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Chapter 1

Introduction

GEOTOP is one of the projects of the Priority Research Program SPP 1257 “Mass Transport and
Mass Distribution in the Earth System” of the German Research Foundation (DFG). Its detailed
title is Sea Surface Topography and Mass Transport of the Antarctic Circumpolar Current. It has
been supported by DFG in its three phases, each lasting two years.
Project partners are:

• Institut für Astronomische und Physikalische Geodäsie (IAPG) - Technische Universität
München,

• Deutsches Geodätisches Forschungsinstitut (DGFI) - München,

• Alfred-Wegener-Institut für Polar und Meeresforschung (AWI) - Bremerhaven,

• Institut für Planetare Geodäsie (IPG-TUD) - Technische Universität Dresden.

The general objective of GEOTOP is the determination of the absolute, temporally changing
ocean circulation flow field and its mass and heat transport by assimilating geodetic estimates
of the dynamic sea surface topography (SST) and oceanographic in-situ data. Focus area is the
Atlantic section of the Antarctic Circumpolar Current (ACC) including the Weddell Gyre, one
of the tipping points of the global climate system. Challenges are the inclusion of GOCE data,
extended altimetry, spectral consistency of altimetry and geoid model, rigorous error propagation
and estimation and the treatment of sea ice covered ocean areas.
The results of the satellite gravity gradiometry mission GOCE (in combination with the results
from GRACE) lead to much more accurate and detailed models of the geoid and gravity anomaly
field. These results can now be combined with re-processed models of the mean sea surface based
on almost twenty years of satellite radar altimetry.

The most important experiences of the past two years of GEOTOP are as follows:

• The combination and consistent filtering of geodetic data in particular in coastal regions is
difficult: the geoid is represented in global spherical harmonics, while altimetry data are
given along profiles.
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• There exist significant discrepancies between satellite based geoid models and geoid models
based on surface data in the area of the ACC.

• Ocean altimetry in the Antarctic Ocean is limited to the sea-ice free seasons. This causes
problems in the determination of mean dynamic ocean topography (MDT) and of time series
of the ocean surface.

• Geodetic MDT could be successfully assimilated into the ocean model employing the Kalman
Filtering approach. Exceptions are the Weddell Sea area and coastal areas.

Problems remain in the representation of deep ocean temperature and salinity, which may require
assimilation of temperature and salinity data. Finally, only now high resolution GOCE geoid
models become available.

In the present report we document the details of our processing for the purpose of later use or
re-assessment. The report does not cover the complete work performed in the context of GEOTOP.
It is confined to the geodetic MDT and geostrophic velocities and therefore essentially to the work
packages of IAPG.
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Chapter 2

Progress in gravity field
determination

2.1 New GOCE and GOCE-GRACE geoid

After a considerable delay, the GOCE satellite was successfully launched on March 17, 2009. It is
the first mission of the Living Planet programme of ESA, (European Space Agency, 1999). The
acronym stands for Gravity and steady-state Ocean Circulation Explorer. This already indicates
the high relevance of this mission for oceanography.

The objectives of the mission are the determination of the geoid accurate to 1 to 2 cm and of
gravity anomalies with an accuracy of 1 mGal. Thereby the spatial resolution should be about 100
km half-wavelength corresponding to a spherical harmonic expansion complete up to degree and
order 200 (d/o = 200). These goals are based on a set of science objectives. The most important
one is the determination of global dynamic ocean topography with the same accuracy and spatial
resolution for the purpose of ocean circulation and ocean mass and heat transport studies.

The core instrument of GOCE is a three axis gravitational gradiometer based on the principle
of differential accelerometry, compare e.g. Rummel & Gruber (2010) or Rummel et al. (2011).
It is for the first time that an instrument of this kind is flown on-board of a satellite. The long
wavelength part of the gravitational field is derived from the orbit, i.e. from orbit tracking by
GPS. The satellite is orbiting at an altitude of only 260 km and it is kept drag-free in along track
direction. All sensors of GOCE are performing according to their specifications (with a slight
degradation of the vertical gradiometer component, which cannot yet be explained). In summer
2012 about twelve months of mission data have been processed and a series of spherical harmonic
models has been constructed.

In parallel a reprocessing of all mission data, acquired so far takes place. Its main elements are a
joint processing of all three star trackers, improved attitude and angular rate reconstruction and
linear interpolation of calibration parameters in between calibration, see Stummer et al. (2012).
The reprocessing leads to an improved determination of spherical harmonic coefficients, in par-
ticular at low degrees and orders. First gravity models based on the reprocessed data have been
released in spring 2013.
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In this study we consider three satellite gravity models:

1. the GOCE-only satellite model TUMGOCE (Yi, 2012),

2. the GRACE-only satellite model ITG2010 (Mayer-Gürr et al., 2010b),

3. the GRACE-GOCE satellite model GOCO2s1 (Pail et al., 2010).

The satellite gravity model TUMGOCE is a GOCE-only solution based on measurements from
November 2009 to April 2011 of GOCE orbits and gravity gradients Vxx, Vyy, Vzz and Vxz. It
uses kinematic orbits and the integral equation approach for the determination of the spherical
harmonic coefficients up to d/o 150. The gravity gradients in the Gradiometer Reference Frame
are band pass filtered between 5 and 100 mHz employing an infinite impulse response filter. In the
polar areas, where no GOCE data are available, geoid heights from EGM2008 up to d/o 200 on a
1◦ × 1◦ grid with an assumed std. dev. of 20 cm are introduced for stabilization, see Yi (2012).
The model is available up to degree/order 224.

The joint US/German Gravity Recovery And Climate Experiment (GRACE) mission uses low-low
satellite-to-satellite (SST) tracking by a precise, dual-frequency microwave ranging system. In the
low to middle part of the wavelength spectrum the low-low SST concept of GRACE determines the
gravity field better than GOCE. The model ITG-Grace2010s (ITG2010 in the following) (Mayer-
Gürr et al., 2010a) is a long-term mean gravity field model covering the time span 2002-08 to
2009-08 calculated from GRACE data up to degree and order 180.

The gravity model GOCO2s (Goiginger et al., 2011; Pail et al., 2010) combines the information
from the mission GOCE with the normal equations of GRACE model ITG2010. In particular it
uses:

• 7 years of GRACE data,

• 12 months of GOCE satellite-to-satellite tracking (SST) data,

• 8 months of GOCE satellite gravity gradiometry (SGG) data,

• 8 years of CHAMP and

• 5 years of SLR observation.

The model is complete up to degree and order 250.

In the low-to-middle part of the spectrum the low-low SST concept of GRACE is superior to
GOCE; GOCE starts to become superior at degree 120. In Fig. 2.1 the error degree variances of
TUMGOCE, ITG2010 and GOCO2s are shown compared with the signal power density (dotted
line). In the combined model the GRACE information is dominant up to degree and order 70,
while the GOCE data starts to prevail at degree and order 120.

In Fig. 2.2 the cumulative geoid errors for the three gravity models are shown as function of the
maximum spherical harmonic degree, see also Table 2.1.

1Only in the chapter 7 the gravity model GOCO03s has been considered (Mayer-Gürr et al., 2012), using its
variance-covariance matrices.
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Lmax GRACE GOCO GOCE

140 1.3 0.7 1.1
160 4.8 1.5 1.6
180 18.7 3.1 2.6
200 – 5.5 4.5
220 – 9.7 8.0
240 – 14.5 –

Table 2.1: Cumulative formal geoid errors for ITG2010, GOCO2s and TUMGOCE gravity models.
Units are centimeters.

The geoid height N can be expressed in a point P = (ϑP , λP ) as a series of spherical harmonics:

N(ϑP , λP ) = R

L∑
`=2

∑̀
m=0

(
C̄`m cosmλP + S̄`m sinmλP

)
P̄`m cos(ϑP ) (2.1)

where P̄`m cos(ϑP ) are fully normalized associated Legendre functions of degree ` and order m;
C̄`m, S̄`m are the dimensionless normalized potential coefficients; L is the maximum degree of the
expansion.

The geoid undulations in the region of the Antarctic Circumpolar Current (ACC) (−90◦ < ϕ <
−30◦, 0◦ < λ < −360◦) have variations of 110 m, Fig. 2.3. The minimum (∼= −60 m) is in the
region of the Ross Sea. The maximum (∼= 40 m) is in the ocean south of the African continent
(30◦ < λ < 60◦).

In Table 2.2 the RMS of the global and local differences between different geoid models are shown.
In the ACC area, the differences between the geoid TUMGOCE and the ITG2010 reach even 2 m,
see right panel of Fig. 2.4. In all cases the differences are larger close to the South Pole. This is
probably due to the missing GOCE data above latitude 83.3◦ and the regularization applied there
to the GOCE models.

global local

TUMGOCE - GOCO2s (up d/o 160) 6.46 8.95
TUMGOCE - GOCO2s (up d/o 180) 9.37 12.37
TUMGOCE - GOCO2s (up d/o 200) 17.48 23.31
TUMGOCE - ITG2010 (up d/o 180) 25.02 30.01
GOCO2s - ITG2010 (up d/o 180) 23.33 27.03

Table 2.2: RMS of the global and local differences between different geoids. The local statistics are
evaluated in the region of the ACC (−90◦ < ϕ < −30◦, 0◦ < λ < −360◦). Units are centimeters.

2.2 Error analysis

The gravity models (TUMGOCE, GOCO2s and ITG2010) are available together with their full
error variance covariance matrix, see (Mayer-Gürr et al., 2010a; Yi, 2012; Pail et al., 2011). This
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means that we are able to perform the full error propagation from the spherical harmonic coefficients
to the geoid undulation, deriving not only the formal error in each point on earth, but also all the
covariances.

In first approximation we do not consider the correlations between the harmonic coefficients, but
only their variances. In this case the error in the geoid heights does not depend on the longitude,
as it is shown in Fig. 2.5. In Fig. 2.6 the geoid errors up d/o 180 of the three gravity models in the
ACC are shown. In the first and second case the errors close to the South Pole increase because
they are dominated by the effect of the polar gap. The inclination of the orbit of the GRACE
satellites is I ≈ 89◦, while for GOCE it is I = 96.70◦. For ITG2010 the cumulative geoid error up
d/o 180 is 24 cm, for TUMGOCE it is 5 cm and for GOCO2s it is 2.4 cm.

Considering the full variance-covariance matrix, the full error propagation is possible.

In the following we consider the gravity model GOCO2s up to degree and order 250. The covariance
propagation was computed for a test area: −50◦ < ϕ < −70◦ in latitude and −30◦ < λ < −10◦ in
longitude, with an equi-angular spacing of 0.25◦.

In Fig. 2.7 the covariances for the point (ϕ = −60◦, λ = −20◦) are shown. The variance (value in
the point: ϕ = −60◦, λ = −20◦) is 0.027 m2, which corresponds to a std. dev. error of 16.36 cm.
As we can see in the Fig. 2.8 and Fig. 2.9, the covariances are almost isotropic.

Figure 2.1: RMS of the errors per degree for the geopotential models TUMGOCE (black line),
GOCO2s (blue line) and ITG2010 (red line). The signal RMS per degree is shown as dotted line.
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Figure 2.2: Cumulative geoid height error as function of the spherical harmonic degree. GOCO2s
(blue), TUMGOCE (black line) and ITG2010 (red line). Units are centimeters.

Figure 2.3: Values of the geoid undulations from TUMGOCE gravity model up d/o 224 in the
region of the ACC current. The grid is 30′ × 30′.
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Figure 2.4: Differences between geoid from TUMGOCE and geoid from GOCO2s (left panel) and
geoid from ITG2010 (right panel).

Figure 2.5: Geographical distribution of the cumulative (up d/o 180) geoid errors for different
gravity models. Upper left = ITG2010, upper right = TUMGOCE, lower panel = GOCO2s.
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Figure 2.6: Cumulative (up d/o 180) geoid error in the ACC area. Left panel = ITG2010, middle
panel = TUMGOCE, right panel = GOCO2s.

Figure 2.7: Covariance of the geoid heights at the point (ϕ = −60◦, λ = −20◦). Gravity model
GOCO2s up to degree and order 250 is considered. Units are m2
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Figure 2.8: Covariance of the geoid heights at the point (ϕ = −60◦, λ = −20◦) as function of
longitude (upper panel) and of latitude (lower panel). Gravity model GOCO2s up to degree and
order 250 is considered. Units are m2.

Figure 2.9: Sections of the covariance of the geoid heights at the point (ϕ = −60◦, λ = −20◦)
as function of the spherical distance. Gravity model GOCO2s up to degree and order 250 is
considered. Units are m2.
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Chapter 3

Altimetric Mean Sea Surface (MSS)

Altimeter satellites provide precise, repeated, and quasi-global measurements of sea surface heights.
A MSS is a temporal average of these sea surface heights over a chosen period of time. As
the present investigation aims at the determination of a quasi-stationary MDT, the MSS should
represent a reliable long-term mean.

In this study two mean sea surfaces models are considered: the DGFI10 and the DTU10.

The MSS DGFI10 has been generated, averaging the measurements of altimeter missions with
exact repeat periods (ERS- 1/2, ENVISAT, TOPEX/Poseidon, Jason-1 and Jason-2), acquired
within the period from 1992 October to 2010 April (Bosch & Savcenko, 2012). The period 1992-
2010 exhibits a rather homogeneous data distribution and ensures that the MSS is hardly affected
by seasonal variations or inter-annual variability like the 1997/1998 El Nino. The MSS heights are
computed at the nodes of a regular 30′ × 30′ geographical grid. The DGFI10 MSS is constructed
by a careful pre-processing of the altimeter measurements followed by a remove-gridding-restore
method. The pre-processing includes:

• (i) Application of the most recent orbits and mission specific correction models (e.g. for the
sea state bias), see Chambers et al. (2003); Iijima et al. (1999); Scharroo & Smith (2010);
Scharroo & Visser (1998); Schrama et al. (2000).

• (ii) Harmonization by applying identical geophysical reduction models as far as possible (e.g.
for ocean tides), see Mayer-Gürr et al. (2011).

• (iii) Cross-calibration to estimate radial errors and range biases for each of the altimeter
missions (for details see Dettmering & Bosch (2010b,a).

The ultimate goal of the pre-processing is to generate homogeneous and consistent multimission
data which can be readily merged for the MSS computation. The interpolation of the pre-processed
altimeter data to the 30′ × 30′ grid was performed with instantaneous sea surface heights reduced
by a reference surface, here the CLS01 MSS (Hernandez & Schaeffer, 2000). Compared to sea
surface heights (' 100m), the instantaneous sea surface heights (< 1 m) have significantly reduced
gradients and are therefore much easier to interpolate. The along-track instantaneous heights
were then averaged to fixed points along the nominal ground track and in a second step all mean
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instantaneous sea surface heights within the grid cells were averaged to a multimission mean
anomaly. Finally, the CLS01 sea surface heights within the 30′×30′ grid cells (themselves sampled
with 2′ spacing) were averaged and added back to the multimission mean anomaly. In this way
the DGFI10 MSS represents a MSS for the period 1992-2010 with heights (averaged over 30′×30′)
defined on the nodes of a 30′ × 30′ grid.

The DTU10 is a MSS available on a very dense grid. It has been computed by the Danish
National Space Center, (Andersen, 2010). The DTU10 has a spatial resolution of 1 minute by 1
minute covering all marine regions of the world including the Arctic Ocean up to the North Pole
( http://www.space.dtu.dk/English/Research/Scientific_data_and_models/Global_Mean_
sea_surface.aspx).
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Chapter 4

Filtering

The Mean Dynamic ocean Topography (MDT) is the deviation of the actual mean ocean surface
(MSS) from the geoid. Since the geoid is the hypothetical surface of the ocean at rest it is the devi-
ation of the actual ocean from its equilibrium. The MSS data represent local sea level averaged and
interpolated onto nodes of a regular grid. The original data are altimetric measurements densely
available along satellite tracks; these measurements contain information with spatial resolution
much higher than is included in the geoid model. These short scale features must be removed by
filtering, to make sure that the computed MDT is consistent with the spatial resolution of the
geoid field, (Bingham, 2010), (Losch et al., 2002). The problem of the spectral consistency will be
discussed in detail in chapter 5. In this chapter we will discuss the problem of filtering.

4.1 Isotropic spherical harmonic spectral windows

We consider a function F expressed as a series of spherical harmonic functions:

F (P ) =

L∑
`=0

∑̀
m=−`

f`mY`m(P ) (4.1)

where Y`m are the spherical harmonic functions of degree ` and order m, f`m are the spherical
harmonic coefficients and L is the maximum degree of the expansion. For reasons of compactness
we choose here the complex form of spherical harmonic expansion, different from Eq. (2.1).

The filtering in the space domain is carried out by a convolution of F with the filter functionW (ψ):

F̃ (P ) =
1

4π

∫∫
W (ψ)F (Q)dσQ (4.2)

where W (ψ) is an isotropic weighting function that is only dependent on the spherical distance ψ
between the points P and Q:

W (ψ) =

∞∑
`=0

(2`+ 1)W`P`(cosψ) . (4.3)
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We recall the orthogonality of spherical harmonics:

1

4π

∫∫
Y`m(P )Y`′m′(P )dσ = δ``′δmm′ , (4.4)

and the addition theorem of spherical harmonics:

P`(cosψPQ) =
1

2`+ 1

∑̀
m=−`

Y`m(P )Y`m(Q) . (4.5)

Inserting Eq. (4.1) and Eq. (4.3) in Eq. (4.2):

F̃ (P ) =
1

4π

∫∫ (∑
`′

(2`′ + 1)W`′P`′(cosψ)

)(∑
`

∑
m

f`mY`m(Q)

)
dσQ , (4.6)

using (4.5), Eq. (4.6) becomes:

F̃ (P ) =
1

4π

∫∫ (∑
`′

(2`′ + 1)W`′
1

2`′ + 1

∑
m′

Y`′m′(P )Y`′m′(Q)

)(∑
`

∑
m

f`mY`m(Q)

)
dσQ =

=
∑
`′

∑
m′

∑
`

∑
m

(2`′ + 1)W`′
1

2`′ + 1
f`mY`′m′(P ) · 1

4π

∫∫
Y`′m′(Q)Y`m(Q)dσQ . (4.7)

Finally, using Eq. (4.4), we obtain the expression of the filtering in the spectral domain:

F̃ (P ) =
∑
`

∑
m

W`f`mY`m(P ) . (4.8)

The convolution on the sphere corresponds to a simple multiplication with the filtering coefficients
W` in the spherical harmonic spectral domain.

The inverse formula of Eq. (4.3) is:

W` =
1

2

∫ π

0

W (ψ)P`(cosψ) sinψdψ . (4.9)

It can easily obtained inserting W (ψ) of Eq. (4.3) in (4.9) and recalling the orthogonality of the
Legendre polynomials:

1

2

∫ π

0

Pn(cosψ)P`(cosψ) sinψdψ =
1

2n+ 1
δn` . (4.10)

To filter the high frequencies (from k0 + 1 to L) of the function F there are various alternatives.
In this chapter we compare three filters.

Direct cut-off filter
The direct cut-off filter up to k0, or ideal low pass filter, consists in choosing as maximum degree
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L = k0 in (4.1). An ideal low-pass filter completely eliminates all spectral content above the cut-off
degree. The coefficients below will pass unchanged. The spectral weights are:

W` =

{
1 ` ≤ k0
0 ` > k0

(4.11)

The filter response in the spatial domain is a sinc function:

W (ψ) =
sin(πψ)

πψ
(4.12)

Unfortunately this type of filtering leads to an unnatural oscillation (Gibbs or ringing effects) in
the spatial domain. The truncation artifacts appear as spurious ringing around the topography of
the filtered surface.

Gauss filter
The Gauss filter corresponds to a Gaussian function in both the space and spectral domain. The
formula for the weighting function W` for the Gauss filter is given in Jekeli (1981) and has been
modified by Wahr et al. (1998). It can be computed by recursive formulas:

W0 = 1

W1 =

[
1 + e−2b

1− e−2b
− 1

b

]
W` = −2`− 1

b
W`−1 +W`−2

where
b =

log 2

1− cosα
. (4.13)

The weighting function in the space domain for the Gauss filter is

W (ψ) =
b

2π

e−b(1−cosψ)

1− e−2b
(4.14)

As described in Zenner (2006), the half-weight radius r [in km] of the filter is related to the
harmonic degree L of the spectrum by the empirical relation

r ≈ 1.45 · 104

L
[km] . (4.15)

The positive property of the Gauss filter is that it exhibits side lobes neither in the spectral nor in
the spatial domain. However it significantly dampens the field at the highest spherical harmonic
degrees and orders. The strength of the GOCE mission is its high spatial resolution. Thus, it must
be tried to maintain its high degree and order coefficients as much as possible, filtering only the
short scale features of the mean sea surface.

A “compromise”: the Butterworth filter
The best solution for our problem would be to avoid the ringing effects and, at the same time,
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to preserve as much as possible the short scale information. A compromise could be considering
an ideal low pass filter with smooth transition from 1 to 0. The Butterworth filter fulfills these
needs. It has an extremely flat frequency response in the portion of the frequency spectrum that
is transmitted (passband), see Fig. 4.1. The Butterworth filter is specified by two parameters,
the filter order k and the cutoff frequency. The sharpness of the transition from the passband
to the stopband is dictated by the filter order, as is shown in Fig. 4.2. Cutoff frequency for the
ideal low-pass filters is determined as a frequency up to which the signals pass well and the signals
beyond it are rejected. Due to the transition band in the no-ideal filters (as the Butterworth filter),
the definition of cutoff frequency is unclear. By definition, it is determined as a frequency at which
the power gain is 1/2 of the power gain at the passband frequencies. Since the power of the signal
is proportional to the squared magnitude response, the cutoff frequency of the Butterworth filter
is that frequency where the magnitude response of the filter is

√
1/2. The ringing effect, in its

transform in the spatial domain, is not eliminated, but it is strongly reduced compared with the
ideal low pass filter, as described by Devaraju & Sneeuw (2012).

The three spectral weights corresponding to the three filters are shown in Fig. 4.3. The threshold
frequency is L = 180 for the cutoff and the Gauss filter. The two parameters of the Butterworth
filter are chosen empirically as function of the threshold frequency L. For L = 180 the order is
chosen k = 5. If k < 5 the filter is stronger and we loose a larger part of the signal. If k > 5 the
component of transmitted signal does not change significantly (the variations are less than 0.01
%). The cutoff frequency is chosen such that the passband is comparable with the passband of the
Gauss filter and the ringing effect is sufficiently small. For L = 180 the cutoff frequency is chosen
equal to 140.

Considering the ratio of the areas under the three curves of the Fig. 4.3 between 0 and 180, we
observe that the Butterworth filter looses a moderate part of the signal during filtering 20.0%
compared with the loss of the Gauss filter of 38.6%.

4.2 The filtering

We consider a MDT (see chapter 5 for more details) computed using the gravity model TUMGOCE
up d/o 224 and extended up d/o 360 using the EGM2008 gravity model (TUMGOCEext), (Pavlis
et al., 2012). The MDT is extended to the land areas and defined on a geographical grid 30′× 30′.
The surface is completely described by a set of spherical harmonic coefficients up d/o 360, see
Fig. 4.4.

The spherical harmonic coefficients of its representation are weighted with the three functions of
Fig. 4.3. The results in spatial and in spectral domains are shown in Fig. 4.5.

Considering the three filtered (up d/o 180) surfaces in a limited area (Agulhas current), see Fig. 4.6
and Fig. 4.7, we can observe the effect of the filters. As expected the cutoff filter causes a lot of
ribbles (Gibbs effect). The Gauss filter produces a smoothed image, without ribbles, but also
with less details. The Butterworth filter produces some roughness, but the image seems to be
well defined. In particular, where the signal is stronger (20◦ < λ < 30◦,−40◦ < ϕ < −30◦) the
representation is clearer.

A section along the parallel ϕ = −40◦ of the three filtered surfaces is presented in Fig. 4.8.
Butterworth (red line) and cutoff (green line) are almost the same where the signal is stronger
(10◦ < λ < 50◦). On the other hand, the Gauss filtered surface (blue line) is weaker; for example
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there is a 10 centimeter difference at λ = 25◦. In the interval (65◦ < λ < 85◦) the ringing
effect of the cutoff filter is particularly evident. In the same interval the signals of the Gauss
and Butterworth filtered version show similar oscillations. The Gauss filter always generates a
smoother surface compared with the two other filters.

Looking at the differences between the three filters, we observe that the Gauss filtered MDT is
quite different from both cutoff (Fig. 4.9) and Butterworth (Fig. 4.10), particularly close to the
strongest currents (Agulhas and Drake Passage currents). Cutoff and Butterworth (Fig. 4.11) show
smaller differences, which appear more uniformly distributed.

Finally we compare the filtered MDT with an independent dataset. In Fig. 4.12, Fig. 4.13 and
Fig. 4.14 the level curves of the MDT (gray lines) are compared with the Subantarctic and Polar
Fronts1 of the ACC current (red lines). Even in this case, even if there is no perfect matching, the
best result occurs when Butterworth filtering is used.

Figure 4.1: Butterworth filter of order k = 5 with normalized cutoff frequency equal to 0.35 (for
details see Wade (1994)). The dotted line is the corresponding ideal boxcar filter.

1These fronts characterize the Antarctic Circumpolar Current (ACC), (Orsi et al., 1995)
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Figure 4.2: Frequency response of Butterworth filters with different orders k and with normalized
cutoff frequency corresponding to L = 180.

Figure 4.3: The cutoff filter up d/o 180 (green line) compared with the Gauss filter (blue line) and
the Butterworth (red line) referring to the same threshold.
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Figure 4.4: Extended MDT in spatial (left panel) and in spectral domain (right panel).

Figure 4.5: The filtered MDT up d/o 180 in spatial and spectral domain. Top panel = cut-off
filter, middle panel = Gauss filter and bottom panel = Butterworth filter. The color scales are the
same of Fig. 4.4
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Figure 4.6: The filtered MDTs up d/o 180 in the Agulhas current area.

Figure 4.7: The filtered MDTs up d/o 180 in the Agulhas current area (contour plot).
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Figure 4.8: Sections along ϕ = −40◦ of Gauss filtered MDT (blue line), cutoff filtered MDT (green
line) and Butterworth filtered MDT (red line). The filters are applied up d/o 180.

Figure 4.9: Differences between Gauss and Butterworth filtered MDT in the ACC area. The filters
are applied up d/o 180. The RMS of the differences is 1.76 cm in the ACC area (1.60 cm globally).
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Figure 4.10: Differences between Gauss and cutoff filtered MDT in the ACC area. The filters are
applied up d/o 180. The RMS of the differences is 3.18 cm in the ACC area (3.12 cm globally).

Figure 4.11: Differences between Butterworth and cutoff filtered MDT in the ACC area. The
filters are applied up d/o 180. The RMS of the differences is 2.44 cm in the ACC area (2.42 cm
globally).
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Figure 4.12: Level curves of the cutoff filtered up d/o 180 MDT and fronts of the ACC current
(red lines).

Figure 4.13: Level curves of the Gauss filtered up d/o 180 MDT and fronts of the ACC current
(red lines).
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Figure 4.14: Level curves of the Butterworth filtered up d/o 180 MDT and fronts of the ACC
current (red lines).
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Chapter 5

Mean dynamic ocean topography
(MDT)

The apparently simple geodetic approach for estimating the MDT by subtracting geoid heights N
from the mean sea surface (MSS) heights h:

MDT = H = h−N (5.1)

is not as straightforward as it may seem. It requires special attention because data with fundamen-
tally different characteristics, defined on different domains and with different spatial resolutions
are to be combined.

Geoid and sea surface heights have to be consistent in terms of

• one common geodetic reference system,

• the same tide system, and

• their spectral content.

5.1 Geometrical consistency between geoid and MSS

5.1.1 Reference system

The mean sea surface h and the geoid heights N refer to an ellipsoidal reference system identified
by four constants (gravitational constant times mass of the earth GM , equatorial radius a, angular
velocity ω and flattening f).

Before subtracting the two quantities they have to be scaled to the same reference ellipsoid. If
the dimensions of the reference ellipsoids (REF1 and REF2) differ, the change of the ellipsoidal
heights (Heiskanen & Moritz, 1967, p. 207), is given by:

hREF2 = hREF1 − (aREF1 − aREF2) + aREF1 sin2 ϕ(fREF1 − fREF2). (5.2)
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where ϕ is the spherical geocentric latitude.

An analogous transformation holds for the transformation of the spherical harmonic coefficients

{
CREF1
`m

SREF1
`m

}
=

(
GMREF2

GMREF1

)
·
(
aREF2

aREF1

)`
·
{
CREF2
`m

SREF2
`m

}
(5.3)

The DGFI10 MSS is referred to the TOPEX/POSEIDON earth ellipsoid:

• GMT = 3986004.415 · 108 m3/s2,

• aT = 6378136.3 m,

• ω = 7.922114 · 10−5,

• 1
fT

= 298.257.

The flattening and the equatorial radius are different for the reference ellipsoid of the gravity field
ITG2010, which adopts the Geodetic Reference System 1980 (GRS80):

• aG = 6378137 m,

• 1
fG

= 298.257222101.

The GOCE-only gravity field TUMGOCE and the GOCO2 models consider an equatorial radius
equal to a = 6378136.3 m.

In Fig. 5.1 the geometrical correction from the Topex ellipsoid to the GRS80 is shown1. In the
following all the quantities are always referred to the Topex ellipsoid.

5.1.2 Tide system

The definition of the geoid is affected by the permanent deformation of the earth caused by the
presence of the Sun and the Moon, (Hughes & Bingham, 2008). Consideration of these permanent
tidal effects has led to the definition of three types of geoids:

• Tide-free (TF): the geoid with all (direct and indirect) effects of the Sun and Moon removed.

• Zero-tide (ZT): the geoid with the permanent direct effects of the Sun and Moon removed,
but the indirect effect related to the elastic deformation of the earth retained.

• Mean-tide (MT): no permanent tide effect removed.

Conceptually, analogous definitions exist of an ellipsoid associated with the corresponding type
of geoid (tide-free ellipsoid, mean-tide ellipsoid and zero-tide ellipsoid). There will be a different

1The TOPEX/POSEIDON ellipsoid is a mean-tide ellipsoid; the GRS80 ellipsoid is a tide free ellipsoid. The
tide systems are defined in the section 5.1.2.
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equatorial radius and flattening associated with each type of ellipsoid. If one considers a reference
ellipsoid fixed by a definition of a and f , one will have different geoid undulations depending on
the type of geoid undulation (tide free, mean, zero) that is being applied. The equations to convert
from one system to another are (Fecher, 2008):

NMT −NZT = 9.9− 29.6 sin2 ϕ [cm]
NZT −NTF = k(9.9− 29.6 sin2 ϕ) [cm]
NMT −NTF = (1 + k)(9.9− 29.6 sin2 ϕ) [cm]

(5.4)

where k is the Love number.

The Love number for the permanent deformation of the earth is not really known, it is a best
guess. This makes the TF-system problematic and “conventional”. For example k = 0.3 is adopted
for the EGM96 geopotential model, but not for all the geopotential models this number is taken.

In the case that the geoid undulations are to be used together with satellite altimeter data for the
determination of MDT, the undulations must be given in a system consistent with that used for
the determination of the sea surface height.

In particular we have:

• ITG2010 is given in the zero-tide system,

• TUMGOCE is given in the tide free system,

• GOCO2s is given in the tide free system,

• the MSSs are defined in the mean-tide system

In Fig. 5.2 the differences (NZT − NMT ) (blue line) and (NTF − NMT ) (red line) are shown. In
this case the considered model is GOCO2s up to degree and order 180.

Conversion between different permanent tide systems can also be executed modifying one spherical
harmonic coefficient, (Losch & Seufer, 2003). To convert zero-tide coefficients to mean-tide, we
can use:

C̄mean tide
2,0 − C̄zero tide

2,0 =
(−0.198 m)r3g

a2GM
√

5
(5.5)

to convert tide-free coefficients to mean-tide, we can use:

C̄mean tide
2,0 − C̄tide free

2,0 = (1 + k) · (−0.198 m)r3g

a2GM
√

5
(5.6)

where g is the mean gravity and r is the local ellipsoidal radius2.

In the following all the computations are done in the mean tide system.
2An approximation to this radius r is given by Heiskanen & Moritz (1967): r(ϕ) = a(1− f sin2 ϕ).
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5.1.3 Coordinate system

The altimetric data are referred to the Topex ellipsoid and are expressed in ellipsoidal or geographic
coordinates. The geoid is usually expressed in a spherical harmonic series using spherical coordi-
nates, (see Fig. 5.3). For this reason each ellipsoidal (geographical) latitude ψ will be transformed
to the corresponding spherical (geocentric) latitude ϕ with the formula

tanϕ = (1− e2) · tanψ (5.7)

where e is the eccentricity of the Topex/Poseidon ellipsoid. The longitudes are the same in the
two systems.

5.2 Spectral consistency between geoid and MSS

5.2.1 Problem definition

The geoid heights N(ϑ, λ) as derived by GRACE or GOCE are commonly represented as a series
of surface spherical harmonic functions, see Eq. (2.1). The latter are global base functions on the
sphere. Since the spatial resolution of the geoid models is limited, the spherical harmonic series
is truncated at some maximum harmonic degree L. Thus, there remains an unknown geoid part,
represented by the spherical harmonic degrees and orders greater than L up to infinity. This part
is denoted geoid omission error.
The altimetric MSS is measured along satellite ground tracks with very high sample rate. Also
the spacing between adjacent tracks is rather dense. Disregarding the noise, the MSS heights h
represent the sum of geoid and MDT, see Eq. (5.1). The spatial resolution of the MSS is therefore
much higher than that of the given geoid heights, but it is not given globally but confined to (most
of the) ocean areas.
Schematically the situation is represented in Fig. 5.4. Thus the altimetric MSS contains short
scale geoid information that is not contained in the geoid models of GRACE and GOCE. After
subtraction of the geoid model from the MSS this short scale geoid features would be misinterpreted
as being part of the dynamic ocean topography. From Fig. 5.4 a variety of approaches can be
deduced of how to deal with this fundamental problem:

• Option 1: Expansion of the solution space of N beyond L by an explicit modeling of the
omission part of N , see Becker et al. (2012) and SPP1257-project RIFUGIO by Prof. W.-D.
Schuh. In this case the missing geoid part will be described as part of the stochastic model.

• Option 2: Filtering of h down to L in the geographical domain and confinement of N to
the ocean part, see Bosch & Savcenko (2010).

• Option 3: Artificial extension of h to land areas (make it a global function) and filtering to
L in the spherical harmonic domain, see section 5.2.3.
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5.2.2 Spectral consistency

The geoid is represented using the Eq. (2.1). For all degrees (and orders) less or equal to L,
the coefficients of the geoid and their error variances (the commission error) are available. The
signal for degrees above L is the omitted signal or omission error. The degree L corresponds
approximately to a spatial scale of 20000/L km. Consequently, even a densely gridded geoid field
does not contain spatial scales less than this.

The MSS data represent local sea level. The original data are altimetric measurements available
along satellite tracks. This implies that each sample is of high spectral resolution. The short scale
altimetric features will contain both dynamic topography and geoid features that need to be taken
into account when calculating a consistent MDT. Furthermore Losch et al. (2002) shows that the
omission error can leak in the commission error of the filtered signal if different base functions are
involved for the representation of the geoid and the MSS. In the following section 5.2.3 the gravity
model GOCO2s and the MSS DGFI10 are used throughout.

5.2.3 MDT from global approach

The basic idea is to represent both, h and N , in terms of spherical harmonic series. In this way
the geoid and the sea surface have the same type of global spectral representation and they can
be processed in a compatible form. Furthermore, with a common representation, the two surface
functions can be filtered in a consistent way. Consequently, the altimetric sea surface has to be
extended to the land areas so as to cover the entire earth’s surface. This process requires much
care in order to avoid boundary effects at the land/ocean transition.

We define as “land” all the areas where the altimetric data are not available, white areas in Fig. 5.5.
Accordingly the land-ocean mask LO is defined as:

LO(ϕi, λj) =

{
1 if (ϕi, λj) ∈ ocean
0 if (ϕi, λj) ∈ land (5.8)

In particular, in the ACC area, the land-ocean transition is far from the boundary of Antarctica
because of the inclination of the satellite altimetric missions and sea ice coverage, Fig 5.6.

We are considering a regular grid with ∆ϕ = ∆λ = 30′. In the spherical harmonic representa-
tion, the maximum resolvable degree Lmax depends on the grid spacing in latitude and longitude
direction according to

∆ϕ = ∆λ =
180

Lmax
. (5.9)

This gives for our case Lmax = 360. For this reason, we apply a narrow two-dimensional Gaussian
filter to the full resolution MSS. We choose the averaging radius r = 40.3 km that corresponds to
Lmax = 360, see Eq. (4.15). That filtering corresponds to a light smoothing of the MSS and it
makes the MSS more consistent with our grid. The differences after and before the smoothing are
shown in Fig. 5.7.

Extending the altimetric sea surface to the land areas (e.g. by using a geoid model there) we
introduce a discontinuity along the land-ocean transition. When a signal with a discontinuity is
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projected into a finite system of base functions, the well known ringing effect, also called Gibbs
phenomenon, will happen around the discontinuity. This aspect is discussed in chapter 4.

The distortions along the transition zone from ocean to land cannot be eliminated completely,
(Albertella & Rummel, 2009), but they can be strongly reduced using an appropriate reference
surface on land, (Bingham et al., 2008; Albertella et al., 2012), and by smoothing the transition
as much as possible.

We adopt the following scheme:

1. The first step is to compute the MDT simply by subtracting the geoid heights N from the
MSS h, assigning to the land areas the value 0:

H =

{
h−N on ocean
0 on land (5.10)

Now H can be expressed as a sum of spherical harmonics functions:

H(ϑ, λ) =

L∑
`=0

∑̀
m=0

(
CH`m cosmλP + SH`m sinmλP

)
P̄`m cos(ϑP ) (5.11)

with CH`m, S
H
`m the spherical harmonic coefficients of the expansion, L the highest degree

considered and (ϑ, λ) the spherical latitude and longitude.

2. The second step is the smoothing of the land ocean transition. We tested three techniques.

• In the first case an iterative remove-extrapolate-restore procedure is applied, as de-
scribed in Albertella & Rummel (2009). We start considering the un-filtered MDT,
Eq. (5.11), with its sharp land-ocean transition. Next we perform a global spherical
harmonics analysis to get harmonic coefficients and then perform a synthesis to come
back to the MDT. After this process, we get a new “mixed surface” on the globe. We
keep the original MDT values on ocean, but fill the land with the derived “mixed sur-
face”. Then we repeat this process iteratively. Because this “mixed surface” on land is
also affected by data from the ocean part, it will combine the ocean and land data so
that the discontinuity between land and ocean will become smaller and smaller. We call
this approach GL1.

• In the second case we want to extend the MDT into the land areas with a surface “close”
to the MDT and extremely smoothed. A simple solution is filling the land with mean
values deduced from the ocean part (moving averages). The value H(ϕi, λj) in each
land point is replaced by a moving 2D box car average of the values of the surrounding
grid points:

H̄(ϕi, λj) =
1

(2k + 1)2

∑
p,q

H(ϕi+p, λj+q) (5.12)

where p = −k, . . . , k and q = −k, . . . , k. The procedure is applied during n iterations,
maintaining in each step the original values on sea and considering the new mean values
on land. We call this approach GL2.

• The third technique investigated solves the Laplace equation with the successive over-
relaxation (SOR) iterative technique. This method of extending the dynamical ocean
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topography is also known as “elastic membrane approach” (EMA). The solution is ob-
tained by first prescribing the boundary conditions as the values of mean dynamical
surface at the last observed point before the land gap, (Janjić et al., 2012). After
boundary conditions are specified the values in the interior points of the domain are
calculated. Namely, let (i, j) be the index of the interior point. Simple discretization of
Laplace equation with a second order finite difference scheme will give us

Hτ+1
ij = α

[
Hτ
i−1,j +Hτ

i+1,j − 2Hτ
i,j

δx2
+
Hτ
i,j−1 +Hτ

i,j+1 − 2Hτ
i,j

δy2

]
+Hτ

i,j (5.13)

where Hij = H(ϕi, λj) and τ is the iteration index; δx and δy are defined as δx =
a cosϕδλ and δy = aδϕ.
SOR method is an iterative technique that repeats evaluation of the above equation to
update the value of i, j for the current iteration. The iterative process is continued until
convergence is achieved in every interior point of the domain. In our experiments we
performed 600 iterations with the relaxation parameter of 0.2.
The calculated solution of Laplace equation has several properties that are important
for this application. First, the solution will be smooth, that is it will be differentiable
to any degree. Second, the maximum and minimum values of the solution will be at the
point of the boundary, and not at any interior point unless the solution is a constant.
The limitation in the EMA approach are boundary conditions, which in case of unfiltered
data can be very inaccurate near the coast. One of the simple solutions would be e.g. to
extrapolate in the radial directions towards the land interior before applying the EMA.
This is not done in the experiments shown here. We call this approach GL3.

3. Finally a filter is applied to the spherical harmonic expansion of the derived global set of H.

In this scheme, we extend the MDT instead of the MSS, as suggested in Bingham et al. (2008), but
the two procedures are equivalent because: (i) the size of the discontinuity along the land-ocean
transition is the same and (ii) the relation between H and h and N is linear.

The three approaches (GL1, GL2 and GL3) are applied to a MDT derived from the MSS DGFI10
and the geoid TUMGOCE up d/o 224, Fig. 5.8.

The results in the ACC area are shown in Fig. 5.9.

The “extended” MDTs can be expressed as series of spherical harmonics functions:

MDTGL1
SHA−→

{
CGL1`m , SGL1`m

} SHS−→ M̃DTGL1

MDTGL2
SHA−→

{
CGL2`m , SGL2`m

} SHS−→ M̃DTGL2

MDTGL3
SHA−→

{
CGL3`m , SGL3`m

} SHS−→ M̃DTGL3

The differences on the ocean between the original MDT and the “extended” one, ∆i = MDTGLi −
M̃DTGLi, are not exactly equal to zero (see for example Fig. 5.10), but we have:

mean(∆1) = +4 · 10−2 cm, RMS(∆1) = 2.12 cm
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mean(∆2) = −4 · 10−2 cm, RMS(∆2) = 2.66 cm
mean(∆3) = −1 · 10−2 cm, RMS(∆3) = 2.17 cm.

This means that some discontinuities, which can be described completely only with an infinite
sum of spherical harmonic functions, are still present. Small discontinuities along the land-ocean
transition are spread over all the surface by spherical harmonic analysis and synthesis.

Fig. 5.11 shows the differences between the three solutions and the original MDT in the ACC area.
The three solutions have more or less the same behavior. Also the spectra of the three surfaces
(see Fig. 5.12 and Fig. 5.13) have the same appearances.

However the three approaches show different behavior along the land-ocean transition, see Fig. 5.14.
The solution GL1 and GL2 show differences along all the coastlines, while GL1 and GL3 are mainly
different along the southern boundary to Antarctica. The approach GL2 seems to deviate more
from the other two. In the following we will adopt the GL2 solution.

Two cross sections of the three MDTs show that they can differ by several centimeters close to the
land-ocean transition, see Fig. 5.15.

5.3 Mean Dynamic Ocean Topography computation

5.3.1 Different resolutions and an interpolation problem

In Fig. 5.16 is shown the MDT computed as described in section 5.2.3, using the GL2 solution
and filtered with a Gauss filter up to degree and order 180. We can observe that the MDT shows
some artificial wrinkles in the Pacific Ocean, not visible for example in the MDT computed with
the profile approach (Bosch & Savcenko, 2010). Furthermore these wrinkles are still visible when
different filters (cut-off, Gauss or Butterworth) are considered. These features correspond to the
deepest areas in the bathymetry (Fig. 5.17), where geoid and MSS have an abrupt change.

In our computation we compute the MDT on a grid 30′ × 30′, while originally the MSS is derived
on a denser grid, following the distribution of the altimetric data. If we consider the MSS DGFI10,
we observe that it is also available on the nodes of the grid 30′×30′, but these values are the results
of an interpolation from the original values along the altimetric tracks. That procedure produces
an inconsistency where the gradient of the MSS is strongest. This effect is shown in the following
example.

We compute the geoid heights Nhr on the nodes of a grid 20′ × 20′ in the region within −40◦ ≤
φ ≤ −10◦ and 170◦ ≤ λ ≤ 195◦ (see left panel of Fig. 5.18). In this region the geoid has a strong
variability (it varies from 10 m to 50 m in few kilometers). Then we use the values of Nhr to
interpolate the geoid heights Nlr in the same area but on the nodes of a coarser grid 30′× 30′ (see
middle panel of Fig. 5.18). Using Eq. (2.1), we compute the geoid heights N̄hr on this second grid.
The differences Nlr − N̄lr can reach also 50 centimeters (right panel of Fig. 5.18). Of course when
the denser grid contains all the points of the second grid Nlr − N̄lr = 0.

The problem can be solved computing the MDT, by Eq. (5.1), on a finer grid and only subsequently
interpolating it on a coarser grid.

At this moment the MSS DGFI10 is available only on the grid 30′×30′ and is therefore not suitable
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for the MDT computation with the global approach. For this reason in the following the DTU10
MSS is considered.

5.3.2 Summary of the previous results and a possible strategy for the
computation of a high resolution MDT

There are different ways to obtain spectral consistency between mean sea surface and geoid height
as described in section 5.2.1. We prefer to adopt the so-called global approach, which represents the
MDT as a spherical harmonic series, because it permits to quantify the signal content in selected
spectral windows. A problem of this approach is the need to complement the altimetric surface
of the ocean by a corresponding surface on land (usually a high resolution so-called combined
geoid model). Distortions in the spectral representation, in particular along the coastlines, cannot
be avoided. In section 5.2.3, we described three methods to reduce the boundary effects at the
land/ocean transitions which differ one from another by about 2 centimeters. We prefer to follow
the solution GL2, which results in the fastest computation.

The satellite gravity models with highest resolution are derived from GOCE measurements. They
are completely described on a grid 30′ × 30′, because the maximum harmonic degree of their har-
monic representation is 250. Anyway, in section 5.3.1 we show that in order to avoid interpolation
problems it is necessary to consider a MSS with higher resolution. For this reason, in the following,
we will use the MSS DTU10.

In chapter 4 we discussed the problem of the filtering. We found that the best solution is the
Butterworth filter, because it strongly reduces the ringing effects and, at the same time, it preserves
as much as possible the short scale information. In the following we consider that filter. Empirically
we found that the best results are obtained with the order of the Butterworth k = 5. Its threshold
frequency f can be empirically linked to the maximum harmonic degree L. We found:

f = 0.002 · L . (5.14)

In Fig. 5.19 the Butterworth filter with order k = 5 and f = 0.002 · 180 is shown. The most recent
gravity models from GOCE observations are available up to degree and order L = 224, 250 and
even 260. The right panel of the Fig. 5.19 shows the frequency response of the Butterworth filter
for the highest frequencies (corresponding to the harmonic degree from 200 to 320). Applying
the filter to a model truncated at 224, 250 or 260, a sharp transition is inevitably introduced.
To avoid this problem we use the gravity model TUMGOCE up to degree and order 224 and
extended up to degree and order 720 using the EGM2008 gravity model. Due to the shape of the
Butterworth filter, the frequencies recovered by GOCE are passed with very little attenuation and
the frequencies from EGM2008 are almost eliminated.

The MDT described is called MDT-GOCE-DTU-xxx, where xxx indicates the size of the filter
in terms of maximum harmonic degree. An example of MDT computed following the previous
instructions is shown in Fig. 5.20 and Fig. 5.21.

5.3.3 External comparisons

The MDT-GOCE-DTU up to different degrees is compared with an independent MDT model
computed by Maximenko et al. (2009). The latter, shown in the upper panels of Fig. 5.22 and
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mean RMS

MAX-(MDT-GOCE-DTU-90) -1.70 5.45
MAX-(MDT-GOCE-DTU-120) -1.72 5.63
MAX-(MDT-GOCE-DTU-150) -1.73 5.83
MAX-(MDT-GOCE-DTU-180) -1.75 6.08
MAX-(MDT-GOCE-DTU-210) -1.75 6.45

Table 5.1: Statistics of the differences between the Maximenko’s MDT and the geodetic ones.
Units are cm.

Fig. 5.23, is calculated using jointly data of satellite altimetry (data from 1992 to 2002), near-
surface drifters, NCEP wind data and a GRACE gravity model. The data has been obtained from
Nikolai Maximenko (International Pacific Research Center, School of Ocean and Earth Science and
Technology, University of Hawaii) and Peter Niiler (Scripps Institution of Oceanography, University
of California).

The MDT from Maximenko and the MDT-GOCE-DTU (lower panel of Fig. 5.22 and Fig. 5.23)
are computed considering different land-ocean masks, as it is shown in Fig. 5.24. In the following
if an area is land in one of the two masks it is considered land.

In Fig. 5.25 the differences between the Maximenko’s MDT and the geodetic MDT-GOCE-DTU-
120 are shown. The stronger differences coincide with the major oceanic currents (Gulf, Kuroshio
and ACC), where the Maximenko solution is less intense. The MDT computed by Maximenko has
less spatial resolution. Therefore, to obtain a better comparison, the geodetic MDT is filtered with
different thresholds. The RMS of the differences, when different filters are applied, are reported in
Table 5.1. Globally the RMS of the differences is from 5 to 6 centimeters.

More specifically we are aware that the Maximenko’s MDT is smoother than MDT-GOCE-DTU
even if the filter is only up to degree and order 120, see from Fig. 5.26 to Fig. 5.30. The RMS of
the regional differences for different filters are reported in Table 5.2.

Gulf Agulhas Malvinas Kuroshio ACC

mean RMS mean RMS mean RMS mean RMS mean RMS

MAX-(MDT-GOCE-90) 0.64 5.37 -4.52 6.84 -4.13 6.57 1.07 5.76 -3.73 6.18

MAX-(MDT-GOCE-120) 0.64 5.56 -4.53 7.08 -4.12 6.70 1.04 5.94 -3.74 6.33

MAX-(MDT-GOCE-150) 0.64 5.80 -4.53 7.39 -4.12 7.03 1.02 6.17 -3.75 6.51

MAX-(MDT-GOCE-180) 0.63 6.10 -4.52 7.67 -4.11 7.38 1.01 6.44 -3.76 6.73

MAX-(MDT-GOCE-210) 0.62 6.49 -4.52 8.01 -4.11 7.77 0.99 6.78 -3.77 7.09

Table 5.2: Statistics of the regional differences between the Maximenko’s MDT and the geodetic
MDT-GOCE-DTU when different thresholds of the filter are considered. Units are cm.
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5.4 Bandwidth analysis

The spherical harmonic representation Eq. (5.11) of the MDT allows analyzing the information
contained in different spectral bands. The bandwidth analysis target is to show which is the
contribution of GOCE in the determination of the highest harmonic components of the MDT.
For the comparison a MDT computed using only GRACE data is considered. In the following we
consider:

MDT-GRACE-DTU : computed using the gravity model ITG-Grace2010

MDT-GOCE-DTU : computed using the gravity model TUMGOCEext.

The better bandwidth analysis is obtained applying a Gauss filter, because using the Butterworth
filter the bandwidths are slightly noisy. Four bandwidths are considered as it is shown in Fig. 5.31.

We know that the spherical harmonic representation of the MDT can only be divided into spectral
bands, if they are independent, i.e. if there exist no correlations between the coefficients of the
various bands. In reality some (rather small) correlations exist. Their neglect has only a small
effect and is disregarded here.

In Fig. 5.32 and Fig. 5.33, different bandwidths of MDT-GOCE-DTU and MDT-GRACE-DTU
are shown. In the first band, from spherical harmonic degree 90 up to 120, the spectral content
is almost the same. Between 120 and 150 the MDT band based on GRACE begins to become
noisy, while typical ocean current features are still clearly discernible even up to degree 180 when
TUMGOCE model is used. This demonstrates that (i) such short scales still contain significant
oceanographic signal and (ii) this signal can be discerned using a GOCE high resolution gravity
model.

The filtering, up to degree L = 180, is not able to eliminate the short scale distortions in the
GRACE solution and the oceanic signal is partially obscured. In addition, we know that the per-
formance of GRACE models is lower above d/o 120. On the other hand, at the scales corresponding
to L = 180 (≈ 111 km) the MDT from GOCE data shows more oceanographic details, reflecting
the features related to the major ocean currents. This is even clearer in the regional plots (Gulf
current in Fig. 5.34 and Fig. 5.35, Kuroshio current in Fig. 5.36 and Fig. 5.37, Agulhas current in
Fig. 5.40 and Fig. 5.41, ACC current in Fig. 5.42 and Fig. 5.43).
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Figure 5.1: Geometrical corrections from REF1 = Topex ellipsoid to REF2 = GRS80.

Figure 5.2: Corrections for the transformations between tide-free and zero-tide system (blue line)
and tide-free and mean-tide system (red line).
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Figure 5.3: Geocentric and geographic latitude.

Figure 5.4: Schematic representation of the MSS h confined to oceanic areas (light blue) but with
very high spectral resolution, and of N (green) with a global geographical coverage but a spectral
resolution up to only L.
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Figure 5.5: The DGFI10 MSS. The areas without altimetric data are shown in white.

Figure 5.6: The DGFI10 MSS in the ACC area. The areas without altimetric data are shown in
white.
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Figure 5.7: Differences between the full resolution MSS and the smoothed one. The RMS of the
differences is 11.05 cm.

Figure 5.8: Un-filtered MDT from DGFI10 and the TUMGOCE geoid (up d/o 224).
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Figure 5.9: The “extended” MDT in the ACC area. The approaches GL1 (left), GL2 (middle) and
GL3 (right) are applied.

Figure 5.10: Differences ∆2 on the oceans. Units are cm.

Figure 5.11: Differences between the three global approaches (GL1 on the left panel, GL2 in the
middle panel and GL3 in the right one) and the original MDTor. The RMS of the differences in
the ACC area are: RMS(GL1-MDTor) = 2.27 cm, RMS(GL2-MDTor) = 2.64 cm and RMS(GL3-
MDTor) = 2.28 cm.
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Figure 5.12: The spherical harmonic spectra of the three global approaches (GL1 on the left panel,
GL2 in the middle panel and GL3 in the right one). The scale is logarithmic.

Figure 5.13: Degree variances of the spherical harmonic coefficients for the three global approaches:
blue line = GL1, red line = GL2, green line = GL3.

Figure 5.14: MDT differences from MDTGL1 and MDTGL2 (left panel), from MDTGL1 and
MDTGL3 (middle panel) and from MDTGL2 and MDTGL3 (right panel). Units are meters.
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Figure 5.15: Sections of the MDTs along λ = 60◦ (upper panel) and along ϕ = −45◦ (lower panel).
MDTGL1 is represented with the blue line, MDTGL2 with the red line and the MDTGL3 with the
green line.

Figure 5.16: The MDT computed on 30′ × 30′ using the gravity model GOCO2s and the MSS
DGFI10. Gauss filter up to degree and order 180 is applied.
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Figure 5.17: The General Bathymetric Chart of the Oceans (GEBCO) on a 5 minute grid ((Mon-
ahan, 2008)).

Figure 5.18: Geoid heights with different resolution in the same area and their difference (right
panel).

44



Figure 5.19: Left panel: frequency response of Butterworth filters with order k = 5 and frequency
f = 0.036 as function of the harmonic degree; the dotted black line is the corresponding cutoff
filter. Right panel: zoom on the highest frequencies.

Figure 5.20: The global geodetic MDT-GOCE-DTU-180.
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Figure 5.21: The geodetic MDT-GOCE-DTU-180 in the Antarctic Circumpolar Current area. The
black lines are the fronts which define different regions of the ACC. These regions are characterized
by various water properties, see for details (Orsi et al., 1995).

Figure 5.22: Upper panel: MDT described in Maximenko et al. (2009). Lower panel: the MDT-
GOCE-DTU described in section 5.3.2, no filter is applied.
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Figure 5.23: Upper panel: MDT described in Maximenko et al. (2009). Lower panel: the MDT-
GOCE-DTU-120 described in section 5.3.2. Contour plots.
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Figure 5.24: Distribution of data for the Maximenko’s MDT and for the MDT-GOCE-DTU. In blue
the areas considered land in Maximenko and ocean in our computation. In red the areas considered
ocean in Maximenko and land in our computation. In the following all these incongruous areas are
considered as land.

Figure 5.25: Global differences between Maximenko’s MDT and the geodetic MDT-GOCE-DTU-
120. Units are meters.
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Figure 5.26: The Maximenko’s MDT (left panel) and the MDT-GOCE-DTU-120 (middle panel)
in the area of the Gulf current. The differences are shown in the right panel.

Figure 5.27: The Maximenko’s MDT (left panel) and the MDT-GOCE-DTU-120 (middle panel)
in the area of the Agulhas current. The differences are shown in the right panel.

Figure 5.28: The Maximenko’s MDT (left panel) and the MDT-GOCE-DTU-120 (middle panel)
in the area of the Malvinas current. The differences are shown in the right panel.
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Figure 5.29: The Maximenko’s MDT (left panel) and the MDT-GOCE-DTU-120 (middle panel)
in the area of the Kuroshio current. The differences are shown in the right panel.

Figure 5.30: The Maximenko’s MDT (left panel) and the MDT-GOCE-DTU-120 (middle panel)
in the area of the ACC current. The differences are shown in the right panel.

Figure 5.31: Four bandwidths are considered. Green = from L = 90 to L = 120, magenta = from
L = 120 to L = 150, blue = from L = 150 to L = 180 and red = from L = 180 to L = 210.
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Figure 5.32: Global MDT-GOCE-DTU in different bandwidths. Units are centimeters.
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Figure 5.33: Global MDT-GRACE-DTU in different bandwidths. Units are centimeters.
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Figure 5.34: MDT-GOCE-DTU in different bandwidths in the Gulf current area. Units are cen-
timeters.

Figure 5.35: MDT-GRACE-DTU in different bandwidths in the Gulf current area. Units are
centimeters.
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Figure 5.36: MDT-GOCE-DTU in different bandwidths in the Kuroshio current area. Units are
centimeters.

Figure 5.37: MDT-GRACE-DTU in different bandwidths in the Kuroshio current area. Units are
centimeters.
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Figure 5.38: MDT-GOCE-DTU in different bandwidths in the Malvinas current area. Units are
centimeters.

Figure 5.39: MDT-GRACE-DTU in different bandwidths in the Malvinas current area. Units are
centimeters.
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Figure 5.40: MDT-GOCE-DTU in different bandwidths in the Agulhas current area. Units are
centimeters.

Figure 5.41: MDT-GRACE-DTU in different bandwidths in the Agulhas current area. Units are
centimeters.
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Figure 5.42: MDT-GOCE-DTU in different bandwidths in the ACC current area. Units are
centimeters.

Figure 5.43: MDT-GRACE-DTU in different bandwidths in the ACC current area. Units are
centimeters.
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Chapter 6

Geostrophic velocities

Once a model of geodetic MDT is available it is only a small step to derive geostrophic surface
velocities from it. As will be shown, the strength of the velocity field is proportional to the
slope of the MDT and its direction is parallel to the contour lines of the MDT. In other words,
geostrophic ocean flow follows the contour lines, in clockwise direction on the Northern hemisphere
(and counter clockwise if MDT is negative) and counter clockwise on the Southern hemisphere (and
clockwise if MDT is negative). The geostrophic velocities are a result of the balance between the
pressure differences due to ocean topography and Coriolis force, as described in any textbook of
physical oceanography. They are also the necessary boundary condition at the ocean surface for the
computation of ocean velocities at depth from temperature and salinity. They replace the “old” and
very inaccurate assumption of a “depth of no motion”. We will show how geostrophic velocities can
be represented as spherical harmonic vector field with horizontal components u and v. The fact that
the velocity field is proportional to the slope of the MDT (its surface derivative) makes it especially
sensitive to the highest degrees and orders of the spherical harmonic representation. In other words,
the high spatial resolution of GOCE is even more important for the computation of the velocity
field than for the MDT itself. Geostrophic velocities can be compared (validated) with ocean
surface velocities as derived from drifter data. However, the comparison is not straightforward, for
the latter are composed of the sum of the geostrophic and wind driven part. Furthermore, drifter
data are sampled highly unevenly, both in space and time.

6.1 Equations of motion

According with the second law of Newton, the acceleration of a particle is proportional to the sum
of the forces acting on the particle.
The forces which are acting on a fluid are the pressure gradient, Coriolis, gravity and frictional
forces. In vector notation the equation of motion (as derived in Pond & Pickard (1983)), for a
rotating fluid becomes:

dV

dt
= −2Ω× V − ∇p

ρ
+ g + F (6.1)

where
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V = total velocity with components (u, v, w)
Ω = angular velocity of the earth
g = gravity acceleration
p = pressure field
ρ = water density
F = frictional forces.

The first term of the right hand side (−2Ω×V ) is the Coriolis acceleration, the second is the pressure
term (∇pρ ) and the last describes the frictional forces. Eq. (6.1) can be rewritten in component
form, using Cartesian coordinates in a system defined in a point P = (ϑ, λ, h) such that the (x, y)
plane defines the local horizon, thus there is no gravitational acceleration in horizontal direction.
The direction of the negative z-axis coincides with the direction of g. The x-axis is oriented in
East direction and the y-axis in North direction. The origin of the coordinate frame is at the sea
surface. Eq. (6.1) in local Cartesian coordinates becomes:

u̇+ 2Ω(w sinϑ− v cosϑ) = −1

ρ

∂p

∂x
+ F1

v̇ + 2Ω(u cosϑ) = −1

ρ

∂p

∂y
+ F2

ẇ − 2Ω(u sinϑ) = −1

ρ

∂p

∂z
− g + F3

(6.2)

where

(u, v, w) velocities in the Cartesian coordinate system
(u̇, v̇, ẇ) accelerations, i.e. the total derivatives of the velocity components,

in the Cartesian coordinate system.

These equations are called “equations of motion” for fluids. They are applicable at any depth in
the ocean. At the sea surface the effects of wind at the air/sea interface are included in the Fi
terms. Every solution of the Eq. (6.2) must also satisfy the equation of continuity:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0 , (6.3)

which is derived from the assumption of the incompressibility of water.

The equations of motion in horizontal direction can be simplified if we consider the vertical velocity
w and the Coriolis term 2Ωw sinϑ (at a co-latitude ϑ = 45◦ it is in the order of 10−8) in the first of
the Eq. (6.2) negligible. This simplification is justified because a typical value for w is in the order
of 10−4 m/s, while the horizontal velocities are in the order of 0.1 m/s, (Pond & Pickard, 1983).
The other two Coriolis terms containing 2Ω cosϑ cannot be neglected. After these simplifications,
(Pond & Pickard, 1983) we get:

u̇− fv = −1

ρ

∂p

∂x
+ F1

v̇ + fu = −1

ρ

∂p

∂y
+ F2

(6.4)
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where f = 2Ω cosϑ is the Coriolis term.

Under the assumption of a steady-state system (u̇, v̇, ẇ = 0), and assuming the absence of frictional
forces, a multiplication of the Eq. (6.4) by ρ and differentiation with respect to z yields:

−f ∂ρv
∂z

= − ∂

∂z

(
∂p

∂x

)

f
∂ρu

∂z
= − ∂

∂z

(
∂p

∂y

)
.

(6.5)

Under the above assumptions and considering that the Coriolis term is much smaller than the
pressure and gravity terms, the third equation of (6.2) becomes:

∂p

∂z
= −gρ . (6.6)

Eq. (6.6) is the equation of hydrostatic balance.

Changing the order of differentiation in (6.5) and application of (6.6) we get:

−f ∂ρv
∂z

= − ∂

∂x

∂p

∂z
= +

∂(gρ)

∂x
= g

∂ρ

∂x

f
∂ρu

∂z
= − ∂

∂y

∂p

∂z
= +

∂(gρ)

∂y
= g

∂ρ

∂y
.

(6.7)

The “thermal wind equations” (6.7) can be integrated in vertical direction, resulting in:

ρv = − g
f

∫ z

z0

∂ρ

∂x
dz + v0

ρu = +
g

f

∫ z

z0

∂ρ

∂y
dz + u0 .

(6.8)

The depth z0 is called the reference depth and the integration constants u0 and v0 are the reference
level velocities. The thermal wind equations show that only a relative velocity can be determined
from the density field. To determine absolute values, a level of known motion has to be assumed.
Apart from these integration constants, the flow is calculable from shipborne measurements provid-
ing temperature and salinity as function of depth alone. If we observe the distribution of salinity
and temperature as a function of depth in the ocean, we can calculate p from the hydrostatic
equation and use it to find u and v.

The total pressure at a point below the water surface is equal to the sum of the atmospheric pressure
and the pressure due to the weight of the fluid above the point. In most dynamical oceanography
calculations the atmospheric pressure term is neglected and only the pressure due to the weight
of water (hydrostatic term) is used. Therefore we can vertically integrate the hydrostatic balance
(6.6) from the mean sea level. The integration can be split up into two terms, one from the MSS
to the geoid (z = 0) and the second from the geoid to an arbitrary depth z:

p =

∫ H

z

gρdz = gρH +

∫ 0

z

gρdz (6.9)
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H is the elevation of the sea surface with respect to the geoid, that is the MDT. The first term
of the right member of (6.9) depends on the sea surface, while the second is a function of depth.
Differentiating with respect to x and y we get:

∂p

∂x
= gρ

∂H

∂x
+ g

∫ 0

z

∂ρ

∂x
dz

∂p

∂y
= gρ

∂H

∂y
+ g

∫ 0

z

∂ρ

∂y
dz

(6.10)

To obtain the velocities in the local horizontal plane at the sea surface, we combine (6.10) with
Eq. (6.4), neglecting (u̇, v̇, F1, F2):

+us = − g
f

∂H

∂y

−vs = − g
f

∂H

∂x

(6.11)

The surface velocity us is the velocity in longitude (or east) direction, the velocity vs is in latitude
(or north) direction. The formulas of the surface water velocities in the spherical coordinates
system (ϑ, λ) become, (observing that dy = −Rdϑ and dx = R sinϑdλ):

us = − g
f

1

R

∂H

∂ϑ

vs =
g

f

1

R sinϑ

∂H

∂λ

(6.12)

where R is the radius of a spherical earth.

Equations (6.11) and (6.12) are the geostrophic equations. They are only an approximation,
because friction is neglected, but they permit us to determine the components of the geostrophic
velocity of the surface currents of the ocean from the slope of the mean sea surface.

6.2 Geodetic determination of the geostrophic flow

The surface velocities can be computed from the mean dynamic topography in two ways:

1. using the spatial discrete gradient (DG), computed at grid points;

2. using the spherical harmonic (SH) expansion of the surface velocities (the derivatives are
computed analytically and evaluated in the grid points).

The two methods are essentially equivalent, but the spherical harmonic representation of the
geostrophic velocities allows (i) to eliminate the approximation due to the discretization of the
derivatives and (ii), more importantly, the analysis of spectral bands.

Differentiating the Eq. (5.11) with respect to ϑ and λ, see Elema (1993), we have:
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∂H

∂ϑ
=

L∑
`=0

∑̀
m=0

(
CH`m cosmλP + SH`m sinmλP

)
P ′`m(cosϑP )

∂H

∂λ
=

L∑
`=0

∑̀
m=0

m
(
−CH`m sinmλP + SH`m cosmλP

)
P`m(cosϑP )

(6.13)

Combining Eq. (6.13) with the geostrophic equations (6.12) we obtain:

us(ϑP , λP ) = − g

fR

L∑
`=0

∑̀
m=0

(
CH`m cosmλP + SH`m sinmλP

)
P ′`m(cosϑP )

vs(ϑP , λP ) =
g

f

1

R sinϑP

`=0∑
L

∑̀
m=0

m
(
−CH`m sinmλP + SH`m cosmλP

)
P`m(cosϑP )

(6.14)

Since the step from MDT to surface velocities is comparable to taking the surface gradient, high
degrees and orders of the spherical harmonic expansion are amplified. This is the same as saying,
short scales features are emphasized.

Figs. 6.1 to Fig. 6.4 show the result of the calculation of the surface currents in a grid 30′ × 30′

using the MDT-GOCE-DTU and applying Butterworth filters up d/o 120, 150, 180 and 210. As the
truncation of the harmonic expansion increases, the patterns show more and more detail because
the shorter scales become more pronounced. At the equator it is not possible to compute the
current direction with the geostrophic equations, because the Coriolis term is zero there.

Considering selected regions the results are more clear.
The major oceanic currents are shown in the Fig. 6.5 to Fig. 6.18. The filtering (Butterworth) is
taken up d/o 180. The Gulf current (Fig. 6.5) is well pronounced, not only along the Western coasts
of North America, but also in the Gulf of Mexico. The Labrador current can also be identified.
The directions of both currents are correct. The Agulhas Current (Fig. 6.8) is well identified by our
MDT. In particular, it shows its retroflection and its flow back into the Indian Ocean. Furthermore,
the Malvinas Current as well as the South Atlantic current (Fig. 6.11) are visible. The route of the
Kuroshio current (Fig. 6.14) is well defined, while the Oyashio current does not appear. Finally,
the ACC current (Fig. 6.17) is almost entirely visible.

Fig. 6.7, 6.10, 6.13, 6.16 and 6.19 show the comparison between the geostrophic current from
GOCE and from Maximenko’s MDT.

The Gulf current from GOCE (left panel of Fig. 6.7) appears stronger and better outlined than
current from Maximenko (right panel of Fig. 6.7). The maximum current speed detected by GOCE
is 80 cm/s and it is 60 cm/s from Maximenko. Furthermore the Labrador current is weak in both
cases ( cm/s) but better recognizable in the results from GOCE.

Moreover the Agulhas current from GOCE (left panel of Fig. 6.10) is better outlined. With GOCE
the speed of the current reaches 75 cm/s, while with Maximenko (right panel of Fig. 6.10) the
maximum is around 55 cm/s. We observe that the East Madagascar current (one of the more
important sources for the Agulhas Current) is visible only with GOCE data. Furthermore some
eddies appear between 48◦ and 60◦ E around the latitude of 33◦ S. Anyway it is difficult to correlate
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these eddies to a real circulation because the eddies may persist for months to years and here we
are considering a MDT averaged over 17 years.

Regarding the Malvinas current, the magnitude of the velocities computed with GOCE (left panel
of Fig. 6.13) is closer to the empirical values (around 50 cm/s) than the velocities computed with
Maximenko (left panel of Fig. 6.13). It seems that the confluence with the Brazil current (around
40◦ S and 54◦ S) is easily determinable.

The geostrophic velocities for the Kuroshio region calculated from GOCE (left panel of Fig. 6.16)
show the maximum value around 32◦ N and 135◦ E. That value is about 80 cm/s. The Kuroshio
current computed from Maximenko (right panel of Fig. 6.16) is weaker (maximum around 60 cm/s)
along all the path of the current.

Finally also the comparison in all the ACC area (Fig. 6.19) shows that GOCE exhibits more details.

In order to obtain a correct evaluation it is necessary to verify the intensity of all velocities through
a comparison of the in-situ measurements. This will be further developed in the following section.

6.3 Drifter data

To validate the geodetic geostrophic velocities a comparison with in-situ measurements is done.
The Global Drifter Program of NOAA (National Oceanic and Atmospheric Administration, US)
and AOML (Atlantic Oceanographic and Meteorological Laboratory, US) collects Satellite-tracked
drifting buoys (“drifter”) measurements of upper ocean currents and sea surface temperatures
around the world. Drifter locations are estimated from 16-20 satellite fixes per day, per drifter.
These raw data are processed applying quality control procedures, and interpolated via kriging to
regular six-hour intervals.

At http://www.aoml.noaa.gov/envids/gld/ it a large set of data from February 1979 to Decem-
ber 2010 is available, covering almost all the sea surface: latitude from 90◦ to −74◦ and longitude
from −180◦ to 180◦. Two types of data are available: “metadata” contains deployment location and
time, time of drogue (sea anchor) loss, date of final transmission for each drifter and “interpolated
data” contains the quality-controlled, interpolated drifter observations. Following the description
in Grodsky et al. (2011), in the Southern Ocean area we exclude all drifters “older” than three
months.

In the following 4 areas are considered:

• Gulf current area: ϕ ∈ [18◦, 70◦], λ ∈ [268◦, 340◦];

• Kuroshio current area: ϕ ∈ [21◦, 61◦], λ ∈ [111◦, 180◦];

• Agulhas current area: ϕ ∈ [−20◦,−50◦], λ ∈ [2◦, 70◦];

• Malvinas current area: ϕ ∈ [−32◦,−60◦], λ ∈ [295◦, 340◦].

We consider all the drifter measurements of these areas from 1 January 1993 to 31 December
2009 (that is the same time interval applied for the computation of the DTU10). In Fig. 6.20 the
geographical distribution, averaged over each cell of a grid 30′ × 30′, of the in-situ observation is
shown. There are definitely more observations for the Gulf and the Kuroshio currents, comparing
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with the Agulhas and Malvinas currents. In all four areas the distributions of the measurements
is not uniform.

In Fig. 6.21 to Fig. 6.24 the velocities derived from the drifter observations are shown. The
velocity extracted from the drifting buoy path includes also the tide currents, the Ekman currents,
the inertial currents and other high-frequency a-geostrophic currents. Here we are considering their
time average (over 17 years) and their space average (on the grid 30′ × 30′).

Annual mean sea level can vary considerably from year to year in response to various meteorological
and oceanographic forcings. The velocities measured by drifters must be corrected subtracting the
altimetric velocity anomaly corresponding to the Mean Sea Level Anomalies (MSLA). This is the
so-called synthetic method, see Rio et al. (2006). The anomalies are, by definition, the difference
between the measurement made at a specific time and the mean value over many years at the same
location. An example of the corrections concerning the MSLA is shown in Fig. 6.25. They appear
not to be correlated and they affect only the short scales. Therefore we can skip this correction,
remembering that our MDT involves spherical harmonics up to d/o 250 (corresponding with the
resolution of the GOCE mission), that means scales longer than 80 km.

The sea surface velocity obtained with the drifter measurements contains not only a geostrophic
current component but also a-geostrophic components, such as tidal, wind-driven Ekman currents
and others. These a-geostrophic currents are absent in the geostrophic data obtained with altimetry
observations and make the comparison difficult. Here we are considering a temporal average over
17 years, where we assume that the tidal component has been removed.

More complex is the problem of the Ekman currents. The wind blows across the ocean and moves
its waters as a result of its frictional drag on the surface. Frictional effects are indeed small in the
interior of the ocean, but they become important at the boundary layer. The layer in which the
frictional forces becomes important is called the “Ekman layer”. That layer is at most a few-hundred
meters thick, which is thin compared with the depth of the water in the deep ocean.

Because of the deflection by the Coriolis force, the Ekman transport is not in the direction of
the wind, but it is 90◦ to the right on the Northern Hemisphere and 90◦ toward the left on the
Southern Hemisphere. The Ekman component driven by local wind needs to be estimated using
wind data. It would not be averaged out by temporal smoothing since the forcing winds include a
longer time-scale variation component. An example of the estimation of the wind-driven (Ekman)
currents is described in Siegismund (2013).

In this study we will not analyze the problem of the determination of the Ekman velocities.
To estimate the order of magnitude of the Ekman corrections (as in Fig. 6.26) we consider the
example reported at http://www.aoml.noaa.gov/phod/dac/drifter-climatology.html, (Lumpkin & Gar-
raffo, 2005). Here the Ekman currents are estimated using wind stress data and the local Coriolis
parameter (Ralph & Niiler, 1999).

If the “geodetic” geostrophic velocities have not to be validated by drifter data, the problem can
be posed differently. A possible way to estimate the Ekman component of the surface currents
consists of the use of the geostrophic velocities computed from satellite altimetry and subtracting
them from surface currents as given by drifter trajectories to estimate a-geostrophic currents, see
Rio & Hernandez (2003).
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6.4 Surface velocities comparison

In this section we compare the geostrophic velocities from the MDT-GOCE-DTU-180 and the esti-
mated geostrophic velocities from the drifter measurements. We consider the four areas described
in the previous section.

• Gulf: the correlations are very strong (> 0.7) not only in the area around the Gulf current,
but also along the Labrador current. The correlations are high for both components, see
Fig. 6.27.
Looking at the differences, see Fig. 6.28 we observe that the largest differences are along the
coasts of Cuba, while in open ocean they are below 10 cm/s. The RMS of the differences is
equal to 12.64 cm/s.
When we subtract the Ekman currents (as estimated in (Lumpkin & Garraffo, 2005)) the
RMS drops only to 11.70 cm/s, see Table 6.1.

• Kuroshio: in this area the correlations are also strong, Fig. 6.29, even though the Eastward
component is slightly inferior (0.6). The largest differences are along the Chinese coasts
Fig. 6.30. When the Ekman corrections are applied, the statistics do not improve but they
slightly deteriorate. This probably means that the Ekman corrections in this area are not
sufficiently accurate.

• Agulhas: also in this case the correlations between the Eastward components are lower than
the correlations between the Northward components, see Fig. 6.31. The area south of the
African continent (this is part of ACC) shows a high correlation. The differences show, see
Fig. 6.32, a discrepancy along the Eastern African and Madagascarian coasts; everywhere
else the differences are considerably lower. In this area the Ekman corrections are improving
the results for the Eastward component but not for the Northward one, Table 6.1.

• Malvinas: in this area the correlations are high everywhere except for the Northward com-
ponent where they are slightly inferior, Fig. 6.33. This area shows the lowest differences
Fig. 6.34, as seen also from their RMS. Also in this case the Ekman corrections seem to
improve the results for the Eastward component but not the Northward one, Table 6.1.

m(us − ud) RMS(us − ud) m(vs − vd) RMS(vs − vd) m(∆V ) RMS(∆V )

Gulf 0.80 (0.88) 8.88 (7.91) 2.03 (1.83) 9.00 (8.61) 7.82 (7.54) 12.64 (11.70)
Kuroshio 1.03 (0.98) 9.08 (8.33) 2.00 (2.29) 8.69 (8.71) 8.48 (8.17) 12.56 (12.06)
Agulhas 1.71 (1.29) 9.07 (7.06) 0.84 (-1.52) 6.00 (7.27) 9.34 (8.89) 10.87 (10.13)
Malvinas 3.77 (2.09) 6.02 (5.06) 1.30 (-3.86) 4.70 (5.86) 6.65 (6.78) 7.64 (7.74)

Table 6.1: RMS of the difference between the geostrophic velocities from the MDT-GOCE-DTU-
180 and the estimated geostrophic velocities from the drifter measurements. In parenthesis the
statistics when the Ekman correction is considered. Units are cm/s.
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6.5 Bandwidth analysis

The spherical harmonic representation Eq. (6.14) of the geostrophic velocities allows analyzing
the information contained in different spectral bands. Like in section 5.4, the bandwidth analysis
target is to show which is the contribution of GOCE in the determination of the highest harmonic
components of the geostrophic velocities. For the comparison the velocities computed using only
GRACE data are considered.

In the following we consider:

MDT-GRACE-DTU : computed using the gravity model ITG-Grace2010

MDT-GOCE-DTU : computed using the gravity model TUMGOCEext.

As in the case of the MDT, the appropriate bandwidth analysis is obtained considering a Gauss
filter. We consider the four bandwidths shown in Fig. 5.31. In Fig. 6.35 and Fig. 6.36, the
bandwidths of geostrophic velocities from MDT-GOCE-DTU and MDT-GRACE-DTU are shown.
In the first bandwidth (from d/o 90 to d/o 120) the signal from GRACE is noisier than the signal
from GOCE. However the major currents can be clearly identified. In particular the anomalous
features are visible in the South Pacific and in the Indian Ocean. The signal from GOCE is clear
up d/o 180.

We consider four regional areas, corresponding to the major oceanic currents: the Gulf current
(Fig. 6.37 and Fig. 6.38), the Kuroshio current (Fig. 6.39 and Fig. 6.40), the Agulhas current
(Fig. 6.41 and Fig. 6.42) and the Malvinas current (Fig. 6.43 and Fig. 6.44).

Regarding the Gulf and the Agulhas currents, with GOCE a signal contribution to the current can
be identified throughout all bandwidths. Such contribution is not affected by noise, and reaches
10 cm/s even in the spectral band between degree and order 180 and 210. This, however, does
not happen with GRACE. Using GRACE, any significant ocean feature is only visible between
degree and order 90 and 120. Regarding the Malvinas and Kuroshio currents, GOCE identifies a
perceptible signal up to d/o 180. In the last bandwidth (180-210) the noise appears to prevail. In
this case too, with GRACE something is identifiable only between degree and order 90 and 120.
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Figure 6.1: Magnitude (upper panel) of the geostrophic velocities computed by MDT-GOCE-DTU-
120. The East component is shown in the middle panel and the North component in the bottom
one. Units are m/s. 67



Figure 6.2: Magnitude (upper panel) of the geostrophic velocities computed by MDT-GOCE-DTU-
150. The East component is shown in the middle panel and the North component in the bottom
one. Units are m/s. 68



Figure 6.3: Magnitude (upper panel) of the geostrophic velocities computed by MDT-GOCE-DTU-
180. The East component is shown in the middle panel and the North component in the bottom
one. Units are m/s. 69



Figure 6.4: Magnitude (upper panel) of the geostrophic velocities computed by MDT-GOCE-DTU-
210. The East component is shown in the middle panel and the North component in the bottom
one. Units are m/s. 70



Figure 6.5: The Gulf Stream is the western boundary current of the North Atlantic subtropical gyre.
It transports significant amount of warm water. The Labrador Current is the ”southward“ flowing
component of the North Atlantic subpolar gyre. It transports cold waters into the warmer Gulf
Stream ring and meander region. Figure from http://world-geography.org/287-gulf-stream.
html.

Figure 6.6: The geostrophic velocities in the area of the Gulf current computed using MDT-GOCE-
DTU-180. Upper left: magnitude, upper right: directions, lower left: East component, lower right:
North component. Units are m/s.
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Figure 6.7: Magnitude of the geostrophic velocities from MDT of Maximenko (right panel) and
from MDT-GOCE-DTU-180 (left panel) in the area of the Gulf current. Units are m/s.

Figure 6.8: The Agulhas Current is the western boundary current of the South Indian Ocean.
It flows down the east coast of Africa bringing warm water poleward. On average, the Agulhas
current retroflects and returns eastward with part of the flow recirculating in the counter-clockwise
flowing subtropical gyre and part of the flow feeding the Antarctic Circumpolar Current. Figure
from http://essayweb.net/geology/quicknotes/ocean_currents.shtml.
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Figure 6.9: The geostrophic velocities in the area of the Agulhas current computed using MDT-
GOCE-DTU-180. Upper left panel: magnitude, upper right panel: directions, lower left panel:
East component, lower right panel: North component. Units are m/s.

Figure 6.10: Magnitude of the geostrophic velocities from MDT of Maximenko (right panel) and
from MDT-GOCE-DTU-180 (left panel) in the area of the Agulhas current. Units are m/s.
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Figure 6.11: The Malvinas current is the northward flow component of the South Atlantic subpolar
gyre. It transports cold water along the coast of South America and this water mixes with warmer
waters of the Brazil current in a region known as the Brazil-Malvinas confluence. Figure from
http://www.sciencedirect.com/science/article/pii/B012227430X003585.

Figure 6.12: The geostrophic velocities in the area of the Malvinas current computed using MDT-
GOCE-DTU-180. Upper left panel: magnitude, upper right panel: directions, lower left panel:
East component, lower right panel: North component. Units are m/s.
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Figure 6.13: Magnitude of the geostrophic velocities from MDT of Maximenko (right panel) and
from MDT-GOCE-DTU-180 (left panel) in the area of the Malvinas current. Units are m/s.

Figure 6.14: The Kuroshio is a north-flowing ocean current along the south coast of Japan
on the west side of the North Pacific Ocean. Figure from http://sitemaker.umich.edu/
section2group2/the_slowing_of_ocean_currents.
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Figure 6.15: The geostrophic velocities in the area of the Kuroshio current computed using MDT-
GOCE-DTU-180. Upper left panel: magnitude, upper right panel: directions, lower left panel:
East component, lower right panel: North component. Units are m/s.

Figure 6.16: Magnitude of the geostrophic velocities from MDT of Maximenko (right panel) and
from MDT-GOCE-DTU-180 (left panel) in the area of the Kuroshio current. Units are m/s.
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Figure 6.17: The Antarctic Circumpolar Current (ACC) is an ocean current that flows clockwise
from west to east around Antarctica. It connects the Atlantic, Pacific and Indian Ocean basins,
and serves as a principal pathway of exchange between these basins. Figure from http://www.
science-in-salamanca.tas.csiro.au/themes/climate/currents.htm.

Figure 6.18: The geostrophic velocities in the area of the Antarctic Circumpolar Current computed
using MDT-GOCE-DTU-180. Upper left panel: magnitude, upper right panel: directions, lower
left panel: East component, lower right panel: North component. Units are m/s.
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Figure 6.19: Magnitude of the geostrophic velocities from MDT of Maximenko (right panel) and
from MDT-GOCE-DTU-180 (left panel) in the area of the ACC current. Units are m/s.

Figure 6.20: Number of drifter observations from 1.1.1993 to 31.12.2009 on a grid 30′ × 30′. Four
areas are considered: Gulf current area (upper left), Kuroshio current area (upper right), Agulhas
current area (bottom left) and Malvinas current area (bottom right).
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Figure 6.21: Drifter results in the Gulf current area averaged on 30′ × 30′ grid. Upper left:
magnitude, upper right: directions, lower left: East component, lower right: North component.
Units are m/s.

Figure 6.22: Drifter results in the Kuroshio current area averaged on 30′ × 30′ grid. Upper left:
magnitude, upper right: directions, lower left: East component, lower right: North component.
Units are m/s.
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Figure 6.23: Drifter results in the Agulhas current area averaged on 30′ × 30′ grid. Upper left:
magnitude, upper right: directions, lower left: East component, lower right: North component.
Units are m/s.

Figure 6.24: Drifter results in the Malvinas current area averaged on 30′ × 30′ grid. Upper left:
magnitude, upper right: directions, lower left: East component, lower right: North component.
Units are m/s.
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Figure 6.25: Eastward (left panel) and Northward (right panel) component of the velocities derived
from the SLA in the area of the ACC current. The MSLA are interpolated on a 30′×30′ grid every
month from January 1993 to December 2010 (data from DGFI). For each grid the corresponding
geostrophic velocities, through a simple differentiation between adjacent grid points, has been
computed. Then each drifter measurement is corrected subtracting the values of the MSLA velocity
of the correspondent month. The plots show the difference between the drifter measurements and
the same measurements corrected as described above. Units are cm/s.

Figure 6.26: Magnitude of the mean Ekman currents in four areas: Gulf current area (upper left),
Kuroshio current area (upper right), Agulhas current area (bottom left) and Malvinas current area
(bottom right). Units are cm/s.
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Figure 6.27: Linear correlations between geostrophic velocities from MDT-GOCE-DTU-180 and
the velocities from drifter measurements in the Gulf current area. In the upper panel the Eastward
(left) and the Northward (right) components are considered. In the lower panel the magnitude of
the velocities is considered V =

√
u2 + v2.

Figure 6.28: Differences between geostrophic velocities from MDT-GOCE-DTU-180 and the
velocities from the drifter measurements in the Gulf current area. In the upper panel the
differences between the Eastward components (left) and between the Northward (right) com-
ponents are considered. In the lower panel the magnitude of the vector of the differences
(∆V =

√
(us − ud)2 + (vs − vd)2) is shown. Units are m/s.
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Figure 6.29: Linear correlations between geostrophic velocities from MDT-GOCE-DTU-180 and
the velocities from drifter measurements in the Kuroshio current area. In the upper panel the
Eastward (left) and the Northward (right) components are considered. In the lower panel the
magnitude of the velocities is considered V =

√
u2 + v2.

Figure 6.30: Differences between geostrophic velocities from MDT-GOCE-DTU-180 and the ve-
locities from the drifter measurements in the Kuroshio current area. In the upper panel the
differences between the Eastward components (left) and between the Northward (right) com-
ponents are considered. In the lower panel the magnitude of the vector of the differences
(∆V =

√
(us − ud)2 + (vs − vd)2) is shown. Units are m/s.
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Figure 6.31: Linear correlations between geostrophic velocities from MDT-GOCE-DTU-180 and
the velocities from drifter measurements in the Agulhas current area. In the upper panel the
Eastward (left) and the Northward (right) components are considered. In the lower panel the
magnitude of the velocities is considered V =

√
u2 + v2.

Figure 6.32: Differences between geostrophic velocities from MDT-GOCE-DTU-180 and the ve-
locities from the drifter measurements in the Agulhas current area. In the upper panel the
differences between the Eastward components (left) and between the Northward (right) com-
ponents are considered. In the lower panel the magnitude of the vector of the differences
(∆V =

√
((us − ud)2 + (vs − vd)2)) is shown. Units are m/s.
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Figure 6.33: Linear correlations between geostrophic velocities from MDT-GOCE-DTU-180 and
the velocities from drifter measurements in the Malvinas current area. In the upper panel the
Eastward (left) and the Northward (right) components are considered. In the lower panel the
magnitude of the velocities is considered V =

√
u2 + v2.

Figure 6.34: Differences between geostrophic velocities from MDT-GOCE-DTU-180 and the ve-
locities from the drifter measurements in the Malvinas current area. In the upper panel the
differences between the Eastward components (left) and between the Northward (right) com-
ponents are considered. In the lower panel the magnitude of the vector of the differences
(∆V =

√
(us − ud)2 + (vs − vd)2) is shown. Units are m/s.
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Figure 6.35: The modulus of the geostrophic velocities from MDT-GOCE-DTU in different band-
widths. Units are cm/s.
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Figure 6.36: The modulus of geostrophic velocities from MDT-GRACE-DTU in different band-
widths. Units are cm/s.
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Figure 6.37: The modulus of the geostrophic velocities from MDT-GOCE-DTU in different band-
widths in the area of the Gulf current. Units are cm/s.

Figure 6.38: The modulus of geostrophic velocities from MDT-GRACE-DTU in different band-
widths in the area of the Gulf current. Units are cm/s.
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Figure 6.39: The modulus of the geostrophic velocities from MDT-GOCE-DTU in different band-
widths in the area of the Kuroshio current. Units are cm/s.

Figure 6.40: The modulus of geostrophic velocities from MDT-GRACE-DTU in different band-
widths in the area of the Kuroshio current. Units are cm/s.
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Figure 6.41: The modulus of the geostrophic velocities from MDT-GOCE-DTU in different band-
widths in the area of the Agulhas current. Units are cm/s.

Figure 6.42: The modulus of geostrophic velocities from MDT-GRACE-DTU in different band-
widths in the area of the Agulhas current. Units are cm/s.
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Figure 6.43: The modulus of the geostrophic velocities from MDT-GOCE-DTU in different band-
widths in the area of the Malvinas current. Units are cm/s.

Figure 6.44: The modulus of geostrophic velocities from MDT-GRACE-DTU in different band-
widths in the area of the Malvinas current. Units are cm/s.
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Chapter 7

Error propagation to MDT and
velocities

The most recent gravity models, from GRACE and GOCE data, are available together with their
full error variance covariance matrix, see Mayer-Gürr et al. (2010a), Bruinsma et al. (2010), Pail
et al. (2011). This means that we are able to perform the full error propagation from the spherical
harmonic coefficients to the geoid undulation, deriving not only the formal error in each point of
the earth, but also all the covariances. Including the model of the error of the altimetric data, we
can also compute the full variance covariance matrix of the Mean Dynamic Topography (MDT)
and of the geostrophic surface velocities.

7.1 Error propagation to MDT

As it is shown in chapter 5, the MDT is given by the difference between the ellipsoidal height of
the sea surface measured by altimetry and the geoid height:

H = h−N . (7.1)

The variance-covariance matrix (VCM) of the MDT contains the error contributions of the mean
sea surface and of the geoid heights. It can be written as

CHH = Chh + CNN + ChN (7.2)

Thereby CHH is the error-VCM of the mean dynamic topography, Chh the error-VCM of the mean
sea surface, CNN is the error-VCM of the geoid heights and ChN is the matrix containing the cor-
relations between N and h. ChN can be disregarded, because geoid and sea surface determination
are completely independent processes.

Considering the spherical harmonic representation of the geoid heights, compare Eq. (2.1), we can
write:
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H = h−N = h−R
L∑
`=0

∑̀
m=0

(
C`m cosmλP + S`m sinmλP

)
P̄`m cos(ϑP ) (7.3)

or in matrix form:
H = h−At (7.4)

where A the propagation matrix, which gives the linear relation between the geoid heights N and
the vector of spherical harmonic coefficients t.

From the linear error propagation law, Eq. (7.2) becomes:

CHH = Chh +ACttA
T . (7.5)

We are considering the MSS on the nodes of a geographical grid. This means that the original
measurements along the satellite tracks have been interpolated. The gridding causes correlations
between sea surface heights of neighboring grid nodes. In this report we do not consider such
correlations and the matrix Chh is approximated by a diagonal matrix containing only the variances
of the sea surface heights on the nodes of our geographical grid. As expected, the largest errors
are along the coastlines and in the regions of the major oceanic currents (see Fig. 7.1). However
features along the repeating satellite tracks are visible too.

The matrices CHH and Chh have size k×k where k is the number of considered points (for example
k = 23592 for a complete 5◦ × 5◦ grid). The matrix Ctt has size j × j where j is the number of
spherical harmonic coefficients up to the fixed maximum degree L of the expansion in Eq. (7.3).
The structure of the matrix depends on the chosen ordering of the coefficients. For example, as in
Fig. 7.2, with the sorting “degree-order” the ordening is

C00, C10, C11, S11, C20, C21, S21, C22, S22, C30, C31, S31, · · · .

With the sorting “order-degree” the sequence is

C00, C10, C20, C30, · · · , C11, S11, C21, S21, C31, S31, · · · , C22, S22, C32, S32 · · ·

as in Gerlach & Fecher (2013).

The propagation matrix A has size k × j. The number of spherical harmonic coefficients of a
gravity model up to degree and order 250 is 63001 and therefore the size of the matrix Ctt is
63001×63001. Obviously propagation of such a large matrix is a numerically demanding and time
consuming task, see Pail & Fecher (2011), Horvath & Pail (2012a), Horvath & Pail (2012b) and
Pail et al. (2012).

In Gerlach & Fecher (2013) three different levels of approximation of the full VCM are compared.
Gerlach & Fecher (2013) show that using only elements of the dominant m-block structure of the
VCM we obtain almost the same result as provided by the full VCM. This level of approximation
is called the m-block approach.

Following this approach, we propagated the error from the spherical harmonic coefficients of the
gravity model GOCO03S, up degree and order 180, to the geoid heights of a grid 1◦×1◦. In Fig. 7.3
the variances (derived from diagonal of the matrix ACttAT ) of the geoid heights are shown. We
observe that the error pattern does not depend on the longitude and is slightly asymmetric with

93



respect to the equator. The maximum is at the poles (5 cm), because of the non-polar inclination
of the orbit of GOCE. Around the equator the error is about 3 cm and it decreases for higher
latitudes (this because the density of the measurements increases with latitude).

In the MDT computation described in section 5.2.3, a Gauss filter is applied to the spherical
harmonic coefficients. The result of the error propagation considering that filter is shown in
Fig. 7.4. In this case the error is always below 1 cm and it is negligible compared to the altimetric
error. In Table 7.1 the statistics of the propagated geoid error are shown.

Mean RMS max min

no filter 2.63 0.71 4.76 1.13
Gauss filter 0.55 0.15 0.92 0.22

Table 7.1: Statistics of the propagated geoid error comparing a Gauss filter applied to the VCM
matrix with the results considering an un-filtered VCM matrix. Units are centimeters.

In Fig. 7.5 the total error of the MDT is shown. We observe that at medium latitudes (−45◦ <
ϕ < 45◦) the geoid error is dominant, while for high latitudes the altimetric error is bigger.

Fig. 7.6 and Fig. 7.7 show the covariances of the MDT, evaluated in the central point of the grid
ϕ = 0◦, λ = 180◦. The covariances are symmetrical and almost isotropic.

In Fig. 7.8 and Fig. 7.9 the standard deviations and the correlations in the Agulhas current area
(45◦S < ϕ < 75◦S, 260◦ < λ < 320◦) are shown. In this area, the propagated error to the geoid
heights is everywhere below 3.5 centimeters.

Comparing the covariance functions values along the East-West (E-W) direction (Fig. 7.10 upper
panel) with those along the North-South (N-S) direction (Fig. 7.10 lower panel), we observe that
there are slightly different characteristics: the correlation length is ∼= 0.4◦ for the E-W direction
and ∼= 0.6◦ for the N-S direction. The first zero is at 0.5◦ for the E-W direction and at 1.18◦ for
the N-S direction.

7.2 Error propagation to geostrophic flow

In (Elema, 1993) the formulas of the error covariances of the ocean circulation are derived.

Applying the law of the covariance propagation to Eq. (6.12) we obtain the covariance of the
surface velocity in the longitude and latitude direction and their correlations. The covariance of
the surface velocity between a point P and a point Q for the longitude direction is:

COV (uP , uQ) =
g

f

1

R
COV

(
∂HP

∂ϑ
,
∂HQ

∂ϑ

)
g

f

1

R
(7.6)

and for the latitude direction:

COV (vP , vQ) =
g

f

1

R sinϑP
COV

(
∂HP

∂λ
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∂HQ
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)
g

f

1

R sinϑQ
. (7.7)

94



The covariance between the latitude and longitude direction is:

COV (uP , vQ) =
g

f

1

R
COV

(
∂HP

∂ϑ
,
∂HQ

∂λ

)
g

f

1

R sinϑQ
(7.8)

where f = 2Ω cosϑ is the Coriolis coefficient. Here Ω is the angular velocity of the earth and ϑ is
the colatitude.

In section 7.1 we assumed that the VCM of the sea surface heights is diagonal (no correlations)
and that there are no correlations between geoid and mean sea surface. From Fig. 7.1 we observe
that the variance of h changes from place to place. Using the finite differences we compute the
north and east gradient components of the variance of h, see Fig. 7.11 and Fig. 7.12. We find that
the change in the map on a cell of our grid (0.5◦) in the north and east directions have an order
of magnitude of 10−5. This effect is disregarded in the following.

Partial differentiation of Eq. (2.1) to ϑ gives:

∂NP
∂ϑ

=

L∑
m=0

[
ALm
]′

cosmλP +
[
BLm
]′

sinmλP (7.9)

with coefficients:

( [
ALm
]′[

BLm
]′ ) = R

L∑
`=m

P̄ ′`m cos(ϑP )

(
C̄`m
S̄`m

)
(7.10)

where P̄ ′`m is the first derivative of the Legendre functions with respect to ϑ.

Partial differentiation of Eq. (2.1) to λ is:

∂NP
∂λ

=

L∑
m=0

m
(
−ALm sinmλP +BLm cosmλP

)
(7.11)

with coefficients: (
ALm
BLm

)
= R

L∑
`=m

P̄`m cos(ϑP )

(
C̄`m
S̄`m

)
. (7.12)

Applying the law of covariance propagation to the partial derivatives of the geoid height (7.9)
and (7.11) we obtain the covariances of the partial derivatives of the geoid height in a Fourier
representation. After combining the result of this error propagation with the formulas (7.6) and
(7.7) we obtain the formulas for the covariance of the ocean surface velocity.

The covariance of the ocean circulation in longitude direction is:
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COV (uP , uQ) =

L∑
m=0

L∑
k=0

[ Auumk cosmλP cos kλQ +

Buumk sinmλP cos kλQ +

Cuumk cosmλP sin kλQ +

Duu
mk sinmλP sin kλQ ] (7.13)

with Fourier coefficients:

Auumk =
g

fP

g

fQ

L∑
n=m

L∑
`=k

P
′
nm(cosϑP )P

′
`k(cosϑQ)COV (Cnm, C`k)

Buumk =
g

fP

g

fQ

L∑
n=m

L∑
`=k

P
′
nm(cosϑP )P

′
`k(cosϑQ)COV (Snm, C`k)

Cuumk =
g

fP

g

fQ

L∑
n=m

L∑
`=k

P
′
nm(cosϑP )P

′
`k(cosϑQ)COV (Cnm, S`k)

Duu
mk =

g

fP

g

fQ

L∑
n=m

L∑
`=k

P
′
nm(cosϑP )P

′
`k(cosϑQ)COV (Snm, S`k)

For the covariances of the ocean circulation in latitude direction, we have:

COV (vP , vQ) =

L∑
m=0

L∑
k=0

[ Avvmk cosmλP cos kλQ +

Bvvmk sinmλP cos kλQ +

Cvvmk cosmλP sin kλQ +

Dvv
mk sinmλP sin kλQ ] (7.14)

with Fourier coefficients

Avvmk =
g

fP

1

sinϑP
m

g

fQ

1

sinϑQ
k

L∑
n=m

L∑
`=k

Pnm(cosϑP )P `k(cosϑQ)COV (Snm, S`k)
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Bvvmk = − g

fP

1

sinϑP
m

g

fQ

1

sinϑQ
k
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n=m

L∑
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Cvvmk = − g

fP

1

sinϑP
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g

fQ

1

sinϑQ
k
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Dvv
mk =

g

fP

1

sinϑP
m

g

fQ

1

sinϑQ
k

L∑
n=m

L∑
`=k

Pnm(cosϑP )P `k(cosϑQ)COV (Cnm, C`k) .

The model for the computation of the full covariance matrix case of an arbitrary geopotential
model is essential for the computation of the covariance in latitude and in longitude direction.

The covariances of the ocean circulation between longitude and latitude direction, are:

COV (uP , vQ) =

L∑
m=0

L∑
k=0

[ Auvmk cosmλP cos kλQ +

Buvmk sinmλP cos kλQ +

Cuvmk cosmλP sin kλQ +

Duv
mk sinmλP sin kλQ ] (7.15)

with Fourier coefficients
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g

fP

g

fQ

1

sinϑQ
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Buvmk =
g

fP

g
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1

sinϑQ
k
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Cuvmk = − g

fP

g

fQ

1

sinϑQ
k

L∑
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Pnm(cosϑP )P `k(cosϑQ)COV (Cnm, C`k)

Duv
mk = − g

fP

g

fQ

1

sinϑQ
k

L∑
n=m

L∑
`=k

Pnm(cosϑP )P `k(cosϑQ)COV (Snm, C`k)
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To analyze the variance and the covariance structure the area of the Agulhas current (45◦S <
ϕ < 75◦S, 260◦ < λ < 320◦) has been selected. A global analysis is complicated because of the
singularity along the equator. In the region close to the equator the geostrophic balance does not
hold. It has been excluded from the error propagation. Fig. 7.13 shows the propagated error from
the spherical harmonic coefficients to the components of the geostrophic velocities. In this area,
the maximum error for the North component is 11 cm/s and for the East component it is 8 cm/s.

Fig. 7.14 shows the covariances of the components of the geostrophic velocities. The covariances
of the component v are symmetric along the direction E-W, while the component u shows un-
isotropic features along the N-S direction. This could be due to the dependence of the error of the
gravitational field on latitude (see Fig. 7.3). A more proper index is the linear correlation, defined
as:

R(vP , vQ) =
COV (vP , vQ)√

V AR(vP )V AR(vQ)
R(uP , uQ) =

COV (uP , uQ)√
V AR(uP )V AR(uQ)

. (7.16)

Fig. 7.15 shows the correlations of the two components of the geostrophic velocities. As expected
in this case the correlation of the a-symmmetry of the u component along the N-S direction is
much less pronounced.

Comparing the covariance function values of the v component along the E-W direction (Fig. 7.16
upper panel) with those along the N-S direction (Fig. 7.16 lower panel), we observe that there are
different characteristics: the correlation length is ∼= 0.4◦ for the E-W direction and ∼= 0.9◦ for the
N-S direction. The first zero is at 0.59◦ for the E-W direction and at 3.8◦ for the N-S direction.
The covariance function values of the u component along the E-W direction and along the N-S
direction are shown in Fig. 7.17. In this case the correlation length is ∼= 0.7◦ for the E-W direction
and ∼= 0.4◦ for the N-S direction. The first zero is at 1.14◦ for the E-W direction and at 0.65◦ for
the N-S direction.

Figure 7.1: Geographical distribution of the errors of the mean sea surface DGFI10. Units are
centimeters.
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Figure 7.2: Full VCM up degree and order 60 of the gravity model GOCE TIM-3. The scale is
logarithmic. The size of the matrix is 3721× 3721.

Figure 7.3: Left panel: geographical distribution of the propagated geoid errors from the spherical
harmonic coefficients of the gravity model GOCO3S. Right panel: error as function of latitude.
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Figure 7.4: Left panel: geographical distribution of the propagated geoid errors from the spherical
harmonic coefficients of the gravity model GOCO3S. Right panel: error as function of latitude. A
Gauss filter up degree and order 180 is applied.

Figure 7.5: Geographical distribution of the cumulative error of the MDT, considering the errors
of the geoid heights and of the altimetric MSS.
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Figure 7.6: Covariance function evaluated for the point ϕ = 0◦, λ = 180◦.
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Figure 7.7: Sections of the covariance function of the MDT as function of the latitude and of the
longitude, centered in the point ϕ = 0◦, λ = 180◦.
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Figure 7.8: Geographical distribution of the propagated geoid errors from the spherical harmonic
coefficients up d/o 180 of the gravity model GOCO3S to the geoid heights in the Agulhas current
area.

Figure 7.9: Covariance functions evaluated in ϕ = −35◦, λ = 35◦ (central point of the Agulhas
current area).
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Figure 7.10: Sections of the covariance functions evaluated in ϕ = −35◦, λ = 35◦ in the East-West
direction (upper panel) and in the North-South direction (lower panel) as function of the spherical
distance ψ.

Figure 7.11: Geographical distribution of the north component of the gradient of the errors of the
mean sea surface DGFI10 (Fig. 7.1). This is an approximation of the partial derivative of h in
north direction.
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Figure 7.12: Geographical distribution of the east component of the gradient of the errors of the
mean sea surface DGFI10 (Fig. 7.1). This is an approximation of the partial derivative of h in east
direction.

Figure 7.13: Geographical distribution in the Agulhas current area of the propagated geostrophic
velocities errors (left panel: North component; right panel: East component). Only the errors of
the gravity model GOCO3s are considered. Units are cm/s.
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Figure 7.14: Geographical distribution of the covariances of geostrophic velocities errors (left panel:
North component; right panel: East component). Only the errors of the gravity model GOCO3s
are considered. Units are m×m.

Figure 7.15: Geographical distribution of the correlations of geostrophic velocities errors (left panel:
North component; right panel: East component). Only the errors of the gravity model GOCO3s
are considered.
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Figure 7.16: Sections of the covariance function of v evaluated in ϕ = −35◦, λ = 35◦ in the East-
West direction (upper panel) and in the North-South direction (lower panel) as function of the
spherical distance ψ. The double line in the plot corresponding to the N-S direction shows the
slight an-isotropy of the covariance function in that direction.

Figure 7.17: Sections of the covariance function of u evaluated in ϕ = −35◦, λ = 35◦ in the East-
West direction (upper panel) and in the North-South direction (lower panel) as function of the
spherical distance ψ. The double line in the plot corresponding to the N-S direction shows the
slight an-isotropy of the covariance function in that direction.

107



Chapter 8

Conclusions

In the present report we presented the computation of a geodetic MDT determined from a high
resolution mean sea surface and recent gravity models from the GOCE mission. All the details of
the computation are described. The MDT is represented as sum of spherical functions and this
allows a bandwidth analysis of the results. The MDT computed using only satellite data, from
GOCE and altimetry, is of increased accuracy and resolution compared to GRACE and altimetry
solution. The GOCE data are adding short wavelength geoid information, in particular above
spherical harmonic degree 120, corresponding to spatial scales below 160 km.
Here, we also described a technique of minimizing adverse effects of extension of MSS over the
areas not covered by altimetric measurements. However, coastal zones remain the weak spot of the
filtering process when following the spectral approach described here. Unfortunately, these zones
are also problematic in terms of MSS calculations and ocean tide modeling.

The proper representation of MDT is needed in order to describe the mean ocean geostrophic
surface flow. From the MDT surface, velocities of comparable resolution are derived and analyzed
in spectral bands similarly to MDT. In this case the strength of GOCE at shorter scales is more
pronounced since the geostrophic velocities are computed from gradients of MDT, amplifying the
short scales proportionally to the spherical harmonic degree. The results corresponding to the
major oceanic currents (Gulf, Malvinas, Agulhas, Kuroshio and Antarctic Circumpolar Current)
are compared with in situ observations from drifters. The agreement of the geostrophic velocities
as derived from the geodetic MDT with those based on drifter data is acceptable, but it can be
improved. The procedure for isolating the geostrophic part of drifter velocities (including realistic
error estimates) can be refined.

The spectral representation of MDT allows us to provide also estimates of uncertainty of the new
MDT as well as of the geostrophic velocities. The values of which have strongly decreased from for
GRACE only models to GOCE results. The improvement on the shorter scales involves a reduction
of 75 per cent of the total error.

Further progress is expected from up-coming gravity models which will utilize all the GOCE
measurements and will be combined with GRACE information.
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