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Motivation

 Nonlinear fiber optic causes spectral broadening and channel coupling
- This leads to loss of energy in the band of interest and to reduced information rate
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 Nonlinear fiber optic causes spectral broadening and channel coupling
- This leads to loss of energy in the band of interest and to reduced information rate
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- Achievable rate with current systems reaches a peak at a certain power. What about
capacity?
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 Nonlinear fiber optic causes spectral broadening and channel coupling
- This leads to loss of energy in the band of interest and to reduced information rate
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- Achievable rate with current systems reaches a peak at a certain power. What about
capacity?
- Periodic or distributed filters seem to prevent broadening and reduce coupling

Javier Garcia (TUM)



Lehrstuhl fiir Nachrichtentechnik
Fakultit fiir Elektrotechnik und Informationstechnik

Technische Universitidt Miinchen

The Nonlinear Schrodinger Equation (NLSE)

. . / / /
- Frequency-domain wave equation (A®w" = &' — ;)

0(z,A0) = 0(0,A)e~ 2/
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The Nonlinear Schrodinger Equation (NLSE)

- Frequency-domain wave equation (A®w' = @’ — (06)
0(5,A0) = 0(0,Aw)e 2/

- But, the wave number 3 depends on both frequency and power:

B(A0) ~ o+ Prao+ 2240 + gz
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The Nonlinear Schrodinger Equation (NLSE)

« Frequency-domain wave equation (Aw’ = o' — @)
0(z,40) = 0(0,Aw)e™ 2P
- But, the wave number 3 depends on both frequency and power:

B(A0) ~ o+ Prao+ 2240 + gz

- Taking a% and going back to time domain:
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The Nonlinear Schrodinger Equation (NLSE)
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- Exponential decay in power

P(z) = P(0)e”**

t (ns) | z (km)
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The Nonlinear Schrodinger Equation (NLSE)

dq(z,t o :
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Dispersion
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. [Linear term

« Causes pulse broadening in time
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The Nonlinear Schrodinger Equation (NLSE)
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Nonlinearity
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- Causes frequency mixing (spectral
broadening, SPM, XPM, FWM)
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The Nonlinear Schrodinger Equation (NLSE)

dq(z,1) @ P%qz0)
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Noise
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- Distributed along the fiber
« Mixes nonlinearly with signal!
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Periodically filtered NLSE channel
TX O RX
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Periodically filtered NLSE channel
TX O BPF O RX
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Periodically filtered NLSE channel
TX O BPF O BPF O RX
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Periodically filtered NLSE channel
TX O BPF O BPF O BPF O RX
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Limiting case: distributed filter

- Frequency-domain NLSE:

0
8_zQ(z, W) =— !Q(Z, ®) +J%w2Q(Z’ ®)

4%2/ / (z,01)Q"(z,)0(z, 0 — @) + @) do; dw,
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Limiting case: distributed filter

- Frequency-domain NLSE:

() B

%Q(Za (D) — —Q(Za (D) _|_.] 2 wzQ(Zv (0)
/ / Q(z,01)0"(z, ) 0(z, ® — 0 + @) dow; day

i

« Model distributed filters as frequency-dependent attenuation profile:

() = 0, 1in the passband,
oo, 1n the stopband.
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Energy conservation with distributed filters

- With distributed filters, the total energy is conserved:

B =5 [ 106 0)F do=E0) ¥
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Energy conservation with distributed filters

- With distributed filters, the total energy is conserved:

B =5 [ 106 0)F do=E0) ¥

- However, the energy of each channel is not conserved (energy coupling):

10710
04| I s —Ey(z2) -
- Ey,(2)
02 | | 151 - Ey(2) |
N\ - N e E%(Z)
3 L | | | | = ' By (2)
N’ 0 1 | 7/4 |
3 4 2 2 2 w5 - Ey(2)
—0.2 | :
051 l
—04 | | S R ETT § 2
| | | | | | 0 S b k=== S L Pl Rl I
0 5 10 15 20 25 0 20 40 60 80 100 120 140 160
/W z (km)

Javier Garcia (TUM)



Lehrstuhl fiir Nachrichtentechnik
Fakultit fiir Elektrotechnik und Informationstechnik

Technische Universitit Miinchen

Design of an energy-decoupled system

- The following condition ensures the absence of energy coupling between channels:
(%1+%2)ﬂ (%"’%3) =0, \V/{nl,l’l2} 7& {n7n3}7 (D
where + denotes the sum of intervals:

(011, ©12] + [, 0] = (011 + Wo1, O + W22] -

Javier Garcia (TUM) 8
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Design of an energy-decoupled system

- The following condition ensures the absence of energy coupling between channels:
(Wn, + W) O (W + Wny) =0, V{n1,n2} # {n,n3}, (1)
where + denotes the sum of intervals:
(011, 012] + [@21, W22] = @11 + W21, 012 + O]
- For constant channel width W, channel centers need to follow a Sidon sequence:
W, = 2m,W

My, +mn2 7A mn+mn3a V{nl,nz} 7£ {n,n;;},
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- The following condition ensures the absence of energy coupling between channels:
(Wn, + W) O (W + Wny) =0, V{n1,n2} # {n,n3}, (1)
where + denotes the sum of intervals:
(011, 012] + [@21, W22] = @11 + W21, 012 + O]
- For constant channel width W, channel centers need to follow a Sidon sequence:
W, = 2m,W
My, + My, 7 My +my,, V{ny,na} # {n,n3},

- This limits the spectral efficiency of an energy-decoupled system to:

n(N) = wN_NX+W cO(1/N).
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- The following condition ensures the absence of energy coupling between channels:
(Wn, + W) O (W + Wny) =0, V{n1,n2} # {n,n3}, (1)
where + denotes the sum of intervals:
(011, 012] + (@21, 2] = [011 + W21, 012 + O] .
- For constant channel width W, channel centers need to follow a Sidon sequence:
w, = 2m, W
My, + My, 7 My +my,, V{ny,na} # {n,n3},

- This limits the spectral efficiency of an energy-decoupled system to:

n(N) = wN_NX+W cO(1/N).

1. €. an energy-decoupled N-channel system can asymptotically fill at most a fraction
1 /N of the spectrum.
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Energy evolution in a Sidon system
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Parameter Symbol Value
Filter spacing Az 10 km
Channel bandwidth | W/(2rx) 1 GHz
Power per channel P 0.86 mW
Dispersion parameter | 3, —21.67 ps?/km
Nonlinear parameter Y 1.26 W 'km™!
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Distributed noise

dq(z,1) «

07 — _EQ(ZJ) -

Javier Garcia (TUM)

-ﬁZ aZQ(Z7 t)
)

o0t?

+vla(z,1))* q(z, 1) + [E0)

10



Lehrstuhl fiir Nachrichtentechnik
Fakultit fiir Elektrotechnik und Informationstechnik

Technische Universitit Miinchen

Distributed noise

Iq(z,1)  « Brd%q(z,1) 2
5 = QQ(Zt)_JE 372 +jv1q(z,1)| Q(Z>t)+-

- Wiener process: A random walk with Gaussian increments

| Lz]
W(z1) _ngllfg ve(?)

ve(t) Gaussian i.i.d. in ¢, bandwidth B.

R{W(z,0)}
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Distributed noise

dq(z,t) o Br0%q(z,1) | . 2
S = —5a(0) i e 3 v la( ) P gtz o) -+ )

- Wiener process: A random walk with Gaussian increments

|Lz]

W) = Jim = ¥ w0

ve(t) Gaussian i.i.d. in ¢, bandwidth B.

R{W(z,0)}

- is formally the derivative of W(z,¢)
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Statistics of the received energy

- Energy is conserved in the noiseless channel = can be used for information
transmission
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Statistics of the received energy

- Energy is conserved in the noiseless channel = can be used for information
transmission

- What are the statistics of the received energy in a noisy channel?
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Statistics of the received energy

- Energy is conserved in the noiseless channel = can be used for information
transmission

- What are the statistics of the received energy in a noisy channel?
- For a 1-channel system, we obtain:

E[E(z) | E(0)] = E(0) + zNaseBT
Var [E(z) | E(0)] < 22Nase B(0) + 2° Ny BT
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Statistics of the received energy

- Energy is conserved in the noiseless channel = can be used for information
transmission

- What are the statistics of the received energy in a noisy channel?
- For a 1-channel system, we obtain:

E|E(z) | E(0)] = E(0) + zNase BT

)
Var [E(z) | E(0)] < 22Ny B(O)| + N2, BT
)

- Without nonlinearity and dispersion, E(z) | E(0) is Gaussian

Javier Garcia (TUM)
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Statistics of the received energy

« With nonlinearity and dispersion, E(z) | E(0) looks reasonably Gaussian

PDF of received energy (z = 1000 km, E(0) = 1.70- 107147

— Experiment
8| — Gaussian fit | |
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Lower bound on capacity

- The energy channel is conditionally Gaussian:

E(z) ~ A (E(0) + 2Nose BT, 22Ny JE(O)] + 2

Y~ N (x, olm + Gg)

Javier Garcia (TUM)
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Lower bound on capacity

 The energy channel is conditionally Gaussian:

E(z) ~ N (E(()) + 2Nuse BT, 22N, JE(0)] + ZZNgseBT)

y~ N (x, CIm+ 63)
« The capacity for this channel (power constraint E[E(0)] < PT) is lower bounded by:

1 PT NagezW
C(P) > Cyp(P) = log (2+ o Z) —1- a;i
ase

PT PT PT
+ 2+ -
2Ngse2 2Nyse2 2Nase2
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 The energy channel is conditionally Gaussian:

E(z) ~ N (E(O) 4 2Naso BT, 22N, JE(O)] + ZZNgseBT)

y~ N (x, Gl +G§)
« The capacity for this channel (power constraint E[E(0)] < PT) is lower bounded by:

1 PT NagezW
C(P) > Cyp(P) = log (2+ o Z) —1- a;i
ase

PT PT PT
+ 2+ -
2Ngse2 2Nase2 2Nase2

- For large power P, the capacity grows unboundedly with power:

1
Cip(P) ~ SlogP

P—sc0 2
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Lower bound on capacity

9 ‘

- -- Simulation
8 | | — Lower bound

R (bits/symbol)

O | |
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P (dBm)

RRC pulses, NyeBz = —44.77 dBm, z = 3000 km, B = 2 GHz
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Conclusions

- Distributed filtering prevents spectral broadening and conserves energy
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Conclusions

- Distributed filtering prevents spectral broadening and conserves energy
- Sidon sequences:

— ensure per-channel energy conservation
— but limit spectral efficiency to 1/Nchannels
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- Distributed filtering prevents spectral broadening and conserves energy
- Sidon sequences:

— ensure per-channel energy conservation
— but limit spectral efficiency to 1/Nchannels

- In the noisy channel, received energy i1s approximately conditionally Gaussian, with
known mean and variance

Javier Garcia (TUM)
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Distributed filtering prevents spectral broadening and conserves energy

Sidon sequences:

— ensure per-channel energy conservation
— but limit spectral efficiency to 1/Nchannels

In the noisy channel, received energy 1s approximately conditionally Gaussian, with
known mean and variance

This allows calculation of a lower bound on capacity that grows unboundedly with
power
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Distributed filtering prevents spectral broadening and conserves energy

Sidon sequences:

— ensure per-channel energy conservation
— but limit spectral efficiency to 1/Nchannels

In the noisy channel, received energy 1s approximately conditionally Gaussian, with
known mean and variance

This allows calculation of a lower bound on capacity that grows unboundedly with
power

Disclaimer:
— Proved only for the memoryless case!
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