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Abstract

Hagedorn wave packets form an orthonormal basis of the L?-functions and are known
solutions of the semiclassical Schrodinger equation with quadratic Hamiltonians. In
this thesis we analyse their structure, in particular the polynomial part, their connec-
tion to the Hermite functions and their representation in phase space.

Based on these findings we utilise them to investigate the time evolution generated
by the Schridinger equation with a non-Hermitian, quadratic Hamiltonian. Operators
of this type appear for example in the context of diffusion models and absorbing poten-
tials and are thus of interest in physics and chemistry. We provide explicit formulas for
the propagated wave packets and thereby show that the non-unitary evolution activates
lower excited states.

At last we apply our results to the Lindblad master equation with quadratic internal
Hamiltonian and linear Lindblad terms.






Zusammenfassung

Hagedornsche Wellenpakete sind eine bekannte Orthonormalbasis des Hilbertraums
der L?-Funktionen und Losungen der semiklassischen Schrédinger Gleichung mit
quadratischem Hamiltonoperator. In dieser Dissertations analysieren wir ihre Form,
insbesondere ihren polynomiellen Anteil, sowie ihre Verbindungen zu den Hermite
Funktionen und ihre Darstellung im Phasenraum.

Darauf aufbauend verwenden wir die Wellenpakete um die Zeitentwicklung der
Schrodinger Gleichung unter einem nicht-Hermiteschen, quadratischen Hamiltonoper-
ator zu untersuchen. Solche Operatoren spielen beispielsweise bei der Modellierung
von Diffusion oder auch absorbierenden Potentialen eine Rolle und sind somit in der
Physik und der Chemie relevant. Wir geben eine explizite Formel fiir die zeitentwick-
elten Wellenpakete an und zeigen, dass die nicht-unitare Entwicklung dazu fiithrt, dass
auch niedrigere angeregte Zusténde aktiviert werden.

Zuletzt tbertragen wir unsere Ergebnisse auf die Lindblad Mastergleichung mit
quadratischem Hamiltonoperator und linearen Lindbladtermen.






Contents

(1._Introduction|

[I.1. Readersguide| . . . . . . . . . . . . . . e
[1.2. Quantum dynamics on potential energy surfaces| . . . . . . ... ... ...

Stationary wave packets|

. _Lagrangian subspaces|

[2.1. Symplectic vector spaces| . . . . . . .. ... . L

[2.2. Lagrangian frames| . .. ... ... ... ... . ... ... ... ... ...,

[2.3. Hagedorn’s parametrisation| . . . . .. ... ... ... ............

[2.4. Metric and complex structure| . . . . . . ... ... . o oL

[2.5. Non-normalised Lagrangian frames| . . ... ... ... ... ........

[3. Hermite functionsl

[3.1. Dirac’s ladder operators| . . .. ... ... ... ... ... ... ... ...,

[3.3. Hermite polynomials| . . . .. ... ... ... ... ... .. .. ... ...,

[3.4. Hermite functions in phasespace| . . . . . .. .. ... ... ... ......

Hagedorn’'s wave packets|

[4.1. Ladder operators| . . ... .. .. ... . . .. ... ...

[4.4. Phase space centres and Fourier transform| . . . . . ... ... ... ....

[4.5. Generalised wave packets| . . . ... ... ... .. ... . ... .. .. ...

o.

Polynomial prefactor|

[5.1. Polynomials in one dimension| . . . . . .. ... ... ... ... .. ...,

[5.2. Generating function and recurrence relation| . . . .. ... ... .. ....

[5.3. Laguerre connection| . . ... ... ... .. .. .. .. ... ... .. ...

. Wave packets in phase space|

[6.1. Laddersin phasespace|. . . ... ... ... ... ... ... .. ... . ...

[6.2. Coherent and excited states in phasespace| . . . .. ... ... ... ....

11
12
14

19

21
21
23
25
27
32
33

37
37
40
43
48

59
59
62
64
70
76

79
79
81
84



8 Contents
[7. Generalised squeezed states| 105
[7.1. Squeezing operators|. . . . . . . . . . ... 105
[7.2. Bogoliubov transformation|. . . . . . ... ... ... ... ... .. ... .. 110
[7.3. Metaplecticoperators|. . . . . . .. ... ... . ... ... o 114
[7.4. Wigner functions| . . ... .. ... ... . . ... .. ... 118

fll.  Dynamics| 121
[8. Hermitian Schrodinger dynamics| 123
BI. Timeevolutionl. . . . . . . . . .. . . . e 123
[8.2. Quadratic Hamiltonians| . . . . . . ... ... ... ... ... ... ... .. 126
[8.3. Hermitian dynamics with Hagedorn’s wave packets| . . . . . ... ... .. 129
[8.4. Large order asymptotics| . . . .. ... ... ... .. ... ... ... ... 132
[8.5. Example: Harmonic Oscillator] . . . ... ... ... ... ... ....... 134

[9. Non-Hermitian Schrodinger dynamics| 139
0.1 Timeevolutionl. . . . . . . . . . . .. . 140
0.2. Tadderevolution] . .......... .. ... ... .. .. .. .. ... ... 141
0.3. Coherent state evolution| . . . . ... ... ... .. ... ............ 142

4, Exci lutionl . . . . . . . ... 144

[9.5. Dynamicsofthecentre] . . . . . . . ... ... ... .. .. ... .. ..., 147
[9.6. Example: Davies-Swanson oscillator{ . . . . . . ... ... ... ... .... 150
(10. Lindblad dynamics| 155
[10.1.Landblad equation|. . . . . . . . ... . 156
[10.2.Coherent state evolution| . . . . ... ... ... .. ... ........... 160
10.3.Excited state evolutionl . . . . . .. ... ... ... ... ... .. ..., 165
(10.4.Evolution of the Chord functionl . . . . . . ... ... ... .. ........ 167
[10.5.Example: Damped harmonic oscillator|{ . . . . . ... ... ... ... .... 170
[10.6. Example Pure Lindblad dynamies| . . . . ... ... ... ... ....... 176
(11. Further applications| 183
[11.1.Diffusion equation|. . . . . . . . . . .. ... 184
[11.2.Example: Diffusion equation|. . . . . . . . ... ... ... ... ....... 184
(11.3.Brownian motion| . . . ... ... ... ... ... e 186
[11.4.Example: Simplified Brownian motion| . . . . . . . . ... ... ... .... 189
[11.5.Fokker-Planck equation| . ... ... ... ... ... ... ... ... . ... 191
[11.6.Example: Black & Scholesmodel| . . . . . .. ... ... ... ....... 193

[A. Weyl calculus| 197
[B. Metaplectic group| 205
[C. One-parameter semigroups| 215



Contents 9

[D._ Acknowledgement] 225







1. Introduction

Hagedorn’s wave packets are a family of semiclassical wave packets Hagedorn con-
structed in the 1980s to approximate solutions of the Schrodinger equation. They ap-
pear as a product of a multivariate polynomial and a scaled Gaussian and form a basis
of the Hilbert space of square integrable functions L?(R"). Due to their form and prop-
erties these wave packets are often seen as multi-dimensional Hermite functions, this
is however a simplification as they may attain a more complex structures involving also
Laguerre polynomials.

For a quadratic potential Hagedorn’s wave packets provide exact solutions to the
Schrédinger equation, for more general potentials they have favourable approximation
properties: the evolution of the wave packets is fully described by the dynamics of the
centre and the linearisation of the flow around it, solutions to the Schrédinger can be
approximated by the wave packets up to an exponentially small error. Hence, studying
the time evolution of these wave packets gives a significant insight into Schridinger
dynamics and yields an efficient numerical tool.

So far, these investigations were restricted to Hermitian Hamiltonians, this means
for a real potential and a unitary time evolution. The main contribution of this thesis
is the expansion of Hagedorn’s approach to non-Hermitian Hamiltonians. Operators
of this type model diffusion and dissipation, i.e. an interaction of the quantum system
with its environment. Since in all practical situation such an interaction occurs to some
extent, the importance of non-Hermitian Hamiltonians can not be dismissed. Usual ap-
plications in physics and chemistry are potentials that absorb particles or light, models
of resonance phenomena, lasers in quantum optics or a heat bath.

We follow the idea of Graefe and Schubert in their work "Complexified coherent states
and quantum evolution with non-Hermitian Hamiltonians" and exploit the underlying
geometry of the wave packets to determine their dynamics. Thereby, we establish a
new notation for the semiclassical wave packets emphasising their close relation to
Lagrangian subspaces.

In this manner we find that in contrast to Hagedorn’s results for the Hermitian case,
the wave packets are not invariant under a non-Hermitian Hamiltonian but can be ex-
pressed as a linear combination of lower excited states. The explicit formulas we derive
furthermore allow us to calculate the propagation of the wave packets for some well-
known physical examples such as the damped harmonic oscillator, the heat equation
and the Fokker-Planck equation.
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1.1. Reader’s guide

This thesis is partitioned in two parts: The first part contains an analysis of Hagedorn’s
wave packets as an orthonormal set of L2-functions that is essentially based on the
publications [LT14]], [DKT16] and Chapter 2 and 3 in the preprint [LST15].

Our main contributions in the first part are Theorem where we trace back the
ladders constructing the wave packets to a recursion relation only for the polynomial
part and Theorem where we show that the Wigner transform of two Hagedorn wave
packets is a wave packet on phase space.

Part I is divided in six chapters.

e In Chapter 2 we introduce the linear algebra fundamentals that we need to con-
struct Hagedorn’s wave packets in Chapter 4 and we will fall back on this in many
proofs and calculations in this thesis. This chapter can be seen as a reproduction
of [LST15, Chapter 2] augmented with basic definitions and results of symplectic
geometry from [Sil06, Chapter 1,3 and 12]. The central task of this chapter is to
establish a one-to-one correspondence of Lagrangian frames, symplectic matrices
and the upper Siegel half space. This bridge between the theory of Hagedorn’s
wave packets and symplectic geometry turns out to be useful in a lot of computa-
tions.

e Chapter 3 provides an overview over the definition and familiar properties of Her-
mite functions. Hagedorn’s wave packets can in some sense be interpreted as a
generalisation of Hermite functions to multi-dimensions and we will obtain simi-
lar results for the wave packets and the Hermite functions. However, we want to
clearly point out that Hagedorn’s wave packets are not simple tensor products of
Hermite functions and will specify this case in Chapter 4.

Our repetition is based on the introductions in [Tha93, Chapter 1] and [Fol09,
Chapter 1]. Furthermore, we use this preliminary chapter to establish basic def-
initions such as function spaces and integral transforms we require in the re-
maining thesis. We give short proofs also for well-known results whenever our
definitions differ from the one in the quoted literature.

e After we set the basis, Hagedorn’s wave packets are finally discussed in Chap-
ter 4. We use the ladder-based approach of [Hag98|] rewritten by means of the
Lagrangian frames from Chapter 2. We follow thereby the outline in [LST15|
Chapter 3], but also regard the generalised wave packets discussed in [DKT16,
Chapter 2]. The main result of this chapter is that Hagedorn’s wave packets and
also their generalisations can always be written as product of a multivariate poly-
nomial and a Gaussian, where the polynomials are all generated in an equivalent

way.

e Motivated by this observation Chapter 5 presents a closer study of polynomials of
this type. We reproduce our results from [DKT16, Chapter 3] and the generating

function deduced in [Hagl5]l. Of particular interest is the Laguerre connection
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stated in Proposition since it provides an explanation for the factorisation of

the symmetric Wigner function of Hagedorn’s wave packets.

e In Chapter 6 we determine the phase space representation of Hagedorn’s wave
packets. As we consider the Wigner transform of two arbitrary Hagedorn wave
packets we extend our findings from [[LT14, Chapter 4] and [DKT16, Chapter 4],
where we only allowed for wave packets parametrised by the same Lagrangian
frame. However, the main statement, the Wigner transform of Hagedorn’s wave
packets can be written as a Hagedorn wave packet on phase space, also holds true
in the general setting. These results are part of a joint work with C. Lasser and
R. Schubert that has not been published yet.

e To close the analysis of the wave packets we summarise in Chapter 7 alterna-
tive definitions that are widely-spread in literature and show their equivalence to
Hagedorn’s wave packets.

Our investigation comprises the squeezed states from [CR12] and [Gos10] as well
as the metaplectic approach from [[Ohs15] and the Bogoliubov transformation used
in [BFG16]. The relation to the squeezed states of [CR12[] was already discussed
in [LT14, Chapter 5], the remaining equivalences are unpublished so far.

The second part of this thesis treats the time evolution of Hagedorn’s wave packets un-
der a quadratic, non-Hermitian Hamiltonian. We carry on Hagedorn’s approach from
the 80’s in [Hag81]] resp. [Hag85] where he utilised the wave packets to approximate
solutions of the semiclassical Schriodinger equation with a Hermitian Hamiltonian and
showed that if the Hamiltonian is quadratic, the propagation of the wave packets can
be described by the dynamics of the centre and the linearisation of the classical flow
around it. We merge his ansatz with the techniques developed by Graefe and Schubert
in [GS12] resp. [GS11], where they investigated non-Hermitian, quadratic Hamiltoni-
ans with coherent states.

This study incorporates [LST15, Chapter 4 and 5], the remaining parts are unpub-
lished results prepared as joint work with Caroline Lasser and Roman Schubert.

The main result of the second part is Theorem where we formulate that in con-
trast to the Hermitian case, the form of the wave packets is not directly preserved under
a non-unitary time evolution. Lower excited states are activated, the propagated state
must be expanded into states of lower order.

Part Il is divided in three chapters.

e Chapter 8 gives a review of the findings for Hermitian Hamiltonians in the lan-
guage of Lagrangian frames. We state basic principles of quantum dynamics
based on [Tes09]] and [ENO0O] and derive the propagation of the multi-dimensional
wave packets originally found in [Hag85]. We then show the equivalence of our
notion to the one given in [Hag81]] resp. [HJOO]. Finally, we briefly recap the
evolution under the harmonic oscillator since one can read the Swanson-Davies
oscillator executed as example in the next chapter as harmonic oscillator with

complex potential.
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e The main chapter of the second part is Chapter 9 where we derive explicit formu-
las for the time evolution of the wave packets under a non-Hermitian propagation.
This part basically follows [LST15, Chapter 4] and restates the main findings of
this work. The results in the special case of coherent states are equivalent to
the ones in [GS12]]. The first section treating the existence of the time evolution
operator is unpublished so far. The given example, the one-dimensional Davies-
Swanson oscillator is resumed from [LST15, Chapter 5].

e In the Chapter 10 we then transfer our results to the Lindblad master equa-
tion that describes the evolution of open quantum systems. We use the Wigner
transform of Hagedorn’s wave packets, that are wave packets on phase space, as
ansatz functions, similar ideas with coherent states are carried out in [AlmO2[]
and [AB10]. The given findings here are yet unpublished.

e To complete this thesis Chapter 11 presents further areas of applications for our
findings. We thereby stay in the physical field and briefly recap the connection be-
tween the diffusion equation, Brownian motion and the Fokker-Planck equation.
All three models can under certain conditions be written as Schrédinger equation
with quadratic, complex Hamiltonian. For each equation we study an explicit ex-
ample. The introduction of the diffusion equation follows [Eva98| §2.3], the theory
of Brownian motion and its connection to the Fokker-Planck equation is adopted
from [BHO2, §5.2]. For a more general form of Fokker-Planck we moreover draw
back on [Ris84].

Furthermore, this thesis contains three appendices, discussing computation tools and
proofs that are shortened in the main part to focus on the central theme.

e Weyl-operators are utilised in a lot of proofs throughout this thesis. Hence, Ap-
pendix A summarises basic calculation formulas and symbol classes given in [Zwo11,
§4] and [Fol89) §2.1].

e Appendix B is dedicated to the metaplectic group. The theory of squeezed states
we investigate in Chapter 7 heavily relies on metaplectic operators and we thus
provide for the reader’s convenience a summary of their construction based on
[Gos10]. The results here vary from the one in the literature as we choose our
phase space variable differently.

e Since the existence of a time evolution operator is not self-evident, we require a
closer study of dynamical semigroups. Appendix C follows the outline in [ENOO]
and [Vra03] and contains a full proof of Proposition (9.1

1.2. Quantum dynamics on potential energy surfaces

Due to the significant overlap with the thesis "Quantum dynamics on potential energy
surfaces" from J. Keller we list similarities and distinctions of both works. [Kell5]
treats several approximation methods for unitary time evolution problems. In this con-
text also Hagedorn’s wave packets and their Wigner functions are discussed. Although
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the focus of this thesis is non-selfadjoint Hamiltonians, the analysis of the static wave
packets is similar. The authors also published a joint work, [DKT16], dealing with the
polynomial part of the wave packets. This publication is moreover a cooperation with
Helge Dietert from the University of Cambridge. Hence, similarities are mainly found
in the Chapter [4| resp. [Kell5, §7] stating the analysis of the wave packets, Chapter
resp. [Kel15, §6] handling the polynomial part of the wave packets and Chapter [6] resp.
[Kell5, §8] where the Wigner transform of the wave packets is expressed as a wave
packet on phase space.

In [Kell5]] the wave packets and their relation to the Hermite functions are intro-
duced via the polynomial part. Thus, the analysis of the polynomials in [Kel15] starts
from their three-term recurrence relation, while here the wave packets are charac-
terised via a raising and lowering operator what yields a ladder operator for the polyno-
mial factor. These differences in the approach result in a different line of argumentation
throughout most proofs of [Kel15| §6] and Chapter 5]

In more detail, [Kell5, §6.1] and Section discuss the polynomial factor of Hage-
dorn’s wave packets in one-dimension as scaled Hermite polynomials. However, [Kel15|
Proposition 7] provides a growth bound for the polynomials to ensure the convergence
of the generating function, that we neglect, since we use an ansatz via an exponen-
tial series in Proposition Besides that we present a formula for polynomials as a
determinant in the univariate case, see that is not part of [Kell5| §6.1].

The polynomials in the general case can be defined via a ladder operator, their gen-
erating function or a three-term recurrence relation. All of them are named in [Kel15,
§6.2] and Section In particular, the result for the generating functions in [Kell5,
Proposition 8] is equivalent to Proposition and the Rodrigues formula [Kell5, Eq.
(6.18)] can be found in Lemma The ladder operators derived in [Kel15, Proposition
9] are the same we obtain from the definition of the wave packets in Theorem but
we additionally need to verify the equivalence of the ladder operators to the recurrence
relation in Corollary

The part [Kel15, §6.3] gives a profound characteristic when the polynomials factorise,
in this thesis in contrast we only highlight two special cases for the factorisation we
encounter in applications, see Corollary

The connection to the Laguerre polynomials stated in Section is equivalent to
[Kell5, §6.4]. The main result, Proposition can analogously be found as [Kell5,
Proposition 11]. Also Corollary that explicitly writes out the Laguerre connection
for two-dimensional polynomials coincides with [Kel15, Corollary 1]. We point out that
also the proofs in this section are obtained similarly and quoted from [DKT16| §3.3].

The tensor product representation of the polynomials from [Kel15| §6.5] then again is
not in particularly discussed here, we only mention the special case of two-dimensional
polynomials. The examples M, Ms and Ms chosen in Section[5.3|for the nodal sets of the
polynomials are the canonical examples and also used in [Kell5, §6.5] resp. [DKT16,
§5]. However, the more general example M, differs in both works.
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Chapter 7 of [Kell5] then analyses Hagedorn’s wave packets and thus resembles
Chapter [4] of this thesis. Both definitions are based on the notion of Lagrangian frames,
see [Kel15], Definition 3] and Definition [2.1]

Since many proofs and arguments in this thesis, especially in the second part, are
based on Lagrangian subspaces, our repetition of symplectic geometry in Chapter [2|is
more extensive than [Kell5]. [Kell5, §7.1] gives a brief summary including the def-
inition of a symplectic metric and a compatible complex structure in [Kell5, Lemma
9], we introduce in Definition [2.4] and generalise in Proposition The projection of
a complex phase space centre to a real centre by means of the complex structure, that
was originally found in [GS12, Theorem 2.1], is noted in [Kell5, Remark 10]. Since
this projection is crucial when we investigate wave packets under a non-unitary time
evolution we present it in more detail in Theorem

The definition of the wave packets in [Kell5| §7.2] is a small generalisation of Hage-
dorn’s original definition via ladder operators in [Hag98]. We start in Section from
the standard definition and then allow for the same generalisations in Corollary
and Section [4.5 The commutator relations for the ladder operators given in [Kell5),
Lemma 10] can be found as Lemma here.

The spectral properties of the wave packets in [Kell5| §7.3] are in the current work
shorten to Lemma the orthogonality of non-normalised wave packets, see [Kell5),
Proposition 12], is not investigated. The number operator used in both theses goes back
to notes of Caroline Lasser.

In [Kell5) §7.4] Hagedorn’s wave packets are then characterised as a product of a
Gaussian and the multivariate polynomials discussed in [Kell5| §6]. This representa-
tion is also a fundamental conclusion of this thesis and a continuation of [LT14, Propo-
sition 2]. In particular, [Kell5, Lemma 11] coincides with Theorem and [Kell5|
Proposition 13] with Proposition 4.2 while the techniques of proofs are varying. [Kel15|
Corollary 2] that restates the three term recurrence relation for the wave packets from
[Lub08|, Eq.(2.7)] is here explicitly quoted as implication of the polynomial recurrence
at the end of Section

As in this manuscript after investigating Hagedorn’s wave packets and their polyno-
mial part, [Kell5, §8] comprises a formula for the Wigner function of two wave packets
parametrised by the same Lagrangian frame. The generalised metric we introduce in
Section allows us to go beyond and also investigate the Wigner transform of two
arbitrary wave packets.

Thereby, both arguments are based on a lift of Lagrangian frames to phase space.
This lift is for two different Lagrangian frames 7Z; and Z; elaborated in Definition |6.1]
the special case Z; = Z5 is determined in [Kell5, Lemma 12]. Consequently, [Kel15|
Theorem 3] can be obtained from Theorem for the standard wave packets or, equiv-
alently from Proposition [6.4] for generalised wave packets, by taking Z; = Z5.

The remaining parts of the phase space analysis are developed differently. Both the-
ses use the polynomial representation to provide an explanation for factorisation of the
Wigner function, see [Kell5| §8.3] and Corollary[6.1] This observation as well as [Kel15),
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Corollary 3] are reformulations of [LT14, Theorem 1]. In addition [Kell5, Remark 11,
Corollary 4] uses the findings for the factorisation of the polynomials to give more in-
formations about the tensor product structure of the Wigner function. In [Kel15| §8.4]
the Wigner function is expanded in lower symmetric Wigner functions based on a re-
currence relation for the Wigner transforms, see [Kell5, Proposition 15]. The same
recurrence is obtained at the end of Section [6.2|showing that the results here are equiv-
alent to the ones in [LT14].

The focus of the phase space chapter of this thesis is the lift of the Lagrangian frames
and its equivalence to the standard lift, see for example [SA16, §2]. Furthermore, we
deduce formulas for the FBI and the Husimi transform in Section [6.3






Part I.

Stationary wave packets






2. Lagrangian subspaces

In this chapter we restate some basic principles of symplectic geometry to set the fun-
damentals we will need later to construct Hagedorn’s wave packets.

We focus on the definitions for vector spaces here. Analogously one could also define
a symplectic structure on manifolds but since we are handling vectors in R” resp. C"
we restrict the repetition to symplectic vector spaces.

The results and definitions given in the first section and in the general discussion at
the beginning of Section [2.4] are adopted from the lecture notes [Sil06] §1, §12, §13]. We
then extend the standard setting and introduce Lagrangian frames that are spanning
the Lagrangian subspaces defined in the first section. These frames will parametrise
the ladder operators for the wave packets, what is a difference to Hagedorn’s origi-
nal notation in [Hag85[] and [Hag98]. However, we can show that both approaches
are equivalent. By means of the Lagrangian frames we can moreover equip each La-
grangian subspaces with a symplectic metric and a complex structure. These charac-
teristics will become crucial when we lift the wave packets to phase space.

The basic outline of this chapter follows the one given in [LST15, §2], but we will add
two more points and investigate non-normalised Lagrangian frames and the mixed met-
ric of two Lagrangian frames. In general, we need the normalisation of a Lagrangian
frame to ensure that the corresponding subspace is positive, but under a non-unitary
time evolution, as we will investigate in the second part of this work, a Lagrangian
frame can become non-normalised. In this case we need the tools developed in Section
The generalised metric will play a role when we determine the Wigner function of
two Hagedorn wave packets parametrised by different Lagrangian frames.

2.1. Symplectic vector spaces

In general, one obtains a symplectic vector space by equipping a finite dimensional K-
vector space V, K € {R,C} with a bilinear, skew-symmetric form w : V x V — K, such
that

VeV v w,-)

is bijective, where VV* denotes the dual space of V. The last condition is equivalent to
w(v,u) = 0 for all w € V implies v = 0. In this case, we call w a symplectic structure
and (V,w) a symplectic vector space. The following result for symplectic vector spaces is
more or less standard and can be found as [Sil06, Theorem 1.1].

Theorem 2.1 — Symplectic basis. If (V,w) is a symplectic vector space, the dimension
of V is even, i.e. dim(V) = 2n for n € N. Moreover, there exists a basis ey, ..., e,
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fi,..., fn of V such that

w(es, fj) =6; and w(e;,e;) =w(fi, fj) =0 (2.1)

fori,j=1,...,n.

Similarly one can define symplecticity not only for vector spaces V, but also for sub-
spaces of V. We call Y C V symplectic if w |y«y is non-degenerate and isotropic if
w |y xy= 0. Using the orthogonal complement

Y ={veV;wuv)=0VueYY} (2.2)

we can show that

dim(Y) < = dim(V) (2.3)

for any isotropic subspace Y.

Lemma 2.1 Let (V,w) be a symplectic vector space and Y a linear subspace of V. Then,
dim(Y) + dim(Y*) = dim(V).

Proof. The claim follows as a consequence of the rank-nullity theorem for the linear
map
Oy : V=Y vew,:)|y.

It is clear from the definition that kern(®y) = Y“. Since dim(Y) = dim(Y™*) it remains to

show that im(@y ) = Y“. But since @ is a bijective mapping, @y has to be surjective. W

If Y is isotropic, Y C Y“ and Inequality (2.3) follows. If the identity

dim(Y) = § dim(V)
holds, we call Y a Lagrangian subspace.

We can illustrate these definitions with the basis in Theorem span(ey, f1) for
example forms a symplectic subspace, while span(ey,...,e,) and span(fi,..., f,) both
define Lagrangian subspaces of V.

Thus, Lagrangian subspaces, that are the basis for our construction of wave packets
later on, are defined via a vector space and a symplectic structure. In this work, it

suffices to observe a simple standard case: Let V = C?" and

0 -Id
0= (Id . ) € R?X2n, (2.4)

denote the standard skew-symmetric matrix. Then, one can easily verify that
w:C™MxC™ >, wv,u) = v Qu. (2.5)

defines a symplectic form and we will refer to w in the following as standard symplectic

form. To simplify the notation we write Id for the n x n- identity matrix and only specify
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the dimension in other cases, for example Ids,,.

We call a matrix S € C?"*2" that respects the symplectic form in the sense that
w(Su, Sv) = w(u,v) a symplectic matrix. For our special choice of w, this means that S
satisfies

sTQs = Q. (2.6)

We refer to the set of all real or complex-valued symplectic 2n x 2n- matrices as Sp(n, R)
resp. Sp(n,C). The following corollary gives some useful properties for symplectic ma-
trices that follow directly from the definition.

Corollary 2.1 Every symplectic matrix S is invertible and satisfies
St =qTsTq. (2.7)

In particular, det(S) = 1.

Proof. Taking the determinant in (2.6) shows
1 = det(S) det(ST) = det(S)>.

Thus, S is invertible and the formula for the inverse follows from (2.6) by multiplying
with S~! from the right. [ |

In the next section we will parametrise a Lagrangian subspace L C C?” with a com-
plex matrix Z € C?>"*" i.e.
L = range(2),

and find a direct link between symplectic matrices and Lagrangian subspaces.

2.2. Lagrangian frames

In the following we will always assume that V = C?” and w is the standard symplectic
form on C2",
Let L ¢ C?" be a Lagrangian subspace. Then, dim(L) = n and there are basis vectors
li,...,1l, € C*" such that
L =span(ly, ..., ly).

Since L is isotropic w(l;, ) = leQlk =0 for all j,k = 1,...,n. To shorten the notation,
we summarise the vectors [y, ..., [, in a matrix,
| |
Z=11 - 1,]|eC?n

and find L = range(Z2).
The following definition can also be found as [LST15, Definition 2.2].
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Definition 2.1 — Lagrangian frame. We say that a matrix Z € C?>"*" is isotropic if
7'z =0 (2.8)

and normalised if
7*Q7 = 2ild. (2.9)

We call an isotropic matrix of rank n a Lagrangian frame.

The first condition reflects the isotropy of L. If additionally an isotropic matrix has full
rank, then its columns are linearly independent and thus form a basis of a Lagrangian
subspace. This means, if Z is a Lagrangian frame, then

Ly :={Zx;zeC"} cC™

is a Lagrangian subspace. Vice versa, if L is a Lagrangian subspace we can construct
a Lagrangian frame Z by taking basis vectors of L as columns of Z. Note that as the
choice of the basis of L, also the choice of a Lagrangian frame Z is not unique. We define
by

Fo.(L) = {Z € C*™"; range(Z) = L, Z*QZ = 2ild}

the set of all normalised Lagrangian frames spanning a Lagrangian subspace L.

The second condition first of all ensures that the quadratic form
h(v,u) = 2v*Qu  for v,u € C*" (2.10)

is positive on L. We call such a Lagrangian subspace positive. A negative Lagrangian
subspace is accordingly a Lagrangian subspace L with h(l,1) < 0 for all I € L\{0}.
Besides that a normalised Lagrangian frame not only yields a basis for a Lagrangian

subspaces but for the symplectic vector space (R*", w).

Corollary 2.2 Let Z € C?"*" denote a normalised Lagrangian frame and [;,...,1, the
columns of Z. Then,
Re(l1),...,Re(ly), Im(ly),...,Im(l,)

form a basis of R2" that satisfies (2.1).

Proof. If we rewrite the isotropy condition (2.8) and the normalisation condition (2.9)

in terms of real and imaginary part of Z, we find

Re(Z)TORe(Z) = Im(Z)TQIm(Z) = 0

and
Re(Z2)TQIm(Z) = —Im(Z)TQRe(Z) = 1d,
what is equivalent to (2.1). [

The two equations for the real and imaginary part of a normalised Lagrangian frame 7

in the above proof furthermore yield the approached connection to symplectic matrices,
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see also [LST15, §2].

m Remark 2.1 If 7 is a normalised Lagrangian frame, then
= (Re(z) ~Tm(2)) € R

is symplectic. On the other hand, if S = (U V) € R?"X2" g a symplectic matrix, then

7 = U — iV defines a normalised Lagrangian frame.

The ansatz to formulate (2.8) and (2.9) as a symplecticity condition on matrices was
already introduced in [Lub08, Chapter V.I] using a different representation, which we

will discuss next.

2.3. Hagedorn’s parametrisation

P
If we write Z = 0 as a block matrix with P,Q € C"*", or, Z = (P;(Q) as a short

notation, then 7 is isotropic if
QTP -PTQ=0 (2.11)

and normalised if
Q*P — P*Q = 2ild. 2.12)

These conditions coincide with the requirements in [Lub08, Chapter V.I] or, for Q = A7
and P = iBT with Hagedorn’s original definition given in [Hag98, Chapter 3]. Thus, we
can adopt the following lemma for Lagrangian frames.

Lemma 2.2 Let Z = (P;Q) € C**" be a normalised Lagrangian frame. Then, P and
Q) are invertible, and
B =PQ ! eCcvn (2.13)

is complex symmetric with positive imaginary part
Im(B) = (QQ") ™. (2.14)

Conversely, every complex symmetric matrix B with positive definite imaginary part
can be written as B = PQ~! with Z = (P; Q) being a normalised Lagrangian frame.

Proof. This result can be found as [Lub08, Chapter V.I, Lemma 1.1]. The matrices P
and () are invertible if kern(P) = kern(Q)) = {0}, but this follows from Equation (2.12),
since

(Qy)*(Py) — (Py)*(Qy) = 2illyl*

for all y € C". For the symmetry of B we note that

B-B"=Q"(Q"P-P'Q)Q" =0
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and, analogously, for the imaginary part,
B-B*=Q *(Q*P-PQQ "' =2Q Q"

For the inversion, assume that B € C"*" is symmetric and Im(B) > 0. Then, we can

—-1/2

construct a normalised Lagrangian frame Z = (P;Q) by taking @ = Im(B) and

P = B(Q. This choice satisfies
QTP -PTQ=Q"(B-B"Q=0,

and
Q*P — P*Q = Q*(B — B")Q = 2ilm(B)~/?Im(B)Im(B)~"/? = 2ild.

With this lemma we can identify the set of normalised Lagrangian frames with the
Siegel upper half-space

Y, ={WeC”";, W =w7T Im(W) > 0}.

Moreover, with [LST15, Lemma 2.4], we find that a large set of Lagrangian subspaces

can be naturally parametrised by complex symmetric matrices.

Lemma 2.3 — Siegel half space. Assume that L. ¢ C?" is a Lagrangian subspace so that
the projection C*" ++ C", (p, q) — p is non-singular on L. Then there exists a unique
symmetric B € C"*" such that

L ={(Bz,z);zecC"}.

The matrix B can be written as B = PQ~!, where P,Q € C"*" are the components of
any Lagrangian frame Z ¢ C?"*" spanning L. Furthermore, L is positive (negative)
if and only if Im(B) is positive (negative) definite.

Proof. That the projection of L to C" is non-singular means that there exists a function
f such that
L={(f(x),z);z€C"}

and since L is linear f also has to be linear. Thus f is of the form f(x) = Bx for a
uniquely determined matrix B € C"*".
Now let us denote elements of L as Ig(z) = (Bx,z) € C?>" for + € C". Since L is
isotropic, we need
0=15(x)Up(z') =z (B - B/

for all z, 2’ € C". This implies B = BT. The matrix B can be defined via any Lagrangian
frame since for any two Lagrangian frames Z = (P; Q) and Z; = (P;; Q1) spanning L,
there is an unitary matrix U € C™"*" with Z; = ZU, so that

PQ7'=PQ ' =B
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Moreover, we find for the quadratic form
hlp(z),lp(z)) = 5 1p(2)*Qp(z) = +2*(B — B)z = 2*(ImB)z

for all z € C™. Hence L is positive (negative) if and only if Im(B) is positive (negative).
|

The observations in this chapter yet mainly focus on the imaginary part of B, but we
need to add a short remark on Re(B) here as well, since the real part gives us a criterion

to classify pure states, i.e. symmetric Wigner functions, later on.

m Remark 2.2 The matrix B is purely imaginary if
Re(PQ™") = PQ™' —i(QQ") ™ = (P —iQ™)Q™" =0,

i.e. if the normalisation condition (2.9) is fulfilled with Q*P = —P*Q = ild.

All in all, we stated a one-to-one correspondence between positive Lagrangian sub-
spaces, symplectic matrices and the upper Siegel half space.

As a next step, we will equip the symplectic vector space (C*",w) with an w- compati-
ble complex structure J and a metric G. These characteristics will become crucial when
we lift the wave packets to phase space.

2.4. Metric and complex structure

Let us briefly consider the general case first. Let (V,w) be a symplectic vector space.

Definition 2.2 A complex structure on V is a linear map
j: VeV with j2=—id,
where id : V — V,id(u) = u denotes the identity map. If additionally
w(i(u),j(v)) =w(u,v) Vu,v eV and w(u,j(u))>0 Vue V\{0}

the map j is called an w-compatible complex structure.

This definition is taken from [Sil06, Definition 12.2]. For a better intuition one can
identify the complex structure j with the multiplication by i on a C-vector space.

It can be shown that every symplectic vector space possesses such a w-compatible
structure, see [Si1106, Proposition 12.3]. Moreover, from a symplectic form and a com-

patible complex structure one can deduce a Riemannian metric g : V x V — K via

g(u,v) = wlu, j(v)).

The three maps (w,g,j) form a compatible triple, each two of the forms uniquely de-
termine the third, see [Si1106, §12.3] for more details. However, there may be several
complex structures compatible with one symplectic form w.
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Please note that we slightly stretched the definition of a Riemannian metric here. Since
we also allow for symplectic forms that map to C, the metric ¢ might yield complex val-
ues as well, but we find that ¢ is only a positive inner product on R. We will still refer
to g as a metric, since the description is more a formal one.

In the special case, where we choose V = C?" and w to be the standard symplectic

structure, we can equivalently transfer these definitions to matrices.

Definition 2.3 A matrix J € C?"*?" is an w-compatible complex structure if
JIQI =0, QJ>0 and J?=-Id,.

Furthermore, if J is an w-compatible complex structure, then G := QJ defines a
metric on R??,

Starting from a positive Lagrangian subspace L, our goal is now to construct a metric
G and a complex structure J from a Lagrangian frame Z € F,,(L). We first note that
although the choice of a Lagrangian frame spanning L might not be unique, all frames
Z,7, € F,(L) are related by a unitary matrix U € U(n):

Since range(Z) = range(Z), there exists an invertible U € C"*" such that Z; = ZU.
Moreover, since Z; is normalised,

2ild = Z7Q7Z, = U Z*QZU = 2iU*U

and U is unitary. So, all normalised frames Z € F,,(L) not only define the same ma-
trix B € X, but also the same Hermitian square ZZ*. The next result that can
also be found in [LST15, Proposition 2.3] will characterise L based on this Hermitian

square.

Proposition 2.1 — Projections. Let L. C C?" be a positive Lagrangian and Z € F,(L).
Then, the complex conjugate L is a negative Lagrangian and

h(l,I') =0 forall € L,l'c€L.
The orthogonal projections onto L and L, respectively, are given by
. =3122*QT and mp=-1727Q7, (2.15)
that is,
() 7z, [=Id2n, 7, |z= 0 and 77 [z= Idap, 77 [L= 0,
(>i1) W% = 77, and W% = Tf,

(i) h(rpv,u) = h(v,7ru) and h(rzv,u) = h(v, mzu) for all v,u € C?".

Proof. Letly,...,l, be a basis of L. Then, I1,...,l, is a basis of L, i.e. dim(L) = n and

ol =1TQr =0
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for all 1,7 € L. Thus T is a Lagrangian subspace and since
h(1,0) = £1TQl = L1* Q71 = —h(1,1) < 0

for all | € L, L is negative. In addition, h(I,!') = £17Q' = 0foralll € L, ' € L and we
can interpret L and L as an orthogonal decomposition of C**, L @ L = C?", with respect

to h. To prove 77, | = Ida, and 7, [;= 0, we observe
mZ=322°0"2 =2, w,Z=4%122°0"Z =0,

Furthermore,
1 =()zz°0z7°0 =17220" =«
and

h(mpv,u) = %v*(%ZZ*QT)*Qu = 20" U322 Q)u = h(v, TLu).

The properties of 7, are also proved by short calculations using that Z is isotropic and
normalised. [ |

We now examine the real and imaginary parts of Hermitian squares ZZ* to see more
of their geometric information unfolding, see [LST15] Proposition 2.5].

Proposition 2.2 — Hermitian square. Let Z ¢ C?"*" be a normalised Lagrangian frame.
Then,
77* = Re(ZZ*) —iQ,

where Re(ZZ*) € Sp(n,R) is a real symmetric and positive definite. In particular,
Re(ZZ*)~! = QTRe(ZZ*)2. Moreover,

Re(ZZ*)QZ =iZ,  Re(ZZ*)0Z = —iZ,

so that (Re(ZZ*)Q)? = —1da,.

Proof. Writing 7, + 1 = Ida, in terms of Z, we obtain

lzz2QT7 —i7770T = _ (772" — ZZ")Q = Im(ZZ°)Q = Idy,.
2 2

Nl

Hence, Im(ZZ*) = —(. This implies symplecticity of the real part, since

Re(ZZ*)'ORe(22*) = Y ZZT +22902Z2" + 27%)

1
4
W=21Z2" +2122*) = -Im(ZZ*) = Q.
Checking positive definiteness, we see

PRe(ZZ%)e = L2522 2+ Z272) = |Z*2)* > 0

for all z € R?*", If Z*2 = 0, then ZZ*2 = 0 and Im(ZZ*)z = 0, which means z = 0.
Finally we compute Re(ZZ*)0Z = L(ZZ* + ZZT)0Z = iZ. [ |
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These properties of the Hermitian square ZZ* motivate our next definitions, see [LST15,
Definition 2.6].
Definition 2.4 — Symplectic metric and complex structure. Let . ¢ C?" be a positive La-
grangian subspace and Z € F,(L).

(i) We call the symmetric, positive definite, symplectic matrix
G = QTRe(ZZ)Q

the symplectic metric of L.

(i1)) We call the symplectic matrix
J=-QG

with J? = —Idy, the complex structure of L.

With Hagedorn’s parametrisation Z = (P;(Q) we can write G in terms of the real and
imaginary part of B = PQ~! and show that our definition is equivalent to the one given
in [GS11], Eq. (3)] resp. [GS12].

Corollary 2.3 Let L C C?" be a positive Lagrangian subspace, Z = (P; Q) € F,,(L) and
B = PQ~'. We can write the symplectic metric G of L as

oo QQ* —QP* —ild
- \—PQ* +ild pp*

or, equivalently,

oo <_ Im(B)~ —Im(B)"'Re(B) ) | G

Proof. The first expression for G follows by a direct calculation, G = QT ZZ*Q + iQ. For
the second form, we use that Im(B)~! = QQ*. So,

—PQ* +ild = =B - QQ* + ild = —(Re(B) +ilm(B))Im(B) " +ild = —Re(B)Im(B) ',
—QP* —ild = —QQ* - B* —ild = —Im(B) ' (Re(B) — ilm(B)) — ild = —Im(B) 'Re(B),

and

PP* = BQQ*B* = (Re(B) + ilm(B))Im(B) ! (Re(B) — ilm(B))
= Re(B)Im(B) 'Re(B) + Im(B).

The correspondence

J=-Re(ZZ*)0=—(2Z* +iQ)Q = 27*0T +ild
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suggest a closer study of the relation between the complex structure J and the projec-
tion 7y, see [LST15, Corollary 2.7].

Corollary 2.4 — Orthogonal projections. Let L C C?" be a positive Lagrangian and J &
Sp(n,R) its complex structure. Then, the orthogonal projections on L and L can be
written as

7 = 3(Idon +1J), 7 = 3(Ida, — iJ).

Proof. We have
. i 1
m=122°07 = %(J —ild) = (1d +1J)

and 7y = 7r. [ |

So far, we stated that every positive Lagrangian subspace possesses a symplectic metric
G, that is a real-valued, symmetric and positive definite matrix. Conversely, we can
also show that for every symmetric G € Sp(n,R) with G > 0 there exists a positive
Lagrangian subspace whose symplectic metric is given by G:
The eigenvalues of any symmetric, positive definite matrix G € Sp(n,R) occur in
pairs, there exist \{,...,\, > 1 so that
o(G)={ A, A AT AT

r'n

In particular, if uq, ..., u, € R* are orthonormal eigenvectors of G associated with the
eigenvalues \q,..., \,, that is,
Guk:)\kuk, uj-ukzéjk, j,kZZL...,n,

then the vectors v := Quy are eigenvectors of G so that
Gvk:)\lzlvk, k=1,...,n,

since G2 = QG~!. This special spectral structure allows to extract a normalised La-
grangian frame from a symplectic metric.

Lemma 2.4 Let G € Sp(n,R) be symmetric and positive definite. Consider an eigen-
basis w1, ..., un,v1,...,v, € R?" of G as described above and denote

lk::ﬁuk—i\/)\kvk, k=1,...,n.

Then, the matrix Z € C>**” with column vectors [, ..., [, is a normalised Lagrangian
frame so that G = QTRe(ZZ*).

Proof. This result can also be found as [LST15, Lemma 2.8]. The vectors [1,...,1, are

normalised, since

Q= <\/1rjuj+i\/ﬁjuj) -Q(ﬁuk—i\/ﬁvk)

= 0j (lvg - Qup — fug, - Qug) = 21653, .
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Isotropy is seen by an analogous calculation. Furthermore,
Re(ZZ*) = ZRe(lkl,t) = Z (/\ikukug + )\kvkv,{> =G,
k=1 k=1

where we have used that Re(l;[})u, = /\177“”“ and Re(lpl})vy = Mg forallk =1,...,n. A

This section completes the part of symplectic linear algebra we will need to construct
Hagedorn’s wave packets. Beyond that we allow for two generalisations we will make
use of when we specify the non-symmetric Wigner function or, when we propagate our
Lagrangian subspaces with a non-unitary time evolution. These two extensions are
discussed in the next sections.

2.5. Non-normalised Lagrangian frames

First we want to review the construction of Lagrangian subspaces via non-normalised
Lagrangian frames, i.e. Lagrangian frames that do not satisfy (2.9). By definition
such frames still span a Lagrangian subspace L = range(Z), but its characterisation is
encoded in the matrix Z*QZ. We will encounter frames of this type in Chapter[9 when
we discuss the effects of non-Hermitian Schrédinger dynamics.

Definition 2.5 — Normalisation. Let Z € C?"*" be a Lagrangian frame. We define its

normalisation N € C"*" as

7*Q7 = 2iN,

with NV being a Hermitian, invertible matrix.

The invertibility of V follows since for all v € C?"\{0}, Z*Q2Zv = 0 implies that each col-
umn of Z is an element of Z. But this is a contradiction since L is a positive Lagrangian
frame, while L is negative, see Proposition

In we stated that the normalisation condition (2.9) ensures that the quadratic
form h defined in (2.10) is positive on L. We can generalise this result here in terms of
the normalisation V.

Lemma 2.5 Let Z € C?"*" be a Lagrangian frame and N the normalisation of Z.
Then, the Lagrangian subspace L := range(Z) is positive (negative) if and only if N
is positive (negative) definite.

Proof. Let ly,...,1, € C*" denote the columns of Z. Then, L is positive, if

WD aily,Y ajly | >0
j=1 j=1

forall a; € C, j =1,...,n. But by the definitions of » and N,

n n n
1
h E Oéjlj,g Oéjlj = E gailg‘ﬁljaj:a*Na
1
J=1 Jj=1

Jk=1
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T
with the vector notation o = (al ... an) . |

With this lemma we can also argue that if N is a positive definite matrix, the La-
grangian subspace L is positive and can thus be parametrised by a normalised La-
grangian frame Z’ € F,,(L). We find such a frame Z’ by taking Z' = ZN~'/2, since

72'T07 = (N"YHTZzTQzN~Y2 =0

and
72707 = (N~V2 7*QZN~V2 = 2iN~12N N2 = 2ild.

This construction is well-defined as N is positive definite, Hermitian and invertible.

m Remark 2.3 Both frames, Z’ and Z, define the same Lagrangian subspace L, because

1/2

N~1/2 is invertible, the same metric G, because N~/2 is Hermitian, and the same

complex symmetric matrix B, see Section

Moreover, we can also rewrite the parametrisation of Hagedorn discussed in Section
in terms of the normalisation N.

Lemma 2.6 Let Z = (P;Q) € C?>"*" be a Lagrangian frame with normalisation N.
Then, the matrices P and @ are invertible and the matrix B = PQ~! is symmetric
and satisfies

Im(B)™' = QN1Q*.

In particular, the imaginary part of B is positive definite if and only if N is positive
definite.

Proof. The invertibility of P and () follows since N is invertible and

(Qy)*(Py) — (Py)*(Qy) = 2iy*Ny.

The symmetry B is a consequence of the isotropy of Z, see Lemma and is thus
preserved. For the imaginary part of B we can calculate

Im(B) = 4 (B—B*) = 2Q * (Q*P - P*Q)Q ' =Q*NQ .

2.6. Generalised metric

Let Z,,7Zy € C?>" be two normalised Lagrangian frames. In the following we will
construct a joined metric of Z; and Z, and give a criterion for the case in which Z; and
75 define the same Lagrangian subspace L. This joined metric becomes important when
we deduce the Wigner function of two Hagedorn wave packets, one parametrised by Z;
and one by Zs.

We start with defining a mixed isotropy C' € C"*" via

ziaz, =2c (2.17)
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and, accordingly, a mixed normalisation D € C"*" satisfying
Z1QZ, = 2iD. (2.18)

If 7, = Z5, we find C = 0 and D = Id. In general, we can only be sure that D is
invertible with the same argument as for the normalisation V.
Following further the idea from the previous section, we could normalise Z; and Z,

by multiplying with D—1/2,
(Z,D7V?)*QZ,D7Y/? = 2ild,

if the matrix D would be Hermitian and positive definite. Unfortunately, taking the
square root of D is in general not well-defined. However, for the symplectic metric of a
Lagrangian frame, see Definition [2.4] we only used the Hermitian square

K = Z,D"2(Z,D"2*)* = Z,D~' 7}, (2.19)

which can be defined in any case. This motivates our next result.

Proposition 2.3 — Joined metric. Let Z; and Z5 be two normalised Lagrangian frames,
D their mixed normalisation and K as in (2.19). Then, the matrix

G = %QT(K + KT)Q. (2.20)

is symmetric, symplectic and has a positive definite real part.

Proof. The symmetry of G follows directly from the definition. For the symplecticity we

calculate
(K + KDQK + K" = KQK — (KQK)T + KTQK + KTQK
where
KQK = Z,D7 ' 21072, D7 7} = 22, D' ZF = 2ild
and

KT'oKk =Z,D7"zI0z,D7'z; = 0.

Therefore, GQG = 1Q(K — KT)Q and it remains to show that K — K7 = 2iQ). But this

holds true since
KT —-KkKQTZ, =70 727077, = Z, DT (2iDT) = 2iZ;.
2

Equivalently, we could also multiply by Q2Z,. Positive definiteness of the real part fol-
lows by the next corollary. [ |

The construction above can be seen as a generalisation of the symplectic metric. In
particular, both constructions are consistent as for Z = 71 = Z,, we find D = Id and

G = %gT(zz* +(zZ29T0 = %QT(ZZ* +ZZ9)Q = QTRe(Z227)Q.
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This also raises the question how the joined metric G of two normalised Lagrangian

frames Z; and Z, is related to their single symplectic metrics.

Corollary 2.5 Let Z; € C>"*" and Z, € C**" be two normalised Lagrangian frames,
G =0TRe(Z:Z1)Q and Ga = QT Re(Z275)90.
Then, the joined metric G of Z; and 75 can be written as

G =2(G7' +GoH) L +i(Gy — Go)(Gy + Go)R. (2.21)

Proof. A direct calculation yields

1 _ _
GG+ Gy Y) = §QT(ZQD*1ZT + Z\D T ZNZ, ZT + Z,73)

= %QT(ZQD_lZfQZQZg +z,\D~1zIaz, zT)
=0 (2,25 — Z,Z1)
Using that Gj’1 = Z;Z5 + i is real symmetric and the fact that symplecticity implies
QGj_1 =G;Qfor j =1,2, we find
GG+ e =107 (Gy ! - Gt - 2iQ)
=2Id + QG — G5 = 21d + (G2 — G1)

Multiplying with (Gfl + G5 1)~1 and using the symplecticity once more to rewrite the

inverse of G resp. G proves the claim. [ |

With Equation (2.21), we can complete the proof of Proposition
1
Re(G)™! = 5 (67" + Gy )
is positive definite since G; and G2 are positive definite matrices. In particular, we

mention that G is real if and only if G; = Gs.

Although the relation between G and G1,G2 appears very complex, the matrix G
differs from G; and G5 only by a singular matrix.

Corollary 2.6 Let Z; € C?*" and Z, € C?>"*" denote two normalised Lagrangian
frames, G; and G their symplectic metrics and G their joined metric. Then, the
matrices G — G; and G — G are singular.

Proof. We only present the proof for G — GG; here, an analogous computation can be
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executed for G — G5. With Corollary [2.5]

G—Gy=2d+i(G —G)Q) (G + Gy ) -Gy
(Id +i(G1 — G2)Q — G1G3 1) (GTH + Gy H) ™
(—Q+iG1)Q — (IQ+ GGy ) (GyH+ Gy )™
=—(G1 +ZQ)(G21 - ZQ)(Gl + Gy H

Thus, the difference G — G, is singular for all G5 if G + i) is singular. But this holds
true due to Proposition [2.1]and Definition

Gi1+iQ=0T2,7TQ

is singular, since the projection 7z = %71 Z{ ) has a non-trivial kernel. |

Rewriting the difference G — GG also allows us to give a more profound characteristic of
the mixed isotropy C. Using that Gy +iQ = Q77,727 Q and G, —iQ = Z, 75, we find

G -Gy =07,7102, 75 Gy + Gy )™

and we can read off that G = G if and only if C' = 0.

m Remark 2.4 Two normalised Lagrangian frames Z; and Z; span the same Lagrangian
subspace if they satisfy
7Eaz, = o.

This is the only case where the generalised metric G of Z; and 75 is a real matrix.



3. Hermite functions

In this chapter we want to review basic definitions and properties of Hermite functions
that are Hermite polynomials times a Gaussian,

7T71/4 _ 2/2
pr(z) = \/th(fﬂ)e T 2z eR

Hagedorn’s wave packets can be seen as a generalisation of Hermite functions to several

dimensions and with varying width of the Gaussian. In the one-dimensional setting
they appear as scaled Hermite functions, while in multi-dimensions most characteris-
tics of Hermite functions can be logically extended to Hagedorn wave packets. We will
also present the proofs of some well-known results for the Hermite functions here in
order to introduce techniques that we will use for the wave packets in the next chap-
ter. There are several equivalent ways to define Hermite functions, for example via a
Rodriguez-formula, a generating function or a differential equation. We will start here
with the approach via ladder operators, what is a common approach in quantum me-
chanics, and derive more formulations in Still, we could start with any of these

definition and obtain the same results.

3.1. Dirac’s ladder operators

To be precise we start with introducing some well-known function spaces we will work
on later. Our basic setting is the Hilbert space L?(R") of square integrable functions
with the scalar product

(p.0) = [ p(a)ila) de, forall v e LR

and the induced norm |¢||? = (p,¢). Furthermore, we will consider two subsets of
L?(R™), the Schwartz space

S(R") = {f € C*®°(R"); Vo, € N*3C > 0: |2°0°f| < C}

of all rapidly decaying smooth functions and D(R") = C§°(R"), the set of all smooth
functions with compact support. We have D(R") C S(R") C L*(R"). The Dirac ladder
operators appear as operators on L?(R"). In particular, they can be written as Weyl-

quantisation

(oplaly)(@) = (27" [ ale a+ ) ety dedy, Vo e SR @D
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of a function a € S(R™ @ R"), see [Gos10, §10.1] for a detailed discussion of the Weyl-
correspondence and Appendix [Al for a formal introduction of Weyl-operators. In quan-
tum mechanics, see [Zwo11, §1.2], such an a € S(R"®R") is called a classical observable
and its Weyl-quantised operator op[a| a quantum observable. We also refer to a as sym-
bol of opla.

Two typical important examples for observables are position and momentum. We
consider a phase space variable z = (p,q) € R" @ R", where ¢ denotes the position and
p the momentum. For the position operator, we find with a(p, ¢) = ¢;, 1 < j < n, that

(oplale)(@) = (20" [ Aoy + ) gty dsdy = § [ 5= u)os+ ol dy

= zp(x),

ie. (jo)(z) = zjp(z) for all ¢ € S(R™) with the short notation ¢; = op[g;]. Moreover, for
a(p,q) = pj, 1 < j < n, it follows by partial integration that

(oplalp)(z) = 2m)™ | &l CWop(y) dedy = (2m) ™" / (10, € @) p(y) dedy

RQn RQn

—@2m) | =i @, oy dedy = =i [ 5z — y)y,0(y) dy
R2n R2n

= _iaﬂv]’ p(z),

i.e. (pjp)(xr) = —idz; (), since boundary values vanish for ¢ € S(R"). In the following
we will use the vector-valued notation 2 = (p, §) where

(Gp)(x) = zp(x) and (pp)(z) = —iVap(z) (3.2)

for ¢ € S(R™). The position and momentum operator satisfy the following important
property.

Lemma 3.1 — Canonical commutator relation. The position operator ¢ and the momentum

operator p as defined in are canonically conjugates, this means
[gj, Dx) = 105, foralll <j k<n 3.3)
with the commutator bracket [a, b] = ab — ba.
Proof. Due to the standard differentiation rules, we have

(4 (Prp)) () = —izj0r, ()

and
(Pr(gj ) () = =i(Gjrp(x) + 20z, p(x))
for all p € S(R"). Taking the difference yields the result. [

A more general view on canonical commutator relations is given in [Ohs15| §2.1], we
will take up on this again in Section
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Based on the position and momentum operator we are now able to introduce the
ladder operators for the Hermite functions.

Definition 3.1 — Dirac’s ladder operators. We call the operator

AT — q ip (3 4)
a 1p .
\/§ (q )
the creation or raising Operator of the Hermite functions and
d—fl (A—i-iA) (35)
\/i q p .

the annihilation or lowering operator.

By their definition these operators inherit three useful characteristics from the position

and momentum operator

Lemma 3.2 Dirac’s ladder operators have to following properties:

a, a and a' map Schwartz functions to Schwartz functions, i.e. a;¢, d}gp € S(R") for
allpe S(R")and 1 < j < n.

b, @ and a' are formal adjoints on S(R"), i.e.(d}gp,w) = (p,a;¢) for all p,9 € S(R)
and1 < j <n.

¢, a and a' satisfy the commutator relation [a;, dL] =0, for1 < j,k <n.

Proof. Let p € S(R™). Then, for all multiindices o, 8 € N" there exists by definition a
C' > 0 such that |x°‘6§ ¢| > 0. The same obviously holds true for z;¢(z) and 0., ¢(z),
1 < j <n, and thus §;p, pj¢ € S(R™) what proves a.

For b, we find with partial integration for j =1,...,n

(alp,v) = (2 — O, )p(@)t(2) do = p(@)(; + 0z,)¥(x) dz = (p, a;9)

xfw

since (x)Y(x) |gn= 0 for all ¢, € S(R™).
Claim c, follows from the canonical commutator relations (3.3)

\fw

—1 .
? (215jk’) — 0jk-

1. .. . . —i .. . ..
5[4 105, G — 1) = - (165, Px] = 1By Ga]) =

NS A
[aj7ak] 9

As a last remark in this section we want to add the relation of Dirac’s ladder operators
to the harmonic oscillator H = %(ﬁQ + @%), In the one-dimensional case it is clear from
the definition that

1

. Lo 1, . 0 ; .
ala = (G —ip)q+ip) = S(5° +¢* +i(@p —pd)) = 5 (1* + &) — 5
and, analogously, aa' = 1(5* + ¢%) + 3. So, the harmonic oscillator and a'a resp. aa'

have the same eigenfunctions.
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3.2. Coherent and excited states

In this section we derive Hermite functions as eigenfunctions of the one-dimensional
harmonic oscillator. From the previous section we know that eigenfunctions of H with
eigenvalue k + %, k € N, are eigenfunctions of afa with eigenvalue k.
First, we note that all eigenfunctions of G'a with eigenvalue 0 are elements of the
kernel of a,
I={peSR);ap=0}.

as it follows from aap = 0 that

0 = (alap, @) = (ap, ap) = |lap|*.

Lemma 3.3 — Coherent state. Every element ¢ € I is of the form

where ¢ € C.
Proof. Let ¢ € I. Then,
V(e 2p(x)) = ze™ Pp(x) + € P Vap(x) = e 2ap = 0
and ¢ is a constant multiple of e~ /2, |

So, we found that eigenfunctions of the harmonic oscillator with eigenvalue % are con-

stant multiples of e=%°/2

. However, in quantum mechanics wave functions are used
to describe the state of quantum systems, i.e. they provide a probability distribution
for an observable a. Hence, to be physically meaningful, we consider only normalised

L?-functions and denote as coherent ground state
po(x) = 7~ /1e™/2 (3.6)

with ||po]| = 1, see [Fol09, §1.1]. The expression coherent states for eigenstates of the
harmonic oscillator was introduced in [Gla63|] and later generalised, see for example
[CR12, §1, §2].

From the ground state ¢y we can now construct eigenfunctions of a'a with higher
eigenvalues. Since

(@' 0, p0) = (0, o) =0

we find that the iterative application of a' to ¢ generates a family of orthogonal func-
tions. To preserve the normalisation of the eigenfunctions, we calculate for k € N

((@") o, (a")"00) = (") 0, a(a") 0) = K{(a")" 10, (a1)"00)

where we used the commutator relation from Lemma [3.2| and apy = 0. With an in-
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ductive argument, we can conclude that ||(af)*¢g||? = k!, this motivates our following
definition of the Hermite functions.
Definition 3.2 — Hermite functions. Let & € N and g denote the coherent ground state
given in (3.6). Then, we define the k-th Hermite function via

or, equivalently, ¢ = ﬁd*@kq-

The above definition also explains the name raising or creation operator for af. For a, it
holds

1 k
A _ ~ootvk, NN
aPi \/Ha(a ) ¥0 \/H(a ) ®0 \/Espk—la
i.e. pr_1 = ——ayy, for k > 1 and & lowers or annihilates the eigenstates ¢;,. Moreover,

$o
$1
L2
3
(2

10—

Figure 1.: Hermite functions ¢ for k =0, ..., 4.

this relation shows that the Hermite functions are indeed eigenfunctions of ¢fa as
alagy = Vial o1 = kg

for all £ € N. Thus, the k-th Hermite function ¢, is an eigenstate of afa with eigen-
value k£ and an eigenstate of the harmonic oscillator with eigenvalue &k + % From the
construction it is also clear that the next result holds true.

Theorem 3.1 — Orthonormal set. The Hermite functions (¢y)reny form an orthonormal
basis of L?(R).

Detailed proofs of this result can easily be found, see for example [Tha93, Lemma 1.1.2]
or [Fol09, Theorem 6.11].

Another well-known property of the Hermite functions is that they are not only eigen-
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functions of the harmonic oscillator but also of the one-dimensional Fourier transform

Fo(€) = z)e ¢ dx (3.7)

\/127/11@@(

for all ¢ € L?(R). This seems logical as H is invariant under the Fourier transform,
see [Tha93, §1.1]. We will present a proof here that is based on the Dirac ladder
operators since we can use a similar approach later for the generalised wave pack-
ets.

Lemma 3.4 — Fourier transform. Let £ € N and ¢;, denote the k-th Hermite function.
Then,

For = (—1)F g

Proof. We denote by
1 .
F1 = / izg g
o) = —= | el©) de

the inverse of the Fourier transform. Then, Fy satisfies
0 = Fapg = FaF ' Feg

and is thus an element of the kernel of ar := FaF~'. In particular, Fyy is the nor-

malised element of kern(ar), since F and F~! are adjoints on L?(R), i.e.
IFel® = (Fo, Fo) = (o, F~ Fo) = [l
for all ¢ € L?(R). For the excited states oy, k > 1, we moreover have

1 . 1 1 .
For = ﬁfanpkq = ﬁ]—"cﬁ]—" "Fop1 = ﬁa;}_@kq-
This means, we can construct the Fourier transforms analogously to the Hermite func-
tions using the ladder operators a» and &jf.
Let ¢ € S(R). By partial integration

1
FiFe)©) = 5= [ apl€)d O atn = o [ o) dgda
= 5 | Gl duag =i [ 6~ pplé)) de

=10ep(§) = — () (€)

and

—i

FFe)E) = —= [ 0F e dr = —— [(F )@ o

B fz? | (Flo)@)e ™ de = EF(F9)(©)

=&p(§) = (4p)(§)-

Thus, ar = %(—ﬁ + i) = ia and d} = —2(—15 — i) = —ia' what finishes the proof.
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The strategy of using the ladder operators to prove the Fourier result is adapted from
[Hag98|, §21. [ |

From the definition of the raising operator af = % (x—V,) and the ground state ¢y (z) =

7~1/4¢=2*/2 one can already deduce that the Hermite functions attain the form

i(@) = o=hi(2)po(2) (3.8)
where h;, is a one-dimensional polynomial of degree k. This polynomial part is generally
known as Hermite polynomials and includes most of the characteristics of the Hermite
functions. The next section is an analysis of this part including some equivalent defini-
tions for the Hermite functions.

3.3. Hermite polynomials

With Ansatz (3.8) for the Hermite functions, we can trace back a' resp. a to operators
b' and b that act only on the polynomials. We have for k > 0

Pry1() \/m@TSOk(UC) = mﬁ(hk(@@o(%))

— s Gal(@) — Vahi ()0 @)

So, the Hermite polynomials can be generated as
hgi1 = BThk(x), where b =27 -V, = 2¢ — ip

starting from the initial value ho(z) = 1. In Figure 2| we present for a better illustration
the first few Hermite polynomials, k = 0,...,4 .

Figure 2.: Hermite polynomials hy for £k =0,...,4.
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The same approach for the lowering operator yields

1 . 1
pr-1(z) = ﬁa%(ff) = mvxhk(@%(l’)a

which means
Vxhk(x) =2k - hk,1($), k > 1 (39)

and differentiation can be seen as lowering operator on the polynomial level. A se-
quence of polynomials satisfying this condition is called an Appell sequence, see [App80].

Starting from the polynomial ladder operators we can now deduce several equivalent
definitions for Hermite polynomials. Please note that we could have started with any
of these definitions and maintain the same results.

In [CDGO6, §4] the authors showed that polynomials that form an Appell sequence
can also be characterised via their generating function or a determinant. We add two
more points here: From the ladder operator b and using that the Hermite polynomials

form an Appell sequence we can clearly follow a recurrence relation and since

2

b hy(z) = 2ehy(z) — Vahe(z) = €% Va(hi(z)e™)

also a type of Rodrigues’ formula.

Theorem 3.2 Let (hy)ren denote the Hermite polynomials as defined in (3.8).Then, also

the following three statements hold true:

a, The Hermite polynomials (hy)rcy satisfy the three-term recurrence relation
hi41(x) = 2xhg(z) — 2khg—1(z) (3.10)

for £ > 0 with ho(z) = 1 and hg(z) = 0 for £ < 0. We will shorty refer to this
definition as TTRR.

b, The generating function of the Hermite polynomials is given by
tk 2 2
g(x,t) = —hy(z) = 27, (3.11)

i.e. hip(z) = OFg(x,t) |i=0.

¢, The Hermite polynomials (hy)xen fulfil the Rodrigues’ type formula
hi(z) = €% (=Vg)Fe (3.12)

for k > 0.

Proof. The TTRR follows directly from the raising operator b’ and li For the Ro-



3.3 Hermite polynomials 45

drigues’ formula in c, we calculate

Vohi(z) = Vs ((—1)k(v’;e—w2)6x2) = (~1)* ((v§+1e—x2)ex2 n 21:(V’;e_x2)ew2)

= 22l (2) — hiy (2)

what matches with the recurrence relation in (3.10). At last, for the generating function
we note that with the Rodrigues’ formula

OFe= =0 |, _o= (=1)*0Fe ™™ |ymp= hi(z)e ™™

(2—1)?

where we substituted u = x —t. The exponential function e~ can be written exactly

as its Taylor expansion around ¢ = 0,

o Lk K
—@=1)2 _ N~ (ak —(a—t)? R —a?
c =27 (at ¢ |t:°> =2 plw(@le
k=0 k=0
and the result follows from e~ (@1 ¢2” — o22t—1% [ |

These properties of the Hermite polynomials are widely known and can be found in the
literature, see for example [Fol09, §1.7] or [Tha93, §1.1]. However, we could not find an
established representation of the Hermite polynomials via a determinant and will thus

deduce one in the following.

As it was shown in [CDGO06, §1] the Bernoulli polynomials are closely related to the

power sums

with m > 0. For the Hermite polynomials we have to adapt this sums slightly and
introduce a recursive definition.
Definition 3.3 Let S} = Si(1) = Z?:l j denote the first power sum. We set

k
SITH = Z Sﬂlj
j=1
for all k,m > 1.

The sum notation here shall emphasise the relation to the Bernoulli polynomials. How-
ever, we can also give an explicit formula for the numbers S} that is more familiar in

the context of Hermite polynomials.

Lemma 3.5 Let k,m > 1. We can calculate the numbers S} via

2m +k —1)!

m __ —m(
Sp =2 (3.13)
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Proof. We prove this statement by induction over m. For m = 1 we find

k(k+1)  1(k+1)!
2 2(k-1)0

Sk =

and Equation (3.13) holds true for m = 1 and all &£ > 1. If we further assume (3.13) is

true for k£, m > 1, we moreover find

k . k .
_ 2m + j)! _m (2m +1)! 2m +j

Sm+1 — 9 m ( — 9 m
k z::m!(j—l)! m! J; 2m+1

_2_,71(2m+1)v’“‘1 2m + 1+ j L CmA D 2m 4k +1
N m! = 2m +1 m! 2m + 2
o—(m+1) (2m+k+1)!
m+ DIk —1)!
+j +h41
since 377 (") = ("i1) u

From Formula (3.13) we can also deduce the initial values SY = 1 for all k¥ > 1 and to be
well-defined we set S};" = 0 whenever k£ < 0 or m < 0.

The coefficients S} in the form ( appear if one writes an arbitrary polynomial
as linear combination of Hermite polynomlals From their definition it is clear that the
polynomials (h;);<i form a basis of the set P, of all polynomials with degree at most
k. Thus, one can expand every polynomial of degree k in terms of Hermite polynomi-
als (h;j)j<kx. The next lemma gives an explicit formula of this expansion for monomi-

als.

Lemma 3.6 Let (hj)ren denote the Hermite polynomials as defined in (3.8). Then, we
can write

Z 2k ]S2]+1h2] )

for even degrees and for odd degrees

k
— i k—i
(2$)2k+1 — Z 2k jSQ(ji1)h2j+1(x)7
Jj=0

with &k > 0.

Proof. Both formulas can easily be verified for k£ = 0,
(22)" = ho(z) =1, (22)' = hy(z) = 2.

Also, by induction using the recurrence relation (3.10) and the initial values Sy™! =
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1
Sz(k+2) 0
k k
k —5 ok—J .
(20 =3 28Iy (2e)haja(e) = Y2885 (hajra(@) +2(2) + 1)hoy(x)
j=0 j=0
k+1 k
—j gk+1—j
= IS g () + Y 2K (25 + 1)S5 7 haj()
j=1 7=0
k+1

= ZQk‘H_j (Sg;rl*j + (25 + 1)5’5(;{;_1)) haj(7)

and it remains to show that Sl‘“rl T4 (25 + 1)52(] by = ngﬁrll 7. But this holds true since

with Lemma [3.5]

I R T e e Ev Ty I i 7))
ey 2k + 1)! _ .
N 2j+2(k—j+1
G+ iy @RI
_ o—(k—j+1) (2k+2)! Ght1-j

(k—j+1DI25) ~#H

The proof for (2z)2*+1)+! works analogously. [ |

With this lemma we are now able to give a determinant representation of the one-

dimensional Hermite polynomials.

Proposition 3.1 Let k¥ € N. Then, the k-th Hermite polynomial /; as defined in (3.8)
can be written as determinant of a (k + 1) x (k + 1)- matrix that is constructed in the

following way:

1 =z 22 22 gzt z? zk
2 0 51 0 1s2 o
02 0 S35 0 183
0 2 0 S o0 0
hy(z) = (—=1)F det 3 (3.14)
0 2 0 S . 35,
0 2 0 0
0 2 . Sh,
0 0 2 0

Proof. The proof follows again by induction. We first state that the determinant of an
upper Hessenberg matrix M;, = (m;;)i<ij<k, i.e. a matrix that has only zero-entries

below the first subdiagonal, can be written as

N

-1

det(Mjy) = Mgk det(My_1) + (— l)k ijkdet -1 Hml-‘rll
1

<.
Il
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where det(My) = 1, see [CDGO06, Lemma 3]. Assuming that the claim is true for all
polynomials hy, k' < k, we find

= 2Pmy oy + Y (1) T s (< 1) Ry o ()
=2

k

= (22)" - Z 25T m 1 hy o ().
=2

Next, we have to insert the entries of the last column. For an even index hy;,, we find

1
(x2k72k;_1s]]f:7 2k; QSk ! 0 S%k*Zl?O)T

and therefore
k
k41 _
hak () Z WSlethJ 2(2) ZQk Sy; ¢ 1haj ()

what is consistent with the expansion formula in Lemma(3.6] A similar argument yields
the claim in the odd case hogy1. [ |

So far, we were following the outline for the analysis of the Bernoulli polynomials given
in [[CDGOG6[l. But besides that, the Hermite polynomials are also closely related to the
Laguerre polynomials. This relation will come to the fore when we investigate the

Hermite functions in phase space in the next section.

3.4. Hermite functions in phase space

The Wigner transform

We)(€) = @0 [ ot hola-DerSdy, (€0 eR R (315

of two Schwartz functions ¢,¢ € S(R") is the Fourier transform of their correlation
function and, again, a Schwartz function on phase space. It is a quasi-probability
distribution as it might also attain negative values, that measures both, position and
momentum, simultaneously, see [LT14, §1]. However, the symmetric Wigner function
W(p) :== W(p,¢) is a real-valued function since by definition W(yp, ) = W(1, ¢) and
thus provides a pure density operator, see [[Gos10, §13.1.1] or [LST15| §3, §41.

In order to calculate the Wigner transform of two Hermite functions ¢, and ¢, k,l €
N, we first have to state some basic properties of W.

Lemma 3.7 For the Wigner transform »V the following three statements hold:

a, Let o1, @2, 11,92 € S(R™). Then, W(¢1,11) and W(p2,12) are elements of S(R™ &
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R™) and satisfy Moyal’s identity,

W(e1, ¥1), W(p2,¥2)) r2®en) = (21) " (01, 02) L2(Rn) (Y1, ¥2) 12(RN) (3.16)

b, Let ¢ € S(R"). Then, the marginal distributions of W(y) give the position and

momentum distribution of ¢,

W(p)(€, ) dé = |p(a)|%, /Rn W(p)(€, 7) dz = |(Fp) (). (3.17)

R

¢, Let a € S(R" @ R") be an observable and a its Weyl-quantisation. Then,

o W((,D, 1,/))(2)(1(2) d(z) = <(P, d¢>a z = (fa I’) ER"®R" (3.18)

for all ¢,y € S(R").

Proof. For Moyal’s identity we find

<W(g017 ¢1)7 W(QOQ, w2)>L2(R2”) =

= [ e+ R+ @ — ale = D) dly.y (e,
= [ oo+ B+ BT - Bt - D)

where we again made use of the delta-distribution relation

/n € W) g¢ = (2m)"6(y — /) and - YW dy' = f(y).

By substituting 2’ = = — £, we find the stated equality,

WVlpr, 1), Wiz, Vo)) 2@ony = 2m) 7 | 1 (@)a(2') / p1(a’ + y)pa (2 +y) dyda’

n

= (2m) 7" (1, p2) L2(Rn) (V1, V2) L2 (Rm)-

Let ¢ € S(R™). The marginal distributions of W(y) are given by

W) (€, 2) de = (2m)™ / e+ Dola — §)ev" dedy

Rn R2n

— /n<p(x + %)gp(m — %)5(3}) d§dy = |‘P($)|2
and

[ ow@reordo=@n [ e+ pet - e dody

= [ B Y aydd = |(Fe)©)

where we substituted 2’ = z — § and 3 = y + 2/, see also [Fol09, Proposition 1.96]. The
proof of the last claim can also be found in [Gos10, Proposition 200]. For ¢,¢ € S(R")
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and a € S(R" ¢ R"), we have

(i) = 2m) " [ Bla)e)e Valé, b 1) dig )y
=0 [+ et - eV ale o) dlea)iy
= [ Weneaalea) de. o)

R2n

and again, a suitable substitution, y/ =z —yand 2’ =y + % y1e1ded the result. |

Equation (3.18) in the previous lemma already displays the close relation between the
Wigner transform and the Weyl-quantisation that was originally examined in [Gro46].
For any quantum observable a : S(R") — S(R") the expectation value in a state i €
L?(R") is given by b )
R , a

e =5 0)
and can thus be calculated using the Wigner function, see for example [[Gos10, Defini-
tion 204] or [Lub08, §1.4.1].

With the Weyl calculus from Appendix [A] we are able to compute the Wigner trans-

form of two Hermite functions ¢, and ;. Our aim is to write Dirac’s ladder operators
as equivalent operators acting on the Wigner function W, i.e. to find operators A;, A,
resp. /11, /1; such that

AW(p, ) = Wlap,),  AaW(p, 1) = W(e, ),
AW(p, ) = Wiale,p),  AW(p, 1) = W(g,aly),

~—

for all ¢,¢» € S(R™). Thereby, we can analogously to the calculation of the Fourier
transform define the Wigner transform WW(yy) of the coherent ground state as element
of the kernels of A; and A, and produce Wigner transform of the form W(ek, ¢1) by
iteratively applying fl{ and A;.

Lemma 3.8 — Phase space ladders. Let ¢, ¢ € S(R") and set y = i{ + x for £,z € R™.
Then, we find for the lowering operator a

Wap,$)(§, z) =
W(p, @) (§, z) =

75T+ Vy)W(p,9) (&, ),
75y + Ve)W(p, ) (&, ),

%\ %\

and for the raising operator af,

W(aTe, ¥) (¢ z) =
W(p,aly) (¢, z) =

= (y — V) W(p,9)(€, ),
75 (G = Vy)W(p,¥)(€, ).

%\ %\

Proof. We will exhibit the proof only for the annihilator a here, the proof for the creator
a' works analogously. From Lemma ¢, we know that for z = (£,z) and any w €
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S(R" @ R"),
[ Wlap 0)Eu(e) dz = (ap, i) = (o ahiw) = | Wieu)(2)(aHw)(z) d2
and
[ Wiea)(@u(e) dz = (o) = [ Wie.v)()(wia)(z) d=
where a(¢,7) = = (x +i¢) = Ly and af(¢,7) = L (v — i¢) = L7. The Moyal product

can be calculated with the formula given in Corollary

(aT#w)(2) =
(wH#a)(z) =

75w (2) + 5(0cw(2) +i0:w(2))),
75w (2) + 5(=0cw(2) + i0,w(2))),

%\ %\

and with partial integration

Wlap,)(z)w
RZn

(=10 + 92))W (0, ¥)(2)w(z) dz

W(p, a)(z)w
R2n

S
\\

3 (10 + 02))W (0, ¥) (2)w(2) d.

i
Sl

Using these phase space ladders, we can now identify the ground state of the Wigner
transform of the Hermite functions. We stress here that all results stated above are
valid in multi-dimensions, although we will only investigate the one-dimensional case
in the remaining section.

Lemma 3.9 Let g denote the coherent state (3.6). The symmetric Wigner function of
o reads

W(po)(€,z) = Le= €+ = L=yl

where y = i + .

Proof. We will in the following use the short-notation Wy := W(pp). Since apy = 0 it
follows from the previous lemma that

T+ Vy)Wo(y) =0 and (y+ Vy)Wo(y) =
Every function satisfying those two conditions is of the form ce~ ¥/ since
V(W (y)el) = @W (y) + V, W (y)el" =0

for all functions W satisfying (y + V, )W (y) = 0. Lemma [3.7] a, implies ||W;|? = (27)~!
and the result follows from [, e~ 2% +2?) gedy = z. [ |

The form of the Wigner ground state WW(yy) is not suprising, it seems as the logical

expansion of ¢y to two dimensions. Proceeding further, the application of the phase
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space ladders \[(y Vy) and (y V,) will again create a polynomial prefactor and
it is a well-known fact, see for example [F0l09, Theorem 1.105] or [Tha93, Theorem
1.3.4 and 1.3.5], that this factor can be written in terms of the associated Laguerre

]zk: <k+a> 7!

with k£ € N and « € R. The following proposition can also be found in [LT14, Corollary 1]

polynomials

using a different technique of proof based on a integral formula for the Hermite polyno-
mials. Here we will use the phase space ladders similar to [Tha93, §1.3].

Proposition 3.2 If ¢y, ¢; are the k-th and [-th Hermite function, %k, € N, then their
Wigner transform is

(—1)kV2Ik, [ Mgk LR o1y 2yW 6, 2), k<1

Wi o) = (3.19)
(r, 00)(§, ) {(1)1\/W\/;ykl[,lk D@lyPWole,z), 1<k

with y = i£ 4+ z. In particular,

Wier)(€,2) = (=1)F L @ly)Wo (€, ).

Proof. We present here a proof by induction for the case k& < [. Suppose that (3.19) holds
true for W(pg, ¢1). Then,

_1\k
W(prs1, 21)(€,2) = W@l or, o) (€ 2) = E/% % 21—(k+1)\/E'!W0(£7$)
(2yy’ FLy P @ly?) - (- k)yl*<k+1>LS*’“><2\y| )= 27 L 2y

k _ _
GO/ [, o)~ ((2lyl? — (1= LD @A) — 2P @l

VE+1

and since the associated Laguerre polynomials satisfy V%Lg}) () = (—=1)7 Lgf;.j )(z), see
[Tha93, Eq.(1.1.49)], we can rewrite the expression in the brackets as

I—(k+1 l k 1
(1 — k=2l L 21y?) + 2y F D 2y ).

The claim follows from Laguerre’s equation: xLIkI(O‘)( )+ (41— :c)L( )( )—i—k;L( )( ) =0,
see [Tha93, Eq.(1.1.48)]. Moreover,
Wk, pi1)(&,2) = %W(%,&T@z)(ﬁ,x)
e -k i I~k
= (~)V2IRT [ (¢, @) (2 LETY @1yl) — 27 P 2ly?))

-k I—k
= (V2R SR )R (L0 ey + LT @l )
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and the claim in this case follows from the identity

e (G ()5

k—1 .
k4 o+ 1\ ) (a+1)
()

L (@) + LV (@)

A

<

The cases | = k and k > [ are proved analogously. |

Given that [W(py, ¢1)|? is a function in |y|? it is clear that the absolute value of W (o, ¢;)
is radially symmetric. Figures (3), () and exemplary illustrate this behaviour for
W(po), Wps) and W(er, ¢3).

0.25

i
f’/,{ly, ) l‘ |‘
/( W

) I \l “\\\\
u,mu. A
AN

Figure 3.: Absolute value of the symmetric Wigner transform W ()

Figure 4.: Absolute value of the symmetric Wigner transform W(p3)

The only Wigner transform of the form W(yy, ¢;) that is strictly positive is the Wigner
ground state W(yy). One can in particular show that the Wigner transform W(y) of a
function ¢ € S(R™) is non-negative if and only if ¢ is a Gaussian, see §9.2.1].
This lack of positivity can be cured by the convolution with the Gaussian phase space
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it
0
il

Figure 5.: Absolute value of the mixed Wigner transform W(p1, ¢3)

function G(z) = 7—"e*I*. The resulting positive transform
H(p) = G+ W(e)

is called the Husimi transform H : R" @ R" — [0;00). The Husimi transform can also
be deduced from the FBI transform (Fourier-Bros-Iagolnitzer), which is defined as the
inner product with the Gaussian wave packet

9(p, g ) = m /el a2 =) (3.20)
centred in the phase space point z = (p, q) € R™ @ R". That is,

(F=0)(p.q) = (2m) (¢, 9(p, 0))

see for example [Fol09, §3.3]. Then, the Husimi transform appears as the modulus
squared of the FBI transform, H(¢) = |(F.¢)(p,q)|? for all z = (p,q) € R" & R", which
immediatly reveals positivity, see [LT14} §1]. The next result can be found as Corollary
2 in [LT14].

Corollary 3.1 — FBI and Husimi transform. Let ¢, be the k-th Hermite function and z =

(&, x) € R™ @ R™. Then, the FBI transform is given by

A A

(Fepr)(€, ) = \/ﬁy 2

with y = i{ + 2. Consequently, the Husimi transform reads

1 2
Hpr) = WM%G 91572,

Proof. We have

(Fopr) (€ 2) = (2m) /2 (—=(a1)*p0, g(€, @) = a)*g(¢,2))

1
\/ﬁ@o,(

=~
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and since ag(§,z) = %y g(&, x), it suffices to evaluate the inner product of g(¢&, x) with
the coherent ground state ¢,

(Foor) (&) = ¥ (0, (&, 2)).

1
Vr2k+1kl

This can be executed by completing the square in the exponent,

(po,9(& x)) = 7T_1/2/R6—(96'—x)2+i£(:c’—x)e—x’2/2 da!

Y N L / o=@ =9/2? gt — o~lyl?/Aita/2,
R

The Husimi transform hence exhibits the same radial symmetry as the Wigner trans-
form, see Figure (6) for an example.

I
%’.'o’o,o".o‘&‘t““"ﬁ“\\.v\““\\“\\

I
{;//;,w

//,/ 'I" (I
/

i
H, mmu \\\\\

4"4" ""H i t‘t::t ;\\\“\\\\}\
i /’I/‘:f‘y" ,‘"':"""‘t"""'n'n‘\".'n'."“"\l“ \:‘\‘“'\“\“

Figure 6.: Absolute value of the Husimi transform H(¢3)

The Gaussian ¢(p, ¢) we used to calculate the FBI transform is centred in an arbitrary
phase space point z = (p, q) € R™ @ R". Until now we only considered functions centred
at the origin, but we can transfer this generalisation also to the Hermite functions:

Let z = (p,q) € ROR and denote by & the k-th Hermite polynomial. We set as ground
state the shifted Gaussian,

volp, q;x) = n~ 1/ 4e~ (=) /2+ip(—q)

and obtain for the Hermite functions centred at z,

1
or(p, ¢;x) = th(w —q)o(p, ¢; ).

Such phase space translations are typically expressed by means of the Heisenberg- Weyl
operator, see [Gos10, Definition 124],

T(2)(x) = &P =2 y(x — q), ¢ € LA(RY)
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also for multi-dimensional phase space centres z = (p, ¢) € R" @ R". With this notation

we find
or(p,q) = e PPT(2)
and the shifted Hermite functions (¢ (p, ¢));cy maintain the orthonormality of the stan-

dard Hermite functions (¢z),cx-
A nice interpretation of the Fourier transform becomes now visible when we calculate

For(p, q).

Proposition 3.3 Let z = (p,q) € R @ R. Then, the Fourier transform interchanges the

position and momentum centre,

(Feor(p, 0)(€) = (—1)Fe™Ppr(—q, p; ).

Proof. From Lemma we know that Fy, = (—i)*¢; and thus
Fom,q) = e PR FT () F 1 Fpp = (—1)ke PU2FT(2) F Ly

and it remains to determine F7'(z)F . Let ¢ € S(R), then

(‘FT(Z)f_IQO)(f) _ 21ﬂ_/eip(ai—q/Q)/Sp(gl)eif'(x—q) dé-/e—ixg dr
R R

_ %efipq/2 /RQ so(gl)eix(g’+l7*5)€fig’q dzde’

™

_ eipq/Z/ cp({’)e*iglq(%/:g—p d{l _ eiipq/2g0(§ _p)efilI(§*P).
R

The result follows as ¢ (£ — p)e_iq(g_p) = or(—q,p;§). u

In a final step we want to examine the impact of the Heisenberg-Weyl-operator on the
Wigner transform. The following general result can for example be found in [Gos10),

Proposition 174].

Lemma 3.10 Let ¢, ¢ € S(R") and zp, 21 € R” @ R™. Then,
W(T (20), T(1)) (2) = X A0l B0l o, ) (5 — 2azn).
Proof. Let zop = (po, qo) and z; = (p1, q1). By definition of the Wigner transform, we have

W(T (20)p, T(21)0) (€, @) :(gﬂ)—nein(m—po)ei(pquo—pqul)m

[ g gt~ - e dy

If we substitute ¥/ = y — (g0 — ¢1) we can simplify this further,

T(p1=po) (i(p§ 20— 01)/2

W(T (20) 0, T(21)) (&, x) =(2m) e
/ W Hao—a)TE BB o o (ke yy o v ata)y g

=€ (@0—a)=2" (po=p1) iPga1-00 P1)/ 2 (5 1) (2 — 20+,
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The Wigner transform of two shifted Hermite functions then follows as an easy appli-
cation of this lemma.
Corollary 3.2 Let ¢ (po, q0) and ¢;(p1, ¢1) be the k-th and /-th Hermite function centred
at zg = (p(), (]0) € R? resp. 21 = (pl, ql) € R2 Then,

W (Do, d0), ¢1(p1, @1))(2) = €T HEr—20)+3 (=0 Grpo) Y(p | 07 (z — 2F21),






4. Hagedorn’s wave packets

In this chapter we present the construction of a parameter-based orthonormal basis of
L?(R™) that was originally developed by George Hagedorn in [Hag85]. These functions
appear as product of a multivariate polynomial times a Gaussian, where the polynomi-
als are closely related to the Hermite polynomials we discussed in the previous chapter.
However, they form not just simple tensor products of one-dimensional Hermite polyno-
mials. Hagedorn’s wave packets generalise Hermite functions to multi-dimensions but
also allow for a varying width of the Gaussian and a (small) scaling parameter ¢.

In the following work we will always assume that this semiclassical parameter is
positive, ¢ > 0, as it will scale the width of the wave packets to order /. We also have
to integrate ¢ in the definition of our operators, the ¢- scaled Weyl-quantisation is given

by

(op.[a))(x) = (2me) ™" /IR a(€. (@ +y)ess CVp(y) dedy 4.1

for all ¢ € L?(R"), see Appendix [A]for a detailed study.

For the construction of the wave packets we follow Hagedorn’s approach in [Hag98]|
via ladder operators, but use a different notation introduced in [LST15] based on La-
grangian frames. Then, we proceed similarly to the Hermite functions and deduce
coherent states as eigenfunctions of the lowering operator, while excited states are ob-
tained by iteratively applying a raising operator to the coherent state. Both, raising
and lowering operator, are linear operators parametrised by a normalised Lagrangian
frame. We will show that this approach indeed yields a basis of L?(R") and specify the
structure of the wave packets. Moreover, we discuss several generalisations such as a
construction via non-normalised Lagrangian frames or wave packets centered at arbi-
trary phase space points z € C" @ C", though we will see that the basic structure of a
multivariate polynomial times a Gaussian is preserved in any case.

4.1. Ladder operators

The ladder operators for Hagedorn’s wave packets are operators with linear symbols.
We use the vector-valued notation

introduced in (3.2) where ¢ denotes the position and p the momentum operator. More-
over, we choose [ € C" @ C" and set

Ay = ﬁﬂm, Aty = \/_T%ZQZ
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Analogously to Dirac’s ladder operators we call A({) lowering operator and Af(l) raising
operator, see [LST15, §3]. In particular, if we choose I = (i,1)”, we find A(l) = & and
At(l) = a'. However, A(l) and At(l) do in general not satisfy the same properties as @
and a'.

Lemma 4.1 — Commutator relations. We have for all [,/’ € C" & C":
a, [A(), A" = -Lirar

b, [A(1), At(1)] = LiTQl = h(', 1)

¢, At(l) = —A() is (formally) the adjoint operator of A({).

Proof. This result can also be found as [LST15, Lemma 3.2]. The basic Weyl calculus
from Appendix [Alimplies

[A(1), A(1')] = i op. [VA)TQVA(l")] = —Lop [(QT)TQQTI) = LTl
and
[A(1), AT(1)] = ie op [VAW)TQV AT (I')] = Jop. [(QT)TQQTT] = LiTal.

For the last claim, we find similar to the proof of Lemma c,

n

<121T(l) 72 lx]+15lj+n a:) (z )E( ) dx
\/7

3

T 3 / Yy + el 4n0s, )ib(@) da = (0, AQD).

The commutator relations a, and b, give a direct hint to Chapter [3} We see that we can
create a set of commuting lowering operators if we choose a set of I’s that are skew-
orthogonal to each other. Moreover, a set of vectors {l1,...,[,} satisfying both, isotropy
(2.8) and normalisation (2.9), parametrises a maximal family of commuting raising and
lowering operators,

[A(L)), A(1;)] =0 and [A(l;), AT(1;)] = 6;; forall 1<i,j<n.

Thus, we can associate with every positive Lagrangian subspace L = span(ly,...,1,)
commuting ladder operators. Following [Hag98, §3] we combine them as an operator
vector, see [LST15, Defintiion 3.3].
Definition 4.1 — Ladder operators. For an isotropic matrix Z ¢ C?"*" with columns
l1,...,l, we will denote by A(Z) and Af(Z) the vectors of annihilation and creation
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operators, respectively,

AZ) = (A(zl), .. ,A(zn))T - \/i%ZTQé,
At(z) = (A1), Al) = \/%ZQZ

For any multi-index k& € N, we set

A(Z) = AR DALYk, AL(Z) = ATk AT(1,)

Since all columns of an isotropic matrix are mutually skew-orthogonal, all components
of the annihilation vector A(Z) commute. The same is true for the creation operator
Af(Z). Therefore, the operator products A,(Z) and AL(Z) do not depend on the or-
dering of their individual factors. This is why it suffices to demand isotropy of Z in
the definition of the ladder operators. However, to construct a family of orthonormal
functions as demonstrated in Section for the Hermite functions, we also need the
canonical commutator relation to hold, i.e. the normalisation of Z.

In particular, if Z is an isotropic matrix, we can construct a normalised Lagrangian
frame Z' with range(Z’) = range(Z) by taking Z' = ZN~'/2 where N is the normalisation
of Z, see Definition [2.5] Then,

A(Z)=N"?A(z') and Al(Z)= NV2Al(Z). (4.2)

In general, we can link ladder operators defined by different Lagrangian frames via
their mixed isotropy and normalisation.

Corollary 4.1 Let 7, Z, € C**" be two Lagrangian frames and C, D € C"*" denote
their mixed isotropy (2.17) and their mixed normalisation (2.18). We can expand the
ladder operators defined by 7> as

A(Zy) = DTA(Zy) + CT Al(Zy),
Al(Zy) = D*AT(2)) + C*A(Zy).

Proof. The identities follow directly from the definition of the ladder operators. Let
Ly =range(Z1), Ly = range(Z2). Then, with the projection from Proposition [2.1]

A(Z2) = A(mp, Zo + 73, Z2) = A(mp, Zo) — Al (1, Z2)

1 i 2 i *VT'77 \*O) 2
= 75 (3212707 Zo)T 0z + ($ 2,207 Z5)*Q2)

i

V2

since C = 32 QT Z, and D = 12107 Z,. The proof for Af(Z,) works analogously. [ ]

(DTzT 0z — CT2102) = DTA(2y) + CT Af(21)

To conclude the introduction of the ladder operators, we want to add that the definition

given here is consistent with the original definition in [Hag98| §3] and the also common
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notation from [Lub08|, §V.2]. We can write

Apag(A,B) =

. T
(“iBi+ Ap) = —— 270z with 7= (2
V2e A

\V2e
or

Apw(P,Q) = \/1275(62% - Pty = \/%ZTS& with Z = <g ) ,

We showed in Section [2.3|that both choices of Z define a normalised Lagrangian frame
under certain conditions on A, B resp. P, Q.

4.2. Coherent states

As in the previous chapter our coherent states now emerge as eigenfunctions with
eigenvalue 0 of a lowering operator, more specifically in the multi-dimensional case
as joint eigenfunction of a family of commuting operators that can be parametrised by
a Lagrangian subspace L. ¢ C"* & C". We set

I(L)={peD'R"); A(l)p =0Vl € L}, (4.3)

see [LST15| §3.1]. In Chapter [3| we initially assumed that I ¢ S(R") and proved this
assumption in Lemma Here we first go a little bit more into detail.

Let D'(R™) denote the set of all distributions, i.e. the dual space of C5°(R™) = D(R"),
see [Hor83| §2] for basic definitions and properties. We define a Gaussian distribution
as solution of

A(z,Vz)u=0,

where A is a linear function on C?", see [Hor94, §21.6]. In particular, let u € D'(R")
with u # 0 and A(z, V) =377 ajaj + B;0y, for oy, B; € C, 1 < j < n. We then denote

I(u) = {A; A(z,V;)u=0}

and call u a Gaussian if every v € D'(R™) with A(z,V,)v = 0 for all A € I(u) is a
constant multiple of u, see [H6r95, §5].

From (4.3) we observe that
¢ € I(L) ifandonlyif A(Z)p=0

for any Lagrangian frame Z € F,(L).

Proposition 4.1 Consider a Lagrangian subspace L = {(Bz,z); x € C"} parametrised
by a symmetric matrix B € C"*" as in Lemma Then, every element in I(L) is of
the form

L 4T Bz

p(z) = c- e

for some constant ¢ € C. Furthermore, L is positive if and only if I(L) C L*(R"™).
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Proof. Motivated by the observation

éeimTBz — Bz eixTBr
X

we denote [p(z) = (Bz,z) for x € C". Let | € L. Then,

Ayexe=" B = I Qg (z)ex® B = 0

using that I5(z) € L implies I7Qlpz(z) = 0. Hence e2:%" B2 € I(L) and e2:*" B* € L2(R")
if and only if Im(B) > 0 what is equivalent to the positivity of L by Lemma[2.3] To show
uniqueness, we use that

Ve (e_izTB"ip(xD = é (—Bzo(z) +ieVap(x)) ea-" Br.
If p € I(L), we find
0r, (73" Pp(a) ) = \2 Al (e)))el) = 0

for j = 1,...,n, where ¢; denotes the j-th unit vector. Therefore, ¢(z) = c- e3:7 Bz for

some c € C if we utilise that the dimension of L is n. [ |

Hagedorn’s raising and lowering operators introduced in [Hag98), §3] originate from his
earlier parametrisation of coherent states in [Hag85, §1], which can be conveniently
expressed in terms of Lagrangian frames as shown in Section

Lemma 4.2 — Coherent states. Let L. C C" & C" be a positive Lagrangian subspace and
consider a Lagrangian frame Z € C?"*" spanning L. Define P,Q € C™*" by

()

00(Z; ) = (me) ™4 det(Q) 22" PO ¢ [(L). (4.4)

Then, P and @ are invertible and

Furthermore, ¢o(Z) is normalised if and only if the normalisation N of Z satisfies
det(N) = 1.

Proof. The proof is based on the properties of P and ) that we stated in Section
With Lemma L = range(Z) can be written as L = {(PQ"'q,q); ¢ € C"} and Propo-
sition therefore implies that the Gaussian wave packet (4.4) is an element of I(L).
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For the normalisation, we find due to Lemma

n

lin(2)]? = (re) "2 det(QQ1) 2 [ e eImP e gy

—-1/2

= det(QQ")/? det(Im(PQ ™)) ™1/? = (det(QQ") det(Q*NQ ™))
= det(N)"1/2,

In particular, we can conclude from this lemma that if Z denotes a Lagrangian frame,
N its normalisation and Z' = ZN~1/2, then

©o(Z") = det(N)Y4po(2).

Taking the root of det(N) is well-defined as N is Hermitian, for taking the square root
of det(Q) in (4.4), however, we have to specify a branch first. In practice, it will typically
be determined by continuity requirements, but to be precise we have to mention here
that Equation defines ¢y (Z) only up to a phase factor.

4.3. Excited states

Let L ¢ C™ @ C" be a positive Lagrangian subspace. We will, as in Section apply
operators of the form A'(l) to coherent states ¢, € I(L) with ||¢g| = 1 to create a family
of orthonormal functions. The basic idea is to use the commutator relation from Lemma
AWMAT(1) = AT(1YA®1) + h(I', 1), for 1,1’ € L and obtain

(AT (1o, AT(1)p0) = (o, AW A1) po) = A1)

since ||¢o|> = 1 and A({)po = 0 for all I € L. So, if | and I’ are columns of a normalised
Lagrangian frame, the states Af(l)¢o and Af(I')po will be orthogonal to each other if
1 # 1" and ||AT(1)¢o||? = 1. Moreover, states Af(I)¢o are orthogonal to ¢, since

(AT(1)p0, o) = (¢0, A()po) = 0.

Thus, by iterating this construction we can generate an infinite orthonormal set that
turns out to be a basis, see [LST15, Theorem 3.7].

Theorem 4.1 — Orthonormal set. Let L. € C" @& C" be a positive Lagrangian subspace
and Z € F,(L). Then, for any normalised ¢y € I(L), the set

or(2) = J=Al(Z)p0, keNT, (4.5)

is an orthonormal basis of L?(R"). We use here the standard multi-index notation
El=Fkil- ..okl

Proof. The result is due to [Hag98, Theorem 3.3]. For the orthogonality let k&, m € N™
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with & # m. Then,

A~

(or(2), om(2)) = <o, Ax(2) Al (Z)0).

Ifl1,...,1, denote the columns of Z, we can use the commutator relation from Lemma
[4.1] and find
A(Z2)AT (Z) = Al,)km AT(1,) ™ Al R AT ()™

If we assume further without loss of generality that m; < k1,

(o, A1) AT(L)™ po) = (w0, A1) AT (1) ™ A(lh) o) + ma (po, A(L)™ AT ()™ o)
= mq Yo, A(l1)¥1 ™1 pg) = 0.

For the normalisation we use
(AL(2)p0, AL(Z)p0) = (A}, (Z)p0, A1) AL(Z)p0) = ki (AL, (Z)p0, A1) A, (Z)p0)

for all j = 1,...,n and the claim follows by induction if we start from (g, o) = 1.
For the completeness we show that the functions (1(Z)),cn. are eigenstates of the
self-adjoint elliptic operator

N[

(A2 Al(2)+ A2 A2)) = § Y7 AW AL + AT A).

We can rewrite (4.5) also as

Therefore,
3 (A)AT (1) + AT (1) AL)er(2) = & kj + LA prre,(Z) + /B AT (1) e, (Z)
: =
= 5> (kj+ Doi(Z) + kjo(Z) = (k[ + 5)en(Z).
j=1

Moreover, (A(Z)TAT(Z) + AT(Z)TA(Z)> is self-adjoint, since A(Z) and Af(Z) are for-
mal adjoints. We continue the proof of this result after the next lemma. [ |

The number operator A(Z)T A'(Z) we considered in the previous proof has in addition
an interesting connection to the symplectic metric of the Lagrangian subspace, see
[LST15, Lemma 3.8] that is very useful to prove the completeness of the wave pack-
ets.
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Lemma 4.3 — Number operator. Let L. C C™ @ C™ be a positive Lagrangian subspace,
Z € F,(L) and G € Sp(n,R) denote the symplectic metric of L. Then, we can write
A(2)T A(Z) as Weyl-quantised operator A(Z)”At(Z) = op.|v] with symbol

v(z) = 2iE(ZTGz +ne), zeR"@R"

Proof. With the Moyal product from Corollary[A.1] we find
A(z)TAl(z ZA Zope L)#AT (1))

where [;, j = 1,...,n, denotes the columns of Z and
(A(@)#A%)) (2) = £GPz + £1701) = L(TOTL1Qz + )

for all z € R?". Thus,
A2)TAN(Z) = op. (3 Al)#AT(15)] = op,[7 G2 + ne,
=1

since G = QT Z27*Q —iQ. [

Since we now know the symbol of the number operator, we can use a standard result
for hypoelliptic operators to show the existence of a complete eigenbasis.

Proof. To show that v is a hypoelliptic symbol, we need to verify that there exist con-
stants m, mgy such that one can find for any compact set X C R™ positive constants
C1,Cs, R > 0 with

C1lg[™ < |v(§ @)| < Caolg™

for all x € K and £ € R™ with |¢| > R. Moreover, there are constants 0 < § < o < 1 such
that for all compact sets K C R" there exists a constant R > 0 satisfying

ooz v(E, )

< —ola|+4|8|
e | S Ca.g K€

for all multi-indices o, 8 € N, 2 € K and £ € R" with [£| > R for some constant C,, 3 x,
see [Shu87, Definition 5.1]. We write v € HSZfémO (R™ x R™) resp. op.[v] € HLm MO (R™).

Clearly, since v is a quadratic in &, we take m = my = 2. The existence of a positive
lower bound of v (&, z)| follows since G is positive definite, i.e. [v({,z)| > §. For the up-
per bound we note that if we choose z in an arbitrary compact set, then due to Corollary
2.3/ there exists C' > 0 such that

(&, z)| < C-E7QQ*E| = C - |Q*E* < Calé)?

for all ¢ € R™ and Cy > 0 large enough.
For the estimate of the derivatives we first note that 8?85 v xz) = 01if |a > 2, if
|a] = 2 then, 8?85 v(&,r) is constant and the fraction bounded by |¢|72, if |a| = 1 it is
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bounded by |¢|~!. Consequently for all a, 3 € N,

8?8?1/(5, x)

< =l for all z € K, [¢| > R.
V(£7.T) — 006767K|£| Y ora z 6 Y ’£| —_ R

Hence, op.[v] € HL?:%(]R”) and due to [Shu87, Theorem 8.3] there exists a complete
orthonormal basis of eigenfunctions of op,_[v].

It remains to show that already Hagedorn’s wave packets are complete, in other
words we can express any eigenfunction of op,[v] as linear combination of Hagedorn’s
wave packets. In particular, one can show that for any eigenfunction 1) of op,[v] there
exists an excitation number x € N such that

Y € span{pi(Z); |k| = Kk}

for a normalised Lagrangian frame Z € C?"*". We first stress that for the raising and
lowering operator A(Z) and A'(Z) it holds

Ay(Z)op.[v] = (op.[v] + [k)An(Z),  AL(Z)op.[v] = (op.[v] — [k])AL(Z),

the observation follows from the commutator properties in Lemma Assume that
is an eigenfunctions of op,[v] with eigenvalue ), i.e.

OPE[VW = .

Then, A\ > 0 as op.[v] is a positive operator and if A,(Z)y # 0 then also A(Z)v is
an eigenfunction of op.[v] with eigenvalue A — |k|. Since all eigenvalues of op,[v] are
positive, this implies that there exists a x € N such that

A(Z)p=0  forall|l| > k.

We next proof that this property implies that ¢ € span{¢y(Z); |k| = k}. Let k € N" with
|k| = x and Iy, ...,[, denote the columns of Z. Then it follows for all j = 1,...,n that

A(lj)Ar(Z)y =0

and thus flk( ) € I(L) = span{¢o(Z)} by Proposition The construction of the wave
packets (4.5) then further implies that Al (Z)A,(2)y € I(L) = span{@x(Z)}.

By expanding the number operator

op.[v)* = (AT A®W) + ... + A1) A))”

Z; ( )( A(zl))ml...(Af(zn)A(zn))m" > <£>Ain<Z)Am<Z)
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where we use the multi-index notation k! = k;! - ... - k,! we find that
wo=on = 3 (%) A2 An(2)0 € spanfin(2): k] = ).
[m|=r

The claim follows since % (A(Z)TAT(Z) + AT(Z)TA(Z)) = op.[v] + u

5.

So far, we showed that we can construct an orthonormal set of functions starting from
any normalised element in /(L). But in order to gain more specific statements about
the structure of the wave packets we have to fix our ground state.

Hence, we assume in the following that Z = (P;Q) € C?>"*" is a normalised La-
grangian frame and choose ¢y(Z) from Lemma as coherent ground state. Then, it
is clear from its definition that applying the raising operator Af(Z) to vo(Z) will create
functions that are of the form polynomial times the Gaussian ¢y(2).

Theorem 4.2 — Polynomial ladder. Let L C C" & C" be a positive Lagrangian subspace
and Z = (P;Q) € F,(L). Then, the k-th Hagedorn wave packet ¢ (7), k € N”, can be
written as

= JamPh (2@

where p% is a multivariate polynomial of degree |k| generated by the recursion
po' =1, (pihe,)j=1 = B'pt! where B'=2z-MV, (4.7)

and M = MT = Q~'Q € C™*". In particular, the polynomial factor p}! factorises into
Hermite polynomials, i.e.

n
H (yj), yER”,

if and only if Q € R"*™.

Proof. This result can also be found as [LT14, Proposition 2] with a different notation.
If we write AT(Z) in terms of P and Q, we obtain Af(Z) = f(P* i —Q* p) Assuming
that the claimed identity (4.6) holds for £ € N", we derive with y = \[Q x

AN Z)pi(Z; ) = m\f( "y (y) +ieQ Vapy! (y) — Q" PQ ™z py! (y)) po(Z; )
= W (i(P*Q — Q" P)ypi' (y) — Q*QTVypi' () po(Z; )
= e vk (y) = MVypi! () wo(Z; )

n

_ 1 M1 -10)" ) — ) :
= e (Pk+e,-(%Q 55))j:1900(2a90)—< ky+1<ﬁk+ej(za$)>j:1

where it remains to show that M symmetric. Since Im(PQ~!) = (QQ*)~!, the matrix
QQ* is real and

M-M'=Q'Q-Q' Q" T=0"'QQ"-Q)Q " =o.
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If Q € R™*", we have M = Id and the polynomial generator B' is the multi-dimensional
extension of the generator of the Hermite polynomials bf. Vice versa, the operators B;,
1 < j < n, generate Hermite polynomials if M = Id what is equivalent to Q = Q. |

As initially mentioned in Section the construction of the wave packets in Theorem
4.1| only yields an orthonormal basis if Z is normalised. However, the application of
AY(Z) to po(Z) is well-defined for all Lagrangian frames Z € C2"*". If furthermore
the normalisation N of Z is positive definite, we have ¢y(Z) € L?(R") and we can
create a set of L2-functions that exhibits a similar structure than the standard wave
packets.

Corollary 4.2 — Non-normalised Lagrangian frames. Let L. ¢ C" @& C" be a positive La-
grangian subspace, Z = (P;Q) € C?"*" a Lagrangian frame that spans L and
N € C™*" its normalisation. Then,

or(2) = AL (Z)po(2), keN™,

where py(Z) as in (4.4), can be written as

or(Z;7) = Hm=pt! (7zNQ '2)po(Z;7), =z R,

with M’ = M'" = NQ~'Q. The polynomials p}!" thereby satisfy the same recurrence
relation as in Theorem

PI
Proof. Let 7' = <Q’> := ZN—1/2, Then, we know from the previous proposition that
AN(Z')po(2'52) = J5(5-Q""'a)po(Z'; ) and thus,

AN(Z)po(Z;2) = det(N)"VANTRAN(Z ) po (25 0) = J5(ZNQ ™ 2)wo(Z ),

which legitimates our ansatz. Taking y := %N Q 'z, we observe

~

ANZ) o ()0l Z:2)) = A1 (Z)p0(Z32) DT () — \[SNY2QVap! (4) - 00(Z: )
= &5 (20p" 1) - Q' QTN 1)) w0l Z; )

n

= 2 (v, (y))j:1 o(Z; 7).

The symmetry of M/’ we used in the above calculation follows from N = (Q*P — P*Q)
and

Q' QTN = -1Q*(P - (PQ™H'Q) = —+@*(PQ"' - PQ™HQ
= QIm(PQ 1)@ = NQ'Q

by Lemma 2.6 |
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For our illustrations, we choose the Lagrangian frames

i —14i 141
1 i —i 1 141 —1+1i
Zi=— " T, = T i (4.8)
V21 1 22 | 2(1+1) 2(1—1)
1 -1 21 —1) 2(1+1)
and
12 1 -2 —i
1 1 2)i i i 241
Zy— L (14 v2)i i - i +1 ‘ (4.9)
272 | 2v2i —2(2 4+ V2)i -2 —1+i
2v2 2(2 - V2) 1+i 2
The matrices Z1, Zs and Z3 are normalised Lagrangian frames, while 7, is a Lagrangian

5 2-3i
2+3i 3

frame with positive definite normalisation, N, = <

) . The lower block @

Figure 7.: Contour plots of the absolute values of ¢4 ¢)(Z1) (left) and (4 6)(Z2) (right)
fore = 0.1

of Z; is a real matrix and the wave packet (4 ¢)(Z1) can thus be written with a tensor
product of Hermite polynomials,

o) (Zriz) = m;m ha j%m + w2>>h6<¢12;<x1 ~2))go(Z: ),

what explains that the roots of ¢(46)(Z1) appear as a shifted grid. The wave packet
¢(4,6)(Z2) shows a circular structure that will be explained by an analysis of the poly-
nomial prefactor in the next chapter. The wave packets associated with Z3 and Z,

demonstrate the various forms Hagedorn’s wave packets can in general attain.

4.4. Phase space centres and Fourier transform

The wave packets as introduced in the previous section are centred at the origin. By
means of the s-scaled Heisenberg-Weyl operator

T(2)(z) = ex? @~ Dp(z —q), z=(p,q) €C*&C" (4.10)
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Figure 8.: Contour plots of the absolute values of ¢4¢)(Z3) (left) and (4 6)(Z4) (right)
fore =0.1

that acts on square integrable functions ¢ € L?(R"), see Section we can trans-
late Hagedorn’s wave packets to any complex center z € C™ @& C". However, to give a
physically meaningful interpretation of complex position and momentum values further
investigation is needed.

The next lemma follows Definition 3.10].

Lemma 4.4 — Centred ladder operators. For [, z € C" @ C™ we define the ladder operators

Al 2) = \/LQ_szTQ(z —2), Al,2) = \/_—2%1*9(2 —3),

i.e. Af(l,2) = —A(l,z) and state that
T(w)A(l, 2)T(w) ™! = A(l, z + w) (4.11)
for all w € C* @ C™.

Proof. 1t is clear by definition that T'(w) !¢ (z) = e‘énT(“”_y/Q)w(a: +y) for w = (n,y).
Thus,

T(w)pT (w) " p(x) = T(w) (—ieVale™ =" 1Dz +))) = —h(z) - eV,0()
= pp(z) — mp(),

T(w)iT(w) () = T(w) (e 1Dy + ) = (@ y)u(a)
= () - (@),

and the claim follows from T'(w)2T(w)™! = 2 — w. [ |
We similarly adjust the vector-valued notation and set
A(Z,2) = (A(zl, 2o Alln, z)) resp. Af(Z,2) = (AT(zl, ), Al(l, z)>

for any Lagrangian frame Z ¢ C?"*" with columns [,...l, € C?". Since adding a
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constant to an operator does not change its commutation properties, the application of
AL(Z , z) to a coherent state is still well-defined. Moreover, with

A(Z)=A(z,0), Al(z)= A1(Z,0)

and Equation (4.11) we are able to transfer our previous results away from the ori-
gin.

Theorem 4.3 — Orthonormal basis. Let L. C C" @ C" be a positive Lagrangian subspace
and Z = (P;Q) € F,(L). Let z = (p,q) € C" @ C". Then, every element in

I(L,z) ={p e D'R"); A(l,z2)p =0Vl € L}
is a constant multiple of the normalised coherent state

and the set i (7, z) := ﬁA;(Z, 2)po(Z, z) is an orthonormal basis of L?(R").

Proof. From Proposition we know that every element in /(L) is a constant multiple

of e2:7' Q7% Let ¢ € I(L), then
0= A(l)p = T(2) " AL 2)T(2)p

and thus T'(z)p € I(L, z). A direct computation yields

T(2)eze® PRT'T — 20 42 (2=0) TP o)+ (00) — ¢ (7, 21 7)
for some constant ¢ € C. Furthermore, by simply substituting ' = = — ¢ one can show
that the norm is preserved under translation, ||T(2)¢|? = ||¢||* for all ¢ € L%(R").

Analogously, one receives

(T(2)p, T(2)9) = (p,¥), . ¥ € L*(R")

and therefore the wave packets i (Z,z) are orthonormal. The completeness follows
similarly as in Theorem if we consider A(Z, 2)T At (Z, 2). [

Since a translation does not change the overall structure of the wave packets, we can
still express the wave packets ¢, (Z, z) as a product of a multivariate polynomial and a
Gaussian.

Corollary 4.3 — Polynomial ladder. Let Z = (P; Q) € C?*"*" be a normalised Lagrangian
frame and z = (p,q) € C" @ C". Then, the k-th Hagedorn wave packet ¢x(Z, 2),
k € N”, centred at z can be written as

ou(Z,2,7) = ==pi (zQ7 (¢ — q))¢o(Z, 2;2), z€R”
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I where M = Q~'Q and the polynomials p}/ are recursively defined as in Theorem

Proof. We have ¢(Z,z) = e 2P 1T (z)po(Z) and

AN(Z,2)p0(2, 2) = e"3 9T(2) AN (Z)p0(2) = €739 (T(2) e, (2))'_, -
Hence, we find by induction that ¢, (7, z) = e_zi?quT(z)g)k(Z ) and the claim is a direct
application of Theorem [ |

So, we can create a basis of orthonormal L?-functions centred at any phase space point
z = (p,q) € C" @ C". However, we want to interpret the coordinates p and ¢ as momen-
tum and position centres of a particle’s probability density. Fortunately, it turns out
that we can always reduce to the case with real centres z € R™ @ R", see [LST15| §3.3].

To understand why, let us ask which conditions on z,w € C™ & C™ must holds so that
I(L,z) = I(L,w). In terms of the annihilation operator this means that for all/ € L and
pel(l,z),

Al 2)p = A(l,w)e.

Since

Al z) — A(l,w) = \/iQfngQ(w - 2),

this is equivalent to the condition I"Q(w — 2) = 0 for all I € L and w — z has to be

skew-orthogonal to L. But since L is Lagrangian this means w — z € L. Hence any two
complex centres whose difference is in L define the same ladder operators and we just
have to find a v € C" @ C" such that w = z + 7wpv is real.

Theorem 4.4 — Real centres. Let L C C" & C" be a positive Lagrangian and Z € F,(L).
Let J € Sp(n,R) denote the complex structure of L and define

P;:C"aC"— R"®R", Pj(z) =Re(z) + JIm(z).
Then, for any z = (p,q) e C" & C"
A(Z,2) = A(Z,Py(2)), I(L,z)=I(L,Ps(2))
and the coherent states are related by

00(Z,2) = 2P W=D 0(Z, Py(2)), Pi(z) = (1,)

Proof. This result can also be found as [LST15, Theorem 3.12] and it gives a reformu-
lation of [GS12, Theorem 2.1] in terms of Lagrangian frames.
We have
z— Pj(z) = (ild — J)Im(z) = i(Id 4+ iJ)Im(z) = 2irIm(2)

and with the previous considerations A(Z, z) = A(Z, P;(z)). This directly implies

I(L,2) = I(L, Ps(2)).
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For the coherent states we consider the quadratic function
S(x) = 3(x — )" B(x —q) +p"(z — q).

Since z = (p,q) is complex, the minimum of S need not to be located at = = ¢, but at
y € R™ such that VIm(S(y)) = 0. It holds

Vim(S(z)) = Im (B(z — q) + p) = Im(B)z — Im(B)Re(q) — Re(B)In(g) + Im(p)

and thus y = Re(q) + Im(B) 'Re(B)Im(q) — Im(B)~'Im(p). Moreover, we set 1 :=
VRe(S(y)), i-e.

n = Re (B(—ilm(g) + Im(B)~'Re(B)Im(q) — Im(B) ™~ 'Im(p)) + p)
= Re(p) + (Im(B) + Re(B)Im(B) 'Re(B))Im(q) — Re(B)Im(B) 'Im(p).

All together, we have

Y —Im(B)~! Im(B)~'Re(B)
= Re(z) + JIm(z) = Pj(2)

—Re m ~1 Im e m ~1Re
<n> :Re(z)+< Re(B)Im(B)~! Im(B) + Re(B)Im(B) R(B)) m(2)

where we used Corollary[2.3] So, S is centered at P;(z) and we write S as second order
expansion around z = y,

S(x) = S(y) +VS(y) (& —y) + 5(z —y) Bz —y) = S(y) +1" (¢ —y) + 5(z —y)" Bz —y).
Thereby the two coherent states are related via

e0(Z,2) = 5 Wo(Z, Py(2))
and with n = VS(y) = B(y — q) + p we find

Sy =32y-a)"m-p)+p"(y—a) =1y —a) (n+p).

In Proposition [3.3| we found that the Fourier transform reverses the position and mo-
mentum centres of the Hermite functions. Since we now introduced general phase space
centres for Hagedorn’s wave packets as well, we can transmit this result to ¢ (7, z). The

Fourier transform with the semiclassical parameter £ > 0 reads

n

Fp(€) = (2me) /2 / p(e)e "€ dr, €€ R,

for all ¢ € L?(R"). We start with the Fourier transform of the coherent ground state.
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Lemma 4.5 — Fourier transform. Let L C C"” @ C" be a positive Lagrangian and 7 €
F,(L). Then,
Fepo(Z2)(£) = ¢o(QZ;€).

Proof. We use the same ansatz as for the Hermite functions in Lemma With
wo(Z) € I(L), we find

0= FA(Z)po(2) = FAZ)F) " Fo2)

and thus F°py(Z) is an element of the kernel of F<A(Z)(F?)~' where we apply the
Fourier transform to each component, i,e.

FA@)F) " = (FAWFE) ™ FAL)F) T
where [1, ... ,1, denote the columns of Z. In the proof of Lemma [3.4 we deduced that

Fea(F ) t=0a"z

what yields
FAZ)(Fo) ™ = =270 2) = = (Q2)Taz = AQZ).
Since F°po(Z) is normalised it follows that F5py(Z) = ¢o(22). [ |

With this result we can give explicit formulas for the position density
[po(Z2)° = (me) ™| det(Q)| e P
and the momentum density
| Fopo(Z)[2 = (me) /2| deg(P)| L Im(@F /e

see also Lemma b,. Since we know that Im(PQ~!) = (QQ*)~! and an analogous
computation for the second case yields

Im(QP ") = L(QP™' = P7*Q*) = 5, P (P*Q — Q*P)P~' = —(PP*)" L.

we find

Y oo
90(Z)[2 = (me) /2| det(Q)| e~ (QQ) /e
IF200(2)[2 = (me) ™| det(P)|te~" (PP ez,

and the matrices QQ* € R"*™ and PP* € R"*" provide the width of the position and
momentum densities, see also [LT14, §3].

Theorem 4.5 — Fourier transform. Let L € C" @& C” be a positive Lagrangian, Z € F, (L)
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and z = (p,q) € C" © C". Then,
Fopr(Z,2)(€) = e <P 1p(QZ, 0z; )

for all &k € N™.

Proof. This result can also be found in [Lub08, §V.1]. If we apply the Fourier transform
~ ~ k A

to the single components of AT(Z), we have (]:gAT(Z)(]-"S)_1> = FEAL(Z)(F®)~! for all

k € N™. Thus, with the results from the previous lemma

Feou(Z) = =FAL(Z)po(2Z) = =F°AL(Z)(F) ™ Fopo(2)

z VKl
— 1 € At e\ —1 K € _ 1 4t .
= L (FA@)(F) 1) Fopo(2) = J5 AN (02)00(02) = pi(02).

For the phase space centres we use Proposition
Foop(Z,2) = Foe =P T (2)pp(Z) = e 27 FT(2)(F°) " i (Q2)
and F°T'(2)(F¢)~! = T(92z). The claim follows from ¢ (Z, z) = e*;?quT(z)gok(Z). [

m Remark 4.1 In Hagedorn’s original work [Hag85] and in [Hag98], where he also used a
ladder-based proof, the Fourier transform of the wave packets reads

Feou(A, B) = (—i) (B, A).

This is indeed consistent with our result: Let Z = (iBT; AT) € C?*"*", Then,

—AT _[1AT
07 = BT =1 BT

and Hagedorn’s raising operator A}Ia g(A, B) = leag(A, B)*, see Section is equiva-
lent to our raising operator ALG (A, B) = AY(Z). Moreover,

a2 . iAT . .
_1ALag(B,A) = —jAf ((BT>> = _1AT(_1Q2) — AT(QZ)
what explains the factor (—i)/*! in the A, B-notation of Hagedorn.

4.5. Generalised wave packets

We conclude the introductory part of Hagedorn’s wave packets with a natural gener-
alisation: By Lemma the components of Af(Z) commute if the columns of Z are
skew-orthogonal to each other. Thus, the iterative application of Af(Z) to any function
¢ € L*(R") is well-defined if Z is isotropic. In the further discussion, we focused on
coherent states that are elements of /(L) with L = range(Z). Here we want to con-
tinue und also allow for coherent states ¢y € I(L) where L C C" & C" is an arbitrary
Lagrangian subspace.
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Definition 4.2 — Generalised wave packets. Let . € C" @& C™ be a positive Lagrangian,
Z € F,(L) and Y € C?"*" a normalised Lagrangian frame. We set

h(2.Y) = L AT(V)p(2)
for all £ € N" and refer to ¢, (Z,Y) as generalised wave packet.

Due to this definition Af(Y) can still be seen as creator of the generalised wave packets.
The annihilator A(Y), however, satisfies

AW )er(2,Y) = (VEien e]ZY) B

if and only if A(Y)po(Z) = 0. Nevertheless, it is obvious that also the generalised wave
packets attain the form of a polynomial times the Gaussian ¢y(2).

Proposition 4.2 — Polynomial ladder. Let L C C" @ C" be a positive Lagrangian, 7 =
(P;Q) € F,(L) and Y € C?*"*" a normalised Lagrangian frame. We denote by

C=2+2"0Y, D=42°QY

the mixed istropy and the mixed normalisation of Z and Y, see (2.17) and (2.18).
Then, we can write the k-th generalised wave packet as

‘Pk(Z7Y§ZE) = \/2|1ki‘kp (\[D*Q )SOO(Z;$) (4.12)

with M = —C*D + D*Q~'QD and p asin Theorem

Proof. Let Z = (P;Q) and Y = (V; ). We assume that (4.12) holds true and compute

“Q — W*P)D*ypi' (y) = W*Q T DV.pi'(y)) vo(Z; )

T (2upk! (y) — MVapi! (y)) wo(Z; 2)

1 " .
Vo (karej (y))j:1 vo(Z; x)

\/2Ik\+1k

ANY)er(2,Y;2) = ﬁ\% (Viapy! (y) = W*PQ™'apy! (y) + ieW* Vapy! (v)) ¢o(Z; )
(i(v
(2

where y = ﬁD*Q‘lx. It remains to show that M = W*Q~7D. We have

and since the symplectic metric G of L is symmetric, we can conclude from Corollary
[2.3|that PQ* = (QP* + 2ild)”. Thus,

and W*Q~ 1D = D*Q~'QD — C*D. We further stress that

~C*D =iy QT ZZ27Y = Ly* QT (Re(22*) —iQ)QY = 1Y*GY
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what ensures the symmetry of M. [ |

With the relation of the ladder operators parametrised by two Lagrangian frames given
in Corollary [4.1| we can also give a sharp criterion when the generalised wave packets
equal the standard wave packets.

m Remark 4.2 Let Y, Z € C?"*" denote two normalised Lagrangian frames, C = }Z7QY
their mixed isotropy and D = %Z*QY their mixed normalisation. Then, Y and Z
parametrise the same coherent state, ¢o(Y) = ¢o(Z), if C = 0 and the same excited
states, pr(Z) = ¢x(Y) for £ € N, if in addition D = Id. Thus, ¢;(Z,Y) = ¢(Y) if and
only if C =0and D =1d.

Figure [9] displays two generalised wave packets for the Lagrangian frames 7, Z»

and Z3 given in and (4.9). Both wave packets, ©(46)(Z2, Z1) and @4 6)(Z2, Z3), still
exhibit a structure similar to Hagedorn’s wave packets ¢4 6)(Z1) resp. ¢(,6)(Z3).

Figure 9.: Contour plots of the absolute values of ¢ 6)(Z2, Z1) (left) and ¢4 6)(Z2, Z3)
(right) for ¢ = 0.1
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The formulas we found for Hagedorn’s wave packets in various cases in the last chapter
strongly motivate a closer study of polynomials of the type

pé”zé,il, where B =2z - MV,,

and M is a symmetric matrix. In the one-dimensional case this definition yields a
scaled version of the Hermite polynomials we discussed in Chapter |3l Going over the
multi-dimensions, we find that if M is a diagonal matrix, the polynomials are simply
tensor products of (scaled) Hermite polynomials. This product structure is usually seen
as the generalisation of Hermite polynomials in the multivariate case, see for example
[Tha93, §1.1]. However, if M has off-diagonal entries a more complex structure appears
and we find in some sense a non-trivial extension of the Hermite polynomials.

One can show that the polynomials (p}!)renn exhibit similar properties than the stan-
dard Hermite polynomials. We can give explicit formulas for the generating function,
a type of Rodrigues’ formula and a three-term recursion that are closely related to our
findings from Section Moreover, we are able to generalise the Laguerre connection
of the Hermite polynomials also to the polynomials (p})jcnn, this relation will become
crucial when we calculate the Wigner transform of Hagedorn’s wave packets in the next
chapter.

5.1. Polynomials in one dimension

To get an intuition for the polynomials we quickly discuss the univariate case first. The

one-dimensional polynomials (p))rcy are generated via
PL= Elpg(m), Bt =22 — Vv,

with v € C. Starting from p{(z) = 1, we produce monomials for v = 0, pd(z) = (2z)*
and Hermite polynomials for v = 1, pi(z) = hi(x). For general v # 0 we create in this
manner scaled Hermite polynomials, see [DKT16, §3.11].

We note that the case v = 0 is a formal one: all matrices M we deduced in the
previous chapter were invertible, so the case v = 0 will not appear in the context of
Hagedorn’s wave packets. We point to monomials to retain a rigorous argument for all
polynomials.

I Lemma 5.1 — Hermite connection. Let v € C\{0}. Then, the polynomials (p; )rcn can be
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written as
pZ(fIJ> = ’Yk/zhk(%)a z € R.

Proof. The claim follows by a simple induction over k. We have pj(z) = ho(%) for all
~ # 0 and

)

B (Wk/Qhk(%)) = (F1)/2 (%hk(%) - V(x/ﬁ)hk(%)) =" P ().
|

Figure 10| displays polynomials of degree k& = 3 for different values of v to demonstrate

that all polynomials p] can be obtained by a simple rescaling of hs.

500 T T T T T

400 —_—n =1 g

300 |- y=4 -

200 —

100 — -1

-100 — -
-200 —

-300 — —

400 «

500 | I | I |

Figure 10.: Polynomials p] for v € {—6,-1,0,1,4}.

We have to stress here that the square root of a complex number 7 is not uniquely
determined, we have to choose a branch. However, we only use this relation here to
adopt the results made in Section [3.3| and will give rigorous proofs for our findings in
the multi-dimensional case in the next section.

Corollary 5.1 Let v € C\{0}. The polynomials (p;)ren satisfy the following three rela-
tions.

a, Three-term reccurence relation: It holds for all £ > 0
Piy1 () = 2zp) () — 29kp]_, (), =z €R,
with pj = 1 and p] =0 for k£ < 0.

b, Generating function: We have

g’}’(xvt) = Z

k=0

k

~+

pi(z) = >,

|

o
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¢, Rodrigues’ formula: Let £ > 0. Then,

pr(z) = 612/7(—’)’Vx)k€7x2/'y, z € R.

Equally, the determinant formula from Proposition [3.1]can be nicely generalised for the
polynomials (p])ken.

Corollary 5.2 — Determinant representation. Let v € C\{0}. Then,

1 z 22 z3 xt x® zk
2 0 S}y 0 1524 0
02 0 Siy 0 15242
@)= (e | 0 2 0 ST 0 0
0 2 0 Siy - 3547
0 2 0 0
0 2 5%717
0 0 2 0

5.2. Generating function and recurrence relation

In this section we investigate multi-dimensional polynomials (péw )kenn generated via

(b, (@)

n

= 2x pif(x) — MV p (z), z€R" (5.1)
]:

starting from p}(z) = 1 and p}(x) = 0 if k ¢ N". The recursion matrix M is an
invertible, complex symmetric n x n-matrix. In the standard setting of Hagedorn’s

wave packets M has beyond that another favourable property.
Lemma 5.2 Let Z = (P;Q) € C?™*" be a normalised Lagrangian frame. Then, the

matrix M = Q~'Q is unitary.
Proof. We have
MM =Q"(QQ")'Q=3Q"(PQ™ -Q"P)Q = x(P"Q-Q"P)=1d
where we used (QQ*)~! = Im(PQ ). ]

The polynomials (pkM )kenn could equivalently to 1D also be defined via their generat-
ing function or a three-term recurrence relation. We will derive both in this section us-
ing the same techniques as for the Hermite polynomials, see Section (3.3 In the polyno-

mial analysis [DKT16], however, we started from the recurrence relation.

I Lemma 5.3 — Rodrigues’ formula. Let £ € N” and M € C"*" be symmetric and invert-
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ible. Then, the polynomials (p})genn satisfy

pM(z) = Mo (v, ke e M2 g e R™ (5.2)

Proof. We calculate with Ansatz (5.2)

22 pp! (2)— MV app! (x)
= 2zpy (z) = M (2M‘1xpkM(x) + e’”TM’lxvz(—Mvz)ke—ﬂM*w)
1

— exTMflx(_Mvm)k—I—le—xTM* T

and thus (5.2) fulfils Recursion (5.1)). [ ]

This identity was already shown several times for Hagedorn’s wave packets with vary-

ing notations, see for example [LT14, Proposition 4], [Hagl5, §4] or [DKT16, Eq. (12)].

In [Hagl5|] there was in addition the generating function of the polynomials deter-
. . _ L -1 .

mined, again evaluated at y = \/EQ x as noted in Theorem

Proposition 5.1 — Generating function. Let M € C"*™ be symmetric and invertible.
Then,
t* M 2zTt—tT M
g(z,t) = Z 71 Pr (z) = e 70 M
keNn

for all z,t € R™.

Proof. We use a similar approach as for the Hermite polynomials in Theorem and
first expand the exponent,

20Tt —tT Mt = —(Mt — )T MY (Mt — z) + 2T M 2.

Thus,

vte2th—tTMt - ezTMflxvte—(Mt—x)TMfl(Mt—x) limo= exTMflx(_Mvt/)e—t'TMflt' e
_ ezTMflx(_Mvm)e—zTMflx

where we substituted ¢ = — Mt + z. An iterative argument and the Rodrigues formula

(5.2) yield VEe2r"t=t"Mt | _,— pM(z) and by expanding e2*" ~*" M around t = 0 we find

k k
2 Tt—tT Mt t 2eTt—tT Mt LA Ys
e’ = E 7 (Vte v \t:()) = g 1 Pr (x).
keNn keNn

The generating function enables us to give also a formula for the gradient and the TTRR
of the polynomials.
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Corollary 5.3 — Appell sequence. We have

prfcv[(a:) =L (k:jp]k\{ej (x))j:1 , x€R"

for all symmetric and invertible M € C"*" and k € N".

Proof. Let j € {1,...,n}. Then,

tk thte;
Z Haxjpiw(:v) _ axjeQ:th—tTMt _ 2tj62acTt—tTMt -9 Z o pﬁ/[(a:)
keNn keNn
—9 t* M
=2 ) (k_el)'pk,ej(x)
kEN™ k;#£0 77"

and comparing the coefficients of t* shows 0,,p}/ () = 2k;p’, (z) if k; > 0. For k; = 0
we find by definition 9, p;’ (z) = 0. [ |

So, we can interpret the gradient as a lowering operator of the polynomials, and more-
over, find that the polynomials are eigenfunctions of the symmetric operator

LBV, + (V) BT
In particular, we have

5 (BYVa + (V)" B)p} () = (BN (kipil, (@) + 3" (v, )

=" kiph! (z) + (kj + Dpi! () = (2K + n)pi! ().
j=1

The formula for the gradient also directly implies a recurrence relation for the polyno-

mials.

Corollary 5.4 — Three-term recurrence relation. Let M € C"*" be symmetric and invert-
ible. The polynomials (p})enn satisfy

(oo, @) _, =200} (@) —2M (kL) (@) weR",

with p)!(z) = 1 and p}!(x) = 0 for k ¢ N™.

This TTRR of the polynomials furthermore suggests a recursion relation for Hagedorn’s

wave packets. With y = %Q‘lx we find

Vi +10k1e;,(Zi7)) = = (pile,(¥))  @0(Z;2)
2 k!

j=1 j=1

= (ypi”(y) — M(kjppl., (y))?ﬂ) o(Z; )
= \/gQ_lx or(Z;x) — M(\/k»jsok—ej (Z; 55))?:1
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for any normalised Lagrangian frame Z = (P;Q) € C?>**" and k € N". So, we have
restated the three-term recursion

Q(\/kj+1<pk+ej(2;w)>;1 fmwk Z;x) (\ka e; (Z; :6) .

given in [Lub08, §V.2].

5.3. Laguerre connection

When we calculated the Wigner transform of two Hermite functions in Section [3.4]
we discovered Laguerre polynomials. This is only one of various connections between
Hermite and Laguerre polynomials, see for example [Sze39, §5.6]. We can add a new
point here in terms of the polynomials (py )kenn -

From its form it is clear that the generating function only factorises into m lower-
dimensional generating functions if we can rewrite M as a block- diagonal matrix with
m blocks, see [DKT16, §3.2]. Therefore, our aim here is to express p , ke N",

a linear combination of tensor products by deleting off-diagonal entries of M. More
precisely, we denote by M’ the matrix that remains if we delete the entries 1/, and
My, of M, 1i.e.

0 if {i,j} = {l,m}

/
Mz‘,j =
Mi,j else

Then, we can express the raising operator B of the polynomials pM via the raising
operator B’ of the polynomials p% "

Proposition 5.2 — Laguerre connection. Let M € C™"*" be symmetric and invertible. We
denote by M’ the matrix with deleted entries M; ,, = M,,; = A € C for | # m and by
B't the corresponding polynomial raising operator. Then,

B =l (=20 k! L) (5581001

m(er+em)

if k; > k,, and analogously for %,, > k;. The operator Z);T thereby denotes the I-th
component of B'f.

Proof. We can relate the generating functions of pk and pk,[ by
T, T T, Tasry tk .
Q2aTt—tT Mt _ 20Tt~ Mt ;=2\t _ <Z HB’;T 1) . (1—2)\tzt + = (2>\tzt — )
keNn
Expanding and sorting with respect to the exponent of ¢ then leads to
min(k;,km )

o2l t—tT Mt _ Z " B/T Z (_2/\)j ) (B;T)kl_j . (Bgl)kmfj
S k)R e (B = )t (ke — J)!
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where k(I,m) = k — kje; — kmen. Thus, if we compare the coefficients of t* we find

B = pt pIYkL=3 (BT Yem =i
f= Bl 2 il i i) )

Sums of this type can with a standard procedure be transfered into Laguerre polynomi-
als, see [Fol09, Theorem 1.105]. Let k; > k,,. We reorder the sum by means of the index
1 =km—17,

km

t_ A _o\\km1 /kakmz ! (_L/T/T)
P = By 2OV 2 T — o+ i L2
Y K (ki—km) 1 3713
= Bkakm(ez+6m)(_2)\) km!LkWZL (%bfbgl)
where we utilised that IAJ;T and B;L commute. [ |

The conclusion of the previous proposition can be nicely illustrated in the two-dimensional
M= A1l A1z c C2x2
A2 A2

bf =23 — Xjj0p,, j=1,2

case. Let

be invertible and denote by

the raising operator of the Hermite polynomials scaled by \i; resp. A9 that we dis-

cussed in the previous section.

Corollary 5.5 — Two-dimensional polynomials. Let k € N? with k; > ky. Then,

(—2A12)*2 ka1 (B])F1—F2 LI 2 (L BIBE)  App # 0

PTVkL (AT VK &)
(b1)™ (by)"™ A2 =0

Bl -

and the case k; < ko works analogously.

For the case A2 = 0, this equality directly carries out the factorisation of p% in scaled

Hermite functions,

D! (2) = PR (w)pp2? (w2) = \JMAGS - oy (5l (), @ € R

In the case A2 # 0, |i guarantees that pli” is a linear combination of at most min (%1, k2)

many tensor products of the form
B BE)™1 = pP (21)pp22 (x2)

where | —m = k1 — kg and k1 — ko < I, m < ko. Moreover, if \;; = Ay2 = 0, the creation
operators BJ{ and 3; produce monomials and we obtain the formula

P (x) = (=223)R2k(221) P P2 LT (2 ay2g), 2 € R,
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whenever \1» # 0 and k; > ky. These two special cases can be generalised to arbitrary
dimensions.

Corollary 5.6 Let k € N*. If M = Id, the polynomials p}/ are tensor products of one-

dimensional Hermite polynomials,

p(z) = H hi,;(zj), x€R"™
j=1

Furthermore, if the dimension is even, n = 2m, and M of the form

I
M- 0 dp, ,
Id,, O

the polynomials p)/ can be written as a tensor product of monomials and Laguerre

polynomials, p/ (z) = [T Lkj k) (T4 Tj4m) With

j+m
(—1)klkl!ijx?_leg;j_kl)(Q.zjl) kij >k

(k _kj)(Q.CUjIl) kij < Ky ‘

Lk, k) (x5, 71) = .
S (—1)kikj 12k L

l
7

As examples we consider the unitary, symmetric matrices

1 0 0 1 1 1
M == y M = s M = L

as well as the non-unitary matrix

(1
Tl 2 )

The first three matrices are obtained by the Lagrangian frames defined in and
(4.9), i.e. M; = Qj_laj where Z; = (P;;Q;) for j = 1,2,3. The matrix M, depicts a
more general case that will not arise as part of Hagedorn’s wave packets. For a clear
illustration, we restrict ourselves here to real matrices.

Figure points out the results of Corollary the polynomial pf\i%) factorises in
Hermite polynomials, its roots form a grid whose distances equal the roots of the Her-
mite polynomials. The polynomial pé\gf(),) is zero evaluated at the xs-axis since ky > ky
and the remaining roots form min(k;, k2)-many hyperbolas whose distances are propor-

tional to the roots of the Laguerre polynomials.

Figure[12|illustrates that also in the two-dimensional case the polynomials can attain
suprising forms, although pé\g:”s) and p?g“s) can both be written as a linear combination of
only 5 tensor products.

In the setting of Hagedorn’s wave packets the polynomials are then evaluated on the
rotated grid Q~'R” c C". A real-valued matrix Q € R"*" thereby always corresponds
to the matrix M; = Id, and thus, the only real-valued polynomials one can detect in
Hagedorn’s wave packets are rescaled or sheared multi-dimensional Hermite polyno-
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Figure 11.: Plots of the roots of the polynomials pé‘fﬁ) (left) and p?g%) (right), blue regions
mark negative values, white regions positive values of the polynomials

Figure 12.: Plots of the roots of the polynomials pé‘gg’g) (left) and p?g‘*S) (right), blue regions

mark negative values, white regions positive values of the polynomials

mials. All other polynomials will provide complex values. In particular, the complex
rotation also explains the circular structure showed in the right picture of Figure
Let Z = (P;Q) be a normalised Lagrangian frame and assume that Q='Q = M,. This

=i )

for a,b € C with Im(ab) # 0. From Corollary we see that the roots of the rotated
polynomial pé\fﬁ) (Q'x) either form a straight line induced by the monomial factor, or

implies that Q is of the form

satisfy

2(Q_11’)1(Q_1$)2 — 2hnzab)2(bm1 — E{Eg)(bxl — a1'2) ="y,

where 7;, j = 1,...,4, are the roots of the associated Laguerre polynomial Lf). Since the

n; are real, positive and pairwise distinct,

m(lbpm + laf*x2 — 2Re(ab)z122) = 1
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produces 4 distinct ellipses. Those are the four dark blue circles in Figure[7|surrounding
the origin.



6. Wave packets in phase space

After introducing and studying the properties of Hagedorn’s wave packets, our next aim
is to deduce the e-scaled Wigner transform,

WE (0, 1) (6, 7) = (2me) ™ / P+ Y- ey, (G eRMOR, 6D
for ¢, € S(R™), of two Hagedorn wave packets. The Wigner function was introduced
in 1932 by Wigner, see [Wig32]l, as a simultaneous probability function for position
and momentum. Although W4(p,1) attains negative values if ¢ and ) are not simple
Gaussian functions, see [Hud74, Theorem 4], the Wigner transform is very valuable as
we receive the position and momentum densities of a state as marginal distributions,
see Lemma and are able to calculate expectation values of operators op,[a] via

(p,a9)) = o W(p,¥)(2)a(z)d(z), z=({x) eR"BHR™

For the Hermite functions we found that the Wigner function can be expressed in terms
of Laguerre polynomials and exhibit a circular structure, see Section We will show
that the same holds true for Hagedorn’s wave packets if both wave packets can be
parametrised by the same Lagrangian frame. In general, the Wigner transform can
be equivalently constructed as Hagedorn’s wave packets on position space and we thus
obtain wave packets on phase space. This is the main result of this chapter as it allows
us to transfer all our previous results directly to phase space, no further investigation
is needed. Additionally, we will also determine the FBI transform and, implicitly, the
Husimi function of the wave packets, though the findings here are less intuitive than
for the Hermite functions.

6.1. Ladders in phase space

We begin with the lift of the ladder operators to phase space. Our goal is to describe the
action of the ladder operators of Hagedorn’s wave packets as operators that act directly
on the Wigner function, i.e.

WE(A(Z)p,0) = AL (Z)WV(p,9) Tesp. WE(p, A(Z)Y) = Ap(Z)WV=(i0,%),

for all p,¢ € S(R™) and analogously for Af(Z). With this, we can describe the Wigner
transform of the two Hagedorn wave packets as eigenfunction of the corresponding
phase space operator.
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Lemma 6.1 Let | € C" @ C". Then, for all p,¢ € S(R"),

W (A(We, 9)(2) = f "(Qz = 5DI)W(p,9)(2),
We (e, Al))(2) = (QZ+%DZ)WE(%¢)(Z),

\/E

where z € R @ R"” and D, = —ieV, acts on R?>".

Proof. Let w € S(R?"). With Lemma|3.7]c, and the Moyal product from Appendix [A]
- WE(A) e, ) (2)w(2) dz = (A(l)p, i) = (p, AT (1))

= | We, ) () (AT () #w)(2) d=

R2n
and analogously
W (p, A()Y) (2)w(z) dz = (o, BAD)Y) = | W (p,9)(2) (w#A(D)(2) d.

R2n R2n

Since A(l) and Af(l) are linear functions in z, we can use the expansion formulas
AT(D)#w = w - AT(l) + EVAT()TQVw resp. w#A(l) = w - A(l) + EVwTQVA(l) and
obtain

(AT (D) #w)(z) = —\/% (I"Qz - w(z) — 1"V, w(2)) = _\/ifsl* (Qz+iD.) w(z)

and
(w#AD))(2) = <= (172 - w(z) + 51TV.w(2)) = \/iz?zT (Qz — iD.) w(z).
By partial integration,
o WE (A, ) (2)w(z) dz = —\/%—6 o We (o, ¢)(2)I* (2 + 1D.) w(z) dz
= _\/i? R2nl (Qz — D) We(p,¥)(2)w(z) dz
and
mac Ag)(2)w(z) dz = = L Ve D) ()" (Qz = 3D:) w(z) dz
\ﬁ o T (Qz + $D.) We(p,¥) (2)w(z) d=.
Since w was an arbitrary Schwartz function, this proves the claim. |

If we view the vector-valued operator v = (—ieV., z) as the phase space analog of Z =
(p,q), i.e. as the Weyl-quantisation of a doubled phase space variable v = ((,z) €
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R?” ¢ R?", we can rewrite the ladder operators of the previous lemma as

~N T T
.= . (U
—i 7% 1 o —i ~ i T 1 i ~
\/El (Qz—35D,) = T ( %7 ) Qon?, \/%l (Qz+435D.) = T <5l> Qont, (6.2)

where s, € R¥*4" denotes the standard skew-symmetric matrix of doubled di-
mension. Since we are interested in Wigner functions of the type We(¢r(Z1), om(Z2)),
we need to create a phase space operator that acts on the first n components of WW¢ as
A(Zy) and on the second n components as A(Z5).

Definition 6.1 — Phase space frame. For two normalised Lagrangian frames 71,7, €

C2nX" we set B
-z, QZ
z= 2 1 | 2\ ¢ ganx2n
341 54

and call Z the phase space frame of Z, and Zs.

One can easily verify that Z is isotropic if and only if Z; and Z5 are isotropic, since

20, 7 - 707, 0
" 0 ZI0Z,

and with

70z 0
Z*an2:< 13841 )

0 7307,

normalised if and only if Z; and Z, are normalised. So, if Z;, Z, € C***" are two nor-
malised Lagrangian frames, the phase space frame Z denotes a normalised Lagrangian

frame of doubled dimension and
L :=range(Z) C cn

is a positive Lagrangian subspace. We can characterise this Lagrangian £ by means of

its symplectic metric.

Lemma 6.2 — Phase space metric. Let L;, L, C C?>” be two positive Lagrangian sub-
spaces with symplectic metrics G; resp. Go. Let further Z; € F,(L1), Zy € F,(L2)
and Z denote the corresponding phase space frame. Then, the symplectic metric of
L = range(Z) is of the form

Lgrt+aY oG, — G

T = 41( 1 +G) (G 1) € Sp(2n,R).
§(G1 — GQ)Q G1 + G

36

In the special case L1 = L, this simplifies to G = ( 0

O),WhereG:Glng.
G

Proof. We have by definition G = Qf (ZZ* +iQ2,)s,. The Hermitian square of Z can
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be directly computed,

- (QT(lelT + 2,730 (-7, 2T + ZQZ§)>

3220 - 2250 {(ZiZ + 2x73)
and since G;' = Z, 7] —iQ and G, ! = 2,75 +iQ,

G+ G oGy - G;1)>

The claim follows since G~'Q2 = QG holds for any symmetric matrix G € Sp(n,R). R

The definition of the phase space frame Z was a direct consequence of the form of the
phase space ladders. This suffices for the construction of the wave packets in phase
space, but we can also verify our phase space lift with a more general argumentation.
Let

1
52

+0
pr :C 5 C" 2o Uz = ( Z>,
i.e. we can write the ladder operators on phase space in (6.2) as A(p_ (1)) and A(p, (1)).
These operators exhibit the same structure as the operators for Hagedorn’s wave pack-

ets from Section but act on S(R" & R™).

Proposition 6.1 — Double dimension. For all /,!’ € C" @ C" we have
p=(1)T Q2 (l') = £I7QU and  pi ()" Qanpz (') = 0.
This implies that if L, L, C C?" are positive Lagrangian subspaces, then
L:=p_(L1) ® py(Lz) CC*™

is a positive Lagrangian subspace. Moreover, if Z7; € F,, (L) and Zy € F,(Ls), then
L = range(Z).

Proof. We compute for all [,I’ € C"* ¢ C",
T —5l T
n_ T 1T 2t _ /
pe () Qnps(t) = (770 47) | 2| ="

and

_Lip
T "N _ T 14T 2 _
pe () Qanpi (1) = (70 4 )(ml, 0

Since L; is a negative Lagrangian while L, is positive, we have L; N Ly = {0} and thus

dim (L) = 2n. The isotropy of L follows from the above equations,

p (1) Qonp- (1) =0, pi(12)" npy(15) =0, p_ (1) Qonpy (1) =0

for all 71,71 € Ly and Iy, 1, € Lo since L; and Ly are isotropic. Furthermore, if L; and
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Lo are positive Lagrangians, then there exist normalised Lagrangian frames Z; and 7,
spanning L; and L, and by definition

range(Z2) = {Zw; w € C*"} = {p_(I1) + p+(l2); Iy € L1,12 € Lo} = L.

Hence, L is positive if Z is normalised, but due to our previous considerations this is
equivalent to Z; and Z5 being normalised, i.e. the positivity of L; and L. |

Thus, the maps p, and p_ describe a well-defined representation in double phase space.
In the literature, see for example [SA16, §2], the standard phase space lift is performed

. —Q
Qo = o)
0 0

This means for v = (¢, z) and v’ = ({’, ') in C?" @ C?", we define the symplectic form on

via

double phase space as
Oo(v,0) = T Qo = w(z,2") —w(¢, ).

This definition is indeed consistent with our lift obtained from the phase space ladders:
We first lift the variables via p, and p_ to doubled dimension and then use the standard
symplectic form w(v,v") = v Q0" for all v,v" € C** @ C>", but

T Q lmd\ [-i1d -1i1d -Q 0
(= ey )= (5 B (5 200 0)
6.2. Coherent and excited states in phase space

With the phase space ladder operators

Az) = =27 Q2,0 and Al(2)=—-A(Z) = T Z*Qond

we are now able to deduce the Wigner transform of two Hagedorn wave packets. Since
the ladder operators on phase space possess the same structure than the ladder oper-
ators on position space it is already obvious that the Wigner transform will become a
wave packet on phase space. To minimise confusion we denote wave packets on position
space with small letters, o : R" — C, and wave packets on phase space with capitals,
d : R" dR" — C, in the following.

Let Ly, Ly C C?" be two positive Lagrangian subspaces and Z; € F;,(L1), Z3 € Fy,(Lo).
We start with the coherent state Wy (Z2) := W (¢o(Z1), ¢0(Z2)) and first note that

AZ)WV(p0(21), 0(Z2)) = W (A(Z1)po(Z1), A(Za)p0(Z2)) = 0.

Thus, Wy(Z) appears as the eigenfunction of A(Z) with eigenvalue 0 and has norm
(2me) /2 due to Lemma [3.7]
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Proposition 6.2 — Coherent states. Let I(£) = {U € D/(R" & R"); A(Z)¥U = 0}. Then,
every element in /(L) is a constant multiple of

Wo(Z;2) = (me) ™™ det(Re(G)) /e~ 27" ¢

where G denotes the mixed metric of Z; and Zs. If Z; = Z,, we have det(Re(G)) =1
and [, Wo(Z;2) dz = 1.

Proof. We denote Z = (P; Q) with P, Q € C?"*?", Then, by Lemma [4.2] every element
in (L) is of the form
for ¢ € C and it remains to show that PQ~! = 2iG. We have

GQ =17 (2D Z} + Z,D™ " Z3 )0 (Z Zz) =1q7 (ZD—T(—ziDT) ZQD_1(2iD))

(-07 2,)=-iP

rol =

since 2iD = Z{QZ,. For the constant factor, we note

2Z e z T n —
(2me) ™ = [Wo(2)|? = |2 / em e Re(@)2 g — (7)™ det(Re(G)) /2 cf?

R2n

and thus ¢? = (1e) 2" det(Re(G))'/2. If Z; = Z, we have G = Re(G) and det(G) = 1 since
G is real, symplectic and positive definite. Moreover,
Wo(Z; 2) dz = (p0(Z1), p0(Z2)) = [lpo(Z1)]1*.

R2n

Starting from the coherent state we can construct now more excited states by applying
iteratively the raising operator Af(Z),

Wik (2) = A= Al (2)W(2)

for all k,1 € N™. This relation can be read as the phase space analog of the definition
of Hagedorn’s wave packets in (4.5). With the same approach as for the ground state
Wo(Z) we find

W) (2) = Wg(ﬁfl;z(zl)@o(zl)a ﬁAzT(ZQ)SOO(Zﬁ) =W (er(21), p1(22))

and verify that our construction produces the Wigner transform of two arbitrary Hage-
dorn wave packets. Hence, we can directly conclude that W*(pr(Z1), pi(Z2)) is a Hage-
dorn wave packet parametrised by the phase space frame Z for all normalised La-
grangian frames Z; and Zo,

Wi (2) = (27r5)7n/2(1>(k,l)(2)7
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where @, ;(Z) denotes the (k,/)-th Hagedorn wave packet. The statement in the
special case of symmetric Wigner functions can be found as [DKT16, Theorem 11].

Theorem 6.1 — Wave packets in phase space. Let L;, L, C C?>" be positive Lagrangian
subspaces and Z; € F,,(L1), Z» € F,(Ls). Then, with Z = (P; Q) € C**2»

W (or(21), pi(Z2))(2) = Wp%l)(ﬁQ_lz)Wo(Z;z), z e R,

for all k,1 € N". The symmetric and invertible recursion matrix of the polynomials is

D' DT
M = C — 9
D' —D-1C

where C' and D denote the mixed isotropy and normalisation of Z; and Zs.

given by

Proof. The statement is a consequence of Theorem and it only remains to confirm
the properties of M = Q7'10. Let C = 527 QZ, and D = . Z;QZ,. Then,

A ZQ N = 0 D o DT
AT A — 1 _ . -1 _ T
—ipTQ = i <_Z2TQ> (z1 )= (DT 0> ,de. Ol=-i (D—l . > P

and
(0 DT VAR _ o DT Id -C
M= ! 71 o) = .
2 (Dl 0 ) (-ZQTQ) ( ! 2) <D1 0 ) <C’T Id)

In the proof of Proposition where we determined the form of the generalised wave
packets we already showed that C” D is symmetric using the symplectic metric of L.
The symmetry of C D~ follows since C” D = DTC implies D~7C?T = CD~!. Similarly,

CDT = 17707Z,27 07, = 1 Z{0 Re(2, 2307,

is symmetric and from CD7 = DC* we can conclude D~'C = C*D~T. For the invert-
ibility of M we consider kern(M): Let z = (p,q) € C** with Mz = 0. Then, the second
block leads to p = Cq and the first block to (CC* +1d)D~"¢ = 0. Since D is invertible
and CC* + 1d positive definite, it follows that z = 0. |

In [LT14, Theorem 1] it was shown that the symmetric Wigner function of Hagedorn’s
wave packets always factorises into Laguerre polynomials. This behaviour can be ex-
plained with the above result and the analysis of the polynomials (pkM Jkenn from the
previous chapter.

Corollary 6.1 — Symmetric Wigner transform. Let L be a positive Lagrangian subspace
and Z € F,(L). The Wigner transform of two Hagedorn wave packets parametrised
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by Z satisfies
WE(ok(2), 01(2))(2) = ke H (i) (Z2w), SAT;), 2 € R,

where w := Z7Qz and the polynomials Ly, are defined as in Corollary In
particular

WE(pr(2))(2) = (e) ™ (=1) ¥ —*ZTG'ZHL (2Jwjl?), z€R™
Proof. If Z, = Z5 is a normalised Lagrangian frame, we have C = 0, D = Id and

(0 W
“\1d o/’

Hence, the structure of the polynomials is given by the formula in Corollary For
the substitution w, we stress that if Z; = Z, then G is real and thus, by Remark

P*Q = —ild, i.e.
VALY
Q lr=iP*z =i N=i("
Z*Qz w

for all z € R2, [

therefore

In particular, the representation of M in terms of C' and D shows that the Wigner trans-
form of Hagedorn’s wave packets only factorises into Laguerre polynomials if CD~! = 0
and D! = Id. This means it factorises only if Z; and Z, are two normalised Lagrangian
frames satisfying

Z¥Q0Zy =0 and Z;0Z, = 2ild.

As stated in Remark the first condition implies range(Z;) = range(Z2) while the
second conditions ensures ¢y (Z1) = ¢i(Z2) for all k£ € N™. Thus, the Wigner transform
will only attain tensor product structure if both wave packets are parametrised by the
same Lagrangian frame Z, see also Remark [4.2]

A wave packet with this circular structure is illustrated in the right plot of Figure
A tensor product of Hermite polynomials as in the left picture can not occur as Wigner
function since in this case C = Id and D~! = 0, what is a contradiction to D being
invertible. In general Wigner transforms W, ;(Z) can attain various forms, see for
example the left side of Figure

Again, similar as for the Hermite functions, we simplified calculations so far and
considered only wave packets centred at the origin. However, by invoking Lemma [3.10],
one can easily transfer the result to general wave packets.

Corollary 6.2 — Phase space centers. Let L;,L, C C?" be positive Lagrangian sub-
spaces, Z1 € F,(L1), Zo € F,(L3) and z1,20 € R?" ® R*" with 2; = (p1,q1) and
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29 = (pg,(p). It holds for k,l € N"

We(or(Z1, 21), pi(Z2, 22))(2)

5= (p1—p2)T (q1+q2) '
€e2e M i -1/,  zitz2 é(Zl—ZQ)TQz st
ok - kh < Q™ (» 52) | e Wo(Z; 2 228

with 2 € R?" and Z = (P; Q).

Proof. Using pp(Z,z) = e_%aquT(z)wk(Z) for z = (p,q) € R" ® R", we have
WE(or(Z1, 21), g1 Za, 22)) = €22 PLTPRDIWE (T (20) o1 ( 1), T(22)01(Z2))

and with Lemma

W2 (r(Z1, 21), i(Z2, 22))(2)
= e:GOTa-ple)ts Gl —ap)t=" 2 —20)) e (o (7)), 0y Z0)) (2 — 252).

To close this section we sum up some references: A formula for the Wigner transform
We(vo(Z, 21),00(Z, 22)) of two coherent states can also be found in [CR12} Proposition
161, beyond that [CR12, §2.2] presents a detailed summary of the properties of Wigner
functions with a different line of argumentation. In [Gos10, Proposition 242] the author
gives a formula for W¢(y¢(Z)) based on the representation of G in terms of Re(B) and
Im(B), see Corollary and shows the generalisation W (¢o(Z1), vo(Z2)) in [Gos10,
Proposition 244]. Moreover, the author uses the Wigner transform to define squeezed
coherent states, see [[Gos10, Definition 246], which we will discuss in more detail in the
next chapter.

In [LT14, §4.2] phase space ladders and a three-term recurrence relation are deter-
mined for Wigner functions of the form W*(yr(Z), vi(Z)), k,l € N". One can show that
these phase space ladders are equivalent to the ladders we used here: Let Z = 7, = 75
be a normalised Lagrangian frame and write Z = (P;Q). Furthermore, denote by
Z = (P; Q) the corresponding phase space frame and by z = (£, z) our phase space
variable. We find

N i . A% i Pz +Q*¢ ie P*Ve +Q"V,
=g ) - (G g) 1 (st L)
i1 [ P22 —1eVe) + Q1 (26 +1eVy)
Ve 2\ PT(22 +1eVe) — QT (26 — ie V)

and analogously

R i1 [PT(22 —ieVe) + QT(26 +1eVy)
P*(2x +ieVe) — Q*(26 —ieVe) |
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Thus, the phase space ladders K, KT, L, Lt from [LT14, Theorem 2] satisfy

2A(Z2) = (I;) and 247(2) = (ﬂ)

The recurrence relation for the Wigner transform can be obtained from the TTRR of the
polynomials. We have

(W + TWaie ()it ) _ 2o1m, (o) (\/kjwk_ej,l(z))yﬂ)
((\/lj+1Wk,l+ej(Z))?1) \/;Q Wisl2) M((\/Ewk,zej(z))?l ’

see Corollary[5.4] In the case Z = Z; = Z», this relation simplifies since

M=<O Id) and le:iP*z=<w>
d 0 —w

with w = iZ7Qz as performed in the proof of Corollary So,

n

(VE T TWhiea9) | = 2w Wha(a) = (VWi ()

J=1

and
n

(\/ L+ 1Wk,l+ej(z)>::1 = —\/g@Wk,z(Z) - (@Wk—ej,z(z)) ,

j=1

6.3. FBIl and Husimi transform

The findings from the previous section confirm that all Wigner functions except the
Wigner transform of coherent states, attain negative values. Hence, the Wigner trans-
forms cannot be viewed as a probability density, but we can gain positivity if we smooth

with the e-scaled Gaussian

centred in z = (p, q) € R"®R". The generated function H® = ¢°(z) * W* is called Husimi
function, see also Section We will use the same strategy and first determine the
FBI transform of Hagedorn’s wave packets

(Fso)(2) = (2me) 2(0,9°(2)), w0 € SR).

The Husimi transform then emerges as the modulus squared, H°(¢) = | FS¢|?. Never-
theless, the computations for Hagedorn’s wave packets are more involved than the ones
for the Hermite functions. This section is a more technical one and as a starter we need
two lemmas regarding computations with the polynomials p% .
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Lemma 6.3 — Sum formula. Let M € C"*" and k € N". Then, for z,y € C",

=3 ;) e,

<k

Proof. A similar result can be found in [LT14, Proposition 3]. For y € C" let 7, denote
the translation operator (7,f)(z) = f(z +y), i.e. pi(z +y) = TyB;L 1. We observe

(1, BTf)(x) = 2(x +y) f(x +y) — MV, f(z +y) = 2yf(z) + (Bir, f)(x)

and thus, iteratively,

nBi1=(y+Bir)1=%" <I;> (2y)"'Bf1=3 (?) (2)""pi" ().

<k <k

The scaled Gaussian ¢°(z) can also be interpreted as the coherent state ¢o(Zy, z) where

i
Zy = .

Therefore, we can already presume that the case where Z = (P; Q) satisfies B = ild
is a simpler special case. Otherwise, the scalar product (pr(Z2), ¢0(Z)), if we neglect

translation for a moment, contains a product of the form

K (

i Qfly) egiin(B+iId)y

1
NG
that we need to integrate.

Lemma 6.4 — Integral formula. Let L. C C" @ C” be a positive Lagrangian, Z = (P;Q) €
F,(L) and denote by M = Q~'Q and B = PQ~'. Then,

/ P (LQy) e2e¥ B gy — ¢
where ¢y = (27e)™/? det(Id — iB) /2, ¢, = 0 if k ¢ N™ and for all k € N” with |k| odd,

=0 and (cpre;); ;= —2Q7 (B +ild)" (B +ild)Q (kjer—e,)_, -

Proof. This statement is a reformulation of [LT14, Proposition 4]. The claim for |k| odd,
follows since in this case p)/(z) = —pM(—z). Moreover, with the Rodrigues formula
from Lemma [5.2] and partial integration

i, TAT . Taj—1 o Tag—1
Chte, :/ 5T QT(BHIQy My (_ g e ="My g
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for j =1,...,n. Since M is symmetric, we further have
nyeéyT(QT(B'i‘iId)Q—QiM*l)y _ (IQ*(B + IId)Q + 21d) ye%yT(QT(B+iId)Q_2iM—l)y

and with a vector-valued notation where we apply the integral to each component,

n

(CkJre]) = (IQ*(B +ild)Q + 21d) / ypd (y)egyTQT(B+IId)Qy dy.
The three-term recurrence relation of the polynomials finally yields

M_1( M \" M \"
Yk =3 (PkJrej)j:l +M (kjpkfeJ)j:l

and thus,
(chre,)y = (3Q7(B+IA)Q +1d) (), + (1Q(B +1ld)Q + 21d) M (kjep—;)?_,
— 1Q (B +i1A)Q (crre,)"_, = (Q*(B +ild)Q — 2ild) M (jeyc,)"_

The claim follows since Z is a normalised Lagrangian frame,
(Q*(B +ild)Q — 2ild) M = (Q*P +iQ*Q — 2ild) M = (P*Q +iQ*Q) M = Q* (B* +ild) Q

and B is symmetric. |

Since we are dealing with wave packets parametrised by two different Lagrangian

frames Z; and Z, we can also include their mixed isotropy and normalisation,
20 = 2107 = —iQ + P = (B —ild)Q, 2iD = Z;QZ =iQ + P = (B +ild)Q.
With this, we can rewrite the recursion for the constants ¢, as
(c;Hej) =2D71C (k: Cp— e])

We start with the FBI transform of Hagedorn’s wave packets centred at the origin.

Proposition 6.3 — FBI transform. Let L ¢ C™ @ C" be a positive Lagrangian and Z =
(P;Q) € F,(L). Then, the FBI tranform of the k-th Hagedorn wave packet ¢, (Z) in
z= (& z) € R" @ R" is given by

n _ _ 1 w i T i
(FEpr(2))(€, @) = S5 det(Q) /2 e (PP gaeu (B4~
k _ _
> (J(\}ED Lw)k=lg.
1<k

where w = z — i&.
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Proof. Let Z = (P;Q) € C"*" and B = PQ~'. By definition,

n i 1 i
(FEr(2))(2) = S det(Q) 72 / P (Q Tyeny e aelve et gy

i T

(me)™™ det(Q)1/2€215|1|2+;£Tx/ p%(%@fly)e% (B+1Id)y+%yT(xfi§) dy.

= Valkltngl

If we complete the square in the exponent we can write the integral in the form of
Lemmal6.4] Let u = i(B +ild)~!(z — i¢). Then,

(FZer(2))(z) =
Te) ™" —iz T, ——u i - ()T ; u

- \/(2\2|)T”k!det(Q) 1/2,- el +i¢ T(B+ild)u / P (LQy)est ) (B g
me) ™" fiz T f—u i — Ly i /

— \}%det(@) 1/2 ,— 5 le2+1€T T(B+ild)u / P%(ﬁQ Ly + u))ery " BHIY g1

The integral can now be simplified by means of the sum and integral formula we intro-
duced at the beginning of this section,

/npkM(

S

— di,T i k — —
Q! (y+u)exey FHID gy =5 <z><%¢2 )t

<k

Thus,

—ix x ——u id)u k - -
(FEor(2))(2) = SE det(Q) ™/ 2emaclelPH it o =g (Bild) Z(l)%cg tu)hle
<k

and, by inserting u, we find 2iQ (B +ild) ! (z — i¢) = D~(z — i¢) and
Au'(B+ild)u = 5 (z —i6)" (B +ild) ! (z — i€).

Moreover, — 5|z — i¢|? = — L |z|? + 1¢Ta + o |¢)% u

We already mentioned that the case B = ild is an interesting special case since then Z;

and Z are parametrising the same Lagrangian subspace L.

Corollary 6.3 Let Z = (P;Q) € C*"*" be a normalised Lagrangian subspace such that
PQ~! =ild. The FBI transform of ¢ (Z), k € N?, simplifies to

(Feon(2)(6,2) = LI det(Q) /2% e wEwl (L QM)

where w = x — i and the Husimi transform is given by

(Hoor(2))(8,3) = grrtmge <V 72| Q7 w ™,

Proof. If B = ild we first note that ¢, = 0 for all ¥ # 0. Further, we use D~! = Q! and
summarise in the exponent — - (|w|? + [£*) + L|w|* = —£[¢[* — ;- |w|?. For the Husimi
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transform we stress that

det(Q) det(Q) = det(QQR*) = det(Im(B)) ™t =1
if B = ild. ]

To translate our results away from the origin, we again make use of the Heisenberg-
Weyl operator, see also [LT14, Lemma 2].

Lemma 6.5 — Phase space translation. Let z, 2’ € R" & R” with z = (£, z) and 2’ = (p, q).
Then, .
FUT(E))(2) = ec? D FE () (2 - )

for all Schwartz functions ¢ € S(R").

Proof. With the definition of 7'(z’) it holds

n

FAT(Z)0)(2) = (2me) /2 / P W=/ gyem e lv—alP-1ET o) gy
= (2775)—”/2/ eépT(ylﬁ-Q/z)w(y/)e—i\y'-i—Q—ac\Q—éfT(y’-i-q—;v) dy'

- (2775)*"/2651’%5—‘1/2) Dy e~ =W e =L E-p)T (v +a-2) gy
R”

= e ) FE () (s — ).

So, we can easily deduce the FBI transform for general Hagedorn wave packets.

Corollary 6.4 — General FBI transform. Let . ¢ C" & C" be a positive Lagrangian sub-
space, Z = (P;Q) € F,(L) and 2’ = (p,q) € R™ @ R™. The FBI transform of the k-th

wave packet o (Z, 2') centred at 2’ reads

1

(Fepu(Z,2))(€,z) = (me)™™ det(Q)—l/QeéPT(ﬂﬁ—Q)e—ﬁ(|w|2+|§—p|2)ein(B+iId)71w

V2lkl+n gl
k _ _
Z<l>(\lﬁD Lw)F=tg.
<k

where z = (§,2) e R" @ R"” and w = (x — q) — i(§ — p).

Proof. We have ¢y (Z,2') = e‘iquT(z’ )or(Z) and thus, by the previous corollary,

(Fior(Z, 7)) (€ 2) = e~ 37 1e? @ 0D F (0 (2))(€ — pr2 — q).

6.4. Generalised wave packets in phase space

The phase space ladder lift in the first section of this chapter did not depend on the

normalisation of the Lagrangian frames or on the relation between the ladder operator
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and the coherent state. This means, for normalised Lagrangian frames Y;,Y, € C?"x»
and Z;, Z, € C*"*" we have

Wa(@k(Zlayl)a (PZ(Z27Y2)) = ﬁ‘izkl)()})wa(so()(Zl)?(PU(ZQ))a k,l e N",

where ) denotes the phase space frame of Y; and Y. Thus, it is easy to extend our
results for Hagedorn’s wave packets also to generalised wave packets and wave packets
parametrised by a non-normalised frame. We will simply discover generalised wave

packets resp. non-normalised wave packets in phase space.

Proposition 6.4 — Generalised wave packets. Let Y;,Y, € C?"*" and Z;,Z, € C?"*" be
normalised Lagrangian frames and &, € N”. If we denote

Cj = %ZfQT}/}, Dj = %Z;QTYJa =12,
C=1i7Ia"z,, D=1iz10"2,,

the Wigner transform of two generalised wave packets can be written as

W (or(Z1, Y1), pi1(Z2,Y2))(2) = 7¢mpfgl)(ﬁp*Q’lz)W@(Z; z), z€R™,

where Z = (P; Q), M = —C*D + D*Q 10D and

Ci 0 Dy 0 .= (cp7t DT
C= , D= , = .
< 0 @) ( 0 D2> & < D' —D7IC

Proof. The claim is a consequence of Proposition We consider the two phase space

frames

¥ —QY; QY z_ 07, QZy
%?l %YZ ’ %71 %ZQ
and compute

c_izrary_i[ Zi9 328\ (3Y1 3Ye \ s (Zzi9vy 0\ (Ci 0
2 2 \zfa z7)\ay, —av.) *\ o zZfov 0 Cy

and analogously,

D= iz*QTy 1 Z?Q %ZlT %?1 %YQ _ i ZITQYI 0 — ﬁl 0
o2 2 \za lzz) \ay, —av,) 2 0 Z30Y, )\ 0 Dy’

The same statement for symmetric Wigner functions with a proof that is based in the
generating function of the polynomials can be found in [DKT16, Theorem 11]. |

Proposition 6.5 — Non-normalised phase space frames. Let 7, Z> € C?"*" be two non-
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normalised Lagrangian frames with positive definite normalisations
N;=47207z;, j=1,2

J

Then, 1 (Z1), ¢i1(Z2) are elements of L?(R") for k,! € N" and their Wigner transform
is of the form

W (pk(21), 91(22))(2) = sl (N Q71 )WO(252), 2 € R™,

where Z = (P; Q), M = NQ 10 and

N:<N1 0>'
0 N

Proof. Similarly to the previous proof, we refer to Corollary[4.2|and calculate the phase

—-QZ1 QZ,
2=\ - 1 )
221 322
then,

Neizglz_i Z{Q 321\ (320 522\ _; (21921 0 _ (N1 0
2 \-zz0 Lizz)\9z, -0z, °* 0  Zi0Z 0 Ny

We add that N is positive definite if N; and N, are positive definite, since the normal-

space variables. Let

isations are by definition Hermitian. Thus, the coherent state W, (Z2) is a well-defined
L?-function. L



7. Generalised squeezed states

In the literature Hagedorn’s wave packets also coexist as (generalised) squeezed states
or generalised coherent states. We will name some common approaches in this chapter
and show their equivalence to our construction of the wave packets.

In general one obtains squeezed states by translation and transformation of multi-
dimensional Hermite functions with a unitary operator. We will again neglect transla-
tion here and only focus on the transformation operator. The translation of the squeezed
states is, as for Hagedorn’s wave packets, obtained by applying the Heisenberg-Weyl op-
erator. The crucial point therefore is the squeezing of the functions.

For the transformation we present three different strategies: The first one is the clas-
sical one based on a unitary squeezing operator that is directly applied to the Hermite
functions. This approach is probably the most common one, but the originating states
are less elementary to handle, see [CR12, §3.4], [AAG14] §2.5] or [Gaz09| §10]. In the
second part we show that one can produce equivalent states by adjusting Dirac’s ladder
operators with a Bogoliubov transformation, see for example [BFG16, §3] or [QWLO1].
The squeezed states in this case are easier to handle and the relation to Hagedorn’s
wave packets gets clearer. To finish the part about the connection between Hermite
functions and Hagedorn’s wave packets, we also have to mention the ansatz via meta-
pletic operators from [[Ohs15]. This result nicely explains why the wave packets adopt
many properties of the Hermite functions. In the last section we will use the Wigner
function to characterise squeezed states, see [Gos10, §11.3]. This viewpoint gives no
structural information about Hermite functions and wave packets, but yields a very

short proof for the equivalence of Hagedorn’s wave packets and squeezed states.

7.1. Squeezing operators

The classical definition of generalised squeezed states works via a unitary squeezing
operator that is applied to multi-dimensional Hermite functions (¢ )xene With

on(z) = (m= n/4e o |a|? Hhk QTJ € R

We will reproduce the ansatz in [CR12, §3.4] and start with a complex, symmetric ma-
trix W € C™*" that satisfies W*W < Id in the sense that [Wwv|? < |v|? for all v € C".
Then, there exists a unitary matrix U € C"*" such that W can be written as polar
decomposition

W =U|W|, where |W|=W*W)Y2
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and we define a complex symmetric matrix F' € C"*" via

F =U arg tanh(|W]) = WZ (MQ/;‘K)J'. (7.1)

j=0

Lemma 7.1 — Squeezing operator. Let @ and a' denote the ladder operators for the
multi-dimensional Hermite functions, i.e. a = ﬁz(‘? +1ip) and a' = J%?(é —ip). Then,
the squeezing operator

Proof. This result can also be found in [CR12, Lemma 25]. Since ¢ and &' are adjoints,

D(F)* = pz(@TFat—aTFra)* _ (" Fra—(ah)"Fal) _ D(-F).
n

We now obtain generalised squeezed states by applying D(F') to the Hermite functions,
Vi =D(F)er, VkeN"

see [[CR12, §3.4] for coherent states and [CR12, §4.1] for excited states. If we interpret
the Hermite functions (¢ )renn as Hagedorn wave packets (¢r(Zp))kens with

(i
°" \1a

Ul = g D(F)AL(Zo)eo(Zo) = JD(F)A}(Z0) D(F) ™" g - (7.2)

this relation can be rewritten as

For the coherent state ¢}" we can give a direct formula, see [CR12, Proposition 36].

Proposition 7.1 — Squeezed coherent state. Let W € C"*" be symmetric and W*W < Id.
The squeezed state 1}, where F is defined in (7.1), is a Gaussian given by

W (z) = (me) ™4 det(Id — [W)?) /2| det(Id + W)|Y/2 e2:2'T= g € R™,

with ' = i(Id — W)(Id + W)~ L.

The form of T" in the above proposition already suggests that squeezed coherent states
can be expressed as a coherent state py(Z) parametrised by
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One can easily verify that Z satisfies Z'QZ = 0 and Z*QZ = 2i(Id — W*W) and we thus
find a normalised Lagrangian frame by taking

Z'=Z(1d — |[W|*)~V/2,

To prove the main result of this section, the relation between Hagedorn’s wave packets
and generalised squeezed states, we first need the following lemma.

Lemma 7.2 Let F' € C"*" with polar decomposition F' = U|F|,i.e. U € C"*" is unitary
and |F|? = F*F. Then,

0 F~ cosh(|F|) sinh(|F|)U*
ex = .
P\F o Usinh(|F|) U cosh(|F|)U*
Proof. A direct calculations shows that for k£ > 0

2k 2k+1
0 F*\  [(FF)* 0 0 F* B 0 (F*F)FF*
(F 0) B ( 0 (FF*)k> ’ (F 0) B (F(FF*)’f 0 ) '

Thus, we find for the exponential series

exp 0 F* :i @(F*F)k (Qkil)!(F*F)’“F*
F 0 %F(FF*)’“ A (FF*)k

k=0 \ (Zk+1)! 2k)!

and with sinh(X) = >°72 mX%H and cosh(X) = 3372 ¢ o X% for X € C<n,

* k
zk)!(F F) :Z(Q}c

k=0

M8

= cosh(|F),

B
Il
o

(FF") =

NE
NE

2F G UIFPRU™ = U cosh(|F|)U

i
o

k

o
Z e (FFY) FPr=> @) ey |[F[*FTU* = sinh(|F|)U
k=0

0

8

[e.o]

8

{U|F|*1 = Usinh(|F)),

F(FF*)F =
0 k=

(2k+1

[e=]

what finishes the proof. |

We now summarise our observations in the next proposition, that can also be found as
[LT14, Proposition 6].

Proposition 7.2 — Hagedorn’s wave packets and generalised squeezed states. Let W € C"*"
be symmetric and satisfy W*W < Id. Then,

7z = (iad - W)> (1d — [W[2)~1/2 (7.3)
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is a normalised Lagrangian frame, while the squeezing operator D(F') associated
with W satisfies

D(F)aD(F)™' = A(Z) and D(F)a'D(F)™! = Af(Z2).

Moreover, there exists a ¢ € C with |c| = 1 such that ¢} = ¢ ¢i(Z) for all k € N™.
Conversely, if Z = (P; Q) € C**" is a normalised Lagrangian frame, then

= (Q+1iP)(Q —iP)~' e C™"

is a complex symmetric matrix with W*W < Id. The associated squeezing operator
satisfies
D(F)YA(zV)D(F)=a and D(F)"'A'(ZV)D(F) =al

where the unitary matrix V € C"*" results from the polar decomposition ) — iP =
|Q —iP|V* and there is a constant ¢ € C with |c| = 1 such that ¢} = ¢ - r(2).

Proof. We already verified that (7.3) defines a normalised Lagrangian frame if W =
WT ¢ C"*" satisfies W*W < Id. Vice versa, let Z = (P; Q) be a normalised Lagrangian
frame. Then, we first note that

= (Q+iP)(Q—iP) ' = (1d +iB)(Id —iB)™*
where B = PQ~!. Since B is symmetric, W fulfils
W — W' =(Id —iB)™* ((Id — iB)(Id +iB) — (Id +iB)(Id — iB)) (Id —iB) "} = 0
and

Id—W*W = ~*((Id +iB)(Id — iB) — (Id — iB)(Id +1iB)) (Id — iB)~*
_4(Id ) *(Im(B)) (Id —iB) ™! > 0

since Im(B) is positive definite. For the ladder operators, we restate [CR12, Lemma 25],

a o (Id —ww*~2  —wId-w*w)"2\ [a
D) (a*) D™ = (—(Id—W*W)l/QW* (Id — W*W)~1/2 ) (aT>' 74

We consider the two operators Ap(t) = D(tF)aD(—tF) and A}(t) = D(tF)a'D(—tF).
These operators satisfy

L Ap(t) = L (((aT)TFaT —aTF*a)D(tF)aD(—tF) — D(tF)a((ahT Fal — dTF*d)D(—tF)>

= 1D(tF) [(aT)TFaT —aTF*a, a} D(—tF)
since (a")TFa' — 4" F*a and D(tF) commute and, analogously,

L Al(t) = LD(tF) [(aT)TFaT - &TF*a,&T] D(—tF).
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With the commutator relations for ¢ and af from Lemma [3.2] we can simplify the com-

mutators
(&T)TF&T _ dTF*d, &] _ —F&T, [(dT)TF&T _ &TF*&, df} — _F*a

and obtain the differential equation

d (Ap(t) [0 F\ [Ap()
de\AL))  \F o) \4L®)"

Evaluating the solution at ¢t = 1 yields

on(()o -2 D))

and it remains to determine the exponential matrix. With Lemma

exp [ — 0 F\\ _ O exp 0 F 0 U cosh(|F|)U* —U sinh(|F))
F* 0 F 0 —sinh(|F|)U*  cosh(|F))
and since cosh(|F|) = (Id— W*W)~'/2 sinh(|F|)U* = cosh(|F|)W*, see [CR12, Eq. (3.55),

(3.56)], we have
U sinh(|F|) = (sinh(|F|)U*)* = W cosh(|F|)

and

(Ucosh(|F))U*)? =U(d — W*W)'U* = (1d - U W |PU H~! = (Id - U|W||W|U*) !
=(Id-ww*L

This proofs Equation (7.4). Let now Z = (P; Q) be defined as in[7.3] Then, it follows,

)TV2 (=W (G +1p) + (¢ — 1p))
)7HE((Id = WG —i(Id + W*)p)
(P*q—Q*p) = AT(2)

D(F)a'D(F)™ = - (1d - W*

¥l

w
L (Id — W*W

&

-

V2e

and the claim for A(Z) consequently holds since

A(Z) = AH(Z) = J-(ld = WW*)"V2 (=W (G — ip) + (G + 1p))
= (Id — WW*)~Y24 — (Id — ww*)~2wal

Id — WW*) V24 — w(Id — Ww*w) =24t = D(F)aD(F)™".

For the coherent state ¢o(Z) and the squeezed coherent state 1)t = D(F )¢, this implies
0= apo = D(F)aD(F)~ ') = A(Z)ug

i.e. ¥t € I(L) and since D(F) is unitary, ||[¢{'|| = 1. Hence, there exists a ¢ € C with
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|c| = 1 such that )" = ¢ - po(Z). Moreover, for all k£ > 0 by (7.2)

Ui = AN 20w = ¢ on(2).
The inversion can be shown equivalently by inserting W = (Q + iP)(Q — iP)~! into
Equation (7.4) und utilise the above construction to related the states. [
7.2. Bogoliubov transformation

Another approach to obtain squeezed states is to modify Dirac’s ladder operators via a
Bogoliubov transformation. We briefly summarise the construction in [BFG16, §3].

A Bogoliubov transformation is a mapping from the ladder operators ¢ and a' to
operators ags and dTS that preserves the commutator relation, i.e. it holds

[(&S)j,(ag)k} — 6, for 1<jk<n. (7.5)

Such transforms can be expressed by means of symplectic matrices.

Lemma7.3 Let U,V € C"*". The matrix

S = ( Uv g) € C2nx2n (7.6)

is symplectic if U*U — V*V =1d and UV — VTU = 0.
Proof. A direct calculation shows
o (UT —VT> (V —U) _ (UTV—VTU VTV—UTU> |
-V U v -v uu-vv vvu-U*Vv
|

We will now use symplectic matrices of this form to define a Bogoliubov transform as a
linear, symplectic mapping. We assume in the following that S can always be written

as (7.6).

. a\
Lemma 7.4 — Bogoliubov transform. Let S be symplectic and <Cff) = S* (AT) ,1.e.
CLS a

as=U*a—V*al and af,=UTal - v7a.
Then, the components of ag resp. &L commute and dg and dTS satisfy (7.5).

Proof. By definition we find for the components

n n
(as)j, (sl = | Y Unar = Visal, > Up iim = Viady | = > (VilUik — Uj Vi)
=1

m=1 =1

=(V'U-UV).,.
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n

Z lal ﬁ&la Z Uzzmdl@ - VkT,m&m] = Z (U Vik — V ULk
m=1

=1

= (UTV ~ViU).,.-

for all 1 < j,k < n. Thus, the components commute if UV — VT'U = 0 and the commu-

tator relation is equivalent to U*U — V*V = Id, since

[(ds)j, (dg)k} =

= (UU-V*V),,

n n n

* A T ~ T ~ * *
> Upin = Vi, Z ki, = Vk,mam] = (Ui = V;iVix)
=1

=1

This result exhibits the close relation of the Bogoliubov transformation to both, the
squeezing operators introduced in the previous section and Hagedorn’s wave packets.
The form of a5 and &g in terms of U*, V* resp. U”, V" strongly reminds us of the form
of A(Z) and AT(Z) in terms of P and Q. The symplectic map

as\ (U -v*\ [a
ab,)  \-vT uT ) \a

on the other hand points to the operators D(F)aD(—F), resp. D(F)a'D(—F) we consid-
ered in the proof of Proposition This connection gets even more obvious with the
next statement.

Lemma 7.5 — Matrix factorisation. Let U,V € C"*"™ satisfy

U'U—-V*'V=Id and U'V-VTU=0. (7.7
Then, U is invertible and the matrix W = —VU ! € C"*" is symmetric and satisfies
W*W =1d — (UU*) ! < 1d. (7.8)

Conversely, if W € C"*" is a symmetric matrix that satisfies (7.8), there exist U,V
such that W = —VU~! and (7.7) holds true.

Proof. The invertibility of U follows from the first equation in (7.7). Assume that Uz = 0
for z € C", then —|Vz|? = |z|? and hence = = 0. Moreover, if (7.7) holds true,

WW =U*V*VU ' =U*U'U -1Q)U ! =1d — (UU*) !

and the inequality follows since UU* is positive definite. For the symmetry of W we
note that
wr —w=-vvlyvu'=v"TU'v-viuyu!=o.

For the conversion we assume that W = W7 fulfils W*W < Id. Then, we may define
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U=1d—-W*W) Y2and V = —W(Id — W*W)~/? and find for this choice UTV = VU

since W is symmetric and

UU —V*V = (Id = W*W)~Y2(1d —= W*W)(Id — W*W)~Y/2 = Id.

Thus, if W = W7 satisfies W*W < Id, the matrix

g _ (Id — W*W)~Y2  (1d — W*W)~ 12w+
W(Id—w*w)=42  (Id - WWw*)~1/2

is symplectic. Let furthermore F' be defined as in (7.1). Then, we can write for the

corresponding squeezing operators

D(F) (;) D(—F) =0Ts*Q (;) =5 (;) ,

what proves the equivalence of the approaches via squeezing operators and the Bogoli-
ubov transform.

With the determined ladder operators, the squeezed states (w;j )kene can then be nat-
urally constructed by the application of dg to the coherent squeezed state )5 that sat-
isfies

asyy = 0.

We note here that in the indicated literature squeezed states are only defined as co-
herent states, not as excited states, see [BFG16, §2]. However, the comparison to the
squeezing operators of [CR12] justify a more general point of view. With the same ar-
guments as for the Hermite functions and Hagedorn’s wave packets one can derive an
explicit formula for 5.

Proposition 7.3 — Squeezed coherent state. Let .S be a symplectic matrix of the form (7.6)

and W = —VU~!. Then, every squeezed state v; can be written as

Y(z)=c- o5’ (Id=W*) " (1d+W*)a

for some ¢ € C. In particular, the matrix (Id — W*)~!(Id + W*) is symmetric and has

a positive definite real part.

Proof. The claim follows from Proposition [7.1] if one takes the inversion and complex
conjugation into account. Or, from Lemma [4.2]if one notes that

asy = (U*a—V*ayy =U*(a+W*a')yp =0
is equivalent to (& + W*a')y = 0 and

a+W*al = = ((Id+ W*)g +i(ld — W*)p).
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If we add normalisation to the coherent squeezed state, |5 || = 1, and define
Ui = Jah) g, keNn

we can also explicitly state the relation to Hagedorn’s wave packets. Although the
existence of this link is already evident, the formulas are clearer and more convenient
as in Proposition 7.1}

Proposition 7.4 — Hagedorn’s wave packets and Bogoliubov transforms. Let Z = (P; Q) with
P, € C"*™ be a normalised Lagrangian frame. Then, the matrix S from Equation

(7.6) with
=1(Q+iP) and V =1(Q-iP)

is symplectic and ¢y = ¢ (Z) for all k € N". Vice versa, if S as defined in (7.6) is
symplectic, then
P=iU~-V) and Q= (U+V)

create a normalised Lagrangian frame Z = (P; Q) and ¢y (Z) = ¢ for all k € N™.

Proof. Let Z = (P; Q) be a normalised Lagrangian frame and

g_1( Q+iP —Q-iP\ _, (-ild -l (7 Z)
"2\ g+iP Q-ip ) 2\-ila 1)\ '

Then, S is symplectic since

STQS = —i (ZZT> 0 (—7 Z) =i

7*07 —Z*QZ) B

-zTaz 770z
(LJ l/ ) . Then,
U+V

(U +

i(UTv -vTU) =o,
—i(U —

207 = (<i(U - V)" (U +V) )(

Conversely, assume that S is symplectic and Z = (
V)
V)
) —21 (U*U — V*V) = —2ild.

_ (U +V)
2707 = (\U - V) (U+V)* (

For the ladder operators, we find for U = 1(Q +iP), V = 1(Q —iP) witha + 4 = \Eq
and a —af = \/;iﬁ,

L (Q"p— P = 3(@Q"(a—a") —iP"(a+al)) = (@ —iP)Ta— (Q+iP)"a")
i —V*al = ag

A(z) =
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and analogously Af(Z) = al,. Moreover, if P = i(U — V) and Q = (U + V),

ds =Ura—V*AT = (U (G +1p) = V(@ — 1) = 7=((U = V)" +i(U +V)"p)
= =Q"p-P"9) = A(2)

ﬁ
ﬁ

and dTS = Af(Z), what proves the claim for the wave packets. [

7.3. Metaplectic operators

As a last construction based on Dirac’s ladder operators we also want to mention the
approach in [Ohs15], where the author applies metaplectic operators to ¢ and a'.

The definition via squeezing operators presented in the first chapter is well-known,
however, the relation between the matrices W and F might seem unintuitive at first
sight and calculations can get more involved. The Bogoliubov transformations ap-
peared as a more natural approach and had a clear link to Hagedorn’s wave packets.
By invoking metaplectic operators now, basic properties of the wave packets follow as a
consequence of the properties of the Hermite functions and the metaplectic group, see
[[Ohs15] for more details.

We will only restate the relation between the operators here and refer to the litera-
ture for applications. In [Ohs15, Definition 2.6] the author starts with a more general

view on ladder operators.

Definition 7.1 — Ladder operators. Let X € C?"*?" and set

(“f ) = xTQs.
ax

We call ax and d} ladder operators, if their components commute, a% = d& and they

satisfy the commutator relation [(&X)j, (&&)k] =0 forall 1 <jk <n.

The properties required for ladder operators are exactly the ones we needed to define
an orthonormal basis set in Section and Section [4.3] respectively. By this defini-
tion it is clear that we can trace back the properties of ax and d} to the properties of
X.

Lemma 7.6 The components of ax and d} commute and the operators satisfy
if and only if X7QX = 10,

B

A
Proof. Let X =
C D

) € C?*2n_ Then,

*TQx — CTA—ATc CcTB-ATD
DTA-BTCc DTB-BTD
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and we can write the operators ax and al as ax = CTp — ATg and al, = DTp — BT4.
The commutator relation (3.3), [G;, pr] = icd;, on the other hand yields for 1 < j,k < n,

[(ax);, (ax)r] = ie(CTA— ATC), . [(al);, (@)4] = ie(DTB — BTD) ;4
[(ax);, (a)x] = ie(CTB — ATD)j .
| |

In particular, we can write Dirac’s ladder operators as operators of the form ax resp.
&}. We have

a 1 (qg+ip 1 —Id ild 0 —-Id\ (p T
sl =7 T e . | =X Q2
at V2e \qg—ip v2e \=Id —ild/ \Id 0 q

and one can easily check that XOT QXo = éQ This form turns out to be the canonical

form for ladder operators ax and 6&.

Theorem 7.1 The operators ax and dk define ladder operators if and only if X can be
A B
written as X = SX, with S € Sp(n,R). If § = ( c D) € R?"*2"the operators are

given by

— ((D+iC)Tp— (B +iA)7q)
(7.9)

(D —iC)Tp— (B —iA)Tq).

VE
v

Proof. We will only give a sketch of the proof and refer to [Ohs15, Theorem 2.8] for
details. If S € Sp(n,R), we have

(SX0)TQ(SX) = éSTQS - én
and since S is a real-valued matrix, directly implies that ax and &E( are formal
adjoints. Thus, if X = SXj, ax and d& define ladder operators.

%
7
and d}. Then, due to the previous lemma, it must hold that X”QX = 10 and

U . N
Conversely, assume that X = ( - ) € C?*2" parametrises ladder operators ax

ix =WTp—-UT¢ and al =2Tp-VvTg

are adjoints if and only if V = U and Z = W. Combining these two conditions shows
that X can be written in the form SX, where S is real and symplectic. |

With this theorem we can express any ladder operators ax and d} via a symplectic
matrix and Dirac’s ladder operators. Moreover, we can describe the action of S with
a metaplectic operator, see [Gos10, §7.1]. Since our notation is varying from the one
in the indicated literature we summarise definition and properties of the metaplectic
group inAppendix [B|and here only give a brief overview.
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Definition 7.2 — Free symplectic matrix and generating function. We call a matrix

S = <g f;) € Sp(n,R) (7.10)

a free symplectic matrix, if det(C') # 0. We moreover associate with every symplectic

matrix a quadratic form, the generating function of S,
o(q,4) = 34" C™'Dg—q"C7'¢' + 3dTACT¢

Conversely, if 0(q,q') = 3¢ Kq—q" L' +1¢'" M¢ with K, L, M € R™*" and det(L) # 0,
the matrix

MLY ML'K-ILT
So = —1 —1
L LK

is a free symplectic matrix with generating function o.

Based on its generating function we now assign an operator to any free symplectic
matrix S, see [Gos10, Eq. (7.3)].
Definition 7.3 — Quadratic Fourier transform. Let S be a free symplectic matrix of the
form and o the corresponding generating function. We define

(Soth) (@) = (2me) "2 det(C)~1/2 / e 7@y (o) da

for all ¢y € S(R™).
We can also write the standard Fourier transform F¢ in this manner: We have

o(z,2') = —zTa,

i.e. K = M =0 and L = Id. Hence, the corresponding symplectic matrix is Q, F¢ = .

So far, we only considered free symplectic matrices. But the quadratic Fourier forms
generate a subgroup of all unitary operators on L?(R") that is called the metaplectic
group Mp(n,R). Elements of Mp(n,R) are denoted as metaplectic operators, see [Gos10,
Definition 109]. In particular, one can show that every S € Mp(n,R) can be written
as a product of two quadratic Fourier forms, S = 5,5, see [Gos10), Proposition 110].
Moreover, the metaplectic group Mp(n,R) is a twofold covering of the symplectic group
and there exists a surjective homomorphism

7P . Mp(n,R) — Sp(n,R), S-S,

see Theorem for a more detailed proof. Thus, for any symplectic matrix S there
exists a metaplectic operator S such that 7MP($) = S, see [Gos10, Theorem 114].

This metaplectic operator now allows us to separate the symplectic matrix and Dirac’s
ladder operators.
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Proposition 7.5 Let S € Mp(n,R) and S = 7™P(S) € Sp(n, R). Then, we have

asx = S&XS—I and fLTSX = S’CALR—S’_I

for all X € C2nx2n,

Proof. This statement is adopted from [[Ohs15, Proposition 210]. It is a direct conse-
quence of Theorem respectively [Gos10, Lemma 120]. One can prove the claim by
showing that the relation holds true for the generators of Sp(n,R) respectively their
quadratic Fourier forms that are generators of Mp(n,R). [ |

The previous proposition implies that all ladder operators can be written as
ix =SaS™! and al =Safs!

where S = 7MP(S) satisfies X = SX,. This means that we can in particular express the
ladder operators of Hagedorn’s wave packets in this way, we only have to find a suitable
symplectic matrix S. But comparing Equation (7.9) and A(Z) = ——(QTp — P7§) for

V2e
Z = (P; Q) directly yields
o <Im(P) Re(P)) |
Im(Q) Re(Q)

Proposition 7.6 — Ladder correspondence. Let Z € C?"*” be a normalised Lagrangian
frame and S = (Im(Z ) Re(Z )) € R?"*2n_Then, S is symplectic and

A(z)=8aS™t,  Al(z)=Sals!.

Proof. We already stated that if Z is a normalised Lagrangian frame the matrix
§' = (Re(2) ~Im(2))

is symplectic, see Remark Since S = S'QT the symplecticity of S is a direct con-
sequence. The statement for the ladders follows from the previous proposition and

Equation (7.9). [ |

With the relation of the ladder operators we also found another connection between Her-
mite functions and Hagedorn’s wave packets. Based on this correspondence we could
equivalently prove the formulas for the Fourier transform in Theorem and the gen-
erating functions of the polynomials from Proposition see [[Ohs15].

Corollary 7.1 — Wave packet correspondence. For a normalised Lagrangian frames Z €
2 and § = (Tm(Z) Re(Z)) it holds

ou(Z) = S, V ke N,
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I where @), denotes the k-th multi-dimensional Hermite function, ¢, = ¢ (Zp).

Proof. For the coherent state ¢(Z) we deduce from
0= A(Z)po(Z) = SaS™" o (Z)

that S”*lgoo(Z ) = o, since all functions satisfying ay» = 0 are constant multiples of ¢
due to Lemma and S~! as a unitary operator preserves the norm. So wo(Z) = S
and we find for the excited states

N N

or(Z) = AL Z)p0(2) = J5(8al 5 po(2) = JSaleo = Sen

with &k € N”. [ |

7.4. Wigner functions

The alternative representations of Hagedorn’s wave packets we presented so far nicely
illustrate the relation of the wave packets to the Hermite functions and give reasons
why they adopt many of their properties. A very short proof of the equivalence of Hage-
dorn’s wave packets and generalised squeezed states though can be given if we consider
the Wigner function of the wave packets.

We invoke [[Gos10, Definition 246] and characterise generalised squeezed states via
their phase space representation.

Definition 7.4 — Squeezed states. A function ¢y € S(R") is called a squeezed coherent

state if its Wigner transform is

WeE()(z) = (We)_"e_%ZTGZ, z€e R"®R",
where G € Sp(n,R) is positive definite: G = GT > 0.

This definition unfortunately only includes coherent states, but we can directly derive
from Proposition that ¢o(Z) is a squeezed coherent state for all normalised La-
grangian frames Z € C?>"*". Moreover, we can show that every squeezed state by this
characterisation can be written as a Hagedorn wave packet.

Proposition 7.7 — Hagedorn ground states and squeezed coherent states. Let ) € S(R")
be a squeezed coherent state. Then, there exists a normalised Lagrangian frame
Z € C?*" such that

Y =c-po(2)

for c € C with |¢| = 1.

Proof. Since v is a squeezed coherent state, there exists a symmetric, positive definite
G € Sp(n,R) such that W*(¢)(z) = (ms)*”e_%ZTGZ. By Lemma we can construct a
normalised Lagrangian frame Z with G = QTRe(ZZ*)Q) and, in particular,

Weopo(Z) = (We)fnefézTGZ.
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But We(p) = We(9) for ¢, ¢ € S(R™) implies

L7 Bta =P = [ e Dot - Hese ay

for all (¢,2) € R® @ R". Applying the inverse Fourier transform (F°)~! on both sides

shows

5 Y _U_u Y _Y

2@+ Dow— L) =P+ DY)
for almost every z,y € R™ and hence ¢ = ¢ - for ¢ € C with |¢|] = 1, see [Fol89,
Proposition 1.98]. n

Thus, the coherent states in Hagedorn’s parametrisation are equivalent to the squeezed
coherent states from [Gos10]. This definition is also consistent with the approach via
metaplectic operators from the previous section.

Proposition 7.8 A function ¢y € S(R") is a squeezed coherent state if and only if there
exists a S € Mp(n, R) such that
¥ = €Sy

where ¢ is the standard coherent state and v € R.

Proof. This result is adopted from [Gos10, Proposition 247]. Since G is symmetric and
symplectic, there exists a symplectic matrix S € Sp(n,R) such that G = ST'S. Thus, if
1 € S(R™) is a squeezed coherent state,

WE(W)(2) = (=) e 50752 = We (o) (S2).
Moreover, due to the metaplectic covariance formula for the Wigner transform,
WE()(S712) = WH(59)(2),

see [Gos10|, Corollary 217], we conclude that ¢ and Sy, possess the same Wigner func-
tion. With the same argument as in the previous proof i) can be written as a phase
factor times S¢y. n
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8. Hermitian Schrodinger dynamics

To start with the dynamical part we first examine the well-studied case of a time evolu-
tion that is governed by a Hermitian, quadratic Hamiltonian. We also use this prepara-
tory chapter to set some notation and introduce the required essentials of quantum
dynamics.

After the first two introductory sections, we restate Hagedorn’s findings of the 1980’s
in [Hag80], [Hag81ll and [Hag85] in terms of Lagrangian frames. For quadratic Hamil-
tonians, it has been shown that the wave packets are exact solutions to Schrodinger’s
equation, while for general Hamiltonians they provide an approximation of order /2
for arbitrary large [, see Section Our aim in this part of the thesis is to transfer
this approach to non-Hermitian Hamiltonians.

For this purpose we present an alternative proof of the evolution for quadratic Hamil-
tonians by means of Lagrangian frames and thereby demonstrate techniques we will
build on in the following chapters. We furthermore try to highlight difficulties that will

arise under a non-unitary time evolution.

8.1. Time evolution

In classical mechanics the state of a particle is fully described by its position z € R"”
and its momentum p € R”. In quantum mechanics, due to the uncertainty principle, it
is not possible to measure both, position and momentum, exactly at the same time. The

state of a particle is described by a complex-valued wave function
P :R" xR~ C, (x,t) = ¢(z,1).

Following the statistical interpretation of Born in [Bor26], we interpret |¢(-,t)|? as
probability distribution of the position of a particle at time ¢ and therefore demand
Y(-,t) € L*(R") and

9O = [l do = 1.

The state space of a quantum system can thus be represented by the complex Hilbert
space L?(R") and all possible states correspond to normalised elements of this space.
Characteristics of the particle such as position, momentum or energy then appear due
to Bohr’s correspondence principle as operators acting on L?(R"), see [CR12, §2.1]. We
use the Weyl quantisation briefly introduced in Section and studied in more detail
in Appendix [A] to associate with every function a € S(R™ @& R™) a linear operator op,[a].
The symbol a = a(p, q) is thereby a function of position ¢ and momentum p and called a

classical observable, the operator op_[a] = a is the corresponding quantum observable.
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The space R™ @ R" is moreover denoted as phase space.

As for position and momentum it is in general not possible to measure observables
directly, we can only realise their expectation values. If 1) = v(-,t) € L?(R") is a possible
state of a system and a € S(R™ & R") an observable, the expectation value of a in v is
given by

(@)y = (b, ay) = W= () (2)a(z) dz, (8.1)

R2n
see [Gos10, Definition 204].

Our ambition in the following is to deduce the time evolution of Hagedorn’s wave
packets under quadratic Hamiltonians, i.e. for a given initial state 19 € L?(R") we
want to determine the state ¢(z,t) at time ¢. Let us assume that there exist operators

~

U(t), t > 0, such that
(. t) = U(t)do(x).
We call such an operator a time evolution operator. To ensure that the so described
dynamic is meaningful, the propagation should be unique and satisfy (z,0) = ¥(x).
This leads to the following definition, see also [Vra03), Definition 2.1.2] or Definition
C.1]
Definition 8.1 — One-parameter semigroup. We call a family {LA{(t) st > O} of operators

on L?(R") a strongly continuous one-parameter semigroup, if u (0) =id,
Ut +s)=U®t)U(s) forallt,s >0, (8.2)

and 1tif5117(t)¢ =1 for all ¢ € L2(R™).

Equation (8.2) there contains the addressed uniqueness of the time evolution: we find
for an initial state )9 = ¢ (;0) that

V(a,t) = Uty (,0) = U(s)(x,t - s)

for 0 < s < t, i.e. we end up with the same state ¢)(z,¢) independently of the start-
ing point of the time evolution. Appendix [C| provides a closer study of one-parameter
semigroups.

Assuming that such a strongly continuous semigroup exists, we can always charac-
terise it by its infinitesimal generator, see Definition or [ENOO, Definition II.1.2].

Definition 8.2 — Hamiltonian. Let {LAI (t); t> 0} be a strongly continuous semigroup
that describes the time evolution of our system. Then, the generator

H:D(H) = LA(R"), ¢ — Hy = lim EU(1) — )

is called the Hamiltonian operator, or short Hamiltonian of the system. The domain
D(#H) is the subset of L2(R") where this limit exists.

The Hamiltonian can also be viewed as the quantum observable corresponding to the
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total energy of the system, see [Tes09, §2.1].
If we consider a closed system, our evolution is conservative and we find for all states
¥ € L*(R")
(@)l = vl
In other words, the operators u (t), t > 0, are unitary. The existence of a self-adjoint

Hamiltonian then follows by Stone’s theorem that was originally found in [Sto30]. For
detailed proofs see also [RS80, Theorem VIII.8] or [AF01, Theorem 3.1].

Theorem 8.1 — Stone’s theorem. There exists for any strongly continuous one-parameter
semigroup {Z? (t); t> O} of unitary operators on L?(R") a uniquely self-adjoint oper-
ator 7{ such that

~

Ut) = e ™ forall t > 0. (8.3)

Vice versa assume that % is a self-adjoint operator on L%(R™). Then, (8.3) defines a
unique family of unitary operators that is strongly continuous and satisfies (8.2).

We stress here that # is in general an unbounded operator, the exponential in can
not simply be seen as a power series, but must be interpreted with the spectral theorem
for self-adjoint operators, see [RS80, Theorem VIIIL.7].

If we will allow for an interaction of our system with the environment, i.e. consider a
dissipative system, the time evolution operator I/ (t) will in general not be unitary, but
satisfy

Al < [l (8.4)

for all ) € L?(R™). Such a semigroup is called a contraction semigroup, see Proposition
or a quantum dynamical semigroup, see [CF98, Definition 2.1]. To show the exis-
tence of such evolution operators resp. determine the corresponding Hamiltonians we
have to expend more effort, see Section 9.1 and Appendix [C]

However, we will in the following always assume that I/ (t) exists at least for some
times ¢ € [0;7[. In any case we can state the following general result for semigroups
{U(t); t > 0} and their generators %, see [HP57, Theorem 10.3.3].

Lemma 8.1 — Time evolution. Let {Z/(¢); t > 0} be a strongly continuous one-parameter
semigroup and H the corresponding Hamiltonian. Then, we find for all ¢ € D(?fl)
andt >0

ie U (t)p = HU(t). (8.5)

This means Z/(t) can be seen as the formal solution to

ie0U(t) =HU®),  U0)=id. (8.6)

Proof. Let ¢ € D(’}Q). Then, the main idea is to use li

ie U (t)1 m U+ s)p — UR)YY) = lim E(U(s) — id)U(t)p = HU(t).

=1
S—r

A detailed proof considering derivatives from both sides is given in Theorem |
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8.2. Quadratic Hamiltonians

Starting from an initial state vy in the previous lemma leads to the well-known evolu-

tion equation

ie B (t) = Hu(t), (8.7

Schrédinger introduced in [Sch26]]. This equality is the fundamental law in physics
and chemistry for describing the propagation of non-relativistic particles, see [Lub08,
§1.1.2]. For applications one usually chooses ¢ to be Planck’s constant and the Hamilto-

nian as kinetic and potential energy
H=—A+V.

In this thesis we will pursue a more abstract point of view and consider quadratic
Hamiltonians, i.e. Hamiltonians of the above form with a potential V' that is quadratic
in z or the harmonic oscillator, for example. It is known, that in this case Gaussian
functions stay Gaussians over time, see e.g. [Hel75]l, and also Hagedorn’s wave packets
keep their structure, see [Hag81]l.

So far, we only considered the Weyl-quantisation of Schwartz symbols a € S(R" @&
R™). However, to define quadratic Hamiltonians, we need to invoke a broader class of
symbols, see [Fol89, Theorem 2.21].

Definition 8.3 — General symbol classes. Let (z) := (1 + |z|?)'/2 for z € R". Then, for
every function a € C*°(R" @ R™) where constants K € R and § < 1 exist such that

0802a(€, )| < Cu )R +o00I1ED

for all multiindices «,5 € N" the corresponding Weyl-quantisation op_[a| defines
a linear operator on S(R™). We call such functions a an admissible symbol or an

observable.

These general symbol classes contain also polynomials in z. A similar formulation can
be found in [Zwo11], §4.4] and we also present a more detailed study in Appendix [A]

So, taking Weyl-operators of quadratic symbols is well-defined and we can state the
following explicit formula in terms of position and momentum operator, see also [Gos10,
§15.1.1].

Lemma 8.2 — Quadratic Hamiltonians. Let 7(2) = 327 Hz be a quadratic form on R" ®R"
with
H = HT _ (HPP HPQ) = (CZnXQn' (88)
Hyp Hyq
Then, the corresponding Weyl-operator can be written as
"= —%Vngsz + 2T HepVa + 327 Hgqz — Str(Hpq)
and 7 is self-adjoint if and only if Im(H) = 0.

Proof. The form of the Weyl-operator is referenced from Lemma [A.4], with ¢ = = and
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p = —ieVy,

$3THz = L (—e?VIH,,V, —ieVE(Hpga) —iea’ (HgpVa) + 27 Hyg)
= _§V5prvx + %xTquvx + %xTqux - %tr(Hpq)a

the remark about the self-adjointness is a consequence of [Zwo11, Theorem 4.1]. |

Besides studying the time evolution of the state itself we can also investigate how the

expectation of an observable a changes along the solution v (¢). We have

@)y = U(E)(0),aU()$(0)) = ((0),Ut) all(£)y(0)) = U~ all(1))y (o)
and hence define a(t) := u (t)*ldljl (t). If H is self-adjoint, we may again use the expo-

nential form and also write

see [[Lub08|, §1.4.2].

Lemma 8.3 — Heisenberg equation. Let a be an admissible observable and
a(t) =U®)al(t).

Then, it holds

-~

ie 8t&t = [&t, H] (89)

Proof. A formal calculation using Equation yields

~ ~

ie Opay = —HU) " altd(t) + U aHU(t) = [ag, H]

where we used that 7/(¢) and H commute, see [HP57, Theorem 10.3.3] or Theorem C.1
|

For a quadratic Hamiltonian Hora symbol a € S5(m) of at most quadratic growth, we
can include the commutator relation (A.2) and obtain for the symbol a; of a,

Otat = {at,?-[}. (810)

If H is not quadratic the above equation provides an approximation of order * of a;.
Taking a; = p; resp. a; = ¢; in (8.10) directly yields Hamilton’s equations,

Opr = —O0gH(pe, qt),
Owqr = 6pH(pta Qt)-

(8.11)

The relation of the operator a; and the unitary operator /(t) already points to the meta-
plectic operators from Section respectively Appendix [Bl The connection becomes
more obvious if we regard the flow of the system.
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Definition 8.4 — Flow. Let zp = (po,qo) € R” @ R™ and z; = (p¢, ¢:) a solution of (8.11)
with initial value z;. We call the map ®; : R” & R" — R™ @ R" that satisfies

Zt = (Dt(ZO)

the Hamiltonian flow of the system.

We note that Equation (8.11) is exact in the sense that the corresponding Weyl-operator
%, satisfies for every Hamiltonian # since ¢; and p; are linear. If we now consider
a quadratic Hamiltonian, we can simplify (8.11), since

o = (2 Z OVH(z) = QHz
0sqy

for all z; € R" ® R". Hence, we can describe the flow of a quadratic Hamiltonian exactly
by means of a symplectic matrix.

Lemma 8.4 — Linearised flow. Let 4 be a quadratic function with symmetric Hessian
matrix H € C?**2" and ¢ an admissible observable. We define the matrix S, € C27*2»
as a solution of the differential equation

Sy =QHS;, Sp=Ida,. (8.12)
Then, S; is symplectic and the propagated observable a; with
ai(z) :=a(Siz) forall ze R" @ R"
satisfies (8.10).

Proof. The existence of a unique solution of (8.12) follows by the theorem of Picard-
Lindelsf and we can write S; = e/*. Clearly, S, is a symplectic matrix and since

on(SI'0s,) = STHTQTQS, + SFQOHS, = SF(HT — H)S; =0

this property is preserved for all times ¢ > 0. Moreover, if we denote z; = S;z, (8.12)
implies

da(z) = Va(z) ' Siz = Va(z) TQHS 2z = Va(z) TQVH(z) = {a, H} (z).
|

Thus, we found that in case of a quadratic Hamiltonian it suffices to consider the lin-
earisation of the flow, that is given by a symplectic matrix. Since the operators A(Z )
resp. AT(Z ) are Weyl-quantised phase space functions, the above result applies and we
will propagate Lagrangian frames via the linearised flow S;. This is an essential tool
for computations in the remaining thesis.

So far, we considered quadratic Hamiltonians regardless of wether they are self-
adjoint or not. The differences between Hermitian and non-Hermitian Hamiltonians
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will become present in the next section.

8.3. Hermitian dynamics with Hagedorn’s wave packets

We now consider the Schriodinger equation (8.7) with a Hermitian, quadratic Hamilto-

nian H, i.e.

H,, H
H(z) = %ZTHz with H=HT = pp Pd | o R2nx2n
Hop Hyq

As initial value we choose an arbitrary Hagedorn wave packet, vy = ¢i(Zo, 29), where
Zy € C?"*" is a normalised Lagrangian frame, zp € R” ® R" and k € N*. Since H is
real, also the linearised flow defined by is real. We will see below that this point
is crucial for the upcoming calculations.

Our aim in this section is to determine the time evolution I/ (t)or(Zo, 20). As usual we
start with a wave packet ¢;(Zy) centred at the origin and regard general phase space
centres later on.

The evolution of Hagedorn’s wave packets was first investigated in [Hag80] in the
univariate case and generalised in [Hag85] to multi-dimensions. We will rewrite the
results here in terms of Lagrangian frames and show in the next section their equiva-
lence to the original findings.

Let S; be the solution to (8.12) and L; = range(Zy) our initial Lagrangian subspace.
Since S; is symplectic due to Lemma([8.4] L; := S;L, defines a Lagrangian subspaces for
all ¢ > 0. Moreover, we find for Z;, := 5,7,

zraz, = z1st0s, 2y = 210z, = 0, (8.13)
i.e. Z; is isotropic and since S; is real also normalised,
ZiO 7y = Z5S; 0S8 Zy = ZgQZy = 2ild. (8.14)

We stress here that the propagation of a Lagrangian frame becomes costlier when we
handle non-unitary time evolutions in the next chapter: If H is a complex-valued ma-
trix, Im(.S;) # 0 and we have to normalise Z;.

However, for the Hermitian dynamics we observe that L; is a positive Lagrangian
subspace spanned by Z; € F,(L;). Hence we can easily propagate our Lagrangian
subspace in time by means of the linearised flow S; from Lemma

For the evolution of the wave packets we first note that

Ut)pr(Zo) = T U)AL(Z0)p0(Z0) = 5 U AL(Zo)U() ™ U(t)p0(Zo)
= = (U AT(Zo) U(t) ) U () po(Z0),
this means we can adopt our strategy for the Fourier transform and investigate on the

one side propagated ladder operators of the form /(t) At (Z,)4(¢)~* and on the other side
the time evolution of the coherent state 14 (t)p(Zo).
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Lemma 8.5 — Ladder evolution. We have for all [ € C"* ¢ C",

UBOADOU®) ™ = A(S)) and UOATO) U@ = AT(S,0).

Proof. This result can be seen as a simplification of [LST15, Lemma 4.1]. With the
same computation as in the proof of Lemma we find for A,(l) := u (t)fl(l)LA{ (t)~1

ie 0, A (1) = [H, A, (1)] and 0,4,(1) = {H, A:()}.
Similarly to Lemmawe set A;(l;2) = A(l; S;'2) for all z € R® @ R” and obtain
NA(; 87 2) = VAL 87 2) TS s = —VA(U; ST ) TQHS 2 = (M, A(D)}(S; 1 2)

Thus, A(l; S; 2) is a solution of the differential equation above and since S; is symplec-

tic,
A(l; S712) = j%zTQS;lz = \/iZT;ZTS;fQZ = A(Sl;2).
The proof for Af(l) works analogously if one takes into account that S; is real. [

This result can directly be adopted for the vector-valued notation. Let Z € C?>"*" be an
isotropic matrix with columns /4, ..., [,. Then,

~

UMAZ)U®) ™ = A(5,7), where A(817) = (A(Sih) ... A(Si))

and analogously, U () AT (Z)U(t)~! = Al(S,2).

We will summarise the propagation of coherent and excited states in the next the-
orem. An equivalent result for the evolution of Gaussians is given in [Hag80, Theo-
rem 1.1], the evolution of more excited states was treated in [Hag81, Theorem 1.1].

Theorem 8.2 — Coherent and excited state evolution. Let Ly, ¢ C" & C"*, Z, € F,(Lo) and
k € N. If S, is the unique solution of (8.12), L; = S;Ly is a Lagrangian subspace
spanned by Z, = S;Zy € F,,(L;) for all times ¢ > 0 and the time evolution of the k-th
Hagedorn wave packet ¢ (7)) is given by

U or(Zo) = pr(Zs).

Proof. We start with the coherent state po(Zy). Since po(Zy) € I(Lg), we find with
Lemma [8.5]

0 = U(t)A(Zo)po(Zo) = U)A(Zo) U) " U(t)po(Zo) = A(SiZo) U(t)p0(Zo)

and U(t)¢o(Zo) € I(Ly). Moreover, since 2(t) is unitary, [|1/(t)¢o(Zo)|| = 1 and therefore

~

U(t)po(Zo) = po(Z:). For the excited states this implies

U(t)or(Zo) = g UDAT(Zo)U(E) ) U po(Z0) = J5AL(S:Z0)90(S:Z0) = i(SiZo).
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So, we find that under a Hermitian, quadratic Hamiltonian Hagedorn’s wave packets

preserve their form and can be parametrised via a Lagrangian frame Z; that satisfies
Zy = QHZ,.

In particular, this equation yields a normalised Lagrangian frame for all times ¢ > 0.

A very similar conclusion can be made for wave packets with general phase space
centres z € R” d R".

Proposition 8.1 — Dynamics of the centre. Let zp € R" ® R" and Ly € C" & C" be
parametrised by Z, € F,,(Lg). Then,

U(t)or(Zo, 20) = eéat(zo)‘Pk(Sth St20).

for all k € N, where S; denotes the unique solution of (8.12) and

t
a(20) ::/ (pfq} —”H(zT)) dr with 2z, = <p7> = S 2.
0

qr

Proof. This result is a special case of [LST15, Propositon 4.8]. The claim is obtained
with the same line of argumentation as in Theorem |8.2|if one notices that

A(l, 205 S712) = —=1TQ(S7 2 — 20) L1TQS; (2 — Si20) = A(S4l, Siz0; ;7 '2).
V2e V2e

Thus, U(t)0(Zo, 20) € I(Ly, Syz0) and

~

u(t)S%(ZO, 20) =Ct- WO(Zm Stz[))

for ¢, € C. We determine ¢, be inserting ¢o(t) := ¢; - v0(S:Zo, Stz0) into Schrodinger’s
equation (8.7) and therefore denote

P,
Zi=5SZy=| " ; 2t = Stzp = bt ; (8.15)
Q¢ qt

and B; = P,Q; 1. On the one side, we have for the time derivative

dueo(t) = (& = 36(QQY) + L@ — @) Bilw — a0) + (b1 — Bed)" (@ — @) =l dr) ) o(t)

where we used Jacobi’s determinant formula, 9; det(Q;) = det(Q:)tr(Q:Q; ).

On the other hand, we find for a quadratic Hamiltonian as in Lemma

2
_%ngppvxSOO (t)
= (—tr(HypBy) + 3(v — @) BiH,pBi(x — q¢) + pf HppBe(x — q) + pf Hypppr) po(t)
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and

%xTquVIgao(t)
= ((z — @) HypBi(z — @) + (Hpgpt + BiHpg@)" (x — ) + ¢ Hoppt) 0(2).

To be able to sort by powers of (x — ¢;), we moreover expand
%wTqux po(t) = (%(m - ‘Jt)THq (@ — @) + thqu(x —q) + %thquqt) eo(t).
Hence, (y(t) is a solution of (8.7), if

ié'% — %tr(QtQt_l) —|—p;}rqt = —%tl‘(prBt + Hpq) + H(Zt),
By — pr = B0y, H(zt) + Op, H(2t),
— By = BiHy,B; + BiHyy + Hpy By + Hy,.

For the first equation, we note that (8.12) implies Q;Q; ! = H,,B; + H,, and ¢ is the
solution to

<= 1(pf 4 —H(z)).

The second equation is equivalent to Hamilton’s equation of motion (8.11). The last
identity equals [GS12, Eq. (39)] and the authors show in [[GS12, Theorem 3.3] the
equivalence to the propagation via .S; in (8.15).

For the more excited states we further stress that

~

U(t)or(Zo, z0) = ﬁAZ(Zt,Zt)L?(t)WO(Zo,ZO) = ¢t pr(Zy, 2t).

So, the dynamics of a phase space centre z; is described by the differential equation
ét = QHZt,

what is consistent with Hamilton’s equations for a quadratic Hamiltonian. For
the non-Hermitian case we will find a different picture: the dynamics of the centre will
not only be driven by the real and imaginary part of the Hamiltonian, but also by the
symplectic metric of L;, see also [GS11].

8.4. Large order asymptotics

In this section we want to show that our previous findings for the Hermitian dynam-
ics are consistent with the results for the semiclassical dynamics in [Hag81], [Hag85||
and [HJOO]. In these works the authors considered the time-dependent Schrodinger
equation

ie 0pp(z, 1) = =5 A (w, t) + V(2)(x, 1), (8.16)
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where A denotes the Laplace operator, A = Z?Zl 8§j and V (z) a potential depending on

the position x € R". Hagedorn’s wave packets are then used to approximate solutions
via
1/11(907 t) = eéat(ZO) Z @J(Zh 2t 1’)

li1<J

up to an exponentially small error. Our main purpose is now to prove that the propaga-
tion

Zt = StZO resp. z; = StZO

is indeed equivalent to the classical equations of motion given in [Hag85, Eq. (1.6)-
(1.10)] and [HJO00, Eq.(2.3)].

Let Z; = (P; Q) € C*™™ and z = (pi,q:) € R® @ R™. If the potential V is a real

quadratic form, then the Hamiltonian

H(p,q) = 5lpl° +V(e) with D*}(p,q) = (I(? Dgg(Q)>

is Hermitian and quadratic. Our results from the previous section imply that
U(x,t) = eéo‘t(ZO)cpk(Zt, 245 )
is an exact solution of (8.16) if

Zt = QD2%(Zt)Zt, Zt = QDzH(Zt)Zt and dt(Zo) = p?qlf — %(pt, qt)

Thereby, D?># and D?V denote the Hessian matrix of # resp. V. The first two equations
are equivalent to

P _ —D*V(q)Qy Dt _ —D?V(qt)q _ —V V()
Q¢ P ’ qt Dt Dt ’
while the third equation yields

& (20) = |10t|2 - %’pt|2 —Vig) = %|Pt\2 = Vi)

Denoting A(t) = Q, B(t) = —iP;, a(t) = g, n(t) = p: and S(t) = a:(z0), we can rewrite
these equations as

A(t) = iB(1), B(t) = iD*V (a(t))A(t),
a(t) =n(t), n(t) = =VV{(a(t)),
S(t) = $In(t)* = V(a(t),

what exactly matches with [Hag85, Eq. (1.6)-(1.10)] resp. [HJ00, Eq.(2.3)].

For general potentials V, one can show that the wave packets eéai(zO)cpk(Zt, zt; ) ap-
proximate solutions of (8.16) by considering the Taylor expansion of V up to second
order, see [HJOO, Theorem 3.1].
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Theorem 8.3 — Asymptotics. Let V' € C>*°(R") be a real, positive function and ¢ (z,t) a
solution of (8.16) satisfying

P(2,0) = Y cj0i(Zo,20:x) with > [P =1,

ljl<J lil<J

where Z; € C*"*" is a normalised Lagrangian frame, z, € R" @ R"\{0} and ¢; € C for
all j € N* with |j| < J. Then,

iz, ) = ez S i1, 1)p;(Z, 213 )
1< J (1)

with J(I) = J + 3(1—1) is an approximation of ¢(z,t) up to order £/2, i.e. for all T' > 0

sup [z, t) — ¢(x, )| < C(1)e'/?
te[—T;T)

for some constant C(l) > 0.

By tightening the constraints on the potential V', in particular demanding that V is
analyticon D = {z +iy € C"; |y;| < 6,7 = 1,...,n} for 6 > 0 and satisfies for all
r+iye D

V(z+iy)| <c- eTletivl?

for constants ¢, 7 > 0, one can optimise the upper bound further and find an exponen-
tially small error, see [HJ0O, Theorem 4.1]. We stress here that this approximation
result is only valid for Hermitian Hamiltonians. To obtain a similar statement for the
non-Hermitian Hamiltonians investigated in the following an additionally study would
be needed and might make a good enhancement of this thesis.

8.5. Example: Harmonic Oscillator

As a quick first example we review the dynamics under the harmonic oscillator

~

H=2Lp+¢"), H=uw-Idy,

for wy € R in the one-dimensional setting. In particular, we can compare our findings
here to the results for the non-Hermitian Swanson oscillator in Section [9.6] where we
add the complex mixed term —%(ﬁ(j + ¢p) to the harmonic oscillator.

In the univariate setting we can write our initial Lagrangian subspace as

Ly = span{ly}, lp = <p0> e C?,

q0

and note that [ is normalised if Im(ppg,) = 1. The time evolved subspace is then given
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L= (P = s,
qt

From our discussion in Section [3.2] we know that the Hermite functions generated from

by L; = span{l;} with

lo = (i,1) are eigenfunctions of the harmonic oscillator.

Linearised flow
For the linearised flow the evolution equation (8.12) implies

o) etk o0 vk > _1\k
Sy =M =3 ook = N EH (wot) P Tda + Y i (wot) 10
P k=0 k=0

= cos(two)Ida + sin(twp)$2

and S; is a real, symplectic matrix.

Evolved coherent state
The time evolution of the Lagrangian subspace is accordingly described by

cos(two)po — sin(two)qo
ly = Silo = .
sin(twop)po + cos(two)qo

and the width of the propagated coherent state is given by b; = Z—Z. If Iy = (i,1)T then

one can easily verify that b, = i for all times ¢.

Evolved excited states
To determine the excited states completely we need in addition the recursion matrix M;
that is in the one-dimensional case only a scaling factor, see Section [5.1] We have

M; = 4¢ _ sin(two)pg + cos(two)qo
g sin(two)po + cos(two)qo

and if we consider again the standard Hermite functions, Iy = (i,1)7, this simplifies to
M; = (—isin(twg) + cos(twg))? = e 20, Thus, also the coherent state ¢(I;) may stay
unaltered, the excited states oscillate in time, see Figure

Dynamics of the centre
Finally, we can state for the dynamics of an initial centre zg = (&, 70) € R?,

2 = Syzo = (cos(two)fo - Sin(two)x())

sin(two)&o + cos(two)xo

and we find the characteristic circular behaviour, see Figure We want to particu-
larly stress that the centres here are real-valued for all times ¢. Moreover, we can also
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Figure 13.: Absolute values of the wave packets ¢((l;) and p2(l;) starting from I
(i,1)" at time ¢ = 0 (upper left), t = 0.3925 ~ % (upper right), t = 1.57 ~
(lower left) and ¢t = 3.14 = 7 (lower right) for e = 1 and wo = 1.

ool ||

compute the symplectic metric G; of L;,

Gt = QTRe(l41])2 =

: R q, .
l? T+ — oy () R st eoslin)
sin(twp) cos(twp) sin?(twg) — sin(2tw0)%

and for the standard Hermite functions we obtain G; = Id, for all ¢ > 0.
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Figure 14.: Trajectory of the centre z; with initial value zp = (1,0) and contour plot of
the absolute value of the Wigner transform W*(y(l;)) for iy = (4,2 — 0.251)
at time ¢ = 0 (upper left), t = 1.57 ~ 7 (upper right), t = 3.14 =~ 7 (lower left)
and t = 6.28 =~ 27 (lower right) for e = 1 and wy = 1.






9. Non-Hermitian Schrodinger dynamics

In this chapter we generalise our results and investigate the Schrodinger equation (8.7)
with a quadratic but non-Hermitian Hamiltonian 7. This means H can be written as
H(z) = 32T Hz with H € C*"*?" symmetric and Im(H) # 0.

A similar problem with coherent states as ansatz functions was treated in [GS12].
We now combine their findings with Hagedorn’s approach from [Hag85] and in this way
extend [GS12, Theorem 3.4] to excited states. We will show explicitly in Section (9.4
that in contrast to the Hermitian setting, here we have to take for the propagation of
excited wave packets also lower excited wave packets into account, see Theorem

We start our analysis again with the time evolution operator. In this case 7/(t) will
not be unitary, in other words the norm of the initial state will not be preserved. This
can be favourable if one wants to model physical effects such as diffusion, decoherence,
see [BHO2, §5], or absorption, see [Mug+04]. However, it is not clear that U () exists,
since # is not self-adjoint and thus Stone’s theorem can not be applied. Hence, we have
to provide a closer study of u (t) in Section resp. Appendix

Yet for the evolution of the wave packets we can still define the linearised flow S; as
solution of
Sy =QHS;,  Sp=Id.

We recall that the linearisation is exact for all quadratic Hamiltonians, see Lemma
But, as indicated in the previous chapter for a symmetric, complex matrix H,
we find a symplectic, but complex flow S;. This notably complicates our computations,
we need to include the theories for non-normalised Lagrangian frames and comparable
ladder operators we established in Section [2.5]and respectively.

Our proceeding nevertheless is similar to the one for Hermitian Hamiltonians:
Let Ly ¢ C" @ C™ be a positive Lagrangian subspace and 7, € F,,(Ly). We determine
the time evolution

U()pr(Zo) = 5 U AL(Zo)U (1) U(t)po( Zo)

of the k-th Hagedorn wave packet by first investigating the evolution of the ladder
operators and the coherent states and then apply these results to the construction of
excited states. After that we continue and include also general phase space centres
z € R" @ R"™.

To finish this chapter we demonstrate our findings by means of the Davies-Swanson
Oscillator, see [Dav99b] and [Swa04]], a harmonic oscillator with a complex potential.
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9.1. Time evolution

First of all, we have to ensure that our approach via the time evolution operator u () is
still valid also in the non-Hermitian case. It is known that some non-selfadjoint Hamil-
tonians define a unitary time evolution, see for example [BBJ03], where the authors
studied a class of PT-symmetric operators. Or, one can replace non-Hermitian Hamilto-
nians with an equivalent pseudo-Hermitian operator, see for example [MFF06[, where
the Davies-Swanson oscillator is also studied as an example.

Since we restrict ourselves to quadratic Hamiltonians in this thesis, we can give a

more general result for the existence of the time evolution operator.

Proposition 9.1 Let #(z) = 227 Hz be a complex quadratic form with H = HT € C*"*2n
invertible and
Im(H) <0.

Then, the operator —é?—A[ generates a continuous contraction semigroup {Z/A{ (t); t >0}
such that
ie 0 U(t) = HU(t), 9.1)

for all ¢ > 0 and #/(0) = id.

Proof. This statement is adopted from [PS08, Theorem 2.1], where semigroups of ellip-
tic quadratic operators are treated in detail. The proofis based on the fact that — éi—[\ and
its adjoint are both closed, dissipative operators if Im(H) < 0 and thus a consequence of
the Lumer-Phillips theorem, see [EN0O, Theorem I1.3.15] respectively [ENOO, Corollary
I1.3.17] . We present a more detailed study of this result in Appendix[C] |

Equation herein is the same formal identity as in Lemma the equality should
hold true in the strong sense.

The above result verifies our findings for Hamiltonians with non-positive definite
imaginary part and especially for the Lindblad equation. For a general Hamiltonian
it is not clear wether Equation possesses a solution or not. This point was also
addressed in [GS12, §3]. There are some approaches that give hope that there exists
a time evolution operator at least for times ¢ € [0; 7] with 7" > 0, for example [AV14]]
identifying the evolution operators with operators on Fock spaces or a direct calculation
of U(t) as in [CRO6, §5]. With the second strategy we are able to show that the evolution

tQH

operator exists for times ¢ > 0 such that the linearised flow S; = ¢ satisfies

i(Q— S;QS,) > 0.

However, we were not able yet to trace this condition back to a valid argument for
the Hamiltonian H. For the examples studied in this thesis with indefinite or positive
definite imaginary part, namely the Davies-Swanson oscillator and the Fokker-Planck
equation we refer to the literature for existence results, see [Ris84, §4.2.1] and [[Gra+14,,

§2].
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9.2. Ladder evolution

Let Ly ¢ C"@C" denote our initial positive Lagrangian subspace and 7 € F,(Ly). Ana-
logue to our considerations in the previous chapter we evolve the Lagrangian subspace
along S;,

L := S Z.

Since S; is symplectic this still yields a Lagrangian subspace spanned by the isotropic
matrix S;Z, € C*"*" see . Unfortunately, since S; is complex, S;Zy will not be
normalised, see (8.14). We have to resume our idea from Section and utilise the
normalisation matrix

Ny = £ 23S;08,Zy € C™

to define a normalised Lagrangian frame with the same range by
Zy = S, ZoN; 2.

This approach is well-defined as long as N, > 0, see Lemma If Im(H) < 0, we have

Ny = No + /t Nydr =1d — /t 73S m(H) S, Zo dr > 0 9.2)
0 0
for all times ¢ > 0. For a general Hamiltonian a continuity argument yields that there
exits a 7' > 0 such that L; is positive for all ¢ € [0;7[ since Ny = Id. We assume
that this time interval lies within the range where our time evolution operator i{ (t)
exists. However, we lack a rigorous proof for this presumption and admit that further
investigation here would be required.

Lemma 9.1 — Ladder evolution. For all [ € C"* @ C", we find

~

UOADU®) ™ = ASil) and UBLAT)U®) ™ = AT(S,0).

Proof. This statement is also given in [LST15, Lemma 4.1]. The proof works completely
analogue to the proof of Lemma (8.5, we only note for the raising operator,

Al(1;8712) = — S = — S Qe = A (S) 0 = AT(Syl; 2)
for all z € R" & R" since Im(S;) # 0. [ |

For any isotropic matrix Z € C?"*" this result motivates the notation
UAZ)U() ™ = A(S1Zo) and U()AT(Zo)U(t)™" = AT(S,Z).

Since S; is symplectic, both matrices S; 7y and S; 7 are isotropic, but as initially pointed
out none of them is normalised. Moreover, the raising operator Af (S¢Zy) does not cor-
respond to the evolved Lagrangian L; and is in particular not adjoint to A(StZO),

A(S:Z0)* # A1(S: Zp).
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Thus, we found ladder operators parametrised by two different Lagrangian frames. We
investigated this setting already in Corollary and noted that ladder operators can
always be related by means of the mixed isotropy and the mixed normalisation of the

frames.

Corollary 9.1 — Ladder decomposition. We denote the mixed isotropy and mixed nor-
malisation of Z; and S;Z, by

Ct = %Z?Q?tZO and Dt = %Z;QFtZ()a

see (2.17) and (2.18). Then, the corresponding ladder operators are related via

A(S,Zy) = DYA(Z,) + CTAT(Z,) and A'(S,Zy) = D;AY(Z,) + CrA(Z,).

Proof. This result is a consequence of Corollary For a direct proof, see [LST15,
Lemma 4.4]. |

Since the raising operator A'(S;Z;) not only involves the creator Af(Z;), but also the
annihilator A(Zt), this corollary already predicts that evolved excited states will not
simply preserve their structure, but also activate lower excited states. For the coher-
ent state then again, we only have to correct its definition via the non-normalised La-

grangian frame S;7.

9.3. Coherent state evolution

In the following we will always consider the evolution of states on time intervals [0; T
so that
Ly = SiLg

is a positive Lagrangian subspace. If we propagate ¢y(Zp) with Lemma and Equa-
tion (4.2)

0 =U()A(Zo)wo(Zo) = A(SeZo) U(t)20(Zo)-
We obtain /(t)¢o(Zo) € I(Ly) for all t € [0; T, but |[1{(t)¢0(Zo)|| # 1. This means, unlike
the unitary evolution of coherent states in Theorem we find an additional damping
factor 5, € R.

Proposition 9.2 — Coherent state evolution. Let Ly ¢ C" & C™ and L; = S;Lg be positive
Lagrangian subspaces for ¢t € [0;T[. Let G; € Sp(n,R) be the symplectic metric of L;
and consider Z; = StZoN;l/ 2, Then,

U(t)po(Zo) = ¢o(SiZ0) = €Prpo(Ze) ,  te 0T,
with

t
B = }1/0 tr(G ' Im(H)) dr.
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Proof. This result can also be found as [LST15, Proposition 4.2]. We know that

~

U(t)po(Zo) = ct - po(SiZo)

for ¢; € C. A similar computation as for Proposition shows that inserting this ansatz
into the Schrodinger equation 1D yields ¢; = 1, i.e. U(t)po(Zo) = 0(S:Zo). Moreover,
it is clear by definition that

00(S1Zo) = det(Ny) ™40 (20).
With Jacobi’s determinant formula, 0, det(V;) = det(Nt)tr(atNtNt_l), we have
Oy det(Ny) =/ = —L det(Ny) =V e (0, NN, H).
We now use the Hamiltonian system to differentiate the normalisation
Ny = 30, (Z5 508 2Z0) = 5 (Z5STHS Zo — 23Sy HS, Zo) = —Z5S{Im(H) S, Zo
and by Proposition

tr (BN N;) = tr (N;l/ 20NNV 2) = tr (—Z;Tm(H) Z) = —tr (Im(H)(G7 ! — i)
= —tr (G’;llm(H)) .

Thus, det(N;)~Y/* is a solution of 9; det(N;)~V/* = 1tr (G, 'Im(H)) det(N;)~*/* and we
can write det(N;)~ /4 = e with

6tﬁt == itr(G;llmH) s 50 = 0.

Since 3; is a real factor, we find
IE4(t)po(Zo)| = ™,

that is 8; models the gain or loss of the non-conservative system. One can directly see
the factor 3, is fully governed by the dynamics of the symplectic metric G; and this
dynamic can be described by the following Riccati equation.

Theorem 9.1 — Riccati equation. Let Ly ¢ C"®C"™ and L; = S; L be positive Lagrangian
subspaces for ¢ € [0;T[. Denote by G;, J; € Sp(n,R) the symplectic metric and the
complex structure of L;, respectively. Then,

Gt = Re(H)QG; — GiQRe(H) — Im(H) — G:QIm(H)QGy,
Ji = QRe(H)J; — J:QRe(H) — QIm(H) + J,QIm(H).J;.

Proof. The equations of motion for GG; and J; have been derived in [[GS12, Theorem 3.3]
using the Siegel half space and rational relations. [LST15, Appendix B] provides an
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alternative proof based on Lagrangian frames that we will restate here.
We have G; = QTRe(Z;:Z;)Q with Z, Z; = S;ZyN; ' Z; S; and due to the time derivative
of the normalisation from the previous proof,

O Z: Z7) = Si ZoN;7 1 25 S; — Sy ZoNT ' Ny N[ Y Z5S) + S Zo N1 75 St
= OHZ,Z} + Z,Z;Tm(H) Z: Z} — Z,Z; HAQ.

With 0,Re(Z:Z;) = Re(0:(Z:Z7)) and Im(Z; Z) = — this yields

ORe(Z:Zf) = QRe(H)Re(Z: Z7) + QIm(H)Q + Re(Z: Z; )Im(H )Re(Z: Z})
— QIm(H)Q — Re(Z: Z; )Re(H)Q + QIm(H)Q
= QRe(H)Re(Z,Z]) — Re(Z: Z] )Re(H)QL + QIm(H )
+ Re(Z: Z; )Im(H)Re(Z: Z}).

Thus, we find for G,
6th = Re(H)QGt - GtQIm(H)QGt - Im(H) - GtQRe(H)
and since J; = —QG,,

8,5:],5 = —Q@th = QRG(H)Jt + JtQIm(H)Jt + QII’H(H) - JtQRe(H)

9.4. Excited state evolution

We now apply the raising operator AT(EZO) to the propagated coherent state. With
Corollary we have

U)pr(Z0) = T AL(S:20) U(t)p0(Z0) = S5 (DF AN(Z0) + CF A(Z2)) po( Z2).

Here the annihilation part of the decomposition becomes visible. All terms of the form
Am(Z)¢o(Z;), m < k, vanish and we reformulate the remaining terms with the commu-
tator relation for Af(Z,) and A(Z,), see Lemma In this manner we encounter lower

excited wave packets ¢,,,(Z;), m < k, see [LST15, Theorem 4.5].

Theorem 9.2 — Excited state evolution. Let Lo ¢ C" @ C" and L; = S;Lg be positive
Lagrangian subspaces for ¢ € [0; T[. Consider Z;, = StZONtfl/ 2 e F,(L;) and denote by
G¢ € Sp(n,R) the symplectic metric of L;. Define

My, = $(81Z0)" Gi(SiZ0) = :N; 1 (S:20)* QS Zo)
and the polynomials ¢, k € N”, via the recursion relation
L = 2ae(x) — MiVg(). 9.3)

W) =1,  (Grre; (@)
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Then, we have for any k € N"

U(t)pr(Zo) = S e (N, AN (Z)po(Z0),  t€ 0,7 9.4)

Proof. We find with Corollary for the components of the raising operator At (S Zo)
el AY(S,20) = el Dy AY(Zy) + €] C* A(Zy) = AT(ZiDyej) + A(ZCrej) = ij + 0;.

In this way we can rewrite AL(EZO)wo(Zt) = [Ty (4, + )k po(Z;) for all k € N™. Since

Vjpo(Zy) = 0, it is clear that

AL(SeZ0)o0(Ze) = qr(i)po(Zy)

where g (4) = qr(t1,...,uy,) is a polynomial of degree |k| in n variables. We obtain this
polynomial ¢;, be successively swapping v, to the right, i.e. we replace each term of the
form 9,14, by the commutator

@jfbl = [@j,ﬂl] + le’f)j.

To simplify our notation, we summarise the commutators in a matrix M;; = [4, ;).
Due to the commutator relation for the ladder operators in Lemma [4.1]it is clear that
M = M; € C"*" is a time-dependent, complex matrix.

Moreover, we have for the commutator [0;, 4] = —M; jkiay " = —M, ;0,4F and there-

fore for all polynomials ¢(u),
[07,q(1)] = —el M7V 3q(a).

We use this relation to show that the polynomials ¢, indeed satisfy the recursion (9.3).
We have

Qhve, (@)0(Z0) = (it + 05)an(@)p0(Ze) = (q1(@) + (65, a1(@)] + ar(@)85) po(Z:)
= (a;qr() — €] MTVaqr(it)) po(Z1)

and it only remains to verify the form of M.

On the one hand, it follows from Z; = StZONt_l/ % that
D; = LzzsTaz, = Lz:sT0s,2oN, 1 = N2,
For the matrix M; on the other hand, the commutator relation from Lemma implies
M, ; = [AT(Z,Dye;), A(Z,Cie;)] = 5(Z:Cie;) " 0Z Dyey = —¢] Cf Dyey,
i.e. M; = —D;C,. Inserting C; and D, shows

—-D;Cy = 172:8F 0" 2,2708,7Z = 1 75 S} G1S: Z,
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or, equivalently,
—D;Cy = AN7V? 7708, Z0 = LN 255508, Z,.

From the first equality one can read off the symmetry of M;, what finishes the proof. W

This result nicely illustrates how the non-unitary time evolution activates lower order
states. Equation (9.4) can be interpreted as an expansion of the propagated state into
the basis defined by Z;,

Z:{\(t)tpk(ZQ) = Z O‘m@m(Zt)v

m<k
where the coefficients «,, can be computed in terms of N; and the polynomial g;. This
emphasises the prominent role played by the matrices NV, and M. All the information
about the effects of the non-Hermiticity on the propagation are encoded in those two
matrices.

However, we can also interpret the application of Af(S;Z;) to ¢o(Z;) as a generalised
wave packet, generated via a non-normalised Lagrangian frame. We showed in the
previous part that in both cases the overall structure of the wave packets, a multivari-
ate polynomial times a Gaussian, is preserved. Hence, we expect a similar behaviour
here.

Corollary 9.2 — Polynomial prefactor. Let Lo ¢ C" & C" and L; := S;Ly be positive
Lagrangian subspaces for ¢t € [0;T[, Z; = StZOZ\Tt_l/2 € F,(L;) and G; € Sp(n,R)
denote the symplectic metric of L;. We set

P,
7, —
t (Q)

M, = X(8Z0)TGi(SiZ0), M, = M, + N, 2Q7'Q,N; 2.

and

We then have for any k£ € N

A(t)pr(Zo;2) = So= i (L NT2Q7 ) wo(Ziw), te[O:T  (95)

where the polynomials p’*, satisfy the recursion relation li

Proof. This statement is also given in [LST15, Corollary 4.6]. Equivalently to the TTRR
for the polynomials p,]g” , see Corollary we find for the polynomials ¢; from the pre-

vious theorem

(Qk—i-e]- (x))nzl = T4k (x) — M, (kJQk—ej (x))?ZI y T E R™.

J

We will use this relation and the ansatz

(N7 P ANZ0)eo(Zisw) = A ml (w) wolZisw), w= 2 NTVPQ e
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that appears similarly as in Corollary to show that (4.7) holds. We have

(ah4e, N7 220 (20) 0l Ziz)

= \/ﬁ N, 1/2AT(Zt) <p£4 (yt)cpo(Zt;:z)> — M, (\/ﬁp%_% (yt)sﬁo(Zt;x)>

= = (V2N 2412 (n ()0l Zis 0) ) — MV () po(Zis )

n

J=1

where we used the gradient formula V,pM (z) = 2 (k’jp% ; (m))é . Furthermore, with

7j=1
AN(Z,) =

\/lgz(Pt*x + 18@; a:) and QIP,: — Pt*Qt = 2ild,

ANZ) (" (we) ol Zisw))

i *, . My : * —T7—1/2 M; i — M;

e (P; xpiiw (ye) +ieQy (%Qt TNt / Vytpéw (ye) + gPtQt lxpé/[ (Y1) po(Zs; x)
((Pf — QrRQrapi () +ivEQi Q7 TN, 29,0t (1)) oo (Z1: )

_ AT, 1= —=—=—1/2 AT
(207 epi () — Q7 QuN, PV () pol(Zis ),

_.ﬁ

5

S

since Nt_l/ ? is Hermitian and Q; 1Q, symmetric. Inserting in the previous calculation

yields the claim,

(e, V24T 20)) " 00(Z15)

_ _ Y7 - 1~ ~—1/2 M,
e (28710 e () — (M + N PQEQNT )V () ) ol Zis )

ot (20" () = MV () ) 0l Zis )

n

1 M, .
NCLES (pkﬁej (yt))jzl (PO(Zta l’)

After determining the propagation of wave packets centred at the origin, we turn now

to the evolution of wave packets centred at arbitrary phase space points z € R" & R".

9.5. Dynamics of the centre

We assume that Ly ¢ C" & C" and L; = S;Lg are positive Lagrangian subspaces for
t € [0;T[ and consider the symplectic metric G; € Sp(n,R) and the complex structure
Ji € Sp(n,R) of the Lagrangian L,. By repeating the calculations of Proposition[8.1and
Lemma (9.1}, we obtain the dynamics of the centred ladder operators.

Lemma 9.2 — Ladder evolution. For all [, zy € C* @ C", we find

U)A(L 20) U[E) " = A(Sid, Spz0) and  UH)AT(1, 20) U#) " = AT(Sy1, S,20).

Proof. Since a constant does not change the commutator properties, we find with a
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similar argumentation as in Lemma

A(l, 203 871 2) = \/%ZTQ(S[% —2) = EZTQS;l(z — Siz0) = \/iQ—ElTStTQ(Z — Si20)
= A(Stl; St20; 2)7
AT(1, 205 S;712) = J;?Z*Q(S[Iz — %) = \/}EZTQS{l(Z — Si%g) = J—QLsZTs;‘Q(z — SiZo)

= AT(gtly gl‘/'ZO; Z)a

for all z € R"® @ R". [ |

Since S; is complex, this implies that in contrast to the Hermitian dynamics we find
here that even if we start with a real centre z; € R" ®R", the time evolution will lead to
a complex centre S;zy. However, we know by Theorem that the projection Pj, does
not change the ladder operator if we parametrise by the Lagrangian L;, that is,

A(Stl, StZO) = A(Stl, PJt (StZ()))

foralll € Ly and zg € R®"®R". The dynamics of the projected centres are easily inferred
from the Riccati equations for the complex structure .J; in Theorem|[9.1] see also [LST15,
Corollary 4.7].

Corollary 9.3 — Projected dynamics. Let Ly and L; = S;Lg be positive Lagrangian sub-
spaces for t € [0;T[. Denote by G;, J; € Sp(n,R) the symplectic metric and the com-
plex structure of L;, respectively. Let zp € R" @ R"™. Then, z; := Py, (Stz0) € R & R"
satisfies

% = QRe(H)z + Gy 'Im(H) 2. (9.6)

Proof. The same result can be found in [GS11]. We recall that the projection Pj;, was
defined as
Py, (Stz0) = Re(Siz0) + JIm(Si2p).

With the equation for the linearised flow (8.12) and the Riccati equation for .J;,

% = Re(Sy20) 4+ J,Im(Syz0) + J,Im(S20) = Re(QH S 20) + JIm(S,20) + JIm(QH S; )
= QRe(H)Re(Stz0) — QUm(H)Im(Siz0) + QRe(H) S Im(Siz0) — J:QRe(H)Im(Siz0)
+ QIm(H)Im(Si20) + JeQIm(H ) JIm(Si20) + J:Qm(H )Re(S;20) + JQQRe(H )Im(S;20)
= QRe(H)z + J;m(H)z = QRe(H )z + Gy 'Tm(H) 2,

since J;Q2 = QTG and G, is symplectic. [ |

The time evolution of coherent states with real projected centres resembles the one in
Proposition however, with an additional phase factor determined by the action in-
tegral of the Hamiltonian H along the real projected trajectory, see [LST15, Proposition
4.8] or Proposition (8.1
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Proposition 9.3 — Coherent state evolution. Let Ly, € C" @ C™ be a positive Lagrangian
subspace, Zy € F,,(Lp) and zp € R" @ R". If the Lagrangian L; = S;L is positive for
t € [0,T], then

U(t)po(Zo, 20) = €=t p4(8; 29, z) = e=tCI+Pe (2, 24)

for all ¢ € [0;T[, where Z;, = StZON;l/Q, zt =: (pt,qt) € R" @ R™ is defined by , Bt
is the factor derived in Proposition[9.2]and

t
o (20) ::/O (pX4r — Hr(2r)) dr 9.7

denotes the associated action integral of the Hamiltonian H; along z;.

Proof. With our standard approach, we find
0 = U(t)A(Zo, 20)00(Z0, 20) = A(S:Z0, Se20)U (t)po(Zo, 20) = A(St Zo, 2t U (t)po(Zo, 7o)

and hence Z/A{(t)cpo(Zg, 20) = ¢t - 9o(StZo, zt) for ¢, € C. The factor a; emerges with an
analogous computation as in Proposition|8.1 [ |

Our previous results on excited state propagation, that is, Theorem and Corollary
describe the time evolution of Z](t)gok(Zo, 20), k € N", for the case zp = 0 in terms
of multivariate polynomials. Essentially, these results stay the same when considering
nonzero zo € R"” ®R". The ladder decomposition from Corollary[9.1]also holds true with

phase space centres zg,
A1(S,Zy, Si20) = Dy AY(Zy, Si20) + CF A(Zy, Siz0) = Dy AN(Zy, ) + CF A(Zy, ).

Hence, the propagated excited states can be constructed similar as in the previous sec-

tion,

~

U(t)pr(Zo, 20) = ﬁ AL(S:Z0, Siz0) U(t)p0(Zo, 20)

= et (Dr A7, %) + CF A(Zi 1)) 0 Zh, ),

and we only have to record the evolution of the centre and add the corresponding action

integral.

Theorem 9.3 — Excited state evolution. Let Ly and L; = S;Ly be positive Lagrangian
subspaces for ¢t € [0;T[, 20 € R" ® R" and Z; = S;ZyN; € F,,(L;). Set

P,
Ty =
t (@)
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and denote by G; € Sp(n, R) the symplectic metric of L;. Define
M, = 1(5, 7T 5 = —1/2 A— 17~ —1/2
¢+ = 1(St20)" G¢(S¢Zo) and My =M, + N, '“Q; Q:N, '".
Then, we have for any £ € N” and ¢ € [0; 7|

U(t)or(Zo, 20; ) = —= ezt +he Qk(Nt_l/QAT(Zta 2t)) po(Zs, 2t; )

i M, =1/ ~—
= J5nm ezt (20)+hr pg/[t (ﬁ N, / Q' (z — Qt)) 0o(Zt, 2 x)

2

where z; = (p, ;) € R* @ R" is defined by and oy(zo) is the action integral (9.7)
of H; along the trajectory z;. The polynomials g, satisfy the recursion 1) and pkMt is
defined as in Proposition [4.7

9.6. Example: Davies-Swanson oscillator

As an example we investigate the dynamics of a one-dimensional quadratic non-Hermitian
Hamiltonian, the Davies-Swanson oscillator

~

H =25+ ¢*) — 2(pg + qp)

defined by the complex symmetric matrix

H:(“_O _15>, wo, 8 > 0.
-1  wy

For this particular Hamiltonian the spectrum and transition elements have been com-
puted, see [Dav99a] and [Swa04], as well as the dynamics of coherent states, see [Gra+14].
It is our aim here to complement the picture by propagating excited wave packets.

We start with a positive Lagrangian

Ly = span{ly}, lp = <p0> e C?

do
and first note that [y is normalised if Im(pyg,) = 1. To describe the propagation of the

wave packets, we set L; = span{l;} with

Iy = (Zt) = Slony,  ne = h(Slo, Silo),
t

and only observe times ¢ € R with n; > 0. As initial value we choose Iy = (1, —i)7, this

means o (lp) yields the standard coherent state.

Linearised flow
We calculate S; as the solution of the Hamiltonian system (8.12) and obtain conse-



9.6 Example: Davies-Swanson oscillator 151

quently S; = e®*7 . Since
(QH)?* = (~1)F0?1dy,  (QH)P = (DR QH, k>0,

for w? := w? + 62, we end up with

0 12k 12k+1
Sy = Z(— )" 20! ledz + Z 1)* k1) WROH = cos(tw)Idy + L sin(tw)QH.
k=0

In particular, it holds
S7QS; = cos?(tw)Idy + 2 sin?(tw)HQH — 2 cos(tw) sin(tw)Im(H),

where

0 -6 — 2wpd 6% — w?
mm(H) = | and HOQH = °° ° "0
— 0 wg — 67 —2iwpd

Normalisation
The formula for S; allows us to explicitly calculate the normalisation and derive times

t such that our evolved Lagrangian is positive. A direct computation shows
ny = 15870841y = cos?(tw) + wp=0 sin? (tw)
t 210t t w3+52 )

since Iy HQHIy = 2i(w3 — 6%) and [jIm(H)ly = 0. We can further rewrite this expression
as

ng=1-— 23—22 sin?(tw) =1 — f)—z(l — cos(2tw)).

So, n; is positive, if ‘g—j > 1 — cos(2tw). This is true for all times ¢, if w? > 2 or, for
2
t € [0;T[ with T' = 5-arccos(—5 52

Evolved coherent state
For all times ¢ such that n; is positive, we can parametrise the Lagrangian subspace L;

via the normalised Lagrangian frame

I, = Sylon V2 — cos(tw) + i“’OM sin(tw) o1/
! roT —icos(tw) 4 “0== Ssin(tw))

Moreover, since we are handling a univariate setting, we may invoke % = n, /4 and
directly state that

P = (1 - 5 (1 — cos(2tw))) "4
With these two parameters the propagation of the coherent state U(¢)¢o(ly) is entirely

determined.

Evolved excited states

For our contribution on this example, the more excited state, we also have to examine
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the polynomial prefactor. For m; = n, Lh(S;lo, Silp), the formula for S;QS, provides
my = ny *h(Silo, Silo) = 2—5nt sin(tw) (%2 sin(tw) + icos(tw)),

since [JHQHIy = 4idwy, [JIm(H)lp = —2iJ. The recursion matrix 7, exhibits the un-

pleasant form

g @09 gin(tw) + i cos(tw)

wo—9
w

my=m¢+n .
Lo sin(tw) — icos(tw)

The polynomials, by contrast, can in one dimension simply be written as scaled Hermite
polynomials, see Section |5.1],

pg“ (x) =1, p’l%t (x) = 2z, pg“ (z) = 42® — 2my pg” (z) = 8% — 12m,.

Expansion in lower excited states

According to Theorem we can also expand the evolved excited states in terms of
lower excited states, what is more convenient when we calculate the norm. The polyno-
mials ¢;, are scaled Hermite polynomials,

3

z, @) =2 —m g2)=2"—3ma

S
()
—
8
S~—
I
—_
[
=
—~~
8
~
Il

(H)pollo) = ** (L),

(H)e1(lo) = ( AN poll) = Py P 1),

U(t)pa(lo) = < ( AL () - )SOO(lt) = e (n,?lm(lt) — %soo(lt)),

(Dps(lo) = Sny 2 (i AL (1) = 3me AT W) wolle) = eny 2 (ni s le) = Emugpr (1))

Since (¢ (lt)),cy forms an orthonormal basis set, this implies for the norms

IE4(t)polo) | = ™, [U()p2(l0)ll = e y/n® + §lmf?

~ —1/2 -~ —-1/2
()1 (lo) || = Py 72, ()3 (lo) | = e®ny 20y 2 + 3|2,

The time evolution of these norms is displayed in Figure One can recognise that all
norms significantly differ from one, the higher the excited state, the larger the devia-
tion.

Dynamics of the centre
For the dynamic of the centre we first state the time-evolved metric G; of L;. A direct

calculation using I; shows

Gy =nyt 1— 2% sin?(tw) 22 cos(tw) sin(tw)
2% cos(tw) sin(tw) 1+ 2‘%0 Sin2(tw)
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Norm

Figure 15.: Time evolution of ||U/(t)yr(lo)| for k=0,...,3 withwp =1 and 6 = 0.5.

Hence, 2; is determined by the initial value z; and the differential equation

) 1 2%2 cos(tw) sin(tw) —(0 + wo)
2t =1y 52 . 2t
wo— 90 2% cos(tw) sin(tw)

w
that was solved numerically to obtain the trajectories in Figure We find that the

circular trajectory of the harmonic oscillator, see Figure [14] is converted to an ellipsoid
due to the imaginary part.
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Figure 16.: Trajectory of the centre z; starting from zp = (1,0) and contour plot of the
absolute value of Wy (2, z;) at time ¢ = 1.5 (upper left), ¢ = 3 (upper right),
t = 4.5 (lower left) and ¢t = 6 (lower right) for e = 1



10. Lindblad dynamics

In the standard description of quantum mechanics via a Hermitian Hamiltonian we
investigate the time evolution of closed systems. By allowing for non-Hermitian Hamil-
tonians we relax this aspect. As we have seen in the previous example we can now also
model diffusion, i.e. an interaction between our quantum system and its environment.
Such interactions will in practical situation always occur to some extent and are thus
worth a closer study.

A more general characterisation of open quantum system is given by the Lindblad
equation. Analogously to the derivation of the Schrodinger equation in Section
via the generator of a continuous semigroup, we now represent the state of an open
system by a density matrix p. For simplicity, we skipped in the previous chapters that
the representation via a wave function is only suitable in the special case of a pure
quantum system, see [Gos10, §13.1]. A density matrix or density operator is a positive
trace class operator with trace one, i.e.

p: L*(R") — L*(R") suchthat p*=p, 5p>0, tr(p)=1. (10.1)

Lindblad assumed that the time evolution in an open system is governed by a quantum
dynamical semigroup {U(t); t > 0}, see Definition and (8.4) and derived the gener-
ator of an arbitrary contraction semigroup. Analogously to Lemma he obtained the

Lindblad master equation
i 8yp = [ﬁ,ﬁ} ;Z Lipls — LiLip— pLiL, (10.2)

see [Lin76b]. The Hamiltonian # thereby describes the internal system, the Lindblad
operators ﬁj the coupling to the environment. If ﬁj = 0 we find the classical Liouville-
von-Neumann equation, otherwise the time evolution will be non-unitary even if H and
ﬁj, j=1,...,m, are self-adjoint operators.

In this thesis we will discuss the time evolution under the Lindblad equation if Hisa
self-adjoint, quadratic Hamiltonian and the Lindblad terms ﬁj, j=1,...,m, are linear,
this means

H(z)=32"Hz, H=H" e R*™" and L;(z)=1(]z {; €C™ (10.3)

for 1 < j < m. We show in the first section that in this case we can rewrite (10.2) as
a Schrodinger equation of doubled dimension with non-Hermitian Hamiltonian. Since
density operators are closely related to Wigner functions, we can combine our find-
ings from Chapter [6] and Chapter [9) and handle the Lindblad equation as a complex
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Schrodinger equation on phase space. To illustrate our results we review two different
examples, a damped harmonic oscillator and as a theoretical approach a system without
internal Hamiltonian at the end of this chapter.

10.1. Lindblad equation

The idea to use Wigner functions as ansatz for the Lindblad equation has been carried
out before, see for example [AlmO02,, §1, §3]. In their work the authors used Gaussians
as ansatz functions as their Wigner functions are again Gaussians. Due to our findings
for the Wigner transform of Hagedorn’s wave packets in Chapter [6, we are again able
to generalise these results to more excited states. The basic principle is to utilise that
Weyl-operators of any symmetric Wigner function form density operators.

Proposition 10.1 — Density operators. Let p be a density operator satisfying (10.I). Then,
there exists a function ¢ € L?(R") such that p can be written as

(P)(@) = wlp. ) = | (@) (y)e(y) dy.
The Weyl symbol of p and the Wigner transform V¢ (v) are related by

p = (2me)" W (1).

Proof. This result is a combination of [Gos10, Proposition 291] and [[Gos10, Proposition
296]. The integral formula is obtained if one notices that /) must be a projection on a

one-dimensional subspace of L?(R"), i.e.
p: L*(R") — span{y}

for some 1 € L?(R"). For the Weyl symbol we first state that similar to Lemma one
can show that the kernel of a Weyl-operator a is given by

Ka(a,y) = (2n) ™ [ M7 Da(e, S 4y) de

n

A detailed proof for this equality can be found in [Gos10, Proposition 205] or Proposition
The integral formula on the other hand directly implies K,(z,y) = ¥ (z)1(y) and
thus,

o — )+ 5) = (2me) " / (e, @) dE = (2me) A FEp) (0, )

where F¢ denotes the Fourier transform in the first component. Applying the inverse
Fourier transform then yields the result,

p& )= | e = Dbla+ 5)est"V dy = (2me) W (W) (€, ).
-
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Mixed Wigner functions W*(p, 1) then emerge as the deviation between symmetric
Wigner functions

W (9, ¢0) + W2 (1, ) = Wi +9) = W2(0) = W ().

Our aim now is to deduce an equivalent formalism of the Lindblad equation for the
symbol p and then insert the Wigner transform of Hagedorn’s wave packets, that are
wave packets on phase space, as ansatz functions. An easy approach is to first write
(10.2) in commutator form,

N m
ie0,p = [H, ,5} +iy ([cjﬁ, /:;f] + [zj, ﬁc;]) (10.4)
j=1
and then use the Weyl calculus from Appendix [A] to proceed a semiclassical expansion
up to second order.

Lemma 10.1 — Dynamics of the symbol. We denote by H and ﬁj the Weyl-operators of H
and £;, j = 1,...,m, as defined in (10.3). Then, a density operator p is a solution of
the Lindblad-equation (10.2) if its symbol p satisfies

Op = {H,p} + 5> {Lip, L5} +{Lj, L5} — § Z{{ﬁj, P} L5+ L5, L5}

j=1 7=1

Proof. Since H and L; are for all j = 1,...,m at most quadratic operators, we can
invoke (A.2) and find [’}:[,ﬁ} =ie{H, p} and

(L3, £5] =iz op.[{,80, £5}] = ie op.[{ L0, £} + 5L, p}. £}

(L5, pL3] = ieop. (1L, p#L}] = e op.[{L5, pL5} + ${L5, {p, £}
forallj=1,...,m. |

Since the Poisson bracket involves only first derivatives of the symbols, we see that the
equation for the symbol contains at most second derivatives and we can thus rewrite it
as a complex Schrodinger equation of doubled dimension.

We moreover utilise Proposition [10.1| and identify the symbol p with a symmetric
Wigner function W¢(¢)). In Chapter [6] we introduced the Wigner transform only for
Schwartz functions since this was sufficing for our further proceeding. We also re-
strict ourselves to Schwartz functions ¢ in the next proposition, as we want to insert
Hagdorn’s wave packets anyway. However, we refer to [Gos10, Proposition 183] for an
extension of the Wigner transform to general L?-functions.

Proposition 10.2 — Schrédinger formalism. Let # and £;, 1 < j < m, be defined as
in (10.3) and W = W¢(¢)) denote the Wigner transform of an arbitrary Schwartz
function ¢ € S(R").
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The density matrix (2775)"17\/\15 a solution of the Lindblad equation (10.2) if W solves
ie W = (Hg +iey)W (10.5)

where #s is a quadratic function on C?" @ C?" with Hessian matrix

—HQ + QIm(L) 0 ~

andy=>", Re(¢;)TQIm(¢;) the dissipation coefficient.

Before we start with the proof let us briefly note that the Hamiltonian satisfies

Re(L) 0
Im(Hg) =
(Hs) ( 0 0)
and Re(L) is negative semidefinite, since z*Re(L)z = —% ZTZl ]f}szP + |EJTQZ|2 for all

z € R" & R"™. So, Proposition implies that our approach for the Lindblad equation is
well-defined for all times ¢ > 0.

Proof. The idea is to rewrite the Poisson brackets in Lemma in terms of the gra-
dient, {a,b} = Va? QVb, and compare our findings to the formula for general quadratic

Hamiltonians in Lemma [8.2] Since

= (=200 — 2400V, + 2T QY)W
= =2 (6 + 12" Im(4,;6)QV ) W,

and

{{L;, WY L3} = {L5. 0, L;}} = GADWQU;, - {L;, {p, L}} = £ QD*WAL;
forall j = 1,...,m, where D?)V denotes the Hessian matrix of W, the Wigner transform
W satisfies

oW = 2T(H + ) Im(GE))QV IV =1 LQUW(2) — § > GADWOL + (T QD*WOL;.
j=1 j=1 j=1

Introducing the notation

He = (Hn Hiz)  cansan
Hy  Ho

we can directly conclude that Hyy = 0 and Hoy = —(H + Z;-”zl Im(éjﬁ;))(l. For Hi; we
stress that

2n
CGODWQU; + (FODWQL; = — 7 ((90)5(245), + (47)5(;),) 82, 0., W(2)

s,r=1



10.1 Lindblad equation 159

So, (Hi1)s,r = _% Z;nzl (9225)5(265)r + (2)5(Q5), ie.
Hip= =31 () ()" + (94;)(94)" = 1ZQRe 600
7=1

J=1

By denoting L := Z;n=1 QU039 we find that H;; = iRe(L) and Hyy = —HQ + QIm(L).

It remains to calculate tr(Hs;). Since H is symmetric,

—tr (Hy) = Etr Zlm G| =5 "Im (tr (£,5Q)) = £ "Im (£90) .

Furthermore,
QU =1 (Re(4;)"QIm(¢;) — Im(¢;)"QRe(¢;)) = 2iRe(¢;)" QIm(¢;)

and thus, —£tr(Hy) = ie > i1 Re(4 HTQIm(¢;). All in all, we find

ie W = H5W+152Re )T QIm(¢;)W
7j=1

what completes the proof. [ |

In the study of open quantum systems one is usually interested in three effects that
may occur: decoherence, i.e. vanishing off-diagonal terms in the density matrix, dissi-
pation, the loss or gain of energy in the system and diffusion that can be found in all
open system, see [AB11, §1].

The matrix L given in (10.6) comprises dissipation and diffusion of our open system.
If the Lindblad terms L; are Hermitian, i.e. Im(¢;) = 0 for j = 1,...,m, what corre-
sponds to a non-dissipative system, see for example [BAO4a, §3], then our constant part
vanishes, v = 0, and the Hamiltonian can be written as

o (iRe(L) QHY .
z z
—HQ 0

This means the remaining diffusion is described by the real part of L. Therefore, we

Hs =

D=

link the imaginary part of L to the dissipation and the real part of L to the diffusion of

the system. This interpretation can also be underpinned by the relation
tr (Im(L)Q2) = —2.

To sum up, we deduced a Schriodinger equation on phase space that is equivalent to
the Lindblad equation and since the Wigner transform of Hagedorn’s wave packets are
Hagedorn wave packets on phase space, we can directly transmit our results for non-
Hermitian Hamiltonians.
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10.2. Coherent state evolution

We start with two positive Lagrangian subspaces L; and L., and the corresponding
frames Z; € F,,(L1) resp. Z; € F,,(L2). We use the Wigner transform

Wo(Z; 2) := W= (0(21), p0(Z2))(2),

where Z denotes the phase space frame of Z; and Z, as ansatz function and insert
into Equation (10.5). Moreover, we denote by £ = range(Z) C C>" @ C?" the positive
Lagrangian subspace determined in Proposition |6.1

We note here that we can not consider an arbitrary positive Lagrangian subspace
L C C?" @ C?", because not all wave packets ®(Z) on phase space can be written as
Wigner functions.

The time evolution operator I/ (t) exists since Im(Hg) < 0 and solves the formal equa-
tion

ie 0(t) = (Hg +ie)U1), U(0) = Id.

For the propagation of the wave packets it again suffices to calculate the dynamics of
the centre z; and the linearisation S; € C?"*2" of the classical flow around it. Although,
we add a constant factor vs to the quadratic Hamiltonian Hg, we will see later that S;
still describes the exact propagation of our wave packets.

Lemma 10.2 — Linearised Flow. The solution S; of the system S, = Q9 HgS; and Sy = Idy,
with Hg as defined in (10.6) can be written as

o(HQ—QIm(L))t 0
= je(QH+IM(L)Q [ (QH+Im(L)Q)t (10.7)

with the symmetric matrix integral

t
I :/ e~ (QHAIMLI) TR (1) (HE-QImL)T 1 ¢ grxn.
0

Moreover, S; satisfies

—2il; —Id
S:Q8, = ( Icllt . > (10.8)

Proof. We can write S; as a block matrix containing four n x n-matrices and solve dif-
ferential equations for these four entries,

(Sn(t) S‘lz(t)> _ (HQ—QIm(L) 0 ) (sH@) smu))
So1(t)  Sao(t) iRe(L) QH +Im(L)Q ) \ Sor1(t) Saa(t)
with initial values S11(0) = S22(0) = Id and S12(0) = S21(0) = 0. We only present the

calculation of the third entry Ss; here, the remaining entries follow directly from the
properties of exponential matrices. We have

So1(t) = iRe(L)eHE= MmNt L (O + Tm(L)Q) Sy (1).
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The solution to the homogeneous problem reads S (t) = e Fm(L)2)te(1), Thus, with

variation of constants

&(t) = i~ (QHAIMDIVRe (1) (HO-QIm(L))t

and .
o(t) = i/ o~ (QHAIM(LI) TR [ ) (HO-QIm(L)r g
0

The formula for S;Q2S; follows by a direct computation. |

We stress here that for a Hermitian Hamiltonian we find S;QS; = Q. Thus, the integral
term I; can be nicely interpreted as the deviation from the unitary evolution.

Once more, we evolve the Lagrangian subspace £ along the flow and obtain a positive
Lagrangian subspace £; := S;L for all times ¢ such that the normalisation

1 —2iI, -1d\ (P
_ 1 gxgr — x O — — PP
N = 52'5;08.2 = (73 Q ) ( a0 ) <Q> Ida, — P* I,

is positive definite. The fact that Im(Hg) < 0 already predicts that V; is positive for
all ¢ > 0 and we summarise the evolution of the Lagrangian subspace in the following
proposition.

Proposition 10.3 — Evolved phase space frame. Let £ be a positive Lagrangian subspace
and Z € F,(£). Then, the evolved Lagrangian subspace £; = S;L is a positive for all
times ¢ > 0 and can be parametrised by the normalised Lagrangian frame

(HQ—QIm(L))t
2= SZN; = ( ‘ P ) 12
(&

Proof. Due to Lemma L; is positive if N, is a positive definite matrix. Let v € C??,
then

t
v*Nyw = v*(Idg, — P*I;P)v = |v]? — / wiRe(L)w; dr
0

for w, = HQ=QIML)TPy, Since eHL—Um(L)T gnd P are invertible for all 7 > 0, it
suffices to consider Re(L). We find

1 _ 1
w*Re(L)w, = iwiﬂ (0er + 20" Quy = -5 (16" Q. |? + |7 Quw,|*) < 0.

and hence N; > 0. A short calculation using (10.7) and PQ~! = 2iG further yields

(HQ-QIm(L)tp ) 1 ( p(HQ=QIm(L))tp > N2

Z, = =
t <e(QH+Im(L)Q)t(iItPQ_1 + IdQn) 0 t e(QH+Im(L)Q)t(Id2n B QItG) 0 t

As shown in Chapters [§ and [9| the evolved metric G; completely determines the gain or
loss in the open system. For the Lindblad equation we can replace the Riccati equation
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from Theorem [9.1]by an equivalent expression using the integral term I;.

Lemma 10.3 — Evolved metric. We consider positive Lagrangian subspaces L;, Ly C C?"
with Z; € F,,(L1) and Zy € F,(Ly). We denote by G the generalised metric of Z; and
Z> and define the propagation of Z; and Z, via their phase space frame

P _
Z, = (Qt> = S,ZN; V2,

t
Then, the propagated generalised metric G; = %Pt Q; ! satisfies

en= e(HQ—QIm(L))t(G—l _ 2It)—1e—(QH+Im(L)Q)t

and the deviation of G; and the time evolved symplectic metrics G, resp. Ga; is
singular for all times ¢ > 0.

Proof. The first statement follows directly from (10.9),

Gt — %6(HQ—QIm(L))t7) Q_l(IdZn _ 2ItG>—le—(QH+Im(L)Q)t

_ e(HQ—QIm(L))tG(Id2n o ZItG)_le_(QH+Im(L)Q)t.

For the singularity, we first note that the same result holds true for the propagation of
Gl, 1.e.
Gy = eHE MG (Idy, — 21,Gy) e (QHHIM(D)Q)

if both metrics are evolved along the same flow S;. Thus,

6_(HQ_QIm(L))t(Gt o GLt)e(QH-I—Im(L)Q)t _ (G—l _ QIt)—l _ (Gfl . 2It)—1
=Gt —2n) (G -GN (G —2n) T = (G - 2n) T (G - @) QG - 20)

and the singularity follows from the singularity of the G and G4, see Corollary[2.6, W

In particular, the above result emphasises that if we start with a real symplectic metric
G, what corresponds to a symmetric Wigner function, also the time evolved metric G;
will stay real-valued, i.e. the evolved wave packet can still be written as a symmetric
Wigner function.

The evolution of the ladder operators in Lemma[8.5|and Lemma [9.1] respectively, was
based on the relation

ie 9, A1) = [H, A(1)], leC'aC"

Since adding a constant does not change the commutator properties, we can directly
infer
UBAZ) U = A(S2) and UG)AT(Z)U®) " = Al(S,2)

where Z € C**?" is an isotropic matrix and S, the linearised flow defined in (10.7).
Thus, we can adopt the strategy for propagation of coherent states from the previous
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chapter. However, we have to be careful, the constant factor might not change the
evolution of the ladder operators, but it will affect the norm of the evolved coherent
state.

Proposition 10.4 — Coherent state evolution. Let Z;, Z, € C?**" denote two normalised

Lagrangian frames, Z € C4*?" their phase space frame and

Wo(Z) := W=(eo(Z1), po(22))

the Wigner transform of the corresponding coherent states. Then, the time evolution
of Wy(Z) is given by
UOWo(Z) = P71 Wiy (2y)

with Z; as defined in (10.9), v € R the dissipation coefficient from Proposition [10.2]
and

t
By = /0 tr(Re(L)(3P-Pr +ilm(G,)) dr.

If ZI'QZ5 = 0, this factor simplifies to 3; = fg tr(Re(L)G,) dr + ~t.

Proof. We start with the special case Z{ 27, = 0. In this setting the metric G; is real

and we choose as ansatz similar to Proposition (9.2
Wol(t) :=ci - Wo(2y) = (me) ey - e*ZTGtz/s‘

We insert into Equation (10.5) and use that tr(QIm(L)) = —2v. For the time derivative

we find )
IWo(t) = (Ct

Ct

- izTGtz) “Wo(t).

The formula for quadratic Hamiltonians from Lemma [8.2] and the form of Hg in (10.6)
moreover implies

(—1Hs + WWo(t) = (—5VIRe(L)V, + 2T (HQ — QIm(L)) V., + 27)Wo(t)
= (tr(Re(L)Gy) + 27 — 527 (GiRe(L)Gy + (HQ — QIm(L))Gy) 2) Wo(t)

Thus, Wy (t) is a solution of (10.5) if

% = tr(Re(L)Gy) + 2y
t
and
Gt = 2GRe(L)Gy + (HQ — QIm(L))Gy — G¢(QH + Im(L)Q).
The first equation yields the form of 3; if Zf Q75 = 0. It can easily be shown that the
second equation is equivalent to the previous lemma if one uses that

I, = e~ (QHAIm(L)Q)t Re(L) o (HQ—QIm (L))t
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In the general case, we also have to consider Re(G;), since
Wo(Z:) = (me) ™" det(Re(Gy)) /4= Grele,

Fortunately, this concerns only the time derivative. We denote again Wy (t) := ¢;-Wh(Z}).
Then,

é )
815W0(7f) = <Ci + %tr(@tRe(Gt)Re(Gt)_l) — ;ZTGtZ> 'Wo(t).
The evolution equation of G; furthermore implies

ORe(Gy) = 2 (Re(G)Re(L)Re(Gy) — Im(Gy)Re(L)Im(Gy)) 4+ (HQ — QIm(L))Re(Gy)
— Re(G)(QH + Im(L)Q)

and hence with tr(QH) = tr(HQ2) =0,
tr(9Re(Gy)Re(Gy)™!) = 2 tr (Re(Gy)Re(L) — Re(L)Im(Gy)Re(Gy) ' Im(Gy) — QIm(L)) .
If we regard G; = %Pt Q, Land Corollary we find
Im(G1)Re(Gy) ' Im(Gy) = 3P, Pf — Re(Gy).
Since Re(G}) and Re(L) are symmetric, we end up with
tr(9;Re(Gy)Re(Gy) ™) = 4 - tr(Re(Gy)Re(L)) — tr(P;Re(L)P;) — 2 - tr(QIm(L)).
Comparing again the constant terms shows,

tr(Re(L)Gy) + 2y = Z + tr(Re(L)Re(Gy)) — 3tr(P;Re(L)Py) + 7,

S _ i te(Re(L)Im(Gy)) + Lex(PrRe(L)Py) + 7.

Ct

In Proposition 9.2 we deduced for the damping or growth factor

t
g =4 [ (G () ar,

here we find for the phase space metric and the Hamiltonian Hg

i Ptp* PtQ* —ild Re(L)
tr(G; 'Im(Hg)) =t t t
r(G, Im(Hg)) = tr ((Qﬂ’f +iId Q:Qf ) ( 0

8)) = tr(P;Re(L)Py).

Hence, the additional terms induced by the dissipation are ¢’ and a phase factor

ol J§ tr(Re(L)Im(G7)) dr

Our approach for the evolution of the coherent state was adapted from our study of
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non-Hermitian Hamiltonians. However, in the context of the Lindblad equation we
could also use the trace preservation to determine the coefficient ¢; as we will present
in the following corollary.

Corollary 10.1 — Trace preservation. Let Wy(t, z) := %17 . Wy(Z;; 2) be defined as in the
previous Proposition 10.4) Then, we have for all ¢ > 0,

Wo(t,z)dz = 1.
R2n

Proof. Since G, is an invertible matrix with positive definite real part for all ¢ > 0, it
holds
(775)”/ e~ Grzle gy = det(Gt)*l/z.
R2n

Hence, Wy(t, z) := (me) ™" det(Gy)Y/2e==" ¢2/¢ is L'-normalised and it remains to deter-

mine the determinant. Again, with Jacobi’s determinant formula,
O (det(G1)'/?) = L det(Gy)"/*tr(G, G )
and with our findings from the previous proof for G,
tr(GyG; 1) = 2 - tr(GyRe(L) — QIm(L)) = 2 - tr(GRe(L)) + 4y
where we again used that tr(QH) = tr(H2) = 0. Thus, we find
Wolt,z) == (m)*"efot tr(GrRe(L)) dr+2yt ,—2" Grz/e

Taking into account our definition of Wy(Z;) in Proposition we need to extract
det(Re(G;))'/*. With a similar calculation

By (det(Re(Gy))/*) = L det(Re(Gy)) " *tr(Re(Gy)Re(Gy) ™)
what we already identified as
itr(Re(Gt)Re(Gt)*l) = tr(Re(L)Re(Gy)) — 3tr(PfRe(L)Py) + 7.

Hence Wy(t,z) can be written as Wy(t, z) = %7 . Wy(Z;; ) with j; as in Proposition

10.4l [ ]

The propagation of excited states now follows similarly as for the non-Hermitian Hamil-
tonians in Corollary However, we are able to give a simplified relation for the
appearing polynomials in the case of symmetric Wigner functions.

10.3. Excited state evolution

Let again Z;, Z, € C?"*" denote two positive Lagrangian frames and Z € C***?" their

corresponding phase space frame. We are now interested in the evolution of Wigner



166 Chapter 10. Lindblad dynamics

functions of the form
W) (25 2) := W (pr(Z1), pi1(Z2))(2),

for k,1 € N.

Theorem 10.1 — Excited state evolution. The propagated Wigner function is given by

- Bttt _ _
UMW) (Z:2) e (BN )W ( 245 2)

NCTEET AT G

where the polynomials p{‘,f;) are defined by the recursion (4.7) with
M, = Q71 (AQP*I,G + (1d2, — 21,G) "' (12, — 2I,G)) QN Y, (10.10)

the damping or growth factor ; as in Proposition [10.4|and the dissipation coefficient

~ as in Proposition [10.2

Proof. The proof follows directly from Corollary we only have to simplify the recur-

sion matrix

_ * 4 - -1, N, /2
M; = N7 (S2) 082 + N PQ N,

For the first term we find with the same approach as for the normalisation
ENTI 2SS Z = N7 (<2P P + QTP — PTQ) = —N PP
and since M; is symmetric, N, 'P*I,P = P*ItPT[l.
For the second term we can deduce from Equation that
N2 9N = 9 (1dyy, — 21,G) " (1dyy, — 21,G) QN
Summing up the two terms leads to

My = (=P*L,P + Q '(Idgy — 21,G) ' (I, — 2I,G) Q) N; !
=o' (—QP*ItPQ—l + (Idop, — 21,G) " (Iday, — 21@) oN; !

and the claim follows since PQ~1 = 2iG. [ |

If we consider Wigner functions of the form

W (er(2), e1(2)),

for k,1,N" i.e. of wave packets that are parametrised by the same Lagrangian subspace,
the phase space wave packet is not described by the generalised metric, but by the real
symplectic metric introduced in Section Since we have more information in this
case about the symplectic metric and the phase space frame Z, we can simplify our
findings further.
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Corollary 10.2 — Symmetric Wigner functions. If Z;, Z, € C?"*" are two normalised La-
grangian frames defining the same subspace, i.e. Z{ 27> = 0, the recursion matrix

in (10.10) simplifies to
M; = (2N, —1dy,) Q710

_ 0 Id
ith 010 = )
with @€ (Id 0)

Proof. If ZlT Q75 = 0, the matrix G is real and we have 9QP* = —ildsy,,, see Remark
and [2.2] This simplifies M, to

M; = Q71 (Idy, + 2I,G) ON; .

Moreover, we find in this case QN, Q! = Q(Ids, — P*;P)Q ! = Ida, — 2I;G. Replacing
2I,G = Idy, — QN; Q! leads to

M, = Q7" (2ldy, — QN Q1) QN; = (2Ida, — N;) Q7 TON,
It remains to show that Q~1QN;! = N;1Q~1Q, but this follows from

N:Q'Q - Q7 'ON; = 9 'oPT P - P*I,PQ 'O
-0 (QPF PO T - QP PO ) Q=0

since QP* and PQ~! are both purely imaginary in this case. |

10.4. Evolution of the Chord function

Before we discuss some examples, we want to present a small linkup to another ap-
proach that is often used for the study of Lindblad dynamics, the Chord functions.

The basic idea is to describe the evolution of a Wigner function by a pair of phase
space trajectories and combine them in double phase space, see [BAOG].

We start with recalling that the Heisenberg-Weyl translation operator can be written

as
T(z) = e 2 ¥

for any phase space point z € R" & R", see also Appendix [Al We then expand an arbi-
trary operator @ = op.[a] with an admissible symbol a as superposition of translation

operators
a= (271'5)_”/ T(z)xa(2) dz,
R2n

see [ABMRO09, §2]. The function y, is called the Chord symbol of a. One can further
show that the symbol a¢ and the Chord symbol y, are related via

Xa(z) = (2me)™ / a(C)e =" 4.

R2n

This transform can be generally defined as a Fourier transform on phase space.
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Definition 10.1 — Symplectic Fourier transform. Let ® € L?(R?"). We define the symplec-
tic Fourier transform of ® by

Fso(z) = o) [ @0 H 0 ac

for all ¢ € R?".

If moreover the operator p is a density operator, i.e. p(z) = (27e)"We(¢)) for some
Y € L*(R"), see Proposition we call the corresponding symbol x = x, a Chord
function. In quantum optics, the function x is also known as (quantum) characteristic
function. The Lindblad dynamics for the Chord function reduces to a Fokker-Planck
equation and is thus solvable. Furthermore, caustics that are induced by decoherence
can be projected either to the space of the Wigner functions or to the space of the Chord
function. Hence, this approach may help to avoid caustics, see [BAO4all.

As we use Hagedorn’s wave packets as ansatz functions, the next reasonable step is
to determine their symplectic Fourier transform.

Proposition 10.5 — Symplectic Fourier transform of Hagedorn’s wavepackets. Let x € N?",
Z = (P; Q) € C**?" be a normalised Lagrangian frame and ®,(Z) denote the x-th
Hagedorn wavepacket on phase space. Then,

- > . 5 QQ
Fs®.(2)=2.(2) with Z= (QTP) .

In particular, this implies for the coherent state

Fi®o(Z;2) = 27"®o(2;2/2), z€R™

Proof. We first note that for a general ® € L?(R?"),

F5(F5®)(2) = (2%5)2"/ / q)(z/)e—gz/TQC d= G,écTQZ i
R2n JR2n

= (2me)™ 2" /R‘ln @(z’)e_éCTQ(Z_Z,) dz'd¢ = o D)0, d2' = ®(2)

and thus (F5)~! = F5. We now apply the same strategy as for the standard Fourier
transform and utilise that

0= A(2)0(2) = F5A(2)(F5) ! F5Po(2).
For the position and momentum operator on phase space, it holds

FE2Fe®(z) = (2me) ™2 / D) e U2 g2 d¢
R4n

= (2me) ™" / B(2)(—ieQV e ¢ ) q/d¢
Réln

= (2%5)2"/ iaQVZ@(z’)e*égTQ(Z*ZI) dz'd¢ = —ieQT'V,®(2)
R4n
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and

F5(—ieV,)Fs®(z) = (27r5)_”/ _igvg}-@@(oe—gcmz dc
R2n

= (@2re) ™ [ FEO(O)(ieVee ¢ %) d¢
]RQn

= (2me) 2"z g Fid(O)e "% d¢ = Q20(2).

z

0 Q
FoFs = (QT 0)@

and thus F5A(2)Fg = A(Z) resp. F5A!(2)Fg = Al(2) with

(-5 9 2)

This proves the claim for the general wave packets. For the coherent state we moreover

Hence, we find for the phase space operator © = ( 15A Z) ,

note that since G := %PQ*1 is symplectic
PO '=Q0P !0 =-LG and det(Q) = det(P) = (2i)*" det(Q).

Besides that, the symplectic Fourier transform 7% is a unitary transform, see for exam-
ple [Fei+08, §61, and therefore || F5®o(Z)| = 1. Lemma [4.2| then implies

_ 1

Fedo(Z;2) = (me) 227" det(Q)V/2e 17 GF = 27®(Z; 2/2).
|

The previous proposition shows that the Chord function of a coherent state equals just
a rescaling of this state. Thus, if we restrict ourselves to coherent states as ansatz
functions, our evolution equation given in describes also the evolution of the
corresponding Chord function.

This setting, with a general Hamiltonian function, was already investigated in a se-
ries of publications by Ozorio de Almeida and Brodier, see [BA04all, [BAO4b], [BAOG]
and [BA10]. They deduced the propagation of the Chord function x(z,t¢) via a double
Hamiltonian given by

He(z,¢) = Hiz = 390) — H(z + 300) = 72" ¢ — 5 ((QRe(€)¢)* + (Qm(0)¢)?)

where ~ denotes the dissipation coefficent, 7 the internal Hamiltonian and £(z) = ¢T 2
the Lindblad term. For simplicity we consider only one Lindblad term here.
The Chord function is then the solution of the non-Hermitian Schrodinger equation

iedix(z,t) = Ho(z, —ieVy)x(z, t), (10.11)
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see [BA10, Eq. (13), (14)]. If we take H to be quadratic, then . is also a quadratic
Hamiltonian and we can show that this result is equivalent to our approach for coherent

states in one dimension.

Corollary 10.3 — Evolution equation in one dimension. For n = 1, we can write Equation
(10.5) as
W = (—%VZRe(L)vZ +ieaT(HQ + 7 - IdQ)vz) W

what matches exactly with the evolution equation for the Chord function (10.11).

¢ _
Proof. Let ( = (;) with /,, ¢, € C. Then, v = Re(£)T QIm(¢) = Im(¢,¢,) and
q

Im(£,¢ .
0 m(O” q>) Q =Im({,0,) - 1dy = 7 - Ids.

Im(L) = QIm(£6*)Q = Q (-m(zpfq)

Hence, we can rewrite (10.5) in the specified form. On the other hand we find for the
double Hamiltonian with H(z) = 127 Hz,

H(z—300) — H(z + 390) = § (=z"HQC + ("QHz) = —2"HQ(
and

(QRe(£)¢)? + (QIm(0)¢)? = ¢TQRe(0)Re(0) Q¢ 4 ¢TQIm(£)Im(0)T Q¢
= (TORe (10T = ¢TRe(L)C.

This yields a double Hamiltonian of the form
Ho(z,¢) = —2" (HQ + 7 - 1da)¢ — 5¢"Re(L)¢

what verifies our result. [ |

10.5. Example: Damped harmonic oscillator

For the examples we again only consider the one dimensional case such that we can vi-
sualise the time evolution of our Wigner transform. We start with the damped harmonic
oscillator as it appears in the context of electromagnetic fields, see [BH02, §2, §5]. This
model is a standard simple example in quantum dynamics to show decoherence effects.
We take the harmonic oscillator as Hamiltonian,

~

H==1p"+¢%), H=Id

and a single coupling to the environment that is proportional to Dirac’s ladder opera-

. i

tors,
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We stress that due to the form of the matrix L = Q377" | £;£5) it suffices for a mathe-

matical study to consider only one Lindblad term. We find

—1 —i
L=Q600 = ( . 1) = —Idy+iQ and v =Re()TQIm(¢) = 1.

1 -1

We will investigate two cases here, the dynamics of a symmetric Wigner transform
We(¢k(1), om (1)) and of a non-symmetric Wigner transform We (¢ (1), om(l2))-

For a start we again consider the standard coherent state,

1
Ly = span{lp}, lp = ( > e C?,

with the symplectic metric G = Id,;. The corresponding phase space frame Z is of the

- P B 1 1 1 1 1
Z_<Q>, where P-(_l 1>,Q—2<i —i)'

and we denote £ := span{Z}.

form

Linearised flow

For the linearised flow that is independent of our initial wave packets, and thus equal
for the symmetric and the non-symmetric Wigner function, we find Re(L) = —Ido,
Im(L) = Q and

t t
I = / ¢~ (QHAILINT R (L) ((HA- L))" g _/ o~ (Q-1do)7 (Q+1d2)r g
0 0
t
= _/ e’ dr - 1dy = 1(1 — *")Idy.
0

This implies

(Q+1do)t 0 —2il; —Id
B e . N o 114 2
St = <ie(Q—Id2)t[t e(Q—Idz)t> with - 57Q5 = ( Ids 0 '

and the integral term I; includes the deviation from the Hermitian case.

Normalisation

Since

we obtain for the normalisation
Ny =1dy — P*I;P = Idy — (1 — €*)Idy = e* Idy.

what displays that V; is positive for all times ¢ > 0 due to Proposition [10.3
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Evolved coherent state

Proposition [10.3|moreover implies that the time evolved phase space frame is given by

- e(Hﬁfﬂlm(L))txP N_1/2 efte(QJrIdz)t'P
t = 6<QH+Im(L)Q)t(Id2n _ QItG)Q t - 6te(Q—Idg)tQ ’

what is equivalent to a simple unitary rotation,

cos(t) —sin(t cos(t) —sin(t
p (s s, feos(t) —sin)
sin(t)  cos(t) sin(t)  cos(t)
In particular, the symplectic metric G; is constant over time, G; = Id,. The gain or loss
factor of the system is then easily computed as

t
By + 4t = / tr(Re(L)Gy) dr + 29t = —2t + 2t = 0,
0

Hence, the coherent state is time invariant, I/ (t)Wo(Z2) = Wo(Z), what matches with
the results in [BH02, §5.2.1]. This behaviour can also be explained since W, is an eigen-

state of Hg in this case.

Evolved excited states
As we are considering the case of a symmetric Wigner function, we can for the excited

states invoke the shortened formula for the recursion matrix M;,

My = (2N ' —1dp)Q7'Q = (2¢7* — 1) (? é)

and the circular structure of the excited states is preserved over time, see Section [5.3

In particular, we see

1 1
Mgy = (0 ) and M; — (0 ) ast — oo.
1 0 1 0

However, we evaluate the polynomial prefactor at %Nt_l/ 2 9, 12 and

~1/2 51 _ -t cos(t)  sin(t)
Nores = Q( — sin(¢) cos(t)) -0

for t — oco. This means, excited states with & = m, i.e. density operators, tend to the
coherent state Wy (Z), while excited states with k& # m, i.e. the differences between the
density operator, vanish, see Figures[17 and

For the non-symmetric Wigner transform W*(¢x(l1), ¢m(l2)) we choose L; = span{l;}

and Lo = span{ls} with
1 i
I = R A .
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03

Figure 17.: Contour plots of the absolute values of U(t)W;5)(Z) at time ¢ = 0 (upper
left), t = 0.5 (upper right), ¢ = 1 (lower left) and ¢t = 4 (lower right) fore = 1

The phase space frame Z of /; and 5 is then given by

L 149 1 .
Z = P , where P = ' a ,Q=% '
Q —1 1 1 1-—21
and the generalised metric G of [; and [, is complex-valued,
G- % 3 — 1 1+ 1 .
1+1 141

Normalisation

For the normalisation we obtain similar as in the first case

* 1 A et e —1
Nt:Idg—PItP:Id2—§(1—6 )PP: th—l 362t—2 .

Our calculations for coherent and excited states get more involved.

Evolved coherent state
For the propagation of the coherent state we omit P; and Q; and determine the evolved
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0.05

Figure 18.: Contour plots of the absolute values of I/ (t)Ws,3)(2) at time t = 0 (upper
left), t = 0.5 (upper right), ¢t = 1 (lower left) and ¢t = 4 (lower right) for ¢ = 1

metric by means of Lemma (10.3]

G = e(Q+Id2)tG(Id2 _ QItG)flef(QfIdg)t — Tdy + 567(2+21)t (1 ;1 11-:_1.)
1 — 1

what nicely addresses the second statement of Lemma [10.3] we recover the metric from
the symmetric case with an additional singular matrix. For the gain or loss in the

system we find

¢ ¢
B+t = / tr(Re(L) (3P, P} +ilm(G,)) dr +~t = —/ tr(;P-Pr +ilm(G,)) dr + ¢,
0 0

tr(Im(G;)) = 0 and

T P I cos(2t) —sin(2t)  cos(2t) + sin(2t)
2ett-1 cos(2t) + sin(2t) — cos(2t) + sin(2t)

So, B; emerges as

t
Bt = _/0 fi dr = —%ln(264t —1), et =

edm—1
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and the coherent state tend to constant multiple of the coherent state in the symmetric
case.

Evolved excited states
For the excited states we have to utilise formula (10.10) for the recursion matrix and

obtain
1—1i 2e 2t — 1 1
M;="—"(2e72 -1 .
=5 ) ( 1 (2672 — 1)—1)

1—-1i (1 1 1—1 1 -1
Mgy = d M;—

for t — oo. Due to the substitution \/%th/ 2 Q; 'z we find a similar picture for the

with

propagation as in the first example. Excited states with & = m approach the coherent
state, excited states with k¥ # m disappear, see Figure This behaviour is again
consistent with the one found in [BHO02, §5.2.1].

0.04

0.06

Figure 19.: Contour plots of the absolute values of I/ (t)W2,2)(Z) at time t = 0 (upper
left), t = 0.5 (upper right), ¢ = 1 (lower left) and ¢t = 4 (lower right) fore = 1
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10.6. Example Pure Lindblad dynamics

As second example we investigate the effect of the Lindblad operators by neglecting the
Hamiltonian, i.e. we take
H =0,

and choose the most general one-dimensional setting for the Lindblad operators,

Li=0T5 4= <g> e C2.

_ [ e Re(eB)) [ 0 —Im(aB) R
l”@w>wﬁ+@w>o ) 7= Imiof)

and we distinguish the two cases Im(a@f) = 0 and Im(a3) # 0. The first example de-

Then,

scribes the evolution in a non-dissipative system, the second includes dissipation.

In both examples we start from the standard coherent state,

1
Ly = span{ly}, lp = < ) e C?, G =1ds

—1

with symmetric Wigner functions of the form Wj, ,,, = W(¢r(lo), ¢m (o))

Linearised flow

If Im(@p) = 0, we find Im(L) = 0 and an easy calculation yields

It—/o Re(L)dr = tRe(L).

I
and S; = d 0 .
itRe(L) Id

Normalisation

The normalisation is then given by

2 2 . — .7
Mzhh—VLP:myH< af? + 8 4a—wmxlm)

—(a+iB)(a +ip) al? + |8]?

and we denote again the determinant of N; as d; = 1 + 2(|a|? + |3]?)t.

Evolved coherent state

For the evolved symplectic metric we once more refer to Lemma [10.3],

1 (1+2|8%  2a8t
206t 1+2)a’t]’

dy
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Thus, we find a notably nice long term behaviour: for ¢ — co it holds

1 B> @p
“ 2 apriap <a6 \042)’

For the deduction of 8;, we kept things simple, since we are investigating symmetric

Wigner functions and in this case v = 0. Thus

_ ' _ =l + 1817 _ 1 g /1
615_/0 tr(Re(L)GT)dT_/O 1+2(jaf? + |82t dT__iln(dt)y et = \/;

Hence, we find a loss factor and the pure coherent state W, is slowly damped.

Evolved excited states
For excited states W, ,,, k,m € N, we note that

v L (2(a—15)(a—15)t I )
dy 1 2(a +iB) (@ + iB)t

i or « = —iB. However,

and the circular structure is preserved if and only if «
since we assume Im(@f) = 0 this implies « = 5 = 0. For the polynomial prefactor we

furthermore find
1 (1—1—2\,8!215 205t >

Ny PQrte = @7 1dy —20G) s with (14— 24G) 7 = 208t 142l

the damping of the excited states is only caused by 5;, see Figure Since we investi-
gate a non-dissipative system, we will not converge to a steady-state what is confirmed
by the illustrations.
If we consider the case v = Im(a3) # 0 the calculations get more extensive.
Linearised flow
We have ¢~ m(L)t — cIm(@f)t . 14, = ¢t . [dy and thus

Iy = 95 (e¥" = 1)Re(L)

7 1d 0
and S; = © 2 .
ie I, e 1dy

Normalisation
The normalisation in this case reads
et — 1 al? + |B)? —la|® + |B)? + 2iRe(a
N1yt PSR el |3 + 2iRe(a)
2y —|al® + [B]* — 2iRe(ap) |l + |8

with determinant d; = 1 + M(eht —1) + (2 —1)2
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03

Figure 20.: Contour plots of the absolute values of I/ (t)W3,2)(Z) at time t = 0 (upper
left), ¢ = 0.01 (upper right), ¢ = 0.03 (lower left) and ¢ = 0.06 (lower right) for
a=1,=2ande =1

Evolved coherent state
The propagation of the symplectic metric is then described by

B ﬁ et —1 la|?  Re(@B)
“ = <Id2+ y (Re(&,@) 1812 ))

For the gain or loss factor j;, we first stress that

62'yt d
a4 (la)® + 187 + 29(e** — 1)) = — L.

tr(Re(L)Gy) = — 2d,

Therefore, 3; = —% In(d;) + vt and P+t = ij_:Tt'

t

Evolved excited states
Finally, the propagation of the excited states is determined by

|2 B2 —2iRe(@8) oIm(ap)t
0 1 _ - . .

== _ ¢~ 2m(ap)t Im(ap)
Mt - di ((1 O) + (1 e ) < e—2Im(aﬁ)t . 1 |a|2—|/3|2+21Re(a,8))>

Im(apB)
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what pleasantly illustrates the circular structure that is only preserved if
|a? = |8]? — 2iRe(@p) = 0.

This was for example satisfied for the damped harmonic oscillator, where we investi-
gated a =i, § = 1. Moreover, we see that the sign of v is characteristic for the dynamics,
for v > 0 we expect a contraction of the wavepacket, see [BA04b, §2] and for v < 0 an
expansion. We visualise the time evolution for « = 1, 5 = i in Figure and o = 1,
B = —iin Figure[22]

In both settings we have |a|? — |3|?> = 0 and the circular structure is preserved. For
our first choice with v < 0 our wave packet spreads, while in the second case with v > 0,
the wave packet is concentrated and tends to the coherent state what matches with the
findings in [BAO4b|l. For the substitution

N, V20t = 07N (1dy — 21,G) e D,

we moreover note

1 t 1 la|>  Re(ap)
1d — 21,G)~te-tmmae — < (1q 4 € .
( 2,G) e 4 < + 5 Re(a@f) |42
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0.04

0.015

0.005

Figure 21.: Contour plots of the absolute values of I/ (t)W(3,2)(Z) at time t = 0 (upper
left), t = 0.2 (upper right), t = 0.4 (lower left) and ¢t = 0.08 (lower right) for
a=1,f=iande =1
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Figure 22.: Contour plots of the absolute values of I/ (t)W3,2)(Z2) at time t = 0 (upper
left), ¢ = 0.5 (upper right), ¢ = 1 (lower left) and ¢ = 2 (lower right) for a = 1,
B=—-1ande=1






11. Further applications

In the last chapter of this thesis we want to present further areas of application for
non-Hermitian quadratic Hamiltonians. We will shortly introduce three different dif-
ferential equations that are closely connected to each other, namely the diffusion equa-
tion, the Langevin equation and the Fokker-Planck equation, and show that under cer-
tain assumptions they can be rewritten as Schrodinger equation with quadratic, non-
Hermitian Hamiltonian. Thus, we can apply our findings from the second part and

specify wave packets that are solutions to those equations.

The diffusion equation is probably the most natural extension of our findings. We will
give a brief recap of its deduction in the first section and show that the corresponding
Hamiltonian is of the form # = %QTH % with

. 10
Hpify = —2i - (O 0>

where ¢ denotes the diffusion coefficient. We will investigate all examples in the uni-
variate case here. By also allowing for complex values of d we can nicely compare the
dynamics of the diffusion equation to the free Schrodinger equation.

The relation of Brownian motion to open quantum systems was already investigated
in several works, see for example [Szell]] or [BAO4a]. We will present the approach of
[Lin76a]] here, where the joined distribution of position and momentum of a Brownian
particle is described by a Lindblad equation with quadratic Hamiltonian and two linear
Lindblad terms determined by

H r = 2 ) =~ ) by = m )

where m denotes the mass of the particle, v the friction coefficient and w? an external

N2 3‘»—\

force or potential. As an explicit example we choose the simplified Brownian motion
from [BHO2, §5.3.3] assuming that there is no potential acting on the system.

Since it is known that the evolution of the distribution p(p, ¢) of a Brownian particle is
governed by a Fokker-Planck equation, this moreover shows the relation of the Fokker-
Planck and the Lindblad equation. In one dimension, i.e. if we consider the Fokker-
Planck equation for a distribution p(x), x € R, we can also write a general Fokker-

Planck equation with drift o and diffusion ¢ as Schridinger equation with

10 «
Hprp = .
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and a constant term %a. This ansatz can be seen as an alteration of [Ris84, p. 5.4],

where the Fokker-Planck equation is interpreted as an Schridinger equation with com-
plex time scale. Since Fokker-Planck equations do not only play a role in physics, but
also in statistics we present as example the Black and Scholes model, see [BS73]l. In our
calculations we explicitly highlight how the constant term effects the time evolution.

11.1. Diffusion equation

The diffusion equation describes the time evolution of a density p € L?(R") of some
quantity such as heat or a chemical concentration for example, see [Eva98, §2.3]. The
diffusion is thereby a result of random molecular motions. This matter was first picked
up by Fourier studying the distribution of heat in [Fou22] what lead to the well-known
heat equation. Some years later Fick recognised the analogy to general diffusion and
adopted Fourier’s mathematical description of the heat conduction in [[Fic55], see [Cra75,
§11.

The derivation of the diffusion equations is based on the hypothesis that the transfer
rate of the diffusing substance is proportional to the gradient of the concentration, i.e.

F = —0Vap, (11.1)

where ¢ > 0 is called diffusion coefficient. In our study we take ¢ to be a constant, what
is reasonable for dilute solutions, but we stress that in other examples the diffusion
coefficient markedly relies on the concentration, see [Cra75, §11].

If we then consider a smooth region VV C R", the rate of change of the total quantity
within V is given by transfer rate through the boundary oV,

8t/p(a:)dx:—/ F-vdS.
1% oV

Since V was arbitrary this yields 9,p = —div(F’) and with assumption (11.1) we find the
diffusion equation
Op = 0Ap, (11.2)

see [Eva98, §2.3]. Equation (11.1) is also called Fick’s first law of diffusion, while (11.2)
is known as Fick’s second law of diffusion. In particular, taking § = 1 yields the heat
equation.

11.2. Example: Diffusion equation

Accordingly to the previous deduction we will apply our results now to the differential
equation
i10rp = (16)02p.

For simplicity, we restrict ourselves to one dimension, however, the calculations can be
directly lifted to multi-dimensions.
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To be able to compare directly the dynamics of the diffusion equation with the free
Schrodinger equation, see [Lub08, §1.2], we allow for 6 € C. Then again, § = 1 cor-
responds to the heat equation, § > 0 to a standard diffusion equation and § = —i to

Schrodinger’s equation.

To start with our analysis, we consider a positive Lagrangian subspace Ly = range(l)

and its propagation L, = range(l;) defined via

={")ec? and &= (") =Sim * e
do qt

The dynamics in this case governed by the quadratic Hamiltonian #(z) = %ZTH z with

1
=25 ) e,
0 0

compare to Lemma|[8.2] We note that Im(H) < 0 if and only if Re(§) > 0 what is satisfied
in the practical situation mentioned before.

Linearised flow

Q

Taking into account that (QH)? = 0, we can easily deduce S; = !*/ as the sum

1
Sy =1dy +tQH = 0 .
—2idt 1

We directly augment the relation for S;QS; here, so we can draw back on it in the

following calculations,

1 2i6t\ [2i6t —1 4iRe(8)t —1
St*QSt:< 15)(1 >:<1Re() )
0 1 1 0 1 0

Besides that, this formula also gives a nice intuition for the "non-Hermiticity" of the
example. For a real Hamiltonian, S; satisfies S;QS; = Q. Hence, the first entry 4iRe(d)t
measures the deviation from unitary evolution. Here, this interpretation is particularly
pleasant: if § is purely imaginary we are in the setting of the free Schrodinger equa-
tion, the evolution is unitary. The larger the real part of §, the more we deviate from

the Hermitian evolution.

Normalisation

The normalisation of S;/j is then given by

£ Qk 4iRe(6)t —1\ (p
e = 5157 QSHo = 3 (pS qS) ( 1( ) 0 ) <q2> = 1+ 2Re(d)|po|*t.

We observe that the normalisation is only required if Re(d) # 0. Beyond that we dis-
tinguish the cases Re(d) > 0, what corresponds to the diffusion equation and Re(¢) < 0,

what describes only a theoretical example. In the first case our propagation is well-
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defined for all times ¢ > 0, while in the second case can only consider times ¢ € [0; 7]
with T' = (—2Re(d)|po|?) 1.

Evolved coherent state
We restrict ourselves to times ¢ such that n; is positive. Then, the Lagrangian subspace
L; can be parametrised by

I, = S,1 n—1/2 _ n—1/2 Po '
! T t qo — 2idpot

For the gain or loss factor 3;, we know that in the univariate setting, it holds e = n, /4

Evolved excited states
For the evolution of excited state, it only remains to compute the recursion matrices M,
and ]\Z, respectively. We have

_ rOq _ 4iRe(d)t —1\ (P
My = giny H(Silo)*QSilo = gyt (pzs qg) < 1( : 0) (Z °>
0

-1 )
= 2n; Re(d)pyt.
Moreover, since n; is a real number in one dimension,

—1/2 1 _—1/2 _1 Qo + 2idppt
n n =n, ——
t 4 4ty L g0 — 2idpot

and

—~ 12 - _ Go + 2idpot
My = M +n, 1/2% 1@@ V2 = ny ! (Re(é)pgt + qopo>

qo — 2idpot

We illustrate the dynamics of the heat equation, i.e. § = 1, in one dimension. The
fundamental solution of the heat equation is known to be a normalised Gaussian given
by

ola,t) = (drt) "/ 2 loP/(40)

for ¢t > 0 and ¢(x,t) = 0 otherwise.

Hence, we take the standard Gaussian, i.e. Iy = (i,1)7 as initial value and compare
the dynamics of the coherent state I/ (t)¢o(lo) and the excited state u (t)p2(lp) in Figure
We find that the coherent state ¢ is slowly spreading over time, while the excited
state tends to the coherent state.

11.3. Brownian motion

In this section we will have a closer look at the random motion of particles that causes
diffusion. We concern a large particle, the Brownian particle, that is surrounded by a
medium containing smaller particles, the classical example R. Brown studied in 1827
are pollen in a liquid. Due to collisions with small particles the Brownian particle
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Figure 23.: Absolute values of the wave packets I/ (t)o(lo) and u (t)p2(lo) starting from
lo = (i,1)7 at time ¢t = 0 (upper left), ¢ = 0.5 (upper right), t = 1 (lower left)
and ¢t = 3 (lower right) for § = 1.

moves, however, one cannot predict the exact trajectory of the particle since the inter-
action is random, we obtain a stochastic process, see [Hid80, §2].

The first to describe this phenomena mathematically was Einstein in 1905, see [Ein05].
Let ¢ € R™ denote the position of the particle and m € R its mass, then the motion of
the particle is described by

mi +myq+V'(q) = *W(t),

see [BHO2, p. 5.2.1]. This equation is obtained if we assume that the force acting on the
particle is on one hand given by an external potential IV and on the other hand caused by
the friction with the environment that is proportional to the momentum p = mqg € R”.
A particle that is for example moving to the right will be hit by more particles from the
right than from the left, see [UO30, §1].

The uncertainty is modelled by a Wiener process W (t) and the diffusion coefficient,
o = 2m~ykpT,

where kp denotes the Boltzmann constant and T the temperature in the system, see
[Lin764, §].
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Definition 11.1 — Wiener process. Let ({2, 7, P) be a probability space. A map
W RS — [0;1]
is called a Wiener process if
1. W(0) =0,
2. t — W (t) is continuous,

3. forall0 <ty < t; <...<t thedifferences W(t;)—W (t;—1), W(t;—1)—W(t;_2), ...
are independent and normally distributed with

E(W(t;) = W(tj-1)) =0 and E(W(t;) — W(t;1))> = t; —tj 1,

see [BS96, §4.1].

Using Newton’s second law of motion p = m¢q, we can split the second-order differential
equation into two first order equations. The motion of the particle is governed by the
Langevin equations, see also [BH02, §5.2.1],

op = —yp —V'(q) + a*W (1),
D l’yp (q) (t) (11.3)
Oiq = mP-

The density of a Brownian particle then satisfies the diffusion equation discussed in the
previous sections parametrised by the friction coefficient . Denoting a Hamiltonian

H(p,q) = 5,0° + V(a), (11.4)
we can rewrite the Langevin equations as

Op = —0,H(p,q) — vp + W (t),
g = OpH(p, q).

We will reproduce the idea of Lindblad in [Lin76all here who used that the phase space
volume is due to the friction not preserved and thus modelled a quantum Brownian par-
ticle with an open system and obtained a type of Lindblad master equation we discussed

in Chapter

Analogously to [UO30] Lindblad takes expectation values of (11.3) and therefore de-
duced for the average position and momentum

op=—yw—V'(q),
g = Lp,

where he formally replaced p by E(p) and ¢ by E(q). If the potential V is at most linear in

g, these equations can be rewritten as a first order differential equation and associated
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with a Lindblad equation. Analogously to [Lin76all we assume that

for some w € R. By invoking his previous findings for the generators of quantum dy-
namical semigroups in [Lin76b], Lindblad was able to show that the propagation of the
probability density p = p(p, ¢,t) of p and ¢ can be described by an Lindblad equation,

J=1

with quadratic, internal Hamiltonian

H(p,q) = 5 (E[pP° + 20" g+ ¢"p) + mw?|q|?),

and two linear Lindblad terms,

Li(p.q) = —ywp —mw’q,  La(p,q) = Lp,

see [Lin76a, §3]. It is a well-known result that considering the density phase space
probability distribution p(p, ¢,t) of a Brownian particle leads to a Fokker-Planck equa-
tion. After examining the dynamics of a Brownian particle in a simple system in the
next chapter, we will study the relation between the Lindblad equation and the Fokker-
Planck equation in more detail.

11.4. Example: Simplified Brownian motion

Since an explicit computation of the Brownian motion gets very extensive due to the
exponential matrices, we only examine a special case stated also in [BHO02| §5.3.3]. We
stress that although the explicit calculations are involving, one can easily solve the
general case numerically with the formulas introduced in Chapter

We assume that the Brownian particle has mass m = 1 and is free, i.e. there is no
potential V. Moreover, we neglect the friction, i.e. v = w = 0. Even though this model
seems very simple, the calculations are still illustrative. Due to Lindblad’s findings we
consider in the univariate case the Hamiltonian

~ 1 0
H=g5p", H= ,
and the Lindblad coupling

. 1 0 0
Li=p, {1 = and L= .

Since the Lindblad terms are real, we will find a non-dissipative system and thus the
wavepackets will not tend to steady state.
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As initial state we choose the standard coherent state,
Ly = span{lo}, lp = (i) € (C2,
with symplectic metric G = Ids.

Linearised flow

The integral term here contains polynomials. We have

1
—ﬂH:(O % and em%JQ—mﬁ:< 0)
-1 0 —t 1

and e = (e~ R Since Im(L) = 0,

t tfo o 0 0
I, = / e ST Re(L) Y7 dr = / dr =
0 o \0O -1 0 —t

and the linearised flow is given by
5 6HQt 0
t= jeQHLL QHE |

Moreover, a direct computation yields for phase space frame

PZGWOWQ:(?Z?

and accordingly for the normalisation

1+¢ t
Nt:Idg—P*Iﬂ?:< * )

Normalisation

t 1+1¢

The eigenvalues of N; are 1 and 1+ 2¢, what displays that V; is positive for all ¢ > 0. We
denote the determinant of NV; with d; = 1 + 2¢.

Evolved coherent state
For the evolved metric we revert to Lemma [10.3] and find

1 ((1+t)?* —t
Gy = eHQt(Idz - QIt)_le_QHt = <( +t) ) > .
| _

As we are considering a symmetric Wigner function, we can furthermore utilise for the
gain or loss factor 3,

t
B = /0 tr(Re(L)G;) dr +~t = / — dr = —5In(1+2t),
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1

1 1 Be+t —
and we receive a damping, e =1\ 52

Hence, our coherent state is slowly absorbed.

Evolved excited states
For the recursion matrix we can also draw back on the simpler formula and find that it
can similarly as the metric be expressed in terms of d;,

0 1 1 (-2t 1
M= (2Nt -1d = ,
0= (2N, 2)<1 0) dt(l —2t>

So, we can state for the behaviour of the recursion matrix,

Mo:<0 1) and Mt—><_1 O)
1 0 0 -1

as t — oo. Comparing these findings to the results in Chapter [5| shows that we move
from a factorisation in Laguerre polynomials to a complex-scaled factorisation into Her-
mite polynomials. Additionally, we also have keep track of the rotation. We evaluate
the polynomials at the grid N, /20, 'z = Q~1(Id, — 21,G)~ et where

1 {142t 0
Idy — 21,G) L 2HE — — )
( 2 ¢ ) dy —t 1

Figure 24| displays the evolution of W3 5)(Z). One can nicely see that the circular struc-
ture that comes from the Laguerre polynomials vanishes and develops more to a grid.
Along that way, the wave packet is damped and due to the rotation the portion in p-

direction decreases, the wave packet is stretch in the direction of g.

11.5. Fokker-Planck equation

Let us again regard a Brownian particle whose motions is determined by the Langevin
equations (11.3) and the Hamiltonian H defined in (11.4). Then, the probability density
p = p(p,q,t) satisfies

Bup = {H, p} + 9y (pp) + 52,

see [BHO2, Eq. (5.41)]. If we once more take V(q) = mT‘”QqQ and replace the Poisson
bracket by derivatives, we find that

1
o Yo o—m ) [Oep
o =500+ (v ) (mw2 0 ) <3pp> s
q

Comparing these equations with the general quadratic Weyl-operator given in Lemma
and the Hamiltonian that defines Lindblad equation in Proposition[10.2|emphasises
Lindblad’s choice

H(p.q) =2 (Ep* + 2" ¢+ ¢"p) + mw?|q?)

however, as he takes averages the coefficient o2 does not appear in his calculations.



192 Chapter 11. Further applications
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Figure 24.: Contour plots of the absolute values of I/ (t)W3,2)(Z) at time t = 0 (upper
left), t = 0.5 (upper right), ¢ = 1 (lower left) and ¢ = 4 (lower right)

In this section we want to take a more general point of view and consider a one-

dimensional Fokker-Planck equation for a distribution function p = p(z,t) of the form
dip(x,t) = =0, (a(x, t)p(x, ) + 02 (d(z, t)p(x, 1)), (11.5)

where z € R and a,d : R x R — R are two twice differentiable functions , see
§1.2.2]. The function a thereby models the drift, d the diffusion. This abstract equation
was introduced by Fokker in and proven by Planck in [Plal7]. For a historical
overview see also [Kam97].

It is known that in one dimension, the Fokker-Planck equation can be written as
a Schrodinger equation with complex time-scaling resp. complex Hamiltonian if the
diffusion is constant, see §5.4]. To obtain moreover a quadratic operator, we
need in addition a linear drift q, i.e.

a(z,t) = ax, d(z,t)=9 a,0 € R.
Then, we can rewrite the Fokker-Planck equation (I1.5) as

dip(x,t) = —ap(x,t) — axdep(z,t) + 602p(x,t)
= _5ﬁ2p($7t) + %a(ﬁq + qAﬁ)p(l',t) - %Oép([l:,t).
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Hence, we found a Schrodinger equation with a complex, quadratic Hamiltonian and a

_9i
ST 10 « 5
o 0

and vy = —%a. This approach can be easily generalised to multi-dimensions, again if we

constant term,

~

i0p(a,t) = (H+4) pla,),  H=

DO

consider a constant diffusion and a linear drift.

11.6. Example: Black & Scholes model

To finish our chapter about further applications we choose an example from a com-
pletely different area and investigate the Black and Scholes model from financial math-
ematics, see [Pas05, §1] or [BS73|.

The price of an option p = p(z,t) depending on the stock price x € R and the time
t € R can, in a given area, be derived as the solution to

Op = —50282p—ra:8xp+rp (11.6)

where r € R denotes the interest rate and o the standard deviation of the stock. We
stress here that this equation can not exactly be written in the form (11.5), since it
requires an additional constant term, but can be solved with equivalent methods.

We first bring in the form of a Schrodinger equation with quadratic Hamilto-
nian,

i0ip = — 4 (0202 4+ 1wy + 10,7 — 3r) p = % (10*p* + rdp + rpg — 3ir) p
= (32" Hz+4) p

with the constant term vy = r and the complex, symmetric matrix

The above matrix obviously has a positive semi-definite imaginary part, however, we
assume that the time evolution operator exists for times 0 < ¢ < T, due to its close con-
nection to the Fokker-Planck equation. We use again the standard Hermite functions
parametrised by

Ly = span{ly}, lo= (i) € C?

as ansatz functions. The corresponding symplectic metric is G = Ids.

Linearised flow

For S; = 2t we use that
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satisfies (QH)?* = r?k1dy and (QH)?*+! = r2kQH for all k > 0. Hence, if r # 0,

= Lh

(rt)%* - 1dy + %Z 2k+1)' (rt)***1 . QH = cosh(rt) - Idy + L sinh(rt) - QH.
k=0

and
S;QSy = (cosh(rt) - Idy + Lsinh(rt) - HQT) Q (cosh(rt) - Ids + L sinh(rt) - QH)
= cosh?(rt) - Q — Z cosh(rt) sinh(rt) - Im(H) + L sinh?(rt) - HQH.
Normalisation

Calculating [{Im(H)ly = 02 and

jp— _ 2ire? r? i )
HOHL = (i 1) (ﬂ 0) <1> — 2ir(0? — )

we find for the normalisation

2165781y = coshQ(rt) -z smh(rt) cosh(rt) + (02 — ) sinh?(rt)
=1+ smh(rt) (sinh(rt) — cosh(rt))
=1+ 2 (et —1).

In particular, the normalisation is positive for all times ¢ > 0 if 2r > 02 and otherwise
for all times ¢ € [0; T[ with T'= —5- In(1 — 2;).

Evolved coherent state
So far, we didn’t need to take the constant v into account, this changes if we determine
the damping factor 3;. For the evolved Lagrangian frame we first note that

_ _ i(cosh(rt) — sinh(rt
I, = <pt> _ Stlont 12 _ n 1/2 ( ( ( ) : (. )) ) '

q cosh(rt) + (1 — 2-) sinh(rt)

Inserting the ansatz
pola,t) = ie - g Petis®

with b; = p;q; ! into (11.6) yields

Ct L1

— = %(qtqt L 102bt) +r
Ct

i)t = *10'2b§ — 2Tbt.

One can directly show that the second equation holds true for

cosh(rt) — sinh(rt)
cosh(rt) + (1 — "72) sinh(rt)

For the first equation we first look at the evolution of the Lagrangian frame Z; =
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S, ZoN; 2,
. 1 —-1/2 5 —-1/2 1 *
7 =QHZ, - YZ,NTP NNV = QHZ, + L 7,25 1m(H) 2,

where we used that N, = — 73Sy Im(H ) S Zy, see Proposition Hence, for our Hamil-
tonian we find
Gtq; ' = (i0%p + rae + S02qpipe) ¢ 1 = i0%by + 1 + $0%|pe|?

since we consider the one-dimensional setting. This implies

) 1 17
% =3r+ ZUQ??,;I(COSh(?”t) — sinh(rt))? = 3r — Z%
3
and thus ¢; = n, /4. e2™ what displays again the splitting into the dissipation factor

3
3 . —1/4
¢’ = e2" and our usual damping factor ¢’ = n, /4,

Evolved excited states
For the recursion matrix for the Black-Scholes-Model shows a particularly nice be-

haviour. Similarly to the normalisation we deduce
BIm(H)lg = —0o?,  IFHQHIy = —2irc”.
Using moreover that [;Ql, = 0, we find

216578y = U—znt_l sinh(rt) (cosh(rt) — sinh(rt)) = n; — 1

T

and M; = %nt IZSSQ‘QSJO =1-n; ! If we regard once again ¢; and n; we notice that
both are real for all times ¢ > 0. A real matrix ) always corresponds to a factorisation
in Hermite polynomials, see Theorem Here, this means that our polynomials stay

Hermite polynomials over time, what also follows from

My =My +n 2 gm =1 b = 1
Figure [25|illustrates the evolution of the coherent state ¢((ly) and the excited state
©2(lp) for a interest rate of » = 0.75 and a standard deviation o = 1. One can nicely see
that in contrast to the evolution for the Brownian motion in Figure |24 the excited state

preserves its form, both states are growing due to ¢;.
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Figure 25.: Contour plots of the absolute values of 14 (t)¢o(lo) and U (t)ps(lo) at time ¢ = 0
(upper left), t = 0.25 (upper right), ¢t = 0.75 (lower left) and ¢t = 1 (lower right)
forr =0.75and o = 1.



A. Weyl calculus

In this thesis several proofs are based on calculations with Weyl-quantised operators.
These steps are, however, more technical and already well summarised in the literature,
see for example [Zwoll, §4] or [Fol89, §2.1]. In order to avoid confusion caused by
different notations and to make this work self-contained, we restate the fundamentals
of Weyl calculus in this appendix.

We start with recalling the definition of a Weyl-quantised operator with semiclassical
scaling € > 0, see Equation (4.1).

Definition A.1 — Weyl operator. Let a € S(R*"). We define the operator G = op_[a] acting

on S(R™) via

(oplaly)(a) = me) ™ [ alé o+ et v dyd, Vo € SERY)

and call a the symbol of a.

A formal approach to obtain this definition starts with the Fourier transform Fca of
a € S(R?M),

(Foa)(w) = (2me) ™" / a(z)e =% 7 dz, weR™M,
R2n

We consider the vector-valued operators ¢ and p with

(Gjp)(w) = xjp, and (Pjp)(z) = —ieds;p(x) for j=1,...,n

acting on distributions or functions, respectively. One then associates an operator a(p, §)
to a(p, ¢) such that the symbols §; and p; correspond to the coordinates of a, i.e. we
reverse the idea shortly described at the beginning of Section In Weyl’s original
work [Wey27|] he considered exponential functions and identified a(z) = einZ, w € R?",
with the operator

a=a(z) = es""? where %= <]f> ,
q

see also [Fol89, §2.1]. The action of this operator can be explicitly determined, see for
example [Zwo11, Theorem 4.7].

Lemma A.1 Let w = (p,q) € R” @ R"” and ¢ € S(R"™). Then,
1wT2 — ord"(z+p/2) n
ez *(x) = ez Y(z + p), z € R"™
Proof. We consider the partial differential equation

—ie Opp(w, ) = (W' 2)(x,t), (x,0) = to(x).
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On the one hand, the formal solution to this equation reads ¢ (z,t) = eéthél/}o(aI). On

the other hand, one can verify by a direct calculation that
W(x,t) = et e3P 00 (0 1 1)

is the unique solution of this PDE. Thus, evaluating at ¢ = 1 yields the result. |

The formula we deduced for ez * looks quite similar to the Heisenberg-Weyl operator
introduced in (4.10). Indeed, it holds

T(z) = g7

for z € R2.

Moreover, with the determination of the operator of an exponential function, we are

now able to associate an operator & with every Schwartz function a € S(R?") via
a= (27r£)_”/ (.Faa)(w)eéwTé dw. (A.1)
R2n

We will show in the following that this operator is equivalent to the Weyl-quantisation
we stated in the beginning. First of all, we note that operators of this type are known
to map Schwartz functions onto tempered distributions, i.e. a : S(R") — S * (R"), see
for example [Fol89, Theorem 1.30]. Then, we aim to write a as integral operator, i.e. in
the form

ap(z) = - Koz, y)p(y) dy

where K, € D'(R?") denotes the emphkernel of G. This representation, that is also more

convenient for applications, exists due to the Schwartz kernel theorem, see [Hor83,
Theorem 5.2.1].

Lemma A.2 Let f € S(R” © R") and define the operator f as Bochner integral

f= f(w)eéwT‘é dw.
R2n

Then, the kernel of f is given by

Kj(w,y) = (2me)"*((F5) 7 )y — 2, 5(y + )

for z,y € R” where F5 denotes the Fourier transform in the second component.

Proof. The same result can be found in [Fol89, Eq. (1.29)]. With the previous lemma
we find for all v € S(R")

(o)) = [ Fo@es D0 + p) dpdg = /R F(y = w.q)ez " Fy(y) dydg,
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where we substituted y = x + p. Thus, by definition

Ki(y) = [ fo=wq)ent 08 dg = 2me) 2(F5) )y = @ 3y + @)

Applying this result to our definition (A.1) we find for the kernel of a,

n

Ka(2,y) = (2m2)"*(Ffa)(y — 2, 3(y + v)) = (2me) ™" / o€, 5y +x))e = 07 de,

what is consistent with the Weyl-quantisation we stated in the beginning. Thus, the
Weyl-quantisation can be equivalently expressed in terms of the Fourier transform of a

and we will make use of this in the following computations.

We proceed with stating some important properties of the Weyl-quantisation we make
use of in this thesis. To start with we formalise our observation for the kernel of a, see
also [Gos10, Proposition 205].

Proposition A.1 — Kernel and symbol. Let a € S(R") and a = op.[a]. The kernel of ¢ and

the symbol a are related via

Ka(@,y) = (2ne)™ / a(€, §(@ +y))es =V de

n

and

o) =/ VK, (2 + 40— B dy.

So far, we focused on Weyl-operators associated with Schwartz-functions and inter-
preted @ as a map from S(R") to its dual space S*(R"™). However, for this symbol class,
we can study a in the more favourable function space L?(R") due to the next theorem,
see also [Zwol1, Theorem 4.21].

Theorem A.1 — L?-boundedness. If the symbol a belongs to S(R™ & R™), then
op.[a] : L*(R") — L*(R™)

is linear operator bounded independently of ¢.

Proof. The proof is basically a reformulation of Schur’s lemma, see [Shu87, Lemma
9.1]. Since a € S(R™ & R"), we can follow from the previous proposition that there exist

constants C; and Cs such that

C1 = sup / | Ko(z,y)| dy < oo, Cy = sup / |Kq(x,y)| de < co.
zeRn JRn yeRn JRrn
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Let ¢ € L?(R"). Then,

lae]® =/ Ka(z,y)Ka(z, ) (y)p(§) d(z,y,§)
R3n
S/ | Koz, )| Ka(z, )W)l (€)] d(z,y, €)
R3n

< ;/Rgn Koz, )| Koz, l(o(y)* + 0(€)1?) d(z,y. )

For the first integral, we estimate

/ | Koz, y)l[ Ka(z, )lle(y)* d(z, y, €) §C1/ Koz, y)lle(y) | d(z.y)
R37 R2n

<GiCs [ )P dy = CiGallel?
and with a similar computation for the second integral ||ap|> < C1Ca]|¢|. |

Nevertheless, in this thesis we in particular studied the quadratic operators, i.e. oper-
ators with a quadratic symbol a(z) = 32T Hz with H € C*"*?"_ Clearly, quadratic forms
are not Schwartz functions and we utilise the following definition from [Zwo11), §4.4] to
extend the class of admissible symbols.

Definition A.2 — Order function. Let (2) := (1 + |2|>)%/2 for = € R?". A measurable
function m : R?"  (0; c) is called an order function if there exist constants c and k
such that

k

m(w) < c{z — w)m(z)

for all w,z € R?". Given an order function m, we define the corresponding class of
symbols as

S(m) ={a e C®R"); Va € N*Jc, > 0:]07a| < com}
and for 0 <6 < %

Ss(m) = {a € C®°(R"); Va € N" 3¢y > 0: 0% < cac01%m}.

Common examples for order functions are m(z) = 1 or m(z) = (z)* for k € N. In
particular, we find that a € S((z)) if

10%(2)| < calz)F, Va € N,

and thus a polynomial of degree k in z is an element of S((z)¥). This inequality is
moreover equivalent to the assumption in [Fol89, Theorem 2.21].

Theorem A.2 — Quantisation of general symbols. Let m be an order function, § € [0; 3]

2
and a € Ss(m). Then,
op.[a] : S(R™) — S(R™)

is a continuous linear transform.

Proof. In the literature there can be several proofs found for this theorem, for example
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[Rob83, Theorem II-36] for a proof a based on a partition of unity or [Zwol1l, Theorem
4.16] for a proof using partial integration. We briefly sketch the outline in [Hor94,
Theorem 18.1.6] and first observe that for a € S(m), we restrict ourselves to the case
9 = 0 here, and ¢ € S(R") with z = (&, y)

oplalp(a)| = |2 [ | alé, gla+ e dg (o) o

< [ swlatclleldy < sup la:)1) 7" [ (2)letwldy

n fERn Z€R2"

is bounded. Moreover, for j =1,...,n

x;jop,[ale = gjop.[alp = op.[g;#ale = (op.[g;a(p, q)] + Lop.[0p,a(p, q)]) ¢,
dz,0p. ale = 1pjop.[ale = op.[ip;#ale = (Lop.[pjalp, q)] + Sop.[04,a(p, q)]) ¢

Since pja(p, q), qja(p, q), Op,a(p, q), 9y;a(p,q) € S(m) for a € S(m), the above estimate is
valid and z; - op.[a]eo(z) and 0,,0p.[a]p(z) are bounded for all j = 1,...,n. Thus, an
iterative application shows op_[a]¢(x) € S(R™). If one wants to evade the Moyal product
we formally only introduce in the following, one can obtain the above equations also
with Definition and partial integration. [ |

In the following we will refer to all admissible functions a € Ss(m) for some order
function m as symbols. Since we consider linear operator & defined on a dense subset of
the Hilbert space L%(R"), we may also investigate their Hermitian adjoints.

We define the formal adjoint of an operator a : S(R") — S(R"™) by the identity

(ap, ¢) = (p,a"y)

for all p,v € S(R™), see [Gos10, §10.2.1].

Proposition A.2 — Adjoint. The adjoint ¢* of a Weyl-operator a is the Weyl-operator with
symbol a* =@, i.e.

~

a* = op.[a]

for all symbols a. In particular, a is self-adjoint if and only if @ is a real function.

Proof. For this result we also refer to [[Gos10, Proposition 212]. Let a be a symbol and
a = op,[a]. With the Wigner relation (3.18) we find for all ¢, ¢ € S(R"),

.t = [ Wipw) (a2 dz
and

(ap, ¥) = (b, ap) = - We (9, p)(2)a(z) dz = - W= (g, ¢)(2)a(z) dz.
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The last aim of this chapter is to give precise formulas for linear and quadratic sym-
bols. To do so we first need to investigate the composition of two Weyl-operators op_[d]
and op,.[b]. We again use the Fourier form of the Weyl-transform and start with the
composition two exponential operators.

Lemma A.3 Let w,! € R?". Then,

Proof. We denote w = (p,q), | = (p/,¢') and choose an arbitrary ¢» € S(R™). Then, we
have by Lemma [A.1] e ()" 2y (z) = ez (at¢ T Jip(z + (p+p')) and

TSt 2y (a) = et @D (i 1) 4 p)
. 65 T(x_i_erP )_%q p/e; /T($+P+P )+;?q/Tp¢($ —|—p, —|—p)

— 2" ") ‘(w+l)TZ¢( ).
[ |

The above lemma can also be found as part of [Zwol1l, Theorem 4.7]. With the com-
position of the exponential operators we are now able to deduce the composition of
arbitrary Weyl-operators via the Fourier representation, see also [Zwoll, Theorem
4.11].

Theorem A.3 — Composition of Weyl-operators. Let a,b be two suitable symbols. Then,
OPe [a’]opa [b] = ODP¢ [a#b] where

(a#tb)(2) = eFVE W (a(2)b(2) |o=wr, 2 ERP™.

We call # the Moyal product of a and b.

Proof. We first note that

op.[a]op.[b] = (2me) 2" /Rzm (fga)(w)(}"sb)(l)eéwTﬁeélTi dwdl
— (2re)2 / (F=a) (w) (Fob) (1)~ 3w XU L@ H)T2 gy
R4n
= (2me) 2" /R (Fea)(w)(Fob)(u— w)e2eW Qe E quydy,
i.e. op. [alop. [b] = op.[c], where (F=c)(u) = (272) 2" [pa, (F=a) (w)(Fob) (u—w)e~2""  du

for v € R?" and it remains to show that this is equivalent to the Moyal product a#b.
With the inverse Fourier transform, we have

a(z) = (2me)™" /Rzn(]:sa)(w)e;w% dw and b(z') = (2775)_”/R (]—"Eb)(l)eélTZ’ dl

2n

and thus ’
a(2)b(2) = (2me) 2" / (F2a)(w)(Feb) (Ve @ =) quydl.
]R4n
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Moreover, for the action of the operator ez s VIOV we cite [Zwo11, Theorem 4.8],

e TVEOV () = (2me) | det(Q)| TP TENW / eV V(e +y) dy

0

for all ¢ € S®". Thus, by taking the dimensions times four and @ = 1 (Q

-Q
> we find
0

15 T i T _ i T T 1 2i T i T T
5 Vs szlee(w 212 (271'6) 2n€5(w z+1 z)/ ez QZQeE(’lU z1+Hl" 2z2) dz1dzs
R4n
T /
_ (27T6) n (wT 241 z1 (w+2922) dz esl 22 (2o
R2n ]RZn

— 1 T / iT
= (2me) ezttt / 5{2:52:9?1)}65[ P dz
2n

— eé(w 2Tz ’) ——wTQl

All in all,
VW (a(2)b(2)) |smar= (2me) /R N et DTz =0 U 2 ) () (Fo0) (1) dwdl

and the Fourier transform of this expression is given by

T

(Fea#b)(u) = (2me) 3" / et zez (W) Tz w72 4) () (Fb)(1) dwdld
R6n
= (2me) ™" / / e Wt g o= 2w (7 ) (1) (FEb) (1) dwdl
Réln RQn
_ —2n —LwTQl = £
= (2me) Ofu—wtiye 2 (Fea)(w)(Feb)(1) dwdl
R4n

what finishes the proof. |

Corollary A.1 — Semiclassical expansion. Let a,b be two suitable symbols. Then,

N
(a#0)(2) = 3 & ()" (VIV.)" (a(2)b()) Jomr +(NHY), 2z € R
k=0

In particular, we find that if a or b are at most quadratic in z, we find
a#th = ab + £VaTQOVb — Ztr(D?a2 D7)
where D? denotes the Hessian matrix of a resp. b.

We refer for the proof of the well-definedness of the semiclassical expansion to [Zwol1],
Theorem 4.12]. The formula for the quadratic symbols follows as direct application of
this expansion. We can furthermore introduce here as well the Poisson bracket

{a,b} = Val QVb
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and it follows that for quadratic symbols a or b it holds
[op. |a], op. [b] = ic op.[{a, b}]. (A.2)
The expansion furthermore yields a very short proof for the Weyl-operator of a quadratic

function.

Lemma A.4 — Linear and quadratic symbols. Let z = (p, q) € R*", a(z) = a’'z, a € C*" be
a linear function in z and b(z) = 127 H~ with

H = Hy Hi c C2nx2n
Hy1  Hoo

quadratic. The Weyl-quantisations of ¢ and b are then given by

T

op.fa] =a 2, and op.[b] = %QTH,% — %tr(Hyp — Hy). (A.3)

Proof. The equation for the linear function follows directly from the Definition of
the Weyl-operator. For the quadratic function, we first note that

2n 2n
op.[2T Hz] = op.[2]Top,[Hz] — ke (Vz)TQV(Hz); = 2TH2 — le e?QHj
j=1 j=1

where H; denotes the j-th column of H. For the sum we can also write

2n n 2n
Z E?QHJ‘ = Z Hj7n+j — Z HjJ'_n = tI‘(ng) — tI‘(Hgl).
) =1 j=n+1



B. Metaplectic group

Metaplectic operators play a fundamental role in the construction of generalised squeezed
states in Section and the time evolution under quadratic Hamiltonians. As a con-
sequence we insert here a summary of the definitions and main results for metaplectic
operators given in [Gos10]. We start with a more detailed study of symplectic matri-
ces. Recall that Sp(n,R) denotes the set of all real, symplectic 2n x 2n- matrices, i.e.

S € Sp(n, R) satisfies
-1
STQs = Q, (" 4}
Id 0

In this chapter we will always assume that a symplectic matrix S is given in the block

A B
S = (C D) € R, (B.1)

form

Lemma B.1 A matrix S € R?"*2" of form is symplectic if and only if
ATc=cT4, B'D=D"B, ATD-C"B=1d.
Proof. This result follows from a direct calculation, we have
o (AT CT> (—c —D) _ <CTA —ATC CTB- ATD> |
BT pr')J\ A B DT'A-BTC D'B-BTD
|

For the construction of the metaplectic group it suffices to observe free symplectic ma-
trices that generate Sp(n, R) as we will show later on.

Definition B.1 — Free symplectic matrix. We call a matrix S € R?>**?” in the form (B.1) a
free symplectic matrix, if det(C) # 0, see [Gos10, Definition 47].

The condition det(C') # 0 can be interpreted in terms of linear system

()-+(5)

If S is a free symplectic matrix, then we find for a given pair (¢,¢') € R"” & R™ a unique
solution (p,p’) € R” & R™.
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Lemma B.2 — Generating function. Let S as in be a free symplectic matrix. Then,
Equation holds true if and only if

p = 0q40(q, q/) and p = —0g0(q, q’) (B.3)
where o : R” & R" — R denotes the quadratic form
o(¢,q) = 34" ACTq —¢"C7q + 3¢7CT'Dq. (B.4)
We call o the generating function of S. Conversely, if
o(q,q) = 3¢"Kq—q"Lq+ 3¢ Md

with K, L, M € R"*" and det(L) # 0, the matrix

KL™'! KL MmM-ILT
So = -1 —1
L LM

is a free symplectic matrix generated by o.

Proof. This result can also be found as [Gos10, Proposition 50]. Equality (B.2) can be
rewritten as

p=Ap' + Bq,
q=Cp' + Dd,

and since C' is invertible,

p=—AC"'Dq¢ + AC™'q+ B¢,
p/ — _C—qu/ + C_lq.

It remains to show that AC™'D — B = C~7. From Lemma we know that if S is
symplectic, it holds CTA = ATC and AT D — C*TB = 1d. Thus,

ACT'D-B=CcTATD-B=CcTMd+Cc"B)-B=C"T

and (B.3) defines the unique solution of (B.2). For the conversion we compare the gen-
erating functions and observe

C=L"'" ¢'D=M, AC'=K and B=AC'D-C7T.
[

If we already anticipate the notion of metaplectic operators we used in Section for
example in Proposition and we can stress that a metaplectic operator S is often
accompanied by its inverse S~1. The existence and form of this inverse is based on
following conclusion, see [Gos10, Corollary 52].
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Corollary B.1 Let S € Sp(n,R) be a free symplectic matrix with generating function o.
Then, S~! is also a free symplectic matrix and generated by

0*(q,q") = —a(d', q). (B.5)

Proof. Since S is symplectic, S is invertible with

1 _qrerq_ (0 ) (cT —aT\ _ (D' -BT\
-I1d o) \DT -—-BT —-ct AT
Moreover, det(—C7) = (—1)" det(C) # 0 and with (B.4),
o*(q.q') = 5¢" DT (-CT) g — ¢T(-CT) g+ 3T (-CT) ATy
=—(3¢"C'Dg—q"C'¢ + 5T ACT YY) = —o(d, q).
m

We have to add here that our definition of a free symplectic matrix is a particular one.
In general one considers a Lagrangian subspace L C C?" and a symplectic matrix S €
Sp(n,R). Clearly,

SL:={St; e L}

is again a Lagrangian subspace since S is symplectic and we call S free w.r.t. L if
LNSL = {0},

see [Gos06, Definition 2.33]. Our definition is equivalent to general definition with
Lo = {(p,0) € R?"; p ¢ R"}. We can also describe the action of Sp(n, R) onto Lagrangian
subspaces in more detail.

Lemma B.3 Let L, L}, Lo, L, C R™ ® R" be Lagrangian subspaces satisfying
Ly N Ly = Lyn Ly = {0}.

Then, there exists a unique symplectic matrix S € Sp(n,R) such that Ly, = SL; and
L, =SLi.

Proof. This result can also be found as [[Gos06, Theorem 1.26]. Let

Ly =spanfey,... ey}, L) =span{fi,..., fn}
Ly =span{e),... e}, Lj=span{f],..., f}}.

Then, the sets span{ei,...,en, f1,... fn} and span{e],... e}, fi,... f,} form two symplec-
tic basis of R?", see Theorem and there exists a unique symplectic mapping

Pg: R —» R™, 2 — Sz

such that ®s(e;) = ¢}, ®s(f;) = f; forall j=1,...,n and S € Sp(n, R). [ |
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Next, our goal is to establish generators for Sp(n,R). The main observation for this is
the following factorisation result, see [Gos10, Theorem 60].

Theorem B.1 For every symplectic matrix S € Sp(n,R) there exist to free symplectic
matrices S, and S, with generating functions o resp. ¢’ such that

S =5,S,.

Proof. Let L, L' C R™ & R"™ be two arbitrary Lagrangian subspaces satisfying
LoN L'=Ln SLy= {0}

Then, due to the previous lemma there exists a symplectic matrix S; € Sp(n,R) such
that L' = S1Ly and SLy = S1L'. Moreover, we can construct a S} € Sp(n,R) such that
L' = S,L, and thus

SLo= S154Lo

and since the product of symplectic matrices is again symplectic, there exists a sym-
plectic matrix S” with Ly = S” L. All in all we set S, = S,5” and find S = 515, with

S1LoN Ly = L'n Lo = {0}, and S;LoNLg= SéL(] NLy= L'n Lo = {0}

and S; and S; are free symplectic matrices. |

Thus, we can write every symplectic matrix as product of two free symplectic matrices
and we will now consider three particular matrices that generate all free symplectic
matrices: Let P = PT € R"*" and L € R"*" be invertible and denote

Id P P —-1d LT 0
Vp = , Up= . W = )
P (0 Id) P (Id 0) L (0 L—1>

One can easily check that all three matrices are symplectic.

Proposition B.1 Every free symplectic matrix S of the form (B.I) can be factorised as

or, equivalently,

S = VAC—l QWCT VC'_lD

Proof. This statement is a reformulation of [[Gos10, Proposition 62]. Using that B =
AC™'D — C~T if S is symplectic, one can directly verify that

A B\ [(ACT' -Id\ (C 0 Id C7'D
c D/ \ 1d o o cT/\o 1d /°

Moreover it holds, Up = VpQ2 for all symmetric matrices P € R"*". The symmetry of
AC~! and C~'D was already discussed in the proof of Lemma and C is invertible
by definition, thus all requirements are fulfilled. |
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The previous proposition and Theorem imply the following result that can also be
found as [|Gos10, Corollary 63].

Corollary B.2 — Generators of the symplectic group. Each of the sets
{Vp,W,Q; P=PT det(L) #0} and {Up,Wr; P = PT det(L) # 0}

generates the set Sp(n,R).

This statement finishes the repetition of symplectic matrices and we proceed with as-
signing to any free symplectic matrix S an operator S determined by its generating
function, see [Gos10, Eq. (7.3)].
Definition B.2 — Quadratic Fourier transform. Let S € Sp(n, R) be a free symplectic matrix
of the form and o the corresponding generating function. We define

(S () = (2me) /2 det(C)) /2 / e o)y (o) da (B.6)

for all ¢y € S(R").
An illustrative example is the standard Fourier transform F¢ : We have

o(z,z') = —2Ta,
iie. K = M = 0and L = Id. Hence, the corresponding symplectic matrix is €2,
F¢ = Q. For general operators the following statement holds true, see [[Gos10, Proposi-
tion].

Proposition B.2 The operator S, given in is a unitary operator that maps L?(R")
onto itself and its inverse is given by

with o* as in (B.5)).

We call the subgroup of all unitary operators ¢/(L?(R")) generated by the quadratic
Fourier transforms the metaplectic group Mp(n,R). Elements of Mp(n,R) are denoted
as metaplectic operators, see [[Gos10, Definition 109]. Similarly to the symplectic ma-
trices we will now show that all metaplectic operators are generated by the Fourier
transforms

Vpo(z) = e2™ Pop(z) and  Wiah(z) = det(L)/2y(Lx)

for ¢y € L*(R") and Q). The next statement also provides an explanation for the previ-
ous proposition: Vp, Wy, and ) are unitary operators and hence also their consecutive
application is unitary.

Proposition B.3 Let 0(q,q') = %qTKq —qTLg+ %q’TMq’ where K and M are symmetric
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and L an invertible n x n-matrix. Then,

S, = VWiV

Proof. This result equals the first part of [Gos10, Proposition 108]. By definition,

n

Setp(x) = (2me)~"/2 det(L)'/* / ez (7" Ko—a'T Lo g/ Ma') yy (31) o'

— (2me) "2 det(L)1/4 / Vet LY, (') da

n

= VKWL(QTFE-Z)_R/Q/ e_éxlT“"VMw(:U') dx’

n

Analogously to the symplectic matrices we next show that every metaplectic operator
can be written as two quadratic Fourier transforms and thus the metaplectic group
Mp(n,R) is generated by the operators Vp, W, and Q.

Theorem B.2 Every S € Mp(n, R) can be written as

S’ = S’USU/7

where S, and S,/ are two quadratic Fourier transforms.

Proof. We overleap the proof of this result as it invokes the projection from Mp(n,R) to
Sp(n,R) we will establish in the following and refer to [[Gos97]. |

We stress here that both, the factorisation of the symplectic matrices and the metaplec-
tic operators are both not unique.

Corollary B.3 — Generators of the metaplectic group. The metaplectic group is generated
by the operators Vp, W, and €.

So far, we assigned an operator to every symplectic matrix S € Sp(n,R). The next
logical question is if we can reversely also find a corresponding symplectic matrix for
every metaplectic operator.

Theorem B.3 — The projection 7P, The mapping S, — S, which associates to the
quadratic Fourier transform (B.6) the free symplectic matrix generated by o extends
to a surjective group homomorphism

7P : Mp(n,R) — Sp(n, R)

with kern(7MP) = {—id,id}. Hence 7™P is a twofold covering of the symplectic group.

Proof. The proof of this result is very extensive and we therefor refer for a detailed
formulation to [[Gos10, §7.3]. The main idea of the proof is to explicitly construct the
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projection from the lowering operator

Ay = \/%lTQ,é,

where [ € C?". Since F* = Q, we can utilise Lemma |4.5/and directly obtain

QAN = A().
Analogously one can show that WLA(Z)WL_l = A(Wyl) and Vp/l(l)VEl —= A(Vpl). Since
V_p, W, and ) generate the metaplectic group it follows that for all S € Mp(n,R) there
exists a matrix S € R?"*?" such that

SA)S™! = A(Sl) = op.[A(¢) 0 S71].
We denote by ® S(fl(ﬂ)) the mapping A(¢) — op.[A(£) o S~']. The projection 7P can then

be written as

~

TP(S5) = A7H(O)Rg(A()A(0),

see also [[Gos10, Definition 121], and it remains to show that S is symplectic. With
Lemma 4.1 we find for all [,/ € C?",

LIT5TQS) = [A(Sz),fx(sz’)] - [S*A(Z)S*—l,éfi(z’)ﬁ—l} =3 [A(Z),A(z’)} S = LTy

and thus STQS = Q. [ ]

By the above proof quadratic Fourier transforms are indeed mapped to the correspond-
ing free symplectic matrices and since 7P is a homomorphism, we find

T™MP(S,8,/) = 7MP(S,)TMP(S,).

From these two observation we can deduce the next corollary, see also [Gos10, Proposi-
tion 122].

Corollary B.4 The projection 7P satisfies
™M) =0, MR =Vp, MWL) =W,

Proof. Since () is a free symplectic matrix, we directly conclude WMP(Q) = Q. We note
that for ¢ € S(R"),

Vofti(o) = (2me) ™2 [ et Pt ey @) ! = 8,(0)

n

where the free symplectic matrix S, is due to Lemma [B.2|given by

s = PId.
Id 0
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So, we find for the projection

A A~

™MP(Vp) = aMP(VpQ0 1) = 2MP(
Analogously,

QWL (z) = (2me) /2 det(L) /2 / e~ L0y () da! = 8,p(2)

n

0 —L!
with S,/ = and
L o

So, we related symplectic matrices and metaplectic operators via a quadratic form o and
showed that the symplectic group Sp(n,R) can be generated from the matrices Vp, Wy,
and 2 where P is symmetric and L invertible, while the metaplectic group Mp(n,R)
is generated from the corresponding operators Vp, W, and . We now use this ba-
sic constructions to proof the properties of metaplectic operators needed in this thesis.
In Section we required the relation between metaplectic and Weyl-operators, see
[[Gos10, Theorem 215].

Theorem B.4 — Metaplectic covariance of Weyl-operators. Let S € Sp(n,R), S e Mp(n,R)
such that 7MP(S) = S. Then, we have for every Weyl-operator ¢ with symbol a

op.[a o 8] = op.[a(Sz)] = S~ tas.

Proof. With the definition of the Weyl-operator via the Fourier transform (A.1) we find
b0 )= () / Fao S)(w)es"" * dw = (2me) ™" / F*(a)(5 T w)er""* dw

= (2me) ™™ / Fe(a)(w)e=""5% dw

and it suffices to show that ez%' 5% = §-1¢:v"25  Since V_p, Wi, and Q generate
Mp(n,R) and every symplectic matrix S can be factorised into V_p, W, and 2, we only
need to show the identity for these three matrices. Let w = (p,q) € R" & R" and
¥ € S(R™). We then have

i i

= et (Pt @Hp/2) (1 4 py = 20TVRE
(Wyr ex" W) wa) = e20" 7 =522y o 4 L)

= eé(LiT‘Z)T(m‘f’LP/Q)w(x + Lp) _ eéwTWL?E’
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and

(Q—l erw’2 Q) P(z) = (ng)—”/ esv’€ / ecd" (E4P/D o= L&D 01y gl de

= (2#5)*”62%}’% /

= (27?5)_"6216qu/ e_épTxlw(x')é(x +q—2')da’

n

efémelw(xl) / eéfT($+Q*l‘/) dé-da?/

n n

_ e_épT(g;—f—q/Q)w(x 4 q) — eéwTQE'

Due to the Wigner-Weyl correspondence we first stated in (3.18), we can infer from the
previous theorem the following statement about the relation of metaplectic operators
and the Wigner transform, see also [[Gos10, Corollary 217].

Corollary B.5 — Metaplectic covariance of Wigner transforms. Let ©,¢) € S(R") and S e
Mp(n, R) with S = 7MP($) € Sp(n, R). We have

WE (S, S1)(2) = W (i, 4) (S~ 2)
for z € R™ @ R™.

Proof. Let ¢,9 € S(R™). We find for all symbols a € S(R" ¢ R"),
| (S0, 80)(=)a(2) dz = (S, aS) = (p, S71aS¥) = (p,opela o Slv)

= on We(p,¥)(2)a(Sz) dz = - WE (0, ) (S~ 12)a(z) dz.

In Chapter[7|we used metaplectic operators to generate squeezed states from the multi-
dimensional Hermite functions

po(x) = (me) ezl gy (@) = T by (25) 00 ()
j=1

for k € N” and = € R". For the coherent state ¢y we are able to give an explicit formula
for the squeezing in terms of the block matrices A, B, C, D, see also [|[Gos10, Proposition
252].

Proposition B.4 — Metaplectic operators and squeezed states. Let S € Mp(n,R) with S =
P ($) € Sp(n, R) of the form (B.1). We find

Spo(x) = €7 (me) /4 det(X)1/4e_71azTFx
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where v € R and I' = X + iY with symmetric matrices X,Y € R"*" given by

X = (ACT + BDT)(ccT + DDT)™t, v =(ccT +DDT) L.

Proof. From Lemmawe know that W (pg)(z) = m"e~=* * and thus with the previ-
ous corollary
WE(SSOO)(Z) = W?(p0)(5'2) = e

We can calculate this matrix explicitly and obtain

T+DDT —(DBT +CAT
5434:Qw§n:<(m'+ (D5 +C v.

—(BDT + ACT)  AAT 4+ BBT

Comparing this identity with (2.16),

( Tm(T")~! —Im(T")~'Re(I) )

cct+ppT —DBT - CAT
—Re(D)Im(I) ™! Re(I)Im(I')~'Re(T) + Im(T)

—BDT — ACT  AAT 4+ BBT
shows the claim. [

As a last note we want to mention the relation of metaplectic operators and quadratic
Hamiltonians that we investigate in the second part of this thesis. If H = %QTH % with
H = HT e C?"*2" is time-independent, then the flow of the Schrodinger equation

ic Oph = Ha

is the solution of the differential equation S; = QHS,, i.e. S; = ¢!/, One can show that
this matrix is symplectic, see Lemma [8.12] and we thus find a metaplectic operator S
with 7MP(S) = §.

Theorem B.5 — Metaplectic operators and quadratic Hamiltonians. Let ¢ — S; be the lift to
Mp(n,R) of the flow t — S; = ¢!*H. For every ¢y € S(R"), the function v defined by
Y(x,t) = Syho(x) is a solution of the partial differential equation

iedp =Hy,  P(-0) = to(x).
Equivalently, the function ¢ — S, solves the abstract equation

ie 8tgt = ’;QSE, S(] = id.

We will study the existence of such evolution operators for the Schrédinger equation in
the next chapter where we also in detail investigate non-Hermitian Hamiltonians. The
proof of the above theorem follows similarly to the proof of Theorem
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Since the dynamical part of this thesis heavily relies on the time evolution operators
u (t), we investigate in this chapter the theory of one-parameter semigroups in more
detail and subsequently provide a proof of Proposition 9.1

We start with the functional equation Cauchy stated in 1821, see [[Cau2l, §V]. His

aim was to determine continuous functions 7" : R — R satisfying
T(t+s)=Tt)T(s)

for all s,t € R. This identity is significant for the description of dynamical systems. Let
o € R be the state of a system at time ¢ = 0 and define ¢(t) := T'(t)po. Then, the above
equality ensures that

(t+s) =T(t+s)po =T ()T (s)po = T(t)po(s)

and hence the state ¢(¢ + s) at time ¢ + s is the same as the state at time ¢ starting from
©(s), i.e. the time evolution is unique, see [ENOO, §I.1.5]. We will now generalise this

idea to operators.

Let X be a Banach space with norm || - ||x and £(X) denote the set of all bounded
linear operators from X to X. We endow £(X) with the operator norm || - |- (x) defined
by

_ | T|]
HTH[Z(X) = sup ||xHXX’

see [RS80, §V.I.1]. For the following definition we refer to [Vra03, Definition 2.1.1].

Definition C.1 — One-parameter semigroup. A family {7'(¢); ¢ > 0} in £(X) is a one-

parameter semigroup, or simply semigroup, if

(C.1)
T(t+s)=T@)T(s) forallt,s>0,

where id denotes the identity operator, idz = x for all z € X.

With the uniform and the strong operator topology on £(X), see again [RS80, §V.I.1],
we can furthermore specify certain semigroups. We call a semigroup {7'(¢); ¢t > 0}
uniformly continuous if

lim T(¢) = id
im (t) =i
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and strongly continuous if

ImT(t)z =z, for all z € X.

10
In particular, each uniformly continuous semigroup is also a strongly continuous semi-
group. Beyond that, we can now also establish the term contractive we used without

further explanation in Section (9.1

Proposition C.1 — Contraction semigroup. Let {7'(¢); ¢ > 0} denote a strongly continuous
semigroup on a Banach space X. Then, there exist constants v > 0 and ¢ > 1 such
that

IT(t)2(x) < ce™

forallt > 0. If c =1 and v = 0, we call {T'(t)};>0 a contraction semigroup.

Proof. This statement is adopted from [ENOO, Proposition 5.5]. Since 7'(¢) is a bounded
linear operator for all ¢ > 0, there exists a constant ¢ > 1 such that || T'(s)||z(x) < ¢ for
all s € [0;1]. For any ¢ > 0 we can write ¢t = s+m for some m € N and s € [0; 1]. Equation

(C.1) then implies
ITW)llecx) = IT(s +m -1l eixy < 1T eI T F < @

By denoting v = In(c), we can moreover write ¢! = ce™ < ce!” what finishes the

proof. [

Returning to Cauchy’s original problem, we can easily see that T'(t) = ¢* for all « € R
gives a solution and one can additionally show that this is the only continuous solution,
see [ENO0O, Proposition 1.3]. Moreover, the semigroup {e® ;¢ > 0} solves the initial
value problem

0T (t)=aT(t) forallt>0

with 7(0) = 1. In Section though, we were starting from the differential equation,
namely the Schrodinger equation, and trying to determine a corresponding semigroup.
Given the previous initial value problem, we could determine « via

a=0T(t) |i=0= 13&1 $(T(t) - 1).

We adapt this idea for general semigroups, see [Vra03|, Definition 2.1.2].
Definition C.2 — Infinitesimal generator. The infinitesimal generator or generator of a
semigroup {7'(t); t > 0} is an operator A : D(A) — X with domain

D(A) ={r € X; ltif(r]l 1(T(t)x — z) exists } C X

— lim L —
defined by Az = ltliIgl (T(t)x — ).

Since the properties of linear operators in general heavily depend on their domain, we
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will in the following always name operators in the form (A, D(A)). The next state-
ment verifies that the generator of a semigroup indeed has the desired characteris-

tics.

Theorem C.1 Let {T'()}+>0 be a strongly continuous semigroup with infinitesimal gen-
erator (A, D(A)). Then, if x € D(A) we have T'(t)x € D(A) for all t > 0 and

0T (t)x = AT (t)x = T'(t)Ax.

The derivative at ¢ = 0 denotes only the right derivative, for ¢ > 0 the derivative is

two-sided.

Proof. This result is quoted from [McB87, Theorem 2.20]. Let x € D(A). We have to
show that the limit

im L _ = im L _

1}:?01 H(T(t+ h)x —T(t)x) T(t)liglol 5 (T(h)x — )
exists. But since x € D(A), the right hand side converges and due to the continuity of
{T'(t)}+>0 it converges to T'(t)Az. Hence T'(t)x € D(A) and with T'(t + h) = T'(h + t) it
moreover follows that

T(t)Ax = AT (t)x

for all z € D(A). It remains to calculate the derivative. Let t > 0, then the derivative
from the right is a direct consequence of the above computation,

1}3?8 HT(t+ h)x — T(t)z) = T(t) Az = AT(t)z

for all x € D(A). For the derivative from the left side, we find
. 1 - 1 1 _ o S H 1 _ _
1}%}1 +(T(t+ h)x —T(t)x) lﬁﬁ)l —(T(t —h)x —T(t)x) lﬁ% »T(t —h)(T(h)r —x)
—1lim T(t — h)(FR2=2 _ Az) 4 lim T (¢ — h) Ax.
lim (t—h)(—= x) + im (t —h)Azx
The first term tends to zero since 7'(t — h) is a bounded operator for all 0 < h < ¢, the
second term goes to T'(t) Az as {T'(t) }+>0 is strongly continuous. [ |

Our aim in the following is to characterise operators that generate a semigroup. For
uniformly continuous semigroups this result is straightforward and well-known, see for
example [ENOO, Theorem 2.2.1].

Theorem C.2 — Generators of uniformly continuous semigroups. A linear operator (A, D(A))
is the generator of a uniformly continuous semigroup if and only if D(A4) = X and
A€ L(X).

Proof. We only show that a bounded linear operator A that is defined on X generates a

uniformly continuous semigroup and refer for the full proof to the indicated literature.
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Since A is bounded, we can define
oo
th 4k otA
=D gA'=
k=0

for all ¢ > 0, the convergence of the power series follows similarly as for the matrix
exponential. Moreover, from the properties of the exponential sum it follows directly
that {T'(t); t > 0} defines a one-parameter semigroup. It remains to show that this
semigroup is uniformly convergent and generated by A. We have

I7(t) = dlleco = 13- A" <tZ A ) = tlAlL et
k=1

and hence 13%1 |T(t) —id||lz(x) = 0. Furthermore, with an analogous line of argumenta-

tion

tkl

AFlloxy < HIAJIZ x0T

. > k—1
IF(T () —id) = All ey = 1) S A" = All ey = |l
k=1

k=2

. 1 .
and I [|7(T(t) —id) — Allzx) = 0. m

Unfortunately, quadratic operators discussed in this thesis are in general unbounded
operators and we have to focus on strongly continuous semigroups.

However, we keep in mind that we can write the generator of an uniformly continuous
semigroup conveniently as the exponential of the generator. For unbounded operators,
we can not guarantee the convergences of the power series. But we recall that one can
equivalently define the exponential e for o € R as

ta : ta\k : ta\—k : k(k —1\*
e lim (1 o lim (1 — & lim (Z(%2 —
kl ( k) kl ( k> ll (t(t a) ) ’

where we used that e!* = (e‘ta)_l, see [McB87, §3]. This observation motivates the
next definition for linear operators, see [McB87, Definition 3.1].
Definition C.3 — Resolvent. Let A : D(A) — X be a linear operator on a Banach space
X. The resolvent set of A is the set of complex numbers

p(A)={\eC; (Nd—-A)"' e L(X)}

and we call for all A € p(A) the operator R(\, A) = (A\id — A)~! resolvent of A at \.
The spectrum of A is the complement of p(A), c(A4) = C\p(A).

If we compare \ with our original idea, we find A = % and thus A\ > 0. Moreover, the
limit of (4(% — )~ )k is bounded, if

t

Again, there is an analogue interpretation of this observation on the operator level.
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Theorem C.3 — Hille Yosida. A linear operator (A, D(A)) generates a strongly continu-
ous contraction semigroup if and only if (A, D(A)) is a closed, densely defined operator
and for every A > 0 one has ) € p(A) and

IAR(, Al gx) < 1

Proof. Let (A, D(A)) generate a strongly continuous contraction semigroup {7'(¢)}+>o.
In order to show that D(A) is dense in X we have to construct for all € X a sequence
Tm € D(A) with z,, — z. Following the idea from [Vra03, Theorem 2.4.1] we set for
eachz € X and m € N,

1/m
Ty 1= m/ T(r)xdr.
0

We first show that this expression converges to x. We have for all¢ > 0 and h > 0

t+h t+h
||;11/ T(r)zdr —T(t)a|x = ||,11/ T(r)z —T(t)zdr|x
t t

t+h
<t [ e -Talxar

and since {T'(¢) ; ¢t > 0} is strongly continuous, llgn L ptthp (1)zdr = T(t)x. In particular,

Oht

n%gnoo T =T(0)z = x.

This implies for the limit
1/m
1&61 HT () xm — 2m) = ml}fg ; T(t+7)e—T(r)xdr

and by substituting s = ¢ + 7,
1/m 1/m+t 1/m
m/ Tt+ 1)z —T(r)zdr = m/ T(s)xds — m/ T(r)zdr — T(t)xr —x
0 t 0

for m — oo and the limit exists. Hence, z,,, € D(A) and D(A) is dense in X. To prove
that A is closed, assume that z,, € D(A) with z,,, — = and Ax,, — y for z,y € D(A). We
have to show that 2 € D(A) and Az = y. With Theorem [C.1]it holds

t t
Tt — 2 = / 0T (7 )y dr = / T(7) Ay, dr
0 0

and by taking the limit, we obtain T'(t)z — z = fg T(r)ydr. Thus, with the integral
representation introduced above,
t

ol o1
ltlfél :(T(t)x —x) = 1551 A T(r)ydr =y

and x € D(A) with Az = y. The claim for the resolvent follows from the identity
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R(\) = R(\, A) for all A € p(A) with A\ > 0, where
RNz = / e MT(t)x dt forall z € X,
0

see for example [Vra03, Theorem 3.1.1]. Then, for a,b > 0 with a < b, since {T'(¢) }+>0 is

contractive,

b b b
| [ et < [ e Mm@l de <l [ e ar= S5,
a a a
i.e. the integral is bounded and taking the limits ¢ — 0 and b — oo shows
IR\ z|x < 3llzx for all z € X.

For the conversion, we assume that A : D(A) — X is a closed linear operator and define

for all A > 0 the Yosida approximation of A,
Ay = AAR(M\A).

One can show that A) is a bounded linear operator on X satisfying /\ILII;O Az = Ax for all
x € D(A), see [Vra03, Lemma 3.2.1], that generates a uniformly continuous contraction
semigroup {e'4*};>0, see [Vra03, Lemma 3.2.2].

Again, by taking the limits

lim ez =T(t)x
A—+00

one finds a semigroup {7'(¢) }+>¢ that is strongly continuous, contractive and generated
by A, see [Vra03| §3.2]. [ |

The condition on the resolvent in the previous theorem, can be rewritten as
I(xid — A)~tallx < Xllellx

for all z € X and A > 0. Determining the inverse of \id — A might be very chal-
lenging, and we therefor introduce the following notion, see [EN00, Definition 3.13].

Definition C.4 — Dissipative operator. A linear operator (A, D(A)) on a Banach space X
is called dissipative, if
[(Aid — A)z|x = Al x (C.2)

for all x € D(A) and A > 0.

If we consider operators acting on a Hilbert space H we can identify H with its dual

space and rewrite (C.2) in terms of the scalar product.
Lemma C.1 A linear operator (A, D(A)) on a Hilbert space H is dissipative if and only
if
Re({x, Ax)g) <0 (C.3)
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| for all z € D(A).

Proof. This lemma is a reformulation of [ENOO, Proposition 3.23]. Let (A, D(A)) be a
dissipative operator and A > 0. For all z € D(A) and A > 0, we have

Nzlf < (\x — Az, Az — Az = N|lz|f + || Az[|f — 2\Re((z, Ax)m),
Re((z, Az)g) < 3| Az}

Taking the limit A\ — oo yields Re((z, Azx)y) < 0 for all x € D(A). Vice versa, assume
that (C.3) holds for all z € D(A) and take A > 0. Then, the Cauchy Schwarz inequality
implies

INellullhe — Azl > [(Az, Az — Ax)u| > [Ae|f + ARe((z, Az)r) > X*|l2|F;.

Since an lower bound for an operator implies that its inverse exists and is continu-
ous, see [Gol66, Theorem 1.3.7], we can rewrite the Hille-Yosida theorem in terms of
dissipative operators. This statement originally goes back to [LP61].

Theorem C.4 — Lumer Phillips. Let (A, D(A)) be a densely defined closed linear operator
on a Banach space X. Then, (A, D(A)) generates a strongly continuous contraction
semigroup on X if and only if A is dissipative and there exists a © > 0 such that
range(uid — A) = X.

Proof. This result can also be found in [EN0O, Theorem I1.3.15]. Let (A, D(A)) be the
generator of a strongly continuous contraction semigroup. Then, by the Hille-Yosida
Theorem, (\id — A)~! is a linear operator for all A > 0 and satisfies

I(hid — A) ")l x < 5llellx

for all z € D(A). In other words, (Aid — A) is a bijective operator on X for all A > 0 and
it holds
[(Aid — A)z(|x = Allz]|x.

For the conversion assume that (A, D(A)) is a dissipative operator and pid — A surjective
for a 4 > 0. Then, u € p(A) and

1
IR, Allex) < 4

since (A, D(A)) is dissipative. The series expansion for the resolvent, see [EN0O, Propo-
sition IV.1.3] moreover yields for all A € (0, 2u),

R(\, A) = fj(u = N R(u, A
k=0

An iterative application of this result shows (0,00) C p(A) and [|[R(A, A z(x) < 1 for all
A > 0. The existence of a strongly continuous contraction semigroup then follows by the
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Hille-Yosida Theorem |

A corollary to this theorem can be given in terms of the adjoint operator A*. This way
is more convenient for us, since we do not have to check the range of an operator, but
only its adjoint that can be easily deduced for quadratic operators.

Let X be a Banach space, X* its dual space and (A, D(A)) a linear operator on X.
Then, the adjoint A* of A is defined via

(A"y)(x) = y(Ax)

for all x € D(A) ¢ X and y € D(A*) C X* see [RS80, §V.I.2]. If we consider a

Hilbertspace H, then we can rewrite this as

<A.I, y>H = <$, A*y>H

forallz € D(A) c Hand y € D(A*) C H.

Corollary C.1 Let (A, D(A)) be a densely defined closed linear operator on a Banach
space X. If both A and its adjoint A* are dissipative, then (A, D(A)) generates a

strongly continuous contraction semigroup on X.

Proof. A proof of this result can be found in [ENO0O, Corollary I1.3.17]. |

We turn now to the quadratic operators investigated in the dynamic part of this thesis.
We consider the Hilbert space L?(R") and

H=-1:THz  with H=H" e C?

Since # is self-adjoint, we easily find H* = %2Tﬁé and 7 is self-adjoint if and only
if Im(H) = 0. In general, we try to handle a linear, but unbounded, non-selfadjoint
operator.

Lemma C.2 The quadratic operator —é?—AL is a closed operator on the dense subset
S(R") of L?(R"™) and dissipative if and only if

Im(H) < 0.

Proof. Consider —1# and its adjoint 1#{* both on the domain S(R"). Then, we stress
for the closedness of —éﬁ that
(-5#) =

and the adjoint of a densely defined operator is closed by [[Gol66, Theorem I1.2.6]. Fur-
thermore with Lemma|C.1|— % is dissipative if and only if

Re({¢p, —éﬁ@) = Re < We(e)(2) - —Q%ZTHZ: dz> = W (o) (2) - %zTIm (H)zdz

R2n R2n
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is non-positive for all ¢ € S(R™). We now choose ¢ to be a Gaussian with phase space
centre zp = (po, q0) € R" @ R, i.e.

0(20;7) = (e) " Aeele a0l +nd (2-w0),

as in Section Then, W¢(¢o(20))(2) = (we) e 2=#I*/¢ is a strictly positive Gaussian
centred at zy and

o W= (po(20))(2) - Q—IEZTIm (H)zdz = % 2 Tm(H) 2o + tr(Im(H)).

Since H is symmetric it also holds Im(H)? = Im(H) and by the spectral theorem, Im(H)
is diagonalisable with an orthogonal matrix S € R?"*?", Hence, if —éﬁ is dissipative,

2n
Lafdiag(Ar, ..., Azn)20 < — Z Ak
j=k
where A, ..., A2, denote the eigenvalues of Im(H). This implies that all eigenvalues
are non-positive: Assume that \; = max{)\;; k¥ = 1,...,2n} > 0. Then, we obtain for
29 = \/ce - e with ¢ > 0
2n
c A<= A <2n- )
k=1

but this is a contradiction, since we may take ¢ > 2n.
For the inversion assume that Im(H) < 0. Then, it follows by the mean value theorem
that there exists a ¢ > 0 such that

.o~

Re((p, —2Hyp)) = —c- o WE(p)(2)dz <0

where we utilise the marginal densities from Lemma and —gﬁ is dissipative. [ |

Theorem C.5 — Time evolution for quadratic Hamiltonians. The operator —éﬁ with H =
32THz and H = HT € C*"*?" generates a strongly continuous contraction semigroup
{U(t); t > 0} that satisfies

ie 0(t) = HU(t)

forall ¢t > 0if Im(H) < 0.

Proof. From the previous lemma we know that —g’;q is a closed, dissipative operator,
Moreover, we find equivalently

Re({(¢p, éﬁ*@) = Re ( WE(9)(2) - 2T Hz dz> = WE(p)(2) - =2TIm (H) z dz

R2n R2n 2

and thus also the adjoint (—éﬁ)* is dissipative if Im(H) < 0. The claim then follows by
Corollary|[C.1]and Theorem [ |
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