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ABSTRACT

This dissertation focuses on the problem of impact time control by utilizing a new design
framework that is stated as shaping the fundamental states of the engagement via polynomials
in time. The specific application considered in the study is missile guidance; however, the
techniques developed are in principle applicable to any practical setting that concerns the time
of arrival. Identifying the range and the look angle as the fundamental states that define the
nonlinear engagement kinematics between a missile and a stationary target, three different
guidance laws to control the impact time are derived by means of the proposed framework.
Through these methods, none of which require the time-to-go to be estimated, the time domain
solutions of various engagement variables are made available. The first guidance law is the
result of shaping the range as a general form polynomial, whose coefficients are derived for
any order. The method can be implemented either as open loop or as closed loop, the latter
showing robustness in the presence of disturbing factors such as noise and autopilot lag. The
second guidance law is based on a multi-phased look angle profile, where the phases are
characterized by straight line segments. This structure makes it possible to calculate the
minimum and maximum impact times under the acceleration and look angle constraints. The
third guidance law follows from a similar approach as the first one. The look angle is shaped
in the form of a general order polynomial. Both open- and closed-loop mechanizations are
possible. Unlike the previous ones, the guidance gain must be obtained either by solving an
integral equation or by linearizing the system. In addition, the impact time control problem is
solved under varying speed, which is typically caused by drag and gravity. For this purpose, a
predictive-adaptive algorithm, which adapts the gain of the third guidance law with respect to

the predicted mean speed, is proposed.

Keywords: Impact Time Control, Trajectory Shaping, Constrained Guidance, Varying Speed.
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1 INTRODUCTION

The fundamental objective of the missile guidance is that it must lead the pursuer to the
target. In addition to this, the application of interest might necessitate other objectives. For
example, the secondary objective could be approaching the target from a specific direction,
which is possible with impact angle control. Another objective might be to capture the target
at a specified time, which requires impact time control. Additionally, both of these terminal
constraints might be needed together, which can be addressed with a simultaneous control of
the impact time and angle. Depending on the application, being able to control the shape of the
trajectory and consequently the impact geometry might mean one or a combination of the
following advantages: exploiting the weak points of the target, increasing the effector
effectiveness, avoiding directional defense mechanisms, or reducing the collateral damage, etc.

Parallel navigation states that two objects will eventually meet if the line of sight (LOS)
connecting them does not rotate with respect to an inertial frame of reference [1]. Any
successful implementation of this rule is expected to drive the miss distance to zero; such that
the pursuer must capture its target, which is the first objective of the missile guidance.
Proportional navigation (PN) is a frequently utilized guidance law that implements the parallel
navigation rule [1,2]. The basic philosophy behind PN is that the missile acceleration should
nullify the LOS rate between the target and the missile [3]. There are several kinds of PN
classified according to the direction of the commanded acceleration [4]. True PN [5] and pure
PN [6] are the well-known forms. In true PN, the acceleration vector is normal to the LOS
whereas in pure PN, it is normal to the velocity vector of the pursuer. The latter is an advantage
for endo-atmospheric systems since no change of speed is required [7]. It is known that pure
PN can capture a non-maneuvering target for almost all initial conditions [6] and the closed

form solution of such an engagement is in the form of a uniformly convergent infinite product



[8]. Another form of PN is ideal PN [8]. In this case, the acceleration vector is normal to the
relative velocity vector between the target and the pursuer.

It might be possible to obtain the secondary objectives of the guidance process by
constructing the required initial geometry. However, there will be limited authority on the
initial conditions in a realistic situation, which makes this approach infeasible. “Trajectory
shaping” is an alternative approach to adjust the initial conditions in order to succeed in
achieving the secondary objectives [2]. This phrase refers to the control action performed by
the missile in order to modify its trajectory rather than following the direct course towards the
target.

Among the secondary objectives, impact angle control could be considered the most popular
objective of trajectory shaping. It is possible to find a considerable number of works focusing
on impact angle guidance in the literature dating back to 1970s. Impact angle control facilitates
approaching the target from a certain direction; thus, controlling the impact angle might
provide invisibility for a certain time. Furthermore, the effector effectiveness can be increased
such as with top attacks. One of the earliest studies on impact angle is the one presented in [9].
There, it is shown that optimal control makes it possible to compensate for the pursuer
dynamics in a systematic manner. In [10], optimal impact angle control laws are generalized
for arbitrary system order and the time-to-go estimation on the closed form trajectory solutions
is discussed. [11] shows that the impact angle can be controlled by means of bias addition to
the pure PN guidance with three alternatives and in the end, the guidance laws do not require
the time-to-go. The study in [12] is one of the few examples of directly considering the seeker
field of view (FOV) limit in the design of an impact angle control law. The FOV limit is
handled over the look angle under the small angle of attack assumption. The solution dictates
switching action so as to keep the look angle constant in between phases of unconstrained
optimal guidance. However, the look angle constraint is not the only constraint to be considered
while shaping the trajectory. In addition, maneuverability is another constraint. In [13], a two-
phase guidance law, which has a PN-based structure, is presented to handle the look angle and
the acceleration constraints. Moreover, a comparison of unbiased and biased formulations of
PN was made in [14], where the look angle constraint was considered directly.

In contrast to impact angle control, impact time control did not get much attention. The first
impact time paper in the open literature is [15] to the knowledge of the author. It is presented
in 2006, which is more than thirty years later with respect to the oldest impact angle paper.



However, in correlation with the increasing complexity of the strategic targets with powerful
defensive systems, it could be said that the attention has been increasing in recent years. For
instance, most of the modern ships have defense systems against anti-ship missiles and aircraft.
These defense systems include surface-to-air missile systems, electronic warfare support
systems, electronic counter measures, chaff decoys and close-in weapon systems (CIWS) [16].
CIWS is typically a naval shipboard weapon system against incoming anti-ship missiles and
aircraft. It consists of radars, computers, fire control systems, multiple barrel and rotary rapid
fire guns, all of which mainly works on the principle of one to one engagement [17]. In order
to complete a mission against targets with such defensive systems, the survivability of the
missiles needs to be increased. One of the strategies to survive against CIWS is to circumvent
the disadvantage of a one-to-one engagement by facilitating a salvo attack. “Salvo” by the
dictionary meaning is a discharge of weapons in unison, on a ceremonial occasion [18]. In the
salvo attack strategy, the common target is tried to be hit as simultaneously as possible.

A salvo attack could be achieved via at least three different methods. The first solution is a
preprogrammed guidance strategy where the launchers are mostly on different platforms. In
this configuration, the launch conditions are adjusted according to the desired impact condition
in order to provide the same impact time. However, such a manual routine might not be a
straightforward task to accomplish. Thus, the guidance problem should be handled in a
different way that could provide options to enhance the operational flexibility and survivability.
The second approach is cooperative homing where the missiles communicate among
themselves to have the same arrival time. In other words, the missiles with larger times-to-go
try to accomplish high-g maneuvers to have a direct course, whereas the others curve their
trajectories to delay their arrival times. The common impact time is not required to be
determined in advance; however, online data links must be available throughout the
engagement which might be quite challenging. The third method is individual homing. Here,
again a common impact time is desired and commanded to all of the missiles. Thereafter, each
missile tries to accomplish the desired impact time independently.

The mentioned attack models directly or indirectly require the control of impact time. In
addition to salvo attack, impact time control could be employed to make the missile pass
through a certain waypoint at a specified time related to its mission. Moreover, time control

could be required for UAVs, drones and for other unmanned systems with or without defense



tactics. The very first purpose of the study is to present feasible guidance laws for impact time

control, which could be used for individual homing or any time control oriented missions.

1.1 Literature Review and State of the Art

One of the earliest studies on impact time control is presented in [15] as mentioned
previously. The guidance law, which originates from a linear formulation, is based on PN. A
feedback term, which is the estimated time-to-go, is added to the PN to regulate the impact
time error. The same authors extend the previous work to the nonlinear kinematics in [19]. In
[20], a polynomial function of the downrange-to-go is introduced with two coefficients. They
are determined to satisfy the terminal miss distance and the impact time for the linearized
kinematics. After mathematical manipulations, the guidance command results in the biased PN
guidance with an arbitrary navigation constant greater than two to capture the target.
Additionally, the bias term is updated at each time step to achieve the impact time. [21] suggest
a better time-to-go estimation for pure PN and solves the impact time control problem against
stationary targets for the nonlinear kinematics. Here, impact time control is managed with a
modified time varying gain rather than a constant one as in [15], [19] and [20]. The
disadvantage of the method is related with the bias term. For instance, the guidance command
can be discontinuous. The study in [22] applies a virtual leader scheme that transforms the
impact time control problem into a nonlinear tracking problem, where the guidance command
is composed of a PN term and a flight time error.

The problem of impact time control is treated in the literature also through the coordination
of missiles during the engagement. This approach requires the missiles to have data links for
communication. One example in this direction is given in [23]. Here, the guidance law in [15]
is adopted and the main concern of the study is the derivation of the distributed and centralized
coordination algorithms to be used in salvo attack. The work in [24] is another study in the
same direction, where a PN tactic with a bias term is considered. In this study, the bias term is
a time varying navigation gain that is adjusted based on the time-to-go of the individual missile
and the times-to-go of the cooperating missiles.

As well as PN-based impact time guidance laws, there exist numerous studies based on the
nonlinear control theory. A Lyapunov-based approach is considered in [25] using the same
time-to-go estimation as in [15] for planar engagements. Afterwards, the guidance law is
extended to the three dimensional environment. In [26], Lyapunov theory is employed to design



a guidance law with an analytical solution for the impact time, which cannot lead to wide
impact time intervals since the look angle is made to decrease monotonously during the
engagement. Sliding mode control is also considered for impact time control purposes. In [27],
a switching surface as a combination of the impact time error and the LOS rate is used. The
same authors enhanced their previous study for large heading errors and negative closing
speeds in [28]. Another sliding mode control for impact time is presented in [29]. Unlike [27]
and [28], a sliding surface, which is only a function of the impact time error, is suggested in
this study. In addition, several modifications are made to deal with the singularity of the
guidance command. Nevertheless, the common disadvantage of these guidance laws designed
via the nonlinear control theory is the high acceleration demand at the beginning of the
engagement.

Thus far, the mentioned impact time control studies do not have any physical constraints in
consideration. Independent of any guidance objectives, all missiles are subject to various
physical constraints. For instance, for endo-atmospheric missiles equipped with target seekers,
the seeker angle and the acceleration limitations are probably the most basic factors. Therefore,
they need to be addressed during the process of guidance design. However, impact time control
considering physical constraints did not receive much attention from researchers, either. A few
recent studies regarding impact time control under the FOV constraint can be seen in [30], [31]
and [32]. An impact time control law that has a similar structure as in [19] is developed in [30].
In the study, the bias term is used for controlling the impact time while treating the constraint
by a rule of weighted heading angle under monotonically decreasing range assumption. [31] is
another study from the authors of [30], which includes autopilot lag and FOV constraint in the
design process. [32] proposes an impact time control law that results in a varying gain PN
structure. The guidance law decreases the seeker’s look angle monotonically from the initial
value to zero at intercept; thus, higher initial look angles are preferred for a wider impact time
interval.

The methods mentioned so far (except [26]) require time-to-go estimation in their design as
a feedback source for impact time control. However, it is not an easy task to have the time-to-
go. Additionally, time-to-go estimation is actually necessary not only for impact time control,
but also for implementing various optimal and impact angle control guidance laws. It could
certainly be said that time-to-go estimation is indeed a separate research topic. Therefore, it

would be convenient to mention several studies on this topic. In [33], a recursive time-to-go



computation method is suggested for PN, augmented PN and optimal guidance laws for varying
speeds. In [34], time-to-go estimation for the PN guidance is proposed by using the time scaling
property of the guidance law. Thus, the method can be used for any initial condition and
navigation gain via interpolation from the base solution to other initial conditions. [35] is
applicable to the general class of PN guidance laws including negative gains, which is derived
as a closed-form approximation of the range, the navigation gain and the heading error.
Afterwards, recursive numerical computations are used for time-to-go estimation. It needs to
be reminded that although the term “time-to-go estimation” is widely used in the guidance
literature, the phrase should be “time-to-go prediction” as mentioned in [35]. In order to be
consistent with the literature, it will be used as “estimation” throughout the thesis.

As an alternative to devoting efforts to the potentially problematic estimation process, the
impact time control problem can also be solved without relying on the time-to-go information
as in [36]-[39]. [36] proposes the idea of shaping of the relative look angle profile to control
the impact time. A two-phased guidance scheme for indirect control of impact time against
moving targets is devised based on this idea. However, the guidance law requires a controlled
change of the missile speed. Motivated by [36], [37] suggests second and third order
polynomial guidance laws via look angle shaping. Here, the guidance gain is determined by
solving an integral equation in order to satisfy the requirement of zero miss distance at
intercept. Additionally, the third order approach produces trajectories close to the optimal ones.
The method in [38] utilizes the concept of zero effort miss vector to direct the total acceleration
so that the moving target is captured at a specified time. Such as [36], the proposed guidance
law does not need time-to-go estimation, but requires speed control. The guidance law in [39]
is derived by shaping the range as a quartic polynomial of time. The nonlinear design results
in a closed loop guidance law showing robustness under lagged response and seeker noise. In
[40], the same authors extend the previous study for any order of the range, providing a feasible
guidance law that is also capable of operating under the look angle constraint.

Naturally, the impact time can also be enforced via guidance schemes that aim at
simultaneous control of the impact time and angle. In [41], the guidance command is composed
of two parts, where the first part is for the impact angle constraint with zero miss distance and
the second part is for the impact time constraint. The sliding mode control theory is used in
[42], where a LOS rate shaping process as a function of downrange is introduced. Besides, a

second-order sliding mode control law is introduced using a back-stepping concept to provide



robustness in the presence of uncertainties. A polynomial guidance law is proposed in [43],
where the three unknown coefficients of the polynomial are determined with respect to the
terminal conditions accounting for the linearized kinematics. [44] assumes that the acceleration
command can be represented as a polynomial function of the downrange with two coefficients.
The design is based on the linearized kinematics, too. Apart from these, a numerical energy
optimal solution is presented in [45], where the impact time and angle control problem is treated
as a two-point boundary value problem. In [46], a practical guidance law is proposed to control
the impact time or/and the impact angle under the look angle and the acceleration constraints.
Starting with the nonlinear optimal control framework, the solutions dictate the familiar PN
guidance law.

The key assumption in all of the cited studies until now is that the speed of the missile is
either constant or, in a few occasions, controllable. Since impact time control is mainly
applicable to anti-ship missiles, this assumption is not entirely unjustified since such missiles
could sustain speed control [47]. Nevertheless, the constant speed assumption restricts the
domain of application. In fact, the speed is not even controllable in most of the missile
applications. It changes under the action of drag, thrust and the trajectory being followed. The
works presented in [49] and [50] consider the impact time control problem under varying speed.
In [49], which devises a quad-segment polynomial method via parameterizing the trajectories
in terms of the downrange, doing a pre-flight analysis is proposed as a first step in coping with
the speed change. In [50], on the other hand, integral sliding mode control is performed, taking
into account the rate of change of the speed and its limits. However, a pre-flight analysis as in
[49] might not always be feasible and having the terminal acceleration systematically diverging
away from zero as in [50] could be prohibitive. Except from these, one of the works mentioned
previously tries to cope with the varying speed by using an average speed concept [28].
However, the study assumes that the speed remains constant for the sustain phase and gravity
is not included in the average speed calculation. In addition, it covers only supersonic missile
systems, where the speed is assumed to be decreasing as an exponential function.

Varying speed is assuredly a problem not only for the impact time problem, but also for the
optimal guidance laws, too. There are several studies, which concentrate on this issue for
supersonic systems as in [28]. An energy-optimized guidance law is presented in [51], where
the guidance gain is varied via a time-to-go-like function. This function considers the future

missile speed and adjusts the guidance gain with respect to the predicted speed. In [52], an



extension to the previous study is presented while providing two schemes for the mean speed
and general-case cost functions for the varying speed.

In addition to the varying speed, another major concern during the guidance design process
is robustness. Autopilot lag and measurement noise are among the factors that impact the
mission success. One example in the direction of robustness is the adaptive guidance schemes
which are applied for dealing with varying conditions. Here, adaptation means updating the
guidance gains with respect to those conditions and no connection with the conventional
adaptive control is implied. In this extent, the impact angle control problem is studied in the
literature. In [53], a nonlinear parameter adaptation scheme is presented for a hypersonic
gliding vehicle. The study in [54] develops two adaptive guidance laws, one of which is based
on the conventional PN guidance and the other one is based on controlling the turn rate of the
relative velocity vector. In both of these studies, the guidance gains are updated in a closed
loop manner; therefore, they are able to deal with the varying conditions. Motivated by the
future mean speed concept and adaptation for guidance purposes, [55] presents a predictive-
adaptive formulation to deal with these concerns, where the guidance laws in [37] are
generalized using an n" order polynomial of the look angle. Unlike [37], the linearized
kinematics is used to obtain an analytical solution for the guidance gain. It is then extended to
the nonlinear domain by considering an adaptive guidance scheme. Such adaptation through
periodically updating the guidance gain is not only able to overcome the unmodeled
nonlinearities, but it also provides robustness against disturbing factors. However, adaptation
will only be sufficient as long as the speed of the missile remains constant; thus, the mean
speed is predicted for the interval between the current time and the final time using an iterative
process, where the overall guidance turns into a predictive-adaptive impact time control
method.

1.2 Objectives

The main objective of the thesis is to develop feasible guidance laws for impact time control.
For that purpose, a design framework different than the current literature is undertaken.
Optimization is a common approach that is known to lead to solutions to many engineering
problems, providing optimality as a byproduct [56]. However, it is not the only framework that
can provide feasible solutions. As stated in [57], another option might be computational
guidance and control. However, using brute force during the flight might still be restrictive, in



spite of the rapidly developing technology. Even though, the optimal control theory and
numerical routines are indeed used in this study, promoting another design methodology for
impact time control is deemed essential.

As it was already mentioned in the literature survey, many methods devote considerable
effort to time-to-go estimation. The estimation results enter the guidance algorithm as a
potential error source. Therefore, the performance of such impact time control algorithms
highly depends on the accuracy of the time-to-go estimate, which might prove to be quite
problematic. Additionally, the estimated time-to-go usually corresponds to the PN guidance
process. As a result, the trajectory eventually evolves into a PN trajectory. This implies that the
missile trajectory could easily be estimated by the defense systems. Thus, the second objective
of this work can be summarized as follows: To construct a guidance law that does not require
the time-to-go used as a feedback signal for impact time control.

The third objective is related with the assumptions, which are usually made during the
design process. The linearized kinematics and constant speed are the two common assumptions
used by the guidance algorithms related with the impact time. Although there are several
studies considering the nonlinear kinematics, there is not a noteworthy contribution on the topic
of impact time control for varying speed. As mentioned, the speed is a time varying parameter
in reality. Thus, another objective of this thesis is to design a guidance scheme that is useful
not only for vehicles with constant or controlled speed but also for those, whose speed is
varying.

The last objective is to present an impact time control solution under the physical
constraints, because any guidance law needs to handle these either during the design or the
engagement, where the former case is preferred to avoid unexpected saturation. Since this
subject has not received the attention it deserves, the thesis aims to provide a practical way of

controlling the impact time under the look angle constraint and/or the acceleration constraint.

1.3 Contributions

The following aspects are regarded as the main contributions of this study to advance the

current state of the art.

A Novel Design Framework Enabling Three Feasible Guidance Laws:



Identifying the fundamental states of the impact time control problem as the range and the look
angle, this study introduces the framework termed as “shaping of the fundamental engagement
states”. Relying on this novel framework, in which the shaping functions are time dependent,
three guidance laws are proposed. One of these is based on range shaping and the others are
based on look angle shaping. Through these guidance laws, various closed form solutions of
the engagement states are also made available, which provides precious information for the

guidance designer.

Time-to-go Estimation Free
Unlike the widespread guidance methods, none of the techniques presented in the thesis rely
on time-to-go estimation. Instead, the difference between the current time and the desired

impact time is used in the guidance command.

Impact Time Control Under Varying Speed
This problem is solved in a predictive-adaptive scheme with the help of the time domain
solution of the states, which is obtained through the polynomial look angle shaping method.

Solutions Under Physical Constraints

Practically implementable impact time control laws under physical constraints are presented.
Both the look angle constraint and the acceleration constraint are treated properly. Either the
impact time intervals are defined with respect to the constraints or new guidance structures are

suggested that do not violate them.

Many of the novel designs and applications described in this thesis have been published,

while this thesis provides more comprehensive details.
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2. Tekin, R., Erer, K. S., and Holzapfel, F., “Adaptive Impact Time Control via
Look Angle Shaping Under Varying Velocity,” Journal of Guidance, Control,
and Dynamics, Vol. 40, No. 12, 2017, pp. 3247-3255.
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1.4 Thesis Outline

Chapter 2 identifies the fundamental engagement states and presents the nonlinear
differential equation set governing the engagement kinematics between a guided missile and a
stationary target. Afterwards, the impact time problem is stated and several fundamental impact
time definitions are given.

Chapter 3 introduces the first of the guidance laws, which relies neither on a time-to-go
estimate nor on the linearized kinematics. The guidance design assumes that the range, which
is the first fundamental state of the nonlinear kinematics, could be described as a polynomial

in time. Using range as a shaping state provides a feasible basis, since the polynomial
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coefficients are analytically available. Then, the guidance law is expressed as a combination of
the rates of the look and the LOS angles. After presenting the open loop structure of the
guidance law, the closed loop formulation of the guidance law is derived. Since the maximum
look angle is determined by the suggested design methodology, two methods for the look angle
constrained impact time control are derived. The performance of the proposed methods is
demonstrated in a comparative simulation study that involves the energy optimal guidance
solution and [29] from the literature, which is based on sliding mode control and time-to-
estimation. Additionally, it is also shown that the adverse effects of sensor noise and lagged
response can be avoided with the closed loop implementation of the proposed guidance law.
Moreover, instead of the true range information, estimated range is used in the guidance law.
Owing to the nature of the closed loop guidance, the guidance law has satisfactory results under
these circumstances.

Chapter 4 investigates the guidance problem by focusing on the look angle, which is the
second fundamental state of the nonlinear kinematics. The main idea is to provide a time-
dependent profile of the look angle to control the impact time without the need for time-to-go
estimation. For that purpose, multi-phased look angle structures are designed. First, a two-
phased shaping process is expressed, where the analytical derivation of the guidance strategy
is divided into cases. Furthermore, the acceleration limit is considered during the design.
Second, a three-phased approach leads to another solution that differs from what is available
in the literature in the following respect: The impact time control problem is addressed by
considering the full extent of the available resources in the form of the look angle and the
acceleration constraints. Based on the switched structure of the guidance command, a practical
guidance law to control the impact time without violating the constraints is derived. It is then
shown that this result is also made possible by the use of the nonlinear optimal control
framework, where the cost function does not involve a running cost but it is made up of an
endpoint cost aiming to extremize the impact time.

Chapter 5 discusses the impact time problem via a continuous, i.e. no switching, form of
look angle shaping. Motivated by the range shaping results and with the knowledge gained
from Chapter 4, the design comes up with a function based on the general form of a time
dependent polynomial. This shaping function leads to a single gain guidance law while
satisfying the general objectives of a nonlinear engagement. The time domain solutions of the
engagement states are also provided. Although, the guidance gain could be determined by a
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numerical routine, the linearized kinematics are also suggested to provide an analytical
expression of the guidance gain. Additionally, the maximum values of the look angle and the
acceleration, which are obtained during the engagement, are solved. Comparative simulation
runs confirm that the proposed technique is also advantageous in terms of control effort. Owing
to the fact that the final look angle rate is constrained to be zero, the results obtained with cubic
shaping turn out to be similar to the energy optimal results.

Chapter 6 is devoted for impact time control under time varying speed. First, the solution in
Chapter 5 is extended to the nonlinear domain by considering an adaptive guidance scheme.
Adaptation through periodically updating is not only able to overcome the unmodeled
nonlinearities but it also provides robustness against disturbing factors such as autopilot lag.
However, adaptation will only be sufficient as long as the speed of the missile is constant. The
situation is indeed more problematic that the speed profile eventually depends on the trajectory,
which is the result of the guidance law itself. If the future speed profile, or equivalently, the
mean value of this profile can somehow be predicted, this information could be used to feed
the adaptive guidance process. For that purpose, an approach to predict the mean speed is
developed using the linearized kinematics and then it is modified for the nonlinear kinematics.
At each guidance step, the mean speed is predicted for the interval between the current time
and the final time using an iterative process, where the eventual objective is the adaptation of
the guidance gain based on the predicted mean speed. One of the key points of the design is
that it could be applied to any guidance law that somehow provides the time domain solutions
of the flight path angle and the guidance command. After presenting examples with constant
speed for the adaptive scheme, more realistic ground-to-ground scenarios with non-constant
speed profiles including autopilot lag are exemplified for the predictive-adaptive impact time
control method. In addition, comparisons with energy optimal solutions are provided.
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2 PRELIMINARIES

This chapter aspires to familiarize the reader with the basics of the nonlinear engagement

kinematics and the fundamental definitions of impact time control.
2.1 Nonlinear Engagement Geometry

Figure 2.1 depicts the two dimensional, point mass engagement geometry between a
stationary target T and a missile M. The speed of the missile is V and the magnitude of its
acceleration component perpendicular to the velocity vector is a. The speed is free to vary
under the action of several factors such as gravity and drag, but not with the control input. The
inertial coordinate system is fixed to the surface of a flat-Earth model: x axis is the downrange

and y axis can either be altitude or crossrange. U, is the unit vector in the direction of
r=p; —pPy. P denotes the position and r is the magnitude of the range vector. A denotes the
LOS angle that U, makes with respect to u,, where U, is the unit vector in the X direction.

The angle between the velocity vector and the LOS is the look angle ¢ ; the angle G, makes

with respect to U, , where U, is the unit vector in the V direction. y is the flight path angle

made by U, with respect to U, . All angles are positive in the counter-clockwise direction.
The guidance objective is to design the input a, equivalently 7, in such a way that the target

is captured, thatis r, =0 desired value of the final time t, =t, . Here, the subscript f represents

the final time and d denotes the desired time.

It is clearly observed in Figure 2.1 that the LOS and the flight path angles are measured with
respect to an inertial frame of reference. If the reference frame was changed to another one that
has a constant angular offset from the current one, the values of these angles would change. On
the other hand, the look angle would remain the same because it is measured with respect to

the LOS. This implies that the kinematics of a typical guidance problem, in which no direct
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external reference is required, can be expressed in terms of the range and the look angle. As
with the zero miss distance problem, this is the case with the impact time control problem.
Therefore, the range and the look angle are termed as “the fundamental engagement states” in
this study. A counter example would be the impact angle control problem, where an external

reference is required to define the impact angle.

Figure 2.1 Engagement geometry between a stationary target and its pursuer.

2.2 Nonlinear Engagement Kinematics

As there are two degrees of freedom associated with the movement of a point in the plane,
two differential equations are required to initiate the mathematical manipulation. A visual
inspection of Figure 2.1 suggests that a polar representation with r and A could be suitable.

Accordingly, the first differential equation is directly written as

F=-Vcos(y—4) (2.1)

where the dot operator represents derivative with respect to time, i.e. d/dt. The derivation of

the second differential equation could start with the LOS angle:

19
A=tan"| = (2.2)
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where r, and r, are respectively the x and y components of vector r that is directed from M

to T. Due to the stationary target, ¥, =-V, and r, =-V, . Here, V, and V, are respectively the

x and y components of vector V . The LOS angle rate can be obtained by differentiating Eq.
(2.2)

A=Y VX (2.3)

The other angle related with the engagement is the look angle:
e=y—-4 (2.4)
If the sine function is applied to both sides, Eq. (2.4) yields
sing =sinycosA—cosysin A (2.5)
This could be rewritten in terms of the range and the velocity components as

rv, —r\V, r

sing = 5
r \Y/

(2.6)

Using Eq. (2.3) in Eq. (2.6) will reveal the second differential equation of the nonlinear

engagement kinematics:

ri=-Vsine (2.7)
The first differential equation could be written in a compact form as

F=-Vcose (2.8)

by using Eqg. (2.4) in Eq. (2.1). The complementary equation defining the relationship between
the angles given in Eqg. (2.4) will be one of the main equations that is required to obtain the
guidance commands. Thus, the time derivative of Eq. (2.4) is modified to obtain the rate of the

flight path angle as

y=E+4 (2.9)
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2.3 Length of a Trajectory

The length of the trajectory is the point of interest for impact time control and must satisfy

the following equality:
S =Vt, (2.10)

under the constant speed assumption. The distance along a curve between the points A and B
on the trajectory is called the arc length expressed as

S :Tds (2.11)

A

The infinitesimal distance traveled ds satisfies

ds = \/dx? + dy? (2.12)

and the total length travelled is

s=fos= (] +(2] 219

during the relevant time interval. Eq. (2.12) may be written as

ds = /1+(ﬂj2 dx (2.14)
dx

and the distance travelled may be expressed as

X; Xo dy 2
S=([ds=[,[1+] =2 dx 2.15
le J ( dxj (2.15)
As it is shown in Eq. (2.15), it could be guessed why the impact time control studies mostly
evolve to use the downrange to parametrize their equations during the guidance design process
such as in [42], [43] and [44]. However, Eq. (2.15) is nonlinear and analytically not integrable

in general. Thus, immense mathematical modifications would have to be made, which yields
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the guidance law in an unfeasible final form. Additionally, Eq. (2.15) is not directly used in

this study to design the guidance laws.
2.4 Important Impact Time Values

Before proceeding further, several important impact time definitions will be made, each of
which is either a limiting or a comparison factor for the designer. The very first definition is
the theoretical minimum impact time, which demands unbounded acceleration. Under the

assumption of the constant speed, it is expressed as the initial range, R,, divided by the speed

of the missile

R
Cieo min = —> 2.16
theo, V ( )

However, this value is impossible to realize while dealing with real applications. Second, if the
initial look angle is maintained to the end of the engagement, then no correction impact time

becomes

R

t, =
V cos g,

(2.17)

where &, is the initial look angle. Since the guidance laws in this study does not demand sign
change of the look angle, the derivations are presented for &, > 0 without loss of generality to

prevent unnecessary confusion. This equation is obtained by integrating Eg. (2.8) with constant
look angle. However, the designer must be aware of the fact that such a guidance routine will
result in unbounded acceleration, (see Figure 2.2). Third, the well-known PN guidance law is

expressed as
7=NA (2.18)

where N is referred to as the navigation gain. The approximate impact time of PN can be
obtained as given below [24] (for details see Appendix A):

2
thL@+—iL—} (2.19)



In order to have a basic awareness, a ground-to-ground engagement is exemplified, where
the target is initially 5 km away. The speed of the missile is 200 m/s and the initial look angle
is 80°. The look angle is maintained by 7 =/, which is actually PN with unity gain. The
guidance commands are executed without latency and the simulations are terminated when the
range is less than 1 m. Whereas Eq. (2.17) gives 143.97 s, the estimated impact time of PN
with N = 3 from Eq. (2.19) is 29.87 s. On the other hand, the theoretical minimum impact time
is 25 s, obtained via Eq. (2.16). The trajectories corresponding to these three cases are given in
Figure 2.2. The theoretical impact time trajectory is essentially a straight line, whereas the no
correction trajectory presents a logarithmic spiral behavior [1]. However, these two trajectories
demand unbounded acceleration at the beginning or the end of the engagement, neither of

which is realistic.
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Figure 2.2 Example trajectories of the important impact time values.
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3 GENERALIZED POLYNOMIAL RANGE
SHAPING FOR IMPACT TIME CONTROL

In the literature, impact time control has been mainly addressed over time-to-go estimation.
As mentioned in Chapter 1, PN-based approaches solve the length of the trajectory by means
of Taylor expansion in order to obtain the guidance laws. Taylor expansion is essential since
an analytical solution under the PN framework is not available. Moreover, linearization of the
nonlinear engagement kinematics might be necessary depending on the formulation of the
problem. Similarly, solutions based on the nonlinear control theory force the engagement
geometry to a PN trajectory. This leads to the desired impact time only with high-g initial
maneuvers; in contrast, a solution without high-g maneuvers would be beneficial.

As mentioned earlier, another design approach termed as state shaping might offer solutions
for the secondary objectives of the guidance process. Following this direction, a basic shaping
process is applied to the LOS and the LOS rate in [42] to control the impact time and angle
simultaneously. In this study, the LOS rate is expressed as a function of downrange. The
coefficients of the shaping function are determined with respect to the boundary conditions.
However, the coefficient that is related with the impact time has to be determined either via
trial and error or with an optimization routine. Unfortunately, this offline analysis is a result of
the chosen complex function and the handling of the guidance problem is done over an indirect
state. These issues make the guidance law inefficient. Another work regarding the shaping
approach is [43], where rather than shaping a state, the acceleration command is assumed to be
a function of the downrange. However, it requires linearization of the states and Taylor
expansion for obtaining the length of the trajectory, all of which results in an infeasible and a
complicated guidance law.

As outlined in the previous chapter, the kinematics of a typical impact time guidance
problem can entirely be depicted in terms of the range and the look angle. It is also to be noted
that as well as the selected state that is to be shaped, the structure of the shaping function is
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also important. Since it is preferred to have feasible solutions, this will mainly depend on the
existence of an analytical solution of Eg. (2.8). Moreover, shaping the state not as a function
of the downrange but as a function of time could provide better solutions without the difficulties
mentioned in the previous paragraph. Thus, a new design framework based on the shaping of
the fundamental states of the engagement in the form of a time dependent function is
introduced.

Motivated by the current state of the literature, the direction of this chapter is towards
finding a feasible guidance law to shape the range as a function of time. The design is for the
nonlinear kinematics and therefore, the small angle assumption is not applicable. Time-to-go
estimation is avoided because a noisy estimate is not desired to be used as a feedback source
to the guidance command. Unlike many approaches, it is not desired that the trajectory of the
missile evolves into the PN trajectory, which could easily be estimated for counter measures.
Furthermore, the time domain solution of any engagement state would be appreciated and the
practical applicability of the design would be essential. With the hope of satisfying these
requirements, it is assumed that the range equation could be defined as a polynomial of any
order of time. Such a generalized range polynomial can be written as

F=Xt"+X " o+ X+ X+ X (3.1)

where n is the order of the range polynomial and xi, where i =1.....n are the related coefficients
of the polynomial.

The main objective of any guidance law is achieving zero miss distance, which happens to
be the final condition of Eq. (3.1). As well as this primary condition, the guidance law must
also satisfy other boundary conditions. For instance, zero look angle at the impact time is
demanded in order to fulfill the necessary condition of having a bounded acceleration.
(However, this is not sufficient by itself as will be shown later.) The initial values of the range
and the closing speed are also to be satisfied. These four boundary conditions in fact provide
the minimum order of Eq. (3.1), which can be expressed as n > 3. It should be kept in mind that
if the order of the range polynomial is increased, then the number of the unknowns will
accordingly increase. Hence, more boundary or intermediate conditions must be provided to
solve for the coefficients. Thereafter, the engagement kinematics can be used to derive the

guidance command.
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In the following subsections; first, the general open loop solution of the impact time control
problem is derived based on the constant speed assumption. Here, “open loop” refers to the fact
that no regulation exists for the impact time error. Afterward, the guidance laws for several
orders of the range polynomial are presented, highlighting the acceleration characteristics of
each design. The next step is deriving the closed loop form of the guidance command.
Furthermore, the impact time interval and the maximum look angle solution are studied. Next,
sample simulations with the open loop structure are presented to provide an insight into the
proposed impact time control strategy. In order to show a comparison, a guidance law from the
literature and the energy optimal solution are included in the study. In addition to these sample
scenarios, the simulation results under more realistic conditions such as those with autopilot,
seeker lag, noisy measurements and lack of the true range are also presented. Finally, the impact
time control method is modified to obtain a solution under the FOV constraint. For that purpose,

two alternative solutions are derived and exemplified with simulations.
3.1 Determination of the Guidance Command

In order to obtain the guidance command for the n" order range polynomial, (n+1)

equations are required. The very first equation to be mentioned is related with the primary

objective of any guidance law: Zero miss distance. Thus, the final range must be zero, which

can be written by replacing tin Eq. (3.1) with t, :
X"+ X " e Xt S+ Xt +X, =0 (3.2

Second, the most trivial boundary condition is the initial range, R,, which directly gives the

first coefficient

% =Ry (33)

Third, when the final condition of the look angle is zero, then the final closing speed is —V.

Using this relationship, the first time derivative of Eq. (3.1) is obtained and t is again replaced

by t,, leading to the following

F(t=t, )= nxt," " +(n=1)x t," >+ 42Xt +X =-V (3.4)

n
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Afterwards, the fourth equation can be obtained via the initial condition of the closing speed

X, =-V Ccosg, (3.5)

Eqg. (3.5) provides x, regardless of the order of the range polynomial. So far, four equations are

obtained regarding the boundary conditions. However, (n—3) equations are still missing. A

at the final time. This leads to

F (=)t 2+ (n=2) (N=1) Xt "B e+ XL+ 2X,
4 n(n-1)(n-2)xt,"* +(n=3)(n=2)(n—-1) X, t,"* +......+6X,
= ' =0 (3.6)
_';(H)_tf ] n(n-1)(n-2)(n-3)......... 3x,t, |

In this structure, the higher the value of n, the sooner f will converge to -V . This will also
assist the look angle to converge to zero before intercept.
After the required equation set is obtained to solve for the coefficients of the n'" order range

polynomial, the next step is to find the guidance command. The first time derivative of Eq.
(2.4) gives the guidance command that is 7 = &+ A . Therefore, ¢ has to be identified. For that

purpose, the second derivative of the range equation is required:
F=Vésing (3.7)
Since ' is already available in Eq. (3.6), the look angle rate equation becomes

. n(n—1)x,t"*+(n—-2)(n —_1) X " 4+ BX 42X, (3.8)
Vsing

Replacing Eq. (3.8) into Eq. (2.9) provides the guidance command as

_ n(n=)xt"?+(n=2)(n—1)x,_t"° +.....+6Xt+2x,

+4 3.9
4 Vsing (3.9)

24



As seen, the guidance law is not only composed of terms that can be fed back, i.e. ¢ and 1,
but it also involves a purely time-dependent term. This is the reason why this form is referred

to as an “open loop” formulation.
3.2 Guidance Laws for 3™, 4" and 5" Order Polynomials

After presenting the general form of the guidance command, now it is time find the
coefficients and analyze the proposed method. First of all, it has already been mentioned that
the minimum order of Eqg. (3.1) must be three. However, this does not grant the bounded final
acceleration yet. Thus, the minimum order of the range polynomial must be discussed in details.
For that purpose, the acceleration characteristics needs to be examined. These issues will be

introduced in this section.
3.2.1 3" Order Polynomial

The 3" order range equation is
r=Xt*+ Xt + Xt +X, (3.10)

X, and x, were already found for any order as given in Eq. (3.3) and Eq. (3.5). To find x, and
X, , first the time derivative of the range equation is obtained. Next, using the two final
boundary conditions r, =0 and r, =-V , the coefficients for the 3™ order polynomial are

found:

(2cose, :12)th -3R, X =_(00550 +1)Vt, - 2R, (3.11)
f

X, =
t’

2

These complete the 3" order range equation. To obtain the analytical form of the look angle,

Eq. (2.8) can be written as
&=cos™ (_Vrj (3.12)

which shows that the derivation requires the time derivative of Eq. (3.10). Thus, the look angle

turns out to be the inverse cosine of a quadratic polynomial
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3.t 2+ 2%, +
g:cosl(— Eali VZf Xl} (3.13)

To produce the guidance command, the look angle rate is written from Eq. (3.7) as

i

E=—
Vsing

(3.14)

In Eq. (3.14), I is to follow from Eq. (3.10). Then, the guidance command is constructed:

. BXt+2x,
=——=+1 3.15
4 Vsing (3.15)
The next step is to analyze the guidance command. It is never desired to have an unbounded
acceleration requirement. Therefore, the feasibility of the 3™ order polynomial requires careful

consideration. From Eq. (3.15), the initial guidance command is as follows

) 2X
Yo = 2

=—— +1 (3.16)
Vsing,

When x,, which is given in Eq. (3.11), is replaced into Eq. (3.16) and the initial LOS rate is

found by rearranging Eq. (2.7), then the initial guidance command becomes

(2c0sg, +1)Vt; —6R, Vsing,
Vt,’sing, R,

Vo= (3.17)
which is a finite value when sing, = 0. Then, the final acceleration must be analyzed to clarify

the boundedness issue. In order to find the final acceleration, the final time is replaced into Eqg.

(3.15) with the corresponding coefficients given in Eq. (3.11). It is represented as

Yy, = ft,) (3.18)
g

Since ¢, is forced to be zero at the intercept and sine, term in g(t,) happens to be zero at

t=t, asitcould be also seen from Eq. (3.15). On the other hand, the numerator is
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f(t;)=6Vvt,*(2vt, —3R, +Vt, coss, (3.19)

which is a finite value. This result indicates that the final acceleration will be infinite. However,
it must first be shown that Eq. (3.18) does not yield the condition of 0/0. For that purpose, it

must be determined that f (t;) is never zero. There are two conditions, under which Eqg. (3.19)
could be zero. It is apparent that this could happen when t, is zero, which is not the case for

the impact time problem. Second, it could happen when the second part of Eq. (3.19) is zero,

providing the final time as

’R 3

t =—o0_ 2 3.20
"V (2+cosg,) (3:20)

In order to demand a feasible impact time from any engagement geometry, the desired impact
time must be greater than the theoretical impact time, which was already mentioned in Eq.

(2.16). This requirement results in the condition that cose, must be greate than 1, which is not

true. Therefore, it is proven that, the condition of 0/0 will never occur. Hence, the final
acceleration for the 3" order is not bounded:

V¢ =300 (3.21)

and it is apparent that such a guidance law is not desirable. Thus, the minimum order for the

range equation must be four, which will next be examined.
3.2.2 4% Order Polynomial

After presenting the 3" order range solution and identifying the minimum order required,
now the 4" order range polynomial can be examined. To find the coefficients, an addition to
the previous boundary conditions has to be made. In this regard, the second time derivative of
the range equation and the related kinematics is constructed

I =12x,t* +6x,t +2x, =Vésine (3.22)

The final look angle is already demanded to be zero at the final time. Hence, this condition

results in the following statement: 1, is zero regardless of ¢, as seen in Eq. (3.22). Finally, the
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rest of the coefficients could be given in the following form using the related equations and the

boundary conditions

10 0 0 0 x R,

01 0 0 0 |x]| |~Vcosg

1t t° t° t° |x|= 0 (3.23)
0 1 2t 3t° 4t°|x -V

0 0 2 6t 12t°%]x, 0

Since the equations for the 3" order was simple enough to solve, this matrix form was not

presented. Eq. (3.23) is conducted as
AX=B—>X=A"B (3.24)

where A includes the related equations of the boundary conditions and B represents the

demanded boundary conditions. After solving Eg. (3.24), the coefficients are as follow:

3(cosg, +1)Vt, —6R —(3cos¢g, +5)Vt, +8R
0 f 0 X = 0 f 0

X = tfz AT tf3
(3.25)
(cose, +2)Vt, —3R,
X, = 7
tf
Second, the look angle equation is given:
3 2

- - cos (_ 4t + 3x3i/ + 2%t + Xi] (3.26)

The related coefficients could be replaced into Eqg. (3.26); however, it turns into a very long
equation. Thus, it is not written for the sake of simplicity. At this point, there is one property

to be mentioned. Since the look angle equation is derived over 1, the order of the polynomial

inside the inverse cosine function will be (n —1).

The next analysis is about the guidance command. In order to extract it, the same procedure

is applied as it was described for the 3" order. The look angle rate is

. 12X,t% +6X,t + 2X,
Vsineg

(3.27)

28



Then, the guidance command is obtained as

12X, + 6.t + 2%, .

A 3.28
Vsing ( )

When the corresponding coefficients given in Eq. (3.25) is replaced in Eq. (3.28) and

evaluating at t =0, the initial guidance command of the 4" order is obtained:

V7, 2sing,” —12R? + 6VRt, (1+c0s&,)
VR t,’sing,

Yo = (3.29)
which is a finite value. When the final acceleration is examined, it can be seen that the limit of
the guidance command at t =t, does not exist due to the fact that it has different values from
the right and the left hand sides. However, for the guidance command, the limit from the left

hand side is meaningful because the time moves forward. The left-hand side limit of the

guidance command is available, which is

. 36Vt, —48R, +12Vt, cos g,
limy=

VY == (3.30)
il \/th3(18th — 24R, +6Vt, COS &, )

Eq. (3.30) shows that the final acceleration of the 4" order polynomial has a finite value.
3.2.3 5™ Order Polynomial

The last example is for the 5™ order range shaping. To provide enough equations for the

unknowns, in addition to i, =0, ¥; =0 is also added to the equation set. Then, Eq. (3.24) turns

into the following form:

1 0 0 0 0 [x] [ R |

01 0 O 0 0 X, -V cos g,

1t t° tﬁz tf: tf54 X | _ 0 (3:31)
0 1 2t 3t* 4t° 5t° ||x -V

0 2 6t 12t 20t°| x, 0

00 0 6 24t 60t*|x| | 0 |

Solving these equations for the coefficients results in the following:
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(8+2cos &, )Vt, —5R, ) :_2(7+300350)th —10R,

X, =2 t? 3 t?
(3.32)
(11+4cos¢, )Vt, —15R, (3+cos ¢, )Vt —4R,
Xy = t 4 X5 =— £ 5
f f

Next, the initial acceleration for the 5" order range polynomial is obtained as it was

described for the 4™ order:

. :Vth2 cosg,” —V?t,? —20R,” +12VR t, +8VRt, cos &, (3.33)

t, \/VRO (1-cos&,?)

The second issue related to the guidance commend is the final acceleration. In contrast to the

34 and the 4™ orders, now the limit for the final time exists and it is zero

!LrtTf] y=0 (3.34)
This is certainly a preferred final condition meaning that the missile aligns itself with respect
to the target beforehand; therefore, it does not need a maneuver at the time of intercept. If the
final guidance command analysis is carried out for the 6, 7" and the remaining orders, it will
be seen that final acceleration is zero. This behavior results in that the increased order of the
time derivative of the range provides nulling the final acceleration before intercept, which is
not the case for the 3 and the 4™ orders.

So far, the initial and the final guidance commands are described. In addition to these, there
is another concern about the guidance command; the maximum value, which is also an
important factor since the acceleration capacity of the system is bounded. Unfortunately, the
maximum value of the acceleration and when it occurs is not directly available; one needs to

resort to numerical means to solve for these.
3.3 Closed Loop Guidance Formulation

The proposed impact time control law could be regarded as an open loop guidance unless
the coefficients are updated during the engagement. Consequently, performance degradation
will occur under autopilot lag, misinformation or uncertainties. Therefore, an alternative

application of the guidance command is proposed here, which results in a closed loop structure
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that is robust under the degrading factors. This new form can be obtained by considering the

fact that each time instant can actually be regarded as the initial time such that
t—>0 R —r, g —¢ (3.35)
Then, the final time needs to be updated accordingly, i.e.
t, >t —t (3.36)

In order to obtain the guidance command, as was done in the previous subsection, first the look
angle rate in Eq. (3.8) is rewritten using the conversion defined in Eqg. (3.35) and Eq. (3.36)

wherever necessary:

_ 2)22
Vsing

& (3.37)
These modifications show that the guidance law depends only on the new coefficient X,
regardless of n. Since X, is obtained from x, , the next step is to modify x, via Eq. (3.35) and
Eq. (3.36). For instance, x,, which is given for the 4" order in Eq. (3.25), turns into the

following

2 :3\/(c055+1)_ 6r (3.38)

? (tf —t) (tf —t)2

Replacing Eq. (3.38) in Eq. (3.37), the guidance law becomes

6(cose+1) 12r

_ S _ y) (3.39)
7 sin &(ti—t) Vsin £(t, —t)2 '

After giving this example, the next step is to find the general form of x, and then to revise
it according to Eq. (3.35) and Eq. (3.36). If x, is written for several orders, the following

pattern would be observed
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(Vt; 3R, +2Vt, cos&,) /t,
2(3Vt; —5R; +2Vt, cos,) /t,* tn=3,57
3(5Vt, — 7R, + 2Vt, cos &) /t,?
X, = (3.40)
1.5(2Vt, —4R, +2Vt, cosg)) /t,°
2.5(4Vt, —6R; +2Vt, cos&,)/t,? } n=4,6,8

3.5(6Vt, —8R, +2Vt, cos&,)/t,”

Thus, it can be written as

X, =(r2]t;21)[(n_2)th —nR, + 2V, cosso} (3.41)
f

with respect to general behavior of Eq. (3.40). Thereafter, applying Eg. (3.35) and Eq. (3.36),
the general form of the closed loop guidance law is obtained as

y= y Sil’f:‘(—t::-)—t)z [(n —2)V (t; —t)—nr+2V(t, —t)cose]+/i (3.42)

Before going further, it is to be noted that the closed loop guidance command depends on

g, r,tandt,. (tf —t) is also in the guidance command as a feedback term; however, it is not

a value to be estimated. In contrast, it is simply the difference between the desired impact time
and the elapsed time.

3.4 Solution of the Coefficients

Now, the solution could be extended for every coefficient that is required for the time
domain definition of the range. For a brief reminding, the following two conditions were

dictated by the initial geometry: x, =R, and x, =-V cos¢,. The terminal condition of having
no miss distance is expressed as r, =0. In addition, &, =0, which translates into r, =-V .
These four mandatory conditions, leave (n—4) more conditions to be chosen so that a total of

n equations are obtained to determine the coefficients of the polynomial. As expressed

previously, the proposed approach in this work is to use the following:
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d’r(t)]  d’r(t)
e | dt?

t=t;

o d"r(1)
S dt?

=0 (3.43)

=t t:tf

This system of equations, which is composed of two initial and (n—2) terminal conditions,

can be written in matrix form as:

Alx, % - %] =[R, Vcosg, 0 -V 0 - 0O (3.44)
where

(1 0 o0 0 0 0 0 |
01 0 0 0 0 0
14, & £ 2| &

PR ZU T nt}!

oo 2 e, 127 201, (3.45)
0 0 6 241, 601,
0 0 0 0 0 0o - 0.5n!r}

The steps for finding x, could be applied to find the general form of x,. If X, is written for

several orders, the following pattern would be observed

—(Vt; —2R, +Vt, cos &) /t,®

—(3Vt, —4R, +Vt, cos&,) /t,° tn=357

—(5Vt, —6R, +Vt, cos&,) /t,’

X, = (3.46)
(2Vt, —3R, +Vt, cos&,) /t,*

(4Vt, —5R, +Vt, cos&,) /t,°+ n=4,6,8

(6Vt, — 7R, +Vt, cos&,) /t,°

Thus, it can be defined as follows

« =(c1) (n—-2)vt, —(n;nl)R0 +Vt, cos &, (3.47)
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Then, the coefficient x, , for several orders becomes:

(Vt; 3R, +2Vt, cos &) /t,?
(11vt, —15R, +4Vt, cosgy) /t,* tn=3,5,7
_ (29vt, —35R, +6Vt, cosg,) /t,° 0.48)
" — (5Vt, —8R, +3Vt, cos &) /t,? '
—(19Vt, —24R, +5Vt, cos,) /t,° t n=4,6,8
—(41Vt, — 48R, +7Vt, cos &) /t,’

where it could be written in general form as the following:

‘= (-1 ((n-1)(n-2)-1)Vt, —n(n-2)R, +(n-1)Vt, coss,

n-1
tf

(3.49)

The last example is for X, ,

(OVt; — OR,+ Vt, cosg,) /t,
2(30vt, —10R,+3Vt, cosg,)/t,®tn=35,7
_ 3(140Vt, — 28R, +5Vt, cos&,) /t,° 350)
"t | -1V, —4R, +2Vt, cose,)/t,’ '
—2.5(72Vt, —18R, +4Vt, cose,)/t,* t n=4,6,8
~3.5(240Vt, —40R, +6Vt, cosg,) /t,°

where the general definition for x, , could be defined

y _(_l)nl((n_l)J n(n-2)(n-3)Vt, —n(n-3)R, +(n—2)Vt, cose,

3.51
n-2 2 t?_z ( )

It can be shown that these general form definitions obey the following recursive formulation:

m-1

nem) = n —1m)l Z é:qit))!!x(n_k)tf

= k=0

(%)

X (3.52)

where n—1>m> 2. Therefore, every coefficient of Eq. (3.1) could be expressed for any order.
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Next, the initial acceleration with respect to n can be studied. Since the initial LOS rate has

nothing to do with n, it is avoided in the analysis. Only the look angle rate is investigated,

where it only depends on X, as described in Eqg. (3.37). The partial derivative of x, with

respect to n is

x|  Ry(1-2n)+Vt, (2n-3+2coss,)
onl., 2t,’

(3.53)

Yet, the sign of Eq. (3.53) must be analyzed. In Eq. (3.53), there are two terms related with n,
where the rest depends on the initial conditions and the final time. Since denominator is
positive, only the numerator could be investigated for positivity. When mathematical

reorganizations are made, the problem will be defined with respect to the result of the inequality

R, (1-2n)<Vt, (2n—3+2cos¢,) (3.54)

Itis already known that n > 4. Additionally, Eq. (3.54) also includes the length of the trajectory

which is S =Vt, . It is known that the length of the trajectory is more than the initial range

SR, (3.55)

which is a result of the theoretical minimum impact time presented in Eq. (2.16). Thus, Eq.
(3.54) is a true statement, when Eq. (3.55) is applied. Therefore, Eq. (3.53) is a positive
quantity. These justifications prove that an increase in n increases the demanded acceleration

at the initial time.
3.5 Impact Time Interval

The minimum impact time is defined in a such a way that the look angle does not change
sign during the engagement. Therefore, the guidance design forces the look angle to be zero
only at the final time, which is also an avoidance of the division by zero since sin¢ is in the
denominator of the guidance command. For that purpose, Eg. (2.8) may be considered when

the look angle zero, which leads to

F+V =0 (3.56)
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In order to find the time instants where this equality holds, Eq. (3.56) is written fromn=41to 7

with the corresponding time derivatives of Eq. (3.1):

ol
Il

n=4,56,7 (3.57)

It is obvious that Eq. (3.57) is zero at t =t, and at the time instant which makes the second

part of the equation zero:

Vtf (1-cose,)

t=— 3.58
n{(n—2+cossO)th—(n—l)RO} (3:38)

in general form. If Eq. (3.58) is forced to be t, :
t=t, (3.59)

with the aim that the solution, which satisfy Eq. (3.57), is only the final time. When Eqg. (3.59)

is solved, two time instants are obtained, one of which is t, = 0 and the other is

Ry n

=0 (3.60)
V (n—-1+cosg,)

f

As it is obvious, t, =0 means no engagement. However, if the minimum impact time is defined

as Eq. (3.60), then the look angle will not change sign during the engagement. If smaller impact
times are desired, then the look angle must change sign, which makes the guidance command
singular. The upcoming section will also make use of this no sign change advantage.

In order to make a comparison, the estimated the time-to-go of PN guidance, which is given
in Eq. (2.19), is used. Whichever of these guidance laws acquires the smallest impact time
could be decided by comparing Eqg. (2.19) and Eq. (3.60):
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&{“ & J;&( _n } (3.61)
V 2(2N-1) ) V ((n—1+cosg,)

If Eq. (3.61) is true, then the suggested impact time control method will provide the minimum
among the two. Furthermore, it could also be said that smaller impact time could also be
possible with the higher orders of n. To support this claim, the partial derivative of the
minimum impact time with respect to n is given:

ot,, R, (cosg —1)

min

o
on  V (n+cosg, 1)’

(3.62)

which is negative under the assumption of &, = 0, showing that an increment in n will result
inasmaller t_, .

The maximum impact time is a more relaxed term as compared to the minimum impact
time. Unless there is a constraint, for instance a look angle or an acceleration constraint, the
maximum impact time could be any desired value that does not result in sine =0 during the
engagement. However, for very high impact times, which could be considered unrealistic. i.e.
for a ground-to-ground pursuer more than 700s, the look angle increases such that it might
cross m; moreover, the range might also cross zero before all of the desired conditions are
satisfied regarding Eq. (2.8). Nevertheless, it can be argued that such a situation would not be

feasible for a realistic engagement.
3.6 Maximum Look Angle Solution

The look angle is one of the concerns of the guidance law design. Together with the
acceleration, they form the main physical limits. Under the assumption of small angle of attack,
the look angle could be treated to handle the FOV limit [60]. Therefore, when the guidance
algorithm takes care of this physical limitation or provides the information of the maximum
look angle before intercept, it is quite precious for the overall performance. Fortunately, it is
possible to obtain the maximum look angle that will occur before the intercept with the
proposed impact time control method and the minimum impact time definition.

After clarifying the general look angle behavior in Section 3.5, it is now possible to make

further analysis for the maximum look angle solution. Since the look angle will be zero at the
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intercept; there is no need to check the final time for the maximum look angle solution. So, this
candidate falls out. The other candidate is the initial time. Next, the local maximum solution

must be investigated. For that purpose, the time instants, where the look angle rate equals zero,
have to be found:

o (Y
2V sin g(tf —t)

2| (N=2)V (t; —t)—nr+2v (t, ~t)cos& |=0 (3.63)

If Eg. (3.63) is written for several orders with the corresponding range and look angle

definitions, which were explained how to be obtained since far, it will give t, =t and

another time instant. As expressed before, the look angle is zero at the intercept. So, the solution

at t, vanishes, which cannot be a candidate of the maximum look angle. Then, the solution

where the look angle rate is zero would be:

(Vt* =3Rt, +2Vt,*cos,) /(3(Vt, —2R, +Vt, coss, ))
(3Vt,* ~BRyt, +2Vt,” c0s z,) /(5(3Vt, —4R, +Vt, cosg )} tn=35,7
(BVt,” TRyt +2Vt,” cos &) /(7

o (
(

) (2Vt,2 4R, + 2Vt 2 cos ) /(4(2Vt, —3R, +Vt, cose,

9Vt, —6R, +Vt, cos ¢,
(3.64)

(6Vt,” ~8Ryt, +2Vt,” cos z,) /(8(6Vt, ~ 7R, +Vt, cosz,

)
)

(4Vt,” —BRyt, +2Vt,* coss,) /(6(4Vt, ~5R, +Vt, cose; )) in=4,6,8
(8( )

If the pattern is examined, it will be seen that the time instant of the maximum look angle can
be determined as

_ (n=2)Vt,> —nRjt, +2Vt,* cos g,
S n((n-2)Vt, —(n-1)R, +Vt, cos g, )

(3.65)

After finding the time instant, it could be replaced in the look angle equation given in Eq. (3.12)
. Notwithstanding, there is not an analytical solution to find the possible impact time under the
given look angle constraint, but as seen, a straightforward computing is possible. It is here to

be noted that, when t, . is zero, it means that the maximum look angle is the initial look angle.

By equaling the numerator of Eq. (3.65) to zero gives this impact time
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t" = nR, (3.66)
(n—2)V +2V cosg,

which does not demand more look angle than the initial one during the engagement. In other

words, if the desired impact time is more than t.”, the algorithm will need to increase the look

angle to accomplish the desired impact time. So, the maximum look angle will occur at the
local maximum. Otherwise, it is the initial look angle.

It is thereon possible to talk about the further characteristics of the look angle. There are
things to mention regarding the physical interpretation; such that if the desired impact time
increases, the maximum look angle eventually increases whereas the trajectory needs to be
curved more. Moreover, if n increases, the maximum look angle also increases, because the
look angle is driven to zero in a shorter time via curving the trajectory beforehand.

Lastly, a few words could be said about the flight path angle. The impact time control law
provides an analytical form for the LOS rate and the look angle rate. Unfortunately, such a
solution for the flight path angle is not available. Nevertheless, it is possible to numerically
integrate the flight path angle and have the time domain behavior. Generally speaking, the
physical interpretation of the flight path angle with respect to n would be that; if the order of
the range polynomial increases, the final flight path angle decreases in magnitude since the

look angle is nulled faster.
3.7 Modification for Terminal Robustness

When Eq. (3.9) is roughly analyzed, it is be seen that the term sin ¢ is in the denominator.
Since the look angle will not change sign as expressed in Section 3.5, the singularity condition
can only appear at the initial time and the final time when the look angle is zero for feasible
desired impact times. The unlikely case of a zero initial condition can easily be handled, for
example, by adding a very small bias to the look angle value. As for the final time, it should
firstly be noted that guidance algorithms involving such terms in the denominator, e.g. optimal

guidance laws with t_, require a similar consideration [58]. Even if the final-time singularity

go’
is likely to be dismissed based on the ground that the engagement is already terminated by the
time it occurs, division by a very small value will still be a problem since complications are
likely to occur in practice long before these terms are identically zero. Accordingly, switching

to PN as in [48] may be a viable option in order to provide robustness during the terminal part
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of the engagement, where the look angle happens to be small. A practical alleviation of this

issue would be as follows. Unless the look angle is less than a threshold, ¢, Eq. (3.9) will be

realized. If it is less than the threshold value, PN guidance will be commanded to circumvent
division by zero. However, such a switched structure implies a jump in the guidance command.
In order to avoid the jump, the following methodology is suggested. The value of £ at the
switching time, &7, is already known and the ratio with respect to the LOS rate at the switching

time, A", can be calculated. Then, PN can be started using this ratio. This ratio is expressed as

-
N'==+ 3.67
5 (3.67)

where N is part of the PN gain. Since 7 =&+ , the final guidance command, which avoids

division by zero, is then

_|Ea.(39) ez¢,

y_{(N'+1)/i £<e&, (3.68)

However, this approach may not be desirable for realistic applications, since the ratio is the
division of two noisy variables. The switching is to happen towards the end; so, analyzing the
limit of Eq. (3.67) would facilitate an alternative solution. From Eqg. (2.7) and Eq. (2.8), it is
seen that

1 re

. & ) 0
lim—-=-—Ilim——=— 3.69
>t 4 Vitotsine 0 (3.69)

which makes use of the fact r, =&, =0. The application of L'Hopital's rule leads to

. & 1 .. rr e 1 . P e
lim==—-—Ilim| —— +— =——Ilim| = +— (3.70)
Vesinecose Vesingcose 2V -t Fcose [T cose

where Vésine isindeed i as givenin Eq. (3.7). Since the final look angle is zero, this equation

becomes as

|imi:—i|im(r+$j 3.71)
toty 2V tot 8
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Since the coefficients of the range is now available in general form, a compact form of the

corresponding range derivatives can be written. First, range is rewritten as

=" (3.72)

where f (t) is not a simple compact form function; however, it turns out to be f (tf ):Vt;1 at

the final time. Then, range derivative is obtained in the following form

F(t)+V =%{ct+(l—cos;§0)vﬁ} (3.73)
where c is
c=n{(n—2+cos& )V, —(n-1)R, | (3.74)

Next, the second derivative of range is found

(n-1)(t, ~t)"

F(t)= - {—ct+(n—2+2c0s )V} —nRit, | (3.75)
f

Last, the third derivative of range is obtained as the previous equations:

¥ (t)= (n=3)(n _tzn)(tf Y {ct—(2n-3+3cos &, )V} +2nR t, | (3.76)

When these equations replaced in Eq. (3.71), the limit can finally be obtained by summoning

the range and its derivatives

(3.77)

This result makes it possible to express the modified guidance law as follows:
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Eq. (342) e2=¢,
V= ni (3.78)
— £ <&
2
With this strategy, the amount of the command jump will be negligible. Finally, it is important

to ensure n/2=N >4 so that no miss distance occurs [2], which is only possible with n>4.
3.8 Simulations of Generalized Range Formulation

In order to demonstrate the efficiency of the proposed impact time guidance law, simulations
are divided into three categories. First, the open loop application for several orders is
investigated in an ideal environment, where all the required coefficients are calculated at the
beginning of the engagement. For comparison purposes, an impact time control method via

sliding mode is exemplified as given in [29], whose details can be found in Appendix B.

Furthermore, the energy optimal solution is included, where the cost function is jazdt :

Second, the closed loop formulation given in Eq. (3.42) is run under autopilot lag for different
initial conditions and desired impact times. Last, the closed loop application is studied in a
more realistic scenario with autopilot and seeker lag including noisy measurements. In addition
to these, the range is now an estimated variable, which is used in the guidance command instead
of the true range.

In simulations, the ground-launched pursuer, which attacks a target 5 km away, travels with
a constant speed of 200 m/s. In order to avoid division by zero, the guidance is switched to PN

when the look angle is less than &, = 0.25° as described in Eq. (3.78). The simulations are

terminated when range is less than 1 m. To simulate the seeker saturation for the realistic
scenario, the last guidance command is held when the range is below 50 m.

3.8.1 Example Simulations and Comparison Between Methods

This subsection is reserved for the demonstration of the basic properties of the proposed
guidance structure. The ground-launched pursuer executes the guidance commands with no
latency and has 15 g acceleration saturation. The initial flight path angle is 20° and the impact
time is 30 s. n is varied between 4 to 7. The optimal guidance command that minimizes the
time integral of acceleration squared in this specific engagement geometry is calculated by

applying the optimal control procedure given in Appendix C. To this end, the differential state
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and co-state equations that formulate the nonlinear two-point boundary problem was

numerically solved via the MATLAB function bvp4c.

The related coefficients of the open loop simulations are presented in Table 3.1. In Table

3.2, important results of the simulations are summarized. The maximum acceleration and the

maximum look angle magnitudes increase when a higher order n is chosen. The maximum

acceleration is obtained at the beginning of the engagement.

Table 3.1 Coefficients for the scenarios.

Scenario n X, X, X, X5 Xs X5
1 4 5.4605 -0.2561 0.0033 - - -
2 5 9.5029 -0.6603 0.0167 -1.497.10* - -
3 6 14.6564 -1.3475 0.0511 -9.132.10* 6.362.10° -
4 7 20.9210 -2.3916 0.1207 -3.2.10°° 4.503.10° -2.58.107

Moreover, the increase in the initial acceleration is correlated with Eg. (3.53). However, for

this specific example the cost does not hold the same tendency. The minimum cost function

belongs to the 5™ order not the 4™, and it is closer to the energy optimal result. However, [29]

has the maximum cost value and the look angle among all.

Table 3.2 Summary of the simulation results for various n

Max. Acc., Max. Look
Scenario n Cost, m?/s®
m/s? Angle, deg
1 4 29.19 44.63 8080
2 5 52.83 49.15 7100
3 6 82.97 53.51 8456
5 7 119.6 57.68 10913
6 Optimal 22.14 49.92 6296
7 [29] 147.15 69.62 26022

The visual summary of the simulations is presented in Figures 3.1-3.6. The maximum

altitude increases with respect the order of the polynomial as it can be observed in Figure 3.1,
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in which the trajectory of the optimal solution lies within the proposed guidance law
trajectories. The range histories could be seen in Figure 3.2, where the differences with respect
to different n values can be observed. Figure 3.3 provides the information that the increment in
the order of the polynomial results in the following consequence: The closing speed reaches
the missile speed sooner. For instance, when n is 4, ¢ reaches the speed approximately at the
time of the impact; however, for n = 7, this happens just after t = 26 s. The cost of this behavior
can be observed in Figure 3.4. If the initial accelerations of the proposed method are compared,
it is seen that the 7" order holds the maximum. Nevertheless, this value is still less than the
acceleration required by [29]. It is also apparent how the optimal guidance puts in a more
uniform control effort compared with these results. It is necessary to remind that when n = 4,
the final acceleration is not zero. On the other hand, it was described that the final acceleration
of the proposed guidance law will be zero for n > 4 as presented in Eq. (3.34). This can also be
confirmed in Figure 3.4. Furthermore, the look angle behaviors are displayed in Figure 3.5.
The optimal solution nulls the look angle towards the end of the engagement. In addition, the
maximum look angle obtained by the optimal solution is close to the one obtained by the 5%
order. Nevertheless, [29] is the fastest one among the methods to null the look angle and also
the one that requires the maximum look angle. The last figure is reserved for the flight path
angle histories. In Figure 3.6, it is seen that the increment in the order of the range polynomial
leads to higher final path angle magnitudes. When n = 4, the maximum final path angle
magnitude is obtained. Figure 3.6 actually presents a precious result. It shows that different

impact angles can be obtained via changing the order of the range polynomial.
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3.8.2 Autopilot Lagged Simulation with Closed Loop Guidance

The proposed impact time control is tested under varied initial look angles for a bunch of
desired impact times under first order autopilot lag. The autopilot lag is characterized by the
transfer function 1/(zs+1) as used in many guidance studies [59]. The details of the
simulations could be seen in Table 3.3. The range is defined by a 5" order polynomial. The
proposed impact time control accomplishes the task successfully within miss distance and
impact time requirements. The trajectories and the look angles are presented in Figure 3.7 and
Figure 3.8. The increased latency in the guidance command results in small variations in the
neighborhood of the ideal cases. Figure 3.9 is reserved for X, of the first simulation in order to
give an insight about its variation throughout the engagement, which starts at some value and

ends up at zero. The final behavior of X, is due to the autopilot lag which is an expected

characteristics.

Table 3.3 Simulation variation for the robustness analysis.

Initial Look Angle, &, [5 15 25 35 45 55 65 75]°
Autopilot Time Constant, ¢ [0.1 0.2 03 04 05]s
Desired Impact Time, t, [30 32 34 36 38 40]s
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Figure 3.9 X, history of the first simulation.

3.8.3 Realistic Simulations with Closed Loop Guidance

Thus far, the proposed guidance law is evaluated under autopilot lag. However, in an actual
environment, this is not the only consideration. For instance, the variables required for the
implementation of the guidance law could be noisy. Furthermore, some variables may not be
measured and they need to be estimated. As a consequence, the performance of the guidance
law might degrade. In order to show the performance, this subsection is reserved for a more
realistic implementation with the same initial conditions of the first simulation study. The
impact time is 30 s and n is 5. In addition to the autopilot lag with 7 = 0.3 s, the LOS rate is
obtained via a seeker head providing outputs at 40 Hz. For this purpose, Gaussian noise with a
standard deviation of 0.025° is added to the LOS angle. Afterwards, it is passed through the

following transfer function to obtain the LOS rate: s/(z,s+1), where z, simulates a

bandwidth of 2 Hz. This way, both the look angle and the LOS rate become contaminated.
Figure 3.10 shows how the LOS rate is generated as an input to the guidance algorithm.

The range to the target is another variable that is used by the proposed guidance law. For
range estimation, the range observer detailed in [13] is borrowed and briefly expressed in
Appendix D. One feature of this observer is that its open-loop, i.e. zero-gain, output can still
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be used provided that it has already converged before the zeroing of the gain. This is useful in
the current context because it would be wise to avoid the noisy dynamics of the observer
towards the end of the engagement, where the sensitivity of the guidance loop is increased due
to the look angle being small. Thus, the observer gain is uniformly decreased from 1.5 to zero
in twenty-five seconds, which means that the estimation is open loop during the last five
seconds. The observer starts with an initial guess which is 3000 m. Simulation is terminated as
in the previous studies, when the range is less than 1 m and the time when this condition is
realized is 29.95 s. Thus, the impact time error is negligible with respect to the overall
simulation time. The results confirm that the algorithm is still applicable under these realistic

conditions.

Gimbal KTs
TrueLamda] o Dynamics » P—L =y [MeasuredLamda]

‘ Zero-Order Discrete-Time

Hold Integrator
Gaussian Distributed
Noise

> [MeasuredLamdadot]

Figure 3.10 Measured LOS rate model for the guidance algorithm.

Figure 3.11 reveals the acceleration and the look angle histories of the simulation. The most
important feature of the acceleration trend is the slightly higher magnitudes at the beginning of
the engagement, where the range information is not fully correct. Actually, the estimated range
magnitude is quite less than the true range, which can be observed in Figure 3.12. Hence; the
guidance law curves the trajectory more in order to accomplish the desired impact time. It is
evident that if the initial value of the estimated range is better, the magnitude of the initial
acceleration will be less. The other option is to start the guidance later, since the duration of
this passivity could be subtracted from the desired impact time. In addition to the initial
acceleration behavior, another notable aspect is visible at the end of the engagement, where the
noisy measurements become more effective. As seen, the final acceleration would be zero for
the ideal conditions under the true range and the perfect measurements, but this is not so for
the realistic scenario. It should lastly be noted that the final behavior of the look angle is as

expected and the autopilot lag has the major role in that.
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3.9 Impact Time Control Under Field of View Constraint

Shaping the trajectory is an expensive task as far as the required resources are considered.
Satisfying the terminal constraints causes the missile trajectory to be shaped in such a way that
the risk to violate the FOV constraint is increased. When the angle of attack is sufficiently
small, the FOV angle may be approximated by the look angle. Thus, the FOV angle can be
constrained via the look angle. The objective of this section is to reveal the relationship between
this physical limit and the impact time, and then to offer a guidance methodology for the
constrained system.

Generally speaking, the impact time control consists of three phases to prevent the violation
of the FOV constraint. This switched guidance structure is presented in Figure 3.13. The first
phase is where the guidance command brings the system up to the maximum look angle. The
second phase holds the maximum look angle for some time duration until the final phase
begins. The third phase finally captures the target at the desired impact time, decreasing the
look angle to zero. As an additional information, the three phased-guidance structure could also
be observed in impact angle control studies that considers the FOV limit such as in [60] and

[61].
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Figure 3.13 Typical saturated look angle history.
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Two different solutions will be introduced for the impact time control under the FOV
constraint, both of which are practically applicable. The first method completes the first phase
regardless of the desired impact time whereas the second method calculates the time instant,

where the FOV limit is reached.
3.9.1 Method I

The overall structure of the guidance law can be described as in Eq. (3.79). The first step is

to find the switching instants of the guidance algorithm. t, is for Phase |, where the guidance

law only depends on the initial conditions and the maximum look angle of the system. It is
calculated with respect to the allowable engagement time under the given physical constraint.

It is to be noted that it has yet nothing directly to do with the desired impact time.

Phase | t<=t(1,, &) &)
y =14 Phase Il t <t<=t, (3.79)
Phase Il t>1, (1, &, Enast)

The time instant, where the maximum look angle is obtained, is available by Eq. (3.65). The

range covered until t, is represented as R, and it is the same for any desired impact time that

makes the look angle overshoot the limit. Then, the duration and the range, over which the look

angle is kept constant, are to be determined. These quantities are denoted as R, and t, —t,,
respectively. Here, t, marks the end of the constant look angle phase. Before that, the

definitions for the final phase also have to be provided because the second and the third phases

of the engagement have to be considered together. The corresponding range from t, to end of
the capture is R,. To have solutions for the second and the third phases, at least two equations

are required. First of all, when the look angle is constant and at its maximum, Eq. (2.8) becomes

r=-Vcose,,, (3.80)
and the distance covered during (t, —t,) is

R,—R, =-Vcoseg,, (t,—t,) (3.81)
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Afterwards, the distance covered during the final phase, R;, is required. Unfortunately, it is not

a straightforward task. The only known quantities are the final and the initial ¢ values. It could
be assumed that f is a linear function rather than a polynomial function as shown in Figure
3.14. Since the impact time control is applied in the closed loop form, the error caused by this

assumption could be circumvented.

—Veos ( Emax ) T | T

True Closing Velocity

Closing Velocity

t2 Time, s ty
Figure 3.14 Typical r profile of the final phase.
Based on Figure 3.14, the approximated range covered in the final phase is

V(08 g + (1, — 1)
T 2

(3.82)

Actually, the true R, is
Ry =R, —R -V (t,—t)cos¢,,, (3.83)

Thereafter, t, is found by using Eq.(3.82) in Eq. (3.83):
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2(R,-R,) ¢ 2008 g,
V (COS &y +1)  * COS &y +1
2C0S &,y
CoS&,,, +1

4=

t, = (3.84)

1-—

Finally, the guidance law to control the impact time under the FOV constraint can be written.
Here, the 4™ order guidance command, which is given in Eq. (3.39), is used since it requires
the lowest maximum look angle as already shown in the sample simulations. Thus, the closed

loop guidance command becomes as given in Eq. (3.85).

6(cose+1)V (f, —t)-12r .
(cose+1) (f ) +A t<=t (1 & Ena )
Vsmg(f )
,_ i t <t<=t, (3.85)
6(COS€'T‘1) (td ) 12r+ﬂ: t>t2(r01€0!gmax’td)
Vsing(t, -t)°

Here, f. represents the maximum impact time, which can be reached without saturating the

look angle obtained by Eq. (3.65) and the corresponding numerical routine.

It is to be noted that the desired impact time must be feasible. The first constraint related to
this feasibility is the bounded acceleration requirement. Thus, the duration of each phase must
have a solution. In this regard, the maximum impact time under the FOV constraint could be
connected with respect to the no correction impact time, which was given in Eq. (2.17). Since

R, and t, are already known with respect to &, , t, .., must satisfy the following inequality
R,— R,
<—0 1 3.86
2m* TV cose, (3.86)

which is obtained by rearranging Eq. (2.17). Even though the acceleration demand might be
high when this condition is satisfied, there is enough time for the look angle to be driven to
zero at the time of intercept, which provides a bounded acceleration.

To investigate the performance of the proposed method, nonlinear simulations are
performed with different impact times for a ground-to-ground scenario where n = 4. The missile
is located at the origin and the initial flight path angle is 10°. The speed of the missile is 200
m/s and the target is 5 km away. The simulations are stopped when the range is less than 1 m.
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The maximum look angle is constrained to 70° and the time instant when the maximum occurs

is 13.165 s and f, = 39.769 s.

The summary of the scenarios is presented in Table 3.4, showing the switching instants and
the final flight path angles for the desired impact times. It is as expected that in order to satisfy
the higher impact times, the duration of the saturated phase increases and the duration of the
final phase decreases. Figure 3.15 displays the trajectories and the range histories, where it is

seen that the variation starts after t,. The flight path angles could be seen in Figure 3.16, where

the increased impact time results in a higher impact angle magnitude. The initial accelerations
are same since they have the same trajectory until t,. In contrast, a higher impact time demand

results in a higher maximum acceleration at the final time.

Table 3.4 Summary of the simulation results under the FOV constraint.

Impact  Durationof ~ Distance  pyrationof ~ Distance Final Path
Time, s Phase Il,s ~ Coveredin  ppasey, s Coveredin Angle, °
Phase Il, m Phase I11, m
42 4.5508 311.29 24.2846 3259.04 -141.2
44 8.6300 590.33 22.2054 2980 -155.3
46 12.7092 869.36 20.1262 2700.97 -170.8
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In addition to the ideal simulations, the performance under autopilot lag is also tested to see
whether the look angle constraint is violated or not. It can be said that the impact time values
confirm that in each case, the guidance objective is met with sufficient accuracy. It is observed
that the overall behavior is not affected much by the lagged response. Therefore, all of the
figures are not presented to prevent complexity. Only the look angle behaviors under autopilot
lag are given in Figure 3.17. The continuous lines show the results without any latency and the
dashed ones are with autopilot lag, where 7 = 0.3 s. As described, the look angle increases until
70°, the limit. After that, it stays constant until the final phase starts which depends on the
desired impact time. It is seen that the limit is slightly violated when the pursuer dynamics is
on. The simple remedy would be to assume a slightly lower value than the actual limit. Last,
the guidance coefficients, X,, are displayed in Figure 3.18 including the history under autopilot
lag for each scenario. It is seen that when there is autopilot, instead of remaining in the
neighborhood of zero, it diverges towards the final time, which is a typical guidance law

response under autopilot lag [62].
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Figure 3.17 Look angle histories with and without autopilot lag.
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Figure 3.18 X, histories with and without autopilot lag.
3.9.2 Method Il

In this subsection, FOV constrained impact time control is presented with a different design
approach. In contrast to the previous approach, there is not an assumption in this method. The
problem is solved by mainly investigating the characteristics of the look angle during an
engagement. In an impact time control problem, the look angle will increase to curve the
trajectory. When it is time to decrease the look angle, the look angle rate will change sign. In
other words, the look angle rate will cross zero when it is time to decrease the look angle.
Motivated by that behavior, the second approach is presented for the 4™ order.

Since the guidance law is in a switched structure as presented in Figure 3.13, the first step
is to find the time when the maximum look angle occurs. The solution of the time instant could
be found via equaling Eq. (2.8) and r such as

~V COS &, = AX,1,> + 3%t 7 + 2%t + X, (3.87)
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The roots of Eq. (3.87) will provide t, and it will then give the corresponding range, R,, all of

which are numerically calculated. Second, the range covered during the constant look angle
phase will be

R, =R, -V cose,, (t,—t,) (3.88)

where t, is the time to decrease the look angle and switch to the final phase. At the switching
instant, the look angle rate is meant to be zero, where it depends only on X, as given in Eq.

(3.38). When Eq. (3.38) is equaled to zero and the following changes

E—>E&

max

t>t, r—oR (3.89)
are made, then Eq. (3.38) yields the following equation to find the second switching instant:

3(C0S &g 1)V (t, —t,)—6R, =0 (3.90)
This equation with Eqg. (3.88) gives the time instant to switch to the final phase:

- (L+€05 6 )Vt —2(R +V COS L) (3.92)
(1-cos e, )V

After providing t,, the second method is finalized. Here, it is to be noted that the feasibility

condition described in Eq. (3.86) is still valid.

To the extent of comparison between the methods for impact time control under the FOV
constraint, simulations are run with the same initial conditions of the previous method.
Moreover, to provide a clear understanding, the guidance commands are executed without
latency. The desired impact time is 45 s. The two important features are shown in Figure 3.19
and Figure 3.20. In Figure 3.19, it is seen that Method Il has sharp transition to the constant
look angle phase in comparison to Method I. Furthermore, it reaches the maximum faster than
Method I. Besides, the third phase of Method 11 starts before Method I. As expected, Method
Il has slightly more acceleration at the beginning. Additionally, the switching instants of
Method Il are sharper as seen in Figure 3.20. However, Method 11 finalizes the engagement

with slightly less acceleration. To sum up, although there is some difference between the
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methods, both of them are satisfactory and applicable for impact time control under the FOV

constraint.
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4 MULTI-PHASE LOOK ANGLE SHAPING
FOR IMPACT TIME CONTROL

In the previous chapter, the range was described in terms of a time dependent polynomial,
which resulted in a closed loop guidance law. Since the other fundamental state regarding the
impact time control problem is the look angle, a solution over look angle shaping could be
considered. The very first solution that comes to mind is to keep the look angle constant until
capture. This case; however, provides one impact time as presented in Eq. (2.17). Although it
might be possible to arrange the initial look angle at the beginning of the engagement, this
manual approach would not be feasible. Moreover, for a successful capture, it is necessary to
have zero look angle at the time of intercept. Under the constant speed assumption, Eq. (2.8)
must have an analytical solution in order to provide a feasible guidance command. However,
this would not be straightforward as in the range shaping, since the look angle is located in the
cosine function. Nevertheless, at least two alternative and feasible solutions could be presented
with a multi-phased guidance structure.

In this chapter, a solution that is based on shaping the look angle as a combination of straight
line segments is introduced as a means of capturing the target at the desired time. First, to have
an understanding of the relation between the look angle and the impact time, the number of the
line segments is kept at two, which is the minimum number required to impose an impact time.
The two-phased guidance structure suggested in the first place has two different
implementation cases. Whichever of these cases is applicable depends on whether the desired
impact time is lower or higher than a critical value. This scheme allows the acceleration limit
to be considered in the derivation of the minimum and the maximum achievable impact times.
A straightforward way to implement the guidance law turns out to be the utilization of the PN
guidance law with specific gains or with a bias.

However, the impact time interval would be limited with this two-phased method. As an

improvement, the number of the line segments could be increased for a wider impact time
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interval. For that purpose, the three-phased approach is proposed, where the guidance
command is constructed by considering the full extent of the available resources in the form of
the look angle and the acceleration constraints. In the previous two-phased impact time control
structure, the engagement starts either with the constant or with the decreasing look angle
phase. However, it is also possible to increase the look angle up to a certain value, which could
be the physical limit, (unless it already starts from the limit). Then, the look angle could be
kept constant until the moment that it must start decreasing. The question here becomes how
to accomplish this initial maneuver. As mentioned, the aim is to increase the impact time
interval; thus, the time spent during the constant look angle phase must be kept as long as
possible. This interpretation brings in the full effort maneuver for the first phase so that the
second phase could last longer. After the first phase, the last two phases can be mechanized by
the PN guidance law.

4.1 Two-Phased Look Angle Shaping for Impact Time Control

One direct way to calculate the impact time is implied by Eqg. (2.8). Knowing that the target

must finally be captured, the integrated form of this equation can be written as
te
R, =V j cos edt (4.1)
0

As seen, the impact time could readily be obtained if an analytical solution to the integral on
the right-hand side of the expression above was available.
The very first practical way to obtain the range equation could be considering a ramp-type

profile for the look angle such as
t

R, =V [ cos (&, +mt)dt (4.2)
0

where m is the slope of the ramp function. This equation leads to

sin(g, +mt; )—sing
R, =V (0 mt,) . (4.3)
m
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Here, it appears that there is a solution corresponding to any impact time value. However, as
implied, if the look angle is different than zero at the instant of impact, the corresponding value
of the LOS rate will not be finite. Therefore, the final value of the look angle needs to be

demanded to be zero, i.e. sin(g,+mt,)=sing, =0. Following this realization, Eq. (4.3)
degenerates to yield the critical slope as

sing
m, =-V L

e R (4.4)

which can immediately be identified as the initial LOS rate from Eq. (2.7) . So, after replacing
Eq. (4.4) in Eq. (4.3), the critical impact time becomes

t,, =——2 (4.5)

As seen, the slope of the ramp function and consequently the final time happen to be dictated
by the geometry of the problem; so, it seems that the proposed practice of having a ramp-type
profile is fruitless in terms of impact time control. It can provide only one impact time value.
The described situation may dramatically be altered by considering a two-phased scheme and
accordingly adjusting the start time and/or the slope of the ramp function. It is reasonable to
expect that the total engagement duration will be less than the critical impact time if the slope
is steepened. Similarly, the engagement should last longer if the start of the ramp is delayed.
From this point on, these former and latter cases will be referred to as Case | and Case I,
respectively. The general profiles of the look angle applicable to these cases and the critical
impact time, which decides whichever of the cases is applicable, is presented in Figure 4.1.
Before proceeding further, it would be convenient to state that Eq. (2.7), Eq. (2.8) and Eq.

(4.4) may be utilized to show that /1:20 =m, during the critical case. This result, when

combined with Eqg. (2.4) and Eq. (4.2) produces
y=m+Ai=21 (4.6)

which means that the critical case corresponds to PN with a navigation gain of 2.
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Figure 4.1 Look angle profiles for the two guidance cases.

411 Casel

Case | is a two-phased approach that involves decreasing the look angle at a rate | m[> m, |

and maintaining its value once it reaches zero:

g +mt, t<t
£= 4.7
0, t>t
From Eq. (4.7), the switching time, t,, at which the zero value is reached is
£
t = —EO (4.8)

Then, Eq. (2.8) can be integrated between t =0 and t =t_ to obtain the corresponding range

value as

R =R, +sine, (4.9)
m
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Noting that the pursuer will follow a straight-line trajectory after t =t_ until the intercept, the

impact time is simply
t, =t +— (4.10)

Replacing the impact time with the desired one, the preceding equation may be combined with
Eq. (4.8) and Eq. (4.9) to obtain the slope as

_sing, — &,

RV (4.11)

This is the slope of the look angle profile during the first phase of Case | that corresponds to a

desired impact time. When there is no acceleration constraint, the condition t; . <t, <t

f,min
must be satisfied, where Eq. (2.16) gives the minimum impact time. The combination of Eq.
(4.8) and Eqg. (4.11) provides the switching time:

t :_Mg (4.12)

sing, — &,

Due to Eg. (2.4) and Eq. (4.11), the guidance command of Case | may be written as

. Im+4, t<t, 413)
4 0, txt '

This shows that the look angle profile of Case I can be tracked by means of a two-phased biased
PN guidance process, in which the unity navigation gain and the bias term are both removed at
the switching instant. Furthermore, it can be shown that the LOS rate assumes the following

form:

msin ¢
R —, t <t
A=dsine——2(m- 4.14
= (M=) (4.14)
0, t>t

S

by integrating Eq. (2.8), where the look angle is as described in Eq. (4.7).
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4.1.2 Casell

Case Il first maintains the initial value of the look angle and afterward decreases the look
angle to zero at intercept with a ramp function. This strategy is suggested in order to increase
the impact time interval. Here, the look angle can be expressed as

Egs t <t
£= (4.15)
g+m(t—t)), t>t,

To find the range at the instant of phase switching, Eq. (2.8) can be integrated between t =0

and t =t_, which is yet unknown. This yields the switching range:
R, =R, —V cos gy, (4.16)

The structure of the second phase is the same as the critical case. As in Case I, the slope is
steeper than the critical slope, i.e. |m|>m_|; but now for a different reason. In Case I, the

reason was the requirement to quickly nullify the look angle; yet this time, it is the higher LOS

rate due to the decreased range. Accordingly, Eq. (4.4) may be modified as

sing,
R

S

m=-V (4.17)

which is equal to the LOS rate at the switching instant from Eq. (2.7). The duration of the
second phase is

t, -t =-=2 (4.18)
as in Eq. (4.8). Replacing the impact time with the desired impact time, this equation can be

combined with Eqg. (4.16) and Eq. (4.17) to produce the slope as

=y SiN& +£,005 5 (4.19)
R, —V cos &,

This is the slope of the look angle profile during the second phase of Case Il that corresponds

to a desired impact time. If there is no acceleration constraint, the condition t; <t <t

f ,max
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must hold, where t is defined by no correction impact time as given in Eq. (2.17). The

f ,max

switching instant can be obtained by inserting Eq. (4.19) into Eq. (4.18):

cosgt, — R
(=, + 208Gk —RN (4.20)
sing, + &,C0S &,

S

Now, the guidance command may be presented. Noting the slope is zero during the first
phase and the second phase is equivalent to the critical case, it follows from Eq. (2.4) and Eq.
Eq. (4.6) that

A <t 4.21)
724, t>t, '

As seen, the look angle profile of Case 11 can be tracked by means of a two-phased PN guidance
process, in which the navigation gain is switched from 1 to 2. As for the LOS rate, one can

show that it can be expressed as follows:

B Vsing
A={ r—Vtcose'
Eq. (4.19), t>t

t<t
<5 (4.22)

using Eqg. (4.15) and Eq. (2.7).
4.1.3 Impact Time Interval Determined by the Acceleration Constraint

The objective of this section is to derive the expressions corresponding to the minimum and
maximum impact times for an acceleration constrained pursuer. The minimum impact time can
be achieved with Case | by bringing the look angle to zero as quickly as possible. Using Eq.
(4.14) in Eq. (4.13), the guidance command of the first phase of this case can be obtained as

7=|1+ m (4.23)

Then, the second derivative happens to be

69



% (m-m) —m?coss (4.24)

{sing—s"(m—mc)}

y=-

Neglecting the trivial solutions m=0 and m=m_, this quantity becomes zero when the look

angle satisfies the equality: ¢ =z /2. To see whether this value corresponds to a local

extremum, the third derivative

R )
cos’s——2(m-m_)sing+1
.. R, V( C)

Yy =" 3
Vv
{sing—Ro(m—mc)}
Vv

can be employed. Noting that m—m_ =—|m-m_|, it is apparent that the signs of Eq. (4.23)

(m-m,)m’ (4.25)

and Eq. (4.25) are opposite. It can hence be concluded that the acceleration reaches its extreme

value when ¢ =7 /2 and furthermore, the extreme acceleration is experienced at the initial

instant if &, is less than 7z /2. In Eq. (4.23), Replacing sine with one and y with —y__.,

where a_, =V 7., >0 is the maximum acceleration capacity, the following is obtained:

m*2—[ﬁ+mc—y'max]m*—[i+mcij =0 (4.26)
Ro Ro

As a result, the steepest slope can be presented as

root of Eq. (4.26), &,> /2

m’ = sing, .

4.27
\Y ¥ max (4.27)
RO

& <7/2

So, manipulating Eg. (4.11) using the steepest slope, the minimum-achievable impact time

becomes

o R, LS — &

o= — 4.28
f,min V m* ( )

On the other hand, the maximum impact time can be achieved with Case Il by delaying the

switching instant as much as possible. According to Eq. (4.22), the extreme value of the LOS
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rate will be experienced throughout the second phase. As a result, the switching instant may be

investigated for the current purpose. Utilizing Eq. (4.16) in Eq. (4.18) and enforcing

7w =—24, in Eq. (4.17), the maximum-achievable impact time can be found as follows:

: Ro

f,max

2
= +—(g,—tang 4.29
V cos g, ;}max( 0 o) (429)

Finally, the interval of achievable impact times follows from Eq. (4.28) and Eq. (4.29) as

Roysinéo=éy oy o R 2 (0 tang,) (4.30)
\ m VCoSeE, 7
Provided that the desired impact time stays within this interval, Eq. (4.11) and Eq. (4.19) and

the associated formulations presented in the previous subsections are all applicable.
4.1.4 Simulations for Two-Phased Look Angle Shaping

In this section, the performance of the proposed impact time control structure is
demonstrated through various engagement scenarios. In the simulations, the ground-launched
missile, which attacks a target 5 km away, travels with a constant speed of 200 m/s. The initial
flight path angle is 45°. The simulations are terminated when the range is less than 1 m.

The minimum and maximum impact times assuming no acceleration limit can be calculated

as t =25sand t =31.063 s, respectively from Eqg. (2.16) and Eq. (2.17). Noting this,

f,min f,max
the desired impact times are chosen to be 26 s as an example of Case I, 27.77 s, which is the
critical impact time obtained from Eq. (4.5), and 30 s for Case |1 .

In Figure 4.2, the missile trajectories are presented. As seen, increasing the desired impact
time increases the curvature of the missile trajectory. The closing speed variations are given in
Figure 4.3. It is important to remember that these are analytically integrable, which is the
backbone of the guidance design. Figure 4.4 illustrates the missile look angle profiles. In Case
I, the look angle is nulled first and kept at zero afterwards. On the other hand, during the first
phase of Case I, the look angle is kept constant, then it is driven to zero. The critical impact
time solution linearly decreases the initial look angle with the critical slope. Lastly, Figure 4.5
displays the histories of the acceleration. As seen, Case | has zero acceleration for the final

phase, meanwhile Case Il has a constant acceleration.
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72



Look Angle, deg

Acceleration, m/s?

W
o

N
w

N
o

—
(&)}

—
o

T

_td=26 s

- _td=27.77 s

1 1

0 5 10 15 20
Time, s

Figure 4.4 Look angle histories produced by the two-phased guidance law.

30

5

L
o
T

L
o
T

—td=26 s

...... td=30 S

- -td=27.77 s

25 ! L ! !
0 5 10 15 20

Time, s

Figure 4.5 Acceleration histories produced by the two-phased guidance law.

73

25

30



4.2 Constrained Impact Time Control with Three-Phased Look Angle
Shaping

The objective of this section is to develop guidance schemes to increase the impact time
interval and not to violate the look angle and the acceleration constraints in the meantime. As
briefly mentioned in Section 4.1, when there are constraints to be considered, the achievable

impact times become limited; such that an engagement cannot last shorter than t. . or longer

f.min

than t This implies that any impact time between these values should be achievable.

f,max *
Obviously, there might be quite a number of alternative approaches to solve the problem.
Unlike the previous section, where the look angle was initially kept constant for a while, this
section presents an impact time control strategy that starts by changing the look angle using
the maximum effort. The guidance laws are once again separated into two cases: Case | and
Case Il. Figure 4.6 presents a clear picture of these cases and the corresponding time instants.

As seen, the first phase of Case | involves a full effort maneuver until £ and specifically until

f. for t.. . Then in the second phase, the look angle is decreased with a constant slope, which

f,min *
is obtained by applying 7 = 24. On the other hand, Case Il is realized by rapidly reaching the
maximum look angle in the first phase at t =t_, and remaining there until t during the second

phase. As for t there is critical f, for t Thereon, the look angle is decreased with a

f min ? f,max *
constant slope by means of 7 =24 in the third phase. It should be noted that the slope of the
look angle during the first phases of Case I and Case Il is not constant although it might appear
so in the figure. So, the cases are classified with respect to the initial behavior of the look angle;

decreasing or increasing. This decision is given by the critical impact time, t , as in the

previous two-phased approach. If the desired impact time is less than t;, Case | will be valid
and if not, Case Il will be valid. Additionally, there is another impact time definition, t*, which
is in the domain of Case I1. Having the desired impact time less than t* means that the maximum

look angle phase will not be experienced. In between t* and t both of the constraints will

f,max !

be required.
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Figure 4.6 Multi-phased look angle shaping for impact time control.

4.2.1 Impact Time Interval

Before investigating Case | and Case 11, the minimum and the maximum impact time values

under the constraints need to be found. For Case I, the engagement will last longer than t. . if

f.min
the switching was performed earlier than f,. On the other hand for Case 11, the engagement

would last shorter than t;,,. if the final switching was performed earlier than f_, as also shown

in Figure 4.6. In addition to {_, there is another critical time for Case II. . denotes the duration

of the first phase of Case Il to reach up to the look angle limit. The corresponding definitions
and the guidance commands are shown in Figure 4.7. The critical switching instants are defined
with respect to the look angle and the acceleration constraints in such way that these constraints
are not violated. The next step will be to find these values.
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First, the horizontal and the vertical speeds are written:
x=Vcosy, y=Vsiny (4.31)

where the flight path angle for the minimum time problem is:

A

Y(1) =70 —Fmats t<f, (4.32)

When Eq. (4.32) is replaced in Eq. (4.31) and integrated, the following equations are obtained:

X(t)=X, —_L{sin(yo ~ o) =SIN 76
Y max (4.33)

v ,
y(t)=Y, +7}—{cos(70 ~ Fmaxt) —C0S 7, |

Here, y, isthe initial flight path angle and X, Y, are the initial positions, respectively. When

Eq. (2.4) is rewritten with the knowledge of zero look angle at {_, the flight path angle becomes
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equal to the LOS angle, ;?:i. To obtain £ , now this relation needs to be written using the

geometric relations based on Figure 4.8, where the missile moves from the point A to B.

Figure 4.8 Minimum time geometry.

The LOS angle at f_ is found from the following equation:

. |BP3|
tan A :_W (4.34)
3

The distances in Eq. (4.34) are written as

|TP3| = X; =X, _|AB|X

(4.35)
IBR,|=Y, Y, +|PR)|

The next step is to find |PP,| and |AB| , which is the distance along the x axis. The horizontal
distance covered until f, is composed as follows
|AB| =|AR,|+|BP,|=dsiny,—dsiny (4.36)
and the vertical distance is
|PP,|=d cosy—dcosy, (4.37)
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d denotes the minimum radius, which is obtained with the maximum effort

d=—o (4.38)

Since y is already known from Eq. (4.32), it is possible to rewrite 7 :

7 =%t 7 (4.39)
As mentioned, the look angle is zero at f . Replacing Eq. (4.38) in Eq. (4.36) and Eq. (4.37)
yields Eq. (4.35) as

TR, =X, —X0+_L(sin y—siny,)

o (4.40)
|BR,|=Y, —Y; + —(cos 7 —cos y,)

e

max

Then, using Eq. (4.40) and Eq. (4.39) in Eq. (4.34) gives the following equality, which can be

solved numerically to obtain f_

Y mx =y -ty =1 (4.41)

1{ | 3|] l YT —Y0 'L{COS(]/O—fC}}maX)_COS]/O}
tan | —2 |=tan~
XT XO +.L{Sin(7/0 _fC7}max)_S|n 7/0}

If { is replaced into Eq. (4.33), the range at f_ will be found:

((6)= (X X (©)) + % Y (£)) (4.42)

Finally, the minimum impact time is the sum of f_, which is the end of the first phase of Case

I, and the remaining range divided by the speed:

(4.43)

f,min C
\Y
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One may immediately appreciate that the look angle constraint is inactive in the minimum time
problem. This is because the look angle never increases during the engagement. However, the
situation entirely changes when the maximum time is concerned.

Before the maximum time definition, another important time definition, t._, has to be

fc?
clarified. This quantity decides whether the desired impact time is in Case | or in Case II. It is

defined as

b, =—2 (4.44)

which is the impact time of a single-phased engagement governed by 7 =24 . Itis actually the
impact time given in Eq. (4.8) for the critical slope in the previous design methodology, where
m=4,.

The engagement for the maximum impact time problem comprises of three phases as shown
in Figure 4.6 and Figure 4.7. First, the maximum effort is applied until the maximum look angle
is reached, which results in moving away from the target over a circle like in the minimum
impact time problem. Then, the constant look angle phase starts. Finally, the maximum effort

t may be found

f,max ! tc

in the opposite direction until impact is employed. In order to obtain t

with the same procedure as it was explained for f_, using the required geometric relations based

on Figure 4.9.

Figure 4.9 Maximum time geometry.
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Now, the corresponding relation of the LOS angle at t_ is

tan 7 = _|BP (4.45)

where the distances are defined as

|TP4| = X; =X, —|AP3|

IBR,|=Y, Y, +|BR) (+46)

The horizontal displacement is
|AR,| =|BP,|-|AR| =dsin7—dsiny, (4.47)

and the vertical displacement is
|BR,| =|CP,|—|CP,| =d cos y, —d cos 7 (4.48)

d is the minimum radius, which was already given in Eq. (4.38) and 7 represents the flight

path angle at

7 =0+ (4.49)

Then, the LOS angle at f is found by Eq. (2.4) and Eq. (4.49)

A= 7o _(gmax _tcymax) (450)

Replacing Eq. (4.47) and Eq. (4.48) in Eq. (4.46) yields the following

|TP4| =X; - X, _L(sinf—sin 70)

\fmax (4.51)
[BR[=Y, =Y, ——(cos7~cos ;)

7

max

When Eq. (4.51), Eq. (4.50) and Eq. (4.49) are used in Eq. (4.45), the final form of the equation

for f, becomes
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oy

(4.52)

Vv o .
—|BP| YT _YO+.7{COS(7O+tcymax)_Cosy0}
tanl( . J:tan1 Y,

|TP4| XT_XO_%{Sin(yO—'_fc]}max)_SinyO}

max

Then, f, is used to obtain r(f,). After solving f,, f, is the second unknown to be found.

c?! °C
Following the fact that, the second phase is characterized by the constant look angle, the range

equation leads to

r(t,)—r(t)=-Vcose,, (. —f) (4.53)

C

One needs to notice that after t=t_, the guidance law dictates a constant maneuver that

eventually leads to the stationary target being captured. Under its action, the guidance

command is:
~Vmax = 24(E,) (4.54)

where the maximum effort is applied in the opposite direction to decrease the look angle. Eq.
(2.7) at t=t, yields

r(t)A(t)=-Vsin(e,,) (4.55)

C

Using Eq. (4.54) in Eq. (4.55), the range when the constant look angle phase ends is found:

-\ 2Vsing,,
r(t) - 2R

C
Y max

(4.56)

After mathematical forming of Eq. (4.53) and using Eq. (4.55), the duration of the constant

look angle phase is determined as

e g Mf)-r(®)__r(&) _ 2sing,
Vcose,,, VCOSE.  Vmax COSEma

(4.57)

C C

The duration of the last phase can once more be found by Eq. (4.44) :
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t —f = max (458)

2( &y — AN &)
V COS Smax 7}max

(4.59)

42.2 Casel

After obtaining t. . and t Case | and the corresponding guidance commands can be

fmin f,max !

expressed. This case covers the impact time interval between t; . and t; . As already stated,

f,min
the maximum acceleration is applied at the beginning of the engagement. Depending on the

desired impact time, the duration of the first phase changes. f is always smaller than f, as it

could also be seen in Figure 4.6. In the second phase, the guidance law is 7 =24 . The guidance

command for Case | is:

-y, -t >t
]}:{ 7max f.c d (460)

24,  otherwise

When this command is compared to Eq. (4.13), it is seen that the second phase was zero until
the end of the engagement, whereas it is now 2.4 . Moreover, Eq. (4.13) does not provide a
closed loop guidance law. However, the current one could be expressed in a partially closed
loop form by replacing the current critical impact time into the guidance command by
modifying with Eq. (4.44) via the instant values. So, the switching condition throughout the
first phase is controlled. In the end, Eq. (4.60) can be rewritten as

&
-y, |t+=|-1<0
7ma>< (d ﬂj

24, otherwise

7= (4.61)

It should also be noted that the second phase is open loop in terms of regulating the impact

time error.
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4.2.3 Casell

Case 1l covers the impact time intervals from the critical impact time up to the maximum

impact time such as t; <t <t

max - 1T CONSists of a two- or three-phased trajectory. First, the
maximum effort is applied, which results in rapidly diverging from the target as long as
required. Then, it might follow a path that directly starts decreasing the look angle from the

value reached or another one that maintains the maximum look angle value. The number of the
phases is determined based on t, . If t, >t", then the guidance law is three-phased, as seen in

Figure 4.6. Otherwise, there are only two phases. The corresponding guidance command for

two-phased guidance is

. j}max’ t<f (462)
=124 otherwise '

which could be named as Case I1.1 without saturating the look angle. On the other hand, when

the look angle is required to be kept at its limit for a while, the corresponding guidance
command is 7 =4 as mentioned in Section 3.9.2. Then, the following three-phased guidance

law is summoned:

A 4 §
y=1 A, f<t<t (4.63)
24, otherwise

This three-phased could be named as Case 11.2, which demands saturation of the look angle.
Although the corresponding switching instants could be computed at each time step, it is also
possible to reformulate Eq. (4.62) and Eq. (4.63) and provide a partially closed loop form as in
Section 4.2.2 with the critical impact time given in Eq. (4.44). When Eq. (4.62) and Eq. (4.63)

are modified, the guidance laws turn into the following compact form:

7}max’ 8 < gmax g

. : L <ty
y = A,  otherwise A (4.64)

24, otherwise
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Motivated by the structure of the guidance command in Eq. (4.64), it is fortunately possible to

rewrite the guidance commands of Case | and Case Il in a unified structure:

/oy CELE
) |:g7/r:nax g max:|’ ¢<0
7/:

A, otherwise (4.65)
2/, otherwise
where
&
=gt —g[td 7) (4.66)
Here, ¢ represents the following relation
-1, t, <t
= ' 4.67
d {1, t, >t (4.67)

It should be underlined that the outer switching condition in Eq. (4.65) has priority over the

one inside the brackets. This is natural since the outer one is governed by ¢, which acts as the

error signal of the guidance loop. Lastly, it is noted that the guidance law in Eq. (4.65) regulates
the error in closed loop form only until the terminal phase commences.

Additionally, the three-phased approach is associated with the nonlinear optimal control
framework. The formulation of the optimal control problem through the unconventional
endpoint cost by considering the physical limits of the system leads to the same intuitive three-

phased guidance structure as presented in Appendix E.
4.2.4 Simulations for Constrained Impact Time Control

In this subsection, a simulation case is carried out for several impact times to show the
performance of the guidance law. The selected impact times are chosen on purpose to have
two- and three-phased guidance commands in order to show the differences within Case II.
Afterwards, a comparison study is carried out between the designs outlined in Section 4.1.1
and Section 4.2.2.

A pursuer, which has a speed of 200 m/s, aims to shape its trajectory against a stationary

target located 5 km away from the point of launch. The initial LOS angle is zero whereas the
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initial flight path angle is 30°. The look angle limit of the pursuer is &, =70 and the
acceleration limitis a =50 m/s? resulting in 7, = 0.25 rad/s?= 14.324 °/s. The constraints
bring about the following impact time interval: t , =25.101 s from Eq. (4.43), and t__, =
58.766 s from Eq. (4.59), whereas t; = 26.175 s from Eq. (4.44). It is to be noted that a

performance beyond the minimum and the maximum values listed here is not possible under
the given constraints. This statement is independent of the guidance law, which is also clarified
in Appendix E. The desired impact times are chosen as 30 s for Case 11.1, 35 s and 40 s, which
fall into Case 11.2 of the constrained impact time control. In addition to these impact times, the
maximum impact time is also exemplified.

In Figure 4.10, one can observe how the trajectories become more curved as the impact time
is increased and as seen the maximum impact time results in negative altitude. Figure 4.11
shows the look angle variations. It is seen that the first impact time demand results in a two-
phased look angle profile whereas the remaining ones are three phased. The first scenario does
not have a third phase because the desired impact time does not need the maximum look angle.
On the other hand, the second and the third impact times demand the look angle limit. Figure
4.12 and Figure 4.13 present the range and the closing speed. It is expected that the look angle
has the same behavior tendency as the closing speed. When the look angle is saturated at a
certain value, the closing speed is constant as a consequence of the saturated look angle. The
acceleration histories are illustrated in Figure 4.14, where it is seen that there is no violation of
the acceleration constraint. The two- or three-phased nature of the proposed guidance scheme
can also be observed here. As expected, the maximum effort is applied during the first phase
of the engagements, after which the acceleration requirements drop to moderate levels and for
the maximum impact time, the maximum effort in the opposite direction is demanded. Figure
4.15 is reserved for the flight path angle histories to show that a higher impact time results in

a higher final flight path angle magnitude.
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Figure 4.11 Look angle histories produced by the constrained impact time control method.
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Figure 4.15 Flight path angle histories produced by the constrained impact time control.

For comparison purposes, the look angle shaping expressed in Section 4.1.1 and Section
4.2.2. are run with the same initial conditions of the previous simulation study. They are named
as Method | and Method 11, respectively. Here, the impact time is demanded to be 26 s. So,
Method Il will not increase the look angle, which falls into Case 11.1. Otherwise, a comparison
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would not be possible. Moreover, results of t_. and t; . are also shown in order to provide a

basic understanding. Figure 4.16 shows the trajectories, where they have not much difference
unless it is the trajectory of the minimum impact time. The look angle histories shows the
difference of the methods clearly. Regarding Eq. (4.61), Method Il decreases the look angle in
0.2 seconds and then switches to PN. Unlike Method Il, Method | decreases the look angle to

zero directly and then keeps it constant until intercept as it can be observed in Figure 4.17. As

expressed in Section 4.2.1, t;  results in a linearly decreasing look angle profile. In correlation

with the look angle, the acceleration histories are displayed in Figure 4.18. As seen, Method |
does not demand the acceleration to be at its limit and commands zero acceleration for the

second phase of the engagement. Meanwhile, Method Il requires constant acceleration till the
end. The costs (Iazdt) are 174.7 m?/s® and 201.2 m?/s®, respectively. As it could be guessed,
Method | has a better energy cost with respect to Method Il. It is also shown that t; = demands

constant acceleration until capture as mentioned and t_,, composes of maximum effort and no

effort afterwards.
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Figure 4.16 Trajectory histories of the comparison study between the first cases.
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5 POLYNOMIAL LOOK ANGLE SHAPING
FOR IMPACT TIME CONTROL

In the previous chapter, impact time control was accomplished via a switched structure of
the look angle. Rather than such structure, during a typical trajectory shaping guidance process,
the look angle firstly grows in magnitude and then it goes back, becoming identically zero at
the end of the engagement [46]. Hence, a non-switching formulation must be applicable. As
exemplified for the range shaping in Chapter 3 and with the experience gained in the previous
chapter, a continuous function could be considered for the impact time problem over look angle
shaping. Thus, in this chapter the look angle is formulated for the nonlinear kinematics, using
a shaping function that is an n' order time dependent polynomial. The suggested formulation
leads to a guidance command, that depends on two coefficients; one of them is responsible for
zero miss distance and the other is for shaping the trajectory to satisfy the desired impact time.
However, it should be kept in mind that the analytical solution of Eq. (2.8) under such a look
angle function is not available. Therefore, after the guidance command is derived for the
nonlinear kinematics, the linearized kinematics is used to present an analytical solution of the
guidance gains. Next, the look angle and the acceleration characteristics along with the impact
time interval are investigated. Later, the Newton-Raphson method is applied to find the
guidance gain for the nonlinear domain, where the initial guess is the linear domain solution.
Several examples are provided to show the efficiency of the suggested guidance law. First,
very high impact time results are presented with the required Newton-Raphson iteration. Next,
the efficiency of using the linear domain guidance gain as an initial guess is discussed. Last, a
comparison study is held with the energy optimal and sliding mode control based impact time

control methods. Last, the optimality and the robustness issues are addressed.
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5.1 Determination of the Guidance Command

The guidance design is based on the shape of the look angle that is defined as a time

dependent polynomial:
e= k" +x, "+t itk (5.1)

which has the same structure of the range as described in Eq. (3.1). Here, n is the order of the
look angle polynomial and «;, where i = 1...n, are the coefficients of the polynomial. It has
already been shown in Chapter 4, when n is one, then the linear look angle shaping provides
only one impact time value, which was defined as the critical impact time. Thus, the minimum

value of n must be two. The primary boundary conditions of Eq. (5.1) are
et=0)=g, et=t;)=0 (5.2)

These boundary conditions along with the range requirements must be fulfilled for a
satisfactory engagement. However, Eg. (5.2) does not yet have any relation with the boundary

conditions of the range, which are
rt=0)=R,, r(t=t;)=0 (5.3)
The boundary conditions defined in Eg. (5.2) only provide the following relations:

Ky =&,
n n-1 2 (54)
Kt it ot Tt +x, =0
It is apparent that the number of the boundary conditions have to be increased with respect to
n. In the range shaping, the guidance command was designed to force f, and its higher order
derivatives to zero, which could also be imitated for the look angle shaping. Motivated by this
approach, the final look angle rate could be demanded to be zero. Hence, if n is more than two,
then the remaining conditions may be obtained from the higher derivatives of the look angle

rate. In the end, the following equation for the look angle shaping is achieved:
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I ] ni " H(N=1) it " gt Rt i ]

é n(n=1)xt,"> +(n=2)(n—=1) i, ,t,"* +....4+ 3Kt * + 215t

& In(n=-1)(n-2)xt;" +(n=3)(n=2)(n-1), ot," " +.... +- b5t 5 (55
_g(”‘z)_tf I n(n-1)(n-2)(n-3)......... 2Kt |

If Eq. (5.5) was solved and the coefficients of Eq. (5.1) were already available, then the
guidance command with the help of Eq. (2.9) and using the first time derivative of Eq. (5.1)
would be:

=t (=), " et 205+ K + A (5.6)

When Eg. (5.6) is roughly analyzed, it is seen that the guidance command is not singular in
contrast to the guidance law in Chapter 3. However, it is not possible to provide a simple

solution for the coefficients «, , which was the opposite for the range shaping. This result is not

surprising as it was already expressed in Chapter 3 that not only the state selection, but also the

formulation of the shaping function is also important.
5.2 Guidance Laws for the 2"9, 3" and 4" Order Polynomials

After presenting the general form of the guidance command, now it is time to provide the
coefficients and analyze the proposed method. It has already been mentioned that the minimum
order of Eq. (5.1) must be two. Thus, the first solution is provided for the quadratic polynomial,
where the quadratic look angle can be written as

g, =k, +Kt+xK, (5.7)

where x, was already given in Eq. (5.4). Using the boundary conditions related to the initial

and the final conditions of the look angle, the following relation is obtained for the second
coefficient

K, :—{Kztf +f—°] (5.8)

f
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yielding the look angle function:

&, = Kt —[Kztf +tg—°Jt +&, (5.9)

f

where x, is to be determined later to drive the range to zero at the desired impact time. Then,

the look angle rate for the quadratic polynomial becomes:

é, = 2@-(@ +f—°] (5.10)
f
Similarly, the cubic look angle would be as

g =kt +it’ +t+eg, (5.11)

In addition to zero look angle at the final time, the additional boundary condition is defined as

&, = 0. If the coefficients are written in terms of x,

. _ 3 2 _
fii & =rt "+t +xt, +5,=0

fr & =3t 2 +2Kt, +x, =0= Kk, = -3kt 2 — 2t (5.12)

&,
B (4 f,— ) 2ct° + it > — 6y =0 = &, =—2xc, +t_02
f

When &, is replaced in x,, then the cubic look angle becomes:

g, =Kt —£2K3tf —f—f}tz +(K3tf —%Jt +&, (5.13)

f f

Now &, is the constant to be determined later to derive the range to zero at the desired impact

time. The rate of the cubic look angle is then as follows:

&, =3t —(4;<3tf —%JH(@? —%J (5.14)

f f

Lastly, the quartic look angle would be as
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g =kttt +xt+g, (5.15)

The quartic order look angle equation could be rewritten with the boundary conditions &, =0

to ¢, =0 and &, =0. The overall equation set to solve the coefficients is

) _ 4 3 2 _
fir g =rxt," +rt° +iot "+ Kt +5,=0

f,r & =4t +3t, 2+ 2Kt +x,=0

.. ) ) (5.16)
f,1 & =12k,t,° +6x,t, + 2k, =0= K, = —6x,t, " — 3Kt
f,: ( f, —t, f3) -8t =3t +x =0= Kk, =8kt > + 3kt
When «; and «, are replaced in the first equation of (5.16), x, becomes
€0
ey = 3Kty — =5 (5.17)

f

Then, all of these coefficients are used in Eq. (5.15) and the following look angle function is
obtained

f f f

£, = Kt —[BKAtf +t‘9—°3]t3 +(3z<4tf2 _fig}z —[K4tf3 +?Jt +e, (5.18)
The corresponding look angle rate would be

&, = At -3t (3K4tf T :—‘;J +2t (3K4tf = ::’ig] - [zqtf p %] (5.19)

f f f

It could be observed in Eq. (5.10), Eg. (5.14) and Eq. (5.19) that the look angle rate depends

only on one coefficient, x,. The key idea of such a formulation is to have the look angle

equation governed by a single unknown parameter by defining the coefficients recursively. So,
the range will be driven to zero with this parameter. This outcome is valuable since the sum of

the look angle rate and the LOS rate define the guidance command as presented in Eq. (2.9).
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5.3 Closed Loop Guidance Formulation

The guidance formulations given in Eq. (5.10), Eq. (5.14) and Eq. (5.19) process only the
current time and the initial conditions. Nonetheless, it is also possible to include the remaining
time in the guidance command and the closed loop form of the guidance command can be
constructed. This alternative form can be obtained by considering the fact that each time instant
can actually be regarded as the initial time. Additionally the final time is also updated in
accordance with Eqg. (3.35) and Eq. (3.36). These modifications yield Eq. (5.10) as

. &
&, =15 (t, —t)- L (5.20)
for the quadratic look angle rate. Furthermore, Eq. (5.14) becomes
) 2 2¢
& =K, ('[f —t) _tf ~ (5.21)
for the cubic look angle rate. Last, Eq. (5.19) turns into
&=t —t) - 3 (5.22)

Motivated by the systematic structures of the look angle rates given in Eg. (5.20) - (5.22), the
general form of the look angle rate can be expressed for the ™ order polynomial as

()" w4 ) -0
f

P (5.23)

The resulting look angle equation can then be shown to be as follows

So

n-1
E=(t—tf ) Lw-ﬁ‘/(nt\] (524)

which satisfies the same boundary conditions provided in Eg. (5.2). Based on Eq. (5.23), the

guidance command can be identified as :
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=~k (t, )" ——(tn _1t) ) (5.25)
-
Actually, this guidance command is partially closed loop since the guidance gain is constant
and does not have any regulation for the impact time error. On the other hand, it may be
appreciated that Eq. (5.25) is in a compact form.
The next step is to find the guidance gain satisfying the zero range at intercept. Therefore,

the following equation needs to be considered again

i =-V[cosz(t,x,)dt (5.26)

where the look angle is expressed as a function of x, and t. When Eq. (5.26) is integrated from
t=0 to t =t, with the zero final range requirement, then the corresponding equation to find

K, IS obtained:
&
R, =V [cosz(t,x, )dt (5.27)
0

However, finding «, is not an easy task. The cause of this difficulty is that the right-hand side

of Eq. (5.27) is not analytically integrable for such kind of functions. For example, when the
look angle behaves as a quadratic polynomial, i.e. n = 2, this integral equation can be converted
into an approximate transcendental equation through the use of Fresnel integrals (see Appendix
E), which can then be solved via a numerical root finding algorithm such as the Newton-
Raphson method. As for the higher polynomial orders, the way to calculate the gain is
repeatedly evaluating the integral within a numerical iteration scheme. This approach would
naturally be applicable to the former case as well. However, such a pure numerical routine

might not be preferred. Moreover, as will be demonstrated later, multiple solutions for x, may

exist depending on the engagement parameters, especially when the desired final time is much

higher than R, /V . In such cases, some of the solutions may lead to very high look angles; so,

the feasibility of each solution should be assessed before proceeding. Currently, the
engagement can be analyzed in the linear domain, in case more information about the

engagement and the guidance gains are available.
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5.4 Linear Domain Analysis for Impact Time Control Formulation

First, the engagement geometry is linearized as illustrated in Figure 5.1 in order to obtain
the guidance gain in Eq. (5.25) and to analyze the linear domain implications of having such
polynomial variations. The linearization of the missile and the stationary target can be

accomplished with the new quantities. y is the relative separation between the missile and the

target perpendicular to the fixed reference. The range is r =V (tf —t), where t, is constant.

The linearized miss distance is taken to be the relative separation between the missile and the

target, y, at the end of the flight as miss = y(t, ). It is to be noted that the linearized miss is not

computed from the distance formula, it is only an approximation to the actual miss [2].

Figure 5.1 Linear engagement geometry.

Referring to this picture, the path and the LOS angles are respectively defined as

y
== 5.28
kv (5.28)
and
y
A=r——"— 5.29
V(t, —t) (.29)
by small angle approximation [2]. Accordingly, the LOS rate can be written as
pR— y (5.30)

V(-1 V(1)
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This equation leads to

(5.31)

By using Eq. (5.29) and Eq. (5.28) via the geometric relation given in Eq. (2.4). Rewriting Eq.
(2.4) with the related linear equations given in Eq. (5.28) and Eq. (5.29), the differential
equation that follows is

y+— —ve (5.32)

The time derivative of Eq. (5.32) and Eq. (5.31) are used to obtain ¥ :

y=Vé-y(t —t) —y(t,~t) =Vé+vi
& (5.33)
t, —t

j=Vé-V

When Eq. (5.24) and Eqg. (5.23) are used for the look angle and the look angle rate equations
in Eq. (5.33), y becomes as

. n- n- n
§=V (<1)7 (t, )" [ &, (nt—t, )+ o (5.34)
(_1) t;
and y is as follows
y::V(tf—t)n1[6;£¥%—;1—(—1ytkh] (5.35)
f

Before providing the general forms, three simple cases are presented to give a brief information
about y . Eq. (5.34), when combined with Eqg. (5.9) and Eq. (5.13) lead to the following

acceleration solutions for the quadratic, the cubic and the quartic solutions

Y, :V{Kz (3t_tf )__} (5.36)



¥, =V (t, —t){lc3(4t—tf )+3%} (5.37)

f

J, =V (t, —t) {,<4(5t—tf )—%} (5.38)

It is seen that each acceleration function turns out to be one order less than the corresponding
look angle polynomial. Additionally, it is obvious that the final accelerations of the cubic and

the quartic functions will be zero at intercept.
5.4.1 Time Domain Solutions of the Engagement States

The overall structure of the linearized engagement including the guidance law is illustrated

in Figure 5.2,
> ()i 4 [ ()
a d :
P
r o et e, (-7 (1, - T)H - (?f_—l)rg o :_

Figure 5.2 Linear guidance loop.

First, the guidance command defined for the nonlinear kinematics needs to be linearized. Using
Eg. (2.9) and the LOS rate given in Eq. (5.31), the general form of the nonlinear guidance law
is rewritten. Eq. (5.25) is seen to be equivalent to the following time-varying biased PN law in

the linear domain, which is
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p=NA+r(-1)" " (t, —t)" (5.39)
where N = n is the PN gain. Thus, N in Eg. (5.39) and n in Eqg. (5.25) can be regarded as the
gains to derive the miss distance to zero, whereas x =k, is to be solved for shaping the
trajectory for impact time control. For that purpose, Eqg. (5.32) can be converted into the

following differential equation using Eq. (5.24) to obtain the general form solution of the
displacement:

y+tfy_t -V (_:Wmnt (t-t,)"" (5.40)

y was already given in Eqg. (5.35). Then, the reorganizing of this equation yields the

displacement:

y(t)=C(t-t;)+V L(” ) (gjtf A t :((nn__ll))t}(t —t,) (5.41)

where C includes the initial displacement, vy, , as

V n
c-| Yo Ve (g, (5.42)
t. n-1 n(n-1)

So far, the displacement equation for the general order polynomial has been identified.

Fortunately, the linearized framework also makes the other states and the state derivatives

available. One of them is the LOS rate:

. n-2 &
ﬂ,:(t—tf ) (W'FK‘J] (543)
f

which is found via Eq. (5.24) and Eq. (5.31). Afterward, the LOS angle can be obtained from
Eqg. (5.41) as described in Eq. (5.29)
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& t, +(n-1)t

TR R T

2e)=C+ (5.44)

Since the look angle and the LOS angle are available, it is easy to have the flight path angle via

the geometric relation given in Eq. (2.4):

o] g e [ o0} e
y=(t=t; ) qrt+(-1)" " gt - = + Y=y RV (5.45)

To give an example about the structure of the flight path angle and the LOS angle, they are
written for the cubic polynomial. The flight path angle is:

4x, ¢ (5K3tf3_3€0) ot (Kstf3 _36‘0) . PARES yO/V

t)=t° 5.46
7(t) 3 2t.? t, t, (5.46)
and the LOS angle becomes
t°-2
A=t p B T2 S Yo (5.47)
3 2t, t, Vi,

all of which are also third order polynomials. It needs to be reminded that these equations are
available in the linear domain; therefore, there will be difference in the nonlinear domain when
the system is away from the linear conditions. However, it is still beneficial to have the time

domain solutions of the engagement.
5.4.2 Guidance Gain Determination

So far, the time domain solution of the engagement has been presented. However, in order
to control the impact time, the length of the trajectory given in Eq. (2.15) is needed. It is

rewritten as

Xf 2
szj 1 [ ) ax = vt (5.48)
. dx f
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where X, is the final downrange. Since Eq. (5.48) will not be analytically solvable, Taylor

expansion is applied [24],

e LY
S~ !{u Z(dx) de (5.49)

In order to obtain the time domain solution of the length of the trajectory, the following
assumption, which states the time and the downrange are linearly correlated, is made:

%z%:ﬂzi—ix:ddet:—: (5.50)
According to this assumption, the horizontal distance travelled in unit time will be more than
the one in reality, when the flight path angle is not small. The solution could be set up by using
Eq. (5.41) and meanwhile modifying Eq. (5.49) with respect to Eq. (5.50). Afterward, the
approximate length of the trajectory would be obtained. Unfortunately, a general form solution
is not directly available. Instead, the solution is first provided for n = 3, encouraged by the
optimality of the PN guidance (PN is energy optimal in the linear domain for N = 3 [2]). In this
case, the displacement is:

t°—
y(t)=(t, —t)L—ta\/%th?v %HV i+ﬁJ (5.51)

f tf f

Using Eq. (5.51) in Eq. (5.49) along with the assumption given in Eq. (5.50) and evaluating the

corresponding integral, the equation for determining the guidance gain «;, turns out to be

6
tf

21

t3 10x, [ X 2
k2 0 T Yo g2 g (5.52)
3 Vt, |Vt 2x

Eqg. (5.52) provides two solutions satisfying the impact at the specified final time in the

following form:

7e, J2AVt X, -V 28t ? - 24x,7 ~12y;
K, =——27./35
T 2t

(5.53)
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It is to be noted that the missile will follow different trajectories with either of these two
guidance gains. Furthermore, the following relation must be satisfied in order to have real
valued guidance gains:

VZth 2
Vi, X, 2#+fo +0.5y2 (5.54)

which holds the positivity in the square root function of Eq. (5.53).

The last issue of the guidance gain determination is to find the guidance gain for any n. For
that purpose, the method in Chapter 3 will be applied. To obtain the guidance gains for the
chosen n, Eq. (5.41) along with Eq. (5.49) with respect to Eq. (5.50) must be solved. First, the

solution for the even values of n are given:

A J2thxf_2xf2_y02_vzgoztf2 SVt
30 30 30 240 |7 O

K,=1b
? vt
28 J2thxf 2y Vit
252 252 252 4032 |
=49 5.55
KA th5 ( )
and afterwards, the guidance gains for the odd values of n are presented:
5 J2thxf 2 Vet Vet
105 105 105 1260 o
K, =%7
3 th4
45 J2thxf 2y Ve Vet
495 495 495 9900 o
=411 5.56
K Vt,° (5:56)

When the pattern is observed, it will be seen than these equations result in the following general

form guidance gain solution
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where

A=n(2n+1)(2n-1)

(5.58)
B=4n*(2n+1)(2n-1)

As seen in the equations, there are two solutions which would result in upward and downward

trajectories. So, the preference of the gain selection will be discussed later.
5.4.3 Optimality Analysis for the Linear Domain

Before further analysis, a brief example and a comparison is exemplified for the linearized
kinematics, since the linear solutions are not in the scope in the upcoming sections. For
comparison purposes, an energy optimal trajectory is considered. The energy optimal impact
time control problem based on the same linearized kinematics, as detailed in the Appendix F,

can be formulated. The corresponding command is as follows
u :—Z,uz)sin<u(tf —t)) (5.59)

where  and v are constants to be determined. It should be noted that Eq. (5.59) is actually
suboptimal since it follows from Eq. (5.49), not Eq. (5.48).

A missile is located at the origin and the target is at 5 km away. The initial flight path angle
is zero and the speed is 200 m/s. Impact time is set to be 30 s. The related gain of the polynomial

guidance is x, = 2.0002-10~*. The constants of the guidance command given in Eq. (5.59) are
4 =76.36 and v =0.1498. Figure 5.3 presents the trajectories of the two impact time control

approaches, where the maximum altitudes are approximately the same. In Figure 5.4, the look
angle histories are shown, where the two are also quite comparable. The guidance command
histories are presented in Figure 5.5, which are obtained by Eqg. (5.39) and Eq. (5.59),
respectively. At the beginning of the engagement, the optimal one requires less acceleration;
however, starting from t = 15 s the polynomial approach requires less acceleration than the
optimal one. Finally, at the end of the engagement they both demand zero acceleration. The
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magnitudes of the cost, where the cost function is J' a’dt , are 7.78. 103 m%/s®and 7.48. 103 m?%/s®,

respectively. Since this results gives an intuition about the near optimality of n = 3, it will be

analyzed for the nonlinear kinematics in the further sections.
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Figure 5.3 Comparison of the linear domain trajectories.
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5.5 Characteristics of the Proposed Guidance Law

Depending on the application, there might be some physical considerations and limits. Thus,
this section is reserved for analyzing the characteristics of the proposed impact time control
method for the nonlinear kinematics as much as possible. The look angle is the first concern.
Thereafter, the acceleration characteristics will be the second concern of the analysis.
Afterwards, the final flight path angle and the impact time interval are explained.

5.5.1 Look Angle Characteristics

The proposed impact time control is designed over the look angle shaping. Thus, it would
be relatively simpler to analyze the maximum look angle of the design and the look angle
characteristics. As a rule of thumb, the maximum look angle could occur either at the initial
time or at the local maximum point since the final look angle is zero.

First, the maximum magnitude of the look angle is assessed by equating Eq. (5.23) to zero

to reveal the time instants where the look angle rate is zero:

P [Kn _ (tff‘ —_1t) L(_l)mgﬁ ot Kntﬂ -0 (5.60)

As seen, there is more than one solution. One of them is represented as t*, which is

%o (n-1)+(-1)" x,t," (5.61)
(-1)" nx t, .

and the rest of the solutions are at t” =t, . However, the look angle is dictated to be zero at the

final time by the design. Therefore, the only valid time instant where the look angle could be
the maximum in this regard is given by Eq. (5.61). Replacing this time instant into Eq. (5.24)

provides the maximum look angle:

g —(-1)"xt,"|(n-1 n
E =~ ( o~ ) f )( ) (5.62)
n-1 (-1)" x,nt, "
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The next step is to determine if Eq. (5.62) or the initial look angle is the maximum look
angle. A straightforward solution would depend on the behavior of the look angle. For instance,
if the desired impact time requires more look angle, then the initial rate of the look angle must
be positive. On the other hand, if the desired impact time requires the look angle to decrease
from its initial condition to zero, this means that the initial look angle rate is negative, which

could be represented as the following:
£(t=0)<0 (5.63)
Eq. (5.23) is modified to reflect this property and it leads to the following condition:

)"

tfn
o <¢g 5.64
1 0 (5.64)

If Eq. (5.64) is true, then the look angle decreases from its initial condition and the maximum
look angle occurs at the initial time. Other than that, the maximum look angle is obtained at
the time instant given in Eq. (5.61).

Table 5.1 Maximum look angle and the related time instants for n = 2, 3 and 4.

*

n Emax t
2
’ (5O—K2tf2) 50+Kztf2
4t ? 2kt

3 4(K3tf3+80)3 Kt~ 2¢,
27Kt ° 3t

4 27((c,‘0—1c4tf4)4 3g, +1t,*
256kt 4ict’

Lastly, the maximum look angle definitions for n = 2, 3 and 4 are given in Table 5.1 for the
cases when the look angle needs to be increased from its initial value. It is noted that the
maximum look angle definitions are valid for the nonlinear domain. Whenever the guidance

gain x, is calculated for the nonlinear engagement, Eq. (5.62) is applicable. Otherwise, there
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happens to be an error when Eq. (5.57) is used as the linear guidance gain for the nonlinear

domain.
5.5.2 Acceleration Characteristics

Acceleration characteristics will be considered in three parts. First the initial acceleration,
then the final acceleration and last the extremum acceleration will be analyzed. The initial

acceleration is obtained as

Vo = (_1)(n—1) Kntf(n—l) _(n_tﬂjL ﬂo (5.65)
f
by replacing zero for t in Eq. (5.25). It could be stated that, since the look angle shaping forces
the final look angle rate to be zero for n > 2, the guidance command curves the trajectory
beforehand. So, the look angle is driven to zero before the impact sooner and sooner along with
the increase in n. Thus, an increase in n would result in an increase in the initial acceleration
regardless the guidance gain because of this physical interpretation.
In addition to the initial acceleration, the final acceleration can be evaluated using Eq. (2.7)
and Eq. (2.9). However, the first term related to the LOS rate is indeterminate since
&; =r; =0.Thus, L’Hopital’s rule can be applied to identify

yo=é, -VImIE =g v iimEE2BE _ o, (5.66)

toty r oty r

using Eq. (2.8) for . For n > 2, as expressed previously &, is zero as forced by the guidance

design. However, one needs to combine Eqg. (5.66) with Eq. (5.10) when n = 2. These results
lead to the following result

2kt~ n=2
limy = t, (5.67)

showing that if the order of the look angle polynomial is more than 2, then the final acceleration
will be zero. This property is quite advantageous since the system does not need maneuver at

the end of the engagement.
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The second issue is the extreme acceleration, which is important during the overall system
design. Since the characteristic of the LOS rate is not known in the nonlinear domain and the
analytical solution of the guidance gain is available only under the linearized kinematics, the
designer must be careful while examining the extreme acceleration for the nonlinear domain.
To find this acceleration, first the initial and the final values of the acceleration are examined.
When n > 2, the case of final acceleration drops owing to Eq. (5.67). When n = 2, the maximum
acceleration magnitude might be demanded at the end of the engagement if the following case
holds

74> 7l (5.68)

By replacing the initial and the final accelerations of the quadratic look angle shaping in Eq.

(5.68), the corresponding condition turns into the following:

Z(Kztf —f—OJ
f

Next, the local extremum is investigated. For that, the first time derivative of Eq. (5.25) is

>

—Kt, —tg—omo‘ (5.69)

f

equated to zero:

7=, (1) (t, —t) -0 i o (5.70)

f

When the LOS rate, which is given in Eq. (5.31) for the linearized kinematics, and the look
angle in Eq. (5.24) are replaced in Eq. (5.70), Eq. (5.70) yields

sy &Nty (N=2)+(-1)" b, "t (1-n%)+(-1)" ,t, " (2n-1)

(t —t ) (_1)(n71) t,"

-0 (5.71)

As seen, the local extremum solution is obtained at t =t, and at the given time instant:

ne, (2—n)+(-1)" x,t," (1-2n)

‘= (-1)"7t,"Vx, (n* -1)

(5.72)
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When Eqg. (5.72) is evaluated for n = 2, it is seen that t =t, . This result verifies that depending

on the initial conditions and the desired impact time, the extreme acceleration might occur at
the initial or at the final time for n = 2, which is not the case for higher orders. Nevertheless, if
t=t is replaced in the guidance command given in Eq. (5.25), then the extremum of the

guidance command will be:

n(€0 —(—1)n Kntfn) n(n_z)(go _(_1)n Kntf”) (n-2)

“1)" P (n=1)t, Y| (<1)"(n? =1)x t, Y
f n-f

Veu = (5.73)

Table 5.2 Extreme acceleration candidates and the related time instants for n = 2, 3 and 4.

n Extreme Acceleration Time of the Extreme

Candidates, m/s? Acceleration, s

t=0
a=2Vv (K'th —tg—oj

f

tf
3 3_
v (80 +K3tf3)2 L Onls > 3¢
ax—
16,t7 Bt "
t=0
arx-V (K4tf3+i80J
tf
4 443 Tit* +8¢
128V (g, — ;") t 4T 0
675x,t,° 15t

It is noted that this result is found by Eq. (5.25) with the LOS rate defined for the linearized

kinematics. As a consequence, if the engagement is far from the linear conditions, then

degeneration from Eq. (5.73) will arise. The acceleration at t =t, is already presented in Eqg.
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(5.67). Now, the extreme acceleration analysis is completed since all of the candidates are
provided. To decide which one is the maximum, they have to be checked with respect to the
given engagement conditions. To illustrate the candidates and the related time instants, the
results for the 2", 3 and 4" orders are summarized in Table 5.2.

5.5.3 Flight Path Angle Characteristics

The time domain solution of the flight path angle is given in Eq. (5.45), which was derived
using the linearized kinematics. When this equation is used to determine the final flight path

angle, and t=t, is applied, the following equation is obtained

Yo o (n-1) £’
—_| Jo 1 5.74
& [th " n—1+( ) n(n—l)] .79

which is actually the division of Eq. (5.42) by V. It is here noted that there will be an error for
the nonlinear kinematics. However, instead of the linear guidance gain, using the guidance gain

found for the nonlinear kinematics will provide a final flight path angle closer to the true one.
5.5.4 Impact Time Interval

The minimum impact time would cause high-g maneuvers whereas the maximum impact
time would demand high look angles. However, generally speaking it is the case that if there
is not any physical limit, then the proposed guidance law can accomplish a very large and an
infeasible impact time since there is not a singularity in this guidance law. This issue will also
be exemplified in the simulations. Therefore, the only consideration could be operational, i.e.
high impact times might result in negative altitude against the ground targets, which is not
desirable for such engagements. However, this may not be a problem; for instance, for loitering.
Hence, the maximum impact time will not be examined for this impact time control method.

The minimum impact time definition can be proposed based on the linearized kinematics.
For instance, the minimum impact time could be suggested as the impact time that results in
the determinant of the guidance gains to be zero. Any desired impact time less than this value
will cause the guidance gain to be imaginary. In other words, there will not be a solution. For
instance, when Eqg. (5.53) is examined, it is seen that the inner part of the square root function

is zero if the following equality holds forn =3
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VZGAHE 424Vt X, —24%,2 =0 (5.75)

where vy, is zero for the sake of simplicity. When this equation is solved, t may also

f,min
provide a guidance gain in the nonlinear domain. However, the difficulty is the unknown
relation between the linear and the nonlinear domain solutions. Therefore, it has to be checked
before the engagement if a solution exists for the nonlinear domain. Nevertheless, in general it
could be said that if there is a solution for the linearized kinematics, there can be a solution for
the nonlinear domain. So that, the minimum impact time would be the solution of Eq. (5.75)
or any value close to it.

It is to be noted that, since Eq. (5.75) is a quadratic function, there will be two solutions,
one of which is infeasible. For instance, 25.13 s and 4899.1 s for an engagement with 20° of
initial look angle of the base model. Hence, the minimum of the solutions must be considered.
To sum up, because of the nonlinear nature of the problem, the minimum impact time for the
nonlinear kinematics cannot exactly be found; however, an estimated value is provided based

on the linearized kinematics.
5.6 Performance in the Nonlinear Domain

In the previous section, it was shown that an analytical solution of the guidance gain was
available for the linearized kinematics. However, the linear domain solution will result in
performance degradation in the nonlinear environment. Even for a constant speed missile, the
guidance law in Eqg. (5.25) with the gain obtained from Eqg. (5.57) cannot be expected to lead
to the desired impact time. It was stated afterwards that the guidance gain for the nonlinear
domain could be found by a root-finding algorithm such as the Newton-Raphson method
operating on Eq. (5.27) using the linear solution as the initial guess.

If the numerical search algorithm is briefly explained, it would be seen that first the partial

derivative of Eq. (5.27) with respect to the guidance gain is required, which is

t

or _ r,Z_VJ-GCOSg(t,Kn)
oK, oK

n

dt (5.76)

0

The partial derivative within the integral is obtained using Eq. (5.24):
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0C0% _sin(z)(t—t, )"t (5.77)

oK,

After that, the new guidance is computed with the following scheme:

r
njel Kn,j T (578)

K 1
r
where j is the iteration number. This routine could run until a threshold value of the miss
distance is sustained, which is one meter for the scenarios given below.

In the following examples, several aspects of the proposed method are presented. The
missile with a constant speed of 200 m/s engages a stationary target. The initial separation is 5
km and the guidance command is executed with no latency. The guidance gain is computed via
the Newton-Raphson’s method, where the initial guess is obtained from Eq. (5.57). Under these
conditions; first, the results of very high impact times are discussed. Next, the effect of the
initial guess for the search algorithm is examined. Since there are two guidance gains, the
upward or the downward trajectories are presented. Afterwards, a comparison study is held,
where n is varied; in addition, the energy optimal solution and the sliding mode control based
impact time control, which is introduced in [29], are used for comparison purposes. Finally,
several analysis studies are run; for instance, concerning optimality and robustness under

autopilot lag.
5.6.1 High Impact Time Examples

Here, the purpose is to show the efficiency of the guidance law and the search algorithm
starting with the linear gains. It is also noted that to present the behavior of the system under
the hypothetic impact times such as 500 s and 750 s is the main aim. The initial look angle is
20° and n = 3. The iteration numbers, the guidance gains and the maximum look angles
obtained via Eq. (5.62) are provided in Table 5.3. As seen, the number of the iterations even
for such impact times are reasonable. Additionally, the gains obtained via Eq. (5.57) for the
linearized kinematics and the ones for the nonlinear kinematics could also be observed.

Figure 5.6 shows the trajectories regarding these impact times, where the target is
represented by a red cross. The missile moves around the target for some time with no apparent
motive and in the end hits the target. This result shows that besides impact time control, the

proposed impact time control method could also be used for loitering. In Figure 5.7, the smooth

115



look angle variations corresponding to such seemingly chaotic trajectories can be observed.
Figure 5.8 displays the range histories that oscillate until the desired impact times are satisfied.
Figure 5.9 illustrates the feasible acceleration histories without any high-g maneuvers. It is to
be noted that due to the highly nonlinear engagement geometry, Eq. (5.73), which is derived
under the assumption of the linearized kinematics, does not provide the true maximum

acceleration magnitude.

Table 5.3 Important results of the hypothetic impact time simulations.

Impact  Number of K . Max. Look
Time, s Iterations fnear nonfinear Angle, deg
500 4 1.4104. 10 2.8276. 107 308.99
750 7 8.2867. 10° 8.2867. 10°® 305.73
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Figure 5.6 Trajectory histories for the high impact time simulations.
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Figure 5.7 Look angle histories for the high impact time simulations.
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Figure 5.8 Range histories for the high impact time simulations.
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Figure 5.9 Acceleration histories for the high impact time simulations.

5.6.2 Example Scenarios

This subsection is reserved for presenting the efficiency of using the linear guidance gain as
an initial guess of the Newton-Raphson method. Afterward, the results obtained by the two

alternative guidance gains, which is given in Eq. (5.57), are presented.
5.6.2.1 Numerical Analysis of the Guidance Gains

First, the case with zero initial look angle is examined for 30 s of impact time. The guidance
gain is varied from -0.02 to 0.02 and n is 3. The initial range is subtracted from the numerically
obtained final range, in order to provide the range error as seen in Figure 5.10. The linear
guidance gain, which is calculated via Eq. (5.57) and resulting in x, = 2.0002.10, presents a
good approximation of the guidance gain of the nonlinear domain. Therefore, this value can be
used as a starting point of the Newton-Raphson method. This linear guidance gain is also shown
in the figure. Using this initial condition, the required number of iterations to terminate the

Newton-Raphson root finding algorithm is 3.
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Figure 5.10 Range error versus guidance gain for t, =30 s.

Afterward, the same analysis is done for 100 seconds, which is not a very realistic impact

time. In contrast to t, = 30 s, in this problem, there are ten guidance gains that can drive the

range to zero as seen in Figure 5.11. The location of the linear guidance gain, which happens
to be 6.275.10°, could be also observed in Figure 5.11. This means that in general, there might
be more than two guidance gains, which accomplish the desired impact time including the
symmetrical trajectories. Therefore, the guidance gains have to be examined whether they are

feasible or not. For instance, the positive guidance gains of this problem are

[1.45 4.14 533 8.91 9.06].10°. As it is seen in Eq. (5.62), whenever the guidance gain

increases, the maximum look angle increases linearly since the initial look angle is zero. For
example, the maximum look angle will be four times greater if the second guidance gain
selected. Therefore, it could be said that using the minimum one of the guidance gains is
appreciated. The linear guidance gain would be notably helpful and practical in such cases.
Additionally, even for a high impact time demand, the iteration number to find the guidance

gain is 4.
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Figure 5.11 Range error versus guidance gain for t, = 100 s.

5.6.2.2 Scenarios with Alternative Guidance Gains

Here, the results with the two gains obtained by Eq. (5.57) will be discussed for n = 3. The
initial look angles are 0° and 20°. For quick referencing, the summary of the simulations is
presented in Table 5.4. The scenario couples 1-1’ and 2-2" are chosen with the intention of
showing the effects of the different solutions of the guidance gain under the same conditions.
When the initial look angle is zero as in scenarios 1 and 1’, the engagements happen to be
exactly symmetric. However, when the initial value is different from zero as in scenarios 2 and
2', the symmetry disappears as might be expected. One thing to note is that the negative
guidance gain results in higher maximum look angle and acceleration magnitudes for the
second scenario. The linear and the nonlinear gains are also given in Table 5.4 to remind the
assumption in Eq. (5.50). As mentioned previously, this assumption causes longer traveled
distance than reality. As a result, the guidance gains for the nonlinear domain are greater in
magnitude than the guidance gains for the linear domain since the trajectory needs to be curved

more.
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Figure 5.12 displays how the trajectories are shaped with the gains of different sign. In
Figure 5.13, the look angle histories of the scenarios are presented, where the downward
trajectory results in a higher maximum look angle magnitude for the second scenario pair.
When the guidance command histories are analyzed, it is seen that the downward trajectory
requires more acceleration with respect to the upward trajectory for this asymmetric scenario
pair as seen in Figure 5.14. In addition to the higher look angle and the acceleration magnitudes,
since a downward trajectory is not desired for ground-to-ground scenarios, the positive
guidance gain will be preferred in the simulations for n = 3.

Table 5.4 Simulations results for the two gains.

Extreme

. o - Extreme
Scenario Direction Kiinear K onlinear Cost, mé/s Look Angle, Acc., mis?
deg
1 Upward 2.0002.10* 2.2468.10* 4824 51.49 40.44
1 Downward -2.0002.10* -2.2468.10* 4824 -51.49 -40.44
2 Upward 1.5108.10* 1.7584.10* 3195 49.86 24.26
2/ Downward -2.4158.10* -2.6690.10* 7088 -52.70 -55.43

Furthermore, in this section the linear domain solutions of the LOS angle and the flight path
angle results will be compared with the nonlinear ones for the upward trajectories. Eq. (5.46)
and Eq. (5.47) are employed with the nonlinear guidance gains. Figure 5.15 and Figure 5.16
show how the linear solutions and the nonlinear results look, where the dashed lines are used
for the former. It could be said that unless the system is highly nonlinear, i.e. very high tq, the
linear solutions of the engagement states would be fairly consistent. This advantage could be

applicable for the further guidance problems.
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5.6.2.3 Comparison Study

The performance of the proposed method is demonstrated for different n values and a

comparison is held with [29] along with the energy optimal solution, where the cost function

IS J'azdt. The same engagement model as in the previous study is used for 30 s, where the

initial look angle is zero. The maximum of the guidance command is chosen as 10 g.

The quick summary of the simulations can be seen in Table 5.5, including a comparison of
the true results obtained from the simulations and the analytical results from the corresponding
equations. Additionally, the number of the required iterations is 3 for all of the orders. The
maximum accelerations are obtained at the initial time for n = 3, 4 and 5, where the analytical
solutions given in Eg. (5.65) provide the same results. On the hand, for n = 2 the maximum
acceleration is obtained at the end of the engagement, as it is presented in Eq. (5.67). Among
all the scenarios, [29] demands the maximum acceleration magnitude. The energy optimal one
has by far less maximum acceleration magnitude. The maximum look angle of the proposed
method is calculated from Eqg. (5.62). When the guidance gain for the nonlinear domain is used,
this equation provides the true maximum look angle as also seen in the table. [29] requires

approximately 70° of look angle, which is again the maximum among the methods. The cubic
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shaping and the optimal solution have almost the same maximum look angle. The final path
angles are also compared using Eq. (5.74). When n = 2, the maximum error occurs. However,
for the rest of the scenarios the results are quite similar. It is also possible to observe that the
increase in the guidance gains results in higher maximum look angle values. However, such a
statement is not valid for the cost functions. The cost function of n = 3 is the closest to the
optimal one as the same statement holds for the maximum look angle. This result was expected
since optimality was already examined for the linear domain.

Figure 5.17 illustrates the history of the trajectories, where the optimal one and the one with
n = 3 have approximately the same maximum altitude. Figure 5.18 shows the acceleration
histories, in which [29] demands the most among all, leading to saturation. In fact, [29]
demands more than 20 g, which is too much for a missile with a speed of 200 m/s. In contrast,
none of the guidance commands of the proposed method become saturated, not even when n =
5. Figure 5.19 shows the differences between the methods more clearly. [29] results in the
maximum look angle requirement among all. As mentioned in Chapter 1, the Lyapunov and
sliding mode based impact time control methods increase the look angle as soon as possible so
that the remaining engagement could be covered with PN guidance. In Figure 5.20, the flight
path angle histories of the simulations are presented. The maximum final flight path angle

magnitude is obtained for n = 2. The rest remains more or less in a narrow band.

Table 5.5 Summary of the simulation results of the comparison study.

Extreme Extreme Max. &, Final y, Final y, Cost
n K ontinear Acc., m/s2  Acc., m/s? deg deg deg
_ _ m2/s®
analytical true analytical true
2 -3.587. 10 -43.05 -43.05 46.246 -92.491 -96.73 13994.03
3 2.2468. 10 40.44 40.44 51.494 -57.93 -58.9 9647.34
4 -1.1664. 10° 62.98 62.98 57.093 -45.11 -44.83 12206.28
5 5.4803. 107 88.78 88.78 62.506 -38.151 -37.1 16554.41
- Optimal - 25.85 52.42 - -60.75 9258
- [29] - 98.1 69.79 - -39.31 27265.05
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5.6.3 Optimality Analysis

The optimality of the polynomial guidance with n = 3 is explored for a wider impact time
interval with the same model, where the variations of the initial look angles and the desired

impact times are given in Table 5.6.

Table 5.6 Simulation variations for the optimality comparison.

Initial Look Angle, ¢, [0 10 20 30 40 50 60 70 80|

Desired Impact Time, t, [30 32 34 36 38 40]s

Figure 5.21 shows the costs of the optimal solution and the cubic look angle shaping, where
the dashed lines represent the optimal one. It could be said that in general costs of the methods
are very close to each other. Specifically, when the initial look angle is high, the optimal and

the polynomial methods have almost the same cost.
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Figure 5.21 Costs of the proposed guidance law and the energy optimal solution.

Second, the difference of the maximum look angles is compared. It is computed as

&3 max — Eomax - F1QUre 5.22 shows that the optimal solution demands slightly more look angle
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with respect to the cubic look angle shaping. As seen, the difference increases when the desired
impact time increases. However, the maximum difference is still less than 2.5 degrees and this
difference decreases when the initial look angle increases. Next, the acceleration histories are

discussed. a; ... —a, ..« 1S shown in Figure 5.23. When the initial look angle is zero, the

maximum difference is obtained. The difference decreases to the + 2 m/s? band when the initial
look angle is more than 30°. As seen, the maximum acceleration of the optimal trajectory is
less than the one obtained via the cubic shaping. However, during the most part of the
engagement the cubic shaping method demands less acceleration with respect to the optimal
one, and this behavior may help to explain the similarity of the costs.

After showing the main differences, another analysis is carried out for different speeds,
where the ratio of the cost functions are computed via Eq. (5.79). The result to be stressed is:
When the speed is low, then the similarity increases as seen in Figure 5.24.

Cost Ratio = _Cost Cubic (5.79)

Cost Optimal
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Figure 5.22 The difference of the maximum look angles between the proposed guidance law

and the energy optimal solution.
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5.6.4 Performance Under Autopilot Lag

The other important issue related to the guidance design is the robustness under
uncertainties, such as the autopilot lag. In this section, the impact time error will be analyzed
under different autopilot lags. In Table 3.3, the variations of the initial look angle, the autopilot
lag and the desired impact time are given. The same reference model is used to test the
performance with one modification. When the range is less than 100 meters, the guidance
command is held for the rest of the engagement. Figure 5.25 shows the histogram of the impact
time error. It is seen that very few of the simulations end up with 0.5 seconds of impact time

error. In general, impact time errors are negligible with respect to the desired values.

Table 5.7 Parameters for the robustness comparison.

Initial Look Angle, &, [0 10 20 30 40 50 60 70 80|
Autopilot Lag, [01 02 03 04 05]s
Desired Impact Time, t, [30 32 34 36 38 40]s
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Figure 5.25 Histogram of impact time error under autopilot lag.
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6 PREDICTIVE-ADAPTIVE IMPACT TIME
CONTROL

The impact time control problem was thus far solved under the ideal conditions with the
constant speed assumption for the nonlinear kinematics. The performance is satisfactory under
the degrading conditions such as autopilot lag, noisy measurements and estimated range
information. However, there is in fact another actor, which would be detrimental if not properly
accounted for: Time varying speed. It was mentioned that almost all of the impact time control
methods in the literature assume constant speed or demand speed control. Unfortunately, the
speed of the missile will pose a serious challenge if it does not remain constant. One way to
deal with this is to predict the mean speed. If the mean speed is known beforehand, the existing
impact time control methods might provide better results under the varying conditions. On the
other hand, predicting the mean speed of a trajectory is an effortful task since the trajectory, in
other words, the guidance process plays an important role in how the speed changes. To the
author’s knowledge, the only study which provides a concept of mean speed for impact time
control is [28]. In this paper, the impact time control method is same as the one for constant
speed but instead of the instant speed, the mean speed is used to estimate the time-to-go.
Afterwards, sliding mode control is applied to control the time of impact. However, the mean
speed is presented only for the supersonic systems under several assumptions. For instance, in
the sustain phase the speed is assumed to be constant and afterwards it behaves like an
exponentially decreasing function without considering the gravity and the induced drag.
Moreover, if a basic search is carried out in the literature of missile guidance, it would be seen
that only the optimal guidance laws try to predict the mean speed since they mostly use time-
to-go estimation in their guidance commands such as [51] and [52].

As mentioned in the introduction, one of the objectives of this dissertation is to present a
solution for the case of time varying speed regardless of the application and without any
preflight analysis. In the meantime, including as many actors as possible that change the speed
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is appreciated. So far, three different impact time control algorithms have been presented.
When they are examined for a possible solution under time varying speed, it can be seen that
only the method of polynomial look angle shaping qualifies. Since gravity has an effect on the
speed via the flight path angle, the time domain solution of the flight path angle is necessary
for the mean speed prediction. The range shaping method will fail because it is not possible to
have an analytical solution of the flight path angle even for the linearized kinematics. The
second impact time control method could provide flight path angle under the linearized
kinematics; however, it has a switched structure. Thus, an iterative scheme to compute the
mean speed is infeasible. On the other hand, the polynomial shaping of the look angle, which
provides the analytical equations of the engagement, could be used for mean speed prediction
and the guidance law could be designed in such a way that impact time control under varying
conditions is successful.

The organization of this chapter is as follows; first, the adaptation scheme is introduced to
cope with disturbances such as autopilot lag, which are not included in the design process, for
constant speed. Here, no connection with the conventional adaptive control is meant, but an
adaptive guidance scheme based on updating the guidance gain is constructed. The distribution
of the impact time error under autopilot lag is revisited, which was already shown in the
previous chapter. Next, the efficiency of the adaptation is discussed. It is to be noted that the
equations and the simulations are presented for n = 3 because of its near optimality, as also
shown in the previous chapter. Next, since the adaptation is based on the linearized kinematics,
it is shown that the sensitivity increases toward the end of the engagement and a simple remedy
is proposed. Additionally, based on the adaptation scheme, the impact time control under the
FOV constraint is presented. The rest of the chapter is reserved for impact time control under
varying speed. First, the mean speed is predicted in an iterative structure for once at the
beginning of the engagement, whereas the guidance gain is also computed along. Next, using
this predictive algorithm and updating throughout the engagement in an adaptive scheme leads
to a closed loop guidance for impact time control under the varying conditions. Afterward, the
optimality of the predictive-adaptive guidance is investigated. Last, robustness against

unknown drag coefficient is examined.
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6.1 Adaptive Guidance Scheme

The basic idea of adaptation might be appreciated with the help of Figure 6.1, which shows
the constant speed missile at two different points along its trajectory. The linear guidance gains
to be calculated at each of these points will be different since the engagement is nonlinear.
However, as the missile approaches the target, the calculated value will converge to a certain
value since the assumption of linearity will become valid during the final part of the
engagement owing to the fact that the look angle will eventually tend to zero. This general
picture implies that the gain value needs to be updated as frequently as required until no further

update might be necessary.

Figure 6.1 The idea of adaptation.

Instead of updating through Eg. (5.53), which would require the knowledge of the vertical
position in addition to the final horizontal position, the calculation may be based on a more
practical formulation based on the LOS frame. As seen in Figure 6.1, the vertical position is

always zero in this frame, which is attached to the missile, i.e. y, —0. Furthermore, the final
horizontal position can be interpreted as the range to the target, i.e. X, —>r . Since
instantaneous variables instead of the initial conditions, i.e. &, —¢, will be employed in this
adaptive formulation, the impact time also needs to be updated, i.e. t, —t, —t. With all these

modifications, the impact time control method expressed in the previous chapter turns into a

closed loop fashion, where Eq. (5.52) can now be written as
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which leads to the following solution:
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The discriminant of Eq. (6.1) is
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which will give imaginary solutions if it is less than zero. This can simply be avoided by setting

a positive adaptation threshold.
6.1.1 Example Scenarios under Ideal Conditions

In order to show how the adaptation routine affects the trajectory and the performance,
simulations are run with adaptive gain and with constant gain under no latency. The constant
guidance gain is computed as in the previous chapter via the Newton-Raphson method. The
model is run for 30 s and 35 s, where the initial look angle is zero. The adaptation is performed
at 10 Hz and it is terminated when A is less than 2000 in order to avoid imaginary guidance
gains. The nonlinear guidance gains are 2.2468.10 and 1.8896.10, respectively. Figure 6.2
shows the trajectories of the two different approaches. It is apparent that adaptive guidance
gains result in a different trajectory than the constant gain guidance. Figure 6.3 explains the
reason for such trajectories. The constant gain found via the Newton-Raphson method requires
higher look angles while the adaptive application fulfills the task with smaller magnitudes. In
Figure 6.4, the acceleration histories are shown. It is observed that the adaptive guidance acts
later to decrease the acceleration magnitude towards the end. In addition, a bump might occur
when the adaptive gain starts to remain constant. It is seen in Figure 6.5 that there is no
adaptation approximately for more than 5 seconds regarding the chosen threshold value, in
which the adaptive guidance gains remain constant. Hence, the guidance algorithm is partially
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closed loop during this interval for the impact time control purpose. Despite this fact, the
performance of the adaptive scheme is satisfactory. It is also shown in Figure 6.5 that the
adaptive gains converge a certain value if A is chosen as zero, which was the main assumption

of the adaptation as stated in Section 6.1.
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Figure 6.2 Trajectories with and without the adaptation routine.
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Figure 6.3 Look angles with and without the adaptation routine.
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6.1.2 Performance under Autopilot Lag

In the previous chapter, the performance of the cubic look angle shaping under the autopilot
lag was examined. In this section the adaptation routine is employed for the same test case and
the distribution of the impact time error is revisited. When Figure 5.25 and Figure 6.6 are
compared, the superiority of the adaptation can be observed such that the impact time error

decreases more than 10 times.
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Figure 6.6 Histogram of the impact time error with the adaptive guidance.

6.1.3 Sensitivity of the Adaptation Routine

One important issue is the impact of the value of the threshold on the guidance performance.
Here, the effect of the termination condition of the adaptation routine is investigated and the

characteristic of the minimum threshold, A, is introduced. The discriminant of Eq. (6.1) is

already given in Eg. (6.3). Since the determinant must be a positive value in order to avoid

imaginary guidance gains, the following inequality must hold:

24V (t, —t)r—24r> >V 22 (t, —t) (6.4)
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which is derived from Eqg. (6.3). When the remaining range is close to the remaining trajectory

length, i.e. r =V (t, —t), it can be easily inferred that Eq. (6.4) becomes false. Therefore, Eq.

(6.3) converges to zero as the engagement nears the final time. This implies that the sensitivity
of the gain calculation process will increase towards the end of the engagement. As a

consequence, the adaptation needs to be stopped at a positive threshold, A .. .

The previous model is used to investigate the effect of the threshold value on the
performance of the adaptive impact time control. The desired impact times are 30 s and 35 s.

A, 1S varied between 200 and 4000. Figure 6.7 shows the range-to-go when A ;. is reached.

It could be observed that the range-to-go at A, is less for the engagement which lasts 35. The

values of the range-to-go at the threshold value could not be accepted as negligible.
Nevertheless, the simulations are satisfactory under this partially closed loop implementation.
Therefore, depending on the application, the designer can determine a value, which does not
result in unsatisfactory results.
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Figure 6.7 Range-to-go at A, .

In Figure 6.8, two different but directly related parameters are presented. These are the

discriminant given in Eq. (6.3), the difference between the length of the trajectory and the

140



range, and the last one is the adaptive guidance gain, all of which are normalized with respect

to their initial values. The definition related to the normalized discriminant is

*

A= (6.5)

A
A0
where A, is initial value of the discriminant. The second normalized value is the difference
between the length of the trajectory and the range is defined as
Vit —t)-r
Ag = M (6.6)
Vt, - R,

Moreover, the variation of A™ for each simulation is so negligible that the differences are not
even visible. One might suggest that the threshold could be defined with respect to A;. When
Figure 6.8 is examined carefully, it is observed that Eq. (6.5) converges to zero faster than Eq.
(6.6) for both of the desired impact times meaning that the sensitivity to calculate the guidance
gain is already increased. So that, it is better if the threshold is defined over the discriminant

given in Eqg. (6.3), and not directly related with respect to the relation: r =V (t;, —t). The

variation of the adaptive gains are visible as presented in Figure 6.9. When these results are

considered with Figure 6.7, A, = 2000 is selected for all of the simulations of this chapter.
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Figure 6.8 The histories of Eq. (6.5) and Eq. (6.6).
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6.2

Impact Time Control Under Field of View Constraint

After introducing the adaptation routine, impact time control under the FOV constraint can

now be presented for the look angle shaping. As described in the range shaping, the guidance

command is composed of three phases, which run sequentially:

2¢ +1 e<¢g

max

&, (t, —t)z—t
d
A until € <0

_ 2
K, (t, —t) — d

d

(6.7)

+1 otherwise

where ic, represents the adaptive guidance gain and t, is the desired impact time. The first

phase continues until the time instant where the look angle reaches its limit. Afterwards, the

constant look angle phase starts. This second phase continues until the commanded look angle

rate becomes zero, which means that the look angle must be decreased to intercept the target.

At that time instant, the final phase starts, which is the same guidance law as in the first phase.

The analytical solutions of the switching time instants are not available for the nonlinear
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domain. Therefore, the adaptive structure is considered for the constrained impact time control
problem.

In order to demonstrate the impact time control under the FOV limit, several simulations
are performed where the initial look angle is zero. The FOV limit is 50° and the desired impact
times are 32 s and 34 s. The guidance commands are realized without latency. The trajectories
can be seen in Figure 6.10, where the maximum altitudes are similar. However, the curvatures
of the final phases are quite different. Figure 6.11 illustrates the look angle histories. Although
the difference between the impact times is two seconds, the duration of the saturated phase is
longer. The acceleration histories are in correlation with the look angle histories; thus, when
the final phase starts, the second scenario demands more acceleration as it could be observed

in Figure 6.12.
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Figure 6.10 Trajectory histories under the FOV constraint obtained by adaptive guidance.
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6.3 Prediction of the Mean Speed

In this subsection, the adaptive guidance scheme will be extended to handle the case of non-

constant missile speed. The first step is to rewrite Eq. (2.8) as
te
R= [V cose(x,,t)dt (6.8)
t

where in general, the speed changes under the action of accelerations due to thrust, drag and

gravity. This can be modeled as
V=a -a,—gsiny (6.9)

Here, a; and a, represent the related components of the acceleration under the thrust and the

drag forces, respectively. However, Eg. (6.8) may be approximated as
t
R~V [cose(x,t)dt (6.10)
t

where V is the mean speed to be encountered throughout the engagement, i.e. the future mean
speed.

Since the true value of the future mean speed is not available before the flight, the next
question is how to predict it so that the guidance gain can be calculated properly. The key to
speed prediction is the ability to integrate Eq. (6.10). The challenge here comes from the fact
that the speed change will be governed by the yet-undetermined shape of the trajectory. This
may be so; but, the thrust profile as a function of time and the drag model as a function of
several states would usually be available. It is common that the drag model is composed of
both base and induced components. Unlike the former, which is only dependent on the speed,
the latter might further complicate the prediction process since it correlates the drag force with
the lateral acceleration. Likewise, the effect of gravity also complicates the process since it
enters the system through the flight path angle. The technical approach adopted in this study to
overcome such complications is to make use of the analytical foundations laid out in the

polynomial look angle shaping method. In Chapter 5, the profile of the flight path angle and
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the lateral acceleration, if required, were made available for the linearized kinematics to be
used in the prediction algorithm.

The algorithm for the proposed prediction scheme is presented in Table 6.1 in pseudo-code
form. The algorithm takes the old (or user-defined initial) value of the predicted mean speed
and checks whether the discriminant in Eq. (6.3) is higher than the threshold. If not, the old
value of the guidance gain is preserved. If the opposite condition is true, the guidance gain will
be calculated using Eq. (6.2). Then, the speed profile of the missile from the current time until
the final time is predicted by means of Euler integration. The derivative of the speed required
for the integration process is obtained from Eq. (5.46), which assuming no induced drag for the
sake of simplicity, involves the flight path angle profile predicted by Eq. (5.46). This profile
must be shifted by the instantaneous LOS angle value so as to change the frame of reference
from the LOS frame to the inertial frame as depicted in Figure 6.1. After the predicted speed
profile is obtained, its mean value is calculated by integrating the profile and dividing it by the
remaining flight time. The final step is to get an updated version of the predicted mean speed.
This is done by obtaining the difference between the predicted mean speed and the previous
value of the updated version, scaling this difference, and adding it to the previous value of the
updated version. The difference between the predicted mean speed and its updated version is
important since the whole iteration is driven by this quantity. The iteration stops when the
difference goes below a specified tolerance.

It should be noted that there are several parameters that determine the performance of the

algorithm. Firstly, the utility of A ., must be mentioned. Then, as for the integration step, h,

its importance is self-evident; the value should be sufficiently small to be able to generate an
accurate speed profile. Nonetheless, the impact on computational costs should be kept in mind.
Next, the iteration gain, o, which is used in updating the predicted mean speed, plays a central
role since it decides how much the old value will change. Lastly, the tolerance, ¢, which acts
on the magnitude of the difference between the predicted mean speed and its updated version,
is the quantity that determines if the iteration will continue or stop. Like the integration step, it
should be set sufficiently small; however, it is evident that a smaller value would lead to more

number of iterations.
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Table 6.1 Pseudocode for mean speed prediction.

assign V =V,
assign V' /1 a sufficiently small value than V'
while |\7—\7' > 9 /19 a specified tolerance

calculate A from Eqg. (6.3)
if A>A,
calculate x, from Eq. (6.2)
for t to t, I/ with a sufficiently small integration step, h
calculate y(t) from Eq. (5.45) with y, =0
yt) «—y(t)+ A4 // change from LOS frame to Inertial frame
calculate V (t) from Eq. (6.9)

calculate Vv (t) with Euler integration

end /1 speed profile from t to t, is available
V= ﬁf V(t)dt/(t, —t) /I predicted mean speed
V' =V, +o(V V) /lo - iteration gain
else
K3 =Ky
end

end

6.3.1 Performance of the Mean Speed Prediction

Here, efficiency of the prediction will be analyzed for several impact times. For that
purpose, instead of adaptation throughout the engagement, a constant guidance gain is
preferred. This guidance gain is computed for once with the Newton-Raphson method, which

means another line after finding x, from Eq. (6.2) in Table 6.1 as described in Section 5.6. The

initial look angle is zero and the autopilot time constant is 7 =0.3 s. The parameters of the
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prediction algorithm is given in Table 6.2. The speed is varying under gravity and base drag,

a, =Cp vV ? where C,, ,=-2.10".

Table 6.2 Parameters for the prediction algorithm.

Symbol Magnitude Definition
A 2000 Threshold
3 0.01 m/s Specified tolerance
o 0.25 Iteration step
— Sufficiently small value
VA 150 m/s .
than the initial speed
_ Initial guess of the predicted
Vo 200 m/s
mean speed
h 0.001s Euler integration step

Table 6.3 presents the summary of the prediction performance and the guidance gain for the
nonlinear engagement. The predicted and the true mean speeds are quite comparable. The
maximum impact time error is less than 1.5 seconds. Nevertheless, in a varying and nonlinear
environment without any update throughout the engagement, it could be said with confidence

that the proposed impact time control method under varying speed is a promising approach.

Table 6.3 Prediction performance of the proposed method with the nonlinear domain.

Desired _ _ .
. V ,m/s V ,m/s Impact Iteration
Impact Time, Ky )
s (predicted) (true) Time Number
30 171.94 172.3 9.264.10° 29.98 11
35 155.51 156 9.245.10° 34.55 14
40 142.10 142.7 7.37.10° 38.66 15

Figure 6.13 shows the histories of the predicted and the true speeds for the first scenario.
Although these look quite similar, more difference is observable in Figure 6.14, which is the
second scenario. Last, in Figure 6.15, it is more apparent that the predicted speed is less than
the true one. The cause of this difference is the increased look angle for accomplishing a longer
impact time. As the geometry is getting far from the linear conditions, the flight path angle
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equation, which is obtained in the linear domain results in performance degradation. In
addition, the error caused by numerical integration of range is also a degrading factor for such
a problem. However, although there is this much difference for the last scenario, the impact
time error could be said to be acceptable. Additionally, the predicted speeds are always less
than the true speeds for this specific examples. However, this behavior cannot be generalized.
Moreover, the proposed method gives the time history of the speed beforehand, which is also
precious. For instance, the minimum speed would be also important to complete a mission

successfully in real applications.
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Figure 6.13 Predicted and the true speed histories for 30 s.
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Figure 6.15 Predicted and the true speed histories for 40 s.
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6.4 Predictive-Adaptive Guidance Scheme for Impact Time Control

In this section, impact time control with a predictive-adaptive structure is introduced, where
the mean speed and the guidance gain will be updated during the engagement. This way, the
guidance algorithm can handle uncertainties and variations throughout the engagement in a
closed loop fashion, which is the main advantage of the predictive-adaptive structure. The
disadvantage, on the other hand, is the increased computational effort. Nonetheless, it is to be
noted that if the guidance gain is calculated via Eq. (6.2), the computational burden of the
algorithm given in Table 6.1 could be acceptable.

In this chapter, no information about the impact time interval is given. Since with the
predicted mean speed, the same procedure described in Section 5.5.4. would be applicable. In
addition to the mean speed, the minimum speed will be the most important factor to define the
impact time interval for realistic applications, since the minimum speed is related with the
aerodynamic efficiency of the system. Fortunately, the minimum speed could also be extracted
from the prediction algorithm as the time history of the speed is already available.

In order to show the efficiency of the method, a ground-to-ground attack scenario is
performed for the same desired impact time ranges as in the previous subsection. The update
rate of the algorithm is 10 Hz. All of the simulations satisfy the desired impact time and the
miss distance. However, this was not the case for the non-adaptive application as it could be
seen in Table 6.3. The trajectory and the acceleration histories of the simulations are presented
in Figure 6.16 and Figure 6.17. The acceleration histories shown are always the aerodynamic
acceleration, in which gravity is not included; that is the maneuver response of the missile. In
Figure 6.18, the speed histories are displayed, where the deviation from the initial speed is not
negligible. Figure 6.19 illustrates that the look angle reaches up to 50° for the last scenario. As
seen, it is quite difficult to talk about the linear kinematics anymore; in contrast, the
engagement geometry is highly nonlinear. Figure 6.20 is an important figure, which shows the
efficiency of the predictive-adaptive impact time control. Although the predicted and true mean
speeds are similar for the first scenario, it could be observed that the difference increases when
the engagement lasts longer. When Figure 6.20 is considered together with Figure 6.19, it is
seen that the difference of the predicted and the true mean speed increases when the look angle
is high. The adaptive gains can be examined in Figure 6.21. It shows that approximately the
last 10 seconds of each engagement does not involve any prediction and adaptation, which

means partially closed loop application in terms of impact time control. Nevertheless, the
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scenarios are successfully terminated. Finally, the iteration numbers are presented in Figure
6.22. The maximum iteration numbers are 12, 16 and 18 for the corresponding scenarios. It
could be said that in general the maximum iteration number occurs at the initial time, where
the algorithms start with a blind information of the mean speed, which is the initial speed. If it
could be set to a more trustworthy initial value, then the initial iteration number would
significantly decrease. Additionally, the immediate decrease of the number of the iterations

after the initial time verifies that a successful initial prediction is done.
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Figure 6.16 Trajectory histories of the realistic scenarios for several impact times.
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Figure 6.17 Acceleration histories of the realistic scenarios for several impact times.
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Figure 6.22 Iteration numbers of the predictive-adaptive algorithm for the realistic scenarios.

Next, the effects of the tolerance and the integration step on the guidance performance is

investigated. For this purpose, the last scenario, which is the worst case of the previous
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examples, is selected. The variations of the speed tolerance and the integration step are given
in Table 6.4. The simulations are terminated either when the range is less than one meter or the
desired impact time is reached to present the range-to-go at the desired impact time without
capturing the target. It needs to be reminded that the range-to-go at intercept is not meant to be
the miss distance because there is not any effort for avoiding the miss distance. For instance,
simply switching to PN when the adaptation stops could be suggested. However, the
performance of the proposed algorithm is to be emphasized so that no switching or a different
implementation are suggested. The predictive-adaptation routine is run as in the previous
examples with 10 Hz. The initial guess of the mean speed is now the outcome of the previous
simulation result, which is 143 m/s. So, the effect of a better initial guess for the prediction

algorithm could also be observed.

Table 6.4 The parameter variation of the predictive-adaptive algorithm.

3 Speed Tolerance [0.01 0.05 0.1 0.2 ... 09 1 2] m/s

h : Integration Step [0.001 0.01 002 01 02 ... 09 1] s

Figure 6.23 shows the impact time error, which is obtained by dividing the range-to-go at
the desired impact time by the final velocity. As it is seen, under the worst tolerance values,
the impact time error is less than 1.2 s. In Figure 6.24, it is seen that when the integration step
is increased, the range-to-go at the desired impact time increases drastically. On the other hand,
4 does not have a significant role on the range-to-go at intercept. The iteration number of this
scenario was 18 for 4 = 0.01 m/s and h = 0.001 s. It is now 10 for the same simulation
parameters and with the new initial guess of the mean speed. As it could be guessed, the
iteration number decreases with the increased 4. It is possible to say that the integration step
does not have a major effect on this behavior. Figure 6.25 is another prospect of the same
results. Now, the main effector of the range-to-go at intercept is seen more clearly, i.e. almost
linearly increasing behavior with the integration step. Meanwhile, the integration step results
in an increase on the iteration number; nonetheless, ¢ is the most dominant parameter for the

required iteration number.
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6.4.1 Optimality Analysis of the Predictive-Adaptive Impact Time Control

The optimality of the cubic look angle shaping was investigated for the constant speed case
in Chapter 5. The ratio of the cost functions was not far from unity; thus, a similar study is
carried out for the varying speed problem. This time, the optimal guidance command is
computed offline with a software program [63] named as FALCON, which is a free tool to
solve optimal control problems.

The mathematical representation of the cost function is

t

1 f
J==|a’dt 6.11
2! (6.11)

The states are the downrange, the altitude, the speed, the flight path angle and its rate

represented as

x=[x z Vv y 5] (6.12)
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The control input is
u=7y, (6.13)

The autopilot lag is also modelled with the following relation of the guidance command and
the flight path angle rate:

;= / 6.14
V=l (6.14)

The initial conditions are
%=[Xo Zo Vo 7 7ol (6.15)
and except for the downrange and the altitude, the final states are defined to be free:
%=[X, Z, free free free}T (6.16)

First, a sample comparison is presented between the optimal and the predictive-adaptive
impact time control. The initial look angle is zero and the desired impact time is 30 s. The time
constant of the autopilot is 7 = 0.3 s. In addition, the guidance commands are held when the
range is less than 50 meters. The cost functions turn out to be 678.6 m?/s® and 643.3 m?/s. In
Figure 6.26, the trajectory and the speed histories are shown. Since the cost functions are so
close, these histories are not far from each other, either. The optimal solution decreases the
speed slightly more whereas the final speeds are the same. The look angles and the
accelerations can be observed in Figure 6.27. The maximum look angle of the optimal solution
is slightly more than that of the proposed look angle shaping method. When the accelerations
are compared, it is seen that the initial acceleration of the look angle shaping is more than that

of the optimal one. However, for the maximum acceleration comparison the opposite is true.

159



600 200
— Predictive-adaptive
195+ — —Optimal 1
500 \
190- \
\
\}
400 185+ \
£ 2 \
& €180 \
S 300" g \
= O 175 \
< 7 \
\ 4
200t 1707 \ h
\ U
165 - \ 4
100 - ‘\ l’
160 A
—~ /
0 e o 155 ‘ 5
0 1000 2000 3000 4000 5000 0 10 20 30
Downrange, m Time,s

Figure 6.26 Trajectory and speed histories of the predictive-adaptive and the optimal

solutions.
10 25
— Predictive-adaptive
= =Optimal
5 20+t
o™
v ol &
e 3 15)
g [}
g 5 3
© <
9 A~ 10 B
S o]
g 7 )
2-10 -
5 [
-15¢
0
-20 ‘ ‘ ' ‘
0 10 20 30 0 10 20 %0
Time,s Time,s

Figure 6.27 Acceleration and look angle histories of the predictive-adaptive and the optimal

solutions.

160



Next, in order to extend the analysis of the optimality, more simulations are executed. Initial
look angle is varied from 0 to 40 degrees and the desired impact time changes between 30 s to
40 s. The rest of the simulation parameters is as before. The cost functions could be seen in
Figure 6.28. When the initial look angles are small, a tendency of diverging from optimality
could be seen. Other than that, the overall agreement is encouraging. Also, the ratios of the cost
functions are presented in Figure 6.29 with respect to Eq. (5.79). It could be said that the worst
case is less than 20 %. It needs to be reminded that the worst case of the constant speed was
less than 5 % as presented in Section 5.6.3. When the maximum look angle difference is

analyzed, &, —& it would be observed as in Figure 6.30 that the optimal solution

0,max !
demands more look angle than the look angle shaping method, where the maximum difference
is 8°. Last, @, ., —a, . IS illustrated in Figure 6.31 and again the optimal solution also
demands higher maximum accelerations in general. Nevertheless, these differences are not

more than + 4 m/s?. Despite the fact that the look angle shaping demands smaller magnitudes,

the optimal solution cannot be outperformed from the prospect of the running cost.
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Figure 6.28 Cost functions of the guidance laws for varying speed scenarios.
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6.4.2 Robustness Analysis Under Uncertain Drag Coefficient

In this final section, the predictive-adaptive algorithm is tested under uncertain drag
coefficient. The details of the parameters used in the simulation are given in Table 6.5. The
histogram of the obtained range-to-go at the desired impact time is shown in Figure 6.32. The
majority of the simulations terminate with success. The maximum range-to-go is obtained for

only one case, which is 31 meters, and the rest is mostly less than 10 m.

Table 6.5 Simulation parameters for uncertain drag coefficients.

Initial look angle, &, [0 10 20 30 40]°
Desired impact time, t, [30 32 34 36 38 40]s
Drag uncertainty [(25 -15 -5 5 15 25|%
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Figure 6.32 Histogram of the range-to-go at the desired impac time.

It is to be noted that, the uncertain drag coefficient could also be considered as an uncertainty
caused by the induced drag and the air density varying with altitude, which are not included
for the sake of simplicity. Studies have been carried on with the base and the induced drag. The

performance is not affected much more than the uncertainties exemplified above. Thus, the

results are not duplicated.
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7 CONCLUSION

The guidance laws may require more information in contrast to the basic capture algorithms
under the aim of satisfying extra objectives. Thus, there will be a price to be paid for objectives
regarding the control of impact time, impact angle, or both simultaneously. Therefore, extra
knowledge to be supplied. For instance, time-to-go estimation is typically needed to fulfill the
objectives of trajectory shaping algorithms; in contrast, PN requires only the LOS rate.

Given infinite resources, it can be expected that any trajectory shaping method will be able
to fulfill its objectives. In practice, however, feasibility is often what is needed for engineering
problems and there are almost always a number of details that must be considered first. The
availability of the information required by a guidance law is one concern. For example, time-
to-go signals, which frequently appear in impact time control methods, generally require some
sort of estimation. Since even the simplest estimation process will introduce additional
complications, a guidance law that does not require such inputs would be advantageous.
Another concern is associated with the control effort. A guidance law that does the same job
with less total control effort would be a better choice. The third concern is the physical
constraints. One constraint common to all missiles is the acceleration limit whereas the look
angle limit is applicable to systems with seekers. If a control scheme is likely to violate these
constraints, it will not be a feasible alternative. All of these concerns have been addressed in

this dissertation in a way that is justified within the field of the guidance design.
7.1 Summary

The main outcome of the study is three different guidance laws for impact time control
obtained through a common design framework. This new design approach is named as
“shaping of the fundamental engagement states”. The literature is dominated by methods based
on PN and the nonlinear control theory, all of which require time-to-go estimation and/or high-
g maneuvers at the beginning of the engagement. This work demonstrates that focusing on the
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fundamental states enables guidance laws without these disadvantages. In this framework, the
trajectory does not evolve into a PN trajectory since no time-to-go estimation. This brings the
additional benefit that the guidance law would be difficult to predict as opposed to well-known
guidance laws.

The range and the look angle are introduced as the fundamental states, which are shaped for
impact time control. As well as the determination of the state to be shaped, it is also emphasized
that designing the shaping function is also crucial. For instance, shaping the LOS angle as a
function of downrange-to-go could result in complex and infeasible structures. However, since
the ultimate objective is to capture the target at a specific time, a time dependent polynomial
could be viewed as a natural choice for the shaping function. As the first method to control the
impact time, a general polynomial formulation of the range that leads to a closed loop guidance
formulation is introduced. Second, multi-phased look angle shaping is proposed, which can
also be formulated with optimal control. Here, the global minimum and maximum impact time
values are derived under given look angle and acceleration constraints. The third method is
based on a general polynomial formulation of the look angle. In this guidance law, one gain
has to be determined for impact time control. After selecting the order of the polynomial, this
guidance gain is solved numerically for the nonlinear kinematics. Additionally, the analytical
solution of the guidance gain for the linearized kinematics is presented. Using this analytical
solution, an adaptive guidance scheme is presented to provide robustness under uncertainties.
It is also shown that with a proper selection of the order of the polynomial, it is possible to have
results, which are quite close to the energy optimal trajectories.

Another topic under investigation is the constrained impact time control. The approaches
presented in this dissertation provide the time domain solutions of the engagement states. For
instance, the LOS rate, the LOS angle and/or the flight path angle are made available. These
time domain solutions offer many advantages, such that the maximum look angle or the
maximum acceleration to be encountered could be known before the engagement. In addition,
these solutions are used for constrained impact time control. In the first method, a solution
considering the look angle constraint is introduced. In the second method, firstly the impact
time intervals are determined with respect to the acceleration constraint. Next, both of the
constraints associated with the acceleration and the look angle are handled in the design
process. In the third method, the problem of impact time control under the look angle constraint

is solved using the adaptive scheme.
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Thus far, the speed is assumed to be constant for the guidance design process. Although
some systems have the authority to control their speed, most of them do not have this feature.
The last outcome of the dissertation is to present a solution for the problem of impact time
control under varying speed, where the literature is short in this sense. The challenging issue
in this problem is that the speed profile eventually depends on the guidance law itself. Yet in
this case, the knowledge of the future mean speed of the missile could be effective. Following
this direction, a predictive-adaptive scheme is designed and applied to the third impact time
control method. It could be said that the gap in the literature related to the varying speed is
filled without the need of the pre-flight analysis or unbounded acceleration demand. The results
of the simulations involving gravity, autopilot lag, and uncertain drag show that such disturbing
factors do not impede the performance. It must here be stated that the similarity of the obtained
results with those of the energy optimal impact time control is a noteworthy byproduct. Last to
mention, the prediction algorithm developed in this study can also be used in conjunction with
any guidance law that provides the time domain solutions of the flight path angle and the

guidance command.

7.2 Future Work

This study tries to address various aspects of the impact time control problem by proposing
a feasible framework. By “feasible”, it is meant that the methods described here should be
implementable under realistic circumstances. In this respect, the author hopes that this thesis
will make a meaningful contribution to the literature. However, it is also true that it is not a
complete treatment of the subject. For instance, the solutions are valid against stationary targets
and they could be extended to cover moving targets. Second, since several numerical or
analytical solutions for the final impact angle are available in this framework, simultaneous
control of the impact angle and the impact time could be considered. This is an important and
challenging topic that deserves overall attention in itself. Apart from these, as the third
suggestion, this shaping framework could also be considered for the impact angle control
problems. Although there is already a vast literature on this topic, the approach presented in

this dissertation could be a new asset for designers.
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APPENDIX A

DERIVATION OF TIME-TO-GO

APPROXIMATION OF PN GUIDANCE

[24] presents a time-to-go estimation solution of PN guidance. Since time-to-go estimation

of PN is often mention in the dissertation, it is briefly explained. The differential equations

governing the engagement between a pursuer and a stationary target are

x=Vcosy, y=Vsiny
where the guidance command is
. a
v
which is perpendicular to the velocity vector. The PN guidance command is
a=NVA
Under the small angle assumption and constant speed V, substituting x/V for t yields
dx =Vdt

and the differential equations can be written as

y'=y, y'=a/V?
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Here, prime denotes the derivative with respect to x. The LOS angle in the linear domain is

approximated as

p=— (A.6)

Sy - - (A7)
(o )’

Replacing Eq. (A.7) into Eg. (A.5), then the following Cauchy equation is obtained

N N
y'+ 7Y=0 (A.8)
) (Xf _X)

P

where the initial conditions are y(O) =0, y'(0) =y,. The solution of this equation is

y(x):Ny—il(xf —x)[l—{l—%}’“} (A.9)

y(x)=N7—il[1N£1%] J (A.10)

The length of the trajectory is

S =Vt = [ {1+y" dx (A.11)
0

If y' (=) isassumed to be small, then Eq. (A.11) can be approximated using Eq. (A.10) as
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X¢ 2
~ "2 dx = 7
Vt, ~ !(1+0.5y ) dx = x, [1+2(2|\<;_1)} (A.12)

Finally, the time-to-go estimation of PN

LA PR (T (A.13)
v~ 2(2N-1)

t, can be regarded as the time-to-go estimation at the initial time. It is always possible to set

the inertial coordinate system at the initial time as a specific coordinate system with x axis

consistent with the current LOS angle. Therefore, y, coincides with &,. Hence, the time-to-go

estimation of PN in terms of R, and &, is as given in [24]

2
R, &o

tgo = 7(14‘ Z(T_]_)J (Al4)

and for the instantaneous time, the time-to-go estimation of PN becomes

L T (A.15)
®7v{T 2(2N-1) '
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APPENDIX B

NONSINGULAR SLIDING MODE IMPACT
TIME CONTROL

For comparison purposes, a nonlinear sliding mode impact time control method is chosen,

whose details can be read in [29]. The sliding surface is defined as
s=t, —t; =t+t, —ty =t —t, (B.1)

where t__, represents the desired time-to-go. The time derivative of the switching surface is

go,d
s=t,—t,, (B.2)
Using the time-to-go estimation in Eq. (A.15), Eq. (B.2) turns out to be:

s'—i 1+ 1 Pl GRS L B P L
v 22— [Tv(en-1)" T vE(eN )

(B.3)
with the help of Eq. (2.4). Using Lyapunov-based nonlinear control theory, the guidance
command can be written as

a=a"+a™ (B.4)
One of the two components of the guidance command is

2 _ _ 2 .
aeq=V (ZrN 1) (cose 1)+0.5rV gcose+VA (B.5)
&
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for $=0. The second guidance component is for satisfying the Lyapunov stability conditions.
Ao =——S (BG)

Here, k is a positive constant and s is the sliding surface defined in Eq. (B.1). The authors
express that the interception by impact happens when r # 0 due to a certain size of the target;
therefore, the condition of zero range does not cause singularity. However, the command has a
singularity when the look angle is zero, which will cause unbounded acceleration. Here, to

avoid singularity, a_, is modified as

on

P O (B.7)

h(¢) is a continuous function, which is defined as

sgn(e)e if |¢]<e,
h(e)= 178 le|+ & (& -1) ife, <|¢e[< e, (B.8)
€,—€ €,—€
1 otherwise

where e, and e, are small positive constants. However, this new guidance command cannot

satisfy the impact time when ¢=0 and s#0. To overcome this problem, an additional

guidance term is added to Eq. (B.4):
a,, =—M(psgn(&)+1)sgn(s) (B.9)

where p>1and M >0. Finally, the final guidance command for impact time control is the
sum of Eq. (B.5), Eq. (B.7) and Eg. (B.9):
_V#(2N-1)(coss—-1) 0.5v?

a% = +— gCOSg+V2—MkS—M (psgn(e)+1)sgn(s) (B.10)
r & r €
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APPENDIX C

NONLINEAR OPTIMAL CONTROL
SOLUTION

Starting from a set of initial conditions, the optimal control enabling the achievement of a
set of specified final conditions in some planar engagement geometry can be obtained by
following the guidelines outlined in [64]. The states of the optimal control problem are selected

as
X =r (C.1)
X, =¢& (C.2)

which are the fundamental states used in this dissertation. Referring to Eq. (2.7) and Eq. (2.8),

the state equations below can be written for constant speed with the help of Eq. (2.4):

X, = -V COS X, (C3)
%, =v 2% Ly (C.4)
Xl

where u is the control: . The cost function of the final time boundary value problem is defined

as
E—ETMm (C.5)
29 '

With « denoting the costate, the Hamiltonian can be constructed as

i 1
H=-Va,cosx, +Va, SN %, +ozzu+§u2 (C.6)
Xl
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Exploiting the facts that dx/dt =oH/0a and da/dt =—0H/dX and using Eq. (C.3) and Eq.

(C.4), the differential equation set corresponding to the optimal control problem can be derived

as
[ -V cos X, ]
sin x
X \ ‘- 2
% X
2= sinx, (C.7)
Q, Vaz >
: X
% COS X
Ve, sinx, -Va, 2
L %
The boundary conditions are
_ _ T
[x(0) x(t)] =[R, & O O] (C.8)

The third and fourth conditions are seen to be zero, which follows from the fact that the final
values of the range and the look angle must be zero in order to capture a stationary target with
a finite acceleration. For a given initial condition set, final time is user specified, which is a
control parameter that determines the shape of the trajectory. The boundary conditions given
in Eq. (C.8) are sufficient to initiate the solution process because the final time is fixed. The
solution of Eq. (C.7) with Eq. (C.8) necessitates numerical techniques. One convenient way to
overcome this problem is to utilize the MATLAB command “bvp4c” [65]. The following is
the MATLAB code used to solve the problem:

function sol=TimeControl
solinit = bvpinit(linspace (0,tf), [10;1;0;0]);
sol bvp4dc (Rodefun, @bcfun, solinit) ;

function dydt=odefun (t,vy)

dydt = [ -cos(y(2))
sin(y(2))/y(1)-y(4)
y(4)*sin(y(2))/y(1)."2
-y (3) *sin(y(2))-y(4)*cos(y(2))/y (1) 1;

function res=bcfun (ya, yb)
epsi0 = 20*pi/180; % Initial look angle
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s}
(@)
(@)
(@)
(@)
(@)
o°

Initial range

\ 200; % Missile speed

Res =[ ya(l)-R0/V; % Minimum time
yva (2) —eps0 % Initial look angle
yb (1) % Final range
vyb(2) 1; % Final look angle

The states and their derivatives can be extracted from the solution as follows:

dt= 0.001; % Sample time
t = 0:dt:tf;

sxint = deval(sol,t);

u = -sxint (4, :);

U = [t;ul;
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APPENDIX D

RANGE OBSERVER

The “passive ranging” problem is typically solved for moving targets through the use of
Kalman filters as in [66] and [67] and the missile trajectory is often modified to enhance
observability. The range observer, which is based on the state observer methodology in [68],
is structured on the nonlinear kinematics against a stationary target in [11]. It also addresses
the observability issue through a simple switching action that stops the pseudo range
measurement from being fed back to the system when required.

The nonlinear engagement model including the system and the measurement model is

r=u=-Vcose (D.1)
Vsin
r=y=-— d (D.2)

where u isthe inputand y isthe measurement. In fact, y is the pseudo measurement because

the range is not measured directly. An approximation is obtained by combining the outputs
from the inertial navigation system and the seeker. The block diagram of the proposed range
observer is presented in Figure D.1. [ is the range estimate and K is the observer gain, which
could be constant or varying.

The range becomes unobservable when the missile is in the collision course as mentioned
in [66] and [67]. In this structure, when the LOS rate is zero, the un-observability manifests
itself in the pseudo-measurement equation. The observability switch shown in the figure is to

address this problem. However, due to the noisy signal provided by the seeker, this
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phenomenon would show itself not when the LOS angle rate becomes identically zero but when

its absolute value drops below a certain threshold, which depends on the system being studied.

Y

u \Q J‘ 7
N

Observability
Switch

Figure D.1 Range observer structure.

So; if this situation is realized, the error feedback could be simply switched off. It is to be noted
that the system flows through the open-loop route in this situation. In addition, if the
observability switch goes off after the range estimation has converged, even the system model
without the erroneous measurement might still yield acceptable estimates.

The transfer function relating the output to the inputs can be written as

1

R(s)= U(s)+

_s+K

K
s+ K

Y(s) (D.3)

It is seen that the observer essentially acts as a low-pass filter for both the input and the
measurement. The proposed range estimator/observer could be implemented with only two
user defined parameters: The gain to adjust the bandwidth and the threshold to prevent the
estimation process from collapsing. The method operates independent of the guidance law and
can be used in conjunction with any law that would benefit from the range information. For

more details and examples, [11] could be read.
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APPENDIX E

CONSTRAINED IMPACT TIME
CONTROL REFORMULATION VIA
OPTIMAL CONTROL

[46] presents impact time and impact angle control problem based on constrained optimal
solutions. Here, only the impact time solution is briefly expressed. The investigated system is

under the effect of physical constraints 7, and ¢, , respectively associated with the rotation

max 1
rate and the look angle capacities. To keep the solution less complicated, only the rotation rate
constraint will be considered firstly, after which the look angle constraint will be incorporated
into the solution.

Subject to the dynamic constraints in Eq. (2.8) and Eq. (2.9), the state equations could be

written as

. —CO0S a,
@, .
. SIhax
a, |= 24+u (E.1)
. o,
a;
u

Here, the states are defined as o, =r/V , @, =¢ and a, =y whereas the input is u=y. The

boundary conditions are

a(0)
)
att,) |=[ey @, a, 0 0 free] (E.2)
U

free
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Under the influence of the input constraint

| u |S umax (E'3)

The problem is to minimize either of the following costs
J =4t (E.4)

As seen in Eq. (E.2), the final values of the range and the look angle must be zero for the
stationary target to be captured. On the other hand, the impact time is free to assume any values
dictated by the solution that is to be obtained. The nature of the problem, i.e. whether the
quantity of interest is to be minimized or maximized, is determined by the sign multipliers seen
in Eq. (E.4). For example, if the final time is to be maximized, the cost function should be

J =—t; . The Hamiltonian associated with this problem valid for the both cost functions may

be formed as

sina
H =-p cosa, + 3, 2

+(B,+ By)u (E.5)

1

which is to remain constant because of the fact that it does not explicitly depend on time. Then,

using the relation B =—0H/da , the differential equations associated with the costates are

obtained
" sina )
B, —*
B “
B, |=| -Bsina, - g, 2% (E6)
; “
3 i 0 |

Noting from the previous equation that the third costate is unchanging, Eg. (E.5) implies that

the control that minimizes the Hamiltonian (6H /ou = 0) can be written as
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umax’ 182 < _ﬂs,f
U= —Upas ﬂz > _ﬁa,f (E7)
us' :32 = _ﬁa,f

where the singular interval is denoted by subscript s. To find out whether the last condition in
this equation may be realized over a finite time interval, the differential equation associated
with the second costate and the Hamiltonian itself are evaluated. This gives the second costate

Cosar,

,Bz,s = _ﬂl,s sin Qs+ :Ba,f =0 (E.8)

1,
and the Hamiltonian

sina,
Hs = _ﬂl,s Cos az,s - ﬂs,f

—h (E.9)

Qs

where ;. is0and his F1 as per the terminal transversality and Hamiltonian value conditions

[69], respectively.
Using Eq. (E.8) and Eq. (E.9) the following can be shown: A singular interval may exist

when sina, =0. The physical interpretation of this result is that the pursuer, utilizing zero

control, moves either towards or away from the target over a straight line trajectory. This
situation is naturally applicable to the minimum time scenarios, where J >0. As for the
maximum time scenarios, where J <0, neither a direct course to the target is feasible nor
moving in the opposite direction is allowed; so, no singular interval can exist in this case. Now,
the general forms of the control laws may be deduced based on the information gathered above.
For the minimum time problem, it makes sense that the pursuer captures the target using a
straight line trajectory, which happens to be the singular solution. Yet before that, the look
angle must be brought to zero as soon as possible, which can be realized by exerting the full
control effort. For the maximum time problem, on the other hand, it makes sense that the purser
captures the target using the least direct trajectory, which can only be achieved by firstly
increasing the look angle and then decreasing it under the action of full control effort.

It is now convenient to discuss the effect of the look angle constraint on the optimal
solutions. One may immediately appreciate that the constraint is ineffective in the minimum

time problem. However, the situation is different for the maximum time problem. The look
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angle will sooner or later reach it. Once this happens, the optimal strategy is to keep the look

angle at the constraint value. This policy needs to be carried out until such an instant that the

target can finally be captured by applying the full control effort in the opposite direction.
Based on the discussion above, the two-phased open loop control profile of the minimum

time problem can be written as
-u_., t<f
u ={ mex ) (E.10)

where f is the time instant, at which the look angle becomes zero, which is in fact f as

described in Section 4.2.1. As might be expected, such a strategy will produce a Dubin’s path
[70]. It is to be noted that Eq. (E.10) is the same Eq. (4.60), where the LOS rate is zero for the
minimum time problem. Based on the discussion above, the three-phased open loop control

profile for the maximum time problem can be deduced as

-u__, t<t
u=]-M% ¢ i<t (E.11)
o
u t>t

where t is the instant, at which the look angle reaches its limit and t denotes the latest time
for the beginning of the terminal maneuver. These time instants are the critical time instants as
previously described. If the switching from the second phase to the third phase occurs later
than t, it will not be possible to reach the target without violating the acceleration limit.
Moreover, if the switching occurs earlier than t, the target can be captured, but without
exerting the full control effort. These time instants are actually the critical switching instants
as described in Section 4.2.1. It is necessary to remind that Eqg. (E.11) has the same structure
with Eq. (4.63) for the maximum time problem.

It would also be helpful to have a look at some general trajectories. Figure E.1 shows two
different trajectories, each of which belongs to one of the optimal families just discussed. The
portions of the trajectories where the control becomes saturated are highlighted in bold curves
whereas the remaining portions are presented in plain curves. The circles with a radius of

V/7.. acting as maneuvering boundaries are drawn in dashed lines. As seen, the two-phased
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minimum time trajectory rapidly converges towards the target, finishing over a straight line.
On the other hand, the three-phased maximum time trajectory is seen to rapidly diverge from
the target until it hits the look angle limit. Then, it follows a path that maintains a constant look

angle before finishing over a circular arc.

) o (X,07,)

(X,.Y,

0*70

Figure E.1 Optimal trajectories.
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APPENDIX F

FRESNEL INTEGRALS FOR IMPACT
TIME CONTROL

The indefinite integral without the integration constant of the cosine of Eg. (5.9) can

I :\/I(cos¢Fc—sin¢Fs) (F.1)
K,

compactly be written as

where ¢

B (Kztf2 +go)2

F.2
41(2tf2 (F-2)

P=2¢

F, and F, are the Fresnel cosine and the Fresnel sine integrals, respectively. These are defined

as
f ) © . f4n+1
F, :!cosg d¢ =§(—1) @D (F.3)
and
f _ , © ] f4n+3
F, =£sm§ dg“:;(—l) a3 (F.4)
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in which

t. 2+
‘o L(KZI_M] (F5)
K, 2t,

As seen, the integrals can be represented in terms of infinite summations. Then, the definite

integral given in Eq. (5.27) may approximately be written as

% ~ \/K‘IZ{COS¢(|£“ - Ifcyo)—sin ¢(|£s,f - lfs,o)} (F.6)

where Ifc and Ifs denote approximations to the Fresnel integrals obtained by keeping a finite

number of terms in Eq. (F.3) and Eq. (F.4). Hence, the guidance gain may be calculated by
solving the approximate transcendental equation presented in Eg. (F.6) instead of solving the
integral equation in Eq. (5.27). It is important to note that, because Eq. (F.6) is only an
approximation to Eq. (5.27), it might happen that the numerical algorithm operating on the
former converges to a solution that does not satisfy the latter. In such a case, the guidance gain

obtained in the linearized domain could be used as the initial guess.
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APPENDIX G

OPTIMAL IMPACT TIME SOLUTION IN
THE LINEAR DOMAIN

The differential equations related to the impact time problem for the linearized kinematics

can be written as follows:

X X,
{)’(2] = u (G.1)
%] | plaros(x/p))

where the states are defined as x, =y, X, =y, X, =S. u is the control input and S = X, t; is

a known constant. The objective is to find the control input which minimizes
1t 2
J—ELudt (G.2)

The Hamiltonian associated with this problem can be constructed as

1Y L,
H :§1x2+§2u+§3ﬂ{1+§(EJ }+2u (G.3)

where ¢, ¢, and ¢, are the costates. The optimal control must satisfy oH/ou =0, which

resolves into

u :_gz (G-4)



Then, using the relation —oH / oX = E , the differential equations associated with the costates

are obtained as

& 0
é;z = _gl_§3x2/ﬁ (G.5)
&5 0

which shows that first and the third costates are constant. The final value of the second state is

free, so the following must hold: u; =¢, ; =0. Thus, the boundary conditions of the optimal

control problem can be written as

I:Xl,O X0 X0 X¢  Ug X3,f]:|:xl,0 %50 0 Xt 0 th] (G-6)

Generally speaking, the initial and the final values of the first state can be anything. However,

X, =% =0 is assumed here for simplicity with no loss of generality. Merging the second

item in Eq. (G.1) with the second item in Eq. (G.5), the following differential equation can be

obtained:

o E3%)
,=¢; G.7
X, =C1+ 5 (G.7)

It can be shown that this equation leads to the following solution for the states:

1 . .
X Z(Clet_cze )+ pt+C,
XZ - Cleat _i_(:Ze_at + p (G8)
X 2 t
3 l CGC, +'0_ +p t+ﬂ(cleat _Cze—at)+i(clze2&t _C228—2at)+C4
B 2 aff 4ap

Here, C_, are the integration constants, p=-£¢,/¢,,and a = «/53//3 . The optimal control

then becomes

u=a(Ce”-Ce™) (G.9)
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The problem with this representation is that although u is real-valued, the coefficients are not.

Therefore, the following manipulation is suggested:
a=ui, C,, =—ue"™) (G.10)
When Eq. (G.10) is replaced in Eq. (G.9) where necessary, the control input yields
U= ui (ei“(tf ) —ei“(t‘t)) (G.11)
Then, Euler’s formula is written for the related functions:

g = cos(u(tf —t))+ i sin(u(tf ~t))

gl = cos(o(t; —t))—isin(v(t, -t)) 12
When Eq. (G.12) is used in Eq. (G.11), it becomes
U = poi {2isin(u(tf —t))} (G.13)
Finally, the optimal guidance command turns into the following form:
u=—2uwsin(v(t; —t)) (G.14)

where u and v are real-valued constants to be determined numerically.
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