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Abstract

For discrete minimal and constant mean curvature surfaces, a complete theory that
includes their associated families has only been known for the discrete isothermic dis-
cretization, and for special cases of s—isothermic minimal surfaces. For the s—isothermic
discretization of cmc surfaces, the associated family was previously unknown. We present
a geometric construction, applied to the elementary cubes of Christoffel pairs in the spe-
cial case of edge—wise tangent vertex spheres, that extends many properties known from
the corresponding minimal and the discrete isothermic cmc case. We identify charac-
teristic properties of the resulting non—planar quadrilateral geometry and find numer-
ical evidence that those are sufficient to construct the associated families of general
s—isothermic cmc surfaces. We hope that the existence of those examples will help to
develop a comprehensive surface theory for the s—isothermic world.
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Chapter 1

Introduction

In classical differential geometry, surfaces of constant mean curvature, both non—zero
and minimal, admit isothermal parametrizations — conformal parametrizations by cur-
vature lines. These have been very successfully discretized as discrete isothermic surfaces
([BP96]) — maps with the local combinatorics of a square grid whose planar quadrilat-
eral faces satisfy a cross—ratio condition that in particular makes them circular. Both
smooth isothermal immersions and discrete isothermic surfaces can be characterized by
a corresponding version of the Moutard equation in the classical linear model of M&bius
geometry. If the discrete version of this characterization is taken from the light cone to
space—like unit vectors, one arrives at the definition of s—isothermic surfaces ([BP99],
[BHS06], [Hof10]). With the latter, the vertices are no longer just points, but spheres,
and circularity changes to them having a common orthogonal circle, a common point or
a common pair of points as they get larger. The original discrete isothermic surfaces can
be seen as the limit case of the spheres shrinking to points. Among s—isothermic surfaces
is the special case of s—conical ones ([BHKS15|, [BH16]) which are a conformal version
of, well, conical surfaces which are an interesting class in their own right ([LPW06]).
Thus, s—isothermic surfaces can be seen as a class unifying different discretization ap-
proaches to parametrized surfaces. The best—studied version of s—isothermic surfaces is
the special case in which the spheres are sized such that they are mutually tangent along
edges. This was the definition first introduced and will be called s;—isothermic here. It
will also be the focus of the main construction in this work.

The notions of Christoffel duals and Darboux transforms directly carry over from the
discrete isothermic to the s—isothermic case. They characterize minimal and cmc (by
which we mean non—zero constant mean curvature) surfaces in the smooth and discrete
isothermic case and were used for their definition in the s-isothermic cases ([BHKS15],
[Hof10], [BH16]). In chapter 3, after giving an introduction to s-isothermic surfaces,
we will provide some new calculations that facilitate the construction of examples of
s—isothermic cmc surfaces in practice: A closer look at quadrilaterals satisfying the



Moutard equation and having a pair of parallel edges allows for the implementation of
cmc—preserving Darboux transforms as well as the construction of rotationally symmetric
general s—isothermic cmc surfaces. The latter construction had previously been extended
from the discrete isothermic version only to the s;—isothermic ([Hofl0]) and s—conical
([BH16]) case.

Classically, isothermal minimal and cmc immersions come with a one—parameter
family of deformations that preserve the mean curvature and first fundamental form.
The parameter is an angle, constant over the surface, by which the parameter directions
get rotated away from the principal curvature directions. This is the associated family
of the respective surface.

For discrete isothermic minimal and cmc surfaces, a comprehensive theory, com-
pletely analogous to the classical smooth case, has been developed that contains the
associated families ([BP96], [BP99]). All surfaces in these associated families have con-
stant (vanishing or non-zero) mean curvature in the recently developed, very general
discrete curvature theory of [HSW16].

In the s—isothermic world, associated families previously had only been constructed
for minimal surfaces, and only in the s;—isothermic ([BHS06]) and s—conical ([BHKS15])
special cases. For the latter, we provided the geometric construction of the associated
family which we repeat in section 4.3. There, we also prove that this construction is
consistent with the theory of discrete minimal surfaces developed independently by W.
Y. Lam ([Lam16]).

For cmc surfaces, in this work (section 4.4) we present a new construction for the s;—
isothermic case which rotates edges around edge normals in analogy to the s;—isothermic
minimal case. Since in contrast to the minimal case these normals are not constant, a
lot more work is needed.

In our construction, we identified characteristic folding and bending properties of
the resulting non—planar faces — governed by a global parameter — that lead to the
definitions in section 4.1. These properties can be stated for all s—isothermic cases, not
just the s;—isothermic one. For vanishing radii of the s—isothermic vertex spheres, our
folding property reduces to the known geometry of the equally—folded parallelogram cubes
of the associated family of discrete isothermic cmc surfaces.

In sections 4.2 and 4.3, we check that our bending property also holds for the previous
s1—isothermic and s—conical minimal cases.

In section 4.5, we present a numerical construction that indicates that our bending
and folding properties are sufficient to construct the associated family for general s—
isothermic cmc surfaces. Based on numerical evidence, we conjecture that this will
provide a consistent construction with the properties one would expect for the associated
family.

Applying the general numerical construction to s—conical cmc surfaces, we found a



more direct geometric construction for this special case (section 4.6) which only relies
on numerical optimization for a single parameter. Again, the numerical results lead us
to conjecture that this construction will provide the surfaces of the associated family.






Chapter 2

Tools and Motivation

2.1 Conventions and Notation

The main objects of this work are discrete surfaces with quadrilateral faces. Since our
considerations are local in nature, we will not concern ourselves with the large—scale
topology of the domain and always speak of maps

f.zF - X,

where the term surface of course refers to £k = 2, and X will mostly be some R".
The terms edges and faces will refer to the combinatorics of the standard cubical cell
decompostion of R¥ with Z* as the vertices. The terms will equally be used for their
images under the map. Fuaces will always be meant to be 2—dimensional, and the image of
their adjacent vertices under a map f also called an elementary quadrilateral. In an abuse
of notation, we will also write Z* for the domain but mean “any reasonably behaved
subset”, which mostly means a simply connected pure k—dimensional subcomplex. In
this way, pairs or collections of surfaces will often be written as maps defined on Z?3 or
Z*. The notion of elementary quadrilaterals will be extended to elementary cubes for
the image of the vertices adjacent to a 3—cell.

Maps of this type will also be called nets. Given a net f : Z¥ — X, by f we will not
only denote the map itself, but also an arbitrary vertex f(z1,...,2;). In this case, we
will employ the shift notation to designate neighboring vertices:

fi ::f(zl,...,zi—i—l,...,zk), fij ::f(Zl,...,ZZ'—I—l,...,Zj—l-l,...,Zk)

etc. For example, (f, f1, fi2, f2) will be an elementary quadrilateral of f in cyclical
ordering of the vertices.

Most of the theory will directly generalize from the combinatorics of the square grid
to edge—bipartite quad—graphs, but do to the aforementioned local nature we will not
explore this possibility.



A few more, minor notational conventions we will use are

e For points a,b,c,d € R3, we will denote the dihedral angle of the planes spanned
by a,b,c and a,b,d by £,(c,d).

e For z,y € R", we will use the symbol L as “proportional by a positive factor”, i.e.
:Uiy &= dA > 0s.th. 2 = \y.
The symbol “||” will mean parallelity regardless of orientation.

e We will use the word “trapezoid” in the American meaning, i.e. for quadrilaterals
with a pair of parallel edges.



2.2 The Classical Model for Mobius Geometry

The definition of s—isothermic surfaces is based on a characterization of isothermic sur-

faces in a classical linear model for the geometry of points and spheres in R™ which we

will briefly introduce here. Our presentation is mainly based on [Hof09], similar intro-

ductions can be found in the papers on s-isothermic surfaces, e.g. [Hof10] and [BH16].

A more thorough treatment of this and related models can be found at the end of [BS08].
We equip R"*2 with the Minkowksi inner product

n+1
(z,y) = —woyo + Z Y

i=1
and call it R"*11. We will adopt the terminology of space-like, light-like etc. from
relativity: vectors v # 0 (or the one-dimensional subspace they span) are space-like, if
(v,v) > 0, time-like, if (v, v) < 0, and light-like or isotropic, if (v, v) = 0. More generally,
subspaces of dimension > 2 are space-like if the inner product restricted to them is
positive definite, time-like if it is indefinite, and light-like if it is degenerate. Points
in R™ will be represented by one-dimensional light-like subspaces, and hyperspheres/—
planes by space-like unit vectors.

Specifically, for a point p € R™ we set

1 2 1—|p)?
P::( ol |p||> 1)

2 2

which satisfies (P, P) = 0. We equivalently let P, any nonzero multiple or the subspace
spanned by it represent our point p. Conversely, if we have any vector 0 # P € Rl
with (P, P) = 0, we can find the corresponding point in R™ by

1

=—(P,...,. P).
P0+Pn+1( 1, 771)

p

The point at infinity is represented by (A, 0,...,0,—\).
Now consider a hypersphere s in R™ with center ¢ and radius r # 0. The radius can
be positive or negative, corresponding to the orientation of the sphere. Then we set

1 2 9 22
§ = o (14 lel® =), 26,1 = (Jel]* = %))

which satisfies (S,S) = 1. A hyperplane {v | (v,n) = d} C with unit normal n is
represented by

S = (d,n,—d).
Conversely, if we are given a space-like unit vector S € R"*h! we can find the corre-

sponding sphere by
1

T:m, C:T(S]_,...,Sn).



If r = oo, S represents a hyperplane {v | (v,n) = d} C with n = (S,...,S,) and
d = Sp. Note that rescaling S by —1 corresponds to reversing the orientation of the
sphere/plane.

How these representations arise geometrically is illustrated in fig. 2.1.

sn C R

Rn

Figure 2.1: Geometry of the classical model. First, points and hyperspheres are mapped
to S™ C R™*! via stereographic projection (for our choice of identification, at the south
pole). For the hyperspheres, we mark the tip of the cone tangent to S™ in the image of
the hypersphere. Then, this R"! is embedded in R"*!! as the hyperplane {zg = 1},
making the S™ lie in the light cone. The image of the cone tip can be normalized to lie
on the space—like unit hyperboloid, and the result represents the hypersphere.

The most prominent property of this model is that Mobius transformations — ap-
pliable to both points and spheres — become orthogonal maps (with respect to the
Minkowski inner product): For a sphere (or plane) represented by SR™*1:! the inversion
on that sphere is given by

X—X-2(X,5)85. (2.2)

As an orthogonal map, this preserves both the light cone and the space-like unit hy-



perboloid, and consequently, the map can be applied to points and spheres alike. But
since having constant mean curvature is not Mobius invariant, this will not be the most
important property to us.

Some properties that are of interest to us are the following:

e For two points p, g € R™ with their representatives P and @ scaled as in eq. (2.1),
1 2
(P,Q)=—35lp—dll”. (2.3)
e Incidence of points and spheres is characterized by orthogonality:

pesCR* & (P,S)=0.

e For two intersecting spheres, the inner product is the cosine of the intersection
angle:
cos £(s1,82) = (S1,52) .

The latter property is related to a general geometric characterization of the inner product
of two spheres: if s1, s9 are spheres with centers c;, ¢y and radii 1, 2, and d := [|ca — ¢ ||
is the distance of their centers, we have

2 2 2
r{+ry—d

2T1T2

(51,82) = (2.4)
In particular, spheres intersect orthogonally iff their representatives in R**H! are or-
thogonal.

From now on, we will always consider n = 3. We can represent further geometric
objects in this model. Consider e.g. a circle k C R3. If s; and s are spheres such
that k = s1 N s2, the points p on the circle are characterized by (P, S1) = (P, S2) = 0,
i.e. all the light-like directions in the orthogonal space span(Si, Sg)l. Consequently, all
space—like unit vectors in span(Si, Sa) represent spheres containing the circle k. So we
can represent circles as 2—dimensional space-like subspaces.

Similarly, three distinct mutually intersecting spheres span a 3—-dimensional space—
like subspace. Its orthogonal space is 2-dimensional time—like and contains two light—like
directions: the two points of intersection of the three spheres.

If two spheres do not intersect, they span a time-like subspace, and its two light—
like directions represent the points common to all spheres orthogonal to the original
two. Two tangent spheres span a light-like subspace, and its light-like direction — also
contained in the orthogonal space —, is the point of tangency — also contained in all
spheres orthogonal to the original two. Figures 2.2 to 2.4 illustrate those situations.



Figure 2.2: A circle (blue) represented by the two—dimensional space-like subspace
spanned by the two blueish spheres. All grey spheres are linear combinations of those
two and also contain the circle. Reddish spheres are in the orthogonal space and intersect
the circle orthogonally.

Figure 2.3: The subspace spanned by the two blueish spheres is light-like. It has a
common light-like direction with its orthogonal space, representing the purple point.
This point is the common point of tangency of the spheres in the subspace, and also
contained in all orthogonal spheres.
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Figure 2.4: If the subspace spanned by the two blueish spheres is time-like, it contains
two light—like directions, representing the blue points. Those points are common to all
orthogonal spheres.

11



2.3 Smooth and Discrete Isothermic Surfaces

Here we briefly introduce classical isothermally parametrized (smooth) surfaces and their
first structure-preserving discretization, discrete isothermic nets as defined in [BP96].
We present the characterizations that have motivated the definition of s—isothermic nets
we will see in chapter 3. Again, we mainly follow [Hof09] and [BS08].

Definition 2.3.1. Let U C R be open and f : U — R" a smooth immersion. f is called
isothermal if it is conformal (i.e. fp L f, and | fz|| = || fy|]), and fzy € span(fz, fy)-

Remark 2.3.1. More generally, the immersion is still called isothermal if conformality
1s relazed to orthogonality and

1fala,p)1* = al@)s(a, ) 1 fy (e, 9)1* = By)s(z,y)*

for some functions o, 3 : R — Ry and a conformal factor s : R? — Ry, ie. f is
conformal after independent reparametrization of the variables x and y.

Remark 2.3.2. Orthogonality and fy, € span(fs, f,) mean first and second funda-
mental form are diagonal. Consequently, isothermality can equivalently be characterized
as a conformal curvature line parametrization. (Possibly with the generalization of re-
mark 2.5.1).

In the smooth case, an isothermic surface is one that admits an isothermal reparam-
etrization.

For the first discretization, it has been observed that a parametrized surface is isother-
mal (in the narrower conformal case) iff the quadrilaterals obtained as the second order
Taylor approximation of f(z+e,y=+¢) have cross—ratio —1 up to second order in e. This
led to

Definition 2.3.2. A planar quad mesh f : Z? — R" is called discrete isothermic if all
elementary quadrilaterals have

cr(f, f1, fi2, fo) = -1,
or more generally
cr(f(k, D), f(h+1,0), f(k+ 1,1+ 1), f(k,1+1)) = S0 <0

for some «, 5 : Z — R.

Remark 2.3.3. In particular, the elementary quadrilaterals of a discrete isothermic net
are circular. In general, circular nets can be seen as a discretization of curvature line
parametrizations: the axes of adjacent circles intersect, i.e lie both in the plane of the

12



segment connecting the two circle centers. If we interpret them as normals, this means
that in going from circle center to circle center in a parameter direction, the change in

normals is parallel to the parameter step.

Now, we put the classical model from section 2.2 to use in characterizing both smooth
isothermal and discrete isothermic surfaces: first, let f : R? > U — R” be a smooth
immersion and F : U — R**1! the pointwise representation in the light cone, in the
scaling such that F' = (-, f,-).

Theorem 2.3.4. f is isothermal with || f.|* = a(x)s?, ||f,|* = B(y)s* iff
1
(F) —Alp
S ) uy s

This differential equation for %F has a name:

for some function A.

Definition 2.3.3. A smooth map f : R? D U — R" satisfies the Moutard equation if

fa:y = )‘f
for a function \.

Now, if f is a quad net Z?> — R™, it is natural to discretize the mixed derivative as
a difference of edges:

DoAif=(fi—fl—(fr—f)=fut+f-(1+f)

Since this is an average over an elementary quad, we do the same for f on the right hand
side and arrive at the natural discretization

fio+ f = (fi+ fo) = u(f + fr+ f2 + fr2),

or
1+
fie+f= 17”(1"1 + f2)
—
of the Moutard equation, introduced by [NS98]. After rewriting the parameter, we get
Definition 2.3.4. A map f : Z? — R" satisfies the discrete Moutard equation (with a
plus sign) if
fio+ f=Afi+f2)

for a function X : Z2 — R\ {0}.

13



If A is known, this determines fio from f, f; and fo. This situation happens for
example if we restrict f to a quadric of constant length: Suppose our R" is equipped
with an inner product and

<f7f> = <f17f1> = <f27f2> =
Then, if (f1, fo) # —c, an fi2 such that the Moutard equation holds and (fi2, fi2) = ¢

is found via Uift fo)
_ s J1 2
A= TR (2.5)

In particular, we can restrict the discrete Moutard equation to the light cone in
1% s q g
R7™tLL and state

Theorem 2.3.5. f : Z? — R" is discrete isothermic with

cr(f, f1, fi2, f2) = % <0

iff its appropriately scaled pointwise representation F' in the light cone satisfies the dis-
crete Moutard equation.

This completely analogous characterization of smooth and discrete isothermicity by
Moutard equations motivates the definition of s—isothermic surfaces we will see in chap-
ter 3.

Now for another important property of isothermic surfaces, smooth and discrete.

Theorem 2.3.6. Let f: U — R™ be smooth isothermal with || f.||> = a(z)s?, ||f,]|* =
B(y)s?. Then

A .
S 5 1 O nyH s?
define another isothermal immersion f* with || f.|* = a(z)s~2, ||]‘}),H2 = B(y)s~2

The f* is called the Christoffel dual or, for short, just dual of f. In complete analogy,
we have

Theorem 2.3.7. Let f : Z2 — R™ be discrete isothermic with cr(f, f1, fi2, f2) = & < 0.

Then f f s f ﬂ
1 — 2 —
ho? T

define another discrete isothermic net.

fi-f=a

This is also called the Christoffel dual of f. Note that the term “dual” refers to the
property f** = f which holds (up to translation) in the smooth and discrete cases.

14



2.4 Parallel Surfaces, Curvature, and Duality

The importance of Christoffel duals in this context arises from the definition of curvatures
for planar quad nets presented in this section. It has been introduced by [BPW10],
and has become a standard notion in discrete surface theory as it unifies many earlier
(and later) characterizations of discrete surfaces of constant curvature. Again, our brief
introduction is mainly based on [Hof09].

The motivation for this notion of discrete curvature is the classical Steiner formula
for curvatures of smooth surfaces, dating back to [Ste40]. For a smooth immersion
f:R2DOU = R3let n: U — R3? be the unit normal map. Now consider the family of
offset or parallel surfaces f!:= f -+ tn with a real parameter t. For ¢ small enough (and
if necessary U with compact closure within the domain of f — we are only interested in
local behavior), these are smooth immersions again. The Steiner formula calculates the
surface area A(f!) of the offset surfaces relative to that of the original, A(f):

Theorem 2.4.1 (Steiner formula). If f is a smooth immersion and f* a smooth parallel
surface,

A(f') = A(f) + 2tH(f) + K (f),

where H(f) and K(f) are the integrals over mean and Gaussian curvature of f, respec-
tively.

[Hof09] contains a proof in modern language.
Since discrete surfaces do not come so conveniently pre—equipped with a unit normal
map, in order to get parallel surfaces, we have make some defintions:

Definition 2.4.1. A line congruence net is a planar quad net f : Z? — R? together with
amap [ : Z?> — {lines in R3} such that all f € [ and all pairs I,1; and I,l5 of adjacent
lines are coplanar.

Now if we have a line congruence net f, we can choose an initial offset ¢ by which to
move an initial vertex f along the corresponding line [ to a new vertex f!. If we draw
edges from the new vertex parallel to those of the original net, the coplanarity condition
ensures they hit the line [y, Iy corresponding to the other vertex fi, fo of the original
edge, and we set this intersection point as the new vertex f{, fi. Planarity of faces
guarantees that this process is consistent, and we get a new line congruence net f! with
the same lines [, and edges (and thus faces) parallel to the corresponding ones of f.

Definition 2.4.2. Given a line congruence net (f,1), we define its normal map n : Z* —
R3 by the conditions that all f +n € I, f + n is edge-parallel to f, and by choice of an
initial non—vanishing length of n at one vertex.

15



Now the process of constructing offset surfaces above can be written as f* = f + tn.
Note that that the parallelity condition for f and f 4+ n makes n itself a mesh edge—
parallel to f.

On the other hand, if we are given a (distinct) pair of planar quad nets with parallel
corresponding edges, we can define a line congruence (for both nets) by connecting
corresponding vertices by lines.

Remark 2.4.2. Similar to remark 2.5.3, if we interpret the lines as normals, line con-
gruence nets can be seen as discretizations of curvature line parametrizations: copla-
narity of adjacent normals means when moving in parameter direction, i.e. along edges,
the change in normal is parallel to the edge (if given appropriate length as in the offset
surface above). However, this only makes sense if the line directions can actually be
justifiably considered normals, which is in no way guaranteed just from the definition.

Now that we have a class of discrete surfaces that allow for a one—parameter family
of offset surfaces, we can move on to a discrete version of the Steiner formula. Areas will
obviously be calculated quad—wise, so we look into the area of families of edge—parallel
quads. First of all, we note that for a given quadrilateral (which we will consider fixed
in the following), the set P of all edge—parallel quads is a vector space (with vertex—wise
addition and scalar multiplication).

The area A(p) of quadrilaterals p is a quadratic form on P, and the mized area A(p, q)
of quads p and ¢ is the corresponding symmetric bilinear form, i.e. A(p,p) = A(p). In
particular, for p,q € P and ¢t € R, we have

A(p +tq) = Alp) + 2tA(p, q) + 1> A(q).
Thus, in the spirit of the Steiner formula, we can make the following

Definition 2.4.3. Let (f,[) be a line congruence net with normal map n. We define its
mean curvatur H and Gaussian curvature K to satisfy

A(f +tn) = (1 +2tH + *K) A(f),
: _ A(fn) _ An)
ie. H= AN and K = A
Note that the curvatures depend on the choice of scaling for n, but having con-

stant curvature is well-defined from the line congruence alone. We see directly that
H =0« A(f,n) =0 and consequently call a line congruence net minimal if A(f,n) =0
everywhere. On the other hand, for H # 0, we can rewrite

A(f.n)
=30

and see that we get a constant mean curvature Hy iff we find a parallel surface f* =

& HA(f, f) = A(f,n) =0 & A(f, f = 4m) =0

- Hion in constant “distance” with A(f, f*) = 0 — once n is actually a reasonably
constant—length normal map. In both cases, vanishing mixed area is crucial:

16



Definition 2.4.4. Two edge—parallel quadrilaterals p, ¢ are dual to each other if

A(p,q) = 0.

Dual quadrilaterals are characterized by parallel non—corresponding diagonals, i.e. if
p = (po,p1,p2,p3) and q = (qo, 1, g2, g3) are edge parallel, they are dual iff

p2—pollgs—q and p3—pi| ¢ — qo-

Note that this implies that one corresponding pair of opposite edges is equally oriented
in both quads, while the other pair have opposing directions, corresponding to a reversal
of one parameter direction.

q3
q2 .
K
q1
Po p1 q0

Figure 2.5: A pair of dual quadrilaterals.

Every quad has a dual unique up to scaling (and translation). But for a whole planar
quad net, the scaling of one dual quad determines the scaling of the duals of adjacent
faces, which may not be consistently possible. If it is, the net is called a (discrete)
Koenigs net, and the dual net is called its Christoffel dual. This is of course not a
coincidence: the dual for discrete isothermic nets from theorem 2.3.7 is an example of a
dual in the mixed area sense. Note that also in the smooth case, not only isothermally
parametrized surfaces have Christoffel duals, but a broader class, smooth Koenigs nets.
Their duals arise by a similar inversion of parameter directions. Cf. e.g. [BS08, section
1.2].
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2.5 Smooth and Discrete Minimal and CMC Surfaces, and
Darboux Transforms

In the smooth world, minimal and cmc surfaces are of course defined as having constant
mean curvature H = 0 or H = Hy # 0, respectively. Minimal and cmc surfaces without
umbilic points are isothermic and thus have Christoffel duals. The characterization of
discrete minimal and cmc line congruence nets in section 2.4 has a direct analogue in
the smooth case, where surfaces already come with a well-defined unit normal map:

Theorem 2.5.1. Let f : R? — R3 be a smooth immersion without umbilic points and
n:R? — S? its Gauss map.

o If f is minimal, then f is Christoffel dual to n;
e if f has constant mean curvature Hy # 0, then
f+mn
is Christoffel dual to f, and also has constant mean curvature Hy.

Cf. [BSO08, section 1.8].

So for minimal surfaces, one can start with an isothermic map to the unit sphere and
find the minimal surface as its Christoffel dual. This also works in the discrete world:
a discrete Koenigs n net that reasonably discretizes the unit sphere is automatically
a reasonable discrete “unit” normal for itself and thus any parallel surface — like its
Christoffel dual n*. The line congruence defined by n on f := n* will be minimal. This
has been done for discrete isothermic minimal surfaces in [BP96], where the Gauss map
is discrete isothermic with vertices on the unit sphere, for s;—isothermic (more on that
in section 3.3.1) minimal surfaces in [BHS06], where the Gauss map has edges tangent
to the unit sphere, and for s—conical (more on that in section 3.3.2) minimal surfaces in
[BHKS15], where the Gauss map has faces tangent to the unit sphere.

Discrete isothermic cme surfaces with a unit vertex normal map defining a line con-
gruence — and thus a Christoffel dual cmc surface in constant vertex distance — have
been introduced in [BP99]. For the s;—isothermic cme surfaces of [Hof10], the dual will
have one constant edge distance per parameter direction, and for s—conical ones ([BH16]),
a constant face offset. Both types will be visited in more detail in chapter 3 as special
cases of s—isothermic cmc surfaces. In general, their parallel surfaces will not be in a
specific constant distance in a direct geometrical sense. Instead, another characteriza-
tion of isothermic cmc surfaces based on Darboux transforms will be used. We present
the smooth (from [HP97]) and discrete isothermic (from [HHP96]) analogues here.

Darboux transformations for smooth isothermic surfaces were studied in classical
differential geometry, c.f. [Dar99] and [Bla29]. We present a sketch of a geometric
definition from [BS08] without going into details.
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Definition 2.5.1. Let f,g : R> — R3 be isothermal with the same functions « and 8
from remark 2.3.1. f and g are said to be a Darboux pair or Darbouz transforms of each
other if corresponding pairs of parameter lines envelop common 1-parameter families of
circles.

Figure 2.6: A Darboux pair of isothermic surfaces. Some of the circles enveloped by one
pair of parameter lines and one of the spheres in the congruence enveloped by the two
surfaces are shown.

The parameter line enveloping condition alone constitutes a Ribaucour transforma-
tion for orthogonally parametrized surfaces, the preservation of conformality up to in-
dependent reparametrizations makes it a Darboux transformation. A each point, the
two orthogonally intersecting circles span a sphere to which both parameter lines are
tangent, so the two surfaces envelop a sphere congruence. The per—coordinate families
of circles can be seen as making the correspondence preserve direction of the curvature
lines. A sketch of the situation is shown in fig. 2.6.

The characterization of Darboux transforms whose discrete version will later serve
as a definition lives in the setting of theorem 2.3.4. Following [BS08], we first introduce
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the general notion of a Moutard transformation:

Definition 2.5.2. Let f,g : R? — R” satisfy the Moutard equation as in def. 2.3.3. f
and g are called Moutard transforms of each other if

Ge+ fo=pmlg—f), gy—fy=vig+f)

for some functions u,v : R?> — R (or the same with the combination of coordinate
directions and plus and minus signs interchanged).

If we interpret the step from f to g as a discrete third coordinate direction, these
equations can be seen as semi—discrete Moutard equations.

Now, a Darboux transformation is just a Moutard transformation of representations
in the light cone:

Theorem 2.5.2. Let f,g : R?2 — R3 be isothermal and F,G : R?> — R*! their (ap-
propriately scaled) representatives in the light cone. f and g are Darboux transforms of
each other iff F' and G are Moutard transforms of each other.

We skip discussing the appropriate scaling since in the s—isothermic analogue, is will
just be normalization.

The semi—discrete nature of the equations in def. 2.5.2 already suggests that in the
discrete case, the situation for coordinate and transformation directions will be symmet-
ric. Indeed, in [HHP96], a Darboux transform between to discrete isothermic nets f and
g is characterized by analogous cross—ratio conditions for the elementary quadrilaterals
(f: fi, f127f2)7 (f: flvghg) and (f? f27927g)'

As in the semi—discrete case, in the fully discrete setting we will need Moutard equa-
tions with different signs for a characterization of Darboux transforms. Our discussion

will follow [BSOS].

Definition 2.5.3. A map f : Z? — R" satisfies the discrete Moutard equation with a
minus sign if

frz—=f=Af2—-f1)

for a function X : Z2 — R.

For short, we will also call this the Moutard— equation, and distinguish it from the
previous Moutard equation with a plus sign as in def. 2.3.4 by referring to the latter
as the Moutard+ equation. The Moutard— equation is multidimensionally consistent,
i.e. the definition can be extended to maps Z™ — R"™, where for any selection of three
coordinate directions, given seven vertices of an elementary cube satisfying the equation
on the respective faces, there is a unique eighth such that the whole cube satisfies the
equation.
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To get the Moutard+ equation back into play, note that we can switch between signs
in Moutard equations if we change the signs of f alternatingly in one of the involved coor-
dinate directions: (k,1) — f(k, 1) satisfies the Moutard— equation iff (k,1) — (=1)!f(k,1)
satisfies the Moutard+ equation. In particular, a 3D system with plus signs in two pairs
of coordinate directions and a minus sign in the third will be consistent, and we can
make

Definition 2.5.4. Let f, g : Z? — R satisfy the Moutard+ equation as in def. 2.3.4. f
and g are called Moutard transforms of each other if

g+ f=ulg+fi), g—f=vig—fo)

for appropriate values of p and v. (or the same with the combination of coordinate
directions and plus and minus signs interchanged).

Since now coordinate and transformation directions are equivalent, we will often call
g =: f3 and the elementary cubes of a Moutard transformation Moutard cubes.

As with a plus sign, the Moutard— equation restricts to quadrics of constant length,
and we can apply it to nets in the light cone.

Definition 2.5.5. Let f, f3 : Z? — R3 be discrete isothermic and F, F3 : Z? — R*! their
representations in the light cone. f and f3 (or F' and F3) are called Darbouz transforms
of each other if ' and F3 are Moutard transforms of each other.

Quadrilaterals whose light cone representatives satisfy the Moutard+ equation (or
Moutard quads for short) are circular: the linear equations guarantee that Fio lies in
the time-like subspace span(F, Fi, F»), and its space-like two—dimensional orthogonal
complement in R*! represents the common circle. Similarly, the whole Moutard cube
lies in a four—dimensional time—like subspace and thus lies on a common sphere. This
gives a discrete analogue of the classical geometric definition of Ribaucour and Darboux
transforms of smooth surfaces as in def. 2.5.1. Figure 2.7 shows a sketch of the situation.

Now that we have smooth and discrete Darboux transforms, we can state the char-
acterizations of cmc surfaces from [HP97] and [HHP96]:

Theorem 2.5.3. An isothermal immersion f : R> — R3 has constant mean curvature
H £ 0 iff its correctly scaled and placed Christoffel dual is a Darboux transform.

Theorem 2.5.4. An discrete isothermic net f : Z?> — R3 is a discrete cme surface iff
its correctly scaled and placed Christoffel dual is a Darboux transform.

Remark 2.5.5. In the discrete isothermic case, if we look at the original cmc condition
of having a Christoffel dual in constant vertex distance from a Mobius geometric per-
spective, by eq. (2.3) it can be seen as the scalar product (F, F*) of the representations
in R%1 of the vertices and their duals being constant.
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Figure 2.7: A Darboux pair of discrete isothermic surfaces. The family of circles en-
veloped by one pair of parameter lines is shown in grey. One sphere containing a pair of
elementary quadrilaterals and their circles is partially shown.
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2.6 Associated Families of Smooth and Discrete Minimal
and CMC Surfaces

Minimal and emc surfaces come in families parametrized by the circle S' sharing the
same conformal metric, with the surfaces for 1 and —1 parametrized by curvature lines.
Any structure preserving discretization of isothermally parametrized minimal and cmc
surfaces should be part of such a family as well. Here we give a short introduction
on how this associated family arises for smooth surfaces and their discrete isothermic
counterparts, as well as hint at the existing s;j—isothermic and s—conical minimal cases.
To geometrically construct s—isothermic analogues for cme surfaces is the main topic of
this work.

&

“

Figure 2.8: Members of the associated family of a smooth minimal surface: catenoid and
helicoid (and an intermediate step). The the catenoid is curvature line parametrized,
the helicoid asymptotically parametrized.

For smooth minimal surfaces, see e.g. [DHKW92] on which we base this short intro-
duction. Without loss of generality, all smooth surfaces will be parametrized conformally.
Then, for an immersion f : R? D U — R3 the condition H = 0 is equivalent to

Afzfxx+fyy =07

i.e. fis a minimal surface iff it is harmonic. This makes the Cauchy—Riemann equations
with f as the real part integrable, i.e. locally there exists a function g : U — R3 satisfying

9z = _fya 9y = fa-
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Thus, for U simply connected we can extend f to a holomorphic curve
F:C=R’D>U—=C3, F(z+iy) = f(z,y) +ig(z,y).

The imaginary part g : U — R3 is a minimal surface again, called the adjoint or conjugate
minimal surface for f. It has the same conformal metric as f, and geometrically, g arises
by rotating the parameter directions by 7 within the tangent spaces. In particular, f
and g share the same Gauss map. Now, this rotation within tangent spaces can be done
for arbitrary angles: for any angle ¥ € R, the consider the holomorphic curve

e WE.C — 3.

The maps
/7 :=Re(e”F) = cosVf +sindg : R* — R3

are again minimal surfaces with the same Gauss map and conformal metric. This one—
parameter family of minimal surfaces is the associated family of f.

In the associated family of a minimal surface, if Jo — ¥, = 7, i.e. U and fY2 are a
conjugate pair, the curvature lines of fV! are asymptotic lines of fY2 and vice versa. In
particular, if we start with an isothermally parametrized minimal surface, its conjugate
will be asymptotically parametrized.

The standard example of the catenoid and helicoid is illustrated in fig. 2.8.

The geometric process of rotating parameter directions around a fixed normal trans-
lates to the discrete cases as rotating edges around fixed edge normals which are con-
structed from the discrete Gauss map — the exact process depends on the type of
discretization.

For discrete isothermic minimal surfaces f : Z? — R3, the Gauss map n : Z% — 52
has vertices on the unit sphere, such that for adjacent vertices n, n; the average is normal
to the edge: n+ny; 1L ny —n, and since the Gauss map is Christoffel dual to the surface
(as mentioned in section 2.5), n + np is also a suitable edge normal for f; — f. This
naturally holds for the second coordinate direction as well. Rotating all edges around
these edge normals by a constant angle gives the associated family for discrete isothermic
minimal surfaces. A concise overview can be found e.g. in [HSW16]. Similar processes
for s;—isothermic and s—conical minimal surfaces will be revisited in sections 4.2 and 4.3.

For surfaces of nonzero constant mean curvature, the description that was the basis
for the discrete isothermic version ([BP99]) stems from [Bob94]. Based on those two we
present this brief introduction. Again, we look at conformal immersions

f:C=R*>U =R CC
Partial derivatives will be expressed in terms of the Wirtinger derivatives

9, = 3(0y —i0y), 0z = (0x +10y);
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Figure 2.9: Sketch of members of the associated family of a smooth cmc surface: undu-
loid, ‘twizzler’ and nodoid. The former and latter are curvature line parametrized. Note
that the picture was actually produced with our construction from section 4.4 although
we do not have a convergence result. For pictures that are proven to approximate the
smooth theory, see e.g. [Kil04], [Sch02], [BHHS].

and we let {-,-) : C3xC3 — C denote the bilinear extension of the standard inner product
on R3. The conformal first fundamental form is determined by a function v : U — R
with (f., fz) = %e“, and with n the Gauss map of f, the second fundamental form can
be expressed in terms of

Q = <fZZ7n>’ <f227n> = %Heua

where @) is the Hopf differential and H is the mean curvature. The Gauss—Codazzi
equations, which are the compatibility conditions for the first and second fundamental
form to define a surface, become

Uss + %HQe“ —2QQe " =0,
Qg - %Hzeu =0.

Thus, for constant H, @ is holomorphic. If f does not have umbilic points (which
are charaterized by @ = 0), by holomorphic reparametrization ) can be normalized
to be constant. f is a curvature line parametrization (and thus isothermal) iff @ is
real. Furthermore, the equations are invariant under multiplication of @) by a unit norm
constant:

Q~ Q'=XQ, where \=¢* tecR.
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The one—parameter family of immersions with the same metric and mean curvature
defined by the Q' is the associated family of f. X is called the spectral parameter.

Now we look at the mowving frame for the immersion f — the transformation that
maps the standard basis of R3 to (fs, fy,n) at each point of the parameter domain.
Since f is conformal, this is a common rescaling of the first two vectors by e2 and a
rotation. The rotations will be described quaternionically, and the quaternions in turn
by complex two—by—two matrices, i.e. we use the identifications

R*~ImH, H = spang{ld, —ioy, —ics, —iog} C C>*?
with the Pauli matrices
0 1 0 —i 1 0
o1 = g9 = g3 = .
Yl o) 2l o) P lo <1

Then, the frame for f is a map ® : U — H with

f,=—iez® ! (2 8) D, fr=—iezd ! (8 (1)) P, n=>o 'ko.

For f a cmc immersion as above (i.e. with conformal metric factor e*, Hopf differential
AQ and mean curvature H), the frame ® is characterized by the differential equations

o, =Ud, O:=V

Uz -2 1 U
§H62 0 AQe™ 2 &
t

and normalization det ® = e2. Once a frame solving these is known for all A = ¢, cmc

with

immersions can be retrieved by a differentiation with respect to the spectral parameter
instead of integrating the coordinate directions via the Sym—-Bobenko formula:

f=-%(®'0,® +n)

with Gauss map n = &~ 'k® is a cmc immersion with metric factor e%, mean curvature
H and Hopf differential \Q).

In the whole associated family, the offset surface f + %n also has constant mean
curvature H — for the isothermal case AQ € R this is the Christoffel dual as mentioned
in theorem 2.5.1.

A completely analogous description for discrete isothermic cmc surfaces was given in
[BP99] and further studied in [HSW16]. We base our introduction mainly on the latter.
Again, consider a moving frame rotating k into the normal, but now living on vertices:

d: 7% — H.
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Figure 2.10: Sketch of a discrete isothermic unduloid and an intermediate member of its
associated family. Note that the picture was actually produced with our construction
from section 4.5 for very small spheres and therefore should only be considered a sketch.

Instead of partial derivatives, U and V now characterize coordinate shifts:

O =Ud, By=Vd

1 . 7
U — )\au —Au_—m V= ')\b'v —zA_—km ’
a T a iy — X b

where the spectral parameter is now A = €' for a € R, a,b are complex-valued and

with

u, v positive real-valued functions on vertices. U and V must satisfy the compatibility
conditions

VWU =UsV, detU =detUs, detV = detVa.

Then the discrete Sym-Bobenko formula generates the surfaces f : Z> — ImH = R3 as

f= Im(—@_laa@ + %n),

where n = ®'k® is the discrete Gauss map. The family parametrized by « is the
associated family of a discrete isothermic cmc net. Here, A € R characterizes the
discrete isothermic case. Again, f* = f 4 n is also a discrete cmc net which is the
Christoffel dual in the isothermic case.

For the geometry of the members of the associated family of a discrete isothermic
cme net, we look at the elementary cubes

(f, f1, fo, fro, [, 015 15 f12)
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Figure 2.11: Sketch of a discrete isothermic cmc cube and a twisted version from the
associated family. Original combinatorics at the top, interleaved version at the bottom.
Note that the picture was actually produced with our construction from section 4.5 for
very small spheres and therefore should only be considered a sketch.

28



formed by corresponding pairs of elementary quadrilaterals of f and its dual f*. In the
isothermic case, its faces are planar, and the side faces are trapezoids with vertices on a
sphere. As such, they have diagonals of equal length, and by changing the combinatorics,
the trapezoids become folded parallelograms — non—embedded planar quadrilaterals
with two mutually opposite pairs of edges of equal length and parallel diagonals. This
is done for the whole cube by defining the interleaved cube

g=1f =1, 92=13, 912 = fra,

g =191 =f. 95 = fo, 912 = fia-
For an illustration, see fig. 2.11. Since the quadrilaterals of f and f* are Christoffel dual
in the planar case, they have parallel non—corresponding diagonals, and also the faces
(9,91, 92,912) and (g%, g7, 95, g75) become planar folded parallelograms.

*

g g1

Figure 2.12: Dihedral angles in the side faces of the interleaved cube.

In the associated family, the constant vertex distance ||f — f*|| = [lg — ¢*|| = &
remains constant, and the other edges in each face of the interleaved cube still come in
opposite pairs of equal length as well — the faces are still skew parallelograms. As such,
they also have equal dihedral angles along the pairs of edges of equal length, say §; and
0o along the edges of length I; and lo. These skew parallelograms are characterized by a

folding parameter
sind;  sind

L
See also the sketch in fig. 2.12. In the interleaved cube of the associated family, this

o =

parameter is the same for all faces — they are equally—folded parallelogram cubes.

This property is 3D compatible in the sense that if a skew parallelogram (g, g1, g2, g12)
and an initial vertex ¢* is given, they are part of a unique equally—folded parallelogram
cube (g, 91,92, 912, 9%, 95, 95, 975) with equal vertex distances

lg —g*ll = llgr — g1l = llg2 — g2l = llg12 — 912l -
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Any such cube will be discrete cmc in the curvature theory of [HSW16]. If A = ei@
is the spectral parameter as above and f and f* = f + n are the pair of discrete cmc
surfaces, i.e. H is normalized to be 1, the folding parameter o of the cubes is related to
the spectral parameter as

o = sin(2a).

An adaptation of the equally—folded cube property to s—isothermic cmc cubes will
be the characterizing property we introduce in section 4.1.

30



Chapter 3

S—Isothermic Surfaces

3.1 Introduction

S—isothermic surfaces first appeared in [BP99] as the special type we will here call s;—
isothermic: Quad nets with spheres centered at the vertices that touch along edges and
have a common orthogonal circle through those points of tangency for each elementary
quadrilateral. There, they were called Schramm isothermic surfaces, hinting at their re-
lation to orthogonal circle patterns, studied by O. Schramm ([Sch97]). Minimal surfaces
of this type — whose associated family we will revisit in section 4.2 — have been studied
in [BHS06].

In [Hof10], the definition was extended to a more general class of discretizations of
isothermally parametrized surfaces. They also contain a — somewhat degenerate —
case in which the resulting surfaces are conical ([BHKS15], [BH16]). Conical nets are a
discretization of curvature line parametrized surfaces interesting in their own right (see
e.g. [LPW06], where they were introduced).

The general notion of s—isothermic nets is in complete analogy to discrete isothermic
nets: the characterizations by Moutard equations are simply taken from the light cone
to the space-like unit hyperboloid in R*! and taken as definitions. In our presentation,
we mainly follow [Hof10] and [BH16].

Definition 3.1.1. A map s : Z? — {spheres in R3} is called s—isothermic if its repre-
sentative s : Z2 — R*%! in the classical model satisfies the discrete Moutard+ equation

s12+ s = A(s1 + s2)
for some A # 0 per elementary quadrilateral.

As noted in section 2.3 for discrete isothermic nets, this relies on the fact that the
discrete Moutard equation restricts to quadrics of constant length — in this case, to
space-like unit vectors (s, s) = 1.
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For well-behaved geometry, we want the radii of all spheres to be positive. For s—
isothermic nets s : Z?> — R%!, we will consider the net ¢ : Z? — R3 of sphere centers as
vertices, and (mostly) denote the radii by r : Z? — R*1,

Before we get some insight into the geometry of s—isothermic quadrilaterals, we note
that we will simultaneously consider the discrete Moutard— equation

S12 — S = )\(82 — 81)

for quadrilaterals of spheres represented in R*!. We will often, for short, call quadrilat-
erals of spheres satisfying either or any of the Moutard equations Moutard+, Moutard—
or Moutard+ quads, respectively.

Proposition 3.1.1. Let s, s1, 12,50 € RY! be a quadrilateral of spheres satisfying a
Moutardt equation. Then

(s,s1) = (s2,812) and (s,s2) = (s1,512),
i.e. scalar products along edges are equal on opposite edges.

The proof is a short calculation and can be found in [BH16] for Moutard+ quadri-
laterals, it equally works for Moutard— with adjusted signs. For s—isothermic nets,
this means that scalar products along edges in one coordinate direction are constant
in the other. This is reminiscent of the independent reparametrizations that separate
general smooth isothermal immersions from conformality. Indeed, the sphere radii of
s—isothermic nets can be seen as a discrete version of the conformal metric factor s, and
the scalar products as the effect of the independent reparametrization factors o and /3
in remark 2.3.1.

As in the discrete isothermic case, the linear Moutard+ equations mean that the
spheres in a quadrilateral are linearly dependent. But now, the causal type of the three—
dimensional subspace S they span is not determined, and we discern three types of
Moutard quadrilaterals of spheres:

Type 1: The four spheres share a common orthogonal circle if S is time-like. Then S+
is space-like and represents a circle (as the grey and blue spheres in fig. 2.2).

Type 2: The four spheres share a pair of points if S is space-like. Then S= is time-like
and contains two isotropic directions representing the two points (as the grey
and blue spheres in fig. 2.4, where the red spheres would be in ).

Type 3: The four spheres intersect in exactly one point if S is light-like. Then S* is
also light-like, and S and S* share a unique isotropic direction that represents
the common point (as the red and grey/blue families of spheres in fig. 2.3).
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As already mentioned, we give the special case that was first introduced a short
name:

Definition 3.1.2. A Moutard+ quad of spheres s, s, s12, 52 (with positive radii) is
called an s;—isothermic quad if

(s,81) = (s,82) = —1,

i.e. the spheres are in exterior tangency along edges. An s-isothermic map Z? — R*! is
called s;—isothermic if all elementary quadrilaterals are sj—isothermic.

In all cases, the four spheres are orthogonal to the plane containing the vertices.
Figure 3.1 illustrates some examples.

Figure 3.1: Moutard+ quads of different types. Spheres are shown as their intersection
with the face plane. Orthogonal circles or common points in red. a) to d) are type 1,
with d) the s;—isothermic case. e) is type 2, and f) is type 3, the s—conical case.

For type 1 and 2, the converse of proposition 3.1.1 also holds ([BS08, Thm. 4.35]):

Theorem 3.1.2. Let s,51, 512,50 € RY be spheres such that S = span(s, s1, 512, 52) is
three—dimensional and the Minkowski scalar product restricted to S is non—degenerate.

If

(s,81) = (s2,812) and (s,s2) = (s1,512),

the spheres form a Moutardt quad.

[BH16] provides characterizations of Moutard+ quads of type 3:
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Theorem 3.1.3. Let s, 51,512,520 € RY! be spheres. Then the following are equivalent:
o The spheres form a Moutard+ quad of type 3

o The spheres form a Moutard+ quad, and spheres intersect along edges with com-
plementary angles, i.e. (s,s1) = — (s,s2) and |(s,s1)| <1

e s1 + s9 and s + s13 are parallel isotropic vectors

e The diagonals of the quadrilateral formed by the sphere centers intersect in a point
which lies on all four spheres.

Slightly deviating from [BH16], in our context we will define s—conical just as the

respective special case of s—isothermic:

Definition 3.1.3. A Moutard+ quad of spheres s, s1, s12, s2 (with positive radii) of type
3 is also called an s—conical quad. An s-isothermic map Z? — R*! is called s—conical if
all elementary quadrilaterals are s—conical.

S—isothermic nets again come with Christoffel duals:

Definition 3.1.4. Let s : Z?> — R*! be an s-isothermic net with sphere centers ¢ and
radii . Then the net s* with centers ¢* and radii r* defined by

1
rf ==,
r
Ccl1 —¢C
cg—c = ,
rri
C;— *__CQ—C
rro

is called the Christoffel dual.

Note that the choice in which coordinate direction the edge orientation gets reversed
is a convention; since we want to keep the radii positive, changing it is not simply a
special case of a global rescaling but should be considered separately.

The Christoffel dual is an s-isothermic net of the same type, with (s*,s}) = (s, s1)
and (s*, s5) = (s,s2). The elementary quadrilaterals formed by the sphere centers ¢, ¢*
in R? are dual in the mixed area sense as in def. 2.4.4.

Remark 3.1.4. If we let the sphere radii in an s—isothermic net get uniformly smaller,
it is directly geometrically plausible that in the limit we get points on a common circle.
Indeed, this limit can be made thorough if one considers spheres represented by space—like
vectors normalized to general lengths, and one recovers discrete isothermic nets in the
limit of vanishing radii. Cf. [BS0S].
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3.2 Darboux Transforms and CMC Surfaces

Now, with Moutard+ equations for quadrilaterals of spheres introduced, we can directly
state the analogue of def. 2.5.4/def. 2.5.5 for s-isothermic surfaces:

Definition 3.2.1. Let s,t : Z2 — R*! be s-isothermic surfaces. s and t are called Dar-
boux transforms of each other if the side faces of the elementary cubes satisfy Moutard
equations

t1+s=pult+s1), ta—s=v(t—s2)

for some p,v # 0. (or the same with the combination of coordinate directions and plus
and minus signs interchanged).

Figure 3.2: Elementary cube of an s-isothermic Darboux transformation. Moutard—
side faces in the second parameter direction.

Remark 3.2.1. While for a Moutard+ quad of type 1 or 2, as in eq. (2.5) we get a
uniquely determined
5= (s,81 * s2)
1+ (s1,592)
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Figure 3.3: A Darboux pair of s—isothermic surfaces. The family of circles enveloped
by one pair of parameter lines is shown in green. One sphere containing a pair of
elementary quadrilaterals and their circles is partially shown. Spheres are shown as their
intersections with the face planes, or along one parameter line also as their intersection
with the vertical circle planes.

36



and therefore a unique s12, for type 3 there is a choice for si2: if s1 and s2 are tangent
in a point on s, any sphere tangent to s in that point will be a viable si2 (cf. theo-
rem 3.1.8). For that reason, we will only consider type 1 and 2 for the side faces of

Darboux transformation cubes.

The Darboux transform of an s—isothermic net s is then uniquely defined by choice
of one initial sphere of ¢ (that respects remark 3.2.1).

We will call a cube of eight spheres that satisfy Moutard+ equations on two pairs of
opposite side faces and Moutard— equations on the other pair a Moutard cube for short.
Often, we will treat a Darboux transformation as a third coordinate direction and write
s3 instead of ¢.

Now, in analogy to theorems 2.5.3 and 2.5.4, we can make

Definition 3.2.2 ([Hof10]). An s-isothermic surface is a e¢me surface if its Christoffel

dual is a Darboux transform as well (after appropriate scaling and translation).

We will call the Moutard cubes formed by an elementary quadrilateral of an s—
isothermic cmc surface and its corresponding dual s—isothermic cme cubes. We want to
learn more about their geometry, in particular how to construct them. For that end,
we start by characterizing their side faces. They come in a Moutard+ and a Moutard—
variety with analogous properties — in the following, we will treat them simultaneously
by writing + and F signs with the understanding that the upper sign always refers to
the Moutard+ case, and the lower one to the Moutard— case. Clearly, the side faces
have a pair of parallel edges, and we give a name to this property:

Definition 3.2.3. We call a Moutard(+) quadrilateral with sphere centers c, ¢y, ¢2, ¢12
a Moutard(%) trapezoid if ¢1 — ¢ || c12 — ca.

Lemma 3.2.2. Let 5,515,512 € RY! be spheres with centers c,ci1,ca,c12 € R and
radii r,71, 72,712 > 0 that satisfy a Moutard+ equation

S12 = )\(82 + 81) F s
such that (s1,s2) # F1. We introduce the quantities (cf. fig. 3.4)
a:=rry, e:=le—df, f=|c—cl, diz=lle—cofl, o:=4L(c1—c,c0—0).

We assume non-degeneracy in the form of sinoc # 0 and define a sphere $15 to have

radius and center
Ccl —¢C

~ o

r1o = —, Cl1g2 ‘= C +
ry rry

Then the following are equivalent:

i) 8,81, 82,812 form a Moutard trapezoid
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Figure 3.4: Moutard+ and Moutard— trapezoid illustrating the quantities in

lemma 3.2.2.

ii) s, 81,582,812 form a Moutard trapezoid
ii1) s12 = S12

w) c12 = c12

v) A=

vi) A= r%

vii) 73+ ror? 4+ (f2 — d2y — r2)ry £ ra(e2 —r2) =0
viii) 2ef coso = (1+ :—f)(ﬂ —r}) + (1 :_3)62'
Any of these imply

i) T = @,
z) (s,52) = (s1,512) -

If r1 # ra, each of the latter properties ix), x) is sufficient. In the Moutard+ case, ix) is
sufficient. In the Moutard— case, x) is sufficient.

Proof. All properties are translation invariant, so we assume ¢ = 0. We recall that under
our assumption, A is uniquely determined to be

A\ = <5751i52>
o 1:l:<51,$2>'
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a) iii) = 1), ii), iv), ix) and iv) = 1) is immediate by definition, and ii) = iii) follows from
uniqueness of A and thus the fourth sphere in the Moutard quad under our assumption.
ii) = x) is proposition 3.1.1.

b) Recall from section 2.2 that for any sphere X = (Xo, ..., Xy) € R*! with radius R
we have % = Xo + X4 and know from the Moutard equation:

1
ile(1i1>
T12 T T9 T1

& rrirg £rirarig = A (rririe £ rrar2)

= rr (7“2 — )\7’12) = :|:7’27’12 (/\T’ — 7“1) .

Therefore Arig = 7o iff A\r = r1, and we have v) < vi).

If r1r12 = a, the above equation becomes

rio — Ara = £ (Arjga — raq)
& rry(rp—Ar) = £(Ara —ria)
< (rm=M)(rmta)=0
S (rr—=Ar)(r1tr) =0

In the Moutard+ case, since we assumed positive radii, we must have A\r = r;. Equally,
if r; # 7o in the Moutard— case. So under these conditions, ix) = v).

¢) We also recall from section 2.2 that for any sphere X = (X, X1, X0, X3, X,) € R®!
with radius R and center (Cy, Cy, C3) € R3 we have (X1, Xo, X3) = %(C’l, Cy,Cs). The

Moutard equation gives us, recalling we assumed ¢ = 0,

1 1 1
cig—c2=ri2| Al —c2k —c1 | F-c|—c
T9 T1 r
T r
= ()\12 - 1) (&) + )\ﬁcl.
72 71
So, since by assumption on o ¢ }f ¢1, the edge cjo — ¢y is parallel to the edge ¢ iff
Ar12 = 12, and we have i) < vi). In this case, we also see
72

«a « ~
cip—ce=t—c=+—c =+—(c1 —¢) =12 — ¢,
T1 rr1 rTr1

and we have vi) = iv).

d) If v) and vi) both hold, we get " = 2 and thus ix). But we have already seen in

T12

b) that v) < vi), so in particular we get e.g. vi) = ix).

Now suppose vi) holds. From c) we already know that iv) follows, and together with ix)
from above, which means rjo = 712, we get s12 = 512. Altogether, we see vi) = iii).
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) For vii) & viii) we just substitute d3, = ¢ + f2 — 2ef cos o
2 _ 1"2) —_

3 Erori 4+ (2 — diy — 1)

3 ot + (—e* 4+ 2ef coso — r3)ry £ ro(e? —
G 7"2)
2 (

=
& ¥ trr? + (—e? + 2ef coso — r? )r1:|:7“2
& rPhrgr—ef—ri 4 = e —r?) = —2efcosa
e (1ez) -t (1e2)+ e (152) =2fcoso
f) For v) < vii) we calculate
rL = Ar
& (L (s1,82) =7 ((s,s1) £ (s,52))
o n 1ir%+r§—d%2 ., R ir2+r%—f2
2r17r9 2rry 2rry
& 2%rg £ (1P 4 rird — ridey) = 2y + rirg — roe? £ (PP + s — i f?)
& 0= 4 rord & (=d2y — 12 + f2)r1 — rPry 4 roe’.
) For x) we introduce f; := ||¢12 — ¢1]|. We have
f12 = f2sin’o + (fcosa:l: e—e)
rr

2 2
= f“sin O’—i—(fCOSU:l:(%:Fl) )
1)262:|:26fcosa(%¥1).

< 2efcoso

1
T T T
-1+ 2) 1215 2)) (2

2
=+ (PF
Now
(s,52) = (s1,312)
3 -2 i+ - 7
2c N 2c
2 ~
@7’24-?"%—7"%——2:]”2— 12
Ty
2 2 2
& T2<1—%) —T%(l—%) :—<:—2:Fl) e :|226fcosa( )
1 1 1
& 2efcoso T—2:F1>::Fr2( —%) ( —3) < ) e?
1 1 1
;1): ir2(7"2il);r%(rzil);e?(”;l)) (73;1)
1 T1 1
) 2 ¥1),

< 2efcoso



and x) = viii) if (:—f F 1) # 0. By assumption of positive radii, this is always the case
in the Moutard— case. Otherwise, we have to assume 11 # 79.

Finally, we provide a diagram to help keep track of the proven implications:

Vi) ==d) = ix) x)
l ///’// i
b)  b)” 9)
V7 Y

V) <= f) = vii) <—=¢e) = viii)
O

This allows us to relax the definition of s—isothermic cmc surfaces a bit: a pair of
s—isothermic surfaces simultaneously being Christoffel duals and Darboux transforms of
each other is property iii) in lemma 3.2.2 for all side faces of elementary cubes of the
pair.

Proposition 3.2.3. If in a Darboux pair s,ss of s—isothermic surfaces corresponding
edges are parallel, they are Christoffel dual to each other — making s and s3 a cmc pair.

Proof. Parallelity of the corresponding edges means the connection side faces (s, s1, s3, 513)
and (s, s9, 3, S23) are Moutard+ and Moutard— trapezoids, respectively. Then property
iii) in lemma 3.2.2 ensures that s3 is already the dual, scaled by a factor of o (which is
constant by property ix) in lemma 3.2.2). O

In view of remark 2.5.5 for discrete isothermic cmc surfaces, we can state

Theorem 3.2.4. Generically, a Christoffel dual pair s,s* : 72 — R*! of s-isothermic
surfaces is eme iff (s, s*) is constant.

Proof. By generic we mean the situation that in each elementary side face formed by
an edge and its dual, property x) in lemma 3.2.2 is sufficient to imply the first proper-
ties. Then, lemma 3.2.2 ensures that all elementary cubes are Darboux cubes, and the
Christoffel dual is a Darboux transform. O
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We will not discuss in more detail when non—generic situations will occur. One
example is the cylinder, whose dual is itself rotates around its axis: any translation of
the dual along the axis preserves the constant scalar product condition but not being
Darboux transforms. Cf. also [BH16, Thm. 7], where such translated cases in the s—
conical case are treated — the special geometry allowing constant face offset allows for
a slightly wider definition of cmc surface, simply by mean curvature from the Steiner
formula (as in def. 2.4.3).

Now, pairs of spheres s, s* having constant scalar product (s, s*) can not generally
be interpreted as a sphere version of constant distance — a simple rescaling of both
spheres and their distance preserves the scalar product. However, in the s—isothermic
Christoffel dual case, the pairs also have a constant product of radii 7r* = «. This
prevents rescaling, and (s,s*) can indeed be seen as a form of distance taking into
account the sphere radii.

42



3.3 Geometry of Special Cases

In light the upcoming constructions for their associated families, we want to give the
geometry of the elementary cubes of s;—isothermic and s—conical cmc pairs a closer look,
based on [Hof10] and [BH16], respectively.

3.3.1 S;—Isothermic CMC Cubes

Figure 3.5: An elementary cube of an s;—isothermic cmc pair. Vertices and edges as well
as two of the spheres are shown in blue. Orthogonal circles of faces are the intersections
of the face planes with the common orthogonal sphere of all eight spheres.

What we call sj—isothermic according to def. 3.1.2 was the original definition of s—
isothermic in [BP99]. Recall that in this case all adjacent spheres are exteriorly tangent
along their connecting edge, with orthogonal circles of elementary quadrilaterals inter-
secting the spheres and touching the edges in these points of tangency. Since forming
s—isothermic duals as well as Darboux transforms preserve scalar products along edges,
any dual or Darboux transform of an s;—isothermic surface is s;—isothermic again.
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Figure 3.6: Now, the common axis of the orthogonal circles of the dual pair of top and
bottom quadrilaterals is shown. For two of the side faces, the axis which perpendicularly
connects the tangent points on the edges is shown.

Now consider a cmc pair of s;—isothermic surfaces s, s* : Z2 — R*1. We look at an
elementary cube (s, s1, 2, S12, %, 87, 85, s79). Here, we will denote the sphere centers by

v for vertices.

Forming a Moutard cube, all eight spheres lie in the 4—dimensional subspace spanned
by s, s1, s2,s* and have a common orthogonal sphere. The orthogonal circles of the side
faces are the intersections of this orthogonal sphere with the face planes. In particular,
the orthogonal circles of the top and bottom quadrilateral (the elementary quadrilaterals
of the surfaces) are coaxial.

In the side faces, let us call the points of tangency of the spheres along the surface
edges x and z* along s, s; and s*, s] and y and y* along s, so and s*, s5. The orthogonal
circles of the side faces are tangent to the edges in x and z* and y and y*, respectively.
Therefore, the axes (z,2*) and (y,y*) connect the parallel edges perpendicularly. We
denote the edge distances/orthogonal circle diameters by ¢ and d. There are only two
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possible distances for parallel edges tangent to a pair of coaxial circles — each pair of
opposite side faces shares the same. This makes the two edge distances ¢ and d constant
on the surface — a form of the dual cmc surface being a Christoffel dual in constant
distance.

On the other hand, if we have a dual pair of s—isothermic quadrilaterals such that the
connection of the sphere tangency points among each dual edge pair is perpendicular to
the edges, we already have a cmc cube: the perpendicular connection is the diameter of
an orthogonal circle, and by theorem 3.1.2 we only have to check that (s, s*) = (s1,s})
and (s, s*) = (s2, s3) for such quadrilaterals. By duality, all radii satisfy r* = < etc. for
a common factor a. Let us assume vj —v* < v —vand vy —v* Ry —(vg —v) (recall from
section 2.1 that by < we mean oriented parallelity). Then, in the s, s; side face, we can
calculate

(5, 5") = r2 42— (02 +(r— 7"*)2) _ 2 +2a,

2 2
<S S*>_T%+TT2_(CQ+(T1_TT)2) _02—|—20é
1,51) = 20  2a ]

and analogously for the other side:

(s, 5) = r2 42— (d? + (r +7%)?) _ d? — 204’
2c 2

o Ta At — (P4 (r2+75)%)  d?—2a
{s2,92) = 20 T T2

The same of course holds for the opposite side faces with the same geometry, and we

have a Moutard cube of dual s-isothermic quadrilaterals.

Finally, let us recall the relation of the radii of the orthogonal circles of the dual pair
of quadrilaterals to the sphere radii which will be important in our later constructions.
Since the intersection points of the vertex spheres with the orthogonal circles of the el-
ementary surface quadrilaterals are the tangent points of the edges with the orthogonal
circle, the quadrilaterals formed by a vertex, its adjacent tangent points and the orthog-
onal circle center are kites, cf. fig. 3.7. Let the angle at the orthogonal circle center in
the kite at v be called p. By the parallelity of edges and their duals, with orientation
reversal in one coordinate, the corresponding angle in the kite at v* is @ — p. Thus we
have

Lemma 3.3.1. With r, r* the radii of the spheres around v, v* and R and R* the radii
of the orthogonal circle of the elementary quadrilateral and its dual,

R%(1—cosp) =713 (1+cosp) and R**(1+cosp)=r**(1—cosp),

and in particular
RR* =rr* = a.
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Figure 3.7: The kites at v and v*

Proof. We have r = Rtan (%) and r* = R*tan ("52). The results follow with the
half-angle formula for the tangent. O

3.3.2 S—Conical CMC Cubes

Again, we start by reminding ourselves that being s—conical can characterized by scalar
products of adjacent spheres (cf. theorem 3.1.3) and thus is preserved under dualization
and Darboux transforms.

As already mentioned, note that in [BH16] s—conical cmc surfaces are defined slightly
broader than we do here with def. 3.2.2. We restrict ourselves to the case of Christoffel
dual Darboux transforms as for the other types of s—isothermic surfaces. The eight
spheres of such cubes again have a common orthogonal sphere, and the common point of
the four spheres of each surface quadrilateral is the tangency point of the face planes to
the orthogonal sphere. As these points are the intersection of the diagonals, in particular,
the diagonals are tangent to the orthogonal sphere.

As points of tangency of parallel planes to the orthogonal sphere, the diagonal inter-
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Figure 3.8: S—conical cmc cube with three spheres and the orthogonal sphere, cut open
for visibility.

section points are connected orthogonally, and their distance h is the face offset between
the dual pair of quadrilaterals. From [BH16] we know that h is constant in the surface.

In Christoffel dual quadrilaterals the diagonals were parallel to their non—corresponding
one in the dual. We call their intersection angle o.
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Figure 3.9: S—conical cmc cube, with the orthogonal connection of the diagonal inter-
section points.
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3.4 Constructing Examples

The main purpose of our characterization in lemma 3.2.2 and the subsequent proposi-
tion 3.2.3 is to establish a well-stocked zoo of examples of s—isothermic cmc surfaces by
simple, direct (and thus easily implementable) constructions. Since a complete classifi-
cation is not our goal, we accept the exclusion of the degenerate cases in lemma 3.2.2
without investigating them further.

3.4.1 CMC Darboux Transforms

Figure 3.10: Combinatorical sketch of the 4D Moutard hypercube of the Darboux trans-
formation of a cmc Moutard cube. To the left, a blue outline indicates a plus sign in the
Moutard equation of the face, and a red one a minus sign. To the right, green bars with
ends pointing towards each other within a face indicate parallel edges.

By multidimensional consistency of the Moutard equation (with correct signs), we
can simultaneously Darboux transform the surfaces in a Darboux pair and get another
Darboux pair.

In particular, by proposition 3.2.3 we can find new s—isothermic cmc surfaces as Dar-
boux transforms of existing ones as soon as we can make sure that the pair of transforms
of the original and its dual have parallel edges again. Since Moutard quadrilaterals are
planar, if two adjacent faces of a Moutard cube are trapezoids, so are their opposite
faces, since the two remaining faces lie in parallel planes. So if we start with a cmc
Moutard cube (s, s1, s2,s3,...) and construct the 4D Moutard hypercube of the cube
and its Darboux transform (¢,¢1,t2,ts,...), by proposition 3.2.3 (¢) will be cmc again if
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Figure 3.11: A small example of a cmc Darboux transform, with one of the hypercubes
drawn. The trapezoid (s, t, s3,t3) is shown in green.

the quad (s,t,ss,t3) is a trapezoid.

The sketches in fig. 3.10 help keep track of the signs of Moutard equations (as noted
in section 2.5, for multidimensional consistency the signs must multiply to —1 among
the three face directions of each 3D cube) and parallelities.

The properties vii) or viii) in in lemma 3.2.2 tell us how to choose an initial ¢ to
make (s,t, s3,t3) a trapezoid.

In fig. 3.11, a Darboux transformation hypercube is shown as it appears geometrically.

Finally, in the following figs. 3.12 to 3.15 we present some pictures of s—isothermic
cmc surfaces arising as Darboux transforms of simpler ones.
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Figure 3.12: A cylindrical patch with small sphere radii and its cmc Darboux transform;
edges, faces, spheres and orthogonal circles are shown.
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Figure 3.13: Again a cylindrical patch, but this time the spheres intersect in one coor-
dinate direction. Edges, faces and spheres are shown.
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Figure 3.14: An s;—isothermic Delaunay patch; edges, faces, some spheres and the or-
thogonal circles are shown. Note that for better visibility, the Darboux transform has
been translated relative to the original surface.
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Figure 3.15: An s—conical Delaunay patch; edges, faces, and the intersection of the
spheres with the faces are shown. Note that for better visibility, the Darboux transform
has been translated relative to the original surface.
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3.4.2 Rotationally Symmetric CMC Surfaces

Rotationally symmetric cmce surfaces have been studied classically by Delaunay ([Del41]),
and discrete analogues have been developed in the discrete isothermic case in [Hof98], the
si—isothermic case in [Hof10] and the s—conical case in [BH16]. In all cases, their meridian
curves are found by tracing focal points of ellipses or hyperbolae (or discretizations of
them) when rolling them along an axis.

Here, we use lemma 3.2.2 to find a direct construction for general s—isothermic sur-
faces.

Figure 3.16: Elementary cubes of s—isothermic unduloid and nodoid. Surface quadrilat-
erals (in (1, 2)-direction) and side faces of latitudinal edge pairs (in (2, 3)-direction) are
symmetrical Moutard trapezoids. Intersection of the symmetry plane with the cube in
dark grey. Rotational axis in black.

Lemma 3.4.1. Let s, 53 : Z — R be planar curves of spheres, i.e. such that the centers
c=(2,9),c3 = (z3,y3) : Z — R%2 C R3 lie in the (x,y)-plane, and let sa, 593 : Z — R*!
be s, s3 rotated around the x—axis by an angle 0 < p < 7. (If y and y3 have opposite
signs, we want to exclude the case (sa,s3) =1.)
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If there is a constant B > 0 such that, with r,r3 : Z — RT the radii of s, s3,

ol _ sl
T T3

= for all spheres,

the elementary quadrilaterals (s, s1,$2,$12) and (s, s2, 3, S23) are Moutard trapezoids.

Proof. For an illustration, see fig. 3.16. By symmetry, the quads have a pair of parallel
edges whose length is proportional to the distance |y| from the axis. So the claim boils
down to symmetrical trapezoids being Moutard if the length of the parallel edges is
proportional to the (equal) radii of the spheres at their ends.

So let, for now, (s, s1,s2,s12) be any such quad with e = ||c — ¢1]| = yr = 1 and
ea = |lca — c12|| = yre = vri2 the lengths of the parallel edges. We can e.g. look at
property vii) of lemma 3.2.2. In our situation, the cubic term becomes (with d the
distance of the parallel edges)

3 £ ror? 4+ (f2 — d2y — 1) £ 1ra(e? — 1?)
= +ror? + ((%e F %62)2 +d? — ((%e + %62)2 + d2)) r £ ro(e? —r?)
= Feeyr 627‘2

= Fe(yrry —yrre) = 0.

So we only need to check that our original symmetric s is the s12 of lemma 3.2.2. Since
parallelity and the correct radius are given by symmetry, we check

yr e
€3 = YTro = 7"’!“2*2 =Trro—.
r rry
The case not covered by lemma 3.2.2 nor excluded here is that of symmetric embedded
quads with s; and se (and thus s and sj2) in exterior tangency. They are s—conical
quads (and thus Moutard trapezoids) as soon as the points of tangency coincide with the
diagonal intersection point 0. Solet a = ||c — o|| = ||e1 — o|| and b = ||ca — 0| = ||c12 — o||
be the diagonal segment lengths. They are proportional to the edge lengths e and es
and thus, by assumption, to the radii » and r9. Together with the touching spheres (and
the symmetry), we get

a_r and a+b=r+r9,
b T2
resulting in @ = r and b = ry as desired. O

So if we have a pair of meridian curves s and s3 with radii proportional to the distance
to the axis, we get a cmc surface of revolution as soon as the elementary quadrilaterals
(s, s1,s3,513) are Moutard trapezoids as well.

The elementary trapezoids from lemma 3.4.1, i.e. those with edges in rotational
direction, are embedded iff the y—values of their centers have the same sign. Since we
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Figure 3.17: Elementary quadrilaterals of the pairs of meridian curves of an s—isothermic
unduloid and nodoid. Rotational axis in black.

want the surface quadrilaterals (in (1,2)-direction) to be embedded, the two meridian
curves can never cross the axis. In the case that the curves lie on opposite sides, the
(2,3)—quads are non—embedded, i.e. Moutard—, and the (1,3)—quads of the meridian
curve pair will have to be Moutard+: this is the unduloid case. Conversely, if both
meridian curves lie on the same side of the axis, the (1,3)—quads of the meridian curve
pair will have to be Moutard—, and we are in the nodoid case.

Now, we want to see how to construct suitable pairs of meridian curves. As in
lemma 3.2.2, in the £+ and = signs, the top one will always refer to the Moutard+ and
the bottom one to the Moutard— case.

Lemma 3.4.2. Let s, s3 be spheres with radii v,r3 > 0 and centers
c=(0,Fpr), c3 = (—d, fr3) € R?

for somed € R and 0 < 8 < 1. Let a := rr3. For some x € R, consider the spheres

s1 with some radius r1 > 0 and center ¢y = (z, Fpr1) and s13 with radius r13 = % and

center c13 = (—d £ x3, fr13), where x3 := %x Assume s1 satisfies the assumption of
unique X\ in lemma 3.2.2. Then (s, 1,83, $13) is a Moutard+ trapezoid with (s,s1) =T

if, with b:=1— % and t := 7 — 2,

e d=0 and
_— b+ at
VT r3b’
z? = (7’2 + r%)b — 2rret, (3.1)
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e ord#0 and

r <r§b2 + 3 4 b(+2at — d2)>
—2rry (:ta(b2 + 1) +t((r* +13)b — d2)>

12 (1267 + 132 + b(2at — d?) ) = 0,

T = é(:l:rg(rlb — rt) + r(rlt — rb)).

Figure 3.18: A dual pair of meridian curves for an s—isothermic unduloid. Rotational
axis in black.

Proof. For an illustration of the geometry, see fig. 3.17. The construction of si3 is the
same as $12 in lemma 3.2.2; so it suffices to show property vii) for s;. In our case, the
quantities there become

62 = $2 + 182(T - T1)27
fP=d®+ 52(7‘ + 7“3)2,
d%2 =(d+ 33)2 + 52(7“1 + 7’3)2.
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Figure 3.19: A dual pair of meridian curves for an s—isothermic nodoid. Rotational axis
in black.

The term from property vii) we want to vanish is

ri £ rarf + (f7 = diy — 1) £rs(e? —r?)
=73+ rgrd + (—Qxd — 2% 4 B2(r? £ 20 — 7} F 2ry713) — r2)r1
+ry (:L‘2 + (8% = 1)r? — 28%rr) + Bzr%)
= br} £ brirg — 2®(ry Fr3) — 2adry — br’ry F bar
= b(r{ —r?)(r1 £ r3) —2?(r1 Fr3) — 2xdry. (3.2)

Now, first suppose d = 0 and the assumptions for that case hold. The term (3.2) becomes

b(rf —r?)(r1 £ r3) — 2% (ry Fr3)

=b(rf —r?)(r1 £73) — ((r* + rD)b — 2rr1t) (r1 F r3)
= :|:2br%r3 —2br?ry + 27“7“%75 F 2arit

= 2r1(r1(rt £ rsb) — (r%b + ar)),

which vanishes by the assumption on 7.
If d # 0, again suppose r; and z satisfy the assumptions. This time, (3.2) becomes

b(r? — r2)(ry £ 13) — 2xdry — 22 (1] Fr3)
=b(r? —r?)(ry £ 73) — 21, (:l:rg(rlb —rt) +r(rit — ’I"b)) —2%(ry Fr3)

= b(r% + rirg — ey T rirs T 2r2rs + 2r2r1) — 2trry(ry T r3) — 22(r1 T r3)
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= b(r:f T 7‘%7’3 +r¥ F r2r3) —2trry(ry Fr3) — x2(r1 Frs)
=(r1 Fr3) (br2 + br% — 2trry — x2),

which again vanishes if (3.1) holds.
Now we square the assumption for x and get

22d? = r3(rb — rt)* + r2(rit — rb)* & 2a(r1b — 7t)(r1t — rb)
= r%(y’%bQ +r2? + 2abt) — 2rry (r%bt +r2bt + (Jz(b2 + t2))
+ 7“2(1"?2)152 + 2% + 2aibt),

telling us that our assumption on r; is just
22d? = (br% —2trry + er)d2,

which, since we had d # 0, is the same as (3.1).
And since, if (3.1) holds,

1
(s,81) = p— (7"2 +r? — 62)

1
= (1= b= %) + 171 = b~ %) + 2rri(t + §7))
2rry
= 7"
we get the desired scalar product in both cases. O

Given an initial pair s, s3, we can use this to iteratively construct a pair of meridian
curves of Moutard trapezoids satisfying the prerequisites of lemma 3.4.1 with prescribed
scalar products along the edges. Note that in the first step, the quadratic equations
in lemma 3.4.2 give us a choice of direction, while in the subsequent steps one solution
corresponds to the previous quadrilateral. Examples of the resulting meridian curves
are shown in figs. 3.18, 3.19 and 3.22

The Moutard trapezoid properties from lemma 3.4.1 and lemma 3.4.2 together guar-
antee that we get an s—isothermic cmc surface by repeatedly rotating the meridian pair
around the x axis. For completeness, if we also want to prescribe the rotational angle
steps by the scalar product along edges in rotational direction, we note that they are
connected by the simple geometric relation

Lemma 3.4.3. Let s be a sphere with radius r > 0 and center c¢ in distance Br from
the x axis, and let sy be s rotated around said axis by an angle of 0 < p < w. Then
<87 32) =0 Zf
1
cos p = @(J— 1) + 1.
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Figure 3.20: A patch of the s—isothermic unduloid with the meridian curves from fig. 3.18.
Each surface of the dual pair is shown separately, with the respective other one shown
as wireframe. Spheres are shown as their intersection with the faces.

Proof. We have
2
leg —c||* = (2ﬂr sin g) = 242%r%(1 — cos p)
and thus

1
T=53 (2r® — 28°r*(1 — cos p)) = 1+ B*(cosp — 1).

A few examples are illustrated in figs. 3.20, 3.21 and 3.23.
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Figure 3.21: The same for the nodoid with the meridian curves from fig. 3.19.

Figure 3.22: Another unduloid meridian curve. With the ratio of sphere radii and
distance to the axis constant, prescribing the scalar products along the curve controls
the coarseness of the discretization.
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Figure 3.23: An unduloid with the meridian curve from fig. 3.22. Different rotational
angle steps control the coarseness in rotational direction.

63



64



Chapter 4

Non—Planar Geometry

In this chapter, we will explore the properties of the non—planar quadrilaterals occurring
in the surfaces in the associated families of the various types of s—isothermic minimal and
cmc surfaces. We begin by defining a (or more specifically, two versions of a) condition
on the dihedral angles along edges of non—planar quadrilaterals that will characterize
these quadrilaterals.

We will then, in section 4.2, show that the quadrilaterals of the previously known (cf.
[BHS06]) associated family of s;-isothermic minimal surfaces satisfy (the first version
of) this condition.

S—Conical minimal surfaces have been studied in [BHKS15], where we also provided
a construction for the associated family. In section 4.3, we recapitulate this construction,
and additionally show that its quadrilaterals satisfy our conditions as well.

In section 4.4, we develop a geometric construction for the associated family of s;—
isothermic cmc surfaces, which have been studied under the name s—cmc surfaces in
[Hof10]. We will then show that this construction will meet the full extent of the condi-
tions we define in section 4.1; indeed the idea for the conditions arose from the study of
this construction.

We will proceed to conjecture, as indicated by evidence from numerical experiments,
that our conditions are sufficient to construct associated families for general s—isothermic
cme surfaces. Finally we will apply the construction found in this way to s—conical cmc
surfaces, which have been studied in [BH16]. Again backed by numerical evidence, for
this case we propose a more direct geometric construction.

65



4.1 Bent and Folded Quadrilaterals

These will be the properties that characterize the non—planar quadrilaterals in the as-
sociated families of s—isothermic minimal and cmc surfaces. We first present formal
definitions, and then a more direct formulation that is equivalent up to orientational
considerations. In the end, we will mention how those properties can be considered an
extension of the discrete isothermic case as mentioned in section 2.6.

Definition 4.1.1. Let (s, s1, 2, S12) be a quadrilateral of spheres with centers
v,v1, 2,012 € R?

and radii

r,71,T2,712 > 0.

Let

1. _ 1. 2 ._ 2. __
e =V — 0, €9 1= V12 — V2, € =V —, €1 = V12 — U1

be the oriented edges and

el x €2 el x e? el x €2 el x €2
ni= g, N Ng 1= ————— Ny
let x e?]]

flet x|’ ~lled x eI’ ~ lled x el

the unit corner normals. The quadrilateral is called a—bent for an a € R if

B 1
T Ve
_ —a 1
R Y= s [ Ay B
_ a 2
BV ) [ B
N1 X nig = a

2
e
V(i +a?)(ri, + a?)

Definition 4.1.2. Let (s, s1, s2, 83, S12, $13, $23, S123) be a cube of spheres. The cube is
called a—bent for an a € R if the s—quadrilaterals

(s,51,82,512), (53,513,523,5123), (5,51,83,513) and (s2,512,523,5123)

are a—bent and

(s, 82,83, 523) and (s1, S12, 513, S123)

are —a—bent.
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E.d

Figure 4.1: An example of an a—bent quadrilateral, with spheres and corner normals
respectively. Note the opposite rotational directions around e! and e?, corresponding to
the alternating signs at a in def. 4.1.1.

Definition 4.1.3. Let (s, s1, 2, $12) be a quadrilateral of spheres with centres
v,v1, 02,012 € R?

and radii
r,71,7T2,712 > 0.

Let

1. 1._ 2. 2.
e =V —, €9 1= V12 — V2, € =V —, €1 = V12 — 01

be the oriented edges and

el x e? o elxel e xe? _oeyxe
e xe M T g ke M

||@1 x ef]’ ||@2 x ef|

the unit corner normals. The quadrilateral is called k—folded for a k € R if

k 1
nXxXn = e,
T+ R+ k)
no XN = k 61
T AR
nXn _k 62
2 p—
VT R+ k)
_k 9
ny X nig =

e
V(4 k) (14 ki)
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Figure 4.2: A second example of an a—bent quadrilateral.
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Figure 4.3: An example of a k—folded quadrilateral.
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Definition 4.1.4. Let (s, s1, s2, s3, S12, $13, $23, S123) be a cube of spheres. The cube is
called k—folded for a k € R if the s—quadrilaterals

(s,51,52,512), (53,513,523,5123), (8,51,53,513) and (s2,s12,523, 5123)
are k—folded and
(s, 82,53, s23) and (s1, S12, $13, S123)

are —k—folded.

Remark 4.1.1. With
§' = L(n,n1) = Ly, (v2,012)
the dihedral angle along the edge e', and of course analogously for the other edges, the

equations in defs. 4.1.1 and 4.1.3 mean

sin §! B —a
le'l /(2 +a?)(r} + a?)

etc.

or
sin 6t k

el ~ /Lt k22 1 k22

respectively; the cross product notation makes sure we consider the correct sign (i.e.

rotational direction) of the dihedral angle.

Remark 4.1.2. Note that in the above definitions, the choice of sign is just a convention.
Changing orientation of or cyclically relabelling a quadrilateral changes the sign, and
consequently reversing one coordinate direction conserves foldedness and bentness.

Remark 4.1.3. Note that for a =0 or k = 0, the definitions just mean the the quadri-
lateral is planar. For k # 0, being k—folded is the same as being —%fbent, but we keep
the separate definition because we will suggestively use it for different views of the same
cube.

Remark 4.1.4. Looking at the reformulation of k—foldedness in remark 4.1.1 we see that
for vanishing sphere radii, we recover the property of equally—folded parallelogram cubes
as mentioned in section 2.6, with k replacing the folding parameter o. Our adaptation
will appear for interleaved cubes just at the property for the associated family of discrete
isothermic cmc surfaces did.
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4.2 S;—Isothermic Minimal Surfaces

S1-isothermic minimal surfaces have been introduced in [BHS06], including the associ-
ated family and a WeierstraB—type representation. Here we revisit the geometry of the
elementary quadrilaterals in the associated family, as laid out in lemma 4 of [BHS06],
to show they fit the definitions we proposed in chapter 4.

Recall that the minimal surface is Christoffel dual to the Gaul map, which in the
s1—isothermic case is edge—-tangent to the unit sphere. The spheres sitting at the vertices
of the Gaufl map intersect the unit sphere orthogonally and are mutually tangent along
edges, in the same point in which the edge touches the unit sphere.

We start out with an elementary quadrilateral of the Gauss map, i.e. a planar quadri-
lateral with edges tangent to the unit sphere. The intersection of the plane containing
the quadrilateral and the unit sphere is the incircle of the quadrilateral. Let py, ..., ps
be the vertices of the quadrilateral, I; = p;11 — p; its edges with tangent points ¢; to
the sphere/incircle, and N the unit normal to the plane of the quadrilateral. For each
vertex p;, let

ri = |lei — pill = [leim1 — pil|

denote the tangent length, such that ||;|| = r; + rj41. Assuming the sphere is centered
at the origin, for each edge let I be [; rotated around ¢; by an angle of ¢; then

(,1)2' 1%

ef =
TiTi4+1

are the edges of the corresponding quadrilateral in the associated family of the minimal
surface. For ¢ = 0, it is just the dual planar quadrilateral.

Now to make our calculation, we want to introduce a common coordinate system
for three consecutive edges. First recall the edge—wise ONBs introduced in the proof of

[BHS06, lemma 4]:
l:
’Uiziz, N, wi:NXUi.
il

In those ONBs, the edges were

where

vf = €0S v; + sin p cos Yw; + sin psin YN,

with 9 the angle between N and ¢; (which is the same for all edges).
Since N is the same for all edges, we only need to set up common coordinates for
Vi—1, Vi, Vi1 and w;_1, w;, wi4+1 within the orthogonal complement of N, i.e. the plane
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Figure 4.4: A quadrilateral of the Gauss map and its dual (lengths not to scale)
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of the Gauss quadrilateral and its incircle. To that end, let R = sin® be the radius of
the incircle. We set the centre of the incircle to be the origin, and

Uy = 0]’ w; = e
0 —T; T
C = (—R) y P =Cp— T = (_é) y Pitl =€ FTip1v; = (_ﬁ%) .

Now we find ¢;—1 and ¢;4+1 by mirroring ¢; at p; and p;+1, respectively:

C: _2<C7,7pz> —C——2R72 i n 0 _ L _QT'Z‘R
T ||pz'||2pz t r2+ R2 \ R R _m-2+R2 r2-R2)’

(Ci, i) R? Tig1 0 R 27“i+1R
Cit1 =2—"—2Pit1 —C =2—5——— + = .
' il ' rig + R\ -R R r +R2\r?, — R?

The wj are just the normalized negatives of the ci, and the v, perpendicular to the

1 2TZ‘R
Wil = —5——5
1 2+ R2\R?*—r2)’
2rz+1R
Wi41 =
Toriat Rz ( )

R2
Vit :r +R2 —2r;

R2 z+1
27’Z+1R

putting

former (correctly oriented):

Vitl = 5 o
1t R

We use these coordinates to prove

Proposition 4.2.1. The elementary quadrilaterals in the associated family of an s—
isothermic minimal surface, consisting of the edges

e = (T
! TiTit1

and spheres of radii % at the vertices p;, are sin p—bent.
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Figure 4.5: The rotated directions and edges (lengths not to scale)
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Proof. We pick an edge €7, and look at it together with its adjacent edges ef | and e/ ;.
In the coordinates introduced above, with the added third dimension

we get
cos
Sﬁ _ .
v, = | sinpcos? |,
sin @ sin ¥

cos p(R? — r2) + sin g cos ¥(2r; R)

1 .
vl | = e | e ©(—2r;R) + sin p cos9(R? —12) |,
’ sin psind(r? + R?)
1 cos (R? — r2;) + sin p cos ¥(—2r; 11 R)

cos p(2ri41R) + sinp cos9(R? — 7, ;)

Vit1 = 2 2
T R
it sin psind(r?, ;| + R?)

Now, for the corner normals n and n; of def. 4.1.1, we only need the direction of the
edges. In the cross products, the signs of the two adjacent ef cancel; but note that the
choice of signs in def. 4.1.1 assumed the opposite orientation of e/ ;. So we calculate,
on occasion invoking sin = R,

T ®

n~ —v! x v
cos ¢ cos p(R? — r?) + sin ¢ cos ¥(2r; R)
- singcosd | x | cosp(—2r;R) + sin @ cos 9(R? — r?)
sin ¢ sin ¢ sin psin9(r? + R?)

sin? p cos VR(r? + R2) + 2sin ¢ cos pr; R? — sin? g cos YR(R? — r2)

= — | —sinpcos pR(r? + R?) + sin ¢ cos p R(R? — r?) + 2sin?  cos Ir; R?
—2cos? pr; R — 2sin? p cos® Ir; R

sin p R(2sin ¢ cos Ir? + 2 cos pr; R)

= — | sin pR(—2 cos pr? + 2sin ¢ cos Ir; R)

—2r;R(cos? p + sin® p(1 — R?))

— sin @(sin ¢ cos ¥r; + cos ¢ R)
+ . .
~ | siny(cospr; —sinpcos YR)
1 — sin? pR?
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and analogously

t e ]
ny ~ v XU,

Ccos cos p(R* —r?,,) — sinpcos¥(2ri11 R)
sinpcosd | x | cosp(2riy1R) + sinpcosI(R* — 12 4)
sin ¢ sin ¥ sin psind(r?, ;| + R?)

0+

sin? p cos YR(r? ; + R%) — 2sin ¢ cos pri1 R? — sin® p cos YR(R? — 1, ;)
= | —singpcospR(r?, | + R?) +singpcos pR(R* —r?, ) — 2 sin? ¢ cos ¥r; ;1 R
2 cos? pri 1R + 2sin? pcos? Iri 1 R

sin pR(2sin p cos 9r? ; — 2cos prit1 R)
= | sinpR(—2cos ¢r?,; — 2sin @ cos ¥riy1 R)
2r;11R(cos? ¢ + sin® (1 — R?))

sin p(sin ¢ cos Ir;11 — cos pR)

2+

— sin ¢(cos ri41 + sin g cos YR)
1 — sin? pR?

=:ni
Their squared norms are

|72]|* = sin® <p(sin2 @ cos® 9r? + cos® pR? 4 2sin ¢ cos @ cos V7 R
+ cos? pr? 4 sin? p cos® YR? — 2sin ¢ cos ¢ cos 797“ZR)
+ (1 — sin? pR?)?
= sin® p(r] + R?)(sin® p(1 — R?) + cos® p) + (1 — sin® pR?)?
= (1 —sin® pR?) (sin® p(r] + R?) + 1 — sin® pR?)
= (1 — sin® pR?)(1 + sin? pr?)

and

||lm1 H2 = sin? go(sin2 @ cos? 197“@-2“ + cos? @R? — 25sin ¢ cos ¢ cos V41 R
+ cos? ‘P’"z’2+1 + sin? ¢ cos? YR? + 25sin ¢ cos ¢ cos Vit R)
+ (1 — sin? pR?)?
= (1 —sin? pR?)(1 +sin® pr?, ),

and we have

— sin (sin ¢ cos ¥r; + cos ¢ R) sin p(sin ¢ cos Ir; 11 — cos pR)
nxny = | sinp(cospr; —singpcosIR) | x | —sinp(cospriri + sinpcosIR)
1 — sin? p R? 1 —sin? pR?
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(1 — sin? @ R?) sin ¢(cos pr; — sin @ cos YR + cos riy1 + sin @ cos I R)
= | (1 — sin® pR?) sin p(sin ¢ cos ¥r; + cos @R + sin p cos Ir; 11 — cos g R)
sin? go(sim2 @wcos?I(riR + 111 R) + cos? o(rip1 R + riR))

(1 — sin? 9 R?) cos ¢
= sin@(r; + Tit1) (1 — sin? 9 R?) sin ¢ cos ¥
sin @ R(cos? ¢ + sin? (1 — R?))
cos ¢
= sin (1 — sin® @R?)(r; 4+ ri11) | sinpcosd
sin @ sin ¥

= sin (1 — sin® R?)(r; + rip1)vy.

Together, we get

1 ~  ~
nXxXny = n X ny
(1 — sin? @RQ)\/(l + sin? pr?)(1 + sin? npriQH)
B sin Ty + it o
VG +sin? @) (= +sin® ) Tifie
i i+1
(—1)sing v
_ e’.
\/(% + sin? (’0)(7}%1 + sin? ) ‘

Recalling that def. 4.1.1 also requires the alternating sign, this proves sin ¢—bentness for
the sphere quadrilateral. ]
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4.3 S—Conical Minimal Surfaces

Here we present the construction of an associated family for s—conical minimal sur-
faces that has already been our contribution to [BHKS15]. In addition, we show in
proposition 4.3.13 that this construction satisfies our conditions from def. 4.1.1, and in
section 4.3.3 that it is consistent with the more recent and more general construction
independently developed by Wai Yeung Lam in [Lam16].

Again, the minimal surface is the Christoffel dual of its Gauss map, whose vertex
spheres are orthogonal to the unit sphere. In the s—conical case, the four spheres of all
elementary quadrilaterals have exactly one point in common, which for the Gauss map
lies on the unit sphere and is the tangent point of the face plane to the unit sphere. We
call such a discetization of the unit sphere an s—conical Gauss map. For details refer
back to [BHKS15].

4.3.1 Construction of the Associated Family

In this section, let n always be an s—conical Gauss map with diagonal intersection angle o
and f its dual s—conical minimal surface. We always assume the scaling of f is such that
the lengths of its diagonal segments — which are just the radii of the spheres centered
at the vertices — are the inverse of the length of the respective segments in n.

Theorem and definition 4.3.1. Let n be an s—conical Gauss map and f its dual s—
conical minimal surface on a simply connected quad—graph. Let e = f; — f be an edge
of f, g = n; —n the corresponding edge of n, and IV the face normal of an adjacent face.
Let ¢ be any angle. Then we can define

i) an edge normal E as the direction given by the closest point to the origin on g;
ii) the angle o formed by E and N (also cf. figure 4.6);

iii) a scaling factor

A= \/1 + sin? ¢ tan? o;

iv) a rotation angle ¢ satisfying

1 . 1 sin
cosp = Xcosw, sin p = Neosal

v) and a transformed edge e¥ by rotating Ae around E by ¢.

Neither of these quantities depend on the choice of adjacent face. For each quadrilateral
of f, its four transformed edges again close to a (in general non—planar) quadrilateral,
and we get a transformed surface f¥. The family of these f¥ is called the associated
family of f.
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Figure 4.6: The edge normal

We collect the calculation steps needed for the proof in several lemmata.

Lemma 4.3.1. None of the quantities E, a, \, ¢ and eV defined above depend on the
choice of the face adjacent to g.

Proof. The only definition directly involving this choice is the one of «, so this is the
one we have to check. But the normals N, N; of the adjacent faces are both the tangent
points of planes containing g to the unit sphere. Therefore the situation is completely
symmetric with respect to the plane containing g and the origin. In particular, E is the
angle bisector of N and NNV;, and « is just half the angle between the face normals. [

Now we look at the individual quadrilaterals.

Lemma 4.3.2. Let P denote the plane of the adjacent face with normal N. Then the
projection e}g of €¥ into P is just e rotated around N by 1.

Proof. As depicted in figure 4.7, consider the spherical triangle formed by the normal-
izations of e, e¥ and e}é. It has a right angle at eﬁ, and the angle at e is a. The length
of its hypotenuse ee? is ¢. Denote the angle formed by e¥ and e}g, i.e. the length of the

edge e‘/’e}g in the triangle, by 9. Identities from spherical trigonometry yield
tan ¥ = sin 1 tan «

and therefore .
Y= —;
cos 3
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Figure 4.7: The rotated and rescaled edge and its projection into P

they further confirm that our choice of ¢ is the right one for the side ee}p, to have length
.

Since the length of the projection satisfies |eﬁ| = cos¥|e?|, our rescaling factor A
precisely conserves projected length. O

As we want the actual transformed edges e? to form closed quadrilaterals, we still
have to consider the — with respect to face planes — vertical component. We begin
with its absolute value in order to avoid working with signed angles. First, we note that
we know something about the lengths of the original edges:

Lemma 4.3.3. The length of e is
le| = cot asin o,
where o is the (globally constant) diagonal intersection angle.

Proof. First consider the triangle (n,n;, N) formed by the corresponding edge g and
adjacent diagonal segments of the corresponding face in the Gauss map. The lengths of
its diagonal segment are r* and r}. Its angle at N is o (or m — o, which would give the
same result). The height connecting N and the edge ¢ in this triangle is

k%

sino—-% = tan o
9]
since the point on g closest to N is just the edge normal E: both N and E lie in the

plane orthogonal to g through the origin. So

g1
r¥r

= cotasino.

*
7

In our choice of scaling, this was precisely the length |e| of the dual edge. O
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Lemma 4.3.4. The absolute height of eV in N -direction is
h = sinysino.

Proof. As above, let ¥ be the angle formed by e¥ and the face plane. By spherical
trigonometry,
sin} = sin ¢ sin «,

and recalling the definition of ¢ and using lemma 4.3.3 we calculate

h = sin]e?| = sint sin 0.

Lemma 4.3.5. The sign of the N -component of €¥ alternates around each face.

Proof. For each edge of a quadrilateral, let p be the the point on g closest to the origin
(such that F = H%H). Since p — N, g and N are orthogonal, we can identify our R? with
ImH by orientation—preserving isometry such that

p— N =di, e=1j, N =k for some d > 0,] € R.

Then, always up to positive factor, F < di + k. Our transformed edge e¥ was, up to
positive rescaling, e rotated around E by ¢. So in our identification, by quaternionic
rotation we have

v L (s cos (g) +sin (g) (di + Jk)) Ij ((s cos (g) ~sin (g) (di + ]k))) .

with some further positive factor s > 0. We calculate its k—component and find it to be

s (£) 0 (3)

From the definition of ¢ we see that ¢ is in the same quadrant as 1, independently

positively proportional to

of @ € [0,5). So the signs of cos (%) and sin (%) are the same for each edge of our
quadrilateral.

Therefore our desired sign is just given by the orientation of (p — N, e, N); since N is
the same for all edges, by the orientation of (p — N, e) within the face plane P. Let v1, vo
be the normalized diagonal directions; our quadrilateral is then (ajvy, agva, agvi, aqve) for
some ay,...,as € R\{0} (with the diagonal intersection point N as the origin of P). The
(non-rotated) dual quadrilateral is, up to global scaling, (—a—llvg, —évl, —a—lgvg, _57141’1)'
Now for each edge g = anv; — amv; (with i # j € {1,2}), we find p to be given (within
P) as

Ay,

— — i . . _|_ — iy . - ),
D a2, + a2 — 2aman Vi, v;) ((am — an{vi, v5))vj + (an — am(vi, v;))vi)
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We calculate the desired orientation of (p — N, e) (within P):

mGn

det(p,e) =
(p, ) a2, + a2 — 2a.,a, (v;, vj)

1 1
- det <(am — an(vi, v5))v; + (an — am (vi, v5))vi, v~ vi>

m an,

S Aman, (“m — an{vi, v)) 4 I am<vi’vj>> det(v;, vj)
a2, + a2 — 2a,,an,(v;, vj) Gn am

= det(vi, Uj).

Since (i, ) alternates between being (1,2) and (2,1) around our quadrilateral, the ori-
entation indeed alternates, and so does the sign of (e¥, N). O

Proof of the claims in theorem and definition 4.5.1. By the lemmata 4.3.2 through 4.3.5,
we see that for each quadrilateral, the transformed edges close to form a new (not neces-
sarily planar) quadrilateral. By lemma 4.3.1, the edges of adjacent transformed quadri-
laterals fit together just by translation, so they patch together around each vertex. By
simple connectedness of the domain, they form a well-defined surface. O

4.3.2 Properties
We collect some important properties of f¥ we have seen in the construction in

Corollary 4.3.6. i) For each face of f, with P its plane, the projection of the cor-
responding face of f¥ into P is (up to translation) just the original face rotated by
1 around the face normal N.

i) The diagonals of each face of f¥ are parallel to their corresponding diagonal in f
rotated around N by ¢ and retain their length.

iti) The diagonals of each face of f¥ have distance h = sinisino to each other.

In the classical theory of minimal surfaces, the metric and the Gauss map is preserved
in the associated family. In the s—conical case, we can look at the spheres centered at
the vertices and meeting in the diagonal intersection points and interpret their radii r
as a metric parameter: a coefficient at each vertex such that lengths of diagonals are
the sum of the values at the adjacent vertices. Surface normals come in three variants:
vertex normals are the cone axes, their direction given by the vertices of the Gauss map
n; face normals are obvious for the planar faces, and here their direction coincides with
the diagonal intersection points of the Gauss map; edge normals E have been defined in
theorem and definition 4.3.1 above.

From what we have seen, it is most natural to make the following definitions, giving
names to the different types of normals and the metric coefficient in the associated
family:
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Definition 4.3.2. Let f¥ be in the associated family of an s—conical minimal surface.

i)

ii)

iii)

iv)

The face normals N¥ are the directions orthogonal to both diagonals of the face.
We choose their orientation w.r.t. directed diagonals to be the same as that of NV
w.r.t. the correspondingly directed diagonals of f.

The angle bisector of two adjacent face normals is orthogonal to the common edge;
we define it to be the edge normal EY.

For each face adjacent to a fixed vertex of f¥, consider the triangle formed by
the edges containing the vertex. These triangles are tangent to a common cone
with tip at the vertex; we define its axis to be the vertez normal direction n?. Its
orientation is again set to be the same as that of n w.r.t. the corresponding edges

of f.

On the two diagonals of each face we denote the points closest to the respective
other diagonal by o% and 6% (at the moment, in our notation we do not care for the
attribution to the specific diagonals). By the definition of N¥ above, 0¥ —o¥ || NV.
Cf. figure 4.8.

On each outgoing diagonal of a fixed vertex of f¥, consider the point o¥ (or o%).
These points lie on a sphere centered at the vertex; we define its radius to be the
metric coefficient ¥ at the vertex.

The existence of the spheres allowing for the definition of the metric coefficients will

be shown together with

Theorem 4.3.7. The vertex, edge and face normals as well as the metric coefficients

are preserved in the associated family:

Let f be an s—conical minimal surface with n its dual s—conical Gauss map and f¥

be in the associated family f.

i)
ii)
iii)

i)

NY = N, where N is the face normal map of f and n.

EY = E, where E is the edge normal map of f and n as defined in theorem and
definition 4.3.1.

n¥ =n

r¥ =1, where r are the sphere radii of f.

Proof. i) Follows directly from 4.3.6, part ii)).

ii)

By definition, the edges of f¥ are orthogonal to E, and by i)) the angle bisector
of adjacent NV is still E.
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Figure 4.8: A vertex normal and two face normals in the associated family. The normals
of the triangles adjacent to the front center vertex lie on a circle around the vertex
normal. The face normals are orthogonal to both diagonals.

iii) Will follow from the next proposition and its corollary 4.3.9.

iv) By 4.3.6, part ii)), up to rotation around N, the diagonals projected into the plane
P orthogonal to N are just the original diagonals of f. Since N is orthogonal to
both diagonals of f¥, in the projection their closest points become the intersection
point. So the distances from vertices to the closest points are the same as the
distances of vertices and diagonal intersection points of f, where we knew the
spheres existed.

O]

Proposition 4.3.8. Let n be an s—conical Gauss map and f its dual s—conical minimal
surface. Then for each vertex f¥ and adjacent face of f¥, the angle v between the vertex
normal n and the normal N of the plane spanned by the vertex and its two neighboring
ones in the face satisfies

2

cosv = y/cos? k + sin? Kk sin? 1,
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where Kk is the angle formed by n and the original face normal N.

Figure 4.9: The configuration in proposition 4.3.8

Proof. For an overview of the situation, we provide figure 4.9. We look at the spherical
triangle A formed by N, n and N with sides K, the angle n formed by N and N and the
desired v. We can calculate v from n and the angle at N.

Note that w.l.o.g. we consider, as depicted in figure 4.9, the case where fil and
fiQ lie above f¥ with respect to N. In the other case, both sides x and n of A change
orientation, leaving the angle at N unchanged.

Let @ be the original (planar) quadrilateral of f and P the plane parallel to @ sitting
at our vertex f¥; by Q¥ = (f?, ff) , ffé, f;z) ) we denote the (non—planar) quadrilateral of
f¥ (Since we are looking at just one fixed quadrilateral, we use this notation regardless
of any actual grid directions, in particular, the same notation applies for a vertex with
valency other than 4). By corollary 4.3.6, 1)), the projection Q}é of Q¥ into P is Q
rotated around N by 1.
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By definition of s—conical Gauss maps, the projection of the cone axis n into P,
indicated in figure 4.9 by a dashed line, is parallel to the diagonal nnjs, so by duality
it is parallel to the diagonal fifs of @@ and consequently forms the angle v with the
diagonal of Q;@ not containing the vertex f¥. Since the plane through f¥ spanned by
the directions N and N is perpendicular to this diagonal, the angle at N in A is § — ).

The side 7 in this triangle is the angle between P and the triangle f¥, f{/) and fg) ;
we can calculate it as follows: The length of the diagonal segment at f¥ of Q}é is cot K,
since the corresponding length in the Gauss map is tan x. The distance from f¥ to the
other diagonal of Q% is therefore sin o cot k, so

h = sino cot k tann;
but by lemma 4.3.4 we also know
h = sinvysino.

So we know

tann = siny tan k.
Now we can use trigonometric identities to calculate
. . T
COSV = COS K COs 1) + sin K sin 7 cos (5 — zp)

= cos k cos(arctan(sin ¢ tan k)) + sin x sin(arctan(sin ¢ tan x)) sin ¢

= 1/ cos? k + sin? K sin? 1)
]

The preceding result allows us to notice that, in a non—planar sense, the conicity
property survives in the associated family:

Corollary 4.3.9. For each vertex f¥ of the transformed surface, the adjacent half-face
triangles are still tangent to a common cone with tip at the vertex and axis direction n.

Proof. Since f was conical, K was constant around each vertex. Therefore v is constant
as well. O

For classical minimal surfaces, the member of the associated family rotated out of
curvature line parametrization by 1 = 7, called the conjugate minimal surface, is param-
etrized asymptotically. Recalling that a discretization of asymptotically parametrized
surfaces is given by nets with planar vertex stars — called A-nets, see e.g. [BS08] —,
we see that our discretization shares this property:

Corollary 4.3.10. For ) = §, the transformed surface f¥ is a discrete asymptotic net.
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Proof. Proposition 4.3.8 yields cosv = 1, and this precisely means planar vertex stars.
O

In the smooth as well as discrete isothermic and s—isothermic cases, the associated
family arises just by rotating partial derivatives or edges around (edge) normals by a
constant angle, so obviously each member of the family is the linear combination of the
conjugate pair by the cosine and sine of that angle. In the s—conical case, we rescale and
rotate by a varying angle, but in the result this is still true:

Proposition 4.3.11.
¥ =cosyf +sinepf2.

Proof. We work edge—wise and use the notation of theorem and definition 4.3.1. We
choose b with |b] = |e| such that E,e,b form a positively oriented orthogonal basis.
Then, by construction,

1
Y=\ in b) = iny——o~>.
e (cos e + sin pb) coswe—i-smwcosa

1
cos o

b is just ez. O

In particular, if we plug in ¢ = 7, we see that

For use later on, we note that from the proof of proposition 4.3.8 we can calculate
the distance of diagonals and vertices (of the same face): for each vertex of f¥, the
diagonals not originating at the vertex of all adjacent faces have distance

d = Vh? + cot? ksin® o = \/sin? 1 sin? o + cot? ksin o = sin o/ cot? & + sin? 1 (4.1)

to the vertex.

Another fact we note for later use is

Corollary 4.3.12. For o = §, the point on a diagonal closest to both vertices not

contained in the diagonal is o¥ (or 0¥, whichever lies on that particular diagonal).

Proof. In this case, the other diagonal and the line through o¥ and 6% with direction
N span the plane perpendicular to the diagonal being considered, so in particular, the
vertices in question as well as 0¥ and 6% are contained in that plane. ]

Now we can proceed to show how these quadrilaterals fit into our new characteriza-
tions from section 4.1. Note that the work already presented in [BHKS15] ends here,
and this will be new to this publication.

Proposition 4.3.13. The sphere quadrilaterals of f¥ are sin-bent.
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Proof. Consider the vertices f¥, ff’ , f;p , f{é of a quadrilateral of f¥, with corresponding
sphere radii 7, 1,72, 712. By our previous findings, we can choose coordinates such that

T 1 COSO —T9COSO —T12
fw =101, f{p = | rysino |, fﬁ’ = | —r9sino |, f{é = 0 ,
0 h h 0

where, as seen in lemma 4.3.4, h = sin¥ sino. In this model, we calculate the edges and
corner normals, with notation as in def. 4.1.1:

71COS0 — T 79 COST — T12
el = risino , e% = T98in o ,
h —h
—T9COSO — T —T1COS0 — T12
e? = —rgsino , e% = —risino ;
h —h
1 sinysino 1 0
n=—— —sinycoso |, N =-——| —siny |,
i 2 2
72 4 sin” Y r r{ + sin® =
1 0 1 —sinysino
Ng = —————|siny |, niy=-——————-=| sinycoso
2 in2 2 )
ry+sin“Y \ \/T1y +sin” v 19

Now we see

—r18iny coso + rsiny

1
nxXmn, = —rysinysino
\/(7‘2 + sin? ) (r? + sin? ) —sin? ¢ sino
. — sinw 1

= (&

\/(7‘2 + sin? ) (r? + sin? )

)

and similarly

—siny
ng X nig = 6%,
\/(rg + sin? ) (r2, + sin? v))
nxXng = siny e,
V2 4 sin? ) (13 + sin® )
sin
ny X nijg = 6%,
\/(r% + sin? ) (r2, + sin v))
which gives the formulae from def. 4.1.1. O

88



4.3.3 Consistency With Lam’s Theory

In [Lam16], Wai Yeung Lam independently introduced a broader class of discrete minimal
surfaces which contains conical minimal surfaces as a special case. His work includes a
construction of the associated family; here we show that our construction coincides with
his.

Lam defines A-minimal and C-minimal surfaces, the former discretising asymp-
totically parametrised and the latter curvature line parametrised minimal surfaces. In
his paper, he shows that conical minimal surfaces in the Steiner formula sense are C—
minimal.

For the construction of the associated family, Lam first associates a C—minimal sur-
face f¢ to each A-minimal one f* and vice versa, forming a conjugate pair. As in the
smooth theory, the associated family f¥ arises as the appropriate linear combination:

f7 = cos 9 fA + sin g fC.

Note that we call the angle parameter 1 instead of ¢ since in our version, the angle ¢ = 0
corresponds to the curvature line parametrisation and 1 = 7 yields the asymptotic net.
To show that our associated family is the same, we first show that for an s—conical
minimal surface f, the members fO and fZ of our associated family form a conjugate
pair in Lam’s sense.
First, we recall Lam’s definition of A—minimal surfaces.

Definition 4.3.3 ([Lam16]). Let f be a discrete surface with unit face normals N. For
each edge e = f; — f, let N and N; be the normals of the two adjacent faces. f is called
A-minimal if for every edge e

e| Nj—N and el N+ N;j.

Lemma 4.3.14. Let f be an s—conical minimal surface with s—conical Gauss map n.
Then the conjugate surface f2 in the associated family is A-minimal.

Proof. We use the notation of theorem and definition 4.3.1.

Recall that by symmetry, e, £ and N; — N are pairwise orthogonal. In proposi-
tion 4.3.11 we saw that e2 | E and e2 L e, resulting in e2 || N; — N.

By the same symmetry, we had N + N; || E, so certainly ez I N+ N;. O

In the next step, we have to show that Lam’s construction of the conjugate C—minimal
surface gives back our original surface f. Recall

Theorem and definition 4.3.4 ([Lam16]). Let e/ be an edge of an A-minimal surface
fA4, and N, N; the adjacent unit face normals. Then the corresponding edge of the
conjugate C—minimal surface fC is given by

ec::NxeA:ijeA.
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Lemma 4.3.15. Let e be the edge of an s—conical minimal surface with adjacent face
normals N, N;. Then N x ez = —e.

jus
2

Proof. We have already seen that e 1 e2, and of course e L N, so

N xe? | e.
Since £ 1 e as well, N, E and ez lie in a common plane. With F 1 e%, we have
|sin £(N,ez)| = |cos £(N, E)| = cosa,

SO
IN x ez| = cosalez| = |e|,

since we have already seen that for ¢ = § we have A = ﬁ (Note that in our

construction we always had a € [0, §)).
If we trace orientations, we see that in our construction (FE, e, e%) as well as (E, e, e%)
was positively oriented, whereas (N, N x e%,e%) is negatively oriented. O

We conclude:
Theorem 4.3.16. Let f be an s—conical minimal surface. Then
(F2)7 =5+,
where the outer upper index on the left denotes Lam’s construction.

Proof. Let (f %)C denote the C—minimal surface conjugate to the A—minimal surface
fz by Lam’s construction. Then by Lam’s definition ([Lam16], definition 2.3.2) and
lemma 4.3.15,

(fg)19 = cosVfz + Sinﬁ(fg)c = cosVf2z —sindf,

and by proposition 4.3.11

f%JﬂS = cos (g-i—??) f +sin <g+19> f% = —sin19f+cos19f%.
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4.4 S;—-Isothermic CMC Surfaces

Here we develop a geometric construction for the associated family of the s;—isothermic
cme surfaces introduced as “the narrow definition of s-isothermic” in [Hofl0]. The
construction is carried out for each cube, whose geometry was described in section 3.3.1.
We will explore the properties of our construction, and will see that the elementary cubes
will be ak—bent as in def. 4.1.2 for some global quantities o and k, and the interleaved
cubes obtained by combinatorically interchanging the primal and dual for two diagonally
opposite vertices will be k—folded in accordance with def. 4.1.4.

We will further conclude from the properties found in section 4.4.1 that our con-
struction is compatible over all the cubes of a surface patch.

4.4.1 Cubewise Construction

We begin with an elementary cube of an sj—isothermic cmc surface as described in
section 3.3.1, but for this section we make some changes to our notation. The spheres
and their duals will be denoted by S and S*, and s and s* will be their radii — the
letters r will be given a different meaning shortly.

The four spheres S, S1, S12, 52 of the elementary quadrilateral and S*, ST, 575, S5 of
the dual quadrilateral have coaxial orthogonal circles of radius R and R* and centers m
and m*, their planes distance h = ||m — m*|| # 0. Recall from lemma 3.3.1 that for each
of the pairs S, .5* of spheres and their dual, the radii s, s* satisfy

s*s=R'R =: .
The vertices v, v* of the quadrilateral and its dual are the centers of the spheres S, .S*.

For any two neighboring spheres in a quadrilateral, the orthogonal circle intersects both
spheres in their common point of contact. Let these points be called the edge points

r=58N81, xo=5N512 and y = 5N Sy, y; =51 N Sia,

and respective starred versions for the dual quadrilateral. Let e, f etc. denote the edge
touching the orthogonal circle tangentially in x,y etc., and let the edges be oriented
cyclically, s.th.

e=v1 —v, fi =vig —v1, €2 =02 — V12, f=v— v,
and the same with stars for the dual. Then, wlog,
eXe*and f o —F*.

The initial situation is illustrated in fig. 4.10.

Now, for twisting our cube into the associated family, we prescribe an arbitrary angle
(o — which will turn out to be the angle between e and e* — and build a new cube using
the following quantities.
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Figure 4.10: Original s;—isothermic cube, with cyclically oriented edges.
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Definition 4.4.1. Let ¢ be an arbitrary angle. We set

e ¢ positive with
?:=h*>+ R*>+ R*? + 2a.cos o,

. Slncp’
c

e r and r* positive with
r? = R? — a%k? and 7% := R*? — o2k,
e 7 the angle with

cosn = (cos ¢ 4+ ak?®) and sinn = %hk.
rr

a
W
To see that we can make these definitions, we check the following facts:
Lemma 4.4.1. For the quantities introduced above, R?> — o2k? > 0 and R** — a?k? > 0.
Proof. Since R? — a?k? = R%(1 - R*Qs’iré#), we have to show that R*?sin? ¢ < ¢?. Now,
since h # 0,
(R4 R*cosp)? > —h?
< R?4+2R*Rcosg + R*cos> o+ h% >0
— Z-R?+R%cos?p >0
— 2 — R*?sin?p > 0.

Lemma 4.4.2. With the definitions above,

N 2
(r 7“) = (cos ¢ + ak?)? 4 (hk)?.
a

Proof.

(7“*7")2 _ 1 ((R2 — oK) (R a2k2))

a2
1

— <a2 — (R?+ R*})a2k? + a4k4)

a

=1-k*® — h? = 2acos p) + o’k?

= cos? ¢ + sin? ¢ + 20k? cos p — 2k + h2k? + o2k*

= (cos? ¢ + 2ak? cos ¢ + a’k*) + h?k? 4 sin? p — 2k

= (cos ¢ + ak®)? + h?k* + *k* — k2.
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Corollary 4.4.3. n above is well-defined.

Proof. The preceding lemma means that
%(COS © 4+ ak?) and %hk

define a point on the unit circle. O

Now we construct our new, twisted cube: Circle centers remain the same, but the
circles get new radii » and r*. Additionally, the edge points z*, x5, y* and y;, now on
the smaller circle, get rotated around the common axis by 7. All edge directions are
adjusted such that they are still perpendicular to the connection of their edge point to
the circle center and to the connection of the edge point and its dual. Edge segment
lengths, i.e. distances from edge point to vertex, are preserved. The construction is
illustrated in fig. 4.11.

Lemma 4.4.4. For p =0, the cube is the same as the original.

Proof. For ¢ =0, k =0 as well, so r = R and r* = R*. It follows that cosn =cosp =1
and sinn = 0. U

So our construction continuously deforms the original cube, and for brevity we will
often suppress the dependence on ¢ in our notation.

For our calculations, for each pair of edge point and its dual we will introduce ap-
propriate coordinates. The circle center and dual circle center will always sit at m =0
and m* = (0,0,h). For z (and the same for z2), in the original ¢ = 0 case we want to
have x = (R,0,0) and z* = (—R*,0, k). For the twisted cube, this becomes

z(p) = (r,0,0) and z*(p) = (—r* cosn, —r*sinn, h).
For the y points, similarly we originally have y = (R, 0,0) and y* = (R*,0,h), and

y(p) = (r,0,0) and y™(p) = (r* cosn,r” sinn, h).
Lemma 4.4.5.
(@) — 2" ()] = [[z2(p) — z2(P)|| = c.
Proof. The argument works for both  and x5. In our coordinates,

12 = h2 + (r + 7% cosn)? + (r* sinn)?

=h2+ 124+ r*? 4 2%rcosy
= h% + R? + R*? — 20%k? 4 2a(cos ¢ + ak?)
= h? 4+ R*> + R** + 2acos ¢

= C2.

() — 2" ()
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Figure 4.11: Construction of two of the new edge pairs.
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In the light of this lemma, we will denote the distances of the other edge points by

d:=|y =y, di=|yi—wl-

By symmetry, d; = d.

In the following, we will call the normalized edge directions £ = ﬁ and F = ﬁ
etc. Note that in our labelling
Ell(m—2)x (" —x), Fl(m-y)x(y -y
and
EX | (m* —a®) x (z—a%), F*|(m"—y")xy-y").
Lemma 4.4.6. In the adapted coordinates for each edge pair,
El(Oh*')E* 1(h*' hr* *rsinn)
= —(0,7h,r*rsin = —hr*sinn, hr* cosn, —r*rsin
75z (0h, 1), T 7, 7, n
and 1
F= E(O,rh, —r*rsinn), F*= h—R*(hr* sinn, —hr* cosn, r*rsinn).
Proof. We just calculate the cross products above and normalize:
—r —r*cosn—r 0
(m—z)x(z"—z)=1 0 | x —r*sinn = rh ;
0 h r*rsinn
r*cosn r*cosn—+r —hr*sinn
(m* —2%) x (x —x%) = | r*sinn | x r*sinn = | hr*cosn |,
0 —h —r*rsinn
—r r*cosn—r 0
(m—y)x @ —y)=1| 0 [x]| risinn |= rh ,
0 h —r*rsinn
—r*cosn —r*cosn+r hr*sinn
(m* —y")x (y—y*) = | —r*sinn | x —r*sinn = | —hr*cosn
0 —h r¥*rsinn
The squared norms are
r2h% 4 (r*r)? sin® n = h?r? + o®k?h? = B2 (r? + o®k?) = h?R?,
22 + (r*r)?sin?n = h2R*2,
and the same for F' and F™*. O
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Lemma 4.4.7. For our normalized edges,
(E,E*) = cos o,
E x E* = k(2" — x);

*

(F,F*) = T cosn — ak?,
a
FxF*=—k(y*—vy).
Proof.
(E,E*) = o (h*r*rcosn — (r*r)*sin®n)
=2 (h*a(cosp + ak?) — a’k*h?)
= cos g,
1 0 —hr*sinn
Ex E* = 720 rh X | hr*cosn
r*rsinn —r*rsinn
) —hr*rsinn(r + r* cosn)
=5 —h;*jr s.in2 n
her*rsinn
r*rsinn
 ha (27— 2)
= k(z* — x);
(F,F*) = 1 (—h27"*7“ cosn — (r*r)? sin? 77)
’ h2a
1
=7 (—hQT*T cosn — a2k2h2)
S cosn — ak?,
1 0 hr*sinn
FxF*= o rh x | —hr*cosn
—r*rsinn r*rsinn
hr*rsinn(r — r* cosn)
_ L h *2 2
= 5 — 1"2 *r 81'n n
—h*r*rsinn
__rirsinn .
== W =Y
= —k(y" —y).
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O]

Corollary 4.4.8. E* is E rotated around x* — x by ¢. F* is F rotated around y* — vy
by v, where

/r*
cosy = —
@

siny = —kd.

cosn — ak?,

Lemma 4.4.9. The angles § and 6* by which the edges and dual edges get rotated out
of the circle planes have the same absolute value for all edges of the quad and for the
dual quad, respectively. Their sign alternates around the quads. In particular,

|sind| = |R*k| and |sin§*| = |RE|,

and
*

cosd = % and cosd* = T

R*
Proof. We already know the normalized edge directions in coordinates, and the sine of
the respective angle is just the z—component. Plugging in the definition of sinn gives
the desired formulae. Note that since h # 0, the rotated edges are never perpendicular
to the circle planes, so the sine alone is sufficient to determine the angle (w.r.t a given
orientation). O

The angles in the corollaries above are depicted in fig. 4.12.
Corollary 4.4.10. The rotated edges form closed (non—planar) quadrilaterals.

Proof. The cos é—formulae above together with the fact that the rotated edges are still
perpendicular to the x — m etc. show that the projections of the rotated edges into the
circle planes are rescaled versions of the original quads (up to rotation by n within the
plane for the dual). The alternating sign of the z—component guarantees that also the
z—component of the new vertices is well-defined. O

4.4.2 Properties

Lemma 4.4.11. The vertical edge lengths | := ||v — v*|| are preserved under the rotation.

Proof. The e—edges are perpendicular to the edge point connections x — z* with length
¢, so the vertex distance is
o —v*|]2 = 2+ 5% + 5*? — 25" scos
=h?4+ R?>+ R** + 2R*Rcos p + 5% + ™% — 25" s cos ¢
=2+ R*+ R*? 4+ 2acosp + 52 + s*2 — 2acos
2R R 422
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Figure 4.12: Angles ¢ and v in the edge pairs eg, e and f, f*; and angles § and ™.
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Now let ¢ denote the angle formed by F' and F*. Note that for n = ¢ = 0, we have
P =T.
Lemma 4.4.12. The angle  satisfies

r*r

cosn — ak?.
o

cosp =

Proof. We just complete the calculation from lemma 4.4.7, using the normalized edge
directions from lemma 4.4.6 and the definition of n:

1
cosp = (B, E*) = ——(h*r*rcosn — (r*r)?sinn)

 h2a

r¥r (T‘*T‘)2 akh\?
= cosmn —

Q@ " h2a r*r

*
= rcosn—akQ

O]

Corollary 4.4.13. The angles between edges and their duals for the two types of edges
are related by
cos ¢ + cosh = —2ak?.

Lemma 4.4.14. For v, introduced in corollary 4.4.8, we have:

cosn = —%(cosw + ak?),
r*r

d*> = h? + R? + R** 4+ 2a cos o).
Proof. We recall

*

cos 1y = T cosn — ak?;
e
this immediately gives the first equation.
In our adapted coordinates, we had
r*cosn—r
yr—y = r*sinn ,
h

giving us
d? = |ly* —yl|? = r*? cos® n + r2 — 2r*r cosn + r** sin n + h?
= h* 4+ 72+ 7 4 20(cos ¥ + ak?)
= h? + R? — o®k* + R*? — o®k? + 2 cos b + 20°k?
= h%?+ R? + R*? + 2a.cos 1.
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Remark 4.4.15. Suppose we define a new cube by cyclically relabelling the spheres/vertices:
S=S51, 51 =512, S2 =8, Si2 = S,
and the same for the duals etc. The angle formed by the new edges

€=Ul—U=U12—U1:f1

and
e =0 =V =vjy— v = ff
becomes
¢ =1,
and
v=y¢

vice versa, as well as ¢ = d and d=c. By our construction and the previous calculations,
if we set ¢ = m in the omgmal cube, we get k = 0, n = 7 and consequently ¥ = 0, so
el e and f || —f*, i.e. the S for & = 0 form an untwisted s|—isothermic cme cube
by the considerations in section 3.3.1. So the coordinate directions in our cube are
interchangeable, with the caveat that

~ sing  siny

k= =
c d

= —k.

For a visualization, see fig. 4.13.

Lemma 4.4.16. The product cd of edge distances is constant in the associated family.

Proof. In previous calculations we have already seen that
=+ 4?4 2%rcosy  and  d® = Rh®+ 12 + 1% — 2r*r cos.
We calculate (cd)?:

(cd)? =

(h2 + 72 4+ r*2 4 2r*r cos ) (h% + 12 + 1*% — 2r*r cos 7))

= (W2 4+ r2 + )2 —4(r*r)2 cos?n

= (h? + R? + R** — 20%k?)? — 4a?(cos ¢ + ak?)?

= (h® + R+ R? — 4a®k*(h? + R? + R*?) + 40'k* — 40k — 402 cos? p — 83 k? cos ¢
= (B2 + R? + R**)? — 4a®k?*(h? + R? + R** 4 2a.cos ) — 402 cos? ¢

= (h® + R*+ R*)? — 4a%k*? — 4a? cos® ¢
= (A2 + R? + R**)% — 402 (sin? ¢ + cos? )
— (B2 + R+ R*})? — 4a2
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Figure 4.13: Interchanging of the two coordinate directions as mentioned in remark 4.4.15

102



Lemma 4.4.17. For the angles ¢ and v, the product of cosines is
cospcost) = k*(h? + R + R*?) — 1.
Proof. We use the expressions for cos ¢ and cos ¢ from lemma 4.4.12 and corollary 4.4.8:

COS Y COSY = <—ak2 + "7 os 77) <—ak2 ~ T cos 77)
o @

*,.\2
= okt (r'r) cos277

— o2k (r*r)?

— o2kt (T*Z)Q 1 k2p2
«

1 *
= ok — (R — o’k?) (R — o?k?) + K°h?

1
2k4— —2(0424-04411:4—a2k2(R2—i—R*2))+k‘2h2
(6%

= 1+ k*(R? + R*?) + k?n2.

=«

O

Now we want to work towards proving that the cubes constructed in this way, when
coming from an s;—isothermic cmc surface, again fit together to form a new surface. For
this, we look at the dihedral angle of the planes spanned by a vertex normal and one of
two adjacent edges, respectively. First, we choose a vertex, w.l.o.g. v.

Definition 4.4.2. We will denote the vertex unit normal at v by

B V¥ — v _1
=l

N : (v* —0).

The outgoing edges at v are e and —f. We give names to the angles showing up in
our calculations:

Definition 4.4.3. We denote the angles formed by the vertex normal and adjacent
edges by
o:=4(N,e) and 7:=4L(N,—f),

and the dihedral angle we want to calculate by
6 = Kv,v* (UlaUQ) = K(Span(]\[) e),span(N, _f)) = K(E X N7 —F x N)
For an illustration, cf. fig. 4.14.
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Figure 4.14: Length of and angles at a vertical edge, as they occur in lemma 4.4.11 and
def. 4.4.3.
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Figure 4.15: The kites at v and v*, untwisted

Since E and F' were the normalized edges, we have

1 1
(Ex N,—F x N) =
|E x N|[|-F x N

cosé = (E'X N,—F x N),

sinosin T
with Lagrange’s identity for the cross product and the fact that N was normalized this

becomes
1

cos{ = ———
SN o ST

(B, =F) = (E,N){(=F,N)).

Now we collect the calculations needed for the individual terms in some lemmata.

First, we look at (E, —F). For that, we look closer at the kite at v, and along the
way note some properties of the dual kite at v* as well. We denote the central angle of
the orthogonal kite at v by

p:i=4L(x—m,y—m).

From lemma 3.3.1 we recall (see also fig. 4.15)
R%(1 —cosp) = s*(1+cosp) and R**(1+ cosp) = s**(1 — cos p).
Lemma 4.4.18. Our two adjacent edge directions satisfy
(B, —F) = k*s** —cosp (1 + k*s*?).

Proof. Recall that the edges e, f get rotated around x — m, y — m by the angle §,
such that after projection into the circle plane, the quad is just the original planar quad

105



rescaled by cosd = 5. So we can decompose the normalized edges into the projected

and perpendicular part:

T‘2

(E,~F) = ﬁ<E(0), —F(0)) +sin® 4.
But (E(0), —F(0)) is just cos(m—p) (cf. fig. 4.15), and using lemma 4.4.9 and lemma 3.3.1
we see

2
T k
(E,—F) = I cos p + k*R**

2 _ 212
= —RTS cos p + k*R*?
= —(1 — R**k?) cos p 4 k*R**
= —cosp + K*R**(1 + cos p)
= —cos p+ k%s**(1 — cos p)

= k25" — cos p(1 + k2s*?).
]
Now we get to the remaining scalar products, (E, N) = coso and (—F, N) = cosT.

Lemma 4.4.19. For the vertex normals and edge directions we have
1 * 1 *
(E,N)zj(s—s cosp) and (—F,N)zj(s—s cos ).
Proof. Since F and E* are always perpendicular to * — x, we can calculate v* — v in

the ONB with the first coordinate direction aligned with £ and the third aligned with
x* — x as in fig. 4.16:

-5 —s*cosp
* X .
v=| 0], v9=|-=s"sinp |,
0 c

and since F just becomes (1,0,0), the result is immediate. We can do the same for —F,
where 1 replaces ¢ (and d replaces c). O

Now the last remaining ingredients are sino and sin 7.

Lemma 4.4.20. The angles o and T formed by vertex mormals and edge directions

satisfy
C2 2 d2 2
l—2(1—|—k‘28* ) and sin®7 = l—2(1+k‘23* ).

sin? o =
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Figure 4.16: Coordinates for one side face.

Proof. Recall from the definition of ¢ and lemma 4.4.14 that we have
A =h+R*+ R*+2acosp aswellas d?:=h%*+ R?>+ R** + 2acos ),
and that by the proof of lemma 4.4.11, the vertical edge length was
P =h*+R*+ R?+ s+ 5
We use this in our results from lemma 4.4.19 above:

1
sin2U:1—<E,N)2:l—2(l2—s2—s*2cos2<p+2acosg0>
1
e
Lo, w2 2
:l—2(c + s 7 sin cp)
2
:%(1+5*2k2).

27 is the same with 1. O

(h2 + R? 4+ R*? + % — 5" cos® o + 2accos cp)

The calculation for sin
Now we finally pick up our calculation of the cosine of the dihedral angle, plugging
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in the results from the preceding lemmata:

1
cos§ = - (B.~F) - (E.N)(~F.N)
= M <k25*2 —cosp (1 + k%s*%) — l%(s — s"cos)(s — s* cos ¢)>
= _ZQCC;SP + (i —szs*Q) <k23*2 — l%(s — 5" cos)(s — s* cos w)>
_ _ZQC(;?SP + il —£2k28*2) <k23*2 — %2(32 + 5*? cos pcosh — a cos p — o cos 1/))) .

We use the results from corollary 4.4.13 and lemma 4.4.17 to continue with the big
bracket:

k2s*? — 3 + 5" cos<pcos¢—acoscp—acos¢)>

<k‘28*2 8 —|—S*2(k‘2(h2 +R2 +R*2) )—|—2O¢2k’2)>
<k2s*2 5 — s R - P - 5*P) + 2a2kz2)>

1
e <s2—s + s 2 (k2(—s% — 5 ))+2a2k2>>

=-3 (sz—s + 52 (k2 (=% — &* ))+2a2k2>

1
:—ﬁ(82—8*2+k‘28*2(—82—S*2+282))
1
_—ﬁ(52—5 )(1+]{22 *2)

Plugging back in, we get

—Pcosp (52— (1 + k%s*?)

cosé =

cd  cd(l+ k2s*2)
1
=—— (12 cosp+ 5% — 3*2) .
cd

We collect this result and provide an alternative formulation in

Proposition 4.4.21. The dihedral angle & = £, ,+(v1,v2) of the planes spanned by the
vertex normal at v and either of the adjacent edges satisfies

1 1
cos = — (5*2 — 52— ZQCOS,O) = — (R*2 — R* - h2005p> .
cd cd
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Proof. The first identity is the result of the calculation above, and for the second we
again use lemma 3.3.1 and lemma 4.4.11:

2 — s —2cosp = s*? — % —cosp(h? 4+ R* + R** + s + §*?)

— 52(1 — cos p) — s2(1 + cos p) — cos p(h? + R + R*%)
= R*?(1 + cos p) — R%(1 — cos p) — R%cos p — R** cos p — h% cos p
= R** — R* — h? cos p.

Corollary 4.4.22. The dihedral angle £ is constant under twisting of the cube.

Proof. In particular recalling lemma 4.4.16, we see that all the terms in the formula for
the cosine of £ are constant. O

In the following, we will notationally consider the dual as the third parameter direc-
tion: S3:= S* etc. We introduce a second combinatorial view on our cube:

T:=95, Ti:=513, Ts:= 053, Tiz2:= 512,

T3:= 953, Tiz: =51, Thy:= 52, Ti23:= S123,

i.e. primal and dual sphere are interchanged at every other vertex. We call the cube
formed by the spheres T the interleaved cube, and denote the sphere centres by w and
the radii by ¢. The vertices and edges of the original and interleaved cube are depicted
in fig. 4.17.

Proposition 4.4.23. i) The twisted s;—isothermic cmc cube, formed by the spheres
S, is ak—bent.

i1) The interleaved twisted si—isothermic cmc cube, formed by the spheres T, is k-
folded.

Proof. We start with a side face, say (5,51, 53, 513), as seen in fig. 4.18. Recall from
lemma 4.4.19 that for these faces, we had adapted coordinates such that

-5 51 —83COS @ 513 COS @
v=]0],v1=|0],va=] —s3sinp |, vi3= | s13sinyp
0 0 c c

With notation as in def. 4.1.1, we calculate the edges

cos ¢
1 .
, €3 =013 —U3= (83 + 813) sy |,
0

el =v —v=(s+s1)

o O =
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Figure 4.17: Original s;—isothermic cube and interleaved cube, with edges oriented in
coordinate direction.

Figure 4.18: At the edges e! and e? of the face (S, S1, S3, S13), with corner normals.
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§ — 83COS §13 COS @ — S1
63:1)3—’02 —s3sing |, e‘i’:vlg—vlz S13sin @

& C

and corner normals

0 0
! 1 ! 1
n= ———— - o M= e | — )
V1 + s3k? sk V14 sik? s1ak
1 sin ¢ 1 sin ¢
ng=-————=——= | —cosp |, Niz=———=|—cosy|;
’ V1 + s2k2 SkSO ' V1 + stk? < k(p
- 1

Now, using that ss3 = s1513 = «, we see

1 —(s3 + s13)k
nxXn = 0
V(1 + 82k2) (1 + s7,k2) 0
1
B —(as1 + as)k 0
VT R + k) |
—ak 1

€
2 + a2k2)(s2 + a2k2
1

—ak
\/(sg +a?k?)(si5+a?k?)

and by the same calculation n3 X ni3 = e%. For the vertical edges,

we calculate

sk — sskcos
1 . k 3
nxXng= —ssksinp = e’,
V1 + s2E2) (1 + s2k2) in V(1 + s2k2)(1 + s2k2)
and
k B sssk B ak '
VA F SR (1+ s2k2)  /s2(1+ s2k2)s2(1 + s2k2) /(52 + a2k2)(s3 + a2k2)’
analogously
k 3 ok
ny X nig = 1=

3
e €q.
VAL +52) s+ a?k) (st + o)

This completes ak—bentness for the side face (S, S1, S3, S13); we now turn to k—foldedness
of the corresponding side face (T, Ty, T3, T13), cf. fig. 4.19. We denote the centres of the
spheres T’ by w, their radii by ¢, the edges by f and the corner normals by m; we have

t=s, t1=s13, t3=s3, tiz3=351
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Figure 4.19: At the edges f! and f3 of the face (T, Ty, Ts,T13), with corner normals.

as well as

w=v, wWp=v13, W3=7v3, Wi3=7U
and consequently
fl=wi—w=v3—v=e +e' =e} +&3

1 1 3 1 3
fi=wis—w3=v —v3=e —e’ =e3— ey,

f3=w3—w=1)3—v=63, ff’zwlg—wlzvl—vlgz—e?.
We get
frx = (el +e¥) xed=el xe3, som=ns,
frxfi=—(ed+eb) xel =—e xe3, somy =—nq,
fixfP=(e! =) xed =el x €3 somg =n,
fax fi=—(el —ed) xe3 = —el x €3, somyz = —nis.

Now we can use our previous calculations to see that

—k 3 —k 3

V(1 +s2k2)(1 + 32k2)6 V(L +E2E2)(1 + t2k2)f

mXmsg=mng Xn=

Y

k e —k 5

m X myz = (—n1) X (—n1g) = VTR (L +s7k2) /(L 6R2)(1+ t%3k2)fl.
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For the edges in direction 1, we note

513CO0S @ + 8 81 + S3coSsp
fl=vz—v= $138in @ , f31:v1—v3: S38in
c —c

and calculate

] sk + s13k cos

V(1 + 52k2)(1 + s7,k2)
k

— 1
/O T e +t§k2)f ’

mxm; =ns X (—ny) = s13k sin ¢

sin

s1k + sskcos

1
msg X mig =n X (—ni3) = szksin @
( ) V(1 + 82k2) (1 + s7k2) ~sing

k

_ 1

V(L + 5E2)(1 + t5;k2) &
This concludes k—foldedness for the interleaved side face (T',71,73,713). For the other
side faces, recall from remark 4.4.15 that cyclically relabelling our cube is the same as
if we had worked with —k instead of k. This shows —ak—bentness and —k—foldedness
for the other side faces, recalling that the reversing of direction 3 when switching to the

opposite side face of the interleaved cube does not affect foldedness.

For the bottom face (.5, 51, S2,S3), we look at the edges individually, beginning with
(S,51). In view of lemma 4.4.6 and lemma 4.4.9, we first introduce coordinates for the
planar quadrilateral, and then rescale and add the vertical component to get a model
for the relevant edge and the adjacent ones in the twisted cube, as depicted in fig. 4.20.
We denote the planar coordinates of the untwisted case by the respective capital letters.
We start with the centre of the orthogonal circle,

M =0,

and the point of tangency of the edge e with the circle,

The vertices then become



Figure 4.20: On the coordinates for the bottom face (S, S1, S2, S3).

For the corner normals, we only need the directions of the adjacent edges, so it is
sufficient to model their points of tangency, y and y;. Since these are the other points of
intersection of the orthogonal circle and the spheres around the vertices, we find them
by mirroring X at V — M =V and V; — M = Vi, respectively, and find

(V, X) 2R? [ —s 0 ~R 2Rs
=2 V-X=—— =
V|2 R+ \-r) "\r| "R \rR2-)

(V1, X) 2R? s1 0 R 2Rsy
Yi=2 Vi-X = L
Nt i \-r) \R) TR+ 2\ R+

and the edge segments

VoV — —R 2Rs n s\ S s2 — R?
C R24+ 2\ R2_ g2 R)] R2+s2\ 2Rs |’

R 2Rsq —51 S1 RZ—S%
Y-V = —— —_%
T T RS2 (—RZ+S%)+<R> R2+s$<2Rsl

with length s and sj, respectively. Now, in the light of lemma 4.4.6, we choose the

rotational direction of ¢ to satisfy sgnsind = sgn k. For the twisted cube, we rescale in
the plane of the orthogonal circle by cosé = &, and v and vy get a vertical component
of —ssiné and s sin §, respectively. Our edge becomes

cos o
e=(s+s1))| 0 |,
sin
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and the adjacent ones

s — R? 0 cos §(s% — R?)

o2 hy S +
~ COS 5m 2R3 + s 0 ~ 2cosdRs ,
sin 0 sin 6(s? + R?)
— 52 0 cos §(R? — s?)

02 X 1 +

€] ~ cosd—— 2Rsq + 51 0 ~ 2cosdRsy

R2 + 8%

Now we can calculate

0

sin

nNGXB

2cosdRs L | ~Rsins ,
sin §(s? + R?) scosd

( —sind —sin§(R? + s?)

cos 6) cos §(s2 — R?) —ssind
X

cos § cos §(R? — s2) —s1sind
ny Lex e% L 0 2cosdRsy | Rsins ,
sin & sin §(R? + s?) $1€08 4

giving us, using lemma 4.4.9,

—ssind 1 —ssind
n = —Rsind | = —Rsiné
2 2 a2 2 212
5% 4 R?sin® 0 scosd s? +a2k? scosd
and
—818ind 1 —s18ind

Rsind =—————| Rsiné

/2 1 212
\/5 7+ R%sin® 0 51080 st +a’k $1 €089

Finally, with

—ssind —818ind cos 9
—Rsind Rsind | = —sindR(s+s1)| 0 | =—ake,
sCosd S1C080 sin
we see that
—ak
nXxXny =

VI + QPR (57 + o?h?)

For the other edges of the quadrilateral, we again recall from remark 4.4.15 that the
situation is symmetric with respect to cyclical relabelling, up to a change of the sign
of k. So altogether, we get all four equations needed for ak—bentness. For the dual
quadrilateral, (S3, 513,523, S123), the calculation is analogous. Note however that apart
from replacing radii with dual radii, the edges at y as well as the * — m* change

115



Figure 4.21: At the edge e of the face (5,57, S2, S12), with corner normals.

orientation in comparison to the primal quad. So in our coordinates, all edges get minus
sign, leaving the corner normals and their cross products unchanged. The sign gets
compensated for by the fact — cf. lemma 4.4.6 — that the z—component of the dual
edges has the opposite sign, reversing the relation of sgnsin d* and sgn k.

For the interleaved cube, we have to further extend our coordinate system. The
calculations will get long and messy, so we move them into the appendix: We will prove
k—foldedness of the sphere—quadrilateral (7',77,T5,T12) of the interleaved cube at the
edge

f=fl=w —w=uv3—v,
with adjacent edges
2 o d 2 —
ff=wy—w=w3—v and f{ =wi2—wi =vi2—v13

in appendix A. The equations for the other edges are again a consequence of symmetry
as in remark 4.4.15.
O

4.4.3 Global Compatibility and Examples

With our findings in section 4.4.1, in particular corollary 4.4.22, we can prove that the
construction not only works for a single cube, but simultaneously for all the cubes in an
syj—isothermic cmc surface, fitting together to form a new surface.
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Figure 4.22: At the edge f! of the face (T, Ty, Ty, T12), with corner normals.

Theorem 4.4.24. For any global choice of ¢ or 1, our construction applied to all the
cubes in an s—isothermic cmc surface yields a well-defined new surface.

Proof. Any two cubes adjacent along a pair of edge and dual edge fit together: the
twisted edge pair is uniquely determine by ¢ and ¢ (or analogously ¢ and d). ¢ is
chosen to be the same for both cubes, and since R*R = o = R*R, we have

~ ~ =2
F—P=M+R*+R?*-1-R*-R =0
since the cubes fit together in the untwisted case:
~y =y 2
0=¢(0)2—¢(0)2 = h? + R* 4+ R** + 20 — h*> — R?> — R*” — 2a..

Here of course the tilded letters denote the corresponding quantities in the second cube.

What remains to show is that this process, carried out for all the adjacent cubes
around a vertex, closes up. For this, consider any vertical edge connecting a vertex v
and its dual v*. For any edge adjacent to v, the angle formed by the edge and v* — v
is determined as a quantity of the edge—and—dual pair. The only thing left to show is
that projected into the plane perpendicular to v* — v, the angles between adjacent edges
close up. But these angles are precisely the dihedral angles £ from proposition 4.4.21 —
they close up in the untwisted case and are constant. O

We conclude the section with some examples.
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Figure 4.23: A patch of Delaunay surface and dual, with one of the cubes highlighted.

Untwisted surface in the background.

118



Figure 4.24: For the cylinder, the associated family is just a reparametrization. A dual
pair of patches is shown. The edges in the two coordinate directions are drawn in red
and blue respectively, illustrating their interchanging mentioned in remark 4.4.15 and
fig. 4.13.
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Figure 4.25: Another Delaunay surface. This time, only the vertex spheres of the primal

surface are drawn. Note the unduloid shape at ¢ = 0 and the nodoid shape at ¢ = 7.
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A Darboux transform of a Delaunay surface. This time, edges and face

Figure 4.26:

circles of the primal surface are drawn.
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4.5 General S—Isothermic CMC Surfaces

Figure 4.27: An original s—isothermic cmc cube and the twisted version we will construct
in this section.

In this section, we will try to use our definitions from section 4.1 to construct surfaces
in the associated family of general s—isothermic cmc surfaces. Our constructions are not
yet proven to go through, but have been tested in numerical experiments and seem to
hold as good as machine precision allows. We state our results as conjectures and hope
they will be proven in future work.

Our construction will be cube—wise, i.e. we start with an elementary s—isothermic cmc

0 0 0 0 0 0 (0 (0
, 87,85, 819 and a dual one, s3, 573, 553, S{93-

cube with a primal quadrilateral of spheres s
We want to construct a corresponding twisted version (s, s1, s2, S12, 3, S13, S23, S123). We
choose a folding parameter k = 0 in a suitable interval: our indirect numerical construc-
tion does not yet allow for twisting beyond (or too close to) an angle of 5 between any
primal and dual edge.

We recall the desired properties of the twisted cube:

e The cube has to be ak—bent, with, as usual a = rrs;

e the combinatorically interleaved cube has to be k—folded;

e the sphere radii stay the same as in the original cube: r = 70 etc.;

e the distances between each pair of primal and corresponding dual vertex stay the
same as in the original: |lc — cs| = ||c® — | etc;
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e the dihedral angles formed by adjacent side faces along each vertical edge con-
necting a pair of primal and dual vertices stay the same as in the original cube:

Les(er,e2) = Lo (e, 63), Loy (c13,023) = Lo g (3, €33) et

The first step will be to construct the side faces of the cube, formed by edge and
corresponding dual. It is illustrated in figs. 4.28 and 4.29.

C:
23 3

02 C2

na

Figure 4.28: The first construction step for the side faces, giving c13 (or co3) after
choosing [; (or l2) and o (or o2).

We know from the s—conical minimal case that the surface edge lengths I} = ||c; — ¢|
and lo = ||c2 — ¢|| need not be preserved, so we keep them variable and build our quad
for arbitrary values (but reasonably close to the original length). We will describe the
construction for the face (s, s1, s3, s13) which we assume to be the Moutard+ one in the
original cube. The construction works the same for the other face.

After choosing a value for [}, we introduce as another variable the angle o1 = £(¢1 —
¢, c3 — ¢). Since we know the length |c3 — ¢||, o1 determines the triangle (c,c1,c3). Let
n be its normal. Since we know /1 and the sphere radii, the condition of being ak—bent
determines the rotation around the edge c¢; — ¢ that turns n into the normal n; of the
plane containing ¢, ¢; and c3. Similarly, ¢; — c3 is an edge of the k—folded interleaved
quad and allows us to rotate n into the normal ny of the plane containing c3, ¢; and
c13. Now, c13 — ¢q has to be orthogonal to ny and n7, and we know its length from the
original cube. (For its direction, we can just assume it forms an acute angle with c3 —¢).
This determines c;3 as a function of 0.

Now, for each value of o1, we can compute the deviation of our quad from the
desired properties: the vertical vertex distances (and sphere radii) are the original ones
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01 01 02 02

ll l2

Figure 4.29: For the second step, we find the correct o by numerical optimization. The
yellow graph shows the deviation from the result being ak-bent, the orange one the
deviation from the interleaved version being k—folded.

by construction, so just ak—bentness and k—foldedness remain to check.

Conjecture 4.5.1. For any Iy (or lz) in a suitable neighborhood of the original edge
length, there is a unige o1 (or o2) such that the above construction yields an ak—bent
and interleavedly k—folded quadrilateral.

This is backed by numerical calculations, as illustrated in fig. 4.29. We find the
correct ¢ by numerical optimization.

To construct the whole cube, we first recall from the defs. 4.1.2 and 4.1.4 of bent
and folded cubes that the bending/folding parameters of the side faces (s, s, s3,13)
and (s, s2, $3, $23) need opposite signs. After choosing values for /1 and 2, we apply the
above construction for k to (s, s1, $3, s13) and for —k to (s, s2, s3, 523). We glue the two
side faces along the edge ¢, c3 such that the dihedral angle £ ¢, (c1,c2) is the same as
in the original cube. Note that being bent/folded for the same (up to sign) parameter
ensures that this also holds for £, ¢, (c13, c23).

Now we can find c1o as the intersection point of three planes: as for the side faces,
the condition that the bottom face (s, s1, s2, s12) is ak—bent allows us to rotate the plane
containing ¢, ¢; and ¢o (with normal say n) around ¢; — ¢ into the plane of ¢, ¢; and
c12 (with normal ny). For the second plane we rotate the plane containing c1, ¢13 and ¢
around c13 — ¢; to match the dihedral angle 4697693(00, J,) of the original cube to find
the plane of ¢1, ¢13 and ¢13. For the third plane we do the same at the edge (c2, c23).
Analogously, we find three planes intersecting in c123. The construction is illustrated in
fig. 4.30.

Altogether, we have found all vertices of a cube for each (reasonable) choice of [; and

lo. Now we have to adjust those edge lengths such that our cube satisfies the remaining
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Figure 4.30: Assembly of the side faces and construction of ¢ys.

conditions:
o [lcizs — izl = || Va3 — |,
e the cube being ak—bent,

e the interleaved cube being k—folded,

e and K012,6123 (Cl, ) = Kc?z,c(l)23 (C(l]a 0(2))7 KC1276123 (c13, C23) = K13‘132,0(1)23 (0(1)37 683)'

Conjecture 4.5.2. There are unique values forly and ls such that the above construction
satisfies all conditions of a twisted s—isothermic cmc cube with folding parameter k.

Again, this is based on numerical evidence, and we find the correct edge lengths by
optimization. The dependence of the deviation from the desired properties on /3 and I
is illustrated in figs. 4.31 to 4.35.

Before we can apply our construction to entire surfaces, we have to check that the
cubes will fit together:

Conjecture 4.5.3. When applied to adjacent cubes of a pair of dual s—isothermic cmc
surfaces, the above construction yields the same lengths for common edges.

In figs. 4.36 to 4.39 we show a few examples of our construction applied to Darboux
transforms of cylinders.

Note that we cannot use the simplest example of the cylinder itself due to its highly
symmetrical cubes: For the same radii, the original edge lengths /; and I3 can take any
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~

C123

C13

Figure 4.31: A graph of the (quadratic) deviation of ||ci23 — c12]| from the original cube

as a function of I; and lo. The graph is centered at the original edge lengths, and covers

a deviation of 80% — 120% of the original lengths. The minimum/zero is marked by the

red peg.

value, and the construction would always yield an optimal cube without being able to

find the one belonging to the specific original cube.
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c13 C123

Figure 4.32: Deviation of the interleaved cube from being k—folded.

C13 C123

Figure 4.33: Deviation of the cube from being ak—bent.
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Figure 4.34: Deviation of the dihedral angles between side faces at the edge (c12, c1o3).
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Figure 4.35: Aggregate deviation from all properties to check.
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Figure 4.36: An example of primal and dual surface showing one of the cubes.

Figure 4.37: An example of a surface patch.
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Figure 4.38: An example with various values of k.
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Figure 4.39: An example of a surface patch with larger sphere radii. Spheres are shown

as their intersection with face planes.
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4.6 S—Conical CMC Surfaces

Here we apply the construction from section 4.5 to the elementary cubes of s—conical
cmc surfaces (cf. section 3.3.2). In the numerical results, we make a few observations
that guide us to a more direct construction, which in turn allows us to twist s—conical
cme surfaces by an arbitrary angle. Again, most of the construction is only backed
by numerical evidence, so the results remain conjectures for now. However, given the
construction presented here is much more direct than the general one, we expect it to
be more straightforward to actually prove.

We begin by observing the special properties of the cube constructed in section 4.5
when applied to an s—conical cmc cube.

Conjecture 4.6.1. In the twisted version of an s—conical cme cube, constructed as in
section 4.5, the following properties hold:

e The diagonals (c,c12), (c1,c2), (c3,c123) and (c13,c23) all intersect a common azis

orthogonally.

o These diagonals retain their original length, and the tangent point of the spheres
at their ends is the intersection point with the axis from above.

e The noncorresponding pairs of diagonals (c,c12), (c13,c23) and (c1,c¢2), (c3,c123)
(which are parallel in the original cube) form the same angle

L(c12 — ¢, c13 — ca3) = L(c123 — 3,01 — ¢2) =1 9
and are separated by the same distance h.

e Consequently, the pairs of diagonals (c,c12), (c1,c2) and (c3,c123), (c13,c23) of the
primal and dual quadrilateral form the same angle

A(c12 —c,c1 —c2) = £(c123 — c3,¢13 — C23) = 0
and are separated by the same distance d.

From now on, we prescribe 1 as the twisting parameter of our construction. As soon
as we know h, d and o, the properties above will yield a unique cube. In our next step,
we want to find out more about the relationship of these three quantities.

First we note that conjecture 4.6.1 implies that the sphere quadrilateral (ss, s123, s2, 51)
is of the same type as the side faces of an s;—isothermic cmc cube (cf. section 4.4).
From the calculations there, we know that the corresponding interleaved quadrilateral
(83,51, S2, S123) is k—folded for

_siny

k
h
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Figure 4.40: Original s—conical cmc cube and twisted version.

But this quadrilateral is the top (or bottom) face of the interleaved version of our s—
conical cube, so this k£ must be the folding parameter of our cube.

Similarly, we look at the sphere quadrilateral (s, s1, s2, s12) and notice that it is of
the same type as the quadrilaterals of s—conical minimal surfaces (cf. section 4.3). From
the calculations in proposition 4.3.13, together with lemma 4.3.4, we can conclude that
our quadrilateral is a—bent for

d
o=

sino’

As a face of our twisted cube, it must be ak-bent (with, as always, « = rr3). Put
together, we know that

sin vy d
k = = N 5
h asino
or
dh = asino sin . (4.2)

These observations are illustrated in fig. 4.41.

We further exploit that in our twisted cube, the vertical edge length | = |lc5 — ¢||
is supposed to be constant. Given the geometry described in conjecture 4.6.1, we can
calculate

1> =r% 412 —2rr3cos(y) — o) + (d + h)?
=72 472 — 2a(costh cos o + sinpsino) + d> + h% + 2dh
=72 472 — 20ccostpcoso + d? + h2.
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Figure 4.41: The quadrilaterals (ss, s1, s2, s123) and (s, s1, s2, S12) in an s—conical cmc
cube.

Using eq. (4.2) once more to eliminate d, this gives us the equation
Rt 4 (r? + 72 — 1 — 2accostpcos o) h? + o’ sin? o sin® ) = 0.

With [ known from the original cube, for a given v we can choose a o and solve for h?,
also determining d. Among the solutions for h?, numerical evidence suggests there is an
obvious candidate much closer to the original hy than the other.

To find the correct value for our last parameter o, we recall that in our twisted
cube, the dihedral angles 4. .,(c1,c2) etc. are supposed to be constant as well. For
now, we numerically minimize the deviation of these dihedral angles from the ones in
the untwisted cube over the variable o.

Conjecture 4.6.2. Given an (untwisted) s—conical cme cube and an angle 1, there is a

unique o such that the construction outlined above yields the corresponding twisted cmc
sin

cube with folding parameter k = >5-=.

This is again backed by numerical experiments; an illustration is given in fig. 4.42.
Now we apply this construction simultaneously to the cubes of a surface. We see

Conjecture 4.6.3. If the construction above is applied to all cubes of a common dual
pair of s—conical cme surfaces for the same value of ¥, the resulting o, h and d are the
same for all cubes as well. Adjacent twisted cubes fit together.

This allows us to twist whole surfaces, and we propose the result as a construction
for the associated family of s—conical cmc surfaces.
Figures 4.43 to 4.45 illustrate some examples.
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Figure 4.42: A plot of the aggregate deviation of dihedral angles along the vertical edges
as a function of o.
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Figure 4.43: A strip of s—conical Delaunay surface with its dual and the twisted version
for ) = %. The highlighted vertical edges and axes indicate one of the cubes.

Figure 4.44: Another example of an s—conical Delaunay surface for various values of .
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Figure 4.45: A Darboux transform of an s—conical Delaunay surface for some values of

b.
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Chapter 5

Conclusion

For the first time, we have explored the previously unknown associated family of s—
isothermic cmc surfaces. Since the existence of the associated family is an innate property
of cmc surfaces, any structure—preserving discretization must allow for an associated
family as well. With our findings, we confirm that the s;—isothermic discretization is a
full-fledged theory no less powerful than the discrete isothermic one, and provide solid
numerical evidence that this extends to the full generality of s—isothermic discretizations.

We are confident that the constructions we propose will be confirmed once a complete
theory with a moving frame description and Sym—Bobenko formula for s-isothermic cme
surfaces is found, with a spectral parameter closely related to the global parameter k& of
our bent and folded quadrilaterals and cubes. We hope that the availability of examples,
albeit only numerical in the general case, will greatly help the effort to find such a theory.

On a more general note, we hope our examples will contribute to the development
of a general curvature theory that extends the one from [HSW16] to include the entire
class of s—isothermic discretizations and their associated families. Such a theory will
hopefully confirm that our constructions preserve the surfaces’ constant mean curvature
throughout the associated family.

Meanwhile, near—future work could find a more elegant proof of proposition 4.4.23
and take at least the s—conical construction from a numerics—based conjecture to a
thorough level in analogy to the s;—isothermic case.

In the general case, we expect both the folded and bent cube properties to form a
3D—compatible system reminiscent of the equally—folded parallelogram cubes appearing
for discrete isothermic cmc surfaces. Exploring these systems should lead to a better
understanding of non—planar geometry derived from the s—isothermic world.

In lieu of a concluding statement, in fig. 5.1 we present an illustration of an ex-
ample containing various constructions of this work: a general Delaunay surface from
section 3.4.2 in which some quadrilaterals are of sj—isothermic or s—conical type, all
twisted into the associated family simultaneously.
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Figure 5.1: An unduloid with various edge scalar products and a member of the associ-

Occurring s;—isothermic cubes are drawn in red, s—conical

with k ~ 0.18).

(

ated family
ones in yellow.
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Appendix A

Calculations for
Proposition 4.4.23

In the following, we consider an sj—isothermic cmc cube, with notation for all quantities
as in section 4.4.1. We pick up the situation of proposition 4.4.23 to complete the
calculations.

First, we introduce abbreviations for frequently occurring terms:

Definition A.0.1.
Al = &+ S12813, B = 813R2 — (S12, C’l = 8%3R2 + a2;

Ay =+ 893, By :=s93R?> —as, Cy:=R>+ s%
Ag:=a+ssi3, Bs:=s3R* —as, Cs:=s33R>+a’
Ay =+ 51983, Bii=s93R* —asia, Cyi= R’ + siy;
and
D:=h®+ R*+ R*.

Since in the untwisted case the planar quadrilateral v, vi, ve, v12 has edges tangent
to the orthogonal circle, we can use facts about tangential quadrilaterals to derive some
relations that we will need to simplify our calculations:

Lemma A.O0.1.
A1By+ AsB1 =0 and A3Bs+ Ay4B3 =0,

B4sC1Cy + B3(R2A1A2 — BlBg) =0,
A40102 — Ag(R2A1A2 - BlBQ) = 0;

812513 — SS23 5813 — $12823
A1B3=—"""—=C1 and A3B = —=(1,
513 + S23 513 + S23
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813—8230.
— U

A{Bs+ A3B; = (s+ s
183 3B = ( 12)313+323

512513 — $823 512523 — 8513
A9Bs = a———=Cy and AzBy =a————=Cy,
5+ 512 5+ 512

S12 — S
S+ S19

A9Bs + A3By = a(s13 + s23)

Proof. In a tangential quadrilateral, the radius of the incircle can be calculated from the

tangent lengths — in our case the sphere radii — as
55182 + 551812 + $S2812 + S152512

R® =
5+ 81+ 59 + 819 ’

cf. eg. [Josl0]. After we replace the appropriate sphere radii with the dual radii we
want to consider, this reformulates to

9 a « a? « o' a?
R(s+—+—4+s12) =5 + S8—S819+85—5819 + S19
513 523 513523 513 523 513523

2
& R7(ss13S23 + asa3 + as13 + $12513523) = (s + Ss93512 + $S13512 + (0S12).

We regroup this in three ways:

i)
R2 (513(04 + 8823) + 823(04 + 812813)) =« (812(04 + 8823) + S(O& + 812513))
= R? (813A2 + 823141) =« (812A2 + 8A1)
< A1(823R2 — OéS) = A2(Oé$12 — 813R2)
& A1By = —A3By,
giving the first identity;
ii)
R2 (513(04 + 812823) + 523((1 + 3513)) =« (812(0& + 8513) + S(O& + 812523))
o R? (813A4 + 823143) =« (812A3 + SA4)
<~ A3(823R2 — 04812) = A4(O&S — 813R2)
& A3By = —AyBs,
giving the second identity;
iii) and as

513593 R%(s + s12) + aR*(s13 + s93) = ass12(s13 + 523) + (s + 512)

= (S + 812)(813823R2 — a2) = 04(513 —+ 823)(8512 — RQ). (A.l)
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For the third identity, we expand and simplify the term in question:

B4C1Cs + B3(R*A1 Ay — B Bo)
= (323R2 — aslg)(s%z,)RQ + a2)(R2 + 32)
+ (s13R% — as) (R*(a + s12513) (a0 + s503) — (s13R% — aus12)(s23 R — avs))
= (s23R* — as12) (533 R + R%(a® + 5%s%3) + a?s?)
+ (s13R? — as) (RQ (a2 + a(s12513 + $523) + 5512513523)
— 513503 R* + aR%(s513 + S12593) — 0428812)

= 8%3823R6 + a2523R4 + 828%3823R4 + 06282823R2
— a5125%3R4 — a3812R2 — Oé828128%3R2 — a352512
+ a2313R4 + 068128%3}%4 + 048813823R4 + 88128%3823]%4
— 8%3823R6 + 0485%3}%4 + a512813823R4 — 0125812513R2

282823R2 — Oé82812313823R2

+ a5813523R4 — a252513R2 — a25312523R2 + a3s2512
= o®R*(s13 + 593) + 5573503 R (5 + 512) — A*R?(5 + s12)
— as®s12513R% (513 + s23) + as13s23 R (s + s12) + ass13R (s13 + s23)
— a?ss13R%(s + s12) — &’ss12R%(s13 + s23)
= (54 512) (5593523 R* — a®R? 4 as3503 R — a®s513R?)
+ (s13+ 823)(a2R4 — as?s19513R? + assisRY — a25512R2)
= R%(s + s12) (513503 R%(s513 + @) — & (a + 5513))
+ aR2(813 + 823)(R2(a + s813) — s812(8813 + @)

= R2A3 ((8 + 812)(813323R2 — 042) + 04(813 + 823)(R2 — 8812)) ,

—a®sR? — a28312813R2 -«

which vanishes by eq. (A.1).
Similarly, we calculate the next identity:

A4C1Cy — A3(R*A1 Ay — B By)
= (a + 512823)(513°R* + o*) (R + %)
— R%*(a + s513) (0 + s12513) (@0 + 8593)
+ (a+ 5513)(813R2 — aslg)(823R2 — as)

= as%3R4 +aPR? + 3123?3523}24 + a2812823R2 + 06828%3]%2 +a3s?

+ 828125%3523}22 + a2s2312823 —a’R? - a28523R2 — a2312813R2
2 2

— 048812813823R2 -« 8813R2 — s 813823R2 — asslgs%3R2 - 828123%3523}22

+ a813823R4 — oz25313R2 — a2$12323R2 + a35512 + 58%3523R4

— 04323%3}%2 — ass12513523R? 4+ a?s%s19813
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25 — 8812823 + O[SQSRZ — ()12812

= (513R2 —as) (a313R2 + $19513593R% —
+ s813893R% — 5512513)
= Bs((s13 + s93)aR? — (s 4 s12)a® — assia(s13 + s23) + 13503 R% (5 + $12))
= Bs(a(s13 + s23)(R* — s512) + (5 + s12) (513823 R% — o?)),
which again vanishes by eq. (A.1).
For the identities about A;Bs and A3Bj, we see from eq. (A.1) that

S+ 819
513 + S23

2

Oé(R2 — 8812) = (a — 813823R2)

and calculate

A1B3 = (a+ 812813)(813R2 — as)

= aslg(R2 — 8812) + 3123%3R2 —a?s

1
= ———(s13(s + s12)(a? — 513503 R%) + (513 + S23) (512513 R% — a®s))

813 + 523
1 2
= ————(a®(ss13 + s12513 — $513 — $523)
513 + 523
2 R2
+ 513 R°(—8523 — 512523 + 512813 + 812323))
1

= ——C1 (512513 — 5523);
513 + S23

the calculation for A3B; is the same with s and s5 interchanged. Their sum is quickly
calculated as

Cy
A1Bs + A3By = ————— (512513 — 5523 + 5513 — S12523)
513 + 823
C1
= —— (S5 + s12)(813 — S23)-
P 323( )( )

Analogously for Ay Bs and A3Bsy: we reformulate eq. (A.1) as
813823R2 — ()é2 = QM(SSH — Rz)
S+ S19

and calculate

AyB3 = (o + s893)(s513R* — as)

= 3(313523R2 — a2) + a(313R2 — 52323)

1
= (as(s13 + s23)(ss12 — R?) + as + s12) (s13R% — 5%523))

S+ S19
a 2
= (R*(—ss13 — 8523 + $813 + $12513)
S+ S19
2
+ 57 (s12513 + S12523 — SS23 — S12523))
(6%

= Co(s12513 — 5523);
S+ 812 ( )’
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again As3Bs is the same with with s13 and so3 interchanged. Finally, their sum is

0402
AsBs + A3By = (512513 — SS23 + S12523 — $513)
S+ 812
OéCQ
= i (512 — 5)(513 + 523).

O]

Now we want to show k—foldedness of the sphere—quadrilateral (T, T}, Ts, T12) of the
interleaved cube. We will perform the calculations for the edge

f=f1=w1—w=’013—v7
with adjacent edges
2 _ d 2 _ .
ff=wr—w=1v3—v an f1*w12—’w1—v12—v13-

‘We will have to show that

1
1F > F2I1f < f2

Since by the properties of the cross product

i f
V4 s2E2)(1 + s3,k2) "

(f x f2) x (f = fi) =

(f x £2) x (f x fi) = det(f, 2, f2)f = (. f* < )],

this is equivalent to

(12 % PN+ s2k2) (1 + s3ak2) = k|| £ x 72 ]| F % 72

To calculate this quantities, we need the coordinates of v, v12, v13 and wva3.
As in proposition 4.4.23, we denote the planar coordinates of the untwisted case by
capital letters. For the primal quadrilateral (S, S1,S2,S12), we already have found

V= (_‘;) and V) = (_’E) ,

and we can extend the adjacent edges to find V5 and Vio:

s+ 89 1 —25R? + 5259 — s9R?
Vo=V Y-V)= ———
2 + s ( ) R? + 2 ( R(—R? + 52 + 2s52)
Vio — Vi + 81 + 812 (Y B V) . 1 281R2 — 8%812 -+ S12R2
2= Sq ! 1= R?2 + 8% R(—R2 + S% + 281812) '
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For the dual quadrilateral (S35, S13, 523, S123), recall that for the edge in question,

Vi—V A Vis— Vs

and
Vaz —Va o —Vao+V, Vigz—Viz & —Vig + V4.
We get
—S83 813
V3 = Vig =
(). - (2)
and
83 + S93 1 —2as — 82823 + 823R2
Voz = Va V-Y)=———
% 3+ s ( ) R? + 52 (—aR + s2R* — 2ss93R
513 + 5123 1 2ais1 + 898123 — s123 k>
Vigg = Vig + S 5B y _y, :
123 13 + S ( 1= 1) R2 + 81 (—OzR + S%R* — 2818123R

For the final coordinates in our model, we have to rescale the planar components by
cosd and cosd*, rotate the dual quadrilateral by 7, and add the vertical components.
We will denote the horizontal parts of the vertex coordinates by 7 € R? etc, and the
vertical component with respect to the circle planes by v’ € R3 etc. The rotation by n
around the z—axis will be D,, described by the matrix

cosn —sinn 0
D, = |sinnp cosn 0
0 0 1

Finally, let

We get

o 5

V3 = cosd*D

S &

5 (
Ug3 = cos 6" Dy, <VS3>

_ Vi
) U1z = COS 0 ( S2> ,
) U13 = cos 0" Dy, (VS?’> )

U123 = cos 6" Dy, (VB%)
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and the vertical components

/

. / .
v' = —sindse,, v} =sindsie,,

vh = sindsse,, V), = —sindsige,,

vh = —sind*sze,, vz =sind*size.,

vhy = sin §*soge., Vi = —sind*sia3e.,

with e, the unit vector in z—direction, and with lemma 4.4.9 and lemma 4.4.6 for choosing
the correct sign, sind = R*k and sin§* = —Rk. With these components, the complete

vertex coordinates are

— /

vV=vV+v,

— /
V2 :UZ+U2a

vy = T3 + vy + I,

P / /
V93 = V23 + V3 + h,

__ /
V1 = U1 +U17

—_ !
V12 = V12 + V19,

—_ ! /
V13 = v13 +vi3 + I,

—_ / !/
V123 = V123 + 7}123 + h .

Put together, we get

vV=UV4+v
0
= cosd <V> + 0
0 .
—sinds
., —5 0
0 —ksR*
rs
-1
=— | rR
R )
aks



—_— /
V12 = V12 + V19

0
= cosd <V12> + 0
0 .
—sin ds12

. 251 R? — 8%812 + s19R? 0
= — 57 R(—R2 + 52 4 281812) + 0
R(R? + s? !
( + 81) 0 —kslgR*
2
. 2;.5R° — 2812 + s12R? 0
— 2
R(R2+ a2) R( R +2@812) + 0
s () —ks12%
204313R2 — a2812 + 8128%3R2 0
r
= R(—s%3R2 +a?+ 2aes13512) | + 0

R 2 RQ 2
(813 ta ) 0 _k512%

r (SlgRQ(Oé + 812813) + a(513R2 — aslg))

1
=—— | rR (Oz(O& + s12513) + si3(asia — 813R2))
RCY
—ak31201
1 r (813R2A1 + aBl)
== RiCl T’R (aA1 — 81331)

—aks12Cy

For the remaining two vertices we need the rotation

cosn —sinn 0 N H —-hk O
Dy =|sinnp cosp O0|=-—-|hk H 0
r*r -
0 0 1 0 0

with H := % cosn = cos ¢ + ak?. Note that
2 rr)? 2 rr)? 2.2
H—< >(1—sinn)—< >—hk.
o o

— / /
V13 = V13 + V13 + h

=cosd*D V13
sin 5*513 +h
0
0

Now

S13 0
R* | + 0
0 0 o 0 h — kslgR

o
= H
Yy hk
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Hsi3R — akh
=—| khs;sR+ Ha |,
’I“(h - k‘SlgR)

—_ / !/
V23 = V23 +U23 + h

=cosd"D V23
sin (5*823 +h
R — 0 —2as — 82823 + 823R2 0
= — H 0 —aR + s?°R* — 2ss93R | + 0
T oy R2+ 2
o 0 h — k‘SggR
. H - 0 R (s23R* — as — s(ov + ss23)) 0
= | H 0 —R?(a + 8523) — s(s23R? —as) | + 0
*\o o zr 0 h— ks R
L (H —hk 0\ [R(By—sAy) 0
=G hk H 0 —R?Ay — sBy | + 0
*\o o zr 0 h— ksasR
1 HR( 9 — SAQ) + kh(RQAQ + SBQ)
= W khR (BQ — SAQ) — H(R2A2 + 5B2>
2

TCQ(h — /{?823R)
Our edges are

Hs13R? — akhR + s
f=— | khsisR*>+ HaR + r’R
r(hR + k(as — s13R?))

Hs13R? — akhR + 125
= — | khsi3sR? + HaR + r’R |,
r(hR — kBs3)

HR?(By — sAs) + khR(R?Ag + sB3) + r?5Cy
A= e khR?(By — sAy) — HR(R?*Ag + sBs) + 12RCy
2 rRCy(h — ksasR) + raksCs
HR2(B2 — SAQ) -+ th(RQAQ + SBQ) + 7’2802
= "RCy th2(B2 — SAQ) — HR(R2A2 + SBQ) + T'2RCQ s

TCQ(hR — kBQ)
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r2(s13R%A1 + aBy) — RC1(Hs13R — akh)

f12 = T2R(aA1 — 81331) — RCl(khslgR + Ha)

RC
" ! rC’l(—ak512 - R(h - k‘SlgR))

1 akhRCy — H813R201 + 7“2(813R2A1 + OéBl)
= RO —kh313R201 — HaRCq + 7“2R(CVA1 — 81331)
! rCy(kBy — hR)

Now we proceed to f? x fZ, component by component:

(f2 Xflz)x:

(f2 ><f12)y:

1
r2R2C1Cy
— (rCy(hR — kBy)) (~khs13R*Cy — HaRCy + r*R(ad; - s13B1)) )

1
rRC1Cy
+ (Ca(hR — kB2)) (khsi3RCy + HaCy + (51381 — a/y)))

1
rRC1Cy
+ kHCy (—=B1(R*As + sBs) — aBy(h)

+ k(=h*R?C1(Bs — sA2) + 1°B1C1Cy — 1° B2 Cs(s13B1 — a A1) + h*R?s13C1C2)
+ HhRCy (R*As + sBs + aCh)
+17?hRCo(—C1 + s13B1 — aAl))

1
rRC1Cy
— kHC1(R*A2By + sB1 By + aByCs)

+ k(R?R*C1 (51303 — Ba + sAs) 4+ r°Co(B1C1 — s13B1B2 + aA1 By))
+ HhRCy (R*As + sBs + aCh)

— TQhRCQ (Cl — s13B1 + aA1)>,

((th2(32 — sAy) — HR(R*A3 + sBs) + 12RCy) (rCy (kBy — hR))

((th(B2 — 5Ay) — H(R*Ay + sBy) + 1°C3) (Cy(kBy — hR))

<k2hR01 (Bl(BQ - SAQ) - 8133202)

(K2hRCy (B1Bs = s43B1 — 515B2C)

1
12R2C1Cy
+ (rCo(hR — kB2)) (akhRCy — Hs1gR*Cy + 1% (s13R% A1 + aBy)) )
_
rR2C,Cy
+ (Co(hR — kB2)) (akhRCy — HsigR*Cy + 1% (s13R% A1 + aBy)) )

1
rR2016'2

(—(HRQ(BQ — sAg) + khR(R2Ay + sBy) + r%sCy) (rCy (kBy — hR))
( (HRX(By — sAy) + khR(R? Ay + sB) + r2sC5) (Cy(hR — kBy))

(kthcl(—Bl(RzAg + SBQ) — CMBQCQ)
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+ kHR201 (—Bl(BQ — SAQ) + 8133202)

+ k‘(hZRQCl(RQAQ + SBQ) — ?”28310102 + h2R201OCCQ — TQBQCQ(SlgRQAl + OéBl))
+ HhR*Cy(By — sAy — 513C5)

+ ’I”QhRCQ (801 + 813R2A1 + OéBl))

1
=——  (—k*hRC;(R?A5B BB B-C.
T'chlcg( 1( 251 + sb1 b2 + abo 2)

+ kHRQCl (SAQBl — B1By + SlgBQCQ)
+ k‘(hQRQCl (R2A2 + sBy + OZCQ) — 7'202($B101 + 813R2A132 + OéBlBg))
+ HhRBCl (BQ — sAy — 81302)

+ ’I"QhRCQ (801 -+ 813R2A1 + OzBl)) ;

in the last component we will expand H? and use lemma A.0.1:

1
2 2 2 2 2
(f2 x f2), = m((HR (B — sAg) + khR(R*Ay + sBy) + 125C3)
(—kh513R2C1 — HaRCq + T2R(O£A1 — 81331))
— (khR*(By — sAs) — HR(R?As + sBa) + 1> RC5)
(O(k‘hRCl — H513R2C1 + 7‘2(813R2A1 + OLBl)))

1
" 2RCICy
(—khslgRCl — HaCy + rQ(aAl — 31331))

— (khR(By — sAs) — H(R*As + sBs) + 12Ch)

(akhRCy — HsigR*Cy + 1% (s13R% A1 + aBy)) )
1
r2RC.Cy
+ kHhRC: (—s13R*(By — sAs) — a(R*As + sBo)
+ 513R?(By — sA3) + a(R2 Ay + ng))
+ H?R*Cy (—a(By — sAs) — s13(R*As + sBs))
+ khr?R((R*Ag + sBs)(aA; — s13B1) — 5513010
— (Bg — SAQ)(513R2A]_ +aBg) — aCng)
+ Hr? (RQ(BQ — sA2)(aAy — s13B1) — asC1Cy
+ (R? Ay + sBo)(s13R* A1 + aBy) + s13R2C1Cs)

+ 7”402 (S(OéAl — 81331) — 813R2A1 — aB1)>

((HRQ(BQ — SAQ) + th(RQAQ + SBQ) + 7“2802)

(k2h2R201 (—813(R2A2 + SBQ) — CY(BQ — SAQ))

1 r¥*r.o
= m (—(7) chl (BQ(Oé -+ 8813) + A2(813R2 — OéS))
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+ khr® R(—C1Ca(a + ss13) + R Ay As(ar + ss13) + A1 Ba(as — s13R?))
+ AyB1(—s13R% 4+ as) + By By(—ss13 — )

+ Hr? (0102(813R2 —as) + R2A1 Ay(—as + s13R?) + R*A1By(a + s513)
+ R2A231(5313 +a)+ BlBQ(—813R2 + as))

+ricy (Al(as - 513R2) — Bi(ss13 + a)))

1 r*. 9

+ khR(A3(—C1Cy + R*Ay1As — B1By) — Bs(A1 B2 + A2 By))
+ H(B3(C1Ca + R*A1 Ay — B1Bs) + R*A3(A1 By + AsBy))
—12Cy(A1B; + B143))
1
~ RC1Cy
+ HB5(C1Ca + R*A1 Ay — B1Bs)

(k:hRAg(—Cng + R2A1A2 — BlBg)

,r*
— (E)QRQC& (A3B2 + Ang) — T202 (AlBg =+ BlAg)) .
We first write out the summands of (f, f2 x f2) separately:

1
2 2 _
f$ (f Xfl)x_ T2R20102

(K*hRC1 (B By — 54581 — s13B,C5)

—kahR + Hs13R? + rs
( )

— kHCy (R*A3B1 + sB1 By + aByCs)
+ k(h?R*C1 (51303 — By + sAs) 4+ r*Co(B1Cy — s13B1 B2 + a A1 By))
+ HhRCy(R*Az + sBa + aCy)
— r2hRCy(Cy — 5138y + aAl))
1

T 2RXC1C
+ k*HhRC: (a(R* A3 By + sB1 By + aBCs) + s13R*(B1 By — A2 By — 513B205))
— kH?s13R*Cy (R*A2By + sB1Bs + aBy(Cs)

(—k3ah2R201 (B1By — sA3 By — s13B2C5)

+ thR<—a(h2R201(31302 — By + sAg) + 12Cy(B1C — 51381 By + 0 A1 By))
+ 1250y (3132 — sAyB1 — 8133202)>

+ kH (—ah?F2Cy (R2 Ay + sBy + aCy) — 125C1 (R* A2 By + sB1 By + aByCs)
+ 513R% (W2 R2Cy (513C — By + sA3) + 12Cy(B1Cy — $13B1 By + aAlBg))>

+ H%s13hR3Cy <R2A2 + sBsy + aCQ)
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Ty (f2 X f12)

(1

- 7‘2R20102

x f})

+ lﬁ"Q (ah2R2C2 (Cl — s13B1 + OéAl) + s(h2R201 (81302 — By + SAQ)
+ 7“202(3101 — s513B1By + OéAlBg)))

+ H’I“QhR<—513R2CQ (Cl — s13B1 + OzAl) + sC (R2A2 + sBy + OZCQ))

— 7"4h8R02 (01 - 81331 + OéAl)> s

2320 G (KhsisR+ Ha +1?)
(—kthCl (R2A231 + sB1By + OéBQCQ)

+ k‘HRQCl (SAQBI — B1By + 8133202)
+ k(h2R2C'1 (R2A2 + sBs + O[CQ) — T2C2(53101 -+ 813R2A132 + OéBlBg))
-+ HhR301 (BQ — sy — 81302)

+ TthCQ (801 + 813R2A1 + ozBl))

1
(—k3h2R251301 (R*A3By + sB1 By + aB>Cs)

+ K2HRRCy (s13R2(sA2B1 — BBy + $13B2C3) — a(R* A3 By + 5B1 By + aByCy) )
+ kH?aR*Cy(sAs By — B1Bs + s13B2C5)
+ KRR (1302 R2C1 (R2Ag + 5Bs + aCy)
— 51357°Cy(sB1Cy + 515R A1 By + 0By By) — 1°Cy (R A3 By + sB1 By + aByCy) )
+ kH (h2s13RACy (By = 54z = 515Cs) + ah?R2Cy (R A + 5By + aCy)
— ar?Cy(sBiCy + s13R*A1 By + aB1 By) + 1°R%Cy (sAs By — ByBy + s135:C3) )
+ H?ahR3Cy (Bg — sAy — 8136’2)
+ k(W13 R2Co(5C1 + s13R2 Ay + aBy) + K2R2Cy (B2 Ay + B3 + aCh)
—12Cy(sB1Cy + s13R? A1 By + aB1 By) )

+ HTQhR<OéCQ (801 + 813R2A1 + OéBl) + R201 (BQ — 8Ay — 81302))

+ 7’4hRCQ (SCl + 813R2A1 + aBl)> ,

= R2(/1‘102 (kag n hR)

(KhRA3(R*A1 Az = By By — C1C)
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+ HB3 (R2A1A2 — B1By + 0102)

— (g)2chl (Ang + AQB3) — TQCQ (AlBg, + AgBl))
- 1

R2CCy

— kHB3(R*A1 Ay — B1Bs + C1C5)

(—thRAng (R*A1Ay — B1By — C105)

+ k((%)QRZBg,CI (A3B2 + Ang) + T2B302 (AlBg + AgBl)
+B2R2 A3 (R2 A1 Ay — B1 By — C1C))
+ HhRB3(R*A1 Ay — B1By + C105)

— (%)QhR3Cl (A3B2 + AQBg) — thRCQ (AlBg + A3B1)) .

Now, we sum up the coefficients at the various powers of k and H, expanding H? =
(T*—T)2 — h2k?, which redistributes the coefficients at kH? to k and k3, and those at H?

«

to k? and the zeroth power. We get for the coefficient at

k3:
1 2 p2
m( — ah“R Cl (BlBQ — SAQBl — 8133202)
+ 513h° R?C1 (R* A2 By + sB1 By + aBy(h)
— 813h2R201 (R2A231 + sB1Bsy + aBgCg)
— Odh2R201 (SAQBl — B1By + 813B202)>
=0,
k2H:
m (O&(R A2B1 + SBlBQ + OZBQCQ)

+ 813R2 (3132 — sAyB] — 813B202)
+ 513R2 (SAQBl — B1Bs + 5133202)

~ a(R*A2B1 + 5B1 By + aByC) )
=0,
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ﬂR};ZCZ( — ah?R2Cy (s13C — By + sAs)
— ar?Cy (3101 — $13B1Bs + aAlBQ)
+125Cy (B1 By — sA2By — s13B2C5)
— 513h*R*C1 (R* A3 + 5By + aCs)
+ 51302 R*C1 (R* Az + sBs + aCs)
— 5137205 (sB1C1 + 813R*A1Bs + B Bs)
—1?C1 (R*A2By + sB1 By + aBy(h)
— ah’R%*Cy (Bg — sAy — 51302)
— 12 A3 By(R2 A1 A — BiBy — (1))
_h
RC\C,

< — OZCQ (3101 — 8133132 + OéAlBQ)

+ sC1 (B1By — sA3By — 513B2(5)

— 513C5 (sB16’1 + 813R2A132 + OéBlBQ)
-1 (R2A231 + sB1By + O[BQCQ)

~ AgBy(R*A1 Az — ByBy — C1C3) )

_h
"~ RC1C,

< — A1 B3y (a2 + S%3R2) — Ay By (82 + R2)
+ B1Bsy (Cg(aslg — 04813) + Cl(s — S))
— B1C1Cy (a + 8813) — By(C>y(C4 (8813 + a)
— A3 By(R* Ay As — BBy — 1) )

_h
- RC1Cs

( — C1Cy(A1By + A3 By)
— A3C1Cy (Bl + By — Bg)
— AgBs(R2A; A — Ble))

where we used
Bi + By — B3 = (s13 + s23 — s13)R? — a(s12 + 5 — s) = By

and lemma A.0.1 in the last step,
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ﬁqgih65<——ah?R%](R2A2+ng+cub)
—r?sCy (R?A3B) + sB1 By + aByCh)
+ 513h* R'C1 (513C2 — Ba + sA3)
+ 5137 R*Co (B1Cy — 513B1 By + A By)
+ 813h° R*C1 (By — sAs — 51302)
+ ah®R*Cy(R* Az + sBa + aCs)
— ar’Cy (sBlCl + 813R2A132 + aBlBg)
+12R*Cy (sA2By — B1 By + s13B2C5)

— 2B} (R*A1 43 — B1By + 1) )

! < —sCy (R2A231 + sB1By + OéBzCz)

T R2C.Cy
+ 813R202 (3101 — s813B1By + OéAlBQ)
— aCy (83101 + 813R2A132 + OéBlBQ)
+ R201 (SAgBl — B1By + 8133202)
— B3(R*A1Ay — BBy + 0102))
1
= m (AlBQCQ (04813R2 - ()é813R2) + A2B101 (—SR2 + 8R2)
+ B1 B> (Cl(—sz — R2) + CQ(—S%S)RZ — a2) + Bg)
+ B1C1Cy (813R2 — as)
+ By CyCy (—OJS + 813R2)
~ B} (R*A1 A2 + C1C))
1
= 70, (C1Co(B1Bs + BaBs — Bi By — BY)
+ B1 By (B3 — C1C,)
- R2B§A1A2>
1
= m (0102 (B3B4 - BlBQ)
+ Bg (B1B2 — R2A1A2)
— BiByC1Cy)
1
— m( - 2B1320102

+ Bsg (340102 + B3(B1By — R2A1A2)))
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1

e ( — 9B, By, Cs

+ 23334C1C2>
2
= —(B3Bs — B1Bs)

R
= 2a(s — s12) (513 — 523),

where we used B4C1Cy = —B3(R?A; Ay—B1 By) from lemma A.0.1 and straight-
forwardly expanded B3B4 — B1Bs;

1
R2C,Cy

(ah2R202 (01 —s13B1 + aAl)
+ sh?R*C1 (5130 — Ba + sAs)
+ 7“2302 (BlCl — 813B132 + aA1B2)
- (%)28135’201 (R*AsBy + 8B1 By + aBsCs)

+ h2813R202 (801 + 313R2A1 + OéBl)
+ h2R201 (R2A2 + SBQ + OLCQ)
— 7’202 (83101 + 813R2A132 + OéBlBg)

+ (=) aRCy (sA42B1 — BBy + 513B5C)
+ (=) R ByCi (A3 Bz + A2 )
+ 7“23302 (AlB3 + AgBl)

+ B2R2 A3 (R* A1 Ay — B1 By — C1C))
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1
- R2C,C,

<h2R2 <O£CQ (Cl — s13B1 + OéAl)

+ sCh (81302 — By + SAQ)
+ s13C9 (SC1 + 513R2A1 + aBl)
+ Cl (R2A2 + SBQ + 0402)

+ A5 (R2A1 45 — BiBy — C1C,) )
+12Cs (3(BiC1 = s13B1 By + a1 By)

— (sB1Cy + s13R*A1 By + aB By)

+ By(A1Bs + A331)>

7,,*

i

)201( — 813 (R2A231 + sB1By + OCBQCQ)
+ a(sABy — B1By + s13B2C5)
+ B3(A3Bs + AzB3)>>

1
- R2C1Ch

(th2 (0102 (A3 + A — As)

+ Blcg(—a813 + 04313) + By(C1 (—S + S)
+ A1Cy (Oé2 + 5%3R2) + Ay (4 (82 + R2)
+ Aj (R2A1A2 — BlBg)>

+T’202( — B1ByA3 — A1B3B3 + B3 (AlBg + AgBl))

,r,*

+(E)201< — AZBlBg — B]_B2A3 + Bj (A332 + AQBd)

+ ByCs (—a313 + 04813)>>

1
- R2C1C,

(h232 <0102 (Ay + Ay + A3 + A4))

‘H“QCQ ((Bg — Bg) (AlBg + AgBl))

,r,*

+(§)201 ((33 — B1)(A3Bs + Ang))>,

where we used lemma A.0.1 to get the A4 in the last step;
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h

m( — 813R202 (Cl — s13B1 + aAl) + sCh (R2A2 + sBy + aCQ)
+ aCy (SCl + 813R2A1 + OéBl) + R201 (Bg — 8Ay — 51302)
+ By (R A1 A3 = BiBy + C1Cs) )

_h
"~ RC1Cy

(0102(—813R2 +as+ as — 813R2 + Bg)

+ B1Cs(s15R? + o?) + BoCy (s* + R?)
+ Alcg(—a813R2 + Oé813R2) + AQCl (SR2 — SRQ)

+ B3(R*A1 Ay — 3132))

h
= E(Bl + By — B3 — By)
h
= E(SIBR2 — asio + 823R2 —as — 813R2 + as — 823R2 + Oéslz)
= O7

again using lemma A.0.1 for By;

KO HO.

h
R0102 ( — 7’2502 (01 - 81331 + aAl)

+ (%)281301 <R2A2 + 3B2 + OéOQ)
+ 7"202 (SCl + 813R2A1 + OdBl)

+ (%)206’1 (BQ — SAQ — 81302)

— (552)°C1(AsBy + A3 By) = 1*Cy (A1 By + AsB1) )
h
= RC\Cs <r202 (01(—8 + s) + B (8813 +a— A3) 4 A1(—as + s13R? — B3))
+(%)201 (A2 (s13R% — as — B3) + Ba(ss13 + a — A3) + Ca(asiz — a313)>>

=0.
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Now we can collect the only non—vanishing terms and find

(f. f>x fi) = k(H(%é(S — s12)(813 — 523))

+h? (A1 + Ag + Ay + Ay)
2

r
——— (B3 — By)(A1B3 + A3B
+R2C’1( 3 2) (A1Bs + A3B)
*2
r
o (Bs — B1) (43Bs + A3B) ).
+a202( 3 1)( 32 + A 3)
We reformulate the result by expanding 2 = R2? — o2k2, r*? = R*? — o2k?

H = cos p + ak?:

(f, 2> fi) = k<COS @(20(s — s12)(s13 — 523))
+k‘2 (2a2(s — 812)(813 — 823))

2
k R201 (Bg Bg) (AlBg + A3B1)
1
—k‘Qa(Bg — Bl) (A3B2 + AQB:),)

+h? (A1 + Az + Az + Ay)

+Cl’1(B3 — By)(A1Bs + A3By)
1
TRG,
= 2ak cos p(s — s12)(s13 — S23)

+k3 (2042(8 — 812)(813 — 823)

Oé2

(Bs — B1) (A3Ba + A2Bs) )

- a(sm — s93) (A1 B3 + A3B))
+ C%(S — s12)(A3By + A2B3)>
k(2 (A1 + As + Ag + Au)
1
+ a(B3 — By)(A1Bs + A3By)

1
+ g, (Bs = B) (438 + AsBy) );

the term at k® can be rewritten as

O£<S _61512 ((813 — 823)0102 + A3B2 + Ang)

a(s13 — s23)

= (s = 12)C1 — A1 By — A3By))
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= a(s _0812 (04(813 — 823)(R2 + 82) + (a + 8813)(823R2 —as)
2

+ (a+ 8823)(813R2 — as))

a(S13 — S
+(130123) ((S — 812)(8%3]%2 + 062) — (Oé -+ 812813)(813R2 — CkS)

— (a + 8813)(813R2 — 06812)))

S
- a( C. = (R*(as13 — asas + asag + ais1g + 25513523)
2

+ a(52513 — 52593 — s — $%813 — s — 52523))

(813 — 523
+(C'1) (s13R*(ss13 — S12513 — @ — S12813 — @ — $813)

+ a(as — asiy + as + $s12813 + @asi2 + 8512513))>

Oé(s 02812 2813R2A2 — 20&8142)

a(siz — s23)

L 2313R2A1+2asA1)>

55 =812 4 2@(513 — 823)A133>

=, c;
(g,

1 a
G (s — s12) A2 — 5(813 — 823)A1>

=

leaving us with
«
(f. 2 fi) = 2ak333<c2 (s — s12)A2 — a(SIS — 823)A1)
+ 20k cos (s — s12) (813 — S23)

+k(h2(A1 + As + As + Ay)

1
+ a(B:a — By) (A1B3 + A3By)

1

R202 (Bg — Bl) (AgBQ + AQBg)) .

Let us now turn to Hf X f2H and Hf X f12H We have

£ = 2P = 1A 1227 = (F, )
and
175 2217 = AR 22 = (120

2, ! 2, <f, f2> and <f, f12> Like in lemma 4.4.11, the
squared edge lengths can be calculated in the simpler coordinates of the individual side

so we first calculate | f HQa
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faces:

111 = llors — olf* = ¢ + 5% + 575 + 2ss13 o8 0
=h2+ R+ R*? + s>+ 525 + 2(a + s513) cos
= D+ s* + 575 + 2 cos pAs;

for the other two edges, we recall lemma 4.4.14 about d and :

Hf2H2 = [lveg — ”H2 =d*+s* + 8%3 + 25593 cos Y
=h?+ R*+ R+ + 8%3 + 2(cv + $893) cos
=D + 5% + 533 + 2cosp Ay;

2
Hf12H = [Jviz — vi|* = d* + 53, + i3 + 2512513 cos
= W2+ R? + R*? + 525 + 525 + 2(« + s12513) cos 1)
= D+ 5%y + 525 + 2cos Ay

For the scalar products, we have to return to the coordinates for the entire cube:

1

(1) = opee; ((Hs15R? — akhR + r2s) (HE(By — sA) + khR(R Az + 5By) + r%Cs)

+ (khs13R? + HaR + r*R) (khR*(By — sAs) — HR(R*Ay + sBa) + 1 RCh)

+72Cy(hR — kBy) (AR~ kBy) )
_ 73}1'12‘02 (¥ (~ah?R2(R2 43 + sBy) + Ws15R'(By — sAs) + r*ByBsC)
+kH (hs13R*(R? A + sBa) — ahR*(By — sA»)
— hs13R*(R* Ay + 8Bs) + ahR*(By — sAy))
+H?(s13R*(By — sAs) — aR*(R*Ay + sBy))
+k(—ahr?sRCs + hr*sR(R* Ay + sBs) + hr?s13R*C
+ hr? R¥(By — sAs) — hi? RCy(Bs + Bj))
+H (r%s813R*Cy + r*sR*(By — sA2) + ar®R?Cy — 1’ R*(R* Ay + sBs))
+r1s2Cy + r 1 R*Cy + TQhQRQCg)
= T2R1202 <k;2 <h2R2 (RQAQ(—Oé — s813) + Ba(—as + 313R2)) + 7“2B23302>
+H?2R? (R2A2(—8813 —a) + B2(813R2 — as))
+khr®R(As(sR* — sR?) + Ba(s® + R?) 4+ Co(—as + s13R* — By — By))
+Hr*R?*(As(—s* — R?) + Ba(s — s) + Ca(ss13 + )
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r?(r?Ca(s® + R?) + h2R202))
_ 1
- r2R20,

(K2(h2R*(~ B2 A543+ ByBy) + r*ByByC)

R
+khr? R(ByCs + Co(Bs — By — Bs))
+Hr*R*Cy(As — A2))

+r2Cy (r2Cy + thQ))

<k23233 ?(ByBs — R2AyAs) + HR2(As — Ag) +12Cy + hQRQ);

R2 CQ(R*) (

we plug in the definitions 72 = R2—a?k? and r*2 = R*?>—a2k? and recall H = cos p+ak?:

(157 = 5 (PBaBy o+ (1= B2) (BaBy — B2 Aso)

+ (cos v+ ak2)R2 (A3 — Ag) + (R2 — a2k2)C’2 + h2R2)

1
T R2C,
+ cos pR2Cs(A3 — As) + BoBs — R* Ay Ay + R*C2 + h2R2C’2)

1
T R2C,
+ aCy(—aR? — as® + aR? + sslng))

(k2 (BaB3Cy — R2ByBs + R*Ay A3 — a2C3 + aR2(As — A3)Ch)

<k2 (s°(s23R* — as) By + (aR* + ss13R* — aR* — as®R?) A,

+ cos pR2Co(A3 — Ag) + BaBy — R®As Ay + R2C2 + h2R2C’2>

1
~ R2C,
+ cos (,DRQCQS(SKJ, — S93)

+ ByBy — R2Ax Az + R2C2 + h2R2C’2>

(k233 (82823R2 —as® + sR?As + ozsC'g)

1
= R2C, <k28R233 (8823 + Ay + a)

—+ cos QOR2CQS(513 — 823)
4 ByBsy — R*As Ay + R2C2 + h2R26’2>

—9i2 > A9 Bs + cos ps(s13 — s23) +

A (BQB3 —R A2A3) + Cy + h

RzC’
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(f. f1) = 7«2}21201 ((H313R2 — akhR + 1*s) (akhRCy — Hs13R*C + r*(s13R*A1 + aBy))

+ (khs13R? + HaR + r*R) (—khs13R*Cy — HaRCy + r*R(aA; — s13B1))

+72Cy (hR — kBs) (kBy - hR) )
_ 72}212& (¥(—a?h2B2C) — h2s3,RCy — 12 B1 BaCh)
+kH (2ahs13R*Cy — 2ahs13RCY)
+H?(—s13RC1 — o®R?Cy)
+k(—ahr2R(313R2A1 + aBy) + ahr?sRCy + hr2313R3(aA1 — s13B1)
— hr?s13R3Cy + hr* RB1Cy + hr* RB3Ch)
+H(r2313R2(313R2A1 +aB;) — r?ss13R2C
+ ar2R2(aA1 — s13B1) — ar2R2C'1)
+7’4s(313R2A1 +aBy) + 7"4R2(04A1 —s13B1) — r2h2R201)
_ 1
r2R2C4
,((%7")2 _ h2k2)R2C’12
+khr?R(A1(—asi3R? + asi3R?) + Bi(—a® — si3R?)
+ Cy(as — s13R* + By + Bg))
+Hr?R? (A1(8%3R2 + a2) + By(as13 — asiz) — Ci(ss13 + a))

r? (r2R2A1(5513 +a) + r’By (as — 313R2) - h2R201))

(= B (P*RCE + 1B BsCy)

1 2.2
:m(—k T BlBgCl

(;*)2 e
+kh7’2R(—Blcl + Cl(—B3 + By + Bg))
—|—H7“2R2 (A101 — A301)

+1 (R A1 A3 — By By) — W% *R2C )

r*

1
)

= 5 ( k2B Bs — (

201 + HR2 (Al Ag) + a (R2A1A3 — BlBg) h2R2);

again we expand r2, r*? and H:
<f f1> ( kQBlB?) - (1 - R2k2)c + 6(R2 - 0121432) <R2A1A3 - BlBg)
+ (cosgo + ak2)R2 (A1 — Ag) — h2R2)
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1
e
+ cos (,OR201813(812 —5)
+ B2 (R?A1 A3 — BiBy) — C} - WRC) )
1
~ R2C,
+ R?C1(s13R* + o — o® — assi3))
+ cos ch201813(812 —5)

+ RY(R* A1 Ag — By Bs) — CF — W2R*C: )

(kQ(—BlBgcl + R2012 — a2R2A1A3 + OéQBlBg + OéRQ(Al — Ag)cl)

<k2 (Al(as%3R4 +a’R? — &®R? — a’ss13R?) + B1B3(a? — s33R? — a?)

1
= R2C <k2 (a513R2AlB3 - 5%3R2B1Bg + 813R20133)
1
+ cos ch201313(812 —5)

+ B2 (R?A1 A3 — BiBy) — CF — WRC) )

1
= R201 (k‘2813R2 (OéAlBg + Bg(Cl — 81331))
+ cos pR?Cy513(512 — $)

+ B2 (RA1 A3 — BiBy) - C} — WRC: )

1
= R201 <k’2813R2 (OéAlBg + Bg(a2 + 06812813))
-+ cos @chlslg(slg — S)
+ R (R*A1 A3 — BiBy) — C} — WR2Ch )

_ 2k2 as13

1
A1Bs3 + cos 90813(312 — 8) + 6(R2A1A3 — BlBg) — 8%3 — R*2 _ K2
1 1

Now, for Hf x f?||, we calculate HfH2 Hf2H2, remembering from corollary 4.4.13 and
lemma 4.4.17 that cos ¢ = — cos ¢ — 2ak? and cos pcostp = k?D — 1:

LAIP 1S = (2cos As + 5% + 35 + D) (2cos Az + 5* + 835 + D)
=4(k*D — 1) A2 A3
+ 2cos pAs (32 + 825 + D) —2(cosp + 2ak2)A2 (82 + 575 + D)
+ (s° + i3 + D) (s* + 533+ D)
= 4k*(D(AzA3 — aAs) — a(s® + s13)As)
+ 2 cos @((D +5%) (A3 — A2) + 5%3143 - 5%3142)
+ (s> + 833+ D) (s* + 835 + D) — 44243
= 4k* Ay (ss13D — a(s® + si3))

+2cosp((D + 5%)s(s13 — 523) + 533 — 573) + s513523(523 — 513))
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+ (s* 4+ sT3+ D) (s* + s33 + D) — 44243

= 4k% Ay (ss13D — a(s* + s33))
+ 2 cos p(s23 — 513)(—5(D + %) 4+ asa3 + 513) + 5513523)
+ (s> + 815+ D) (s* + 835 + D) — 442 A3.

For < 1, f2>2, we first rewrite the constant part:

1

ByB3 — R*AA h?
R202( 2Bs — R*AyAz) + Co +

1
R202
1

= R2C, (3233 — R2A2A3 — 06202) + 2 + D

(B2B3 — R*AA3) + s* + D — R*?

Co (s23R°B3 — assi3R? + o®s® — R?Ay A3 — a®s” — o’R?) +5° + D

R2
1
= 6 (82333 — 04(8813 + Oé) — A2A3) + s? + D
2
1
= 6 (82333 - (a + AQ)Ag) + 2 + D,
2
with that and

COSQSDZ 1—Sin2§0: I—CQk‘Q = 1—]{?2(D+206COS§0),

we get

1 2
(f, f2>2 = <2k2CiA233 + cos ps(s13 — S23) + @(82333 — (o + Ag)Az) +5° + D)
S
= 4k'— o2 A3B3

+ cos @82(513 — 823)2
2
+ 4k? cos cpé—(slg — 593) A2 B3
2 S B
+ 4k C AQB3(C2 (82333 (Oé + Ag)Ag) + 8 + D)

1
+ 2 cos ps(s13 — s23) (* s23B3 — (o + Ag)Az) + 8° + D)

&'
1 2
-+ (62 (82333 - (a -+ AQ)Ag) + 2 + D>
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S

Cy

= 4k* 5 A3B3

252
—+ 2]{?2 COS @(?2(513 — 823)A2B3 — Oé82(513 — 823)2)

1

+ k2 <02 A2B3(C (s23B3 — (v + Ag)A3) + s* + D) s%(s13 — 823)217)
1

+ 2 cos ps(s13 — s23) <F(82333 — (a+ Az)As) + 5° + D)
2

1 2 22 2
+ <?2(823Bg — (CE + Ag)Ag) + 87 + D) + s (813 — 823)
Put together, we have

S

2012 4
I £ = ki S

— S A3B3
2
— Qk COS s (813 — 823) (@Ang — 04(813 — 823)>
+ k2 <S2(513 - 823)2D + 445 (5813D - a(s2 + 5%3))
s 1 9
_ @Ang (62(823B3 — (a+ A2)A3) + 57 4+ D))

+ 2cos p(s23 — $13) (—s(D + 82) + a(s23 + s13) + sS13523

1
+ S(@(S%Bza — (o4 A2)A3) +5° + D))
+ (52 + 5% + D) (82 + 825 + D) —4A5A3
1 2
— <@(523B3 — (a+ Az)A?,) + s+ D) — 52(313 — 523)2.

We simplify the individual terms. For the one at k2 cos ¢,

A9 B3 + s93R*(s513 + o) — as(a + 3313))

2

@A2B3 — a(s13 — S23)
1

= ; (AQB3 + (Oé + 8823)(813R2 — as) — 04(813 — 823)(R2 + 82))
1

= (AQB3 + 04813R2 — a2s + 8813823R2 — a32323 — a313R2 — a82813 + 06823R2 + a52523)
2
1

= (Ang — o5 + ss13503R% — as?sy3 + a523R2)
2
=

A2B3 + A3By);
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equally for the term at cos ¢:

1
— 5(D + 5?) + a(so3 + s13) + 5513503 + s(—(sngg — (v + A9)A3) + 5% + D)

Co
S
= Oz(823 + 813) + sS138923 + 62(82333 — (a + AQ)A3)
1
6 (8823B3 — asAz — sAxAs + a(323 + 813)(R2 + s ) + 8813823(R2 + 82))
2

(552333 —asAz — 8(042 + as(s13 + s23) + 82813523)
a(so3 + 513)(R? 4 5%) + ss13503(R% + 52))

<5523Bg —asAs —a’s+ a(so3 + 813)R2 + 3513523R2>
<332333 — asAs + s93R* (o + s513) + a(s13R? — as))

=G <A233 + A3Bz)

The term at k2 can be rewritten as
32(313 — 893)2D + 445 (ss13D — a(s* + s13))

C Ang(C (82333 - (a + AQ)Ag) + S + D)

= 32(813 — 823) D+ FQAQD(SL?)CQ — Bg)

02 A2< (82 + S%3)CQ2 + 8523B§ — S(Oé + AQ)Ang + 53B302>

4s
=35 (513 - 323)2D + @AQD(SBRQ + s%s13 — s13R% + as)

4
— @Ag <3323B§ +aB? — aB3 + s2Cy(aCy + sB3) + as?sC3 — s(a + AQ)A333)
2

2 2D + 482A AsD — 2 42p2
= s7(s13 — s — - =5
13 23 CQ 2413 C22 23

6’2 A2< 20y(aR* + as® + ss13R* — as?) + as?yCs — aBi — s(a+ Ag)Ang,)

= 52(813 — 823)2D + EAQAgD C2 A233

CQ A2< 2R2A302 — S(Oé + A2)A3Bg
+ a(sis(s* + R* + 25°R?) — 3%3R4 —a?s? + 2048813R2))

= 82(813 — 823) D+ 7A2A3D

G o A233
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4
- ﬁAg (52R2A302 —s(a+ Ag)A3Bs3 + a(s (5525 — a?) + 2s513R?* (o + 5813))>
2

2
=3 (313 — 823) D + ?QAQAgD 022

A2A3< R0, — s(a+ Ag9)Bs + a(82(5813 —a)+ 23513R2))

B3

02

2
=3 (813 — 823) D + ?QAQAgD 022

A2A3< 2R2Cy — s(a + Ay)Bs + a(8813(52 + R?) + s(s13R% — as)))

B3

02

2 2 2 122
= — D —A A3D — A B
s%(s13 — s23)°D + o 243 022 23

CQ A2A3< 2R2C2 — sAsBs + a83813 + 048813R2))

= 5%(s13 — $93)°D + aAgAgD o A§B§

CQ A2A3< 2R2C2 — S(Oé + 8823)(813R2 — OéS) + a83813 + 048813R2)

CQ A2A3< 2R2CQ + a28 — 82813823R + 068 S$23 + a83813>

= 5%(s13 — 593)2D + EAQAE;D o A§B§

452
02 —5A243 (32(02 — 513823) + a® + as(s13 + 523)),

and the constant one is

(32 + 525 + D) (32 + 555 + D) — 44543
1 2
— (62 (82333 — (a+ AQ)Ag) + 52+ D) — 32(513 — 823)2
= (D + 8%)? + (D + s°)(s15 + s33) + 573533 — 5° (513 — 823)2 — 443 A3

— (D -+ 82) — 3(l) + s )(823B3 — (a + AQ)A?)) (82333 — (a + AQ)A3)

Cs 02

2D
= D(s13 — s23)% + 2Ds13523 — ?2(82333 — (a+ Ag)4s)
+ 252513523 + 8%3833 — 4A5A5

1
02 (28 Cy (82333 — (Oz + A2>A3) (823B3 — (Oé + AQ)A3)2)
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2D
= D(s13 — s23)* + G

C (81382302 — 52383 + (o + Az)As)
1
+ o ((3%3353 — 40® — das(s13 + s23) — 257513503) C3
2
— 28202 (82333 — (a + AQ)Ag) — (82333 — (Oz + A2>A3)2>

2D
— D(813 — 323)2 + a <3823(8813 + a) + (a =+ AQ)A?,)

1
522 ((—4a2 — 4@5(513 + 823))022
— 25202 (81382302 + s93B3 — (Oé + Ag)Ag) + 8%3833022 — (82333 — (Oé + AQ)Ag)Q)

+

C

1
+ @ ((—40{2 — 4as(513 + 823))022 — 282C2 (81382302 + s93B3 — (Oé + Ag)Ag)
2

+ (813823C2 — S93B3 + (o + AQ)A3) (813823C2 + s23B3 — (v + AQ)A3)>

2D
— D(813 — 823)2 + 72 <2A2A3)

4
= D(s13 — 823)2 + @AgAgD

1
+ 0722 ((—4&2 — 40&8(813 + 323>)022

+ 2(A2A3 — 8202) (81382302 + s93 B3 — (Ck + AQ)Ag))
4
= D(s13 — 523)* + =~ A3 A3D
Co
L2
3
— (2042 + 2as(s13 + 823))022 — 8202 (81382302 + S93B3 — OzAg))

(A2A3 (51382302 + s93B3 — (v + AQ)Ag) + 82A2A302

4
= D(s13 — s23)> + 6214214317

n 2
C3
) (2&252 +20°R? + 2&83(813 + s23) + 2as(s13 + 823)R2

(A2A3 (81352302 + s93B3 — (a + AQ)A3 + 8202)

+ 513893 + s2s13593R? + 52813803 R% — avs®s93 — ozs2A3)>

4
= D(s13 — s23)* + @AQABD

2

+ o2 <A2A3 (s13523C5 + 59383 — (o + Az) Az 4 5°Ch)
)
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) (2R2A2A3 +a?s? + as3(813 + s93) + 54513323>>

4
= D(s13 — 823)2 + UAQASD

2
02 <A2A3 (81382302 + s93 B3 — (04 + AQ)Ag — QRQCQ))
9 4
= D(s13 — 523)" + 6A2A3D

2

2
+ @AQA:; (—2R2C2 + 813823R2 + 82813823 + 813523R2 — (XS8S593

2

—o? —assy;3 — a® — as(s13 + s93) — 82813823)

4
= D(s13 — s23)° + aAQASD

2
+ @AQA?, (—2R2CQ + 2813823R2 — 9202 — 2048(813 + 823)>
2

4 4
= D(s13 — s23)* + 5214214319 - @AQA:«; (RQ(Cz — s13503) + @ + as(s13 + 323)>-
)
Back to Hf x f2 2, we see
2112 45" 42
I x £ =~k 2y 4355

+ 2k? cos ok (823 — 813)0 (A2B3 + A3B2)

+ k> <82(813 — 823)2D + EAQA:;D CQ AQB3

452
C’

+ 2 cos p(s23 — 813)C (A2B3 + A3Bs)

-3 — A9 A3 (RZ(CQ — 813823) + a? + OéS(Sl3 + 823)>>

+ D(s13 — s23)* + @AzA:sD

4
— — Ay A5 (R2 (Cz — 813823) + a? + as(313 + 823)>

3
4k:
+ 2(1 + s2k? ) cos (s23 — S13) = C (A233 + A3B2)
+ (1 + SQ]gQ) <D($13 — 523) + 6A2A3D
2
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4
— @AgAg <R2 (CQ — 513823) + a2 + 048(813 + 823)>>
1
= (1 + 82k2)§ <—4]€2A§B§ + 2 cos @(823 — 813)02 (A2B3 + A3B2)
2
+ (513 — 523)°C35D + 4A3 A3 (CzD — R*(Cy — s13823) — & — as(s13 + 523))>

1
= (1 + 5214:2)@ <—4k2A%B§ + 2cos (,0(823 — 813)02 (AQBg + A3B2)
2

+ (513 — 523)°C3D

+ 4A5A3 (CQ(D — RQ) + 813823R2 + 52513823 — Oé2 — 048(813 + 523) — 52513523)>

1
= (1 + 521432)@ <—4k2A%B§ + 2 cos (,0(823 — 813)02 (A2B3 + A3B2)
2

+ (813 — 523)°C3D

+ 4A5A3 (Cz(D — R?) + 51350305 — A2A3>>

1
= (1 + 521432)@ <—4k2A%B§ + 2 cos (,0(823 — 813)02 (A2B3 + AgBQ)
2

+ (813 — 823)2022D — 4A2A3 (A2A3 + (R2 — 813823 — D)CQ)) .

Now that we have split off 1 + s2k?, we bring the last term of result back into a more
convenient form. Since
R?A3As + ByBs = R? (a2 + as(s13 + s23) + 52513823)
+ s13893RY — as(sis + 323)R2 + o?s?
= a?(R? + 5%) + s13503R*(s> + R?)
= (a® 4 513503 R?)Cy,
we get

AgAz + (R? — 513503 — D)Co

1

= —ﬁB2B3 + (R*2 + 513523 + R? — 513503 — h? — R% — R*2)02
1

TR

and our result becomes

ByBs — h2Cs,

k2 1
Hf X f2H2 _ (1 + 32k2) <_4C22A%B§ + 2cos p(s23 — 513)62 (Ang + A3B2)
2

h 4

2

+ D+ 4A5A + AsA3BoB3 |.
(513 — 523) 243, R2C3 24352 3)
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We do the same for ||f x fZ||; first we calculate 112 HffHQ:

(Fils Hf12H2 = (2cospAs + s> + si3 + D) (2cos Ay + s1, + si5 + D)

4(k*D — 1) A1 A;
+ 2cos pAs (5%2 + 525 + D) — 2(cos @+ 2ak2)A1 (32 + 524 + D)
+ (2 + 513+ D) (T2 + 513 + D)

= 4k*(D(A1A3 — a A1) — a(s® + si3) A1)
+2cosp((D + s13) (A3 — Ar) + sTp A3 — s*A;)
+ (s? + 513+ D) (siy + 53+ D) — 4A;1 A3

= 4k*A; (ss13D — a(s® + s13))
+2cosp((D + s13)s13(s — s12) + a(s]y — s7) + ss12513(512 — 8))
+ (32 + 5% + D) (3%2 + 5% + D) —4A, A3

= 4k*A; (ss13D — (s + s13))
+ 2cosp(s12 — ) (—813(D + 3%3) + a(s + s12) + 8312813)
+ (s + 515+ D) (siy + si5 + D) — 44, A3.

Next, we square <f, f12>, again using cos? ¢ = 1 — k(D + 2a cos ¢):

2
<f, f12>2 = (2]62 aél?’ A1 B3 + cos @813(812 — 8) + a(RQAlAg — BlBg) — 813 R*2 h2)

C’1

+ cos <p313(512 — 5)2

= 4k*

AQB?%

+ 4k cos go Ty (s12 — s)A1 B3
Ch

1
+ 4k2 @513 A1 B3 (7

C1 Ch (
1

+ 2 cos 90813(812 — S) <6(R2A1A3 — BlBg) — 8%3 — D+ R2>
1

R2A,As — ByBs) — 8% — D + RQ)

1 2
+ (H(RQAlAS ~ BiBy) — sty — D+ R?)

Cc? R

= 4k*

2
+ 2ak? cos (,08%3(512 —35) <6A1B3 45— 512)

k2 (42518 4, By
+ (C ! <C

+ 2 cos ps13(s12 — S) <C (R A1 Az — BlB3) — 313 D+ Rz)

(R*A1A3 — B1B3) — sis — D + R2) — 575(512 — 8)2D>
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1 2
+ <a(R2A1A3 - BlBg) — 8%3 - D + RZ) + 8%3(812 — 8)2.
As before, we assemble

22
@ 513

Cf

|1 % 72|* = —ar* 18 A3 B2

2
C

+ kz <4A1 (SSlgD — a(82 + 8%3)) + 5%3(512 - 8)2D

— 2ak? cos @8%3(812 — s)( A1Bs + s — 812)

_ 42513 (i

—A1B
Macave?

c (R2A1 A3 — ByB3) — 533 — D + R2)>

+ 2cos p(s12 — 8) <—813(D + 8%3) + a(s + s12) + $s512813

Cq
+ (82 + 575 + D) (S%Q + 575 + D) —4A, A3 — s73(s12 — 5)°

1
— s13( o (R?A1Ag — B1Bs) — 5%, — D+ R2)>

Lo 2 2\ 2
(a(R AyA3 — B\By) — 81, — D + B?)
and simplify the individual terms: at k2 cos ¢,

2
aA1B3 + 85— 8192

1
= — (A1 B3 + (a + s12513) (5138 — as) + (s — s12)(s13R* + a?))

Ch
=G (A1B3 + s13R (o + s12513 + s513 — s12813) + a(—as — ss12813 + s — as12))
1
= o (AlBg + 813R2A3 — asi2(ss13 + a))
1
1
= —(A1B3s+ A3B1);
o ( 1b3 + Asg 1)7
at cos o,
1
—s13(D + 5%3) + a(s + s12) + 5512513 — 813<E(R2A1A3 - BlB3) - 5%3 -D+ R2)
1
= O[(S —+ 312) —+ §512813 — S13 (5 (R2A1A3 - BlBS) + R2>
1
1

— C—I(Q(S + 812)(8%3]%2 + a2) 4 8812813(8%3}22 + a2) . 313R2(8%3R2 n az)

— s13R? (a2 + asi3(s + s12) + 53125%3) + s13 (3%3R4 — as13R?(s + s12) + a25312))

1
=& <513R2 (aus13(s + s12) + ss12815 — a® — a® — asi3(s + s12) — ss12813 — @s13(s + 512))
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— S%3R4 + 8?3R4 + a? (a(s + s12) + ss12813 + 8812813))

— C’g (813R2 (—a— ss13 — a — s12513) + as(a + s12513) + asiz(a + 5513))
1

(e%
1

c <A1B3 + A3B1);

the constant term is
(52 + 575 + D) (3%2 + 575 + D) — 4A; A3 — s24(s12 — 5)2
L R?A A3 — BB 2, — D+ R? ’
- a( 143 — b1 3)_313— +
= (573 + D)* + (515 + D)(s* + s72) + 8”57y — 441 A3 — s73(s12 — 5)°

2 1
— (825 4+ D) + (52, + D)a(RQAlAg — B1Bs + R*Cy) — @(RZAIA;), — 3133)2
1
2
~ & (R'A14; — R*B:B;) — R
1
2
= D((S — 812)2 + 25510 + a
+ 513(s% + 81y — (512 — 8)%) + %57, — 441 A3 — R

(R*A1 A3 — B1 By + R2Ch) )

1
+ = (2500 (B2 A1 43 — B1 By + B2C1) = 2R°C (R A1 Ay — By By)
1
~ (R4 45 - B1B3)°)
2 2D 2 2
= (S — 812) D+ ?(R A1As3 — B1Bs + R*Ch + 881201)
1
1
+ @ (A1A3(—4012 + 28%3R201 — 2R401 — R4A1A3 + 2RzBlBg)
1
+ CF (25512513 + 8535 — R* + 2513 R?) + By B3(—2s73C1 + 2R*Cy — BlBg)),
where

— B1B3 + R?C} + s512C)

= —3%3]%4 + as13R?(s + s12) — ass10 + sf3R4 + 0®R? + 5519573 R + a*ss19
= R? (a2 + (Jé813(8 + 512) + 88128%3)

= R?A, A3

and, using that,

CF (25512573 + 8%s1y — R* + 2573R?) + By B3(—2s13C1 + 2R*Cy — By Bs)
=] <28%3 (881201 + RQCl) + 828%201 — R401)

+ B1 B3 (—BlBg + R201 + 5512C1 — s8512C1 + R201 - 25%301>
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=C (28%3 (851201 + R%Cy — BlBg) + 8819 (88126’1 — BlBg)
— B2(R2Cy - B1Bs) ) + R2A1 A3 B By

=C (25%3R2A1A3 + 8519 (351201 — B1B3 + R2C'1) — ss19R2CY
~ R2(R2Cy = By By + 5512C1) + ss122C1 ) + B2 A1 A3 By By

= R2A; As (2.9%301 + 581201 — R2Cy + 3133)

= R?A, A4 <BlB3 — R2Cy — 85120 + 2851201 + 28%301)

= R2A1 Ay (R A1 As + 2(ss12 + 53) C1 )

and

—4C? + 252, R?Cy — 2R'Cy — R*A1 A3 + 2R*B) B3
= 2R*(B1B3 — R*Cy — 5512C1) + 28512R*Cy + 2515 R*Cy — 4CF — R A1 A3
= —3R*A; A3 + 2(ss12 + s13) R*Cy — 4CF.

2, we get

Plugging these results back into the constant term of H fxf?

2D
(s = $12)°D + 5 (R*A1As = BiBs + RCy + s515C1)
1

1
+ 5 (AlAg(—4Cl2 + 2513 R*Cy — 2R*Cy — R*A1 A3 + 2R*B: B3)
1
+ CF (28812575 + 8751, — R* + 2515 R?) + By B3(—2s13C1 + 2R*Cy — BlBg))

AD

= (8 — 812)2D + 7R2A1A3
1

L

Ct

+ R2A  Ag(—R2A; As + 2(ss12 + 3%3)01))

<A1A3(—3R4A1A3 + 2(ss12 + s25) R2Cy — 4C2)

4D
= (S — 512)2D + 7R2A1A3
Ch
4 pd 2\ P2 12
+ 2 A1A3( R*A1 A3 + (8512 + 813)R 4 Cl)
1
= (8 — 812)2D + iAlAg (RZD — iR4Al‘43 + 8812R2 — a2> .
Cl C'l
Finally, the term at k2 is

4A1 (8813D — (Jé(82 + 5%3)) + 8%3(812 — S)2D
as13 1

—4
Cy Ch

A133< (R2A1A3 — BlBg) — 8%3 — D+ RQ)
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= 8%3(3 — 512)2D

+ CislgAlD(Scl -+ OlBg)

02 OéAl ((8 + 813)01 + s1383 (R A1A3 — B1 B3 — 81301 + R2C1))

= 813(8 — 812)2D

4
+ 6513A1D(58%3R2 +a?s + a513R2 — a2s)
1

— (3112141 <513R2A1A3 (as13R? — a®s) + aB3 (—si3 R + asi2siz)
+ a0y ((s® + s13)C1 — si5Bs + 8133233))
= s25(s — 512)2D + sfgéRQAlAgD
— él’fAl <313R2A1A3((A3 — ss13)s13R* — ®s) + aB3(—si3R* + a(A1 — )
+ aCy((s* + s13)C1 — si3B3 + 813RQB3))

4
= C2 A2B3 + 313(8 — 812) D + 5130 R A1A3D 8130712R4A%A§

— C—%Al <513R2A1A3(*SS%3R2 — oz2s) + aBg(fs%z;R? — a2)

+ O[Cl ((52 + 8%3)61 — 8:15333 + 513R2Bg))

vi¥e"
= 02 AQB:)) + 813(8 — 812) D+ 8130 A1A3 (RQD — 6R4A1A3>

— 6141( 8313R2A1A3 — OcB% + 04(82 + 8%3)01 — OéSing + a313R2B3>
1

= 02 AQB:)) + 813(8 — 812) D+ 8130 A1A3 (RQD — ER4A1A3>

— 6141( 88128%3R2A3 + Oé(—8513R2A3 + B3(—Bg — 8?3 + 813R2) + (82 + 8%3)01))
1

1
= 02 AQB:,) —+ 813(8 — 812) D + 81301 A1A3 (RQ_D — ER4A1A3>

— a/h( 88128%3R2A3

+ a(—3313R2A3 + (513R? — as)(as — s33) + (5% + s35)(s93R? + aQ)))

%Y
= 02 A2B3 + 513(8 — 812) D+ 5130 A1 A3 (RQD — aR4A1A3)

- aAl( 88128%3R2A3
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+ a(—8313R2A3 + as(si3R? + 8?3) + 5252, R + a23%3)>

4o 2 2 4
= 02 A B3 + 313(5 — 512) D + 5130 A1A3 (R D — aR A1A3>

- a%h( 58128%3]’%2143

+ a(—8313R2A3 + ss13R*(a + 8813) + as?s(ss13 + a)))

C
— a/h( 88128%3R2A3 + 0423%3143)
da 2 2 4 2 2
= CQ A B3 + 813(8 - 812) D+ 8130 A1A3(R D — ClR A1A3 + ss19R* — « )

Returning to H fx f12H2 with these reformulated terms, we see
17> 221 = 3k40 A}B3

— 2as%5k? cos (s12 — 8) = c (A133 + A3By)

o2

QK2
ct

A1Bj

4 1
+ 52, k% (s — 512)2D + 3%3142?/11143 (RQD — G R s - a2>
—2acosp(s12 — )= c (A133 + AgBl)

+(s— 812) D+ UAlAg (RQD — aR4A1A3 + 8512R - )

= (14 s%k2) & (—4k2a2A§Bg + 2008 p(s — 512)C1 (A1 Bs + A3 By )
+ (s — $12)202D — 441 Ay (R Ay A — (ss15R2 — o* + RQD)CI)>.
Again, we change the last terms back by remembering
R?A1A3 = —B1Bs + (R + s512)C1,

giving us

R*A A3 — (ss12R? — o> + R®D)Cy
= —R2B133 + (R4 + 8812R2 — 8812R2 + Ckz — R2h2 - R4 — a2)01
= —R?B,Bs — h®R?CY,
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and find

2 1
fofﬂf:(1+s%ﬁ)042%ﬁAﬁ%+2aaﬁ¢@—smhhC%Bg+Aﬂﬁ)
1

4 4
. 2 2 2 2
Hss@D+QRm&h+qu&&&>

Let us now collect the results found so far:

(£, 2 x f1)y = k(zak233<02 (s — s12) Az — %(813 = 823)A1>

+ 2acos p(s — s12) (813 — S23)
+h2 (A1 + Ax + Az + Ay)

1
+ 61(33 — By)(A1Bs + A3By)

1
+ RT@(B3 — Bl) (A3BQ + A2B3)>7

Hf X f2H2 = (1 + 82k2) < 2 A2B3 + 2 cos (,0(523 — 813) (AQB3 + AgBQ)

Co
h2
+ (s13 — 523)°D + 442 A3~

Cs R202 A2A3Bng>

k
fofﬂﬁ:(y+§¢%< o %¥33+mm%¢@—smhjﬁmBg+A¢ﬁ)
+ (8 — 812)2D + aRzAlAghQ + C’QRzAlAgBlB:g) .

With the identities from lemma A.0.1 and the quick calculations

(s — s12)(513 + 523) — (5 + 512) (513 — 523)

= S513 + 8523 — $12513 — S12523 — SS13 1+ SS23 — S12513 + S12523

= 2(ss23 — 512513),

(s — s12)(513 + S23) + (s + s12) (513 — S23)
= 8813 + 8523 — S12513 — S12523 + SS13 — SS23 + S12513 — S12523

= 2(ss13 — 512523),

179



these can be further simplified to

2 2 21.2 s — 512 513 — S23
, fex = k| 2a°k“(s12813 — Ss < — )
(f. f2 < f) ( (512813 — $823) 5T o1 313 F 83

+ 2acos p(s — s12) (813 — S23)
+ h? (4a + (s + s12)(s13 + 323))

(s13 — s23)% 5 (s12—8)% .2
+(s+819)———R*“+ (813 + 893)————R
( 12) 513 + S23 (s13 2) s+ 812
k

(s +s12) (513 + 523)

(2a2k2(812513 — 5593) ((s — s12)(s13 + s23) — (5 + s12)(s13 — 523))

+ 2accos (5% — s7y) (13 — $33)

+ 4da(s + s12) (513 + 523)h? + (5 + s12)% (513 + 523)2h?

+ (S + 312)2(813 — 323)2R2 + (813 + 823)2(812 — 3)2R*2>
k

- —402k? _ 2
(s + s12) (513 + 523) ( a”k”(ss93 — s12513)
+2acos 90(32 . 3%2)(3%3 - 8%3)

+4a(s + s12) (513 + s23)h% + (5 + 512)% (513 + s523)°h?

+ (S + 812)2(813 — 823)2R2 + (813 + 823)2(812 — S)ZR*2>,

(8823 — s12513)>
(s + s12)?

S — 812

S+ S12

1
+ (s13 — 823)2D + 4h2fA2A3
Co

1F % PP = (1 + 2#2) <4a2k:2

+ 20rcos p(s75 — s33)

4R*?

W(SS% — 512513) (8513 — 812823)>
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1+ s%k?
= m (—4a2k2(8823 - 812313)2

+ 20cos p(s* — 1) (515 — 33)

4
+ 17 (s + s12)% (513 — s23)° + ?2142143)

+ R2(s + s12)*(s13 — $23)°
+ R*? ((s + s12)% (513 — 503)°
+ ((s = s12)(s13 + 523) — (5 + 512) (513 — 23))

((s = s12)(s13 + s23) + (s + s12)(s13 — 323))))

= m (-40{ k; (5523 - 512313)
+ 2 cos p(s” — s19) (515 — 533)
4
+ h%(s + s12)%((s13 — 523)° + EQAQAg)

+ R?(s + 512)*(s13 — 523)*

+ R*%(s — 512)2(s13 + 823)2>7

(8893 — 812513)>
(s13 + s23)2

813 — S23
+ 2a cos (s — s35) =2
513 + S23

4
+ (S — 812)2D + UR2A1A3h2
1

1% 2P = (14 sty (s

4R*
- m(%% — 512513) (5513 — 512523)
13

1+ s2.k2
- m (—4a2k2(8823 — 812813)2

+ 2acos p(s* — 1) (515 — 33)
4

c R*A A3)

+ h2(813 + 823)2((5 — 512)2 +

+ R? ((S — 512)% (813 + 523)°
- ((8 — 512)(513 + 523) — (5 + 512) (513 — 823))
((8 — 512)(513 + s523) + (5 + 512) (513 — 823)))

+ R*?(s — 512)%(s13 + 823)2>
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1+ s%.k2
= m —4a2k2(8823 — 812813)2
+ 2acos p(s* — 1) (515 — s33)
4

c: R*A A3)

+ h2(s13 + s23)% ((s — s12)% +
+ R*(s + 512)(s13 — 523)°

+ R*2(s — 512)2(813 + 323)2>.
Comparing these three results, we see we can introduce an abbreviation

@ = —4a2k:2(5323 — 512513)2 + 2a cos @(52 — 8%2)(8%3 — 533)
+ R%(s + s12) (513 — 523) + R*?(5 — 512)(513 + 523)%)

and write
(P =y 512)(]213 o (@ +12(s + s12)(s13 + s23) (4 + (5 + 512) (513 + 5)) )
1F > 2 = m@ + 12 (s + s12)% (513 — s93)° + (iAQAg)),
17 > f2)° = é:jif)? (éj + h%(s13 + 523)2 ((5 — 512)° + g,llRQAlAg)).

Using eq. (A.1) from the proof of lemma A.0.1, we further simplify

4
(s + s12) ((s13 — 523)° + @A2A3)

4
= (s + s12) ((513 + s23)% + @(AzAg — 51352302))

4
— (8 + 812) ((813 + 823)2 + 6(042 + as(313 + 823) + 82813823 — 82813823 — 813823R2))
2

4

= (s+ s12)(s13 + 823)2 + 62((8 + 812)(042 — 813823R2) + as(s+ s12)(s13 + 823))
4

= (s + s12)(s13 + s23)° + 6204(813 + 593) (R — ss12 + s(s + s12))

— (s13+ 523) ((5 + $12) (513 + 523) + 4a)

and

4
(813 + 823) ((S — 812)2 + ER2A1A3)

4
= (813 + 823> <(S + 812)2 + a(RQAlAg — 881201)>
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= (813 + 823) ((8 + 812)2

4
+ F(Q2R2 + asis(s + 312)R2 + 33123%3]%2 — 3312333}22 — a23312))
1

4
= (s + 512)2(813 + 523) + a(a2(513 + 823)(R2 — 5812) + (Jé813(8 + 812)(813 + 823)R2)

4
— (s + 812)2(813 + 523) + aa(s + 512)(oz2 — 813823R2 + 813(813 + 823)R2)
=(s+ 512)((5 + s12)(813 + S23) + 4a);

we see that

252
Hf X f2H2 = M(Q + h2(8 + 812)(813 + 323)(4(1 + (s + s12)(s13 + 823)))7

2 12,
Hf X f12H2 = %(Q + h2(8 + 812)(813 + 823)(4a + (S + 812)(313 + 323))>.

and introduce

Q = C~2 + hz(s + 812)(813 + 823)(404 + (8 + 812)(813 + 823)).

Now, finally,
k
2 N _
(. f5 % f1> © (s+s12)(s13 + s23)
a2 1+ 8%k?
I PP = 2
g2 1+ sigk?
I P = LA g

and to prove

)

(£ £2 % £2) 0/ (U+ s2R2) (L s3gk2) = k|| f x££ x £

all that is left to show is Q > 0. Clearly,

h2(s + s12) (s13 + s23) (4o + (s + s12) (513 + 523)) > O,
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so we look to @ We have

@ = —0?k?(2(ss23 — s12513))” + 20 cos p(s? — s3) (575 — s35)
+ R%(s + s12)%(s13 — 523)% + R**(5 — 512)(513 + 523)%)
= —0427‘132((5 — s12)(813 + 823) — (5 + 512) (813 — 823))2
+20cos p(s* — s15)(s75 — s33)
+ R%(s + s12)%(s13 — 523)% + R**(5 — 512)(513 + 523)%)
=(s+ 812)2(513 — 523)2(R2 — a2k:2)
+ (5 — s12) (513 + 523) 2 (R*? — o*k?)
+ 2a(s® — s1,) (513 — s33) (cos ¢ + ak?)

= (8 + 812)2(813 — 523) 7“2
+ (s — 512)2(813 + 823)27“*2
+2(s” — 1) (515 — s33)r*r cosn

(s + s12)° (513 — s23)°

+17%(s — 512) (513 + 503)°

+ 27y |(s2 — 8%2)(8%3 — 333) cosn‘
> 1%(s + s12)%(s13 — s23)°

+ 72 (s — 512)(513 + $23)?

—2rr |(52 - 5%2)(5%3 - 5%3”
= (7“(5 + 512) |s13 — 823 — 17 s — s12] (513 + 823))2
> 0.

This concludes the proof of k—foldedness at the edge f = w; — w of the sphere—
quadrilateral (T, Ty, Ts,T12) in our model.
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