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Abstract There is a growing number of studies that model immunological
processes in the artery wall that lead to the development of atherosclerotic
plaques. However, few of these models use parameters that are obtained from
experimental data even though data-driven models are vital if mathematical
models are to become clinically relevant.

We present the development and analysis of a quantitative mathematical
model for the coupled inflammatory, lipid and macrophage dynamics in early
atherosclerotic plaques. Our modeling approach is similar to the biologists’
experimental approach where the bigger picture of atherosclerosis is put together
from many smaller observations and findings from in vitro experiments. We
first develop a series of three simpler submodels which are least-squares fitted
to various in vitro experimental results from literature. Subsequently, we use
these three submodels to construct a quantitative model of the development of
early atherosclerotic plaques.

We perform a local sensitivity analysis of the model with respect to its
parameters that identifies critical parameters and processes. Further, we present
a systematic analysis of the long-term outcome of the model which produces a
characterization of the stability of model plaques based on the rates of recruit-
ment of low-density lipoproteins, high density lipoproteins and macrophages.
The analysis of the model suggests that further experimental work quantifying
the different fates of macrophages as a function of cholesterol load and the
balance between free cholesterol and cholesterol ester inside macrophages may
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give valuable insight into long-term atherosclerotic plaque outcomes. This
model is an important step towards models applicable in a clinical setting.

Keywords atherosclerosis · plaque developement · quantitative model ·
parameter estimation · metabolic control analysis · stability analysis

1 Introduction

Atherosclerosis is a chronic inflammatory disease of the artery wall [58,18] and
is a significant contributor to worldwide morbidity and mortality. We present a
quantitative mathematical model which addresses whether early stage plaques
will grow or regress based on the rates of low-density lipoproteins (LDL) influx,
high density lipoproteins (HDL) influx and macrophage recruitment into the
artery wall. These quantities reflect the serum level of LDL and HDL in the
bloodstream and the magnitude of wall shear stress exerted on the vascular
wall by blood flow. HDL and LDL are routinely measured from patient blood
samples and hemodynamic properties can be accurately estimated using three-
dimensional simulations of blood flow through patient-specific geometries of
vasculature [12,19,44,15].

There is an increasing demand for the quantification of inflammatory
processes, particularly in atherosclerosis [51,73,21]. Even though a variety
of mathematical models for many aspects of atherosclerosis exist, see [51]
and therein, one of the major problems is that the models’ parameters are
commonly unknown and can often only be estimated very loosely. Yet, there has
been remarkably little work done resolving this issue and quantifying crucial
immunological processes in atherosclerosis. To create this model we have used
published experimental results to obtain a comprehensive set of parameters to
model immunological and biochemical processes that occur within the artery
wall in the early stages of plaque formation. Other researchers have found
parameters for models that focus on the biomechanical or perfusion properties
of the artery walls [12,19,44,80,55,76]. Although there is a growing body of
work that models cellular and lipid dynamics inside the artery wall[50,9,2,
21,11,28,7,17,8] to our knowledge no complete set of experimental-derived
parameters exists for any of these models. In order for mathematical models of
inter- and intra-cellular dynamics to be clinically useful, these models need to
be comprehensively and correctly parametrised from experimental data. This
study is the first significant step in that endeavour.

Atherosclerosis is characterized by sterile inflammatory lesions in the artery
wall called atherosclerotic plaques. Plaques form at sites where blood flow
exerts a low wall shear stress on the wall [52]. This low wall shear stress
causes a disruption of the endothelium that lines the lumen of the artery
which increases the amount of LDL and HDL seeping into the vessel wall.
LDL that seeps in from the bloodstream is retained in the artery wall and
subjected to oxidative modifications which render it pro-inflammatory [74,65,
75]. If a differentiation between oxidatively modified LDL and unmodified LDL
is required, we will refer to them as oxidatively modified LDL (modLDL) and
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native LDL, respectively. The analogue holds for HDL. Accruing modLDL in
the artery wall triggers an inflammatory response that draws in circulating
monocytes from the bloodstream which differentiate into macrophages [14,
34]. Monocyte-derived macrophages rapidly populate inflamed tissue, actively
ingest noxious extracellular substances such as modLDL and necrotic debris,
undergo controlled cell death (apoptosis) and consume other dead and dying
macrophages (efferocytosis) [46,24]. Macrophages are at the crux of disease
pathogenesis and resolution; they promote inflammation resolution by removing
pro-inflammatory materials but can also drive further inflammation in response
to modLDL [25,46]. The inflammatory response is sustained by the persistent
recruitment and modification of LDL and complicated by cholesterol that is
present in LDL [36,67].

Cholesterol uptake by macrophages via LDL and cholesterol efflux to HDL
is tightly regulated by each macrophage to maintain an intracellular cholesterol
content between essential and cytotoxic limits [3]. This balance is disrupted
in plaque macrophages due to the active consumption of modLDL [31], poor
access to HDL [53] and efferocytosis which recycles cholesterol in apoptotic cells
and retains it in the macrophage population. Macrophages thus accumulate
cholesterol in excess which enhances pro-inflammatory signalling [78], apoptosis
[16,77] and uncontrolled cell death (necrosis) [37,20,68]. These processes all
contribute to a maladaptive inflammatory response.

In late but not early stage plaques, macrophage proliferation and emigration
from the plaque may be enhanced so as to minimise cellular cholesterol content
[54,33,38,57,66]. During the course of a human lifetime, the interplay between
lipid and immune cell dynamics [45] drives characteristic changes in plaque
constituents. These changes are used by clinicians to quantify and describe the
disease [61]. The presence of large numbers of macrophages, a large pool of
lipid-rich necrotic debris, called the necrotic core, and a thin covering between
the plaque and bloodstream, called the fibrous cap, are the hallmarks of a
dangerous plaque [72]. The necrotic core is derived from macrophage necrosis
in response to excessive cholesterol accumulation and post-apoptotic necrosis
when apoptotic cells are not readily cleared by macrophages via efferocytosis
[66,46]. Growth of the necrotic core and migration of macrophages and other
cells into the artery wall induces a swelling of the inner artery wall which leads
to a expansion and remodeling of the artery wall [23]. In late stages this may
result in a drastic narrowing of the lumen and the formation of a severe stenosis
[35]. If the fibrous cap ruptures due to the continues mechanical loading by the
blood, the bloodstream is exposed to the thrombotic plaque constituents in the
necrotic core. This triggers an occlusion event that results in serious clinical
symptoms such as myocardial infarction, sudden cardiac death and stroke.

HDL has received considerable attention in therapy design as it offers a
pathway for cholesterol removal from the plaque [4] and exerts anti-oxidant
effects that reduces LDL modification in vitro [41]. However, there is controversy
over the efficacy of increasing HDL concentration in the blood serum as a
therapy for late stage plaques but infusions of HDL mimetics show some promise
[10,6]
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We construct a simple mathematical model of the early stages of atheroscle-
rosis component-wise where each component is strongly informed by existing
sets of in vitro experiments. The biological arguments and the chosen mathe-
matical approach are philosophically the same, in that they rely on the idea
that results from in vitro studies can be used to inform our understanding of
what goes on in vivo.

The complete model is a quantitative and deterministic system of ordi-
nary differential equations that describe the coupled inflammatory, lipid and
macrophage dynamics inside the artery wall. We identify native LDL, modified
LDL, native HDL, intracellular free cholesterol, intracellular cholesterol ester
and macrophages as the key species in early atherosclerosis, see Fig 1. The
complete model tracks the number of LDL particles and the extent of their
modification, the total number of HDL particles and the total number of
macrophages and the extent of their intracellular cholesterol burden. Key and
measurable processes during early stage atherosclerotic plaques include artery
wall permeability with respect to LDL and HDL [70,64], LDL modification [27,
32,41,60], monocyte recruitment [29,1], monocyte-derived macrophage phago-
cytosis [27,32], intracellular lipid metabolism [4,5], macrophage apoptosis [77]
and clearance of apoptotic macrophages which we assume are not defective
[59]. We use the complete model to forecast the constituents and properties of
the plaque based on the recruitment rates of LDL, HDL and macrophages into
the artery wall. We can use these predicted properties to determine when an
early plaque will become unstable and grow unboundedly and hence become
potentially dangerous and symptomatic [61].

This work contributes to a deeper understanding of the fundamental biologi-
cal mechanisms behind the progression of atherosclerosis. Existing experimental
results from literature are used to quantify processes that are essential to
atherosclerotic plaque growth. The estimated physiological set of parameters is
a major contribution of this work as it provides well-founded values for the
rates of key processes that generate early atherosclerotic plaques.

The structure of the paper is as follows. In the Models and Methods
section we present three mathematical submodels that reflect various in vitro
experiments and each submodel is fitted to the relevant experimental results.
The three submodels are combined to create a complete model that describes
formation of early atherosclerotic plaques as they may occur in vivo. We perform
a sensitivity analysis of the complete model with respect to its parameters and
classify its long-term stability. In the Results section all computational results
are presented and these are discussed and critically reflected in the Discussion
section.

2 Models and Methods

The complete mathematical model is a combination of three simpler ordinary
differential equation submodels which reflect various in vitro experiments. In all
models, we use a continuum approach where the concentration of each species
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Fig. 1 Overview of the key inflammatory and lipid processes in an atheroscle-
rotic plaque that are considered in the complete model. We assume that
monocytes (circle, grey), LDL (diamond, grey) and HDL (triangle) enter the
vessel wall at a constant rate which reflect their serum concentrations and
the magnitude of wall shear stress exerted on the endothelium by blood flow.
Monocytes differentiate into macrophages (circle, white), consume modLDL
(diamond, white) and apoptotic macrophages (cloud) and gain free cholesterol
(F) as a result, export cholesterol to HDL and undergo apoptosis. Free choles-
terol is converted to esterified cholesterol (B) and stored in lipid droplets so
free cholesterol is within an essential and cytotoxic limit. LDL is oxidatively
modified by macrophages and the endothelium whereas HDL counteracts LDL
oxidation. The processes considered in each submodel of in vitro systems are
encircled by green (submodel 1), blue (submodel 2) and red (submodel 3)
frames. The processes considered in the complete model are encircled by a
yellow frame.
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is represented as a function of time only. Concentrations are either in units
of mass per unit volume or number per unit volume where the representative
volume will be either the volume determined by the petri dish (for in vitro
experiments) or the volume of the plaque (for in vivo experiments).

Where a species in a model exists in many states, we will assume that
the different states can be binned so that different classes in the model have
functionally distinct roles. For example, LDL has many degrees and different
types of oxidative modification [65]. In our models, however, we divide LDL
into two classes which we label, native LDL and modLDL. The distinction is
that only modLDL creates an immune reaction that leads to inflammation. In
the same way we model only those macrophages that ingest and store lipids
to a significant extent, as this is the behaviour of the macrophages observed
in the in vitro experiments that we use to find parameters. Macrophages in
vivo exhibit a wide variety of phenotypes [48], but modeling that phenotypic
diversity is beyond the capability of the available data and beyond the scope
of this study.

Based on in vitro experiments and other literature we consider the following
key species and their interactions in our complete model for early atherosclerotic
plaques: concentration of native LDL `, concentration of modified LDL ˜̀,
concentration of native HDL h, concentration of intracellular free cholesterol f ,
concentration of intracellular cholesterol ester b and density of macrophages m.
A schematic overview of the key species and their interactions is shown in Fig 1.
The time-dependent behaviour of species is modeled by systems of ordinary
differential equations. If specific experimental data exists we choose relationships
which best represent the data. In contrast, we use linear relationships if no
experimental data exists and there is nothing to indicate that the relationship
must be nonlinear. The results of the mathematical submodels are least-squares
fitted to various experimental measurements from literature to find values of
the unknown parameters. Due to a lack of uniform data we do not distinguish
between experimental results gained from cells or lipids from different animal
models. We convert all quantities to SI units from the experiment-specific units
used in the literature which are often non-SI units. Table 1 shows the values
used for the conversions in this study.

The three submodels that we develop and validate for the in vitro experi-
mental systems are combined to produce a complete model that describes early
development of atherosclerotic plaques. The sensitivity of the complete model
is analyzed with respect to the estimated parameters and critical parameters
identified. The long-term behaviour of the model is analyzed which leads to
a characterization of stable and unstable plaques. We usually omit the time
dependencies to keep the notation clear, except in cases where it is crucial.

2.1 Submodels of in vitro systems

Three mathematical submodels that describe various in vitro experiments are
developed. All parameters of the submodels are either experiment-specific (i.e.
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Table 1 Overview of values of key quantities in SI units.

Symbol Description Value Source
NA Avogadro constant 6.022 · 1023 1

Mol
ρ1 Number of cell proteins per cell volume 3.0 · 1015 1

mm3 [43]
ρ2 Molecular weight of cell proteins 5.3 · 104 g

Mol
[39]

Mb Molecular weight of cholesterol ester 6.48 · 102 g
Mol

[69]
Mf Molecular weight of free cholesterol 3.87 · 102 g

Mol
[69]

ρ3 Molecular weight of apolipoprotein B-100 5.49 · 105 g
Mol

[56]
ρ4 Murine (J774) macrophage volume 2.10 · 10−6 mm3 [42]
ρ5 Macrophages per cell protein mass 1.80 · 109 1

g
= NA

ρ1ρ2ρ4
M` Molecular weight of LDL 2.93 · 106 g

Mol
[13,56]

ρ6 Fraction of cholesterol ester of LDL mass 38.3% [69]
ρ7 Fraction of free cholesterol of LDL mass 8.8% [69]
ρ8 LDL particles per LDL cholesterol mass 4.36 · 1017 1

g
= NA

M`(ρ6+ρ7)

ρ9 Apolipoprotein B-100 fraction of LDL protein mass 95% [56]
ρ10 LDL particles per LDL protein mass 1.04 · 1018 1

g
= NAρ9

ρ3
Mh Molecular weight of HDL 2.92 · 105 g

Mol
[30]

ρ11 Cholesterol ester molecules per HDL particle 110.1 [30]
ρ12 Free cholesterol molecules per HDL particle 27.7 [30]
ρ13 HDL particles per HDL cholesterol mass 7.34 · 1018 1

g
= NA

Mbρ11+Mfρ12

ρ14 HDL particles per HDL protein mass 4.22 · 1018 1
g

[30]

All values are converted to mm, g and Mol.

are specified by the experimental procedure) or estimated by a least-squares fit
to the measured experimental results.

2.1.1 Submodel 1: LDL modification and ingestion

The submodel of oxidative modification of LDL by endothelial cells and
macrophages and the ingestion of native and modified LDL by macrophages is
based on in vitro experiments by Henriksen et al. [27] and Leake et al. [32].

Experimental setups. The modification of LDL by endothelial cells and the
ingestion of modLDL by macrophages in vitro was investigated in [27] us-
ing a two-staged experimental setup. First, specified initial concentrations
of native LDL `Mod,0 were modified by exposure to cultured endothelial cell
monolayers eMod for specified time periods TMod. (Here the subscript “Mod”
indicates quantities of the first stage of the experimental setup.) Subsequently,
the mixtures of native and modified LDL, that had been created in the first
step, were reduced to specified initial concentrations `Ing,0 and exposed to
specified densities of macrophages mIng for specified time periods TIng to allow
the macrophages to ingest the LDL. (The subscript “Ing” indicates quantities of
the second stage of the experimental setup.) The ingested LDL per macrophage
was measured for various experiment-specific values of `Mod,0, eMod, TMod,
`Ing,0, mIng and TIng. We also use measurements in [32] where the modification
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and ingestion of LDL by macrophages was investigated. This study used similar
experimental protocols to [27] but the modification of LDL in the first stage was
done using specified densities of macrophages mMod instead of endothelial cell
monolayers. Also, in the second stage a high concentration of foetal calf serum
was added preventing the oxidative modification of LDL by macrophages. The
ingested LDL per macrophage in the second stage was measured for various
experiment-specific values of `Mod,0, mMod, TMod, `Ing,0, mIng and TIng.

Mathematical submodel. The experimental observations in [27] and [32] are
driven by the ingestion of native and modified LDL by macrophages and by
the modification of native LDL by endothelial cells and macrophages. In these
experiments, ingestion of native LDL, concentration ` and modified LDL, con-
centration ˜̀ per macrophage saturates as LDL concentrations increase (see
[27], Fig 7 and 8 and [32], Fig 4). We describe the modification of native LDL
by macrophages and endothelial cells by linear relationships in their concentra-
tions `, m and e, respectively, as no experimental data exists which indicates
otherwise. We take account of the observed lag phase for the modification of
native LDL of 3− 8 h (see [27], Fig 2, [32], Fig 1a and 1b, [47], Fig 1b) by a
reduction of 4 h of the experimental time period TMod.

The mathematical submodel is formulated in the same units that are
used in the experiments: time [t] = h, concentration of native LDL [`Mod] =
[`Ing] = µg lipid protein

ml , concentration of modified LDL [˜̀Mod] = [˜̀Ing] =
µg lipid protein

ml , concentration of total ingested LDL [aIng] =
µg lipid protein

ml , den-
sity of macrophages [mMod] = [mIng] =

mg cell protein
ml and density of endothelial

cells [eMod] =
mm2

ml . The submodel consists of two sequential system of ordinary
differential equations and associated initial conditions. As in the experiments
described in [27,32], the first system corresponds to the oxidative modification
of LDL by macrophages and endothelial cells

d

dt
`Mod(t) =− µ`

(`Mod)
n`

(ξ`)n` + (`Mod)n`
mMod︸ ︷︷ ︸

ingestion of LDL
by macrophages

− q`,m`ModmMod︸ ︷︷ ︸
modification of LDL
by macrophages

− q`,e`ModeMod︸ ︷︷ ︸
modification of LDL
by endothelial cells

,

d

dt
˜̀
Mod(t) =− µ˜̀

(˜̀Mod)
n˜̀

(ξ˜̀)n˜̀ + (˜̀Mod)n˜̀
mMod︸ ︷︷ ︸

ingestion of modLDL
by macrophages

+ q`,m`ModmMod︸ ︷︷ ︸
modification of LDL
by macrophages

+ q`,e`ModeMod︸ ︷︷ ︸
modification of LDL
by endothelial cells

,

`Mod(4h) =`Mod,0, ˜̀
Mod(4h) = 0, t ∈ [4h;TMod]

(1)
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and the second system to the ingestion of LDL by macrophages

d

dt
`Ing(t) = −µ`

(`Ing)
n`

(ξ`)n` + (`Ing)n`
mIng︸ ︷︷ ︸

ingestion of LDL
by macrophages

− q`,m`IngmIng︸ ︷︷ ︸
modification of LDL
by macrophages

,

d

dt
˜̀
Ing(t) = −µ˜̀

(˜̀Ing)
n˜̀

(ξ˜̀)n˜̀ + (˜̀Ing)n˜̀
mIng︸ ︷︷ ︸

ingestion of modLDL
by macrophages

+ q`,m`IngmIng︸ ︷︷ ︸
modification of LDL
by macrophages

,

d

dt
aIng(t) = +µ`

(`Ing)
n`

(ξ`)n` + (`Ing)n`
mIng︸ ︷︷ ︸

ingestion of LDL
by macrophages

+µ˜̀
(˜̀Ing)

n˜̀

(ξ˜̀)n˜̀ + (˜̀Ing)n˜̀
mIng︸ ︷︷ ︸

ingestion of modLDL
by macrophages

,

`Ing(0) = `Ing,0
`Mod(TMod)

`Mod(TMod) + ˜̀
Mod(TMod)︸ ︷︷ ︸

fraction of LDL at end of
first experimental stage

,

˜̀
Ing(0) = `Ing,0

˜̀
Mod(TMod)

`Mod(TMod) + ˜̀
Mod(TMod)︸ ︷︷ ︸

fraction of modLDL at end of
first experimental stage

,

aIng(0) = 0, t ∈ [0;TIng],

(2)

where TMod, `Mod,0,mMod, eMod, TIng, `Ing,0 and mIng are experiment-specific
parameters (see Appendix 1: Experiment-specific parameters of submodels,
Table 5). The remaining constants q`,m, q`,e, µ`, ξ`, n`, µ˜̀, ξ˜̀ and n˜̀ are the
unknown parameters of the submodel. We estimate them using a least-squares
fit of the simulated ingestion of native and modified LDL per macrophage in
the ingestion phase aIng(TIng)

mIng
to the experimental results in [27] and [32].

2.1.2 Submodel 2: HDL protection against LDL modification

The submodel of HDL protection against the oxidative modification of LDL is
based on in vitro experiments by Mackness et al. [41].

Experimental setup. The inhibition of oxidative modification of LDL by copper
sulfate by HDL in vitro was investigated in [41]. Specified initial concentrations
of native LDL `0 and HDL h0 were exposed to specified concentrations of
copper sulfate ς for specified time periods TMod. The lipid peroxide content
per lipoprotein particle was measured for various experiment-specific values
of `0, h0, ς and TMod.
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Mathematical submodel. The experimental observations in [41] are driven by
the modification of native LDL and native HDL by copper sulfate as well as by
the inhibition of LDL modification by native HDL. The protection that HDL
gives against modification of native LDL by copper sulfate saturates as the
concentration of HDL h increases (see [41], Fig 5). We describe the modification
of native LDL and native HDL by copper sulfate by linear relationships in
their concentrations `, h and ς, respectively, as no experimental data exists
which indicates otherwise. We use the lipid peroxide quantities as a measure
of the concentrations of modLDL and modified HDL. Therefore, we convert
each mg of lipid protein of modified LDL and modified HDL as given in [41]
to N˜̀ nMol and Nh̃ nMol of lipid peroxide, respectively.

The mathematical submodel is formulated in the following units: time [t] = h,
concentration of native LDL [`] = mg protein

ml , concentration of modified LDL
[˜̀] = mg protein

ml , concentration of native HDL [h] = mg protein
ml , concentration of

modified HDL [h̃] = mg protein
ml and concentration of copper sulfate [ς] = µMol

ml .
The submodel consists of a system of four ordinary differential equations and
associated initial conditions

d

dt
`(t) = − q`,ς`ς︸ ︷︷ ︸

modification of LDL
by copper sulfate

· (Kh)
nh

(Kh)
nh + hnh︸ ︷︷ ︸

inhibition of
modification by HDL

= − d

dt
˜̀(t),

d

dt
h(t) = − qh,ςhς︸ ︷︷ ︸

modification of HDL
by copper sulfate

· (Kh)
nh

(Kh)
nh + hnh︸ ︷︷ ︸

inhibition of
modification by HDL

= − d

dt
h̃(t),

`(0) = `0, ˜̀(0) = 0, h(0) = h0, h̃(0) = 0, t ∈ [0;TMod],

(3)

where TMod, `0, h0 and ς are experiment-specific parameters (see Appendix
1: Experiment-specific parameters of submodels, Table 6). The remaining
constants N˜̀, Nh̃, q`,ς , qh,ς ,Kh and nh are the unknown parameters of the
submodel. We estimate them using a least-squares fit of the simulated lipid
peroxide content per lipoprotein N˜̀

˜̀(TMod)

`0
and the reduction of lipid peroxide

content due to the presence of HDL to the experimental results in [41].

2.1.3 Submodel 3: cholesterol cycle and reverse cholesterol transport

Macrophages ingest LDL and store its cholesterol content as intracellular
free and esterified cholesterol. Free and esterified cholesterol are in a dynamic
equilibrium due to hydrolysis and esterification which together are referred to as
cholesterol cycle. Further, macrophages are able to offload their free cholesterol
content on to native HDL, a process called reverse cholesterol transport. The
submodel of cholesterol cycle and reverse cholesterol transport is based on in
vitro experiments by Brown et al. [4,5].
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Experimental setup. The ingestion of cholesterol by macrophages and the
cholesterol cycle within macrophages in vitro was investigated in [4]. Specified
concentrations of modified LDL ˜̀

0 were incubated in a dish in the presence
of specified densities of macrophages m for specified time periods TCho. The
intracellular free cholesterol and cholesterol ester per macrophage were measured
for various experiment-specific values of ˜̀0,m and TCho.

Using this study [4] as a basis, the cholesterol efflux from macrophages to
HDL was investigated in [5] using a multi-staged experimental setup. First,
specified densities of macrophages m were loaded with free and esterified choles-
terol by incubation with LDL. Subsequently, the concentrations of intracellular
free cholesterol f0 and esterified cholesterol b0 per macrophage were measured.
After specified time periods Th, specified concentrations of HDL h0 were added.
After a total time period of TCho the intracellular free and esterified choles-
terol per macrophage as well as the excreted cholesterol per macrophage was
measured for various experiment-specific values of m, f0, b0, h0, Th and TCho.
In both studies, the modification of LDL by macrophages was prevented by
high concentrations of foetal calf serum.

Mathematical submodel. The experimental observations in [4] and [5] are driven
by the ingestion of modLDL by macrophages, the free cholesterol-cholesterol
ester cycle within macrophages and the offloading of free cholesterol from
macrophages to HDL. The ingestion of modLDL per macrophage saturates as
the concentration of modLDL ˜̀ increases (see [27], Fig 7). Each µg lipid protein
of ingested modLDL can be identified with Nf nMol of incorporated intra-
cellular cholesterol particles which are hydrolyzed to free cholesterol [5]. The
cholesterol cycle of free cholesterol and cholesterol ester within macrophages
shows a buffer-like behaviour (see [4], Fig 1 and [5], Fig 1 and 4). Hence, we
assume that there exists a concentration of free cholesterol fMin which is favored
by macrophages as well as a maximum concentration of free cholesterol fMax
possible within macrophages [5]. As suggested in [5], these concentrations fMin
and fMax affect only the rate kf of esterification and not the rate kb of hydroly-
sis. The delivery of free cholesterol from macrophages to native HDL saturates
as the concentration of HDL h increases (see [5], Fig 2), but only takes place
when concentration of intracellular free cholesterol f is bigger than fMin (see
[5], Fig 1b). In accordance with the results in [5], we assume that native HDL is
never saturated by the cholesterol it takes up and so the action of HDL does not
decline through lipid loading due to reverse cholesterol transport. Additionally,
a constant efflux of intracellular free cholesterol from macrophages independent
of native HDL (see [4], Fig 1a and [5], Fig 1c) occurs in vitro.

The mathematical submodel is formulated in the following units: time
[t] = h, concentration of modified LDL [˜̀0] =

µg lipid protein
ml , concentration of

native HDL [h] = µg lipid protein
ml , density of macrophages [m] = mg cell protein

ml ,
concentration of total intracellular free cholesterol [f ] = nMol

ml , concentration
of total intracellular cholesterol ester [b] = nMol

ml and concentration of total
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cholesterol excreted from cells [r] = nMol
ml . The submodel consists of a system

of three ordinary differential equations and associated initial conditions

h(t) =h0H(t− Th)

d

dt
f(t) = +Nf µ˜̀

(˜̀0)
n˜̀

(ξ˜̀)
n˜̀ + (˜̀0)

n˜̀
m︸ ︷︷ ︸

ingestion of modLDL

− kf
f
m − fMin

fMax − f
m

(
f

m
− fMin

)
m︸ ︷︷ ︸

esterification of free cholesterol

+ kbb︸︷︷︸
hydrolysis of

cholesterol ester

−
(
cf + µf

hnf

(ξf )
nf + hnf

)(
f

m
− fMin

)
m︸ ︷︷ ︸

cholesterol efflux from macrophages

,

d

dt
b(t) = + kf

f
m − fMin

fMax − f
m

(
f

m
− fMin

)
m︸ ︷︷ ︸

esterification of free cholesterol

− kbb︸︷︷︸
hydrolysis of

cholesterol ester

,

d

dt
r(t) = +

(
cf + µf

hnf

(ξf )
nf + hnf

)(
f

m
− fMin

)
m︸ ︷︷ ︸

cholesterol efflux from macrophages

,

f(0) =f0m, b(0) = b0m, r(0) = 0, t ∈ [0;TCho],

(4)

where the function H denotes the Heavyside step function and TCho, Th, h0, ˜̀0,
f0, b0 and m, are experiment-specific parameters (see Appendix 1: Experiment-
specific parameters of submodels, Table 7). The constants µ˜̀, ξ˜̀, n˜̀ are the
same as those introduced in submodel 1. We use the values of these param-
eters determined by the fitting of submodel 1, see Table 4. The remaining
constants Nf , fMin, fMax, kf , kb, cf , µf , ξf and nf are the unknown parameters
of submodel 3 and are estimated using a least-squares fit of the simulated
concentration of intracellular free cholesterol f(TCho)

m , intracellular cholesterol
ester b(TCho)

m and excreted cholesterol r(TCho)
m per macrophage to the experimen-

tal results in [4] and [5]. The results in [4] are convert into the correct units for
the submodel using the molecular weights of free cholesterol Mf = 3.87 ·102 g

Mol
and cholesterol ester Mb = 6.48 · 102 g

Mol [69]. Additionally, we use doubled
results of [5], Fig 2 in order to be consistent with other measurements of the
same experiment, i.e. [5], Fig 1c, 4 and 7b.

2.2 Complete model of early atherosclerotic plaques

The purpose of the complete mathematical model is to predict the development
of early stages of atherosclerotic plaques as they may occur in vivo. It is based on
the previous submodels of in vitro systems that quantified the modification and
ingestion of LDL by macrophages and endothelial cells, the protective action
of HDL against LDL modification, the cholesterol cycle within macrophages
and reverse cholesterol transport from macrophages. Hence, we assume that
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the previous assumptions underlying the submodels and parameters of the in
vitro systems are valid in an in vivo setting too. This modeling approach is
philosophically the same as by experimental scientists and relies on the idea
that results from in vitro studies can be used to inform our understanding of
what goes on in vivo.

We assume that the protection against LDL modification that HDL provides
is independent of the source of modification, as no experimental data exists
which indicates otherwise. Hence, we assume that the protection HDL gives
against oxidative modification of LDL by copper is also valid for endothelial cell
and macrophage mediated modification. Following [11] the rates of modification
of HDL by macrophages and endothelial cells are 7.6 times smaller than the
rates that LDL is modified by macrophages and endothelial cells. Modified
HDL no longer takes part in the reverse cholesterol transport [49].

In contrast to the in vitro systems where the experiments were run in hours
or days, the disease progression in vivo is on a much longer time scale. Hence,
the fate of macrophages in vivo is of particular interest. Macrophages can
undergo necrosis, proliferation, egress and apoptosis. But as rates of necrosis,
proliferation and egress are small in early stages of atherosclerosis (see [38,
54,57]), the only fate of macrophages considered in the model is apoptosis.
The rate of macrophage apoptosis is dependent on the concentration of free
cholesterol within macrophages (see [77], Fig 4a), which we approximate by
the average concentration f

m of intracellular free cholesterol per macrophage.
As it is implausible to assume an unlimited rate of macrophages apoptosis
and it is in accordance with the results in [77], we assume that the rate of
apoptosis saturates (with an exponent of nm = 2) as the concentration of
free cholesterol f increases. In [77] the initial population of macrophages m(t)
decays exponentially over the time period of the experiment TApo = 9 h. This
gives:

m(TApo) = m0 exp

−µm
(
f0
m0

)nm

(ξm)
nm +

(
f0
m0

)nm
TApo

 , (5)

where f0
m0

is the experiment-specific average intracellular free cholesterol of the
macrophage population. The unknown parameters µm and ξm are least-squares
fitted to the measurements of Yao et al. [77], Fig 4a. The total intracellular
free and esterified cholesterol is not affected by apoptosis as we assume that
all apoptotic macrophages are reingested by other non-apoptotic macrophages
by efferocytosis.

The concentrations of native LDL ` and native HDL h and the density of
macrophages m in a plaque are determined by recruitment from the blood-
stream. Hence, rates of recruitment of native LDL r`, of native HDL rh and
of macrophages rm (per unit area of plaque surface) are introduced into the
complete model. Monocytes in the blood contain a concentration of free choles-
terol fIn [77] that remains inside each monocyte-derived macrophage when it
is recruited to the plaque.
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The radial thickness of the plaques is denoted by H. We use H = 10 µm
which is the width of the intima [55,76] as we consider early stages of atheroscle-
rosis. The factor 1

H is introduced to account for effects of processes which take
place on plaque surface (such as the inward flux of lipids and cells from the blood
and the modification of LDL and HDL by endothelial cells) on volume-averaged
concentrations.

Mathematical model. The complete model is formulated in the following units:
time [t] = h, concentration of native LDL [`] = 1

mm3 , concentration of modified
LDL [˜̀] = 1

mm3 , concentration of native HDL [h] = 1
mm3 , concentration of total

intracellular free cholesterol [f ] = 1
mm3 , concentration of total intracellular

cholesterol ester [b] = 1
mm3 and density of macrophages [m] = 1

mm3 . The
complete model consist of a system of six ordinary differential equations and
associated initial conditions

d

dt
`(t) =− µ`

`n`

(ξ`)
n` + `n`

m︸ ︷︷ ︸
ingestion of LDL
by macrophages

−
(
q`,m`m+

q`,e
H
`
)

︸ ︷︷ ︸
modification of LDL by

macrophages and
endothelial cells

· (Kh)
nh

(Kh)
nh + hnh︸ ︷︷ ︸

inhibition of
modification by HDL

+
r`
H︸︷︷︸

recruitment
of LDL

,

d

dt
˜̀(t) =− µ˜̀

˜̀n˜̀

(ξ˜̀)
n˜̀ + ˜̀n˜̀

m︸ ︷︷ ︸
ingestion of modLDL

by macrophages

+
(
q`,m`m+

q`,e
H
`
)

︸ ︷︷ ︸
modification of LDL by

macrophages and
endothelial cells

· (Kh)
nh

(Kh)
nh + hnh︸ ︷︷ ︸

inhibition of
modification by HDL

,

d

dt
h(t) =− qh,mhm︸ ︷︷ ︸

modification of HDL
by macrophages

− qh,e
H

h︸ ︷︷ ︸
modification of HDL
by endothelial cells

+
rh
H︸︷︷︸

recruitment
of HDL

, (6)

d

dt
f(t) = +Nf µ`

`n`

(ξ`)
n` + `n`

m︸ ︷︷ ︸
ingestion of LDL
by macrophages

+Nf µ˜̀

˜̀n˜̀

(ξ˜̀)
n˜̀ + ˜̀n˜̀

m︸ ︷︷ ︸
ingestion of modLDL

by macrophages

− kf
(f − fMinm)

2

fMaxm− f︸ ︷︷ ︸
esterification of
free cholesterol

+ kbb︸︷︷︸
hydrolysis of

cholesterol ester

− µf
hnf

(ξf )
nf + hnf

(f − fMinm)︸ ︷︷ ︸
cholesterol efflux from macrophages

+
rm
H
fIn︸ ︷︷ ︸

recruitment of
macrophages

,

d

dt
b(t) = + kf

(f − fMinm)
2

fMaxm− f︸ ︷︷ ︸
esterification of
free cholesterol

− kbb︸︷︷︸
hydrolysis of

cholesterol ester

,
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d

dt
m(t) =− µm

fnm

(ξmm)
nm + fnm

m︸ ︷︷ ︸
apoptosis of macrophages

+
rm
H︸︷︷︸

recruitment of
macrophages

,

`(0) =0, ˜̀(0) = 0, h(0) = 0, f(0) = f0m0, (6)
b(0) =b0m0, m(0) = m0, t ∈ [0;∞[,

where all parameters except the initial conditions f0, b0,m0 and the rates of
recruitment r`, rh, rm have been introduced previously.

The initial conditions describe the normal, un-inflamed state of the artery
wall determined by the prior condition of the subject. We assume that the
initial intracellular free cholesterol f0 per macrophage is 50% higher than the
free cholesterol fIn of recruited macrophages. Assuming that macrophages and
intracellular cholesterols are in a steady-state, we get

f0 = 1.5fIn

m0 =
rm
H

(ξm)
nm + (f0)

nm

µm(f0)
nm

b0 =
kf
kb

(f0 − fMin)
2

fMax − f0
.

(7)

We set the initial conditions for the concentrations of lipids to zero as the lipids
rapidly reach a non-zero equilibrium. It is important to note that the long-term
behaviour of the complete model is independent of the specific choice of initial
conditions.

The rates of recruitment of LDL r`, of HDL rh and of macrophages rm into
the plaque in reality are strongly dependent on the particular plaque under
consideration, including the wall shear stress, where the plaque forms, and the
diet, lifestyle and physiology of the individual who carries the plaque. In a
healthy subject we estimated, that the recruitment rates can vary by an order
of up to 100 [70,55,26]. However, in LDL receptor deficient mice this order can
even increase up to 1000 due to the very high cholesterol concentrations in the
blood [71]. The ranges of these rates of recruitment are given in Table 2.

Table 2 Ranges of the rates of recruitment for the complete mathematical
model.

Parameter Description Range Source
r` Rate of LDL influx 3 · 106 − 3 · 109 1

h mm2
∗ [70,55,26,71]

rh Rate of HDL influx 4 · 107 − 4 · 109 1
h mm2

∗ [70,55,26,64]
rm Rate of macrophage recruitment 400− 2800 1

h mm2 [29,1]

Parameters indicated by ∗ are estimated using ρ8 and ρ13 from Table 1. All values are given
in the units of the complete mathematical model.
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Remark. The mathematical submodels that describe the in vitro systems are
special cases of the complete model of early atherosclerotic plaque development.

Remark. To keep the notation comprehensible, the symbols f and b have the
following definitions: Stand-alone f and b represent (time dependent) total
concentrations of intracellular free and esterified cholesterol per volume, respec-
tively. However, with an index such as f0, fMin, fMax, fIn and b0 they denote
(constant) quantities of unit intracellular cholesterol per macrophage.

2.3 Sensitivity analysis of complete model

Most of the parameters of the complete model are estimated by least-squares fits
of the previous submodels to the respective in vitro experiments. The estimated
parameters have a degree of uncertainty due to the different experimental setups
and measurement methods, different animals used as experimental models and
measurement errors. Additionally, the conversion from the various units of
measurement in the experimental studies (especially “mass of cell protein” to
“amount of cells” via ρ5 from Table 1) to a unified SI unit system introduces
another source of uncertainty for some parameters.

To quantify the effect of uncertainties in the parameters on the results of the
complete model, we perform a local sensitivity analysis in terms of a metabolic
control analysis [79]. Therefore, we compare the normalized partial derivatives
of all concentrations with respect to all parameters p of the complete model
(see Tables 2 and 4) at time TAC = 25 weeks. As in [79], we estimate the partial
derivatives by using forward finite difference approximations with a sufficiently
small variation parameter ε = 0.1%. Hence, we compute the metabolic control
coefficient MCC(`, p) of LDL ` with respect to the model parameter p by

MCC(`, p) =
1

`p(TAC)

∂

∂p
`p(TAC) ≈

1

`p(TAC)

`p+ε%(TAC)− `p(TAC)

ε
, (8)

where `p+ε% denotes the concentration of LDL ` computed with the parameter p
perturbed by ε percent. The metabolic control coefficients of all other species
are computed in the same way. As basis for the perturbations of the recruitment
rates we used r` = 3 · 107 1

h mm2 , rh = 4 · 108 1
h mm2 and rm = 1000 1

h mm2 . For
all other parameters we utilized the values stated in Table 4.

2.4 Stability analysis of complete model

The long-term outcome for the plaque of the complete model is strongly depen-
dent on the three recruitment rates of LDL r`, of HDL rh and of macrophages rm
which characterize each individual plaque. They vary by an order of up to 1000
(see Table 2) resulting in qualitatively different predicted developments of the
model plaque. Hence, we focus on these three recruitment rates and perform a
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systematic analysis of the long-term stability of the complete model. Therefore,
we use the following proposition:

Proposition 1. Let `(t), ˜̀(t), h(t), f(t), b(t),m(t) (t ≥ 0) be the unique and
smooth solution of the initial value problem defined by equations (6) and (7)
with strictly positive parameters. If fMin ≤ fIn < fMax and fMin ≤ f0 < fMax,
then the solution satisfies:

1. `(t), ˜̀(t), h(t), f(t), b(t),m(t) ≥ 0 ∀t ≥ 0.

2. m(t) ∈
[
rm
H

(ξm)
nm + (fMax)

nm

µm(fMax)
nm︸ ︷︷ ︸

=:mMin

,
rm
H

(ξm)
nm + (fMin)

nm

µm(fMin)
nm︸ ︷︷ ︸

=:mMax

]

and f(t)
m(t) ∈ [fMin, fMax] ∀t ≥ 0.

3. `(t), h(t), f(t),m(t) are bounded. If additionally r`
H < µ˜̀mMin, then ˜̀(t) is

bounded too.

Proof. See Appendix 3: Proof of Proposition 1.

The long-term outcome of the complete model is analyzed by numerically deter-
mining the steady-state solutions for the concentrations of macrophages m̂ ∈
[mMin;mMax] and total intracellular free cholesterol per macrophage f̂

m̂ ∈
[fMin; fMax] for the full physiological spectrum of rates of recruitment r`, rh
and rm (see Table 2). We also investigate numerically the boundedness of the
concentration of the total intracellular cholesterol ester b(t) with respect to the
recruitment rates in order to asses the severity and risk of plaques.

3 Results

All numerical computations were performed using a commercial software pack-
age (MATLAB 9.0, The MathWorks Inc., Natick, Massachusetts, USA, 2000).

3.1 Model parameters

The mathematical submodels of LDL modification and ingestion, HDL pro-
tection against LDL modification, cholesterol cycle and reverse cholesterol
transport and macrophage apoptosis are numerically solved and their param-
eters least-squares fitted to the respective experimental results. An overview
of the sources of these studies, the number of different experiments in each
study and the number of data points from each study that were used in the
least-squares fitting of the unknown parameters is given in Table 3. The fitted
parameters and the remaining parameters of the complete model are given
in Table 4. The least-squares fits of the mathematical submodels of in vitro
systems to the experimental results are given in Appendix 2: Least-squares fits
of submodels.
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Table 3 Sources of the experimental studies, number of different experiments
in each study and number of data points from each study that were used in
the least-squares fitting of the mathematical submodels of in vitro systems.

Source Experimental setups Number of data points
[27] 3 34
[32] 2 24
[41] 2 27
[4] 2 20
[5] 6 65
[77] 1 2
Total 16 172

3.2 Analysis of complete model

The local sensitivity analysis of the complete mathematical model is analyzed
as described in the Models and Methods section. Hence, the results of the
performed metabolic control analysis are independent of the chosen variation
parameter ε = 0.1%. The metabolic control coefficients for LDL, modLDL,
HDL, average intracellular free and esterified cholesterol per macrophage and
macrophages with respect to all model parameters of the complete model are
visualized in Fig 2.

Data from the literature [70,55,26,64,29,1] suggest that the three rates
of recruitment r`, rh, rm which characterize each individual plaque vary by
an order of up to 1000 (see Table 2) and induce qualitatively different long-
term outcomes of the complete model. Time-dependent concentrations for
three example sets of recruitment rates with qualitatively different long-term
outcomes are plotted in Fig 3.

The analysis of the long-term outcome of the complete model with respect
to the recruitment rates is performed as described in the Models and Methods
section. Proposition 1 applies as all its requirements are fulfilled by the complete
model with the parameter set from Table 4. Hence, the steady-state concentra-
tions of macrophages m̂ and intracellular free cholesterol per macrophage f̂

m̂
satisfy

m̂ ∈ [mMin,mMax] = [1.16 · 107, 5.90 · 109],

f̂

m̂
∈ [fMin, fMax] = [1.22 · 1010, 7.15 · 1010]

(9)

and only the concentration of cholesterol ester b can be unbounded. Hence, the
boundedness of intracellular cholesterol ester b, the steady-state concentration
of intracellular free cholesterol per macrophages f̂

m̂ as well as the steady-
state density of macrophages m̂ is computed for the full physiological ranges
of the rates of recruitment of LDL r`, HDL rh and macrophages rm. The
range of recruitment rates that we consider is r` ∈ [3 · 106, 3 · 109] 1

h mm2 ,
rh ∈ [0, 5 · 109] 1

h mm2 and rm ∈ [200, 3000] 1
h mm2 (compare Table 2). It is



A Quantitative Model of Early Atherosclerotic Plaques 19

Table 4 Fitted and estimated parameters of the mathematical submodels
given in units of the submodel and SI units.

Parameter Description Value in units Value in Fitted to/
of the submodels SI units Source

q`,m Rate of modification of ` by m 1.18 · 10−1 ml
h (mg cell protein)

6.56 · 10−5 mm3

h
[27,32]

q`,e Rate of modification of ` by e 2.48 · 10−5 ml
h mm2 2.48 · 10−2 mm

h
[27,32]

µ` Rate of ingestion of ` by m 1.46 · 10−1 µg lipid protein
h (mg cell protein)

8.44 · 104 1
h

[27,32]
ξ` Saturation of ingestion of ` by m 5.73 µg lipid protein

ml
5.96 · 109 1

mm3 [27,32]
n` Exponent of ingestion of ` by m 1.99 1.99 [27,32]
µ˜̀ Rate of ingestion of ˜̀ by m 7.08 · 10−1 µg lipid protein

h (mg cell protein)
4.09 · 105 1

h
[27,32]

ξ˜̀ Saturation of ingestion of ˜̀ by m 4.63 µg lipid protein
ml

4.82 · 109 1
mm3 [27,32]

n˜̀ Exponent of ingestion of ˜̀ by m 1.99 1.99 [27,32]
N˜̀ Lipid peroxide per ˜̀ 298.49 nMol

mg lipid protein
1.73 · 102 [41]

Nh̃ Lipid peroxide per h̃ 63.73 nMol
mg lipid protein

9.09 [41]

q`,ς Rate of lipid peroxidation in ` by ς 1.11 · 10−2 ml
h µMol

1.84 · 10−17 mm3

h
[41]

qh,ς Rate of lipid peroxidation in h by ς 6.18 · 10−2 ml
h µMol

1.03 · 10−16 mm3

h
[41]

Kh Saturation of inhibition of modification by h 2.57 · 10−1 mg lipid protein
ml

1.08 · 1012 1
mm3 [41]

nh Exponent of inhibition of modification by h 2.59 2.59 [41]
Nf Number of ingested f per ingested ˜̀ 10.61 nMol

µg lipid protein
6.14 · 103 [4,5]

fMin Minimum f for esterification 36.43 nMol
mg cell protein

1.22 · 1010 [4,5]
fMax Maximum f for esterification 213.70 nMol

mg cell protein
7.15 · 1010 [4,5]

kf Rate of esterification of f 2.56 · 10−2 1
h

2.56 · 10−2 1
h

[4,5]
kb Rate of hydrolysis of b 4.33 · 10−2 1

h
4.33 · 10−2 1

h
[4,5]

cf Rate of efflux of f 3.32 · 10−3 1
h

3.32 · 10−3 1
h

[4,5]
µf Rate of efflux of f to h 1.65 · 10−1 1

h
1.65 · 10−1 1

h
[4,5]

ξf Saturation of efflux of f to h 85.41 µg lipid protein
ml

3.60 · 1011 1
mm3 [4,5]

nf Exponent of efflux of f to h 7.37 · 10−1 7.37 · 10−1 [4,5]
fIn f of recruited m 56.85 nMol

mg cell protein
1.90 · 1010 [4,77]

µm Rate of apoptosis of m by f 9.90 · 10−2 1
h

9.90 · 10−2 1
h

[77]
ξm Saturation of apoptosis of m by f 622.8 µg

mg cell protein
5.38 · 1011 [77]

nm Exponent of apoptosis of m by f 2.00 2.00 [77]
qh,m Rate of modification of h by m - 8.63 · 10−6 mm3

h
=

q`,m
7.6

, [11]
qh,e Rate of modification of h by e - 3.26 · 10−3 mm

h
=

q`,e
7.6

, [11]
H Thickness of early plaque - 1.00 · 10−2 mm [55,76]
f0 Initial f per m - 2.85 · 1010 = 1.5fIn

All units are converted from respective experimental units to the SI units mm and h using
ρ5, ρ10 and ρ14 from Table 1. Abbreviations: native low-density lipoproteins, `; modified
low-density lipoproteins, ˜̀; native high-density lipoproteins, h; modified high-density
lipoproteins, h̃; endothelial cells, e; macrophages, m; copper sulfate, ς; intracellular free
cholesterol, f ; intracellular cholesterol ester, b.

covered by a simple analysis utilizing a equidistant grid of the parameter space.
The results for varying rh and rm and two different r` are visualized in Fig 4.
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Fig. 2 Metabolic control analysis of the complete mathematical model. The
metabolic control coefficients for LDL `, modLDL ˜̀, HDL h, average intracel-
lular free cholesterol per macrophage f

m , average intracellular cholesterol ester
per macrophage f

m and macrophages m with respect to all parameters p of the
complete model are computed as described in the Models and Methods section.
For an overview of all parameters of the complete model, see Tables 2 and 4.
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Fig. 3 Examples of densities of macrophages m(t) ((a),(c),(e)) and con-
centrations of intracellular free cholesterol f(t)

m(t) and intracellular choles-

terol ester b(t)
m(t) per macrophage ((b),(d),(f)) over time t predicted by the

complete mathematical model. Parameters from Table 4 with LDL influx
rate r` = 3.0 · 107 1

h , macrophage recruitment rate rm = 600 1
h and vary-

ing HDL influx rates rh = 4.0 · 109 1
h ((a),(b)), rh = 1.0 · 109 1

h ((c),(d))
and rh = 1.0 · 108 1

h ((e),(f)) are used.
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Fig. 4 Stability analysis of the complete mathematical model as described in
the Models and Methods section. The boundedness of intracellular cholesterol
ester ((a),(b)), the steady-state concentration of intracellular free cholesterol per
macrophages f̂

m̂ relative to [fMin; fMax] ((c),(d)) and the steady-state density
of macrophages m̂ relative to [mMin;mMax] ((e),(f)) are predicted for varying
recruitment rates of HDL rh and macrophages rm. The recruitment rates of
LDL are r` = r` = 3.0 · 107 1

h ((a),(c),(e)) and r` = 3.0 · 109 1
h ((b),(d),(f)),

respectively. The red line indicates the approximate boundary between where
intracellular cholesterol ester concentrations change from being bounded to
unbounded. Its equation is 1.2 · 10−6 rh = rm + 4.9 · 10−7 r`.
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4 Discussion

Three mathematical submodels of in vitro systems are developed and their
parameters least-squares fitted to measurements of various experimental se-
tups, see Table 3. The fitted submodels show very good agreement with the
experimental data, see Appendix 2: Least-squares fits of submodels. The fitted
parameters given in Table 4 lead to the following observations.

– The ingestion of native and modified LDL follow a very similar saturating
kinematic. The rate of ingestion of native LDL µ` is approximately 5 times
smaller than the rate of ingestion of modified LDL µ˜̀. This is consistent
with literature [63,40].

– Using a density of 1205.2 1
mm2 [29] of endothelial cells per unit endothelial

monolayer area the rate of oxidative modification of native LDL by endothe-
lial cells can be compared to the modification rate by macrophages. The
rate of modification of native LDL by macrophages q`,m is approximately 3
times smaller than the modification rate by endothelial cells q`,e.

– Free cholesterol and cholesterol ester are in a buffer-like relationship, where
the maximum concentration of intracellular cholesterol fMax is approxi-
mately 6 times bigger than the minimum concentration fMin. The rate of
esterification of intracellular cholesterol kf varies as the level of intracellu-
lar free cholesterol changes. However, the average rate of esterification of
cholesterol kf is approximately 2 times faster than the rate of hydrolysis kb.
In the absence of a source and acceptor for the intracellular free cholesterol
the model suggests that approximately 63.8% of the stored cholesterol is
hydrolyzed and re-esterified each day which is moderately higher than 50%
as proposed in [5].

– The dynamic of lipids and cholesterols, i.e. of LDL, modLDL, HDL, free
cholesterol and cholesterol ester adapts very rapidly to the current number
of macrophages and is in the order of minutes to hours. In contrast, the
fate of macrophages is determined on a much larger time scale in the order
of weeks to months. Hence, the long-term outcome for the plaque is driven
by the fate of macrophages, which is governed by the short term quasi-
equilibrium concentrations of intracellular cholesterols. The concentrations
of intracellular cholesterols, however, are governed by the uptake of modLDL
and in particular the efflux to available native HDL which are determined
by the very rapid influx through the endothelium and the modification by
macrophages.

We have derived a mathematical model for the early development of
atherosclerotic plaques. It is based on submodels of in vitro systems and most
importantly is parameterized using data from in vitro experimental studies. The
complete model includes and quantifies the following biological processes: oxida-
tive modification of native LDL and HDL by endothelial cells and macrophages,
protection against LDL modification by HDL, ingestion of native and modified
LDL by macrophages, esterification and hydrolysis of intracellular cholesterols,
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cholesterol efflux from macrophages to HDL, apoptosis of macrophages as well
as the recruitment of LDL, HDL and macrophages into the plaque.

The sensitivity analysis of the complete model with respect to its parameters
that we performed reveals that the complete model is especially sensitive to
parameters connected to the apoptosis of macrophages (e.g. µm, ξm, nm) and
to free cholesterol (e.g. fMax, fIn, f0), see Fig 2. The sensitivity of the complete
model with respect to free cholesterol-related parameters is high but their
estimation is based on a large number of data points, see Table 3 and so their
value is likely to be reliable. However, the high sensitivity with respect to the
parameters of macrophage apoptosis nm and ξm is crucial. This sensitivity is
approximately 3 times bigger compared to the sensitivity of other parameters
and additionally the parameters of macrophage apoptosis are estimated only on
the base of two data points, see Table 3. More suitable experimental data from
literature could not be found and hence further experimental work quantifying
apoptosis of macrophages in atherosclerotic plaques is recommended. The
sensitivity analysis and further investigations reveal that the influence of the
rates of ingestion of native LDL as well as HDL protection against native LDL
modification are minor to the plaque development process and plaque outcome
in the model. In both cases this is due to the low concentrations of native LDL
and HDL compared to the respective saturation coefficients.

The complete model is able to predict three qualitatively different plaque
developments. They are characterized by the following long-term behaviours:
– Regressing plaque or non-atherosclerotic region: all concentrations are

bounded and the long-term equilibrium concentrations are characterized
by low modLDL ˆ̃

`, high macrophages m̂, low intracellular free choles-
terol per macrophage f̂

m̂ and very low intracellular cholesterol ester per
macrophage b̂

m̂ . Macrophages exhibit a low rate of apoptosis and the ingested
modLDL within macrophages is effectively offloaded to native HDL. An
example of time-dependent concentrations of macrophage and intracellular
cholesterols for a regressing plaque is shown in Fig 3(a) and 3(b).

– Stable atherosclerotic plaque: all concentrations are bounded and the long-
term equilibrium concentrations are characterized by moderate modLDL ˆ̃

`,
low macrophages m̂, moderate intracellular free cholesterol per macrophage f̂

m̂

and low intracellular cholesterol ester per macrophage b̂
m̂ . Macrophages

exhibit a moderate rate of apoptosis and the ingested modLDL within
macrophages is still offloaded to native HDL. An example of time-dependent
concentrations of macrophage and intracellular cholesterols for a stable
plaque is shown in Fig 3(c) and 3(d).

– Unstable atherosclerotic plaque: concentration of intracellular cholesterol
ester per macrophage b

m is unbounded and the remaining long-term equi-

librium concentrations are characterized by high modLDL ˆ̃
`, very low

macrophages m̂ and very high intracellular free cholesterol per macrophage f̂
m̂ .

Macrophages exhibit a high rate of apoptosis and not all of the ingested
modLDL within macrophages is offloaded to native HDL. An example of
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time-dependent concentrations of macrophage and intracellular cholesterols
for a unstable plaque is shown in Fig 3(e) and 3(f).

The distinction between mathematically stable and unstable model plaques
is clear, whereas there is a smooth transition between regressing and stable
plaques. The definitions of mathematical stability of model plaques closely align
with medical definitions of plaques that become clinically stable or unstable
[35,61,62].

The recruitment rates of LDL r`, HDL rh and macrophages rm which
characterize the plaque under consideration show only little influence in the
performed local sensitivity analysis, see Fig 2. Still, the long-term behavior
of the complete model and hence the classification of plaques into the three
categories above is determined by them as they can vary by an order of up
to 1000, see Table 2. The stability analysis visualized in Fig 4 shows that a
model plaque is unstable if the recruitment of HDL rh is low and the recruitment
of macrophages rm is high. More precisely a plaque is unstable if

1.2 · 10−6 rh < rm + 4.9 · 10−7 r` (10)

holds approximately, see Fig 3(a) and Fig 3(b). A plaque is regressing if the
recruitment rate of macrophages rm is low and the recruitment rate of HDL rh
is sufficiently high, see Fig 3(c), 3(d), 3(e) and 3(f). For increasing rm or
decreasing rh the plaque smoothly transitions from a regressing to a stable
atherosclerotic plaque. In general, an increased recruitment rate of LDL r`
results in a less stable atherosclerotic plaque, but the predicted influence of r` is
small compared to rh and rm. However, the rate of macrophage recruitment rm
in reality is a function of modLDL ˜̀ (which, in turn, is strongly dependent
on r`), since it triggers the production of vascular cell adhesion molecules and
monocyte chemoattractant proteins by endothelial cells which determine the
number of macrophages recruited from the blood [22,29,1]. Thus, the rate
of macrophage recruitment is actually dependent on the LDL recruitment.
Therefore, the rate of macrophage recruitment that is used in this model to
determine plaque stability is, in effect, the rate of macrophage recruitment at
the long-term steady state equilibrium, i.e. rm = rm(

ˆ̃
`(r`)). As this dependency

is not explicitly considered but rm is a fixed input parameter of the complete
model, the influence of the rate of LDL recruitment r` is underestimated. The
explicit consideration of this dependency as well as the explicit modeling of
the driving mechanisms for the recruitment rates of LDL r`, HDL rh and
macrophages rm will be addressed in future work. Also we have not included
the increase of the thickness of the plaque H due to the advancing accumulation
of macrophages, nor, indeed any other spatially-dependent effect. Hence, the
reduction of the recruitment rates of LDL, HDL and macrophage by the
factor 1

H which will continually decrease in growing plaques is neglected. This
leads to an overestimation of all three rates and will be addressed in future
work too.

The mathematical stability criterion given by equation (10) is not suitable
for the experimental determination of the clinical stability of a given atheroscle-
rotic plaque in vivo. Macrophages within unstable plaques contain a very high
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concentration of intracellular cholesterol ester, see 3(a), 3(b), 3(c) and 3(d). As
a consequence, the predicted concentration of intracellular free cholesterol is
also high in unstable plaques due to the buffer-like behaviour between free and
esterified cholesterol. More precisely the estimated concentration of intracel-
lular free cholesterol in model plaques is close to fMax ≈ 213.70 nMol

mg cell protein
when the plaque becomes unstable in the long-term. This suggests that a high
concentration of intracellular free cholesterol within plaque macrophages is
necessary in order for a plaque to become clinically unstable in the future. The
relation between intracellular free cholesterol and plaque growth has yet not
been investigated experimentally to our knowledge.

This model assumes that macrophages only undergo recruitment and apop-
tosis and do not experience necrosis, proliferation and egress from the plaque.
This assumption is valid only for early stages of the atherosclerotic process,
i.e. for types I and II atherosclerosis, see [61]. In contrast to early stages,
necrosis, proliferation and egress are important in advanced lesions [66,57,33,
54] and lead to a reduction of cholesterol ester within macrophages in late-
stage plaques. If the processes of late-stage plaques are included in the model,
in addition to recruitment and apoptosis of macrophages, the behaviour of
atherosclerotic plaques of types III and IV can be modelled. As for apoptosis,
there is very little experimental data suited for parameter estimations for rates
of necrosis, proliferation and egress of macrophages. The extension of the model
presented here to represent the behaviour and fate of macrophages in late
stage plaques, requires further work. In particular, experiments are needed to
quantify macrophage behaviour in late-stage plaques.

5 Conclusion

Three mathematical submodels of in vitro systems were developed and their
parameters estimated from experimental studies. These submodels closely
reproduced the experimental results. The three submodels that were closely
connected to in vitro studies were combined to a quantified and predictive
complete mathematical model of early atherosclerotic plaques which uses
the physiological parameters determined by the submodels. The analysis of
the complete model suggests that further experimental work quantifying the
different fates of macrophages as a function of cholesterol load and the balance
between free cholesterol and cholesterol ester may give valuable insight into
long-term plaque outcomes. We used the complete model to predict the long-
term stability of early atherosclerotic plaques and to classify their stability
with respect to their rates of recruitment of LDL, HDL and macrophages. The
extension to predict the behaviour of later stages of atherosclerosis is not trivial
and requires further experimental and modeling work.
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Appendix 1: Experiment-specific parameters of submodels

The following Tables 5, 6 and 7 contain the experiment-specific parameters of
the mathematical submodels of in vitro systems in analogy to the experimental
setups in [27,32,41,4,5].

Table 5 Experiment-specific parameters of the mathematical submodel of LDL
modification and ingestion (submodel 1) in analogy to the experimental setups
in [27] and [32].
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[27], Fig 1, eMod = 0 24 200 0 0 0− 20 10 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[27], Fig 1, eMod = 1413.7 24 200 0 1413.7 0− 20 10 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[27], Fig 2, eMod = 0 0− 46 200 0 0 5 8.5 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[27], Fig 2, eMod = 1413.7 0− 46 200 0 1413.7 5 8.5 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[27], Fig 5, eMod = 0 26 200 0 0 5 0− 40 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[27], Fig 5, eMod = 1413.7 26 200 0 1413.7 5 0− 40 4.16 · 10−2 ∗ 1.18 · 10−1 ∗∗

[32], Fig 1a, mMod = 0 0− 24 100 0 0 24 10 5.54 · 10−1 ∗ 0
[32], Fig 1a, mMod = 1.11 0− 24 100 1.11 ∗ 0 24 10 5.54 · 10−1 ∗

0
[32], Fig 4, mMod = 0 24 100 0 0 24 0− 50 5.54 · 10−1 ∗ 0
[32], Fig 4, mMod = 1.11 24 100 1.11 ∗ 0 24 0− 50 5.54 · 10−1 ∗ 0

Parameters indicated by ∗ are estimated using ρ5 from Table 1. Parameters indicated by ∗∗

are estimated by least-squares fitting to the experimental results. All values are given in the
units of submodel 1.
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Table 6 Experiment-specific parameters of the mathematical submodel of
HDL protection against LDL modification (submodel 2) in analogy to the
experimental setups in [41].

Experiment
Quantity

TMod [h] `0 [mg protein
ml

] h0 [mg protein
ml

] ς [µMol
ml

]

[41], Fig 4, `0 = 0, h0 = 1.5 0− 24 0 1.5 5
[41], Fig 4, `0 = 1.5, h0 = 0 0− 24 1.5 0 5
[41], Fig 4, `0 = 1.5, h0 = 1.5 0− 24 1.5 1.5 5
[41], Fig 5 6 1.5 0− 2 5

All values are given in the units of submodel 2.

Table 7 Experiment-specific parameters of the mathematical submodel of
cholesterol cycle and reverse cholesterol transport (submodel 3) in analogy to
the experimental setups in [4] and [5].
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[4], Fig 1a & 1b, ˜̀0 = 0 0− 96 0 0 0 56 0 4.16 · 10−1 ∗

[4], Fig 1a & 1b, ˜̀0 = 25 0− 96 0 0 25 56 0 4.16 · 10−1 ∗

[5], Fig 1a, 1b & 1c, h0 = 0 0− 72 0 0 0 183 342 6.93 · 10−1 ∗

[5], Fig 1a, 1b & 1c, Th = 0 0− 24 0 250 0 183 342 6.93 · 10−1 ∗

[5], Fig 1a, 1b & 1c, Th = 24 0− 48 24 250 0 183 342 6.93 · 10−1 ∗

[5], Fig 1a, 1b & 1c, Th = 48 0− 72 48 250 0 183 342 6.93 · 10−1 ∗

[5], Fig 2a, TCho = 8 8 0 0− 267 0 212 405 6.93 · 10−1 ∗

[5], Fig 2a, TCho = 24 24 0 0− 267 0 212 405 6.93 · 10−1 ∗

[5], Fig 4 24 0 0− 250 0 177 ∗∗ 456 ∗∗ 1.39 ∗

[5], Fig 7a & 7b, h0 = 0 0− 6 0 0 0 190 488 6.93 · 10−1 ∗

[5], Fig 7a & 7b, h0 = 200 0− 6 0 200 0 190 488 6.93 · 10−1 ∗

Parameters indicated by ∗ are estimated using ρ5 from Table 1. Parameters indicated by ∗∗

are estimated by least-squares fitting to the experimental results. All values are given in the
units of submodel 3.

Appendix 2: Least-squares fits of submodels

The following Figures 5, 6, 7, 8, 9 and 10 contain all least-squares fits of the
mathematical submodels of in vitro systems to experimental results in [27,
32,41,4,5,77]. Appendix 1: Experiment-specific parameters of submodels and
Table 4 give the experiment-specific and least-squares fitted parameters of the
submodels, respectively.
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Fig. 5 Comparison of results of the mathematical submodel of LDL modifica-
tion and ingestion (submodel 1) with results from various experimental setups
in [27]. Least-squares fits of the simulated ingestion of native and modified
LDL per macrophage aIng(TIng)

mIng
to experimental results (a) in [27], Fig 1 for

varying ingestion time periods TIng, (b) in [27], Fig 2 for varying modification
time periods TMod and (c) in [27], Fig 5 for varying initial LDL ingestion
concentrations `Ing,0.
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Fig. 6 Comparison of results of the mathematical submodel of LDL modifica-
tion and ingestion (submodel 1) with results from various experimental setups
in [32]. Least-squares fits of the simulated ingestion of native and modified
LDL per macrophage aIng(TIng)

mIng
to experimental results (a) in [32], Fig 1a for

varying modification time periods TMod and (b) in [32], Fig 4 for varying initial
LDL ingestion concentrations `Ing,0.
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Fig. 7 Comparison of results of the mathematical submodel of the HDL
protection against LDL modification (submodel 2) with results from various
experimental setups in [41]. Least-squares fits of the simulated lipid peroxide
content per lipoprotein N˜̀

˜̀(TMod)

`0
and the HDL protection to experimental

results (a) in [41], Fig 4 for varying modification time periods TMod and (b) in
[41], Fig 5 for varying initial HDL concentrations h0.
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Fig. 8 Comparison of results of the mathematical submodel of cholesterol
cycle and reverse cholesterol transport (submodel 3) with results from various
experimental setups in [4]. Least-squares fits of the simulated concentration
of intracellular free cholesterol f(TCho)

m to the experimental results (a) in [4],
Fig 1a and (b) in [4], Fig 1b for varying experimental time periods TCho.
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Fig. 9 Comparison of results of the mathematical submodel of cholesterol
cycle and reverse cholesterol transport (submodel 3) with results from various
experimental setups in [5]. Least-squares fits of the simulated concentration of
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Fig. 9 Comparison of results of the mathematical submodel of cholesterol
cycle and reverse cholesterol transport (submodel 3) with results from various
experimental setups in [5]. Least-squares fits of the simulated concentration of
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Appendix 3: Proof of Proposition 1

In the following we prove Proposition 1. To prove the positivity of `, i.e.
`(t) ≥ 0 ∀t ≥ 0 it is sufficient to note that `(0) = 0 and that `(t) = 0 implies

d

dt
`(t)

(6)
=

r`
H

> 0. (11)

due to the strict positivity of the parameters. The positivity of h,m and ˜̀ can
be proved in an analogue fashion. Since f(0)

m(0) = f0 ≥ fMin and f(t)
m(t) = fMin

implies

d

dt

(
f(t)

m(t)

)
=

d
dtf(t)−

f(t)
m(t)

d
dtm(t)

m(t)

(6)
≥

rm
H fIn − fMin

rm
H

m(t)
≥0, (12)

it holds f(t)
m(t) ≥ fMin ∀t ≥ 0. This also implies the positivity of f . Given that

f(0)
m(0) = f0 < fMax and that f(t)

m(t) → fMax implies

d

dt

(
f(t)

m(t)

)
=

d
dtf(t)−

f(t)
m(t)

d
dtm(t)

m(t)
−→−∞, (13)

it follows f(t)
m(t) ≤ fMax ∀t ≥ 0. Hence, we conclude that

f(t)

m(t)
∈ [fMin, fMax] ∀t ≥ 0. (14)
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The positivity of b follows since b(0) = 0 and b(t) = 0 implies

d

dt
b(t)

(6)
= kf

(f(t)− fMinm)
2

fMaxm− f(t)
(14)
≥ 0 (15)

which finishes the proof of 1. (It also follows that the time-dependent solution
(`(t), ˜̀(t), h(t), f(t), b(t),m(t)), t ≥ 0 of the initial value problem is unique
and smooth because the smoothness of the right hand side of the ordinary
differential equation (6) is now straight-forward to show.)

Using (14)

d

dt
m(t)

(6),(14)
≥ −µm

(fMax)
nm

(ξm)
nm + (fMax)

nm︸ ︷︷ ︸
=:zMax

m+
rm
H

(16)

holds, and by solving this ordinary differential inequality with associated initial
condition m(0) = m0 it follows

m(t)
(16)
≥ m0 exp (−zMaxt) +

rm
HzMax

(1− exp (−zMaxt))

≥min

(
m0,

rm
HzMax

)
(7),fMax>f0

=
rm

HzMax

=
rm
H

(ξm)
nm + (fMax)

nm

µm(fMax)
nm

∀t ≥ 0.

(17)

In an analogue way, the upper bound for m(t) can be found, leading to

m(t) ∈
[
rm
H

(ξm)
nm + (fMax)

nm

µm(fMax)
nm︸ ︷︷ ︸

=:mMin

,
rm
H

(ξm)
nm + (fMin)

nm

µm(fMin)
nm︸ ︷︷ ︸

=:mMax

]
∀t ≥ 0 (18)

which finishes the proof of 2.
The boundedness of `(t) is given by

d

dt
`(t)

(6),(18)
≤ −

(
q`,mmMin +

q`,e
H

)
`(t) +

r`
H

(19)

since the solution of the ordinary differential inequality (with associated initial
condition `(0) = 0) is bounded by

`(t)
(19)
≤ r`
Hq`,mmMin + q`,e

(
1− exp

(
−
(
q`,mmMin +

q`,e
H

)
t
))

≤ r`
Hq`,mmMin + q`,e︸ ︷︷ ︸

`Max

. (20)
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In an analogue way, the boundedness of h(t) is proved. We show boundedness
of ˜̀(t) under the condition r`

H < µ˜̀mMin by a proof by contradiction. Hence,
let ˜̀(t) be unbounded, i.e. ˜̀(t)→∞ as t→∞ and r`

H < µ˜̀mMin. It follows

d

dt
˜̀(t)

(6),(20)
≤

(
−µ˜̀+ q`,m`Max

)︸ ︷︷ ︸
<0, since

r`
H <µ˜̀mMin

m(t) +
q`,e
H
`Max

(18)
≤ −µ˜̀mMin + q`,m`MaxmMin +

q`,e
H
`Max = −µ˜̀mMin +

r`
H

< 0

(21)

which is in contradiction to the assumed unboundedness of ˜̀(t). Hence, this
finishes the proof of Proposition 1.

�
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