegnci
E1 and Eb5a of the full Galileo constellation (27 satellites)the IGS stations. The IGS stations were groupetbirclusters
as shown in Fig. 2. The measurement noise was simulated &s @aussian noise with a standard deviation of 2 mm for the
carrier phase and of 20 cm for the pseudorange measuremangépoch spacing of 100 s was chosen. The process noise of
the satellite position errors, receiver and satellite kloffsets, receiver and satellite phase biases, tropashenith delays and
ionospheric slant delays was modeled as Gaussian nois@witindard deviation of 1 mm/ epoch.

Fig. 3 shows the convergence of the estimated satellitdiposind clock corrections using multiple clusters. Th@eriare
below 3 cm for almost all epochs and satellites. A similaf@@anance is achieved for the satellite phase bias estinratég.
4. The latter ones are mostly below 0.1 cycles (2 cm).

Fig. 5 shows the benefit of the multi-cluster solution over $ingle cluster. The left subfigures refer to the singletelus
and the right subfigures to the multi-cluster solution. Elfoh refers to a satellite pass. The single cluster solutiasa poor
accuracy for the parameters related to satellites risinfeedge of the cluster. On the contrary, the multi-clustéuten
provides orbit corrections, satellite clock offsets andgghbiases with an accuracy between 5 mm and 20 mm for alitestel
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Fig. 5: Benefit of multi-cluster combination for estimatiohorbit corrections, satellite clock offsets and satelphase biases
with fixed ambiguities.
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CONCLUSION

In this paper, a method for the estimation of orbital coicetwd, satellite clock offsets and phase biases was provitiesl
method was developed for an arbitrary number of carrienfeagies and uses undifferenced and uncombined measusgment
The method splits the global network into several clustersetiuce the dimensions of the measurements and states and,
thereby, to enable integer decorrelation for ambiguitynfixiFor each cluster, an individual Kalman filter was usedbstorate
the orbital corrections, receiver and satellite clocketsreceiver and satellite phase biases, tropospheiitb zem ionosphe-
ric slant delays, and double difference ambiguities. Taeuires an optimized parameter mapping, which enabled eafik
system of observation equations and fully exploits thegetg@roperty of ambiguities within each cluster and betwaesters.
A final least-squares adjustment combines the individuaheses of all clusters.
The method was validated with simulated Galileo measurésraamd showed that orbital corrections, satellite clocketf
and phase biases can be determined with an accuracy betwemreid 20 mm for all satellites at almost any time.
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