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Kinematic Trajectory Planning for Dynamically
Unconstrained Nonprehensile Joints

Markus M. Schill and Martin Buss

Abstract—This letter considers an augmented kinematic formu-
lation for nonprehensile manipulation through intermittent con-
tacts as occurring in catching, batting, or juggling. In such scenar-
ios, the contact point with an end-effector is variable, which we
propose to model with additional virtual joints at the end of the
kinematic chain. While not in contact with the manipulated part,
these new joints are unconstrained in terms of velocity and accel-
eration. An optimization based and, thus, tuning-free comparison
of differential inverse kinematic approaches is carried out, given
path or trajectory of the manipulation task is known. Simulations
and an experiment show that the proposed augmentation enables
dynamically feasible acceleration variations at high velocities on
and close to a given path.

Index Terms—Dexterous manipulation, redundant robots, mo-
tion and path planning.

I. INTRODUCTION

R EPEATABLE success of robotic manipulation depends on
robust solutions in perception, modeling and control. Ro-

bustness taken by itself, however, is only a necessary criterion for
the practical applicability of individual manipulation solutions
(also referred to as primitives). Only in combination with effi-
ciency (e.g., throughput, range and cost) gaps between academic
and commercial interest may be bridged. As an example, throw-
ing and catching parts has potential to increase the efficiency of
industrial object transport. Nonetheless, published work regard-
ing this problem has so far been forced to make trade-offs be-
tween robustness and efficiency when it comes to experiments.

Given a manipulation primitive candidate, typically formu-
lated in Cartesian task space, experiments with redundant ma-
nipulators are conducted using one out of many available
inverse kinematic algorithms. Within this step from simulation
to experiment, constraints on limits, velocities, accelerations,
and torques of the manipulator joints must be met to maintain
robustness claims made in task space. In the object transport
example, this last step becomes challenging when a robot ma-
nipulator should catch a fast flying part. Solutions to the catching
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problem have recently advanced from static interception of the
flight trajectory [1], [2] to an adaptation of the end-effector ve-
locity [3]–[5]. For provably robust catching, the manipulator
end-effector might even have to follow the flight trajectory for
some time with a particular acceleration pattern relative to the
part. So far, these adapting approaches have to reduce the end-
effector velocity leading to impacts with the part [3], [5], which
may cause damage. Alternatively, redundancy is resolved off-
line [4]. A key to further improvement is thus the ability to solve
the inverse kinematic problem in real-time while operating close
to, or even beyond, classical manipulator constraints.

The field of nonprehensile dynamic manipulation [6], [7] is
well suited to tackle insufficient manipulator dynamics. Unlike
grasping approaches [2], a generic nonprehensile end-effector
provides a large potential contact area. This area can augment
the kinematics by additional virtual prismatic joints for those
manipulation primitives, which are based on impacts or tran-
sitions into continuous contact. Most importantly, these virtual
joints are unconstrained with respect to velocity or acceleration.
After a transition into continuous contact as in catching, e.g.,
work on nonprehensile rolling manipulation [8], [9] becomes
applicable. Further examples for manipulation with intermit-
tent contacts besides catching are e.g., juggling [10]–[12] and
batting [13], [14].

A body of work exists to resolve redundancies with joint con-
straints including limitations on velocity and acceleration. Most
common is the use of a weighted pseudo-inverse that locally
minimizes joint velocities in real-time. In the presence of joint
displacement limits, the weights are usually formulated joint
dependent [15] or the gradient of a cost function is projected
into the null-space of the inverse kinematic solution [16]. When
a joint still gets close to a limit, the pseudo-inverse approaches
cannot guarantee accurate task execution anymore, which can be
countered by iterative joint velocity saturation [17]. Also prac-
tical to accurately track a path is the dynamic scaling of joint
trajectories [18] or the task [19]. If the task is a priori known,
optimal control in combination with trajectory deformation is
applicable [20] but does not allow for real-time acceleration
changes anymore.

This letter contributes to the field of nonprehensile dynamic
manipulation as follows. (1) The notion of additional, dynam-
ically unconstrained joints is introduced. These virtual joints
become available with nonprehensile dynamic manipulation
through intermittent contacts. (2) The redundancies gained with
the new joints are exploited to enable fast end-effector motions
on (or close to) a known path with real-time acceleration input.
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Fig. 1. In nonprehensile dynamic manipulation, a generic planar end-effector
(e.g., [3], [4]) at the end of the kinematic chain increases redundancy. For manip-
ulation with intermittent contacts, such as catching or batting, these additional
virtual prismatic joints provide unlimited velocity and acceleration potential.

(3) Inverse differential kinematic trajectory planners are com-
pared unbiased and tuning-free based on weight optimization.

Particular attention from formulation until experimental eval-
uation is owed to the infinite velocity and acceleration potential
of the new virtual joint notion. A planar catching experiment
reported at the end of this letter illustrates how the new joints
enable fast, accurate and still flexible task execution with a for-
merly non-redundant robot.

II. DYNAMICALLY UNCONSTRAINED NONPREHENSILE JOINTS

This section first introduces the extension of classical kine-
matics with virtual nonprehensile prismatic joints for manip-
ulation through intermittent contacts. Then, constraints are
formulated, which must hold to guarantee that tasks perform
accurately in experiments.

A. Augmented Kinematics With Unconstrained Joints

Let an n-dimensional manipulation task x ∈ Rn be solved
with a manipulator that has m degrees of freedom (DOF) de-
noted by qm ∈ Rm . Furthermore, assume the manipulation task
requires part and end-effector to come into contact in a (tem-
porarily) nonprehensile way. Then, there mostly exists an area,
instead of a single point, on the end-effector that is eligible for
the contact, cf. Fig. 1. This circumstance may be reflected if
qm is augmented with a additional (prismatic) joints denoted
by qa ∈ Ra , which leads to q =

[
qT

mqT
a
]T

. These augmented
joints are typically located at the end of the kinematic chain and
are limited to a ∈ {1, 2}.

In terms of joint constraints, the m traditional joints qm and
the a augmented, virtual joints qa show, however, major dif-
ferences. While not in contact with the manipulated part, the
augmented joints provide – in a kinematic sense – infinite veloc-
ity and acceleration capabilities. Around the predicted contact
time, velocity equality constraints may be employed to control
the tangential friction effect at collision. Alternatively, the ma-
nipulation task is robust to tangential disturbances [4] and thus

unconstrained joint velocity applies throughout the task. The
latter is assumed for the remainder of this letter.

B. Joint Constraints

Accurate tracking of a task x(t) with a manipulator is only
possible if the joint space trajectory stays within the manipulator
constraints

Q ≤ q ≤ Q (joint ranges) (1a)

V ≤ q̇m ≤ V (velocity limits) (1b)

T ≤ τ ≤ T (torque limits). (1c)

Recalling the unconstrained velocity potential of the aug-
mented joints introduced in Section II-A, the velocity limits
(1b) and torque limits (1c) are thus of dimension m, whereas
the joint limits (1a) are of dimension (m + a). The torque limits
(1c) relate to acceleration limits using the dynamic equation

M(qm)q̈m + C(qm , q̇m)q̇m + G(qm) = τ , (2)

with the inertia matrix M ∈ Rm×m , the Coriolis matrix C ∈
Rm×m , the gravitational vector G ∈ Rm , and the input torque
τ ∈ Rm .

The constraints (1) are collected in a generalized con-

straint vector h ∈ RN , where h =
[
qT q̇T

m τ T
]T

, and thus
N = 3m + a in the above case. As a result, the constraints
(1) become briefly

h ≤ h(t) ≤ h, (3)

where the lower and upper bounds are denoted hT =
[
QT V T T T

]
and h

T
=

[
Q

T
V

T
T

T
]
, respectively. The con-

straint definition (3) can be extended to meet additional lim-
itations such as motor power limits using hj = τj q̇j with
j = 1, . . . , m.

III. OPTIMIZED REDUNDANCY RESOLUTION

This section recalls weighting-based inverse differential kine-
matic planners to resolve redundancies in real-time while stay-
ing within the introduced constraints. Given a nominal task
trajectory, off-line optimization of the weights and the initial
augmented state then minimizes the distance to constraints over
time.

A. Redundancy Resolution

Let f : Rm+a → Rn describe the map from joint space to
task space. Then, given a manipulator configuration q, the
n × (m + a) Jacobian is defined as J(q) = ∂f(q)/∂q and the
differential kinematic equation is

ẋ = Jq̇. (4)

In order to obtain the desired joint velocities for a given task,
the differential kinematics (4) must be inverted. In case of
(m + a) > n the inversion problem is redundant and thus in-
finitely many solutions exist. A common way to resolve the
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redundancy in real-time is the use of a pseudo-inverse

q̇ = JW ẋ (5)

with

JW = W−1JT
(
JW−1JT

)−1
, (6)

which locally minimizes the joint velocities according to a sym-
metric positive definite weighting matrix W ∈ R(m+a)×(m+a) .
Additional objectives, e.g., respecting the limited range of the
augmented joints, are included by extending (5) to

q̇ = JW ẋ + k (Im+a − JW J)∇w(q), (7)

which optimizes a secondary objective function w(q) by pro-
jecting its gradient ∇w = ∂w(q)/∂q into the null space of the
Jacobian. The factor k ∈ R weights the secondary task in rela-
tion to the primary, velocity minimizing, task, whereas positive
or negative signs result in maximization or minimization, re-
spectively. Note that the joint trajectory planners (5) and (7)
lead to different solutions for every possible initial configura-
tion q0 . Hence, the choice of q0 is at least as important as the
tuning of W and k to find feasible joint trajectories through
the entire task. In practice, such tuning often turns out unsuit-
able and unintuitive in the presence of acceleration or torque
constraints. Therefore, we formulate a constrained optimization
problem in the next section to find W , k and q0 automatically
based on a nominal task trajectory.

B. Constrained Dynamic Optimization Problem

Given a nominal task trajectory x∗(t) with t ∈ [t0 , tf ], an
initial joint configuration qm(t0), and an initial guess for qa(t0),
W and k, the desired joint trajectory follows from numeric
differentiation and integration of (5) or (7). Hence, defining a
vector of optimization variables

c =
[
qT

a (t0) diag (W )T k
]T

, (8)

the constraint vector in (3) becomes h(x∗(t), c), where we
choose W as a diagonal matrix. Note here that other task pa-
rameters can easily be added to c, e.g., the starting point x(t0)
in the manipulator workspace.

In order to ensure that the joint trajectory not only stays within
the constraints, but also keeps a distance to each constraint, an
inverse distance function

Hi (hi(x∗(t), c)) =

(
h̄i − hi

)2

(
h̄i − hi

)
(hi − hi)

(9)

similar to [21] is used. Note that with (9) the value Hi becomes
infinite when the i-th element of the vector h reaches one of its
constraints. Further constraint violations (i.e. hi < hi or hi >
hi) result in (9) becoming negative. With the help of (9) a
dynamic optimization problem is formulated as follows:

minimize
c

∫ tf

t0

N∑

i=1

Hi (hi(x∗(t), c)) dt

s.t. Hi ≥ 0 ∀ i ∈ {1, 2, . . . , N} , t ∈ [t0 , tf ] . (10)

Fig. 2. Example overview: The dynamic optimization problem (10) is solved
off-line and returns parameters c∗ that keep the system within constraints
(1) for a range of x0 and γrel .

This automation of finding an appropriate parametrization c off-
line for a real-time capable pseudo-inverse kinematic planner
yields the following two major benefits: (i) The optimization
(10) implicitly penalizes large velocities, which prevents sin-
gular Jacobians J . (ii) The optimization (10) maximizes the
distance to all joint constraints. Therefore, other dynamically
challenging tasks x(t) with t ∈ [t0 , tf ] can potentially be exe-
cuted if they are close to the nominal task x∗(t). Simulations in
the next section evaluate this potential flexibility.

IV. ILLUSTRATIVE EXAMPLE

In this section, tracking the trajectory of a planar, fast flying
part is chosen as challenging example. The motivation for this
example originates in previous works that had to reduce (task)
velocity [3], [5] to perform the desired end-effector motion ac-
curately.

Fig. 2 illustrates how the proposed methods connect in the ex-
ample. A discussion on the real-time flexibility beyond a known
nominal trajectory closes the section.

A. Catching Trajectory Generation

Consider the translational task x ∈ R2 of tracking a ballis-
tic flight path in the vertical plane. Hence, the first element
x1 and the second element x2 denote the horizontal and ver-
tical displacement, respectively. Furthermore, the nonprehen-
sile catching task requires the end-effector to accelerate or
decelerate at high velocities. Therefore, the following paragraph
briefly describes a dynamical system task motion planner that
parametrizes the path such that velocities and accelerations only
act along this path.

As a start, note that the vertical position x2 and the heading
angle α, cf. Fig. 3, are unique with respect to the horizontal
position x1 given a ballistic part trajectory xP ∈ R2 . As this
letter focuses on the joint trajectory planning, not the catching
problem, we further assume without loss of generality that part
and end-effector have the same initial position xP(t0) = x(t0)
and velocity ẋP(t0) = ẋ(t0). Part dimensions are neglected
for the same reason. Moreover, for the purpose of a concise
notation, the total end-effector velocity is denoted v := ‖ẋ‖2
and initial values are abbreviated v0 = v(t0) and α0 = α(t0).
Then, the translational part velocities for given initial values,
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Fig. 3. Segment of the part flight trajectory that must be followed by the end-
effector (Q3 = 1.5 cm) for a controlled catch. The edge of the end-effector [4]
compensates for post-impact motion perpendicular to the flight path.

parametrized in terms of the horizontal position, are

ẋ1,P(x1) = v0 cos α0 = const., (11)

ẋ2,P(x1) = v0 sin α0 − g
x1 − x1(t0)

ẋ1,P
. (12)

Hence, the position dependent heading angle becomes

α(x1) = atan
(

ẋ2,P(x1)
ẋ1,P(x1)

)
, (13)

which takes negative values while the part is in the falling phase.
Finally, we define a state vector ξ :=

[
v xT

]T ∈ R3 resulting
in the dynamical system motion planner

ξ̇ = −
⎡

⎣
−g sin (α(ξ2))
ξ1 cos (α(ξ2))
ξ1 sin (α(ξ2))

⎤

⎦ +

⎡

⎣
γrel
0
0

⎤

⎦ , ξ0 =

⎡

⎣
−v0
x1(0)
x2(0)

⎤

⎦ , (14)

where for now the input γrel = 0. The purpose of this input
γrel will become clear in Section IV-C. The dynamical system
(14) ensures that an end-effector velocity ξ1 and its respective
acceleration ξ̇1 only act along the part’s ballistic path xP . Solv-
ing (14) numerically is computationally inexpensive and thus
suits well to potentially process real-time feedback, e.g., from
analogue distance sensors integrated in the end-effector.

B. Simulative Method Comparison

Three inverse kinematic methods are compared in simulation:
S1) The non-redundant (m = 2) overarm solution of a

2-DOF manipulator.
S2) The virtually redundant (m = 3) overarm solution of a

2-DOF manipulator using the pseudo-inverse (6) with a
diagonal weighting matrix and optimization (10).

S3) The virtually redundant (m = 3) overarm solution
of a 2-DOF manipulator using the pseudo-inverse
with gradient projection (7), optimization (10), and
w(q) = − 1

2 (q3 − Q3/2)2/(Q3 − Q
3
)2 .

The three approaches are evaluated for the same task
with two exploitable end-effector lengths Q3,a = 1.5 cm and

TABLE I
PARAMETER AND CONSTRAINT VALUES

Symbol Value Quantity

l1 , l2 0.32 m Link lengths
a1 0.216 m Center of mass, 1st Link
a2 0.154 m Center of mass, 2nd Link
m1 2.3 kg Mass of 1st link
m2 1.3 kg Mass of 2nd link
I1 0.0333 kg m2 Inertia of 1st link
I2 0.0215 kg m2 Inertia of 2nd link
g 9.81 ms−2 Gravitational constant
α0 –39◦ Initial heading
x1 (0) 0.13 m Initial horizontal position
x2 (0) 0.56 m Initial vertical position
v0 4.2 ms−1 Initial velocity
T1 (T) (–)50 NM Peak torque limits
V1 (V) (–) 6 rad s−1 Joint velocity limits
Q3 {1.5, 5.0} cm Limit of the augmented joint (end-effector length)

Q3,b = 5 cm, referred to as S1a, S1b, S2a, S2b, S3a, and S3b,
respectively. The displacements of the joints q1 and q2 are con-
sidered unconstrained. The end-effector acceleration along the
ballistic path is set to equal the part acceleration γrel = 0. For the
purpose of this letter, we only consider a short segment of tf =
60 ms (t0 = 0) with a large initial part velocity of v0 = 4.2 ms−1

and nominal position x∗
0 = [0.13 m 0.56 m] in the manipulator

workspace, cf. Fig. 3. Together with α0 = −39◦ this corre-
sponds to a zero-height throwing point of x = [−2.15 m 0 m]T .
All other parameters and constraints are collected in Table I,
whereas velocity and peak torque constraints are considered
symmetric.

The left column of Fig. 4 displays velocities and torques,
which the given task requires using the well-known 2-DOF
overarm inverse kinematics (S1). Horizontal lines, as in all plots
that follow, highlight constraints. The length of the virtual joint
is added to �2 . Obviously both velocity and torque limits are
violated several times, which potentially leads to inaccurate
tracking of the desired end-effector trajectory.

The middle column in Fig. 4 shows how the augmented virtual
joint is exploited using (5) with the optimization result1 c∗S2a =
[0.015 31.0 21.6 177.7] and c∗S2b = [0.041 81.2 65.7 163.5]. In
comparison to S1, torque requirements are significantly reduced
and velocity constraints are met. An increase from 1.5 cm to
5.0 cm in the exploitable end-effector size also shows benefits.
For example, the lowest value of the joint velocity (S2a) q̇2
increases from −5.67 rad s−1 to −5.14 rad s−1 .

The right column in Fig. 4 shows how the aug-
mented virtual joint is exploited using (7) with the opti-
mization result c∗S3a = [0.015 31.0 21.6 177.7 0] and c∗S3b =[
0.041 93.0 73.9 160.4 0.085

]
. For the short end-effector Q3,a

the optimization (10) returns the same result (k = 0) as in the
previous case S2a. For the longer end-effector Q3,b the optimiza-
tion returns a small k = 0.085. For example, the lowest value
of the joint velocity q̇1 in S2b increases from −5.26 rad s−1 to
−5.22 rad s−1 . In both cases, convergence problems of (10) are

1using the standard SQP solver of MATLAB
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Fig. 4. Simulation results for non-redundant robot (S1), redundancy resolution with weighted pseudo-inverse (S2), and with gradient projection (S3). Solid lines
refer to augmentation with the shorter virtual joint Q3 ,a = 1.5 cm and the dashed lines to a larger joint Q3 ,a = 5.0 cm.

observed. This is mainly due to the textbook-choice of w(q),
which produces large velocities in the nullspace to force the
third joint to its range center. Such behavior is not necessarily
advantageous, see also [15].

Because of the above observations, we limit the following
discussion to S2a and S2b.

C. Flexibility of Solutions and Discussion

Referring to the introduction, the goal of this letter is to pro-
vide joint motion planning on, or close to a given path to enable
real-time acceleration input. Hence, we raise the question: Given
an optimization-based pseudo-inverse solution S2a or S2b, to
what extent does such a solution apply for varying accelera-
tions? For this purpose, we introduced γrel ∈ R as time-varying
input to (14). As an example, choosing γrel = g would cause a
relative acceleration of g between part and end-effector.

Fig. 5 illustrates the effect of varying γrel ∈ [−g, 6g] in steps
of g at the example of q3 and τ1 for S2a. Using the nominal

solution of c∗ as above for γrel = 0, joint trajectories stay
within constraints for γrel,S2a ∈ [−0.1g, 4.9g] and γrel,S2b ∈
[−1.1g, 5g]. Accelerations γrel > 5g violate the torque limit T 1
and accelerations γrel < 0.1g (or −1.1g) violate the constraint
Q3 . Further simulations show that all positive initial velocities
v0 < 4.2 ms−1 also meet the constraints.

Manipulation systems in less structured environments may
also require executing a primitive starting at several points
in the manipulator workspace, e.g., catching of human
throws [5]. Hence, we here ask if an area around x∗

0 ex-
ists for which the solution c∗ stays within all constraints.
For this purpose, we perform the simulation for various
initial positions on a line (see Fig. 3): x0 ∈ X0(x∗

0 , I) =
{x|x2 = x∗

2(0) + (d − x∗
1(0)) , d ∈ I ⊂ R}. The flexibility

with respect to x0 (length of the set I) highly depends on the
degree of exploitation of q3 , whereas the influence on velocity
and torque requirements is almost negligible. For Q3,a the set of
feasible d around x∗

1(0) is much smaller than 1 cm. For Q3,b the
feasible set becomes I = {d|0.12 ≤ d ≤ 0.21} cm. Hence, one
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Fig. 5. The effect on required joint torque and joint exploitation when applying
various relative accelerations γrel ∈ {−g, 0g, g, . . . , 6g} between part and end-
effector.

could partition a space of potential initial states and calculate an
optimal parametrization for each part off-line. Or, as in this par-
ticular case of planar part catching, one-dimensional manifolds
for several sets X0 . Alternatively, another off-line optimization
run could exploit the larger end-effector to follow the fast flight
trajectory longer (larger tf ) up to 85 ms instead of 60 ms.

Besides the re-computation of c in less structured environ-
ments, the proposed approach is also limited by the numerical
integration depicted in Fig. 2. In a real-time scenario, such in-
tegration uses fixed step-size solvers that cannot provide the
reliable accuracy of variable step-size solvers. The same prob-
lem applies to our task planner that has to perform similar
integrations when solving (14) in real-time. For the above de-
scribed scenario with tf = 60 ms the Euclidean workspace error
remains in the negligible order of 10−6 m using the Runge-
Kutta method with a fixed step-size of 1ms. If numerical er-
rors reach non-negligible magnitudes, closed-loop differential
inverse kinematic planners (e.g., [22]) should be used instead.

Hence, the simple method (5) with off-line optimized weights
is already well suited for kinematic trajectory planning in the
presence of dynamically unconstrained nonprehensile joints.
Even with short, virtual prismatic joints, trajectories that are
highly unfeasible in the classical sense may now be executed
with relative accelerations on the ballistic path that change
in real-time. Therefore, the optimization based pseudo-inverse
method in this letter potentially enables fast and truly soft [5]
ballistic catching with low impact velocities, if an appropriate
task level controller for input γrel is found.

V. EXPERIMENTAL VALIDATION

Here we verify the dynamic feasibility claimed with the above
simulations using a 2R planar robot vertically mounted as shown
in Fig. 6 and with parameters given in Table I. A simple high-
gain PD-controller operates the robot at 1 kHz. If we let the

Fig. 6. Stroboscopic visualization of a nonprehensile catching motion with a
non-redundant robot.

Fig. 7. Exploitation of the virtual nonprehensile joint q2+1 (c.f. Fig. 3) of
length Q3 ,a during flight trajectory tracking illustrated by three frames taken at
approximately 0 ms, 30 ms and 60 ms. Ball and end-effector have approximately
the same initial velocity of v0 = 4.2 ms−1 .

joint displacement error and joint velocity error be e and ė,
respectively, the control law is τ = KPe + KD ė with KP =
12000 and KD = 100. The joints consist of RE40 Maxon DC
motors, MR Maxon (type L) 1024-bit encoders, and HFUC
Harmonic Drive 1:100 gears. Hence, the joint displacement on
the load side is measured with an accuracy of 1.5·10−5 rad.
Off-line solving of two point boundary value problems serves
as joint motion planner to reliably move the robot from rest to the
start of the tracking phase at t0 and from the end tf to a resting
position. The ball in Figs. 6 and 7 is thrown in a repeatable
way by another robot as described in [4], which relates to the
assumption of a known path.

For the fast trajectory tracking experiment, we implemented
the motion planner as in Fig. 2, where the initial states and c∗S2a
are identical to the above simulation. The input γrel in the first
half t ∈ [0, 30) ms constantly equals zero, which was also as-
sumed in the off-line optimization that resulted in c∗S2a . In the
second half, the ramp γrel(t) = 4g t−30 ms

30 ms for t ∈ [30, 60] ms
simulates a varying input that requires the robot to decel-
erate such that the relative acceleration between object and
end-effector increases to γrel(tf ) = 4g. Such variation was not
considered during the off-line optimization (10) but lies well
within the bounds discussed in the last section.

Fig. 7 and the multimedia attachment illustrate the resulting
exploitation of the virtual nonprehensile joint qm+1 . Note here
that only the end-effector position (n = 2) and not its orientation
is part of the task planner. Preliminary experiments in [4] showed
that this can be sufficient for nonprehensile catching.

Based on ten trials, Fig. 8 depicts the errors of the two actuated
joints q1 and q2 during the tracking phase. The very low values
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Fig. 8. Mean joint errors of ten trials of flight trajectory tracking, where the
shaded areas indicate twice the standard deviation. From these errors results a
worst case Euclidean error in the workspace of less than 2 mm.

Fig. 9. Tracking of fast ballistic trajectories with a long (Q3 ,b ) non-
prehensile end-effector, acceleration γrel = 0 ms−2 for t ∈ [0, 60] ms, and
v0 = 4.2 ms−1 . Frames are taken at approximately 0 ms, 30 ms and 60 ms.
The upper row shows the reference motion (d = 0.13 cm), whereas the lower
row shows accurate tracking from a different starting point (d = 0.21 cm) while
using the same c∗S2b , see also Fig. 3.

of these joint errors relate to workspace errors below 2 mm
and thus confirm dynamically feasible trajectory planning by
(5) and (10). Especially from t = 30 ms, where we switched
from known to unforeseen acceleration, no negative effects on
the tracking performance occur.

The flexibility with respect to the initial state illustrates Fig. 9.
Here, a nonprehensile end-effector of length Q3,b allows to
track fast trajectories from different initial points without re-
computation of c∗S2b . As a result, future work in nonprehensile
manipulation with intermittent contacts may now be able to
maintain stability or robustness claims, made on task level, also
in experiments.

VI. CONCLUSION AND FUTURE WORK

Dynamically unconstrained joints have been introduced for
intermittent nonprehensile dynamic manipulation to enable fast
and accurate execution of primitives like catching, batting or
juggling. A weighted pseudo-inverse approach with optimized
weights and initialization was shown to be effective for this
purpose. The experimental evaluation showed a non-redundant
robot that could accurately follow the fast flight trajectory of a
part for 60 ms by exploiting a short unconstrained joint of only
1.5 cm length. The method introduced in this letter potentially
enables catching robots, for the first time, to control the catch in
the last moments before collision. In our future work, we plan

to use the new input by building analog short-range sensors into
the end-effector. One would thus close the feedback loop on
task level subject to the dynamic feasibility constraints.
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[16] A. Liégeois, “Automatic supervisory control of the configuration and
behavior of multibody mechanisms,” IEEE Trans. Syst., Man, Cybern.,
vol. 7, no. 12, pp. 868–871, Dec. 1977.

[17] F. Flacco, A. de Luca, and O. Khatib, “Control of redundant robots under
hard joint constraints: Saturation in the null space,” IEEE Trans. Robot.,
vol. 31, no. 3, pp. 637–654, Jun. 2015.

[18] J. M. Hollerbach, “Dynamic scaling of manipulator trajectories,” J. Dyn.
Syst., Meas. Control, vol. 106, no. 1, pp. 102–106, 1984.

[19] G. Antonelli, S. Chiaverini, and G. Fusco, “Kinematic control of redun-
dant manipulators with on-line end-effector path tracking capability under
velocity and acceleration constraints,” IFAC Proc. Vol., vol. 33, no. 27,
pp. 183–188, 2000.

[20] A. Pekarovskiy, T. Nierhoff, S. Hirche, and M. Buss, “Dynamically con-
sistent online adaptation of fast motions for robotic manipulators,” IEEE
Trans. Robot., doi: 10.1109/TRO.2017.2765666.

[21] H. Zghal, R. V. Dubey, and J. A. Euler, “Efficient gradient projection
optimization for manipulators with multiple degrees of redundancy,” in
Proc. IEEE Int. Conf. Robot. Autom., 1990, pp. 1006–1011.

[22] B. Siciliano, Robotics: Modelling, Planning and Control (Advanced text-
books in control and signal processing). London, U.K.: Springer, 2009.

http://dx.doi.org/10.1109/TRO.2017.2765666


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


