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ABSTRACT

In this work the baryon-baryon interaction is studied at next-to-leading order in SU(3) chi-
ral effective field theory and applied to hyperon-nucleon scattering. Using the constructed
Y N potentials, the properties of hyperons in isospin-symmetric as well as asymmetric
nuclear matter are calculated within the Bruecker-Hartree-Fock formalism. Moreover, the
leading three-baryon interaction is derived and its low-energy constants are estimated from
decuplet intermediate states. We conclude, that chiral effective field theory is a well-suited
tool to describe the baryonic forces, leading to good agreement with the experimental
data.

ZUSAMMENFASSUNG

In dieser Arbeit untersuchen wir die Baryon-Baryon-Wechselwirkung in nächst-führender
Ordnung in der SU(3) chiralen effektiven Feldtheorie und wenden diese auf die Hyperon-
Nukleon-Streuung an. Ausgehend von den konstruierten Potentialen werden die Eigenschaf-
ten von Hyperonen in isospin-symmetrischer sowie isospin-asymmetrischer Kernmaterie
mittels des Brueckner-Hartree-Fock-Formalismus berechnet. Schließlich wird die führende
Drei-Baryon-Wechselwirkung abgeleitet und ihre Niedrigenergiekonstanten durch Beiträge
von Dekuplettbaryonen in Zwischenzuständen abgeschätzt. Wir stellen fest, dass die chi-
rale effektive Feldtheorie ein gut geeignetes Werkzeug zur Beschreibung der baryonischen
Kräfte ist, und dass sie zu einer guten Übereinstimmung mit den experimentellen Daten
führt.
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1
INTRODUCTION

Nuclear physics deals with the properties of atomic nuclei, built up of protons and neutrons,
which are collectively referred to as nucleons. The understanding of the strong forces
which bind nuclei and nuclear matter is a central topic in nuclear physics and it has
consequences for astrophysics. With the discovery of “strange” particles, such as the Λ
hyperon, in the early 1950s, a whole new branch of nuclear physics emerged: strangeness
nuclear physics. It concerns the various facets of nuclear many-body systems involving the
new quantum number strangeness, ranging from light hypernuclei to exotic neutron star
matter. Hyperons and nucleons belong to the general class of particles called baryons. As
the interaction among nucleons (N) is essential for a microscopic understanding of nuclear
matter, the interactions among hyperons (Y ) and nucleons is essential, not only for Y N
scattering but also for the description of nuclear many-body systems with strangeness.
This thesis is concerned with the general low-energy interaction among octet baryons
(N,Λ,Σ,Ξ) and the resulting properties of hyperons in infinite nuclear matter.

Nuclear many-body systems are (mainly) governed by the strong interaction, described
at the fundamental level by quantum chromodynamics (QCD). QCD possesses quarks and
gluons as elementary degrees of freedom. However, in the low-energy regime of QCD
quarks and gluons are confined into colorless hadrons. This is actually the region, where
(hyper-)nuclear systems are formed. In this region QCD can not be solved in a perturbative
way. Lattice QCD is approaching this problem via purely numerical simulations: the
space-time is discretized and QCD is applied on a finite grid [1, 2, 3]. Since the seminal
work of Weinberg [4, 5] chiral effective field theory (χEFT) has become a powerful tool
for calculating systematically the strong interaction dynamics for low-energy hadronic
processes [6, 7, 8]. Chiral EFT employs the same symmetries and symmetry breaking
patterns at low-energy as QCD, but it used the proper degrees of freedom, namely hadrons
instead of quarks and gluons. In combination with an appropriate expansion in small
external momenta, the results can be improved systematically, by going to higher order in
the power counting, and at the same time theoretical errors can be estimated. Furthermore,
two- and three-baryon forces can be constructed in a consistent fashion. The unresolved
short-distance dynamics is encoded in χEFT in contact terms, with a priori unknown
low-energy constants (LECs).
The NN interaction is experimentally known to very high precision. Corresponding

two-nucleon potentials have been derived to high accuracy in phenomenological approaches
[9, 10, 11], but nowadays the systematic theory to construct nuclear forces is χEFT [12, 13].
Note that there are still debates about the Weinberg power counting scheme, that is em-
ployed in practice [14, 15]. The Y N interaction is presently not known in such detail. The
scarce experimental data (about 35 data points for low-energy total cross sections) do not
allow for a unique determination of the hyperon-nucleon interaction. The limited accuracy
of the Y N scattering data does not permit a unique phase shift analysis. However, at new
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2 introduction

experimental facilities, such as J-PARC in Japan or FAIR in Germany, a significant amount
of beam time will be devoted to strangeness nuclear physics. Various phenomenological
approaches have been employed to describe the Y N interaction, in particular one-boson-
exchange models [16, 17, 18, 19, 20] or quark models [21, 22]. However, given the poor
experimental data base, these interactions differ considerably from each other. Obviously
there is a need for a more systematic investigation based on the underlying theory of the
strong interaction, QCD. Some aspects of Y N scattering and hyperon mass shifts in nu-
clear matter using EFT methods have been covered in Refs. [23, 24]. The Y N interaction
has been investigated at leading order (LO) in SU(3) χEFT [25] by extending the very
successful χEFT framework for the nucleonic sector [12, 13] to the strangeness S = −1
sector. Already at LO in the chiral expansion, good results have been obtained. Also the
Y Y interaction between all members of the baryon octet has been studied at LO [26, 27].
Numerous advanced few- and many-body techniques have been developed to employ

such phenomenological or chiral interactions, in order to calculate the properties of nu-
clear systems with and without strangeness. For example, systems with three or four
particles can be reliably treated by Faddeev-Yakubovsky theory [28, 29]. In the nucleonic
sector many-body approaches such as Quantum Monte Carlo calculations [30, 31, 32], or
nuclear lattice simulations [33, 34, 35] have been successfully applied and can be extended
to the strangeness sector. Furthermore, nuclear matter is well described by many-body
perturbation theory with chiral low-momentum interactions [36, 37, 38]. Concerning Λ and
Σ hyperons in nuclear matter, specific long-range processes related to two-pion exchange
between hyperons and nucleons in the nuclear medium have been studied in Refs. [39, 40].
Conventional Brueckner theory [41, 42, 43] at first order in the hole-line expansion, the
so-called Bruecker-Hartree-Fock approximation, has been widely applied to calculations
of hypernuclear matter [18, 21, 44, 45] employing phenomenological two-body potentials.
This approach is also used in investigations of neutron star matter [46, 47, 48]. Recently,
corresponding calculations of the properties of hyperons in nuclear matter have been also
performed with a chiral Y N interaction [49].
Employing the high precision NN interactions described above, already nuclear systems

such as the triton cannot be described satisfactorily with two-body interactions alone. The
introduction of three-nucleon forces (3NF) substantially improves this situation [50, 51]
and also in the context of infinite nuclear matter 3NF are essential to achieve saturation
of nuclear matter. These 3NF are introduced either phenomenologically, such as the
families of Tuscon-Melbourne [52, 53], Brazilian [54] or Urbana-Illinois [55, 56] 3NF, or
constructed according to the basic principles of χEFT [51, 57, 58, 59, 60, 61, 62, 63, 64,
65]. Within an EFT approach, 3NF arise naturally and consistently together with two-
nucleon forces. Chiral three-nucleon forces are important in order to get saturation of
nuclear matter from chiral low-momentum two-body interactions treated in many-body
perturbation theory [37]. In the strangeness sectors the situation is similar: Three-baryon
forces (3BF), especially the ΛNN interaction, seem to be important for a satisfactorily
description of hypernuclei and hypernuclear matter [32, 66, 67, 68, 69, 70, 71, 72, 73].
Especially in the context of neutron stars, 3BF are often discussed. The observation
of two-solar-mass neutron stars [74, 75] sets strong constraints on the stiffness of the
equation-of-state (EoS) of dense baryonic matter [76, 77, 78, 79]. A naive introduction of
Λ-hyperons as an additional baryonic degree of freedom would soften the EoS such that
it is not possible to stabilize a two-solar-mass neutron star against gravitational collapse
[80]. To solve this so-called hyperon puzzle, several ad-hoc mechanisms have so far been
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invoked, e.g., through vector meson exchange [81, 82], multi-Pomeron exchange [83] or
a suitably adjusted repulsive ΛNN three-body interaction [84, 85, 86]. Clearly, a more
systematic approach to the three-baryon interaction within χEFT is needed, to estimate
whether the 3BF can provide the necessary repulsion and thus keep the equation-of-state
sufficiently stiff.
In this work, the aforementioned topics are addressed within the SU(3) χEFT approach:

the interaction between hyperons and nucleons is derived at next-to-leading order (NLO)
and applied to Y N scattering and the hyperon mean-field potentials in nuclear matter by
employing the self-consistent Bruecker-Hartree-Fock formalism. The leading three-baryon
interaction is derived systematically, and its LECs are estimated via decuplet intermediate
states. It is demonstrated, that SU(3) χEFT is a well-suited tool to describe the interaction
among baryons. The present thesis is organized as follows. In Chapter 2 we give a brief
introduction to QCD, where we focus on its symmetries and symmetry breaking patterns.
Then, the principles of χEFT and the construction principles for chiral Lagrangians are
outlined. TheWeinberg power counting scheme is introduced for the two- and three-baryon
potentials. In Chapter 3 the construction of the effective Lagrangian in the baryon-number-
two sector is described in detail up to order O(q2). The pure baryon-baryon contact terms
encode the unresolved short-distance dynamics and their corresponding (a priori unknown)
constants have to be fitted to experimental data. The contact terms involving pseudoscalar
Goldstone-boson fields or electroweak gauge bosons are included as well. These come into
play in the description of chiral many-body forces and exchange-currents in few-baryon
systems. In Chapter 4, the baryon-baryon interaction from χEFT is considered at NLO.
Contributions from baryon-baryon contact terms as well as one-meson and two-meson
exchange diagrams are derived. As a first application of the potentials, Y N scattering
is treated by solving the coupled-channel Lippmann-Schwinger equation. Hyperon mean
fields in nuclear matter, employing the Y N chiral potentials, are examined in Chapter 5.
We briefly review the basic concepts of Bruecker theory and and the approximations
going into the Brueckner-Hartree-Fock formalism. Single-particle potentials for Λ and
Σ hyperons are calculated in homogeneous isospin-symmetric nuclear matter as well as
isospin-asymmetric nuclear matter and pure neutron matter. Furthermore, the Λ-nuclear
spin-orbit coupling is computed. In Chapter 6 the leading three-baryon forces from χEFT
are studied. We show in detail the construction of the contact terms and the evaluation
of the one-meson and two-meson exchange diagrams. The terms required in a minimal
effective Lagrangian are derived. In Chapter 7 we estimate the LECs of the leading 3BF
via decuplet intermediate states. Finally, we summarize our results in Chapter 8.





2
SU ( 3 ) CH IRAL EFFECTIVE F IELD THEORY

All forces in nature can be reduced to only four fundamental interactions: gravity, elec-
tromagnetism, the weak and the strong interaction. The last three of these interactions,
are theoretically described in the so-called standard model of particle physics. The struc-
tures and interactions of hadrons is mainly governed by the strong interaction, which is
described in the standard model by quantum chromodynamics. However, the impossibility
to apply QCD in a perturbative way to the low-energy regime, makes different approaches
necessary to explore hadronic physics, in particular nuclear and hypernuclear physics. One
of the most successful approaches, based on the symmetry properties of QCD, is chiral
effective field theory.
In this chapter, we give a short introduction to QCD, with a special focus on the under-

lying symmetries and their breaking pattern. The basic concepts of χEFT are explained,
especially the explicit degrees of freedom and the connection to the symmetries of QCD.
We state in more detail how the chiral Lagrangian can be constructed from basic principles.
Finally, it is shown how the interactions between baryons can be organized according to
their strength in a systematic way. We follow Refs. [8, 12, 13, 87, 88] and refer the reader
for more details to these references (and references therein).

2.1 quantum chromodynamics

Quantum chromodynamics is formulated with quarks and gluons as fundamental degrees
of freedom, and it is a non-Abelian quantum field theory based on the (local) color gauge
symmetry SU(3)C. Quarks are spin-1/2 fermions and can appear in six different flavors,
f = up (u), down (d), strange (s), charm (c), bottom (b), top (t), and for each flavor in three
possible colors, c = red, green, blue. The quarks are described by the four-component
Dirac fields qcf (x) and the masses of the quarks are denoted by mf . The QCD Lagrangian,
invariant under local transformations in color space, reads1

LQCD =
∑

f=u,d,s,c,b,t
q̄f
(
i /D −mf

)
qf −

1
4Gµν,aG

µν
a . (2.1)

with qf (x) =
(
qred
f (x), qgreen

f (x), qblue
f (x)

)>
. The gauge covariant derivative Dµ is given by

Dµ = 1∂µ − igAaµ
λa
2 , (2.2)

1 We omit the so-called θ term of QCD, which introduces strong CP violation. This term is, for example,
related to the neutron electric dipole moment, which has so far not been observed [89].
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6 su(3) chiral effective field theory

where the gluon fields Aaµ(x) are eight independent vector bosons belonging to the adjoint
representation of SU(3)C to fulfill local gauge invariance. The eight generators of SU(3)C
are denoted by {iλa/2}. The gluonic field-strength tensor Gµν,a(x) is given by

Gµν,a = ∂µAν,a − ∂νAµ,a + gfabcAµ,bAν,c , (2.3)

with fabc the structure constants of the Lie algebra su(3). The non-Abelian nature of QCD
gives rise to gluon self interactions.
QCD is characterized by two important properties. For high energies the (running)

coupling strength of QCD becomes weak, hence a perturbative approach in the high-
energy regime of QCD is possible. This famous feature is called asymptotic freedom of
QCD and originates from the non-Abelian structure of QCD. However, at low energies
and momenta the coupling strength of QCD is of order one, and a perturbative approach
is no longer possible. This is the region of non-perturbative QCD. Several strategies to
approach this regime have been developed, such as lattice simulations, Dyson-Schwinger
equations, QCD sum rules or chiral perturbation theory. In the present work, we will
focus on the latter approach. The second important feature of QCD is the so-called color
confinement: isolated quarks and gluons are not observed in nature, but only color-singlet
objects. Such color-neutral particles consist of quarks and gluons and are called hadrons
(strongly interacting particles).

2.1.1 Symmetries of QCD

The Lagrangian of QCD is constructed to be invariant under local SU(3)C gauge trans-
formations, and under global Lorentz transformations. Furthermore, it obeys the discrete
symmetries

• parity P : (t, ~x )→ (t,−~x ) ,

• charge conjugation C and

• time reversal T : (t, ~x )→ (−t, ~x ) .

Due to the CPT theorem, the time reversal symmetry is automatically fulfilled if C and
P are symmetries of the Lagrangian. The quark fields transform under parity and charge
conjugation as

P : qf (t, ~x )→ γ0qf (t,−~x ) , C : qα,f → Cαβ q̄β,f , q̄α,f → −qβ,fC−1
βα , (2.4)

with the flavor index f , the Dirac-spinor indices α, β and with C = iγ2γ0. The conventional
gamma matrices {γ0, γ1, γ2, γ3} can be found in Appendix A.1.
In the following we will introduce the so-called chiral symmetry, a global continuous

symmetry of the QCD Lagrangian. The chiral symmetry is essential for chiral effective
field theory. In view of the application to low energies, we divide the quarks into three light
quarks u, d, s and three heavy quarks c, b, t, since the quark masses fulfill a hierarchical
ordering:

mu,md,ms � 1 GeV ≤ mc,mb,mt . (2.5)

At energies and momenta well below 1 GeV, the heavy quarks can be treated effectively
as static. Therefore, the light quarks are the only active degrees of freedom of QCD for
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the low-energy region we are interested in. In the following we approximate the QCD
Lagrangian by using only the three light quarks. Compared to characteristic hadronic
scales, such as the nucleon mass (MN ≈ 939 MeV), the light quark masses are small.
Therefore, a good starting point for our discussion of low-energy QCD are massless quarks
mu = md = ms = 0, which is referred to as the chiral limit. The QCD Lagrangian becomes
in the chiral limit

L 0
QCD =

∑
f=u,d,s

q̄f i /Dqf −
1
4Gµν,aG

µν
a . (2.6)

Now each quark field qf (x) is decomposed into its chiral components

qf,L = PL qf , qf,R = PR qf . (2.7)

using the left- and right-handed projection operators

PL = 1
2 (1− γ5) , PR = 1

2 (1 + γ5) , (2.8)

with the chirality matrix γ5. These projectors are called left- and right-handed since in
the chiral limit they project the free quark fields on helicity eigenstates, ĥ qL,R = ± qL,R,
with ĥ = ~σ · ~p / |~p |. For massless free fermions helicity is equal to chirality.

Collecting the three quark-flavor fields,

q =

quqd
qs

 , qL =

qu,Lqd,L
qs,L

 , qR =

qu,Rqd,R
qs,R

 , (2.9)

we can express the QCD Lagrangian in the chiral limit as

L 0
QCD = q̄Ri /DqR + q̄Li /DqL −

1
4Gµν,aG

µν
a . (2.10)

Obviously the right- and left-handed components of the massless quarks are separated.
The Lagrangian is invariant under a global transformation

qL → LqL , qR → RqR , (2.11)

with independent unitary 3 × 3 matrices L and R acting in flavor space. These can be
expressed as

L = exp
(
−i

8∑
a=1

θL
a

λa
2

)
exp

(
−iθL

)
, R = exp

(
−i

8∑
a=1

θR
a

λa
2

)
exp

(
−iθR

)
, (2.12)

with 18 real parameters θ. This means that L 0
QCD possesses (at the classical, unquan-

tized level) a global U(3)L × U(3)R symmetry, isomorphic to a global SU(3)L × U(1)L ×
SU(3)R × U(1)R symmetry. The included symmetry group SU(3)L × SU(3)R refers to
chiral symmetry. Noether’s theorem states, that for every continuous symmetry generator
there exists a conserved current. These 18 classically conserved currents associated with
unitary transformations of left- or right-handed quarks are

Jµ,aL = q̄Lγ
µλ

a

2 qL , Jµ,aR = q̄Rγ
µλ

a

2 qR ,

JµL = q̄Lγ
µqL , JµR = q̄Rγ

µqR . (2.13)
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The divergence of all 18 currents is zero, ∂µJµ = 0. It is convenient to introduce the vector
and axial-vector currents

Jµ,aV = Jµ,aR + Jµ,aL = q̄γµ
λa

2 q , Jµ,aA = Jµ,aR − Jµ,aL = q̄γµγ5
λa

2 q ,

JµV = JµR + JµL = q̄γµq , JµA = JµR − J
µ
L = q̄γµγ5q , (2.14)

since these have a definite transformation behavior under parity. The flavor-singlet vector
current JµV originates from rotations of the left- and right-handed quark fields with the
same phase and the corresponding conserved charge is the baryon number. After quanti-
zation of the Dirac fermions, the conservation of the flavor-singlet axial vector current JµA
gets broken due to the so-called Adler-Bell-Jackiw anomaly [90, 91].
After the introduction of small non-vanishing quark masses, the quark mass term of the

QCD Lagrangian can be expressed as

LM = −q̄Mq = − (q̄RMqL + q̄LMqR) , (2.15)

with the diagonal quark mass matrix M = diag(mu,md,ms). Left- and right-handed
quark fields are mixed in LM and the chiral symmetry is explicitly broken. The baryon
number is still conserved, but for the flavor-octet vector and axial-vector currents one
obtains

∂µJ
µ,a
V = iq̄

[
M,

λa
2

]
q , ∂µJ

µ,a
A = iq̄

{
M,

λa
2

}
γ5q . (2.16)

The axial-vector current is not conserved for any small quark masses. However, the vector
current remains conserved, if the quark masses are equal, mu = md = ms, referred to as
the (flavor) SU(3) limit.
Another crucial aspect of QCD is the so-called spontaneous chiral symmetry breaking.

The chiral symmetry of the Lagrangian is not necessarily a symmetry of the ground state
of the system, the QCD vacuum. Assuming the ground state would be chirally invariant
(called the Wigner-Weyl realization), there should exist degenerate multiplets of opposite
parity. This feature is not observed in the hadron spectrum. For example, the mass of
the ρ meson (JP = 1−), mρ ≈ 0.77 GeV, is much smaller than the mass of the a1 meson
(JP = 1+), ma1 ≈ 1.23 GeV. From such considerations and the approximate flavor SU(3)
symmetry of the hadron spectrum, one concludes that chiral symmetry SU(3)L×SU(3)R is
spontaneously broken to its vectorial subgroup SU(3)V. This corresponds to the so-called
Nambu-Goldstone realization of chiral symmetry. The spontaneous breaking of chiral
symmetry can be characterized by a non-vanishing chiral quark condensate 〈q̄q〉 6= 0, i.e.,
the vacuum involves strong correlations of scalar quark-antiquark pairs.
Goldstone’s theorem states that for each spontaneously broken global symmetry, there

is a corresponding massless particle, called a Goldstone boson. Hence, the spontaneous
symmetry breaking, as described above, leads to eight Goldstone bosons. These have to
be pseudoscalar particles, due to the parity transformation behavior of the axial vector
currents. The Goldstone bosons are identified with the eight lightest hadrons, the pseu-
doscalar mesons (π±, π0,K±,K0, K̄0, η). The explicit chiral symmetry breaking due to
non-vanishing quark masses leads to non-zero masses of the pseudoscalar mesons. How-
ever, there is a substantial mass gap, between the masses of the pseudoscalar mesons
and the lightest hadrons of the remaining hadronic spectrum. This can be considered as
another evidence for the Nambu-Goldstone realization of chiral symmetry in QCD. For
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non-vanishing but equal quark masses, SU(3)V remains a symmetry of the ground state.
In this context SU(3)V is often called the flavor group SU(3), which provides the basis
for the classification of low-lying hadrons in multiplets. In the following chapters we will
consider the so-called isospin symmetric limit, with mu = md 6= ms. The remaining sym-
metry is the SU(2) isospin symmetry. An essential feature of low-energy QCD is, that the
pseudoscalar mesons interact weakly at low energies. This is a direct consequence of their
Goldstone-boson nature. This feature allows for the construction of a low-energy effective
field theory enabling a systematic expansion in small momenta and quark masses.

2.1.2 External-field method

In the following, we introduce the external-field method as a tool for the systematic de-
velopment of χEFT. The chiral symmetry gives rise to so-called chiral Ward identities:
relations between the divergence of Green functions that include a symmetry current
(vector or axial-vector currents) to linear combinations of Green functions. Even if the
symmetry is explicitly broken, Ward identities related to the symmetry breaking term
exist. The chiral Ward identities do not rely on perturbation theory, but are also valid in
the non-perturbative region of QCD. The external-field method is an elegant way to for-
mally combine all chiral Ward identities in terms of invariance properties of a generating
functional. We follow the procedure of Gasser and Leutwyler [6, 92] and introduce (color
neutral) external fields, s(x), p(x), vµ(x), aµ(x), of the form of Hermitian 3 × 3 matrices
that couple to scalar, pseudoscalar, vector and axial-vector currents of quarks:

L = L 0
QCD + Lext = L 0

QCD + q̄γµ(vµ + γ5aµ)q − q̄(s− iγ5p)q . (2.17)

Note that the physical three-flavor QCD Lagrangian can be obtained by setting:

vµ(x) = aµ(x) = p(x) = 0 and s(x) = M = diag (mu,md,ms) . (2.18)

The corresponding generating functional in path-integral representation is given by

eiZ[v,a,s,p] =
∫

DAaµDqD q̄ exp
[
i
∫

d4xL
(
q, q̄, Aaµ; v, a, s, p

)]
, (2.19)

and is related to the vacuum-to-vacuum transition amplitude in the presence of external
fields,

eiZ[v,a,s,p] = 〈0; out|0; in〉v,a,s,p . (2.20)

The essential point is now, that all chiral Ward identities are encoded in the generating
functional, if the global chiral symmetry SU(3)L×SU(3)R of L 0

QCD is promoted to a local
gauge symmetry of L [93]. Since L 0

QCD is only invariant under the global chiral symmetry,
the external fields have to fulfill a suitable transformation behavior:

vµ + aµ → R(vµ + aµ)R† + iR∂µR† ,
vµ − aµ → L(vµ − aµ)L† + iL∂µL† ,
s+ i p→ R (s+ i p)L† ,
s− i p→ L (s− i p)R† , (2.21)
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vµ aµ s p

P Pµνv
ν −Pµνaν s −p

C −vµ> aµ> s> p>

Table 2.1: Transformation properties of the external fields under parity and charge conjugation.
For P a change of the spatial arguments (t, ~x ) → (t,−~x ) is implied and we defined the matrix
Pµν = diag(+1,−1,−1,−1).

where L(x) and R(x) are (independent) space-time-dependent elements of SU(3)L and
SU(3)R.
Furthermore, we still require the full Lagrangian L to be invariant under P , C and T .

With the transformation properties of the quarks in Eq. (2.4) we obtain the transformation
behavior of the external fields given in Tab. 2.1. Time reversal symmetry will not be
considered explicitly, since it is automatically fulfilled due to the CPT theorem.
Another central aspect of the external-field method is the addition of terms to the three-

flavor QCD Lagrangian in the chiral limit, L 0
QCD. Non-vanishing current quark masses

and therefore the explicit breaking of chiral symmetry can be introduced by setting the
scalar field equal to the quark mass matrix, s(x) = M . In the same way electroweak
interactions get included through appropriate external vector and axial vector fields. For
example in the case of the electromagnetic interaction we use vµ(x) = −eQAµ(x), with the
quark charge matrix Q = diag(2/3,−1/3,−1/3) and with Aµ(x) the photon field. This
results in an additional term of the Lagrangian

−eAµJµem = −eAµ
(2

3 ūγ
µu− 1

3 d̄γ
µd− 1

3 s̄γ
µs

)
. (2.22)

This feature is important, to systematically include explicit chiral symmetry breaking or
couplings to electroweak gauge fields into the chiral effective Lagrangian.

2.2 principles of chiral effective field theory

An effective field theory (EFT) is a low-energy approximation to a more fundamental
theory. Physical quantities can be calculated in terms of a low-energy expansion in powers
of small energies and momenta over some characteristic large scale. The basic idea of
an EFT is to include the relevant degrees of freedom explicitly, while heavier (frozen)
degrees of freedom are integrated out. An effective Lagrangian is obtained by constructing
the most general Lagrangian including the active degrees of freedom, that is consistent
with the symmetries of the underlying fundamental theory [5]. At a given order in the
expansion, the theory is characterized by a finite number of coupling constants, called low-
energy constants (LECs). The LECs encode the unresolved short-distance dynamics and
furthermore allow for an order-by-order renormalization of the theory. These constants
are a priori unknown, but once determined from one experiment or from the underlying
theory, predictions for physical observables can be made. However, due to the low-energy
expansion and the truncation of degrees of freedom, an EFT has only a limited range of
validity.

The underlying theory of chiral effective field theory is quantum chromodynamics. But
already before QCD was established, the ideas of an effective field theory were used in
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the context of the strong interaction. In the sixties the Ward identities related to sponta-
neously broken chiral symmetry were explored by using current algebra methods, e.g., by
Adler and Dashen [94]. The group-theoretical foundations for constructing phenomenolog-
ical Lagrangians in the presence of spontaneous symmetry breaking have been developed
by Weinberg [4] and Callan, Coleman, Wess and Zumino [95, 96]. With Weinberg’s semi-
nal paper [5] it became clear how to systematically construct an EFT and generate loop
corrections to tree level results. This method was improved later by Gasser and Leutwyler
[6, 92]. A systematic introduction of nucleons as degrees of freedom was done by Gasser,
Sainio and Svarc [7]. They showed that a fully relativistic treatment of nucleons is prob-
lematic, as the nucleon mass does not vanish in the chiral limit and thus adds an extra
scale. A solution for this problem was proposed by Jenkins and Manohar [97] by consid-
ering baryons as heavy static sources. The nucleon-nucleon interaction and related topics
were considered by Weinberg in Ref. [57]. Nowadays χEFT is used as a powerful tool for
calculating systematically the strong interaction dynamics of hadronic processes, such as
the accurate description of nuclear forces [12, 13].
In the low-energy regime of QCD, hadrons are the observable states. The active degrees

of freedom of χEFT are identified as the pseudoscalar Goldstone-boson octet. The soft
scale of the low-energy expansion is given by the small external momenta and the small
masses of the pseudo-Goldstone bosons, while the large scale is a typical hadronic scale
of about 1 GeV. The QCD generating functional of Eq. (2.19) is approximated by that
following from an effective chiral Lagrangian

eiZ[v,a,s,p] =
∫

DU exp
[
i
∫

d4xLeff (U ; v, a, s, p)
]
, (2.23)

where the SU(3)-matrix U contains the pseudoscalar mesons. The effective Lagrangian
has to fulfill the same symmetry properties as QCD: invariance under Lorentz and parity
transformations, charge conjugation and time reversal symmetry. Especially the chiral
symmetry and its spontaneous symmetry breaking has to be incorporated. As described
in the last section, the Green functions calculated from this generating functional automat-
ically obey the pertinent Ward identities, if we promote the global chiral symmetry to a
local one. The same external fields v, a, s, p as in Eq. (2.17), with the same transformation
behavior as in QCD, are included in the effective Lagrangian. This allows us to include
electroweak gauge bosons in the chiral Lagrangian as well as to consider explicit chiral
symmetry breaking through finite quark masses in a perturbative fashion. The introduc-
tion of the baryon octet and decuplet in the chiral Lagrangian is done in the same way.
However, since the baryon mass is not vanishing even in the chiral limit, special care has
to be taken.
As the QCD vacuum is approximately invariant under the flavor symmetry group SU(3),

one expects the hadrons to organize themselves in multiplets of irreducible representations
of SU(3). The pseudoscalar mesons form an octet, Fig. 2.1. The members of the octet
are characterized by the strangeness quantum number S and the third component I3 of
the isospin. The symbol η stands for the octet component (η8). As an approximation we
identify η8 with the physical η, ignoring possible mixing with the singlet state η1. For
the lowest-lying baryons one finds an octet and a decuplet, Fig. 2.2. In the following we
summarize how these explicit degrees of freedom are included in the chiral Lagrangian in
the standard non-linear realization of chiral symmetry [95, 96].
The chiral symmetry group SU(3)L × SU(3)R is spontaneously broken to its diagonal

subgroup SU(3)V. The Goldstone-boson octet should transform under SU(3)L × SU(3)R
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Figure 2.2: Baryon octet (JP = 1/2+) and baryon decuplet (JP = 3/2+).

such that an irreducible 8-representation results for SU(3)V. A convenient choice to de-
scribe the pseudoscalar mesons under these conditions is a unitary 3 × 3 matrix U(x) in
flavor space, which fulfills

U †U = 1 , detU = 1 . (2.24)

The transformation behavior under chiral symmetry reads

U → RUL† , (2.25)

where L(x), R(x) are elements of SU(3)L,R. An explicit parametrization of U(x) in terms
of the pseudoscalar mesons is given by

U(x) = exp [iφ(x)/f0] , (2.26)

with the traceless Hermitian matrix

φ(x) =
8∑

a=1
φa(x)λa =


π0 + 1√

3η
√

2π+ √
2K+

√
2π− −π0 + 1√

3η
√

2K0
√

2K−
√

2K̄0 − 2√
3η

 . (2.27)
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The constant f0 is the decay constant of the pseudoscalar Goldstone bosons in the chiral
limit, defined by〈

0 |Jµ,aA (x)|φb(p)
〉

= i pµf0δ
abe−ip·x . (2.28)

For a transformation of the subgroup SU(3)V with L = R = V , the meson matrix U

transforms as

U → V UV † , (2.29)

i.e., the mesons φa(x) transform in the adjoint (irreducible) 8-representation of SU(3).
The parity transformation behavior of the pseudoscalar mesons is φa(t, ~x ) P→ −φa(t,−~x )
or, equivalently, U(t, ~x ) P→ U †(t,−~x ). Under charge conjugation the particle fields are
mapped to antiparticle fields, leading to U C→ U>.
The octet baryons are described by Dirac spinor fields and represented in a traceless

3× 3 matrix B(x) in flavor space,

B =
8∑

a=1

Baλa√
2

=


1√
2Σ0 + 1√

6Λ Σ+ p

Σ− − 1√
2Σ0 + 1√

6Λ n

Ξ− Ξ0 − 2√
6Λ

 . (2.30)

We use the convenient [98] non-linear realization of chiral symmetry for the baryons, which
lifts the well-known flavor transformations to the chiral symmetry group. The matrix B(x)
transforms under the chiral symmetry group SU(3)L × SU(3)R as

B → KBK† , (2.31)

with the SU(3)-valued compensator field

K (L,R,U) =
√
LU †R†R

√
U . (2.32)

Note that K (L,R,U) also depends on the meson matrix U . The square root of the meson
matrix,

u =
√
U , (2.33)

transforms as u →
√
RUL† = RuK† = KuL†. For transformations under the subgroup

SU(3)V the baryons transform as an octet, i.e., the adjoint representation of SU(3):

B → V BV † . (2.34)

The transformation behavior of the octet-baryon fields under parity and charge conjugation
is the same as for the quark fields in Eq. (2.4).
A natural choice to represent the decuplet baryons is a totally symmetric three-index

tensor T . It transforms under the chiral symmetry SU(3)L × SU(3)R as

Tabc → KadKbeKcfTdef , (2.35)

with the compensator field K(L,R,U) of Eq. (2.32). For an SU(3)V transformation the
decuplet fields transform as an irreducible representation of SU(3):

Tabc → VadVbeVcfTdef . (2.36)
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The physical fields are assigned to the following components of the totally antisymmetric
tensor:

T 111 = ∆++ , T 112 = 1√
3∆+ , T 122 = 1√

3∆0 , T 222 = ∆− ,

T 113 = 1√
3Σ∗+ , T 123 = 1√

6Σ∗0 , T 223 = 1√
3Σ∗− ,

T 133 = 1√
3Ξ∗0 , T 233 = 1√

3Ξ∗− ,

T 333 = Ω− . (2.37)

Since decuplet baryons are spin-3/2 particles, each component is expressed through Rarita-
Schwinger fields. However, we will only use decuplet baryons in Chapter 7 for estimat-
ing LECs via decuplet resonance saturation. It is sufficient to treat them in their non-
relativistic form, where no complications with the Rarita-Schwinger formalism arise.
Now the representation of the explicit degrees of freedom and their transformation

behavior are established. Together with the external fields the construction of the chiral
effective Lagrangian is straightforward.

2.3 construction of chiral lagrangian

The chiral Lagrangian can be ordered according to the number of baryon fields:

Leff = Lφ + LB + LBB + . . . , (2.38)

where Lφ denotes the purely mesonic part of the Lagrangian. Each part is organized in
the number of small momenta (i.e., derivatives) or small meson masses, e.g.,

Lφ = L
(2)
φ + L

(4)
φ + L

(6)
φ + . . . . (2.39)

Lφ has been constructed to O(q6) in Refs. [99, 100]. The meson-baryon interaction La-
grangian LB has been derived to O(q3) in Refs. [101, 102].
As already published in Ref. [103], we summarize the basic procedure for constructing

systematically the three-flavor chiral effective Lagrangian [95, 96] with the inclusion of
external fields [6, 92]. The effective chiral Lagrangian has to fulfill all discrete and contin-
uous symmetries of the strong interaction. Therefore it has to be invariant under parity
(P ), charge conjugation (C), Hermitian conjugation (H) and the proper, orthochronous
Lorentz transformations. Time reversal symmetry is then automatically fulfilled via the
CPT theorem. Especially local chiral symmetry has to be fulfilled. A common way to
construct the chiral Lagrangian is to define so-called building blocks, from which the effec-
tive Lagrangian can be determined as an invariant polynomial. With respect to the chiral
transformation properties, the most convenient choice for the building blocks is given by

uµ = i
[
u† (∂µ − i rµ)u− u (∂µ − i lµ)u†

]
,

χ± = u†χu† ± uχ†u ,
f±µν = ufL

µνu
† ± u†fR

µνu , (2.40)

with the combination

χ = 2B0 (s+ i p) , (2.41)
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of the external scalar and pseudoscalar field and a new parameter B0. The external field
strength tensors are defined by

fR
µν = ∂µrν − ∂νrµ − i [rµ, rν ] , fL

µν = ∂µlν − ∂ν lµ − i [lµ, lν ] , (2.42)

where

rµ = vµ + aµ , lµ = vµ − aµ , (2.43)

denote right handed and left handed external vector fields. In the absence of flavor singlet
couplings we can assume 〈aµ〉 = 〈vµ〉 = 0, where 〈. . . 〉 stands for the flavor trace. Hence,
the fields uµ and f±µν in Eq. (2.40) are all traceless.
Using the transformation behavior of the pseudoscalar mesons and octet baryons in

Eq. (2.25) and Eq. (2.31), and the transformation properties of the external fields in
Eq. (2.21), one can determine the transformation behavior of the building blocks. All
building blocks A, and therefore all products of these, transform according to the adjoint
(octet) representation of SU(3), i.e., A → KAK†. Note that traces of products of such
building blocks are invariant under local chiral symmetry, since K†K = 1. The chiral
covariant derivative of such a building block A is defined by

DµA = ∂µA+ [Γµ, A] , (2.44)

with the chiral connection

Γµ = 1
2
[
u† (∂µ − i rµ)u+ u (∂µ − i lµ)u†

]
. (2.45)

The covariant derivative transforms homogeneously under the chiral group as DµA →
K (DµA)K†. The chiral covariant derivative of the baryon field B is given by Eq. (2.44)
as well.
We use the Lorentz-covariant power counting scheme, introduced by Krause in Ref. [104].

Because of the large baryon mass M0 in the chiral limit, a time-derivative acting on a
baryon field B cannot be counted as small. Only baryon three-momenta can be small
on a typical chiral scale. One has the following counting rules for baryon fields and their
covariant derivatives,

B , B̄ , DµB ∼ O
(
q0) , (

i /D −M0
)
B ∼ O (q) . (2.46)

The chiral dimension of the chiral building blocks and baryon bilinears B̄ΓB are given in
Tab. 2.2. A covariant derivative acting on a building block (but not on B) raises the chiral
dimension by one.
The transformation behavior of a building block A under parity, charge conjugation and

Hermitian conjugation is

AP = (−1)pA , AC = (−1)cA> , A† = (−1)hA , (2.47)

with the exponents (modulo two) p, c, h ∈ {0, 1} given in Tab. 2.2(a), and > denotes the
transpose of a (flavor) matrix. In the case of parity P , a sign change of the spatial argu-
ment, (t, ~x)→ (t,−~x), is implied in the fields. Lorentz indices transform with the matrix
Pµν = diag(+1,−1,−1,−1) under the parity transformation, e.g., (uµ)P = (−1)pPµνuν .
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p c h O
uµ 1 0 0 O (q1)
f+
µν 0 1 0 O (q2)
f−µν 1 0 0 O (q2)
χ+ 0 0 0 O (q2)
χ− 1 0 1 O (q2)

(a) Chiral building blocks

Γ p c h O
1 0 0 0 O (q0)
γ5 1 0 1 O (q1)
γµ 0 1 0 O (q0)
γ5γµ 1 0 0 O (q0)
σµν 0 1 0 O (q0)

(b) Baryon bilinears B̄ΓB

Table 2.2: Behavior under parity, charge conjugation and Hermitian conjugation as well as the
chiral dimensions of chiral building blocks and baryon bilinears B̄ΓB [101].

Commutators and anticommutators of two building blocks A1, A2 have the same trans-
formation behavior and therefore should be used instead of simple products, e.g.,

[A1, A2]C± = (−1)c1+c2(A>1 A>2 ±A>2 A>1 ) = ±(−1)c1+c2 [A1, A2]>± .

For Hermitian conjugation the behavior is the same. The basis elements of the Dirac
algebra forming the baryon bilinears have the transformation behavior

γ0Γγ0 = (−1)pΓΓ , C−1ΓC = (−1)cΓΓ> , γ0Γ†γ0 = (−1)hΓΓ , (2.48)

where the exponents pΓ, cΓ, hΓ ∈ {0, 1} can be found in Tab. 2.2(b). Again, Lorentz indices
of baryon bilinears transform under parity with the matrix Pµν .
Because of the relation

[Dµ, Dν ]A = 1
4 [[uµ, uν ] , A]− i

2
[
f+
µν , A

]
(2.49)

for any building block A (or baryon field B), it is sufficient to use only totally symmetrized
products of covariant derivatives, Dαβγ...A. Furthermore, because of the identity

Dνuµ −Dµuν = f−µν , (2.50)

one needs to consider only the symmetrized covariant derivative acting on uµ ,

hµν = Dµuν +Dνuµ . (2.51)

Finally, the chiral effective Lagrangian can be constructed by taking traces (and products
of traces) of different polynomials in the building blocks, so that they are invariant under
chiral symmetry, Lorentz transformations, C and P .

2.3.1 Leading-order meson Lagrangian

As a first example, we show the leading-order purely mesonic Lagrangian. From the
general construction principles discussed above, one obtains for the leading-order effective
Lagrangian

L
(2)
φ = f2

0
4 〈uµu

µ + χ+〉 . (2.52)

Note that there is no contribution of order O(q0). This is consistent with the vanishing
interaction of the Goldstone bosons in the chiral limit at zero momenta.
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Before we continue with the meson-baryon interaction Lagrangian, let us elaborate on
the leading chiral Lagrangian in the purely mesonic sector without external fields, but
with non-vanishing quark masses in the isospin limit: vµ(x) = aµ(x) = p(x) = 0 and
s(x) = M = diag (m,m,ms). Inserting the definitions of the building blocks, Eq. (2.52)
becomes with these restrictions:

L
(2)
φ = f2

0
4 〈∂µU∂

µU †〉+ 1
2B0f

2
0 〈MU † + UM〉 . (2.53)

The scale f0 is the decay constant of the pseudoscalar Goldstone bosons in the chiral
limit. The axial-vector currents determined from L

(2)
φ after expanding the meson matrix

U(x) read Jµ,aA = −f0∂µφa + . . . and are consistent with the definition of f0 in Eq. (2.28).
The physical decay constants fπ 6= fK 6= fη differ in terms of order (m,ms): fφ =
f0 {1 +O (m,ms)}. The constant B0 is related to the chiral quark condensate. Since
∂HQCD/∂mq = q̄q it follows from Eq. (2.53) with U = 1, that

〈q̄q〉 = 〈0|ūu|0〉 = 〈0|d̄d|0〉 = 〈0|s̄s|0〉 = −f2
0B0{1 +O(m,ms)} . (2.54)

Rewriting the mass term of Eq. (2.53) in terms of the physical meson fields by expanding
the matrix U(x), relations between meson masses an quark masses can be established.
Together with Eq. (2.54) the famous leading-order Gell-Mann–Oakes–Renner relations
are obtained2

m2
πf

2
π = −2m 〈q̄q〉+O(m2

q) ,
m2
Kf

2
K = − (m+ms) 〈q̄q〉+O(m2

q) ,

m2
ηf

2
η = −2

3 (m+ 2ms) 〈q̄q〉+O(m2
q) . (2.55)

In the chiral limit, i.e., for vanishing quark masses, the masses of the mesons vanish as
expected from Goldstone’s theorem. By elimination of m,ms the relations in Eq. (2.55)
lead to the Gell-Mann–Okubo mass formula

4m2
K = 3m2

η +m2
π . (2.56)

2.3.2 Leading-order meson-baryon interaction Lagrangian

The leading-order meson-baryon interaction Lagrangian L
(1)
B is of order O(q) and reads3

L
(1)
B = 〈B̄ (i /D −MB

)
B〉+ D

2 〈B̄γ
µγ5{uµ, B}〉+ F

2 〈B̄γ
µγ5 [uµ, B]〉 . (2.57)

The constantMB is the mass of the baryon octet in the chiral limit. The two new constants
D and F are called axial-vector coupling constants. Their values can be obtained from
semi-leptonic hyperon decays and are roughly D ≈ 0.8 and F ≈ 0.5. The sum of the two
constants is related to the axial-vector coupling constant of nucleons, gA = D+ F = 1.27,
obtained from neutron beta decay. At lowest order the pion-nucleon coupling constant
gπN is connected to the axial-vector coupling constant by the Goldberger-Treiman relation,

2 These relations were first obtained by Gell-Mann, Oakes and Renner [105], using current algebra, especially
the so-called partially conserved axial-vector current (PCAC) method.

3 Note that an overall plus sign in front of the constants D and F is chosen, consistent with the conventions
in SU(2) χEFT [12].
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gπNfπ = gAMN . The covariant derivative in Eq. (2.57) includes the field Γµ, which leads
to a vertex between two octet baryons and two mesons, whereas the terms containing uµ
lead to a vertex between two octet baryons and one meson. Different octet-baryon masses
appear first in L

(2)
B due to explicit chiral symmetry breaking and renormalization and

lead to corrections linear in the quark masses:

Mi = MB +O(m,ms) . (2.58)

2.4 weinberg power counting scheme

As stated before, an effective field theory has an infinite number of terms in the effective
Lagrangian and for a fixed process an infinite number of diagrams contribute. Therefore,
it is crucial to have a power counting scheme, to assign the importance of a term. Then,
to a certain order in the power counting, only a finite number of terms contribute and the
observables can be calculated to a given accuracy.
First, let us discuss the power counting scheme of χEFT in the pure meson sector,

i.e., only the pseudoscalar Goldstone bosons are explicit degrees of freedom. The chiral
dimension ν of a Feynman diagram represents the order in the low-momentum expansion,
(q/Λχ)ν . The symbol q is generic for a small external meson momentum or a small meson
mass. The scale of chiral symmetry breaking Λχ is often estimated as 4πfπ ≈ 1 GeV or
as the mass of the lowest-lying resonance, Mρ ≈ 770 MeV. A simple dimensional analysis
leads to the following expression for the chiral dimension of a connected Feynman diagram
[5]:

ν = 2 + 2L+
∑
i

vi∆i , ∆i = di − 2 . (2.59)

The number of Goldstone boson loops is denoted by L and vi is the number of vertices
with vertex dimension ∆i. The symbol di stands for the number of derivatives or meson
mass insertions at the vertex, i.e., the vertex originates from a term of the Lagrangian of
the order O(qdi).
With the introduction of baryons in the chiral effective Lagrangian, the power counting

is more complicated. The large baryon mass comes as an extra scale and destroys the
one-to-one correspondence between the loop and the small momentum expansion. Jenkins
and Manohar used methods from heavy-quark effective field theory to solve this problem
[97]. Basically they considered baryons as heavy, static sources. This leads to a description
of the baryons in the extreme non-relativistic limit with an expansion in powers of the
inverse baryon mass, called heavy-baryon chiral perturbation theory. Furthermore, in
the two-baryon sector, additional features arise. The reducible Feynman diagrams are
enhanced due to the presence of small kinetic energy denominators resulting from purely
nucleonic intermediate states. These graphs hint at the non-perturbative aspects in few-
body problems, such as the existence of shallow bound states, and must be summed up
to all orders. As suggested by Weinberg [57, 58], we treat the baryons non-relativistically
and apply the power counting scheme to an effective potential V , that contains only the
irreducible Feynman diagrams. This effective potential is then the input for quantum
mechanical few-body calculations. In case of the baryon-baryon interaction the effective
potential is inserted into the Lippmann-Schwinger equation and solved for bound and
scattering states. This is graphically shown in Fig. 2.3. The T -matrix is obtained from
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T = V +
V
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V

+ · · ·

Figure 2.3: Graphical representation of the Lippmann-Schwinger equation.

the infinite series of ladder diagrams with the effective potential V . In this way the
omitted reducible diagrams are regained. As argued in Refs. [57, 58] the baryon mass MB
is counted as

q

MB
∝
( q

Λχ

)2
. (2.60)

After these considerations, a consistent power counting scheme for the effective potential
V is possible. The soft scale q in the low-momentum expansion (q/Λχ)ν denotes now small
external meson four-momenta, small external baryon three-momenta or the small meson
masses. Naive dimensional analysis leads to the generalization of Eq. (2.59):

ν = 2−B + 2L+
∑
i

vi∆i , ∆i = di + 1
2bi − 2 , (2.61)

where B is the number of external baryons and bi is the number of internal baryon lines
at the considered vertex. However, Eq. (2.61) has an unwanted dependence on the baryon
number, due to the normalization of baryon states. Such an effect can be avoided by
assigning the chiral dimension to the transition operator instead of the matrix elements.
This leads to the addition of 3B − 6 to the formula for the chiral dimension, which leaves
the B = 2 case unaltered, and one obtains

ν = −4 + 2B + 2L+
∑
i

vi∆i , ∆i = di + 1
2bi − 2 . (2.62)

Following this scheme one arrives at the hierarchy of baryonic forces shown in Fig. 2.4.
The leading-order (ν = 0) potential is given by one-meson-exchange diagrams and non-
derivative four-baryon contact terms. At next-to-leading order (ν = 2) higher order con-
tact terms and two-meson-exchange diagrams with intermediate octet baryons contribute.
Finally, at next-to-next-to-leading order (ν = 3) the three-baryon forces start to contribute.
Diagrams that lead to mass and coupling constant renormalization are not shown.

2.5 application: radiative corrections to pion-pair production

As an application of chiral perturbation theory in the mesonic sector, we briefly review our
calculation in Ref. [106] concerning the QED radiative corrections to the charged pion-pair
production process π−γ → π+π−π− at low energies. This process is measured with high
statistics in the COMPASS experiment at CERN. Here, the Primakoff scattering of high-
energetic pions in the Coulomb field of a heavy nucleus is used to extract cross sections
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two-baryon force three-baryon force

LO

NLO

NNLO · · ·

Figure 2.4: Hierarchy of baryonic forces. Solid lines are baryons, dashed lines are pseudoscalar
mesons. Solid dots, filled circles and squares denote vertices with ∆i = 0, 1 and 2, respectively.

for low-energy π−γ reactions. The total cross sections for the reactions π−γ → 3π in
the low-energy region serve as a good testing ground for chiral perturbation theory, since
it involves all the chiral dynamics of ππ scattering, in a reaction induced by a photon.
In contrast to the baryonic sector, a purely perturbative approach can be used for pion-
interactions in the low-energy regime. Total cross sections for the process π−γ → π+π−π−

in the energy region from threshold up to a total center-of-mass energy
√
s of about 5mπ

have been published by the COMPASS collaboration in Ref. [107]. Good agreement has
been found with the leading-order prediction of chiral perturbation theory, which can
be obtained from the tree-level Feynman diagrams shown in Fig. 2.5. However, for the
analysis of future high statistics experiments at COMPASS, a higher theoretical precision
is desirable. The chiral corrections to π−γ → 3π processes at low energies have already
been calculated in Ref. [108]. It has been found that the total cross sections of neutral
pion pair production π−γ → π−π0π0 get enhanced by a factor 1.5–1.8 in the low-energy
region up to

√
s = 7mπ. On the other hand, the total cross sections of the charged pion

pair production process π−γ → π+π−π− remain almost unchanged in this region by the
inclusion of higher-order corrections. The QED radiative corrections of order O(e2p2)
to the neutral pion production process π−γ → π−π0π0 have been derived in Ref. [109],
where 12 relevant Feynman diagrams contribute. The radiative corrections to the total
cross section vary between −2% and 2% in the low-energy region.
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Figure 2.5: Leading-order contributions to the process π−γ → π+π−π−.

In Ref. [106] we have considered the QED radiative corrections to the more complex
process π−γ → π+π−π−, which involves in total 110 relevant Feynman diagrams. Isospin
breaking effects (proportional tomπ±−mπ0 ∝ α) in pion loops which count also as O(e2p2)
have been neglected. The various contributions to the radiative corrections of relative order
α = e2/4π consist of purely electromagnetic interactions of the charged pions mediated
by (tree-level) one-photon exchange (10 diagrams) and of one-photon-loop corrections to
the leading-order diagrams in Fig. 2.5. The loop diagrams fall into three classes: self-
energy corrections on external pion-lines (12 diagrams), which give only ultraviolet and
infrared divergences, vertex corrections to the pion-photon coupling (12 diagrams), which
sum to zero, and “irreducible” photon loop diagrams (42 diagrams), which produce the
finite contribution of interest. Ultraviolet as well as infrared divergences in loop diagrams
are treated with the use of dimensional regularization. In order to achieve ultraviolet
finiteness, electromagnetic counterterms need to be included (22 diagrams). Furthermore,
infrared divergences are canceled by including soft-photon bremsstrahlung off the in- and
out-going charged pions below an energy cut-off λ ≈ 5 MeV (12 diagrams). The calculation
of the difficult 42 irreducible diagrams was done by using the packages FeynCalc [110] and
LoopTools [111]. The results for all other diagrams can be given in concise analytical
formulas.
In general the radiative corrections to the total cross sections and dipion mass spectra

are of the order of a few percent, as assumed in the analysis of the COMPASS data in
Ref. [107]. In Fig. 2.6 the resulting radiative corrections (in percent) to the total cross
sections of the process π−γ → π+π−π− are presented as a function of the total center-
of-mass energy

√
s. The largest contribution is given by the one-photon exchange, which

gives a correction of about 8% close to threshold. However, it is partly compensated by the
leading isospin-breaking correction from the mass difference between neutral and charged
pions. The horizontal gray band represents the contribution from the electromagnetic
counterterms and it is obtained by varying the corresponding LECs in a natural range.
Surprisingly, the contribution from the irreducible loop diagrams is almost constant in
the region 3.5mπ <

√
s < 7mπ. Another feature of the radiative corrections is, that the

Coulomb singularity of the final state interaction leads to a kink in the dipion invariant
mass spectra. This can be seen exemplary in Fig. 2.7, which shows the radiative corrections
to π−π− mass spectrum. With these results, the radiative corrections can be consistently
taken into account in the analysis of a future high statistics experiment of COMPASS.
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Figure 2.6: Radiative corrections to the total cross sections of the process π−γ → π+π−π−.
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Figure 2.7: Radiative corrections the the π−π− mass spectrum of the process π−γ → π+π−π−
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RELATIV I ST IC BARYON-NUMBER -TWO CHIRAL LAGRANGIAN

In this somewhat technical chapter, we construct the most general chiral effective La-
grangian in flavor SU(3) up to order q2 in the baryon-number-two sector, using a covariant
power counting. The resulting Lagrangian leads in the absence of external fields to the
baryon-baryon contact terms up to O(q2), which are an important ingredient for complete
calculations of the baryon-baryon interaction beyond leading order, as they encode the
unresolved short-distance dynamics. The corresponding low-energy constants have to be
fitted to experimental data. By introducing external fields of scalar, pseudoscalar, vector
and axial-vector type, the contact terms (linear in the quark masses) that break explicitly
chiral symmetry, emerge as a particular subset. Additional types of four-baryon contact
vertices including, e.g., pseudoscalar Goldstone bosons, weak gauge bosons or photons are
obtained by this method as well. A small subset of the constructed vertices is shown in
Fig. 3.1. Especially the four-baryon vertex with one Goldstone boson is important for
meson-production processes and the construction of three-baryon forces with one-meson
exchange, as explained in Chapter 6. Parts of the present chapter have been previously
published in Ref. [103].

Figure 3.1: Examples for baryon-baryon contact vertices. Solid lines, dashed lines and wavy lines
are baryons, pseudoscalar mesons and photons. Solid dots, filled circles and squares denote vertices
with ∆i = 0, 1 and 2, respectively.

The chiral Lagrangian for the baryon-number-one sector has been investigated in various
works. The chiral effective pion-nucleon Lagrangian of order O(q4) has been constructed
in Ref. [112]. The three-flavor Lorentz invariant chiral meson-baryon Lagrangians at order
O(q2) and O(q3) have been first formulated in Ref. [104] and were later completed in
Refs. [101] and [102]. In these papers the external field method has been used and a
locally chiral invariant relativistic Lagrangian has been derived. Concerning the nucleon-
nucleon contact terms, the relativistically invariant contact Lagrangian at order O(q2)
for two flavors (without any external fields) has been constructed in Ref. [113]. In this
chapter we extend the framework to construct the general baryon-baryon contact terms
up to order O(q2) for three flavors using the external field method. At lowest order O(q0)
this Lagrangian has been given in Refs. [23, 25]. The three-flavor chiral Lagrangian for
the baryon-number-two sector is constructed such that each individual term fulfills the

23
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invariance under charge conjugation, parity transformation, Hermitian conjugation and
local chiral symmetry SU(3)L × SU(3)R. In order to eliminate linearly dependent terms,
we use the Fierz identities, the equations of motion, the cyclic property of the trace and
a Cayley-Hamilton relation for SU(3). As one might expect, we find that the number of
terms in the Lagrangian and associated low-energy constants is very large. This is due
to the fact, that many possible orderings of the flavor matrices including external fields
give rise to invariant terms. In addition, the particle content is considerably larger than
for flavor SU(2). However, many physical processes such as baryon-baryon scattering are
sensitive to only a small fraction of these terms and their associated low-energy constants.
By employing the non-relativistic reduction we show that many of the relativistic O(q2)-
terms actually contribute at higher order and thus can be discarded in non-relativistic
calculations up to order O(q2).

3.1 construction of chiral baryon-baryon lagrangian

For the construction of all terms in the Lagrangian, invariance under local chiral trans-
formations, proper Lorentz transformations, parity, charge conjugation and Hermitian
conjugation has to be fulfilled. Since the baryon field B and all building blocks A (cf.
Eq. (2.40)) transform under the chiral symmetry group in the same way, A→ KAK†, the
invariant terms for the Lagrangians are constructed by traces over products of these, or by
products of such traces. Note that K†K = 1. The baryon-baryon contact terms include
two baryon fields B and two adjoint baryon fields B̄. The different arrangements of these
four baryon fields (exploiting the cyclic property of the trace) are of the schematic form:

〈B̄BB̄B〉 , 〈B̄B̄BB〉 ,
〈B̄B〉〈B̄B〉 , 〈B̄〉〈BB̄B〉 , 〈B̄B̄〉〈BB〉 , 〈B̄BB̄〉〈B〉 ,
〈B̄B〉〈B̄〉〈B〉 , 〈B̄〉〈B̄〉〈BB〉 , 〈B̄B̄〉〈B〉〈B〉 ,
〈B̄〉〈B〉〈B̄〉〈B〉 . (3.1)

Chiral building blocks and Dirac operators have to be supplemented appropriately. By
using the Fierz identity, a product of two baryon bilinears can be rearranged

(Ψ̄(1)ΓAΨ(2))(Ψ̄(3)ΓBΨ(4)) = −
∑
C,D

CABCD(Ψ̄(1)ΓCΨ(4))(Ψ̄(3)ΓDΨ(2)) , (3.2)

where CABCD are the well-known Fierz transformation coefficients. This allows one to fix
and label the fields B̄ and B which form the first and second baryon bilinear, respectively.
The other arrangement can be expressed as a linear combination of the chosen type.

One arrives at the following list of general flavor structures for contact terms to arbitrary
chiral order:

X1 := D̂k
2 〈B̄1AaΘ1B1AbB̄2AcΘ2B2Ad〉,

X2 := D̂k
2 〈B̄1AaB̄2AbΘ1B1AcΘ2B2Ad〉,

X3 := D̂k
2 〈B̄1AaΘ1B1Ab〉 〈B̄2AcΘ2B2Ad〉,

X4 := D̂k
2 〈B̄1Aa〉 〈Θ1B1AbB̄2AcΘ2B2Ad〉,

X5 := D̂k
2 〈B̄1AaΘ1B1Ab〉 〈B̄2Ac〉 〈Θ2B2Ad〉,
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X6 := D̂k
2 〈B̄1Aa〉 〈B̄2Ab〉 〈Θ1B1AcΘ2B2Ad〉,

X7 := D̂k
2 〈B̄1Aa〉 〈Θ1B1Ab〉 〈B̄2Ac〉 〈Θ2B2Ad〉,

and all terms of the form: Xi · 〈Ae〉 · 〈Af 〉 . . . , (3.3)

where the A are either 1 or the building blocks (uµ, f±µν , χ±), covariant derivatives thereof,
and commutators or anticommutators of these. We have omitted their Lorentz indices for
the sake of notational simplicity. The operators Θ1,2 consist of basis elements of the Dirac
algebra (in order to get the complete set of baryon bilinears) and products of the metric
tensor gµν and the Levi-Civita tensor εµνρλ. They include also an arbitrary number (n1,2)
of totally symmetrized covariant derivatives acting on the baryon field B to the right:
Θ1 := Γ1Dn1 , Θ2 := Γ2Dn2 , Γi ∈ {1, γ5, γµ, γ5γµ, σµν}. The indices 1,2 of the baryon
fields and Θ’s indicate to which baryon bilinear they belong, e.g., (. . . B̄1 . . .Θ1B1 . . .)
means (. . . B̄α . . .ΘαβBβ . . .) with α, β being spinor indices. The operator D̂k

2 is defined
such, that it acts only on the baryon field indexed by 2, e.g., D̂2(. . . B̄2 . . . B2 . . . ) means
(. . . (DB̄2) . . . B2 . . . ) + (. . . B̄2 . . . (DB2) . . . ). Furthermore, these k covariant derivatives
are totally symmetrized. Each operator D̂2 raises the chiral power of the monomial by
one.
Obviously, a total derivative term ∂X can be omitted from the Lagrangian. In our case

this gives, by the use of the product rule1,

∂X = DX = D̂1X + D̂2X +
∑

(. . . DA . . . ) , (3.4)

where (. . . DA . . . ) denotes a term including the covariant derivatives of a chiral building
block. Since DA is by definition a chiral building block, the corresponding term is already
included in the construction of the most general Lagrangian. As a consequence of Eq. (3.4)
there is no need to consider the operator D̂k

1 since it can be replaced by −D̂k
2 . In a similar

way we do not need to consider covariant derivatives of B̄, since these can be expressed by
higher order terms and terms that are already included in the list X1, . . . , X7 of Eq. (3.3).
This property follows from the definition of D̂2,

D̂2(. . . B̄2 . . . B2 . . . ) = (. . . (DB̄2) . . . B2 . . . ) + (. . . B̄2 . . . (DB2) . . . ) . (3.5)

The arrangement 〈B̄B̄〉〈BB〉 of baryon fields under the flavor traces, which stands for a
general term D̂k

2 〈B̄1AaB̄2Ab〉 〈Θ1B1AcΘ2B2Ad〉, can be expressed by other arrangements,
using the Fierz identity together with the SU(3) Cayley-Hamilton relation (cf. Refs. [100,
102, 114])

0 =
∑

6 perm
〈M1M2M3M4〉 −

∑
8 perm

〈M1M2M3〉〈M4〉 −
∑

3 perm
〈M1M2〉〈M3M4〉

+
∑

6 perm
〈M1M2〉〈M3〉〈M4〉 − 〈M1〉〈M2〉〈M3〉〈M4〉 , (3.6)

with M1 = B̄1Aa , M2 = B̄2Ab , M3 = Θ1B1Ac , M4 = Θ2B2Ad. The arrangements
〈B̄B̄B〉〈B〉 and 〈B̄B̄〉〈B〉〈B〉 arise by charge conjugation from the monomials X4 and X6

and therefore do not need to be included explicitly.

1 The product rule reads Dµ(AaAb) = Aa(DµAb)+ (Aa
←−
Dµ)Ab with A

←−
Dµ := DµA. We also use the relation

∂µ〈. . . 〉 = 〈Dµ(. . . )〉 for trace terms.
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Transformation behavior of monomials Xi under parity

Each monomial Xi in the list of Eq. (3.3) transforms under parity as

(Xi)P = (−1)pA+pΓ1+pΓ2+nεXi = (−1)pXi , (3.7)

where pA is the sum of parity exponents of the external fields pA = ∑
j=a,b,c,d,... pAj (cf.

Tab. 2.2(a)). Likewise, pΓi is the parity exponent of the Dirac algebra element in Θi

(cf. Tab. 2.2(b)), deduced from the transformation Ψ̄ΓΦ P→ Ψ̄γ0Γγ0Φ, and nε counts the
number of Levi-Civita tensors in the monomial Xi . The counting rule for the sign in
Eq. (3.7) holds, because all Lorentz indices of the building blocks and also of the Dirac
algebra basis elements transform as IPµ = ±P νµIν with (P νµ) = diag(+1,−1,−1,−1) and
therefore2

IPµ J
µ,P = ±IρP ρµPµνJν = ±IµJµ . (3.8)

With inclusion of the Lorentz indices we have the tensorial structures Aµ(ν), Dµ, Γµ(ν),
gµν , εµνρσ, where the metric gµν can be dropped, since it merely raises or lowers indices.
Because of the relation

Pµµ′P
ν
ν′P

ρ
ρ′P

σ
σ′ε

µ′ν′ρ′σ′ = det(P )εµνρσ = −εµνρσ , (3.9)

one gets a minus sign for each ε-tensor that appears in a monomial term.

Transformation behavior of monomials Xi under charge conjugation

Here, we analyze the transformation behavior of the monomials Xi listed in Eq. (3.3)
under charge conjugation. The symbol > denotes transposition of matrices in Dirac space
as well as in flavor space. For the first monomial X1 one gets

(X1)C =
(
D̂k

2 〈B̄1AaΘ1B1AbB̄2AcΘ2B2Ad〉
)C

= (−1)cA+cΓ1+cΓ2 D̂k
2 〈B>1 A>a (B̄1

←−Θ1)>A>b B>2 A>c (B̄2
←−Θ2)>A>d 〉

= (−1)cA+cΓ1+cΓ2 D̂k
2 〈AdB̄2

←−Θ2AcB2AbB̄1
←−Θ1AaB1〉

= (−1)cD̂k
2 〈B̄1

←−Θ1AaB1AdB̄2
←−Θ2AcB2Ab〉

= (−1)c+n1+n2X1
b↔d + h.o. , (3.10)

where we have used in the first step BC = CB̄> and B̄C = −B>C−1, with C = iγ2γ0,
cf. Eq. (2.4). The relations C−1ΓiC = (−1)cΓiΓ>i , ACi = (−1)ciA>i and DC

µA
> = (DµA)>

give the charge conjugation for Dirac matrices, external fields and covariant derivatives,
cf. Eqs. (2.47) and (2.48). One obtains the exponents cA = ∑

j=a,b,c,d,... cAj and c =
cA + cΓ1 + cΓ2 ∈ {0, 1}. In the step from the second to the third line one uses the
relation Ψ>Γ>Φ̄> = ΨαΓβαΦ̄β = −Φ̄ΓΨ for bilinears in Dirac space and the relation
(A>B>C> . . . ) = (. . . CBA)> for flavor matrices, together with 〈A>〉 = 〈A〉. The notation←−Θ i = ←−DniΓi indicates that the covariant derivatives act on the baryon field to the left.
For the last equality we used the product rule Eq. (3.5) and the abbreviation h.o. denotes
higher order terms.

2 Covariant derivatives transform as four-vectors under parity, (DµA)P = Pµν(DνAP ).
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Similarly, one finds for the monomials X2, X3 and X4:

(X2)C = (−1)cD̂k
2 〈B̄2

←−Θ2AcB̄1
←−Θ1AbB2AaB1Ad〉

= (−1)c+n1+n2+kX2
a↔c

Γ1↔Γ2
n1↔n2

+ h.o. , (3.11)

(X3)C = (−1)cD̂k
2 〈B̄1

←−Θ1AaB1Ab〉 〈B̄2
←−Θ2AcB2Ad〉

= (−1)c+n1+n2X3 + h.o. , (3.12)

(X4)C = (−1)cD̂k
2 〈B̄2

←−Θ2AcB2AbB̄1
←−Θ1Ad〉 〈B1Aa〉 . (3.13)

At this point one can see that every term of the schematic form 〈B̄BB̄〉〈B〉 can be written
as the charge-conjugate of a term of the form 〈B̄〉〈BB̄B〉 (and vice versa). Since only
charge conjugation invariant terms X + XC are allowed, it is sufficient to consider only
the form 〈B̄〉〈BB̄B〉, i.e., terms of the type X4. We continue with the charge conjugation
properties of the monomials X5 and X6:

(X5)C = (−1)cD̂k
2 〈B̄1

←−Θ1AaB1Ab〉 〈B̄2
←−Θ2Ad〉 〈B2Ac〉

= (−1)c+n1+n2X5
c↔d + h.o. , (3.14)

(X6)C = (−1)cD̂k
2 〈B̄2

←−Θ2AcB̄1
←−Θ1Ad〉 〈B2Ab〉 〈B1Aa〉 . (3.15)

As before, the schematic forms 〈B̄B̄〉〈B〉〈B〉 and 〈B̄〉〈B̄〉〈BB〉 are connected by charge
conjugation. Therefore it is sufficient to consider only 〈B̄B̄〉〈B〉〈B〉, i.e., terms of the type
X6. Finally, the charge conjugation property of X7 is

(X7)C = (−1)cD̂k
2 〈B̄1

←−Θ1Ab〉 〈B1Aa〉 〈B̄2
←−Θ2Ad〉 〈B2Ac〉

= (−1)c+n1+n2X7
a↔b
c↔d

+ h.o. . (3.16)

For terms with additional traces multiplied to Xi (see Eq. (3.3)) the behavior under charge
conjugation follows as

(Xi · 〈Ae〉 · 〈Af 〉 · . . . )C = (−1)ce+cf+...(Xi)C · 〈Ae〉 · 〈Af 〉 · . . . . (3.17)

Transformation behavior of monomials Xi under Hermitian conjugation

Now we consider the transformation behavior of the monomials Xi listed in Eq. (3.3)
under Hermitian conjugation. For the first monomial X1 we have

(X1)∗ = D̂k
2 〈B̄1AaΘ1B1AbB̄2AcΘ2B2Ad〉∗

= D̂k
2 〈A†dB

†
2
←−Θ †2A†cB̄†2A†bB

†
1
←−Θ †1A†aB̄†1〉

= (−1)hA+hΓ1+hΓ2 D̂k
2 〈AdB̄2

←−Θ2AcB2AbB̄1
←−Θ1AaB1〉

= (−1)hD̂k
2 〈B̄1

←−Θ1AaB1AdB̄2
←−Θ2AcB2Ab〉

= (−1)h+n1+n2X1
b↔d + h.o. , (3.18)
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where we used in the first step the relations 〈A∗〉 = 〈A†〉, (ABC . . . )† = (. . . C†B†A†) for
flavor matrices and the relation (Ψ̄ΓΦ)∗ = (Ψ̄ΓΦ)† = Φ†Γ†Ψ̄† for (mixed) baryon bilinears.
Covariant derivatives follow the rule (DµA)† = A†

←−
Dµ, and the notation ←−Θ †i = ←−DniΓ†i

means that the Hermitian conjugate of Θi acts only on the Dirac matrix. In the second
step we used the properties A†i = (−1)hiAi and γ0Γ†iγ0 = (−1)hΓiΓi, cf. Eqs. (2.47) and
(2.48). One obtains the exponents hA = ∑

j=a,b,c,d,... hAj and h = hA + hΓ1 + hΓ2 ∈ {0, 1}.
In the last step the product rule Eq. (3.5) has been employed.
Just as for the monomial X1, the transformation behavior under Hermitian conjugation

of the other monomials Xi is given by the replacement of the exponents c → h in the
transformation under charge conjugation.

3.2 results for chiral contact terms

In this section we apply the rules for constructing a chiral Lagrangian to obtain a complete
set of three-flavor contact terms up to order O(q2). We define for an arbitrary monomial
X the charge conjugation invariant combination Y = X+XC . It transforms under parity
as (Y )P = (−1)pY , since X and XC transform into themselves up to a sign factor (−1)pX .
The behavior under Hermitian conjugation is Y ∗ = (−1)c+hY , since

(X +XC)∗ = X∗ +XC∗ = (−1)c+h(XC +X) . (3.19)

Here the similar transformation behavior under charge conjugation and Hermitian conju-
gation led to the relation X∗ = (−1)c+hXC . If Y transforms under Hermitian conjugation
into its negative, one has to multiply it with a factor i. In the cases where XC = −X+h.o.
one can drop these monomials, since Y is then zero to the considered order.
At a given order there are arbitrarily many terms with pairwise contracted covariant

derivatives of the form

Y (Θ1 = . . . ·Dµ1µ2...µn , Θ2 = . . . ·Dµ1µ2...µn) . (3.20)

Following an argument of Ref. [113], one needs to take into account values for n only up to
a finite number for the Lagrangian to order O(q2). A term of the form in Eq. (3.20) gives
rise to a matrix element (ū3Θ1u1)(ū4Θ2u2), where every contracted pair of D’s produces
a factor p1 · p2. Up to O(q2) one can approximate its n-th power as

(p1 · p2)n ≈ (M0)2n
[
1 + n

2M2
0

(~p1 − ~p2)2
]
, (3.21)

and therefore all n larger than 1 do not give rise to new structures. Because of the field
Γµ (which is of O(q)) in the covariant derivative one needs to go one order higher. At
O(q0) terms with n = 0, 1, 2 are needed, at O(q) terms with n = 0, 1 can contribute and
at O(q2) only terms with n = 0 need to be considered.
In order to avoid the construction of redundant terms, one uses the lowest-order equation

of motion fulfilled by the baryon field

/DB = −iM0B +O(q) , (3.22)

and its Dirac conjugated. Up to higher order corrections one can replace /DB by −iM0B

and B̄
←−
/D by iM0B̄. Beyond the obvious replacements one can bring terms not containing
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/DB into a form where they do. Following closely Ref. [112], where this method has
been applied to the πN Lagrangian, a systematic use of the equation of motion can be
summarized by the following restrictions for remaining independent terms, where Θi is a
general Dirac operator in the baryon bilinear i:

• Γ of Θi is a matrix from the set {1, γ5γµ, σµν} with possible additional gµν and εµνρτ
factors,

• Lorentz indices within Θi must not be contracted, with the exception of one index
of an εµνρτ -tensor, which has then to be contracted with Dn

µ... .

• D̂µ
2 must not be contracted with any Dn

µ... or with σµν .

The generalized proof for these rules can be found in our work Ref. [103].
Furthermore, by using the lowest-order equation of motion satisfied by the mesons,

Dµu
µ = i

2

(
χ− −

1
3〈χ−〉

)
, (3.23)

one can get rid of terms including hµµ = Dµu
µ +Dµuµ (see Eq. (2.51)).

Via the Feynman rules the baryon-baryon contact terms get translated into matrix
elements of the form (ū3Γ1u1)(ū4Γ2u2) with additional momentum factors from derivatives,
with u the well-known free Dirac spinors. Let us now comment on the non-relativistic
reduction, where one expands the baryon bilinears in the inverse large baryon mass. A
derivative acting on a baryon field, DµB, is counted of order O(q0) for µ = 0 and of order
O(q1) for µ = 1, 2, 3. If a derivative Dµ is contracted with one of the Dirac matrices
γ5γµ or σµν the matrix element has no order O(q0) contribution, since ūiγ5γ0uj = O(q1)
and ūiσ

0νuj = O(q1) (see Appendix A.1). The corresponding term starts in the non-
relativistic power counting at least one order higher than in the covariant power counting,
proportional to q/M0. The same argument holds for the product operator εµνρτ1Dρ⊗1Dτ

sandwiched between Dirac spinors. The leading components from the index combination
ρ = τ = 0 gets nullified by the antisymmetric ε-tensor. In the following tables we will
label such suppressed terms by an asterisk ? . It is still possible that independent terms
in the covariant power counting become equal in the non-relativistic power counting, even
though none of them is suppressed. This leads to a further reduction of independent terms
and associated low-energy constants.

3.2.1 Baryon-baryon contact terms of O(q0)

At order O(q0) only terms of the type X1,2,3 contribute, since there are no external fields
present, and 〈B〉 = 〈B̄〉 = 0. The leading-order three-flavor contact Lagrangian has 15
terms and is given by

L
(0)
BB =

5∑
i=1

(
a1,iÂ1

i + a2,iÂ2
i + a3,iÂ3

i

)
, (3.24)

with the flavor structures

Â1
i = 〈B̄1θ

iB1B̄2ξ
iB2〉+ 〈B̄1

←−
θ iB1B̄2

←−
ξ iB2〉 ,

Â2
i = 〈B̄1B̄2θ

iB1ξ
iB2〉+ 〈B̄1

←−
ξ iB̄2

←−
θ iB1B2〉 ,

Â3
i = 〈B̄1θ

iB1〉〈B̄2ξ
iB2〉+ 〈B̄1

←−
θ iB1〉〈B̄2

←−
ξ iB2〉 , (3.25)
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θi ξi NR contributes to Âj

1 1 1, 2, 3
γ5γµ γ5γµ 1, 2, 3

γ5γµDν γ5γνDµ ? 1, 2, 3
σµν σµν 1, 2, 3
σµνDρ σµρDν ? 1, 2, 3

Table 3.1: Dirac operators θi and ξi for contact terms of O(q0). An asterisk ? in the column
NR denotes structures which contribute at higher order in the non-relativistic expansion. The last
column shows, to which flavor structures these operators contribute.

and the operators θi, ξi given in Tab. 3.1. The real parameters aj,i are the associated
low-energy constants. As in Ref. [101] we choose the terms to be exactly invariant under
charge and Hermitian conjugation, and not just invariant to leading order. Therefore both
summands in Eq. (3.25) are needed. As stated above additionally the Dirac operators in
Tab. 3.1 with one contracted pair of covariant derivatives (e.g. σµνDρ ⊗ σµνDρ) and with
two contracted pairs (e.g. σµνDρτ ⊗ σµνDρτ ) have to be included.
Considering this Lagrangian in the non-relativistic approximation for baryon-baryon

scattering, we recover the results of Ref. [25]. Dirac operators such as σµν∂ρ ⊗ σµν∂ρ
give in leading order the same contribution as the ones without contracted derivatives,
but differ at higher order. To leading order in the non-relativistic expansion the only
contributions come from the Dirac operators 1 ⊗ 1 and γ5γµ ⊗ γ5γµ. The others are
either of higher order or give contributions equal to these two. As a result one has six
independent non-relativistic contact terms at leading order. This is consistent with group
theoretical considerations, where the product of two (baryon) octets is decomposed into a
sum of six irreducible SU(3) representations, 8⊗8 = 27s⊕10a⊕10∗a⊕8s⊕8a⊕1s. The
symmetric and antisymmetric flavor representation are combined with the spin singlet and
spin triplet states, respectively. The parameters of the leading order Lagrangian L

(0)
BB can

be combined to the low-energy constants for irreducible SU(3) representations and spin
multiplets, which will be used in Tab. 4.2 of Chapter 4. The corresponding relations read:

c̃27
1S0

= 8π [2(a1,1 + 3a1,2) + 2(a3,1 + 3a3,2)] ,

c̃8s
1S0

= 8π
[
−4

3(a1,1 + 3a1,2)− 5
3(a2,1 + 3a2,2) + 2(a3,1 + 3a3,2)

]
,

c̃1
1S0

= 8π
[
−2

3(a1,1 + 3a1,2)− 16
3 (a2,1 + 3a2,2) + 2(a3,1 + 3a3,2)

]
,

c̃8a
3S1

= 8π [3(a2,1 − a2,2) + 2(a3,1 − a3,2)] ,
c̃10

3S1
= 8π [−2(a1,1 − a1,2) + 2(a3,1 − a3,2)] ,

c̃10∗
3S1

= 8π [2(a1,1 − a1,2) + 2(a3,1 − a3,2)] . (3.26)

3.2.2 Baryon-baryon contact terms of O(q1)

The Lagrangian of order O(q1) can be constructed by including a covariant derivative D̂α
2

or a field uα, but not both. When including the covariant derivative, one needs to consider
again only terms of the type X1,2,3, due to the tracelessness of the baryon fields. However,
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the restrictions through the equation of motion and the special structure of the monomials
X1 and X3 allow in the end for only two terms of type X2. They read

L
(1)
BB = b1

(
D̂α

2 〈B̄1B̄2(γ5γαDµB1)(γ5γ
µB2)〉

+ D̂α
1 〈(B̄1γ5γ

µ)(B̄2
←−
Dµγ5γα)B1B2〉

)
+ b2

(
D̂α

2 〈B̄1B̄2(γ5γαDµνB1)(γ5γ
µDνB2)〉

+ D̂α
1 〈(B̄1

←−
Dνγ5γ

µ)(B̄2
←−
Dµνγ5γα)B1B2〉

)
, (3.27)

with b1 and b2 new low-energy constants. In the non-relativistic approximation these terms
start to contribute at O(q2). This behavior agrees with the fact, that parity conservation
excludes any pure baryon-baryon contact terms at order O(q1). The second term differs
only from the first term, if additional mesons are involved.

The other possibility to obtain terms at order O(q1) is to include the chiral building
block uα. The corresponding terms can be of the type X1,2,3,4 with less than three flavor
traces. They describe baryon-baryon contact interactions including additional Goldstone-
boson fields. In total one can construct 67 terms for the Lagrangian,

L
(1)
BB =

3∑
i=1

c1,iĈ1
i +

7∑
i=1

c2,iĈ2
i +

3∑
i=1

c3,iĈ3
i +

7∑
i=1

c4,iĈ4
i +

7∑
i=1

c5,iĈ5
i

+
7∑
i=1

c6,iĈ6
i +

7∑
i=1

c7,iĈ7
i +

3∑
i=1

c8,iĈ8
i +

3∑
i=1

c9,iĈ9
i +

3∑
i=1

c10,iĈ10
i

+
3∑
i=1

c11,iĈ11
i +

7∑
i=1

c12,iĈ12
i +

7∑
i=1

c13,iĈ13
i . (3.28)

The general flavor structures for terms with one chiral building block A inserted are

Ĉ1
i = 〈B̄1Aθ

iB1B̄2ξ
iB2〉+ (−1)ci〈B̄1

←−
θ iAB1B̄2

←−
ξ iB2〉,

Ĉ2
i = 〈B̄1θ

iB1AB̄2ξ
iB2〉+ (−1)ci〈B̄1

←−
θ iB1B̄2

←−
ξ iB2A 〉,

Ĉ3
i = 〈B̄1Aξ

iB1B̄2θ
iB2〉+ (−1)ci〈B̄1

←−
ξ iAB1B̄2

←−
θ iB2〉,

Ĉ4
i = 〈B̄1AB̄2θ

iB1ξ
iB2〉+ (−1)ci〈B̄1

←−
ξ iB̄2

←−
θ iB1AB2〉,

Ĉ5
i = 〈B̄1B̄2Aθ

iB1ξ
iB2〉+ (−1)ci〈B̄1

←−
ξ iB̄2

←−
θ iAB1B2〉,

Ĉ6
i = 〈B̄1AB̄2ξ

iB1θ
iB2〉+ (−1)ci〈B̄1

←−
θ iB̄2

←−
ξ iB1AB2〉,

Ĉ7
i = 〈B̄1B̄2θ

iB1ξ
iB2A 〉+ (−1)ci〈B̄1

←−
ξ iB̄2

←−
θ iB1B2A 〉,

Ĉ8
i = 〈B̄1Aθ

iB1〉〈B̄2ξ
iB2〉+ (−1)ci〈B̄1

←−
θ iAB1〉〈B̄2

←−
ξ iB2〉,

Ĉ9
i = 〈B̄1θ

iB1A 〉〈B̄2ξ
iB2〉+ (−1)ci〈B̄1

←−
θ iB1A 〉〈B̄2

←−
ξ iB2〉,

Ĉ10
i = 〈B̄1Aξ

iB1〉〈B̄2θ
iB2〉+ (−1)ci〈B̄1

←−
ξ iAB1〉〈B̄2

←−
θ iB2〉,

Ĉ11
i = 〈B̄1ξ

iB1A 〉〈B̄2θ
iB2〉+ (−1)ci〈B̄1

←−
ξ iB1A 〉〈B̄2

←−
θ iB2〉

Ĉ12
i = 〈B̄1A 〉〈θiB1B̄2ξ

iB2〉+ (−1)ci〈B̄2
←−
ξ iB2B̄1

←−
θ i〉〈B1A 〉,

Ĉ13
i = 〈B̄1A 〉〈ξiB1B̄2θ

iB2〉+ (−1)ci〈B̄2
←−
θ iB2B̄1

←−
ξ i〉〈B1A 〉,
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Ĉ14
i = 〈B̄1θ

iB1B̄2ξ
iB2〉〈A〉+ (−1)ci〈B̄1

←−
θ iB1B̄2

←−
ξ iB2〉〈A〉,

Ĉ15
i = 〈B̄1B̄2θ

iB1ξ
iB2〉〈A〉+ (−1)ci〈B̄1

←−
ξ iB̄2

←−
θ iB1B2〉〈A〉,

Ĉ16
i = 〈B̄1θ

iB1〉〈B̄2ξ
iB2〉〈A〉+ (−1)ci〈B̄1

←−
θ iB1〉〈B̄2

←−
ξ iB2〉〈A〉 . (3.29)

In the present case A = uα, and the operators θi, ξi and the corresponding exponents
ci are given in Tab. 3.2. Not all operators contribute to each flavor structure, e.g., if
XC = −X + h.o., or if one flavor structure is equal to another one up to higher order
terms. For the same reasons, the exchanged combinations with θi ↔ ξi need not to be
considered for all flavor structures. The flavor structures Ĉ14−16

i do not appear, since
uα is traceless. All Dirac operators in Tab. 3.2, except the combinations 1 ⊗ γ5γα and
γ5γµ⊗σαµ, contribute in the non-relativistic expansion first at O(q2). These criteria lead
to 20 terms in the non-relativistic power counting. It is worth to note that in the two-
flavor case (with pions and nucleons only) one gets from this list of terms the frequently
used 4Nπ contact vertex proportional to the low-energy constant cD. It determines the
mid-range 1π-exchange component of the leading-order chiral three-nucleon interaction
(see Chapter 6).

If more mesons are involved in addition to the Dirac operators in Tab. 3.2 the same
operators with one contracted pair of covariant derivatives have to be included, e.g.,
1 ·Dα

µν ⊗γ5γµDν . Their properties (ci, NR, Ĉj) are the same as for the ones without the
contracted pair in Tab. 3.2.

θi ξi ci NR contributes to Ĉj with A = uα

1 ·Dα
µ γ5γµ 0 ? 1-13

1 ·Dµ γ5γµDα 0 ? 1-13
1 γ5γα 0 1-13

i γ5γµDα
ν σµν 1 ? 2,4,5,6,7,12,13

i γ5γµ σαµ 1 2,4,5,6,7,12,13
i γ5γµDν σανDµ 1 ? 2,4,5,6,7,12,13
i γ5γµDν σµνDα 1 ? 2,4,5,6,7,12,13

Table 3.2: Dirac operators θi and ξi for contact terms of O(q1) with one field uα, and associated
charge conjugation exponents ci. An asterisk ? in the column NR denotes structures which are
of higher order in the non-relativistic power counting. The last column shows, to which flavor
structures these operators contribute.

3.2.3 Baryon-baryon contact terms of O(q2)

In the following we construct the baryon-baryon contact Lagrangian at O(q2). In the
non-relativistic limit the terms including Dirac operators marked by ? do not contribute
in a calculation up to O(q2). Nevertheless, we have decided to include these terms for the
sake of completeness and in order to give a complete description of the contact terms in
the covariant power counting.
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θi ξi NR contributes to D̂j

gαβ1 1 1,2,3
gαβγ5γµ γ5γµ 1,2,3

gαβγ5γµDν γ5γνDµ ? 1,2,3
gαβσ

µν σµν 1,2,3
gαβσ

µνDρ σµρDν ? 1,2,3
γ5γα γ5γβ 1,2,3

Table 3.3: Dirac operators θi and ξi for contact terms of O(q2) without external fields. An
asterisk ? in the column NR indicates structures which are at higher order in non-relativistic
power counting. The last column shows, to which flavor structures these operators contribute.

Terms without external fields

The first contributions to the Lagrangian of O(q2) comes from terms with two derivatives
of baryon bilinears and no external fields. They contribute to the pure baryon-baryon
interaction. One obtains 18 such terms:

L
(2)
BB =

6∑
i=1

(
d1,iD̂1

i + d2,iD̂2
i + d3,iD̂3

i

)
, (3.30)

which are similar to the O(q0) terms,

D̂1
i = D̂αβ

2 〈B̄1θ
iB1B̄2ξ

iB2〉+ D̂αβ
2 〈B̄1

←−
θ iB1B̄2

←−
ξ iB2〉,

D̂2
i = D̂αβ

2 〈B̄1B̄2θ
iB1ξ

iB2〉+ D̂αβ
1 〈B̄1

←−
ξ iB̄2

←−
θ iB1B2〉,

D̂3
i = D̂αβ

2 〈B̄1θ
iB1〉〈B̄2ξ

iB2〉+ D̂αβ
2 〈B̄1

←−
θ iB1〉〈B̄2

←−
ξ iB2〉 , (3.31)

with the operators θi, ξi given in Tab. 3.3. The structures gαβγ5γµDν ⊗ γ5γνDµ and
gαβσ

µνDρ⊗σµρDν contribute in the non-relativistic counting atO(q3) or higher. Therefore,
one obtains at order O(q2) 12 relevant terms in the non-relativistic power counting.

Terms including the external fields χ±

The terms including the external fields χ± are similar to the O(q1) terms including the
field uµ. When setting the external scalar field equal to the quark mass matrix, these
terms describe chiral symmetry breaking four-baryon contact interactions. For χ+ one
finds in total 55 terms and for χ− one has in total 24 terms. The Lagrangians for both
cases read,

L
(2)
BB =

∑
i,j

c+
j,iĈji (A→ χ+) , L

(2)
BB =

∑
i,j

c−j,iĈji (A→ χ−) , (3.32)

with the flavor structures Ĉj given in Eqs. (3.29). The operators θi and ξi for one insertion
of χ+ and χ− are given in Tab. 3.4 and Tab. 3.5, respectively. In the non-relativistic power
counting the number of χ+ terms reduces to 33 and all χ− terms are at least of order O(q3).
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θi ξi ci NR contributes to Ĉj with A = χ+

1 1 0 1,2,4,5,7,8,9,12,14,15,16
γ5γµ γ5γµ 0 1,2,4,5,7,8,9,12,14,15,16

γ5γµDν γ5γνDµ 0 ? 1,2,4,5,7,8,9,12,14,15,16
σµν σµν 0 1,2,4,5,7,8,9,12,14,15,16
σµνDρ σµρDν 0 ? 1,2,4,5,7,8,9,12,14,15,16

Table 3.4: Dirac operators θi and ξi for contact terms of O(q2) with χ+. An asterisk ? in the
column NR indicates structures which are at higher order in non-relativistic power counting. The
last column shows, to which flavor structures these operators contribute.

θi ξi ci NR contributes to Ĉj with A = χ−

i1 ·Dµ γ5γµ 0 ? 2,4,5,6,7,12,13,15
γ5γµDν σµν 1 ? 1-16

Table 3.5: Dirac structures θi and ξi for contact terms of O(q2) with χ−. An asterisk ? in the
column NR indicates structures which are at higher order in non-relativistic power counting. The
last column shows, to which flavor structures these operators contribute.

Terms including the fields f±αβ and hαβ

When using the traceless chiral building blocks fαβ± and hαβ, which count of order O(q2),
one obtains for each a contact Lagrangian,

L
(2)
BB =

∑
i,j

c′j,iĈji , (3.33)

with the (first thirteen) flavor structures Ĉj (j = 1, . . . , 13) listed in Eq. (3.29) and the
substitution A → fαβ+ , fαβ− , hαβ. The Dirac operators θi and ξi for A = fαβ+ are given
in Tab. 3.7. Column 4 in that table gives the additional factor i, if it is necessary for
recovering hermiticity. Column 5 gives the corresponding charge conjugation exponent
ci and column 6 shows the flavor structures to which the occurring Dirac operators can
contribute. Table 3.6 gives the same information for the cases A = fαβ− and A = hαβ.
One obtains in total 127, 137 and 139 terms with one external field fαβ+ , fαβ− and hαβ,
respectively. Many of the Dirac operators in Tab. 3.7 and Tab. 3.6 contribute in the non-
relativistic counting first at O(q3), and these are indicated by an asterisk ? in the column
NR. Examples for these are γ5γαDµ ⊗ σβµ and εαβ

δρ
1Dδ ⊗ 1Dρ. The number of O(q2)

terms in non-relativistic counting reduces then to 33, 40 and 40 terms with one external
field fαβ+ , fαβ− and hαβ, respectively. The terms with the field hαβ lead, e.g., to four-baryon
vertices involving two pseudoscalar mesons, whereas the terms including the fields f±αβ are
for example important for four-baryon vertices involving photons.
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Terms with one field uµ

The terms of order O(q2) with one field uα and hence with an additional covariant deriva-
tive D̂β

2 , have the same flavor structure as the O(q1) terms with one field uα. The pertinent
part of the contact Lagrangian is

L
(2)
BB =

∑
i,j

ej,iÊji , (3.34)

with the flavor structures

Ê1
i = D̂β

2 〈B̄1u
αθiB1B̄2ξ

iB2〉+ (−1)ciD̂β
2 〈B̄1

←−
θ iuαB1B̄2

←−
ξ iB2〉,

Ê2
i = D̂β

2 〈B̄1θ
iB1u

αB̄2ξ
iB2〉+ (−1)ciD̂β

2 〈B̄1
←−
θ iB1B̄2

←−
ξ iB2u

α〉,
Ê3
i = D̂β

2 〈B̄1u
αξiB1B̄2θ

iB2〉+ (−1)ciD̂β
2 〈B̄1

←−
ξ iuαB1B̄2

←−
θ iB2〉,

Ê4
i = D̂β

2 〈B̄1u
αB̄2θ

iB1ξ
iB2〉+ (−1)ciD̂β

1 〈B̄1
←−
ξ iB̄2

←−
θ iB1u

αB2〉,
Ê5
i = D̂β

2 〈B̄1B̄2u
αθiB1ξ

iB2〉+ (−1)ciD̂β
1 〈B̄1

←−
ξ iB̄2

←−
θ iuαB1B2〉,

Ê6
i = D̂β

2 〈B̄1u
αB̄2ξ

iB1θ
iB2〉+ (−1)ciD̂β

1 〈B̄1
←−
θ iB̄2

←−
ξ iB1u

αB2〉,
Ê7
i = D̂β

2 〈B̄1B̄2θ
iB1ξ

iB2u
α〉+ (−1)ciD̂β

1 〈B̄1
←−
ξ iB̄2

←−
θ iB1B2u

α〉,

Ê8
i = D̂β

2 〈B̄1u
αθiB1〉〈B̄2ξ

iB2〉+ (−1)ciD̂β
2 〈B̄1

←−
θ iuαB1〉〈B̄2

←−
ξ iB2〉,

Ê9
i = D̂β

2 〈B̄1θ
iB1u

α〉〈B̄2ξ
iB2〉+ (−1)ciD̂β

2 〈B̄1
←−
θ iB1u

α〉〈B̄2
←−
ξ iB2〉,

Ê10
i = D̂β

2 〈B̄1u
αξiB1〉〈B̄2θ

iB2〉+ (−1)ciD̂β
2 〈B̄1

←−
ξ iuαB1〉〈B̄2

←−
θ iB2〉,

Ê11
i = D̂β

2 〈B̄1ξ
iB1u

α〉〈B̄2θ
iB2〉+ (−1)ciD̂β

2 〈B̄1
←−
ξ iB1u

α〉〈B̄2
←−
θ iB2〉,

Ê12
i = D̂β

2 〈B̄1u
α〉〈θiB1B̄2ξ

iB2〉+ (−1)ciD̂β
2 〈B̄2

←−
ξ iB2B̄1

←−
θ i〉〈B1u

α〉,
Ê13
i = D̂β

2 〈B̄1u
α〉〈ξiB1B̄2θ

iB2〉+ (−1)ciD̂β
2 〈B̄2

←−
θ iB2B̄1

←−
ξ i〉〈B1u

α〉 . (3.35)

The allowed Dirac operators θi and ξi are given in columns 10-12 of Tab. 3.6. One obtains
82 such terms in covariant power counting out of which 14 remain in non-relativistic power
counting.

Terms with two fields uµ in the combination [uα, uβ]±

When considering terms with two adjacent fields uα and uβ as the building block A to be
inserted into the flavor structures Ĉji (see Eq. (3.29)), the two combinations A = {uα, uβ}
and A = [uα, uβ] are to be considered separately. The pertinent part of the contact
Lagrangian is,

L
(2)
BB =

∑
i,j

c′′j,iĈji , (3.36)

with the allowed Dirac operators θi and ξi given in Tab. 3.7. The columns 7-9 give
the possibilities for the anticommutator A = {uα, uβ} and the columns 10-12 for the
commutator A = [uα, uβ]. In total there are 303 terms for A = {uα, uβ} and 127 terms
for A = [uα, uβ]. In the non-relativistic power counting the number of such terms reduces
to 125 terms for A = {uα, uβ} and 33 terms for A = [uα, uβ]. Such terms with two fields
uµ lead to four-baryon vertices involving at least two pseudoscalar mesons.
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Terms with two fields uµ at non-neighboring positions

The last possibility is to have two fields uα and uβ at non-neighboring positions in the
flavor traces. This allows for a large number of new flavor structures F̂ ji with up to three
flavor traces. The pertinent part of the contact Lagrangian reads

L
(2)
BB =

∑
i,j

fj,iF̂ ji , (3.37)

with the flavor structures

F̂1
i = 〈B̄1u

αθiB1u
βB̄2ξ

iB2〉+ (−1)ci〈B̄1
←−
θ iuαB1B̄2

←−
ξ iB2u

β〉,
F̂2
i = 〈B̄1u

αθiB1B̄2u
βξiB2〉+ (−1)ci〈B̄1

←−
θ iuαB1B̄2

←−
ξ iuβB2〉,

F̂3
i = 〈B̄1θ

iB1u
αB̄2u

βξiB2〉+ (−1)ci〈B̄1
←−
θ iB1B̄2

←−
ξ iuβB2u

α〉,
F̂4
i = 〈B̄1θ

iB1u
αB̄2ξ

iB2u
β〉+ (−1)ci〈B̄1

←−
θ iB1u

βB̄2
←−
ξ iB2u

α〉,

F̂5
i = 〈B̄1u

αB̄2u
βθiB1ξ

iB2〉+ (−1)ci〈B̄1
←−
ξ iB̄2

←−
θ iuβB1u

αB2〉,
F̂6
i = 〈B̄1u

αB̄2θ
iB1u

βξiB2〉+ (−1)ci〈B̄1
←−
ξ iuβB̄2

←−
θ iB1u

αB2〉,
F̂7
i = 〈B̄1u

αB̄2θ
iB1ξ

iB2u
β〉+ (−1)ci〈B̄1

←−
ξ iB̄2

←−
θ iB1u

αB2u
β〉,

F̂8
i = 〈B̄1B̄2u

αθiB1u
βξiB2〉+ (−1)ci〈B̄1

←−
ξ iuβB̄2

←−
θ iuαB1B2〉,

F̂9
i = 〈B̄1B̄2u

αθiB1ξ
iB2u

β〉+ (−1)ci〈B̄1
←−
ξ iB̄2

←−
θ iuαB1B2u

β〉,

F̂10
i = 〈B̄1u

αθiB1u
β〉〈B̄2ξ

iB2〉+ (−1)ci〈B̄1
←−
θ iuαB1u

β〉〈B̄2
←−
ξ iB2〉,

F̂11
i = 〈B̄1u

αθiB1〉〈B̄2u
βξiB2〉+ (−1)ci〈B̄1

←−
θ iuαB1〉〈B̄2

←−
ξ iuβB2〉,

F̂12
i = 〈B̄1u

αθiB1〉〈B̄2ξ
iB2u

β〉+ (−1)ci〈B̄1
←−
θ iuαB1〉〈B̄2

←−
ξ iB2u

β〉,
F̂13
i = 〈B̄1θ

iB1u
α〉〈B̄2ξ

iB2u
β〉+ (−1)ci〈B̄1

←−
θ iB1u

α〉〈B̄2
←−
ξ iB2u

β〉,

F̂14
i = 〈B̄1u

α〉〈θiB1u
βB̄2ξ

iB2〉+ (−1)ci〈B̄2
←−
ξ iB2u

βB̄1
←−
θ i〉〈B1u

α〉,
F̂15
i = 〈B̄1u

α〉〈θiB1B̄2u
βξiB2〉+ (−1)ci〈B̄2

←−
ξ iuβB2B̄1

←−
θ i〉〈B1u

α〉,
F̂16
i = 〈B̄1u

α〉〈θiB1B̄2ξ
iB2u

β〉+ (−1)ci〈B̄2
←−
ξ iB2B̄1

←−
θ iuβ〉〈B1u

α〉,

F̂17
i = 〈B̄1ξ

iB1〉〈B̄2u
α〉〈θiB2u

β〉+ (−1)ci〈B̄1
←−
ξ iB1〉〈B̄2

←−
θ iuβ〉〈B2u

α〉,

F̂18
i = 〈B̄1u

α〉〈B̄2u
β〉〈θiB1ξ

iB2〉+ (−1)ci〈B̄2
←−
θ iB̄1

←−
ξ i〉〈B2u

β〉〈B1u
α〉, (3.38)

and the corresponding primed structures

F̂ j′i = F̂ ji |θi↔ξi . (3.39)

The Dirac operators θi and ξi are given in columns 13-15 of Tab. 3.7. One counts in total
817 such terms. In the non-relativistic power counting their number reduces to 276. A
further reduction of the flavor structures might be possible when applying the Lagrangian
to definite processes.
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Ĉj with A = fαβ− Ĉj with A = hαβ Êj

θi ξi NR factor ci Ĉj factor ci Ĉj factor ci Êj

gαβ1D
µ γ5γµ ? 1 0 2,4,5,6,

7,12,13

1Dαβ
µ γ5γµ ? 1 0 2,4,5,6,

7,12,13

1Dα γ5γβ 1 0 2,4,5,6,
7,12,13 1 0 2,4,5,6,

7,12,13 1 0 2,4,5,6,
7,12,13

1Dα
µ γ5γµDβ ? 1 0 2,4,5,6,

7,12,13 1 0 2,4,5,6,
7,12,13

1 γ5γαDβ 1 0 2,4,5,6,
7,12,13 1 0 2,4,5,6,

7,12,13

1Dµ γ5γµDαβ ? 1 0 2,4,5,6,
7,12,13

1 γ5γβDα 1 0 2,4,5,6,
7,12,13

gαβγ5γ
µDν σµν ? i 1 1-13

γ5γαD
µ σβµ ? i 1 1-13 i 1 1-13

γ5γ
µDαβ

ν σµν ? i 1 1-13
γ5γ

µDα σβµ i 1 1-13 i 1 1-13
γ5γ

µDαν σβνDµ ? i 1 1-13 i 1 1-13
γ5γ

µDα
ν σµνDβ ? i 1 1-13 i 1 1-13

γ5γ
µ σαβDµ ? i 1 1-13

γ5γ
µ σαµDβ i 1 1-13 i 1 1-13

γ5γ
µDν σανDβµ ? i 1 1-13 i 1 1-13

γ5γ
µDν σµνDαβ ? i 1 1-13

γ5γβD
µ σαµ ? i 1 1-13

εαβ
δρ
1Dδ 1Dρ ? 1 0 1,4,8,

9,12 1 0 1,4,5,7,
8,9,12

εαβ
δργ5γ

µDδ γ5γµDρ ? 1 0 1,4,8,
9,12 1 0 1,4,5,7,

8,9,12

εαβ
δργ5γ

µDν
δ γ5γνDµρ ? 1 0 1,4,8,

9,12 1 0 1,4,5,7,
8,9,12

εαβ
δρσµνDδ σµνDρ ? 1 0 1,4,8,

9,12 1 0 1,4,5,7,
8,9,12

εαβ
δρσµνDξ

δ σµξDνρ ? 1 0 1,4,8,
9,12 1 0 1,4,5,7,

8,9,12

Table 3.6: Dirac operators θi and ξi for contact terms of O(q2) with odd-parity external fields
carrying two Lorentz indices. The sets of flavor structures Ĉj and Êj are listed in Eqs. (3.29) and
(3.35). Combinations that contribute in non-relativistic power counting at O(q3) or higher are
marked by an asterisk ?. The columns “factor” indicate the cases where a prefactor i is necessary
for Hermitian conjugation invariance. The columns “ci” give the charge conjugation exponent ci.
The allowed flavor structures Ĉj , Êj are given by listing the indices j of the corresponding subset.
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Ĉj

fa
ct
or

c i
F̂
j

g α
β
1

1
1

0
1,
2,
4,
5,
7,
8,

9,
12
,1
4,
15
,1
6

1
0

1-
18

1
D
α
β

1
1

0
1-
16

1
0

1-
18
,7
′ ,

10
′ ,

12
′ ,

14
′ -1

6′
,1

7′

1
D
α

1
D
β

i
1

2,
4,
5,

7,
12

1
0

1,
2,
4,
5,
7,
8,

9,
12
,1
4,
15
,1
6

1
1

2,
4,
5,

7,
12

1
0

1,
2,

4-
7,

9-
18
,

1′
,2
′ ,

5′
-7
′ ,

10
′ -1

8′

1
D
α
µ

σ
β
µ

?
1

0
1-
13

i
1

2,
4,
5,
6,
7,

12
,1
3,
15

i
0

1-
13

i
1

1,
3-

9,
14
-1

8,
1′
,3
′ ,

5′
-8
′ ,

14
′ -1

8′

1
σ
α
β

1
0

1-
13

i
0

1-
13

i
1

1,
3-

9,
14
-1

8,
7′
,1

4′
-1

7′

1
D
µ

σ
α
µ
D
β

?
1

0
1-
13

i
1

2,
4,
5,
6,
7,

12
,1
3,
15

i
0

1-
13

i
1

1,
3-

9,
14
-1

8,
1′
,3
′ ,

5′
-8
′ ,

14
′ -1

8′

1
D
β
µ

σ
α
µ

?
i

1
7,

9,
14
-1

7,
7′
,1

4′
-1

7′

1
D
µ

σ
β
µ
D
α

?
i

1
7,

9,
14
-1

7,
7′
,1

4′
-1

7′

g α
β
γ

5
γ
µ

γ
5
γ
µ

1
0

1,
2,
4,
5,
7,
8,

9,
12
,1
4,
15
,1
6

1
0

1-
18

g α
β
γ

5
γ
µ
D
ν

γ
5
γ
ν
D
µ

?
1

0
1,
2,
4,
5,
7,
8,

9,
12
,1
4,
15
,1
6

1
0

1-
18

γ
5
γ
α
D
β
µ

γ
5
γ
µ

?
i

1
2,
4,
5,
6,

7,
12
,1
3

1
0

1-
16

1
1

2,
4,
5,
6,

7,
12
,1
3

1
0

1-
18
,1
′ -3
′ ,

5′
-8
′ ,

10
′ -1

8′

γ
5
γ
α

γ
5
γ
β

i
1

2,
4,
5,

7,
12

1
0

1,
2,
4,
5,
7,
8,

9,
12
,1
4,
15
,1
6

1
1

2,
4,
5,

7,
12

1
0

1,
2,

4-
7,

9-
18
,

1′
,2
′ ,

5′
-7
′ ,

10
′ -1

8′

γ
5
γ
α
D
µ

γ
5
γ
µ
D
β

?
i

1
2,
4,
5,
6,

7,
12
,1
3

1
0

1-
16

1
1

2,
4,
5,
6,

7,
12
,1
3

1
0

1-
18
,1
′ -3
′ ,

5′
-8
′ ,

10
′ -1

8′

γ
5
γ
µ
D
α
β

γ
5
γ
µ

1
0

1-
16

1
0

1-
18
,7
′ ,

10
′ ,

12
′ ,

14
′ -1

6′
,1

7′
γ

5
γ
µ
D
α
β
ν

γ
5
γ
ν
D
µ

?
1

0
1-
16

1
0

1-
18
,7
′ ,

10
′ ,

12
′ ,

14
′ -1

6′
,1

7′

..
.c

on
tin

ue
s

on
ne

xt
pa

ge



3.2 results for chiral contact terms 39

T
ab

le
3.

7:
(.
..
co
nt
in
ue
d)

Ĉj
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Ĉj
w
ith

A
=

[u
α
,u
β
]

F̂
j

θ
i

ξi
N
R

fa
ct
or

c i
Ĉj
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4

BARYON-BARYON INTERACTION UP TO NLO

In this chapter we apply chiral effective field theory to the baryon-baryon interaction up
to next-to-leading order, as shown in Fig. 2.4. The constructed potentials serve not only
as input for the description of baryon-baryon scattering, but are also basis for few- and
many-body calculations ranging from light hypernuclei to exotic neutron star matter. The
potentials due to the four-baryon contact terms are derived from the chiral Lagrangian con-
structed in Chapter 3. The contributions from Feynman diagrams involving one or two
Goldstone-boson exchanges are given at LO and NLO. Finally, results for the hyperon-
nucleon interaction, using these chiral Y N potentials, are shown. An excellent description
of the Y N scattering data is obtained, comparable to that of most advanced phenomeno-
logical models.

4.1 pure baryon-baryon contact terms

Figure 4.1: Leading-order and next-to-leading-order baryon-baryon contact vertices.

In the following we use the chiral Lagrangian constructed in Chapter 3 in order to derive
the baryon-baryon contact potentials, Fig. 4.1, relevant for the (two-body) baryon-baryon
scattering process. Parts of this section have been published previously in Ref. [103]. Since
no pseudoscalar mesons are involved almost all external fields can be dropped and covariant
derivatives Dµ reduce to ordinary derivatives ∂µ. The only surviving external field is χ+,
which is responsible for the inclusion of quark masses into the chiral Lagrangian:

χ+
2 = χ = 2B0

mu 0 0
0 md 0
0 0 ms

 ≈
m

2
π 0 0

0 m2
π 0

0 0 2m2
K −m2

π

 , (4.1)

where in the last step the Gell-Mann–Oakes–Renner relations, Eq. (2.55), have been used.
The corresponding terms provide the explicit SU(3) symmetry breaking contact potentials
linear in the quark masses. The subset of contact terms proportional to 〈χ+〉 = 4B0(mu +
md +ms) can be absorbed in the leading order terms, since the corresponding low-energy
constants merely get shifted by a correction linear in the sum of the three quark masses.

41



42 baryon-baryon interaction up to nlo

After a non-relativistic expansion up to O(q2) the four-baryon contact Lagrangian leads
to potentials in spin and momentum space. We use the operator basis of Ref. [25]:

P1 = 1 , P2 = ~σ1 · ~σ2 , (4.2)

P3 = (~σ1 · ~q )(~σ2 · ~q )− 1
3(~σ1 · ~σ2)~q 2 , P4 = i

2(~σ1 + ~σ2) · ~n ,

P5 = (~σ1 · ~n )(~σ2 · ~n ) , P6 = i
2(~σ1 − ~σ2) · ~n ,

P7 = (~σ1 · ~k )(~σ2 · ~q ) + (~σ1 · ~q )(~σ2 · ~k ) , P8 = (~σ1 · ~k )(~σ2 · ~q )− (~σ1 · ~q )(~σ2 · ~k ) ,

with ~σ1,2 the Pauli spin matrices and with the vectors

~k = 1
2(~pf + ~pi) , ~q = ~pf − ~pi , ~n = ~pi × ~pf . (4.3)

The momenta ~pf and ~pi are the initial and final state momenta in the center-of-mass
frame. For convenience we introduce additionally the combination P9 = ~σ1 · ~k ~σ2 · ~k =
(n2

q2 − 1
3k

2)P2 − k2

q2P3 − 1
q2P5 + p2

f−p2
i

2q2 P7. In order to obtain a minimal set of Lagrangian
terms in the non-relativistic power counting, we have decomposed the emerging potentials
into partial waves. The formulas for the partial wave projection of a general interaction
V = ∑8

j=1 VjPj can be found in the appendix of Ref. [25]. For each partial wave one
produces a non-square matrix which connects the Lagrangian constants with the different
baryon-baryon channels. Lagrangian terms are considered as redundant if their omission
does not lower the rank of this matrix. In the case of the SU(3)-breaking terms we have
done this reduction together with the leading SU(3) symmetric terms, since here we are
not interested in the quark-mass dependence of the contact potential. Using the results of
Chapter 3, one obtains the relevant linearly independent Lagrangians displayed in Tab. 4.1,
which contribute in the non-relativistic power counting up to O(q2). The first 28 terms
contain only baryon fields and derivatives, and are therefore SU(3) symmetric. The other
12 terms include the diagonal matrix χ and produce explicit SU(3) symmetry breaking.
As in Chapter 3, the operator ∂̂i means, that the derivative acts only on baryon fields in
the baryon bilinear i. Furthermore, Tab. 4.1 shows to which of the basis element Pi the
terms in the Lagrangian contribute. Note, that these are only the direct contributions.
Additional structures are obtained from contributions with exchanged final state baryons,
where the negative spin-exchange operator −P (σ) = −1

2 (1 + ~σ1 · ~σ2) is applied.
An interesting feature of the baryon-baryon interaction at NLO is the transition be-

tween spin-singlet and spin-triplet states, for instance 1P1 ↔ 3P1. Such a spin singlet-
triplet transition arises from the spin operators P6 and P8. It originates solely from the
term 28 in Tab. 4.1, which gives rise to the antisymmetric spin-orbit operator P6 and its
Fierz-transformed counterpart P8 = 2 P (σ)P6

∣∣∣
~pf→−~pf

. Therefore, only a single low-energy
constant is present for the singlet-triplet mixing. In case of the NN interaction such
transitions are forbidden by isospin symmetry. Note that the singlet-triplet transition is
possible for certain two-baryon channels even in the limit of exact SU(3) symmetry.
In Tab. 4.2 we present the non-vanishing transitions projected onto partial waves and

express them in the isospin basis. One recovers the SU(3) relations of Refs. [25, 26,
27]. The pertinent constants are redefined according to the relevant irreducible SU(3)
representations. This comes about in the following way. Baryons form a flavor octet and
the tensor product of two baryons decomposes into irreducible representations as follows:

8⊗ 8 = 27s ⊕ 10a ⊕ 10∗a ⊕ 8s ⊕ 8a ⊕ 1s , (4.4)
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where the irreducible representations 27s, 8s, 1s are symmetric and 10a, 10∗a, 8a are
antisymmetric with respect to the exchange of both baryons. Due to the generalized Pauli
principle, the symmetric flavor representations 27s, 8s, 1s have to combine with the space-
spin antisymmetric partial waves 1S0, 3P0, 3P1, 3P2, . . . (L+S even). The antisymmetric
flavor representations 10a, 10∗a, 8a combine with the space-spin symmetric partial waves
3S1, 1P1, 3D1 ↔ 3S1, . . . (L+S odd). Transitions can only occur between equal irreducible
representations. Hence, transitions between space-spin antisymmetric partial waves up
to O(q2) involve the 15 constants c̃27,8s,1

1S0
, c27,8s,1

1S0
, c27,8s,1

3P0
, c27,8s,1

3P1
and c27,8s,1

3P2
, whereas

transitions between space-spin symmetric partial waves involve the 12 constants c̃8a,10,10∗
3S1

,
c8a,10,10∗

3S1
, c8a,10,10∗

1P1
and c8a,10,10∗

3D1-3S1
. The constants with a tilde denote leading-order constants,

whereas the ones without tilde are at NLO. The spin singlet-triplet transitions 1P1 ↔
3P1 (induced by the Lagrangian term #28 in Tab. 4.1) is perfectly allowed by SU(3)
symmetry since it is related to transitions between the irreducible representations 8a and
8s. The corresponding low-energy constant is denoted by c8as. The constants c̃27,8s,1

1S0
and

c̃8a,10,10∗
3S1

fulfill the same SU(3) relations as the constants c27,8s,1
1S0

and c8a,10,10∗
3S1

in Tab. 4.2.
SU(3) breaking terms linear in the quark masses appears only in the S-waves, 1S0, 3S1,
and are proportional m2

K −m2
π. The corresponding 12 constants are c1,...,12

χ . The SU(3)
symmetry relations in Tab. 4.2 can also be derived by group theoretical considerations
[25, 115, 116, 117]. Clearly, for the SU(3)-breaking part this is not possible and these
contributions have to be derived from the chiral Lagrangian.
In order to obtain the complete partial-wave projected potentials, some entries in

Tab. 4.2 have to be multiplied with additional momentum factors. The leading order
constants c̃ ij receive no further factor. For the next-to-leading-order constants (without
tilde and without χ) the contributions to the partial waves 1S0, 3S1 have to be multiplied
with a factor p2

i + p2
f . The contribution to the partial waves 1S0, 3S1 from constants cjχ

has to be multiplied with (m2
K −m2

π). The partial waves 3P0, 3P1, 3P2, 1P1, 1P1 ↔ 3P1
get multiplied with the factor pipf . The entries for 3S1 → 3D1 and 3D1 → 3S1 have to be
multiplied with p2

i and p2
f , respectively. For example, one obtains for the NN interaction

in the 1S0 partial wave:

〈NN, 1S0|V̂ |NN, 1S0〉 = c̃27
1S0

+ c27
1S0

(p2
i + p2

f ) + 1
2c

1
χ(m2

K −m2
π) , (4.5)

or for the ΞN → ΣΣ interaction with total isospin I = 0 in the 1P1 → 3P1 partial wave:

〈ΣΣ, 3P1|V̂ |ΞN, 1P1〉 = 2
√

3c8aspipf . (4.6)

When restricting to the NN channel we recover the well-known two leading and seven
next-to-leading order low-energy constants of Ref. [118] contributing to the partial waves
1S0, 3S1, 1P1, 3P0, 3P1, 3P2, 3S1 ↔ 3D1.

Note, that the SU(3) relations in Tab. 4.2 are general relations that have to be fulfilled by
the baryon-baryon potential in the SU(3) limit, i.e., mπ = mK = mη. This feature serves
as a great check for the inclusion of the loop diagrams. Moreover, the SU(3) relations
contain only a few constants in each partial wave. For example, in the 1S0 partial wave
only the constants c̃27

1S0
, c̃8s

1S0
, c̃1

1S0
are present. If these constants are fixed in some of the

baryons channels, predictions for other channels can be made. This has, for instance, been
used in Ref. [119], where the existence of ΣΣ, ΣΞ and ΞΞ bound states has been studied
within SU(3) χEFT.



# L contributes to

1 〈B̄1B1B̄2B2〉 P1, P4
2 〈B̄1(∂µB)1B̄2(∂µB)2〉+ 〈(∂µB̄)1B1(∂µB̄)2B2〉 P1, P4
3 〈B̄1(γ5γµB)1B̄2(γ5γµB)2〉 P2, P3, P4, P9
4 〈B̄1(γ5γµ∂νB)1B̄2(γ5γµ∂νB)2〉+ 〈(∂νB̄)1(γ5γµB)1(∂νB̄)2(γ5γµB)2〉 P2, P3, P4, P9
5 〈B̄1(γ5γµ∂νB)1B̄2(γ5γν∂µB)2〉+ 〈(∂νB̄)1(γ5γµB)1(∂µB̄)2(γ5γνB)2〉 P2, P3, P9
6 〈B̄1(σµνB)1B̄2(σµνB)2〉 P1, P2, P3, P4, P9
7 ∂̂2

2〈B̄1B1B̄2B2〉 P1
8 ∂̂2

2〈B̄1(γ5γµB)1B̄2(γ5γµB)2〉 P2
9 ∂̂α2 ∂̂

β
2 〈B̄1(γ5γαB)1B̄2(γ5γβB)2〉 P2, P3

10 〈B̄1B̄2B1B2〉 P1, P4
11 〈B̄1B̄2(∂µB)1(∂µB)2〉+ 〈(∂µB̄)1(∂µB̄)2B1B2〉 P1, P4
12 〈B̄1B̄2(γ5γµB)1(γ5γµB)2〉 P2, P3, P4, P9
13 〈B̄1B̄2(γ5γµ∂νB)1(γ5γµ∂νB)2〉+ 〈(∂νB̄)1(∂νB̄)2(γ5γµB)1(γ5γµB)2〉 P2, P3, P4, P9
14 〈B̄1B̄2(γ5γµ∂νB)1(γ5γν∂µB)2〉+ 〈(∂νB̄)1(∂µB̄)2(γ5γµB)1(γ5γνB)2〉 P2, P3, P9
15 〈B̄1B̄2(σµνB)1(σµνB)2〉 P1, P2, P3, P4, P9
16 (∂̂2

2 + ∂̂2
1)〈B̄1B̄2B1B2〉 P1

17 (∂̂2
2 + ∂̂2

1)〈B̄1B̄2(γ5γµB)1(γ5γµB)2〉 P2
18 (∂̂α2 ∂̂

β
2 + ∂̂α1 ∂̂

β
1 )〈B̄1B̄2(γ5γαB)1(γ5γβB)2〉 P2, P3

19 〈B̄1B1〉〈B̄2B2〉 P1, P4
20 〈B̄1(∂µB)1〉〈B̄2(∂µB)2〉+ 〈(∂µB̄)1B1〉〈(∂µB̄)2B2〉 P1, P4
21 〈B̄1(γ5γµB)1〉〈B̄2(γ5γµB)2〉 P2, P3, P4, P9
22 〈B̄1(γ5γµ∂νB)1〉〈B̄2(γ5γµ∂νB)2〉+ 〈(∂νB̄)1(γ5γµB)1〉〈(∂νB̄)2(γ5γµB)2〉 P2, P3, P4, P9
23 〈B̄1(γ5γµ∂νB)1〉〈B̄2(γ5γν∂µB)2〉+ 〈(∂νB̄)1(γ5γµB)1〉〈(∂µB̄)2(γ5γνB)2〉 P2, P3, P9
24 〈B̄1(σµνB)1〉〈B̄2(σµνB)2〉 P1, P2, P3, P4, P9
25 ∂̂2

2〈B̄1B1〉〈B̄2B2〉 P1
26 ∂̂2

2〈B̄1(γ5γµB)1〉〈B̄2(γ5γµB)2〉 P2
27 ∂̂α2 ∂̂

β
2 〈B̄1(γ5γαB)1〉〈B̄2(γ5γβB)2〉 P2, P3

28 ∂̂α2 〈B̄1B̄2(γ5γα∂µB)1(γ5γµB)2〉+ ∂̂α1 〈B̄1(∂µB̄)2(γ5γµB)1(γ5γαB)2〉 P2, P3, P8

29 〈B̄1χB1B̄2B2〉 P1
30 〈B̄1χ(γ5γµB)1B̄2(γ5γµB)2〉 P2
31 〈B̄1B1χB̄2B2〉 P1
32 〈B̄1(γ5γµB)1χB̄2(γ5γµB)2〉 P2
33 〈B̄1χB̄2B1B2〉+ 〈B̄1B̄2B1χB2〉 P1
34 〈B̄1χB̄2(γ5γµB)1(γ5γµB)2〉+ 〈B̄1B̄2(γ5γµB)1χ(γ5γµB)2〉 P2
35 〈B̄1B̄2χB1B2〉 P1
36 〈B̄1B̄2χ(γ5γµB)1(γ5γµB)2〉 P2
37 〈B̄1B̄2B1B2χ〉 P1
38 〈B̄1B̄2(γ5γµB)1(γ5γµB)2χ〉 P2
39 〈B̄1χB1〉〈B̄2B2〉 P1
40 〈B̄1χ(γ5γµB)1〉〈B̄2(γ5γµB)2〉 P2

Table 4.1: Linearly independent Lagrangian terms up to O(q2) for pure baryon-baryon interaction in non-
relativistic power counting and their contribution in spin-space.
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4.2 one- and two-meson-exchange contributions

In the last section, we have addressed the short-range part of the baryon-baryon interaction
via contact terms. Let us now analyze the long- and mid-range part of the interaction,
generated by one- and two-meson-exchange. The contributing diagrams up to NLO are
shown in Fig. 2.4, which displays the hierarchy of baryonic forces.
The vertices, necessary for the construction of these diagrams stem from the leading-

order meson-baryon interaction Lagrangian L
(1)
B in Eq. (2.57). The vertex between two

baryons and one meson emerges from the part

D

2 〈B̄γ
µγ5{uµ, B}〉+ F

2 〈B̄γ
µγ5 [uµ, B]〉

= − 1
2f0

8∑
i,j,k=1

NBiBjφk(B̄iγµγ5Bj)(∂µφk) +O(φ3) , (4.7)

where we have used uµ = − 1
f0
∂µφ + O(φ3) and have rewritten the pertinent part of the

Lagrangian in terms of the physical meson and baryon fields

φi ∈
{
π0, π+, π−,K+,K−,K0, K̄0, η

}
, Bi ∈

{
n, p,Σ0,Σ+,Σ−,Λ,Ξ0,Ξ−

}
. (4.8)

The factors NBiBjφk are linear combinations of the axial vector coupling constants D and
F with certain SU(3) coefficients. These factors vary for different combinations of the
involved baryons and mesons and can be obtained easily by multiplying out the baryon
and meson flavor matrices. In a similar way, we obtain the (Weinberg-Tomozawa) vertex
between two baryons and two mesons from the covariant derivative in L

(1)
B , leading to

〈B̄iγµ [Γµ, B]〉 = i
8f2

0

8∑
i,j,k,l=1

NBiφkBjφl(B̄iγµBj)(φk∂µφl) +O(φ4) , (4.9)

where Γµ = 1
8f2

0
[φ, ∂µφ] +O(φ4) was used.

The calculation of the baryon-baryon potentials is done in the center-of-mass frame and
in the isospin limit mu = md. To obtain the contribution of the Feynman diagrams to the
non-relativistic potential, we perform an expansion in the inverse baryon mass 1/MB. If
loops are involved, the integrand is expanded before integrating over the loop momenta.
This produces results that are equivalent to the usual heavy-baryon formalism. In the case
of the two-meson-exchange diagrams at one-loop level, ultraviolet divergences are treated
by dimensional regularization, which introduces a scale λ. In dimensional regularization
divergences are isolated as terms proportional to

R = 2
d− 4 + γE − 1− ln (4π) , (4.10)

with d 6= 4 the space-time dimension and the Euler-Mascheroni constant γE ≈ 0.5772.
These terms can be absorbed by the contact terms.

According to Eqs. (4.7) and (4.9) the vertices have the same form for different com-
binations of baryons and mesons, just their prefactors change. Therefore, the one- and
two-pseudoscalar-meson exchange potentials can be given by a master formula, where the
proper masses of the exchanged mesons have to be inserted, and which has to be multi-
plied with an appropriate SU(3) factor N . In the following we will present the analytic
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formulas for the one- and two-meson-exchange diagrams, which we have derived already
in Ref. [120]. The pertinent SU(3) factors will be displayed next to the considered Feyn-
man diagram. The results will be given in terms of a central potential (VC), a spin-spin
potential (~σ1 ·~σ2 VS) and a tensor-type potential (~σ1 ·~q ~σ2 ·~q VT ). The momentum transfer
is q = |~pf − ~pi |, with ~pi and ~pf the initial and final state momenta in the center-of-mass
frame.
Note that the presented results apply only to direct diagrams. This is for example the

case for the leading-order one-eta exchange in the Λn interaction, i.e., for Λ(~pi)n(−~pi) η−→
Λ(~pf )n(−~pf ). An example of a crossed diagram is the one-kaon exchange in the process
Λ(~pi)n(−~pi) K−→ n(−~pf )Λ(~pf ), where the nucleon and the hyperon in the final state are
interchanged and strangeness is exchanged. In such cases, ~pf is replaced by −~pf and the
momentum transfer in the potentials is q = |~pf + ~pi |. Due to the exchange of fermions in
the final states a minus sign arises, and additionally the spin-exchange operator P (σ) =
1
2(1+~σ1 ·~σ2) has to be applied. The remaining structure of the potentials stays the same.
More details about crossed diagrams can be found in Chapter 6.

M

B1 B2

B3 B4

Figure 4.2: One-meson exchange

N = NB3B1M̄
NB4B2M

The leading-order contribution comes from the one-meson exchange diagram in Fig. 4.2.
It contributes only to the tensor-type potential:

V ome
T (q) = − N

4f2
0

1
q2 +m2 − iε . (4.11)

The symbol M̄ in the SU(3) coefficient N denotes the charge-conjugated meson of meson
M in particle basis (e.g., π+ ↔ π−). In the following we will omit NLO effects of the
one-meson exchange diagrams, that stem, e.g., from corrections to the coupling constants.
This is in accordance with our assumption of SU(3) symmetry in Sec. 4.3.

Bil

M1

Bir

M2

B1 B2

B3 B4

Figure 4.3: Planar box

N = NBilB1M̄1
NB3BilM2NBirB2M1NB4BirM̄2

At next-to-leading order the two-meson exchange diagrams start to contribute. The planar
box in Fig. 4.3 contains an irreducible part and a reducible part coming from the iteration
of the one-meson exchange to second order. Inserting the potential into the Lippmann-
Schwinger equation generates the reducible part; it is therefore not part of the potential.
The irreducible part is obtained from the residues at the poles of the meson propagators,
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disregarding the poles of the baryon propagators. With the masses of the two exchanged
mesons set to m1 and m2, the irreducible potentials can be written in closed analytical
form,

V planar box
irr,C (q) = N

3072π2f4
0

{
5
3q

2 +
(
m2

1 −m2
2
)2

q2 + 16
(
m2

1 +m2
2
)

+
[
23q2 + 45

(
m2

1 +m2
2
)](

R+ 2 ln
√
m1m2
λ

)
+ m2

1 −m2
2

q4

[
12q4 +

(
m2

1 −m2
2
)2
− 9q2

(
m2

1 +m2
2
)]

ln m1
m2

+ 2
w2 (q)

[
23q4 −

(
m2

1 −m2
2
)4

q4 + 56
(
m2

1 +m2
2
)
q2 + 8m

2
1 +m2

2
q2

(
m2

1 −m2
2
)2

+ 2
(
21m4

1 + 22m2
1m

2
2 + 21m4

2
) ]
L (q)

}
, (4.12)

V planar box
irr,T (q) = − N

128π2f4
0

[
L (q)− 1

2 −
m2

1 −m2
2

2q2 ln m1
m2

+ R

2 + ln
√
m1m2
λ

]

= − 1
q2V

planar box
irr, S (q) , (4.13)

where we have defined the functions

w (q) = 1
q

√(
q2 + (m1 +m2)2

) (
q2 + (m1 −m2)2

)
,

L (q) = w (q)
2q ln

[
qw (q) + q2]2 − (m2

1 −m2
2
)2

4m1m2q2 . (4.14)

The relation between the spin-spin and tensor-type potential follows from the identity
(~σ1 × ~q ) · (~σ2 × ~q ) = q2~σ1 · ~σ2 − (~σ1 · ~q ) (~σ2 · ~q ).

One should note that all potentials shown above are finite also in the limit q → 0.
Terms proportional to 1/q2 or 1/q4 are canceled by opposite terms in the functions L(q)
and w(q) in the limit of small q. For numerical calculations it is advantageous to perform
an expansion of the potentials in a power series for small q in order to implement directly
this cancellation. For equal meson masses the expressions for the potentials reduce to the
results in Refs. [121]. This is the case for the NN interaction of Refs. [118, 122, 123, 124]
based on χEFT, where only contributions from two-pion exchange need to be taken into
account.
In the actual calculations only the non-polynomial part of Eqs. (4.12) and (4.13) is taken

into account, i.e., the pieces proportional to L(q) and to 1/q2 and 1/q4. The polynomial
part is equivalent to the LO and NLO contact terms and, therefore, does not need to be
considered. The contributions proportional to the divergence R are likewise omitted. Their
effect is absorbed by the contact terms or a renormalization of the coupling constants, see,
e.g., the corresponding discussion in Appendix A of Ref. [122] for the NN case.
These statements above apply also to the other contributions to the potential described

below.
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Bil

M1

Bir

M2

B1 B2

B3 B4

Figure 4.4: Crossed box

N = NBilB1M̄1
NB3BilM2NBirB2M̄2

NB4BirM1

The crossed box diagrams in Fig. 4.4 contribute to the central, spin-spin, and tensor-type
potentials. The similar structure with some differences in the kinematics of the planar
and crossed box diagram leads to relations between them. Obviously, the crossed box
has no iterated part. The potentials of the crossed box are equal to the potentials of the
irreducible part of the planar box, up to a sign in the central potential:

V crossed box
C (q) = −V planar box

C, irr (q) ,

V crossed box
T (q) = − 1

q2V
crossed box

S (q) = V planar box
T, irr (q) . (4.15)

M2

Bi

M1

B1 B2

B3 B4

Figure 4.5: Left triangle
N = NB3M̄2B1M1

NBiB2M̄1
NB4BiM2

Bi

M1

M2

B1 B2

B3 B4

Figure 4.6: Right triangle
N = NBiB1M̄1

NB3BiM2NB4M̄2B2M1

The two triangle diagrams, Figs. 4.5 and 4.6, constitute potentials, that are of equal form
with different SU(3) factors N . The corresponding central potential reads

V triangle
C (q) =− N

3072π2f4
0

{
− 2

(
m2

1 +m2
2
)

+
(
m2

1 −m2
2
)2

q2 − 13
3 q

2

+
[
8
(
m2

1 +m2
2
)
− 2

(
m2

1 −m2
2
)2

q2 + 10q2
]
L (q)

+ m2
1 −m2

2
q4

[(
m2

1 −m2
2
)2
− 3

(
m2

1 +m2
2
)
q2
]

ln m1
m2

+
[
9
(
m2

1 +m2
2
)

+ 5q2
] (
R+ 2 ln

√
m1m2
λ

)}
. (4.16)

M2

M1

B1 B2

B3 B4

Figure 4.7: Football diagram

N = NB3M̄2B1M1
NB4M̄1B2M2
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The football diagrams in Fig. 4.7 contributes only to the central potential. One finds

V football
C (q) = N

3072π2f4
0

{
− 2

(
m2

1 +m2
2
)
−
(
m2

1 −m2
2
)2

2q2 − 5
6q

2 + w2 (q)L (q)

+ 1
2
[
3
(
m2

1 +m2
2
)

+ q2
] (
R+ 2 ln

√
m1m2
λ

)

− m2
1 −m2

2
2q4

[(
m2

1 −m2
2
)2

+ 3
(
m2

1 +m2
2
)
q2
]

ln m1
m2

}
. (4.17)

4.3 hyperon-nucleon scattering

Using the potentials derived in Secs. 4.1 and 4.2, the hyperon-nucleon interaction at NLO
can now be investigated. The very successful approach to the nucleon-nucleon interaction
of Ref. [118, 122, 123] within SU(2) χEFT, has been extended to the leading-order baryon-
baryon interaction in Refs. [25, 26, 27] by the Bonn-Jülich group. In the following we
present our joint results of Ref. [125], where the hyperon-nucleon interaction is extended
to next-to-leading order in SU(3) chiral effective field theory.
As mentioned in Sec. 2.4 the chiral power counting is applied to the potential, where

only two-particle irreducible diagrams contribute. These potentials are then inserted into a
regularized Lippmann-Schwinger equation to obtain the reaction amplitude (or T -matrix).
In contrast to the NN interaction, the Lippmann-Schwinger equation for the Y N interac-
tion involves not only coupled partial waves, but also coupled two-baryon channels. The
coupled-channel Lippmann-Schwinger equation in the particle basis reads after partial-
wave decomposition

T ρ
′′ρ′,J

ν′′ν′ (k′′, k′;
√
s) (4.18)

= V ρ′′ρ′,J
ν′′ν′ (k′′, k′) +

∑
ρ,ν

∫ ∞
0

dk k2

(2π)3 V
ρ′′ρ ,J
ν′′ν (k′′, k) 2µν

k2
ν − k2 + iεT

ρρ′,J
νν′ (k, k′;

√
s) ,

where J denotes the conserved total angular momentum. The coupled two-particle chan-
nels (Λp,Σ+n,Σ0p,. . . ) are labeled by ν, and the partial waves (1S0, 3P0, . . .) by ρ. Fur-
thermore, µν is the reduced baryon mass in channel ν. We have chosen a non-relativistic
scattering equation to ensure that the potential can also be applied consistently to Fad-
deev and Faddeev-Yakubovsky calculations in the few-body sector, and to (hyper) nuclear
matter calculations within the conventional Brueckner-Hartree-Fock formalism (see Chap-
ter 5). Nevertheless, the relativistic relation between the on-shell momentum kν and the
center-of-mass energy has been used,

√
s =

√
M2
B1,ν

+ k2
ν +

√
M2
B2,ν

+ k2
ν , in order to get

the two-particle thresholds at their correct positions. Note that we use the physical baryon
masses in the Lippmann-Schwinger equation, which introduces some additional SU(3) sym-
metry breaking. Relativistic kinematics has also been used to relate the laboratory mo-
mentum plab of the hyperon to the center-of-mass energy

√
s. The Coulomb interaction

is implemented by the use of the Vincent-Phatak method [118, 126]. Similar to the nucle-
onic sector at NLO [118], a regulator function of the form fR(Λ) = exp[−(k′4 + k4)/Λ4] is
employed to cut off the high-energy components of the potential. For higher orders in the
chiral power counting, higher powers than 4 in the exponent of fR have to be used. This
ensures that the regulator introduces only contributions, that are beyond the given order.
The cutoff Λ is varied in the range (500 . . . 700) MeV, i.e., comparable to what was used
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for the NN interaction in Ref. [118]. The resulting bands represent the cutoff dependence,
after readjusting the contact parameters, and thus could be viewed as a lower bound on
the theoretical uncertainty. Recently, improved schemes to estimate the theoretical error
were proposed and applied to the NN interaction [127, 128, 129]. However, such schemes
require higher orders in the chiral power counting and are therefore not performed in a
NLO calculation.
Let us now give some further remarks on the hyperon-nucleon potential. The partial-

wave contributions of the meson-exchange diagrams are obtained by employing the partial-
wave decomposition formulas of Ref. [25]. Given the sparse experimental information
on Y N scattering, SU(3) flavor symmetric LECs have been used, while SU(3) symme-
try breaking is incorporated through the physical masses of the exchanged pseudoscalar
mesons (π,K, η). This means, that the SU(3) symmetry breaking contact terms ciχ of
Tab. 4.2 are set to zero. The polynomial part of the two-meson exchange amplitudes are
absorbed in the contact terms. The majority of those terms involve the masses of the pseu-
doscalar mesons and, therefore, generate some SU(3) symmetry breaking. Thus, the SU(3)
symmetry imposed on our contact interaction is understood as one that is fulfilled on the
level of the renormalized coupling constants. Furthermore, the constant c8as, responsible
for singlet-triplet mixing, is set to zero. The effect of this constant is described in more
detail in Chapter 5. For the one-meson exchange, diagrams with π, K or η exchange are
possible. For the two meson exchange, all combinations ππ, πK, πη, KK, Kη, ηη can
occur, with intermediate baryons from the full octet, N , Λ, Σ and even Ξ. The contribu-
tions of such diagrams do not involve any free parameters. The pseudoscalar-meson decay
constant is set to f0 = 93 MeV and for the axial-vector coupling constants the values
D = 0.76 and F = 0.50 have been used. Small changes in these parameters lead to a
comparable description of the Y N scattering data, if the LECs are refitted accordingly.
As can be seen in Tab. 4.2, one gets for the Y N contact terms five independent LO con-

stants, acting in the S-waves, eight additional constants at NLO in the S-waves, and nine
NLO constant acting in the P -waves. The contact terms represent the unresolved short-
distance dynamics, and the corresponding low-energy constants are fitted to empirical data.
The “standard” set of 36 Y N data points has been used. It includes low-energy total cross
sections for the reactions: Λp→ Λp from Ref. [130] (6 data points) and Ref. [131] (6 data
points), Σ−p → Λn [132] (6 data points), Σ−p → Σ0n [132] (6 data points), Σ−p → Σ−p
[133] (7 data points), Σ+p→ Σ+p [133] (4 data points), and the inelastic capture ratio at
rest [134, 135]. The hypertriton (3ΛH) binding energy is chosen as a further input. It deter-
mines the relative strength of the spin-singlet and spin-triplet S-wave contributions of the
Λp interaction. The experimental total cross sections for Σ+p → Σ+p and Σ−p → Σ−p
were obtained with an incomplete angular coverage [133]:

σ = 2
cos θmax − cos θmin

∫ cos θmax

cos θmin

dσ(θ)
dcos θ dcos θ . (4.19)

Following Ref. [18], cos θmin = −0.5 and cos θmax = 0.5 has been used for the cross sections
in these two channels, in order to stay as close as possible to the experimental situation.
The total cross sections for the other channels are evaluated by integrating the differential
cross sections over the whole angular region.
The χ2 fits to the cross sections were done for a cutoff Λ = 600 MeV. For other values

of the cutoff, the LECs were varied so that the result stays as close as possible to the
result for Λ = 600 MeV. Note, that due to the sparse and inaccurate experimental data,
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Λ [MeV] 450 500 550 600 650 700
1S0 C̃27

1S0
−0.0893 −0.0672 0.00648 0.1876 0.6140 1.145

C̃8s
1S0

0.2000 0.1970 0.1930 0.1742 0.1670 0.1730
C27

1S0
1.500 1.800 2.010 2.200 2.400 2.410

C8s
1S0

−0.200 −0.200 −0.206 −0.0816 −0.0597 0.1000
3S1-3D1 C̃10∗

3S1
0.104 0.541 1.490 3.440 4.990 5.600

C̃10
3S1

0.171 0.209 0.635 1.420 2.200 2.960
C̃8a

3S1
0.0218 0.00715 −0.0143 −0.0276 −0.0269 0.00173

C10∗
3S1

2.240 2.310 2.450 2.740 2.530 2.030
C10

3S1
0.310 0.143 0.741 1.090 1.150 1.120

C8a
3S1

0.373 0.469 0.627 0.775 0.854 0.964
C10∗

3S1− 3D1
−0.360 −0.429 −0.428 −0.191 −0.191 −0.122

C10
3S1− 3D1

−0.300 −0.300 −0.356 −0.380 −0.380 −0.228
C8a

3S1− 3D1
0.0356 0.0475 0.0453 −0.00621 −0.00621 −0.0497

Table 4.3: The Y N contact terms for the 1S0 and 3S1-3D1 partial waves for various cutoffs Λ.
The values of the C̃’s are in 104 GeV−2 the ones of the C’s in 104 GeV−4.

the obtained fit of the low-energy constants is not unique. For instance, the Y N data can
be described equally well with a repulsive or an attractive interaction in the 3S1 partial
wave of the ΣN interaction with isospin I = 3/2. However, recent calculations from lattice
QCD [3] suggest a repulsive 3S1 phase shift in the ΣN I = 3/2 channel, hence the repulsive
solution has been adopted. Furthermore, this is consistent with empirical information from
Σ−-production on nuclei, which point to a repulsive Σ-nucleus potential. This is discussed
in more detail in Chapter 5, where the properties of hyperons in nuclear matter are studied.
The determination of the P -wave amplitudes is even more problematic, as there are mostly
total cross sections at low energies given, which are dominated by the S-wave amplitudes.
Only a limited number of differential cross sections and no polarization observables are
available. Therefore parts, of the low-energy constants, present in the P -waves of the Y N
potentials, are determined in the NN sector with the use of SU(3) symmetry. However,
a simultaneous description of the NN and Y N interactions with SU(3) symmetric LECs
is not possible at NLO, due to the strong correlation between the 1S0 partial wave in the
NN (I = 1) and ΣN (I = 3/2) channels imposed by SU(3) symmetry, cf. Tab. 4.2.
In the following we present the results obtained under these restrictions with the fitting

procedure to the Y N sector described above. Other scenarios, such as the inclusion of
SU(3) symmetry breaking in the decay constant f0, or including only two-meson-exchange
diagrams that involve pions, lead to a comparable description of the empirical Y N data.
The values of the LECs, obtained with the procedure described above, are given in Tabs. 4.3
and 4.4 for the cutoff region Λ = (450 . . . 700) MeV. The best χ2 values for the fit were
obtained in the region Λ = (500 . . . 650) MeV. In this plateau region the χ2 has only a
small cutoff dependence, with a excellent total χ2 of about 16. This is comparable to what
can be obtained with the most advanced phenomenological Y N models. Note that at LO a
χ2-value of about 28 was obtained [25], therefore, going to higher order in the chiral power
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Λ [MeV] 450 500 550 600 650 700
3P0 C27

3P0
1.47 1.49 1.51 1.55 1.60 1.71

C8s
3P0

2.50 2.50 2.50 2.50 2.50 2.50
3P1 C27

3P1
−0.43 −0.43 −0.43 −0.43 −0.43 −0.43

C8s
3P1

0.65 0.65 0.65 0.65 0.65 0.65
3P2 C27

3P2
−0.096 −0.063 −0.041 −0.025 −0.012 0.000

C8s
3P2

1.00 1.00 1.00 1.00 1.00 1.00
1P1 C10

1P1
0.49 0.49 0.49 0.49 0.49 0.49

C10∗
1P1

−0.14 −0.14 −0.14 −0.14 −0.14 −0.14
C8a

1P1
−0.65 −0.60 −0.58 −0.56 −0.54 −0.52

1P1-3P1 C8s8a
1P1− 3P1

0 0 0 0 0 0

Table 4.4: The Y N contact terms for the P -waves for various cutoffs Λ. The values of the LECs
are in 104 GeV−4.

counting leads to a significant improvement. In the following figures the bands of the
NLO results correspond to the cutoff range Λ = (500 . . . 650) MeV. Furthermore, results
for the leading-order calculation of Ref. [25] are displayed. Here the bands correspond
to the cutoff region Λ = (550 . . . 700) MeV. For comparison, results of the Jülich ’04
meson-exchange model [19] are also shown in the following figures.
In Fig. 4.8 the total cross sections (as defined in Eq. (4.19)) as functions of plab for

various Y N interactions are presented. The experimental data is well reproduced at NLO.
Especially the results in the Λp channel are in line with the data points (also at higher
energies) and the energy dependence in the Σ+p channel is significantly improved at NLO.
It is also interesting to note that the NLO results are now closer to the phenomenological
Jülich ’04 model than at LO. One expects the theoretical uncertainties to become smaller,
when going to higher order in the chiral power counting. This is reflected in the fact,
that the bands at NLO are considerably smaller than at LO. These bands represent only
the cutoff dependence and therefore constitute a lower bound on the theoretical error.
Similar features can be seen in Fig. 4.9, where the differential cross section is presented
as a function of cos θ. The shown data points were not included directly in the fitting
routine and the predicted curves of the χEFT interaction agree mostly with the trend of
these data.
In Tab. 4.5 the scattering lengths and effective range parameters for the Λp and Σ+p

interactions in the 1S0 and 3S1 partial waves are given. Result for LO [25] and NLO
χEFT [125], for the Jülich ’04 model [19] and for the Nijmegen NSC97f potential [18]
are shown. The NLO Λp scattering lengths are larger than for the LO calculation, and
closer to the values obtained by the meson-exchange models. The triplet Σ+p scattering
length is positive in the LO as well as the NLO calculation, which indicates a repulsive
interaction in this channel. Also given in Tab. 4.5 is the hypertriton binding energy,
calculated with the corresponding chiral potentials. As stated before, the hypertriton
binding energy was part of the fitting procedure and values close to the experimental
value could be achieved. The predictions for the 3

ΛH binding energy are based on the
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Figure 4.8: “Total” cross section σ as a function of plab [125]. The experimental cross sections
are taken from Refs. [130] (filled circles), [131] (open squares), [136] (open circles), and [137]
(filled squares) (Λp → Λp), from [132] (Σ−p → Λn, Σ−p → Σ0n) and from [133] (Σ−p → Σ−p,
Σ+p → Σ+p). The red (dark) band shows the chiral EFT results to NLO for variations of the
cutoff in the range Λ = (500 . . . 650) MeV, while the green (light) band are results to LO for
Λ = (550 . . . 700) MeV [25]. The dashed curve is the result of the Jülich ’04 meson-exchange
potential [19].
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Figure 4.9: Differential cross section dσ/dcos θ as a function of cos θ [125], where θ is the c.m.
scattering angle, at various values of plab. The experimental differential cross sections are taken
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NLO LO Jül ’04 NSC97f

Λ [MeV] 450 500 550 600 650 700 600

aΛp
s −2.90 −2.91 −2.91 −2.91 −2.90 −2.90 −1.91 −2.56 −2.60
rΛp
s 2.64 2.86 2.84 2.78 2.65 2.56 1.40 2.74 3.05
aΛp
t −1.70 −1.61 −1.52 −1.54 −1.51 −1.48 −1.23 −1.67 −1.72
rΛp
t 3.44 3.05 2.83 2.72 2.64 2.62 2.13 2.93 3.32

aΣ+p
s −3.58 −3.59 −3.60 −3.56 −3.46 −3.49 −2.32 −3.60 −4.35
rΣ+p
s 3.49 3.59 3.56 3.54 3.53 3.45 3.60 3.24 3.16
aΣ+p
t 0.48 0.49 0.49 0.49 0.48 0.49 0.65 0.31 −0.25
rΣ+p
t −4.98 −5.18 −5.03 −5.08 −5.41 −5.18 −2.78 −12.2 −28.9

(3
ΛH) EB −2.39 −2.33 −2.30 −2.30 −2.30 −2.32 −2.34 −2.27 −2.30

Table 4.5: The Y N singlet (s) and triplet (t) scattering length a and effective range r (in fm) and
the hypertriton binding energy EB (in MeV) [125]. The binding energies for the hypertriton are
calculated using the Idaho-N3LO NN potential [124]. The experimental value for the 3

ΛH binding
energy is -2.354(50) MeV.

N Λ N

N Λ N

π

π

Σ

N Λ N

N Λ N

π

π

Σ∗

N Λ N

N Λ N

π π

Figure 4.10: Examples for reducible (left) and irreducible (right) three-baryon interactions for
ΛNN . The red dashed line cuts the reducible diagram in two two-body interaction parts.

Faddeev equations in momentum space, as described in Refs. [29, 141]. Note that genuine
(irreducible) three-baryon interactions were not included in this calculation. However, in
the employed coupled-channel formalism, effects like the important Λ-Σ conversion process
are naturally included. One should distinguish such iterated two-body interactions, from
irreducible three-baryon forces, as exemplified in Fig. 4.10. The leading irreducible three-
baryon forces will be discussed in Chapter 6.
To end this section, predictions for S- and P -wave phase shifts δ as a function of plab

for Λp and Σ+p scattering are shown in Fig. 4.11. The 1S0 Λp phase shift from the NLO
χEFT calculation is closer to the phenomenological Jülich ’04 model than the LO result.
It points to moderate attraction at low momenta and strong repulsion at higher momenta.
At NLO the phase shift has a stronger downward bending at higher momenta compared
to LO or the Jülich ’04 model. As stated before, more repulsion at higher energies is a
welcome feature in view of neutron star matter with Λ-hyperons as additional baryonic
degree of freedom. The 3S1 Λp phase shift, part of the S-matrix for the coupled 3S1-3D1
system, changes qualitatively from LO to NLO. The 3S1 phase shift of the NLO interaction
passes through 90◦ slightly below the ΣN threshold, which indicates the presence of an
unstable bound state in the ΣN system. For the LO interaction and the Jülich ’04 model



4.3 hyperon-nucleon scattering 57

0 200 400 600 800
plab (MeV/c)

-20

-10

0

10

20

30

40

δ 
 (

de
gr

ee
s)

Λp 
1
S0

0 200 400 600 800
plab (MeV/c)

-30

0

30

60

90

120

150

180

δ 
 (

de
gr

ee
s)

Λp 
3
S1

0 200 400 600 800
plab (MeV/c)

-20

-10

0

10

20

30

40

δ 
 (

de
gr

ee
s)

Λp 
1
P1

0 200 400 600 800
plab (MeV/c)

-30

-20

-10

0

10

20

30

40

50

60

70

δ 
 (

de
gr

ee
s)

Λp 
3
P0

0 100 200 300 400 500 600
plab (MeV/c)

-20

-10

0

10

20

30

40

50

δ 
 (

de
gr

ee
s)

ΣN 
1
S0 (I=3/2)

0 100 200 300 400 500 600
plab (MeV/c)

-60

-50

-40

-30

-20

-10

0

10

20

δ 
 (

de
gr

ee
s)

ΣN 
3
S1 (I=3/2)

Figure 4.11: Various S- and P -wave phase shifts δ as a function of plab for the Λp and Σ+p

interaction [125]. Same description of curves as in Fig. 4.8.

no passing through 90◦ occurs and a cusp is predicted, that is caused by an inelastic virtual
state in the ΣN system. These effects are also reflected by a strong increase of the Λp cross
section close to the ΣN threshold, see Fig. 4.8. For illustrative purposes the presented
phase shifts of the Σ+p interaction are obtained from a calculation without Coulomb
interaction, and these correspond to the ΣN I = 3/2 channel. As stated before, we have
chosen a repulsive 3S1 ΣN interaction in order to be consistent with recent experimental
information, cf. Chapter 5. The phase shift for the NLO interaction is moderately repulsive
and comparable to the LO phase shift.





5

HYPERONS IN NUCLEAR MATTER

Experimental investigations of nuclear many-body systems including strange baryons, for
instance, the spectroscopy of hypernuclei, provide important constraints on the underlying
hyperon-nucleon interaction. The analysis of data for single Λ-hypernuclei over a wide
range in mass number leads to the result, that the attractive Λ single-particle potential
is about half as deep (≈ −28 MeV) as the one for nucleons. At the same time the Λ-
nuclear spin-orbit interaction is found to be exceptionally weak [142, 143]. Recently, the
repulsive nature of the Σ-nuclear potential has been experimentally established in Σ−-
formation reactions on heavy nuclei. In this chapter we connect such observables with the
baryon-baryon potentials derived within χEFT as presented in Chapter 4. We calculate
the properties of hyperons in infinite homogeneous nuclear matter, with the baryon-baryon
interaction as a microscopic input. For the description of hyperons in nuclear matter, first-
order Brueckner theory is used to treat the many-body problem. It is beyond the scope
of this thesis to give a complete introduction to Brueckner theory. But for orientation
we give a brief introduction to the basic concepts of Brueckner theory, as far as they are
needed for the further analysis. We follow the presentation in Refs. [43, 144] and refer the
reader for more details to Ref. [145]. The relevant formulas concerning baryonic matter
treated within first-order Brueckner theory are stated explicitly. We present results for
hyperon single-particle potentials, i.e., the mean fields experienced by hyperons, in isospin
symmetric and asymmetric nuclear matter. Parts of this chapter have been previously
published in Ref. [146].

5.1 concepts of brueckner theory

Brueckner theory is founded on the so-called Goldstone expansion, a linked-cluster per-
turbation series for the ground state energy of a fermionic many-body system. Let us
consider a system of A identical fermions, described by the Hamiltonian

H = T + V , (5.1)

where T is the kinetic part and V corresponds to the two-body interaction. The goal is to
calculate the ground state energy of this interacting A-body system. It is advantageous to
introduced a so-called auxiliary potential, or single-particle potential, U . The Hamiltonian
is then split into two parts

H = (T + U) + (V − U) = H0 +H1 , (5.2)

the unperturbed part H0 and the perturbed part H1. One expects the perturbed part to
be small, if the single particle potential describes well the averaged effect of the medium

59
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1st order:

2nd order:

3rd order: · · ·

Figure 5.1: Goldstone expansion with first, second and some third order contributions.

on the particle. In fact, the proper introduction of the auxiliary potential is crucial for
the convergence of Brueckner theory.
The unperturbed one-particle solutions |n〉 (in the homogeneous medium) fulfill the

non-relativistic Schrödinger equation

H0|n〉 = εn|n〉 , (5.3)

with the one-particle energies εn. The momentum eigenstates |n〉 are assumed to form
a complete orthonormal set. The unperturbed ground state of the many-body system is
then represented by a Slater determinant |Φ0〉 formed by the A one-particle eigenstates
with lowest energy. This represents the so-called filled Fermi sea. Due to translation
invariance, the one-particle states in a homogeneous medium (e.g., infinite nuclear matter)
are given by plane waves. The unperturbed ground state |Φ0〉 fulfills the equation

H0|Φ0〉 = E0|Φ0〉 , (5.4)

where the unperturbed ground-state energy is given by

E0 =
∑
n≤A

εn =
∑
n≤A
〈n|T |n〉+

∑
n≤A
〈n|U |n〉 . (5.5)

The sum ∑
n≤A symbolizes a sum over A single-particle states with lowest energies εn.

The exact ground state |Ψ0〉 of the correlated many-body system obeys the eigenvalue
equation

H|Ψ0〉 = E|Ψ0〉 . (5.6)

Goldstone used diagrammatic techniques to derive the linked-cluster perturbation formula
[147] for the ground-state energy shift ∆E = E − E0:

∆E = 〈Φ0|H1

∞∑
n=0

( 1
E0 −H0

H1

)n
|Φ0〉L , (5.7)

where the index L means, that only connected graphs representing expectation values in
Φ0 have to be included. In Fig. 5.1 various contributions up to third order (n = 0, 1, 2)
in this expansion are shown. Diagrams which vanish in nuclear matter due to momentum
conservation are omitted. Upward directed lines denote particles (excited states above the
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+ + + + · · · =

Figure 5.2: Example for resummation of the interaction.

= + + + · · ·

Figure 5.3: Definition of the G-matrix.

Fermi sea), whereas downward directed lines denote holes (vacancies in the Fermi sea).
Dashed lines represent an interaction via the perturbation H1 and the order of a certain
diagram is given by the number of such interactions. The interaction H1 occurs either
between two particles or holes via the V part of H1 or between a particle/hole and the
auxiliary field U , denoted by the crosses.
The three first-order contributions are given by

∆E = 1
2
∑

m,n≤A
〈mn|V |mn〉 − 1

2
∑

m,n≤A
〈mn|V |nm〉 −

∑
n≤A
〈n|U |n〉 , (5.8)

following the ordering in Fig. 5.1. Therefore, the first-order ground state energy is given
by

E = E0 + ∆E =
∑
n≤A
〈n|T |n〉+ 1

2
∑

m,n≤A
〈mn|V |mn〉A , (5.9)

where Eq. (5.5) was inserted for E0 and the index A denotes an antisymmetrized state.
Note that the explicit contribution of the auxiliary potential U drops out at first order.
However, the results still depends on U , since the one-particle wave-functions |n〉 depend
on U .
Conventional nucleon-nucleon potentials exhibit a strong short-range repulsion that

leads to very large matrix elements. Hence, the Goldstone expansion in the form de-
scribed above will not converge for such hard-core potentials. One way to approach this
problem is the introduction of the so-called Brueckner reaction matrix, or G-matrix. The
idea behind it is illustrated in Fig. 5.2. Instead of only using the leading Hartree diagram,
an infinite number of diagrams with increasing number of interactions is summed up. This
defines the G-matrix interaction (wiggly line), which is, in contrast to the bare potential,
weak and of reasonable range. In a more general way, the reaction matrix is defined by
the Bethe-Goldstone equation:

G(ω) = V + V
Q

ω −H0 + iεG(ω) , (5.10)

with the so-called starting energy ω. The Pauli operator Q ensures, that the intermediate
states are from outside the Fermi sea. As shown in Fig. 5.3 this equation represents a
resummation of the ladder diagrams to all orders. The arising G-matrix interaction is
an effective interaction of two particles in the presence of the medium. The medium
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two hole-line:

three hole-line: T (3) · · ·

Figure 5.4: Brueckner-Bethe-Goldstone expansion with one hole-line and some three hole-line
contributions.

effects come in solely through the Pauli operator and the energy denominator via the
single-particle potentials. If we set the single-particle potentials to zero and omit the
Pauli operator (Q = 1), we recover the usual Lippmann-Schwinger equation for two-body
scattering in vacuum.
The idea is now to replace all interactions V (dashed lines) by G-matrix interactions

(wiggly lines). One has to make sure, that no double counting is involved. For example,
the two second order diagrams in Fig. 5.1 are already included in the resummation of the
first-order diagrams, and thus have to be excluded. However, it was found that the size of
the contribution of a diagram is not determined by the number of G-matrix interactions,
but rather by the number of hole-lines. This leads to the Bethe-Brueckner-Goldstone ex-
pansion, or hole-line expansion. The two hole-line and some three hole-line contributions
are displayed in Fig. 5.4. The symbol T (3) in the last contribution of Fig. 5.4 represents a
resummation of all two-body interactions between three particles, similar to the resumma-
tion in Fig. 5.3 for two particles, and is obtained by the so-called Bethe-Faddeev equation.
The free space analogon are the well-known Faddeev equations.

The physical idea behind the hole-line expansion is as follows. Assume that two particles
are “strongly correlated” only if their separation distance is smaller than a core radius c.
Within a sphere of radius r0 centered about any particle, on average one other particle
is present, where r0 is determined from the density by 4πr3

0/3 = ρ−1. The probability p
for two particles to be strongly correlated can be roughly estimated as the ratio between
the volume occupied by the core and the on average available volume per particle, p ≈
(c/r0)3. Then the power pn measures the probability for n particles to be all at a relative
distance less than c. If p is now small, an expansion of the energy shift ∆E can be
done in powers of p, i.e., the density plays the role of the small parameter. This is the
type of expansion obtained by grouping the diagrams according to the number of hole
lines: diagrams with n independent hole lines stand for the energy arising from n-body
correlations. For nuclear matter this expansion should converge well, since the core radius
of the nucleon-nucleon interaction is small compared to the typical interparticle spacing,
and the nuclear attraction is weak enough so that the range of strong correlations is
dominated by the repulsive core.
Finally, we have to choose the form of the auxiliary potential U . As can be seen from

Eq. (5.2), the introduction of U should not have an effect on the final result if we include
all orders of the perturbation series. However, at a finite order of the expansion, the result
depends on the choice of U . This choice is important for the convergence of the hole-line
expansion. The diagrams at higher orders involving U (crosses), should cancel important
higher-order contributions from diagrams without U . Bethe, Brandow and Petschek [148]
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Figure 5.5: Equation of state of symmetric nuclear matter. Full lines include two-hole line
contributions with the gap (BHF-G) and continuous (BHF-C) choice. Squares and stars include
two and three hole-line contributions with the gap and continuous choice, respectively. Figure
taken from Ref. [149].

showed for nuclear matter that this is the case if the auxiliary potential is taken as

Um = Re
∑
n≤A
〈mn|G(ω = εm + εn)|mn〉A , (5.11)

where the Brueckner reaction matrix is evaluated on-shell, i.e., the starting energy is equal
to the energy of the two particles in the initial state. Note that this implies a non-trivial
self-consistency problem. On the one hand, U is calculated from the G-matrix elements via
Eq. (5.11), and on the other hand the starting energy of the G-matrix elements depends
on U through the single-particle energies εn.
At the level of two hole-lines, called Brueckner-Hartree-Fock approximation (BHF), the

total energy is given by

E =
∑
n≤A
〈n|T |n〉+ 1

2
∑

m,n≤A
〈mn|G|mn〉A

=
∑
n≤A
〈n|T |n〉+ 1

2
∑
n≤A
〈n|U |n〉 , (5.12)

i.e., the ground-state energy E can be calculated directly after the single-particle potential
has been determined.
The definition of U in Eq. (5.11) applies only to occupied states within the Fermi sea.

For intermediate-state energies above the Fermi sea, typically two choices for the single-
particle potential are employed. In the so-called gap choice, the single-particle potential is
given by Eq. (5.11) for k ≤ kF and set to zero for k > kF , implying a “gap” (discontinuity)
in the single-particle potential. Only the free particle energies (M + ~p 2/2M) of the inter-
mediate states appear in the energy denominator of the Bethe-Goldstone equation (5.10)
since the Pauli-blocking operator is zero for momenta below the Fermi momentum. In
the so-called continuous choice Eq. (5.11) is used for the whole momentum range, hence
the single-particle potentials enter also into the energy denominator. In Ref. [149] the
equation of state in symmetric nuclear matter has been considered. It has been shown,
that the result including three hole-lines is almost independent of the choice of the aux-
iliary potential. Furthermore the two-hole line result with the continuous choice comes
out closer to the three hole-line result, than the two-hole line calculation with the gap
choice, cf. Fig. 5.5. Another advantage of the continuous choice for intermediate spectra is
that it allows for a reliable determination of the single-particle potentials including their
imaginary parts [44]. Unless stated differently, all presented results in this chapter are
calculated with the continuous choice.
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5.2 brueckner-hartree-fock approximation

In order to investigate the properties of hyperons in nuclear matter we employ the conven-
tional Brueckner theory at first order in the hole-line expansion, the Brueckner-Hartree-
Fock approximation. We are interested in the single-particle potentials, i.e., the mean
fields experienced by hyperons in nuclear matter. Our calculations are done in the parti-
cle basis and in the following we summarize the relevant formulas, based on the formalism
presented in Sec. 5.1. For a more detailed derivation we refer the reader to Ref. [21] and
also to Refs. [17, 18, 44, 45].
After angle-averaging of the Pauli-blocking operator and the energy denominator, the

Bethe-Goldstone equation decomposes into partial waves and reads for conserved values
of the total angular momentum J , total momentum ~K and starting energy ω:

Gρ
′′ρ′,J
ν′′ν′ (k′′, k′;K,ω) (5.13)

= V ρ′′ρ′,J
ν′′ν′ (k′′, k′) +

∑
ρ,ν

∫ ∞
0

dk k2

(2π)3 V
ρ′′ρ ,J
ν′′ν (k′′, k) Q̄ν(K, k)

ēν(K, k;ω) + iεG
ρρ′,J
νν′ (k, k′;K,ω) .

As in Eq. (4.18) the symbol ρ stands for the partial waves, ρ = (SL). The (coupled)
two-particle channels are ν = (B1B2), with the baryons Bi from the set {n, p,Λ,Σ+,

Σ0,Σ−}. The same potential V as in the Lippmann-Schwinger equation (4.18) for free
scattering is used. Possible medium modifications of the two-meson exchange potential are
not included. These represent density dependent two-body interactions arising from three-
body interactions. The medium effects come, therefore, solely from the Pauli-blocking
operator Q in the Bethe-Goldstone equation and the density-dependent single-particle
potential in the energy denominator e(ω).
In the initial state of Eq. (5.13) the baryon B2 is within its own Fermi sea (|~k2| < k

(2)
F ).

We introduce the total and relative momenta of both baryons B1 and B2 by

~K = ~k1 + ~k2 , ~k = ξ12~k1 − ~k2
1 + ξ12

, ξ12 = M2
M1

. (5.14)

In Eq. (5.13) we have applied the standard approximation replacing Q/e by the ratio
of its angle-averages Q̄/ē. Only due to this angle-average the angular integral can be
solved analytically and the total angular momentum J remains conserved. The averaged
Pauli-blocking operator, involving the Fermi momenta k(1,2)

F of the two baryon species, is
given by:

Q̄ν(K, k) = 1
2

∫ 1

−1
d cos θ Θ

(
|~k1| − k(1)

F

)
Θ
(
|~k2| − k(2)

F

)
= [0| [−1|z1|1] + [−1|z2|1]

2 |1] , (5.15)

involving an integration over the angle θ between ~K and ~k. The solution is written in
terms of the shorthand notation [a|b|c] ≡ max(a,min(b, c)) introduced in Ref. [44], and
the arguments z1 and z2 are

z1 = 1 + ξ12
2kK

{( 1
1 + ξ12

K

)2
+ k2 − (k(1)

F )2
}
,

z2 = 1 + 1/ξ12
2kK

{(
ξ12

1 + ξ12
K

)2
+ k2 − (k(2)

F )2
}
. (5.16)
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The angle-averaged energy denominator takes the form

ēν(K, k;ω) = ω − K2

2Mν
− k2

2µν
−Mν − ReUB1(k̄1)− ReUB2(k̄2) , (5.17)

with total and reduced masses, Mν = M1 + M2 and µν = M1M2/(M1 + M2). The
angle-average is approximated and performed just for the arguments of the single particle
potentials UBi of the intermediate baryons:

k̄1 =
(

1
(1+ξ12)2K

2 + k2 + 2 1
1+ξ12

Kk cos θ
)1/2

,

k̄2 =
(

ξ2
12

(1+ξ12)2K
2 + k2 − 2 ξ12

1+ξ12
Kk cos θ

)1/2
, (5.18)

with the mean directional cosine

cos θ =
∫ 1
−1d cos θ cos θ Q( ~K,~k)∫ 1
−1d cos θ Q( ~K,~k)

= 1
2
(
[−1|z2|1]− [−1|z1|1]

)
, (5.19)

where Q( ~K,~k) is the exact Pauli-blocking operator. If two nucleons are involved, the
previous expression for cos θ would vanish in symmetric nuclear matter, because of the
equal masses, z1 = z2. Then the alternative (root mean square) angular average

cos θ =

√√√√∫ 1
−1d cos θ cos2 θ Q( ~K,~k)∫ 1
−1d cos θ Q( ~K,~k)

= 1√
3

[0|z1|1] , z1 = 1
kK

[
K2

4 + k2 − k2
F

]
, (5.20)

is often used.
It is common practice to introduce a further simplification. The squared momenta

K2 = K2(~k1,~k) and k2
2 = k2

2(~k1,~k) entering the Bethe-Goldstone equation are replaced by
their angle averages:

K̄2(k1, k) =

∫
|~k2|≤k(2)

F

d cosϑK2(k1, k, cosϑ)∫
|~k2|≤k(2)

F

d cosϑ

= (1 + ξ12)2
[
k2

1 + k2 − k1k(1 + [−1|x0|1])
]
,

k̄2
2(k1, k) = ξ12

1 + ξ12
K̄2(k1, k) + (1 + ξ12)k2 − ξ12k

2
1 , (5.21)

where ϑ is the angle between ~k1 and ~k, and x0 means:

x0 = ξ2
12k

2
1 + (1 + ξ12)2k2 − (k(2)

F )2

2ξ12(1 + ξ12)k1k
. (5.22)

Note again, that the baryon B2 in the initial state is within its Fermi sea (|~k2| < k
(2)
F ).

Finally, the single-particle potential of a baryon B1 due to the Fermi sea of the species
B2 is calculated in the Brueckner-Hartree-Fock approximation (according to Eq. (5.11))
as follows

U
(B2)
B1

(k1) =
(
1 + δB1B2(−1)L+S

) (1 + ξ12)3

2
∑
J,ρ

(2J + 1)

×
∫ kmax

kmin

dk k2

(2π)3 W (k1, k)Gρρ,J(B1B2)(B1B2)(k, k; K̄, ωo.s.) . (5.23)
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U = G(ωo.s.) k < kF

G(ω) = V +
V

V

+

V

V

V

+ · · ·

Figure 5.6: Graphical representation of the determination of the single-particle potential and the
Bethe-Goldstone equation. The symbol ωo.s denotes the on-shell starting energy.

The full single-particle potential of a baryon B1 (B1 = n, p,Λ,Σ0,±) is then given by the
sum of the contributions from all baryons B2 (B2 = n, p) in the nuclear Fermi sea. The
weight function W (k1, k) has the form

W (k1, k) = 1
4π

∫
|~k2|≤k(2)

F

dΩk = 1
2(1− [−1|x0|1]) . (5.24)

The lower and upper integration boundaries of the relative momentum, kmin and kmax, are
determined as the solution of W (k1, k) = 0, which leads to

kmin = max
(

0, −k
(2)
F + ξ12k1
1 + ξ12

)
, kmax = k

(2)
F + ξ12k1
1 + ξ12

. (5.25)

The G-matrix elements in Eq. (5.23) are calculated at the on-shell starting energy

ωo.s. = EB1(k1) + EB2(k̄2) ,

EBi(ki) = Mi + k2
i

2Mi
+ ReUBi(ki) . (5.26)

This makes the determination of the single-particle potentials dependent on the single-
particle potential itself, and, therefore, Eqs. (5.13) and (5.23) have to be solved self-
consistently. In Fig. 5.6 this self-consistency is illustrated. In analogy to Fig. 2.3 the
expansion of the G-matrix is depicted. The difference of the Bethe-Goldstone equation
and the Lippmann-Schwinger equation stems from the factor Q/e. This medium effect on
the intermediate states is denoted by a horizontal double line. The single-particle potential
can be obtained pictorially by taking the on-shell G-matrix interaction and closing one of
the baryon lines. When closing the other line, the total energy of the system is obtained,
as can be seen in Eq. (5.12).
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Λ 500 550 600 650

C̃27
1S0

−0.1539 −0.1017 −0.0153 0.1301
C27

1S0
2.313 2.326 2.326 2.328

C̃10∗
3S1

−0.2100 −0.1493 0.0166 0.2059
C10∗

3S1
0.2977 0.3139 0.5109 0.4899

C10∗
3S1− 3D1

−0.2767 −0.2896 −0.2422 −0.2234

a1S0 −23.8 −23.8 −23.8 −23.7
r1S0 2.81 2.75 2.68 2.62
a3S1 5.42 5.43 5.42 5.43
r3S1 1.81 1.76 1.72 1.67

Ed −2.257 −2.213 −2.193 −2.145

Table 5.1: Contact terms and threshold parameters for the 1S0 and 3S1-3D1 NN partial waves
for various cutoffs. The values of the C̃’s are in 104 GeV−2, the ones of the C’s, in 104 GeV−4; the
values of Λ in MeV. The scattering length a and the effective range r are in fm, the deuteron binding
energy Ed in MeV. The empirical values are a1S0 = −23.739 fm, r1S0 = 2.68 fm, a3S1 = 5.420 fm,
r3S1 = 1.753 fm [150] and Ed = −2.224575(9) MeV.

5.3 hyperon single-particle potentials in nuclear matter

For the description of the hyperon-nucleon interaction we use SU(3) chiral effective field
theory up to next-to-leading order within the Weinberg power counting applied to the
potential, as presented in Chapter 4. As stated previously, a simultaneous description
of the NN and Y N interactions with SU(3) symmetric LECs is not possible at NLO
(the channels NN (I = 1) and ΣN (I = 3/2) are too strongly correlated through SU(3)
symmetric contact terms, cf. Tab. 4.2). Therefore, we use partly different sets of LECs
in the NN and Y N sectors. For the Y N interaction the set given in Refs. [125] and [49]
is used1, where in the latter work the contact term c8as for the antisymmetric spin-orbit
force in the Y N interaction, allowing spin singlet-triplet transitions, is already fitted to the
weak Λ-nuclear spin-orbit interaction [152, 153]. The NN interaction is based on the same
meson-exchange diagrams and contact terms as given in Ref. [125], but with different LECs,
compiled in Tab. 5.1. Furthermore, Tab. 5.1 reproduces the S-wave scattering lengths, the
effective ranges and the deuteron binding energy, as obtained from this chiral NLO NN

interaction. In Fig. 5.7 the nucleon-nucleon phase shifts in the 1S0 and 3S1 partial waves
are shown. Note that the results are comparable to those (at NLO) in Ref. [123] where
SU(2) chiral EFT was used (cf. Fig. 4 in that reference). At low energies they are in
agreement with the empirical data. However, at higher energies the results of the NLO
interaction become too repulsive.
In the following we present our results for the in-medium properties of hyperons, based

on the Y N interaction derived from chiral EFT [146]. Additionally, for the ease of compar-
ison, the G-matrix results obtained with two phenomenological Y N potentials, namely of
the Jülich ’04 [19] and the Nijmegen NSC97f [18] meson-exchange models, are given. Note
that, like the EFT potentials, these phenomenological Y N interactions produce a bound
hypertriton [29]. As mentioned before, the EFT NN and Y N interactions involve differ-

1 Note that in order to be consistent with the definitions in Eq. (18) of Ref. [49] the constants C8s8a in Table
1 of Ref. [49] have to be multiplied with a factor 2.
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Figure 5.7: Nucleon-nucleon phase shifts for the 1S0 and 3S1 partial wave. The band represents
the variation of our NLO results with the cutoff, see text. The black line is obtained with a cutoff
Λ = 600 MeV. The circles denote the results from the GWU single-energy np partial wave analysis
[151].

ent sets of low-energy constants. For calculations with the LO and NLO hyperon-nucleon
interaction we employ as the underlying nucleon-nucleon interaction the NLO version with
the same cutoff. In the case of the phenomenological Y N interactions (Jülich ’04 and Ni-
jmegen NSC97f) we use for the purpose of comparison the NLO chiral NN potential with
a cutoff of 600 MeV. In all calculations sums over partial waves up to J=5 are performed
(see Eq. (5.23)).

First, we review the results for the nucleon single-particle potential derived from chiral
effective field theory at NLO, as this is an input for our calculations of hyperons in nuclear
matter. Figure 5.8 shows the real part ReUN (k) in symmetric nuclear matter at the
Fermi momenta kF = 1.35 fm−1 and kF = 1.0 fm−1, corresponding to the densities
ρ = 0.166 fm−3 and ρ = 0.068 fm−3, as obtained from the chiral NN potential and from
the Nijmegen 93 model [9]. According to the Hugenholtz–van-Hove theorem [154] the value
at k = kF has to be UN (kF ) = −16 MeV − k2

F /2MN ≈ −53 MeV at saturation density
(kF = 1.35 fm−1). The results of our calculation with the EFT interaction are consistent
with this constraint. This consistency is non-trivial in view of the approximations entering
the calculation. Furthermore, Fig. 5.8 shows the total binding energy per particle

E

A
= ε

ρ
. (5.27)

The baryon density ρ is given by a sum over the baryonic species that occupy Fermi seas,

ρ =
∑
B

k
(B) 3
F

3π2 , (5.28)
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Figure 5.8: Nucleon single-particle potential in symmetric nuclear matter for kF = 1.35 fm−1 and
kF = 1.00 fm−1 (left) and energy per particle of nuclear matter with different proton fractions ρp/ρ
(right). The bands represent the variation of our results with the cutoff, see text. The diamond
symbolizes the empirical saturation point of symmetric nuclear matter, with ρ0 = 0.16 fm−3.

and the energy density ε can be calculated according to Eq. (5.12) from the single-particle
potential as

ε =
∑
B

 k
(B) 5
F

10π2MB
+ 1

2π2

∫ k
(B)
F

0
dk k2 ReUB(k)

 . (5.29)

It is typical for non-relativistic G-matrix calculations with realistic two-body interactions,
that the empirical saturation point of isospin-symmetric nuclear matter (ρ0 = 0.16 fm−3,
E0/A = −16 MeV) is not reproduced without the inclusion of three-nucleon forces [155,
156]. Note that the employed nucleon-nucleon interaction at NLO in chiral EFT becomes
too repulsive for higher energies (cf. Fig. 5.7). This feature appears to be reflected in the
curve for the binding energy per nucleon which saturates at lower densities than usually
found in calculations using (chiral and other) nucleon-nucleon potentials [156, 157, 158,
159, 160]. But, as expected, our results still lie within the well-known Coester band [161].
In this context we want to stress that we show the nucleonic results only for illustrative
purposes. Considering the recent arrival of NN interactions at fifth order in chiral EFT
[162, 163] the NLO potential employed here is obviously not state-of-the-art. However,
for consistency reasons we prefer to use NN and Y N interactions at the same order of
the chiral expansion. In any case, as we will see below, the properties of hyperons in
nuclear matter do not depend strongly on the nucleon single-particle potential UN (k), and
therefore the NN interaction up to NLO is certainly sufficient for our purposes.
Now we turn to the properties of hyperons in symmetric nuclear matter as they fol-

low from SU(3) chiral effective field theory. In Tab. 5.2 values for the depth of the Λ
single-particle potential UΛ(k = 0) at saturation density are given. In the Brueckner-
Hartree-Fock approximation the binding energy of a hyperon in infinite nuclear matter is
given by BY (∞) = −UY (k = 0). The results of the LO and NLO calculation are consistent
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UΛ(k = 0) 1S0 3S1+3D1 3P0 1P1 3P1 3P2+3F2 Total

NLO (500) cont −15.4 −15.7 1.0 1.8 1.5 −1.3 −28.3
NLO (550) cont −13.9 −12.7 0.9 1.6 1.5 −1.2 −24.2
NLO (600) cont −12.9 −13.5 0.8 1.3 1.4 −1.2 −24.4
NLO (650) cont −12.4 −16.3 0.7 1.2 1.3 −1.2 −27.0

LO (600) gap −12.1 −25.9 −1.7 1.5 1.7 −0.4 −37.2
LO (600) cont −13.2 −28.0 −1.9 1.5 1.7 −0.4 −40.7
NLO (600) gap −13.1 −13.9 0.9 1.3 1.4 −1.2 −24.8
NSC97f gap −14.7 −24.1 0.4 2.4 4.1 −0.8 −34.1
NSC97f cont −14.5 −25.2 0.4 2.3 3.9 −0.9 −35.5
Jülich ’04 gap −10.5 −36.5 −0.7 −0.6 0.5 −3.2 −51.7
Jülich ’04 cont −11.2 −38.0 −0.7 −0.7 0.5 −3.3 −54.2

Table 5.2: Λ single-particle potential UΛ(k = 0) in symmetric nuclear matter at saturation density,
kF = 1.35 fm−1. Values are given in MeV and decomposed into partial wave contributions.
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Jülich ’04
NSC97f

Figure 5.9: Momentum dependence of the real and imaginary parts of the single-particle potential
of a Λ hyperon in isospin-symmetric nuclear matter at saturation density. The bands represent
the variation of our results with the cutoff, see text.
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with the empirical value of about UΛ(0) ≈ −28 MeV as deduced from binding energies of
Λ hypernuclei [164, 165]. The results for the gap choice of intermediate spectra are simi-
lar to Ref. [49], where a phenomenological parametrization of the nucleon single-particle
potential UN (k) has been used. This suggests that the results for the Λ single-particle po-
tential do not depend strongly on those of the nucleon in nuclear matter. (Actually, using
this phenomenological parametrization, we can reproduce the results of Ref. [49] which
served as a test for the new code developed for the present investigation.) The differences
for UΛ(0) between the gap choice and the continuous choice are a few MeV, comparable
to what has been found, e.g., in Ref. [18] for the Nijmegen NSC97 potentials. Obviously,
the two phenomenological models (Jülich ’04, Nijmegen NSC97f) predict more attractive
values of UΛ(0) = (−35 . . .−50) MeV, where the main difference is due to the contribution
in the 3S1 partial wave. As already discussed in Ref. [49], we believe that this due to the
fact that the Λp 3S1↔3D1 transition is significantly larger in the NLO chiral EFT inter-
action as compared to the one of the LO interaction and of the phenomenological models,
whereas the diagonal (3S1↔3S1 and 3D1↔3D1) transitions are accordingly smaller.

The momentum dependence of the real and imaginary parts of the Λ single-particle
potential is presented in Fig. 5.9. A marked difference between LO and NLO is, that
the Λ single-particle potential at NLO turns to repulsion at fairly low momenta around
k ≈ 2 fm−1. A similar behavior is also found for the NSC97f potential. The cutoff
dependence at LO seems to be accidentally weak.
Corresponding results for Σ hyperons in isospin-symmetric nuclear matter at saturation

density are given in Tab. 5.3 and are also graphically displayed in Fig. 5.10. The presented
results are for the neutral Σ0 hyperon. The small differences to the results for charged Σ+

and Σ− hyperons come solely from the mass differences of the three Σ hyperons, and is
of the order of (0.5 . . . 1) MeV, where the difference between Σ0 and Σ± is larger than the
one between Σ+ and Σ−. According to analyses of data on (π−,K+) spectra related to
Σ− formation in heavy nuclei the Σ-nuclear potential is moderately repulsive in symmetric
nuclear matter, see the review [166]. This feature is well reproduced in our calculation
for NLO and even for LO. As stated in Chapter 4, in the course of constructing the NLO
interaction it turned out that the available Y N scattering data could be fitted equally
well with an attractive or a repulsive interaction in the 3S1 partial wave of the I = 3/2
ΣN channel [125], which is the partial wave that provides the dominant contribution to
the Σ single-particle potential, cf. Tab. 5.3 and also Table 4 in Ref. [49]. For the reasons
discussed above, the repulsive solution was adopted. Note that models derived within the
meson-exchange framework often fail to produce a repulsive Σ-nuclear potential and the
two phenomenological Y N potentials considered here are exemplary for this deficiency. As
visible in Fig. 5.10 the Σ potential stays repulsive for higher momenta. The imaginary part
of the Σ-nuclear potential at saturation density is in good agreement with the empirical
value of −16 MeV as extracted from Σ−-atom data [167]. The imaginary potential is
mainly induced by the ΣN to ΛN conversion in nuclear matter. Evidently, the bands
representing the cutoff dependence of the chiral potentials, become smaller when going
to higher order in the chiral expansion. This feature has been also observed for the Y N
scattering observables in Chapter 4.
In the following we provide a more detailed view on the dependence of our in-medium

results on the densities of protons and neutrons. The corresponding predictions are shown
only for the chiral EFT interaction at NLO with a fixed cutoff, namely Λ = 600 MeV,
for reasons of clearer presentation. However, one should keep in mind that these results
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UΣ(k = 0) 1S0 3S1+3D1 3P0 1P1 3P1 3P2+3F2 Total

NLO (500) cont −4.6 13.5 1.5 0.6 0.4 0.3 11.6
NLO (550) cont −4.2 17.3 1.3 0.4 0.2 −0.0 14.9
NLO (600) cont −4.7 15.4 1.2 0.2 0.0 −0.4 11.5
NLO (650) cont −4.9 11.9 1.0 0.0 −0.1 −0.8 7.0

LO (600) gap −1.8 25.3 −1.9 −0.2 −1.4 −1.1 18.7
LO (600) cont −2.2 22.1 −1.9 −0.2 −1.2 −1.0 15.5
NLO (600) gap −5.6 15.4 1.1 0.1 −0.2 −0.6 9.9
NSC97f gap 1.9 −17.3 0.4 −2.1 1.1 −2.4 −19.1
NSC97f cont −0.5 −17.2 0.4 −2.1 1.0 −2.6 −22.0
Jülich ’04 gap −8.4 −4.0 0.4 −2.0 −1.8 −3.7 −20.1
Jülich ’04 cont −7.9 −5.6 0.4 −2.0 −2.5 −3.8 −21.9

Table 5.3: Σ single-particle potential UΣ(k = 0) in symmetric nuclear matter at saturation density,
kF = 1.35 fm−1. Values are given in MeV and decomposed into partial wave contributions.
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Figure 5.10: Momentum dependence of the real and imaginary parts of the single-particle poten-
tial of a Σ hyperon in isospin-symmetric nuclear matter at saturation density. The bands represent
the variation of our results with the cutoff, see text.
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potential for different Fermi momenta kF = (1.00, 1.35, 1.53) fm−1 in symmetric nuclear matter,
calculated in χEFT at NLO with a cutoff Λ = 600 MeV.

are likewise subject to variations with the cutoff and, specifically, in the case of a weak
dependence on the density the latter effect might be actually smaller than the cutoff
dependence.
In Figs. 5.11 and 5.12 the dependence of the single-particle potential UY (k) for Λ and

Σ hyperons on the density in isospin-symmetric nuclear matter is shown. The chosen
nucleon Fermi momenta kF = (1.00, 1.35, 1.53) fm−1 correspond to densities of about ρ =
(0.4, 1.0, 1.5)ρ0 with ρ0 = 0.16 fm−3. The momentum dependence of the potentials is
similar for different densities, but their magnitude varies strongly. Especially for the Σ
hyperon the single-particle potential can even become attractive at low densities.
Pure neutron matter is another interesting environment for the in-medium behavior

of hyperons. Therefore, we display in Fig. 5.13 also the density dependence of UY (k)
for Λ and Σ hyperons in pure neutron matter. The Fermi momenta of the neutrons
kF = (1.26, 1.70, 1.92) fm−1 correspond the same densities as selected in Figs. 5.11 and 5.12
for isospin-symmetric nuclear matter. Due to the maximal asymmetry between protons
and neutrons, the single-particle potentials for the three (Σ+,Σ0,Σ−) hyperons are rather
different. The Λ single-particle potential UΛ(k) is slightly more attractive than the one
in isospin-symmetric nuclear matter at the same density, cf. Fig. 5.11, thus indicating
only a weak dependence on the composition of nuclear matter. The small surplus of
attraction can be understood qualitatively from the reduction of Pauli-blocking effects in
pure neutron matter.
In order to get a more detailed insight into the interaction of hyperons with heavy nuclei,

we consider also the strength of the Λ-nuclear spin-orbit coupling. It is experimentally well
established [142, 143] that the Λ-nucleus spin-orbit force is very small. In the following



74 hyperons in nuclear matter

0 1 2 3
k [fm−1]

−10

0

10

20

30

40

50

60

70

R
eU

Σ
(k

)
[M

eV
]

1.00 fm−1

1.35 fm−1

1.53 fm−1

0 1 2 3
k [fm−1]

−60

−50

−40

−30

−20

−10

0

Im
U

Σ
(k

)
[M

eV
]

1.00 fm−1

1.35 fm−1

1.53 fm−1

Figure 5.12: Momentum dependence of the real and imaginary parts of the Σ single-particle
potential for different Fermi momenta kF = (1.00, 1.35, 1.53) fm−1 in symmetric nuclear matter,
calculated in χEFT at NLO with a cutoff Λ = 600 MeV.
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χEFT at NLO with a cutoff Λ = 600 MeV.
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we will present results for the so-called Scheerbaum factor SB. It quantifies the strength
of the nuclear spin-orbit potential for a hyperon B, which takes the form [168]

U lsB (r) = −π2SB
1
r

dρ(r)
dr

~l · ~σ , (5.30)

where ρ(r) is the nucleon density distribution, ~l the (single-particle) orbital angular mo-
mentum operator and ~σ the hyperon spin operator. In isospin-symmetric nuclear matter
with Fermi momentum kF the Scheerbaum factor SB1 is obtained from the G-matrix
elements via the relation [169]

SB1(k1) = − 3π
4k3

F

(1 + δB1B2(−1)L+S)
∑

B2=n,p

∑
J

(2J + 1)ξ12(1 + ξ12)2

×
∫ kmax

kmin

dk
(2π)3 W (k1, k) Re

{
(J + 2)G1J+1,1J+1,J

(B1B2)(B1B2)(k, k; K̄, ωo.s.)

+G1J,1J,J
(B1B2)(B1B2)(k, k; K̄, ωo.s.)

−(J − 1)G1J−1,1J−1,J
(B1B2)(B1B2)(k, k; K̄, ωo.s.)

−
√
J(J + 1)G1J,0J,J

(B1B2)(B1B2)(k, k; K̄, ωo.s.)

−
√
J(J + 1)G0J,1J,J

(B1B2)(B1B2)(k, k; K̄, ωo.s.)
}
, (5.31)

with k1 set to zero in the end. In Tab. 5.4 we present the Scheerbaum factor SΛ for the
Λ hyperon in symmetric nuclear matter at saturation density. The values in Tab. 5.4
are in agreement with the earlier results of Ref. [49]. The difference between the gap
and the continuous choice for intermediate spectra is small. This is expected because the
Scheerbaum factor involves only contributions from P -waves and higher partial waves and
it is known that these are much less sensitive to the treatment of the intermediate spectra
than the S-waves [18]. As stated previously, we use the same Y N interaction as in Ref. [49]
where the strength of the antisymmetric spin-orbit contact interaction, generating a spin
singlet-triplet mixing (1P1 ↔ 3P1), has been tuned to achieve SΛ ≈ −3.7 MeV fm5, in
accordance with estimates for the empirical value, which is expected to lie in the range
of around −4.6 to −3.0 MeV fm5 [170, 171]. In Tab. 5.5 we summarize our results for
the Scheerbaum factor SΣ, which are close to the values reported in Ref. [49]. As before,
results are only given for Σ0. The difference among the Scheerbaum factors for the three
Σ hyperons due to their mass splitting is smaller than 0.5 MeV fm5. In contrast to the
leading-order approximation, at NLO always negative values of SΣ are obtained, similar
to the results found with the NSC97f and Jülich ’04 models.
Another important quantity to characterize in-medium properties is the effective baryon

mass. The ratio between the effective and the free hyperon mass in nuclear matter is
usually defined as

M∗B
MB

=
[
1 + 2MB

∂ ReUB(k)
∂k2

∣∣∣∣
k=0

]−1
. (5.32)

We follow Ref. [21] where this ratio is computed as

M∗B
MB

=
[
1 + 2MB

k2 Re(UB(k)− UB(0))
]−1

, (5.33)
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SΛ(k = 0) 3P0 3D1 3P1 1P1 ↔ 3P1 3P2 3D2 3D3 Total

NLO (500) cont −5.6 −0.6 −4.4 10.4 −3.5 0.4 0.2 −3.0
NLO (550) cont −4.9 −0.6 −4.2 9.2 −3.2 0.4 0.2 −3.1
NLO (600) cont −4.4 −0.6 −4.0 8.3 −3.1 0.4 0.2 −3.2
NLO (650) cont −4.0 −0.6 −3.8 7.3 −3.1 0.4 0.2 −3.6

LO (600) gap 9.4 −0.2 −4.9 0.0 −1.1 0.4 −0.1 3.5
LO (600) cont 10.2 −0.2 −4.7 0.0 −1.2 0.4 −0.1 4.5
NLO (600) gap −4.7 −0.6 −4.1 8.4 −3.1 0.4 0.2 −3.4
NSC97f gap −2.2 0.5 −11.4 2.0 −2.6 1.1 −2.0 −14.2
NSC97f cont −2.0 0.5 −10.8 1.9 −2.8 1.2 −2.0 −13.8
Jülich ’04 gap 4.0 0.4 −1.4 5.1 −9.1 0.6 −1.0 −1.3
Jülich ’04 cont 4.1 0.5 −1.3 5.1 −9.3 0.6 −1.1 −1.4

Table 5.4: Scheerbaum factor SΛ(k = 0) in symmetric nuclear matter at saturation density,
kF = 1.35 fm−1. Values are given in MeV fm5 and decomposed into partial wave contributions.

SΣ(k = 0) 3P0 3D1 3P1 1P1 ↔ 3P1 3P2 3D2 3D3 Total

NLO (500) cont −7.7 0.6 −1.0 −10.6 0.9 0.1 0.1 −17.7
NLO (550) cont −6.6 0.3 −0.6 −9.7 −0.0 0.1 0.1 −16.5
NLO (600) cont −5.9 0.1 −0.1 −9.2 −1.0 0.1 0.0 −16.0
NLO (650) cont −5.3 0.1 0.2 −8.3 −2.0 0.1 −0.0 −15.3

LO (600) gap 9.5 0.3 3.2 0.0 −2.8 0.1 −0.4 9.8
LO (600) cont 8.7 0.3 2.6 0.0 −2.4 0.1 −0.3 8.9
NLO (600) gap −5.6 0.1 0.4 −10.1 −1.3 0.1 −0.1 −16.4
NSC97f gap −2.0 0.1 −2.8 −2.7 −6.2 0.3 −1.5 −14.9
NSC97f cont −1.8 0.0 −2.5 −2.6 −7.0 0.3 −1.6 −15.5
Jülich ’04 gap −2.2 0.1 4.5 −8.2 −9.6 0.3 −1.0 −16.4
Jülich ’04 cont −2.2 0.1 6.0 −9.8 −9.9 0.3 −1.0 −16.9

Table 5.5: Scheerbaum factor SΣ(k = 0) in symmetric nuclear matter at saturation density,
kF = 1.35 fm−1. Values are given in MeV fm5 and decomposed into partial wave contributions.



5.3 hyperon single-particle potentials in nuclear matter 77

0.5 1.0 1.5
ρ/ρ0

0.5

0.6

0.7

0.8

0.9

1.0

M
∗ Λ
/M

Λ

ρp = 0.5ρ
ρp = 0.25ρ
ρp = 0

Figure 5.14: Density dependence of the effective mass of a Λ hyperon in (a)symmetric nuclear
matter, calculated in χEFT at NLO with a cutoff Λ = 600 MeV.
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Figure 5.15: Density dependence of the hyperon single-particle potentials at k = 0 with different
compositions of the nuclear matter, calculated in χEFT at NLO with a cutoff Λ = 600 MeV.

with k ≈ 1 fm−1. In some works k is even set to the Fermi momentum kF in symmetric
nuclear matter. In Fig. 5.14 the density dependence of the effective mass M∗Λ of a Λ
hyperon for different isospin asymmetries ρp = (0, 0.25, 0.5)ρ is shown, where ρp is the
proton density and ρ the total density. The effective Λ mass in pure neutron matter is
slightly higher than the one in symmetric nuclear matter, but the shape of the curves in
Fig. 5.14 does not depend on the composition of nuclear matter. Since the momentum-
dependence of the Σ-nuclear potentials as obtained from the G-matrix calculations is not
close to a quadratic behavior for momenta 0 ≤ k ≤ 3 fm−1, the effective mass does not
serve as a significant quantity.
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Finally, we investigate in more detail the influence of the composition and density of
nuclear matter on the single-particle potentials of hyperons. In Fig. 5.15 the density
dependence of the depth of the nuclear mean-field of Λ or Σ hyperons at rest (k = 0)
is shown for isospin-symmetric nuclear matter, asymmetric nuclear matter with ρp =
0.25ρ and pure neutron matter. The single-particle potential of the Λ hyperon is almost
independent of the composition of the nuclear medium, because of its isosinglet nature.
Furthermore, it is attractive over the whole considered range of density 0.5 ≤ ρ/ρ0 ≤
1.5. The three Σ hyperons possess (up to small differences from the mass splittings)
the same single-particle potential in symmetric nuclear matter. It is attractive for low
densities, but turns into repulsion at ρ ≈ 0.7ρ0 and stays repulsive for higher densities.
When introducing isospin asymmetry in the nuclear medium a splitting of the single-
particle potentials occurs due to the strong isospin dependence of the ΣN interaction. The
splittings among the Σ+, Σ0 and Σ− potentials as obtained in our microscopic calculation
have a non-linear dependence on the isospin asymmetry which goes beyond the usual
(linear) parametrization in terms of an isovector Lane potential [172].



6
LEADING THREE -BARYON INTERACTION

Three-nucleon forces are an essential ingredient for a proper description of nuclei and
nuclear matter with low-momentum two-body interactions. Similarly, three-baryon forces,
especially the ΛNN interaction, are expected to play an important role in nuclear systems
with strangeness. Their introduction in calculations of light hypernuclei seems to be
required. Furthermore, the introduction of 3BF is traded as a possible solution to the
hyperon puzzle (see Chapter 1). However, so far only phenomenological 3BF have been
employed. In this section we derive the leading irreducible three-baryon interactions from
SU(3) chiral effective field theory. We present the construction of the minimal effective
Lagrangian required for the pertinent vertices. Moreover, SU(3) relations for strangeness 0
and −1 are derived. As an example, we present the ΛNN three-body interaction explicitly
in the isospin basis and rederive the well-known chiral three-nucleon interaction for a check.
Parts of this chapter have been previously published in Ref. [173].

Figure 6.1: Leading three-baryon interactions: contact term, one-meson exchange and two-meson
exchange. Filled circles and solid dots denote vertices with ∆i = 1 and ∆i = 0, respectively.

According to the power counting in Eq. (2.62) the 3BF arise formally at NNLO in the
chiral expansion, as can be seen from the hierarchy of baryonic forces in Fig. 2.4. Three
types of diagrams contribute: three-baryon contact terms, one-meson and two-meson ex-
change diagrams, cf. Fig. 6.1. Note that a two-meson exchange diagram, like in Fig. 6.1,
with a (leading order) Weinberg-Tomozawa vertex in the middle, would formally be a NLO
contribution. However, as in the nucleonic sector, this contribution is kinematically sup-
pressed due to the fact that the involved meson energies are differences of baryon kinetic
energies. In Chapter 7 we will show, that parts of these NNLO contributions get promoted
to NLO by the introduction of intermediate decuplet baryons, so that it becomes appro-
priate to use these three-body interactions together with the NLO two-body interaction of
Chapter 4. Note again, that we derive the irreducible contributions to the chiral potential.
In three-flavor χEFT nucleons and hyperons (Λ, Σ, Ξ) are treated on equal footing. In
contrast to typical phenomenological calculations, diagrams such as given in Fig. 4.10 on
the left side, do not correspond to a genuine three-body potential, but to an iteration
of the two-baryon potential. Such diagrams will be generated automatically when solv-
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ing, e.g., the Faddeev (or Yakubovsky) equations within a coupled-channel approach. We
expect, that the three-body potentials derived from SU(3) χEFT will shed light on the
effect of 3BF in hypernuclear systems. In particular, their implementation in studies of
light hypernuclei will be very instructive since such systems can be treated within reliable
few-body techniques [29, 174].

6.1 contact interaction

In the following we consider the three-baryon contact interaction. We construct the mini-
mal Lagrangian, demonstrate how to derive the antisymmetrized potentials and investigate
their group-theoretical classification.

6.1.1 Overcomplete contact Lagrangian

As already discussed in Sec. 2.3 the terms of the effective Lagrangian have to fulfill the
symmetries of quantum chromodynamics and are constructed to obey the invariances
under charge conjugation, parity transformation, Hermitian conjugation and the local
chiral symmetry group SU(3)L × SU(3)R. The baryon fields are collected in a traceless
matrix B, see Eq. (2.30). In order to obtain the most general contact Lagrangian in
flavor SU(3), we follow the same procedure as used for the four-baryon contact terms in
Chapter 3. Generalizing these construction rules straightforwardly to six-baryon contact
terms, we end up with the following (largely overcomplete) set of terms for the leading
covariant Lagrangian:

L =
11∑
f=1

5∑
a=1

tf,aT f,a , (6.1)

where the index f runs over eleven possible flavor structures. These are given by:

T 1,a = 〈B̄αB̄βB̄γ(Γ1,aB)α(Γ2,aB)β(Γ3,aB)γ〉
+ (−1)ca〈B̄γB̄βB̄α(Γ3,aB)γ(Γ2,aB)β(Γ1,aB)α〉 ,

T 2,a = 〈B̄αB̄β(Γ1,aB)αB̄γ(Γ2,aB)β(Γ3,aB)γ〉
+ (−1)ca〈B̄γB̄β(Γ3,aB)γB̄α(Γ2,aB)β(Γ1,aB)α〉 ,

T 3,a = 〈B̄αB̄β(Γ1,aB)α(Γ2,aB)βB̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄βB̄α(Γ2,aB)β(Γ1,aB)αB̄γ(Γ3,aB)γ〉 ,

T 4,a = 〈B̄α(Γ1,aB)αB̄β(Γ2,aB)βB̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄γ(Γ3,aB)γB̄β(Γ2,aB)βB̄α(Γ1,aB)α〉 ,

T 5,a = 〈B̄αB̄β(Γ1,aB)α(Γ2,aB)β〉 〈B̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄βB̄α(Γ2,aB)β(Γ1,aB)α〉 〈B̄γ(Γ3,aB)γ〉 ,

T 6,a = 〈B̄α(Γ1,aB)αB̄β(Γ2,aB)β〉 〈B̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄α(Γ1,aB)αB̄β(Γ2,aB)β〉 〈B̄γ(Γ3,aB)γ〉 ,

T 7,a = 〈B̄αB̄βB̄γ(Γ1,aB)α〉 〈(Γ2,aB)β(Γ3,aB)γ〉
+ (−1)ca〈B̄γB̄β〉 〈B̄α(Γ3,aB)γ(Γ2,aB)β(Γ1,aB)α〉 ,

T 8,a = 〈B̄αB̄βB̄γ〉 〈(Γ1,aB)α(Γ2,aB)β(Γ3,aB)γ〉
+ (−1)ca〈B̄γB̄βB̄α〉 〈(Γ3,aB)γ(Γ2,aB)β(Γ1,aB)α〉 ,
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a ca Γ1,a Γ2,a Γ3,a V a
ijk = (ūΓ1,au)i(ūΓ2,au)j(ūΓ3,au)k

1 0 1 1 1 1

2 0 −1 γ5γµ γ5γµ ~σj · ~σk
3 0 γ5γµ −1 γ5γµ ~σi · ~σk
4 0 γ5γµ γ5γµ −1 ~σi · ~σj
5 1 γ5γµ −i σµν γ5γν i ~σi · (~σj × ~σk)

Table 6.1: Dirac structures Γ1,Γ2,Γ3. Only structures with independent potential contributions
are considered.

T 9,a = 〈B̄αB̄β(Γ1,aB)α〉 〈(Γ2,aB)βB̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄βB̄γ(Γ3,aB)γ〉 〈B̄α(Γ2,aB)β(Γ1,aB)α〉 ,

T 10,a = 〈B̄α(Γ1,aB)α〉 〈B̄β(Γ2,aB)β〉 〈B̄γ(Γ3,aB)γ〉
+ (−1)ca〈B̄α(Γ1,aB)α〉 〈B̄β(Γ2,aB)β〉 〈B̄γ(Γ3,aB)γ〉 ,

T 11,a = 〈B̄αB̄β〉 〈B̄γ(Γ1,aB)α〉 〈(Γ2,aB)β(Γ3,aB)γ〉
+ (−1)ca〈B̄γB̄β〉 〈B̄α(Γ3,aB)γ〉 〈(Γ2,aB)β(Γ1,aB)α〉 , (6.2)

where the indices α, β, γ are Dirac indices. The index a = 1, . . . , 5 in Eq. (6.1) labels the
three combined Dirac structures Γ1,a,Γ2,a,Γ3,a that have to be inserted into each flavor
structure f = 1, . . . , 11. The allowed Dirac structures are given in Tab. 6.1. Note that we
start with a covariant Lagrangian, but in the end are only interested in the minimal non-
relativistic Lagrangian. Therefore, only Dirac structures that lead to independent (non-
relativistic) spin operators are considered in Tab. 6.1. The corresponding spin-dependent
potentials V a

ijk (shown in the last column of Tab. 6.1) result from the Dirac structures
sandwiched between Dirac spinors in spin spaces i, j and k. The overcomplete set of
terms in the Lagrangian Eq. (6.1) contains 55 low-energy constants tf,a. One observes that
some combinations of Dirac and flavor structures do not even contribute at the leading
order. Nevertheless, this set is a good starting point to obtain the minimal non-relativistic
contact Lagrangian.
It is advantageous to rewrite the Lagrangian in the particle basis, which gives:

L =
11∑
f=1

5∑
a=1

t̃f,a
∑

i,j,k,l,m,n

Nf,a
ikm
jln

(B̄iΓ1,aBj)(B̄kΓ2,aBl)(B̄mΓ3,aBn) . (6.3)

where Bi are the baryon fields in the particle basis and the indices i, j, k, l,m, n label the
six occurring baryon fields, Bi ∈ {n, p,Λ,Σ+,Σ0,Σ−,Ξ0,Ξ−}. The SU(3) factors N can be
obtained easily by using Eq. (2.30), multiplying the respective flavor matrices and taking
traces. Note that the constants t̃f,a are equal to tf,a, but with an additional minus sign
for f = 1, 3, 5, 7, 8, 9, 11, coming from the interchange of anticommuting baryon fields.

6.1.2 Derivation of the contact potential

Let us now consider the process B1B2B3 → B4B5B6, where the Bi are again baryons in
the particle basis. The aim is to derive a potential operator V in the threefold spin space
for this process. We define the operators in spin-space 1 to act between the two-component
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Pauli spinors of B1 and B4. Similarly, spin-space 2 belongs to B2 and B5, and spin-space
3 to B3 and B6. The potential for a fixed spin configuration is then obtained as

χ
(1)
B4

†
χ

(2)
B5

†
χ

(3)
B6

†
V χ

(1)
B1
χ

(2)
B2
χ

(3)
B3
, (6.4)

where the superscript of a spinor denotes the spin space and the subscript denotes the
baryon to which the spinor belongs.
The potential is given by V = −〈B4B5B6| L |B1B2B3〉, where the appropriate terms

of L in Eq. (6.3) have to be inserted, and the 36 Wick contractions have to be performed.
First, each of the 55 terms in the Lagrangian (labeled by f, a) provides six so-called direct
terms,

t̃f,aNf,a
456
123

(B̄4Γ1,aB1)(B̄5Γ2,aB2)(B̄6Γ3,aB3)

+ t̃f,aNf,a
564
231

(B̄5Γ1,aB2)(B̄6Γ2,aB3)(B̄4Γ3,aB1)

+ t̃f,aNf,a
645
312

(B̄6Γ1,aB3)(B̄4Γ2,aB1)(B̄5Γ3,aB2)

+ t̃f,aNf,a
465
132

(B̄4Γ1,aB1)(B̄6Γ2,aB3)(B̄5Γ3,aB2)

+ t̃f,aNf,a
654
321

(B̄6Γ1,aB3)(B̄5Γ2,aB2)(B̄4Γ3,aB1)

+ t̃f,aNf,a
546
213

(B̄5Γ1,aB2)(B̄4Γ2,aB1)(B̄6Γ3,aB3) , (6.5)

where the baryon bilinears combine the baryon pairs 1-4, 2-5 and 3-6, in the form as
set up in Eq. (6.4). Keeping in mind that baryons B1, B2, B3 are in spin-space 1, 2,
3, respectively, one obtains by performing the (six direct) Wick contractions the direct
potential1

V D = −
11∑
f=1

5∑
a=1

t̃f,a
(
Nf,a

456
123
V a

123 +Nf,a
564
231
V a

231 +Nf,a
645
312
V a

312

+Nf,a
465
132
V a

132 +Nf,a
654
321
V a

321 +Nf,a
546
213
V a

213

)
. (6.6)

The spin operators V a
ijk arise from the Dirac structures Γ1,a⊗Γ2,a⊗Γ3,a and can be found

in Tab. 6.1. The indices i, j, k of V a
ijk denote the spin spaces of the three baryon bilinears.

One has not only these six direct Wick contractions, but in total 36 Wick contractions
that contribute to the potential. This number corresponds to the 3! × 3! possibilities to
arrange the three initial and three final baryons into Dirac bilinears. For example a term

t̃f,aNf,a
546
312

(B̄5Γ1,aB3)(B̄4Γ2,aB1)(B̄6Γ3,aB2) (6.7)

gives rise to a potential contribution

t̃f,aNf,a
546
312
V a

312 , (6.8)

where the sign, reverted in comparison to Eq. (6.6), originates from the exchange of baryon
fields. However, this potential is not in accordance with the form of Eq. (6.4), as baryon

1 One observes that Eq. (6.6) holds independently of whether some of the baryons are identical or not.
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pairs 1-4, 2-6, 3-5 are each connected in a separate spin space. Hence, an exchange of
the spin wave functions χ(2)

B5
and χ

(3)
B6

in the final state has to be performed and this is
achieved by multiplying the potential with P (σ)

23 :

t̃f,aNf,a
546
312
P

(σ)
23 V a

312 , (6.9)

where P (σ)
ij = 1

2(1 + ~σi · ~σj) is the well-known spin-exchange operator.
Employing the above considerations to all Wick contractions, the full potential including

36 contributions is derived. For a shorter notation we express the remaining 30 contribu-
tions in terms of the six direct contributions in Eq. (6.6), with the declared replacement
of the labels. The full potential is thus given by

V = V D + P
(σ)
23 P

(σ)
13

(
V D

)
4→5
5→6
6→4

+ P
(σ)
23 P

(σ)
12

(
V D

)
4→6
5→4
6→5

− P (σ)
23

(
V D

)
4→4
5→6
6→5

− P (σ)
13

(
V D

)
4→6
5→5
6→4

− P (σ)
12

(
V D

)
4→5
5→4
6→6

. (6.10)

The procedure described above automatically incorporates the generalized Pauli principle
and leads to a fully antisymmetrized potential.

6.1.3 Minimal contact Lagrangian

Now we are in the position to determine a minimal and complete contact Lagrangian for
the leading three-baryon contact interaction. We have derived the potential according to
Eq. (6.10) and decomposed it with respect to the following operators in the three-body
spin space

1 , ~σ1 · ~σ2 , ~σ1 · ~σ3 , ~σ2 · ~σ3 , i ~σ1 · (~σ2 × ~σ3) . (6.11)

A minimal set of Lagrangian terms in the non-relativistic limit is obtained by leaving
out terms until the rank of the final potential matrix matches the number of terms in
the Lagrangian. Redundant terms have been deleted in such a way, that one obtains a
maximal number of Lagrangian terms with a single flavor-trace. The minimal six-baryon
contact Lagrangian in the non-relativistic limit is then given by

L = −C1〈B̄aB̄bB̄cBaBbBc〉
+C2〈B̄aB̄bBaB̄cBbBc〉
−C3〈B̄aB̄bBaBbB̄cBc〉
+C4〈B̄aBaB̄bBbB̄cBc〉
−C5〈B̄aB̄bBaBb〉 〈B̄cBc〉
−C6

(
〈B̄aB̄bB̄cBa(σiB)b(σiB)c〉+ 〈B̄cB̄bB̄a(σiB)c(σiB)bBa〉

)
+C7

(
〈B̄aB̄bBaB̄c(σiB)b(σiB)c〉+ 〈B̄cB̄b(σiB)cB̄a(σiB)bBa〉

)
−C8

(
〈B̄aB̄bBa(σiB)bB̄c(σiB)c〉+ 〈B̄bB̄a(σiB)bBaB̄c(σiB)c〉

)
+C9〈B̄aBaB̄b(σiB)bB̄c(σiB)c〉
−C10

(
〈B̄aB̄bBa(σiB)b〉 〈B̄c(σiB)c〉+ 〈B̄bB̄a(σiB)bBa〉 〈B̄c(σiB)c〉

)
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−C11〈B̄aB̄bB̄c(σiB)aBb(σiB)c〉
+C12〈B̄aB̄b(σiB)aB̄cBb(σiB)c〉
−C13〈B̄aB̄b(σiB)a(σiB)bB̄cBc〉
−C14〈B̄aB̄b(σiB)a(σiB)b〉 〈B̄cBc〉
− i εijkC15〈B̄aB̄bB̄c(σiB)a(σjB)b(σkB)c〉
+ i εijkC16〈B̄aB̄b(σiB)aB̄c(σjB)b(σkB)c〉
− i εijkC17〈B̄aB̄b(σiB)a(σjB)bB̄c(σkB)c〉
+ i εijkC18〈B̄a(σiB)aB̄b(σjB)bB̄c(σkB)c〉 . (6.12)

The indices a, b, c are two-component spinor indices and the indices i, j, k are vector indices.
One ends up with 18 low-energy constants C1 . . . C18. The minus signs in front of some
terms have been included to compensate minus signs from fermion exchange, arising from
reordering baryon bilinears into the form of Eq. (6.3).
Various checks have been performed. In particular, we verified conservation of strange-

ness S, isospin I and isospin projection I3 and the independence of the resulting potentials
from I3. The Lagrangian has been constructed to fulfill C and P symmetry. Time reversal
symmetry follows via the CPT theorem, and we explicitly confirmed T invariance for all
potentials.

6.1.4 Group-theoretical considerations

Let us now consider the three-baryon contact terms from a group-theoretical point of view.
In flavor space the three octet baryons form the 512-dimensional tensor product 8⊗8⊗8,
which decomposes into the following irreducible SU(3) representations

8⊗ 8⊗ 8 = 64⊕ (35⊕ 35)2 ⊕ 276 ⊕ (10⊕ 10)4 ⊕ 88 ⊕ 12 , (6.13)

where a subscript denotes the multiplicity of an irreducible representations. In spin space
the tensor product of three doublets decomposes as

2⊗ 2⊗ 2 = 22 ⊕ 4 . (6.14)

Transitions are only allowed between irreducible representations of the same type. In
analogy to Ref. [116] for the two-baryon sector, we determine which of the irreducible
representations in Eq. (6.13) can contribute to a particular three-baryon multiplet, char-
acterized by hypercharge Y = S + 3 (with strangeness S) and isospin I. Table 6.2 gives
for the relevant SU(3) representations the (Y, I)-multiplets that they contain. From this
table one can read off which representations are involved in the various three-baryon states,
presented in Tab. 6.3. At leading order the potentials are momentum-independent and
therefore only S-waves are present. Due to the Pauli principle the totally symmetric
spin-quartet 4 must combine with the totally antisymmetric part of 8 ⊗ 8 ⊗ 8 in flavor
space,

Alt3(8) = 56a = 27a + 10a + 10a + 8a + 1a . (6.15)

Therefore, these totally antisymmetric representations are present only in states with total
spin 3/2. The decomposition of Eq. (6.15) is obtained by observing that one 1-plet and
one 27-plet must be present. The totally symmetric part of 8⊗ 8⊗ 8 decomposes as

Sym3(8) = 120s = 64s + 27s + 10s + 10s + 8s + 1s , (6.16)
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D allowed (Y, I)

1 (0, 0)
8 (1, 1

2), (0, 0), (0, 1), (−1, 1
2)

10 (1, 3
2), (0, 1), (−1, 1

2), (−2, 0)
10 (2, 0), (1, 1

2), (0, 1), (−1, 3
2)

27 (2, 1), (1, 1
2), (1, 3

2), (0, 0), (0, 1), (0, 2), (−1, 1
2), (−1, 3

2), (−2, 1)
35 (2, 2), (1, 3

2), (1, 5
2), (0, 1), (0, 2), (−1, 1

2), (−1, 3
2), (−2, 0), (−2, 1), (−3, 1

2)
35 (3, 1

2), (2, 0), (2, 1), (1, 1
2), (1, 3

2), (0, 1), (0, 2), (−1, 3
2), (−1, 5

2), (−2, 2)
64 (3, 3

2), (2, 1), (2, 2), (1, 1
2), (1, 3

2), (1, 5
2), (0, 0), (0, 1), (0, 2), (0, 3),

(−1, 1
2), (−1, 3

2), (−1, 5
2), (−2, 1), (−2, 2), (−3, 3

2)

Table 6.2: Hypercharge Y and isospin I for irreducible SU(3) representations of dimension D.

states (Y, I) 2S1/2
4S3/2

NNN (3, 1
2) 35

ΛNN,ΣNN (2, 0) 10,35 10a
ΛNN,ΣNN (2, 1) 27,35 27a

ΣNN (2, 2) 35

ΛΛN,ΣΛN,ΣΣN,ΞNN (1, 1
2) 8,10,27,35 8a,10a,27a

ΣΛN,ΣΣN,ΞNN (1, 3
2) 10,27,35,35 10a,27a

ΣΣN (1, 5
2) 35

ΛΛΛ,ΣΣΛ,ΣΣΣ,ΞΛN,ΞΣN (0, 0) 8,27 1a,8a,27a
ΣΛΛ,ΣΣΛ,ΣΣΣ,ΞΛN,ΞΣN (0, 1) 8,10,10,27,35,35 8a,10a,10a,27a

ΣΣΛ,ΣΣΣ,ΞΣN (0, 2) 27,35,35 27a
ΞΛΛ,ΞΣΛ,ΞΣΣ,ΞΞN (−1, 1

2) 8,10,27,35 8a,10a,27a
ΞΣΛ,ΞΣΣ,ΞΞN (−1, 3

2) 10,27,35,35 10a,27a
ΞΣΣ (−1, 5

2) 35

ΞΞΛ,ΞΞΣ (−2, 0) 10,35 10a
ΞΞΛ,ΞΞΣ (−2, 1) 27,35 27a

ΞΞΣ (−2, 2) 35

ΞΞΞ (−3, 1
2) 35

Table 6.3: Irreducible representations for three-baryon states with hypercharge Y and isospin I
in partial waves.

where the decomposition follows from the observation that the highest dimensional 64-plet
and one 1-plet must occur. Since the totally symmetric part has no totally antisymmetric
counterpart in spin space, it can not contribute. This is especially true for the 64 repre-
sentation, which appears only once in the decomposition 8 ⊗ 8 ⊗ 8. In Tab. 6.3 we have
already included these exclusion criteria following from the generalized Pauli principle.
In the next step, we can derive the potentials for transitions between the three-baryon

states, and redefine the 18 constants such that they belong to transitions between ir-
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reducible representations. It is then a highly non-trivial check of our results that this
redefinition fulfills the restrictions of Tab. 6.3. For example, in the NNN interaction and
the ΞΞΣ (−2, 2) interaction the same constant associated with the 35 representation has
to be present.
In order to obtain a representation of the potentials in the isospin basis, we use the

iterated Clebsch-Gordon decomposition2

〈(i4i5)iout(iouti6)IoutMout|Ô|(i1i2)iin(iini3)IinMin〉
=

∑
m1,m2,m3,min,
m4,m5,m6,mout

δmout,m4+m5δMout,mout+m6δmin,m1+m2δMin,min+m3

× Ci4i5iout
m4m5moutC

iouti6Iout
moutm6Mout

Ci1i2iinm1m2minC
iini3Iin
minm3Min

× 〈i4m4; i5m5; i6m6|Ô|i1m1; i2m2; i3m3〉 , (6.17)

where i stands for an isospin quantum number and the C are the Clebsch-Gordan coeffi-
cients. In order to be sign consistent with the Condon-Shortley convention for the Clebsch-
Gordan coefficients, we use the baryon matrix as defined in Eq. (2.30) and make the follow-
ing sign changes in the identification of the particle states |i,m〉: Σ+ = −|1,+1〉 , Ξ− =
−|1/2,−1/2〉. In Eq. (6.17) we have chosen to couple the isospin of the first two particles in
the initial state i1, i2 to iin and then to couple iin with the isospin i3 of the third particle to
total isospin Iin. The same procedure is applied to the final state. Other coupling schemes
can be obtained by recoupling with the help of Racah W -coefficients or equivalently with
Wigners 6j-symbols.

It is advantageous to present the three-body potentials not only in terms of the spin
operators in Eq. (6.11), but to project them also onto partial waves. For a general operator

Ô = a1 1 + a2 ~σ1 · ~σ2 + a3 ~σ1 · ~σ3 + a4 ~σ2 · ~σ3 + a5 i~σ1 × ~σ2 · ~σ3 , (6.18)

with coefficients ai, the partial wave decomposition leads to the following non-vanishing
transitions (between S-waves)

〈0 2S1/2|Ô|0 2S1/2〉 = a1 − 3a2 ,

〈1 2S1/2|Ô|0 2S1/2〉 =
√

3(−a3 + a4 − 2a5) ,
〈0 2S1/2|Ô|1 2S1/2〉 =

√
3(−a3 + a4 + 2a5) ,

〈1 2S1/2|Ô|1 2S1/2〉 = a1 + a2 − 2a3 − 2a4 ,

〈1 4S3/2|Ô|1 4S3/2〉 = a1 + a2 + a3 + a4 , (6.19)

where a state |s 2S+1LJ〉 is characterized by the total spin S = 1
2 ,

3
2 , the angular momentum

L = 0 and the total angular momentum J = 1
2 ,

3
2 . Here, we have chosen to couple the

spins of the first two baryons to s = 0, 1, and to couple this with the spin 1
2 of the third

baryon to S (in complete analogy to the isospin coupling in Eq. (6.17)). After this partial
wave decomposition it is trivial to identify the combinations of constants belonging to the
totally antisymmetric flavor representations, since these act only in the 1 4S3/2 states due
to the generalized Pauli principle.

2 In order to obtain Tab. 6.4 we strictly employ Eq. (6.17), i.e., no further combinatorial factors, such as
1/
√

2 for a ΛNN state are included. They can be included by just multiplying the corresponding row in
Tab. 6.4 with that factor.
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Finally, we give the SU(3) relations for the strangeness 0 and −1 sectors in Tab. 6.4. The
corresponding relations for strangeness −2 are listed in Appendix A.2. The constants asso-
ciated with the irreducible SU(3) representations are related to the low-energy constants
of the minimal Lagrangian by:

c35 = 6(−C4 + C9) ,
c35 = 3(C4 − C9 + 6C18) ,

c10 = 3
4(2C2 + C3 − C4 + C5 − 6C8 + C9 − 6C10

− 6C12 + 3C13 + 3C14 + 6C17 − 6C18) ,

c271 = − 37
294C2 + 769

588C3 −
473
392C4 + 769

588C5 −
74
49C7 −

429
98 C8 + 473

392C9

− 429
98 C10 + 185

98 C12 + 89
196C13 + 89

196C14 + 244
49 C16 −

207
98 C17 + 57

14C18 ,

c272 = 1
24(−4C2 − 22C3 + 57C4 − 22C5 − 48C7 − 12C8 − 57C9 − 12C10

+ 60C12 + 78C13 + 78C14 − 96C16 + 60C17 − 252C18) ,

c273 = 1
8(20C2 − 2C3 − 21C4 − 2C5 − 16C7 + 28C8 + 21C9 + 28C10 − 44C12

− 22C13 − 22C14 + 32C16 − 76C17 + 12C18) ,
c10a = 6(−C2 + C3 − C4 + C5 − 2C7 + 2C8 − C9 + 2C10 − C12 + C13 + C14) ,

c27a = 2
3(C2 + C3 + 3C4 + C5 + 2C7 + 2C8 + 3C9 + 2C10 + C12 + C13 + C14) .

(6.20)

The SU(3) relations have not been obtained by group theory considerations directly, but
by rewriting our results such that they fulfill the group-theoretical constraints of Tab. 6.3.
The three constants C271 , C272 , C273 are associated to the irreducible representations
of dimension 27. We have chosen a particular definition for them in Eq. (6.20). Note
that other linear combinations of C271 , C272 , C273 would work equally well. The SU(3)
relations in Tab. 6.4 have been derived from the most general SU(3) symmetric Lagrangian.
Therefore, any three-baryon potential that fulfills flavor SU(3) symmetry has to fulfill these
relations. These relations provide also a valuable check for the SU(3) decomposition of
the S-wave contributions from three-baryon interactions generated by one- or two-meson
exchange (with all meson masses set equal).

6.2 one-meson exchange component

For the one-meson exchange diagram in Fig. 6.1 we employ the leading-order chiral La-
grangian L

(1)
B for meson-baryon couplings, rewritten in the particle basis, see Eq. (4.7).

The second vertex, necessary for the one-meson-exchange three-body interaction, involves
four baryon fields and one pseudoscalar-meson field. An overcomplete set of terms for the
corresponding relativistic Lagrangian can be found in Subsec. 3.2.2. In order to obtain
a complete minimal set of terms in the non-relativistic limit, we consider the matrix ele-
ments of the process B1B2 → B3B4φ1 and proceed as in Sec. 6.1. The transition matrix
element is expressed in terms of spin operators

~σ1 · ~q , ~σ2 · ~q , i (~σ1 × ~σ2) · ~q , (6.21)
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where ~q denotes the momentum of the emitted meson. The minimal Lagrangian is obtained
by eliminating redundant terms until the rank of the (non-square) matrix formed by all
transitions matches the number of terms in the Lagrangian. As before, redundant terms
are deleted in such a way, that one obtains a maximal number of terms with a single flavor
trace. The minimal non-relativistic chiral Lagrangian for the four-baryon vertex including
one meson is given by

L = D1/f0〈B̄a(∇iφ)BaB̄b(σiB)b〉
+D2/f0

(
〈B̄aBa(∇iφ)B̄b(σiB)b〉+ 〈B̄aBaB̄b(σiB)b(∇iφ)〉

)
+D3/f0〈B̄b(∇iφ)(σiB)bB̄aBa〉
−D4/f0

(
〈B̄a(∇iφ)B̄bBa(σiB)b〉+ 〈B̄bB̄a(σiB)b(∇iφ)Ba〉

)
−D5/f0

(
〈B̄aB̄b(∇iφ)Ba(σiB)b〉+ 〈B̄bB̄a(∇iφ)(σiB)bBa〉

)
−D6/f0

(
〈B̄b(∇iφ)B̄a(σiB)bBa〉+ 〈B̄aB̄bBa(∇iφ)(σiB)b〉

)
−D7/f0

(
〈B̄aB̄bBa(σiB)b(∇iφ)〉+ 〈B̄bB̄a(σiB)bBa(∇iφ)〉

)
+D8/f0〈B̄a(∇iφ)Ba〉〈B̄b(σiB)b〉
+D9/f0〈B̄aBa(∇iφ)〉〈B̄b(σiB)b〉
+D10/f0〈B̄b(∇iφ)(σiB)b〉〈B̄aBa〉
+ i εijkD11/f0〈B̄a(σiB)a(∇kφ)B̄b(σjB)b〉
− i εijkD12/f0

(
〈B̄a(∇kφ)B̄b(σiB)a(σjB)b〉 − 〈B̄bB̄a(σjB)b(∇kφ)(σiB)a〉

)
− i εijkD13/f0〈B̄aB̄b(∇kφ)(σiB)a(σjB)b〉
− i εijkD14/f0〈B̄aB̄b(σiB)a(σjB)b(∇kφ)〉 . (6.22)

Here, the indices a and b are two-component spinor indices, and i, j and k are 3-vector
indices. There are in total 14 low-energy constants D1 . . . D14 for all five strangeness
sectors S = −4 . . . 0. As before, the minus signs in front of some terms have been included,
in order to compensate minus signs from fermion exchange, arising from the reordering of a
baryon bilinear (see Eq. (6.23) below). Let us note, that the conservation of strangeness S,
isospin I and isospin projection I3, independence of I3, and time reversal symmetry have
been checked for the BB → BBφ transition matrix elements resulting from Eq. (6.22).
Moreover, several tests employing group theoretical methods have been performed.
As done in Subsec. 6.1.1, we write the Lagrangian in the particle basis

L =
10∑
f=1

Df

f0

8∑
i,j,k,l,m=1

Nf
ik
jl φm

(B̄iBj)(B̄k~σBl) · ~∇φm

+
14∑

f=11

Df

f0

8∑
i,j,k,l,m=1

Nf
ik
jl φm

i [(B̄i~σBj)× (B̄k~σBl)] · ~∇φm , (6.23)

where in each term the first bilinear comes from the summation over the spin index a and
the second bilinear from the summation over the spin index b in Eq. (6.22). The indices
i, j, k, l label now octet baryons.
Let us now consider the generic one-meson exchange diagram in Fig. 6.2. It involves the

baryons i, j, k in the initial state, the baryons l,m, n in the final state and an exchanged
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l m n

i j k
A B C

φ

Figure 6.2: Generic one-meson exchange diagram. The wiggly line symbolized the four-baryon
contact vertex, to illustrate the baryon bilinears.

meson φ. The four-baryon contact vertex is separated into two parts, in order to indicate
which baryons are in the same bilinear. The indices A,B,C label the spin spaces related
to the baryon bilinears.
Using standard Feynman rules for the vertices and the meson propagator one obtains

the following three-body potential

V = 1
2f2

0

~σA · ~qli
~q 2
li +m2

φ

(
N1~σC · ~qli +N2i (~σB × ~σC) · ~qli

)
, (6.24)

with the momentum transfer ~qli = ~pl−~pi carried by the exchanged meson and the constants

N1 = NBlBiφ

10∑
f=1

DfN
f
mn
jk φ̄

,

N2 = NBlBiφ

14∑
f=11

DfN
f
mn
jk φ̄

, (6.25)

where φ̄ denotes the charge-conjugated meson of meson φ in particle basis (e.g., π+ ↔ π−).
The full one-meson exchange three-body potential for the process B1B2B3 → B4B5B6

is obtained easily by summing up for a fixed meson the 36 permutations of initial and
final baryons, shown diagrammatically in Fig. 6.3, and summing over all mesons φ ∈{
π0, π+, π−,K+,K−,K0, K̄0, η

}
. Of course, many of these contributions will vanish for

a particular process. The Feynman diagrams fall into 9 classes, where in each class the
same momentum transfer ~qli is present. In Fig. 6.3 each row corresponds to such a class
and the corresponding momentum transfer is written on the left of the row. Furthermore,
additional minus signs from interchanging fermions have to be included and some diagrams
need to be multiplied from the left by spin exchange operators (as indicated in Fig. 6.3)
in order to be in accordance with the form set up in Eq. (6.4). As before, the baryons B1,
B2 and B3 belong to the spin-spaces 1, 2 and 3, respectively.

6.3 two-meson exchange component

For the two-meson exchange diagram of Fig. 6.1 we need in addition to the Lagrangian in
Eq. (4.7) the well-known O(q2) meson-baryon Lagrangian [104]. We use the version given
in Ref. [101] and display here only the terms relevant for our purpose:

L = bD〈B̄{χ+, B}〉+ bF 〈B̄[χ+, B]〉+ b0〈B̄B〉 〈χ+〉
+ b1〈B̄[uµ, [uµ, B]]〉+ b2〈B̄{uµ, {uµ, B}}〉
+ b3〈B̄{uµ, [uµ, B]}〉+ b4〈B̄B〉 〈uµuµ〉
+ id1〈B̄{[uµ, uν ], σµνB}〉+ id2〈B̄[[uµ, uν ], σµνB]〉
+ id3〈B̄uµ〉〈uνσµνB〉 , (6.26)
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~q41 :

B4 B5 B6

B1 B2 B3

+

B4 B6 B5

B1 B3 B2

− P (σ)
23

(B4 B6 B5

B1 B2 B3

+

B4 B5 B6

B1 B3 B2

)

~q52 :

B5 B6 B4

B2 B3 B1

+

B5 B4 B6

B2 B1 B3

− P (σ)
13

(B5 B4 B6

B2 B3 B1

+

B5 B6 B4

B2 B1 B3

)

~q63 :

B6 B4 B5

B3 B1 B2

+

B6 B5 B4

B3 B2 B1

− P (σ)
12

(B6 B5 B4

B3 B1 B2

+

B6 B4 B5

B3 B2 B1

)

~q51 : P
(σ)
23 P

(σ)
13

(B5 B6 B4

B1 B2 B3

+

B5 B4 B6

B1 B3 B2

)
− P (σ)

12

(B5 B4 B6

B1 B2 B3

+

B5 B6 B4

B1 B3 B2

)

~q62 : P
(σ)
23 P

(σ)
13

(B6 B4 B5

B2 B3 B1

+

B6 B5 B4

B2 B1 B3

)
− P (σ)

23

(B6 B5 B4

B2 B3 B1

+

B6 B4 B5

B2 B1 B3

)

~q43 : P
(σ)
23 P

(σ)
13

(B4 B5 B6

B3 B1 B2

+

B4 B6 B5

B3 B2 B1

)
− P (σ)

13

(B4 B6 B5

B3 B1 B2

+

B4 B5 B6

B3 B2 B1

)

~q61 : P
(σ)
23 P

(σ)
12

(B6 B4 B5

B1 B2 B3

+

B6 B5 B4

B1 B3 B2

)
− P (σ)

13

(B6 B5 B4

B1 B2 B3

+

B6 B4 B5

B1 B3 B2

)

~q42 : P
(σ)
23 P

(σ)
12

(B4 B5 B6

B2 B3 B1

+

B4 B6 B5

B2 B1 B3

)
− P (σ)

12

(B4 B6 B5

B2 B3 B1

+

B4 B5 B6

B2 B1 B3

)

~q53 : P
(σ)
23 P

(σ)
12

(B5 B6 B4

B3 B1 B2

+

B5 B4 B6

B3 B2 B1

)
− P (σ)

23

(B5 B4 B6

B3 B1 B2

+

B5 B6 B4

B3 B2 B1

)

Figure 6.3: Feynman diagrams contributing to the one-meson exchange three-body potential for
B1B2B3 → B4B5B6.
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l m n

i j k
A B C

φ1 φ2

Figure 6.4: Generic two-meson exchange diagram.

with uµ = − 1
f0
∂µφ+O(φ3) and χ+ = 2χ− 1

4f2
0
{φ, {φ, χ}}+O(φ4), where (see Eq. (4.1))

χ =

m
2
π 0 0

0 m2
π 0

0 0 2m2
K −m2

π

 . (6.27)

Note that the terms proportional to bD, bF , b0 break explicitly SU(3) flavor symmetry,
through different meson masses mK 6= mπ. Rewriting the Lagrangian in the particle basis
as in the previous sections, one obtains

L = −
∑

cf=bD,bF ,b0

cf

4f2
0

8∑
i,j,k,l=1

Nf

φk
i
jφl

(B̄iBj)φkφl

+
∑

cf=b1,b2,b3,b4

cf

f2
0

8∑
i,j,k,l=1

Nf

φk
i
jφl

(B̄iBj)∂µφk∂µφl

+
∑

cf=d1,d2,d3

i cf
f2

0

8∑
i,j,k,l=1

Nf

φk
i
jφl

(B̄iσµνBj)∂µφk∂νφl . (6.28)

Let us now consider the generic two-meson exchange diagram depicted in Fig. 6.4. It
includes the baryons i, j, k in the initial state, the baryons l,m, n in the final state, and
two virtual mesons φ1 and φ2 are exchanged. The indices A,B,C label the spin spaces
related to the baryon bilinears and they are aligned with the three initial baryons. The
momentum transfers carried by the virtual mesons are ~qli = ~pl−~pi and ~qnk = ~pn−~pk. One
obtains the following transition amplitude from the generic two-meson exchange diagram

V = − 1
4f4

0

~σA · ~qli ~σC · ~qnk
(~q 2
li +m2

φ1
)(~q 2

nk +m2
φ2

)
(
N ′1 +N ′2 ~qli · ~qnk +N ′3 i (~qli × ~qnk) · ~σB

)
, (6.29)

with the combinations of parameters

N ′1 = NBlBiφ̄1
NBnBkφ2

∑
cf=bD,bF ,b0

cf

4 (Nf

φ1
m
j φ̄2

+Nf

φ̄2
m
j φ1

) ,

N ′2 = −NBlBiφ̄1
NBnBkφ2

∑
cf=b1,b2,b3,b4

cf (Nf

φ1
m
j φ̄2

+Nf

φ̄2
m
j φ1

) ,

N ′3 = NBlBiφ̄1
NBnBkφ2

∑
cf=d1,d2,d3

cf (Nf

φ1
m
j φ̄2
−Nf

φ̄2
m
j φ1

) . (6.30)

The complete three-body potential for a transition B1B2B3 → B4B5B6 is finally ob-
tained by summing up the contributions of the 18 Feynman diagrams in Fig. 6.5 and
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B4 B5 B6

B1 B2 B3

+

B5 B6 B4

B2 B3 B1

+

B6 B4 B5

B3 B1 B2

+P (σ)
23 P

(σ)
13

( B5 B6 B4

B1 B2 B3

+

B6 B4 B5

B2 B3 B1

+

B4 B5 B6

B3 B1 B2

)

+P (σ)
23 P

(σ)
12

( B6 B4 B5

B1 B2 B3

+

B4 B5 B6

B2 B3 B1

+

B5 B6 B4

B3 B1 B2

)

−P (σ)
23

( B4 B6 B5

B1 B2 B3

+

B6 B5 B4

B2 B3 B1

+

B5 B4 B6

B3 B1 B2

)

−P (σ)
13

( B6 B5 B4

B1 B2 B3

+

B5 B4 B6

B2 B3 B1

+

B4 B6 B5

B3 B1 B2

)

−P (σ)
12

( B5 B4 B6

B1 B2 B3

+

B4 B6 B5

B2 B3 B1

+

B6 B5 B4

B3 B1 B2

)

Figure 6.5: Feynman diagrams contributing to the two-meson exchange three-body potential for
B1B2B3 → B4B5B6.

by summing over all possible exchanged mesons. Obviously, additional (negative) spin-
exchange operators need to be applied if the baryon lines are not in the configuration 1-4,
2-5 and 3-6, as illustrated in Fig. 6.5.

6.4 NNN and ΛNN three-baryon potentials

In order to give a concrete example we present in this section the explicit expression
for the ΛNN three-body interaction in spin-, isospin- and momentum-space. Moreover,
the leading-order chiral three-nucleon interaction is rederived, and consistency with the
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conventional expression is shown. The potentials are calculated in particle basis (as shown
in the previous sections) and afterwards reexpressed with isospin operators.
By adding up all 36 contributions (coming from Eqs. (6.6) and (6.10)), one obtains the

following form of the three-nucleon contact potential

V NNN
ct = − 3

8E
[

( 31− ~σ1 · ~σ2 − ~σ1 · ~σ3 − ~σ2 · ~σ3) 1

+ (−1− ~σ1 · ~σ2 + ~σ1 · ~σ3 + ~σ2 · ~σ3) ~τ1 · ~τ2

+ (−1 + ~σ1 · ~σ2 − ~σ1 · ~σ3 + ~σ2 · ~σ3) ~τ1 · ~τ3

+ (−1 + ~σ1 · ~σ2 + ~σ1 · ~σ3 − ~σ2 · ~σ3) ~τ2 · ~τ3

−~σ1 × ~σ2 · ~σ3 ~τ1 × ~τ2 · ~τ3
]
, (6.31)

with the low-energy constant E = 2(C4 − C9) = −c35/3 and ~σ, ~τ denote the usual Pauli
matrices in spin and isospin space. This is exactly the three-nucleon contact potential of
Ref. [51] in its antisymmetrized form:

V NNN
ct = 1

2EA
∑
j 6=k

~τj · ~τk , (6.32)

where A denotes the three-body antisymmetrization operator, A = (1 − P12)(1 − P13 −
P23). Here, each two-particle exchange operator Pij = P

(σ)
ij P

(τ)
ij P

(p)
ij is the product of an

exchange operator in spin space P (σ)
ij = 1

2(1+~σi·~σj), in isospin space P (τ)
ij = 1

2(1+~τi·~τj) and
in momentum space P (p)

ij . Note that the leading-order 3N contact potential is momentum-
independent, and therefore P (p)

ij has no effect. We remind that in our calculation the
generalized Pauli principle is automatically built in by performing all Wick contractions.
For the ΛNN contact interaction we obtain the following expression:

V ΛNN
ct = C ′1 (1− ~σ2 · ~σ3)(3 + ~τ2 · ~τ3)

+ C ′2 ~σ1 · (~σ2 + ~σ3) (1− ~τ2 · ~τ3)
+ C ′3 (3 + ~σ2 · ~σ3)(1− ~τ2 · ~τ3) , (6.33)

where the primed constants are given by

C ′1 = − 1
48(2C2 − 13C3 + 21C4 − 13C5 + 24C7 + 54C8 − 21C9 + 54C10

− 30C12 − 15C13 − 15C14 − 48C16 + 18C17 − 18C18) ,

C ′2 = − 1
24(8C2 − 5C3 − 3C4 − 5C5 + 12C7 − 18C8

+ 15C9 − 18C10 − 3C13 − 3C14 + 6C17 − 6C18) ,

C ′3 = − 1
48(10C2 − 13C3 + 21C4 − 13C5 + 24C7 − 18C8 + 3C9 − 18C10

+ 18C12 − 15C13 − 15C14 − 6C17 + 6C18) . (6.34)

The constants C1 . . . C18 originate from the minimal contact Lagrangian in Eq. (6.12).
Note that the constant C ′1 belongs exclusively to the transition with total isospin I = 1,
whereas the constants C ′2 and C ′3 appear for total isospin I = 0. Interestingly, none of
these three constants can be substituted by the constant E of the purely nucleonic sector.
Thus, the strength of the ΛNN three-body contact interaction is not related to the one
for NNN via SU(3) symmetry.
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The one-pion exchange three-nucleon potential reads (in antisymmetrized form)

V NNN
OPE = (X456

123 +X564
231 +X645

312 )

+P (σ)
23 P

(τ)
23 P

(σ)
13 P

(τ)
13 (X564

123 +X645
231 +X456

312 )

+P (σ)
23 P

(τ)
23 P

(σ)
12 P

(τ)
12 (X645

123 +X456
231 +X564

312 ) , (6.35)

where we have defined the abbreviation3

X lmn
ijk = − gA

16f2
0
d′

~σi · ~qli
~q 2
li +m2

π

[
(~τj − ~τk) · ~τi (~σj − ~σk) · ~qli

+ (~τj × ~τk) · ~τi (~σj × ~σk) · ~qli
]
, (6.36)

with gA = D + F and d′ = 4(D1 − D3 + D8 − D10). Each term in Eq. (6.35) corre-
sponds to a complete row in Fig. 6.3. We have verified that this result is equal to the
antisymmetrization of the expression given in Ref. [51],

V NNN
OPE = − gA

8f2
π

d′A
∑
i 6=j 6=k

~σj · ~qj
~q 2
j +m2

π

~τi · ~τj ~σi · ~qj , (6.37)

inserting the momentum transfers ~q1 = ~q41 = ~p4−~p1, ~q2 = ~q52 = ~p5−~p2, ~q3 = ~q63 = ~p6−~p3.
In this case the momentum part of each two-body exchange operator, P (p)

ij , exchanges also
the momenta in the final state.4
Let us continue with the ΛNN one-pion exchange three-body potentials. Many diagrams

are absent due to the vanishing of the ΛΛπ-vertex (by isospin symmetry). We find the
following result for the ΛNN three-body interaction mediated by one-pion exchange:

V ΛNN
OPE = − gA

2f2
0

(
~σ2 · ~q52
~q 2

52 +m2
π

~τ2 · ~τ3
[
(D′1~σ1 +D′2~σ3) · ~q52

]
+ ~σ3 · ~q63
~q 2

63 +m2
π

~τ2 · ~τ3
[
(D′1~σ1 +D′2~σ2) · ~q63

]
+P (σ)

23 P
(τ)
23 P

(σ)
13

~σ2 · ~q62
~q 2

62 +m2
π

~τ2 · ~τ3
[
− D′1 +D′2

2 (~σ1 + ~σ3) · ~q62 + D′1 −D′2
2 i (~σ3 × ~σ1) · ~q62

]
+P (σ)

23 P
(τ)
23 P

(σ)
12

~σ3 · ~q53
~q 2

53 +m2
π

~τ2 · ~τ3
[
− D′1 +D′2

2 (~σ1 + ~σ2) · ~q53 −
D′1 −D′2

2 i (~σ1 × ~σ2) · ~q53
])
,

(6.38)

where we have defined the two linear combinations of constants

D′1 = 1
6(−3D1 +D2 +D3 + 5D4 + 9D5 +D6 − 6D8 +D11 + 2D12 − 3D13) ,

D′2 = 1
6(D1 +D2 − 3D3 +D4 + 9D5 + 5D6 − 6D10 −D11 − 2D12 + 3D13) . (6.39)

3 We have used the symbol d′ instead of the conventional D in order to avoid confusion with the axial vector
constant in Eq. (4.7).

4 For example, P (p)
23 leads to the replacements q41, q52, q63 → q41, q62, q53 and P

(p)
12 P

(p)
13 to q41, q52, q63 →

q61, q42, q53.



96 leading three-baryon interaction

The four lines in Eq. (6.38) correspond to the four rows in Fig. 6.3 that have no Λ hyperon
at the baryon-baryon-meson vertex, i.e., the diagrams involving the momentum transfers
~q52, ~q63, ~q62, ~q53.
Finally, we obtain for the three-nucleon interaction mediated by two-pion exchange

V NNN
TPE =

(
Y 456

123 + Y 564
231 + Y 645

312
)

+P (σ)
23 P

(τ)
23 P

(σ)
13 P

(τ)
13

(
Y 564

123 + Y 645
231 + Y 456

312
)

+P (σ)
23 P

(τ)
23 P

(σ)
12 P

(τ)
12

(
Y 645

123 + Y 456
231 + Y 564

312
)

−P (σ)
23 P

(τ)
23

(
Y 465

123 + Y 654
231 + Y 546

312
)

−P (σ)
13 P

(τ)
13

(
Y 654

123 + Y 546
231 + Y 465

312
)

−P (σ)
12 P

(τ)
12

(
Y 546

123 + Y 465
231 + Y 654

312
)
, (6.40)

where the eighteen terms follow the ordering displayed in Fig. 6.5 and we have introduced
the abbreviation

Y lmn
ijk = g2

A

4f4
π

~σi · ~qli ~σk · ~qnk
(~q 2
li +m2

π)(~q 2
nk +m2

π)
[
~τi · ~τk(−4c1m

2
π + 2c3~qli · ~qnk)

+ c4~τj · (~τi × ~τk) ~σj · (~qli × ~qnk)
]
, (6.41)

with the constants (see also Refs. [175, 176])

c1 = 1
2(2b0 + bD + bF ) , c3 = b1 + b2 + b3 + 2b4 , c4 = 4(d1 + d2) . (6.42)

Again, the result in Eq. (6.40) is equal to the antisymmetrization of the expression given
in Ref. [51]:

V NNN
TPE = g2

A

8f2
π

A
∑
i 6=j 6=k

~σi · ~qi ~σj · ~qj
(~q 2
i +m2

π)(~q 2
j +m2

π)F
αβ
ijk τ

α
i τ

β
j , (6.43)

with

Fαβijk = δαβ

f2
π

(−4c1m
2
π + 2c3~qi · ~qj) +

∑
γ

c4
f2
π

εαβγτγk ~σk · (~qi × ~qj) . (6.44)

The ΛNN three-body interaction generated by two-pion exchange takes the form

V ΛNN
TPE = g2

A

3f4
0

~σ3 · ~q63 ~σ2 · ~q52
(~q 2

63 +m2
π)(~q 2

52 +m2
π)~τ2 · ~τ3

(
− (3b0 + bD)m2

π + (2b2 + 3b4) ~q63 · ~q52
)

−P (σ)
23 P

(τ)
23

g2
A

3f4
0

~σ3 · ~q53 ~σ2 · ~q62
(~q 2

53 +m2
π)(~q 2

62 +m2
π)~τ2 · ~τ3

(
− (3b0 + bD)m2

π + (2b2 + 3b4) ~q53 · ~q62
)
.

(6.45)

Note that only those two diagrams in Fig. 6.5 contribute, where the (final and initial) Λ
hyperon are associated to the central baryon line. All other diagrams are simply zero due
to the vanishing of the ΛΛπ vertex.
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THREE -BARYON FORCE THROUGH DECUPLET SATURATION

Low-energy two- and three-body interactions derived from SU(2) χEFT are used consis-
tently in combination with each other in nuclear few- and many-body calculations. The
a priori unknown low-energy constants are fitted, for example, to NN scattering data
and 3N observables such as 3-body binding energies [51]. Some of these LECs are, how-
ever, large compared to their order of magnitude as expected from the hierarchy of nuclear
forces in Fig. 2.4. This feature has its physical origin in strong couplings of the πN -system
to the low-lying ∆(1232)-resonance. It is therefore natural to include the ∆(1232)-isobar
as an explicit degree of freedom in the chiral Lagrangian (cf. Refs. [177, 178, 179]). The
small mass difference between nucleons and deltas (293 MeV) introduces a small scale,
which can be included consistently in the chiral power counting scheme and the hierar-
chy of nuclear forces. The dominant parts of the three-nucleon interaction mediated by
two-pion exchange at NNLO are then promoted to NLO through the delta contributions.
The appearance of the inverse mass splitting explains the large numerical values of the
corresponding LECs [12, 180].
In SU(3) χEFT the situation is similar. In systems with strangeness S = −1 like ΛNN ,

resonances such as the spin-3/2 Σ∗(1385)-resonance could play a similar role as the ∆ in
the NNN system, as we have already depicted in Fig. 4.10 on the right side. The small
decuplet-octet mass splitting (in the chiral limit), ∆ := M10 −M8, is counted together
with external momenta and meson masses as O(q) and thus parts of the NNLO three-
baryon interaction are promoted to NLO by the explicit inclusion of the baryon decuplet,
as illustrated in Fig. 7.1. It is therefore likewise compelling to treat the three-baryon
interaction together with the NLO hyperon-nucleon interaction described in Chapter 4.
Note that in the nucleonic sector, only the two-pion exchange diagram with an intermediate
∆-isobar is allowed. Other diagrams are forbidden due to the Pauli principle, as we will
show later. For three flavors more particles are involved and, in general, also the other
diagrams (contact and one-meson exchange) with intermediate decuplet baryons in Fig. 7.1
appear.
The large number of unknown LECs derived in Chapter 6 is related to the multitude

of three-baryon multiplets, with strangeness ranging from 0 to −6. For selected processes
only a small subset of these constants contributes as has been exemplified for the ΛNN
three-body interaction. In this chapter we estimate these LECs by resonance saturation.
We introduce the chiral Lagrangian for the octet to decuplet baryon transition involving a
single pseudoscalar meson and we construct the necessary non-relativistic contact vertex
between three octet baryons and a single decuplet baryon, B∗BBB. Finally the three
leading three-baryon interaction diagrams are evaluated with decuplet-baryon resonances
in the intermediate state.
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three-baryon force
decuplet-less EFT decuplet-contribution

LO

NLO

NNLO · · ·

Figure 7.1: Hierarchy of three-baryon forces with explicit introduction of the baryon decuplet
(represented by double lines).

7.1 lagrangians including decuplet baryons

In this section, we present the minimal set of terms in the chiral Lagrangian, that are
necessary for the diagrams including decuplet baryons in Fig. 7.1. The leading-order
interaction Lagrangian between octet and decuplet baryons in the non-relativistic limit
(see, e.g., Ref. [181]) is given by

L = C

f0

3∑
a,b,c,d,e=1

εabc
(
T̄ade~S

† ·
(
~∇φdb

)
Bec + B̄ce~S ·

(
~∇φbd

)
Tade

)
, (7.1)

where the decuplet baryons are represented by the totally symmetric three-index tensor T ,
cf. Eq. (2.37). The spin transition matrices ~S connect the two-component spinors of octet
baryons with the four-component spinors of decuplet baryons, and are explicitly given in
Appendix A.1. They fulfill the relation SiSj

† = 1
3(2δij − iεijkσk). Only a single LEC is

present at leading order. For this constant C we use the (large-Nc) value C = 3
4gA ≈ 1,

which leads to a decay width Γ(∆ → πN) = 110.6 MeV that is in good agreement with
the empirical value of Γ(∆ → πN) = (115 ± 5) MeV [178]. Rewriting the lowest-order
decuplet Lagrangian Eq. (7.1) in the particle basis gives

L = C

f0

∑
i,j,k

NB∗i φjBk

[
B̄∗i ~S

† ·
(
~∇φj

)
Bk + B̄k ~S ·

(
~∇φ†j

)
B∗i
]
, (7.2)

with SU(3) coefficients N and with the physical meson fields φi ∈
{
π0, π+, π−,K+, K−,

K0, K̄0, η
}
, octet baryon fields Bi ∈

{
n, p, Λ, Σ0, Σ+, Σ−, Ξ0, Ξ−

}
and decuplet baryon

fields B∗i ∈
{
∆−, ∆0, ∆+, ∆++, Σ∗0, Σ∗+, Σ∗−, Ξ∗0, Ξ∗−, Ω−

}
.
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The other vertex with decuplet baryons that appears in Fig. 7.1 is the leading-order
B∗BBB contact vertex, involving three octet and one decuplet baryon. An overcomplete
set of terms for this contact Lagrangian in the non-relativistic limit takes the form

L =
7∑

x=1
cx

3∑
a,b,c,d,

e,f,g,h,i=1

θxabcdefghi
[ (
T̄abc~S

†Bde
)
·
(
B̄fg~σBhi

)
+
(
B̄ed~S Tabc

)
·
(
B̄ih~σBgf

) ]
, (7.3)

with seven different (SU(3) symmetric) flavor combinations θx,

θ1
abcdefghi = εaegδbdδchδfi ,

θ2
abcdefghi = εaegδbfδchδdi ,

θ3
abcdefghi = εaeiδbdδcfδhg ,

θ4
abcdefghi = εaeiδbhδcfδdg ,

θ5
abcdefghi = εagiδbfδcdδeh ,

θ6
abcdefghi = εagiδbhδcdδef ,

θ7
abcdefghi = εegiδadδbfδch , (7.4)

and seven corresponding LECs cx. In the particle basis the Lagrangian Eq. (7.3) reads:

L =
7∑

x=1
cx
∑
i,j,k,l

Nx
B∗i BjBkBl

[ (
B̄∗i ~S

†Bj
)
·
(
B̄k~σBl

)
+
(
B̄j ~S B

∗
i

)
·
(
B̄l~σBk

) ]
, (7.5)

where i, j, k, l run now over the baryon fields in the particle basis and N are again SU(3)
coefficients.
In order to get a minimal set of terms in the effective Lagrangian, we consider the

process BB → B∗B. The transition matrix elements arising from Eq. (7.3) are given by
the Feynman diagrams

V =

B∗ B3

B1 B2

−

B∗ B3

B2 B1

· P (σ) , (7.6)

where the spin exchange operator P (σ) = 1
2(1 + ~σ1 · ~σ2) acts on the initial state. Making

use of the (explicitly verified) identity ~S†1 · ~σ2 P (σ) = ~S†1 · ~σ2 one obtains the following
expression for the transition matrix elements:

V = −~S†1 · ~σ2

7∑
x=1

cx
(
Nx
B∗B1B3B2 −Nx

B∗B2B3B1

)
. (7.7)

As in Chapter 6 we can obtain the minimal effective Lagrangian by eliminating redundant
terms until the rank of the matrix formed by all transitions matches the number of terms
in the Lagrangian. We have chosen the two independent flavor combinations θ1 and θ2

and obtain for the minimal non-relativistic B∗BBB Lagrangian:

L = G1

3∑
a,b,c,
d,e,f=1

εabc
[ (
T̄ade~S

†Bdb
)
·
(
B̄fc~σBef

)
+
(
B̄bd~S Tade

)
·
(
B̄fe~σBcf

) ]

+G2

3∑
a,b,c,
d,e,f=1

εabc
[ (
T̄ade~S

†Bfb
)
·
(
B̄dc~σBef

)
+
(
B̄bf ~S Tade

)
·
(
B̄fe~σBcd

) ]
, (7.8)
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with two low-energy constants G1 and G2. This number of two constants can be easily
understood through group theoretical considerations of the transition BB → B∗B. In
flavor space the two initial octet baryons form the tensor product 8⊗8, and in spin space
they form the product 2 ⊗ 2. These decompose into the irreducible representations as
follows:

8⊗ 8 = 27⊕ 8s ⊕ 1︸ ︷︷ ︸
symmetric

⊕10⊕ 10∗ ⊕ 8a︸ ︷︷ ︸
antisymmetric

, 2⊗ 2 = 1a ⊕ 3s . (7.9)

Similarly one finds for the final state, with a decuplet and an octet baryon, in flavor space
and in spin space

10⊗ 8 = 35⊕ 27⊕ 10⊕ 8 , 4⊗ 2 = 3⊕ 5 . (7.10)

At leading order only S-waves are involved. Transitions can only occur between the
same types of irreducible (flavor and spin) representations. Therefore, in spin space the
representation 3 has to be chosen. Due to the Pauli principle in the initial state, the
symmetric 3 in spin space combines with the antisymmetric representations 10,10∗,8a in
flavor space. But only 10 and 8a have a counterpart in the final state flavor space. The
number of two allowed transitions between irreducible representations corresponds exactly
the number of two LECs in the minimal Lagrangian. A partial wave decomposition of the
spin-operator ~S †1 · ~σ2 reveals, that indeed its only non-vanishing matrix element is given
by the transition 3S1 → 3S1.
Another interesting observation can be made from Eqs. (7.9) and (7.10). For NN states

only the representations 27 and 10∗ can contribute, as can be seen, e.g., in Tab. 4.2. But
these representations combine either with the wrong spin, or have no counterpart in the
final state. Hence, NN → ∆N transitions in S-waves are forbidden due to the Pauli
principle.
For convenience we present also all non-vanishing transition matrix elements for the

process BB → B∗B following from the minimal Lagrangian Eq. (7.8). In order to give
the matrix elements in isospin basis we use (analogue to Eq. (6.17)):

〈(i3i4)IoutMout|Ô|(i1i2)IinMin〉
=

∑
m1,m2,
m3,m4

δMout,m3+m4δMin,m1+m2

× Ci3i4Iout
m3m4Mout

Ci1i2Iinm1m2Min
〈i3m3; i4m4|Ô|i1m1; i2m2〉 , (7.11)

where i stands for the isospin and C are Clebsch-Gordan coefficients. The resulting matrix
elements are tabulated in Tab. 7.1.

7.2 estimation of low-energy constants

In this section we estimate the LECs of the leading three-baryon interaction by decuplet
saturation using the diagrams shown in Fig. 7.1. At this order we can just evaluate the
diagram with an intermediate decuplet baryon and compare them to the result for the
diagram with the more general vertex. The resulting three-baryon potentials have the
same structure and the decuplet contributions give expressions for the LECs.
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S transition I X

−1 ΛN → ∆Σ 1
2

G1+3G2√
3

−1 ΛN → Σ∗N 1
2

G1+3G2
2
√

3
−1 ΣN → ∆Σ 1

2 −G1+3G2√
3

−1 ΣN → ∆Σ 3
2

√
5
6G1

−1 ΣN → ∆Λ 3
2

G1√
6

−1 ΣN → Σ∗N 1
2 −G1+3G2

2
√

3
−1 ΣN → Σ∗N 3

2
G1√

3

−2 ΞN → ∆Ξ 1 −2G2√
3

−2 ΞN → Σ∗Σ 0 G1+3G2√
2

−2 ΞN → Σ∗Σ 1 −G1+G2√
3

−2 ΞN → Σ∗Λ 1 −G1+3G2
3
√

2
−2 ΞN → Ξ∗N 0 G1+3G2√

3
−2 ΞN → Ξ∗N 1 −G1+G2√

3
−2 ΣΛ→ ∆Ξ 1

√
2G1
3

−2 ΣΛ→ Σ∗Σ 1 −
√

2G1
3

S transition I X

−2 ΣΛ→ Ξ∗N 1 −
√

2G1
3

−2 ΣΣ→ ∆Ξ 1 2(G1+2G2)√
3

−2 ΣΣ→ Σ∗Σ 1 2G2√
3

−2 ΣΣ→ Σ∗Λ 1 1
3
√

2(G1 + 3G2)
−2 ΣΣ→ Ξ∗N 1 2G2√

3

−3 ΞΛ→ Σ∗Ξ 1
2 −G1−3G2

2
√

3
−3 ΞΛ→ Ξ∗Σ 1

2
2G1+3G2

2
√

3
−3 ΞΛ→ Ξ∗Λ 1

2

√
3G2
2

−3 ΞΛ→ ΩN 1
2

2G1+3G2√
6

−3 ΞΣ→ Σ∗Ξ 1
2 −1

2
√

3(G1 +G2)
−3 ΞΣ→ Ξ∗Σ 1

2 −
√

3G2
2

−3 ΞΣ→ Ξ∗Λ 1
2 −2G1+3G2

2
√

3
−3 ΞΣ→ ΩN 1

2 −
√

3
2G2

−4 ΞΞ→ Ξ∗Ξ 0 2G1√
3

−4 ΞΞ→ ΩΛ 0 2G1√
3

Table 7.1: Non-vanishing transition matrix elements V = −X ~S†1 ·~σ2 for the process BB → B∗B.

=

Figure 7.2: Saturation of the six-baryon con-
tact interaction via decuplet resonances.

l m n

i j k
A B C

B∗

Figure 7.3: Generic three-body decu-
plet contact diagram.

In order to estimate the LECs of the six-baryon contact Lagrangian of Eq. (6.12), we
consider a process B1B2B3 → B4B5B6 and examine the diagrams in Fig. 7.2. We have
already shown, how to calculate the potential on the left side of Fig. 7.2 through Eqs. (6.6)
and (6.10) by performing all 36 Wick contractions. For the diagrams on right side of
Fig. 7.2 the procedure is similar. For this, let us consider the generic diagram in Fig. 7.3,
where the baryon pair i-l is in spin space A, j-m in spin space B and k-n in spin space C.
The corresponding transition matrix element, following from standard Feynman rules, is
given by

V ABC
lmn
ijk

= − 1
3∆(G1N

1
B∗BmBiBl

+G2N
2
B∗BmBiBl

)(G1N
1
B∗BjBnBk

+G2N
2
B∗BjBnBk

)

× (2~σA · ~σC − i(~σA × ~σC) · ~σB) , (7.12)

where we have used SaSb
† = 1

3(2δab − iεabcσc). Since the baryons B1, B2, B3 are per
definition in the spin-spaces 1, 2, 3, respectively, the assignment A,B,C is determined by
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i, j, k. Thus we can drop the superscript A,B,C. The six direct Wick contractions that
contribute to the process B1B2B3 → B4B5B6 are therefore given by

V D = V456
123

+ V564
231

+ V645
312

+ V465
132

+ V654
321

+ V546
213

. (7.13)

As in Eq. (6.10) the full potential with all 36 Wick contraction can be expressed through
the direct contributions by

V = V D + P
(σ)
23 P

(σ)
13

(
V D

)
4→5
5→6
6→4

+ P
(σ)
23 P

(σ)
12

(
V D

)
4→6
5→4
6→5

− P (σ)
23

(
V D

)
4→4
5→6
6→5

− P (σ)
13

(
V D

)
4→6
5→5
6→4

− P (σ)
12

(
V D

)
4→5
5→4
6→6

. (7.14)

After summing over all intermediate decuplet baryons B∗, we can compare the full three-
body potential of all possible combinations of baryons on the left side of Fig. 7.2 with the
ones on the right side. The LECs of the six-baryon contact Lagrangian of Eq. (6.12) are
given by:

C1 = −7(G1 +G2)2

24∆ ,

C2 = −G
2
1 + 18G1G2 + 9G2

2
36∆ ,

C3 = −19G2
1 + 30G1G2 + 15G2

2
36∆ ,

C4 = G2
1 + 18G1G2 + 9G2

2
72∆ ,

C5 = 5(G1 +G2)2

8∆ ,

C6 = 17G2
1 + 18G1G2 − 15G2

2
72∆ ,

C7 = 7G2
1 + 6G1G2 − 9G2

2
108∆ ,

C8 = 25G2
1 + 42G1G2 − 3G2

2
108∆ ,

C9 = G2
1 + 18G1G2 + 9G2

2
72∆ ,

C10 = −25G2
1 + 50G1G2 + 9G2

2
72∆ ,

C11 = −23(G1 +G2)2

72∆ ,

C12 = −13G2
1 + 42G1G2 + 21G2

2
108∆ ,

C13 = −G
2
1 + 10G1G2 + 5G2

2
36∆ ,

C14 = 5(G1 +G2)2

24∆ ,

C15 = −G
2
1 − 9G2

2
27∆ ,

C16 = −11G2
1 + 18G1G2 + 3G2

2
54∆ ,

C17 = −2G1(G1 + 2G2)
9∆ ,

C18 = 2G2
1

27∆ , (7.15)

where ∆ is the average decuplet-octet baryon mass splitting.

= +

Figure 7.4: Saturation of the
BB → BBφ vertex via decuplet
resonances.
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Figure 7.5: Generic
BB → BBφ diagram.
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Figure 7.6: Generic BB →
BBφ decuplet diagrams.
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Now we turn to the one-meson-exchange part of the three-baryon forces. Since we are
at the leading order only tree-level diagrams are involved and we can estimate the LECs
already on the level of the vertices, as depicted in Fig. 7.4. We consider the transition
matrix elements of the process B1B2 → B3B4φ and start with the left side of Fig. 7.4. In
the generic diagram of Fig. 7.5 the baryon pairs i-k and j-l are in spin-space A and B,
respectively. One obtains via Feynman rules the contribution

V AB
kl
ij

= i
f0

( 10∑
f=1

DfN
f
kl
ij φ̄

~σB · ~q +
14∑

f=11
DfN

f
kl
ij φ̄

i (~σA × ~σB) · ~q
)
, (7.16)

where ~q is the momentum of the emitted meson and N are the SU(3) coefficients given
in Eq. (6.23). Since the baryon B1 in the initial state is per definition always in the spin-
space 1 and B2 in spin-space 2, A and B are determined by i and j and therefore we drop
the superscript A,B. The full transition matrix element of the process B1B2 → B3B4φ is
then given by two direct diagrams and two exchanged diagrams to which the spin-exchange
operator P (σ) = 1

2(1+~σ1 ·~σ2) has to be applied in the final state (in analogy to what was
done in Chapter 6):

V = V34
12

+ V43
21
− P (σ)

(
V43

12
+ V34

21

)
. (7.17)

Let us now consider the right side of Fig. 7.4. In an analogous way, we obtain for the
generic diagrams including a decuplet baryon in Fig. 7.6 the following contribution

V AB
kl
ij

= iC
3∆f0

[
(G1N

1
B∗BkBjBl

+G2N
2
B∗BkBjBl

)NB∗φ̄Bi

(
2~σB · ~q − i(~σA × ~σB) · ~q )

+ (G1N
1
B∗BiBlBj

+G2N
2
B∗BiBlBj

)NB∗φBk

(
2~σB · ~q + i(~σA × ~σB) · ~q )] . (7.18)

As before the full potential is given by inserting Eq. (7.18) into Eq. (7.17) and summing
over all intermediate decuplet baryons. Finally, we can compare the results for the full
potential of the left and right side of Fig. 7.4 for all combinations of baryons and mesons.
This leads to the following LECs of the minimal non-relativistic chiral Lagrangian for the
four-baryon vertex including one meson of Eq. (6.22):

D1 = −7C(G1 +G2)
18∆ ,

D2 = −C(G1 − 7G2)
18∆ ,

D3 = C(3G1 + 11G2)
18∆ ,

D4 = −C(9G1 + 13G2)
18∆ ,

D5 = −C(G1 − 3G2)
18∆ ,

D6 = −C(5G1 − 3G2)
18∆ ,

D7 = 2G2C

9∆ ,

D8 = −C(5G1 − 3G2)
18∆ ,

D9 = −C(5G1 + 9G2)
9∆ ,

D10 = −5C(G1 +G2)
6∆ ,

D11 = C(G1 + 9G2)
18∆ ,

D12 = C(2G1 + 5G2)
9∆ ,

D13 = C(G1 + 5G2)
18∆ ,

D14 = −C(3G1 + 7G2)
18∆ . (7.19)
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= +

Figure 7.7: Saturation of the NLO baryon-meson vertex via decuplet resonances.

The last class of diagrams is the three-body interaction with two-meson exchange. As
done for the one-meson exchange, we can saturate the unknown LECs directly on the level
of the vertex and consider the process B1φ1 → B2φ2, shown in Fig. 7.7. The diagram on
the left side (without decuplet baryons) leads to the following transition matrix elements

V =
∑

cf=bD,bF ,b0

cf

4f2
0

(Nf

φ1
o
iφ̄2

+Nf

φ̄2
o
iφ1

)

+
∑

cf=b1,b2,b3,b4

cf

f2
0

(Nf

φ1
o
iφ̄2

+Nf

φ̄2
o
iφ1

)~q1 · ~q2

−
∑

cf=d1,d2,d3

cf

f2
0

(Nf

φ1
o
iφ̄2
−Nf

φ̄2
o
iφ1

) i (~q1 × ~q2) · ~σ , (7.20)

with the SU(3) coefficients N of Eq. (6.28). For the two diagrams on the right side of
Fig. 7.7 one obtains

V = − C2

3∆f2
0

[
2(NB∗φ2BoNB∗φ1Bi +NB∗φ̄1Bo

NB∗φ̄2Bi
) ~q1 · ~q2 (7.21)

+ (NB∗φ2BoNB∗φ1Bi −NB∗φ̄1Bo
NB∗φ̄2Bi

) i (~q1 × ~q2) · ~σ ] . (7.22)

A direct comparison of the transition matrix elements for all combinations of baryons and
mesons after summing over all intermediate decuplet baryons B∗ leads to the following
contributions to the LECs of the meson-baryon Lagrangian in Eq. (6.26):

bD = 0 , bF = 0 , b0 = 0 ,

b1 = 7C2

36∆ ≈ 0.59 , b2 = C2

4∆ ≈ 0.76 , b3 = −C
2

3∆ ≈ −1.01 , b4 = −C
2

2∆ ≈ −1.51 ,

d1 = C2

12∆ ≈ 0.25 , d2 = C2

36∆ ≈ 0.08 , d3 = −C
2

6∆ ≈ −0.50 , (7.23)

where all numerical values are in GeV−1 and we have already inserted ∆ ≈ 300 MeV
and C = 3

4gA, with gA = 1.27. The result above is in line with the well-known ∆(1232)
contribution to the LECs c1, c3, c4 (defined in Eq. (6.42)) in the nucleonic sector [180]:

c1 = 0 , c3 = −2c4 = − g
2
A

2∆ . (7.24)

Using the LECs obtained via decuplet saturation, we can evaluate the constants of the
ΛNN (contact interaction, one-pion and two-pion exchange) diagrams of Sec. 6.4. One
obtains

C ′1 = C ′3 = (G1 + 3G2)2

72∆ , C ′2 = 0 ,

D′1 = 0 , D′2 = 2C(G1 + 3G2)
9∆ ,

3b0 + bD = 0 , 2b2 + 3b4 = − C2

∆ . (7.25)
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transition type B∗

NNN → NNN ππ ∆

ΛNN → ΛNN ct Σ∗
ΛNN → ΛNN π Σ∗
ΛNN → ΛNN K Σ∗
ΛNN → ΛNN ππ Σ∗
ΛNN → ΛNN πK Σ∗
ΛNN → ΛNN KK Σ∗

ΛNN ↔ ΣNN ct Σ∗
ΛNN ↔ ΣNN π ∆,Σ∗
ΛNN ↔ ΣNN K Σ∗
ΛNN ↔ ΣNN η Σ∗
ΛNN ↔ ΣNN ππ ∆,Σ∗
ΛNN ↔ ΣNN πK ∆,Σ∗
ΛNN ↔ ΣNN πη Σ∗
ΛNN ↔ ΣNN KK Σ∗
ΛNN ↔ ΣNN Kη Σ∗

transition type B∗

ΣNN → ΣNN ct Σ∗
ΣNN → ΣNN π ∆,Σ∗
ΣNN → ΣNN K Σ∗
ΣNN → ΣNN η Σ∗
ΣNN → ΣNN ππ ∆,Σ∗
ΣNN → ΣNN πK ∆,Σ∗
ΣNN → ΣNN πη Σ∗
ΣNN → ΣNN KK Σ∗
ΣNN → ΣNN Kη Σ∗
ΣNN → ΣNN ηη Σ∗

Table 7.2: Enhanced three-body interactions through decuplet saturation for strangeness 0 and
−1 systems, with the diagram types: contact term, one-meson and two-meson exchange.

Obviously, the only unknown constant here is the combination G1 + 3G2. It is also in-
teresting to see, that the (positive) sign of the constants C ′i for the contact interaction is
already fixed, independently of the values of the two LECs G1 and G2.
In Tab. 7.2 we illustrate, which transitions are enhanced by which decuplet resonances

for the three classes of diagrams in Fig. 6.1: contact interaction, one- and two-meson
exchange. The transitions for strangeness −1 are mostly saturated by the Σ∗ resonance
alone. For some transitions involving pions also the ∆ isobar contributes. Resonances with
higher strangeness can not be reached. Note that in contrast to the NNN interaction,
also the contact interaction and the one-meson exchange contribution are saturated by
decuplet baryons.





8
SUMMARY AND CONCLUS IONS

In this thesis we have employed SU(3) chiral effective field theory to derive the forces
between octet baryons (N,Λ,Σ,Ξ) at next-to-leading order. The resulting baryon-baryon
interaction has been applied to hyperon-nucleon scattering and the properties of hyperons
in nuclear matter. First, we have given a concise overview of quantum chromodynamics
with a special focus on the low-energy regime, that is governed by confinement and spon-
taneous chiral symmetry breaking. The basic concepts of chiral effective field theory as
a low-energy effective field theory of QCD have been introduced. Chiral EFT exhibits
the same symmetries and symmetry breaking patterns as the underlying theory, QCD,
but it involves the appropriate low-energy degrees of freedom, namely the hadrons. In
particular, we have considered the pseudoscalar-meson octet (π,K, η), the baryon octet
and the baryon decuplet (∆,Σ∗,Ξ∗,Ω) explicitly. The construction principles of the chiral
effective Lagrangian and the external-field method have been presented and the Weinberg
power-counting scheme has been introduced.
We have explicitly presented the construction of the chiral Lagrangian in flavor SU(3)

for the baryon-number-two sector up to O(q2). The pure four-baryon contact terms at
leading and next-to-leading order are essential for the baryon-baryon interaction and these
include SU(3) symmetric as well as SU(3) symmetry breaking contributions. Especially,
the term leading to an antisymmetric spin-orbit potential has been identified. Furthermore,
the Lagrangian includes all external fields and, therefore, comprises four-baryon contact
terms including Goldstone bosons or electroweak gauge bosons. Such vertices are, for
example, important for the construction of the leading three-baryon interactions. Within
SU(3) χEFT the baryon-baryon interaction potentials have been considered at NLO. The
effective potentials include contributions from the (constructed) pure four-baryon contact
terms, one-meson-exchange diagrams, and two-meson-exchange diagrams at one-loop level.
Following the Weinberg power counting scheme, these potentials have been inserted into
a regularized Lippmann-Schwinger equation to obtain the T -matrix for hyperon-nucleon
scattering. The low-energy constants of the four-baryon contact terms represent the unre-
solved short-distance dynamics and are fitted to Y N scattering data. Due to the sparse
experimental data, SU(3) flavor symmetry has been imposed on the LECs. An excellent
description of the available Y N data has been achieved with χEFT, comparable to the
most advanced phenomenological models. A considerable improvement by going from LO
to NLO has been obtained and a reduction of the cutoff dependence has been observed.
We have applied these Y N potentials to study the properties of hyperons in isospin

symmetric and asymmetric infinite nuclear matter. The employed Brueckner-Hartree-
Fock formalism has been reviewed, and self-consistent solutions of the angle-averaged
Bethe-Goldstone equation with the gap and the continuous choice for the spectrum of
intermediate states have been presented. Indeed, the chiral baryon-baryon potentials at
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NLO are consistent with the empirical knowledge about hyperon single-particle potentials
in nuclear matter. In particular, the exceptionally weak Λ-nuclear spin-orbit force has been
obtained from the contact term responsible for an antisymmetric spin-orbit interaction. A
compensation between ordinary spin-orbit and antisymmetric spin-orbit components is
at work. The potential depth of Λ hyperons in symmetric nuclear matter at saturation
density is consistent with the empirical value of about −28 MeV. A repulsive Σ-nuclear
potential has been produced, mainly by a repulsive 3S1 ΣN (I = 3/2) interaction. Also
the imaginary part of the Σ single-particle potential is consistent with experimental in-
formation from Σ−-atom data. Furthermore, predictions for the properties of hyperons
in isospin-asymmetric nuclear matter and pure neutron matter for various densities have
been presented. The Λ single-particle potential stays attractive for the considered den-
sity range ρ/ρ0 = 0.5 . . . 1.5 and is almost independent of the composition of the nuclear
matter. For low densities the Σ single-particle potential can be attractive, whereas for
higher densities, especially at saturation density, one obtains the required repulsion. In
asymmetric nuclear matter the single-particle potentials of the Σ+,Σ0,Σ− hyperons split.
The splitting as obtained in our microscopic calculation features a non-linear dependence
on the isospin asymmetry, which goes beyond the usual (linear) parametrization in terms
of an isovector Lane potential. Moving to higher densities and beta-stable hypernuclear
matter will be an interesting future extension of our investigations. It will allow to study
on the basis of the chiral Y N interaction the equation of state of neutron star matter with
hyperonic degrees of freedom and allow to address the hyperon puzzle (see Chapter 1).
Three-baryon forces are also often quoted as a possible solution to the hyperon puzzle. In

this work we have derived the leading three-baryon forces in SU(3) χEFT, which formally
start to contribute at NNLO. They consist of a three-baryon contact interaction, a one-
meson exchange and a two-meson exchange component. We have established the minimal
non-relativistic Lagrangian for the contact interaction, leading to 18 LECs. SU(3) relations
following from group theory have been presented for the strangeness 0 and −1 sectors.
Furthermore, the minimal chiral Lagrangian involving four baryon and one meson exhibits
14 LECs for the whole SU(3) sector, ranging from strangeness 0 to −6. For specific
processes much fewer constants contribute. We have presented explicitly potentials for
the ΛNN interaction in the spin and isospin basis. Parts of the leading order three-
baryon forces involve unnaturally large LECs, which can be explained by a coupling to
intermediate decuplet baryons, such as the Σ∗(1385). The pertinent chiral Lagrangian has
been constructed. Diagrams involving decuplet baryons give a three-body contribution at
NLO. These diagrams can be employed to estimate the LECs of the general three-baryon
forces at NNLO. One is left with only two unknown LECs for the whole SU(3) sector.
We hope that these potentials will shed some light on the effect of three-baryon forces in
nuclear systems with strangeness, such as hypernuclei. Future applications of our chiral
potentials could include calculations of light hypernuclei through Faddeev or Yakubovsky
equations as well as investigations of baryonic matter at saturation density and beta-stable
neutron-star matter within the Brueckner-Hartree-Fock formalism.
In summary, we have derived the two- and three-baryon forces at next-to-leading order

in SU(3) chiral effective field theory. The available Y N scattering data as well as the
empirical constraints on the hyperon single-particle potentials in nuclear matter can be
successfully described. We can conclude, that χEFT is an excellent tool to construct the
interaction among baryons in a systematic way and that lays the foundation to many
promising applications in strangeness nuclear physics.
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APPENDIX

a.1 conventions

• We use units such that c = ~ = 1.

• We use the Einstein summation convention: summation over repeated indices (lower
and upper) is implicitly understood.

• The metric tensor in Minkowski space is given by gµν = gµν = diag (1,−1,−1,−1).

• The space-time four-vector x in Minkowski space is in its contravariant form given
by xµ = (t, ~x )> and in covariant form by xµ = (t,−~x )> = gµνx

ν . The inner product
is given by aµbµ = a0b0 − ~a ·~b.

• The four gradient reads ∂µ = ∂
∂xµ =

(
∂
∂t ,

~∇
)>

and the four-momentum vector reads
pµ =

(
p0, ~p

)> = (E, ~p )>.

• A commutator is defined by [a, b] = ab− ba, an anticommutator by {a, b} = ab+ ba.

• We use the totally antisymmetric Levi-Civita tensor in three and four dimensions,
εijk and εµνρσ, with the normalization ε123 = 1 and ε0123 = −ε0123 = 1.

• The Lie group SU(2) is generated by {iσi/2}, where σi are the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (A.1)

which fulfill the relations

σiσj = δij + iεijkσk , [σi, σj ] = 2iεijkσk , {σi, σj} = 2δij . (A.2)

In spin and isospin space, the Pauli matrices are denoted by σi and τi, respectively.

• We use {iλi/2} as generators for the Lie group SU(3) with the Gell-Mann matrices,

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 , λ6 =

0 0 0
0 0 1
0 1 0

 ,

λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

1 0 0
0 1 0
0 0 −2

 . (A.3)
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Their commutator reads[
λa
2 ,

λb
2

]
= ifabc

λc
2 , (A.4)

where fabc are the totally antisymmetric, real structure constants of SU(3). Up to
permutations, the non-vanishing values are

f123 = 1, f147 = f165 = f246 = f257 = f345 = f376 = 1
2 , f458 = f678 =

√
3

2 . (A.5)

The Gell-Mann matrices are traceless, Hermitian and trace orthogonal:

tr (λa) = 0 , λ†a = λa , tr (λaλb) = 2δab . (A.6)

• The four gamma matrices in Dirac representation are

γµ =
(
γ0, ~γ

)>
, γ0 =

(
1 0
0 −1

)
, ~γ =

(
0 ~σ

−~σ 0

)
. (A.7)

Additionally we define the commutator σµν = i
2 [γµ, γν ] and the chirality matrix

γ5 = γ5 = iγ0γ1γ2γ3 = − i
4!ε

µνρσγµγνγργσ =
(

0 1

1 0

)
. These matrices satisfy the

relations

{γµ, γν} = 2gµν , γ†0 = γ0 , γi† = −γi ,
γ†5 = γ5 , {γµ, γ5} = 0 , γ2

5 = 1 , σµν = −σνµ . (A.8)

The 16 matrices {1, γµ, γ5, γµγ5, σµν} of scalar, vector, pseudo-scalar, pseudo-vector
and tensor type are basis elements for the operators involved in baryon bilinears (i.e.,
any Dirac matrix).

• Feynman slashed four-vectors are defined as /a = γµaµ.

• The left- and right-handed projection operators PL = 1
2 (1− γ5) and PR = 1

2 (1 + γ5)
have the properties PL/R = P †L/R, PR + PL = 1, P 2

L/R = PL/R, PRPL = PLPR = 0 .

• The free Dirac spinors have the form

u(~p, s) =
√
E +M0

2M0

(
χs

~σ·~p
E+M0

χs

)
, (A.9)

with M0 the baryon mass and the energy E =
√
M2

0 + ~p 2 . For ~p ‖ ~ez the two-
component helicity spinors are given by

χs=+ 1
2

=
(

1
0

)
, χs=− 1

2
=
(

0
1

)
. (A.10)

The Dirac spinors fulfill the normalization (with ū(~p, s) = u†(~p, s)γ0)

u†(~p, s)u(~p, s′) = E

M0
δss′ , ū(~p, s)u(~p, s′) = δss′ . (A.11)
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• An expansion of baryon bilinears in the inverse large baryon mass results in:

ū(~p ′, s′)1u(~p, s) ≈ 1 + p2 + p′ 2

8M2
0
− ~σ · ~p ′ ~σ · ~p

4M2
0

, (A.12)

ū(~p ′, s′) γ0 u(~p, s) ≈ 1 + p2 + p′ 2

8M2
0

+ ~σ · ~p ′ ~σ · ~p
4M2

0
,

ū(~p ′, s′)~γ u(~p, s) ≈ ~0 + (~p+ ~p ′) + i(~p− ~p ′)× ~σ
2M0

,

ū(~p ′, s′) γ5 u(~p, s) ≈ 0 + ~σ · (~p− ~p ′)
2M0

,

ū(~p ′, s′) γ0γ5 u(~p, s) ≈ 0 + ~σ · (~p+ ~p ′)
2M0

,

ū(~p ′, s′)~γγ5 u(~p, s) ≈ ~σ + p2 + p′2

8M2
0
~σ + ~σ · ~p ′ ~σ ~σ · ~p

4M2
0

,

ū(~p ′, s′)σ0l u(~p, s) ≈ 0 + i(p
l − p′l) + iεlmn(pm + p′m)σn

2M0
,

ū(~p ′, s′)σkl u(~p, s) ≈ εklmσm + εklm
p2 + p′ 2

8M2
0

σm − εklm~σ · ~p
′ σm ~σ · ~p
4M2

0
.

where we have dropped the Pauli spinors χ†s′ and χs to the left and right of the
spin-operator.

• The spin 1
2 to 3

2 transition operators ~S are defined by [182]:

〈32m′|~S†|12m〉 =
1∑

λ=−1
C

1 1
2

3
2

λmm′ ê
∗
λ , (A.13)

where ∗ denotes the complex conjugate and C are the Clebsch-Gordon coefficients.
The spherical basis vectors read

ê+1 = − 1√
2

1
i
0

 , ê0 =

0
0
1

 , ê−1 = 1√
2

 1
−i
0

 . (A.14)

This leads to the explicit form of the 2× 4 transition matrices

S1 =
(− 1√

2 0 1√
6 0

0 − 1√
6 0 1√

2

)
,

S2 =
(− i√

2 0 − i√
6 0

0 − i√
6 0 − i√

2

)
,

S3 =

0
√

2
3 0 0

0 0
√

2
3 0

 . (A.15)

They fulfill the relation SiSj† = 1
3(2δij − iεijkσk).
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a.2 three-baryon su(3) relations for S = −2

In this section, we extend Tab. 6.4 of Subsec. 6.1.4 to strangeness −2. The SU(3) relations
for non-vanishing partial wave amplitudes of three baryons can be found in Tab. A.1. The
full redefinition of the 18 LECs of the minimal contact Lagrangian Eq. (6.12) into constants
associated to transitions between irreducible representations is given by
c35 = −6(C4 − C9) ,
c35 = 3(C4 − C9 + 6C18) ,
c10 = 3(C2 − C3 + C4 + C5 − 6C7 + 6C8 − C9 − 6C10

+ 3C12 − 3C13 + 3C14 + 6C16 + 6C17 − 6C18) ,

c10 = −3
4(−2C2 − C3 + C4 − C5 + 6C8 − C9 + 6C10 + 6C12 − 3C13 − 3C14 − 6C17 + 6C18) ,

c271 = − 37
294C2 + 769

588C3 −
473
392C4 + 769

588C5 −
74
49C7 −

429
98 C8 + 473

392C9 −
429
98 C10

+ 185
98 C12 + 89

196C13 + 89
196C14 + 244

49 C16 −
207
98 C17 + 57

14C18 ,

c272 = − 1
24(4C2 + 22C3 − 57C4 + 22C5 + 48C7 + 12C8 + 57C9 + 12C10

− 60C12 − 78C13 − 78C14 + 96C16 − 60C17 + 252C18) ,

c273 = −1
8(−20C2 + 2C3 + 21C4 + 2C5 + 16C7 − 28C8 − 21C9 − 28C10

+ 44C12 + 22C13 + 22C14 − 32C16 + 76C17 − 12C18) ,

c81 = −3
2C1 − 9C10 −

1
96(−252C2 − 48C3 + 405C4 − 176C5 + 288C6 + 312C7 + 288C8 − 405C9

− 720C11 + 444C12 − 144C13 − 336C14 + 864C15 − 1464C16 + 336C17 − 1206C18) ,

c82 = −1
6(9C2 + 3C3 − 36C4 + 11C5 − 6C7 − 18C8 + 36C9 − 18C10 − 21C12 + 9C13

− 15C14 − 108C15 + 78C16 + 6C17 + 99C18) ,

c83 = − 1
48(−96C1 − 216C2 − 84C3 + 1449C4 − 116C5 + 384C6 + 96C7 + 504C8

− 1449C9 + 696C10 − 96C11 + 552C12 − 252C13 − 348C14

+ 5328C15 − 2112C16 − 2616C17 − 3906C18) ,

c84 = − 1
296(48C1 − 114C2 − 69C3 + 108C4 − 53C5 − 192C6 − 48C7 + 414C8 − 108C9 + 318C10

+ 48C11 + 390C12 − 207C13 − 159C14 − 1608C16 + 642C17 − 1377C18) ,

c85 = − 9
368(24C1 + 12C2 − 15C4 + 8C5 − 96C6 − 24C7 + 15C9 − 48C10 + 24C11

− 12C12 + 24C14 + 24C16 − 208C17 − 102C18) ,

c86 = − 1
384(−24C1 − 12C2 + 27C4 − 8C5 + 96C6 + 24C7 − 27C9 + 48C10 − 24C11

+ 12C12 − 24C14 − 24C16 − 48C17 − 162C18) ,
c10a = 6(−C2 + C3 − C4 + C5 − 2C7 + 2C8 − C9 + 2C10 − C12 + C13 + C14) ,
c10a = 6(C2 − C3 − C4 + C5 + 2C7 − 2C8 − C9 + 2C10 + C12 − C13 + C14) ,
c8a = −3(C1 + 3C4 + 2C5 + 2C6 + 3C9 + 4C10 + C11 + 2C14) ,

c27a = 2
3(C2 + C3 + 3C4 + C5 + 2C7 + 2C8 + 3C9 + 2C10 + C12 + C13 + C14) ,

c1a = 9
2(5C4 + 3C5 + 5C9 + 6C10 + 3C14) . (A.16)

As in Eq. (6.20) this definition is not unique. Linear combinations of the c8i and c27i
constants (associated to representations of the same type) work equally well. Note that
in Tab. 6.3 the representations 8 always appear together with 27, hence, it is not possible
to distinguish between them uniquely.
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