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Abstract

A model for the prediction of functional time series is introduced, where

observations are assumed to be realizations of a C[0,1]-valued process. We

model the dependence of the data with a non-standard autoregressive struc-

ture, motivated in terms of the Reproducing Kernel Hilbert Space (RKHS)

generated by the covariance kernel of the data. The general definition has

as particular case a set of finite-dimensional models based on marginal vari-

ables of the process. Thus, this approach is especially useful to find relevant

points for prediction (sometimes called “impact points”). Some examples

show that this model has a good amount of generality. In addition, problems

like the non-invertibility of the covariance operators in function spaces can

be circumvented using this methodology. A simulation study and two real

data examples are presented to evaluate the performance of the proposed

predictors.
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1 Introduction

Functional data analysis (FDA) is one of the answers to the recent rise of complex
data. It consists in viewing observations as entire curves instead of individual
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data points. In many applications the observed curves are recorded sequentially in
time. Therefore, often there are reasons to reject the assumption of independence
among the curves. For a recent overview of the literature of FDA we refer to Cuevas
(2014). Furthermore, Bosq (2000) gives a good introduction into the field of linear
processes in function spaces and introduces functional autoregressive processes in
depth.

In the present paper we introduce a predictor based on a functional autore-
gressive (AR) model,

Xn(s) = ρXn−1(s) + εn(s), s ∈ [0, 1],

which will be especially suitable for variable selection purposes. It is assumed many
times that L2[0, 1], the space of square-integrable functions on [0, 1], is the function
space in which this time series (Xn)n∈Z takes its values. This is a sensible choice,
as L2[0, 1] is a separable Hilbert space and offers desirable geometric properties
through the definition of the natural scalar product. However, considering our
variable selection purpose, the main drawback of L2[0, 1] is that, strictly speaking,
it consists of equivalence classes of functions. That is, two functions represent the
same L2-function if the set where they differ has measure zero. In applications
this is usually not an issue but, for any particular point s ∈ [0, 1], the value f(s)
is not well-defined for f an L2-function.

In order to carry out the variable selection, pointwise definitions are required.
Therefore, the space of continuous functions on [0, 1], C[0, 1], which is a Banach
space with the supremum-norm, is a more natural space to work in. In addition,
the subsequent change of norm allows us to obtain uniform convergence results.
The problem of estimating ρ in functional AR models in C[0, 1] has usually been
solved by projecting onto a finite dimensional subspace of C[0, 1], spanned by
some eigenfunctions of the covariance operator of (Xn)n∈Z. For instance, Pumo
(1998) presented a direct extension of the methodology derived in Bosq (2000).
Therefore, his method inherits the problems of this methodology, stemming from
the non-invertibility of the covariance operators in infinite-dimensional spaces.
Some limitations of this principal component approach for Hilbert space–valued
processes have been discussed extensively in the literature. By this way, as pointed
out in Kargin and Onatski (2008) and Hörmann et al. (2015), the resulting space
is shown to be optimal in order to represent the variability of the process, but the
dependence might be lost by the dimension reduction. Likewise, Bernard (1997)
indicates the sensitivity of the proposal to small errors in the estimation of small
eigenvalues.

This paper presents a different approach that appears natural in the context
of C[0, 1]–valued processes. Here the projection on a finite dimensional space is
replaced by the choice of the p most relevant points of {Xn(s), s ∈ [0, 1]} for the
prediction of {Xn+1(s), s ∈ [0, 1]}, under a suitable optimality criterion (in a sim-
ilar sense as in Kargin and Onatski (2008) and Mokhtari and Mourid (2003)).
In order to do this, we adapt the methodology introduced by Berrendero et al.
(2017a) for the problem of scalar regression for independent data. Specifically,
we define a new functional autoregressive model based on the Reproducing Ker-
nel Hilbert Space (RKHS) generated by the covariance kernel of (Xn)n∈Z. It is
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shown that this new model falls into the class of Banach space–valued processes
(ARB(q)) introduced in Bosq (2000), which directly gives us sufficient conditions
for the existence of a unique stationary solution. Furthermore, the proposed model
includes as particular cases the models in which the response function is given only
by finitely many points. Whenever this is the case, we are able to prove, under
some standard conditions, almost sure convergence of the estimated points and
also of the estimated functions Xn+1, both uniformly and in L2[0, 1]. In this finite
setting as well, our predictor coincides with the optimal one, in the sense that it
is the best probabilistic predictor, as stated in Mokhtari and Mourid (2003). In
addition, we develop a consistent estimator for the number p of relevant variables
to select. Although we end up with a finite dimensional vector, the problem is
still fully functional, since the definition of the optimality criterion is based on the
whole process.

The advantages of predicting autoregressive processes with this new approach
are numerous, besides the ones already mentioned. For instance, the use of this
RKHS based model avoids the theoretical need of inverting the covariance oper-
ator since this is carried out, in some sense, by the inner product of the space.
Additionally, the proposed method is flexible concerning the structure of the data:
whether the data is observed on a grid or available as continuous functions - the
methodology remains similar with slight technical differences. Nevertheless, for
theoretical considerations the data is assumed to be given in a fully functional
fashion. In addition, we will see that this technique is more computationally effi-
cient. Concerning variable selection, its main advantage in comparison with other
dimension reduction techniques is the interpretability in terms of the original data,
which is usually desired in real data applications.

In order to show the practical relevance of the method, a simulation study is
conducted. The new proposal is compared to the prediction methods of Aue et al.
(2015) and Kokoszka and Reimherr (2013). To evaluate the performance in the
real world, highway traffic volume and particle concentration data sets are studied.

In general, the literature in the field of functional time series analysis is de-
veloping quickly. Recent publications include time-domain methods like Hörmann
and Kokoszka (2010), where a weak dependence concept is introduced, Aue et al.
(2015), Klepsch and Klüppelberg (2017) and Klepsch et al. (2017), where predic-
tion methodologies based on linear models are developed, and Aue and Klepsch
(2017), where an estimator of functional linear processes based on moving average
model fitting is derived. Besides, another examples of statistical papers taking ad-
vantage of the usefulness of Reproducing Kernel Hilbert Spaces are, among others,
Hsing and Eubank (2015), Berrendero et al. (2017b), Berrendero et al. (2017a) and
Kadri et al. (2015).

The paper is organised as follows: after introducing the notation and some
background on RKHS theory, we define in Section 3 the new functional autore-
gressive model. Variable selection and the estimators are presented in Section 4,
whose asymptotic properties are shown in Section 5. In this section the estimator
for the number p of relevant variables is presented. Section 6 includes the ex-
perimental study along with some practical consideration for the implementation.
Some proofs, which are mainly based on the theory developed in Berrendero et al.
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(2017a), are included in Section 8.

2 Methodology

Before facing the problem described in the introduction, we give some notation
and theoretical background addressing.

2.1 Notation

We will work with stochastic processes X = Xn, n ∈ Z, taking values in the
space of continuous functions over [0, 1], C[0, 1], whose marginal variables X(s),
s ∈ [0, 1], are defined in a probability space (Ω,F , P ). For the sake of clarity in the
equations, we will make the following abuse of notation: we will understand that
we are working always with the centered process X − EX, that will be denoted
simply as X. We will denote as ‖ · ‖ the supremum norm in C[0, 1]. A standard
assumption will be that the processes belongs to the space L2

C(Ω) whose norm is
given by (E‖X‖2)1/2. In this case, each X(s) will belong to L2

R(Ω), the space of
square integrable random variables with norm (E|X(s)|2)1/2. The norms in these
spaces are denoted as ‖ · ‖L2

C(Ω) and ‖ · ‖L2
R(Ω) respectively.

Given a stationary process Xn, we will define its lagged covariance function
cn(s, t) for s, t ∈ [0, 1], n = 0, 1, . . ., as Cov(Xn(s), X0(t)).

In the sections devoted to variable selection, we will denote the vectors of points
as Tp ∈ [0, 1]p, where the subindex indicates the dimension. The covariance matrix
of the marginal variables X(t) indexed by Tp will be ΣTp . Moreover, for a general
function f : [0, 1]→ R, the evaluation f(Tp) will be understood to be the column
vector whose entries are f(tj), tj ∈ Tp. Similarly for functions in several variables.

As usual in the literature, we will use a hat to denote the estimations derived
from the samples. In addition, an asterisk will indicate the optimal quantities
under some criterion.

2.2 Some background on Reproducing Kernel Hilbert Spaces

The prediction method proposed below is based on some properties of the Repro-
ducing Kernel Hilbert Space (RKHS) associated with the covariance kernel of the
process. Therefore, some basic background on these spaces is needed. We include
here just a couple of basic definitions and properties that we use later on. We
refer to Berlinet and Thomas-Agnan (2004) and Appendix F of Janson (1997) for
a more in-depth theory.

Let X(·) be a centered stochastic process in [0, 1] such that X(s) ∈ L2
R(Ω) for

all s ∈ [0, 1]. We denote by c0(s, t) the covariance function (or covariance kernel)
of this process. Denoting as L2[0, 1] the space of square integrable functions on
[0, 1], we can define the pre-Hilbert space

H0(X) := {f ∈ L2[0, 1] : f(·) =
n∑
i=1

aic0(ti, ·), ai ∈ R, ti ∈ [0, 1], n ∈ N} (1)

with inner product 〈f, g〉H0 =
∑

i,j αiβjc0(ti, sj), where f(·) =
∑

i αic0(ti, ·) and
g(·) =

∑
j βjc0(sj, ·). It is not difficult to see that the representation of the elements
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of this space is unique whenever the covariance kernel is strictly positive definite.
The RKHS associated with c0, H(X), is the completion of this space. In other
words, H(X) is the set of functions from [0, 1] to R that are pointwise limits of
Cauchy sequences in H0(X) (Berlinet and Thomas-Agnan (2004, p. 18)).

Reproducing Kernel Hilbert Spaces appear occasionally in the literature of
functional data, since they are useful to impose smoothness conditions and help to
reduce noise and irrelevant information. However we use RKHS with a different
goal, since our interest lies in variable selection. Therefore, the so-called repro-
ducing property of these spaces will be particularly useful. It states that, for all
f ∈ H(X) and s ∈ [0, 1], 〈f, c0(s, ·)〉H = f(s). That is, the inner product with
the covariance kernel behaves in some sense like Dirac’s delta. We are interested
in selecting variables on the trajectories drawn from the process X. However, in
general, the realizations of the process do not belong to H(X) with probability one
(for instance, Theorem 11 of Pillai et al. (2007)). Thus, this reproducing property
can not be applied directly taking the trajectories as the function f in this last
equation.

In order to circumvent this problem, we will use another Hilbert space which
is also closely related to the process. We can derive a similar definition of a pre-
Hilbert space using the marginal variables of the process X(s), instead of the kernel
functions c0(s, ·),

L0(X) = {U ∈ L2
R(Ω) : U =

n∑
i=1

aiX(ti), ai ∈ R, ti ∈ [0, 1], n ∈ N}

with the same inner product as L2
R(Ω). We denote the closure of this space as

L(X) ⊂ L2
R(Ω).

Remark 1. By definition of both spaces, the finite sums
∑n

i=1 aic0(ti, ·) are dense
in H(X) and the finite sums

∑n
i=1 aiX(ti) are dense in L(X), with their corre-

sponding norms.

These two spaces L(X) and H(X) can be connected using the following con-
gruence (bijective transformation preserving the inner product), named Loève’s
isometry (Berlinet and Thomas-Agnan (2004, Theorem 35) and Lukić and Beder
(2001, Lemma 1.1))

ΨX : L(X) → H(X)
U 7→ E[UX(·)] =

∫
Ω
U(ω)(X(ω))(·)dP (ω).

(2)

That is, L(X) and H(X) are isometric spaces. If the random variable U is an
element of L0(X), i.e. U =

∑n
i=1 aiX(ti), its image by the isometry is given by

ΨX(U) = E

[
X(·)

n∑
i=1

aiX(ti)

]
=

n∑
i=1

aiE[X(·)X(ti)] =
n∑
i=1

aic0(ti, ·)

That is, using the inverse of ΨX we can recover the Dirac’s delta behaviour that
we had before in H(X) with the reproducing property. In the following sections we
will see how we can use this isometry to perform variable selection in AR processes.
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3 Model definition

For a time series (Xn)n∈Z taking values in some function space, the standard
autoregressive model is of the form (see Chapter 6 Bosq (2000))

Xn = ρXn−1 + εn, n ∈ Z, (3)

for some bounded linear operator ρ and some white noise process (εn)n∈Z taking
values in the same function space. In this section we propose a different functional
autoregressive model “customized” to give a theoretical framework for variable
selection. We also expose sufficient conditions for the model to have a unique
stationary solution.

We will work with (Xn)n∈Z ∈ L2
C(Ω) a centered stationary process taking values

in C[0, 1]. In this context we propose to replace (3) with

Xn(s) = 〈φ(s, ·), Xn−1(·)〉H + εn(s), n ∈ Z, (4)

where 〈 , 〉H denotes the scalar product of the RKHS generated by the covariance
kernel of (Xn)n∈Z and for some appropriate kernel φ such that φ(s, ·) ∈ H(X) for
all s ∈ [0, 1]. Note that, since the process is stationary, its covariance structure
remains invariant and then the space H(X), whose inner product is used, does not
depend on n. As mentioned above, the trajectories of the process do not belong
to H(X), thus the inner product of the previous equation has to be appropriately
interpreted. As suggested in Parzen (1961), we will understand 〈φ(s, ·), Xn−1(·)〉H
as Ψ−1

Xn−1
(φ(s, ·)), where ΨXn−1 denotes the Loève’s isometry defined in Equation

(2). Aiming for clarity, we still write 〈φ(s, ·), Xn−1(·)〉H when useful.
Equation (4) is simply the pointwise definition of a fully functional model,

for each s ∈ [0, 1]. This definition can be applied for any process Xn ∈ L2
C(Ω)

for n ∈ Z, since then Xn(s) ∈ L2
R(Ω) and the Loève’s isometry can be applied.

Moreover, using the definition of ΨXn−1 ,

φ(s, ·) = ΨXn−1 (Xn(s)− εn(s)) = E [(Xn(s)− εn(s))Xn−1(·)] = c1(s, ·), (5)

and ‖c1(s, ·)‖H = ‖Xn(s) − εn(s)‖L2
R(Ω) < ∞. That is, the pointwise evaluations

Xn(s) of the process given in Equation (4) can be written as Ψ−1
Xn−1

(c1(s, ·))+εn(s),
which is always well-defined. However, it has to be carefully analysed whether or
not the model (4) can be understood as a fully functional model in L2

C(Ω). From
this last equation we also see that, when changing the working space from L2[0, 1]
to H(X), the solution of the model does not require to invert the covariance
operator. It could be understood as if the “inversion” was intrinsically carried out
by the inner product of H(X).

In view of the previous discussion, we propose the following general definition.

Definition 1. A sequence Xn ∈ L2
C[0,1], n ∈ Z, with strictly positive covari-

ance kernel is called Functional Continuous Autoregressive process of order 1
(FCAR(1)) if it is stationary and such that

Xn(·) = 〈φ(·,∼), Xn−1(∼)〉H + εn(·) ≡ Ψ−1
Xn−1

(φ(·,∼)) + εn(·), n ∈ Z (6)

where φ(s, ·) ∈ H(X) for every s ∈ [0, 1] and where (εn)n∈Z is a strong C[0, 1]-white
noise independent of Xn.
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Note that the assumption of having a strictly positive covariance kernel is
equivalent to avoid processes such that the variance of some marginal variable is
zero. In order to make sense of this functional definition and to be able to obtain
some properties about the process, we will show that this model is in fact part of
a more general family. As already mentioned, pointwise for s ∈ [0, 1] the model
above is equal to Ψ−1

Xn−1
(c1(s, ·)) + εn(s), where the function c1 is given by the

sequence {Xn}n∈Z. Thus, leaving aside convergence issues, we could understand
that Xn is given by ρXn−1 + ε, where ρ is an operator on C[0, 1] depending on
c1 and such that it coincides with Ψ−1

Xn−1
(c1(s, ·)) pointwisely. Let us see that this

interpretation is well founded.

Proposition 1. The FCAR(1) of Defintion 1 is in the model class of Banach
space valued autoregressive ARB(1) processes introduced in Definition 6.1 of Bosq
(2000) with B = C[0, 1] with equality in L2

C(Ω), whenever its covariance function
is strictly positive.

Proof. We have to show that the series Xn given in Equation (6) can be written as
ρ(Xn−1) + εn with ρ a bounded linear operator acting on C[0, 1] and this equality
holds in L2

C(Ω). It means that E‖(Xn − εn)− ρXn−1‖2 is equal to zero.
We start showing that the pointwise definition of ρ, given just before the state-

ment, can be extended to a functional model in L2
C(Ω). We will do it by relying

on the finite dimensional representation of the elements in H0(X). We know that
φ(s, ·) is in H(X) for every s ∈ [0, 1] by Equation (5). Hence φ(s, ·) can be approxi-
mated arbitrarily well by a finite linear combination of the form

∑p
i=1 αi(s)c0(ti, ·),

since these finite linear combinations are dense in H(X). More precisely, for ev-
ery s ∈ [0, 1], the kernel φ(s, t) has a pointwise representation as limk→∞ φk(s, t),
where

φk(s, t) =

pk∑
i=1

αki (s)c0(tki , t)

is a Cauchy sequence in H0(X). By the Loève’s isometry, Ψ−1
Xn−1

(φk(s, ·)) is also a

Cauchy sequence in L2
R(Ω) and then limk→∞ Ψ−1

Xn−1
(φk(s, ·)) ∈ L2

R(Ω) for every s ∈
[0, 1]. Moreover, since the inverse of this isometry is also an isometry, accordingly
continuous in H(X), we can rewrite Equation (4) as

Xn(s) = Ψ−1
Xn−1

(
lim
k→∞

φk(s, ·)
)

+ εn(s) = lim
k→∞

Ψ−1
Xn−1

(φk(s, ·)) + εn(s)

= lim
k→∞

pk∑
i=1

αki (s)Xn−1(tki ) + εn(s).

Thus, we want to define ρ as limk→∞ ρk, where ρk(f)(s) =
∑pk

i=1 α
k
i (s)f(tki ), is

a sequence of operators acting on f ∈ C[0, 1]. Let us see now that this limit
converges in L2

C(Ω) for Xn−1. Note that,

E
∥∥∥ lim
k→∞

pk∑
i=1

αki (·)Xn−1(tki )
∥∥∥2

= E
[

sup
s∈[0,1]

∣∣ lim
k→∞

pk∑
i=1

αki (s)Xn−1(tki )
∣∣]2
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≤ E‖Xn−1‖2
(

sup
s∈[0,1]

∣∣ lim
k→∞

pk∑
i=1

αki (s)
∣∣)2

= E‖Xn−1‖2‖ lim
k→∞

pk∑
i=1

αki (·)‖2. (7)

We need to uniformly bound this last limit. Due to the continuity of the trajecto-
ries, c1 is a continuous function on the compact space [0, 1]2. Thus, by Equation
(5) we know that sups,t∈[0,1] |φ(s, t)| is equal to sups,t∈[0,1] |c1(s, t)| <∞. Also,

‖φ(·, t)‖ = ‖ lim
k→∞

pk∑
i=1

αki (·)c0(tki , t)‖ ≥ ‖ lim
k→∞

pk∑
i=1

αki (·)‖ inf
s,t∈[0,1]

c0(s, t).

Assuming that c0(s, t) > 0 for all s, t ∈ [0, 1], there exists a δ > 0 such that
infs,t∈[0,1] c0(s, t) = δ, and then

‖ lim
k→∞

pk∑
i=1

αki (·)‖ ≤ δ−1 ‖φ(·, t)‖ <∞. (8)

Now with (7), (8) and the fact that Xn−1 ∈ L2
C(Ω), we can conclude that the limit

of
∑pk

i=1 α
k
i (·)Xn−1(tki ) converges in L2

C(Ω) when k →∞.
It would remain to show that the limit operator ρ = limk→∞ ρk is bounded.

However it follows using a similar reasoning, for f ∈ C[0, 1]

sup
‖f‖≤1

‖ρ(f)‖ ≤
(
‖ lim
k→∞

pk∑
i=1

αki (·)‖
)2 ≤ δ−1‖φ(t, ·)‖

≤
(

inf
s,t∈[0,1]

c0(s, t)
)−1

sup
s,t∈[0,1]

φ(s, t) <∞.

The above proposition allows us to use results derived on ARB(1) processes.
For instance, we immediately get the following corollary from Theorem 6.1 in Bosq
(2000) concerning the existence of a unique stationary solution.

Corollary 1. If there exists j0 ∈ N such that ‖ρj0‖L < 1, where ρ is the opera-
tor that coincides pointwisely with Ψ−1

Xn−1
(c1(s, ·)), then (6) has a unique strictly

stationary solution given by

Xn =
∞∑
j=0

ρjεn−j, n ∈ Z,

where the series converges in L2
C(Ω).

The fact that we obtain convergence in L2
C [0, 1] is intrinsically related to the

definition of the model since, by the definition of the Loève’s isometry, convergence
in the RKHS H(X) is translated to convergence in L2

R(Ω). However, as we will
clarify in next section, in some particular cases both the definition of the model
and its solution converge with probability one. For convenience, we summarize
the assumptions required for the existence of such a solution to (6).
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Assumption 1. (Xn)n∈Z is a stationary sequence such that Xn ∈ L2
C[0,1] with

strictly positive covariance kernel and there exists j0 ∈ N such that ‖ρj0‖L < 1,
where ρ is the operator that coincides pointwisely with Ψ−1

Xn−1
(c1(s, ·)).

An extension of model FCAR(1) defined in Equation (6) to FCAR(q) can be
carried out whenever Xn(s) = Z(s+ n) for s ∈ [0, 1] and Z is a stationary process
with continuous trajectories. In this case we can write for Zn,q(s) = Z(s+n−q+1),
s ∈ [0, q],

Xn(s) = ΨZn−1,q(φ(s, ·))−1 + εn(s), s ∈ [0, 1]

where now each φ(s, ·) belongs to the RKHS associated with Zn−1,q and q is the
minimum for which this model holds. In this case, Equation (5) is

φ(s, t) = E[(Xn(s)− εn(s))Zn−1,q(t)] = ci(s, t) for t ∈ (q − i, q − i+ 1].

All the theory presented in the paper remains valid in this case, with some ad-
ditional assumptions, so for the sake of simplicity we will present here the case
q = 1. Nevertheless, we will include some comments along the paper to clarify the
changes due to this extension.

4 Variable Selection

The use of some dimension reduction technique is nearly mandatory when deal-
ing with functional data problems, in order to circumvent issues like the non-
invertibility of the covariance operators. We will consider here dimension reduc-
tion via variable selection. The goal of variable selection techniques when dealing
with functional data is to find the p most relevant points t1, . . . , tp that best sum-
marize the functions Xn, according to some optimality criterion. Whenever the
number of selected points p is small, this type of dimension reduction is directly
interpretable. In some real data applications this is an advantage compared with
other methods based on projections, since variable selection techniques keep more
in touch with the original data.

In order to perform variable selection, we need to restrict ourselves to a specific
class of kernels φ(·,∼) in model (6). Specifically, we will approximate the real
kernel of the model by kernels that depend only on a fixed number of points p as,

φ(s, ·) =

p∑
j=1

αj(s)c0(tj, ·) ∈ H(X), (9)

for all s ∈ [0, 1]. That is, all the evaluations of the kernel φ(s, ·) for different s
depend on the same set of points t1, . . . , tp. This restriction is not as strong as
it may appear since, as pointed out in Remark 1, these finite linear combinations
are dense in H(X). Therefore, any possible function φ(s, ·) in this space could be
arbitrarily well approximated by just increasing the number of points p. However,
in the practical examples tested in Section 6, we have seen that a small number
p is usually enough to obtain a good approximation. In addition, as showed in
Proposition 2 of Mokhtari and Mourid (2003), if the true kernel of the model
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is as in Equation (9), the best linear predictor based on the marginal variables
Xn−1(t1), . . . , Xn−1(tp) is in fact the best probabilistic predictor of (Xn − εn).

In view of the discussion of the previous section, a natural question is how the
requirements of Corollary 1 are modified when the kernel belongs to this restricted
family. By the expression of Loève’s isometry for finite linear combinations of the
covariance kernel, the model under (9) is given by

Xn(·) =

p∑
j=1

αj(·)Xn−1(tj) + εn(·). (10)

Therefore, Xn = ρXn−1 + εn where, for f ∈ C[0, 1],

ρ(f)(·) =

p∑
j=1

αj(·)f(tj).

Thus, the process would have a unique strictly stationary solution under (9) when-
ever ‖ρj0‖L < 1 for some j0 ∈ N. For instance, a sufficient condition for this to
hold is that

∑p
i=1 ‖αi‖ < 1, which is an easily verifiable condition.

Remark 2. Note that now the sums are finite, so the limits taken in the proof
of Proposition 1 are not needed anymore. Therefore, in this case the model holds
with probability one and the series of Corollary 1 that defines the unique strictly
stationary solution also converges almost surely.

Regarding model FCAR(q) with q > 1, the working spaces change. Now
L(Zn,q) is the space generated by the marginal variables Xn(s), . . . , Xn−q(s) and
H(Zn,q) is the RKHS associated with this delayed process, whose reproducing
kernel c0(s, t) for s, t ∈ [0, q] is the covariance function of Zn,q. Then if we have a
sparse function as in (9), we can split it as

φ(s, ·) =

p(1)∑
j=1

α
(1)
j (s)c0(t

(1)
j , ·) + . . .+

p(q)∑
j=1

α
(q)
j (s)c0(t

(q)
j , ·),

where t
(i)
j ∈ (q − i, q − i+ 1]. Hence Equation (10) is rewritten as

Xn(·) =

p(1)∑
j=1

α
(1)
j (·)Xn−1(t

(1)
j − q + 1) +

p(2)∑
j=1

α
(2)
j (·)Xn−2(t

(2)
j − q + 2)

+ . . .+

p(q)∑
j=1

α
(q)
j (·)Xn−q(t

(q)
j ).

There exist examples in which the sparsity assumption given in (9) holds in-
trinsically in the process. For instance, we rewrite here Example 6.2 of Bosq
(2000), that shows that this restricted model class has by himself a good amount
of generality.
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Example 1. Let Z be a continuous version of the Ornstein-Uhlenbeck process,

Z(s) =

∫ s

−∞
e−θ(s−t)dW (t),

where W is a standard Wiener process. If we define Xn(s) = Z(n+s) for s ∈ [0, 1],
it can be shown that Xn can be rewritten as in Equation (10). In this setting the
operator ρ is given, for f ∈ C[0, 1], by

ρ(f)(s) = e−θsf(1), s ∈ [0, 1],

that is, q = 1, p = 1 and t1 = 1. Then Xn = ρXn−1 + εn where now εn is a white
noise given by

εn(s) =

∫ n+s

n

e−θ(n+s−t)dW (t).

It is important to emphasize that, in order to carry out the variable selection, we
are not assuming that the model belongs to this restricted class. We are just going
to search the points t1, . . . , tp such that the sparse model (10) best approximates
the real process Xn according to some criterion.

4.1 Optimality criteria

The following question to address is which should be the optimality criterion to
perform the variable selection. The main objective of this regression method is to
be able to predict the curve Xn in terms of Xn−1. Therefore, since each Xn(s) for
s ∈ [0, 1] is a random variable in L2

R(Ω), the first approach could be to minimize
pointwise the distance

q1(Tp ; α1, . . . , αp)(s) =
∥∥∥Xn(s)−

p∑
j=1

αj(s)Xn−1(tj)
∥∥∥
L2
R(Ω)

,

in the same spirit as in Berrendero et al. (2017a), where the coefficients αj(s)
(which are just real numbers now) depend on the points (t1, . . . , tp). By Equa-
tion (9), all the kernel functions φ(s, ·) depend on the same set of points points
(t1, . . . , tp), independently of s. Therefore, we have to find the functions αj(·) such
that their evaluations αj(s) for s ∈ [0, 1] give the best approximation of Xn(s) for
a given set of points Tp. Then we can integrate q2

1 over s to define

Q1(Tp) :=

∫ 1

0

min
αj(s)∈R

q1(Tp ; α1, . . . , αp)
2(s) ds, (11)

and select the set of points Tp that minimizes this integral. We already know from
Berrendero et al. (2017a) that q2

1(s) is a convex function in αj(s) for each s ∈ [0, 1].
Thus, we can obtain an explicit expression of the minimizing functions, denoted
by α∗j (s), pointwise for each s ∈ [0, 1]. We will see in the proof of Proposition 2
that these optimal functions are given by

(α∗1(s), . . . , α∗p(s)) = Σ−1
Tp
c1(s, Tp),
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where c1(·, Tp) = (c1(·, t1), . . . , c1(·, tp))′ is the vector of lagged-covariance func-
tions.

There is another important issue that has to be taken into account when min-
imizing this function Q1 over Tp. Up to now we have assumed that the points tj
belong to [0, 1]. However, if we want to have identifiability of the set Tp ∈ [0, 1]p,
we need to restrict the search to a compact subset of this space. This problem has
been solved in different ways in the literature. The chosen solution is to work, for
some δ > 0, in

Θp = {Tp = (t1, . . . , tp) ∈ [0, 1]p : ti+1 − ti ≥ δ, for i = 1, . . . , p},

which is the space proposed in Berrendero et al. (2017a). Another possibilities
can be studied, for instance the space used by Ji and Müller (2016). The choice
of a value δ > 0 is mainly technical, to avoid problems with the invertibility of
the covariance matrices. In addition it allows us also to obtain meaningful sets Tp,
since it discards repeated points. This is also not a strong restriction in practice,
since usually the data is given in a discretized fashion, and the value δ can be
chosen as small as desired. However, as pointed out in Berrendero et al. (2017a),
all the theory remains valid for δ = 0, by simply adjusting everywhere the value p
to the dimension of the vector without repeated entries.

Although the optimality criterion defined by Q1 is theoretically sensible, it has
not an easily computable expression. We will see in the following result that it
can be rewritten in a more feasible way. For the sake of simplicity, we will use the
following notation: if we have two sets of real valued functions {fi} and {gi} we
will write, using vector notation,

N∑
i=1

(figi)(·) =
N∑
i=1

fi(·)gi(·) = (f1(·), . . . , fN(·))(g1(·), . . . , gN(·))′.

Proposition 2. Let (Xn)n∈Z be a FCAR(1) model satisfying Assumption 1 and
with E‖ε2

n‖∞ <∞. Then,

arg min
Tp∈Θp

Q1(Tp) = arg max
Tp∈Θp

Q0(Tp),

where Q0(Tp) :=
∫ 1

0
c1(s, Tp)

′Σ−1
Tp
c1(s, Tp)ds.

The proof of this result is an extension to the current setting of the proof of
Proposition 1 in Berrendero et al. (2017a) and can be found in Section 8.1. As
part of this proof, we have seen that these criteria are also equivalent to minimize
the average distance in H(X) between the kernels φ(s, ·) and elements of H0(X).
This equivalence is theoretically interesting, but does not have real implications
for our prediction purposes.

For the criterion of the FCAR(q) with q > 1 we have to substitute in this
proposition the function c1(s, t) by the continuous picewise-defined function

c(s, t) = ci(s, t− q + i) for t ∈ (q − i, q − i+ 1] and s ∈ [0, 1]. (12)

In order to carry the proof out, in this case we should assume that the marginal
variables of Zn,q are all linearly independent, to ensure the invertibility of the
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covariance matrices ΣTp of Zn,q, for Tp = (t
(1)
1 , . . . , t

(q)

p(q)
) ∈ [0, q]p. This assumption

introduces some additional restrictions to the model, for instance, the functions
α

(i)
j (s) should not vanish for s ∈ [0, 1] and 1 < i ≤ q.

4.2 Estimation from the sample

As mentioned, the optimality criterion defined by function Q0 is simple to imple-
ment in practice. In this section we study the asymptotic properties of the natural
estimator of Q0. These results will be useful in the next section to show also
asymptotic results on the selected points and the estimated trajectories. We will
work with a sample X1, . . . , Xm of size m drawn from a FCAR(1) process satisfy-
ing Assumption 1. Then, for a given number of points p, the natural estimator for
the functions Q0(Tp) is

Q̂m(Tp) =

∫ 1

0

ĉ′1(·, Tp) Σ̂−1
Tp

ĉ1(·, Tp)ds, (13)

where ĉ1(·, Tp) = (ĉ1(·, t1), . . . , ĉ1(·, tp))′ and ĉ1 is the usual estimator of the covari-
ance function,

ĉ1(s, tj) =
1

m− 1

m−1∑
i=1

Xi+1(s)Xi(tj).

Equivalently for the entries of the sample covariance matrix ĉ0(ti, tj), ti, tj ∈ Tp.
Then, according to this criterion, we propose to select as the most relevant points

T̂p = arg max
Tp∈Θp

Q̂m(Tp). (14)

In Section 5 we prove some consistence results for this estimator, under the
assumption that the finite dimensional model defined by Equation (10) holds.
To this end, we first need to show a couple of convergence results of the sample
covariances involved in the expression of Q̂m. The main one is based on a result
of Pumo (1998).

Lemma 1. Assume that (Xn)n∈Z is a FCAR(1) model satisfying Assumptions 1
and such that:

H1. The process Xn(t)Xn(s) for t, s ∈ [0, 1] is uniformly geometrically strong
mixing.

H2. (Cramer conditions) For every t, s ∈ [0, 1] there exist constants m > 0 and
M <∞ such that

• m ≤ E[X2
0 (t)X2

0 (s)] ≤ M and

• E|X0(t)X0(s)|k ≤ Mk−2k! E[X2
0 (t)X2

0 (s)] for k ≥ 3.

Then,

sup
t,s∈[0,1]

|ĉ0(s, t)− c0(s, t)| a.s.→ 0 and (15)

sup
t,s∈[0,1]

|ĉ1(s, t)− c1(s, t)| a.s.→ 0. (16)
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Proof. By Lemma 1 of Pumo (1998) we know that for some positive constants
A1, A2, A3,

P

(
sup

t,s∈[0,1]

|ĉ0(s, t)− c0(s, t)| ≥ ε

)
≤ (2

√
m+ A1) exp

(
−A2ε

2
√
m
)

+A3ε
2
5m exp

(
−log(r−1)

√
m
)
,

where r is given by assumption H1. By Borel-Cantelli, if the sums over m of these
probabilities are finite for every ε > 0, we get the almost sure convergence stated
in Equation (15). The sum is of order

∞∑
m=1

P

(
sup

t,s∈[0,1]

|ĉ0(s, t)− c0(s, t)| ≥ ε

)
∼ 2

∞∑
m=1

√
m

eCε
√
m

+
∞∑
m=1

A1

eCε
√
m

+Dε

∞∑
m=1

m

eCr
√
m
,

where Cε, Cr, Dε > 0 and these three series converge, for example by the limit
comparison test with

∑
m−α, α > 1. Concerning (16), the same Lemma of 1 of

Pumo (1998) states that the bounds for these probabilities are equivalent but with
m− 1 in place of m.

These Cramer conditions, or some variation of them, appear quite often in the
literature related with limit theorems for AR processes in Banach spaces. For
instance, all bounded processes satisfy them, and also the Ornstein-Uhlenbeck
process of Example 1. In this last case, |Xn(s)Xn(t)| = e−k(t+s)Xn−1(1)2, then,

e−k(t+s)EX0(1)2k ≤ Mk−2k!e−2(t+s)EX0(1)4,

where X0(1) ∼ N (0, 0.5). Using the expression for the moments of a Gaussian
variable,

e−k(t+s) (2k)!

22kk!
≤ Mk−2e−2(t+s) 3k!

4
,

which is satisfied, for instance, for M ≥ 5e−2/12.
On the basis of the previous result, we can show the uniform convergence of the

sample criterion function to its population counterpart and that both functions
are continuous on Θp.

Lemma 2. Assume that Xn satisfies the same hypotheses as in Lemma 1. Let
p ≥ 1 be such that the covariance matrices ΣTp are invertible for all Tp ∈ Θp.

Then functions Q0 and Q̂m are continuous on Θp and

sup
Tp∈Θp

|Q̂m(Tp)−Q0(Tp)|
a.s.→ 0.

The proof of this result can be found in Section 8.2, and it is based on the
pointwise properties of the integrands of Q0 and Q̂m shown in Berrendero et al.
(2017a).

For the case of greater order FCAR(q) with q > 1, this result, and therefore all
the results of the next section, hold whenever the process Zn,q fulfils assumptions
H1 and H2 of Lemma 1. This is equivalent to suppose that all the products
Xi(t)Xj(s) satisfy H1 and H2 for 0 ≤ i, j ≤ q− 1. That is, as expected, we should
impose some extra assumptions on the lagged-covariances in order to be able to
estimate them uniformly.

14



5 Asymptotic results in the finite dimensional setting

In the previous section we introduced the variable selection method in a general
context. That is, we have presented an optimality criterion that can be used to
select the p most relevant points, without imposing any additional restriction to the
model that generates the data. However, if we assume that the data is generated
by the restricted class of kernels like Equation (9), we can prove some asymptotic

results for the estimator T̂p and also for the estimated trajectories. Therefore, in
this section we are going to assume that the kernel of the model depends only on
p∗ points,

φ(s, ·) =

p∗∑
j=1

αj(s)c0(t∗j , ·), (17)

for all s ∈ [0, 1], where p∗ is the minimum integer for which this expression holds.
We will denote as T ∗ = T ∗p∗ ∈ Θp∗ the set of points that generate the model. Two

questions arise straightway from this expression; how good is our estimator T̂p∗
when searching the real points T ∗, and how can we approximate the real number
of points p∗.

5.1 Estimated points and trajectories

From the expression of Q1 given in Equation (11), it is clear that under (17), the
set T ∗ is a global minimum of Q1 on Θp∗ , and therefore a global maximum of Q0. If
we assume for now that the value p∗ is known, under some reasonable conditions we
can prove that this optimum is unique and thus the estimated points T̂p∗ converge
to the real ones T ∗. This result is an extension of Theorem 1 of Berrendero et al.
(2017a) and its proof is included in Section 8.3.

Theorem 2. Under the assumptions of Lemma 2 for p = p∗, whenever (17)
holds and the covariance matrix ΣTp∗∪Sp∗ is invertible for all Tp∗ , Sp∗ ∈ Θp∗ with
Tp∗ 6= Sp∗, then:

(a) The vector T ∗ ∈ Θp∗ is the only global maximum of Q0 on this space.

(b) T̂p∗
a.s.→ T ∗ with the sample size, where T̂p∗ is given in Equation (14) using

p = p∗.

(c) T̂p∗ converges to T ∗ in quadratic mean.

Once that we have selected the most relevant points from the sample, we want
to estimate the trajectories of the process. That is, we want to approximate

Xn,T ∗(·) ≡ ρXn−1(·) = α1(·)Xn−1(t∗1) + . . .+ αp∗(·)Xn−1(t∗p∗). (18)

In the proof of Proposition 2 we have seen that the functions (α1(·), . . . , αp∗(·))′
used to carry out this projection are given by Σ−1

Tp∗
(c1(·, t∗1), . . . , c1(·, t∗p∗)). There-

fore, we can construct the estimated curve as

X̂n,T̂p∗
(·) = α̂1(·)Xn−1(t̂1) + . . .+ α̂p∗(·)Xn−1(t̂p∗),
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where now the functions (α̂1(·), . . . , α̂p∗(·))′ are computed using the sample version

of the covariances as Σ̂−1

T̂p∗
(ĉ1(·, t̂1), . . . , ĉ1(·, t̂p∗)). Thus our proposed estimator for

Xn,T ∗ is

X̂n,T̂p∗
(·) = ĉT̂p∗ (·)′Σ̂−1

Tp∗
X(T̂p∗). (19)

Under the same conditions of the previous theorem, we can see that this estima-
tor converges to Xn,T ∗ a.s. in C[0, 1], and also in L2

C(Ω) imposing an additional
assumption to the process.

Theorem 3. Under the same assumptions of Theorem 2,

(a) X̂n,T̂p∗
(·) converges to Xn,T ∗(·) = ρXn−1 a.s. in C[0, 1] (that is, ‖X̂n,T̂p∗

−
Xn,T ∗‖ a.s.→ 0).

(b) If, in addition, there exists η > 0 such that E‖|Xn|2+η‖ < ∞, then it also

converges in L2
C(Ω) (that is, E‖X̂n,T̂p∗

−Xn,T ∗‖2 → 0).

The proof of this theorem is based on the one of Theorem 2 of Berrendero et al.
(2017a) and can be found in Section 8.4.

5.2 Number of relevant points

The remaining question is how can we decide the number points to select, since the
value p∗ is unknown in most of the cases. Here we propose a consistent estimator
for this quantity. The idea behind of the proposal is that, in view of the expression
for the optimality criterion Q1 (Equation (11)), its minimum value is not reached
if we use p < p∗, but by using p > p∗ we can not improve more. Therefore, the
number p∗ would be the smallest p such that the minimum value of Q1(Tp) (or the
maximum of Q0) keeps unchanging when adding more points.

The sample version of this idea would be as follows: if we define

∆ = min
p<p∗

(Q0(T ∗p+1)−Q0(T ∗p )) > 0

and we are able to fix some 0 < ε < ∆, we define

p̂ = min{p : Q̂max
m (p+ 1)− Q̂max

m (p) < ε}, (20)

where Q̂max
m (p) = maxTp∈Θp Q̂m(Tp). This estimator is a.s. consistent for the real

number of relevant variables.

Theorem 4. Suppose that assumptions of Lemma 2 hold for p ≤ p∗ and that p∗ is
the smallest integer such that Equation (17) is satisfied. Then the estimator given
by Equation(20) fulfils p̂

a.s.→ p∗.

Proof. We can prove similar results as the ones given in Lemma 4 of Berrendero
et al. (2017a) using the same reasoning, with the only difference that now Q0(T ∗) =∫ 1

0
‖φ(s, ·)‖2

Hds (as in the proof of Proposition 2).

When this estimator p̂ is used in practice, there exists still the problem of
fixing the value ε. In the following section we will comment a couple of possible
approaches to solve it, that seem to perform well in the tested examples.
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6 Experiments

In this section we present the results of the experimental study developed in order
to check the performance of the proposal, both using real and simulated data.
We compare our proposal with other two methods of the recent literature. Before
introducing the experimental setting, we make a couple of theoretical comments
that ease the implementation of the method besides providing the pseudo-code.

6.1 Practical considerations

In order to obtain the most relevant points in practice, we should maximize the
expression of Q̂m (given in Equation (13)) in the p-dimensional space Θp. How-
ever, due to computational limitations, this optimization is not feasible even for
relatively small values of p. Therefore, some kind of greedy approximation should
be carried out. Under the assumption that the process is non-degenerate, we can
decompose the function Q0 in a way that directly suggests an iterative approx-
imation to this optimization problem. If the vector Tp+1 ∈ θp+1 is such that it
contains all the entries of Tp plus a new one tp+1 ∈ [0, 1], using Equation (16) of
Berrendero et al. (2017a) we can write,

Q0(Tp+1) =

∫ 1

0

c′1(s, Tp+1) Σ−1
Tp+1

c1(s, Tp+1) ds

= Q0(Tp) +

∫ 1

0
cov(Xn(s)−Xn,Tp(s), Xn−1(tp+1))2 ds

var(Xn−1(tp+1), Xn−1,Tp(tp+1))
,

where Xn,Tp and Xn−1,Tp are the same kind of projections defined in Equation (18).
This derivation can be also done using the sample counterpart of Q0,

Q̂m(Tp+1) = Q̂m(Tp) +

∫ 1

0
Ĉov(Xn(s)−Xn,Tp(s), Xn−1(tp+1))2 ds

V̂ar(Xn−1(tp+1), Xn−1,Tp(tp+1))
.

Then the proposed algorithm selects at each step the point tp+1 that maximizes

this quotient. The starting point would be the one that maximizes Q̂m(t) =

ĉ0(t, t)−1
∫ 1

0
ĉ1(s, t)2ds. As usual when dealing with greedy algorithms, this approx-

imation does not guaranty that the global maximum of Q̂m is reached. However,
as shown below, it performs well in practice.

In order to compute it we can use a similar reasoning as in the proof of Propo-
sition 2 of Berrendero et al. (2017a) and rewrite the previous equation as,

Q̂m(Tp+1) = Q̂m(Tp) +

∫ 1

0
(ĉ1(s, Tp)

′ Σ̂−1
Tp

ĉ0(tp+1, Tp)− ĉ1(s, tp+1))2 ds

ĉ0(tp+1, tp+1)− ĉ0(tp+1, Tp)′ Σ̂−1
Tp

ĉ0(tp+1, Tp)
, (21)

where ĉ1(s, Tp) is the vector whose entries are given by the sample covariances

Ĉov(Xn(s), Xn−1(tj)), and equivalently for ĉ0. Also due to computational limita-
tions, the search of the most relevant points should be done on a grid of [0, 1]. If
the data is given in a discretized fashion, then the grid is directly given by the
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data. However, if it is fully functional, the grid can be defined arbitrarily fine.
Under the assumption that all the covariance matrices ΣTp are invertible for Tp in
this grid, the quotient of Equation (21) is easy to compute. In addition, depend-
ing on the nature of the data, the estimations of the covariances ĉ1(·, Tp) can be
made fully functional or using the values on the fixed grid. Both possibilities are
implemented for the numerical study.

Taking these things into account, the pseudo-code of the proposal for the vari-
able selection, given a fixed value p, would be the one provided in Algorithm 1. As
explained before, if we want to use the model for order grater than one, we should
substitute the sample lagged covariance function ĉ1(s, t) by the sample version of
the picewise-defined function of Equation (12).

Algorithm 1 Variable selection for a given p

1: procedure RKHS variable selection
2: First point :
3: Quot(grid)← ĉ0(t, t)−1

∫ 1

0
ĉ1(s, t)2ds, ∀t ∈ grid

4: M(1)← max(Quot)
5: pts(1)← which Quot == M(1)
6: Rest of the points :
7: for i in 2 to p do
8: Quot(grid\pts)← Quotient of Eq. (21) ∀tp+1 ∈ {grid and not in pts}
9: M(i)← max(Quot)

10: pts(i)← which Quot == M(i)

11: Return pts (points) and M

As mentioned in the previous section, other sensitive point in practice is how
many points should we keep. In order to apply the estimator of Equation (20),
some value for ε must be fixed. In other words, it should be determined for which
value of p the quotient of Equation (21) has converged to zero. The standard
approach to this problem is to fix the parameter by cross-validation. However,
we try also in the experiments the proposal given in Berrendero et al. (2017a); to
apply the usual k-means with k = 2 to the logarithms of the values of the quotient
in Equation (21). If we denote has Lm(p) the values of these logarithms, p̂ would
be the minimum p such that all the Lm(p) for p > p̂ do not belong to the same
cluster as Lm(1). The pseudo-code for this clustering approximation is given in
Algorithm 2.

Algorithm 2 Cluster approximation to estimate p̂

1: procedure Number of points
2: M, points← RKHS method for P points
3: Lm ← log(M)
4: k-means procedure with k = 2:
5: clusters← kmeans(Lm)
6: cl1← clusters(1)
7: p̂← tail of clusters == cl1

18



6.2 Methodology

As mentioned, we compare the efficiency of the proposal with two other recent
methods. Both of them carry out the dimension reduction using functional prin-
cipal components. We also compare with two “base” methods that do not reduce
dimension. These methods allow us to contextualize the errors, since they provide
us something comparable to bounds of these errors. We indicate in brackets the
name used in the tables for each method.

• The method proposed in this paper (RKHS) has been implemented in four
different ways. As mentioned in the previous section, we use two approaches
to select the number of relevant variables; doing clustering on the maximum
values of the Q̂m functions (CL) and by cross-validation (CV). In addition,
the points can be selected by using covariance vectors on a grid or computing
the purely functional lagged-covariance functions. We use one or another
depending on the nature of the data.

• Method proposed in Aue et al. (2015) (fFPE). This proposal uses a dimen-
sion reduction method based on functional principal components analysis to
find a finite dimensional space on which the prediction is performed using
a vector autoregressive model. The model order and dimension of the fi-
nite dimensional space are chosen by the fFPE criterion. For details, see
Aue et al. (2015), where the good empirical properties of the approach are
demonstrated in depth.

• Method proposed in Bosq (2000) and Kokoszka and Reimherr (2013) (KR).
This prediction method by Bosq is the one known as the standard prediction
method for functional autoregressive processes. To determine the order of
the functional autoregressive model to be fitted, we use the multiple testing
procedure of Kokoszka and Reimherr (2013).

• Exact and Naive methods are implemented in order to provide some bounds
on the errors. These methods are also used, for instance, in Horváth and
Kokoszka (2012). The exact prediction consists in “predicting” the response
directly as ρXn−1. Therefore, it can be only applied for simulated data,
since the operator is unknown for real data sets. It is not really a prediction
method but gives us an idea of the minimum error that we can make. The
Naive approach simply predicts X̂n as Xn−1.

Both, the maximum numbers of points to select and the number of principal
components, are always limited to 10. For the simulated data, all the methods are
tested using a sample size n = 115, where 100 realizations are used for training and
the remaining 15 for test. Different sample sizes have been tested, but no significant
differences have been detected. Each experiment has been replicated 100 times.
For the real data sets we use a window moving approach with five blocks to obtain
several measures of the errors. The size of the windows is adjusted depending on
the sample size of each set. The order of the process is always limited to 3 for all
the methods. However, for our implementations we have to set it to order one for
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most of the simulated data, since sometimes the curves can not be interpreted as
Xn(s) = Z(s+ n) being Z a continuous trajectory.

Usually the functional data sets are given in a discretized fashion. Some of
the tested methods require to transform previously the data to truly functional.
However, our discrete proposal can deal also with discretized data. In addition,
when the data is irregular, some information could be lost when transforming
the data to functional. This complicates the comparison between the different
methods. Therefore, for this kind of discretized data sets we measure two different
types of errors.

• Discrete errors: The error is measured using the original discretized data.
The discrete version of the proposal (the one that uses covariance vectors)
is tested. The predictions returned by the methods that use truly functional
data are evaluated into the same grid given by the data.

• Functional errors: The data are transformed to functions using a Bsplines
base before applying the methods. We have found that using Bsplines is more
suitable in this setting, since the standard Fourier basis introduce a period-
icity in the data that complicate the inversion of the covariance matrices.
For most of the data sets, 10 functions of the basis are used for the displayed
results, but different numbers has been tested without significant changes.
This transformed set is the one used to measure the errors. The functional
version of the proposal is tested now, estimating the whole lagged-covariance
functions in a purely functional way.

As we will see in the following section, one of the simulated sets is purely functional.
In this case only the functional errors are measured. Two different norms are used
to measure the error: the typically used L2[0, 1] norm and the supremum norm of
C[0, 1] that has been used along the paper. Each of these norms measure different
characteristics of the predictions. We also measure two different relative errors,

ε1 =
n∑
i=1

‖Xi − X̂i‖
‖Xi‖

, (22)

ε2 =

∑n
i=1 ‖Xi − X̂i‖∑n

i=1 ‖Xi‖
. (23)

The first one gives the same importance to all curves regardless of their norm,
while the second one place more importance to the errors in the curves of biggest
norms, since it is just a scaling of the absolute error.

6.3 Simulated data

We test the different methods using simulated sets that fulfil the sparsity assump-
tion of Equation (17) as well as some which not. Most of them are inspired by
other data sets used in the literature. Some realizations of these processes can be
found in Figure 1.
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(a) Sparse with logs. (b) Sparse with sins. (c) O.U. (d) FAR

Figure 1: 25 trajectories of each of the simulated data sets.

• Two data sets satisfying the sparsity assumption with standard Brownian
innovations. The real points are T ∗ = (0.3, 0.5, 0.9) with two different sets of
functions αj. The first ones are logarithms, log((1+s)j−1) for j = 1, 2, 3 and
s ∈ [0, 1], similar to the function used for the simulated data in Berrendero
et al. (2017a). The second set of functions is sin(30πj−1s), since we also
want to incorporate a data set with high variation. When transforming this
last data set to purely functional, 30 Bspline functions are used instead of
10, to be able to capture most of the variation.

• Ornstein-Uhlenbeck process exposed in Example 1, which corresponds to
Example 6.2 of Bosq (2000). This is the only simulated set for which Xn(s) =
Z(s+ n), so that we can use the model FCAR(3).

• FAR with linearly decaying eigenvalues of the covariance operator (s = 1 :
15). Following the simulation example used in Aue et al. (2015), this set
consists of spanning a D-dimensional space by the first D Fourier basis func-
tions, and to then generate random D × D parameter matrices and a D-
dimensional noise process, where the construction ensures a linear decay of
the eigenvalues of the covariance operator. The slow decay of the eigenvalues
of the covariance operator makes sure that problems with PCA based meth-
ods due to non-invertibility of the covariance operator are avoided. In this
example only the functional errors are measured since it is purely functional
by construction.

Table 1 summarizes the different measurements for these data sets. Regarding
our two proposals, there is not a method that uniformly outperform the other
one. In general, our proposals and the FPCA approach with the fFPE criterion
are mainly the victors (marked with bold numbers). The code used to run these
simulations is provided as ancillary file.

6.4 Real data sets

We test also a couple of real data sets already used in other recent papers.

• Particulate matter concentrations (PM10). This data set is used, for in-
stance, in Aue et al. (2015) and consists on 175 samples. It contains the
µgm−1 concentration in air of a particular substance with an aerodynamic
diameter of less than 10 µm. The measures were taken each half hour from
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RKHS+cl RKHS+CV fFPE KR Exact Naive

Sparse
with log.

ε1 error
Disc.

L2 0.64 0.71 0.65 0.66 0.55 3.24
sup 0.68 0.71 0.68 0.82 0.65 1.64

Funct.
L2 0.65 0.64 0.67 0.67 0.56 3.32
sup 0.65 0.65 0.65 0.83 0.62 1.67

ε2 error
Disc.

L2 0.16 0.18 0.17 0.18 0.14 1.32
sup 0.30 0.32 0.30 0.39 0.29 0.80

Funct.
L2 0.32 0.32 0.33 0.34 0.28 2.63
sup 0.55 0.55 0.56 0.77 0.53 1.57

Sparse
with sins

ε1 error
Disc.

L2 0.72 0.74 0.83 0.94 0.60 2.42
sup 0.71 0.73 0.84 0.95 0.67 1.50

Funct.
L2 0.78 0.81 0.81 0.94 0.65 2.60
sup 0.77 0.77 0.77 0.95 0.69 1.53

ε2 error
Disc.

L2 0.38 0.38 0.42 0.48 0.33 1.10
sup 0.36 0.37 0.42 0.49 0.34 0.75

Funct.
L2 0.78 0.79 0.80 0.91 0.69 2.19
sup 0.75 0.75 0.75 0.94 0.68 1.47

O.U.

ε1 error
Disc.

L2 1.07 1.01 1.00 1.15 0.83 2.33
sup 0.88 0.88 0.93 0.98 0.88 1.35

Funct.
L2 1.00 1.00 1.05 1.20 0.85 2.49
sup 0.91 0.91 0.92 0.98 0.86 1.34

ε2 error
Disc.

L2 0.31 0.31 0.35 0.42 0.30 0.65
sup 0.44 0.44 0.47 0.50 0.44 0.65

Funct.
L2 0.66 0.66 0.68 0.83 0.59 1.26
sup 0.85 0.85 0.86 0.94 0.81 1.21

FAR
ε1 error

L2 1.00 1.01 1.01 1.13 0.85 2.20
sup 1.00 1.00 1.00 1.04 0.91 1.45

ε2 error
L2 0.96 0.96 0.97 1.08 0.81 1.96
sup 0.98 0.98 0.98 1.02 0.89 1.39

Table 1: Errors for the simulated data sets (ε1 of Eq. (22) and ε2 of Eq. (23))

from October 1, 2010 to March 31, 2011 in Ganz, Austria. The data is pre-
processed in the same way as suggested in Aue et al. (2015). For the five
windows we take blocks of 115 observations, 100 for training and 15 for test.

• Vehicle traffic data presented in Aue and Klepsch (2017). The original data
set was provided by the Autobahndirektion Südbayern. This data set con-
tains the amount of vehicles traveling each minute on the highway A92 in
Southern Bavaria, Germany, from January 1 to June 30, 2014. Retaining
only working days, we work with 119 samples divided into 5 windows of size
99; 94 for train and 5 for test.

Some curves of these data sets are included in Figure 2. As usual, the original
data are given as discrete measurements, so we show both fashions; the original
discrete sets and their functional approximations.

In Table 2 we summarize the different error measurements for both data sets.
Taking these results into account, it is even less clear which implementation of
our proposal, the cross-validation one or the cluster one, is the best choice. In
both examples it seems that the FPCA approach with fFPE slightly outperforms
the other methods. However, the differences between it and our proposals are in
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(a) Functional PM10. (b) Original PM10. (c) Functional traffic. (d) Original traffic.

Figure 2: 25 trajectories of the real data sets, both discrete and functional.

general small, even achieving the same error, or improving it, in about half of the
measures.

In addition, Table 3 shows the mean execution times of each of the methods
for the PM10 set. Here both the functional (f) and the discrete (d) implementa-
tions of our proposal are measured. It seems that working with the transformed
functional data is slower in general, and then our two discrete implementations
are considerably faster than the other methods.

RKHS+cl RKHS+CV fFPE KR Naive

PM10

ε1 error
Disc.

L2 0.97 0.74 0.82 1.48 1.65
sup 0.92 0.86 0.86 1.06 1.15

Func.
L2 0.73 0.81 0.82 1.59 1.68
sup 0.86 0.88 0.85 1.08 1.11

ε2 error
Disc.

L2 0.56 0.47 0.50 0.86 0.80
sup 0.85 0.81 0.80 0.98 1.02

Func.
L2 0.52 0.51 0.48 0.85 0.76
sup 0.82 0.82 0.78 0.99 0.97

Traffic

ε1 error
Disc.

L2 1.00 1.02 1.00 1.04 67.48
sup 1.02 1.01 1.01 1.01 4.70

Func.
L2 1.52 1.42 1.49 1.42 240.57
sup 1.08 1.11 1.05 1.11 10.22

ε2 error
Disc.

L2 0.90 0.89 0.83 0.95 40.57
sup 0.99 0.98 0.98 0.99 4.26

Func.
L2 0.84 0.93 0.75 0.92 62.07
sup 0.92 0.99 0.90 1.00 6.82

Table 2: Errors for real data sets (ε1 of Eq. (22) and ε2 of Eq. (23))

RKHS+cl (d) RKHS+CV (d) RKHS+cl (f) RKHS+CV (f) fFPE KR

1 0.10 0.09 0.60 0.76 0.66 2.72

Table 3: Execution times in seconds

7 Conclusions

Along the present paper we have fundamentally extended the theory developed for
regression with scalar response and independent data, introduced by Berrendero
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et al. (2017a), to the setting of prediction of functional time series, whose depen-
dence is modeled using an autoregressive structure. That is, a variable selection
technique for prediction is developed, based on the theory of Reproducing Ker-
nel Hilbert Spaces. This variable selection approach helps to overcome some of
the usual problems coming from the use of other dimension reduction techniques.
Additionally, our model is general enough to incorporate the finite dimensional
representations of the process as a particular case. In this setting, the change of
environment from the standard L2[0, 1] to C[0, 1] allows us to prove the uniform
almost sure convergence of the estimations. We also provide an a.s. consistent
estimator for the number of relevant variables involved in the model, which has
been shown to be computationally efficient.

When compared with other prediction methods of the literature, our proposal
seems to be quite competitive. According to our experiments, the proposed method
seems to perform better than the others whenever our theoretical assumptions are
satisfied. In the couple of real data sets tested, it seems that it slightly outper-
formed. However, if we take also into account the execution times, we find its per-
formance reasonably. That is, our proposals, specifically the discrete approaches,
would be more suitable for large data sets. Besides, the proposed estimators do
not depend on the fashion in which the data is given; the implementation can be
directly adapted to discrete or fully functional data sets.

8 Proofs

In this section we include the proofs that are mainly based on the pointwise results
of Berrendero et al. (2017a).

8.1 Proposition 2

This proof is inspired by the one of Proposition 1 of Berrendero et al. (2017a).
Pointwise for each s ∈ [0, 1], using Loève’s isometry we have that

∥∥Xn(s)−
p∑
j=1

αj(s)Xn−1(tj)
∥∥2

L2
R(Ω)

=
∥∥φ(s, ·)−

p∑
j=1

αj(s)c0(tj, ·)
∥∥2

H + σ(s),

where σ(s) = var(εn(s)) ≤ ‖Eε2
n‖ ≤ E‖ε2

n‖ < ∞, so the minimizing values αj(s)
are the same for both sides of the equality. Again pointwise for each s ∈ [0, 1],
using the reproducing property of H(X),

∥∥φ(s, ·)−
p∑
j=1

αj(s)c0(tj, ·)
∥∥2

H = ‖φ(s, ·)‖H +

p∑
i,j=1

αi(s)αj(s)c0(ti, tj)

− 2

p∑
j=1

αj(s)φ(s, tj).

Since c0 is a positive-definite function, this last function is convex in αj(s) for each
s ∈ [0, 1]. Therefore we can compute its minimum pointwisely, which is achieved
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at (α∗1(·), . . . , α∗p(·))′ = Σ−1
Tp
c1(·, Tp), since c1(s, t) = φ(s, t) for each s (Equation

(5)). Then if we substitute this optimum in the previous equation we get

min
αj(s)∈R

∥∥φ(s, ·)−
p∑
j=1

αj(s)c0(tj, ·)
∥∥2

H = ‖φ(s, ·)‖2
H − c1(s, Tp)

′Σ−1
Tp
c1(s, Tp).

Hence, integrating over s ∈ [0, 1],

Q1(Tp) =

∫ 1

0

σ(s)ds+

∫ 1

0

‖φ(s, ·)‖2
Hds−Q0(Tp) = C −Q0(Tp).

This constant C is finite since the integral of σ(s) is bounded by ‖Eε2
n‖ < ∞

and
∫ 1

0
‖φ(s, ·)‖2

Hds ≤ sups∈[0,1] ‖φ(s, ·)‖2
H being ‖φ(s, ·)‖2

H a continuous function
on [0, 1] (it is the composition of two continuous functions, s 7→ φ(s, ·) = c1(s, ·)
and f 7→ ‖f‖H).

8.2 Proof of Lemma 2

Denoting

Q0(Tp) =

∫ 1

0

c1(s, Tp)
′Σ−1

Tp
c1(s, Tp) ds =

∫ 1

0

q0(Tp; s)ds,

Q̂m(Tp) =

∫ 1

0

ĉ1(s, Tp)
′Σ̂−1

Tp
ĉ1(s, Tp) ds =

∫ 1

0

q̂m(Tp; s)ds,

we can extend the proofs of Lemmas 2 and 3 of Berrendero et al. (2017a) to our
setting.

For the continuity of the functions, it can be shown that q0(Tp; s) and q̂m(Tp; s)
are continuous in Tp for each s ∈ [0, 1], using the same reasoning as in the proof of
Lemma 2 of Berrendero et al. (2017a) but using now Lemma 1. Then if ‖Tp−Sp‖2 <
δ, where ‖ · ‖2 is the usual vector norm,

|Q0(Tp)−Q0(Sp)| =
∣∣∣ ∫ 1

0

(q0(Tp; s)−q0(Sp; s))ds
∣∣∣ ≤ ∫ 1

0

|q0(Tp; s)−q0(Sp; s)|ds < ε.

And equivalently to see that Q̂m is continuous with probability one.
To see the uniform convergence of the functions we will use, by the same reason-

ing as in Lemma 3 of Berrendero et al. (2017a) with Lemma 1, that supTp∈Θp
|q̂m(Tp; s)−

q0(Tp; s)| = ‖q̂m(·; s) − q0(·; s)‖∞ goes to 0 a.s. for each s ∈ [0, 1]. Then, since
‖ · ‖∞ is a convex function (by Minkowski’s inequality), we get

‖Q̂m(·)−Q0(·)‖ =
∥∥∥∫ 1

0

(q̂m(·; s)−q0(·; s))ds
∥∥∥ ≤ ∫ 1

0

‖q̂m(·; s)−q0(·; s)‖ ds
a.s→ 0,

by Jensen’s inequality.
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8.3 Proof of Theorem 2

(a) Because of the equivalence of the criteria proved in Proposition 2, it is enough
to see that T ∗ is the only global minimum of Q1(Tp∗) in Θp∗ . From Equation (11)
it is clear that T ∗ minimizes Q1 since

Q1(Tp∗) =

∫ 1

0

‖Xn(s)−Xn,Tp∗ (s)‖2
L2
R(Ω) ds

=

∫ 1

0

‖Xn,T ∗(s)−Xn,Tp∗ (s)‖2
L2
R(Ω) ds+ ‖var(εn)‖L2[0,1],

where L2[0, 1] is the space of square integrable functions over [0, 1], and therefore its
minimum value is ‖Var(εn)‖L2[0,1] = ‖σ‖L2[0,1]. If there exists another vector S∗ 6=
T ∗ that it also achieves this value, we must have ‖Xn,T ∗(s)−Xn,S∗(s)‖2

L2(Ω) = 0 for

almost every s ∈ [0, 1] (except on a set of measure zero with respect the Lebesgue
measure). However, it is enough to have one point s0 in which this equality holds.
For this point we have that Xn,T ∗(s0) = Xn,S∗(s0) a.s., which contradicts the
assumption that the covariance matrix ΣT ∗∪S∗ is invertible, and then T ∗ = S∗.

(b) The result follows from the fact that Q̂m and Q0 are continuous functions

such that Q̂m tends uniformly a.s. to Q0 (Lemma 2) and Q0 has a unique maximum
in Θp∗ (part (a)).

(c) The same argument as in the proof of Theorem 1.c of Berrendero et al.
(2017a).

8.4 Proof of Theorem 3

(a) By a proof analogous to the one of Theorem 2 of Berrendero et al. (2017a)

it can be shown that X̂n,T̂p∗
(s)

a.s.→ Xn,T ∗(s) for each s ∈ [0, 1]. By Ascoli-Arzela

theorem, since the functions X̂n,T̂p∗
(·) are defined on the compact space [0, 1], if

they are uniformly bounded and equicontinuos, then they converge uniformly to
Xn,T ∗ .

Using Lemma 1 it can be shown that the sample version of the inverse of the
covariance matrix, Σ̂−1

Tp∗
, as a function on Tp∗ ∈ Θp∗ , converges uniformly with

probability one to its population counterpart Σ−1
Tp∗

(using a similar reasoning as in

the proof of Lemma 3 of Berrendero et al. (2017a)). Then by Theorem 2(b), Σ̂−1

T̂p∗

also converges uniformly a.s. on Θp∗ to Σ−1
Tp∗

. Therefore, in view of Equation (19),

in order to check the uniformly boundedness, it is enough to have that the functions
ĉ1(s, t̂j) are bounded for s ∈ [0, 1]. The remaining terms of (19) converge a.s. to
the real ones and do not depend on s. It follows straightforward from Equation
16 that,

ĉ1(s, t̂j) ≤ sup
s,t∈[0,1]

|ĉ1(s, t)| ≤ C + sup
s,t∈[0,1]

|c1(s, t)| < ∞

since it is a continuous function on a compact.
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In order to prove equicontinuity, as the support is compact, it is enough to see
that the functions are equicontinuous at every point s0 ∈ [0, 1]. If we denote as
‖ · ‖2 the usual norm of a vector,

|X̂n,T̂p∗
(s0)− X̂n,T̂p∗

(s)| = |(ĉ1(s0, T̂p∗)− ĉ1(s, T̂p∗))′Σ̂−1

T̂p∗
X(T̂p∗)|

≤ sup
Tp∗∈Θp∗

‖ĉ1(s0, Tp∗)− ĉ1(s, Tp∗)‖2‖Σ̂−1
Tp∗
X(Tp∗)‖2

≤ sup
Tp∗∈Θp∗

‖ĉ1(s0, Tp∗)− ĉ1(s, Tp∗)‖2

(
‖Σ−1

Tp∗
X(Tp∗)‖2 + C

)
.

Then we have to see that the sample covariance functions ĉ1(·, tj) are pointwise
equicontinuous for every tj ∈ [0, 1]. This follows from the a.s. convergence; these
functions converge uniformly to c1(·, tj) by Equation 16 and then, for s0 ∈ [0, 1],

|ĉ1(s0, tj) − ĉ1(s, tj) | = | ĉov(Xn(s0)−Xn(s), Xn−1(tj)) |

≤ | ĉov(Xn(s0)−Xn(s), Xn−1(tj))− cov(Xn(s0)−Xn(s), Xn−1(tj)) |
+ | cov(Xn(s0)−Xn(s), Xn−1(tj)) |

≤ 2 sup
s∈[0,1]

| ĉ1(s, tj)− c1(s, tj) |+ ε′ < ε′′ + ε′ < ε,

for n large enough and whenever |s− s0| < δ.
(b) The statement is equivalent to see that the real valued random variables

Zn =
∥∥X̂n,T̂p∗

−Xn,T ∗
∥∥2

converge to 0 in L1
R(Ω). From part a) we know that they

converge a.s. to zero, so it only remains to check that the sequence Zn is uniformly
integrable (Vitali’s convergence theorem). Since

0 ≤
∥∥X̂n,T̂p∗

−Xn,T ∗
∥∥2 ≤

(∥∥X̂n,T̂p∗

∥∥+
∥∥Xn,T ∗

∥∥)2

≤
(∥∥X̂n,T̂p∗

∥∥+ C
)2

with C < ∞, it is equivalent to prove that both ‖X̂n,T̂p∗
‖ and ‖X̂n,T̂p∗

‖2 are

uniformly integrable sequences. In order to check this, it is enough to see that
supm E‖X̂n,T̂p∗

‖η, supm E‖X̂n,T̂p∗
‖2η < ∞, where m is the sample size, for some

η > 1 (de la Vallée-Poussin’s theorem). We have seen, using Lemma 1, that the

supremum of ‖ĉ1(s, Tp∗)′Σ̂−1
Tp∗
− c1(s, Tp∗)′Σ−1

Tp∗
‖2 for (s, Tp∗) ∈ [0, 1]× Θp∗ goes a.s

to zero, then we can bound these norms as∥∥X̂n,T̂p∗

∥∥η =

(
sup
s∈[0,1]

|ĉ1(s, T̂p∗)′Σ̂−1

T̂p∗
Xn−1(T̂p∗)|

)η

≤ ‖Xn−1(T̂p∗)‖η2

(
sup
s∈[0,1]

‖ĉ1(s, T̂p∗)′Σ̂−1

T̂p∗
‖2

)η

≤ ‖Xn−1(T̂p∗)‖η2

(
sup

s∈[0,1],Tp∗∈Θp∗

‖c1(s, Tp∗)′Σ−1
Tp∗
‖2 + ε

)η
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≤ C‖Xn−1(T̂p∗)‖η2,

where C <∞, since the function involved in the supremum is a continuous function
on the compact space [0, 1] × Θp∗ . Equivalently for ‖X̂n,T̂p∗

‖2η. To conclude the

result we can use the same reasoning as in the proof of Theorem 2 of Berrendero
et al. (2017a).
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