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Abstract

An ODE-system modelling a generalist predator, specialist predator and prey food
chain is studied. The biological feasibility of the model and the existence of a global
attractor is proven for certain parameter ranges. Investigating the attractor, both
analytically and numerically, reveals a diverse long-term behaviour of the species
which critically depends on the parameters in the system. An extension of the model
for several prey species is also proposed.

Zusammenfassung

Eine Nahrungskette, bestehend aus zwei Jagerspezies mit unterschiedlichem Jagdver-
halten und einer Beutespezies, wird mittels eines GDGL-Systems modelliert. Die
biologische Relevanz des Modells, wie auch die Existenz eines globalen Attraktors fiir
gewisse Parameterregionen, werden bewiesen. Das Studium des Attraktors zeigt ein
vielfaltiges Langzeitverhalten auf, welches entscheidend von den Modellparametern
abhéngt. Eine Erweiterung des Modells fiir mehrere Beutespezies wird ebenfalls
prasentiert.
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1 Introduction

Understanding and predicting the dynamics of a population has always been of
interest and relevance to mankind. A reliable prediction of the change in livestock
numbers by next spring is as important to a farmer, as a good approximation of the
amount of bacteria in a Petri dish the following morning is to a biochemist, or the
spread of a virus on the globe is to the World Health Organisation. Studying such
population dynamics dates back many centuries. In the twelfth century the following
population growth problem was posed (translated from Latin, see [Bacaér, 2011]):

A certain man had one pair of rabbits together in a certain enclosed place. One
wishes to know how many are created from the pair in one year when it is the
nature of them in a single month to bear another pair and in the second month
those born to bear also.

While the above problem is very simple to solve from a modern mathematical point
of view, it nonetheless entails everything that is necessary to pose a problem in
population dynamics: A current or initial state of the system (here: one pair of
rabbits) and a model dictating the dynamics of the system (here: the breeding
habits of the rabbits). Furthermore, it also entails a problem that has to be solved
(here: One wishes to...). This problem often involves determining future (or past)
states of the system, given the initial state and the dynamics induced by the model.
It was Leonardo of Pisa, better known as Fibonacci, who solved the above riddle in
1202 using the sequence that bears his name nowadays, the Fibonacci sequence:

1,1,2,3,5,8,13,21, 34, 55, 89, 144, 233, 377, ...

The sequence (i.e. the number of rabbit pairs) grows geometrically and is unbounded
(see Figure 1.0.1a). The time increment in the above problem is discrete (one month)
and hence it is called a time-discrete problem. Due to the significant contributions
of Leibniz and Newton to differential calculus in the 17th and 18th centuries (see e.g.
[Leibniz, 1684] and [Newton, 1687]) the time-continuous counterpart to geometrical
growth could be studied mathematically: exponential growth. In the context of
population dynamics this was studied by Euler and Malthus (cf. [Turchin, 2001],
[Bacaér, 2011]), among others. The ordinary differential equation (ODE) modelling
exponential growth reads
z(t) = rx(t),

where ¢t € R is the continuous time variable and r > 0 is the growth rate parameter
of the species considered. For any initial state xq > 0, the solution of this ordinary
differential equation is given by

x(t) = zoe™. (1.0.1)

It was Euler himself (see [Euler, 1763], [Euler, 1767]), as well as Siissmilch and
Malthus (see [Siissmilch, 1761], [Malthus, 1798]) who noted that the drawback of
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Figure 1.0.1: The number of individuals grows rapidly.

both geometric and exponential growth models is, that they predict too large numbers
of individuals after fairly short times (see Figure 1.0.1). In particular, an environment
with limited space and a maximal capacity for food (recall the enclosed space in the
rabbit problem) could not possibly sustain such large numbers. Severe overpopulation
and hence migration, famine or even starvation would be consequences. This problem
is coined the Malthusian catastrophe.

Another phenomenon that is likely to be observed due to overpopulation is an
increase of intraspecific competition. More precisely, individuals of the same species
will compete for resources, instead of cooperating. In the mid 19th century it was
Verhulst who proposed a model that included this aspect of competition and rectified
the drawback of exponential population growth models (see [Verhulst, 1845] and
[Verhulst, 1847]). The Verhulst logistic equation reads

x(t) = rx(t) (1 — x}?) :

where K > 0 is the carrying capacity parameter of the environment. The solution
to an initial value problem corresponding to the above equation with initial state
xg > 0, is given by
xoert
x(t) =

L+ %2 (et —1)

Two solutions for different initial states zy > 0 are shown in Figure 1.0.2. The
population with initial state xy = % increases and tends towards the carrying
capacity K of the environment, as ¢ tends to infinity. The second population (red
line) has an initial size of zo = 2K (i.e. the environment is overpopulated) and the
intraspecific competition results in a decrease in the number of individuals until once

more the carrying capacity K is reached (asymptotically, as ¢t tends to infinity).

(1.0.2)
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Figure 1.0.2: Solutions of the Verhulst logistic equation with zo = £ (black) and
xo = 2K (red).

The models discussed so far always refer to a single species and are one-dimensional.
However, when modelling a population’s dynamics, not only its intraspecific properties
are of importance, but also its interspecific aspects, such as competition with other
species or predation of one species by another. This leads to higher-dimensional
models that consist of systems of ordinary differential equations. A specific system
of this type, is the Lotka-Volterra predator-prey system. It reads:

&(t) = ax(t) — bx(t)y(t)
y(t) = —cy(t) + da(t)y(t)

with the positive parameters a, b, ¢ and d. The equations model a prey species x
that grows exponentially and is preyed upon by the predator species y. The species
y dies out exponentially fast if it lacks food. The interactive behaviour of the species
is assumed to be similar to the mass-action principle. The central question answered
by Lotka and Volterra in the early 20th century (see [Lotka, 1920], [Volterra, 1926])
was whether coexistence of the species is possible (according to the model dynamics)
and what this coexistence looks like. Indeed, the answer was that, depending on the
value of the parameters, one of three long-term behaviours may be observed:

e Only the z-species survives (sole survivor)

e The z- and y-species survive, converging to a point of coexistence (equilibrium
state) as time tends to infinity

e Both species coexist and as time tends to infinity, their population sizes oscillate
periodically over time (asymptotically stable periodic solution)
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The last point in particular was a novelty, as it implies that oscillating population sizes
(as observed in ecological systems at that time) may well be a natural phenomenon,
caused by the laws of predation. The Lotka-Volterra model introduced above is
considered to be a milestone in ecology and serves as a standard textbook example
to this very day (see e.g. [Aulbach, 1997], [Hirsch et al., 2004], [Britton, 2012]).

In the middle of the 20th century Holling suggested that the interaction of species
may be modelled more accurately, in particular, by taking into account a saturation
of the predator in the case of sufficient prey. This leads to a class of functional
responses of which Holling suggested several himself (see e.g. [Holling, 1959], [Holling,
1965, [Leslie and Gower, 1960], [Beddington, 1975], [DeAngelis et al., 1975]). Among
these is the Holling functional response of type II, which was coupled with the
Verhulst logistic equation and the Lotka-Volterra model to obtain the following
rescaled version of the model equations (we omit writing the explicit dependence of
the variables x and y on the time ¢):

t=z(1l—z)— i
T+ «

. xry

= —By+

Y By 7+ a

The above model equations are known as the Rosenzweig-MacArthur model (see
[Rosenzweig and MacArthur, 1963]).

The field of population dynamics and mathematical ecology (also termed population
ecology) has branched into several directions since the introduction of predator-prey
models. One of these directions is based on the concepts of food chains and food webs.
In ecological systems (for short: ecosystems) food webs and food chains are used to
characterise the interactions of species within the system. A web usually consists
of several chains and in turn the species in the chains may be divided into different
trophic levels. Depending on the environment one is considering, these trophic levels
may vary in their number and meaning. A common choice is found in [Odum and
Barrett, 1971] where producers and consumers are divided up into the following five
trophic levels:

e Level 1: Primary producers - plants and algae

e Level 2: Primary consumers - herbivores

e Level 3: Secondary consumers - carnivores that prey upon herbivores
e Level 4: Tertiary consumers - carnivores that prey upon carnivores

e Level 5: Apex predators

The order of the levels is defined in such a way, that species from a higher trophic
level will generally prey on species in a lower trophic level. An apex predator (e.g.
wolf, killer whale, alligator, human) is generally not preyed upon. A specific food
web is visualised in Figure 1.0.3.
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Figure 1.0.3: A food web, consisting of four trophic levels, including various food
chains

For a given ecosystem an ecological (energy) pyramid can be constructed to visualise
the amount of energy, biomass or individuals necessary to support the next trophic
level (see Figure 1.0.4). The lifespan of a species in a low trophic level is usually
short, but the species reproduces frequently. As one moves up the trophic levels,
the opposite is usually true: a slow reproduction rate and few individuals, but
long average lifespans. The loss of energy in consecutive levels (approximately only
an average of 10% of the energy of the previous level is transferred to the next
level, see [Odum and Barrett, 1971], [Pauly and Christensen, 1995]) results in the
pyramid-like structure, as fewer individuals (or biomass or energy respectively) are
present compared to the previous trophic level. This is an essential aspect of an
ecosystem, which should be captured by any mathematical model. In particular
such a model should include, if possible, all species of the ecosystem or at least the
species that are most relevant for the evolution of the system. Numerous systems
of this sort have been suggested and analysed in the past decades. As previously
mentioned, the field of population ecology has branched into several sub-branches.
These are related to mathematical modelling devices, such as ODE-systems with or
without time-delays (cf. [Levin, 1974], [May and Leonard, 1975], [MacDonald, 1976],
[Kuang, 1993], [Thieme, 1993], [Kuznetsov and Rinaldi, 1996], [Smith, 2011], [Miller
and Kuttler, 2015, [Schmitt et al., 2016] among many others), partial differential
equations (cf. [Fisher, 1937], [Levin, 1986], [Holmes et al., 1994], [Dickmann and
Heesterbeek, 2000], [Gambino et al., 2014] for example) or stochastic differential
equations (cf. [Mao et al., 2002], [Mao et al., 2005], [Capasso and Bakstein, 2015] for
example).
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Figure 1.0.4: Ecological energy and biomass density pyramids

In this thesis we consider a food chain, modelled by a n-dimensional (n € N and
n > 3) first order ODE-system, which we call a generalist predator-specialist
predator-prey food chain, for short GSP food chain. The model equations (in
their non-dimensionalised form) read:
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X(t) = F(x(t),y(t), 2(t))
J(t) = <—b+ ctn2(t) (1) e) y(#) (1.0.3)

Tn_o(t) +d B y(t) +

0= (£~ g ) 20

Here ¢t € R is the continuous time variable, the variable x = (21, ..., 7, _»)T € R"2
is a vector of length n — 2 and the variables y, 2z € R are scalars. The parameters
b,c,d, e, f,g,h are assumed to be positive and the vector field F' is at least Lipschitz
continuous on the phase space. The variables x, y and z represent the species
densities of the n different species in the environment of the GSP food chain that is
being modelled.

In a GSP food chain the two upper trophic levels are occupied by special types of
predator populations, namely a generalist predator (with density z) in the top level
and a specialist predator (with density y) in the second topmost level. The remaining
n — 2 species in the lower trophic levels are represented by the species density vector
x. In Figure 1.0.5 the hierarchy and interactions between the species in the GSP
food chain (described below) are depicted.

Figure 1.0.5: Scheme of a n-dimensional GSP food chain

Since a generalist predator (e.g. omnivores) has a very diverse diet, it can choose
from a wide variety of food. In particular, it will prey on many different species,
including the specialist predator species (the upper solid arrow in Figure 1.0.5). A
generalist predator is often not limited by the availability of food, but rather by the
availability of a mate, as it belongs to the highest trophic levels, in general. Quite
the opposite is true for a specialist predator. A specialist predator has a rather
limited diet. It mainly preys on a very specific kind of prey and is not very flexible
in its choice of food. It is, in particular, strongly dependent on the availability of its
primary food source. Thus specialist predators can be said to be 'picky with their
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food’. This motivates that among the n — 2 species in the lower trophic levels there
is ezactly one prey species (denoted by x,_» in Figure 1.0.5) the specialist predator
preys on. The interaction among the n — 2 species in the lower trophic levels is
not specified further a priori (see the dashed arrows Figure 1.0.5). For a detailed
motivation and derivation of the model equations see sections 2.1 and 3.1, as well as
Appendix C.1.

In this thesis we use concepts and methods from the mathematical theory of dy-
namical systems, including attractor theory, linear stability analysis, centre manifold
reduction and bifurcation theory, to study the dynamics of such GSP food chain
models. This requires delicate a prori estimates for the underlying first-order ODE
system (1.0.3).

In chapter 2 a specific three-dimensional GSP food chain model that was pro-
posed in [Upadhyay and Iyengar, 1998] and discussed to some extent in [Aziz-Alaoui,
2002], [Letellier and Aziz-Alaoui, 2002] and [Parshad et al., 2015] is analysed.

In section 2.1 the model equations of this three-dimensional GSP food chain model
are motivated in detail (see subsections 2.1.1 and 2.1.2). A rescaling argument from
[Letellier and Aziz-Alaoui, 2002] then leads to the model equations as we study
them (see equation (2.1.3)). The section is completed by proving that the model
guarantees that for non-negative initial species densities, the corresponding densities
stay non-negative in the future (see subsection 2.1.3). Of course, negative species
densities would not make sense from a biological point of view.

The second section of chapter 2 deals with exploding densities. In more mathematical
terms we prove that the solutions of the ODE-model do not blow up in finite time
(see Proposition 2.2.1 in subsection 2.2.4) or as time tends to infinity (see Proposition
2.2.2 in subsection 2.2.5) under certain assumptions on the parameters of the model.
In particular, the GSP food chain model generates a semiflow ® on the non-negative
octant of the corresponding phase space (see Corollary 2.2.3). This result answers a
question that has been controversially discussed in previous works (cf. [Aziz-Alaoui,
2002] and [Parshad et al., 2015] and Appendix B). Namely, existence of the solution
of that model corresponding to any initial state in the phase space for all future
time values is shown. Finally, in subsection 2.2.6, we derive certain bounds for those
solutions.

These bounds are then used in section 2.3 to prove the existence of a global attractor
A under the same parameter assumptions for which the semiflow ® is proven to
exist (see Theorem 2.3.1 in subsection 2.3.5). The attractor’s existence is proven
constructively.

Section 2.4 is devoted to the characterisation of the global attractor A. By employ-
ing different techniques, such as the analysis of the equilibria, bifurcation theory
(subsection 2.4.1) and a method involving the time average of one of the solution’s
components (subsection 2.4.2), local and global results concerning the dynamics
of the system are obtained. These techniques help to determine the structure of
the attractor A in different parameter regions. Depending on the parameter region,
the model has up to five biologically feasible equilibria, namely an equilibrium of
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extinction, an equilibrium of sole survival of the prey species, an equilibrium of
coexistence of the prey species and the specialist predator species and two equilibria
of coexistence of all three species. The central result of this section is Theorem
2.4.1 in subsection 2.4.2. It summarises the previous results and gives conditions
(on the parameters) for the extinction and persistence of different species in the
ecosystem. Section 2.4 concludes with subsection 2.4.3 in which the equilibria of
coexistence of all three species of the GSP food chain model are studied. For one
type of these equilibria the occurrence of a Hopf bifurcation along the corresponding
branch of equilibria is shown (see Proposition 2.4.1). The consequence of this is,
that for parameter values close to the Hopf bifurcation point, the three species may
either tend to a stable state of coexistence or to a limit cycle of coexistence as time
tends to infinity.

A biological interpretation and discussion of the parameter restrictions and cor-
responding results obtained in the previous sections are tackled in section 2.5.
Furthermore, numerical results are presented which confirm and visualise the analyt-
ical results of this thesis (also compare to [Letellier and Aziz-Alaoui, 2002], [Letellier
et al., 2002], [Rai and Upadhyay, 2004]). The numerical results are provided for two
biologically relevant points in the parameter space (subsection 2.5.2). Furthermore,
in subsection 2.5.3 the numerical treatment goes beyond the scope of the analytical
results. It reveals the existence of a Shilnikov homoclinic bifurcation occurring in
the system, implying the onset of chaotic dynamics. In particular, several windows
of period doubling cascades are found.

In chapter 3 a GSP food chain of arbitrary length n € N (with n > 3), as depicted
in Figure 1.0.5, is considered. To the best of our knowledge such models have not
been discussed in the literature before. The question arises under which assumptions
do the results from the three-dimensional model carry over to the general case.
This question is pursued in section 3.1. Two biologically meaningful and important
assumptions on the dynamics of the general GSP food chain model are introduced.
These suffice to show the biological feasibility, as well as boundedness of the solutions
as time tends to infinity (see subsections 3.1.1 and 3.1.2 and Theorem 3.1.1). In
subsection 3.1.3 a short discussion follows, on how the global results in section 2.4,
and in particular the technique applied to prove them, may be generalised to the
n-dimensional case.

In the second section of chapter 3, specific n-dimensional GSP food chain models are
considered. In subsection 3.2.1 it is shown that there exist n-dimensional GSP food
chain models (with n > 3) which fulfil the two assumptions required in the previous
section (see Corollary 3.2.2). In subsection 3.2.2 a GSP food web model is briefly
studied for which similar results hold by applying the theory developed above.
Finally, in chapter 4 we present an outlook on further open problems concerning
GSP food chain models, as well as GSP food web models (and the corresponding
dynamics), that arise on grounds of this thesis. In particular, two GSP food web
models are presented that no longer fit into the framework introduced before.






11

2 The 3-dimensional model

In this chapter we introduce a three-species predator-prey model, corresponding to
a food chain consisting of one generalist predator species, one specialist predator
species and one prey species (section 2.1). We analyse the generated dynamics of
this GSP food chain model. By proving that under certain parameter conditions the
solutions of the model with non-negative initial species densities do not have negative
species densities for any future time (see section 2.1) and are bounded as time tends
to infinity (see section 2.2), we show that the model equations induce a semiflow ®
on the given phase space (see Corollary 2.2.3). In the consecutive section 2.3 the
existence of a global attractor A of ® is shown (see Theorem 2.3.1). Furthermore,
the dynamics of the system are discussed by characterising the global attractor (see
Theorem 2.4.1), including bifurcation theory and centre manifold reduction among
others (section 2.4). In section 2.5 a biological interpretation of the obtained results,
as well as a visualisation and numerical results regarding the GSP food chain model,
are presented and discussed.

2.1 The model

In this section we motivate the three-dimensional GSP food chain model equations
from both an ecological and a mathematical point of view and then derive a rescaled
version of the system equations (see subsections 2.1.1 and 2.1.2). Furthermore, in
subsection 2.1.3 we establish that solutions of the system with non-negative initial
conditions, also are non-negative in all their components for all future times, which
is vital for the biological feasibility of solutions.

2.1.1 Biological motivation

As discussed above, we consider GSP food chains. Such food chains in particular
consist of a generalist predator species and a specialist predator species. While
a generalist predator has a very diverse diet, the diet of a specialist predator is
limited. In fact, the survival of a specialist predator species will, in general, be
highly dependent on the availability of its specific (favourite) food. A generalist
predator species on the other hand will generally have plenty of food available,
while the survival of its species is far more dependent on the availability of a mate.
These fundamentally different characteristics of predator species motivate, that a
differentiation of predator types is necessary when modelling the evolution of their
respective population sizes, i.e. the population dynamics. The respective rates of
reproduction of the two predator species are dependent on very different parameters,
namely the availability of a mate in case of the generalist predator species and
the availability of food in case of the specialist predator species. This food is the
third species we include in the GSP food chain we consider, i.e. a prey species.
We additionally assume that the generalist predator species preys on the specialist
predator species, thus crating a food chain as shown in Figure 2.1.1. Two examples
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Figure 2.1.1: Scheme of a three-dimensional GSP food chain

of GSP food chains are the triples peacock-snake-rodent (see [Upadhyay and Iyengar,
1998] and [Letellier and Aziz-Alaoui, 2002]) and spider-insect-plantation (see [Hassell
and May, 1986] and [Upadhyay et al., 2001]). Both these triples are food chains
in the food web in Figure 1.0.3. In the first example, the peacock is the generalist
predator species (belonging to the trophic level 4), the snake is the specialist predator
species (trophic level 3) and the rodents are the prey species (trophic level 2). Such
a food chain occurs in India, for example.

2.1.2 The model equations

We turn to the question how to find a mathematical model that describes the
population dynamics of a GSP food chain as introduced above. Denoting the (time-
dependent) density of the prey species with Z(#), the density of the specialist predator
species with 7(f) and the density of the generalist predator species with Z(f), we
supply the model equations first (as derived in [Upadhyay and Iyengar, 1998]) and
then motivate the various terms included. The model consists of a set of first-order
ordinary differential equations (ODEs), which depend on a continuous time variable
t € R (we do not always emphasise this dependence explicitly):

L ~ ~ Wofg

= — it - =L
€T a1x 1T ;Nc—|—d0
. o wiry WalyZ

= —ayl + — — = 2.1.1
Y Wi rd G+ do (2.1.1)
Z=cy3? — ws?”

’ ¥+ ds

In system (2.1.1) the parameter a; > 0 is the birth (or growth) rate of the prey
species. Hence the term a,Z models the growth of the prey species. In order for the
prey numbers (or density) not to explode in absence of any predators, a carrying
capacity or limiting term is included: The parameter b; > 0 regulates the death rate
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due to intraspecific competition among the individuals of species Z (strictly speaking
of the species modelled by ), modelled by the term —b;#%. This first part of the
equation, i.e.

ZLL‘ = alj — bli’2,
is known as the Verhulst logistic growth equation (see [Verhulst, 1845], [Verhulst,
1847], [Kot, 2001]). The final term of the first equation, i.e.

WoTY
7+dy’

models the interaction of the prey species with the specialist predator species. This
interactive term is known as a Holling functional response of type II (see e.g. [Holling,
1959], [Holling, 1965]). Here wy > 0 is the 'maximum feeding rate’ of § on Z, i.e. if
there is abundant prey available then the parameter wy measures the maximum per
capita intake of food by the specialist predator species. The value of dy > 0 resembles
the protection that the prey species may experience due to the environment or similar
circumstances. For larger values of dy the prey is less exposed to the predator.

The second equation of system (2.1.1) determines the evolution of the population of
the specialist predator species density:

wljyj CUQgg
T+d g+dy

y = —azf +

The parameter a; measures the death rate of § in absence of prey. Note that this
term was included since a specialist predator is strongly dependent on the availability
of its prey, and is assumed to die out without it. The term ;er’ﬁ represents that
availability and moreover it models the growth of the specialist predator species
density dependent on the density (i.e. abundance) of the prey species. The structure
of the term is the same as in the first equation of the system (except for the opposite
sign as it represents the corresponding growth of § - i.e. the energy transferred
from the lower trophic level of the prey species to the trophic level of the specialist

predator species). In a similar fashion the term

wggjé
g+ dy

models the predation of the generalist predator species Z on the specialist predator
species §. The protection parameter ds is the value of § at which the per capita
removal rate of 7 is %2 (cf. e.g. [Aziz-Alaoui, 2002]). Once again positivity of the
parameters is assumed, i.e. wq,ws, dy,dy > 0.
Finally the third equation of (2.1.1) models the evolution of the generalist predator
species:

B -9 w322

Z=coZ" — = .

g+ds

Here ¢y > 0 describes the growth rate of the generalist predator species by reproduc-
tion. The predator is assumed to reproduce rarely (compared to the other species)
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and hence the quantity ¢y is small. Recall that for the generalist predator species the
limiting factor of reproducing is the availability of a mate. We model this using the
term cy22, as it is assumed that two individuals of the generalist predator species need
to meet (similar to the mass action principle) before they reproduce. This motivates
the quadratic term z2. This approach (or assumption) includes both the fact that
species in a higher trophic level reproduce less often and are not as abundant as
species in lower levels. The last term, namely

CU3§2

g+ ds’

models the decrease of the generalist predator species density due to scarcity of one of
its resources - the specialist predator species. This approach is known as a modified
version of a Leslie-Gower scheme ([Leslie and Gower, 1960], [May, 1973], [Upadhyay
and Tyengar, 1998]). The growth rate of Z diminishes with decreasing availability of
the favourite prey . Here w3 > 0 and d3 > 0 once again are parameters that control
and determine the maximal removal rate and protection respectively.

The model equations (2.1.1) contain the twelve different parameters

ay,ag, bla Co, dO) d17 d27 d3a Wo, W1, W2, Ws.

All these parameters are assumed to be positive in order for them to be biologically
meaningful. For several GSP food chains, including the aforementioned peacock-
snake-rodent model, data has been collected and evaluated ([Jgrgensen, 1979], [Hanski
et al., 1991], [Upadhyay and Iyengar, 1998]) to some extent, resulting in a good
indication, which parameter ranges are biologically meaningful and reasonable to
consider. A sample set of such parameters is

ay = 2, ag = 1, b1 = 006, Co = 003,
d() - 10, d1 - 10, d2 = 10, d3 - 20, (212)
Wo = 1, W1 = 2, Wo = 0405, W3 = 1.

In order to simplify notation and reduce the number of parameters, system (2.1.1)
may be rescaled (see [Letellier and Aziz-Alaoui, 2002] and Appendix C.1) by defining
new variables z,y, z € R. The rescaled system reads (depending on the rescaled time
variable ¢t € R)

cx(t)y(t) y(t)z(t)
z(t)+d y(t) +e
97*(t)

y(t)+h

(2.1.3)
i(t) = f22(t) —

where a,b,c,d, e, f,g,h > 0 are positive parameters. By the rescaling, our sample
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parameter set in (2.1.2) translates to

_ 3 1 — _ 3
a= 5, b—2, c=1, d—lo,
(2.1.4)
— 3 _ 400 _ 200 _ 3
€= 3 f=% = 31> h =1

For convenience and notations sake we rewrite (2.1.3) in a slightly different manner
(not indicating the explicit dependence of x,y, z on t):

A T

o= (1 x :c-‘ra) &z vy (x,y, 2)

y = (—b + g yie) Yo = ?JQE(L’,y,Z; =:v(z,y, 2) (2.1.5)
5 v\, Y, =

¢ = (f-)

The above system of ordinary differential equations (ODE-system) is in the form in
which we want to study it.

2.1.3 Solutions and non-negativity

A question that arises naturally when modelling population dynamics is: are solutions
of the mathematical model biologically relevant and feasible? First and foremost
this feasibility requires that the model that is being considered predicts non-negative
species numbers and densities for all future times. In this subsection we investigate
this for our model in (2.1.5).

In more mathematical terms we ask: How do the dynamics generated by solutions
of the initial value problems with initial conditions in R? and the vector field v in
system (2.1.5) look on some phase space X C R? ?

Since we are interested in the biologically relevant dynamics (i.e. non-negative
species densities) we want to restrict our analysis to an appropriate subset X C R?
(equipped with the standard inner product (-,-) and the induced Euclidean norm
| - || and metric d(-,-)). This motivates the following

Definition 2.1.1.
The sets
Of = {(z,y,2) €eR*|x >0,y >0, 2> 0}

O ={(z,y,2) €eR*|2 >0,y >0, z> 0}
are defined as the non-negative octant and positive octant respectively.

A solution s of the initial value problem (IVP) given by system (2.1.5) and initial
conditions

so = (20,40, 20)" = ((0),(0), 2(0))" € OF
is denoted by
s 1= s(t) = (a(t), y(t), 2(1))".
The maximal existence interval of s is denoted by I C R.
The mazimal right (or positive) existence interval of s is denoted by I C [0,00).
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Remark 2.1.1.

e The existence and uniqueness of any solution s and the corresponding existence
intervals I C I, are guaranteed by combining the Picard-Lindel6f Theorem

and the theorem on the maximal existence interval (see e.g. [Amann, 1990],
[Aulbach, 1997], [Sell and You, 2002]), for the locally Lipschitz vector field

Ve CLip(Oa_7R3).

Such a solution s is also differentiable (and therefore also continuous) on Iy,
by construction.

e Note that above we choose ty = 0 to be the initial time of the IVP. This is no
restriction on the initial time, since for any given initial time t5 € R we may
define a new time variable ¢ := t — ¢, and work with this variable instead. The
vector field v remains unchanged under such a translation, as it does not depend
explicitly on the time variable ¢, i.e. v is autonomous (cf. [Guckenheimer and
Holmes, 1983]). Thus, without loss of generality and for simplicity’s sake, we
only consider solutions s for initial time ¢y = 0 and corresponding initial state
so = s(0) € Of in this thesis.

e We emphasise that a solution s (as a function of t) and the corresponding phase
curve or solution curve in the phase space may be identified with each other in
a natural way. Indeed, any initial state sy and the corresponding (continuous)
solution s define a (continuous) curve

Yo : Int — R?,

parametrised in t € I, which is tangent to the vector field v in the phase
space (cf. [Guckenheimer and Holmes, 1983], [Wiggins, 1990]). Accordingly,
when no ambiguity may occur, the terms solution and phase curve are used in
an interchangeable manner. We often use the term solution when emphasising
that s is a function of ¢, while we use the term phase curve for the emphasis
of geometrical properties and implications (in the phase space). The positive
phase curve ’Y;Z is given by the phase curve to a solution s, restricted to the
maximal right existence interval I C [0,00) of s, i.e. the curve

Vo T = R

The uniqueness of solutions implies that two phase curves to solutions cannot
intersect each other (in the phase space) for any ¢ € R, unless they are identical.

We would like to restrict our analysis of the dynamics generated by system (2.1.5)
to the phase space X = Of (see Figure 2.1.2) and thus to the solutions s as defined
above. For this we need to ensure that the phase curve corresponding to a solution s
does not leave O (forwards or backwards in time) while it exists. To ensure this we
define the following property:
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Definition 2.1.2.
A subset K C Of is said to have the property (I1) under the dynamics generated
by (2.1.5), if for all sy € K C Of the corresponding solution s (from Definition
2.1.1) satisfies

s(t) e K Vit e ly.

Remark 2.1.2.
Several remarks concerning the above definition are in order:

e The property (11) of a set K C Of is equivalent to the the set
s(Iy) :=A{s(t) : t € Iy},
being a subset of K for any solution s with sqg € K. In graphical or geometrical
terms this implies that any phase curve ~v,, with s € K is (completely)
contained in K. In particular, no phase curve can enter or leave a set K with
property (11). More precisely it holds that
KQVSO([M):'VSO([M) if SoeK
KN vs(In) =0 if so€ K
e The property (11) may also be termed finite invariance or pre-invariance (cf.
[Aulbach, 1997]), as it requires a phase curve corresponding to a solution s
with sq € K, to be completely contained in K while it exists. Furthermore, if

a set K has the property (I1) and for any solution s with sq € K it holds that
the solutions exist for all time-values ¢ > 0, i.e.

[07 OO) C IM:

then the set K is also positive invariant. Likewise, if (—oo, 0] C I; holds, then
K is negative invariant and if I; = R for all such solutions, then K is even
mvariant.

e Any finite union and any finite intersection of sets with property (11) once
more has property (11).

In the subsequent lemmas we will prove that Of as well as various subsets of Of
(including the boundary dOf of OF) have property (11).

Lemma 2.1.1.
The boundary 00§ of Of is given by

7
00; = o0f\ot = o
=1

where the sets O; # 0 (with i € {1,...,7}) are defined as follows:

0, = {(07070)T}7
Oy =R x {0} x {0}, O3 = {0} x R" x {0}, O, = {0} x {0} x R*"
O5ZR+XR+X{O}, O6ZR+X{O}XR+, 07:{0}XR+XR+.

-----
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O7

Og — O4

O, Yy
Oy

T

Figure 2.1.2: The set Of and the subsets O; from Lemma 2.1.1.

Proof.
The set OF is the interior of Of . Furthermore Of is closed (in R?) and hence

007 = OF\O™.

By the definition of Of , O" and the sets O; we obtain (see Figure 2.1.2)
7
005 = ON\O* = | O;
i=1

Furthermore, the family (0;);c(; 7 forms a partition of 9O since O; # () for any
ie{l,.., 7} and
OiﬂOj: VZ,]€{17,7},Z7'£] ]

In other words: the boundary dO7 consists of the origin O; as well as the three
positive semi-axes Oy, O3, 0y of the (Cartesian) coordinate axes (in R?) and the three
positive 'quarter’ planes Os, Og, O7 of the coordinate planes (in R3). We use the
above result to prove the following

Lemma 2.1.2.
The sets O; with i € {1,2,3,4} all have property (11) from Definition 2.1.2.
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Proof.
We will show the claim consecutively for the various sets.

e Consider O; = {(0,0,0)7}. Let s be any solution such that s, € O;. We claim
that s is given by
s(t) =(0,0,00"  VteR.

We check this by computing
s(0) = (0,0,0)" = s¢
and
v(s(t)) = v(0,0,0) = (0,0,0)" = (&(t),5(t), 2(t))" = 5(t) VteR.

Hence s is a solution and since it is unique it is the only solution. In particular
we have
Sp € O = S(t) e O Vte Iy,

i.e. Oy has property (11).

e Consider Oy = R* x {0} x {0}, i.e. the positive z-axis (in R3). We claim that
for fixed (but arbitrary) sy = (20,0,0) € O, the corresponding unique solution

s(t) = (z(t),y(t), z(t)" Vite Iy.

has the form
s(t) = (2(t),0,0)7 Vit Iy.

Indeed such a solution fulfils the initial value condition
5(0) = (2(0),0,0)" = (20,0,0)" = 50 € O

and solves the system of differential equations in (2.1.5) for all time values
tely

v(s(t)) = ([1 = =()]x(1),0,0)" = (&(1), §(t), 2(1))" = 5(t).
Thus any solution s with sy € Os has the form
s(t) = (x(t),y(t), z(t))" = (z(),0,00"  Vte .
Hence - in order to show s(t) € O, for all ¢ € I - it remains to show that
x(t) >0 Vte ly.
We assume that the above does not hold, i.e.

drely - x(r) <0.
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However x(0) > 0 (since s € Og) and z is continuous (in t) implying that the
intermediate value theorem holds and yields

AT € [min{0, 7}, max{0,7}] C Iy : z(T) = 0.
For the time T we now have
s(T) = (0,0,0) € Oy.

This however is a contradiction since O; has property (11) (and thus the
uniqueness of the solution s with sy € Oy is violated). Hence Oy also fulfils

property (I1).

Considering the sets O3 and O4 we see that an analogous argument to the one
for O, yields the property (11) of these sets. O

Furthermore we can now prove

Lemma 2.1.3.

The sets Os, Og and Oy as well as the boundary set 00F as defined in Lemma 2.1.1
have property (11) under the dynamics generated by system (2.1.5).

Proof.
Once more we can consider the sets consecutively. Note that a likewise argument to

the one in the previous proof yields the property (11) of the sets O; (with i € {5,6,7}

- see the shaded sets in Figure 2.1.2). However, we present a geometrical approach
instead:

e Consider the set O5 = Rt x RT x {0}. This set is a (relatively open) 'quarter’

plane and a normal vector to it (i.e. to any point in Os) is given by

0
n=Xx-0 A e R\{0}
1

From (2.1.5) we obtain that in Os (in particular for z = 0) it holds that

g 2
n,v(x,y,2)) =Alf———] 22 =0.
ot ) =2 (£ ) 2
This implies that the vector field v is tangent to Os at any point in the plane
and hence the phase curve 7, to any solution s with sqg € Os can only escape
from Oj via the relative boundary relbdd(Os), see Figure 2.1.3. This boundary
however is given by

relbdd(05) = 01 U 02 U 03

which is a union of sets with property (11) by Lemma 2.1.2. Hence the phase
curve to s cannot enter any of these sets (this would be a contradiction to the



2.1 THE MODEL 21

O3

Oy
< —
O, (//’

/
\ 5

Figure 2.1.3: Schematic figure of a vector field tangent to the set O5 C Of .

X

property (11) of the sets O; with i € {1,2,3}). Thus the curve is completely
contained in Os while it exists, i.e.

s(t) € Os Vit e Iy,
proving the set Os has property (11).

e We can proceed likewise to above for the other sets Og and O; noting that for
Og (with normal vector n = X - (0,1,0)” and y = 0) it holds that

cx Y

— =0
r+d z+e)\y/
=0

(n,v(z,y,2)) = A (—b +

and for O (with normal vector n = X - (1,0,0)” and z = 0) we obtain

(n,v(z,y,2)) = A (1 —x—

and the relative boundaries of Og and O, are also made up of unions of the
sets O1, O, O3, 04 which all have the property (11). The same argument as
for the set Os yields property (I1) for Og and O; respectively.

e We now consider 007 . By Lemma 2.1.1 we have

7
00; = U 0O;

=1
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and since all the sets O; with i € {1,...,7} have property (11) (see above
and Lemma 2.1.2) the set 0§ also has property (I1) as a union of sets with
property (I1). O

Using the above result, we show
Lemma 2.1.4.

The set Of has property (I1) under the dynamics generated by system (2.1.5). Le.
for any solution s (with sy € Of ) we have

sty e Of  Vtely
and z(t) >0, y(t) > 0 and z(t) > 0 for allt € Iy;.

Proof.
We provide a proof by contradiction. Indeed, if Of does not have property (I11),
then there exists some solution s (with sy € OfF) and

drely : s(r) € OfF. (2.1.6)

Since s(0) = sy € OF we have 7 # 0 and the continuity of s infers that the phase
curve s, corresponding to s intersects the boundary 00 of Of at some time in
between the times zero and 7, i.e.

3T € [min{0, 7}, max{0,7}] C Iy : s(T) € 0O, .

However the boundary 0Of has property (I1) by Lemma 2.1.3 and is a subset of
Of . Coupled with the uniqueness of s (on I;) this implies that the corresponding
phase curve 7y, is contained in 00; C Oy for all t € I);. This is a contradiction to
the assumption in (2.1.6). Hence Of has property (11). Note that this implies

S(t) € O(T Vte IM
and therefore z(t) > 0, y(t) > 0 and z(t) > 0 for all ¢t € ;. O

Remark 2.1.3.

The above result implies that choosing Of as a phase space X for the dynamics
generated by system (2.1.5) is in fact sensible. The lemma ensures that any solution
s stays non-negative in every component while it exists (i.e. for all t € I);). As each
component of s represents a population density of a species this is a vital property
of the system with respect to biological relevance and meaningfulness. Thus the
mathematical model we study generates solutions which are biologically feasible.

We can in fact even show a little bit more:
Lemma 2.1.5.
The set OF has property (I1) under the dynamics generated by system (2.1.5).
Furthermore, any s fulfils
>0 = xz(t) >0 Vtely,
Yo >0 = y(t)>0 Vtely,
20>0 = z(t)>0 Vtely.
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Proof.
Let s be an arbitrary solution with sy € Ot. By Lemma 2.1.4 we know that

sty e Of  Vtely.

Furthermore, the boundary 003 = Oj \O™ has property (11) by Lemma 2.1.3 and
hence assuming that the phase curve v, corresponding to s is in the boundary 00;
for any time t € I, then

s(t) € 00§ Yt e Iy,

i.e. the curve is completely contained in the boundary (for all ¢t € I);). This however
is a contradiction since s is unique and the corresponding phase curve is not in the
boundary at t = 0 € I); by assumption (so € OF and O N9OF = (). Therefore we
have

s(t) € OJ\OOF = Ot Vte Iy,
proving the first part of the claim.
We now consider a solution s with x¢g > 0. The set of feasible initial conditions sq is
given by

{(x,y,z)e(’)a“ : ZL’>O}:O+U02UO5U06

and thus has property (I1) as a union of sets with property (/1) (see Lemmas 2.1.2
and 2.1.3 and the first part of this proof). Hence s (and the phase curve respectively)
fulfils

s(t) € {(x,y,2) €Of : x>0}  Vtely,

which is equivalent to
z(t) >0 Vtely.

Analogously we may prove the remaining two implications for the y- and z-component
of s. O]

Remark 2.1.4.

The lemma implies that a solution s with s; € OV is positive in every component
for all ¢ € I;. We call such an s a positive solution. Furthermore, by the above we
also have

ro=0 = .T(t):() VtEIM,
w=0 = yt)=0 Yiely, (2.1.7)
=0 = Z(t)zo Vte ly.

Having established, that any solution s remains in Of (in the sense that the corre-
sponding phase curve is a subset of ) while it exists, the question arises under
which restrictions on the parameters of (2.1.5) these solutions s exist for all time
values t € R or at least for all non-negative time values, i.e. for all ¢ > 0. Differently
put: we want to investigate the maximal existence interval I, of solutions s. In fact
we cannot expect the solutions to exist for all negative time values. This becomes
clear by the following
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Lemma 2.1.6.
The solution s to the IVP given by (2.1.5) and sy = (x0,0,0) with xy > 1 has the
mazimal existence interval

= (1-2) )

for any parameters a,b,c,d, e, f,g,h > 0.

Proof.

We consider the solution s to the IVP given by (2.1.5) and sg = (0, 0,0) with ¢ > 1.
Since yo = 0 = 2y the Lemmas 2.1.2 and 2.1.3 yield y(t) = 0 = z(t) for all t € I);.
Hence finding the solution s reduces to solving the initial value problem

(t) = x(t) (1 — x(t)) x(0) = xo.

The above ODE is the (Verhulst) logistic equation. For arbitrary zo > 1 it is solved
by

B xg exp(t)
) = T (o) = 1)
Indeed 0
Lo €XP
O T e -1

and

ix(t) _ %o exp(t)[1 + xo(exp(t) — 1)] — zg exp(t)(xo exp(t))

dt [1 4 zo(exp(t) — 1)]?

_ %o exp(t)(1 — zo)
[1+ xo(exp(t) — 1)]?
_ xoexp(t) ' 1—xg
1+ xo(exp(t) — 1) 1+ zo(exp(t) —1)
_a(t)- 1+ zo(exp(t) — 1) — zgexp(t)
1+ zo(exp(t) — 1)

= 2(t)(1 = 2(1)),

S(t) = ( xoexp(t)_ 1)707 0>T

1 + zo(exp(t)

is the unique solution of the given IVP. Now s is not defined if and only if

which shows that

1
Zo 0

Hence the maximal existence interval of s is I; = (ln (1 — ;710) ,oo)7 see Figure 2.1.4.

O
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In (1-3)

Figure 2.1.4: For the initial condition sq = (x,0,0) and z¢ > 1 the first component
of the solution s diverges as t — In (1 — x—lo)

By the above result we see that not all solutions s exist for all ¢ < 0. In fact, using
that

ln(l—l) —1In(l)=0 as xy— o0

Lo

we can find solutions that blow up (backward in time) after an arbitrary short time
by choosing x( sufficiently large. For this reason we restrict our analysis to the
maximal right existence interval I C [0, 00) of solutions s in this thesis. Likewise we
restrict ourselves to positive phase curves ’yjo in the following considerations. From a
biological point of view this means that we study the evolution of an initial state s
of the food chain for future times of the initial time g = 0.
In the subsequent considerations we show that under certain parameter restrictions
we can ensure that solutions s exist for all time values ¢t > 0. In particular, the
dynamics generated by system (2.1.5) define a semiflow on Of (see Corollary 2.2.3).

2.2 Boundedness of solutions

The aim of this section is to prove that all solutions s are bounded as time tends to
infinity, if we impose certain conditions on the parameters in system (2.1.5). We first
show that the solutions exist for all ¢ > 0 (see subsections 2.2.1 to 2.2.4) and then
prove that they are also bounded for t — oo (subsection 2.2.5), even uniformly with
respect to bounded subsets (subsection 2.2.6). The approach entails a consecutive
consideration of the solutions’ z-, y- and z-components.
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2.2.1 Boundedness of the first two components

We first show the boundedness of the z-component (of s) on 1.

Lemma 2.2.1.
Any solution s has the property

0 <z(t) <max{l,zo} =: zp(x) = zps Vtel. (2.2.1)

Proof.

Let any solution s be given (as defined in Definition 2.1.1). From Lemma 2.1.4 we
know that z(t) > 0 and y(t) > 0 for all £ € I and hence we may estimate the first
equation in (2.1.5) as follows

y(®)
z(t) +a

z(t) = z(t) <1 —x(t) — ) < z(t)(1 — x(t))

for any ¢ € I. This differential inequality is the key to proving the claim. Comparison
(cf. [Arnold, 1979], [Walter, 1990], [Aziz-Alaoui, 2002]) of the above to the solution
of the IVP given by (the logistic equation [Kot, 2001])

Et) =€) (1) €(0) =2(0) =z
yields (see the proof of Lemma 2.1.6)

_ xo exp(t)
1+ zo(exp(t) — 1)

z(t) < £(t) Vtel (2.2.2)

Consider the following cases:
e Assume xgy = 0 then (2.2.2) yields

_ xoexp(t)
1+ zo(exp(t) — 1)

x(t) < &(t) =0 < max{l,z} Vtel.

e Assume 0 < xy < 1 then (2.2.2) yields

2(t) < () Toexp(t) ! <1 < max{1,z}

14 zo(exp(t) — 1) (:Blo B 1) exp(—t) + 1

>0
for any ¢ € I, proving (2.2.1) holds.

e Assume zo > 1. For any t € I C [0,00) it holds that exp(—t) < 1 and hence
we have
l=x0+1—29 < x4+ (1 —x0) exp(—t).
——

<0
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Dividing by the term zg + (1 — xo) exp(—t) > 0 in the above, yields

1
<1 Vtel
zo + (1 — zg) exp(—t) —
Multiplying by zo > 1 yields
o
<z Vtel. 2.2.3
2o+ (1 — zg) exp(—t) = 7 ( )
Furthermore using
T xgexp(t) xoexp(t)
- - =0
zo+ (1 —zo)exp(—t) wmoexp(t)+1—z9 1+ xo(exp(t)—1)
we obtain from (2.2.3) that
xoexp(t)
t) = <z vVtel.
&) 1+ zo(exp(t) —1) = °°
Hence combining this with (2.2.2) we obtain
xo exp(t)
z(t) < < xg < max{l,zo} Vtel. O

~ 1+ ao(exp(t) — 1)

Remark 2.2.1.

Note that we will omit denoting the dependence of x/(xo) on xy (or s¢ respectively)
explicitly in general and merely write x,; instead. Only where the dependence is
deliberately emphasised, will we add the argument x.

We turn to proving the boundedness of solutions in their second component on I.
For this we need the following lemma (cf. [Aziz-Alaoui, 2002]).

Lemma 2.2.2.
Let ¢ be a differentiable function satisfying the differential inequality

do(t)

——= 4+ kio(t) <k

FT 10(t) < ks

fort € I, where (ki,ks) € R* ky # 0 and I C [0,00) is an interval. Then for all
t € I it holds that

k k

6(t) < 2 — |7 = 6(0) | exp(—hit).

k1 kq
Proof.
Let ¢ be a differentiable function satisfying the differential inequality

do(t)

7+k1¢(t>§k2 \V/tel,
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where (ky, ks) € R?, ky # 0 and I C [0, 00) is an interval. Gathering all terms on one
side and multiplying the above by exp(kit) > 0, yields
dp(t)

(dt + ko(t) — k2> exp(kit) <0 Vtel.

This is equivalent to writing

i ([o0 - 2 ewtn) <o

implying that the function [¢(t) — k—f] exp(kit) is non-increasing for ¢t € 1. Hence for

Ic
any t € I C [0,00) we have

[cb(t) - ’;ﬂ exp(knt) <

6(0) - ’;j exp(ks - 0)

Simple algebraic manipulations yield the desired result

k k
P(t) < = — |22 —¢(0)| exp(—kit)  Viel O

k1 k1
With this auxiliary lemma and restricting the parameters in system (2.1.5) by a = d
and % — h >0, we can now prove (cf. [Aziz-Alaoui, 2002], [Aziz-Alaoui and Okiye,

2003])

Lemma 2.2.3.
In equations (2.1.5) assume a = d and % — h > 0. Then for any solution s it holds
that 0 .
Y Yo
)+ ——=< =4+ — 2.24
w()—i—c T T, (2.2.4)

for allt € I. Furthermore, for any s we have

C
0<y(t) <cry+yo+

4b
C
<CIM+yo+4b+j]c—hzryM(xo,yo)ZyM Vtel.

Proof.
Let a = d and and % — h > 0 hold in system (2.1.5) and any solution s be given. We

define the function ¢(t) := z(t) + %t) and compute

do(t) _ . y(t)
R S t
dt () + c
b 1 1
=z(1—1z)— it —-y+ - <y -9 (2.2.5)
r+a ¢ cr+a cy+e
b 1
=z(l—2)—-y—— v
& cyte
N—_——
>0
b
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where the inequality holds since y(t) > 0 and z(¢) > 0 for any ¢ € I by Lemma 2.1.4.
Inserting a 'zero’ yields

@Sx(l—x)—i—bx—b(x—k%)

dt —_——
=¢
which may be rewritten as

ddji(tt)+b¢(t)gx(1_x)+bx viel.

Since max,ep,00) (1 — ) = i and using Lemma 2.2.1 we obtain for all t € I:

do(t) 1 1 Yo
Rl S < — < — < — = .
7 +bo(t) < z(1 a:)+bx_4+be_4+b(:BM+ c>

Now ¢ is differentiable on I (since s is a solution of an IVP) and hence fulfils all the
assumptions of Lemma 2.2.2 with

1
ki=b>0 and k2:4+b(xM+yO>.
C

Applying the lemma yields

Yo | 1 [ Yo , 1 }
t) < Ly D4 —bt
(b()_xM+C+4b :UM+C+4b #(0)| exp(—0t)
for all ¢t € I. Using that
1
¢(0>:$0+*y0§$M+@<xM+@+—
c c c 4b

holds, we obtain

Yo 1 yo 1 Yo 1

1) < Ly - Ly —bt L

¢()_xM+c+4b xM+C+4b #(0) | exp( )<a:M+C+4b
>0

>0

for all t € I. This proves the first claim of the lemma.
By solving (2.2.4) for y(t) and noting that % —h>0and z(t) > 0 and y(t) > 0 for
all t € I (Lemma 2.1.4) we obtain

1 c
Oﬁy(t)<c(a:M+y0—|——:B(t)> <cry+yo+

c 4b 4b
C )
< —+=—h Vtel
Cxyr + Yo + 1b + f s
which proves the second claim of the lemma. O

Remark 2.2.2.
Concerning the restrictions on the parameters we remark:
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e Considering the estimate (2.2.5) in the above proof more closely, we see that
the restriction a < d would in fact be sufficient since we still obtain

do(t) b Ty Ty 1 yz b

(1 —2) — 2y — — = <z(l—2x)— .
dt ol -z R (x—i—a x+d> cyt+e #(1—2) R

>0

Nonetheless, we will assume that a = d for the further considerations, as it
is a common assumption for ecological predator-prey systems (cf. [Holling,
1965], [Kuznetsov, 1995] for example). A biological interpretation of the above
condition is provided in subsection 2.5.1.

e Note that the restriction %— h > 0 is in fact not necessary to prove the existence
of a bound y,; as above. One can simply choose the stricter bound

_ c

=cx —

Ym M+ Yo+ 1

by omitting the last line of the proof. However, since we will need and use

the restriction ? — h > 0 in any case (this will become apparent just now - see

Lemma 2.2.4), we define this looser bound in favour of simpler estimates and
better readability later on in this thesis.

By the above remark and Lemmas 2.2.1 and 2.2.3 we obtain that under the assumption
a = d (which we assume to hold from now on, unless stated otherwise) for any solution
s we have

0<a(t) <azy =axp(xg) < 00
0 < y(t) < yar = yur(wo, o) < 00

for all t € I. In other words, the first two components of a solution s are bounded
by constants (for any time value in I C [0,00)), that (only) depend on the initial
conditions xg and 9. Hence, only the the z-component of a solution s can blow up
in finite future time or be unbounded as time tends to infinity.

2.2.2 Blow-up

The results from above motivate the following

Definition 2.2.1.
A solution s is said to blow up or explode (in finite future time) if there exists a
finite T** > 0 such that

lim sup z(t) = oc.
t/(T**

By this the mazimal right existence interval of s is given by I = [0, T*").

We first consider a case for which a blow-up is guaranteed (cf. [Aziz-Alaoui, 2002],
[Parshad et al., 2015)):
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Lemma 2.2.4.
Let f — % >0 and a solution s be given. If zo > 0 then s will blow up.
Proof.

Let f — % >0 hold in (2.1.5) and a solution s with zy > 0 be given. Note that this
implies z(t) > 0 for all ¢t € I (Lemma 2.1.5). Furthermore, for any ¢t € I we estimate

(0= (1- L) 202 (1-9) 20,

Dividing by 2%(t) > 0 and integrating from zero to ¢ € I results in

—Z(lﬂﬁt;z(f—z)t.

Solving this for z(t) yields
1

z(t) > i—(f—3>t

20 h

for any t € I (a result we may also obtain by comparison in the above differential
inequality, cf. [Walter, 1990]). However, the right-hand side of the above fulfils

1 1
- N oo as t—>7g::T*>O.
o) w(f = 1)
Hence there exists a 7" € (0,7*] such that
lim sup z(t) = oo. O
=T

The above lemma motivates imposing the following restriction on the parameters

g
f-3 <o, (2.2.6)

which is in fact equivalent to the condition 4 — A > 0 imposed in Lemma 2.2.3.
Throughout the rest of this text we assume this condition holds, unless stated
otherwise. A biological interpretation of the condition is given in subsection 2.5.1.
Furthermore, for any solution s we obtain (by Lemma 2.1.3) the implication

=0 = z(t)=0 Vtel (2.2.7)

and hence if z5 = 0 the z-component does not blow up and the corresponding
maximal right existence interval of s is given by I = [0, 00). In a similar manner for
any solution s it holds that

=0 = ylt)y=0 Vtel
which in turn implies (by (2.2.6))

A1) = (f—Z) 2()<0 Viel = =2t)<z Viel (2.2.8)

and hence the z-component does not blow up and I = [0, 00). Thus we have shown
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Corollary 2.2.1.
Let a=d and f — $ <0 hold.

e For any solution s with yo = 0, it holds that
z(t) < zo Vtel=][0,00).

e For any solution s with zy = 0, it holds that

2(t) =20=0 Vtel=1]0,00).

Having considered the cases yo = 0 and 2y = 0 we assume 39 > 0 and 25 > 0 to
hold, which implies y(¢) > 0 and z(t) > 0 for any ¢ € I (Lemma 2.1.5). Hence, we
still need to consider solutions s with the following restrictions on the parameters in
(2.1.5) and the initial values sy € O :

ea=d
o f—-<0
e yo > 0 (implying y(t) > 0 for all t € 1)
e 2y >0 (implying z(t) > 0 for all t € 1)
Before considering the issue of the blow-up we show the following auxiliary

Lemma 2.2.5.
Let a solution s be given and define

cx
2y 1= max{(—b+ fod> (yM—l—e),O} > 0.
If s fulfils yo > 0 and zy > 0, then for any t € I such that z(t) > z,. it holds that
y(t) <O0.

Proof.
Let any solution s with 3y > 0 and zy > 0 be given and observe that since y(t) > 0
for any ¢ € I holds, the second equation in (2.1.5) yields
cx(t) 2(t)
z(t)+d  y(t)+e
cx(t)

t .

) o+

Furthermore, since the first two components of s are both bounded by zero from
below and x,; and ¥y, from above respectively on I, we obtain for any ¢t € I

(0 o) o+ < (<04 Y i+ o

yt) <0 & —b+

& z(t) > (—b+

x(t) +d Ty +d

(640
gmax{<—b+fod> (yMJre),O} = 24
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where the first inequality holds due to the fact that -5 is monotonically increasing

in x on [0,00). Combining the above yields that if z(t) > z, (for any ¢ € I) then
y(t) < 0, or differently put

(Vtel:z(t)>z) = yt)<DO. O

Having proven the lemma we now consider blow-up solutions.

2.2.3 Monotone blow-up property

The aim of this subsection is to prove Lemma 2.2.6 (see below). In order to achieve
this we first prove several auxiliary lemmas and eventually, at the end of this
subsection, Lemma 2.2.6.

Lemma 2.2.6 (Monotone blow-up).
Let s be a solution with yy > 0 and zy > 0 that blows up (at the time T** > 0). Then
there ezists a Ty € [0, T**) such that

yt)> <L —h  Vite [T, T™).

f
Remark 2.2.3.
Note that for any such solution s (recall zp > 0 holds) we have z(t) > 0 for any ¢ € I.
Therefore considering the third equation of (2.1.5) one obtains

) >0 < y(t)> f‘
=0 & yt)= ? —h (2.2.9)
<0 & yit) <L

for any ¢ € I. Hence the claim of the above lemma is equivalent to saying that there
exists a Ty € [0,7**) such that z is strictly monotonically increasing on [T, 7).
This motivates the expression 'monotone blow-up property’ (of s), see Figure 2.2.1.

As mentioned beforehand, prior to proving Lemma 2.2.6 we first state and prove
several auxiliary lemmas.

Lemma 2.2.7.
Let s be a solution with yo > 0 and zg > 0 that blows up and fulfils z, = 0. Then it
holds that

yt)> L —n  Vtelo, ).

f
Proof.
Let s be a solution with yy > 0 and 2y > 0 that blows up and fulfils z, = 0. Since
z. = 0 we obtain from the definition in Lemma 2.2.5 that

CXT
M <.

—b
+£L'M—|—d_
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20

0 T T

Figure 2.2.1: The monotone blow-up property of solutions s. The third component
of s is strictly monotonically increasing on [Ty, T**).

In particular for any ¢ € [0, T**):

o cx(t) 2(t) CT 2(t)
00 =0 (-0 0 - 0 <y (<o ) <o

i.e. in short
y(t) <0 Vit el0,T). (2.2.10)

Using this we now provide a proof by contradiction. Assume there exists a Ty € [0, 77)
such that y(7p) < 4 — k. By (2.2.10) this implies that

yt) <L —n  vien, ™).

f
This in turn implies (by (2.2.9)) that

A <0 Yie [Ty, T™).

Hence

This however is a contradiction to s blowing up. Therefore our assumption was
wrong and

y(t) > ? —h  Yte[0,T). O

We now consider the case z, > 0.

Lemma 2.2.8.
Let s be a solution with yo > 0 and zyg > 0 such that it blows up and fulfils z, > 0 and
there exists a Ty € [0,T") such that y(To) < § — h. Then there exists a T € [Ty, T*)
such that

2(T) < z,.
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Proof.
Let s be a solution with yy > 0 and zy > 0 such that it blows up and fulfils z, > 0

and there exists a Ty € [0,7™") such that y(Tp) < 4 — h. Once again we provide a

proof by contradiction and hence we assume that

2(t) >z Vte [T, T™).
Thus, by Lemma 2.2.5 we know that

y(t) <0 Vit e [Ty, T™).

Since by assumption y(7p) < 4 — h we obtain

yt) <L —h  Vte T, T

|

This in turn implies (by (2.2.9)) that
2(t) <0 Vte[l,T).

Hence

This however is a contradiction to s blowing up. Therefore our assumption was
wrong and there exists a T' € [Ty, T**) such that

~

2(T) < z.. O
We will use this previous lemma to show the next one.

Lemma 2.2.9.
Let s be a solution with yo > 0 and zy > 0 such that it blows up and fulﬁli ze > 0 and
there exists a Ty € [0,T*) such that y(To) < % — h. Then there exists a T € [To, T™)
such that 1 1

—— < (T =T)f ——  Nte[T,T™).

@ Df- e[

Proof.
Let s be a solution with yy > 0 and z5 > 0 such that it blows up and fulfils z, > 0
and there exists a Ty € [0,7™") such that y(Tp) < % — h. Hence the conditions of

Lemma 2.2.8 are met and in particular there exists a T € [Ty, T**) such that

~

2(T) < z,.

We show that this T suffices to also fulfil our current claim. Consider the following
estimate of the third line of our ODE-system (2.1.5):

. 9 2 2
2(t) = (f— ?/(t)‘f‘h> 25(t) < f25(1).
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Since z(t) > 0 this is equivalent to

Integration from T € [Ty, T*) to ¢ € [T, T**) now yields

t 2(7—) t
ar< [ fd
/f 22(1) TS Jr fdr
which is equivalent to
—i+i<(t—f)f Vte [T, T)
z(t)  2(T) o
Subtracting ﬁ > (0 on both sides yields
—i<(t—f)f—i Vite [T, T+) (2.2.11)
) Z(T) , 2.

Finally, since t < 7** and 0 < z(T) < z, (by the choice of T') we obtain

3 1 wk _l T ks
(D) = gy <D= Ve[

and hence applying this in (2.2.11) results in

1 ok val 1 T *k
—%<(T ) f - Vte T, T). O

With these result we now turn to proving Lemma 2.2.6.

Proof of Lemma 2.2.6.
Let s be a solution with yy > 0 and zy > 0 that blows up.

Case 1: 2z, =0
The conditions of Lemma 2.2.7 are met and choosing Ty = 0 yields the claim.

Case 2: z, >0
We provide a proof by contradiction. Therefore we assume the opposite of the claim,

that is
g

f
Using this property we choose a sufficiently large Ty € [0, 7**) such that

VT, e [0,T%) 3T € [Ty, T™) : y(T) < = — h.

T Ty < and y(Ty) = y(T) < L —h

<

1
2fz,
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hold. For this Ty the conditions of Lemma 2.2.9 are met and in particular we conclude
that there exists a T' € [Ty, T**) such that
L (T —T)f L vie [T, T*)
z(t) 24 ’ '
Since [T, T**) C [Ty, T**) we have T** — T < T** — T,. Applying this to the above

yields . .
e < (T =Ty f — — t e [T, T).
Z(t) < ( O)f 2 Vit e [ ) )

For our choice of Tj we may further estimate for any ¢ € [f, )

R e

2 2fz, Ze 2z
Rewriting this and noting that i > () yields

~

2(t) <2z,  VYte[T,T).

This however is a contradiction to the blow-up property of s. In particular our
assumption was wrong and there exists a Ty € [0, 77**) such that

yt)> L —h  Vite [T, T O

f
We have now proven that Lemma 2.2.6 holds and by the remark on said lemma
we know that this is equivalent to the z-component (of any exploding solution)

increasing monotonically on some subinterval [Ty, 7**) C [0,7**) = I, recall Figure
2.2.1.

2.2.4 Non-blow-up

In this subsection we prove, that in fact no solution s may blow-up under the
assumptions a = d and f — 7 <0.

Proposition 2.2.1.
Leta=d and f — { <0 and any solution s be given. Then s does not blow up (in
finite future time) and thus the positive existence interval of s is I = [0, 00).

Proof.

Let a = d and f — ¢ < 0 hold in (2.1.5) and any solution s be given. If yo = 0 or
2o = 0 then the solution s cannot explode by Corollary 2.2.1.

For the other cases we again provide a proof by contradiction: Hence we are left with
solutions s that fulfil yy > 0 and 2y > 0 and assume that such a solution s blows up.
In particular s fulfils the conditions of Lemma 2.2.6. Therefore we know that there
exists a Ty € [0, 77) such that

yt)> L —h  Vite [T, T (2.2.12)
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We now consider the solution for ¢ € [Ty, 7). From the third line of the given
ODE-system in (2.1.5) we see

0 < 2(t) = zgg S — (2.2.13)
/- y(t) +h

>0 by (2.2.12)

for t € [Ty, T**), recalling that z(t) > 0 for any ¢ € I since zp > 0 (Lemma 2.1.5).
Substituting this into the second equation of (2.1.5) yields

cx(t) 2(t) 1 1

x(t)—i—d_z(t)‘f—y(t)ﬁ.y(t)—b—e Vit e [Ty, T™).

y(t) = y(t) | =b+

cx(t)

Dividing by y(¢) > 0 and estimating the term as before yields

x(t)+d
y(t) _ s ce(t) (1) 1 1
(0 W0+ 0yl T e
b crn  A(t) 1 1
= +xM+d () f =y ut) +e

for t € [Ty, T*). Since equation (2.2.12) holds on [Ty, T**) C I and y is bounded by
Yy > ? — h on I, we obtain
>0 by (2.2.13)

cx £(t) 1 1

—5 < —b+ -
y(t) ay+d o 2(t) f— g v(t) +e
—_——
>0 by (2.2.12)
< by cxp 2(t) 1 1

e +d o 2(t) f =555 ym +e
—_———

>0

for t € [Ty, T**). For the sake of readability we define

CT p

ZEM+d
1 1

f_ yMg-l-h Yym te

a:=—-b+

>0

o

which allows us to write the previous estimate as follows

@) L2 -
0 <« Bz(t) Vit e [Ty, T).

<.

<
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Integrating both sides from Ty to t € [Ty, T**) yields

t MdT < t&—BZ(T)dT

T y(T) To z(7)

& [ny(n)];Zy < alt = To) = B In((n)] 2,

This may also be written as

In (yy((jfj)> <a(t—Ty) — Bln <Zz((jf3)> =a(t—Tp) +In (('2((7;3)

Applying the exponential function on both sides of the equation yields

Aﬂvf

2(t)

Furthermore, multiplying by y(7p) > 0 results in

2(To)
2(t)

B8
MﬂSM%Nmm@—%D< ) Vi e [To,T*).

Rewriting this we obtain (note 8 > 0)

2(t) < Z(To)ﬂ yy((j;(;) exp(a(t — 1)) Vit e [Ty, T).

39

)

(2.2.14)

Using (2.2.12) and the boundedness of the y-component by y, allows the estimate

=(t) < =(Ty) </gyi”h explat —Ty))  Vte€ [Ty, T™).
f

We now consider two cases, dependent on the sign of «.

(2.2.15)

i) If @ < 0 then exp(a(t —Tp)) < 1 for any t € [Ty, T**). This allows us to

estimate (2.2.15) as follows

A(t) < 2(Ty) </ 2 explalt - To))

<ATy) o M <o Vte [Ty, T™).

This however is a contradiction to s blowing up.
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ii) If @ > 0 then exp(a(t — Tp)) < exp(a(T™* — 1)) for any t € [Ty, T**). This
allows us to estimate (2.2.15) as follows

2(t) < 2(Ty) d 2 expla(t - Th))

f
< 2(Ty) (/gth exp(a(T* —Tp)) < oo Vte [T, T™).
g —
This however is a contradiction to s blowing up. O

The proposition proves that under the given restrictions on the parameters no solution
s can blow up in finite time, contradicting the claim in [Parshad et al., 2015] and
[Parshad et al., 2016b]. We discuss this controversy concerning blow-up of solutions
(which arose in [Aziz-Alaoui, 2002] and [Parshad et al., 2015]) in Appendix B. By
the above the maximal right existence interval of any such solution s is in fact given
by I = [0, 00).

Note that as a consequence of the above proof we obtain an estimate for the y-
or z-component of a solution s when imposing certain conditions on s and the
parameters:

Corollary 2.2.2.
Let a = d and f — ¢ < 0 and any solution s be given with yo > 0 and z > 0.
Furthermore let an interval Iy C [0, 00) with min [y = Ty > 0 ezist such that

9

y(t)>=—h  Vtel,.
f
Then it holds that
z('T, p
y(t) < y(Ty) explalt — Ty)) ( Z((tg)) viel
where
0= — CT \r
o T M + d7
1
B = > 0.
(f N yMg+h> (ynr +€)
Proof.

The proof works analogously to the derivation of equation (2.2.14) from (2.2.12) in
the proof of Proposition 2.2.1 by replacing the interval [Ty, 7**) with any interval I
fulfilling min Iy = Ty > 0. O

Remark 2.2.4.
Note that the interval Iy in the above corollary may in particular be closed, i.e.
Iy = [Ty, T**], or unbounded, i.e. Iy = [Ty, 00). This will prove useful later.
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Another important consequence of the result in Proposition 2.2.1 is that the dynamics
generated by system (2.1.5) define a semiflow on OF (for the definition see Appendix
A).

Corollary 2.2.3.
Assume a = d and f — ¥ <0 holds in (2.1.5). Then the map

D : Rar X OJ — (’)ar
(t,s0) — s(t)

is a semiflow on OfF , where the solution s (with sy € OF ) is defined in Definition
2.1.1.

Proof.
The metric space we consider is (O ,d) (with the Euclidean metric d). The map
® is given by setting ®(t,s9) = s(t), where s is the solution of the initial value
problem given by sy € Of and the system (2.1.5). Since we have proven that any
such solution s is defined for all ¢ > 0 (Proposition 2.2.1) and maps into Of (Lemma
2.1.4) we indeed have

d:Ry xOf = Of.

The fact that the map fulfils all the other required properties (identity, continuity,
semiflow) is an immediate consequence of the fact that ® is obtained from solutions

of initial value problems corresponding to an autonomous vector field v (see e.g.
[Amann, 1990], [Sell and You, 2002]). O

Hence the dynamics on OF generated by system (2.1.5) can be identified with the
semiflow ® on Of . In particular, via ®(t, sg) = s(t) for any sy € Of , we are able to
formulate results in terms of the flow or of solutions interchangeably. For example
we can identify a solution s for ¢t € I (and hence the corresponding positive phase
curve ;) with the positive orbit through a point sy € Of, since

S(I) = {s(t) : t > 0} = {D(t,50) : t >0} =T

The existence of the semiflow ® also implies that the sets Of and O* are positive
invariant under ®, since both sets have property (11). We will make use of this in
subsequent considerations.

2.2.5 Boundedness

Having proven that solutions s do not explode in finite future time the question arises
whether the same holds true for infinite future time (i.e. as t — 0o0). From Lemma
2.2.1 and Lemma 2.2.3 we know that the first two components of s are bounded for
all t > 0 from above and below and hence once again an explosion of s as time tends
to infinity may only occur in the z-component. l.e. we ask whether a solution s
exists such that

lim sup z(t) = oc.
t—r00
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In fact, we prove that no such solution exists under the parameter assumptions from
above, i.e. @ = dand f — % < 0 (which we assume to hold throughout this subsection
as well). We will show this by proving that any such solution s is bounded by a
time-independent bound for all ¢ > 0 (see Proposition 2.2.2 and Corollary 2.2.5 at
the end of this subsection). Analogously to the blow-up we commence the discussion
by considering special cases (concerning the initial conditions sy) and then turn to
the remaining (general) case.

The special cases

We remind the reader that for the particular cases 7o = 0 and zy = 0 we obtained
bounds on the z-component in Corollary 2.2.1. Next we consider the cases xg =0
and z, = 0 (where z, is defined as in Lemma 2.2.5).

Lemma 2.2.10.
Let s be a solution such that xo =0 or z. = 0 (or both) holds. Then the y-component
of s is non-increasing for any t > 0, i.e.

gt) <0 Yt>0.

Proof.
Let s be a solution such that xy = 0 or z, = 0 (or both).

o If xy =0 then z(¢) =0 for all t > 0 (by Lemmas 2.1.2 and 2.1.3). This allows
us to conclude for any ¢ > 0 that

y(t) = y(t) (_chx(t) (1) e>=y<t) (—b— () )g

(t)+d B y(t) + y(t) +e
<0
o If z, = 0 we have o
—b+ —— <0
Ty +d
and hence - using x(t) < x); for any ¢ > 0 (Lemma 2.2.1) - it holds that for all
t>0
. cx(t) 2(t)
t)=ylt) [—b+ -
y(t) y<>< z(t)+d y(t)+e
cT 2(t)
<y(t)| =b+ — < 0. O
_y<)< Ty +d y(t)+€>_
<0

This allows us to prove

Lemma 2.2.11.
Let s be a solution such that yy < % —h and xqg =0 or z, = 0 (or both), then it holds
that

2(t) < zo vVt > 0.
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Proof.

Let s be a solution such that yo < 4 —h and zg =0 or z, = 0 (or both). By Lemma

2.2.10 the y-component is monotonically decreasing on I = [0, 00) and hence

y(t)ﬁyoﬁfc—h

for all £ > 0. This in turn implies (by the third equation of system (2.1.5)) that
A <0 VE>0

and therefore
2(t) < 2o Vit >0. O

The case yo > % — h is a bit more work:

Lemma 2.2.12.
Let s be a solution such that yo > ? —h and xy =0 or z, = 0 (or both), then it holds

that
(ffy]\j+h)(yM+e)
Z(t)gz(](gyo ) Vit > 0.
- h

Proof.
Let s be a solution such that yy > ? —hand xg =0 or z, =0 (or both). If 2g =0
we immediately obtain (from Corollary 2.2.1) that

Yo
z():O:zo(
$—h

Vit > 0.

) (-3 ) s +o)

Hence we additionally assume 2y > 0 for s, implying
() >0  Vt>0.

Let I, = [0,77) C [0,00) be the maximal (positive) interval such that

yt)>2—n  Vtel,. (2.2.16)

f

Note that such an interval I, exists and is non-empty, since y(0) = yo > % —hand y
is continuous for any ¢ > 0 (since s is so too). Applying Corollary 2.2.2 (with Iy = I,
and Ty = 0) now yields

B
y(t) < yoexp(at) (;{5) Vte I, (2.2.17)
where
cxry  #+=0 1
a=-b+ < 0 and fp= > 0.

Ty +d (f - g+h) (ynm +€)

Ym
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Solving (2.2.17) for z(t) yields

exp(at) Vtel,
y(t)
and estimating the above using o < 0 and (2.2.16) results in

2(t) < 2z

Yo

t tel,=10,1).
y(t)exp(a)<zo - Vte I, =10,11)
i) If I, = [0, 00) then

(2.2.18)

2(t) < zo Yo

i) If [Ip| < oo, i.e. Tp, < 00, then

implies

since I, was chosen to be maximal. Furthermore, from Lemma 2.2.10 we
know that y is monotonically decreasing on I = [0, c0) and therefore the above

This in turn results in

Therefore it holds that

2(t) < z(Ty) Vit >1Ty. (2.2.19)
We now need an estimate for z(77). Observe that z is continuous in ¢ and
(2.2.18) holds, yielding

. Yo

1) =1 t) < .

ATn) = lim 2(t) < 200/ 5
Therefore (2.2.19) becomes

ke

2(t) < 2(Ty) < 20 4 2 T

f
and combining this with (2.2.18) results in

(1) < 2 ﬂyoh Vit > 0.
{2-

Recalling the definition of § > 0 we finally obtain for any ¢ > 0 that

s (£~ 73257 ) ar-+e)
Z(t)SZO gyoh:Z()(gyoh) :Z()(gyo )
o r

i - h
Having found bounds on the z-component in the special cases we now turn to the
general case.

U
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The general case
We restrict ourselves to (the remaining) solutions s with the following initial condi-
tions:

e 7y > 0 (implying z(¢) > 0 for all ¢ > 0)

e yo > 0 (implying y(¢) > 0 for all ¢ > 0)

e 2y > 0 (implying z(¢) > 0 for all ¢ > 0)

e 2. >0

Observing that
20>0AY>0AN 20>0 & s,€0t

holds, the above conditions on the solutions may simply be written as so € OF and
zy > 0. In order to show that such a solution s is bounded as time tends to infinity,
we divide the positive octant OF C OF using two planes that partition O* into four
sets 1, Oy, Q3, €y (see Figure 2.2.2). We then show that the positive phase curve
74, corresponding to s is bounded in any of these four sets for any ¢ > 0.

Definition 2.2.2.
Let s be a solution that fulfils so € O and z, > 0. We define

le_{:cy,)e(’)*:ygjgc—h,z<22*}
Q= {xy, e(’)*:y>}gc—h,z<2z*}
ng{xy, E(’)+:y>fc—h,zz2z*}
Q= {xy, €O+:y§?—h,2222*}

In particular we have
4
O+ = 91UQQU93UQ4 - U Qi;
i=1

i.e. the sets S form a partition of OF.

Remark 2.2.5.
Since we assumed ? — h > 0 and z, > 0 to hold, we see that

Ql7QQa Q3a Q4 7£ @

for any such solution s. The two planes given by y = ? — h and z = 2z, define the
sets €2;. For a visualisation, see Figure 2.2.2.
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z
Qy Q3
z = 2z,
0"
0 95
— 9 _
0 y=7—nh

Figure 2.2.2: The sets 4, 9, Q3,Qy form a partition of OT.

By the the property positive invariance of O% we see
so€O0F = s(t)eOF = UQ vt > 0.

Therefore a positive phase curve ;. to a solution s that commences in O (i.e
75 (0) = 5(0) = 59 € OF) will be completely contained in OF for all future times, i.e.

v (1) C OF,

and hence also in exactly one of the disjoint €2; for any time ¢ > 0, where i € {1,2,3,4}.
Thus it suffices to show that this positive phase curve is bounded (by a time-
independent bound) while in any of the €2;, to conclude that the corresponding
solution is bounded as t — oo. In the following we will prove several auxiliary results
and then put these together to prove the boundedness of the respective 7;2 and hence
the corresponding solutions s fulfilling sq € O and z, > 0.

Lemma 2.2.13.
Let s be a solution that fulfils sy € OF and z, > 0. For any t > 0 such that
s(t) € Q1 U Qy it holds that

2(t) < 2z,.
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Proof.
Let s be a solution that fulfils s € O and 2, > 0 and any ¢ > 0 such that
s(t) € Q1 U Qy be given. Since s(t) € 0 Uy we have - by definition of €; and €2, -
that

2(t) < 2z,. O

We now turn to the sets €23 and {24 which are trickier to handle than €2; and 2.

The set (3

To control solutions (and the corresponding positive phase curves) in 3 we first
show that any such positive phase curves cannot be contained in {23 indefinitely, but
much rather leave )3 after a finite time 7, > 0, which we define in the following

Lemma 2.2.14.
Let s be a solution that fulfils s € OF and z, > 0. Then it holds that

1
TMIIIH(gyM )>0,

where a > 0 is defined as in Corollary 2.2.2, i.e. Ty is positive.

Proof.
Let s be a solution that fulfils s5 € OF and z, > 0. Note that by the definition of z,
in Lemma 2.2.5 we see that z, > 0 implies

CT CT
.= —b 0 =(— .
o= max{ (b 5T )0} = (<br EG ) )

Hence we obtain

CT N
0<z= (—b ) _ ,
<m= (0 t) Gura=aby o)
=0

=a from Corollary 2.2.2

and therefore a > 0. We conclude (using yp > % — h) that

1
Tlen(gyM)>0. O
~ ——

>0 >0

We now show that T, is in fact the required time that we are looking for:

Lemma 2.2.15.

Let s be a solution that fulfils sy € OF and z, > 0. Furthermore let a T3 > 0 exist
such that s(T3) € Q3. Then there exists a t € [T3,T5+Ty] such that s(t) & 3, where
Ty is defined as in Lemma 2.2.14.
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Proof.
Let s be a solution that fulfils so € O and 2z, > 0 and let a T3 > 0 exist such that
s(T3) € Q3. We set I3 := [T3,T3 + T)] and see |I3] > 0 by Lemma 2.2.14. We now

provide a proof by contradiction, i.e. we assume that

Hence for all t € I3 we have z(t) > 2z, and x(t) < xp and y(t) < yu (by Lemmas

2.2.1 and 2.2.3 respectively), which allows us to estimate
2(t) )

. cx(t)
y(t) = y(t) <_ xz(t)+d B y(t) +e
CT g 22, >

<y(t) | =b -
_y()( +[EM—|-CZ ym +e
= (—b + %) (yar + €) and using this in the above yields

Since z, > 0 we have z,
CT M —2<—b+ CT >>

¥ < y(®) <_b Tt d
CT )

= —y() <_b+ Ty +d

(2.2.20)

=« from Corollary 2.2.2

= —ay(t)
for all ¢ € I3. From (2.2.20) we obtain
/(¢
& S —Q Vte [3
y(t)

and integrating from T3 € I3 to T5 + Ty € I3 yields
T=Ts+ T < —CY<T3 + TM — Tg) = —OCTM.

(In(y(T)]; =1,
Using the definition of T}, from Lemma 2.2.14 this may be rewritten as

o (£5500) ot ) -n (151,

=

Solving this for y(T5 + T)) results in
$—h
y(Ts + Tor) < y(T3)
Ym

Since s is bounded by yy; in the y-component for all ¢ > 0 it holds that y(T3) < yu

and therefore we estimate further:
—h g
y(Ts + Tar) < y(T3) <= —h
Ym f

NS

This however implies (T3 4+ Ths) € 3, which is a contradiction to our assumption,
O

since T3 + Ty € I5.
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An immediate consequence of the above result is that any positive phase curve to a
solution s (as defined in the above lemma) cannot stay in 3 for any time interval
longer than the value T); (although the curve may of course return to Q3 at a later
time - i.e. for a larger time-value -, but also then it can stay for no longer than
Thr). We will use this to show that such a positive phase curve is also bounded in
its z-component while in Q3 (and ¢ > 0 as always), since it only has a finite time to
increase while there. For this we consider the two cases of a positive phase curve
commencing in Q3 (i.e. so € {23) and a positive phase curve entering Q3. We start
with the case sy € 3:

Lemma 2.2.16.
Let s be a solution that fulfils so € Q3 C OF and z, > 0. The third component of s
is bounded by

) 2<f*yM’ﬁ) (ynm+e)

while the corresponding positive phase curve to s is still in 3.

Proof.
Let s be a solution that fulfils sy € €23 and z, > 0. The expression "while the
corresponding positive phase curve to s is still in €23’ is specified as follows by defining
the interval I3: Let I3 C [0, 00) with min I3 = 0 be the maximal (positive) interval
such that

S(t) 693 vtelg.

Note that I3 # () since sq € Q23 (and hence is well-defined). By Lemma 2.2.15 (with
T3 = 0) we know that
dt € [0, Thy] : s(t) & Q3

and hence |I3| < T); < co. Furthermore, s(t) € Q3 for all ¢t € I3 implies

y(t) > L - Vit e I, (2.2.21)

f
Therefore, Corollary 2.2.2 applies (with Iy = I3 and Ty = 0), yielding

B
y(t) < yoexp(at) <z?(t))> Vte ;.

From this we obtain the following estimate for the z-component (note 5 > 0)

2(t) < zg Mo exp(at) Vit e Is.

y(t)

Since |I3] < Ty for any t € I3 we obtain ¢ < Tj,. Using this and noting once more
that z, > 0 implies a > 0 yields

Yo Yo
2(t) < 2o Clw exp(at) < zg f/y@ exp(aT) Vit e ;.
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Furthermore, since (2.2.21) holds and y is bounded by y,, for any ¢ > 0 we may
estimate

z(t) < zg &exp((xTM) < 2o yu exp(aTyy) Vit e .
y(t) —h

Finally using the definitions of T); and 8 > 0 yields

1
2(t) < z° yi/[h exp (aaln (?yfh))

:ZO

=
VN e
e
<
BE
=
N————
[}

Vit e Is. O

The above shows that a solution s fulfilling the conditions of the previous lemma (in
particular sy € Q3) is bounded while the corresponding positive phase curve remains
in €23. However, such a positive phase curve may leave and re-enter (23 for larger
time values, or the curve may not commence in {23 and only enter €23 for a time
value larger than zero. Hence we consider positive phase curves (and hence solutions
s) that (re-)enter {23 in finite time.

Note that for any subset M C Of a positive phase curve to a solution s can only enter
M wia the boundary OM of M (s is continuous in ¢ and therefore the corresponding
positive phase curve cannot ’simply jump into M’, without crossing M in the
complete space (Of ,d)).

Bearing this in mind we consider the boundary 93 of Q3 (for any given solution s
with sg € OF and z, > 0). It may be split into three sets as follows

8Q3 = BooBQUB4,

where

BO::{(xvyWZ)eOar:x:07yzg_h7222’z*}co7

f
By = {(x,y,z)6(9+ : y>?—h,z:2z*} C Q3
By = {(a:,y,z)e(’)+ : yz?—h,zZQz*} C Cy.

See Figure 2.2.3 for a visualisation of these common boundary parts.

We show that a positive phase curve to a solution s as above can in fact only enter
the set (23 via the common boundary part of {25 and €23, i.e. the set By. We first
show
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z
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— By
(_
Q Q
4 3
© B
z = 22, — <
+ FTEEEEEEEN
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0 y=4§-—"nh
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Ql Q2

Z

Figure 2.2.3: The subsets By, B, and By of 0€23. On B, the vector field v points
into Oy U Q4 (blue arrows).

Lemma 2.2.17.
Let s be a solution that fulfils so € OF and z, > 0. For any t > 0 the corresponding

positive phase curve cannot enter Q23 via the common boundary part of Q23 and Oy
(defined in Lemma 2.1.1), i.e. via the set By C Or.

Proof.
Let s be a solution that fulfils s € O and 2, > 0. By Lemma 2.1.5 the solution
(and hence the positive phase curve) fulfils

s(tye OF  Vt>o0.
Since O™ N O = ) and By C O; we also have O N By = () and hence

This implies that the positive phase curve does not enter the boundary set By for
any t > 0 and in particular cannot enter {23 via the boundary B. O

We see that since O; has property (11) the positive phase curve to s will not enter
Q3 via By. The only two options left are entering via the common boundary parts of
()3 with either {2y or €14, i.e. the sets By and B;. We claim that the second option
can in fact never occur.
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Lemma 2.2.18.

Let s be a solution that fulfils so € Ot and z, > 0. For any t > 0 the corresponding
positive phase curve cannot enter Q)3 via the common boundary part of Q3 and $y,
i.e. via the set

By = (093N OQ)\O7 = {(x,y,z) ceOt 1 y= ‘ch —h, z> 22*} C Q.

Proof.
Let s be a solution that fulfils sp € O and z, > 0. The set By is a half plane and
the common boundary part of {23 and €24, fulfils

B4 C Q4 and B4 N Qg = @

We now consider the vector field v on Bs and show that that v points into 1 U Qy
(observe the blue arrows in Figure 2.2.3). For this we define the set

By = relint(By) = {(m,y,z) cOf 1 y= jc —h, z> 22*} C Qy,
being the relative interior of B,. The outer normal vector (with respect to {24) for
any point in By is given by the vector n = (0,1,0)". In particular for any time ¢ > 0
such that s(t) € By C Q4 we obtain

and since s(t) € B, we have
2(t) > 2z, > 24

which allows us to apply Lemma 2.2.5, yielding
(n,v(s(t))) =y(t) < 0. (2.2.22)

Hence on By the semiflow ® generated by v is transverse (to l§4) and moreover, since
the value of the inner product in (2.2.22) is negative, the vector field v points strictly
into the interior of the set 4 (the interior exists since 4 —h > 0). This implies
that the positive phase curve corresponding to s (being tangent to v by definition)
cannot enter (23 via the boundary part 34, but rather moves (with respect to the
time forward parametrisation of the curve) into the interior of €.

We still need to consider the case

s(t) € B{\B, for some ¢ > 0.

2(t) = 2z, > z,
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and Lemma 2.2.5 yields ¢(¢) < 0. This implies that the solution decreases in its
y-component at time ¢ > 0 and the positive phase curve corresponding to s does not
enter {13 via B4\B’4 either. Note that at this particular time ¢ the positive phase
curve could also leave €, and enter §2; instead. But in either case it cannot enter €2s.
Once again consider Figure 2.2.3. 0

As a consequence of this we obtain

Corollary 2.2.4.

Let s be a solution that fulfils so € O and z, > 0. For any t > 0 the positive phase
curve corresponding to s can only enter 3 via the common boundary part of Q5 and
Q3, i.e. the set

Bgz{(x,y,z)EOJ’ : y>:§;—h72222*}CQ3.

Furthermore if the positive phase curve enters 23 then there exists a corresponding
entrance time Ty > 0 such that s(13) € By C 03 C Q3 and z(13) = 2z,.

Proof.
Let s be a solution that fulfils s € OT and 2, > 0. Since s is continuous for all ¢ > 0
the positive phase curve can only enter the set (23 via the boundary of {23, i.e. the set

693 = B()UBQUB4

However, by Lemmas 2.2.17 and 2.2.18 the curve cannot enter {23 via By or B, and
therefore v} may only enter via the remaining part of the boundary, namely the
set By. Hence if the positive phase curve enters Q3 (for a finite time) it necessarily
intersects the boundary part By (see Figure 2.2.4). Since s is continuous and By C )3
this implies that there exists a corresponding entrance time 73 > 0 such that

S(T3) € By C Qg,
which implies z(7T3) = 2z,. O

Remark 2.2.6.

Note that the entrance time T3 is (only) well-defined, since By C Q3. Else (i.e. if the
boundary part considered is not part of the set considered) it might happen that no
such entrance time exists.

We can now determine an estimate on the z-component of any solution s while the
positive phase curve of s is in (23.

Lemma 2.2.19.
Let s be a solution that fulfils sy € OF and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set 23. Then the third component
of s is bounded by
2(1- gk ) (war +)
.

2(t) < 2z, ( Yar

while the positive phase curve is still in 3.
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Figure 2.2.4: A positive phase curve can only enter the set {25 via the set Bs.

Proof.

Let s be a solution that fulfils s € O and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set (23. By Corollary 2.2.4 we
know that there exists a corresponding entrance time 73 > 0 such that

s(T3) € By C Q3 and  2(T3) = 2z,. (2.2.23)

The rest of the proof is very similar to the proof of Lemma 2.2.16. Let I3 C [0, 00)
with min I3 = T3 be the maximal (positive) interval such that

8(t> € Qg Vte [3.

Note that I3 # 0 since s(73) € Q3 (and hence is well-defined). By Lemma 2.2.15 we
know that
dt e [T37T3 —|—TM] : S(t) g Q3
and hence |I3| < T); < co. Furthermore s(t) € 3 for all ¢t € I3 implies
g

y) > G —h Vicl (2.2.24)
Therefore Corollary 2.2.2 applies (with Iy = I3 and Ty = T3), yielding
B
2(T:
y(t) < y(T3) exp(alt — T3)) ( s(t‘;)> Vtels.
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From this we obtain the following estimate for the z-component (note 8 > 0)

z(t) < z(T3)<l yy((zt};) exp(a(t —T3)) Vit e Is.

Since |I3] < Ty holds for any t € I3 we obtain
T <t <T3+ Ty Vtelg,

which is equivalent to
0<t-T3<Ty Vtels.

Using this (and recalling that z, > 0 implies a > 0) yields

y(T3) y(T3)
y(t) y(t)

Furthermore since (2.2.24) holds and y(t) < yy, for any ¢t > 0 we have

2(t) < Z(Tg)ﬂ exp(a(t —T3)) < Z(Tg)il exp(aTyy) Vte Is.

T
2(t) < z(Tg)d y((;)) exp(aTy) < z(T3) f/gth exp(aTyy) Vte ls.
Y 7
Finally since z(T3) = 2z, (by (2.2.23)) and using the definitions of Ty, and 5 > 0,
we conclude for any t € I3 that

) 2<f*yMﬁ) (yrr+e)

By combining the previous results we now obtain

Lemma 2.2.20.
Let s be a solution that fulfils sy € Ot and z, > 0. For any t > 0 such that s(t) € Q3
it holds that

g h

) 2(f—yMﬁ) (yrr+e)

z(t) < max{zg, 2z} ( Y

Proof.
Let s be a solution that fulfils sp € OF and 2z, > 0 and let any ¢ > 0 such that
s(t) € Q3 be given. Since s(t) € Q3 either

e the positive phase curve corresponding to solution s was contained in €23 for
the entire time interval [0, ], i.e. sy € Q3,

or
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e the positive phase curve corresponding to solution s entered the set (23 at some
entrance time T3 € (0,¢] such that s([T3,t]) € Q3, see Corollary 2.2.4.

In the first case Lemma 2.2.16 yields

Y

) 2( - gk ) (war+)

while in the second case Lemma 2.2.19 yields

) 2(1- gk ) (war+)

z(t) < 2z, (gth
g —

Combining these two results we obtain

]

7 h

This proves that a solution is bounded while it (i.e. the positive phase curve
corresponding to s) is in {23. Note that the two key aspects of the dynamics that led
to this conclusion were:

) 2(1- gk ) (war+)

2(t) < max{zg, 2z} ( Yar

e A positive phase curve corresponding to s cannot stay in 23 longer than the
time T'y.

e A positive phase curve corresponding to s can only (re-)enter €3 'from below’,
i.e. via the common boundary part of €25 and €23, recall the set Bs in Figure
2.2.3.

Using Corollary 2.2.2, this essentially allowed us to determine an upper bound on
the z-component of a solution s above which z cannot increase (for any ¢ > 0) in the
finite time Ty;. Before turning to the remaining set {24 we prove a specific estimate,
which we will need subsequently.

Lemma 2.2.21.
For any solution s (i.e. for any s € OF ) the following estimate holds:

( Yar )2(fwg+h)(yzw+e)

2 h

> 1.

Proof.
Let s be an arbitrary solution with sy € O . Since yp; > ?— h we have f — yMg+h > 0.
Thus

>0

W=

> 1. [l
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This allows us to show

Lemma 2.2.22.
Let s be a solution that fulfils sy € OF and z, > 0. For any t > 0 such that
s(t) € QU QU Q3 = OF\Qy it holds that

7 h

) 2(1- gk ) (war+)

2(t) < max{zg, 2z} ( Y1

Proof.

Let s be a solution that fulfils sp € OF and 2z, > 0 and let any ¢ > 0 such that
s(t) € QU UQ3 be given. If s(t) € Q3 UQy we may combine the results of Lemmas
2.2.13 and 2.2.21 to obtain

Ym

7 h

) 2( 1= 525 ) s o)

2(t) < 2z, < max{zp, 22, } < max{zg, 22} (

If s(t) € Q3 Lemma 2.2.20 yields the result immediately. O

This concludes the considerations concerning the set {23.

The set (),

We now turn to positive phase curves (i.e. solutions s) that are in €4 for some
time ¢ > 0. The key observation which will help us, is that the vector field v is
non-increasing in z-direction in €24. Once again we split the considerations into
positive phase curves commencing in 4 (i.e. sy € €14) and positive phase curves
that (re-)enter Q4.

Lemma 2.2.23.
Let s be a solution that fulfils so € Qy C O and z, > 0. The third component of s
is bounded by

z(t) < 2z

while s is still in 4.
Proof.

Let s be a solution that fulfils sq € 24 and z, > 0. Let I, C [0, 00) with min [, =0
be the maximal (positive) interval such that

S<t) €y Vit e ly. (2225)

Note that I, # () since sy € 4 (and hence is well-defined). Furthermore (2.2.25)
implies that

|
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and therefore also

A(t) = (f - y(tg) 2() <0 Vtel.

)+ h
Hence z is monotonically decreasing on I, and thus we obtain
Z(t) SZQ Vt€I4. ]

We now turn to positive phase curves that (re-)enter (24 and once again consider the
boundary of 4 (see Figure 2.2.5) via which positive phase curves must enter {2y.

z

aEEERE—

Bg
Q) Q
Bs 4 3
B,
z = D%
By
0" 0"
— 9 _
0 y=7—nh
Y
Ql Q2

Figure 2.2.5: The subsets By, By, Bs and Bg of 0§y.

Lemma 2.2.24.

Let s be a solution that fulfils sy € O and z, > 0. For any t > 0 the positive phase
curve corresponding to the solution s can only enter )y via the common boundary
parts of Q4 with either )y or Q3, i.e. the sets

B1={($,y,z)€(’)+ . Z/Sjgc—h,ZIQz*}CQ4,
B4:{<I,y,Z)€O+ : y:JgC—thZQZ*}CfM

Furthermore if the positive phase curve enters 24 then there exists a corresponding
entrance time Ty > 0 such that s(Ty) € By U By C 08y C §y.
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Proof.

Let s be a solution that fulfils so € OF and z, > 0. Since s is continuous its positive
phase curve can only enter €24 via the boundary of €24. The boundary of €2, consists
of the sets B, B, and

By = {(x,y,z) €O 1 y=0, 2222*} C O4UOq

Bg := {(96,@/,,2)6(96r : x:O,ygg—h,ZEQZ*}CO4UO7.

f
However, Bs and Bg are subsets of the sets O4 U Og and O4 U O, which both have
property (11) respectively. Therefore, Since

<O4U06)ﬂ0+:® and (O4UO7)QO+:®

holds, the positive phase curve of the solution s (with sg € O) can enter neither Bs
nor By in finite time (Lemma 2.1.5). Hence the curve can only enter €4 by crossing
a point in the remaining part of the boundary, namely B; U B, (see Figure 2.2.5).
Since s is continuous and B; U By C ()4 this implies that if s enters ()4 there exists a
corresponding entrance time 7 > 0 such that

S(T4) € BiUB, C 8Q4 C Q4. O

Using the above result we can determine a bound on the z-component of s at the
entrance time T}.

Lemma 2.2.25.

Let s be a solution that fulfils so € OF and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set €y at some entrance time
T, > 0. Then the z-component of s fulfils

i h

) Q(f*yMﬁ) (yrm+e)

2(Ty) < max{z, 22, } (ny

Proof.

Let s be a solution that fulfils so € O and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set €24, at some entrance time
Ty > 0 (the time T} is well-defined by Lemma 2.2.24). Then the continuity of s
implies that there exists a sufficiently small € > 0 such that

S(tl) ¢Q4 th € [T4—€,T4) =: [SCI

Otherwise the positive phase curve would have entered €24 at an earlier time and not
left it since, implying that T} is not an entrance time. We now choose a sequence
(t;)ieny with t; € I. C I and t; /' Ty as i — oo. Since s(t) € O for all t > 0 (see
Lemma 2.1.5) this implies

S(ti) c O+\Q4 Vti el..
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Therefore Lemma 2.2.22 yields

Vi € I.. (2.2.26)

) Q(f—wﬁ) (ynr+e)

z(t;) < max{zg, 224} (gth
g —

Furthermore, since s (and hence the z-component) is continuous it holds that

2(Ty) = lim 2(t) = lim z(t) = lim z(¢;).

t—Ty ti /Ty 1—00

Thus, by (2.2.26) we have

2(Ty) = lim z(t;) < max{zp, 2z}

1—00

]

( - >2(fyMg+h)<yM+e>

7 h

We now show that also those positive phase curves entering €24 are bounded in their
third component.

Lemma 2.2.26.

Let s be a solution that fulfils so € OF and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set €y at some entrance time
Ty > 0. Then the third component of s is bounded by

g h

) 2 (f—yMﬁ) (yrr+e)

z(t) < max{zy,2z.} ( Y

while the positive phase curve is still in €.

Proof.

Let s be a solution that fulfils sp € OF and z, > 0. Furthermore assume that the
positive phase curve corresponding to s enters the set (24 at some entrance time
Ty > 0. By Lemma 2.2.25 we know that

Ym
—h

2( 1= 525 ) (o +o)
2(Ty) < max{zp, 2z, } (Q ) :
f

Furthermore let I, C [0, 00) with min I, = Ty be the maximal (positive) interval such
that

S(t) € Q4 Vte [4. (2227)
Note that I, # 0 since s(T}y) € Q4. Furthermore (2.2.27) implies that

|
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and therefore also

. 9 2
z(t):(f—w>z(t)§0 Vit e Iy

Thus z is monotonically decreasing on I, and hence

Vit e ly. [

) Q(f—wﬁ) (ynmr+e)

2(t) < 2(Ty) < max{z, 22} <9th
g

We now combine the previous results to obtain

Lemma 2.2.27.
Let s be a solution that fulfils sy € OF and z, > 0. For any t > 0 such that s(t) € Q4
it holds that

h

Q(f—wﬁ)(yzw-i-e)
Ym
z(t) < max{zg,2z.} (g ) :
g —

Proof.
Let s be a solution that fulfils sp € OF and 2z, > 0 and let any ¢ > 0 such that
s(t) € €y be given. Since s(t) € €y either

e the positive phase curve corresponding to solution s was contained in €24 for
the entire time interval [0, ], i.e. so € Q4,

or

e the positive phase curve corresponding to solution s entered the set €4 at some
entrance time 7Ty € (0, ¢] such that s([Ty,1]) € €4, see Lemma 2.2.24.

In the first case the results of Lemmas 2.2.21 and 2.2.23 yield

2( - gk ) (as+e)
Ym
z(t)gzogzo(g h) )

f

while in the second case Lemma 2.2.26 yields

i h

) 2 (f*ﬁ) (yrr+e)

z(t) < max{zp, 2z} <gyM

Combining these two results we obtain

) 2 (f—yMﬁ> (yrr+e)

z(t) < max{zp, 2z} ( yfh

NS
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Finally, we prove the boundedness of solutions (for ¢ > 0) fulfilling sq € O and
2z > 0.

Lemma 2.2.28.
Let s be a solution that fulfils s € OF and z, > 0. It holds that

Vit > 0.
g h

) 2 (f—yMﬁ> (yrr+e)

z(t) < max{zy,2z.} ( yu

Proof.
Let s be a solution that fulfils sp € OF and z, > 0. Since O has property (11) for
all t > 0, we have

8(t>€0+291UQQU93UQ4 VtEO

I.e. the positive phase curve corresponding to the solution is in one of the sets {2,
for any ¢ > 0. In particular combining Lemmas 2.2.22 and 2.2.27 we immediately
obtain that for any ¢ > 0 such that s(t) € O*(which in fact is any ¢ > 0 as argued
just now) it holds that

]

g h

) 2 (f*ﬁ) (yrr+e)

z(t) < max{zp, 2z} ( yu

Thus we have shown that solutions s fulfilling sp € O" and z, > 0 are bounded (by
a time-independent bound) for all ¢ > 0 and hence will not diverge as time tends to
infinity.

Boundedness

Combining the results from the special and the general cases from above, we sum-
marise our result in

Proposition 2.2.2.
Let a = d and f — 7 < 0 and any solution s be given. Then s is bounded for all
t > 0. The bounds on the first two components of s are given by

0 < xz(t) < zp(xo) = max{l, zo}
g

0 <y(t) < ym(wo,yo) = cmax{l,zo} + yo + i + - h

for allt > 0. The bound on the third component of s depends on the initial conditions
so € OF in the following way:

i) If so € OF and z, > 0 holds then

vt > 0.

) Q(f—yMﬁ> (yrr+e)



2.2 BOUNDEDNESS OF SOLUTIONS 63

it) If yo > 4 — h and xg = 0 or z. = 0 (or both) holds then

Vit > 0.

) (-3 ) s o)

iii) Else (i.e. if so € Of does not fulfil the conditions in i) or ii)) it holds that

0<z(t) < 2z vt > 0.

Proof.
Let a = d and f — ¢ < 0 and any solution s be given. This solution is bounded in
the first two components by

0 <z(t)

IA

xpr(zo) = max{1l,zo}
c
0 <y(t) < ym(wo,yo) = cmax{l,zo} + yo + 1 + ch —h
for all t > 0 (Lemmas 2.2.1 and 2.2.3). Furthermore, the z-component is bounded
by zero from below for all t > 0. We now show that s is also bounded from above in
the third component for all £ > 0, by proving that 7), i) and 4ii) from above hold.

i) If s € O and z, > 0 holds then the conditions of Lemma 2.2.28 are met and
we obtain

t > 0.
. Vt>0

2(f_ yl\/[ngh) (yarte)
Ym
z(t) < max{zy, 2z.} (g )
g

i) If yo > % —h and 2o = 0 or 2, = 0 (or both) holds, then Lemma 2.2.12 applies
and we obtain

vt > 0.

) (f*yMﬁ) (yrr+e)

2(t) < z ( J Yo
4 —h
!
i17) We now consider the case(s) such that sy € Of does not fulfil the conditions
in 7) or 7).
If yo < % — h and g = 0 or z, = 0 (or both) then Lemma 2.2.11 applies and
2(t) < zo Vit >0.
If yo = 0 or zy = 0 then Corollary 2.2.1 applies and

2(t) < zo vVt > 0. O
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A consequence of the above is that we can construct a bound z,; on the z-component
of solutions for all ¢ > 0 and use this bound to show that these solutions do not blow
up as time tends to infinity.

Corollary 2.2.5.
Let a=d and f — % <0 and any solution s be given. Then this solution does not
blow up as time tends to infinity and in particular

limsup z(t) < oo

t—o00

Moreover, for any t > 0 it holds that

? 7 =: 2m (%o, Yo, 20) = Zu-

) 2<f—yM’ﬁ) (yrr+e)

0 < z(t) < max{zp, 2z} ( Yot

Proof.
Let a =d and f — ¢ < 0 and any solution s be given. We consider the same cases
for the initial conditions as those in Proposition 2.2.2.

e If 2z, > 0 and sy € OF then Proposition 2.2.2 yields

h

2(f_ yMg+h>(yM+e)
Ym
z(t) < max{zg,2z.} (g )
g —

for all ¢ > 0.

e If yo > 4 —h and g = 0 or z, = 0 (or both) then by Proposition 2.2.2 we

obtain
Yo
t) <
2(t) < 2 (? “

for all ¢ > 0. Since yy; > ? — h and zg < max{zg,2z,} we may estimate

) (f—yMﬁ> (yrr+e)

>0

for all £ > 0.
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e For any other sy € Of we obtain

2(t) < zg V>0

as shown in Proposition 2.2.2. Using Lemma 2.2.21 we immediately obtain

2(t) < 2o
< max{zo, 22, }

< max{zo, 22, } ( Yot

for any ¢ > 0.

This proves the boundedness of the z-component by the constant z,, > 0 for all
t > 0. By this we conclude

limsup z(t) < zp < 0. O

t—o00

Having shown that any solution s does not explode in finite time or as time tends
to infinity, the question arises, what these solutions do instead. Their long-term
behaviour is of interest. In fact, in section 2.3 we will prove the existence of an
attractor A (as defined in Appendix A) of the semiflow ® on Of . In this regard,
bounded subsets B C OF play an important role. More precisely, we will show that
for all £ > 0 uniform bounds on the components of solutions s with sy € B can be
found, for a given bounded subset B C Oy .

2.2.6 Uniform bounds

We once again assume a = d and f — 4 < 0 to hold for the parameters in (2.1.5)
throughout this subsection. As mentioned above, we will deal with bounded subsets
B C Of frequently in this subsection. For this reason we introduce some notation
in the following

Lemma 2.2.29.
Let any bounded subset B C Of be given. We set

Tp = Max o UB i= maxyo Zp 1= max 2,
soEB SoEB SoEB

where B is the closure of B in Of . Then for any so = (9, Yo, 20) € B it holds that

o <Tp Yo < UB 20 < ZB.
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Proof.
Let any bounded subset B C Of be given. We remark that the projection onto the
first component, i.e. the map

.t +
YO0y =Ry
So > Xg

is continuous in sy on OfF . Since B is bounded the closure of B (in Of) - i.e. B - is
compact and hence the expression

I'p ‘(= max Ty
soEB

is well-defined (i.e. the maximum is attained and finite) by the Weierstrafl extreme
value theorem. Furthermore, for any sy € B C B we obtain

SoGE R
To < maxxy=7Tg.
TS\()EB
Analogous arguments for the other two components yield the claim. O

The terms Tg,yg,Zp are upper bounds on the three components of the initial
condition sy € B. They will prove useful in finding uniform bounds (with respect
to bounded subsets). We obtain the first such bound on the z-component (for all
t > 0) in the following

Lemma 2.2.30.
Let any bounded subset B C Of be given. We set

xpy(B) := max{l,75} = z(TE) > 0,

where xp(zo) and T are defined as in Lemmas 2.2.1 and 2.2.29 respectively. Then
any solution s with so € B fulfils

0 <z(t) <zpylzo) < xp)0(B) Vit >0.

Proof.
Let any bounded subset B C OF and solution s with sy € B be given. By Lemmas
2.2.1 and 2.2.29 it holds that

0 < z(t) < zp(xo) = max{l,zo}
<max{l,75} = 2y (Tg) = xm(B) Vit > 0. O

Remark 2.2.7.

The bound x,;(B) from the above lemma is uniform in the sense that the bound
does not explicitly depend on the specific sy € B, but rather - given a bounded
subset B C Of - is the same for any so € B.
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We will now construct such uniform bounds on the other two components of solutions
as well.

Lemma 2.2.31.
Let any bounded subset B C OF be given. We set
c g

= —h=yu(T5,95) >0,

yr(B) ::cmax{l,ﬁ}+y§+4b+f

where yyr(xo,yo) and Ty and yg are defined as in Lemmas 2.2.3 and 2.2.29 respec-
tively. Then any solution s with sqg € B fulfils

0<y(t) <ym(xo,yo) <ym(B)  Vt=0.

Proof.
Let any bounded subset B C OF and solution s with sy € B be given. By Lemmas
2.2.3 and 2.2.29 the following estimate holds for any ¢ > 0:

c
0 < y(t) < ym(wo,yo) = cmax{1l,zo} + yo + ut ? _h
Scmax{l,g:B}—kyB_F:b+?_h
= ym(T5,YB) = ym(B) 0

We show a similar result on the z-component of solutions. To this end we use the
bound zj; from Corollary 2.2.5 likewise to the use of x,; and y,; in the preceding
proofs. This will prove to be more technical, and hence - for the sake of readability -
we split up the process into several auxiliary lemmas. Consider

£

) 2(1- gk ) war+e)

zv = 2 (%o, Yo, 20) = max{ 20, 2z. (o, Yo) } (gyM

from Corollary 2.2.5. We investigate the various terms of zj; separately and then
plug the results together (see Lemma 2.2.35), yielding an uniform bound z,,(B) on
the z-component for all £ > 0 and a given bounded subset B C Of . We commence
with

Lemma 2.2.32.
Let any bounded subset B C Of be given. Then for any sq € B it holds that

maX{ZO? 22*(LE0, Z/o)} S max{@, 22* (ﬁv yiB)}a
where Tg,yg,Zg are defined as in Lemma 2.2.29.

Proof.
Let any bounded subset B C Of and an arbitrary s, € B be given. Recall the
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definition of z, from Lemma 2.2.5:

J,’M(.Io) -+ d

cmax{l, zq} c g
maX{< +max{1,x0}+d> (Cmax{ 7x0}+y0+4b+ 7 +e],0

2(o, Yo) = max { <—b + CxM(xO)) (yar (2o, yo) + €) 70}

Since 7o < Tp and yo < ¥p (see Lemma 2.2.29) and .57 is monotonically increasing

for > 0 we obtain the following estimate (compare to the proof of Lemma 2.2.5)

cmax{l,x c
2.(x0, Yo) = max { (-b + max{l,{xo} (—){—}d> (cmax{l, zo} + Yo + A + ? —h+ e) ,O}

1.7
§max{<—b—|— CHlaX{ 7563} )(cmax{l,x]g}+y3+C+g—h+6>,0}

max{1l,Zg} +d b f

= %.(T5, UB)-
Together with zy < Zp (see Lemma 2.2.29) this yields
max{zg, 22«(0, Yo) } < max{zo,22.(T5,75)} < max{zg,22.(T5,75)} O
Next we show

Lemma 2.2.33.
Let any bounded subset B C Of be given. Then for any sq € B it holds that

2(ym (TB,yB)+e)
( » )Q(f”{ah)(yM(wo,yo)+e) ) ( Yar ) (fiwﬁ)
g _ L\ g - ’
F—h sl

where Tg and g are defined as in Lemma 2.2.29.

Proof.
Let any bounded subset B C Of and an arbitrary sy € B be given. Recall from

Lemma 2.2.21 that
( ar )2(fyMg+h>(yM+e)

> 1.

T h

Since 2(ypr +€) > 0 and ypr > % — h > 0 this implies
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From this we obtain the following estimate, bearing in mind that it holds that
yu (2o, Y0) < yum(Th, ¥n) (see Lemma 2.2.31),

2(yar(zo,y0)+e)
( " )Q(fyMg#»h)(yM(x07y0)+e) ( Ynr )(fyMg“J

g h g—h

>1
2(ym (TB,yB)+e)
(r=5)

IN
 ~
e

N
|2
>
N~ —
]

The third auxiliary lemma we need is

Lemma 2.2.34.
Let any bounded subset B C Of be given. Then for any sq € B it holds that

( Ym >(fyMg+h> < (yM(B,yB))f
%—h - ?—h

where Tp and Y are defined as in Lemma 2.2.29.

Proof.
Let any bounded subset B C Of and an arbitrary sy € B be given. Note that the
following equivalence holds:

c g g g
=cxy+yYy+—+=—-h>=-h < — > 0.
Ym M T Yo W I f ym - b

Using this and ya (2o, v0) < yum(TE,UB) (see Lemma 2.2.31), the following estimate
holds

>0
—_—~

f—2 f f
( Ym >( yMJrh) < (yM(*TOJJO)) < (yM JCB,?JB)) B
g _ = g _ = :
7 h 7 h h
Finally, we can also introduce the uniform bound z,(B) in

Lemma 2.2.35.
Let any bounded subset B C Of be given. We set

~~

sl

(7 7) 2f(ym (ZB,UB)+e)

—_— — X

2u(B) = max{zp, 22.(T5,Y5)} (W) < 00,
/

where Yy (o, Yo), 2+(To,Yo), Tp, Yg and Zg are defined as in Lemmas 2.2.3, 2.2.5
and 2.2.29 respectively. Then any solution s with so € B fulfils

0 < z(t) < zym(o, Yo, 20) < 20 (B) vVt > 0.
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Proof.
Let any bounded subset B C Of and solution s with sy € B be given. By Corollary
2.2.5 it holds that

0 < 2(t) < zp(o, Yo, 20) Vi>0.

We may estimate zj; as follows, using the results of Lemmas 2.2.32; 2.2.33 and 2.2.34
in that order for the inequalities:

>1
Z(ffwﬁ)(yzwre)
Ym
ZM('IOa Yo, ZO) = maX{ZO’ 2Z*<$0’ y[))} (g — h)
>0 !
2( - gk ) (war+e)
. — Ym
< max{Zp, 22:(T5, ¥YB)} | 5 h)
f

g 2(ym (TB,yB)+e)
)

S maX{@, 22* (@7 ny)} ( yiwh)

(7 7) 2f(ym (TB,YB)+e)
< max{Zg, 22.(T5,¥B)} (yMg f}i/B ) = 2u(B)
f
Hence we immediately obtain
0 < z(t) < znm(20, Y0, 20) < 20 (B) Vit > 0. O

Lemmas 2.2.30, 2.2.31 and 2.2.35 yield the uniform bounds z/(B), yu(B) and
zy(B) on the three components of the solutions for all ¢ > 0 and a given bounded
subset B C Of . We use these bounds in the next section when turning to the issue
of the existence of a (global) attractor of the semiflow ®.

2.3 Attractor - Existence

As mentioned above, in this section we investigate the long-term behaviour of
solutions s (i.e. we study their behaviour for ¢ — oo) and show that their (positive)
orbits are uniformly attracted by a set A, being the global attractor (for the definition
see Appendix A) of the semiflow ® on the phase space X = OF. In subsection 2.3.4
we construct a set B, which is absorbing in Of (with respect to bounded subsets of
Oy , also see Appendix A) and then prove the existence of the global attractor A
(see Theorem 2.3.1 in subsection 2.3.5) under the known parameter conditions

a=d and f—%<0.

We once again impose these two restrictions on our parameters throughout this
section. In order to show that the aforementioned set B in fact exists we construct it.
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Showing that this set is absorbing in Of is a rather lengthy and technical argument
and therefore this process is split up in a step-by-step construction in the following
subsections 2.3.1 to 2.3.3.

2.3.1 The set O

In this subsection we construct a set @ C Of that will help us to control solutions
in their z-component, in the sense that Q will be (uniformly) absorbing in Of and
bounded in both positive and negative x-direction.

Lemma 2.3.1.
Let any solution s be given. Then it holds that

=0 = z(t)=0

N . g exp(t) _ 1
0>0 = a(t) < Faoexp() = 1)~ (L 1) exp(—1) + 1

Zo

forallt > 0.

Proof.
Let any solution s be given. If g = 0 then (by 2.1.7) we obtain

rg=0 = z(t)=0 Vit > 0.
If 2o > 0 we may estimate the first equation of (2.1.5) for any ¢ > 0 as follows

y(t)
z(t) +a

i(t) = x(t) (1 —a(t) - > < a(t) (1 - x(t).

Comparison of the above to the solution of the initial value problem (see the proof
of Lemma 2.2.1)

E) =€) (1—€1)  £(0) =2(0) = o
yields

_ xoexp(t) _ 1
1+ zo(exp(t) — 1) (% — 1) exp(—t) +1

w(t) < (1)

Using the above result we prove

Lemma 2.3.2.
Let any € > 0 be given. The set

Q:={(z,y,2) €Of : x<1+¢}

is positive invariant under the dynamics on Of generated by system (2.1.5).
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Q

r=1+4+¢

Figure 2.3.1: The set Q from Lemma 2.3.2.

Proof.
Let any € > 0 be given and consider the non-empty set

D#Q:={(x,y,2) €Of : x<1+e} COf.

For a visualisation of Q see Figure 2.3.1. In order to prove that Q is positive invariant
under the dynamics on Of generated by system (2.1.5) (given by solutions s and
the semiflow ® respectively - see Corollary 2.2.3), we need to show that

o(t,Q) C Q Vit >0.
Since for fixed ¢ > 0 it holds that
O(t, Q) = {®(t,50) = s0 € Q} = {s(t) : s0 € Q},
the positive invariance of Q is equivalent to
Vspe Q = s(t)eQ Vit >0,

i.e. for any given so € Q the corresponding solution s fulfils s(t) € Q for all
t > 0. Since Of has property (11) for all ¢t > 0, the above simplifies to showing (for
corresponding solutions s) that

VspeQ = xz(t)<l+e¢ vVt >0. (2.3.1)

We show that (2.3.1) holds by considering three different cases:
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e Let sg € Q be given such that xg = 0. Then
r(t)=0<1+e Vt>0
and (2.3.1) is fulfilled.

e Let sp € Q be given such that 0 < xg < 1. Then Lemma 2.3.1 yields

1
z(t) < i <l<l+e
< - 1) exp(—t) + 1
Zo
—_———

>0
for all ¢ > 0 and (2.3.1) is fulfilled.

e Let sg € Q be given such that 1 < xo <14 . We consider the function

1
§) = (% — 1) exp(—t) + 1

more closely and observe for any ¢t > 0

jtg(t) C;lt ((;0 — 1) e>1<p( )+ 1)
<( — 1> exp(—t) + 1) - (;0 — 1) exp(—t)(—1)
(% - 1) exp(—t)

((:710 - 1) exp(—t) + 1)2.

Since 1 < x¢g < 1+ ¢ it holds that :710 — 1 < 0 and therefore

<0
——

(1 — 1) exp(—t)

To
2
((% — 1) exp(—t) + 1)
In particular £ is monotonically decreasing for all ¢ > 0 and furthermore fulfils
1 1

£(0) = = =19 <1+c¢.
© (%—1)exp(0)+1 ;10—14‘1 "

< 0.

d
af(t) -

Therefore
) <1l4+e Vi=>0.

Using this, Lemma 2.3.1 yields
1
1—10 - 1) exp(—t) + 1

x(t)g( —(t)<l+e  Vt>0. O
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We show next, that the positive phase curve to any solution s will enter the set Q
from the previous lemma by a finite time 7.

Lemma 2.3.3.
Let € > 0 be given and set

ETQ

To(sg) =Tg :=
o(s0) =To {O if 1 <1t

Then Tg > 0 if zg > 1+ ¢ and Tg is continuous in sy on OfF , i.e.
To € C°(OF,Ry).

Proof.
Let € > 0 be given and set

(14e)(mo—1)\ -
Ty = In (7&00 ) %f To>14+¢
0 if xg<l+e

Let zp > 1+ ¢, then Ty is strictly positive, since

14+¢e <2 l4+e+exg <29+ exg

exg < (l+e)zg—1—c¢

exg < (14+¢)(xg—1)

(1+ )0 — 1)
£T0

& 0<ln <(1+€2(;0 — 1>> =Tg.

T ¢t 00

1<

It remains to be shown that Tg is continuous in sy on Of . Since Tg is independent
of 1o and 2, it is continuous in sy on Of if it is continuous in o on Ry. Note that
To is continuous in z( on the intervals [0,1 + ¢) and (1 + €, 00) as a composition of
continuous functions and it remains to show that it is continuous at zog = 1+ . This
is the case since

lim TQ(JJ(), Yo, Zo> =1In

<(1+e)(1 +e— 1))

2o\ l+e e(l+¢)
=In(l) =0="Ty(1 = lim T, :
n( ) 0 Q( + E) xo}‘r{l—ks Q(any07Z0)
Thus T is continuous in sq = (29, 4o, 20) on OfF , i.e. Tg € C°(OF,R). O

The above allows us to show

Lemma 2.3.4.
Let any € > 0 and any solution s be given. Then it holds that

s(t) € Q Vit >To(sy) >0,

where Tg(sg) is defined as in Lemma 2.3.5.
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Proof.
Let any € > 0 and any solution s be given. This solution fulfils s(t) € Of for all
t>0.

o If xop < 1+ ¢ then sy € Q. Furthermore, Q is positive invariant by Lemma
2.3.2, implying
S(t)EQ thO:TQ

e Let g > 1+ ¢e. Since by Lemma 2.3.3 we have Ty > 0, Lemma 2.3.1 applies
for t =Ty, i.e.
1
- )
(R - 1) exp(—Tg) + 1

z(To) <

We compute

1
(To) < (;10 — 1) exp (— In (%)) +1
1
B (1;:()) (1+5§f£0—1) T 1
1
=1+e.

Therefore 2(Tg) < 14 ¢ and s(Tg) € Q. Since Q is positive invariant (Lemma
2.3.2) we obtain
S(t) € Q vVt > TQ. O

The above lemma states that the positive phase curve corresponding to any solution
s is contained in the set Q for all time values than T, see Figure 2.3.2. Note that the
time To(sp) is dependent on the initial condition sy and hence we have shown that
Q is 'pointwise absorbing’ in Of , which is unfortunately not yet sufficient. However,
the particular dependence of T on sy as well as the uniform bounds from subsection
2.2.6 will prove useful to show that Q is also (uniformly) absorbing with respect to
bounded subsets B C O .

Lemma 2.3.5.
Let any € > 0 and any bounded subset B C Of be given and define

TQ(B> ‘= max TQ(SO) = { ln( € ) Zf B §Z Q
soEB 0 Zf B c Q’

where T, Q and Tg(sg) are defined as in Lemmas 2.2.29, 2.3.2 and 2.5.3 respectively.
Then it holds that To(B) > 0.
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Figure 2.3.2: The set Q is 'pointwise absorbing’, i.e. the positive phase curve of a
solution s (with sy € Of) is contained in Q for all ¢ > Tg(so).

Proof.
Let any € > 0 and any bounded subset B C Of be given. We show that Tgo(B) is
well-defined (i.e. the maximum is attained and is finite):

e Assume B C Q holds. Since Q is closed in (’)8“ , we have B C Q as well. In
particular so € B C Q implies 29 < 1 + € and therefore (by the definition of
To(sp) in Lemma 2.3.4)

To(B) = max To(so) = 0.

SoEB

e If on the other hand B ¢ Q then
E|§0€B . f0>1+5

and therefore

Tp=max xrog > 2o > 1+¢>0.
soEB

Due to the monotonicity of the natural logarithm and the fact that 7o > 0 for
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xo > 1+ ¢ (see Lemma 2.3.3) we obtain

To(B) = max To(so)

sopEB

- gt (052 D)

so€EB EXo

= max In <(1 el - xlO))

s50€B\Q £

L ((1+e) (1—53)) o ((1+e) (1_(@)—1)).

9 €

The above proves that To(B) is well-defined. Furthermore, since To(sg) > 0 for any
so € Of we have
To(B) = max Tg(sg) > 0. O
S0EB N——
>0
The definition of To(B) allows us to prove the following

Lemma 2.3.6.
Let any € > 0 be given. Then the set Q is absorbing in OFf under the dynamics

on Of generated by system (2.1.5). More precisely, for any given bounded subset
B C Of and for Tg(B) > 0 it holds that

O(t,B)Cc Q Vt>To(B).
which is equivalent to
Vspe B = s(t)eQ Vit >To(B).
Here To(B) is defined as in Lemma 2.3.5.

Proof.
Let any € > 0 and any bounded subset B C Of be given.

Case 1: If B C Q then Tg(B) = 0 and it is necessary to show
d(t,B) C Q vt > 0. (2.3.2)
Since B C Q and @ is positive invariant (Lemma 2.3.2) we directly obtain
O(t,B) C ®(t,Q)CcQ Vt>0.
Case 2: If B ¢ Q then

and it is necessary to show

Vsoe B = s(t)eQ  Vt>Tg(B). (2.3.3)
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i) For any solution s with sy € B and sy € Q it holds that zo < 1 4 e. Hence,
using Lemma 2.3.4 we obtain

s(t)e @ Vit >To(so) =0.

Since Tgo(B) > 0 = Tg(sy) we conclude for any solution s with sy € B and
sp € Q that
s(t)ye @  Vt>Tg(B)>0.

i1) For any solution s with sg € B and sy ¢ Q. It holds that o > 1 4+ ¢ (and
Zp > 0). Hence, using Lemma 2.3.4 we obtain

s(t) € Q Vit > Tol(sg).
By Lemma 2.3.5 it holds that
To(B) = max To(so) > To(so)

soEB

and we conclude that for any solution s with sy € B and sy ¢ Q it holds that
s(t) € Q Vit >To(B) > Tol(so)-

Combining the results of i) and i) yields that (2.3.3) holds. O
Remark 2.3.1.

Note that the essence of the above results is that we can choose a (uniform) absorbance
time To(B) for any bounded subset B by setting
To(B) = max To(so).

SoEB

The particular structure of T (continuity on Of - Lemma 2.3.3) allows this.

The above result proves that Q is absorbing in Of. However, Q is clearly not
bounded (recall Figure 2.3.1). Nonetheless, we obtain a time To(B) > 0 such
that any solution s commencing in a bounded subset B C O is bounded in the
x-component (by zero from below and 1+ ¢ from above) for times larger than To(B).

2.3.2 The set P

We proceed in a similar manner to above, to determine a subset P of Q such that
the y-component of a solution s is bounded (by a bound given by P) after some time
Tp(B) > To(B) for any bounded subset B C Of and initial conditions sy € B.

Lemma 2.3.7.
Let any € > 0 be given. The set

Y

1
P::{(m,y,z)eog : m§1+e,x+c<1+s+46+i}ch0J

is positive invariant under the dynamics on OF generated by system (2.1.5).
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z
P
0 y=c(l4+e)+ 5 +e¢
Y
r=1+c¢
" (1+e, 4 +¢0)
Figure 2.3.3: The set P C Of is a semi-infinite prism.
Proof.
Let any £ > 0 be given and consider the non-empty set (see Figure 2.3.3)
n Yy 1 e
0#£P:= {(a:,yw)é(’)o : $§1+€,$+E§1+8+@+E C Q.
In order to prove that P is positive invariant, we need to show that
o(t,P)CP Vit >0
which is equivalent to
VspeP = s(t)eP Vit >0. (2.3.4)

Let s be any solution such that sy € P. Since Of has property (11) for all + > 0 and
Q is positive invariant (Lemma 2.3.2), we have

0<z(t)<1l+e

<y(t)
0 < z(t)
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for all ¢ > 0 and proving that (2.3.4) holds, simplifies to showing

t 1
VspeP = x(t)+y(c)§1+s+4b+i Vit >0. (2.3.5)

This is achieved in an identical manner to the proof of Lemma 2.2.3. We define the
function ¢(t) := x(t) + %t) and compute
do(t) y(t)

1
=z(l—z)— i

xy b +1 cxy
r+a c cr+a cy-+te

b

where the inequality holds since y(t) > 0 and z(¢) > 0 for any ¢ > 0. Inserting a
'zero’ yields

d

dé <z(l—z)+br—>b(x+ Y

dt ———
=¢

which may be rewritten as

dqgit) +bo(t) < z(1 —x) + bz.

Since max,ejpo0) (1 — ) = 1 and z(t) < 1+ ¢ we obtain for all ¢ > 0:

1
akzgt)+b¢(t)§i+b(1+5)<i+b(1+5)+b§.

Now ¢ fulfils all the assumptions of Lemma 2.2.2 for ¢ > 0 with
1 b
ki=b>0 and k2:1+b(1+5)+—€.
c
Applying the lemma yields
() <1tet—+°—[1e+—+5 - 0] exp(~b)
- c 4b ¢ c 4b ¢ P
for all £ > 0. Now since sy € P it follows that
Yo 1 £
0) = =<1 — 4+ -
¢() :L'o—l—c_ +8+4b+c
holds and we obtain

1 ¢ 1 ¢ 1 ¢
< i 4 i ) <1 — 4=
¢(t)_1+6+4b+c 1+6+4b+c (0) | exp(—bt) < +8+4b+c

>0

for all ¢ > 0. This however implies that (2.3.5) holds and hence P is positive
invariant. O
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We now turn to show that P is even absorbing in Of . We commence by proving the
following

Lemma 2.3.8.
Let any € > 0 and any solution s be given. It holds that

3T € [Tolso), Tr(so)] : y(T) < 4% te

where Tg(s) is defined as in Lemma 2.3.3 and

1
Tp(s0) = Tp :=To(so) + 3 (xM(on) +24 41)) > 0.
Proof.
Let any € > 0 and any solution s be given. We remark that
Yo , 1
Tp( ) TQ(So)—i‘*b (IM(ZEQ)++4b> TQ+4 12 >TQZO
oyl

and hence the interval [Tg, Tp] is non-empty and has an interior. We now provide a
proof by contradiction and hence assume that

y(t)>Zb+€ Vit e [TQ,TP].

Using this and by once again defining ¢(t) := z(t) + @ we then obtain the following
estimate for all ¢ € [Tg, Tp]

d Y

_ t— <z

Zolt) =i +
<z(l—2z)—-y
<10
— 4 cy
<1_b<c+)

4 e\4p ' °

Integrating the above from Ty to Tp yields

/TQ —p(t)dt < — /T ST ¢(Tp)—¢(Tg)<_i’(TP_TQ)

To
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where the first equivalence holds due to the fundamental theorem of calculus. By
Lemma 2.2.3 we know that ¢(t) < xp + %2 + - for any t > 0 and in particular for
t =To > 0. Hence

b b
B(Tp) < 6(Te) ~ “(Tp —Ta) < was + 20 4 & = Ty~ T)

Inserting the definition of T yields

v 1 eb( ( Yo 1) )
T LN Ll -
o(Tp) < xpr + +4b . o+ = Ta + +4b o
@ 1_< Y 1)
IR G T

=0

Hence using the non-negativity of s in its components we obtain

T
0> o(Tp) = a(Tp) + 177 > 0,
2’ 0 T

a contradiction. Hence our assumption was wrong and

HTE[TQ,TP] y(T><Zb+€ ]

This result allows us to prove

Lemma 2.3.9.
Let any € > 0 and any solution s be given. Then it holds that

s(t)e P YVt >Tp(so) >0,
where Tp(sg) is defined as in Lemma 2.3.8. Furthermore, it holds that

y(t)<c(1+€)+@+€ Vit >Tp.

Proof.
Let any € > 0 and any solution s be given. By Lemma 2.3.8

17T € [TQ,TP] : y(T) < Zb“—f

Since T' > Tg holds, Lemma 2.3.4 yields s(7') € Q and in particular x(T) < 1 +«.
Hence
y(T)

1
T+=—<1 — 4=
z(T) + +e +4b+

i.e. s(T') € P. Since P is positive invariant (Lemma 2.3.7) we obtain that

s(t) e P Vt>T
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and since T' < T’p, also
styeP  Yt>Tp

which proves the first claim of the lemma. This is equivalent to

y(t) 1«
)+ 22 <1 —+-  Vt>T
x(t) + o Sltet oo >Tp
and solving for y(t) yields
y(t) <c(l+e)+—+e—ca(t)<c(lte)+—+e  Vit>Tp. O
4b g 4b

>0

Thus we have shown that the set P is also 'pointwise absorbing’, see Figure 2.3.4.
We introduce the (uniform) absorbance time in the following, using the uniform
bounds on the y-component we derived in Lemma 2.2.31.

z

S0

0 y:c(l—i-g)—i-ﬁ—i-é

r=1+¢

. (1+4¢, 5 +¢,0)

Figure 2.3.4: The set P is 'pointwise absorbing’, see Lemma 2.3.9.

Lemma 2.3.10.
Let any € > 0 and any bounded subset B C Of be given and define

yu(B)
eb

Tp(B) :=To(B) +
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where Yy (B) and To(B) are defined as in Lemmas 2.2.31 and 2.3.6 respectively.
Then for any so € B it holds that

Tp(s0) < Tp(B),
where Tp(sg) is defined as in Lemma 2.3.8.

Proof.
Let any ¢ > 0 and any bounded subset B C OF be given. We choose an arbitrary
sp € B and recall the definition of Tp(sg) from Lemma 2.3.8:

c Y 1
T(s0) = Tolso) + = (warlan) + 22+ ).

From the definition of To(B) in Lemma 2.3.5 we immediately obtain

To(B) = max To(50) > To(s0)-

soEB
Combining this with the fact that
Ty (zg) = max{l,zo} < max{1,Z7g} and yy <7p

- see Lemmas 2.2.29 and 2.2.30 -, yields

%@wﬂuw+f@mm+?+é>

1
max{1,zo} + y—co + 4[))

4b
v5 1 i’c—h>

max{1, 7} + —tat

i (
<To(B) + < (max{l,xg} + 25 ! )
eb c
<
4b c

We can now show that also P is absorbing in Of .

Lemma 2.3.11.

Let any € > 0 be given. Then the set P is absorbing in Of under the dynamics
on Of generated by system (2.1.5). More precisely, for any given bounded subset
B C Of and for Tp(B) > 0 it holds that

o(t,B) C P Vit > Tp(B).
which is equivalent to
Vsoe B = S(t) epP \V/tZTfp(B)

Here Tp(B) is defined as in Lemma 2.3.10.
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Proof.
Let any € > 0 and any bounded subset B C Of be given. We show that T (B)
fulfils

Vspe B = s(t)eP  Vt>Tp(B).

Let an arbitrary solution s such that sy € B be given. By Lemma 2.3.9 we have
s(t) e P Vit >Tp(sg) >0,
and combining this with Tp(B) > Tp(so) from Lemma 2.3.10 yields

s(t)eP  Yt>Tp(B) >0

Since sy € B was chosen arbitrarily the proof is complete. O
z
[
P
B
0 y=c(l4+e)+ 5 +e¢
Y
r=1+c¢

x (1+e 5 +¢0)

Figure 2.3.5: The set P (uniformly) absorbs the bounded set B by the time Tp(B).

This proves that P is absorbing in OF, see Figure 2.3.5. However, the set P is not
bounded and hence not a candidate for the non-empty, bounded and absorbing set
B we are looking for. However, P is only unbounded in 'one direction’, namely the
positive z-direction (recall Figure 2.3.5). In the following subsection we will construct
a third set R C P C Q which will then allow us to rectify this final drawback of P
and from R determine the set B we require.
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2.3.3 The set R

We commence with the following

Definition 2.3.1.
Let any € > 0 be given. We define

1
R:z{(axy,z)é@?{ : a:§1—|—5,33+y§1+€+41)+€,Z§3+€}CP
c c

where

E:Zmax{<—b+c(1+€)> <c(1+5)+c+6+e>,0} > 0.

14+e+d 4b

Remark 2.3.2.
Note that R # ) since Z + & > 0. Furthermore we have R C P C Q C Of by
definition. A visualisation of the set R may be found in Figure 2.3.6.

0 y=c(l4+e)+ 5 +e

r=1+4¢

(1+e 5 +¢0)

Figure 2.3.6: Theset R C P C Q C Of.

Our goal of this subsection is to prove the following result (the proof may be found
at the end of this subsection):
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Lemma 2.3.12.
For sufficiently small e > 0 and any bounded subset B C O there exists a Tr(B) > 0
such that for any solution s with sqg € B it holds that

AT € [0, Tx(B)] : s(T) € R.

Remark 2.3.3.

Once we have proven the above result we will know that for any bounded set B C Of
there exists a time Tx(B) such that the positive phase curve corresponding to any
solution s with sy € B was in R at least once (i.e. either it commenced in R or
entered it) by the time Tx(B). However, the set R will not be positive invariant
in general. Hence such a positive phase curve may leave R again (for future time
values). Nonetheless, the set R will still suffice to define the absorbing set B in O
we are looking for (see Definition 2.3.3).

In order to show that Lemma 2.3.12 holds we will once more proceed stepwise and
at the end of this subsection plug the results together to prove the claim.

The case%(%—h) >c+ 5

We will first prove the result for the case that the restriction

1 /(g c
(2 il
2<f >>C+4b

holds for the respective parameters in (2.1.5). In this case we have:

Lemma 2.3.13. X
Let % (% — h) >c+ 5 oande € (O, 2(?_221_0_“) and any solution s be given and
define

% +h
(g—hf)(Z+e
where zy(To, Yo, 20) > 0 and Tp(so) are defined as in Corollary 2.2.5 and Lemma
2.3.8 respectively. It holds that TR > Tp > 0.

Tr(s0) = Tr := Tp(so) + )QZM(SCO, Yo, 20) + €.

Proof.

Let L (21 ¢ and e e (0, 28 4iq lution s be given. Wi
e 5(?— )>c+@an e € (0, 2—_4—" ) and any solution s be given. We

first remark that since

we have
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Furthermore, our assumption on the parameters f, g, h implies

f—%<0 & g—hf>0

and hence by using zy/(zo, Yo, 20) > 0 (see Corollary 2.2.5) and Tp(sg) > 0 (see
Lemma 2.3.8) we obtain

S ke

+h
f)(Z+e)?

>0

Thr = Tp(So) -+ ZM(.CE(), Yo, Zo) +ée> Tp(So) > 0. ]

(9—

We show that under the above parameter conditions the positive phase curve to a
solution s was in the set R after the time T (so), however does not necessarily stay
in R for all t > Tx, see Figure 2.3.7.

z
S0
z=Z+e¢
R
0 y=c(l+e)+ 45 +e
Yy
r=1+¢

. (14¢, 45 +¢,0)

Figure 2.3.7: The positive phase curve is in the set R for some time T' € [Tp, TR]
(depicted in blue).

Lemma 2.3.14. )
h)—c—-=<

1(a_ <
Let % (% — h) >c+ g oande € (0, Q(fcﬂ‘lb) and any solution s be given. Then
it holds that

T e [Tp(So),TR(So)] : S(T) ER
where Tp(sg) and Tr(so) are defined as in Lemmas 2.3.8 and 2.3.13 respectively.
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Proof.

c+1

Lig_py_e—<
Let 1 (% - h) >c+ g ande € <0, 2(">4”) and any solution s be given.

89

Since

Tr > Tp (by Lemma 2.3.13) the interval [T, Tr] is non-empty and has an interior.

Also note that Lemma 2.3.9 yields
s(tyeP  Vt>1Tp,
i.e. for any t > Tp we have
0<z(t)<l+e
t 1 ¢
OSx(t)+y(C) <l4e+p+-
0 < z(t).
Hence - in order to prove the claim - it remains to be shown that
AT € [Tp,TR] : 2(T) < zZ +e¢.
We show this via a proof by contradiction, and therefore assume
2(t) >zZ+e>0  Vte[Tp, TR

to hold. Considering the third equation of (2.1.5) and using (2.3.6) yields

A = (f N y(t)g+h> 2l < (f T (lte) +g4cb et h> “()

for all t € [Tp, Tr]. Now using the following equivalence

Lfig _p)_c— < 1
s<2(f ) VN ec+5<<g—h>—c—c

c+1 2\ f 4b
c 1/(g
—_———

we may estimate (2.3.8) further

() < (f -7 g ) 22(t)

l+e)+5+et+h

9 20\ _ _ 29 2 :hf_gzz
§<f_1(g_h)+h)z(t)_(f ?+h> (t) 7%+h (t)

2 \f

for all t € [Tp, Tx]. Since

f—%<0 & hf—g<0

(2.3.6)

(2.3.7)

(2.3.8)
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and using our assumption in (2.3.7), we obtain

. hf—g 2 hf—g,. 2
<
Z<t)_%+hz(t) %+h(2+8)
—_———
<0

for all t € [Tp, Tr]. Integrating the above from Tp to T yields

o d e hf—g
< ()dt / dt
/Tp g2t < | %+h<z+€)

hf—g,.
s z2(Tr) — 2(Tp) < gf g(z+e)2(TR—Tp)
$+h
hf—g, .
= Z(TR) < Z(Tp) + gf g(Z+€)2<TR — Tp)
f—kh
Inserting the definition of T in the above, yields
hf—g,. 2 ?+h
T T T - T
2(Tr) < z( p)+%+h(2+€) <P+<g_hf)(2+€)2ZM+€ P
hf—g hf =g, o
:z(Tp)+g_hsz+ ?_’_h(Z-i-&) £
——
<0
hf—g
T
<Z( P)+g_hfZM
:Z(Tp)—ZM.

Furthermore recall that by Corollary 2.2.5 we have z(t) < z); for any ¢ > 0 and in
particular for ¢ = T» > 0. Hence

Z(TR) < Z(T’p) —zpy < zy—zym =0.

This however is a contradiction to the non-negativity of the z-component of s (Lemma
2.1.4). O

We now define the uniform absorbance time Tz (B) we require.

Lemma 2.3.15. w ‘
Let % (? — h) >c+ g oande € <0, W) and any bounded subset B C OF
be given. We define

g4 h
(9—nhf)(Z+e)

where zp (B) and Tp(B) are defined as in Lemmas 2.2.35 and 2.3.11 respectively.
Then for any so € B it holds that

Tr(s0) < Tr(B),
where Tr(so) is defined as in Lemma 2.5.13.

TR(B) = T’p(B)—i— QZM(B)"—&',
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Proof.
1ig_py_e—<
Let % (% — h) >c+pand € € <O, W) and any bounded subset B C Of
be given. We choose an arbitrary sy € B and recall the definition of Tx(sg) from
Lemma 2.3.13:
g
(9—hf)(Z+e

Note that from Lemma 2.3.10 we have Tp(sg) < Tp(B) and from Lemma 2.2.35 we
have zpr (o, Yo, 20) < zup(B). Using these results yields

TR(S()) = Tp(So) +

)22M(ZL'[), Yo, ZO) +e.

$+h
Tr(s0) = Tp(so) + G—hNC+ E)QZM(IO7:’/07 2) +¢€
CTp(B)+ — L (B) e
- (g —hf)(zZ+e)?
— TR(B). 0

Recall that the goal of this section is to prove Lemma 2.3.12. We do this for the
above parameter assumptions.

Lemma 2.3.16.

L9 _py—e—xc
Let % (? — h> >c+ g oande € <O, W’) and any bounded subset B C Of

be given. Then for any solution s with sy € B it holds that
AT € [0,Tr(B)] : s(T) € R,
where Tr(B) > 0 is defined as in Lemma 2.3.15.

Proof.
g —h) —c—5

1 <
Let % (% — h) >c+ pande € <0, 2 (7 o ‘“’) and any bounded subset B C Of

be given. Furthermore, let s be a solution with so € B. Since the conditions of
Lemma 2.3.14 are met, we have that

7T € [TP,TR] C [O,TR] : S(T) eR.
By Lemma 2.3.15 we obtain Tr = Tr(so) < Tr(B) and hence
[07 TR] - [07 TR(B>]7

yielding
1T € [TP,TR] C [O,TR(B)] : S(T) eER

and thus the claim holds true since s (with sq € B) was chosen arbitrarily. O

This proves Lemma 2.3.12 for the restriction % (% — h) >c+ 5
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The case%(%—h) <c+ 3

We now consider the other case, i.e. let the parameters fulfil

1
2<f_h> i

We commence by defining some auxiliary sets.

Definition 2.3.2.
Let L (f — h) <c+ 4 and e >0 hold. We define

1
/\1:—{(x,y,z)€(93r e <l1l+eg, x+y<l+6+@+7,

1
y>2<?—h>,z>2+e}cp

and
A {@f De0f ia<ite,atl<irer it
2= Y,z 0o - = ) c = 4D C’
1
y§2<§i—h> ,z>2+5}c73

Remark 2.3.4.
We remark that the set A; is non-empty, since

L(g
-5 —h) < — < (1 -
2<f ) C+4b o ~|—6)+4b—|-
and hence there exists a y > 0 such that
Llg
—|=—=h < (1 -
2<f > y < ¢( +6)+4b+

Furthermore A, is non-empty since ? — h > 0 and hence there exists a y > 0 such
that

4b 4b
The sets R, A; and A, are a partition of P, i.e.

7) :RUAlUAQ,

1
O<y§2<f—h> +—<c(1+5)+—+7

see Figure 2.3.8.

Using the above definition of the sets A; and Ay we prove the claim of Lemma 2.3.12
step by step. Note that some similarity of the results we are about to prove and
those from the previous sections may be observed. In particular the auxiliary sets
A7 and A, from above have a similar function as the auxiliary sets €23 and €24 from
Definition 2.2.2. The decisive difference is that A;, Ay are independent of the initial
conditions (as opposed to {23 and {1y).
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z
AQ Al
i J
z2=2Z+4¢ y—§<%—h)
R
0 y=c(l+e)+5+e
Yy
r=14¢
Figure 2.3.8: The sets R, A; and As.
The set A,

We will consider the set A; first.

Lemma 2.3.17.

Let % (? — h) <c+ g and e > 0. Furthermore, let any solution s be given. We set

TA1 (So) = TA1 = T’]D(SO) + -

c(1+e)+5+ete (2[c<1+a)+:b+e])
h

NS

where Tp(sg) is defined as in Lemma 2.3.8 and claim Ty, > Tp > 0.

Proof.
Let % (% — h) <c+ 4 and € > 0. Furthermore, let any solution s be given. Since
% — h > 0 this allows us to estimate

TA1 = Tp+

£
>0

g _
f

>0

c(l4+e)+5+e+e (2[c(1+s)+4@+5}) TS0
h
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where the positivity of Tp was proven in Lemma 2.3.8. O]

Before using the time T}, we show the following auxiliary

Lemma 2.3.18.

Let % (% — h) < c+ 4 and € > 0. Furthermore, let any solution s and any time

t > 0 be given such that

i) < () (—b+ c(1+¢) Z+4¢ >

l+e+d c(l+e)+5+ete

Then it holds that

y(t) < y(t) <6(1+€) j:gc+5—|—e>'
m

<0

Proof.
Let % (3 — h) < c+ 4 and € > 0. Furthermore, let any solution s and any time
t > 0 be given such that

~

y(t) < y(t) (—b + (2.3.9)

c(l+¢) Z+e¢
l+e+d c(l4+e)+5+e+e

Recall the definition

E:Zmax{<—b+c(1+8>> <c(1+€)—|—c—|—€+e>,0}20

1+e+d 4b
and consider two different cases:

e If Z =0 then
c(1+¢) <

l4+e+d ™

and therefore (2.3.9) may be estimated as follows (recall Z = 0):

g(t) < y(t) (_b+ c(1+¢) Z4e )

l+e+d c(l+e)+Srete

—£
<yt
<y(t) (c(1+e)+43,+e+e>
for ¢t > 0.
e If on the other hand Z > 0 then

~ c(1+¢) c
—pr AETE) 1 <
Z ( +1—|—€+d> <C( +€)+4b+€+e)
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and therefore (2.3.9) simplifies to

cl+e) Z+¢€
l+e+d c(l+e)+Gt+ete

mwgmw(%+

= y(1) -
- c(l+e)+5+e+te
for ¢t > 0. ]
We use the above and T}, to prove

Lemma 2.3.19.
Let % (% — h) <c+ 4 and € > 0. Furthermore, let any solution s be given. Then it
holds that

a7 e [TP(SQ),TAI (SQ)} : S(T) ERUA; = P\Al,

where Tp(sg) and Th,(so) are defined as in Lemmas 2.3.8 and 2.3.17 respectively.

Proof.

Let % (% — h) < c+ 4 and € > 0. Furthermore, let any solution s be given. Note

that due to the fact that T, > Tp (from Lemma 2.3.17) the interval [Tp,T},] is
non-empty and has an interior. Furthermore, by Lemma 2.3.9 we have s(t) € P for
all t > Tp. In particular

S(t) epP Vit e [Tp,TAl].

Since

,P:,R,UAl UA2

the claim of the lemma holds true, unless it holds that
S(t) e N Vit e [Tp,TAl]. (2.3.10)

We show that (2.3.10) in fact cannot hold, by assuming it does and concluding a
contradiction. Since s(t) € P for any t € [Tp, Ty,] we estimate

cx(t) B 2(t) )
t)+d y(t)+e

c(l+s) (1)
l+e+d c(1+s)+fb+s+e>

00 =0) (-4 -

<y(t) (-b +

for any ¢ € [Tp, Tx,]. Furthermore, (2.3.10) implies z(t) > Z + ¢ for all t € [Tp, Th,]
and hence we may estimate the above further to obtain

cl+e) Z+¢€
l+e+d c(l4+e)+g5+ete

mwsmw(w+
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for all ¢t € [Tp,Ty,]. Applying Lemma 2.3.18 yields

—&
(I+e)+5t+ete

y(t) < y(t) (C ) Vit e [Tp, Th,).

Furthermore, since we assumed (2.3.10) to hold, we have

y(t) > ; (ng - h) Vit e [Tp, Ty,

by the definition of A;, whence

) —€ 1 (g —€
y(t) < y(®) <C(1+€)+L)+€+e> <2(f_h> <C(1+8)+fb+€+e>

<0

for any ¢ € [Tp, Ty,]. Integration of the above from Tp to Ty, yields

o) =T < 5 (4 =0) (g e e T =7

<y <u(Tp) +; <f" a h) <c(1 +e) J:ib +€+e> Th = Tpl

Inserting the definition of Ty, yields

y(Th,) <y(T7>)+; (?—h) <C(1+€) :}ﬁgﬂ).

Tp+c(1+s)+fb+e+e (2[c(1+a)+4€b+e]> o
£ $—h
1(g 2)c(l+e)+ 5 +¢l
y(TP)_2<f—h>< ?—hb )
=y(Tp) — {c(l—l—a)—l—lfb—ire} .

By Lemma 2.3.9 we have y(Tp) < ¢(1 +¢) + ;7 + ¢ and hence

Y(Ta,) < y(Tp) = [e(1+2) + £ +¢]

Sc(1+5)+4—cb+5— {c(1+5)+46b+5} =0
which is a contradiction to the non-negativity of the y-component of s. Hence (2.3.10)
cannot hold and the proof is complete. O

The above result implies that the positive phase curve to any solution s is sure to
have been in R U Ay by the time T},. In order to show that such a curve is in R we
need to prove that it leaves Ay and does not enter A; again. This motivates
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Lemma 2.3.20.
Let % (% — h) <c+ 4 and e > 0. Furthermore, let s be any solution. Then for any
t > 0 the positive phase curve corresponding to the solution s cannot enter Ay via

the common boundary part of Ay and Ao, i.e. the set

1
BA::{(x,y,z)e(’)ar:x§1+£,x—|—y§1+6+—i—g,
c 4 ¢
1
z
Ay Ba Ay
(__
(—. —
11 _
S0 T — U D
p
(_
R
0 y=c(l+e)+5+e¢
Y
r=1+¢

Figure 2.3.9: The vector field (blue arrows) on B, points into R U As.

Proof.

Let % (% — h) < c¢+ 4 and € > 0. Furthermore, let s be any solution. To show that
the above claim holds true we show that the y-component of s is strictly decreasing
if s(t) € By for any t > 0. Since P is positive invariant, this implies that the vector
field on By (and thus the positive phase curve) points into R U As (see Figure 2.3.9).

Hence, let s(t) € By for any ¢t > 0. Then we obtain the following estimate (also
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compare to the proof of Lemma 2.3.18):

. cx(t) 2(t)

9(t) = y(t) <_b + z(t)+d B y(t) + e)
c(l+e) z(t)
l+e+d c(1+e)+;+s+e>
c(1+¢) Z+e
l+e+d c(1+e)+;b+s+e>

< y(t) (-b +

< y(t) (—b +

<y(t) (C(1+5);}b+e+€>

_1(9 —¢
_2<f h) <c(1+5)+@+s+e> <0

>0 <0

Since By C A5 this implies that no positive phase curve can enter the set A; via the
common boundary part By of A; and As. O

Remark 2.3.5.

We highlight the similarity between the above result and that of Lemma 2.2.18.
Indeed, in both cases a specific half plane By (or By respectively) separates the sets
Ay and Ay (or Q3 and €y respectively) and no positive phase curve to a solution s
can enter Ay (or ) via By (or By).

The times Tx(so) and Tr(B)

We define the time Tx(sg) required to ensure that a corresponding positive phase
curve to a solution s was in the set R at least once.

Lemma 2.3.21.
Let % (% — h) <c+ 4 and e > 0. Furthermore, let any solution s be given. We set

g4 h
(g—hf)Z+e

where Ta, (s0) and zpr(To, Yo, 20) are defined as in Lemma 2.53.17 and Corollary 2.2.5
respectively. We claim that Tr > Ty, > Tp > 0 holds.

Proof.

Let % (? — h) <c+ 4 and € > 0. Furthermore, let any solution s be given. We have

TR<SO> = TR = TA1 (50) -+

)ZZM(%, Yo, 20) + €

f—%<0 & g—hf>0

and hence by using zp/ (o, Yo, 2z0) > 0 (see Corollary 2.2.5) and T, (so) > Tp(so) > 0
(see Lemma 2.3.17) we obtain

14 h
(9—hf)(Z+e)?

>0

TR := Th,(s0) + zm (20, Yo, 20) + € > Th,(s50) > Tp(s0) > 0. O
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Similar to the previous arguments we show that Tx has the property we asserted it
does.

Lemma 2.3.22.
Let % (% — h) <c+ g and e > 0. Furthermore, let any solution s be given. Then it
holds that

AT € [Tp(so), Tr(s0)] : s(T) € R
where Tp(sg) and Tr(so) are defined as in Lemmas 2.3.8 and 2.3.21 respectively.
Proof.

Let % (% — h) < c¢+ 4 and € > 0. Furthermore, let any solution s be given. Note

that by Lemma 2.3.21 we have Tz > Tp and hence the interval [Tp, Tr] is non-empty
and has an interior. We provide a proof by contradiction, i.e. we assume

s(t) ¢ R Vte[Tp,Tg]. (2.3.11)
By Lemma 2.3.9 we have s(t) € P for all t > Tp. In particular
s(t)yeP  Vtel[Tp,Tx]
and since
P=RUAUA,

the assumption in (2.3.11) is equivalent to
s(t) € Ay UA, Vte [Tp,TR]. (2.3.12)

By Lemma 2.3.19 there exists a T' € [Tp, Ti,] [T, Tr] such that s(T) € R U A,.
Since (2.3.12) holds this implies

3T € [Tp,Tr,] C [Tp, Tr] : s(T) € Ay, (23.13)

i.e. at this time 7 the positive phase curve corresponding to solution s is in As. By
Lemma 2.3.20 the positive phase curve cannot enter A; via the common boundary
part of Ay and Ay, i.e. the set By, for any t € [f, Tr] C [0,00), and hence the curve
must stay in A, for [T, T]. Differently put: Combining Lemma 2.3.20 with (2.3.12)
and (2.3.13) yields

s(tye Ay Vte [T, Tx], (2.3.14)

which W6~Wﬂl now lead to a contradiction. Note T' < Ty, < Tgr implies that the
interval [T, Tx| is non-empty and has an interior. Furthermore, by (2.3.14) we have

y(t)ﬁi(?—h) and z(t) >Z+e>0
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for all t € [T, Tx]. This allows us to estimate the change of the z-component of s
(given by the third equation in (2.1.5)) as follows

for all t € [T, Tx]. Integrating the above from T to Tk yields

;R jtz(t)dt < /;R hgfg]f’(%r e)%dt
f
o 2(Tr) - (T) < h;f[;f<5+ X(Tr — T)
& #(Tr) < D)+ LIz 4 1R - T)
S h

Inserting the definition of Tk in the above and recalling that T € [Tp, Th,] yields

~  hf—g. . $+h ~
2(Tr) < 2(T) + j’c+h(z+€) TA1+(g—hf)(2+a)2ZM+€_T
-~ hf-— hf—gq -
= 2(T) + f_h?zMjL gf+hg(z+5)2<TAl+5—T)
—_——
L >0
<0

Furthermore, recall that by Corollary 2.2.5 we have z(t) < 2, for any ¢ > 0 and in
particular for £ =T > 0. Hence

2(TR) < 2(T) — zp < 2y — 2 = 0,

which is a contradiction to the non-negativity of the z-component of s. Hence (2.3.11)
is false and the assertion of the lemma holds true. O

We now define the absorbance time Tk (B).
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Lemma 2.3.23.
Let % (% — h) < c+ 4 and € > 0 and any bounded subset B C Of be given. We
define

$+h
(g —hf)(E+e)?
where zp(B) is defined as in Lemma 2.2.35 and Ty, (B) is given by

Tr(B) :=Ty,(B) +

ZM(B) + g,

Th(B) = Tp(B) +

€

NS

c(1+e)+L&+ete (2[c(1+e)+4¢b+s})
h Y

with Tp(B) defined in Lemma 2.53.10. Then for any so € B it holds that
Tr(s0) < Tr(B),
where Tr(so) is defined as in Lemma 2.5.21.

Proof.
Let % (% — h) < ¢+ £ and € > 0 and any bounded subset B C Oy be given. We
choose an arbitrary so € B. Since Lemma 2.3.10 yields Tp(sg) < Tp(B), we estimate

Ty, (sp) from Lemma 2.3.17 as follows:

TAl(SO) = Tp(So) +

c(l+e)+5+ete (2[0(1+e)+fb+s])

3 F—h
c(l+e)+&tete(2]c(lte)+4+e
< 17p(B) + & )g‘“’ ( | T ) - A (B)
i

Using this and the fact that zy/ (2o, yo, 20) < 2a(B) (see Lemma 2.2.35), we estimate
Tr(so) from Lemma 2.3.21 in the following way:

$+h
Tr(s0) = Th,(s0) + = hf)(ngg)QZM(l“o,yo,Zo) +e
<Th (B §+h B
= Al( )+(g—hf)(2+€)22M( )+5
— T(B). O

Finally, we prove Lemma 2.3.12 for the above parameter assumptions.

Lemma 2.3.24.

Let % (% — h) <c+ g and e > 0 and any bounded subset B C OF be given. Then

for any solution s with sg € B it holds that
AT € [0,Tr(B)] : s(T) € R,

where Tr(B) > 0 is defined as in Lemma 2.3.23.
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Proof.

Let %(% — h) < ¢+ £ and € > 0 and any bounded subset B C Of be given.
Furthermore, let s be a solution with sy € B. Since the conditions of Lemma 2.3.22
are fulfilled, we have that

AT € [Tp,Tr) C [0,TR] : s(T) € R.
By Lemma 2.3.23 we obtain Tr = Tx(s¢) < Tr(B) and hence
[0,T&] C [0,Tr(B)].
This yields
AT € [0,Tr] C [0, Tr(B)] : s(T) € R
and thus the claim holds true since s (with sq € B) was chosen arbitrarily. ]
This allows us to complete this subsection by proving Lemma 2.3.12:

Proof of Lemma 2.5.12.
Let € > 0, any bounded subset B C Of and any solution s with sy € B be given.

o lfc+ 5 < % (% — h) then for ¢ € (0, W) Lemma 2.3.16 yields the

claim with Tx(B) > 0 defined as in Lemma 2.3.15.

o Ifc+ 5 > % (% — h) then for any ¢ > 0 Lemma 2.3.24 yields the claim with
Tr(B) > 0 defined as in Lemma 2.3.23. O

This concludes this subsection and we define the absorbing set B in Of .

2.3.4 The set B
Consider

Definition 2.3.3.
Let ¢ > 0 be given. Then for the semiflow ® on OF generated by system (2.1.5) we
define
B:= ]t R),
>0

where R is defined as in Definition 2.5.1.

Remark 2.3.6.
Note that B is non-empty since

0£R=200,R)C|Jd(tR) =5

t>0

The set B is the union of all positive orbits (of the semiflow ® on O ) through points
in R, or in formula

B=®tR)=J{®(ts0) : so € R} ={D(t,s0) : o€ R, t>0}= |J I'f.

t>0 t>0 soER
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As a union of positive orbits B is also positive invariant (we formally prove this in
Lemma 2.3.25 below).

We derive several properties of the set B which will prove useful later.

Lemma 2.3.25.
Let € > 0 be given. Then the set B as defined in Definition 2.3.3 is positive invariant
under the dynamics on Of generated by (2.1.5).

Proof.
Let € > 0 be given. We need to prove that the set B fulfils

o(t,B) C B vVt >0.
An equivalent statement to this is
Vsoe B = s(t)=®(t,so)eB  Vt>0.

We show that this second statement holds. Indeed, let any solution s with sy € B be
given. The following equivalence holds

s0€B & selJOt,R) & 3IT>0and 5 €R : &T,3%) = s

>0

Hence, using the semiflow property, we obtain for any ¢ > 0 that

s(t) = ®(t,s0) = (L, ®(T, %)) = d(t +T,3) € |J @(7,50)C |J ®(1,R) = B,

7>0 7>0
which proves the positive invariance of B. m
Next we show that B is in fact (uniformly) absorbing in Of .

Lemma 2.3.26.

Let € > 0 sufficiently small be given. Then the set B as defined in Definition 2.3.3
uniformly absorbs bounded subsets B of Of under the dynamics on Of generated by
system (2.1.5) (being the semiflow ® on Of ), i.e. for any bounded subset B C Of
there exists a T(B) > 0 such that

o(t,B)C B Vit>T(B).

Proof.
Let € > 0 be given. In order to prove the claim we show that for any bounded subset
B C Of there exists a (uniform) time T'(B) > 0 such that for any solution s with
sp € B it holds that

s(t) € B Vit >T(B). (2.3.15)

Consider any bounded subset B C Of and any solution s with s; € B. By Lemma
2.3.12 we have that for sufficiently small € > 0 there exists a Tr(B) > 0 that fulfils

AT € [0, Tr(B)] : s(T) €e R C B.
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Since s(T') € B and B is positive invariant (Lemma 2.3.25) we in fact have
st)eB  Vt>T
and since T' < Tr(B) we even obtain that
s(t) € B Vit >Tr(B).
Hence, setting T'(B) = Tr(B) yields (2.3.15) and therefore the claim. O

We now show that B is bounded. To achieve this we introduce an auxiliary set C (in
which B is contained), see Figure 2.3.10.

Lemma 2.3.27.
Let € > 0 be given. Define the set

1
C::{(x,y,z)eOar : x§1+5,x+y§1+6+4b+5,23272}CP
C C

with zg = zy(R) from Lemma 2.2.35 for the bounded set B = R. Then C is
non-empty, bounded and closed in Of C R3.

Z = ZR

0 y:c(l—i-e)—i-ﬁ—i-é

r=1+¢

(14¢, 45 +¢,0)

Figure 2.3.10: The set C C P.
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Proof.
Let € > 0 be given. The set C is non-empty and bounded, since considering Lemma
2.2.35 for the bounded set B = R, we see that

0<zg=2zu(R) < 0.
Furthermore, C is closed in O, since the compliment, i.e. Of \C, is open in Of. [
We use the above result to prove that B is bounded.

Lemma 2.3.28.
Let € > 0 be given. Then the sets B and C - as defined in Definition 2.3.3 and Lemma
2.3.27 respectively - fulfil B C C. In particular B is bounded.

Proof.
Let € > 0 be given. Recall from Remark 2.3.6 that

B=J®tR)=J{®( s) : so€R}

>0 £>0

={P(t,s50) : SoER,t >0} ={s(t) : s eR,t>0}.
Hence in order to prove B C C, it suffices to show that
VspeR = s(t)eC Vt>0,

i.e. the positive phase curve to any solution s with initial condition sy € R is
contained in C for all non-negative times. Let s be an arbitrary solution with sy € R.
Since R C P and P is positive invariant (Lemma 2.3.7) we immediately obtain

s(t)yeP  Vt>0.

Since C C P (recall Lemma 2.3.27 and Figure 2.3.10), we see that the claim holds
true if s fulfils
2(t) < zr Vi > 0.

This however holds by applying Lemma 2.2.35 to the bounded set B = R, yielding
2(t) < zu(R) = 21 Vi >0.

Hence
s(t) e P Vt>0 and z2(t)<zg Vt>0

which is equivalent to
st)eC  Vt>0.

This proves that B C C and since C is bounded (Lemma 2.3.27) so is B. O

Before finally proving the existence of the global attractor A there is one last result
we need.



106 2.3 ATTRACTOR - EXISTENCE

Lemma 2.3.29.
Let a sufficiently small e > 0 and any bounded subset B C Of be given. We claim
that under the dynamics on Of generated by system (2.1.5) the set

U @ B)
t>T(B)

is relatively compact in Of C R3, where T(B) is defined as in Lemma 2.5.26.
In particular, the semiflow ® on Of is uniformly compact for large t (defined in

Appendiz A).

Proof.
Let a sufficiently small € > 0 and any bounded subset B C Of be given. By Lemma
2.3.26 we have the existence of a T'(B) > 0 such that

o(t,B)CcB Vt>T(B).

This implies
U @ B)cB.

t>T(B)
Taking the closure (in OfF ) and recalling that B C C (by Lemma 2.3.28) now yields
U @@t B)cBcC=CcOf,
t>T(B)
where the equality holds since C is closed (in Of) - see Lemma 2.3.27. Since C is
bounded, the set

U @@ B)

t>T(B)

is a closed and bounded set in Of C R3 and hence compact in Of . Therefore the set

U @@ B)

t>T(B)

is relatively compact in Of C R3. This implies that the semiflow ® on OfF is
uniformly compact for large ¢ (in particular for ¢ > T'(B) - see Appendix A). O

This result allows us to prove the existence of the global attractor A.

2.3.5 The attractor A

We establish the existence of a set A, being the global attractor of the semiflow ®
on Of:

Theorem 2.3.1.
For the equations in (2.1.5) assume a = d and f — % < 0. For ® on Of the set
A = w(B)

is the global attractor of Of (i.e. of the the dynamics on Of generated by system
(2.1.5) ). Here B is defined as in Definition 2.3.3 and w(B) denotes the w-limit set of
B.
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Proof.

Let ¢ = d and f — ¢ < 0 hold in (2.1.5) and consider the metric space (O ,d). We
prove the existence of the attractor by using the theorem in [Temam, 1997] (see
Appendix A). The semiflow ® on Of (see Corollary 2.2.3) is uniformly compact
for large t by Lemma 2.3.29. Next we choose U = OfF as our open set (in Of ). By
Lemma 2.3.26 the set B is absorbing in Of . Hence all the conditions of the theorem
in Appendix A are met and the set

A=w(B)#0

is an attractor in U. Since we have chosen U = Of , we in fact obtain that A is the
global attractor of the dynamics on Of generated by system (2.1.5). O

2.4 Attractor - Characterisation

Having established the existence of the global attractor A in Theorem 2.3.1, it is
natural to ask how the set A actually looks. How complicated is its structure and how
may it be characterised? In order to gain a sound understanding of the attractor and
its properties, we try to describe it as completely as possible for various parameter
regions of the parameter space. There are general properties of attractors, which also
apply to the set A, and hence yield a more detailed characterisation of the attractor.

e It holds that A C B (since B absorbs bounded sets) and hence also A C C for
any € > 0.

e The attractor A is connected since Of is connected (see e.g. [Temam, 1997],
[Gobbino and Sardella, 1997]).

e The set A is maximal among the bounded functional invariant sets of Of (see
e.g. [Hale, 1988], [Temam, 1997]). L.e. any bounded invariant set of (2.1.5) is
(completely) contained in A.

e By the previous point any bounded orbit I', € Of of (2.1.5) is completely
contained in A. In particular any equilibrium point p* € Of and any periodic,
heteroclinic and homoclinic orbit in O is a subset of A.

We may now exploit the above properties of the global attractor to determine the
set A more explicitly. A question that arises in this context is what dimension A
has. In fact, an attractor may theoretically be anything from a simple single point
(dimension zero) to a very complicated set with fractal dimension (cf. [Grassberger
and Procaccia, 1983], [Leonov et al., 2016]). A good first indication of the minimal
dimension and geometrical properties of the attractor is given by the number of
equilibria of the system, as well as their position in phase space. In fact we will see
that - dependent on the parameters a and b - we may characterise A quite well by
considering the equilibria of system (2.1.5). This is investigated below in subsection
2.4.1.
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In subsection 2.4.2 global results on the solutions are proven, allowing the precise
characterisation of the global attractor for several parameter regions (in parameter
space), see Theorem 2.4.1. In particular the result addresses the problem of persistence
and extinction of a species in the GSP food chain. This is of relevance, since the loss
of biodiversity in an ecosystem (caused for example by the extinction of a species in
the ecosystem), may have an effect on the performance of the ecosystem (cf. [Naeem
et al., 1994], [Smith et al., 2003]). Furthermore, the change of the attractor is caused
by various bifurcations occurring, which are studied throughout this section. In
particular the stability properties of both the equilibria of coexistence of all species,
as well as the occurrence of a Hopf bifurcaton along a branch of one of these equilibria,
is shown analytically in subsection 2.4.3.

2.4.1 Analysis of equilibria I

The equilibria of (2.1.5) and their properties have already been studied to some
extent (cf. [Letellier and Aziz-Alaoui, 2002], [Aziz-Alaoui, 2002]). We nonetheless
investigate them, thus extending results from the aforementioned works as well as
adding new results which help to characterise the attractor A. In the analysis we
pay specific attention to how the parameters a and b influence the properties of the
equilibria and hence the structure of A. Only those equilibria fulfilling p; € Of,
i.e. those in the non-negative octant, will be of biological relevance. They are the
equilibrium states of system (2.1.5) in Of, i.e. the points p; € Of satisfying the
algebraic equations
o(p}) = vl uf. =) = (0.0,0)"

The solution to these equations are summarised in Table 1, bearing in mind that
all parameters are positive and we still assume they satisfy a = d and f — 7 <0
(including the rest of this section). For a detailed derivation of the equilibria see
Appendix C.2.1.

From a biological point of view p{ (the origin) is the point of extinction of all species,
pj is the point of a sole survivor - the prey species -, p; is the point of coexistence of
the specialist predator and the prey species and finally p;, are points of coexistence
of all three species. Table 1 gives precise restrictions on the parameters for which
the points are real (i.e. in R?®) and in the non-negative octant Of. While the
conditions on the points pj, pi and pj are fairly straightforward, the conditions for
p3, and p3_ are more involved. However, there is a simple geometric interpretation
of the conditions, using the concept of nullclines (|[Rosenzweig and MacArthur, 1963,
[Simonyi and Kaszés, 1968], [Albrecht et al., 1974]).

For the equilibrium pj} this geometric approach is well understood and documented
in the literature ([Kuznetsov, 1995], [Kot, 2001], [Smith, 2008]) and reads as follows:
Since z = 0 for p}, we consider (a projection onto) the positive z-y-quadrant, as well
as the straight line and parabola defined by

and y=(1—2z)(x+a)
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Equilibrium Point (v(p}) = (0,0,0)")

Existence (p; € R?)

Non-Negativity (p; € O)

)
T
= 1|v|=
25

3
pi=|v|= - -
Gl
* ab
Ly c—b
py= % | = |1 —a5)(25+a) b#c b< ok
25 0
l1-a (a+1) g
T34 2 +\/ 4 i .
ph.= |y | = $—h az2/9—h-1 (0<a§1Va>§—h)Ab§gfﬁa
Z§ g9 _ocxmy
i (h—4 6)(b w§++a>
1—70,_ (a+1)2_£
75 2 oyl *
pio= v | = F—h a>2/5—h=1 | 0<a<lAa<i-hAbD< 0

) \o-3-9(- )

Table 1: Parameter-dependent conditions on the biologically meaningful equilibria

respectively (see Figure 2.4.1). The point of intersection (z3,y3) of the line and
the parabola defines the first two components of p; and thus the equilibrium point
Py = (x5, 15,0)T see Figure 2.4.1c. The point wanders from left to right along the
parabola (compare Figures 2.4.1a and 2.4.1b) for increasing values of b. It leaves the
positive quadrant (or octant respectively) and is no longer biologically relevant once

C
b> <,

which agrees with the conditions in Table 1.

We can interpret the conditions on p3, and p3_ in Table 1 in a similar manner to
above. Consider (a projection onto) the positive z-y-quadrant as well as the straight

line and parabola defined by

T

respectively, see Figure 2.4.2.

g _

h and y=(1—2z)(x+a)

The line may have zero, one or two points of intersection with the parabola in
the positive quadrant (see the various cases in Figures 2.4.2 and 2.4.3). This is
determined by the the conditions in Table 1. The intersection points determine the
first two components x5, and i, of the equilibria pi, = (z3,,vi., 25,)7. Thus if
any intersections exist, the sign of the third component 23, determines whether
the equilibria are in Of or not. In fact, the conditions that ensure that the final
component of the equilibria p3, is non-negative are listed in Table 1 and read

*
T34

=:b;, and b<
i, +a T -

*
cry_

r3_+a

= b (2.4.1)
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—a
(a) Case 23 < 5% and a < 1, i.e. small b >0
Y
—a 0 1 ab_ 1

(b) Case 15% < 23 <1 and a < 1, i.e. larger b
z

(c) Case b) in Of

Figure 2.4.1: The nullclines defining the equilibrium pj3.
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)
y=4%—nh
(D2 |
4 I
a |
: x
—a 0 l1—a 1
2
Figure 2.4.2: Case a < 2 %—h—lor equivalently%<%—h
) Y
_ 9 _ 1 1
y=5-"h : :
a 1 a 1
: : y=7—h
‘ x ‘ x
—a 0 l-a 1 —a 0 l=a 1
2 2
(a) Casea<landa<$%—h (b) Casea<1landa> % —h
Y )
y:g—h /‘:‘\ | a
: x : x
—a l=a ( 1 —a l=a 0 1
2 2
(C)Casea>1anda<%—h (d)Casea>1anda>%—h

Figure 2.4.3: Visualisation of the conditions in Table 1 if a > 2, /% — h — 1 holds.

respectively. There is a simple geometric interpretation in terms of the nullclines
defining p; and p%, of the above results. Equality holds in (2.4.1) when both straight
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lines and the parabola, i.e. all three nullclines given by

ca_bd and y:?—h and y=(1—2z)(x+a),

intersect, see Figure 2.4.4. If all three intersect, the respective equilibria pj and

Tr =

Y
(23, 43) = (3., 95+)
— 9 _

y=%—"h
a

—a 0 1 _ab_ 1 !

2 c—d
Figure 2.4.4: The case b = b3, = wz?’ia or equivalently z3, = C“Tbb =5

either p5, or p5_ coincide (see Lemma 2.4.1 below), thus fulfilling 25 = 25, = 0 and
b=bs, or b=10b;_

respectively. Furthermore, p3, isin Of for all b € (0,3, ). Indeed, note that only the
third component of pj, depends on b and is positive for b € (0, b5, ), implying that
all the components of the equilibrium are non-negative for b € (0,05, ). Hence the
equilibrium is in OF for b = b} + where it coincides with p; and in the non-negative
octant for all b € (0, b5, ). The same holds true for the equilibrium pj_ and the value
b5_. The equilibria p;, are also called the interior equilibria, as they may be in the
positive octant O7, i.e. the interior of the phase space Of . From Figures 2.4.3 and
2.4.4 we obtain the following implications by considering the nullclines of pj (observe
the intersection of the vertical red lines and the parabola in the figures, which moves
to the left for decreasing values of b € (0,0, )):

1—a

psL€O0f = y>=Z—-h V ;< : (2.4.2)

P05 = w<idon (2.4.3)

Furthermore, there is a fixed order (with respect to biological feasibility), by which
the equilibria may be sorted. We elaborate on this in the following

Lemma 2.4.1.
Let a=d and f — 3 <0 hold in system (2.1.5). For the equilibria p} (listed in Table
1) of the semiflow ® induced by (2.1.5) on Of the following implications hold:

* 1 * 2 * 3 * *
Py € Oy :; ]93+€O(—JF :L ps € OF :; Py € OF A pieOf
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Furthermore

c
a+1"

e The points p} and p; coincide in Of for b =
o The points p; and p, coincide in OF for b= b, .
e The points p; and p;_ coincide in OF for b="b;_.

Proof.
Let a = d and f — { < 0 hold in system (2.1.5) and consider the equilibria pj (listed
in Table 1). We prove the three implications first.

1) Assume p;_ € Of. By Table 1 the following conditions hold:

az2\/5—-h-1 AN 0<a<l A a<S—-h AN b< (2.4.4)
f T3 +a
Since
l—a (a+1)2 ¢ l—a (a+1)2 ¢
0< = — —=+4+h< — =4+ h=
s 2 \/ 4 7 2 4 FRT o
>0
we have
cry_ T34
T +a Talta
Thus, from Table 1 and (2.4.4) we immediately see that p5, € OfF.
2) Assume pj, € Of. By Table 1 the following conditions hold:
0a>2/2—h-1 A (0<a<1l Vv a>Z_-pn) A b<—
f f r3, ta
We show from the above that 23, < 1 holds, since
-t < 0
& —4+h < 0
(a+1)* (a+1)*
& - —fth <
(a+1)2 a+1
& - —%+h < o
l1—a (a+1)2
& Sty fth <01
< T3, < 1
Thus we may estimate
b < cxy c_ . N

which implies p3 € Of by Table 1.



114 2.4 ATTRACTOR - CHARACTERISATION

3) Since p§ and p} are always contained in Of , regardless of the parameter-values,
this implication is trivially fulfilled.

Furthermore, we show that certain equilibria coincide for specific parameter values.

e Let b= _&5 which is equivalent to ¢ = b(a + 1) and consider
* ab ab
5 P Bat b 1
= =l0-z)@i+a)| =1 -z (zi+a)| =|0|=p].
25 0 0 0
o Let b= ;fia, which is equivalent to 3, = 2 = 23 and consider
1-a (at1)? g a *
T3 2 +\/ 4 Fh g T2
Z* _ g _ _ CCL‘§+ O Z*
o (h f 6) (b ﬂc§++a> 2
Hence the claim holds true if
Y34 = }_h: (I —z3)(z3 +a) = ys.
Since
l—a (a+1)2 ¢
K I h
Ty 5 + \/ 1 7 +

= —h
2 4 *
g
=7
f
thus proving y3, = y; and hence p3, = pj.
e We need to show p;_ = pj for b = b5_. Analogous computations as in the
previous point immediately yield the result. O
Remark 2.4.1.

Using the symbol > to indicate that the biological feasibility of the previous equilib-
rium implies the biological feasibility of the next equilibrium we obtain the following
order from the above result

p3_ D> Pz, D> Py > py A i
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A (biological) interpretation of the above chain is that whenever there exist states
of coexistence of order n of the species (i.e. equilibria with n non-zero entries,
n € {1,2,3}), there are also biologically relevant equilibria of all orders k, with
ke{0,..,n—1}.

We observe that any number from two to five equilibria may be found in Of,
dependent on a > 0 and b > 0. While three of the equilibria are confined to the
boundary of Of, two of them (p;, and pj_) may be in the positive octant O*.
Considering that all these points are part of the set A and that A is connected, it is
clear that - at least for certain parameter regions - the attractor may have a more
involved structure. We will investigate this structure step by step, by determining
various local and global properties of the equilibria. We commence by considering
the dynamics in the boundary of OfF, i.e. those cases for which at least one species
is assumed to not be present (e.g. extinct) in the ecosystem initially.

Lemma 2.4.2.
Let a =d and f — £ < 0 hold and any solution s with sy € 005 = OF\O" be given.
The dynamics in the boundary of Of are characterised as follows:

o [fxy=0 then s(t) — p} as t — oc.
o Ifyo=0 and xy > 0 then s(t) — p} ast — oc.

o Ifzg=0 and xy > 0 and yo > 0 and so # p5 then

— it holds that s(t) — pj ast — 00 if b > 5.
— it holds that s(t) — p} ast — oo if%§b<a—il.
— it holds that s(t) — I's,. ast — oo if b < 0(11;;) and a < 1 (Remark

2.4.2).

Here py, pi and p3 are the equilibria from Table 1 and T, is a unique periodic orbit
contained in the set O5 = RT x RT x {0} (see Lemma 2.1.1). In all cases it holds
that

Jim z(t) = 0.
Proof.
Let a = d and f — 7 < 0 hold and any solution s with sy € 004 = O \O* be given.

o Let zg =0 = . Then x(t) = 0 for all £ > 0 and the equation governing the
change in the y-component of s reduces to

i(t) = (1) (—b ) ) ,

y(t) +e

allowing the following estimate

y(t) < —by(t).
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Integration yields
y(t) < yoexp(—bt) Vit > 0.

Since on the other hand y(¢) > 0 for all ¢ > 0 (Lemma 2.1.4), we obtain
0 < lim y(t) < lim yo exp(—bt) = 0,

ie. y(t) — 0=y} as t — oo. By the above we have that for any given € > 0
there exists a time 7" > 0 such that

y(t)y<e Vt>T.

For the z-equation in (2.1.5) this implies

A(t) = (f— y(ﬂg%) 2(t) < (f— eih) 21)  Vit>T.

Since f — # <0, any € > 0 chosen sufficiently small fulfils

g
e+h

f— <0

and hence for zy > 0 (else z(t) = 0 = z§ for all t > 0)

(0 < (F- 2

<0

)22(75) <0 Vi>T

Dividing by 2%(t) > 0 and integration from T > 0 to t > T yields
1

an— (f— )t =1)

—_——
<0

2(t) < Vit>T>0.

Since on the other hand z(t) > 0 for all ¢ > 0 (Lemma 2.1.4), we obtain
. . 1
0 i o) < i <
OO - 2(T) (f o €+h) (t B T)

ie. z(t) = 0=z as t — oco. Thus we have shown for zy = 0, that

=0,

s(t) — (0,0,0)" = p; as  t— o0.

Let yo = 0 = y} and 27 > 0. This implies that y(¢) = 0 for all ¢ > 0. Hence
the first and third equation in system (2.1.5) reduce to

r=xz(1—1x)

(-
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of which we already know the respective solutions (recall Lemmas 2.2.4 and
2.3.1 and note that the case zg = 0 yields z(t) = 0 = z7 for all ¢ > 0 and is
thus not considered):

(0 :
T =
(% — 1) exp(—t) +1
1
2(t) =
1
- (-9
Hence, we obtain
. : 1 .
tlimx(t):tlim (1 1) ( ) 1:1:CC1
o = —1)exp(—t)+
xo
and .
Jim z(#) = lim 1 (f— %)t =0=z.
20
<0

Thus we have shown for yo = 0 and zy > 0, that

s(t) — (1,0,0)" = p; as  t— o0

o If 2o =0 and zg > 0 and yy > 0 and sy # p3, then 2(¢) = 0 for all £ > 0 and
the model equations in (2.1.5) that need to be analysed reduce to

=e(1-a- )
r=x(l—x—
T +a

s{ore )
y=y 1t a

which are the classical equations for a two-species predator-prey model with
Holling functional response type II. These equations have been thoroughly
studied and the proof of the claim may for example be found in [Cheng, 1981},
[Muratori and Rinaldi, 1989] and [Feo and Rinaldi, 1997].

Since all the limit sets pg, pj, p3 and I’} are contained in the non-negative z-y-
quadrant we have
lim z(t) = 0.

t—o00

O

Remark 2.4.2.

The expression s(t) — I, stands for the convergence of the solution s to the set
[, in the sense of orbital (asymptotic) stability (with ¢ — co).

Having established how the dynamics in the boundary d0; unfold, we now ask the
same question with respect to the interior of Of, i.e. the positive octant OF. To

this extent we remark the following on the notion of stability of an equilibrium.
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Remark 2.4.3.

Since we have been considering the phase space X = Of for the semiflow ® we
will also restrict stability properties to this set. In particular, when considering an
equilibrium p; of the semiflow ® on Of we will say that it is (asymptotically) stable,
if it is (asymptotically) stable in some neighbourhood N.(p}) of the equilibrium
intersected with Of . In this way we capture the behaviour of the biologically relevant
solutions only, which is a common restriction (cf. [Muratori and Rinaldi, 1989]). If
the above holds for any neighbourhood N.(p), i.e. for arbitrary large ¢ > 0, then
we call the equilibrium globally asymptotically stable.

Furthermore, we will say that an equilibrium p; of the semiflow ® is globally
(asymptotically) stable in O7, if it is (asymptotically) stable for any neighbour-
hood N.(p}) of pi intersected with the positive octant OF. In particular, any solution
s with sg € O will converge to the equilibrium p} as t — oc.

Note that also points in the boundary of Of may be globally asymptotically stable
in OF, although the points themselves are not contained in OF. Indeed, we will
observe precisely this in the stability analysis of the equilibria (see Lemma 2.4.4).
We commence with the standard technique (generally known as Lyapunov’s indirect
method [Wiggins, 1990]) of linearising the vector field v(x,y, z) and computing the
eigenvalues of the Jacobian matrix evaluated at the various equilibria (compare to
[Aziz-Alaoui, 2002]). The Jacobian of v is given by

1 — 21’ — ﬁ —xm? O
acy cx ez Yy
Dv(z,y,2) = G@+a)? —b+ vta T tel? T yte (2.4.5)
0 ORDE 22 (f ~ 7%5)

Our first result is the following claim.

Lemma 2.4.3.
The equilibrium p§ of the semiflow ® is unstable for any parameters a > 0 and b > 0.

Proof.
Inserting the equilibrium p§ = (0,0,0)7 into (2.4.5) yields

1 0 0
Dv(0,0,0) = |0 —b 0
0 0 0

of which the eigenvalues are \; = 1, Ay = —b and A3 = 0. Since Re(\;) =1 >0
the equilibrium is unstable by Lyapunov’s indirect method. The associated local
unstable manifold W} (p§) is tangent to the eigenvector corresponding to A;, which
is the standard unit vector (1,0,0)7, see Figure 2.4.5. ]

Remark 2.4.4.
Note that pj is also non-hyperbolic, since Re(A3) = 0. Hence we can determine the
stability properties of p§ on the corresponding (non-trivial) local centre manifold
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Wie(P5)

Figure 2.4.5: Schematic figure of the invariant local manifolds to the equilibrium pg.

WE.(pg) by the tangent space approximation ([Guckenheimer and Holmes, 1983],
[Wiggins, 1990]). The eigenvectors corresponding to the eigenvalues Aj, A2, A3 are
simply the standard unit vectors. Hence we know by the centre manifold theorem
that there exists a function h such that on W (pj) we can express the non-centre
variables x,y in terms of the centre variable z in the following way:

@ — h(z) = (8) " (ggi;) as 20,

Therefore y = y(z) = O(2?) for z — 0 on the centre manifold and in particular
y(z) =0 as 2\ 0.

Hence, for any z > 0 sufficiently close to zero (we restrict ourselves to non-negative
values of z - i.e. biologically relevant values - in the reduced system as well), one
obtains
g
y(z) <= —h.
f

——
>0

For the dynamics on the centre manifold close to z = 0 and z > 0 this implies

o 9 2 _ 9 2 _
Z—<f_y(z)—|—h>z < (f ?—h—i—h)z =0

Thus 2 < 0 holds for z > 0 sufficiently close to z = 0 and this equilibrium is asymp-
totically stable for the reduced system, see Figure 2.4.6. Therefore the equilibrium
p; has a stable centre component, see the red curve in Figure 2.4.5.
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0

N
N
N

Figure 2.4.6: On the centre manifold W _.(p§) it holds that 2 < 0 for small z > 0.

The above analysis gives insight to more involved aspects of the dynamics close to
an equilibrium, induced by the non-hyperbolicity of the point. In fact, along the
local centre manifold W,.(p§) solution curves move towards p§. The centre manifold
reduction approach will be of significance as we analyse the other equilibria. The
next one being the point of a sole survivor, i.e. pj = (1,0,0)7:

Lemma 2.4.4.
The equilibrium py of the semiflow ® is asymptotically stable if b >
if b < =<

a+1"°

C

P and unstable

Proof.
Inserting the equilibrium p% = (1,0,0)7 into (2.4.5) yields

0
Dv(1,0,0)=| 0 —b+.5 0

0 0 0

of which the eigenvalues are \; = —1, \y = —b + a—frl and A3 = 0.

o If b < %5 then Re(A\2) = —b+ 5 > 0 and pj is unstable by Lyapunov’s

indirect method.

e If b > %5 then Re(A;) = —1 < 0 and Re(\2) = —b+ 5 < 0 and hence
pj is possibly asymptotically stable, since the unstable eigenspace is trivial.
Furthermore Re(A3) = 0 holds, implying that the equilibrium is non-hyperbolic
and a stability analysis on the local centre manifold Wy (p}) will determine
the stability properties of pj. Performing a centre manifold reduction (see
Appendix C.3.1) with the new variables (£, v,w) - with w being the centre

variable -, yields the following equation for the change of w:

Ay
M+a+c—bla+1)]v+h '

By the same arguments as in Remark 2.4.4, i.e. applying the tangent space
approximation

we obtain

. g , ) .
w—(f_ [1+a+c—b(a+1)]y<w)+h>w < (f_—h—l—h>w =0
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for the dynamics of the reduced system and w > 0 sufficiently small, see Figure
2.4.7. Hence the equilibrium w = 0 (of the reduced system) is asymptotically
stable (for w > 0) and therefore the equilibrium pj is asymptotically stable as
well, see Figure 2.4.8.

0

S
S
S

Figure 2.4.7: On the centre manifold W (p}) it holds that w < 0 for small w > 0.

]

Wise(p7)
X

Figure 2.4.8: Schematic figure of the two invariant local manifolds of the equilibrium
pi-

Having proven some local results on the equilibria (in particular for the case b > s ),
we show the first global result for these parameter values and in fact precisely
characterise the global attractor A. Before doing so, a simple auxiliary result is

proven:

Lemma 2.4.5.
Let b > %5 hold and ¢ > 0 be given. For any sufficiently small € > 0, the expression
1
K, = —b+ M
a+1+e¢

fulfils K1 < 0.
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Proof.
Let b > %5 hold and € > 0 be given. We consider the term
1
Kl = —b—f—iC( +E) .
a+1l+¢

It holds that

!

Ki<0 & —bla+l+e)+c(l+e)<0 < (1+4¢e)(=b+c)<ab (2.4.6)
We prove that (2.4.6) holds for any sufficiently small € > 0.

o If b < ¢, then (2.4.6) may be rewritten as

lpec ™ o o9

¢ c—b ¢ c—b )

Since )
b > ¢ &S ab>c—-b & a—>1

a+1 c—b

we can choose any positive € € (O, C“Tbb — 1) to fulfil (2.4.6).
o If b = ¢, then (2.4.6) holds for any € > 0 since

ab>0=(1+¢)(c—0b).

o If b > ¢, then (2.4.6) may be rewritten as

1+e>

= g >
c— c—b

However, now
ab
c—b
——
<0

<0

and therefore any € > 0 suffices for (2.4.6) to hold.
In particular for sufficiently small ¢ > 0 we have K; < 0. [
We use the above result in the proof of the following

Lemma 2.4.6.
Let b > %5 hold, then
A=10,1] x {0} x {0}

is the global attractor of the semiflow ® in OF . Furthermore, the equilibrium p} is
globally asymptotically stable in OF.



2.4 ATTRACTOR - CHARACTERISATION 123

Proof.

Let b > % (and f — ¢ < 0 and a = d, as always) hold. Furthermore, let any

bounded subset B C OF be given. We show that for sufficiently small € > 0 the set

B={(,4,2)€0f : 0<z<1+¢c0<y<e0<z<c}

is uniformly absorbing (in OfF ). We do this by considering any solution s with sy € B
and constructing a uniform absorbance time T(B) > 0 such that

z-coordinate:
By Lemma 2.3.6 we have

s(t) € Q Vit >To(B),
implying
0<z(t)<l+e Vit > To(B). (2.4.7)

y-coordinate:
If yg = 0, then

yt)=0<e Vt>0.

Now assume yo > 0 (implying y(t) > 0 for any ¢ > 0). For any t > To(B) the
inequality in (2.4.7) allows the estimate

Mﬂ:<_h%cdw 0 )MQS<_h%dLHﬂ>Mw

a+x(t) yt)+e a+1l+e¢

=K1

For any sufficiently small € > 0 Lemma 2.4.5 yields K; < 0. Separation of variables
and integration from Tg(B) to t > To(B) of the above, as well as recalling the
uniform bound yy(B) > 0 from Lemma 2.2.31 yields

y(t) < y(To(B)) exp [Ky(t = To(B))] < ym(B)exp [Ki(t — To(B))] Vi =To(B).

By solving
!
y(t) < yu(B)exp [Ky(t — To(B))] < &
for ¢ one obtains a sufficiently large time T.(B) > To(B), such that

y(t) <e  Vt>T.(B).

This time is given by

1 e .
TE(B) = TQ(B) + Ky In (yM(B)) if yM(B) > €
0 if yu(B) <e.
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Hence for any ¢ > T.(B) and sufficiently small € > 0 it holds that
z(t) <14+e and y(t) <e. (2.4.8)

z-coordinate:
If 2o = 0, then

2(t)=0<e Vit > 0.

Now assume 2o > 0 (implying z(t) > 0 for any ¢ > 0). For any ¢ > T.(B) the results
in (2.4.8) allow the estimate

. g 2 9 2
(0= (1) 202 (1= 225) 20,

Since f — 7 < 0 we have K, < 0 for sufficiently small € > 0. Separating variables
and integrating the above from T.(B) to any t > T.(B) > 0 yields

1
z(t) < Vit > T.(B).
m - KQ(t - TE(B)>
>0

Recalling that z(t) < zp(B) for any ¢t > 0 (by Lemma 2.2.35), yields

1 _ 1
— Ky(t = T:(B))

vt > T.(B).

1
zym (B)
Thus, analogously to above, by solving

1

SR —T(B) = °

1

zm(B)
for t, we once again determine a Tp(B) > T.(B) such that

2(t) <e  Vt>Tg(B).
The time T(B) > 0 is given by

L1 1) i L (B) s e
Ts(B) := T.(B K> (ZM(B) s) M
5(5) ( H{o if zy(B) <.

Thus we obtain the statement we wanted to prove
s(t) e B Vit > Tg(B).

Since € > 0 may be chosen arbitrarily small and the global attractor A is closed and
fulfils A C B we have

AcC{(z,y,2) €0f :0<z<1,y=0,2z=0}. (2.4.9)
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However, on the other hand we know that the equilibria pj and pj are contained
in A. Furthermore, A is connected and by (2.4.9) the only connection of the two
aforementioned equilibria is the line segment (0,1) x {0} x {0}. Thus

AD{(z,y,2) € Of : 0<z<1,y=0, z=0]},
implying
A={(z,y,2) €0f : 0<z<1,y=0,2=0}=10,1] x {0} x {0}.

Since the only limit points in the attractor are the equilibria pj and p} and pjf is
unstable, it follows that p} is globally asymptotically stable in O (cf. [Freedman
and Waltman, 1977]). O

Figure 2.4.9: The attractor A for b > %

Remark 2.4.5.
The above result is a complete characterisation of the global attractor A for b >

c .
a+1"

e From a geometric point of view this implies that that for b > _%5 the set A is
given by two equilibria and the connecting heteroclinic orbit of these equilibria

- see Figure 2.4.9. Since the equilibria do not coincide, A has dimension one.

C

e A biological interpretation is that for b > _% both the specialist predator
species and generalist predator species will become extinct as time tends to
infinity (also see subsection 2.5.2).

Furthermore, for b = % the equilibria pj and p; coincide (Lemma 2.4.1) where

p; loses its stability (Lemma 2.4.4) and a transcritical bifurcation occurs along the

branch of equilibria corresponding to pj, i.e. (ail’ pf) is a transcritical bifurcation

point. The equilibrium pj turns unstable as b is decreased below the value —;
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and the point pj becomes asymptotically stable (due to the principle of exchange
of stability [Guckenheimer and Holmes, 1983]). The stability properties of pj are
provided in the following

Lemma 2.4.7.
The equilibrium ps € Of of the semiflow ® is

e asymptotically stable if 6217;1“) <b< 5 andpi, & of.

o unstable if b < U= or ps € OF.

For b = CS;“) a subcritical Hopf bifurcation occurs (restricted to the x-y-plane) along

the branch of equilibria corresponding to p3, i.e. the point (Cg;f),pg) e Rt x Of is
a Hopf bifurcation point.

Proof.
Assume b < % to hold. Inserting the equilibrium pj = (23, y5,0)" € OF into the
Jacobian in (2.4.5) yields
z3(1—a—2z%) 3
G
N = | ac=z; _ Y
Dv(p3) e 0 i
0 0 0

of which one of the eigenvalues is given by A3 = 0 and the corresponding eigenvector
is the unit vector (0,0,1)”. The other two eigenvalues of Dv(p}) are given by the

eigenvalues of the submatrix
zy(l—a—2z3) aj
a+z; z5+a
ac(l—x3) 0 )

*
atx;

which is in fact the same Jacobian matrix as for the classical two-dimensional predator-
prey model with Holling functional response type II, also called the Rosenzweig-
MacArthur model (cf. [Rosenzweig and MacArthur, 1963], [Muratori and Rinaldi,
1989], [Jones et al., 2009]). Accordingly the eigenvalues are identical and the analysis
(see [Kot, 2001], [Aziz-Alaoui, 2002], [Smith, 2008] and Appendix C.3.2) - for example
using the trace-determinant criterion - yields that:

o Re(Ayj2) > 0ford < Cg;f ), whence the equilibrium pj is unstable by Lyapunov’s
indirect method

e Re(Aij2) = 0 and Im(Ay/2) # 0 for b = Cg;f) and a subcritical Hopf bifurca-
tion occurs (restricted to the positive invariant z-y-plane) along the branch
of equilibria corresponding to p} ([Kuznetsov, 1995]). The stability of the
bifurcating periodic orbit depends on whether the vector field is increasing or
decreasing in z-direction close to the equilibrium, which in turn depends on
whether pj, € OfF, see the centre manifold reduction below.
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e Re(A/2) <0 for < 1 “) < b, i.e. the equilibrium p} is possibly (asymptotically)
stable, dependent on the other eigenvalue of Dv(p}), namely A3 = 0.

From the above we see, that the only case left to consider is cl=a) o b, which we

assume to hold for the rest of the proof. In fact, since Re(A3) =0 the equilibrium pj
is non-hyperbolic and hence we perform a centre manifold reduction. The reduction
(see Appendix C.3.2) with the new variables (§,v,w) - with w being the centre
variable -, yields the following w-equation

—(f- 9 w?
E+v+Cw+ys+h)

c(l a)

where C' > 0 for b > . Once more, the tangent space approximation yields

(iiii) = ()4 (%) w o

0<éw)+rvw)+C0w=Cuw+0OW?) as w—0 (2.4.10)

Thus we have

with C' > 0 on the local centre manifold W .(p3). We now consider two different
cases:

o If pi, € OF then by (2.4.2) we obtain

g . ab l—a c(l—a)
>=—h V = < & b<
v2 2 TS = Ta+1 )
The second case has been excluded since =% < b was assumed. If on the
other hand y5 > % — h holds, then the dynamlcs on the centre manifold for

small w > 0 may be estimated as follows (using the positivity in (2.4.10)):

—(f- g w?
E+v+Cw+ys+h

v

= 9 w2
E+v+Cw+$—h+h

_ _ 9 2
! f—i—V—i—Cw—l—?)w

g 2
> —g)w
f

=0

Thus the equilibrium w = 0 (of the reduced system, i.e. on the centre manifold)
is unstable and hence pj is unstable in this case, see Figure 2.4.10.
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Wi (p3)

pél Wie(P3)
X

Figure 2.4.10: If % < b and p§, € OF, the equilibrium pj} is unstable due to the
dynamics on the local centre manifold W _.(p3).

o If pi. & OF then by (2.4.3) we know that y3 < ? — h. Hence for a sufficiently

small € > 0 it holds that

y§<g—h—5.

f

Using (2.4.10) we see that for such an ¢ > 0 and any sufficiently small w > 0 it
holds that

0<é(w)+rvw)+Cw<e

is valid on W{,_.(p3). Thus close to w = 0 (with w > 0) the following estimate
holds

o=(f- g w2
E+v+Cw+ys+h

Therefore the equilibrium w = 0 on the local centre manifold W .(p3) is
asymptotically stable (in our sense, i.e. for w > 0) and hence pj3 is asymptotically
stable, see Figure 2.4.11. O]
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Wi (p3)

p’z‘] Wie(P3)

Figure 2.4.11: If 687;1“) < band pi, ¢ Of, the equilibrium p} is stable due to the
dynamics on the local centre manifold W _.(p3).

Remark 2.4.6.
In geometrical terms the above result may be understood as follows: The equilibrium
p5 is locally asymptotically stable while both the periodic orbit I'} . in the x-y-plane

per
created by the subcritical Hopf bifurcation does not exist (i.e. b > C(l a) =) and the
equilibrium p3, is not biologically relevant (i.e. p5, & Oy ). Recall that the equilibria
p5 and p3, coincide for

T3y
x3, +ta

by =
by Lemma 2.4.1, provided z3, € R. Furthermore,

Pi € Oy Vbe(0,b5,]
p§+ € O(—)F Vb e (b§+,oo)

holds (recall Figure 2.4.4). A transcritical bifurcation occurs along the branch of
equilibria corresponding to pj (and p3, ) for b = b3, i.e. (b}; - pg) is a transcritical
bifurcation point. By the above results, p} is unstable for b < b3, and asymptotically
stable for b3, < b (b close to b3, ).

Two (of many) questions that arise naturally from the above are:
e For which parameter values is p; globally asymptotically stable in O?

e Do the periodic orbit I';,, or equilibrium p3. inherit the stability properties
of p5 when they bifurcate with p} and if so, are they globally (orbitally)
asymptotically stable in O" for some parameter values?

In Lemma 2.4.6 we proved a global result concerning the semiflow ¢ and the
corresponding global attractor A C Of. In the following subsection we attain
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more results of the same kind, giving answers to the questions listed above and
characterising A for various parameter regions.

2.4.2 (Global results

As always we assume a = d and f — 7 < 0 to hold in this subsection. The goal of
this subsection is to present global results with respect to the dynamics induced
by the semiflow ® on Of. A central tool in proving these results is an observation
which we present in the following

Lemma 2.4.8.
Let T > 0 and a function v € C° ([0,T],R™) be given. Furthermore, let constants
C1,Cy > 0 exist such that

1 /T
0<—/u@ﬁ§01 (2.4.11)
T Jo
O<1/T1dt<C (2.4.12)
TJo w)y — 7% o
Then it holds that
Cy-Cy>1. (2.4.13)

If either of the inequalities (2.4.11) and (2.4.12) is strict, then so is (2.4.13).

Proof.
Let T > 0 and a function u € C° ([0, 7], R") be given. Note that since u is positive
and continuous for all ¢ € [0, 7], we have

1
—ec (0, 7],RY),

i.e. the function % is defined, continuous and positive on [0, 7] as well. Since u and
% are both continuous on [0, 7] they are also integrable on that interval. We will
need this throughout the proof. Indeed, the integrals in (2.4.11) and (2.4.12) are
well-defined due to the integrability of u and % We assume that constants C7, Cy > 0

exist such that
1 /T
0<f/ u(t)dt < Gy
T Jo
1 /T 1
0<f/ <y
T ) wi)y — 72

Multiplying by 7' > 0 and taking the square root on both sides yields

N

0< ( / Tu(t)dt) < (T
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By using the identities (recall u is positive)

u(t) = < u(t))2 and u(lt) = (:(75))2,

we may rewrite the above as follows

N

0< (/:( u(t))th> < (C\T)} (2.4.14)

T 1 2
0 — | dt| < (C5T)=.
) (/0 ( u<t>) ) o

Taking the product of the left-hand side and right-hand side of (2.4.14) and (2.4.15)
yields

0< (/OT< u(t))2dt>% . (/OT (:(t))zdt)z < (C\T)3 - (CoT)} = (CLCH)AT.

We may now apply Holder’s inequality to the left-hand side of the above, with the
Holder conjugates fulfilling % + % = 1. This results in

|

NI

(2.4.15)

(CLCy)3T > (/OT( u(t)>2dt> . (/OT (i(t))th) 2

T 1

D=

Dividing by 7" > 0 on both sides yields
(01612)% > 1
and by squaring both sides we obtain the claim
Cy-Cy > 1.

The second part of the claim is obtained by replacing the appropriate inequalities
with strict inequalities in the above proof. O]
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Remark 2.4.7.

By additionally assuming that w is not constant on [0,7] we may also improve the
above result to a strict inequality in (2.4.13). This is true since equality in Holder’s
inequality only holds if the two functions considered are linearly dependent almost

everywhere. In the above case this translates to the existence of some constant
C € R, such that

for all ¢t € [0, 7] (since u is continuous). However, this is equivalent to
u(t)=C  Vtel0,T].

Thus if u is not constant, Holder’s inequality is truly an inequality and we may
estimate

(o) ) ([ (@) ) A

in the above proof.

While the above result has an abstract character as it stands, we will in fact be able
to use it several times to prove various global results on A, we are seeking. The
key task is to find integral estimates of the same form as in equations (2.4.11) and
(2.4.12) for an appropriate function u. We will obtain results for periodic solutions
sp of (2.1.5), extending them to any solution s with so € O subsequently.

Periodic solutions

The first estimate of the kind we require is given in the following

Lemma 2.4.9.
Let s, be any periodic solution with sy € O and period T > 0. The solution

sp(t) = (z(t), y(t), 2(t))" fulfils
1 /T dt f

Th yt)+h g

Proof.

Let s, be any periodic solution with sy € Ot and period T > 0. Since sy € OF we
know that s, is positive in all its components for ¢ > 0 (Lemma 2.1.5). Furthermore,
since s, is periodic we have s,(0) = s,(7") and in particular the third component
fulfils zg = 2(0) = 2(7"). Consider the third equation of (2.1.5):

(t) = (f - y(t)9+h> 2(1).
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Dividing by 2%(t) > 0 and integrating from zero to T > 0 yields

T g T a1 1
/ f‘mw+hﬁ‘ﬂ;ﬁ@ﬂt‘© 7= yO+h - 2D
T

T dt
s 9 O

1 /T dt f
& = = =, O
TJh yit)+h g

In a similar manner we may prove

Lemma 2.4.10.
Let s, be any periodic solution with sy € OF and period T > 0. The solution

sp(t) = (z(t), y(t), 2(0))T fulfils

12
(et 17

—1 + hd
t t <
T/o y(t) >

Proof.

Let s, be any periodic solution with sy € Ot and period T' > 0. Since sy € O1 we
know that s, is positive in all its components for ¢ > 0 (Lemma 2.1.5). Furthermore,
since s,, is periodic we have s,(0) = s,(7") and in particular the first component fulfils
xo9 = z(0) = z(T"). Consider the i-equation (for the sake of readability we drop the
dependence on ¢ in the notation):

xry
r+a

t=x(l—x)—

Multiplying by x 4+ a and dividing by x > 0 yields

(x + a)

—(1-2)@+a) .

This is equivalent to

x
jc+a;—|—y:(1—x)(x+a).

Since a e
+a
?Qﬁ(l —z)(x+a)= 1
holds (also see Figure 2.4.2), we obtain
(1+a)?

x
:i:+a§+y:(1—:z:)(x+a)§

Integrating the above from zero to T' > 0 yields

z(T) —xg+aln (x(T)) +/0Ty(t)dt < /OT (1 +a)2dt.

o 4
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Since g = z(0) = z(T") this simplifies to

/OTy(t)dt <4 Z‘”QT.

Adding AT on both sides, results in

(1+a)

/OTy(t)dt+hT:/0Ty(t)+hdt§< +h>T.

Dividing by T' > 0 yields the result:

(a+1)2

1 T
T/o y(t) + hdt < +h. 0

Applying Lemma 2.4.8 to the results of the two previous lemmas allows us to prove

Lemma 2.4.11.

Let s, be any periodic solution with so € O and period T > 0. Then the parameters
in (2.1.5) fulfil

(a—l—l)Q.

—h<
h< 4

|

Proof.
Let s, be any periodic solution with sy € OF and period 7' > 0. By Lemmas 2.4.9
and 2.4.10 it holds that

—~

a—|—1)2+h

1 T

T/o y(t) + hdt <
1T 1 f
- =L
T Jo y(t)+h g

Since s is continuous on [0,7] and positive in every component (by sy € O%), it
holds that
y+heC’(0,T],RT).

Thus, Lemma 2.4.8 applies to the function y + h (with the above estimates), yielding

(0 )

This is equivalent to the claim:

a+1)?

(@t o9 O
f

Note that the above result supplies a necessary condition for periodic solutions of

(2.1.5) to exist. Likewise it also yields a sufficient condition for the non-existence of

periodic solutions or orbits:
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Corollary 2.4.1.
Assume that

1 2
9 _p > (at+1)
f 4
holds and let s be a solution with so € OF. Then s is not periodic. In particular, any
periodic orbit Tpe, of the semiflow ® on Of is contained in the boundary 0OF of

O;.

Proof.
Assume that

1 2
9 _p s el

f 4
holds and let s be a solution with sy € OF. Assuming that s is periodic immediately
implies that

(2.4.16)

(a+1)2
4
holds by Lemma 2.4.11, which is a contradiction to the parameter assumption in

(2.4.16). Hence s is not periodic and no periodic solution exists in OF. Furthermore,
the fact that O and 0Of has property (11) for all ¢ > 0 and fulfil

K<

~ |

Of =0T Uy,

implies that any periodic orbit Ty, of the semiflow ® on OfF fulfils

[per C 004 ]
Remark 2.4.8.
Note that the condition 2
g_ h > (a+1)
f 4
is equivalent to
g
a<2,/%—h-—1.
f

We have encountered this condition previously already - recall Figure 2.4.2 for
example. It is the condition for which the two equilibria pj, are not real (see Table
1). Hence the above corollary may also be read as:

If the equilibria p}, are not real-valued, no periodic solution s, with so € O exists.

We also emphasise the generality of the method we used above. More precisely,
Lemma 2.4.8 is not restricted to the semiflow ® induced by (2.1.5). For an arbitrary
semiflow ® on a subset of R” the decisive question is whether one can find a 7" > 0
and a corresponding function

uec([o,7],RY)
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(for example a component of &D) fulfilling estimates (2.4.11) and (2.4.12), i.e. that
the function u and its reciprocal have a bounded mean. If so, Lemma 2.4.8 yields
necessary parameter conditions for such a function to exist. In turn this allows the
exclusion of certain properties of u, such as periodicity (as shown above), if the
parameter conditions are not met. In fact, periodic functions u are a natural point
to start at, when searching for such estimates (recall the proofs of Lemmas 2.4.9 and
2.4.10 and cf. [Volterra, 1927], [Freedman and Waltman, 1977], [Ruan and Freedman,
1991]). However, they are not the only type of functions that may be studied with
this method (as we will see in the rest of this subsection).

In addition to this, note that the estimates (2.4.11) and (2.4.12) only have to hold for
a single T' > 0 and that the dimension of the phase space may be an arbitrary value
n € N, i.e. this method is not restricted to two or three-dimensional space. Other
mathematical models of ecosystems may prove to be a good field of application of
this method, as we show in subsections 3.1.3 and 3.2.1 in this thesis for example.

The results and proofs of Lemma 2.4.11 and Corollary 2.4.1 give a good idea about
how we will go about to prove more global results on the dynamics of the semiflow
®. We will generalise the results in two ways:

e A broader spectrum of parameters is covered.

e The results extend to more solutions than just periodic solutions, thus allowing
a better characterisation of the global attractor A.

Persistence and extinction

For this purpose (especially regarding the second aspect of the above list) we introduce
the following

Definition 2.4.1.
The xz-species in the GSP food chain model (2.1.5) is said to persist if for all
solutions s with sq € O it holds that

lim sup z(t) > 0.

t—o00

The x-species in the GSP food chain model (2.1.5) is said to become extinct if for
all solutions s with so € O it holds that

limsup z(t) = 0.

t—o00

The definitions for the y- and z-species are analogous.

Remark 2.4.9.
The above definition (cf. [Gard, 1980], [Thieme, 2003]) ensures that if a species
persists, it survives for any positive initial species density of all species (i.e. 5o € OF).
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The definition of extinction can be understood accordingly. We emphasise that
neither condition has to hold, since a species may fulfil

limsupz(t) =0

t—00

for certain initial values sg while it survives for others.

Similarly to above we will now prove two estimates which we then use to apply
Lemma 2.4.8:

Lemma 2.4.12.
Let s be a solution with so € OF and assume that

limsup z(t) > 0

t—ro0
holds. Then for any € > 0 there exists an arbitrarily large T > 0 such that

171 f
= ——dt < = +e.
T Jo y(t)+h g c

Proof.
Let s be a solution with so € OT and assume that

lim sup z(t) > 0

t—o00

holds. As done before, dividing by 2z%(¢) > 0 and integrating from zero to ¢ > 0 the
third equation of (2.1.5) becomes

g
2(t) 2 Ty y(r)+h

This is equivalent to

Lp_dr  _f (1 _ 1
Eoy(r)+h_g+ ( ) (2.4.17)

i (%)

for large t. Since limsup,_,. 2(t) > 0 we know that there exists a time sequence
(t;)ien With ¢; — oo as ¢ — oo such that

1 1 1 .
— —— ] =0 as i— o0.
~

—0 Srtoo

We now consider the term
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Consequently, for any given € > 0 we can find an arbitrarily large ¢ € N and
corresponding time t; =: T" from the aforementioned sequence such that

1 1 1
JT <z<T> - ) =

Inserting ¢t = 7" in (2.4.17) yields the claim

1 /T dr _i 1 1 i
f/o y(7)+h_g+9T<Z(T) ZO><9+E‘ -

The next lemma yields another estimate we will use

Lemma 2.4.13. B
Let s be a solution with sq € OF. Then for any e > 0 there exists a T > 0 such that

1 /T c ~
— t hdt < —+h T >T.
T/o y(t) + <4b+ +e VT >

Proof.
Let s be a solution with so € OT. It holds that

Y b 1 yz b
Vsl —az)— 2y— = <az(l—z)—-
&+ z(l —2) v e x(l—xz)— -y
———
>0

for any ¢ > 0. Solving for y and adding the term h on both sides of the inequality
yields

c cl(. U
y—l—h<b:c(1 ) b<x+c>+h.
Furthermore z(1 — z) < § holds for all z € R and thus

c c/. U
h<—+4+h-—- =).
y+h< 4b * b (x * c)
Integration of the above from zero to 7" > 0 yields

/OTy(t)+hdt< (Z;)—i-h)T—Z(x(T)—xo—l—y(T)c_yO).

Dividing by 7" > 0 results in

1 /T c c
T/o y(t)+hdt<+h+<a:0—:c(T)+

Yo — y(T)>
4b T '

c

Since x(T),y(T) > 0 holds, we have

1 st c c yo)
— t hdt < —+h+ — = .
T/oy()+ ' +bT(x0+c
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Since for any given € > 0 we can choose a sufficiently large T > 0 such that

C yo ~
< Yo T>T
bT<x0+c><€ VT =z

the claim of the lemma holds:

1 /T c c yo) c ~
— t)+hdt< —+h+ — = —+h T>T. O
TA y(t) + <4b+ +bT(%+-C <4b+ +e VT >

Combining the two previous results we now obtain

Lemma 2.4.14.
A sufficient condition for the z-species of the GSP food chain model in (2.1.5) to

become extinct is c p

— < = —h.
4  f
In particular, a necessary condition for persistence of z is given by
g c c
=—h<— & b<
- 9 _
f 4b 4(4—n)
Proof.
Let . g
— <= —h
4  f

hold for the parameters in (2.1.5) and assume the assertion is false. In particular,
assume that there exists a solution s with so € O@" such that

limsup z(t) > 0.
t—00
This is the only possible case since z(t) > 0 for all ¢ > 0 by Lemma 2.1.5. The
solution s fulfils the conditions of Lemma 2.4.12 and 2.4.13 and hence for any given
e > 0 there exists a (sufficiently large) T' > 0 such that

4b

dt<i+€

T Jo y(t)+h g

1 (/T c

f/y(t)+hdt<r+h+s
0

1 T

holds. Therefore we can apply Lemma 2.4.8 and obtain

c S
—l—h—l—a) (—l—s) > 1
(46 g
for all € > 0. Multiplying by % > 0 on both sides yields

c eq [ ¢ g
— 1 h J = p 7
4b+ +6+f<4b+ +5)>f
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which is in turn equivalent to

c g g /c

for all € > 0. Since € > 0 can be chosen arbitrarily small (¢ N\, 0), the above implies

¢ _yg
9y,
an=F "

which is a contradiction to our parameter assumption and thus the first claim of the
lemma is proven. The fact that the above condition is necessary for persistence of z
is an immediate consequence of the above result, i.e. else there are solutions (in fact
all) that fulfil lim sup,_,, 2(¢) = 0. O

The above result enables us to conclude that the global attractor A is planar while
15 < % — h holds (thus improving the result of Theorem 7 in [Aziz-Alaoui, 2002]):

Lemma 2.4.15.
Let the condition < % — h hold for the parameters in (2.1.5). Then the global
attractor A of the semiflow ® fulfils

1
AC{(Jzz,y,z)E(’)ar : $§1+€,$+y§1—|—8+4b+6,220},
C C

with € > 0. Therefore A has at most dimension two and is planar.

Proof.

Let the condition 75 < 4 — h hold for the parameters in (2.1.5) and let any solution

s with so € OF be given. If 5o € 0] then by Lemma 2.4.2 we have

lim z(t) = 0.

t—o0

If s € OF then by Lemma 2.4.14 we have

limsup z(t) = 0.

t—o00

Since z(t) > 0 for all t > 0 we in fact obtain

liminf z(¢) = lim 2(¢) = limsup 2(¢) = 0.

t—o00 - t—00 t—00
Thus any solution s with sy € Of fulfils

lim z(t) =0

t—o00

and hence the global attractor (which exists by Theorem 2.3.1) is a subset of the set

Ry x Rf x {0}.
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0 y=c(l4+e)+5+e
Y

r=1+¢

1+ 5 +¢e0)
X

Figure 2.4.12: For < % — h the attractor A is a subset of the shaded, planar
region.

Thus A is at most planar and has dimension two or less. Furthermore A fulfils
AcCC,

where the set C was defined in Lemma 2.3.27 for some £ > 0. Intersecting the two
supersets of A yields

Accn (R xR{ x {0})

1
:{(a:,y,z)eoar:xﬁl—l—a,x—l—ygl—i—a—i—%—i—g,z:()}. O
c c

Remark 2.4.10.

The set in which the attractor A is contained for 5 < % — h is depicted in Figure
2.4.12. Dependent on how many equilibria are present in Of the attractor may have
dimension two or reduce to dimension one again, if

b> ¢ > ¢
RIRDNGE

holds additionally (recall Lemma 2.4.6 and the corresponding Figure 2.4.9). Next we
prove that the attractor A is planar under several other parameter conditions. To
this end, we first show a property of the prey species.

Strong persistence of the prey species

We will show that the prey species density modelled by z fulfils:
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Lemma 2.4.16.
Let any solution s with sq € OF be given. Then s is bounded away from zero in the
first component for any time t > 0, i.e. there exists a x,,(So) = xm > 0 such that

z(t) > Ty, Vit > 0.

We will show that the above claim holds using several auxiliary results and then
proving Lemma 2.4.16 at the end of this subsection. We introduce

Definition 2.4.2.

For b < %5 we define the non-empty sets

S = {(x,y,z) cOt x> %
S, = + . :C;
2.—{(x,y,z)€(9 ; x§2,y>}
S3 = {(w,y,z) cOt < %
They form a partition of O, i.e.
Ot =85 U8 US,.

Remark 2.4.11.
Note that since a > 0 it holds that

<c
a+

and hence ;
x5 a 1
2 2(c—=b) — 2

Thus, the sets &1, So and Ss are indeed non-empty, have an interior and form a
partition of OF. For a visualisation see Figure 2.4.13.

Notice the similarity of the above definition and Definition 2.2.2. We will use a
similar technique for the sets Sy, S and S3 as we applied to the set €2; to {24 from
Definition 2.2.2 We consider the positive phase curve in the disjoint sets §;. Using
the above partition of O" we show

Lemma 2.4.17.

Let b < a—T—l and s be a solution such that sy € OF and yy < 5. Then the first

component of s fulfils

x(t) > max {xo, x;} Vt>0
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83 82

S

Figure 2.4.13: The sets S;, S and S3 in OT.

Proof.

Let b < aj—l and s be a solution such that s € O and yy; < 5. Since

y(t)gyMgg Vi>0

by Lemma 2.2.3, it holds that s(t) € Sy U Ss for all ¢ > 0.
o If 5(t) € S for any t > 0 it fulfils

5
t) > —
o(t) >
by the definition of ;.
e The following estimate holds in Sj:
ryY
—r(1—2)—
£ = ) r+a
>zx(l—2z)— Plad
r+a
- (-t -5
Cz+a

Since in Ss3 it holds that 0 < z < %2 < % we can use

min ((1 —z)(x+a)— a> = min (—:1:2—{—(1 —a)xr + ;) = min{1 a} > 0,

ze[0,1] 2/ aefo ] 472
to obtain
a T 1 a
r > 1-— — =] > -min<—, —» > 0. 2.4.18
x_$+a<( z)(r + a) 2) T a m1n{4,2} ( )
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Thus the vector field is strictly increasing in x-direction in Sz. This includes
the boundary between S; and S; (see the green arrows in Figure 2.4.14, the
projection merely simplifies the visualisation). Hence the solution s will not
enter Sz via this boundary. Since

s(t)681U83 thO

holds, we either have s(t) € S; for all t > 0 or so € S3. The first case we
already dealt with above. In the second case we know by (2.4.18) that the
vector field is strictly increasing in z-direction in 83, and therefore for the first
component of s we have

x(t) > wo,

for any ¢ > 0 such that s(t) € S;.

Combining the above results we obtain

x(t) > max {xg, 3;2} Vit >0. O
Yy
Sy
Yy = %. S

S; |

1 1 :
_ Ty ab
T=F = 50y

Figure 2.4.14: An z-y-plane projection of the sets &1, S and S5 and the direction of
the vector field on the common boundary of &; and Ss.

We now consider the case yy > 5, which will prove to be more technical. We

introduce the time T, in the following
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Lemma 2.4.18.
Let b < —= and s be a solution such that so € OF and yp > §. Define the time

a+1
1 a
Ts, = —1In | ——

where X
c2 x
Kgi= b4 —2  — pqp L2

2
Then it holds that Ks < 0 and Ts, > 0.

Proof.

Let b < aj—l and s be a solution such that so € OF and y;; > %. Consider the

following equivalence for x > 0 (using ¢ — b > 0)

cxr ! ab
—b+ <0 & ca<blr+a) & x< = x5
r+a c—b
Since 0 < %2 = 2(21;) < C“Tbb = x5 the above implies
cﬁ
Ks:=—-b+ ——2— <0.
Z+a
Furthermore we have a a
>- & 1> —,
Ym 5 2t
implying
1 a
Ts,= —1In|—] > 0. n
K <2yM>
N~ ———
<0 <0

We make use of the above result to prove

Lemma 2.4.19.
Let b < 55 and s be a solution such that sy € OF and yp > §. The mazimal length
of a time interval for which s is contained in Sy is at most Ts, (from Lemma 2.4.18),

i.e. for any T > 0 there exists a t € [T, T + Ts,] such that s(t) & Ss.

Proof.

Let b < %5 and s be a solution such that sg € OF and yy > §. We provide a proof

by contradiction, and hence we assume there exists a T" > 0 such that

s(t)e Sy,  Vte [T, T+1Ts,].

By the definition of Sy the above implies for all ¢t € [T, T + Tys,| that
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Using the above and considering the g-equation in (2.1.5) we conclude that for all
t € [T, T + Ts,] it holds that

2
cx z 3

+ta

r+a yYy-+e

>~ :KS7

g:_b+
Yy

where K is defined in Lemma 2.4.18. Integrating the above from 7" to 1"+ T, and
inserting the definition of Ts, > 0 yields

T+T52M 1o y(T+T32)
L =] ( o(T)

Applying the exponential function and multiplying by y(7") > 0 on both sides of the
above inequality yields

) < KS(T+T32 - T) = K5T32 =In (CL) .
2ym

ay(T)
2ym
Since y(T') < yp for any T' > 0 (see Lemma 2.2.3), the above yields

y<T + TSQ) <

ay(T) _aym a
T+1Ts,) < <—=-.
y(T+Ts) < 2Yn T 2ym 2
This however is a contradiction to y(t) > § for all t € [T',T + Ts,]. O

The next auxiliary result we prove is

Lemma 2.4.20.
Let b < aj—l and s be a solution such that sy € OF and yyr > 5. Foranyt >0 the
positive phase curve corresponding to s can only enter the set Sy via the common

boundary part of 81 and Sy. In particular any solution (curve) entering S fulfils

x(t) = %2 at the entrance time t > 0.

Proof.
Let b < ﬁcl and s be a solution such that sy € OF and y;; > 5. We want to show
that s may only enter S; via the common boundary part of §; and S;. We show this
by proving that s cannot enter Sy via any other part of the boundary of S,. Indeed,
since

so € OF = s(t) e O VYt >0,

the positive phase curve to s cannot enter S via any common boundary part with
the coordinate planes. The positive phase curve to s does not enter them for any
finite time. The only boundary part remaining is the common boundary part of Sy

and S3. We call this set

see Figure 2.4.15.
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EEEEEEED
DNemedh:

5o

Si

Figure 2.4.15: The common boundary part Bg, the normal vector n (blue) and the
schematic vector field (red).

Here it holds that i
Ty
r < 5 and y=

N

T

=~

Thus we can use the normal vector n = (0, 1,0)
(see Figure 2.4.15) to obtain

0 x cx z
0 5 r+a y+e
(b 77a)
r+a
(b 572)
r+a
—b+ *C? g:Kgg < 0.
%24—@ 2 2

=Ks<0 from Lemma 2.4.18

of the common boundary part Bs

Y
a
2

IA

Hence the vector field v points out of Sy in the set Bs (see the red arrows in Figure
2.4.15) and no positive phase curve can enter Sy via this boundary part. Therefore,
the only remaining boundary part is the common boundary of S; and S where
T = %2 holds. O

The two previous lemmas allow us to prove

Lemma 2.4.21.

Let b < -4 and s be a solution such that sy € O" and yyr > §. There is a positive
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minimal value that the first component of s can attain while in Sy. More precisely,
for any t > 0 such that s(t) € Sy it holds that

: w3\ (2Yn\ “Rs
x(t) > min{ xg, = » ( — >0
2 a
Proof.
Let b < 7 and s be a solution such that sy € OF and yy > §. By Lemma 2.4.19
the positive phase curve to s cannot be in Sy longer than the time Ts,. We determine
the maximal decrease of the first component of s in this time span. In S; it holds

that

p=a(l-n)——2 > o UM, (2.4.19)
—_—— T Fa T+ a a
>0

Now if the positive phase curve corresponding to s is in S then it either commenced
in Sy (i.e. sp € Sy) or entered it via the common boundary of S; and S, (see Lemma

2.4.20, in particular x(Tg) = ‘%2 at the entrance time T > 0).

e In the first case (i.e. sop € Sy) separation of variables and integration of (2.4.19)
from zero to t € [0, Ts,] yields

t 1 2yar\ ks
n x(t) >_yMt2_yMT82:_yM (%) - ( yM> Ks
To a a a Kg 29 mr a

Solving the above for z(t) yields that for any ¢ € [0, Ts,] it holds that

Ks

2y
x(t) > xo <yM> .
a

e In the second case we have an entrance time Tx > 0 for which z(Tx) = %2

holds. The positive phase curve of s leaves the set S for some time t in the
interval [Tg, T + Ts,]. Once more we can approximate the maximal decay of
the first component by separation of variables and integration of (2.4.19) from
TE tot e [TE,TE‘ + TS2]Z

z(t) Yt yM,, 2y ks
In <$(TE)> > —7(75 —Tg) > —7T32 =1In ((a) ) :

We solve the above for z(t) recalling that z(Tg) = %2 obtaining for any
t € [Tg,Tp + Ts,] that
Ym
x5 2yM>aKS
t) > — | —
z(t) 2 < a

Combining the above results we obtain that for any ¢ > 0 such that s(t) € Sy it

holds that
T3\ (2yn\ oKs -
t) > mi = | — )
x(t) mln{xo,Q}( , >
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The above allows us to 'control’ the z-component of a solution s if its positive phase
curve is in S;. We now need to do the same for the sets S§; and S3, which will prove
less technical.

Lemma 2.4.22.

Let b < a—jl and s be a solution such that so € O and yyr > 5. There is a positive
minimal value that the first component of s can attain while in Ss. More precisely,
for any t > 0 such that s(t) € Ss it holds that

x5 2 e
x(t) > min {xo, 2} (yM) ° >0
2 a
Proof.
Let b < —%5 and s be a solution such that sy € OT and yy > §. Recall that by

(2.4.18) the following estimate holds in Ss:

T a T

((1—x)(x+a)—2> > x+a-min{i,;}>0.

Thus while the positive phase curve corresponding to s is in S3 the first component
of s is monotonically increasing. In particular the minimal value that the first
component of s can attain in Sz is either the initial value xg if sg € S3 or the entrance
value.

T >

xr+a

e For sy € S3 we obtain x(t) > x¢ while s(t) € S3. Since yy > § and Ks < 0 it

holds that
ayM T akK,
O<<2yM) Ksz<a> T <1
a 2yM

allowing the estimate

Ym

2 )
o(t) > 70 > a4 <yM) ts
a

e Now consider the case that s enters S3. From Figure 2.4.14 we see that s may
only enter Sz via the common boundary of S and S, i.e. the set Bs (see
Figure 2.4.15). Thus, the previous Lemma 2.4.21 yields the minimal entrance
value and lower bound to the first component of s while in Ss:

s 2 e
z(t) > min {xo, 2} <yM) °.
2 a

Combining the above results we obtain that for any ¢ > 0 such that s(t) € S; it

holds that
5 2ym :%{s
x(t) > min {:UO, 2} () : O
2 a
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The estimate for the set S; is very simple:

Lemma 2.4.23.

Let b < ajl and s be a solution such that sy € O and yy > % There is a minimal

positive value that the first component of s can attain while in S;. More precisely,
for any t > 0 such that s(t) € Sy it holds that

Ym

* 9 -
x(t) > min {:130, 22} (yM> |

a

Proof.

Let b < ajl and s be a solution such that sq € O and y; > 5. If s(t) € & for some

t > 0 then by definition of S; it holds that z(t) > % Since yy > § and Ks < 0 it
holds that

>0

—N
" 5
2 ak, a aKs
oo (2™ ()
a 2ym
—_———
<1

allowing the estimate

Ym

x5 . x5 2yM>aKs
t)>—=2> e
() >3 = min{ao. 3} (5

for any ¢t > 0 such that s(t) € S;. O
The above results now enables us to prove the claim of Lemma 2.4.16.

Proof of Lemma 2.4.16.
Let any solution s with sy € O" be given. If b > o7 then by Lemma 2.4.6 the
equilibrium pj is globally asymptotically stable in O (in the sense of Remark 2.4.3)

and hence

tliglox(t) =z; =1

Thus
liminfx(t) =1 >0,
=

o0

c
a+1"

It b < -5 and any solution s with sg € O™ is given, then:

yielding the claim for b >

e Assume yy < § then by Lemma 2.4.17 we have

x(t) > max {xg, x;} Vi >0.
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e Assume yy; > § and note that since s € O7 we have
S(t) € ot = S USQUSg Vt>0.

In particular the positive phase curve corresponding to s is contained in either
of the three sets S, S and S3. Thus combining Lemmas 2.4.21, 2.4.22 and
2.4.23 yields
5N /2unr )\ RS
x(t) > min {xo, %} (yM> S ovE>0. O
2 a
Remark 2.4.12.
Note that the result of Lemma 2.4.16 implies that for any solution s with so € O
we have
lim sup () > (o) > 0.

t—o00

Hence the x-species persists (compare to Definition 2.4.1). Moreover, the result even
implies that
liginfx(t) > xm(so) > 0.

This property is known as strong persistence of the species x in a food chain (cf.
[Muratori and Rinaldi, 1992] for example).
Estimates

The strong persistence property of the xz-species allows us to prove estimates similar
to the one in Lemma 2.4.13:

Lemma 2.4.24. B
Let s be a solution with sq € OF. Then for any e > 0 there exists a T > 0 such that

12 .
@+D)” e vrsT

L hd

— t t <

T /0 y(t) +
Furthermore, if a > 1 then for any € > 0 there exists a T > 0 such that

1 /T 7
[y +hdi<athie  VT=T.
0

Proof.

Let s be a solution with so € O. It holds that
2 N (x + a)

Tr+a T

s y=1—-2z)(r+a)— {i—i—ia]

b=l —) - = (1l—a)z+a) -y

Recall that max,eg(l — x)(z + a) = % (see Figure 2.4.2) and hence

y=(0-2)(z+a) -

i+ ia} <4 ZG)Q - [x + ia] (2.4.20)
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Adding the term h on both sides results in
(a+ 1)

y+h< h— j:+xa]
s

Integration of the above from zero to 7" > 0 yields

/()Ty(tthtS ((azl)z +h>T— [x(T)—xg—i—ln (x(T)ﬂ.

By dividing by T" > 0 we obtain

;/()Ty(t) + hdt < (azl)2 +h— 1{ [x(T) — o+ In (xg;)ﬂ . (2.4.21)
Since by Lemmas 2.2.1 and 2.4.16 we have
0 < xm(so) < z(t) < zp(so) Vt>0
we can in particular estimate for t = T, that
Tm — To + In (?:) < x(T) —xzo+In (mg:)> <axy—x0+In (?j)

Thus the middle term in the above inequality is bounded by constants (which are
independent of T') from above and below for any 7" > 0. In particular for any given
e > 0 there exists a (sufficiently large) 7" > 0 such that

;‘x(T)—xo+ln(@)’<6 VT >T.

0

For estimate (2.4.21) this implies

7{ oTy(t) +hdt < (QZDQ +h—; [x(T) — 20+ In (m(T)ﬂ
(a+1)
4
(a+ 1)
4

<

+h+ 7{ ‘:c(T) — 2o+ In (x(T))‘

+h+e

for all T > T, thus proving the first part of the lemma. Now we additionally assume
that @ > 1. This implies
m%((l —x)(r+a)=a

- see Figure 2.4.16 -, allowing us to modify the estimate (2.4.20) as follows:

T
x+a} <a-—

R
x+4.
xr

T

y=1—-2z)(zr+a)—
Following the same line of argumentation as above we obtain

1T 3
f/ y(t) +hdt <a+h+e NT>T. 0
0
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—a o 0 1
Figure 2.4.16: For a > 1 it holds that max,>¢(1 — z)(z + a) = a.

The above yields further sufficient conditions under which the z-species will become
extinct.

Lemma 2.4.25.
A sufficient condition for the z-species of the GSP food chain model in (2.1.5) to
become extinct is

2
(a+1) 9
4 S
and additionally if a > 1 then
g
a<=<—h
f
is sufficient. In particular, a necessary condition for persistence of z is given by
1 2
9 _pclet ) s
S 4 S
Proof.
Let 2
(a+ 17 _9_,
4 S

hold for the parameters in (2.1.5) and assume the assertion is false. In particular,
assume that there exists a solution s with so € O such that
lim sup z(t) > 0.
t—00
Note that this is the only possible case since z(t) > 0 for any ¢t > 0 by Lemma 2.1.5.
The solution s fulfils the conditions of Lemma 2.4.12 and 2.4.24 and hence for any
given € > 0 there exists a (sufficiently large) 7" > 0 such that

12
(a+1) +h+e¢

1 T
T/o y(t) + hdt <
1 T

1 f
- dt < L
Tl yoy+n" =47 °¢
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holds. Therefore we can apply Lemma 2.4.8 and obtain

(<“+1>2+h+5> (§+> >1

4

for all € > 0. Multiplying by % > 0 on both sides, yields

(a+1)2 eg ((a+1)?
4 —|—h+€—|—f< 4

which is in turn equivalent to

MZU2>?_h—gP+?<mZU2+h+%]

for all € > 0. Since € > 0 can be chosen arbitrarily small (¢ N\, 0), the above implies

—l—h+€> >

|

(a+1)2
4

g
>7 _p
—f

which is a contradiction to our parameter assumption and thus the first claim of the
lemma is proven. The case a > 1 is treated in an analogous way. Since f — ¢ <0 it
holds that

1 2
A G T L Ny
f 4 f
Therefore the above condition is a necessary one for persistence of z, since else there
are solutions (in fact all) that fulfil lim sup,_, . z(¢t) = 0. O

Remark 2.4.13.
Note that this result is a generalisation of Corollary 2.4.1 because we have shown
that under the condition
(a+1)2
4

g
<=-h

f
any solution s with so € O fulfils

limsup z(t) = 0,

t—o00

which in particular implies that s cannot be periodic.

Characterising the global attractor A
Thus we have the following result, characterising A:

Theorem 2.4.1.

Let a = d and f — % < 0 hold for the parameters in (2.1.5) and consider the
corresponding semiflow ® on OfF . Then the global attractor A of ® has the following
properties:
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i) If b > =< then

a+1
A=10,1] x {0} x {0}
and thus A has dimension one. The equilibrium p; is globally asymptotically
stable in OF. A biological interpretation of this is that the y-species and the
z-species become extinct and the x-species is the sole survivor (except if its
initial density is zero, i.e. xo=0).

it) If any one of the following conditions holds

MECED I
a+1)2
- <o _p
ol<a<%—h
then A fulfils

1
AC{(JL’,y,z)EOar : x§1+€,x+y<1+€++€,z:0},

¢~ 4 ¢
for any € > 0. In particular A has at most dimension two and is planar. A
biological interpretation of this is that the z-species becomes extinct.
If additionally to one of the above conditions it holds that
c(l—a
( ) <b< L,
a+1 a+1

then the equilibrium pi is globally asymptotically stable in OF. A biological
interpretation of this is that the x-species and y-species tend to a state of
coexistence, if both their initial densities are non-zero, i.e. xo # 0 # yq.

Proof.

Let a = d and f — ¢ < 0 hold for the parameters in (2.1.5) and consider the
corresponding semiflow ® on Of . By Theorem 2.3.1 the global attractor A exists.
We show the above claim for this global attractor A of &:

i) This is the result of Lemma 2.4.6 and the subsequent remark.

i1) The case
c c g
4(;{-h)<b & 4b<f h
was considered in Lemma 2.4.15. For the other two cases we have shown in
Lemma 2.4.25 that
limsup z(t) = 0
t—o00

and hence also
lim z(t) = 0.

t—o00
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By analogous arguments to the proof of Lemma 2.4.15 we obtain the claim.

If we additionally assume that

1_
cl-a) a)<b<
a+1 a+1

holds, then the only limit points in the non-negative x-y-quadrant (and thus
also in the planar attractor) are the equilibria p§, pi and p; (see Lemma 2.4.2).
Since pj and p} are unstable (Lemmas 2.4.3 and 2.4.4), it follows that p}
(which is already locally asymptotically stable by Lemma 2.4.7) is globally
asymptotically stable in OF (in the sense of Remark 2.4.3). O

Remark 2.4.14.

In the subsequent remarks to Lemmas 2.4.6 and 2.4.15 we visualised the attractor
set A for the respective parameter values (Figures 2.4.9 and 2.4.12). Indeed, for any
one of the three conditions in case ii) of Theorem 2.4.1 the attractor is contained in
the set depicted in Figure 2.4.12. If additionally the condition

1_
u<b< ¢
a+1 a+1

holds, we may characterise the set A further. Indeed, we know that the equilibrium
ph is globally asymptotically stable in O%, i.e. any solution s with sg € O has the
property

tliglo s(t) = p3.

Since we have also covered all the cases in the boundary of Of in Lemma 2.4.2 we
characterise A precisely. It consists of the equilibria pj, p; and p3 and the heteroclinic
orbits connecting pj and pj and pj and pj respectively, see Figure 2.4.17. There can
be no heteroclinic connection between pf and p3, since pj; only has a single unstable
direction (the centre direction on W (pg) is weakly stable by Lemma 2.4.3 and the
subsequent Figure 2.4.5) causing the heteroclinic orbit with pf. If on the other hand
the condition
c(l—a)
a—+1

holds, then we know by Lemma 2.4.2 that there is an additional periodic orbit I'} . in
the positive z-y-quadrant, which must also be at least part of A - see Figure 2.4.18.
Furthermore, A is still connected.

It is worth noting that the conditions

2
a+ 1y <9I _p and l<a<?—

4 f f
are both sharp sufficient conditions for pj. & Of (recall Table 1). The question
arises whether
T3y
T, +a’

b>by =
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X

Figure 2.4.17: The planar attractor A for case i) in Theorem 2.4.1 and

c(l-a) c
a+1 <b< atl’

z

*
: DT
P

X

Figure 2.4.18: A subset of the planar attractor A for case 7i) in Theorem 2.4.1 and

c(l—a)
b<r

being the third condition for which pj, & Of holds (see Table 1), is also a sufficient
condition for the extinction of the z-species and a planar attractor A. This leads to
the following

Conjecture 2.4.1.
Let a = d and f — ¢ < 0 hold for the parameters in (2.1.5) and consider the
corresponding semiflow ® on OF . If the equilibrium p}, fulfils ps. & Of , then the

global attractor A of ® is planar and fulfils

1
AC{(J{:,y,z)E(’)ar : x§1+€,x+y§1+€+4b+€,z:0}
& C

for an e > 0. If on the contrary p5, € OF holds, then A cannot be planar.
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Remark 2.4.15.

Note that the second part of the conjecture is true since p4, € OF implies that the
additional equilibrium is in the positive octant. I.e. at least the four equilibria pg,
pi, p5 and p;, are contained in the attractor and additionally A is connected. Since
these points do not lie in one plane, the set A cannot be planar (see Figure 2.4.19).

z

p§+
Po

D5

Z

Figure 2.4.19: The case p5, € O*: The attractor A is a superset of the depicted set.

Concerning the first part of the conjecture, we have that p;, & Oy if any of the
following conditions hold (see Table 1):

e 0 <2,/%2—h—1 which is equivalent to

f
1 2
4 f
ol<a<§—h
o b>b§+:x§j—ta

If either of the first two conditions are fulfilled, then Theorem 2.4.1 immediately
yields the claim. The third condition, i.e. b > b3, , needs to be considered more
closely:

Wanting to apply the same technique as in the previous cases, we obtain the following

Lemma 2.4.26.

Let b < %5 and any solution s with so € O" be given. Assume that for any given

e > 0 there exists a T > 0 such that

1 /T -
T/O yt) +hdt <yi+hte=(1—a)(@i+a)+hte VI>T, (24.22)
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then a sufficient condition for the z-species of the GSP food chain model in (2.1.5)
to become extinct is
b>bs,.

Proof.

Let .
T34

c
o 0= <c
cry, +a a+1

and any solution s with sy € O" be given. Assume that for any given € > 0 there
exists a T' > 0 such that

1 T N
T/ y)+hdt<y;+h+e VT >T.
0

We assume that the assertion of the lemma is false. In particular, assume that there
exists a solution s with s; € O such that

lim sup z(¢) > 0.

t—o00

Note that this is the only possible case since z(t) > 0 for any ¢t > 0 by Lemma 2.1.5.
The solution s fulfils the conditions of Lemma 2.4.12 as well. Hence for any given
e > 0 there exists a (sufficiently large) 7" > 0 such that

1 /T
f/o y(t)+hdt <y;+h+e
1 /T

1 f
A
T Jo y(t)+h g+€

holds. Therefore we can apply Lemma 2.4.8 and obtain
) f
(y5+h+¢) §+5 > 1

for all € > 0. Multiplying by % > (0 on both sides, yields

" eg ((a+1) g
y+h+5+< +h+e| >
’ f 4 f

which is in turn equivalent to

y§>?—h—a[1+?<<azl)2+h+a>]

for all € > 0. Since € > 0 can be chosen arbitrarily small (¢ N\, 0), the above implies
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This is equivalent to (since b < ¢)

g
——h & l—x5)(x5+a)>=—h
f ( 2)(2 ) f
& —(@)?+(1-aas+a ?—h
(1-a3 (1-a)? _g
< (23)° + (1 —a)as +a— 1 + 1 Z?_h
1—a)? 1+a)? _ g

& (z3)? + (1 — a)x} ( 4)—1—( 4) 2?—h

1—a\? (1+4a) g

B > <
= (2 2 ) 4 = f
1—a\?> _ (1+a)? g
< (2 2 ) =Ty 7
l—a (14+a)? ¢
T T —\/ -
* l—a (1+a)2 g *
& x5 < 5 —i—\/ 1 —?—i—h:x3+
Thus we have
a/b * *
c—l):%S%‘Q’Jr
which we may solve for b yielding
cxy
b < SA
T cry, t+a 3

This is a contradiction to our parameter assumption and thus the claim of the lemma
is proven. ]

Remark 2.4.16.

Note that the assumption of the previous lemma is very strong. In fact the integral
estimate in equation (2.4.22) is of the same kind as those in Lemmas 2.4.12, 2.4.13
and 2.4.24. Unfortunately we have not been able to find sufficient estimates to show
that (2.4.22) indeed holds. However, consider the following reasoning:

By Lemma 2.4.2 the planar equilibrium pj is asymptotically stable in the positive

-y quadrant for
c
be(N,).

Thus, for these b-values the inequality (2.4.22) holds for solutions with zy = 0
(since then lim; . y(t) = v3). The asymptotic stability of p5 may be proven, by
employing a strict Lyapunov function (see e.g. [Cheng et al., 1982], [Aulbach, 1997)).
Extending this Lyapunov function to phase space and incorporating the dynamics
of the generalist predator species is the aim (similar to [Chiu and Hsu, 1998], [Hsu,
2005] for example). The local asymptotic stability of p; (see Lemma 2.4.7) allows
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the construction of a strict Lyapunov function locally, i.e. in a neighbourhood of pj.
Extending it to a global Lyapunov function is difficult. This final - yet missing - step
would yield the global result, but depends strongly on the coupling of the variables
x, y and z.

As mentioned in the subsequent remark to Conjecture 2.4.1 the nature of the attractor
A changes if p§, € O, since the additional equilibrium inside the positive octant is
necessarily part of the attractor and thus A not planar (recall Figure 2.4.19). In fact
the equilibrium p3, and its properties play an important role in understanding the
nature of the set A and thus studying p3, is subject of the next subsection.

2.4.3 Analysis of equilibria II

In this subsection we investigate the (interior) equilibria of coexistence p3, and pj5_
and their respective stability properties. As always we assume a =d and f — ¢ <0
to hold for the parameters in (2.1.5).

The equilibrium p3

Since we are only interested in the biologically relevant cases, we will in fact assume
3, € Oy, i.e. that the equilibrium is in the non-negative octant. From Table 1 we
see that this is equivalent to the conditions

a>2/2—h—-1 A 0<a<l V a>g— AN b< sy = b3,
! f 3, +a
which we assume to hold in this subsection. In particular this implies that a branch
of equilibria corresponding to pj, exists for b € (0, b3, ), along which a bifurcation
may occur (as we show below). By Lemma 2.4.1 we know that

py =psy, for b=105,,

i.e. the equilibria coincide for the value b = b3 . A transcritical bifurcation occurs
and pj is unstable for 0 < b < b5, (see Lemma 2.4.7 and the subsequent remark).
For all values of b strictly less than b3, the equilibrium p3, is then indeed contained
in the positive octant, i.e.

vbe (0,b5,): pj €O,

We will restrict ourselves to this case 0 < b < b3,. The question arises whether
the equilibrium pj, € O inherits the stability properties of pj, i.e. whether it is
asymptotically stable for b < b3, . As an answer to this question we will prove the
following result in this subsection:

Proposition 2.4.1.
Let a =d and f — { <0 hold and furthermore assume that p5, € OF.

Ifa=2 % — h — 1 holds, then p;, is unstable for all b € (O, b§+).
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If a > 2, /? — h — 1, then there exists a minimal b € (—oo,b§+), such that p3, s
(locally) asymptotically stable and hyperbolic for all b € (b, b§+).

° Ifg < 0 then the equilibrium is asymptotically stable and hyperbolic for all
b >0 (i.e. for all biologically relevant parameters).

° Ifg > 0 then a Hopf bifurcation occurs for b =b along the branch of equilibria
corresponding to p3. , i.e.

(b,p3,) € (0,03,) x OF
is a Hopf bifurcation point. Furthermore, p5, is unstable and hyperbolic for all

be (0,D).

The (both necessary and sufficient) conditions such that b > 0 holds may be found in
Lemmas 2.4.36 and 2.4.37.

Remark 2.4.17.
More concisely, the above proposition states that either p3, is asymptotically stable

for all values of b € (O, b +) or the equilibrium turns unstable for some be (0, b3 +>
via a Hopf bifurcation and remains unstable for all b € (0,5).

The statement in Proposition 2.4.1 will turn out to be the result of an eigenvalue
analysis and employing Lyapunov’s indirect method, as well as the Routh-Hurwitz
criteria. This analysis, however, is not straightforward and is therefore split up
into several parts below, yielding the proof of Proposition 2.4.1 at the end of this
subsection. We consider the Jacobian Dv(z,y, z) of the vector field v (see equation
(2.4.5)) evaluated at the equilibrium p3, (for the derivation see Appendix C.2.2):

ay T
1— 2z — W ~zta 0
* acy cx ez Yy
J:=Dv(py,) = (z+a)? —b+ zta - (y+e)? yte
0 gz 2 _ 9
(y+h)? o ( y+h) (z.9,2)=(25, 95,25, )
—a}, -/ (a+1)2—-4(4—h) o 0
z3, +a z3, +a
— ac(l—z3,) _ %—h R (2423)
x5 +a <b3+ b) (;—h+e Y3, te
2 2 N 2
R A D

We will use the standard notation for matrix entries for J, i.e.

Jun Jiz2 )13
J=|Jja1 Jo2 Joz| = Dv(ps,).
J31 J32 J33
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We wish to determine the eigenvalues of J. Throughout the rest of this subsection
we will call these (not necessarily different) eigenvalues A\, Ay and A3 respectively.
The characteristic polynomial

Jn—=~&  Ji2 0
xs(§) = Joar Je2— & Ja3
0 J2 —¢
= (J11 — &) (J22 — E)(=E) — Jaajas(in — &) — Jarjia(—§)
= =&+ (Ju1 + J22)& + (Jazdos + Jordz — Ju1J22)€ — Juijazdos (2.4.24)

associated with J is of degree three. Therefore y; has a real root, i.e. at least
one eigenvalue of J will be real-valued, while the other two eigenvalues are either
complex conjugates (c.c.) or also both real-valued (being a consequence of the
Fundamental Theorem of Algebra). Considering Proposition 2.4.1 we see that we
need to differentiate between two different cases for the parameter a. We consider
the shorter case, the equality, first:

Lemma 2.4.27.
Let p5, € OF and a = 2 % —h —1, then for any b € <O,b§+) the equilibrium s
unstable.

Proof.
Let p;, € OF and a =2 % —h—1hold and any b € (0, b§+) be given. Note that
the parameter assumption is equivalent to

a=2 ch—h—l & (a+1)2:4<?—h>.

Thus the Jacobian J in equation (2.4.23) simplifies to

0 * 0
* * F—h
J=Dv(ps,) = | * (b3+ - b) <§;Jih+e> *1
0 * 0

where the * stands for some entry in J (which we do not need to know precisely).
We now consider the trace of the matrix J and observe that for any b € (0, b3 +> it

holds that
9 (555
tr(J) = (b3, —b) | 7———] > 0.
$—hte
>0 —
>0

On the other hand, since the trace is the sum of the real parts of the eigenvalues of
J we obtain

tr(J) = Re(A1) + Re(A2) + Re(A3) > 0,

which implies that at least one of the eigenvalues has a positive real part and hence
by Lyapunov’s indirect method, the equilibrium p3, is unstable. O
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This result takes care of the case where a = 2 % — h — 1, and we now turn to the

other case. In order to prove that Proposition 2.4.1 holds, we will show various
results in the following, namely:

e properties regarding the matrix J (Lemmas 2.4.28, 2.4.30, 2.4.33, 2.4.35)

e properties regarding the eigenvalues \y/3 crossing the imaginary axis (Lemmas
2.4.32, 2.4.34 and Corollary 2.4.2)

e conditions under which the eigenvalues cross the imaginary axis (Lemma 2.4.36,
2.4.37 and Corollary 2.4.3)

Combined, these results will conclude in the proof of the proposition. We first prove
the following statement concerning the determinant of J.

Lemma 2.4.28.
Let p5, € OF and a > 2,/% —h — 1, then for any b € (0,b§+) the matriz J from
equation (2.4.23) fulfils

det(J) = —Ji1s2das = A1 - A2 - A3 < 0.

Also the determinant of J is differentiable and strictly monotonically increasing in b
on (0, b3 +>.

Proof.
Let p5, € Ot and a > 2,/ —h —1hold and any b € (O, b§+) be given. The
determinant of J is strictly negative since

(e et)?=4(§-h) Ui f? g : © )2
det(J) = — ( T i) g\ (b—b3) | <o0.
————

>0 >0 >0

Since the first two terms of the above product are independent of b, we see that
det(J) is differentiable (even on R) and as b € (0, b3 +) is increased det(J) is strictly
monotonically increasing and converges to zero as b — b3, . O]

In order to use the above result we need the following auxiliary

Lemma 2.4.29.
Let p3, € Of and a > 2, /% — h —1 hold. Then the following estimate is true

cxly, - c(l1—a)
x3, ta a+1

* p—
b3y =

In particular the bifurcation value by, for which the transcritical bifurcation of p5 and

ps. (see Lemma 2.4.1) is strictly larger than the bifurcation value CSJ:f) for which
the planar Hopf bifurcation of p} (see Lemma 2.4.7) occurs.
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Proof.
Let p3, € Of and a > 2 % — h — 1 hold. We consider the following two cases:

e If a > 1, then using x5, > 0, we immediately obtain

<0
*

b, — *cx3+ >0 c(1—a)

r3,. ta a+1

e If a <1 then, using the definition of z3, , we obtain

l—a (a+1)2 ¢ l1—a
B = —=4+h>—2>0.

>0

Thus monotonicity yields

*

— C‘/L‘S-‘r >

3+ x* +a 1—a +
3+ 2

We use the two previous results to prove

Lemma 2.4.30. R
Let p5,. € OF and a > 2 % — h — 1 hold. There exists a minimal b € (—oo, b§+),

such that the eigenvalues Ay, Ao, A3 all have negative real part for all b € @7 b§+) and
in particular p3, is asymptotically stable and hyperbolic for all b € (5, b§+).

Proof.
Let p5, € OF and a > 2, /% —h — 1 hold. Recall that for b = b3, > 0 the equilibria

p5 and pj, coincide and a transcritical bifurcation occurs (see Lemma 2.4.1). Thus
the Jacobians

a3 (1—a—2x3) xy 0
a+xy _xSJra
* _ 17 * * _ * _
Dv(p;) = %ﬂéz) 0 _y;?jie =Dv(p;,)=J
0 0 0

also coincide and have the same three eigenvalues \;, Ay and A3. From Lemma 2.4.29

we know that
c(l—a)

a+1
and hence from the proof of Lemma 2.4.7 we obtain that the eigenvalues of J fulfil

b=10by, >

Re(/\l/g) <0 A A3=0 for b= b§+,
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Im Im
— e *—o Re ® *—o Re
>\1 /\2 )\3 >\1 )\2 )\3
Im Im
A
.1 )\1
°
* Re ® Re
)\3 )\3
¥
°
hY ’
(a) The case b = b3 - one zero eigenvalue. (b) The case b € (b, b3, ) - all eigenvalues

have negative real part.
Figure 2.4.20: Constellations of A;, A2, A3 in the complex plane C for b € (5, b§+}.
also see Figure 2.4.20a. Since the eigenvalues depend continuously on b (cf. [Marden,
1949], [Ortega, 1972]), we obtain that for any b < b4, sufficiently close to bj, it still

holds that
Re()\l/g) < 0.

Furthermore, since by Lemma 2.4.28 the determinant of J is strictly negative for all
be (O, b3 +>, we obtain that for any b < b3 sufficiently close to b3, we also have

Re()\;g) < 0,
see Figure 2.4.20b. Thus there exists an interval I C (—oo, b3 +) such that

Re()\l/g/g) <0 VbEf
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Due to the continuous dependence of the eigenvalues on b, this interval I can
be extended to the left until one of the eigenvalues has zero real part for some
be (—oo, b3 +), or else we set b = —o0, thus yielding a maximal interval

I= (6, b§+)

for this minimal b. By construction, the eigenvalues all have negative real part for
all b € (b, b; +). Thus the equilibrium p3, is hyperbolic and asymptotically stable
for this parameter range. O]

Recall that one of the eigenvalues of J is always real-valued. Without loss of generality
we name the real-valued eigenvalue A1, i.e. Im(A;) = 0. We prove several properties
of the eigenvalues that are a consequence of the above results.

Lemma 2.4.31.
Let p;, € OF and a > 2,/ —h—1 hold. Then for all b€ (0,3, ) it holds that

i) Re(A1) <0 and Im(\) =0
i) if Re(A2) = 0 or Re(A3) = 0 then Ay = A3 (c.c.) and Im(Ayy3) # 0.
i) if Im(Ag) = 0 or Im(A3) = 0 then Re(Aq/3) # 0.

Proof.
Let p;, € O and a > 2,/4 — h — 1 hold and any b € (0,b§+) be given.

i) Since without loss of generality A; was assumed to be the real-valued eigenvalue
it holds that Im()\;) = 0. By Lemma 2.4.30 we know that the real-part of
all three eigenvalues of J is strictly negative for some b € (0, b5, ). Assuming
that Re(A;) > 0 for some b € (0,05, ) implies that the eigenvalue crosses the
imaginary axis for some b € (0, b5, ) (due to the continuous dependence on b)
and thus A\; = 0 holds for this b-value. This however is a contradiction to the
negativity of the determinant proven in Lemma 2.4.28, i.e. for any b € (0, b3, )
it holds that:

det(J) = )\1 . )\2 . )\3 < 0.

Therefore Re(A;) < 0 for all b € (0,05, ).

i1) Assume - without loss of generality - that Re(Ay) = 0 holds. If we further
assume, that Im(A2) = 0 then in fact Ay = 0, thus contradicting

det(J) = )\1 ')\2 ')\3 < 0.

Hence Im()\y) # 0. However, then there is a complex conjugate to the eigenvalue
Ay and since \; is real-valued, we have Ay = A3 (complex conjugate) and
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i7i) Assume - without loss of generality - that Im(\y) = 0. Since A; is also
real-valued, the third eigenvalue cannot be complex, since it has no complex
conjugate. Hence all three eigenvalues are real-valued. However, if any of
them would be identically zero, the determinant of J would also be zero, a
contradiction. Hence Re(Ay/3) # 0 holds. O

From the result of Lemma 2.4.30 the question arises in which cases the eigenvalues
of J have a negative real part for all b € (O, b3 +). This is equivalent to asking

under which conditions on the parameters it holds that b < 0. We will see that the
eigenvalues may in fact cross the imaginary axis in some cases (see Corollary 2.4.3).
We consider this crossing more closely:

Lemma 2.4.32.
Let p5, € OF and a > 2,/% — h—1 hold and assume that Re(A2) = 0 or Re(A3) = 0

for some Eh € (O, b’§+). Then it holds that Ao = A3 and

Im())(b) = \/3“‘72”12 2 >0 for  b=by,

J22

using the notation introduced for the entries in J. Furthermore, the above expression
Im(\y) is differentiable and strictly monotonically increasing in b on (O, b§+).

Proof.
Let p5, € Of and a > 2, /% — h — 1 hold and assume without loss of generality that

Re(Az) = 0 for some by, € (O, b§§+). By Lemma 2.4.31 it holds that Ay = A3 and hence
)\2 = ’LIIH()\Q) = —/\3.

We now determine Im(\y). For this, we consider the characteristic polynomial y; of
J. Note that by the above the polynomial can be written as

X7(€) = (€ = M)(€ = M) (€ = Ag) = (€ = M)(E” + Im* (o)),
with v € R\{0}. Expanding the above yields
X(€) = 7€ = 7M€ + 7 Im* (A2)€ — yA Im* (A). (2.4.25)
On the other hand the characteristic polynomial is given by (2.4.24):
Xa(€) = =€ + (Ju1 + ja2)& + (Jsjjas + Jarjrz — J11ja2)€ — jrrjzafios.

Thus, comparing coefficients with (2.4.25) yields the following system of equations

v=—1
—YA1L = Ji1 + J22
vIm®(A2) = jazjos + jarfiz — Jirjeo
—yA Im?(\g) = —j11732703
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Using the first equation, the other three simplify to
A1 = Ju + J22
—Im*(\g) = Jsajos + jarjiz — jurjas (2.4.26)
A Im2(>\2) = —J11J32J23

By the assumptions we have that

. w34/ (a+1)2—4(§—h)
Jin = — 7% ta <0

and dividing by —j;; > 0 in the third line of (2.4.26) yields

)\1 Im2()\2)
ju

J32j23 = —
Substituting this into the second line of (2.4.26) yields

A Im?(\y)

—Im*(\;) = —
(o) Jii

+ J21J12 — J11J22,

which is equivalent to

Al —J o o
Im2()\2) < lj JH) = J21J12 — J11J22-
11

Rewriting the first equation of (2.4.26) as A\; — j11 = jao, the above simplifies to

Imz()‘2);22 = Ja1J12 — Jiijae- (2.4.27)
1

Since for any b € (O, b +> and thus in particular for Bh, it holds that

4 —h
joz = (b3, — b) (gi) >0, (2.4.28)
f

—_——
>0 —_—
>0

we may reformulate (2.4.27) as

_ Jiij21jiz o

0 < Im?(\y) — Ji1-

J22

Thus, taking the square root on both sides yields the next part of the claim

Im()\g) _ \/]11]21]12 —j121 <0

J22
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Finally, note that in the above expression the term jso is the only component of
J that depends on the parameter b (see (2.4.23)). From (2.4.28) we see that jay is

strictly monotonically decreasing in b on (0, b§+). Since 711721712 > 0 and

Im()\g) _ \/]11221]12 _j%l

J22

depends inversely on the square root of jo; we in fact obtain that the above expression
is differentiable and strictly monotonically increasing in b on (O, b +>. O

Next we prove a result on the trace of J, namely

Lemma 2.4.33.
Let p5,. € OF and a > 2, /% — h—1, then for any b € (0, b§+> the trace of the matriz
J from equation (2.4.23), i.e.

tl"(J) = j11 —|-j22 = )\1 + )\2 + )\3 = Re(>\1) + Re()\z) + Re()\g),

is differentiable and strictly monotonically decreasing in b on (O, b§+).

Proof.
Let p§, € O and a > 2 % — h — 1. The trace of J is given by

—z5, y/(a+1)2—4(4—h
tr(J) = — a2 4G )+(b§+—b)<

r3,. +a

N S
| ke
>
+| =
Q
N———

Since the first term in the above sum is independent of b we immediately see that
the trace is differentiable and strictly monotonically decreasing in b on (0, b +>. O]

The above results allow us to show that if the eigenvalues of .J are on the imaginary

*

axis for some by, € (0, b +), then this b, is unique.

Lemma 2.4.34.

Let p3, € O and a > 2,/% — h—1 and assume that Re(A2) = 0 or Re(A3) = 0 for
some by, € (0, b§+). Then by, is the unique b-value in (O, b§+) with this property.
Proof.

Let p5, € Of and a > 2 % —h —1 and assume that Re(A2) = 0 or Re(A3) =0
for some by, € (O, b3 +). We now provide a proof by contradiction of the lemma, by

assuming that by, is not unique. More precisely, without loss of generality assume

3b € (0,by) C (0,05,) : Re(Ag) =0 V Re(Ns) = 0,
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where for b = b the eigenvalues of J are denoted by )\1, )\2 and )\3 We now consider
the eigenvalues A1, A, A3, A1, )\2 and )\3 Recall from Lemma 2.4.31 that we have

AL <0 and 5\: <0
Re(A2) =0 =Re(A3) and Re()\g) =0= Re(/\ )
Im(\) = —Im(X;) and Im(Xy) = —Im(X;)

Considering Lemma 2.4.32, we see that since 0 < b < Eh < b3,, we can use the
monotonicity property of the imaginary part to obtain

0<Im?(Xg) <Im?(N) &  0< —Im(A)Im(As) < —Im(X\y) Im(As)

& 0 < iIm(Ag)iIm(A3) < i Im(Ag)i Im(\s)
(2.4.29)

& 0 < Aodz < Aghs.

Furthermore, recall that the determinant is negative and also strictly monotonically
increasing on (0, b5, ) in b (see Lemma 2.4.28), whence

det(J)(B) < det(J)(Br) <0 < AAadz < AMAods < 0. (2.4.30)
Comparing equations (2.4.29) and (2.4.30) and recalling that A, A; < 0 we see that
A <A <0 (2.4.31)

necessarily holds. On the other hand, by the monotonicity property of the trace of J
(see Lemma 2.4.33) it holds that

tr(J)(by) < tr(J)(B) < A4 A+ A3 < A+ Ao+ Ag.
which is equivalent to

Re(A1) + Re(Ag) + Re(As) < Re(Ay) + Re(Ag) + Re(hs) & A <AL

This is a contradiction to equation (2.4.31). Thus our assumption was false and b
is indeed unique in (0, b3, ). O

Remark 2.4.18.
Recall that for the value b € (—oo, b, ) from Lemma 2.4.30 the eigenvalues A, and A3
of J are on the imaginary axis, i.e. by construction it holds that Re(As) = 0 = Re(\3).
Thus, ifb> 0, then

by, = b,

since by, is the unique value in (0,03, ) C (—o0, b5, ) with this property.
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The question that arises naturally from the previous result is what the eigenvalues do
for 0 < b < by. Do they cross the imaginary axis (implying that a Hopf bifurcation
occurs along the branch of equilibria corresponding to p}, ) and remain on the right-
hand side of the imaginary axis for all b € (0,b,) or do they turn around and have a
negative real part again for all b € (0,b,)? The answer is given in the following

Lemma 2.4.35.

Let p5, € O and a > 2, /4 —h —1 and assume there exists a by, > 0 as defined in

Lemma 2.4.34. Then it holds that the eigenvalues Ay, A3 both have positive real part
for all b e (O, bh>. Moreover, p3, is hyperbolic and unstable for all b € (0, bh).

Proof.
Let p5, € O" and a > 2 % —h—1 and assume there exists a b, > 0 as defined in

Lemma 2.4.34. By Lemma 2.4.31 it holds that for b = b, the eigenvalues of J fulfil

We want to show that the eigenvalues cross the imaginary axis, i.e.

d N
% R,e(/\g/g,)(bh) < 0,

see Figure 2.4.21). Due to the continuity of the eigenvalues in b and since Az and A3
are complex conjugates for b = by, we know that

)\2:)\73 VbG(Bh—€,/6h—|—€) = [EC(O,/Z;}J
for sufficiently small € > 0. Thus for all b € I. the determinant of J fulfils
det(J) = A1+ Ao A = A - (Re’(Ag) + Tm*(Ay)) -

Since det(.J) is strictly monotonically increasing in b on (0, b5, ) by Lemma 2.4.28,
the above line yields that for any b € I

0< 2 dqet() = CZ)Al (Re*(A2) +Tm*(N))

= (Re*(X2) + Im*(\y)) LW (Re*(Az) +Im*(Ay))

db db
= (Re2()\2) + Imz(/\2>> :iibAl + 2)\1 (RG(AQ);b Re()\g) + Im()\g);i) Im(/\2)>

Note that the determinant is differentiable (in b) on (0,05,) by Lemma 2.4.28.
Furthermore, the eigenvalues and their components are differentiable in b on I..
Indeed, the eigenvalues all have multiplicity one (i.e. they are simple) and the
coefficients of the characteristic polynomial x; (see equation (2.4.24)) are C* in b.
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Applying the implicit function theorem yields the asserted differentiability ([Lax,
2007]). The above can be rewritten as

2\ (Re<)\2)jb Re(A2) + Im()\Q)jb Im(/\2)> > — (ReQ()\g) + Im2()\2)) CZ))\L

In particular for b = by € I and by (2.4.32), the above reduces to

d d
2/\1 Im()\2>% Im()\2> > — Im2()\2)%/\1

We compare the signs of terms on the left- and right-hand side. Recall from
Lemma 2.4.32, that for b = by, the expression Im(\g) is strictly positive and strictly
monotonically increasing in b, i.e.

d

Thus we obtain (dividing by Im(As) > 0 and also using (2.4.32))

= — <0
<0

for b = by. Hence the sign on the right-hand side of the above equation needs to be
negative and therefore we conclude

d .
%)\1 >0 for b=by. (2.4.33)

On the other hand, since Ay = A3 for all b € I, it holds that
tr(J) = A + 2Re(X9).

Since the trace is monotonically decreasing for all b € (0,03, ) D I. by Lemma 2.4.33,

we have ¥ y ¥
el - 9
0> b tI'(J) db>\1 + b Re(/\g)

for b € I.. In particular for b = by, € I. it holds that (using (2.4.33))

d d
0< %)\1 < —2% Re()\g)

Thus, comparing signs yields
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implying that for any b < b sufficiently close to by, it holds that
0< Re()\z) = Re()\g),

see Figure 2.4.21. Since we have shown in Lemma 2.4.34 that by, is the unique value
in (0,04, ) such that Re(A2) = 0 or Re(A3) = 0, the continuous dependence of the
eigenvalues on b yields

Re(Ay3) >0 Vb e (0,by).

Lyapunov’s indirect method yields that p3, is unstable for all these values of b and
since A; < 0 it also holds that all eigenvalues have non-zero real part, implying that
ps.. is also hyperbolic for all b € (0, by,). O

Thus the eigenvalues indeed cross the imaginary axis as b is decreased below Eh, see
Figure 2.4.21. From this we immediately obtain

Im Im Im
o o A
° e °
. R . R . R
N ¢ N ¢ N ¢
° e °
A3 A3 A3
(a) 0 < b<by (b) b="by (c) by < b < by,

Figure 2.4.21: The eigenvalues \y/3 cross the imaginary axis for b = by, € (0, bs., ).

Corollary 2.4.2. R
Let p5, € O and a > 2,/% —h —1 and assume there exists a b, > 0 as defined

in Lemma 2.4.34. Then a Hopf bifurcation occurs along the branch of equilibria
corresponding to p5 . for b= by,.

Proof.
Let p5, € O" and a > 2 % —h—1 and assume there exists a b, > 0 as defined in

Lemma 2.4.34. By Lemma 2.4.31 and the proof of Lemma 2.4.35 the eigenvalues of
J fulfil

d
Re()\g) =0= Re(/\3> A Im()\g/g) 7A 0 A % Re()\g/;g) <0
for b = b,. Since P4, is an equilibrium point we conclude that (Em p5.) is a Hopf
bifurcation point and thus a Hopt bifurcation occurs along the branch of equilibria
corresponding to pj, for b = by, (cf. [Guckenheimer and Holmes, 1983]). O]
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So far we have not yet determined whether such a by, € (0,03, ) as introduced in
the previous results indeed exists. In other words: are there biologically relevant
parameter values for which the eigenvalues do indeed cross the imaginary axis? The
exact conditions for this happening are obtained from the Routh-Hurwitz criterion
(see [Hurwitz, 1895], [Kot, 2001]). More precisely, all the roots of the characteristic
polynomial

x7(€) = =€ 4 (ji1 + J22)E + (Jsagos + Jorjiz — Ji122)€ — Ji1js2dos

from (2.4.24) have negative real part if and only if all of the following three conditions
hold

J11Js2j2s > 0 (2.4.34)
—(J11 + Ja2) >0 (2.4.35)
(J11 + J22) (Js2J23 + Jaure — Juijaz) > Juijsados. (2.4.36)

Note that the first condition is fulfilled for any b € (0, b3, ), since
J11jsajes = —det(J) >0
by Lemma 2.4.28. Moreover, the condition (2.4.35) is equivalent to
—(J11 + J22) = —tr(J) > 0.
We prove

Lemma 2.4.36.
Let p, € OF and a > 2 ? — h — 1. If the parameters additionally fulfil

9_p \?
(0417 < & (;ime) +4 (;’C _ h) (2.4.37)

then there exists a unique b, € (0,03, ) such that

—tr(J) <0 Vbe(0,b).
Else, i.e. if (2.4.37) does not hold, then

—tr(J) >0 Vb e (0,03, )
and thus condition (2.4.35) holds for all b € (0,b3, ).

Proof.
Let p5, € O" and a > 2 % — h — 1. Considering the expression

royla12-a(§-n) g h
6(b) i= —tr(J)(b) = s - (%5 —9) (fi,w)
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we observe that it is linear in b with positive slope and thus also continuous and
strictly monotonically increasing in b on R. Moreover, for b = b3, the expression
simplifies to

%+-¢m+1y—4(;—h)

r3,. +a

@(b§+) = > 0.

Thus, determining whether ©(b) < 0 holds for some b, € (0,05, ) is equivalent to
determining the sign of the ©-axis intercept of the linear function ©, see Figure
2.4.22.

Figure 2.4.22: The oot b, is positive, if and only if ©(0) < 0.

The intercept is negative if

x§+-\/(a+1)2—4<?—h) 9 _p

T3, +a 7

Since by definition 03, := ;x:’ia we may rewrite the above as follows
3+
9_p
ko 2 9 _ B i
zh, \/(a—l—l) 4<f h) cx3+(?h+e)<0

r3,. +a

Observe that z3, > 0 and the denominator of the above expression is strictly positive
for all b € (0,05, ) and hence the above simplifies to solving

J@+1P—4<?—h>—c(?2;ie)<0.
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Simple algebraic manipulations and observing that both terms in the above difference

are positive yields
i-n \" (g
a+1? < L——-| +4(Z-h|,
. (;—me) ()

which is in fact condition (2.4.37). Thus ©(0) < 0 holds if and only if (2.4.37) holds.
Since ©(b3, ) > 0 the continuity of © and the intermediate value theorem yield

3D, € (0,b%,) : Ob,) =0,

see Figure 2.4.22. Since the function © is monotonically increasing and continuous
in b, this b; is unique (even on R). Hence, if condition (2.4.37) holds, there exists a
unique b; € (0,05, ) such that

O) = —tr(J)(b) <0  Vbe (0,b),

yielding the first claim. Else, i.e. if ©(0) > 0, the function © = —tr(J) has no
positive b-axis intercept and since it is continuous it is positive for all b € (0, b3, ),
thus yielding the second part of the claim. O]

Remark 2.4.19.
We remark that the conditions on the parameters in the previous lemma, i.e. the
restrictions

a> 2 ch—h—l & 4(?—h><(a+1)2

and (2.4.37), in fact only yield a narrow parameter range for which the trace actually
may turn positive, namely

41(L-n)<(@+r1)?<e _ih 2+4 I _h
f $—h+te f '
Equivalently, this may be written as
g g-h \’
2 4 (9 of f
0<(a+1) 4<f h><c %—h%—e :
If on the other hand
g g—n \°
12 —4(Z—-h|>2 L 0
o+ -4 ($-0) 2 (?—h+€) o

then the condition a > 2,/ — h — 1 and (2.4.35) is satisfied for all b € (0,b3,).
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Next we consider the third Routh-Hurwitz condition (2.4.36). For this we first remark

2
that by setting ~ := f;ﬁ (h — % — e) and since y;, = % — h, the following holds for

the entries j5o and j3o in J:

=—j23
h *
TR B
2

2
J'32=J;<h—?_6> (b_b:§+)2:7(b_b§+>2‘

Thus condition (2.4.36) is equivalent to

(J11 + J22)(J32723 + JarJr2 — Jirdae) > Ji1jsedes
& Joa(Jsajos + Jardiz — Jirjoaz) > Jui(Jiidee — Jorjiz)

. * * 2 . . . . . * . . . * . .
< Jo3 (b — b3+) (7 (b - bg+) J23 + J21712 + J11J23 (b3+ - b)) > j11(J11J23 (b - b3+) — Ja1J12)
Considering the above expression, we define a function 6 of b as follows:

. * * 2 . . . . . * . . . * . .

8(b> ‘= J23 (b - b3+) <7 (b - b3+) J23 + J21012 + J11J23 (b3+ - b)) —]11(]11]23 (b - b3+) —lejlz).

Hence by construction, (2.4.36) holds for some b if and only if #(b) > 0. Thus
determining whether (2.4.36) holds reduces to determining the sign and thus the
roots of the polynomial 6 on (0, b5, ), which in fact is the core idea of the proof of
the following Lemma 2.4.37. The expanded form of € is given by

0(b) = 753" + (—3153b5, — ik ) U
+ (37j§3 (b§+)2 + 211753054 + Jo1ji22s — jflj23> b (2.4.38)
- 7j§3(b§+)3 — Josi2jesbs, + Ji1Jasbs, (J11 — Jasbsy) + Jiijaidie
Using this, we prove

Lemma 2.4.37.
Let pi, € OF and

2
(a—|—1)2—4<?—h> > c? (?Jge—_hh—i—e)
hold and consider the polynomial 6 defined above (see (2.4.38)). If the parameters
additionally fulfil one of the following conditions
i) 6(0) <0
it) 6(0) =0 and 0'(0) <0
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iit) (0) =0 and 0'(0) =0 and §"(0) <0
then, there exists a unique b, € (0, bs. ) such that the condition (2.4.36) is not fulfilled

for all b € (0,b,).
Else, if i), ii) and iii) do not hold, then condition (2.4.36) holds for all b € (0, b5, ).

Proof.
9 _p \?
2 g 2 S
(a+1) _4<f—h> >c (W)

Let pf, € OF and

hold. The above in particular implies that condition (2.4.35) holds for all b € (0, b3, ),
see the subsequent remark on Lemma 2.4.36. Thus the sign of Re(\y/3) solely depends
on whether the third Routh-Hurwitz condition in (2.4.36) holds, i.e. on the sign of
0. Furthermore, recall that by Lemma 2.4.35 we know that if the eigenvalues are
on the imaginary axis for some by, € (0,05, ) they indeed cross the axis and do not
intersect or touch it again for any

be (0.65)\{n).

This implies that if there exists a root b, € (0, b +) of 0 then it is unique (with
b, = Eh) and ~
6(b) <0  Vbe (0,0b,). (2.4.39)

Thus the question whether condition (2.4.36) holds on (0, b3, ) reduces to determining
whether 0 has a root in (0,b3, ). We answer this question below. Note that 6 is
positive for b = b3, since
0(b3,) = ji1 - Jo1 - J1z >0
NN
<0 >0 <O
i) Let 0(0) < 0, then by the intermediate value theorem there must be a root b,
of § located in (0,03, ), see the black curve in Figure 2.4.23.

i1) Let 6(0) = 0 and 6'(0) < 0. Then the slope of 8 is negative for b = 0 (see the
red curve in Figure 2.4.23) and in particular for £ > 0 sufficiently small it holds
that
0(e) <0,
once more implying by the intermediate value theorem that there must be a
root b, of 6 located in (0, b5, ).

i1i) Let #(0) = 0 and ¢'(0) = 0 and 6”(0) < 0. Then # has a root and is strictly
concave at b = 0 (see the blue curve in Figure 2.4.23). In particular for ¢ > 0
sufficiently small it holds that

f(e) <0,

once more implying by the intermediate value theorem that there must be a
root b, of 0 located in (0, b5, ).
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(b5 0(05,))

0'(0) < 0

6(0) <0 °

Figure 2.4.23: The unique root b, € (0, b} ) of the respective polynomials 6.

This proves the first part of the lemma. We now assume that the above conditions
do not hold.

e If #(0) > 0 then due to the continuity of 6 for a sufficiently small € > 0 it holds
that
6(b) >0 Vb e (0,¢e). (2.4.40)

Assuming that 0(b) > 0 for all b € (0, b5, ) does not hold, implies that ¢ has a
root in (0, b3, ), in turn implying that (2.4.39) holds, which is a contradiction
to (2.4.40).

o Likewise, if §(0) = 0 and #'(0) > 0, then 6 is strictly increasing in a vicinity
of b = 0 and hence (2.4.40) holds for a sufficiently small € > 0. By the same
argument as above we obtain the claim.

e Similarly, if 6(0) = 0, ¢(0) = 0 and ”(0) > 0, then the function is strictly
convex at b =0 and (2.4.40) holds for a sufficiently small £ > 0. We may use
the same argument as previously to obtain the claim.

e Finally, if 6(0) = 0, ¢’(0) = 0 and 6”(0) = 0, then
0" (0) = 7535 > 0

determines the local behaviour at b = 0. Since this is strictly positive we once
more obtain that 6 is strictly increasing in a vicinity of b = 0 and hence by the
arguments from above, the claim holds. O
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Remark 2.4.20.
Note that the conditions in the previous lemma, in fact are conditions on the
coefficients of 0 (recall (2.4.38)), since

0(0) <0 <« —7j§3(b§+)3 — Jorji2Jasbsy + j11je3bzy (Ji1 — Jesbzy) + Jiijerfiz < 0
2

& —isb5,)° + <j11j23b§+ +j21j12) (jn - jz3b§+) <0
0'(0)<0 < 3vj (b3+) + 2j11753b5 . + Jarjizdas — Jiijas < 0

& 37Jas (b3+) + 271172303, + J21712 — J% >0
0"(0) <0 &  —3yj%bi, —j11j% <0

= —3’}/b§+ — 711 <0

These are conditions on the parameters a,c, e, f, g, h which are easily verified, if
required. For example, using the definition of j;, b3, > 0 and 7, we obtain

0"(0) <0 & —3yjsbl, — jirjss <0
& =3ybs. —Jjuu <0
& —ju < 3bz,

b*
& “\l(a+1)2—4<g—h> < 37b;,

¢ f

2
g 3cf? g
o a+12—4<—h> < (h——e)
J (@+1) f g f
0c2 f4 4
& (a+1)< sz (h—g—e> +4<g—h>
g f
Likewise, the conditions #(0) < 0 and #'(0) < 0 may be written in terms of the
parameters of (2.1.5) - excluding the bifurcation parameter b.

This nearly completes the considerations of the equilibrium p3, , as we now immedi-
ately conclude

Corollary 2.4.3.
Let ps, € OF and a > 2 % — h — 1 hold. If either the conditions of Lemma 2.4.36

or Lemma 2.4.37 are met, then there exists a unique b € (0,b5,) such that (B, Phy) 1S
a Hopf bifurcation point and p3, is unstable and hyperbolic for all b € (0,b).

Proof.
Let p3, € OF and @ > 2,/% — h — 1 hold.

e If the conditions of Lemma 2.4.36 are met, then by the same lemma, the second
Routh-Hurwitz condition is violated for some b, € (0,03, ). Note that it might
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happen, that the third condition (2.4.36) is also violated for some b, € (0,53, ).
We then set

b := max{b;, b, },

which ensures that at least one Routh-Hurwitz condition is violated for all
b > 0 less than b and none are violated for b € (5, b5, ). Thus b is a b-value for
which the eigenvalues cross the imaginary axis. This value, however, is unique
in (0,05, ) by Lemma 2.4.34. Thus Corollary 2.4.2 and Lemma 2.4.35 yield the
existence of the Hopf bifurcation along the branch of equilibria corresponding
to ps3. for b= b=by (by the uniqueness of bh) and the claimed stability and
hyperbolicity properties of p3, hold.

e If the conditions of Lemma 2.4.37 are met then only the third Routh-Hurwitz
criterion can and in fact is violated for some b, € (0, b5, ) by Lemma 2.4.37.

Thus setting b=b, and arguing as in the previous point yields the claim. []

This allows us to prove Proposition 2.4.1:

Proof of Proposition 2.4.1.
Let a = d and f — < 0 hold and furthermore assume that p;, € O*.

o If a = 2, /f — h — 1 holds, then Lemma 2.4.27 yields that the equilibrium is
unstable for any b € (0,b5,).

e Now assume a > 2,/%4 —h — 1 holds. By Lemma 2.4.30 we know that the

asserted b € (—oo, b +) exists. Corollary 2.4.3 supplies the sufficient conditions
such that b > 0. These conditions are also necessary since otherwise (see
Lemmas 2.4.36 and 2.4.37) all three of the Routh-Hurwitz criteria hold for all
b € (0,05, ) and thus all three eigenvalues Ay, A2, A3 have negative real part for
all b € (0,05, ), implying that neither a Hopf bifurcation may occur, nor can
the equilibrium turn unstable, i.e. b<0. O]

Thus we have shown that the point of coexistence p3, is locally asymptotically stable
for some values of b € (0,5, ), but may turn unstable via a Hopf bifurcation for
values below a certain threshold b. We remark that the above proof of the existence
of the Hopf bifrucation point bears similarity to that in [Liu, 1994], where the
Routh-Hurwitz criteria are also used to obtain a condition for the existence of a Hopf
bifurcation point. An open question that the result in Proposition 2.4.1 poses, is
which type or rather direction the Hopf bifurcation has. Is it sub- or supercritcal?
This is determined by the second non-degeneracy condition, which may in principle
be checked by using normal form theory for example. Also what do the potential
periodic solutions created by the Hopf bifurcation represent from a biological point
of view? Among others, these questions will be addressed using numerical tools in
section 2.5 below.
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The equilibrium p;_

Recall from Table 1 and Lemma 2.4.1 that under certain parameter conditions -
which we assume to hold true for the moment - there may be a second interior
equilibrium pj_ in the positive octant O*. Like the equilibrium p%, this equilibrium
enters the biologically relevant part of phase space (i.e. the set ) via a transcritical
bifurcation with the equilibrium pj for the bifurcation value

*
crh_
r3_+a

b=

The stability properties of p3_ are more easily determined than those of p3, - recall
Proposition 2.4.1. In fact, the equilibrium is always unstable. We prove this in

Proposition 2.4.2.
Let a = d and f — % < 0 hold and furthermore assume that p5_ € Ot. Then the
equilibrium is unstable for any b € (0,05_).

Proof.

Let a = d and f — ¢ < 0 hold and furthermore assume that p;_ € O*. Since
p5_ € O, it holds that b € (0,b5_) - see Table 1. The Jacobian of the vector field v
from (2.1.5) evaluated at the equilibrium p%_ is given by

3 -\ (a+1)2—4(%—h)

z3_+a _I;E;:ra 0
De(pi) = | eiosi) (5--0) (55) =
0 Elh-s-e)(b-b) o0

Considering the trace of Dv(pj_), we observe that it is always strictly positive for all
be (0,05 ):

xg_-\/(a+1)2—4 2—h 9 _p
tr(Dv(p3_)) = - (f )+(b§_—b) ] >0
r3_ta N7 Nhte
>0 >0 S—

>0

Since the trace of the matrix Dv(p}_) is equal to the sum of the real parts of the
eigenvalues of Dv(p}_), we immediately conclude that for any b € (0,b%_) at least
one eigenvalue of Dv(pj_) has a strictly positive real part. Hence by Lyapunov’s
indirect method the equilibrium pj_ is unstable for all b € (0, 5%_). O
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2.5 Numerical results and biological interpretation

Having established the existence of the semiflow ®, as well as the nature of the
attractor A for various parameter regions in the previous sections, we turn to the
visualisation and interpretation of these results. More precisely, in subsection 2.5.1
we investigate the various restrictions on the parameters which we have imposed.
We also interpret the attained results, from a biological point of view in subsection
2.5.2. Moreover, we present numerical results, being computed solutions s of system
(2.1.5), and visualise them by plotting their corresponding positive phase curves in
the phase space OF in subsections 2.5.2 and 2.5.3. Several bifurcations occurring in
the system (some of which have already been proven to occur by analytical means in
the sections above) are also investigated numerically in these subsections.

2.5.1 Restrictions of parameters

Recall that the two parameter restrictions we imposed throughout most parts this
thesis are

a=d and f—%<0.

These two restrictions were sufficient for the solutions s not to blow up in finite
time nor as t — oo (recall Propositions 2.2.1 and 2.2.2). In addition to this they
guaranteed the existence of the attractor A (see Theorem 2.3.1).

e As mentioned in the subsequent remark to Lemma 2.2.3, the restriction
a=d

is a common assumption for predator-prey models which are modelled with
a Holling functional response of type II. The assumption implies that the
availability of the prey species x for the specialist predator species y, represented
by the term
ry Ty
r+d z+a

in (2.1.5), is - up to the factor ¢ - equal to the quantity by which the prey is
diminished by the specialist predator, represented by the term

xy
r4a

This is commonly interpreted as follows: When the predator species preys on
the prey species, it gains the same energy that the prey species loses up to a
factor ¢. As mentioned in Remark 2.2.2 even the assumption a < d is sufficient
for the result to hold, which, from a biological point of view, means that the
specialist predator species cannot gain more energy from the prey species, than
the prey species loses itself (or eat more food than it kills). If on the other
hand a > d, then the specialist predator species could potentially gain more
energy from the prey that it kills, than the prey species loses itself, which seems
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contradictory to the idea that energy is conserved or even dissipates as one
moves up the trophic levels in a food chain. Thus the assumption a < d seems
sensible and even necessary from a biological point of view. In particular, the
restriction a = d is a biologically meaningful hypothesis.

e The restriction

g
f h<0

can equivalently be considered in the original parameters from (2.1.1). Here it

reads )
a W3
1 (CO — > <0
bleUJQ dg

and since all parameters are assumed to be strictly positive, this simplifies to

w3
Co — d73 < 0.

In this form the assumption has been made in previous works (cf. e.g. [Aziz-
Alaoui, 2002], [Letellier et al., 2002]). It implies that the reproduction rate ¢
of the generalist predator species (modelled by z) may not exceed the rate of
loss the generalist predator species experiences due to lack of one of its food
sources, namely the specialist predator species y. On the one hand, the species
modelled by z is assumed to reproduce rarely, which motivates that ¢y should
in fact be a small quantity. On the other hand, z models a generalist predator,
which implies that the lack of a single food source - such as y - should not
be too much of a problem for the predator, i.e. o s also a relatively small
quantity. Thus the imposed condition is indeed a restriction on the variety of
generalist predator species that may be modelled in this way. Alternatively one
can understand the quantity % — h > 0 as a threshold value. If the specialist
predator species density is below this value, the generalist predator species
cannot increase in numbers and vice versa (recall the equivalence in (2.2.9)).
Thus if this threshold value is negative, the generalist predator species always
reproduces. L.e. if we consider the opposite condition

f-320 & o-720
we see that this would imply that the generalist predator species density
explodes, regardless of other limiting effects of the environment (recall Lemma
2.2.4). This seems unreasonable from a biological point of view and is a possible
drawback or limitation of the model equations. It gives rise to the idea that
the inequality f — ¢ < 0 has to hold for the model to be biologically feasible.

Thus a biological interpretation of the results in Propositions 2.2.1 and 2.2.2 and
Theorem 2.3.1 may be summed up as follows:
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Under the two assumptions that

e the specialist predator gains no more enerqy than the prey loses when the
two species interact,

e the generalist predator does not reproduce faster than it diminishes due to
the lack of availability of the specialist predator as food source,

the population densities of the GSP food chain species (modelled by (2.1.5)) are
confined to finite numbers for all future times and converge to a set A (the
attractor) as t — oo.

We now turn to investigating the parameter b. Recall that this was the primary
bifurcation parameter we varied in section 2.4. The nature of the attractor A and the
dynamics were fundamentally different for various values of the parameter b (recall
Theorem 2.4.1, Conjecture 2.4.1 and Proposition 2.4.1). In the original parameters

from (2.1.1) the parameter reads
az
b=—,
ai
where ay was the death rate of the specialist predator species and a; the birth rate
of the prey species. Thus:

Decreasing b implies either a decrease in the mortality rate of the specialist
predator species (modelled by y) or an increase in the birth rate of the prey
species (modelled by x), or both.

We bear this in mind when interpreting the results we obtained.

2.5.2 Interpretation and visualisation of the results

The aim of this subsection is to interpret and visualise the results of Theorem 2.4.1.
We first remark on the numerical methods used to obtain an approximate solution
(and thus the positive phase curve) for the visualisation.

The software MATLAB [MATLAB, 2015] was used to obtain the results. For more
details on the source code see Appendix D. We emphasise that, unless stated
otherwise, all solutions were obtained with the ode45-solver, using:

e a maximal step size of t = 10~*
e the time interval I = [0,2000]

e the initial conditions sq = (29,0, 20)” = (0.9,0.3,0.1)7
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The choice of the initial conditions reflects the idea that the lower trophic levels are
generally more populated, while higher trophic levels are scarcely populated (recall
the energy pyramid in Figure 1.0.4). Le. the initial conditions were chosen so that
they reflect a potentially 'normal’ state of the ecosystem.

Moreover, two points in parameter space were used for the simulations. For one,
the standard parameters from (2.1.4) were used, which we list again here, for
convenience sake:

3 3 3
CL—TO, C—]., d—TO, 6—?0
(2.5.1)
f:4LO — 200 h=2
817 817 10"

Note that we omitted the value b = % since b is the bifurcation parameter and is

varied. We also introduce a set of non-standard parameters:

3 3 3
CL—TO, C—17 d—TO, 6—70
(2.5.2)
f=40 — 200 h=L1
817 817 20

The only difference to the biologically relevant standard parameters is the value of h.
The choice was made on the basis of trying to keep the parameters comparable to the
standard parameters, but nonetheless observing a different behaviour of solutions in
phase space.

Non-standard parameters

We first consider Theorem 2.4.1 for the non-standard parameters in (2.5.2). The
conditions

4 200 4
i S 4 and f_gzﬁ_%:_@:_@d

hoo8l L 81 9

are both fulfilled by these parameters. Furthermore, it holds that

c 1 10
= = — ~0.7629
a+1 $+1 13

c(l—oz)_l—%0

7
—10 — ~ ~0.5385 (2.5.3)
a+l  2+1 13

2
(a+1? _(G+1) 169 _10 9 1 1 _g
4 4 400 400 20 2 20 f

Considering Theorem 2.4.1 i) we see that for

b—§>9— ¢
107 13 a+1
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it holds that the global attractor is given by
A =10,1] x {0} x {0}

and the equilibrium p% = (1,0,0)7 is globally asymptotically stable in OF (more
precisely, except if xy = 0) - recall Figure 2.4.9. Using b = 0.8 and the parameters in
(2.5.2) we obtain Figure 2.5.1 for the initial condition sy = (0.9,0.3,0.1)”. We remark

X

\ @5
0.1 . ff
—_— 0
S
8.102
6-10"2
0
4-102
2.1072

Figure 2.5.1: The equilibrium p} is globally asymptotically stable in O for b = 0.8

that using a single initial condition is not necessarily particularly significant, when
visualising a global attractor, such as .A. However, in order to be able to compare
the results as we vary the bifurcation parameter b, we have chosen to always use the
same, single initial condition. Recalling the biological meaning of the parameter b

from above, we conclude that the case b > o7 may be interpreted as follows:

For low birth rates of the prey species or high death rates of the specialist predator
species, both the specialist and the generalist predator species become extinct, while
the prey species is the sole survivor and its density tends towards the carrying
capacity of the ecosystem (rescaled to the value 1 here), ast — oco. Hence the
prey species provides insufficient amounts of energy to sustain a predator species
over long time periods.

Decreasing the bifurcation parameter to b = % we observe, using (2.5.3), that

c(l—a) 7 7 10 c

a+1 13 10 13 a+1




2.5 NUMERICAL RESULTS AND BIOLOGICAL INTERPRETATION 189

holds. Since the condition ( 2
a+ q
<=Z-—h 254
< (254
is also fulfilled (see (2.5.3)), the result of Theorem 2.4.1 i) holds. Hence the
equilibrium pj is globally asymptotically stable in O (more precisely, for zq # 0 # yo)

- recall Figure 2.4.17. The numerical simulation of this case yields Figure 2.5.2.

x
J
|

-@-p;

0.1 \ i

\ —-@-p5

\‘\ —=— S0

8.1072 —
61072

0

4.1072
2.1072

0 0

Figure 2.5.2: The equilibrium pj is globally asymptotically stable in O for b = 0.7

For b = 1% it still holds that

c(l—a)_7<6<10_ c
a+1 13 10 13 a+1

and hence the same situation as above arises, see Figure 2.5.3. Interpreting the above
result, requires considering the condition (2.5.4). Recalling the nullclines in Figure
2.4.2, we observe that the inequality (2.5.4) expresses that the mazimal density
value % for which the specialist predator species density still increases is smaller
than the threshold value % — h > 0 for which the generalist predator species density
increases (thus leading to the extinction of the z-species). In this case, the attractor

A is planar. This allows the following biological interpretation:

(2.5.5)

If the maximal density value for which the specialist predator species density
increases is less than the (minimal) threshold density value ? — h for which
the generalist predator species density increases, the generalist predator species
becomes extinct.
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-@- D)
0.1 / P
-@- D5
/ —x— S0
8-1072 / —S
|
|
6-10~2 |

4.1072 /
9.102 ;

0 0

Figure 2.5.3: The equilibrium p} is globally asymptotically stable in O for b = 0.6

Condition (2.5.4) relates the sizes of the parameter a (associated with the prey
species) and the parameters f, g and h (associated with the generalist predator

species). In particular this shows that:

Parameters or changes of parameters in the lowest trophic level may have an
influence on the population dynamics in the highest trophic level and vice versa.

This shows that although the #-equation and Z-equation in (2.1.5) are not directly
coupled, their induced species dynamics still influence each other. Note that in the
above interpretation we have not yet included the role of the bifurcation parameter
b. We will do this after considering the cases b = % and b = % In both cases it holds

that
2 1 7 c(1-a)

552513 arl

Hence the equilibrium p} is no longer globally asymptotically stable in O, but
rather a periodic orbit I’ in the positive z-y quadrant exists (recall Lemma 2.4.2).
Since the periodic orbit I'; . is bounded, it is also part of the attractor A, recall
Figure 2.4.18. A subcritical Hopf bifurcation occurs for

c(l—a) 7

a+1 13

along the branch of equilibria corresponding to p} (see Figure 2.5.4), creating the
orbit I';.,. Figures 2.5.5 and 2.5.6 show the numerical results for b = s and b= 2.
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—-@- 1)
0.1 !
-@-p5
—x— 80
8-1072 —S
6-1072
0
4.1072
2.1072

0 0

Figure 2.5.4: The cases b = 0.54 (top) and b = 0.53 (bottom), close to the Hopf
bifurcation value b = % ~ 0.5385

We observe that the periodic orbit I'}_. seems to inherit the stability properties of

per

ph for b < C(al;a ). This is the case since I, is orbitally stable in the positive 2-y
quadrant (recall Lemma 2.4.2) and the attractor is still planar (since (2.5.4) still
holds), but the equilibrium p} has turned unstable. From a biological point of view

this means that if the condition (2.5.4) holds:
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Figure 2.5.5: For b = 0.5 The positive phase curve converges to the periodic orbit
I, ast— oo

per

-@- D}
0.15 @ pi
@i

—x— 80
— S

Figure 2.5.6: For b = 0.4 The positive phase curve converges to the periodic orbit
.. ast— o0

per
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For mid-range birth rates of the prey species and death rates of the specialist
predator species (see (2.5.5)), the generalist predator species becomes extinct,
while the prey and specialist predator species tend towards a stable equilibrium of
coexistence, ast — 00.

For high birth rates of the prey species or low death rates of the specialist predator
species, the prey and specialist predator species tend to coexist in stable cycles,
while the generalist predator species still becomes extinct.

Decreasing the parameter b further does not have any effect on the qualitative
behaviour of the system, see Figure 2.5.7 for b = 0.2 for example. We see that the
orbitally stable limit cycle I'; . still exists. It merely grows in size (compare the
scaling of the z- and y-axis in Figures 2.5.6 and 2.5.7), i.e. the population densities
of the prey and the specialist predator species vary more (over time) as b — 0. The
reason for this is that as b tends to zero the specialist predator species density does
not diminish quickly (the death rate ay of the specialist predator is low) and has food
in abundance (the birth rate a; of the prey species is high). Very low species densities
of a population may also be considered as critical, since - at least from a statistical
point of view - extinction becomes more likely. In light of this argument, the limit
cycle in Figure 2.5.7 does not necessarily reflect a stable long term-behaviour as
b — 0. Hence:

For very small values of b the specialist predator species can populate the ecosystem
to such an extreme, that it can nearly extinguish the entire prey species before
coming close to extinction itself shortly thereafter.

This also explains the shape of the limit cycle I}, and the direction in which the
cycle oscillates.

We emphasise that since condition (2.5.4) holds, the attractor A is planar by Theorem
2.4.1 and the generalist predator species becomes extinct for any choice of the
bifurcation parameter b. In particular, the limit of any solution must lie in the
positive -y quadrant. This suggests, that the long-term behaviour of the system is
mainly driven by the specialist predator and prey species, i.e. the first two equations

in (2.1.5), namely
T=x (1 S )
r+a

=y (b ")
y=y x+a)’

This subsystem has been studied thoroughly (see e.g. [Muratori and Rinaldi, 1989,
[Feo and Rinaldi, 1997]). In particular the existence and stability properties of the

periodic orbit I';., has been established analytically for b < 0217;1‘1) (cf. [May, 1972,

[Cheng, 1981]). The numerical computations (recall Figures 2.5.5, 2.5.6 and 2.5.7)
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-@- D
0.4 Pi
@5
—x— S0
— s
0.3
2 (0.2

*
per

Figure 2.5.7: For b = 0.2 the positive phase curve approaches the periodic orbit I'
as t — o0

*

suggest that this stability property of I';,, also extends to the three-dimensional
system (2.1.5). Note that it is, however, possible to choose a point in OF on the
one-dimensional centre manifold W _(p3) of p5 in which case the solution s with this
point as initial condition will converge to p} as ¢ — oo (observe the spirals around
WE.(p5) in Figure 2.5.5 and recall Figure 2.4.11). We conclude that for parameter
ranges that cause the top predator species to become extinct (see Theorem 2.4.1),
the long-term dynamics of the system are similar to those of the two-dimensional
subsystem, but not identical. The non-standard parameters from (2.5.2) represent
such a case and a stability and bifurcation diagram of the above results may be
constructed, see Figure 2.5.8.

We observe that there is always one stable set in the bifurcation diagram. An
interpretation of this is:

The GSP food chain model predicts that an extinction of the top generalist
predator species does not destabilise the population of the lower trophic levels of
the ecosystem, but rather that either the prey species is a sole survivor or the prey
and specialist predator species coexist (either tending towards an equilibrium p}

or periodic motions on F;er asymptotically, ast — 00).




2.5 NUMERICAL RESULTS AND BIOLOGICAL INTERPRETATION 195

------ unstable
stable
bbb
(Transcritical pj A p3)
Py mmmmmmmmmmmmmmmmmeoooooooo o
(Hopf pj)
0 - b
ot

Figure 2.5.8: A stability and bifurcation diagram for the bifurcation parameter b
and the non-standard parameters in (2.5.2)

Standard parameters

We turn to study the case of the standard parameters given in (2.5.1). They fulfil

4 200
a:i:d and f—g:@—%— 800

hoo8l 3 81

< 0,

i.e. the two basic assumptions we made throughout the majority of this thesis hold.
Thus Theorem 2.4.1 7) holds for

& 10
= — =~ (0.7629.
a+1 13

b>

In particular, for b = 0.8 the equilibrium pj is globally asymptotically stable in OF -
see Figure 2.5.9. We now decrease the value of the bifurcation parameter to b = 0.75.
Considering the three conditions in Theorem 2.4.1 i7) we observe that none of them
hold, since

(a+1)? 169 80 1 3 g ,
4 400 400 2 10 f
3
1> 5= (2.5.6)
1 5 3
¢ = = — 7:b
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5-1072
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Figure 2.5.9: The equilibrium p7 is globally asymptotically stable in O for b = 0.8

Considering Table 1 we conclude from the first two lines of (2.5.6) that p;, € Of if

and only if
3y
r3,. +a

b§b§+:

We compute the value of b3, as

1 - +1)2 7 [89  7+89
py = o0y et g, T 89 T4V
2 T 20 Va0~ 20
Lo o e Tt LESVED
U at da THRVBI L3 40 '
20 10

Thus for the parameter range

c 1+3v89 10
be (b, —— ) = —=,— ] ~(0.7325,0.762
€<3+’a+1) ( 40 ’13) (07325, 0.7629)

neither Theorem 2.4.1 holds, nor is the equilibrium p3, in the non-negative octant.
This is the case we consider in Conjecture 2.4.1, in which we suggested that the
attractor A remains planar. Since b = 0.75 is in the above range, we can check
this hypothesis for the standard parameter and the initial condition we use for the
computations, i.e. so = (0.9,0.3,0.1)7. The result may be found in Figure 2.5.10.
Observe that the phase curve moves into a small neighbourhood of the equilibrium
p7, before it converges to pj as t — co. We give a biological interpretation of the
above cases in the following:
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-@- D}
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Figure 2.5.10: For b = 0.75 the positive phase curve converges to equilibrium pj as
t — 00

For low birth rates of the prey species or high death rates of the specialist predator
species (i.e. comparatively large b-values, b > b3, ), the generalist predator species
and possibly the specialist predator species (if b > = ) become extinct, while the
prey species survives. The ecosystem tends towards the state of sole survival or

coexistence of the two species in the lower trophic levels, as t — .

For values of the bifurcation parameter b > 0 below 03, a fourth equilibrium is
present in the non-negative octant (due to the transcritical bifurcation of p; and pj,
- recall Lemma 2.4.1). Since the first line of (2.5.6) implies that

a>2 g—h—l

f

holds, Proposition 2.4.1 also holds, i.e. there exists some interval (5, b, ) such that
the equilibrium p3_ is locally asymptotically stable. Consider Figure 2.5.11 for the
value b = 0.7. Note that it is not clear a prior: ifb < 0.7, i.e. whether Proposition
2.4.1 indeed holds for b = 0.7. We can determine the value of b by Lemmas 2.4.36
and 2.4.37, and in particular whether b is positive. If it is, a Hopf bifurcation occurs
along the branch of equilibria corresponding to p3, at b = b and the equilibria are



198 2.5 NUMERICAL RESULTS AND BIOLOGICAL INTERPRETATION

@D
0.15 pi
@ p5
-@-pi.
—x— S0
-5
0.1
n
5-1072

0 0

Figure 2.5.11: For b = 0.7 the solution converges to the asymptotically stable
equilibrium p3, as ¢ — oo

unstable for all b € (0,b). Observe that since

2
169 144 16 4 2—h g
(@t " =100 > 700 25 "5~ ¢ (;-h+e> * <f h)

holds for the standard parameters (2.5.1), the conditions of Lemma 2.4.36 are not
met. Thus we check the conditions of Lemma 2.4.37 next. By the subsequent remark
on the lemma this is equivalent to determining the coefficients of the polynomial
0 introduced in (2.4.38). We compute these numerically (rounding to four decimal
places) and obtain

0(0) ~ —0.2246  6'(0) ~ 0.5983
0"(0) ~ —0.6425  6"(0) ~ 0.395

In particular it holds that 6(0) < 0 and the criteria of Lemma 2.4.37 are met, i.e.
b > 0. From the proof of Lemma 2.4.37 we know that the precise value b is now
given by the unique zero of the polynomial # located in

(0’ b§+) _ (0’ 1+ 30\/@

) ~ (0,0.7325).
4

Since we have the coefficients of § we can determine the roots by using Cardano’s
formula or numerically (rounding to four decimal places). They are given by

b~ 06451 and by A 0.4907 + 0.8003i.
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Figure 2.5.12: The cases b = 0.65 (top) and b = 0.64 (bottom), close to the Hopf
bifurcation value b ~ 0.6451

We see that 6 indeed has a unique root in the interval (O, b3 +) ~ (0,0.7325). As

mentioned, b is the value for which the Hopf bifurcation of p3, occurs. We can also
observe this in the numerical simulations of the cases b =0.65 > b and b = 0.64 <
(see Figure 2.5.12). The figure shows that for b > b the equilibrium pj, is a stable
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spiral (i.e. the associated Jacobian J has two complex conjugated eigenvalues and a
negative real-valued eigenvalue), while for b < b the equilibrium is no longer stable.
Instead there is an orbitally stable periodic orbit I'; which the positive phase curve
approaches as t increases. Thus the Hopf bifurcation is subcritical for these parameter
values, i.e. the periodic orbit I'] created by the Hopf bifurcation exists for b < b and
b sufficiently close to b. We remark that the result in Proposition 2.4.1 was merely a
local result. Thus the global attractor A is potentially larger than the equilibria, the
periodic orbit I'] and the respective connecting orbits. A biological interpretation of
the above is:

For mid-range birth rates of the prey species and death rates of the specialist
predator species (more precisely for b € (5, bs.)), all three species survive and
tend toward a single point of coexistence, at least if the respective initial state is
not too far away from the point of coexistence.

For high birth rates of the prey species or low death rates of the specialist predator
species (i.e. b < E), the three species tend to coexist in stable cycles.

From the above results we can once more construct a stability and bifurcation
diagram of the parameter ranges we have discussed so far, see Figure 2.5.13.

------ unstable
stable
e
(Transcritical p; A ph)
Do mmmsmmmmmomsoomssoossosssoosooooioooos NS
(Transcritical p5 A p3. )
P3q m=mmmmmmmmmmemseoeeoooo- .
(Hopf p3+)
77?7?7777
0 ~ X C b
b b3, a+1

Figure 2.5.13: Stability and bifurcation diagram for the bifurcation parameter
b € [b,00) and the standard parameters in (2.5.1)
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A question that arises naturally from the bifurcation diagram, is whether the orbitally
stable limit cycle continues to exist (and be stable) for all b € (0,b) - similar to the
case for the non-standard parameters (recall Figures 2.5.7 and 2.5.8). Differently
put: do the dynamics experience any change, when the bifurcation parameter b is
decreased further (indicated by the question marks in Figure 2.5.13)? To investigate
this we consider the case b = 0.6 in Figure 2.5.14. We observe that the limit cycle

-@-D;

0.15 j21
@5

0.1

0 0

Figure 2.5.14: The limit cycle I'] deforms for b = 0.6

I['% is still present but has deformed itself (the radius has increased). Decreasing the
parameter to b = 0.55 clearly shows that the system has 'more to offer’ than in the
case of the non-standard parameters - see Figure 2.5.15. The limit cycle now has a
double loop which is a strong indication of a period doubling bifurcation occurring
for some b € (0.55,0.6). This and other numerical results will be subject of the next
subsection.

2.5.3 Further numerical results

In this subsection we present numerical results that go beyond the scope of the
analytical results we have proven above. We emphasise that numerical simulations
regarding the dynamics of system (2.1.5) have already been undertaken, e.g. in
[Letellier and Aziz-Alaoui, 2002], [Aziz-Alaoui, 2002], [Letellier et al., 2002], [Rai
and Upadhyay, 2004], [Parshad et al., 2015] and [Parshad et al., 2016b], for certain
parameter ranges and the subsequent results we provide, elaborate and extend these
results.
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0.15

0.1

51072

Figure 2.5.15: The limit cycle has a double loop for b = 0.55

Period doubling bifurcation and strange attractor

Recall from the last subsection that for the standard parameters (2.5.1) and b = 0.55
we obtained Figure 2.5.15. Comparing this to Figure 2.5.14 suggests that a period
doubling bifurcation occurs for some b € (0.55,0.6). More precisely, a periodic orbit
with twice the original period emerges from the periodic orbit I'j (cf. [Guckenheimer
and Holmes, 1983]). Since we are decreasing the b-value the bifurcation is subcritical
(also sometimes know as period-halving bifurcation). In order to narrow down the
range for which the bifurcation occurs we considered the cases b = 0.565 and b = 0.57
for which the difference in the limit cycles is still clearly distinguishable, see Figure
2.5.16. The thick bands around the orbit result from the fact that the positive
phase curve corresponding to s only slowly settles down onto the actual limit cycle.
By iterative bisection of the parameter interval [0.565,0.57] one may determine a
more precise value for the bifurcation value at which the period doubling bifurcation
occurs, cf. [Letellier and Aziz-Alaoui, 2002].

We, however, turn to the question of what happens to the limit cycle of twice the
period if b is again decreased. The result is that yet another subcritical period
doubling bifurcation is observed. Consider Figure 2.5.17 for the parameter b = 0.547.
In the figure we only show the phase curve for the time interval [1000,2000], i.e. we
discard the first half of the computed solution s (with the same initial condition s
as above), also see [Letellier and Aziz-Alaoui, 2002]. Hence the thick bands from
Figure 2.5.16 do not feature in Figure 2.5.17. This method allows us to visualise the
long-term behaviour of the solutions more easily. We observe a periodic orbit with
four loops as limit cycle. This suggests that another period doubling bifurcation
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0 0

Figure 2.5.16: The cases b = 0.57 (top) and b = 0.565 (bottom), close to the period
doubling bifurcation value

occurred in the interval b € (0.547,0.55). Decreasing b further reveals that more
and more subcritical period doubling bifurcations occur (see Figure 2.5.18 showing
the solution s on the time interval [1000,2000] for b = 0.545). In the literature
this is known as a periodic doubling cascade (see e.g. [Kuznetsov, 1995], [Perko,
2001]). It is observed for several systems that such a cascade often leads to strange
attractors including fractal sets and chaotic dynamics (cf. [Hale and Kocak, 1991],
[Strogatz, 1994]). This has been observed for some food chain models before as well
(see [Hastings and Powell, 1991], [Klebanoff and Hastings, 1994], [Gross et al., 2005]
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Figure 2.5.17: The limit cycle has four loops for b = 0.547

0.15

0.1
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Figure 2.5.18: The limit cycle has multiple loops for b = 0.545

for example). Below we will briefly comment on the matter with respect to the GSP
food chain model.

As we decrease the bifurcation parameter b further and the period doubling cascade
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unravels, the set on which the solution s settles down on for large times becomes less
and less discernible as a periodic solution (see Figure 2.5.19 for b € [0.5425, 0.543]
and large time intervals).

0.15 0.15

0 o0

Figure 2.5.19: The cases b = 0.543 and b = 0.54275 on a time interval [1000, 8000]
(top) and the case b = 0.5425 on a time interval [1000, 12000] (bottom), showing the
strange attractor

This is an indication that the attractor A is a strange attractor (the term originating
from [Ruelle and Takens, 1971]) for some parameter ranges. In particular, the set A
might have a fractal dimension and the dynamics of the system - and in particular
on the attractor - might be chaotic. This second aspect concerning chaotic behaviour
will be discussed below. A strange attractor that is created by a period doubling
cascade may be destroyed by exactly such a cascade again (e.g. the Hénon attractor,
see [Sander and Yorke, 2011]) as the bifurcation parameter is decreased further.
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However the period-doubling bifurcations involved are now supercritical and the
period of the loops halves. Decreasing the bifurcation parameter b we observe that
the positive phase curve indeed settles down on a limit cycle again as time tends to
infinity (see Figure 2.5.20).

Observe that the parameter range b € [0.54,0.54025] in which this reverse cascade
occurs is very narrow. This implies that a small perturbation of the bifurcation
parameter may already have a large effect on the dynamics of the system. Moreover,
the strange attractor is created and destroyed in the narrow range of b € [0.54,0.547]
(recall Figures 2.5.17 to 2.5.20). From a biological point of view, such instabilities of
the system may indicate that the ecosystem undergoes a fundamental change in this
specific parameter regime. An interpretation of this is:

When varying the parameter b for mid-range values, transient regimes of very
complex behaviour (the strange attractor) occur, that separate different stable
configurations of coexistence and population dynamics of the ecosystems (the limit
cycles at the respective ends of the cascades).

-5 | -}
@i, ~&-pi,
El 80

0 0 00

(c) b= 0.540075 (d) b=0.54

Figure 2.5.20: Solutions on the time interval [1000,8000], showing the destruction of
the strange attractor via a cascade of supercritical period doubling bifurcations.
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It has been suggested in the literature that the above mentioned (chaotic) transient
regimes may be caused by breakouts of epidemics for example, usually resulting in a
different but still stable configuration of the ecosystem at the end of the epidemic
(cf. [Aziz-Alaoui, 2002)).

Continuing to decrease the bifurcation parameter b further we observe that the limit
cycle prevails for a while before the phenomenon we just described repeats itself.
[.e. once more a strange attractor is created and destroyed by two period doubling
cascades in a narrow parameter range or transient regime, see Figure 2.5.21.

(c) b=0.535 (d) b=0.534

Figure 2.5.21: Solutions on the time interval [1000, 8000], showing the construction
and destruction of the strange attractor in the window b € [0.535,0.53985].

In literature such parameter intervals (or transient regimes) have been coined windows
in parameter space (see e.g. [Kuznetsov, 1995]). Two opposing period doubling
cascades create and destroy a strange attractor in several windows of the range in
which the bifurcation parameter b is varied. For our parameter settings we have
observed several such windows, see Table 2. The long-term dynamics on these strange
attractors are not particularly straightforward. For example no periodic motion is
evidently identifiable, although the attractor results from a bifurcation of periodic
orbits. It is much rather a seemingly chaotic behaviour, which is observed at the
end of period-doubling cascades (cf. [Hale and Kocak, 1991]).
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Approximate window intervals Visualisation
[0.54,0.57] Figures 2.5.16 to 2.5.20

[0.534, 0.53985] Figure 2.5.21

[0.5243,0.532] Appendix D

[0.5091, 0.5243] Appendix D

[0.4751,0.501] Appendix D

[0.466,0.475] Appendix D

Table 2: Six period-doubling cascade windows for the standard parameters (2.5.1)

Chaotic dynamics and Shilnikov homoclinic bifurcation

We suppose that in some window the underlying reason the dynamics are chaotic,
and the period doubling bifurcations occur, is a global bifurcation occurring within
the same parameter range of the parameter b we have considered. More precisely,
we study the occurrence of a Shilnikov homoclinic bifurcation (see [Shilnikov, 1965])
occurring in the parameter window b € [0.4751,0.501] (recall Table 2). The two key
conditions for such a bifurcation to occur are:

e The existence of a saddle-focus equilibrium p*
e The existence of a homoclinic orbit I';,,,(p*) to the equilibrium p*

Using numerical tools we discuss whether these conditions hold. For the dynamics
induced by system (2.1.5) we have determined the equilibria (recall Table 1) and
are able to handle them well, analytically and numerically. The equilibrium we
will consider is p3,. Finding a homoclinic orbit to an equilibrium analytically or
even numerically is difficult in general. However, [Letellier and Aziz-Alaoui, 2002]
have found numerical evidence for the existence of such an orbit for system (2.1.5),
albeit for different parameter values than ours in (2.5.1). This gives reason to the
conjecture that homoclinic orbits might exist (or persist) for other parameter values
as well - including ours. In fact, using the very coarse purely adaptive step size in our
numerical scheme we obtain Figure 2.5.22. We have used the standard parameters
from (2.5.1) as well as b = 0.5 for the simulation. The initial condition is given by

0.8212772953202039
Sop = 0.2
0.0815160196451393

which is in a small neighbourhood of p3, since

lls0 — P || = 4.396160620943584 - 10~

The figure shows a positive phase curve to a solution s (on the time interval [0, 180])
that spirals away from the equilibrium p3, along (i.e. close to) the local unstable
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Figure 2.5.22: The positive phase curve s revisits the neighbourhood of equilibrium
ps, for b=0.5

manifold W% (p5, ) and then returns to a neighbourhood of pj, along the local stable
manifold W (p3,) of p5,.. This characterises the saddle-focus equilibrium point
(often also considered backwards in time, i.e. a one-dimensional unstable manifold
and reinjection of the phase curve via the spiralling on the stable two dimensional
manifold - cf. [Wiggins, 1990] for example). By this characterisation it is necessary
for the eigenvalues of the Jacobian .J (evaluated at p3, ) to have a negative real-valued
eigenvalue A\; and two complex-conjugated eigenvalues A;/3 with positive real part.
For b = 0.5 these eigenvalues are approximately

A1~ —0.649495399683059
Ay = Ay = 0.045647676256243 + 0.1941602746412327
A- = A3 = 0.045647676256243 — 0.1941602746412327,

i.e. they fulfil the above criterion and p3, is indeed a saddle-focus equilibrium. The
corresponding approximate eigenvectors wy, w4 are given by

0.998375978636216

wy = | —0.056681579460958 (2.5.7)
0.005709976531338
—0.652220281778129 + 0.171887689016383¢

wy = 0.701503947225430

0.052666139390298 F 0.224012982192389:
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From the eigenvalues we determine the saddle-index § of p3, (cf. [Wiggins, 1990] or
[Glendinning, 1994] for example), being the quantity

~ —Re(Ay3) _ —0.045647676256243

) R~
A1 —0.649495399683059

~ 0.070452982797700 < 1. (2.5.8)

The Shilnikov bifurcation exhibits an especially interesting behaviour if § < 1, as is
the case here. In particular Shilnikov showed that the dynamics on a specific return
map associated to the homoclinic orbit 'y, (p*) ’are topologically conjugate to a full
shift on two symbols’ (as [Wiggins, 1990] puts it) or, in the words of [Guckenheimer
and Holmes, 1983], a ’countable infinity of horseshoes is present’. Both statements
reflect the same point that the flow close to the homoclinic orbit may be put into
relation (via a conjugacy) to a map that is known to exhibit chaotic behaviour
(the Shift map and the Smale Horseshoe map respectively). Shilnikov proved the
existence of countably many periodic orbits in a neighbourhood of Iy, (p*). The
onset of these complex and chaotic dynamics causes a sequence of period doubling
(and halving) bifurcations and saddle-node bifurcations to occur as the homoclinic
orbit breaks (when the bifurcation parameter is varied). This explains the occurrence
of the period doubling cascades we observed in the window [0.4751,0.501] when
varying the parameter b (recall Table 2). The homoclinic orbit 'y, (p*) breaks for a
b-value close to b = 0.5. The saddle-node bifurcations have not been investigated
and observed numerically (however they have been observed numerically for other
parameter regions, see [Letellier and Aziz-Alaoui, 2002]).

So far the above numerical evidence with regard to the existence of such a homoclinic
orbit I';, . (p5, ) is rather weak, especially since a very coarse numerical scheme was
used. A method that is particularly useful in this scenario is reverting the direction
of time, i.e. considering the dynamics induced by the vector field —v instead of
v from (2.1.5) (cf. [Parker and Chua, 1989], [Deng, 2017]). Doing so, causes the
one-dimensional local stable manifold W} (p5, ) of p5, (of the original time-forward
system) associated with A; to be the local unstable manifold W, (p5 ) of the time-
reversed system. Hence in the time-reversed system the equilibrium p3, now has a
one-dimensional local unstable manifold W}, (ps +)- For a given b > 0, we choose a
point

so=pi. — 107 (1,0,0)"

close to the equilibrium p3, as the initial condition. The choice of this particular
initial condition is based on the observation that the eigenvector w; associated
with Ay (recall (2.5.7)) has the largest entry in the first component by a factor of
more than 17, motivating that the eigendirection (given by w;) may be roughly
approximated by the unit vector (1,0,0)7. Since such an eigendirection gives a first
order approximation to a one-dimensional local (un)stable manifold of an equilibrium,
the choice of sy above is made so that the initial state is in a small vicinity of the
one-dimensional local unstable manifold W} (p5, ) we are computing.

We now observe the positive phase curve to the solution s, (with s from above) in
the time-reversed system. By slightly varying the parameter b (bisecting method)
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0 0

(a) Approximating the unstable manifold  (b) A solution on the unstable manifold
Wi (p5,) of p3, for time-reversed system W} (p3,) of p3, for time-forward system

0.15

0.1

5-1072

0 0

(c) Combining the positive phase curves

Figure 2.5.23: Solutions on the unstable manifolds of the time-forward and
time-reversed system for b = 0.49964510020384728.

we have forced the positive phase curve of s, back into a neighbourhood of the local
stable manifold W} .(p3, ) of the time-reversed system. This leads to Figure 2.5.23a
for

b = 0.49964510020384728 € [0.4751,0.501],

with maximal step size 10~ and time interval [0, 70]. The solution §, moves away
from the equilibrium in the direction of the eigenvector w; corresponding to A{, but
turns around and commences to spiral in on the equilibrium p3, again. Note that
this behaviour is difficult to capture from a numerical point of view, due to the
hyperbolicity properties of the flow. More precisely, the saddle-index value § is very
small, i.e. the expansion in the unstable eigendirection (caused by the eigenvalue A\;
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of the time-reversed system) is greater than the contraction caused by the eigenvalues
A2/3. In this case by a factor of more than ten, since the saddle-index

0~ 0.07<<1

measures precisely this ratio, see (2.5.8). This causes a strong expansion rate in the
unstable direction to oppose a relatively weak attraction rate in the vicinity of the
equilibrium p3, , making the positive phase curve corresponding to the solution s,
likely to move away from p3, . Likewise we can obtain a solution s in the time-forward

£
I 2)

0.15 b1

0.1

5.10"2 C\\\\

0 o

Figure 2.5.24: Constructing a homoclinic orbit I'ym(p3, ) using stable and unstable
manifolds for b = 0.49964510020384728

system, in which case the corresponding positive phase curve spirals outwards from
the equilibrium pj, , see Figure 2.5.23b (on the time interval [0, 220]). Combining
two solutions 5, and s that intersect, creates a homoclinic orbit I'yen (p3, ), since
they are intersections of the local stable manifold W (p3, ) (being the local unstable
manifold W (p5,) of the time-reversed system) and the local unstable manifold
Wi (ps,) of ps., see Figure 2.5.24. We remark that the intersection of our solutions
s, and s is not particularly smooth, due to numerical limitations. However, using
finer numerical schemes, more computational resources and small perturbances of the
parameter b, a better approximation of the solutions and in particular of the local
stable and unstable manifolds and positive phase curves thereon would be achieved.
In turn this would yield a better approximation of the homoclinic orbit I'yem, (p5, ).
This supplies further numerical evidence (cf. [Rai and Upadhyay, 2004]) that the
homoclinic orbit we are looking for indeed exists for the standard parameters we
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have chosen to work with. Since the equilibrium p3, is indeed a saddle-focus and
the saddle-index fulfils § < 1, the onset of complex and chaotic behaviour of the
ecosystem for b ~ 0.5 is caused by the global Shilnikov homoclinic bifurcation.

Leaving the chaotic regime

The final point we make, is that the complex and chaotic dynamics of the system
do not persist for all sufficiently small b > 0. In fact for the standard parameters a
numerical simulation yields that - similar to the build-up of the first period-doubling
cascade commencing for b ~ 0.57 (recall Figure 2.5.16) - the final cascade leading to
a simple period orbit with a single loop occurs in the range [0.35,0.42], see Figure
2.5.25.

- -&-p;
0.2 ja 0.1 Ja
- p5 -5
-3, -3,
0.1 — —

w 0.1 e N
5-1072
5.1072
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(a) b=0.42 - four loops (b) b =0.41 - two loops
-1 R
0.15 p 0.15 P
-3 @5
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0.1 ’ — 0.1 M —

x -
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(¢) b= 0.4 - single loop (d) b= 0.35 - single loop

Figure 2.5.25: Positive phase curves on the time interval [1000,8000], showing the
final period doubling cascade for b € [0.35,0.42].

Below this value the asymptotic behaviour is very similar to the case of the non-
standard parameters: a single periodic orbit I'] is the limit cycle of solutions s as
t — o0, see Figure 2.5.26 and compare to Figure 2.5.7.

The difference is that the limit cycle I'] is not contained in the x-y-plane, as was the
case for the non-standard parameters, but much rather it is situated slightly 'above’
the plane. This means that the generalist predator species density (i.e. the quantity
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Figure 2.5.26: The positive phase curve approaches the periodic orbit I'] on the time
interval [1000, 8000] for b = 0.2

z) does not tend to zero but persists at a low average value, which is very sensible
from a biological point of view, recalling the definition of a generalist predator.

For low values of the parameter b the dynamics of the ecosystem tend to a cyclic
motion in which all the three species persist. The average density value of the
generalist predator species is low in this case.

With this remark we conclude the presentation of numerical results and the analytical
study of the three-dimensional GSP food chain model in this chapter. The above
results are promising in the sense that proving the existence of the homoclinic
orbit I'yen (p5,) analytically, and thus the occurrence of the Shilnikov homoclinic
bifurcation, seems plausible and poses an interesting topic of study in future works.
Further numerical observations we made during the simulations, such as the existence
of a heteroclinic orbit connecting the equilibria p; and p3, for various parameters of
b, give reason to investigating the dynamics induced by (2.1.5) further. Studying
the dynamics for the case that the (unstable) second interior equilibrium pj_ is
biologically feasible, is also interesting, as the equilibrium must be part of the global
attractor A, thus possibly altering the nature of the attractor. However, we will turn
to the question how to generalise the GSP food chain model to any arbitrary length
n € N, as well as how to generalise the results from above (where possible), in the
next chapter.
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3 N-dimensional generalisation

Not all food chains merely consist of three species or three trophic levels, recall
Figures 1.0.3 and 1.0.4 for example. In fact, food chain lengths vary, depending on
the specific properties of the ecosystem that is being considered, such as the size of
the environment, for example (cf. [Schoener, 1989], [Vander Zanden et al., 1999]).
To capture the evolution and dynamics of longer chains, it is natural to adjust the
model equations accordingly. From a mathematical point of view extending and
generalising food chain models is achieved by including more general interaction
terms of the species in the model equations, as well as modelling more different
species. We provide such a generalisation of the equations of the three-dimensional
GSP food chain model introduced in chapter 2 in section 3.1 below (see (3.1.1))
and discuss some of the results from the three-dimensional model which carry over
to the general model. In section 3.2 we then apply the generalised results to two
ODE-systems (see (3.2.1) and (3.2.4)) which fit into the framework of the general
GSP food chain model introduced beforehand.

3.1 The generalised model

As mentioned above, we want to generalise the three-dimensional GSP food chain
model. To this end we will extend the food chain (and hence the model equations) to
a chain of arbitrary length n € N (n > 3), with n — 2 prey and/or predator species
x interacting in the lower trophic levels, see Figure 3.1.1. Since the intermediate
predator species y remains a specialist predator it will still only prey on a single
species x,,_s of the n — 2 species in the lower trophic level.

Figure 3.1.1: Scheme of a n-dimensional GSP food chain

3.1.1 The model equations and solutions

The above discussion suggests the following generalisation of the model equations in
(2.1.5) for a given n € N with n > 3 (omitting the explicit dependency of x, y, z on
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t in the notation):

F(x,y,2)
( b+ o a ﬁ) Yo =110(x,y,2), (3.1.1)
(

y+h)

X
Y

where x = (21, ...,17,,_2)7 € R" 2 is a vector of length n —2 and the variables y, 2 € R
are scalars. The parameters b, ¢, d, e, f, g, h > 0 are still assumed to be positive. The
vector field F' determines the interactions of the n — 2 species in the lowest trophic
level (recall Figure 3.1.1). It can be chosen far more generally (than in (2.1.5)),
however, we will impose certain conditions on F' below. Note that for the choice

1y
T+ a

F(Xay72) = F('xl:ya Z) = (1 - 1'1)371 -

with @ > 0 we obtain the original three-dimensional system (2.1.5). Thus the n-
dimensional system (3.1.1) is indeed a generalisation of the three-dimensional GSP
food chain model. This gives rise to the question which of the results obtained
for the three-dimensional model (see chapter 2) also hold for this generalisation.
Or differently put: which properties of the three-dimensional system were essential
to obtain the results and which conditions do we have to impose on the model in
(3.1.1) to obtain comparable results? Investigating and answering this question is
the essence of this section.

The first thing we consider is the biological feasibility of the n-dimensional GSP
food chain model. Since we are still considering an ecosystem, non-negative species
densities are important for biologically meaningful population dynamics induced by
(3.1.1). Similar to Definition 2.1.1 this motivates

Definition 3.1.1.
We define the index set  := {1,...,n — 2} and the sets

Of == {(x,y,2) €R"|y>0,2>0,2;,>0 forall i € T}

Ti={(x,y,2) ER"|y>0,2>0,2; >0 forall i € T}

as the non-negative orthant and the positive orthant respectively.
Furthermore, a solution s of the initial value problem given by system (3.1.1) and
initial conditions

is denoted by
§:=5(t) = (x(t), y(t), 2(t))"

The maximal existence interval of s is denoted by Iy CR.
The mazximal right (or positive) existence interval of § is denoted by I C [0, 00).
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Remark 3.1.1.
In order to ensure the existence and uniqueness of s and I,; we impose the smoothness
condition

F e CLip (@J,Rn_2) ,
on the vector field F' in (3.1.1) for the following discussion, which in turn implies
0 € CLip (OF R") .

This allows the application of the Picard-Lindel6f Theorem and the theorem on the
maximal existence interval, providing the existence and uniqueness of the solutions §
on their maximal existence intervals I);. Since the vector field is also autonomous,
using to = 0 as initial time is also no restriction (recall the Remark 2.1.1).

Recall that property (I1) of the phase space X (see Definition 2.1.2) played an
important role in the three-dimensional case (Lemmas 2.1.1 to 2.1.5). It ensured
that the positive octant Of C R? could be chosen as the phase space on which
the semiflow ® acts, similar to an invariance property. Likewise we introduce the
property for an n-dimensional chain:

Definition 3.1.2. R
A subset K C Of is said to have the property (I1) under the dynamics generated
by (3.1.1), if for all 3y € K C OF the corresponding solution S satisfies

s(tye K Vtely.

In order to ensure that @J has property (f 1) (and thus can be chosen as phase space
X)) we impose a restriction on system (3.1.1). We want the boundary of Of to have
the property (I1). A sufficient assumption is given by

Assumption ((H1)).
Assume that for any i € T the sets

H; = {(X,y,z) e Of |z; = O}
Hp1 = {(x,y,z) eOf ly= O}
H, = {(x,y,z) eOf|z= O}
have the property (fl) in the sense of Definition 3.1.2. We call this assumption (H1).

From a geometrical point of view the assumption may be interpreted as follows:
the boundary 007 of the non-negative orthant Of consists of the n hyperplanes
H; C Of C R (withi € {1,...,n}), ie.

00f = | Hi,

7,6{17,71}

see Figure 3.1.2. These boundary subsets are assumed to be have property (f 1)
(similar to [Amann, 1990]).
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X

Figure 3.1.2: Schematic figure of the hyperplanes H; with i € {1,....,n} forming the
boundary of Of .

Considering the - and Z-equation in (3.1.1) we observe that they are unchanged
compared to those in the three-dimensional system (2.1.5). In particular this implies

y=0 = =0 = yt) =0 Vtely
=0 = =0 =  z()=0 Vtely

and hence it is in fact even sufficient to make the weaker assumption that the H;
(with ¢ € Z) have property (fl), since the property (fl) of H,_1 and H,, may be
deduced from this (recall the proof of Lemma 2.1.3). For simplicity’s and readabilities
sake we choose to keep assumption (H1) as it is. The assumption allows us to prove
the following

Lemma 3.1.1. R R R
Assume (H1) to hold, then the boundary set 00¢ and the sets OF and Of have
property (11).

Proof.
Let assumption (H1) hold.

o We have
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and henceAé?@ar is a union of sets with property (f 1) and as such also has
property (/1) itself.

e Let any solution § with 55 € Ot be given. Assuming the phase curve of §
leaves the positive orthant in past or future time, the continuity of s implies
that the phase curve necessarily intersects the boundary 8@3 (for some time
in I, v). The boundary however has property (f 1), implying that § fulfils

5(t) € 007  Ytely,

which is a contradiction to sy € @+, since 5 is unique and 3@3 NO* = ( holds.
Thus R R

s5c07 Vte Iy,
i.e. OF has property (I1) (also compare to the proofs of Lemmas 2.1.4 and
2.1.5).

e Since ~ ~
Of =004 UOT
holds, the non-negative orthant @g also has property (f 1) as a union of two
sets with property (I1). O

Hence under assumption (H1) we can choose X = @(—)‘r as the phase space on which
the dynamics induced by (3.1.1) evolve. Thus, all the components of a solution § are
non-negative for all ¢t € I, M, i.e. the species densities remain non-negative, which is
vital when modelling population dynamics. The assumption (H1) also implies that
for any solution s and any ¢ € Z we have

2:(0) > 0 D ) >0 Vielu
yo)>0 W ywy>o0 veely (3.1.2)

x00>0 By >0 viely
i.e. a positive component of a solution stays positive, while the corresponding solution
exists.

3.1.2 Boundedness of solutions

Apart from the non-negativity of solutions, we also want to ensure their boundedness
for all future times, i.e. that they do not blow-up in any component in finite future
or as time tends to infinity (¢ — oc). For this reason we once again restrict the
discussion to the positive existence interval I. Since the Z-equation is unchanged,
the result of Lemma 2.2.4 still holds, i.e. if the parameters fulfil f — 7 > 0 then any
solution 5 with z5 > 0 will blow-up in the z-component after a finite time 7% > 0.
Thus we once again impose the restriction

g
f h<0
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on the parameters, which is equivalent to

g
= —h>0.
f

We introduce a second assumption on (3.1.1), or more precisely on solutions § and
their bounds (compare to Lemmas 2.2.1 and 2.2.3):

Assumption ((H2)). ~
Let any solution $ (with 3o € OF ) be given. Assume there exist constants

Far=30(80) >0 and G = Gur(S0) > L —h >0

S

such that

holds for all t € I. We call this assumption (H2).

Remark 3.1.2.

The above assumption is equivalent to saying that the first n — 1 components of a
solution s are bounded for all times in the maximal right existence interval I of 5.
Note that the inequality

ZjM > g —h>0
S

is no restriction since any given upper bound %z on the y-component can be increased
until it fulfils the above inequality (still remaining an upper bound), for example by

setting
Unmr ::max{gjg,2<‘]q€—h>} >‘ch—h>0.

We also remark that the two assumptions (HI) and (H2) are fulfilled by the three-
dimensional system introduced in chapter 2. The assumptions are biologically
meaningful hypotheses:

e The first assumption implies that a species with zero species density at some
point in time should also have zero species density for all other times (invariance
of the coordinate hyperplanes). This is a necessary assumption since otherwise
a species could reappear ’by itself’ in the ecosystem although, it is or has
become extinct. This is not reasonable, unless effects such as migration are
included in the considerations. The model equations (i.e. the vector field ¥
and in particular also F' in (3.1.1)) should reflect and induce such a behaviour,
thus motivating (H1).
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e The second assumption (H2) implies that the first n — 1 species have a bounded
species density for all future times, i.e. none of these species increase to
arbitrary large densities. This is sensible from a biological point of view, since
an ecosystem limits a species abundance in some way. Limiting factors may
for example be the availability of nutrition, mates or space. The mathematical
model (and in particular the vector field) should capture this behaviour.

If assumption (H2) holds then a solution can only diverge in its final component (both
in finite and asymptotically as t — 0o). This is analogous to the three-dimensional
case from chapter 2. Using assumptions (H1) and (H2) we will also conclude the
boundedness of the z-component for all ¢ > 0 (i.e. that also the generalist predator
species does not multiply to arbitrary large numbers) in an analogous way. In the
following we present these results in their generalised version, omitting explicit proofs
in some cases, but highlighting the parallels and differences to the three-dimensional
case instead then.

Semiflow ®

The aim of this subsection is to show that no finite future time blow-up (of the
z-component of any solution §) may occur under our assumptions. More precisely,
we show

Proposition 3.1.1.
Let f — 1 <0 as well as any solution § be given. Under the assumptions (H1) and
(H2) the solution § does not blow up in finite future time.

This is the analogous result to Proposition 2.2.1 and we will in fact prove it in the
same manner. To this end we state the generalisation of Lemma 2.2.5 and prove it:

Lemma 3.1.2.
Let f — 1 <0 as well as any solution 3 be given. Assume (H1) and (H2) to hold and
define

Zy = max{(—b+ Eff—lj\{d> (Um +e) ,0} > 0.

If 5 fulfils yo > 0 and zy > 0, then for any t € I such that z(t) > Z, it holds that
y(t) < 0.

Proof.
Let f — ¢ < 0 as well as any solution § with yo > 0 and zp > 0 be given. Assume
(H1) and (H2) to hold. By (3.1.2) we have

yt)>0 Vtel.

Thus we obtain the following equivalence from the g-equation in (3.1.1):

_ CTp_o(t) z(t)
yt) <0 <& _b+xn,2(t)+d_y(t)+e<0
CTp_o(t)
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Furthermore, using (H2), it holds that for any ¢ € I

(—b+““<”) w(t) +0) < (b4 =) (1) + o

$n,2(t)+d —_—— fM—Fd
>0

< max{<—b+ f;ﬁfﬁ (T +e),o} _3

Combining the above yields that if z(t) > z, for any t € I, then y(t) < 0 holds. Or
differently put ~
(Vtel:z()>2) = g()<o. O

Likewise we want a generalisation of the monotone blow-up Lemma 2.2.6 to hold:

Lemma 3.1.3.

Let f — 4 <0 and a solution 5 with yo > 0 and 2o > 0 be given. Assume that (H1)
and (H2) hold and that § blows up (for the finite time T** > 0). Then there exists a
Ty € [0,7**) such that

yt) > L —h  Vte [T, T™).

9
f
In particular it holds that

2(t) >0 Vit e [Ty, T™).

Proof.

Recall that the proof of Lemma 2.2.6 entailed proving the auxiliary Lemmas 2.2.7
to 2.2.9. Using (H1) and (H2), all these proofs (including the one of Lemma 2.2.6)
work identically for the n-dimensional case, by merely replacing the terms

S x(t) Tr Zx

by their respective generalised versions:

~ ~

S xpo(t) T Zs

The essential point why these proofs carry over analogously is that the coupling
between the y-equation and Z-equation is the same in both the three-dimensional
and the n-dimensional system. Considering the Z-equation in (3.1.1) and 2o > 0, we
observe that the following equivalence holds (for any ¢ € I)

yt)>L—n e ) >0 O

f
Thus, under the above assumptions, the monotone blow-up property of the z-
component also holds for solutions § (with yo > 0 and 2z, > 0). We show the
counterpart to Corollary 2.2.2 next:
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Lemma 3.1.4.
Let f — 4% <0 and a solution 5 with yo > 0 and 2o > 0 be given. Assume that (H1)
and (H2) hold and furthermore let an interval Iy C [0, 00) with min Iy = Ty > 0 eist
such that

y(t)>‘ch—h Vit e I

Then it holds that

where

~ CTm

= —b

“ Ty +d

~ 1

b= — > 0.

(f = 5:25) @ + o)

Proof.

Let f — 4 < 0 and a solution § with yo > 0 and 2y > 0 be given. Assume that (H1)

and (H2) hold and furthermore let an interval Iy C [0, 0o) with min Iy = Ty > 0 exist

such that
g

y(t) > 7 h  VYtel,. (3.1.3)
We consider the solution for ¢ € Iy. From the third equation in (3.1.1) we obtain
(¢ 1
0< 2ty = 2. : (3.1.4)
2(t) - g__
y(t) +h
|
>0 by (3.1.3)

for t € Iy, recalling that z(¢) > 0 for any t € I (by (3.1.2) using (H1)). Substituting
this into the second equation of (3.1.1) yields

crno(t) (1) 1 1
Tp2(t) +d  2() f — ;i ) +e

g(t) = y(t) | —b+ Vit e .

Dividing by y(t) > 0 and using z,_o(t) < 2y for any all t € I, (using (H2)), yields

y(t) _ b crn(t)  Z(?) 1 1
y(t) Tn2(t) +d  2(t) f — ;i @) +e
< —-b+

§M+d_z(t)f—my(t)+e
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for t € Iy. Since equation (3.1.3) holds on I and y is bounded by 7 > 4 — h for all
t eI > I, (by (H2)), we obtain
>0 by (3.1.4)
—_———
>0 by (3.1.3)
cin )1 1
Z/E\M—I—d Z(t) f_,?JMngh AM—f—e

———
>0

(t)
t)

.

—b+

5|
IA

IN

—b+

for t € I,. For the sake of readability we define

a:=—-b+ AcxM ;
PN 1
B = > 0.

] n
(f g]\{‘f'h) (yM T 6)
which allows us to write the previous estimate as follows

(1) £(t)

0 <a-p==2 viel,.

2(t)

Integrating both sides from Ty € f(] tot e fo yields

.

~—

<

t M T t a— 520 T
Ty y(T)d = Ty BZ(T)d

& [In(y(M))Zy, <alt—Tp) — Bn(z(r))/ 2,

This may also be written as

In (yy((jfz)> <a(t—Ty) —fln (;&D =at—"Ty) +1In (@(z;(;))ﬁ) .

Applying the exponential function on both sides of the equation yields

o~

y(t) Z(TO)>5
y(Tp) 2(t) ‘

Furthermore, multiplying by y(7p) > 0 results in the claim

< exp(a(t — 1p)) (

~

B8
y(t) < y(Ty) exp(alt — Tv)) (&Tt))) viel .
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We use the above to prove Proposition 3.1.1, i.e. that under our assumptions no
solution § blows up in finite time:

Proof of Proposition 3.1.1.

Let f — % < 0 as well as any solution § be given. Furthermore assume that (H1)
and (H2) hold. The assumption in (H2) implies that the first n — 1 component of §
are bounded for all ¢ € T and a blow-up can only occur in the final component, the
z-component. We consider this for three different cases.

e Let 5 = 0, then (H1) implies that y(t) = 0 for all ¢ € I. Thus the -equation
in (3.1.1) simplifies to

A1) = (f - Z) 2(t) <0,
———
<0
Hence the final component of § is non-increasing on I, implying z(t) < zo for
all t € I and thus the z-component of 5§ does not blow up.

e Let zg = 0 then (H1) implies that z(t) = 0 for all t € I and § only has bounded
components for all ¢t € I.

e Let yg > 0 and zy; > 0 hold for s. We provide a proof by contradiction, i.e.
we assume that 5 blows up in a finite time 7% > 0. Thus the conditions of
Lemma 3.1.3 are met and there exists a Ty € [0,77*) such that

yt)> L —h  Vite [T, T

f

In turn, this implies that for Iy = [Ty, T**) the conditions of Lemma 3.1.4 are
met and hence

~

Z<TO>)5 Vit [Ty, T™)

z(t)

holds. The rest of the proof works analogously to that of Proposition 2.2.1. We
reformulate the above to obtain an estimate on the z-component (note 5 > 0):

y(t) < y(Ty) exp(alt — Ty)) (

y(t)

Using y(t) > % —h for all t € [Ty, T**) and the boundedness of the y-component
by 7 for all t € T (from (H2)) allows the estimate

2(t) < 2(Tp) j Ch) exp(a(t — Tp)) Vit e [Ty, T).

~

M
—h

2(t) < Z(To)j exp(a(t —Tp)) Vit e [To, T7). (3.1.5)

g
f

We now consider two cases, dependent on the sign of a.



226 3.1 THE GENERALISED MODEL

i) If @ <0 then exp(a(t — Tp)) < 1 for any ¢ € [To, T**). This allows us to
estimate (3.1.5) as follows

2(t) < 2(Ty) 7 gyfh exp(a(t — Ty))
!
< 2(Ty) B gth <oo  Vte [Ty, T™).
g

This however is a contradiction to s blowing up.

ii) If @ > 0 then exp(a(t — Tp)) < exp(a(T™* —Typ)) for any t € [Ty, T*).
This allows us to estimate (3.1.5) as follows

~

Ym

—h

2(t) < 2(Ty) 2 exp(a(t — 1))

g
f

~

< 2(Ty) 7 exp(@(T* —Tp)) < oo Vte [Ty, T*).

M
—h

g
f
This however is a contradiction to § blowing up. O

Hence under the assumptions of Proposition 3.1.1 any solution s indeed does not
blow up and the mathematical model generates biologically feasible and bounded
solutions. In particular the maximal positive existence interval of § is in fact given
by I = [0,00), i.e. the solution is defined for all ¢ > 0. This allows us to show that
the model equations induce a semiflow on Of (compare to Corollary 2.2.3).

Corollary 3.1.1.

Let f — 4 <0 hold and assume that (H1) and (H2) hold for any solution 5. Then
the map

P - R(J{ X @a“ — @(—)‘r
(t,S0) — S(t)

defines a semiflow on @J

Proof.
The metric space we consider is (Of ,d) (with the Euclidean metric d on R™). The
rest of the proof is analogous to that of Corollary 2.2.3. O]

The reason why we can use analogous proofs to the three-dimensional system in many
cases is because the 'main ingredients’ (i.e. the essential properties of the dynamics
induced by (2.1.5)) we used in the proofs were the property (f 1) and positivity (due
to (H1)), the boundedness of the first components (due to (H2)) and the structure of
the y- and Z-equations, which remained the same in (2.1.5) and (3.1.1). This allowed
us to conclude counterpart results such as above for the n-dimensional case. It will
allow us to show that under our assumptions solutions s are also bounded as ¢t — oo,
compare to subsection 2.2.5.



3.1 THE GENERALISED MODEL 227

Boundedness

We show

Theorem 3.1.1.
Let f — % <0 and any solution 5 be given. Assume that (H1) and (H2) hold. Then
S does not blow up in finite future time and is bounded as time tends to infinity. In
particular it holds that

lim sup z(t) < oo.

t—o0

Proving the theorem works in a similar way to the procedure in subsection 2.2.5. We
first recall

Corollary 3.1.2.
Let f — % <0 and any solution 5 with yo = 0 or zg = 0 (or both) be given. Assume
that (H1) and (H2) hold. Then

2(t) < 2o Vit >0.
Proof.
We showed this in the first two bullets in the proof of Proposition 3.1.1. n

We now turn to the case z, = 0 (compare to Lemmas 2.2.10 to 2.2.12).

Lemma 3.1.5.
Let f — £ <0 and any solution 5 with Z, = 0 be given. Assume that (H1) and (H2)
hold. Then

Jt) <0 Vt>0.

Proof.
Let f — ¢ < 0 and any solution 5 with Z, = 0 be given. Assume that (H1)and (H2)
hold. Since Z, = 0 holds, we have

b+ = <0. (3.1.6)

Hence, using x,,_o(t) < Zps for any ¢ > 0 (by (H2)), it holds that for all ¢ > 0

cp_o(t) 2(t) )

Too(t)+d  y(t) +e

9(t) = y(t) (—b+

Ty 2(t)
<wy(t) | =b — < 0. ]
_y()< +fM+d y(t)—i—e)_o

<0 by (3.1.6)

Thus we can prove
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Lemma 3.1.6.
Let f — £ <0 and any solution 5 with yo < % —h and Z, = 0 be given. Assume that
(H1) and (H2) hold. Then it holds that

2(t) < 2o Vit > 0.

Proof.

Let f — £ < 0 and any solution 5 with g, < ? — h and Z, = 0 be given. Assume
that (H1) and (H2) hold. By Lemma 3.1.5 the y-component is non-increasing on
I =0, 00) and hence

y(t)ﬁyoﬁfc—h

for all ¢ > 0. This in turn implies (by the third equation of system (3.1.1)) that
A4)<0 VE>0

and therefore

The case yy > % — h is slightly more work:

Lemma 3.1.7.
Let f — % <0 and any solution 5 with yo > ? — h and Z, = 0 be given. Assume that
(H1) and (H2) hold. Then there exists a C' = C(sg) > 0 such that

2(t) < C < 0 Vit > 0.

Proof.
Let f — % < 0 and any solution 5 with yo > ? — h and z, = 0 be given. Assume that
(H1) and (H2) hold. If zyp = 0 we obtain

z(t)y=0  Vt>0.

Setting C' = 0 in this case, yields the claim. Thus we additionally assume zy > 0 for
s implying

z2(t) >0  Vt>0.
Let I, = [0,7;) C [0,00) be the maximal (positive) interval such that

yt)>2 —n  Vtel, (3.1.7)

f
Note that such an interval I, exists and is non-empty, since yo = y(0) > 4 —h and
y is continuous for any ¢ > 0 (since 8 is continuous). Applying Lemma 3.1.4 (with
Iy = I, and Ty = 0) now yields

~

B
y(t) < yoexp(at) (;{5) Vteln,
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with @ < 0 (since 2, = 0) and 3 > 0. Solving the above for z(t) yields

z(t) < z LR exp(at) Viel,.

y(t)

Estimating the above using & < 0 and (3.1.7) results in

cl—exp (at) <z _0 Vtel, =[0,T}). (3.1.8)

i) If I, = [0, 00) then

Yo

T h

< 0 Vt>0

2(t) < 20 |

and the z-component is evidently bounded by a constant for all t > 0.
i) If |I| < oo, i.e. T, < oo, then

y(1) < -,

f

since I was chosen to be maximal. Furthermore, from Lemma 3.1.5 we know
that y is non-increasing on [0, co) and therefore the above implies

This in turn results in

Therefore it holds that
2(t) < 2(Ty) Vit >Ty.

Thus combining the above and (3.1.8) and setting

C = max{z(TL),ZOA gyoh} < 00
g —

yields
() <C V>0
in this case and hence the proof is complete. O

We can now restrict the following considerations to solutions s that fulfil y, > 0,
2o > 0 and Z, > 0. As always we will also assume f — ¢ < 0 and (H1) and (H2)

to hold. Such solutions are confined to a subset Q C @8“ , which we define in the
following
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Lemma 3.1.8.
Let f — 4 <0 and any solution 3 with yo > 0, 2o > 0 and z, > 0 be given. Assume
that (H1) and (H2) hold. For the set

Q;:{(x,%z)e@;{ 0<y<yy,0< 2,2, <y fm’alliGI}

it holds that
St eQ  vt>o.

EEEEEEEEEE NN EEEEEEEEE NN NN EEEEEEEE WP

Figure 3.1.3: Schematic figure of the set @ € Of ¢ R (Note: x € R"2).

Proof.
Let f — 7 < 0 and any solution 5 with yo > 0, 2o > 0 and 2, > 0 be given. Assume

that (H1) and (H2) hold. We show that 3 is contained in the set  defined above
(see Figure 3.1.3) for all ¢ > 0, by consecutively considering each component of . By
assumption (H2) the solution fulfils

0<uz(t) <ZTy Yt>0

and for all 7 € Z. By the same assumption we have

)

<
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Additionally, (3.1.2) and yo > 0 implies that the y-component of § is strictly positive
for all t > 0. Finally, by the same argument we also have

20> 0 = 2(t)>0 Vt>0

and hence we indeed have R
5(t)eQ  Vt>0. O

We partition the set () into four subsets by inserting two hyperplanes defined by
y="%- h and z = 2z, respectively (compare to Definition 2.2.2), which will prove
useful in showing the boundedness of s:

Definition 3.1.3.
Let f — 4 <0 and any solution 3 with yo > 0, 2o > 0 and z, > 0 be given. Assume
that (H1) and (H2) hold. We define

N :{Xy,) (’A)g:ygfc—h,z<22*}ﬂ§2
Q, :{Xy, y>?—h,z<22*}ﬂ§2
Qs :{Xy, €O+ y>§]c—h,z222*}ﬂﬁ
Qu :{Xy7 €O+ yg‘]qc—h,ZZQE*}ﬂQ

In particular we have
4
Q - 91UQQUQ3UQ4 - U Qi;
i=1
i.e. the sets Q; form a partition of Q) (defined in Lemma 3.1.8).

The above-defined sets are visualised in Figure 3.1.4. Note that since z, > 0 and
Yu > % — h (due to assumption (H2)) hold, the sets Q; (with i € {1,2,3,4}) are
non-empty. By Lemma 3.1.8 we know that any solution § we are considering (or
rather its positive phase curve) is contained in the set Q for all t > 0 and therefore
also in exactly one of the four partitions Q; for any t > 0. We discuss how to
prove that such a § is also bounded in the z-component as time tends to infinity by
considering the behaviour of the solution (and its respective positive phase curve) in
the four partitions.

e The case Ql and QQ: These two sets are bounded by 27z, in the z-direction
and hence any solution 5 as defined in Lemma 3.1.8 is bounded for all ¢t > 0
while it is in these sets, i.e.

(VE>0:5t) ehuy) = 5 <2z
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Figure 3.1.4: The sets Qy, o, Q3, Q4 form a partition of Q C @ar

e The case Q: By definition it holds that

g
<7 _
ysg h

in Q. Thus if a solution 3 fulfils 3(¢) € Q4 for some ¢ > 0, then it also fulfils
2(t) <0 for this ¢ (due to the last line of (3.1.1)). L.e. the z-component of a
solution is non-increasing while the solution is in the set Q. Differently put,
the vector field in Qy is non-increasing in z-direction. Thus a solution § is
bounded in Q4, in the sense that it cannot increase in the z-component there.
Furthermore,

z > 2z,

holds in Q4 by construction. Thus, Lemma 3.1.2 yields that the vector field in
Q4 is strictly decreasing in y-direction as well. This results in a vector field as
depicted schematically in Figure 3.1.5.

Hence we conclude:

Corollary 3.1.3.
Let f — 4 <0 and any solution 3 with yo > 0, 2o > 0 and z, > 0 be given. Assume
that (H1) and (H2) hold. Furthermore assume that

S e MUQUQ  VE>0.
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Figure 3.1.5: Schematic figure of the vector field (red arrows) in Q. It is
non-increasing in both y- and z-direction.

Then s does not blow up in finite future time and is bounded as time tends to infinity.
In particular it holds that
limsup z(t) < oc.
t—r00

As a consequence of the above corollary, it is clear that if a solution s should diverge
as t — oo, then this necessarily has to involve the set Qg, as it is the only set where
the z-component of s could possibly increase without bound. We will show that any
solution § will leave the set (13 after a finite time Ty > 0 (possibly re-entering it
later), compare to Lemmas 2.2.14 and 2.2.15.

Lemma 3.1.9.
Let f — 4 <0 and any solution 3 with yo > 0, 20 > 0 and z, > 0 be given. Assume
that (H1) and (H2) hold. Then it holds that

~ 1 U
Tur ::Aln(gyM ) >0,

where a > 0 is defined as in Lemma 3.1.4.

Proof.
Let f — 7 < 0 and any solution 5 with yo > 0, 2z > 0 and 2, > 0 be given. Assume
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that (H1) and (H2) hold. By the definition of Z, in Lemma 3.1.2 we see that z, > 0
implies
CZ/L‘\M

Ze = <_b+fM+d> (U +€) .

Thus we obtain

~ cx ~ ~
0<2 = (<b+ =20 ) (s + ) =@ G +o)
0
=a from Lemma 3.1.4 g
and therefore & > 0. We conclude (using §i > % — h) that
1 ~
TM—Aln(gyM)>0 0
—~—
>0 >0

We now show that T is in fact sufficiently large.

Lemma 3.1.10.
Let f — & <0 and any solution s with yo > 0, 20 > 0 and zZ, > 0 be given. Assume

that (H1) and (H2) hold. Furthermore let a Ty > 0 exist such that 5(T3) € Q3. Then
there exists a t € [T3, T3 + Tyr] such that 5(t) & Q.

Proof.
Let f — ¢ < 0 and any solution § with yo > 0, 29 > 0 and Z, > 0 be given. Assume

that (H1 ) and (H2) hold. Furthermore, let a T3 > 0 exist such that 5(73) € Q5. We
set Iy := [Ty, Ts + Ty] and see |I5| > 0 by Lemma 3.1.9. We now provide a proof by
contradiction, i.e. we assume that

§<t) 6@3 vtefg.

Hence for all ¢ € Iy we have z(t) > 22, and by (H2) it also holds that z,_o(t) < Z,
and y(t) < ya. This allows the estimate

y(t) = y(t) <_b+ Cans(t) 2(t) )

Too(t)+d  y(t)+e

C.%\M 22*
<y (b _ .
—y(>< t it d ny+e>

Since z, > 0 we have Z, = ( b < ) (a + €) and using this in the above yields

zar+d
. CT CT
) < b —2-b
y()—y()< T td ( +:%M+d)>
C{L'M
= —y(t) (b

o~

=«

= —ay(t)
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for all ¢t € I5. Dividing by y(t) > 0 above, we obtain

(t
(t

and integrating from 73 € f;», to T35 + YA’M € fg yields

.
~—

<-a Vtel

~—

<

n(y(r)Z5 ™™ < —a(Ts + Tar — Ts) = —aTw.

Using the definition of Ty from Lemma 3.1.9 this may be rewritten as

Ty + T 1 7 $—h
In <y(3+M>> <G ln (-2 ) =m (ﬁ) |
y(T3) a \§-nh Im

Solving this for y(Ty + Ty) results in

Since § is bounded by 7y, in the y-component for all ¢ > 0 it holds that y(73) < g
and therefore we estimate further:
—h

YT+ To) < y(Ty) L < 2 —h.
Um f

NS

This however implies (73 +T M) & Qg, which is a contradiction to our assumption. [

The above result implies that the z-component of solutions cannot grow arbitrarily,
as we prove in:

Lemma 3.1.11.

Let f — % <0 and any solution 3 with yo > 0, 2o > 0 and z, > 0 be given. Assume
that (H1) and (H2) hold. Then § does not blow up in finite future time and is bounded
as time tends to infinity. In particular it holds that

lim sup z(t) < oo.
t—o00

Proof.

Let f — 7 < 0 and any solution 5 with yo > 0, 2o > 0 and 2, > 0 be given. Assume
that (H1) and (H2) hold. Since (H2) and Proposition 3.1.1 hold, § cannot blow up
in finite future time and only blow up in the z-component as time tends to infinity.
We prove that this is not possible. Recall that by Lemma 3.1.8 the positive phase
curve corresponding to § is contained in the set Q for all t > 0. We partitioned this
set into four subsets (recall Definition 3.1.3 and Figure 3.1.4). Assume that

() €0y VE>0,
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then s is confined to the sets Ql, Qs and Q4, where it cannot diverge as time tends to
infinity as it is bounded, by Corollary 3.1.3 and we are done. Hence we can assume

E'Tg Z 0 : §(T3) S Qg.

Thus Lemma 3.1.10 applies and we know that 5 will have left the set Qg at least
for one time point in the - time ] 1nterval (T3, T3 + TM] Once the solution has left Qg
it is either contained in Ql U Qg U Q4 for all future times (in which case Corollary
3.1.3 holds once more) or the positive phase curve is reinjected into Qs for some
Tk > Ty > 0. We consider this reinjection more closely. Since

5()eQ  Yt>0

holds, this reinjection occurs via the common boundary of Q3 with one of the other
Q;, with i € {1,2,4}. However, recall that the vector field is pointing out of Qs
on the common boundary with Q; and Q4 (since there z > 2z, > Z,, see Lemma
3.1.2 and Figures 3.1.5 and 3.1.6). Thus § can only be reinjected into Qg, via the
remaining common boundary with Qs (see the blue phase curve and grey region in
Figure 3.1.6), i.e. the set (hypersurface)

QB:{(x,y,z)G@a“ : y>§}c—h,z:22*}ﬂ@cﬁ3.

This implies that for the reinjection time T% it holds that z(Tg) = 22,. Le. the
z-component always has the same value when s is reinjected into Qg, independent
of the fact at which point in Qz or time point Ty € (0,00) the reinjection occurs.
Furthermore, the implication

QB C Q3 = §(fR) S Qg

is true and hence Lemma 3.1.10 applies to the time interval [fR, Tp+T ), in which
the solution 5 will leave the set 5 again. The scenario from above repeats and either
the solution does not return to the set Qg or it has to drop to or below the value 2z,
in its z-component again, in order to be reinjected into Qg via Qp. Now while the
solution is in Qg (we call this time interval I, with min I = T and |Io| < Thy) we
have

yt)>2 —n  vtel (3.1.9)

f
by the definition of Qg. Thus Lemma 3.1.4 applies and we obtain

~

-~ B8
y(t) < y(Tr) exp(att — T)) ((f}j)) vie o

This can be rewritten as

A1) < +(T) j yy(f;’j) <p(@(t— Tr)) Vi€ Ta.
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Figure 3.1.6: A solution 5 (blue) can only enter the set Q5 via the common
boundary 25 of 5 and 23.

Recall thatAz(f r) = 2Z, and since the y-component is bounded by gy, for all t > 0,
we have y(Tr) < ypr. Thus the above implies

2(t) < 2z, (7% exp(a(t — Tg)) Vit e I,

Using I C [Tk, Tr + Tas] (by construction of the interval), @ > 0 (since Z, > 0) and
(3.1.9) we obtain

A1) < 22, fA/yM exp(a(t — Tg)) < zz*j gth exp(@(Tr + Ty —Tr))  Vte .
Y 7

Which, recalling the definition of Tor, simplifies to

(3.1.10)

This is a bound on the solution while in 5 that only depends on the initial conditions
S0 and holds for arbitrarily large T > 0, i.e. for an arbitrarily late reinjection time.



238 3.1 THE GENERALISED MODEL

In particular there can be no divergent subsequence (t;);en of time points ¢; > 0 such
that
2(t;) = o0 as 1 — 00,

i.e. we have
lim sup z(t) # oc.
t—o0
Hence, the final component of s is bounded by the above value in 3.1.10 while in Qg
for any ¢ > 0 and bounded in the set Ql U Qg U Q4 by Corollary 3.1.3. We have thus
found a time-independent bound on the z-component of s, implying

lim sup z(t) < oo

t—o00

and that s does not blow up as time tends to infinity. O]
The proof of Theorem 3.1.1 is now merely plugging together the above results:

Proof of Theorem 3.1.1.

Let f — ¢ < 0 and any solution 5 be given. Assume that (H1) and (H2) hold. Since
(H2) and Proposition 3.1.1 hold, it only remains to show that § does not diverge in
the final component. We study several cases

o If yg =0 or zg = 0 then Corollary 3.1.2 yields the claim.
e If Z, = 0 then Lemmas 3.1.6 and 3.1.7 yield the result.

e If yo > 0 and zp > 0 and z, > 0 then we obtain the claim from Lemma
3.1.11. O

Thus we have proven that the solutions are bounded for all ¢ > 0 and indeed as
t — oo. Naturally this gives rise to the question how the dynamics and the long-term
behaviour of solutions looks. The asymptotic behaviour could once more settle down
on an attractor A as t — oo, for example. In order to clarify this, more assumptions
on the vector field F' in (3.1.1) would be required to be made. Assumptions implying
the existence of uniform bounds (and contraction rates) on the various species
densities would be one possibility (recall the three-dimensional case). Under these
conditions the similar structures of the food chain models promise similar results.
However, we will not venture in this direction. Much rather, we investigate and
present how the method for obtaining global results from subsection 2.4.2 can be
applied to the n-dimensional model.

3.1.3 Global results

Recall from subsection 2.4.2 that the central tool we used to obtain global results
was Lemma 2.4.8. For the sake of convenience and readability we state the lemma
again below:
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Lemma (Lemma 2.4.8).
Let T > 0 and a function u € C°([0,T],R™) be given. Furthermore, let constants
C1,Cy > 0 exist such that

1 /T
0 < —/ u(t)dt < Oy (3.1.11)
T Jo
0<1/T1dt<(] (3.1.12)
T w)y =% o
Then it holds that
Cr-Cy>1. (3.1.13)

If either of the inequalities (3.1.11) and (3.1.12) is strict, then so is (3.1.13).

The lemma allowed us to restrict the parameter space for which certain solutions
(such as periodic ones) could exist in OF C R?. In a similar manner, the method
is applicable to the dynamics of the n-dimensional system (3.1.1) on O*. For this,
it is decisive to obtain estimates of the same type as (3.1.11) and (3.1.12). We will
restrict ourselves to periodic solutions in this case. The first result is identical to
that of Lemma 2.4.9:

Lemma 3.1.12. R
Let f — % <0 and any periodic solution § with 5y € OF and period T > 0 be given.
Assume that (H1) and (H2) hold. Then 5 = (x(t),y(t), z(t))T fulfils

17 dt f

TJo ylt)+h g

Proof.

The proof is analogous to that of Lemma 2.4.9, using the fact that 5y € O+ along
with the assumptions (H1) and (H2) yield the positivity of all the components of §
for all £ > 0. ]

Before we obtain an estimate for y + h, we need one more consideration. Recall
that the bound 7, on the y-component of a solution § from assumption (H2) was
assumed to fulfil 7, > % — h. This proved convenient for several estimates in the
previous subsection. However, as mentioned in the subsequent remark to assumption
(H2), the 'restriction’

YUm > g_ h

f

is in fact none and we can work with any given bound ¥z on the y-component instead,
since the following implication holds true:

y(t) <gp Vtel = y(t)gmax{§3,2<‘]qc—h>}:ij Vtel.

Le. the assumption in the above implication (which we call (H2’) - see below) implies
the existence of such a bound 7y, i.e.

(H2’) = (H2).
Thus all of the above results also hold if we assume (H2’) to hold instead of (H2):
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Assumption ((H2’)). ~
Let any solution $ (with 3o € OF ) be given. Assume there exist constants

~ ~

Ty =2Tum(50) >0 and Pp = yp(5) >0

such that

holds for allt € I. We call this assumption (H2’).
Using the new assumption, we now show a counterpart to Lemma 2.4.10:

Lemma 3.1.13. R
Let f — ¢ <0 and any periodic solution s with 5, € Ot and period T > 0 be given.
Assume that (H1) and (H2’) hold. The solution 5(t) = (x(t),y(t), z(t))T fulfils

1 T
T/o y(t) + hdt <yp+h.

Proof.

Let f — ¢ < 0 and any periodic solution 5 with 5y € Ot and period T" > 0 be
given. Assume that (H1)and (H2’) hold. By Theorem 3.1.1 the § is bounded (in all
components) for all £ > 0 and using (H2’) it holds that

yt)+h<gg+h Vt>0.

In particular, integrating the above from zero to 7' > 0 and dividing by 7" yields the
claim

1 /T 1 T
= [yt +hdt < o [ gp+hdt=gs+h 0
T Jo T Jo

Thus we can now apply Lemma 2.4.8 to obtain

Lemma 3.1.14. ~
Let f — % <0 and any periodic solution § with 5y € OF and period T > 0 be given.
Assume that (H1) and (H2’) hold. Then it holds that

Fh<s
Conversely, if
Fh> s

holds, then 5 cannot be periodic.
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Proof.
Let f — % < 0 and any periodic solution § with 5, € O+ and period T > 0 be given.
Assume that (H1) and (H2’) hold. By Lemmas 3.1.12 and 3.1.13 it holds that

1 T
T/o y(t) + hdt < gg + h.
1 /T 1

dt=7

T Jo y(t)+h g

Since § is continuous on [0,7] and positive in every component (by 5, € Ot and
(3.1.2)), it holds that
y+h e C°([0,T],R").

Thus, Lemma 2.4.8 applies to the function y + h (with the above estimates), yielding

(g +h) ! > 1.
g

This is equivalent to the claim:

g > 2 —h. (3.1.14)

f

Conversely, assuming that

g .

= —h>yp

f
holds and still assuming that s is periodic, leads to a contradiction since we have
just proven that this implies (3.1.14) to hold. O
Remark 3.1.3.

Thus the above result implies that if the solution § (with §, € O) is bounded by
Up < % — h in the y-component, it is not periodic. In chapter 2 in subsection 2.4.2 we
saw that such bounds yp exist for the three-dimensional GSP food chain model (see
Lemma 2.4.10 for example). They significantly depend on the specific vector field F'
in (3.1.1) and the interaction of the specialist predator species (modelled by y) with
the species modelled by x; (with ¢ € Z). I.e. how the change in the n — 2 prey species
limits the growth and maximal density of the specialist predator species. Note that
if the bound gp is independent of the initial conditions Sy (such as in chapter 2), we
can restrict the set in parameter space for which a solution s may be periodic. In
this sense, the result is global, as it rules out the existence of periodic solutions in
O+ for various choices of the parameters - regardless of the initial conditions.

We also remark that the above method is not restricted to periodic solutions, but
may in principle be applied to any solution s, provided the right estimates are found
(recall subsection 2.4.2).

With these remarks we conclude this section and now consider a few biologically
meaningful choices for the vector field F' in (3.1.1) and apply the theory developed
above.
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3.2 Specific GSP food chain models

In this section we consider a n-dimensional GSP food chain model (see subsection
3.2.1) and a GSP food web model (see subsection 3.2.2) and check whether the
hypotheses (H1) and (H2’) from above are fulfilled for the dynamics induced by
these models.

3.2.1 The n-d food chain

We discuss the canonical extension of the GSP food chain from (2.1.5). The extension
is called canonical, as it is a common way to extend food chains (cf. [Gard and
Hallam, 1979], [Gard, 1980]), by extending the chain of predator (and possibly
prey) species, i.e. the middle part of the chain. In our case we elongate the chain
by assuming we have n — 2 specialist predator species and still one prey and one
generalist predator species (for a given n € N with n > 3). A scheme of this extension
is provided in Figure 3.2.1. The corresponding model equations (omitting the explicit

n—2
Specialist
Predators

Figure 3.2.1: Scheme of the canonical n-dimensional GSP food chain, see (3.2.1)

dependency of z;, y, z on t in the notation) are given by

. T2
xIr = 1—(E1— T
T+ aq

i = <_bi 4 Cili-1  Titl ) ;
i1+ di oz ta
g = (—bn_g + x::f’;i e i aH) s (3.2.1)
y= <_bn_1 * CE:i;lftlj—l B Y +Zn—1> Y
s
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where i € {2,...,n — 3}, i.e. the chain has length n. Furthermore the parameters
a;, bi, ¢;, d;, f, g, h are all assumed to be positive. Thus the system (3.2.1) has the
same form as the n-dimensional model in (3.1.1) with

— _ T2
(1 I 331+a1) I

— b Gi%i—1 _ Titl .
F(X’ Y Z> o ( bi + Ti—1+d; fviJraz‘) Ti
_ Cn—2Tn—-3 Yy
( bn72 _|— $n73+dn72 J777.724'0/1'1,72) $n72
and
b= bn,1 C = Cp—1 d= dn,1 €= ap_1-

We will therefore also use the same notation as in the previous chapter. In particular
the phase space @(J{ and solutions § are denoted as in Definition 3.1.1. We remark
that
F e CLip (@J,Rn_Q)

holds and therefore the solutions we consider exist on their respective existence
intervals and are unique and sufficiently smooth. We check whether the conditions of
Theorem 3.1.1 are met, and thus whether it holds that all solutions § (with s, € OF )
are bounded in every component for all ¢ > 0 and as t — oco. For this we assume
f — 3% < 0 and need to check if the assumptions (H1) and (H2) hold. We first show
that (H1) holds.

Lemma 3.2.1.
Forie {1,...,n— 2} the sets
H; = {(x,y, 2) e Of |z = O}
Moo= {(x,y,2) € Of |y = 0}
H, = {(x,y,z) cOf|z= O}

have property (fl) as defined in Definition 3.1.2 under the dynamics generated by
(3.2.1). In particular assumption (H1) holds for the dynamics generated by (3.2.1).

Proof.
Note that from the vector field in (3.2.1) we see that for all ¢ € {1,...,n — 2} it holds
that

z; =0 = T; =0
y=20 = y=20
z=0 = z2=0

Hence all the coordinate hyperplanes of R"™ have property (f 1), since the vector
field v is tangential to the planes by the above and the planes have no boundary.
Thus all intersections of these coordinate hyperplanes also have property (/1) and
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in particular the boundary OH,; of any H; with ¢ € {1,...,n} (recall Figure 3.1.2).
Hence for any solution § with Sy € H; (and ¢ € {1,...,n}) it holds that

s(tyeM; Vtely

since otherwise the (continuous) phase curve of § would necessarily have to intersect
the boundary of H; (a contradiction to the property (I1) of 9H,) or be contained
completely in this boundary (in which case it does not leave H,;, since H,; is closed
and hence OH; C H;). This is in fact the generalised version of the argument we
used in Lemma 2.1.3. Thus the property (f 1) claim holds. O

Having shown that (H1) holds we also know that Lemma 3.1.1 holds, i.e. that the
phase space (’)O and the positive orthant O+ also have property (I 1). We now show
that the solutions S are also bounded for all ¢ > 0, by proving that (H2) holds. We
commence with

Lemma 3.2.2.
Let any solution s be given, then the first component of the solution fulfils

0 < x(t) < max{l,z1(0)} Vtel.

Proof.
Let any solutions § be given. Since property (/1) holds for @ar by Lemma 3.1.1, we
know that all components are non-negative for all ¢t € I. The rest of the proof is

analogous to the proof of Lemma 2.2.1 using the following estimate on the first line
of (3.2.1):

T (t)l‘g (t)

z1(t) + a1 < (@ =m(®)a(?) Viel. O

1 (t) = (1 — a1 (t)) 2 (t) —
Finding bounds on the n — 2 specialist predator species densities (for ¢ € I ) will
prove more technical, however similar in manner to the proof of Lemma 2.2.3. In
fact, we will also restrict the parameters a; and d; and apply the auxiliary Lemma

2.2.2, albeit to a different function (E (than the function ¢ in the proof of Lemma
2.2.3).

Lemma 3.2.3.
In equations (3.2.1) assume a;—; < d; to hold for all i € {2,..,n — 1} =
Furthermore define the function

o(t) =21 (1) + 2 viilt) + -1y (?),

where for any i € J we set
-1

() ot

Co* e G
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Then for any solution 5 with sy € (58“ it holds that

o~

o(t) < Bo +

oo (3.2.2)

for allt € f, where
n—2
by, = Hégl b; >0 and [y:=max{l,xz,(0)}+ Z ~2:(0) + Yn—19(0) > 0.
! i=2

Proof.
In equations (3.2.1) assume a; 1 < d; to hold for all i € {2,...,n — 1} =: J. Let a
corresponding solution § be given. For the above defined function ¢ we have that

C;igg(t) =i (t) + 2 Yi&i () + Yn_19(t).

Dropping the explicit dependence on ¢ in the notation we observe

d~ . = .
—¢ =21+ Z ViTi + Yn-1Y
dt i=2
n—2
i) Co1 I3 . .
=(1—21— >x+ (—b+ — >:L‘—|— iTs + Y-
< Ymta) NG 2T 4dy wmtay) ;7 Tn-1y
Ty
122 T1Ty 2Tl =2

- i+ Y1y
r+ar x+dy x2+ap ;7 Tt

ay — ds > V2T2T3
(1’1 + a1)<l’1 + dg)

<0 since aj<da

=(1- $1)x1 — Yabawo —

n—2
+ ) Yk + Y1y

= (1 —z1)x1 — Yoboxs + 212 —
( 1)1 Y202T2 12( o tay |

n—2
Lok . .
T > ik + Yn1y

< (1 —x1)x1 — Yoboxo —
_( 1)1 Y202T2 7y + g 2

We can use the same method as above to obtain estimates for all the remaining
Z;-terms in the sum (i.e. for i € {3,...,n — 2}):

| =

" Y2T2X3
< (1 —x1)x1 — Yoboxa —
t<l5_< 1)1 Y2022 2y +

n—2
+ ) Yids + Va1l
i=3

QU

n—2
V3T3L4 . .
+ E L + n—
T3+ as i=4 K Tn=1y

IN

(1 - 951)351 — Yabawy — Y3b3w3 —

IN

n—2

< (1 _ :)31)$1 _ Z yibi; — In—2%n—2Y

+ Y1
=2 Tp—2 + Qp—2 Tn=1y
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z

Tn—2Tn—2Y Cn—1Tn—2
1 — X1)T szl‘l —_— Y — bn_ +
1 b Z K Tp—2 + Ap—2 -t < ! Tp—2 + dn—l

Yn—2Tn—2Y Cn—1Tp—2Y
(1 —xp)x 0 — Y11y — ——— + Vo —————
1 b Z K -t Y Tp—2 + Qp-2 =t Tp—2 + dn—l

Ap—2 — dn—l

Yy + Qp—1
———

<0

(1 —a1)r; — Z VibiTi — Yn-1bp1Y + Yn—2Tn_2y <(

+ dn—l)

)

Tp—2 + an—2)(xn—2
<0
1 - xl Ty — Z P)/lb Li — P)/n—lbn—ly
n—2
< (1—z1)z1 — by (Z ViTi + ’Yn—ly>
i=2
We add a ’zero’ to the above estimate:
d =R n—2
%¢ < (I —=2p)z — by (Z vir; + %1y> + bmT1 — by
i=2

= (1 — xl):cl + bml’l — bm(g
This is equivalent to
d ~ ~ -
%(D(t) + b (t) < (1 —x1(t))x1(t) + b1 (t) Vtel.
Using the estimate

meyll = e =

as well as the fact that by Lemma 3.2.2 we have

x1(t) < max{l,z1(0)} < max{l,z,(0)} + Z 7 (0) + Yn_1y(0) = S,
we conclude from (3.2.3) that

00+ 0n3(0) < (L= 22(0)0a(0) + bts (1) <  + 0y VHET,

We can now apply Lemma 2.2.2 with k& = b,, > 0 and ky = i + b, B0, i-e.

30) < 5+ o= [+ o = 30) expl(—bn)

holds for all ¢ € I. Since

o= 5(0) = max{1 2, (0)) + 3 3e0) + 70 19(0) - ( )+ z ©ari0) + vn_1y<o>)

(3.2.3)

)s
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= max{1,z1(0)} — z1(0) >0

holds, we obtain the claim by the following estimate:

1

(1) < =+ o -

1
— 4b,, 4b,, + Bo — ¢() exp(—bnt) < — + By

4b,,

>0
forall t € 1. O
As an immediate consequence of the above result we obtain

Corollary 3.2.1. ~
Let a;_1 < d; hold for alli € J and any solution s be given. Then for allt € I and
all i € {2,...,n — 2} it holds that

Bo + ﬁ
Vi

Bo + ﬁ
Tn—1

0< sz(t) <

0<y(t) <

Proof.

Let a;_; < d; hold for all i € J and any solution § be given. Since OF has
property ([ 1) by Lemma 3.1.1, the components of § are all non-negative for all ¢ € I.
Furthermore the conditions of Lemma 3.2.3 are met and in particular

1 R
*‘E:W%Ik -+7n1y()</%—%137 viel.

Solving this for any x;(¢) with i € {2,...,n — 2} yields

1

1 11— n—
Yiwi(t) < Bo + o z1(t) = > man(t) — D ewr(t) — ym1y(t) < Bo + b
k=2 k=it+1 m

Dividing by ~; > 0 in the above inequality, yields

1
Bo*‘m
Vi

zi(t) < Viel

and all i € {2,...,n—2}. Analogously, solving for y(¢) above and dividing by 7,,—1 > 0

instead yields

Bo + ﬁ
Tn—1

y(t) < Vtel. O

Thus assumption (H2) also holds for the dynamics generated by (3.2.1):
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Lemma 3.2.4.

Let a;—1 < d; hold for alli € J and any solution 5 be given. Then it holds that
0< Z()S Vie{l,..,n—2}
0<ylt)<y

forallt e I, where

4l
Ty = ax 1,24(0), Pot >0
1€{2,...,n—2} Yi
. Bo+ 1
- b 0
’Vn—l

in particular the assumption (H2’) is fulfilled. Assuming %— h > 0 for the parameters
implies that (H2) holds.

Proof.
Let a;_1 < d; hold for all + € J and any solution s be given. Combining the results

of Lemma 3.2.2 and Corollary 3.2.1 we obtain for any ¢ € {1,...,n — 2} that

60+4[,1 - -~
0<2(t) < max <1,2(0), —2=t =3, vtel
Vi

0<y(t) < =—2m =gy viel

Thus the assumption (H2’) is fulfilled with the bounds Z); > 0 and yp > 0. Addi-
tionally assuming % — h > 0 to hold and defining

yM::?jB+?—h>fc—h>0

implies that (H2) holds. O

Thus we have that Theorem 3.1.1 holds under the above conditions (compare to
Corollary 2.2.5), i.e

Corollary 3.2.2.
Let f — 1 <0 and a;—1 < d; hold for all i € J. Then any solution s (of 3.2.1) does
not blow up for any t > 0 and is bounded as t — oo.

Proof.

Let f — % < 0 and a;_1 < d; hold for all : € J. Furthermore let any solution § (of
3.2.1) be given. By Lemmas 3.2.1 and 3.2.4 the assumptions (H1) and (H2) are
fulfilled and thus Theorem 3.1.1 yields the claim. O]
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Thus we have shown that (3.2.1) induces a semiflow & with bounded solutions 3. The
long-term behaviour may be investigated in a similar manner to the three-dimensional
case (also proving the existence of an attractor A), due to the similar structures
of the specialist predator equations in (2.1.5) and (3.2.1). These structures allow
corresponding estimates. This will not be discussed further here. Much rather we
remark that by the above results we can conclude

Corollary 3.2.3. R
Let f — % < 0 and a;,_, < d; hold for alli € J. Then any solution 5 with 55 € OF

and )
fo+ 7
s PO ap,, < g

Yb =—h
Tn—1 f

is not periodic.
Proof.
This is an immediate consequence of Lemma 3.1.14 and the fact that assumptions
(H1) and (H2’) hold. O
Remark 3.2.1.
The condition .

+ .

50 4b,, < g 1
Tn—-1 f

in the above result may be interpreted as a condition on the initial conditions and is
equivalent to (recalling the definition of fy in Lemma 3.2.3):

n—2
Bo = max{1,21(0)} + >_ %2i(0) + m-19(0) < Y- (? — h) — 4;

=2 m
Any solution § with initial conditions that fulfil the above inequality (and 3, € OF)
is not periodic. The above inequality defines a set in @*, where no periodic solution
can exist (not even only partially, i.e. only a subset of a periodic orbit). Note
however, that the right-hand side of the above inequality need not necessarily be
positive, i.e. such a regime must not always exist (in the positive orthant @+)

With this result we conclude the discussion of the dynamics induced by (3.2.1),
i.e. the n-dimensional canonical extension of the GSP food chain system (2.1.5).
Naturally there are many more aspects of the system that may be considered (recall
the three-dimensional results), which remains to be discussed in other works.

3.2.2 A food web

Another sensible generalisation of the three-dimensional GSP food chain model in
(2.1.5) is given by extending the chain to a web. A simple extension would be the
idea that the prey species is also preyed upon by the generalist predator species, see
Figure 3.2.2. In the peacock-snake-rodent model this would mean that the peacocks
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Figure 3.2.2: Scheme of a three-dimensional GSP food web, see (3.2.4)

also feed on the rodents. This indeed occurs in nature in this particular case, since
peacocks eat mice for example.
Equations, i.e. a set of ODEs, that reflect the above interactions are given by

Sl G R,
T=(1—2z— — T
r+a T+ a

(—b+ - - )y (3.2.4)

z+d_y+e

z= S,
y+nh

where the parameter a1, as, b, ¢, d, e, f, g, h are once more assumed to be positive.
Comparing (3.2.4) to (2.1.5), we observe that they differ in the first equation by the
term

Y

Tz
T+ as

being the interaction term between the prey species and the generalist predator
species. Note that we did not change the generalist predator equation, since the
assumption that the availability of a mate is the limiting factor for reproduction
implies that more food, and in particular abundance of the prey species as an
additional resource, should not have an influence on the change of the generalist
predators species density. If at all, the reproduction rate f might be higher, i.e. the
parameter value of f increase, compared to the parameter values in (2.1.4) for the
model (2.1.5). In biological terms this would mean: mice do not make a significant
contribution to a peacocks diet, however they do feed on them. A mathematical
model for which the change of the generalist predator density (i.e. the Z-equation)

is altered, is presented in chapter 4. Note that (3.2.4) has the same structure as
(3.1.1), with

F(x,y,z):(1—x—xfa1—xja2>x and  F e Ci,(OFf ,R).
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Furthermore, the dynamics induced by (3.2.4) also fulfil assumptions (H1) and (H2)
for f — % < 0 and a; < d. Indeed, observe that we once more have

z=0 = =0
=0 = y=20
z=20 = z=20

for (3.2.4), implying that property (f 1) holds for the (Cartesian) coordinate planes in
R3, in turn implying that (H1) holds (recall the proof of Lemma 3.2.1 for example).
Also the first equation of (3.2.4) allows the estimate

x':(l—m— y_ o= )xﬁ(l—x— Y >m§x(1—x),
rT+a THa T+ ap

for any t € I. This estimate may be used to prove the boundedness of solutions in
their first two components for ¢ € I (and thus that (H2) holds), by mimicking the
proofs of Lemmas 2.2.1 and 2.2.3 or Lemmas 3.2.2 and 3.2.3 respectively. Thus we
once more obtain

Corollary 3.2.4.
Let f — % <0 and a1 < d hold in (3.2.4). Then any solution 5 of (3.2.4) is bounded

(in Of CR?) for allt >0 and as t — co.

Proof.

As argued above, for f — ¢ < 0 and a; < d the assumptions (H1) and (H2) are
fulfilled for the dynamics generated by (3.2.4) and hence Theorem 3.1.1 applies,
yielding the result. O

These results make further considerations of the system (3.2.4) in future works on
food webs sensible and interesting. With this we conclude our considerations on
n-dimensional GSP food chain models.
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4 QOutlook

In the final chapter we present several open problems which arise on grounds of this
thesis. Moreover two GSP food web models are presented, which no longer fit into
the framework (i.e. the equations 3.1.1) of above.

4.1 Open problems

The results from the previous chapters provide reasons to study further open problems
with respect to GSP food chain models, which arise on grounds of this thesis:

e Concerning the global attractor A of the semiflow ® (recall Theorem 2.3.1)
the question whether A is planar if p5, & Of, i.e. when no equilibrium of
coexistence of all three species is biologically feasible, is addressed in Conjecture
2.4.1. Recall that the conjecture was proven to hold for all but one parameter
range of the bifurcation parameter b. For this range (b§ + a—T—l) the problem
remains open.

e Recall that for the three-dimensional GSP food chain model in chapter 2, nu-
merical evidence of a Shilnikov Homoclinic bifurcation occurring was presented.
An analytical proof of this, i.e. the existence of a saddle-focus equilibrium p*
and a corresponding homoclinic orbit ', (p*), would confirm the existence of
chaotic dynamics in the system for some parameter regions. Also numerically
and analytically investigating the period-doubling bifurcations and saddle-node
bifurcations caused by the Shilnikov Homoclinic bifurcation promises more
insights on the details of the systems dynamics.

e The bifurcation analysis of the three-dimensional system focused on the pa-
rameter b. However, the system in (2.1.5) entails a total of eight parameters,
implying, that further bifurcations with respect to the other parameters as well
as bifurcations of co-dimension larger than one, may be observed in the system.

e With regard to the n-dimensional GSP food chain models in chapter 3 it is
immediate to ask the following: Under which conditions does a global attractor
exist for the semiflow ®? Can a general assumption (H3), similar to (H1)
and (H2) in chapter 3.2, be made to carry over the results from the three-
dimensional case to the n-dimensional case? The existence of the attractor
would in turn give rise to the question how the attractor may be characterised.

e By applying Lemma 2.4.8 to the GSP food chain models (both the three-
dimensional and the n-dimensional version), we proved results on the necessary
and sufficient conditions of the persistence and extinction of a species. Applying
the same lemma to other systems, in particular those modelling population
dynamics, promises concluding similar results.

e Dependent on the specific ecosystem that is being modelled by the GSP food
chain, adapting the model equations to reflect the evolution of the system more
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precisely may be necessary. One possibility is to extend the chain to a web, as
briefly commented on in subsection 3.2.2 and below. Other possibilities have
been suggested and studied to some degree as well. Among these is adding a
spatial aspect in terms of diffusion of the species (see [Parshad et al., 2015]),
using a different functional response term for the species involved ([Upadhyay
et al., 2013, [Ali et al., 2016], [Parshad et al., 2016a]) and including new effects,
such as considering a polluted environment ([Misra and Babu, 2016]).

4.2 GSP food webs

In subsection 3.2.2 a GSP food chain model was extended in such a way that it
became a GSP food web model. This is a natural approach to extend a food chain
model. Indeed, recall that the term GSP food chain model was motivated by the fact
that a generalist predator, a specialist predator and a prey species were modelled (in
(2.1.5)). In particular, the generalist predator species has a diverse diet and feeds on
many different species, apart from the prey species, see Figure 4.2.1. We create a
GSP food web model by adding additional (prey) species and denoting their densities
with p.

Figure 4.2.1: Scheme of the generalist predator - specialist predator - multiple prey
species model, see (4.2.1) and (4.2.2)

To this extent we suggest two different ODE models (see (4.2.1) and (4.2.2)). The
first model reads

?J:(—b+ “ = )y (4.2.1)
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s _ g1 . g2 2
: (f y+h1 p+h2>Z’

where the parameters a1, as, b, ¢, d, e, f, g1, g2, h1, hy and k are assumed to be
positive parameters. The additional one-dimensional p-equation now models the
change of other species densities, including the predation of the generalist predator
species on these other species. The growth of these species (represented by p) is
once more modelled by a logistic equation with a carrying capacity £ > 0 of the

ecosystem. The interaction term
pz

D+ a
of z and p may be interpreted identically to that of the other species. Note that the
Z-equation has also changed (compared to (2.1.5)) since the assumption that all the
other prey species are scarce (i.e. p close to zero), should decrease the reproduction
of the generalist predator species, motivating the extra term

9222
p+ he

in the fourth equation. The equation in (4.2.1) do no longer fit in the n-dimensional
GSP food chain model from (3.1.1), as the generalist predator equation has been
altered. Hence the theory we have developed in this thesis does not apply a priori.
However, from the previous considerations (recall Lemma 2.2.4) it is immediate that

hi  ho
is a necessary restriction on the parameters for solutions of (4.2.1) not to blow up
in finite time in the z-component. Whether this is already sufficient to obtain a
semiflow on the non-negative orthant of R* (compare to Corollary 2.2.3 for example)
remains to be investigated.
A second set of equations we propose to model the extension of the GSP food chain
model to a GSP food web model as shown in Figure 4.2.1 is given by

yz(—b+ ar = )y (4.2.2)

where the parameters are once again assumed to be positive. Here the generalist
predator species is more dependent on the prey species (modelled by p), i.e. the
predator’s primary limitation to reproduction is no longer only the availability of a
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mate, but also the availability of enough food. This is modelled by the interaction

term
Copz

p+ds

in the Z-equation. Note that in this term the z is no longer quadratic, possibly
causing a fundamentally different evolution of the generalist predator species. Once
again the change in the Z-equation is the reason why the model in (4.2.2) does no
longer belong to the GSP food chain model class from (3.1.1). This calls for further
studies of GSP food web models.
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A Definitions and Theorems

Definition.
Let (X,d,) and (Y, d,) be metric spaces. We define the function spaces

C°(X,Y) := {Continuous functions f : X — Y}
and
Crip(X,Y) := {(locally) Lipschitz continuous functions f : X — Y} C C°(X,Y).

Definition.
Let (X, d) be a metric space. A map ® : Ry x X — X is called a (time-continuous)
semiflow (or semi-dynamical system) on X if the following properties hold for ®:

i) Identity property: ®(0,z) =z for allx € X
i) Continuity in time-component: ®(-,x) : R§ — X is continuous.
iit) Continuity in space-component: ®(t,-) : X — X is continuous.
) Semiflow property: ®(r,®(t,z)) = ®(r +t,x) for all 7,t € R and z € X.

If the map may be extended such that ® : R x X — X and the above properties hold

for allt,7 € R, then ® is a flow map that generates a (time-continuous) dynamical
system (X, ®) on X.

Definition.
Let ® be a semiflow on X. Then the positive orbit through x € X is given by the
set

Ir={®(t,z) : t>0}.

Definition.
Let ® be a semifliow on X. Then a set M C X is called positive invariant if

o, M)C M  Vt>0,

where
O(t, M) :={P(t,z) : v € M}.

Definition.
Let ® be a semiflow on X and M C X. Then the w-limit set of M is defined as

w(M)= (U @@ M).

T>0t>7
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Definition.
Let @ be a semiflow on X and N, M C X with N bounded. The set M uniformly
attracts the set N if

Jlim dist(® (¢, N), M) =0,

where (for the given metric d) we define

dist(N, M) := sup inf d(z,y).
zeN YEM

Definition.
Let ® be a semiflow on X. Then the set A C U C X (U open) is said to be an
attractor of the semiflow ® in U provided that:

o A is non-empty and compact

o A fulfils ®(t, A) = A for allt >0

o A uniformly attracts any bounded subset B C U
The attractor is called global attractor if U = X.

Definition.

Let @ be a semifiow on X. Then the set B C U C X (U open) is said to be
(uniformly) absorbing in U provided that for any bounded set B C U there exists
an absorbance time T'(B) > 0 such that

o(t,BycB Vt>T(B).

Definition.
Let ® be a semiflow on X. Then ® is said to be uniformly compact for large t
provided that for any bounded subset B C X there exists a time T'(B) > 0 such that

the set
U @@ B)

t>T(B)

is relatively compact in X.

Using the above definitions allows us to state the following theorem (adapted) from
[Temam, 1997]

Theorem.

Let (X,d) be a metric space and ® be a semiflow on X. Assume that ® is uniformly
compact for large t. Furthermore assume there exists an open set U C X and a
bounded set B C U such that B is absorbing in U. Then the set

A=w(B) #0

is an attractor of U. The set A is the mazimal attractor in U (for the inclusion
relation).
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B Concerning blow-up

In [Parshad et al., 2015] and [Parshad et al., 2016b] it is argued that solutions s of
system (2.1.5) and related systems exist that blow up (in finite future time), even
under the restrictions we have imposed on the parameters in Proposition 2.2.1 or
severer ones. This is of course contradictory (to the result in Proposition 2.2.1) and
requires a thorough analysis. Indeed, we will consider the proof of Theorem 2.1 in
[Parshad et al., 2015] and the (identical) proofs of Theorem 3.1 in [Parshad et al.,
2015] and Theorem 2.3 in [Parshad et al., 2016b] in the following and show where
they fail.

B.1 Blow-up times

We consider the proof of Theorem 2.1 in [Parshad et al., 2015]. Essential to the
argument are the blow-up times considered, in particular the time 7% := m > 0.
In the proof (towards the end) the solution to the initial value problem (IVP) given

by the initial conditions r1(0) > 0 and the differential equation

d?"l ) 2
2= 22t
dt 2T1< )
- with 6 > 0 - is considered. The solution is given by
1
ri(t) = L _ oy
r1(0) 2
This solution blows up at the time
2
6]r1(0)|

and ry is used as a subsolution of the z-component of the solution s of the original
system (2.1.5). However, r; is only surely a subsolution while estimate (12) in
[Parshad et al., 2015], i.e.
w3

U1 (t) + D3
holds, using the notation in [Parshad et al., 2015] (in the notation of system (2.1.5)
we have ¢ = f, w3 = g, D3 = h and v, is a subsolution to the y-component of the
solution s). By the proof provided the inequality (B.1.1) is only guaranteed to hold
for all

4]
> — B.1.1
> (B.1.1)

te

1 T** ok ook
0, 25Ir1(0)|] - [o, 5 ] C [0,277] = [0, 7).
Hence the problem that arises in the proof is that ry is only surely a subsolution of
the z-component of the solution s on the interval {O, TT} which does not contain the
blow-up time T™** = 2T™** of ry. Or differently put: The blow-up time of the solution
r1 18 larger than the time for which r1 can be guaranteed to be a subsolution of the
z-component of a solution s.
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B.2 The y-equation

We consider the proofs of Theorem 3.1 in [Parshad et al., 2015] and Theorem 2.3
in [Parshad et al., 2016b]. Note that in both cases the proofs are the same and we
therefore only argue the case for Theorem 2.3 in [Parshad et al., 2016b]. We also
point out that the system considered is not identical to the one in (2.1.5), however
the proof is independent of the differences in the structures of the systems provided in
[Parshad et al., 2016b] and (2.1.5), i.e. we consider the following system of differential
equations

y=<%+ < Z)y (B.2.1)

and solutions s of the initial value problem (IVP) corresponding to (B.2.1) and
positive initial conditions, i.e. with sg € O1 = Rf’r and maximal positive existence
interval I, as done in [Parshad et al., 2016b]. Note that we use the notation as given
in (2.1.5). In terms of the notation in [Parshad et al., 2016b] we have

d=a, f=p, 9=gq h=r.

Considering the claim and proof of Theorem 2.3 in [Parshad et al., 2016b] we observe
that both are independent of the initial value xy of a solution s and the size of
the (positive) parameters involved. In particular the blow-up is claimed to occur,
regardless of the size of xo and restrictions on the parameters. Thus the claim must
also hold if the parameters fulfil

—b+c<0

which we assume to hold from now on. Furthermore we restrict the parameters in
(B.2.1) to f — £ < 0. These restrictions allow us to show

Lemma B.2.1.
Let —=b+c <0 and f — 7 <0 hold for the parameters in (B.2.1). Furthermore let
any solution s with so € OF be given. It holds that

y(t) <0 Vtel

and hence also
y(t) < yo Vtel.

Proof.
Let —b+c < 0and f — ¢ <0 hold for the parameters in (B.2.1). Furthermore let



B CONCERNING BLOW-UP 261

any solution s with sy € OT be given. The following estimate holds for s and any
tel:

<—b+c= —y<0.

Using this estimate and since we know that y(t) > 0 for all t € I we obtain

i(t) = (—b+ ca(?) )y<t>—y“)z“) <t <0

z(t)+d y(t)+e ~
———
<7 <0

for all t € I. In particular the y-component of s is strictly monotonically decreasing
on I. This also implies
y(t) <wyo  Vtel O

This result allows us to show

Lemma B.2.2.

Let —=b+c <0 and f — 7 <0 hold for the parameters in (B.2.1). Furthermore let
any solution s with sy € OF be given. Also assume that s blows up at the finite time
T >0, i.e.

lim sup z(t) = oc.

Then it holds that
y(t) > jﬂ —h  Vtel=1[0,T")

and furthermore
2(t) >0 Vtel.

Moreover, for any K € R there ezists a Tk € [0, T**) such that
z(t) > K Vite [Tk, T™).

Proof.
Let —b+c < 0and f — ¢ <0 hold for the parameters in (B.2.1). Furthermore let
any solution s with sy € O be given. Also assume that s blows up at the finite
time 7T™* > 0, i.e.

lim sup z(t) = oc.

t T
We prove that

yt)>2 —n  vtel=0,T

g
f
holds by assuming the contrary, i.e. that there exists a Ty € I such that y(7p) <
Since y is strictly monotonically decreasing (by Lemma B.2.1) we obtain

y(t) < ;‘i —h Yte [T, T (B.2.2)

9.
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Considering the Z-equation in (B.2.1) we see that (since z(t) > 0 for all t € I)

. g g
2(t) >0 = f_y(t)+h>0 = y(t)>7—
iy _ g _ _ 9
2(t) =0 s f O 0 s y(t) = 7 h
. g g

for any ¢t € I. Hence (B.2.2) implies
2(t) <0 Vtel[ly, T™) = z(t) <z(Ty) <o Vte |To,T™).
This however is a contradiction to s blowing up at 7™* > 0, since then

limsup 2(t) < 2(Tp) < oo.
t/\T**

We conclude that in fact

yt)>2 —n  vtel

f

must hold. Considering the Z-equation in (B.2.1) we observe that this implies
2(t) >0 Vtel,
i.e. the z-component is strictly monotonically increasing on /. Finally, since

lim sup z(t) = oo,
there exists a monotonically increasing sequence (t;);eny with ¢; € [0,7%) for any
i1 € Nand t; —» T*" as i — oo such that
2(t;)) > o0 as t; =T

Hence for any given K € R we can choose a (sufficiently large) t; =: T € I of the
sequence such that z(Tx) > K. Since z is strictly monotonically increasing we have

thus proving the final claim of the lemma. O]

Remark B.2.1.

Note the similarity of the above result and the monotone blow-up property of
solutions s in Lemma 2.2.6.

Having established the above results we now consider the claim of Theorem 2.3 in
[Parshad et al., 2016b]. The mean by which the claim is proven is by showing that
for a solution s with sufficiently large initial values ¥, 2o > 0 the function

1 1 tdr
@/)(t)izﬁ ;O—ft+gom

) puy
vanishes at a time 7% > 0, i.e. ¢(T**) = 0. We claim and show that this is not the
case by showing
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Lemma B.2.3.
Let =b+c <0 and f — % < 0 hold for the parameters in (B.2.1). Furthermore let
any solution s with sy € OF be given. Then for any T** > 0 it holds that

I%I}ljlgfw(t) > 0,
where | . p
-
PSR N
¥(t) - f 9y T h

Proof.

Let —b+c < 0and f — ¢ <0 hold for the parameters in (B.2.1). Furthermore let
any solution s with sy € O" be given. We provide a proof by contradiction, i.e. we
assume that there exists a 7** > 0 such that

liyﬁﬂfw(t) <0.

Recalling that z(¢) > 0 for all t € I = [0,7*") and the fact that ¥ (t) =
obtain

1
Tt)’ we
o o]
liminf 4 (¢) = liminf — > 0.
t T t T z(t)
——
>0

Hence the only case that remains to be considered is the case
lig inf 4(t) = 0,

which is equivalent to the z-component of s blowing up at the finite time 7" > 0,
since - by the positivity of z - it holds that

1
liminf — =0 < limsupz(t) = oc.

Hence s fulfils all the conditions of Lemma B.2.2. In particular the y-component of

s fulfils
g

y(t)>?—h>0 Vte[0,T).
Thus the third equation of (B.2.1) may be written as
(¢ 1
21 = 20 . Vit e [0, 7).

Z<t) f - y(t)+h
0
>

Substituting this into the second equation of (B.2.1) yields

5O = 50 (_H cr(ty () 1 1 )
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for all t € [0,7**), where v = b—c > 0 is used as in the proof of Lemma B.2.1.
Dividing by y(t) > 0 and multiplying by f — —%- > 0 in the above yields

) (, (. g A 1
i U= atrn) < mw+h> EOFOE
for any ¢ € [0, 7). Rearranging the terms and dividing by v = b — ¢ > 0 we obtain
B g lg) (g 12(t) 1
I+ ()+h_’yy()<f (t)+h>+72(t)y(t)+e'

Since y(t) < 0 and y(t) < yp for all t € I (Lemma B.2.1) and 2(¢) > 0 for allt € I
(Lemma B.2.2) the following estimate holds on I = [0, T**):

<.

) g 150 O
f*mw+hzvy@<f < h) @><>+e
1800 ota)
~ vyt yo+h t)yo+e

Integrating the above from zero to t € [ yields

b g 1(, g ty(r) 11 rta(r)
I f+vawﬂ727<f m+h>oyvﬂ7+vm+eﬁzvﬂﬂ

which is equivalent to

g 1 g y(t) 1 2(t)
_fH/o y(7)+hd727<f_yo+h>ln< yo>+7(yo+6)ln< 20 )

Adding % on both sides of the inequality and using the definition of (), we obtain

¢(t)=;—ft+/t()g+hd >

Lo g Yy, (v ® L (20
Zo+7<f y0+h>l <y0>+7(y0+6)1 <Z0>

for any ¢ € [0,7™). Since yo = y(t) > § — h >0 on I we can estimate the above as
follows for any t € I:
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For any given C' > 0 we now set

K = zyexp (Cga> > 0.

By Lemma B.2.2 we can now find a Tx € [0,7*) such that z(t) > K for all
t € [Tk, T™) C I. Hence for t € [T, T**) we may estimate

w(t)>a+ﬁln<z<t>> >a+ﬁln(K> :Oz—i—ﬁln(exp(C_a)) =C>0.

20 20 5

Hence
Y(t)>C>0 Vte [Tk, T™),

which is a contradiction to

lir/nTlgf@/)(t) =0,

since for any sequence (t;);eny with t; € [Tk, T**) for all i € N we obtain

Y(t;)>C>0 VieN = 1}9%2f¢(t)20>0-

Hence our assumption was incorrect and indeed for any T** > 0 it holds that

I%nggfw(t) > 0. O
The above result implies that the function v in fact cannot vanish for any 7% > 0
under the parameter restrictions

—b+4+c<0 and f—%<0.

The same result may be obtained in an identical manner to above when loosening
the restriction —b+ ¢ < 0 to —b+ —% < 0 and imposing xy € (0, 1] instead. Indeed,

1+d
for a solution s such that =y € (0, 1] we have (see e.g. Lemma 2.2.1)

#(t) € (0,1 Vtel

Thus it holds that for s and any ¢ € I:

cx(t) c c
—b =—b b+ —=—
OEY. +1+ A T A
(1)
——
>d

which may then be used in the y-equation of (B.2.1) to obtain the monotonicity
of the y-component of a solution (see Lemma B.2.1). In particular the claim of
Theorem 2.3 in [Parshad et al., 2016b] does not hold independently of the initial

condition zy and the parameters involved.
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Remark B.2.2.
Considering the proof of Theorem 2.3 in [Parshad et al., 2016b], one observes that
an essential point in the proof is the existence of

2
T =— € (0,0
i (0,9)

for some sufficiently large zo > 0 and a 6 > 0 provided by the expression

1t dr f

- < Vte (0,6 B.2.3

tJoy(r)+h 29 (0,9) ( )
for sufficiently large yo > 0. We point out that the y-component of the solution may
(and for system (B.2.1) it in fact does) depend on the z-component and hence also
on 2y (and likewise on zy and yg). This in turn implies that the § in (B.2.3) is not
independent of zy (and xg, yo), i.e. § = 0(xo, Yo, 20) = 0(So). Therefore,

. 2
T = E S (0,5@0;90;20))

need not be fulfilled for any zy > 0, provided that

5(s0) < 2f Vo€ OF

20

This is determined by the dependence of the solutions y-component on zy. Hence the
exact structure of the y-equation in (2.1.5) would have to be included in the proof.
This then yields conditions (such as restrictions on the parameters) for solutions
to indeed blow up (one well-known restriction is f — ¢ > 0). But for a general
g-equation and no further restrictions the assertion is wrong (as shown in the above
lemma for system (B.2.1) or consider e.g. § = —y2). Note that in equation (2.2.14)
we have been able to determine a dependence of the y-component on zy (for the case
To = 0). This is the decisive inequality that allowed us to show that solutions do not

blow up in all the cases claimed in [Parshad et al., 2016b].
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C Additional computations

C.1 Non-Dimensionalisation

Here we present the rescaling of the original system (2.1.1)

F = ayd - by — T
e 7+ do
- - wlityj WQ?]E
= —ayy + = — = C.1l1
TR G it d, (e
PO G
O G+ ds

by _ -
t) = —x(t
2(t) = 3(t),
biwo
t) = —
y(t) 2 (),
b ~
2(t) = “5 (D),
1
t:alf

and rewriting the old equations in terms of x,y, z and t. For the first equation of
(C.1.1) this yields

dx(t)

it
by dE(f)
T ay dt
by da(f) di
Cay didi
b dz(?) 1
Ca dloay
0

at
b
at

a?
b1 aq CL2 C‘-}Oa1 ! Ty
b1 b
= —5 Cllfl'—bl*;lz—il 140

T =

ay
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with a := b(ll‘fo. Similarly for the second equation of (C.1.1) we obtain

_ ble dg(f) df

a} dt dt
bIWO L

= —-y(t)

a3
_ blwo _a2~ i wlfcg] . WQgg

a:f ZZ‘ —f- d1 3] + dg

a2 (l2 a3
— leO —ay a% Y+ wlﬁb1$oxy . WQinJO blwéu&yz
a a?
a} biwo e+ di prooy + da
[12

— Dy albllxyd - af“l”y

o’ grtd iy g,

a %xy z
= _iy + - by %) w

aq l’—i-dla*ll y+ Z%Od2
_ cxy Yz
T YT L y+e

with bd bd
a w w
b::—Q, c::—l, d::L, 0= 22 0
a a; ay ay

Finally, the equation for the generalist predator density in (C.1.1) transforms to

5 bleWQ dg(tN) dt~

ai dt dt
biwows - -
= 1 Z(t)
aj
b1w0w2 -9 w322
= Coz — =
aj y+ds
a6 2
6 1
_ biwows , ay 5 “BRuEar®
- 4 2 2 2 2
a biwsw 1
1 1Wow3 ooyt ds
wga% 2
Coa’l ZQ o biwowa
biwow i
1WoWw2 1W0y+d3
2 w3 .2
Coay 2 w2
b
biwows Y+ z“%od
2
2 gz
y+h
with ,
coay I bidswy
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Thus the rescaled system reads

t=z(1—1z)— il
T+a
cry Yz
= —by + —
Y Y +d y+e
2
2 gz
z2=fz"—
! y+h

C.2 Equilibria

In this section we gather various calculations involving the equilibria of the system
(2.1.5).

C.2.1 Computation of equilibria

Here we present a detailed derivation of the equilibria of the semiflow ® induced
by (2.1.5). Only the equilibria p; € Of will be of biological relevance to the system
dynamics. We also assume that f — ¢ < 0 holds. Consider the equations

(1—x—i)x = 0,

v(z,y,2) =0 < (—b + - ﬁ) y = 0, (C.2.1)
(/- i) 2

Quite a few different cases need to be considered here.

Case 1: =0
We commence by assuming x = 0. Then the two remaining equations in (C.2.1) read

0= (—b— © >y, (C.2.2)

Yy+e

0= <f - yih) 22, (C.2.3)

la) If y = 0 as well, we are left with

- (5-1)-

which is only solved by z = 0, since we assumed, that f — ¢ < 0. Hence the
first equilibrium is given by p§ = (0,0,0)T € Of, i.e. the origin.

1b) If y # 0 then from (C.2.2) one obtains

_p__~

—— z (y +e)
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Substituting this into (C.2.3) yields

9 2
O = B —b
(f y+h>< (y+e))
which is solved by y = —e < O or y = ? —h > 0. The point (0, —e, 0)T however,

does not lie in OF and is thus not relevant for us. The point

0 0

—h _ 4 —h

~b(4—h+e) b(h—2—e)

NS

T
y —=
zZ

is also not feasible (in a biological sense), since z =h — 4 —e <h— 4% <0 by
assumption. Hence the third component is negative and the equilibrium is not
a point in OF . Thus the only feasible point for x = 0 is the origin, i.e. pj.

Case 2: . #0
We now assume z # 0 for (C.2.1) and seek solutions for
y frd — g
-z P =0 & (Q1-2z)(atz)=y.

2a) Now if z = 0 the third equation of (C.2.1) is fulfilled and with the above the
second equation of (C.2.1) simplifies to

a—xmwuw(¢+xfd)=o

which is fulfilled for z = 1, 2 = —a < 0 and z = 2% (with b # ¢). The first

value yields the equilibrium p; = (1,0,0)" € Of . The second value is not
feasible, as (—a,0,0)T does not lie in the non-negative octant. Finally, the
third equilibrium reads (for b # ¢)

* bd _bd_
Iy b ¢b

py= v | =|0-a)s+a)|=|(1-2)(a+ )
23 0 0

Here the feasibility of the equilibrium depends on the parameters of the system.
More precisely, in order for z} > 0 we need

bd
>0 & c¢>0b.
c—b

The second component, i.e. y3, is non-negative if

bd c
> —b>bd — >
c—b_0 < - < d+1 "~

Note that this condition implies ¢ > b (since d > 0) and hence

1—

C
e O o b< )
Pz 0 —d+1
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2b) We now assume that z # 0 then the third equation of (C.2.1) implies yi =

% — h > 0. Furthermore for = # 0 we have

CIr z
1— = d —b — =0
( z)(r+a)=y an +a:—|—d I

Plucking these together yields values of two further equilibria. For the -
component one computes

(1—$)(x+a):%—h & x2+(a—1)x—a—h+%:0

which is solved by

9
1 7

1aj:\/(a1)24(§{ha>1ai\/(a+1)2 q
2

For the z-component we obtain
cx z cr
—b - =0 <« = — @—- )
+a:—|—d y—+e - (y+e) r+d

and substituting x5, and y; yields

« g cryy
=(h—-=— b— )
i (1) (- 55)

Hence the equilibria read

1— (a+1)?2 g
T3y >+ \/ 4 gHh
P = |y | = 4 -

It is not immediately clear whether the points p4, are feasible, i.e. if p5, € Of .
First of all we need to check, that the point is actually real-valued. We have
(a+1)? g

—Z4h> >2./9 —h— 2.
. Frhz0 e ez2ff-ht (C.2.4)

Im(p;,:t) =0

which yields a necessary and sufficient condition (in terms of a > 0) for the
equilibrium to be real-valued. We still need, that p3, is non-negative. For
ys = ¢ —h > 0 this is always fulfilled. For the first component we consider x3,
and w3_ separately. For x3, we see that if 0 < a < 1, then evidently x5, > 0 if
it is real-valued (see (C.2.4)). For a > 1 we compute

w5, = 5t -t 20
& \/(‘Qj)Q+a—;+h > ol
& Ll ia-sgp > &
= a > %—h
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which implies that if (C.2.4) holds

5, >0 & 0<a<l or azft—h.
For z3_ on the other hand we see that if @ > 1 then 235_ < 0 and for 0 < a <1
we obtain
1— (a+1)?
2y T fth 20
(afl)Q a—
(a—1)? (a—1)?
& - ta—%+h < 5
& a < % —h
yielding (if (C.2.4) holds)
9

5. >0 & 0<a<1l and aS?—h.

Finally we need 2§, = (h -4 - e) (b - xéf@) > 0. Since h — § — e < 0 this
condition reduces to
cxy cxy
Z.>0 & b-—3 <0 o b< 3
== xhy +d ~oaky +d
Note that in order for a b > 0 to exist, such that
(S
- x;:ﬁ: -+ d
can hold, we need x5, > 0. In particular, if « = % — h then
l—a [(a+1)2 g l—a [(a+1)? l—a [(a—1)2
T3y 5 +\/ 1 7 + 5 + 1 a 5 + 1

Thus we exclude the case a = £ — h. This concludes the derivation of the biologically
meaningful equilibria of the system. We sum up the results in Table 3, bearing in
mind that % —h > 0.

C.2.2 Computing J = Dv(pj,)

We consider the Jacobian Dv(x,y, z) of the vector field v (see equation (2.4.5))
evaluated at the equilibrium p3_ :

1—2x — ﬁ _ﬁ 0
* acy _ cx ez _Y
J = Dv(ps,) = (z+a)? by a (yte)? yte
gz _ _9_
0 (y+h)2 2z (f y+h) ($,y,z):($§+,y§+,z§+)
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Point Existence (p; € R?) Non-Negativity (p; € Op)
0
py=10 - _
0
1
pr=10 - -
0
b
c—b
ps = | (1= w35+ a) b b< 5
0
l1—a (a+1)
ey g *
Py, = $—h a=2/4—h-1 (O<a§1\/a>%—h)/\b§z§+sid
. Q o o C.’ES+
(h=%—c¢) (b x§++d>
l1—a (a+1)2
R A
Py = ?—h a>2 %—h—l 0<a§1/\a<%—h/\b§z§j’;d
(h—?—e) <b_ x§3+d>
Table 3: Existence conditions on the equilibrium points
We use
. l—a 4 [lat1)? g 4y 1—a (a+1)2 g
Th 2 1 7 + 1 $+h
p§+ = y§+ = % - = % —h
23 _9_ sy _ 9 _ b
+ (h—9—¢) (b 13++a) (h—%—e) (b—1b3,)
to obtain an explicit expression for
Jun Jiz Ji3
J=1\Jn J Jos|=Dv(pi).
Js1 Js2 Js3

Evidently it holds that ji13 = j31 = 0. Furthermore, since y3, =

) o

% — h we have

) N g
=2z -
J33 3+ <f Ve + A

=0
Next we compute

. Q(Z§+)2 g, « \2 f? £ 12 f?
]32 g 7* = —|Z = —\Z = —
ir + B2 7 (74) J (234) P

=

g

(h_f

- e>2 (b-15,)"
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We determine an explicit expression for the entry jos of J as follows

:b§+
—
cTy, ez3,

wieta  (yir +e)?
e(h—g—e) (b—b§+)

J2a = —b+

= —b+0b, —
+ 3+ (%_h_‘_e)Q
ety
:‘“”%+;_h+l

:(b;”L_b) (1_?—Z+e)
2 _p
:(b§+_b> (chih—i—e)

Recall from the derivation of the equilibrium point p3, that its components fulfil
ys, = (1 — a5, ) (x5, + a). This allows us to write

i = acys, ac(l — x5, ) (x5, +a) _ ac(l —x3,)
(o, +aP (v, +a)? ta

Finally, by using y5, = (1 — 2%, )(2%, + a) once more, we obtain

. * a’y§+
=1-2z;, — ———
" Y (i tap?
. a(l —z%,) (x5, +a)
:1_2x3+_ *3+ 3-;
(z34 +a)
_ (3, +a)(1 — 2235, ) —a(l — a3,
T3, +a
@ (l—a—25,)
T3, +a
* —a a+1)?
$3+(1—a—2(12+\/(z) —fc—i-h))
B T34 +a

—x§+-\/(a+1)2—4(?—h)

T3, +a
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We gather all the expressions from above to obtain

7 (a+1)274(%7h) x

B £
z3, +a z3, +a 0
J = Dv(p* ) = ac(1—xz%. ) _ %—h 3
3 z§++a+ (b3+ b) %—h—l—e y§+j—e
i 2 .
T O

C.3 Centre manifold reductions

We provide the centre manifold reductions omitted in the proofs of Lemmas 2.4.4
and 2.4.7. Recall that we assumed a = d and f — ¢ < 0 to hold throughout the
section, which we also assume to hold here.

C.3.1 Centre manifold reduction for pj

We provide the computations for the centre manifold reduction from the proof of
Lemma 2.4.4. Recall that b > - was assumed to hold in the proof. Translating the

a+1
equilibrium pt = (1,0,0)T to the origin by means of setting 7 = z — 1 yields
) T+ 1
Fo—Gt)io Dy
z+1+a
: cz+1)  yz
=1|-b — C.3.1
( Ti+ita y+e>y (G3.1)

We call the right-hand side ©. The linearisation of v evaluated at the shifted
equilibrium (i.e. in the origin) is given by

S
Dv(0,0,0)= 0 —b+ o1 0
0 0 0
of which the eigenvalues are \; = —1, Ay = —b+ 7 and A3 = 0 and the respective
eigenvectors are
1 -1 0
vy=10], vo=|1l+a+c—bla+1)|, vg= |0
0 0 1

The next step is to determine the Jordan normal form of Dv(0,0,0). The required
transformation matrix S € R3*3 consists of the three eigenvectors vy, vy and vs, i.e.

1 —1 0
S=|(0 1+a+c—0bla+1) 0
0 0 1
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The change of coordinates is now given by

7 ¢ E—v
y|l=5S|v|=|01+a+c—bla+1)v
z w w

Hence the variable w is the centre variable (associated to the eigenvalues A3 = 0).
The dynamics of the transformed system of (C.3.1) are given by

3
w
§
=SS |v||=S"0E¢-v[l+a+c—bla+1)yw)
w

Computing this last expression explicitly, yields the rather unhandy expression

S —v,1+a+c—bla+1)yw) =

1 — — _ (v [14atc—b(a+1)]v
W ’ c(s(_gyﬂ)y i [11)+(f+c—lb/(?z+1)]uw vt
0 e 0 (_b T ertita [l—i—a-l—c—b(a—i—l)]y—i—e) [l+a+c—bla+1)v
2
0 0 1 f - [1+a+cfb%a+1)]u+h) W

From the above equality we see that the third line of ¥ and therefore the dynamics
on the local centre manifold are governed by

A -
M+a+c—bla+1)]v+h ’

which corresponds to the claim in the proof of Lemma 2.4.4.

C.3.2 Centre manifold reduction for pj

Analogously to the above case we want to determine the centre manifold reduction
that was omitted in the proof of Lemma 2.4.7. Recall that 0217;1“) < b < 5 was
assumed to hold in that part of the proof. Translating the equilibrium p} = (%, y5,0)7

to the origin by means of setting = x — x3 and y = y — v yields

s _ - (f+x§)(gj+y;)
T = (T + x3)( T —x3) T
- (T + ) G+v)z\ - .
=[-b4+ = - = + C.3.2
y ( Ftasta Gtuite 5+ v2) (C.3.2)

- . g 2
: (f z’}+y§+h>z
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We call the right-hand side v. The linearisation of v evaluated at the shifted
equilibrium (i.e. in the origin) is given by

z5(l—a—223) =} 0
a+x;* z5+a .
o000 - | a7 g
0 0 0

of which one eigenvalue is A3 = 0 and the corresponding eigenvector reads

(a+w3)?
ac(y3+e)

vy = (1—a—2z%) (a+w})?
ac(ys+e)

1

The other two eigenvalues can be determined by considering the submatrix

ry(l—a—2x3) =}
_ a+z} z5+a
Jo = ( ac(1—x3)

a+x3 0

of Dv(0,0,0). Note that for a matrix of the form
a1 G12
A=
with aq1,a12 € R and ag; # 0 the trace and determinant are given by

tr(A) =a;; and det(A) = —ajsas;.

Using the trace-determinant criterion, the eigenvalues p;/, and the corresponding
eigenvectors wy o of A are given by

1 1
= (tr(A) + /i (4) — 4det(A)> = (an +\Ja2, + 4&12(121)
a11t4/a?, +4a12a21 Hi/2
o () (5)

2a21 a21

1 1

We apply this to the matrix J;. First note that 0 < 23 = “—”b < 1 since b < — and

c— a+1
hence

ac(l — %)
a+ x5

> 0.

Furthermore we have

z3(1 — a — 2x3)

a—+ x5

acz(l — x3)
(a+ x3)?

tr(Jy) = and det(Jy) =
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Thus setting

(x5(1 — a — 223))? — dacxy(1 — x3)
(a+ x3)?

A = tr%(Jy) — ddet(Jp) =

yields the following eigenvalues and eigenvectors of Js:

1 (25(1 —a— 223
(2 ey

*
a+ x5

—z}(1—a—223)£(a+z3) VA p1/2(atzy)
Wy = 2ac(1—x3) — ac(ll—azg) .
1

For the matrix Dv(0,0,0) the eigenvalues \;/, and the corresponding eigenvectors
v1/2 turn out to be

Arj2 = ! <x2(1 —a—22) + \/Z>

2 a+ 5

A1/2(at+z3)
ac(l—z3)
V12 = 1

0

Thus the transformation matrix S required to determine the Jordan normal form of
Dv(0,0,0) is given by

Ai(a+zd)  Aa(atad) (a+x3)?
ac(l—z%)  ac(l—x3) ac(ys+e) S11 S12 513
S = 1 1 (1—a—2z3)(atz3)® | — 1 1 S93
acluz+e) 0 0 1
0 0 1
Accordingly, the change of coordinates reads
T 3 511§ + S12V + S13W
gl =S|v]| = §+ V + Sozw
z w w

Hence the variable w is the centre variable (corresponding to the eigenvalue A3 = 0).
We remark that since

2ab 1—
0cioa—20 & 2% 1 , o U=9_,
c—b a+1
we have
>0 >0
1_ _2 ES *\ 2
So93 = ( a 1'2) (a+x2) > 0. (C33>

ac(ys + €)
~—_———

>0
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The dynamics of the transformed system of (C.3.2) are given by
3
v | =0 vw) =S, 7, 2)
w
= ST 0(s11€ + s121 + S13w,  + V + Sp3w,w)

The matrix S is invertible, since it consist of three linearly independent, possibly
generalised eigenvectors vy, vy, v3. The inverse of S has the structure

S =

O ¥ *
S ¥ %
— % %

where * denotes entries we do not need to compute explicitly. Thus we obtain

* *
5_117(8115 + S19V + S13wW, § + UV + Sogw,w) = |+ *
0 0

—= % ¥

(- otz
E+v+sazwtys+h

From the above equality we see that the third line of ¥ and therefore the dynamics
on the local centre manifold are governed by

w= f_ J CU2,
E+v+Cw+ys+h

where C' = s93 > 0 for b > Cgiila) by (C.3.3). This proves the claim in the proof of
Lemma 2.4.4.
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280 D.1 THE CODE

D Numerical computations

We comment on the numerical methods by which the results of subsection 2.5 were
obtained.

D.1 The code

In this subsection we present the code with which the numerical simulations were
run. The computations were performed in MATLAB [MATLAB, 2015] using the
code presented in Listing 1.

function [] = DAecosys(s,ti,tf ,x0,y0,2z0,b,varargin)

%Variables :

%s: maximal step size (if s=0 the solver is adaptive)

%ti: initial time

%tf: final time

%x0,y0,z0: initial value

%b: value of the parameter b

%varargin: if non—empty it contains the other 7 parameter
values in the order (a,c,d,e,f, g, h)

%Setting and checking the parameters

if tf—ti<=0 %Ensuring that the time interval is positive
X=["The final time must be chosen strictly larger
than the initial time!’];
error (X)

end
lI=length (varargin);

if 1==0 %The standard parameters are used
a=0.3; c=1; d=0.3; e=0.15; f=400/81; g=200/81; h
=0.3;
elseif 1~=7 %Checking the length of the parameter vector
X=[’Parameter vector must have length 0 or 7.
Currently it has length ’, num2str(l), '.7];
error (X)
else %The alternative parameters are used
a=varargin{1}; c=varargin{2}; d=varargin{3}; e=
varargin{4}; f=varargin{5}; g=varargin{6}; h=
varargin {7};
end
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ield
(1)#(1=x(1))—(x(1)*x(
(x(1)+d)—(x(2)*x(3))/
(2)+h) ;

%The vector f
v =0(t,x) [x
(1)*x(2))/
(3))72)/(x

%The solver
if s<0 %Ensuring that the step size is non—negative
X=[’The step size s may not be negative! s=7,
num?2str(s), . ];
error (X)
elseif s==0 %If s=0, the solver is adaptive
[t,sol] = oded45(v, [ti tf],[x0,y0,2z0]);

))/(x(1)+a);—b*x(2)+(c*x
x(2)4e); f*(x(3)) 2—(g*(x

else

options = odeset ('MaxStep’,s);

[t,sol] = oded5 (v, [ti tf],[x0,y0,2z0],options);
end

Listing 1: The MATLAB code
The input values of the function DAecosys are:
e The maximum step size s, the (adaptive) solver can choose.

e The respective initial and final times ti and tf. The solution is computed on
the interval [ti, tf].

The initial values x0, y0, z0, being so = (g, Yo, 20)” -

The parameter b, being the b > 0 of the vector field given in (2.1.5).

The argument varargin, which is an optional input of the other seven parameters
a,c,d,e, f,g,h (in that order) in (2.1.5).

We remark, that if the parameter vector varargin is empty, then the standard
parameters from (2.5.1) are used (see line 21).

The key ingredient of the program is the integrated ODE-solver ode45 (see lines 37
and 40 in Listing 1). It uses an adaptive step size. However, the maximal step size s
can be controlled by the option 'MaxStep’. If s is chosen to be zero, the solver is
purely adaptive and the step size is controlled by the internal implementation only.
A sample for calling the function is given by

DAecosys (10~ —4,0,2000,0.9,0.3,0.1,0.7)

Here the solution is computed on the time interval I = [0,2000] for b = 0.7 and the
initial conditions so = (0.9, 0.3,0.1)T using a maximal step size of 10~%. The result of
this was presented in Figure 2.5.11. We remark that for readabilities sake of Listing
1, we did not include the command lines how the plots (such as Figure 2.5.11) were
created in the listing.
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D.2 Visualisation

We present the additional figures of the windows of period-doubling cascades from

Table 2 in section 2.5. In Figure D.2.1 the window for the approximate range
b € [0.5243,0.532] is depicted.
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(e) b=0.5244 (f) b= 0.5243

Figure D.2.1: Solutions on the time interval [1000, 8000], showing the construction
and destruction of the strange attractor in the window b € [0.5243,0.532].

In Figure D.2.2 one can observe the phenomenon again in the approximate range
b € [0.5091,0.5243]. Observe that the periodic orbit for b = 0.5091 only has a single
loop, i.e. the period-halving cascade completely reverses somewhere in the range
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[0.5091, 0.51] in this case. For the further windows [0.4751,0.501] and [0.466,0.475],
see Figures D.2.3 and D.2.4.
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Figure D.2.2: Solutions on the time interval [1000, 8000], showing the construction
and destruction of the strange attractor in the window b € [0.5091, 0.5243].
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Figure D.2.3: Solutions on the time interval [1000, 8000], showing the construction
and destruction of the strange attractor in the window b € [0.4751,0.501].
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Figure D.2.4: Solutions on the time interval [1000, 8000], showing the construction
and destruction of the strange attractor in the window b € [0.466, 0.475].
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