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Abstract: Information constraints, for example due to resource limitations, pose a significant
challenge for the control of geographically distributed systems. In this work, we investigate the
separation of estimation and control in event-triggered discrete-time stochastic systems which
are physically interconnected. The information pattern and resource constraints on the system
can undermine the separation property and lead to a problem which is difficult to solve. For the
class of problems considered, we investigate the constraints and information pattern between
the controllers such that separation can be applied in solving the optimal control problem.
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1. INTRODUCTION

Control of large-scale systems over communication net-
works is an important research topic with many appli-
cation domains such as infrastructure systems and smart
grids. One of the core challenges in networked cyber-
physical systems is the control under resource constraints
in the cyber part, e.g. communication constraints due to
energy limits of battery-driven wireless sensors. Event-
triggered control schemes, see Bernhardsson and Åström
(1999), Molin and Hirche (2013) and Heemels et al. (2012),
that is, control schemes where information is only trans-
mitted when necessary, have been proven to perform par-
ticularly well if resource constraints are present. However,
along with the benefits of event-triggered schemes several
issues emerge in the analysis and design of such systems
that are not present in time-triggered control. For ex-
ample, the optimal design of control and event-triggered
policies of a single loop is a challenging issue as two
distributed decision makers are involved (Molin and Hirche
(2013)). Even for simple systems with linear dynamics and
quadratic cost the optimal solution is hard to find when the
information pattern is distributed (Witsenhausen (1968)).
What makes these problems challenging is that standard
techniques of stochastic optimal control theory are not di-
rectly applicable. In the time-triggered sampling approach
there is no additional information contained in the timing
variables since these are available beforehand. Meanwhile,
in the event-triggered strategy particular attention has to
be paid to the potential complication in the control design
due to the dual effect of control. The control is said to have
a dual effect when it affects the system’s state evolution
and it can probe the system to reduce its state uncertainty,
i.e., improve the estimation, which ultimately helps to
? This project has received funding from the European Union's
Horizon 2020 Framework Programme for Research and Innovation
under grant agreement No 674875.

achieve the control objectives (Bar-Shalom and Tse (1974);
Ramesh et al. (2011)). In this paper we will investigate the
separation property for a class of interconnected systems
under event-triggered control. In particular, we focus on
physically coupled plants where the interconnections are
represented by a directed acyclic graph (DAG). In addi-
tion, each plant can communicate with the controllers over
a shared network (networked control systems (NCS)). This
kind of interconnections is used to model systems with
some kind of hierarchy, e.g. vehicle platoons (Al Alam
et al. (2011)) and water distribution networks (Perelman
and Ostfeld (2011)).
The main contribution of this paper is the derivation of
a necessary and sufficient condition on the event-triggered
distributed control law such that the separation property
can be guaranteed. Counter-intuitively, we show that if
there is too much data sharing in the system the problem
becomes hard to solve, and in some cases even infeasible
due to the dimension of the network.
The remainder of this paper is organized as follows: In
section 2, we introduce the system model and problem
statement. The main results are presented in section 3.
Notation
In this paper, the operator (·)> denotes the transpose and
tr (·) is the trace operator. The Expectation operator is
denoted by E [·] and the conditional expectation is denoted
by E [·|·]. The Euclidean norm is denoted by ‖ · ‖2. A
state vector is denoted by with superscript i specifying
the control loop and the subscript k indicating the the
time-step. A sequence given between two time instants t, k,
t > k is denoted by {s}t:k = {st, st+1, . . . , sk}. The vector
1> = (1, . . . , 1) where the length will be clear from the
context.
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2. PROBLEM STATEMENT AND PRELIMINARIES

Consider a NCS composed of N LTI subsystems which are
physically interconnected, see Fig. 1 for illustration. The
interconnections are represented through a directed acyclic
graph G = (V, E) such that node i ∈ V for each subsystem
i ∈ {1, . . . , N} and edge (j, i) ∈ E if the dynamics of
node i is influenced directly by dynamics of node j. In
addition to the process Pi, it also consists of a control
unit Ci and an event-based scheduler Si. The dynamics
of the i-th subsystem is given by the stochastic difference
equation

xik+1 = Aix
i
k +Biu

i
k +

∑
j∈Ni

Aijx
j
k + wik (1)

where xik ∈ Rni is the state of the subsystem, Ai ∈ Rni×ni ,
Aij ∈ Rni×nj , Bi ∈ Rni×mi , uik ∈ Rmi is the control
signal. The initial state xi0 is a random variable with
finite mean and covariance and wik ∈ Rni is a zero-mean
i.i.d. Gaussian noise with covariance matrix Σiw which is
statistically independent of xi0 for each k. The set Ni ⊂ V
is such that node j ∈ Ni if (j, i) ∈ E , i.e. there is a direct
edge j → i. Furthermore, each subsystem i ∈ {1, . . . , N}
has a local cost function Ji defined by

Ji = E
[
T−1∑
k=0

xik
>
Qix

i
k + uik

>
Riu

i
k + xiT

>
Six

i
T + λδik

]
,

(2)
where Si, Qi are semi-positive definite and Ri is positive
definite and communication penalty λ > 0. We assume
that the controller Ci has no regular access to the sys-
tems’ states but instead a measurement of the state is
transmitted to Ci in an event-triggered manner. The state
transmission depends on the scheduling (event-triggering)
δik of the local event-trigger Si, i ∈ {1, . . . , N} and this is
defined by

δik =
{

1 attempt to transmit xik,
0 no transmission. (3)

Whether a transmission attempt is successful or not de-
pends on the current network load, i.e. transmission re-
quests from the other subsystems. Therefore we define the
network manager variable qik for every i ∈ {1, . . . , N} as

qik(δ1
k, . . . , δ

N
k ) =

{
1 xik allow transmission,
0 xik blocked. (4)

We assume that qik is function of all the triggering variables
δjk, j ∈ { . . . , N} and qik to be independent of qjt for all i, j
and k 6= t. Therefore the shared network introduces addi-
tional coupling. In consequence, the state measurement of
the physical process Pi transmitted by the scheduler Si to
Ci at time instant k is

zik =
{
xik if δik = 1 and qik = 1,
∅ otherwise.

Furthermore, we assume that some of the control units Ci
can exchange information, i.e. are interconnected. There-
fore, we introduce the control network’s graph GC =(
VC , EC

)
, which has a node i ∈ VC = {1, . . . , N} for each

physical process Pi, and define N Ci = {j|(j, i) ∈ EC} to
denote the set of direct incoming neighbors of a controller
Ci. We also assume that each control node i has access to
the statistics of the primitive random variables and model

Fig. 1. Example of interconnected NCS. Each control
loop is closed over the network, and the dashed
interconnections between the processes Pi represents
the physical coupling.

structure of incoming nodes, i.e. (Aj , Bj , Aji) for every
node j ∈ N Ci . Fig 2 illustrates an example of a control
network.
In the following sections we discuss the constraints on the
information flow in the set of connections of the control
network. We define the causal mapping

uik = γik(Iik), i = 1, . . . , N. (5)
as a measurable function of the information available Iik
at controller Ci at the beginning of each period k. It is
defined by

Iik = {Iik−1, u
i
k−1, z

i
k, δ

i
k, q

i
k} ∪j∈NCi {I

j
k−1},

Ii0 = {zi0, δi0, qi0}, ∀i ∈ {1, . . . , N} (6)
Remark 1. In equation (6) we are assuming that neighbor-
ing control units are connected through a network without
resource constraints. This might be the case for example if
we have wireless sensors for which information transmis-
sion from the sensors are costly, but from one control unit
to another one is cheap. Furthermore, from (3), (4) and
(6) we are assuming an instantaneous acknowledgement
channel since δik and qik are both part of the information
set Iik at time instant k.

Moreover, we observe that the scheduler and network
arbitration mechanism introduces an estimation error in
the states of the subsystems defined as

εik =
{

0, if δik = 1 and qik = 1,
eik otherwise. (7)

where eik is the one-step ahead estimation error defined as
eik = xik − E[xik|Iik−1]. (8)

We assume the causal mapping δik to be a measurable
function of the error

δik = ψik(eik), i = 1, . . . , N. (9)
Remark 2. In general (9) depends on the control law (5).
However, we will show that under some assumptions eik is
independent of the control law being used.

Consider the global aggregated system
xk+1 = Axk +Buk + wk (10)

where the state xk =
(
x1
k
>
, . . . , xNk

>
)>
∈ Rn, wk =(

w1
k
>
, . . . , wNk

>
)>
∈ Rn are the stacked vectors. From

the DAG assumption on G, A ∈ Rn×n can be written as
lower block triangular matrix by appropriate permutation
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Fig. 2. Direct incoming neighborhoods of Ci in the control
network. The dashed-lines do not have any role.

of indexes and B ∈ Rn×m is a block-diagonal matrix
and n =

∑N
i=1 ni, m =

∑N
i=1mi. Before defining our

minimization problem we need the following concept of
team layer.
Definition 1. (Team layer). Consider the set of vertices
V = {1, . . . , N}. A team layer is defined as the set of nodes,
Υk, such that i ∈ Υk if its incoming nodes in the physical
layer Ni and in the control layer N Ci are part of previous
team layer Υ0, . . . ,Υk−1. Formally,

Υ0 =
{
i ∈ {1, . . . , N}

∣∣N Ci ∪Ni = ∅
}
,

Υk =

i ∈ {1, . . . , N}∣∣N Ci ∪Ni ( ⋃
j=0,...,k−1

Υj

 . (11)

Note that Υ0 is the set of all nodes with no incoming direct
neighbours in either of the two graphs G and GC , i.e., if
i ∈ Υ0 then node i is a leader. Every node in the network
is allowed to be part of just one team layer. See Fig. 3
for example. To every team layer we assign the following
minimization problem

JΥk
= min

uΥk

1
T

∑
i∈Υk

Ji, (12)

where Υk =
{
i1, . . . , i|Υk|

}
and {·}Υk

=
(
·i1 , . . . , ·i|Υk|

)
.

Moreover, JΥk
represents the team cost. For each subsys-

tem i ∈ {1, . . . , N} we assume (Ai, Bi) stabilizable and
(Ai, Q

1
2
i ) detectable, with Qi = (Q

1
2
i )>Q

1
2
i . We want to

minimize the following global cost with communication
penalty

min
δ,u

JS =
M∑
k=0

JΥk
, (13)

where (M + 1) is the number of team layers, δ is
such that δ =

(
{δ1}0:T−1, . . . , {δN}0:T−1

)
, similarly u

is given by u =
(
{u1}0:T−1, . . . , {uN}0:T−1

)
and JS

represents the social cost. Let ζ(i, j) ∈ GC ∪ G be a
path from node i to node j and |ζ(i, j)| ∈ N be the
length of the path (number of edges). We note that
M = max

{
|ζ(l, f)|, ζ(l, f) ∈ GC ∪ G

}
. Moreover, in the

remaining of this paper we will assume T > M + 1.
From the previous equations it is clear that the controllers
(5), as a function of the available information, depend on
the event-triggered scheduling law and on the network
arbitration mechanism. The graph GC represents the in-
formation exchange between the neighbouring controllers
and can decide on the feasibility of the problem defined in
(13). The aim of this first part of the paper of is to give
a characterization of the control layer GC such that the
separation property holds.

Fig. 3. For simplicity we impose GC = G. Based on
equation (11), the network is decomposed into 4
layers. Node 1 and 2 are the leaders of the system.

2.1 Dual effect, Certainty Equivalence and Separation

We say that the separation property holds if the optimal
control can be decomposed into two parts: i) an estimator,
which uses the information available defined in (6) to
generate the estimation of the states and ii) a state-based
controller which generates the uik defined in (5) given the
estimate of the state. For this to be achievable there should
be no dual effect of control. Let

Ωi0 =
{
xi0
}

Ωik =
{

Ωik−1, w
i
τ i

k

}
∪j∈NC

i
Ωjk−1 (14)

for k = 1, . . . , T , be the set of all primitive random
variables influencing the control unit Ci at time instant
k. The time variable τ ik < k is the latest successful
transmission less than k. A formal definition of dual effect,
certainty equivalence and separation now follows (Bar-
Shalom and Tse (1974); Ramesh et al. (2011)).
Definition 2. (Dual Effect). A control signal is said to
have no dual effect of order r ≥ 2 if

E
[
Mr

k

∣∣Iik] = E
[
Mr

k

∣∣Ωik] ,
whereMr

k = E
[(
εik
)r ∣∣Iik] is the r-th central moment of xik

conditioned on the information available at the controller
and the estimation error is defined in (7).

From the definition we note thatMr
k must not be function

of the past controls in order for the control signal to have
no dual effect.
Definition 3. (Certainty Equivalence). In a control prob-
lem the certainty equivalence property is said to hold if
the closed-loop optimal controller has the same form as
the deterministic optimal controller, with the states xik
replaced by their estimates x̂ik = E

[
xik
∣∣Iik], i.e,

ui?k =
{
φik(x1

k, . . . , x
N
k ) deterministic

φik(E[x1
k|Iik], . . . ,E[xNk |Iik]) stochastic

Definition 4. (Separation property). The closed-loop op-
timal controller has the separation property if it de-
pends on the data only via the estimates x̂ik, i.e., ui?k =
ηik(E[xik|Iik], . . . ,E[xNk |INk ]), where the function ηik can be
different from φik obtained in the deterministic case.

It can be noted that separation is a weaker property than
certainty equivalence since the latter implies separation
but not the other way around.

3. SEPARATION PRINCIPLE

We can now give the following lemma.
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Lemma 1. Consider the physically interconnected system
in (1), the policies (5) and (9), the information structure
(6), the estimation error (7). Let G = (V, E) be DAG and
let GC =

(
VC , EC

)
be the control graph. Let M + 1 be

the number of team layers and assume T > M + 1. The
estimation error (7) is independent of the control law if and
only if GC has no conflicting paths, i.e., path ζ(i, j) ∈ G
imply that ζ(j, i) /∈ GC .

Proof. Let us start showing the necessity of the lemma.
If the control layer has conflicting paths we show that
the network-induced estimation error (7) of a subsystem
i ∈ {1, . . . , N} cannot be written as a function of the
primitive random variables of subsystems j ∈ Ni ∪ {i},
but the error depends on the controls being applied.
Without loss of generality, since G is a DAG graph, we can
assume l to be a leader and f a follower, i.e., Nl = ∅ and
l ∈ Nf . With a slight abuse of notation, let us consider a
forced and unforced subsystem l as given by the following
equations (Bertsekas (2005)){

xlk+1 = Alx
l
k +Blu

l
k + wlk

zlk = δlkq
l
kx

l
k

(15)

and the unforced system is{
x̄lk+1 = Alx̄

l
k + w̄lk

z̄lk = δ̄lkq̄
l
kx̄

l
k

(16)

We consider the evolution of these two systems when they
have the same initial conditions and system disturbances,
i.e.,

x̄l0 = xl0, w̄lk = wlk, k = 0, . . . , T − 1
Linearity allows to rewrite the systems in the following
form

xlk = F lkx
l
0 +GlkU

k−1
l +H l

kW
k−1,

x̄lk = F lkx
l
0 +H l

kW
k−1.

where F lk, Glk and H l
k are matrices of appropriate dimen-

sions obtained from Al and Bl, and Ukl =
(
ul0, . . . , u

l
k

)
.

Now from our assumptions, the edge (l, f) ∈ E and we
also us assume (f, l) ∈ EC , i.e., GC has a conflicting edge
f → l. Since the control layer GC has a conflicting edge,
the information available at controller l and f at time-step
k are

Ilk = Ilk−1 ∪ {zlk} ∪ {ulk−1} ∪ {I
f
k−1},

Ifk = Ifk−1 ∪ {z
f
k} ∪ {u

f
k−1} ∪i∈NC

f
{Iik−1}, (17)

where Il0 = {zl0, δl0, ql0} and If0 = {zf0 , δ
f
0 , q

f
0 }. Clearly

Uk−1
l = E[Uk−1

l |Ilk] since Uk−1
l is composed of measurable

functions of Ilk−1 ⊂ Ilk, from (5), so we obtain the following
E[xlk|Ilk] = F lkE[xl0|Ilk] +GlkU

k−1
l +H l

kE[W k−1|Ilk],
E[x̄lk|Ilk] = F lkE[xl0|Ilk] +H l

kE[W k−1|Ilk].

This yields
εlk = xlk − E[xlk|Ilk] = x̄lk − E[x̄lk|Ilk].

Let
Θi

0 =Ωi0 ∪
{
qi0, δ

i
0
}

Θi
k =Ωik ∪

{
Θi
k−1, q

i
k, δ

i
k

}
∪j∈NC

i
Θj
k−1 (18)

be the set of all random variables influencing the control
unit Ci at time instant k. When (17) holds the leader’s

state estimate at the controller is different from the one
at the scheduler. This is immediately visible if, e.g.,
xfk+1 = Aflx

l
k +wfk since Ifk contains measurements of xlk

independently of the scheduling policy δlt of the leader, e.g.
δltq

l
t = 0 for t = 1, . . . , k−1. Moreover, since the σ-algebra

at the controller l is not contained in the σ-algebra at the
scheduler l (Molin and Hirche (2013)) a bijective function
between the observations zlk and zfk does not exist and we
can conclude that the estimation error εlk depends on the
control law.
For sufficiency of the lemma let us assume the control layer
GC has no conflicting edges or paths. If this is the case then
the information structure at controller l and f at time-step
k are

Ilk = Ilk−1 ∪ {zlk} ∪ {ulk−1},
Ifk = Ifk−1 ∪ {z

f
k} ∪ {u

f
k−1} ∪i∈NC

f
{Iik−1}. (19)

where Il0 = {zl0, δl0, ql0} and I
f
0 = {zf0 , δ

f
0 , q

f
0 }. When (19)

holds then σ(Ilk) is generated by the random variables
in Θl

k, with NC
l = ∅. From (9) and from qik being a

measurable function of δjk, j = {1, . . . , N}, for every k
there is a function Mk such that Bertsekas (2005)

xlk − E[xlk|Ilk] = Mk(Ωlk).
independent of the control law being used.
The proof is concluded since for every edge (i, j) ∈ E we
can assume i to be a leader and j a follower and iterate
over the control graph. Even if i is not a global leader but
just a leader with respect to j this makes no difference
since the information available at subsystem j will still
contain Iik−1. The case where a node i has no outgoing
edge the conclusion is straightforward.
Remark 3. Notice that EC can have more edges than than
E or even EC = ∅ (decentralized control) as long as
there are no conflicting edges. Moreover from the proof of
Lemma 1 it is straightforward to see that under the same
condition the variable eik is independent of the control
signal γik. Thus δik defined in (8) is also independent of
γik. Furthermore, if the lemma holds, the prediction error
eik is not a function of the applied control ui0:k−1 which
yields independency at a global level since it holds for every
i ∈ {1, . . . , N}.
Remark 4. Under the assumptions of Lemma 1, from the
structure of the information available at each Ci we are
assuming that the communication within the control net-
work occurs as least as fast as information travels through
the physical layer. This imply that the information stru-
ture is partially nested which in turn implies that affine
control laws are optimal if the primitive random variables
are Gaussian, the observation function linear and the cost
quadratic (Ho et al. (1972), Lamperski and Doyle (2012)).
This also imply that a person-by-person optimal is a global
optimal. Therefore minimizing first with respect to the ad-
missible control policies and then to the triggering policies
yields a global optimum, i.e., the controller law given by
the following theorems is a dominating class of policies
(Molin and Hirche (2013)).

3.1 Certainty Equivalence and Separation Principle

The following is a well-known result of LQG optimization.
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Theorem 1. (Bar-Shalom and Tse (1974)). The optimal
stochastic control uik for the system (1) and quadratic
cost Ji|λ=0 as defined in (2) has the certainty equivalence
property for all Qi ≥ 0, Ri > 0 if and only if the control
has no dual effect of second order, i.e., the expected future
uncertainty is not affected by the control with probability
one.

We are now able to provide the main result on separation.
Theorem 2. Consider the physically interconnected sys-
tem in (1), the policies (5) and (9), the information struc-
ture (6), the estimation error (7). Let G = (V, E) be DAG
and let GC =

(
VC , EC

)
be the control graph. Let M + 1 be

the number of team layers and assume T > M + 1. Then
the optimal stochastic control for the system (1) and cost
JS as defined in (13) has the separation property for all
Qi ≥ 0, Ri > 0 if and only if the control network GC is
such that GC has no conflicting paths, i.e., path ζ(i, j) ∈ G
imply that ζ(j, i) /∈ GC .

Proof. Under our assumptions, Lemma 1 is valid. There-
fore, from Remark 2 and Remark 4, since ψik is fixed to
be a function of the error (7), the output δik is a random
variable that can be described by a function of the primi-
tive random variables and it is independent of the control
law γik. This implies that E[

∑N
i=1
∑T−1
k=0 δ

i
k] is a constant

for fixed ψik. Thus the resulting objective function JS is
purely quadratic and we can apply Theorem 1.
The optimization of the system is performed sequentially,
from the top team layer Υ0 to the bottom layer ΥM (Siljak
(2011)). Once the optimal control laws for Υh−1 is found
and implemented, i.e., ui?k , i ∈ Υ0:h−1, the optimization
for Υh is carried out until we reach the bottom layer.
The process takes advantage of the lower block triangular
structure of the system. Starting from layer Υ0 we want
to find the optimal control that minimizes the first term
of (13). Since N CΥ0

= ∅, the dynamics of the subsystem at
this layer is:

xik+1 = Aix
i
k +Biu

i
k + wik, i ∈Υ0 . (20)

For a general Υh the dynamics of the subsystems it
contains can be written as

xΥh

k+1 = AΥh
xΥh

k +BΥh
uΥh

k + wΥh

k . (21)
where AΥh

can is still be assumed to be lower block
triangular. The conditional expectation of xik given Iik is

E[xik|Iik] =
{
xik, if qikδik = 1,
E[xik|J ik−1], if qikδik = 0.

where J ik−1 = Iik−1 ∪j∈Ni
Ijk−1. Clearly E[xik|J ik−1] =

E[xik|Iik−1] since we have assumed absence of conflicting
paths or edges, and uik to be a measurable function of
Iik−1. Furthermore, we can write
E[xik+1|Iik] = E[xik+1|J ik−1, u

i
k, z

i
k] = E[xik+1|J ik−1, u

i
k]+

+ qikδ
i
k

(
E[xik+1|x

N̄i

k − x̄
N̄i

k ]− E[xik+1]
)

=

= E[Aixik+Biuik +
∑

j∈Ni

Aijx
j
k

∣∣J ik−1, u
i
k] + qikδ

i
kK

i?
k e
N̄i

k

where N̄i = Ni ∪ i, and, with a slight abuse of notation,
xN̄i

k = {xqk, q ∈ N̄i}. Furthermore, if we define

x̄k =
(
E[x1

k|I1
k−1]>, . . . ,E[xNk |INk−1]>

)>
. (22)

we obtain

x̄ik+1 = Aix̄
i
k +Biuk +

∑
j∈Ni

Aij x̄
j
k + qikδ

i
kK

i?
k e
N̄i

k (23)

where Ki?
k is the appropriate sparse optimal Kalman-like

filter gain since qik and qjt are assumed to be independent
for all i, j and k 6= t (Sinopoli et al. (2004)). Let Υ0:h =
∪hk=0Υk and QΥh

k (δk, qk) = diag(δikqikIni), Ini where is
the identity matrix of dimension ni as subsystem i ∈ Υh.
Under Lemma 1, the estimation error (8) is independent
of the control law and such that E[eΥh

k x̄Υh

k ] = 0. Further-
more, since the information pattern is partially nested,
the optimal control is linear and has the form (similar to
Kurtaran and Sivan (1974))

u?k = F ?k zk +G?kE[xk|Jk−1]. (24)
where F ?k is a block diagonal optimal gain, G?k is lower
triangular and zik is assumed to be zero if no transmission
occurred. To show this, we define the invertible trans-
formed system input ūk as

ūΥh

k = uΥh

k −Q
Υh

k (δk, qk)FΥh?
k eΥh

k , (25)

where FΥh?
k = diag(F i1?k , . . . , F

i|Υh|?

k ) and ij ∈ Υh.
Inserting (25) into (23) gives{

x̄Υh

k+1 = AΥh
x̄Υh

k +BΥh
uΥh

k + vΥh

k (δk, qk)
x̄Υh

0 = E[xΥh
0 ] (26)

Given a realization of δk and qk, it can be verified that
vΥh

k is a white zero-mean noise independent of x̄Υh

k . To
simplify our notation, let x̄hk = x̄Υh

k . Now, if we assume
to have found and implemented all the control laws up
to layer Υh−1, i.e. ui?k , i ∈ Υ0:h−1, we note that the
global information available at this layer at time instant
k is IΥh

k = IΥh−1
k ∪j∈Υh

Ijk. First, we should note that
E[xik|I

Υl

k ] = E[xik|Iik] for every i ∈ Υl. This is due to the
fact that they are no edges between the subsystems in a
same layer. Therefore, the subsystems in Υl are decoupled
and can apply the standard LQG to each. Using (25) in
the argument of our cost functional (12) we have

E
[
T−1∑
k=0

xh>k QΥh
xhk + uh>k RΥh

uhk + xh>T ST,Υh
xhT + λ1>δhk

]

= E
[
T−1∑
k=0

(
x̄h>k QΥh

x̄hk + ūh>k RΥh
ūhk
)

+ x̄h>T ST,Υh
x̄hT

]
+

+ E
[
T−1∑
k=0

eh>k QΥh
ehk + e>T,hQT,Υh

eT,h + λ1>δΥh

k

]
+

+ E
[
T−1∑
k=0

eh>k FΥh?
k

>
QΥh

k (δk, qk)RΥh
FΥh?
k ehk

]
+

+ 2E
[
T−1∑
k=0

eh>k

(
FΥh?
k

)>
QΥh

k (δk, qk)Rūhk + eh>k QΥh
x̄hk

]
.

It can be observed that ūhk is a linear function of IΥh

k and
so independent of ehk . Furthermore, with a fixed triggering
policy, all the expectations involving ek, δk are constants
and our initial minimization problem (12) is equivalent to

min
ūΥh

1
T

E
[
T−1∑
k=0

(
x̄h>k Qhx̄

h
k + ūh>k Rhū

h
k

)
+ x̄h>T Shx̄

h
T

]
.

(27)
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It is important to note that after the implementation of
uΥi , i = 0, . . . , h − 1, we have to consider the augmented
state

Xh
k+1 =

[
? 0
? AΥh

]

x̄Υ0
k
...

x̄
Υh−1
k

x̄Υh

k

+
[

0
BΥh

]
uΥh

k + ṽk (28)

where ṽk is a white zero-mean noise independent of Xh
k .

The minimization problem in (27) can be written equiv-
alently in terms of Xh

k with new weighting matrix Q̄h =[
0 0
0 Qh

]
. We can solve it as an optimal control problem

with global information yielding:
ūΥh

k = −Hh?
k Xh

k

where Hh?
k is the optimal gain matrix. With the inverse

transformation of (25) and iterating this procedure for all
layers, we find that the optimal control law for (13) is given
by

u?k = Qk(δk, qk)F ?k xk −
(
Hh?
k +Qk(δk, qk)F ?k

)
x̄k

= −L1?
k x̂k − L2?

k E[xk|Jk−1]. (29)

where x̂k =
(
E[x1

k|I1
k ]>, . . . ,E[xNk |INk ]>

)> and Jk−1 =
∪j∈VCIjk−1. Furthermore, L1?

k is a diagonal matrix function
of qk and δk, while L2?

k is lower block triangular, not
necessary the same structure of A. We see that we can
design the estimates and the gains independently, i.e, we
have separation.

Example Consider a system described by the physical
layer graph G = (V, E) and control layer graph GC =
(VC , EC), where
• VC = V = {1, 2, 3, 4, 5},
• E = {(1, 2), (2, 3), (3, 4), (3, 5)},
• EC = {(1, 2), (3, 4), (3, 5), (3, 1)}.

Moreover, each plant is assumed to be scalar and satisfy
all properties of (1). The interconnections are described
by 

x1
k+1
x2
k+1
x3
k+1
x4
k+1
x5
k+1

 =


0.5 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 ? 0.5 0
0 0 0 ? 0.5



x1
k

x2
k

x3
k

x4
k

x5
k

+Buk + wk

We note that (3, 1) ∈ EC , i.e., a conflicting path exist since
ζ(1, 3) ∈ G. Recalling (6), we note that the control units

Fig. 4. Design of control layer: The red edge represents a
bad link as it violates the assumptions of Lemma 1.

C1 and C3 are such that I3
k−1 ⊂ I1

k . Therefore, Lemma 1
is violated and there is no separation. However, if (3, 1) is
removed from the control graph the information sharing is
such that separation holds. This is illustrated in Fig. 4.

4. CONCLUSION

In this paper we consider the problem of minimizing a LTI
system with information and communication constraints.
In consequence of the information pattern in the control
network, the design of the optimal event-triggered con-
trollers is a hard problem because of dual effect and not
classical information pattern. However, we have shown
that we can easily solve the problem if the scheduler is
error based and partially nestedness between the decision
makers is considered, i.e., both controllers and schedulers.
Therefore, the optimal controller can be obtained by sep-
arating the design of the control gains and the filter.
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