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Abstract—A precise position and attitude information is es- and to restore the integer property of DD ambiguities. Sub-
sential for autonomous driving of any vehicle. Low-cost GNS  sequently, we describe the sensor fusion with an extended
receivers and antennas can provide a precise attitude and kaiman filter [1]. Finally, the results of a test drive with dw

drift-free position information. However, severe code mulipath, .
frequent half cycle slips and losses of lock might temporaty u-blox LEA 6T GPS receivers, a 3D accelerometer and 3D

reduce the accuracy. Inertial sensors are robust to GNSS sigl  gyroscope are provided.
interruption and very precise over short time frames, which 0 M
enables a reliable cycle slip correction. However, low-cosnertial - MEASUREMENT MODELS

sensors suffer from a substantial drift. In this paper, we popose  In this section, we describe our models for the carrier phase
a tightly coupled position and attitude determination method for pseudorange and Doppler measurements of low-cost GNSS

two low-cost GNSS receivers, a gyroscope and an acceleromet receivers as well as our models for the measurements of a
It improves classical tightly coupled solutions by includng

a synchronization correction, by the estimation of the code low-cost gyroscope and accelerometer.
multipath for each satellite and receiver, and by the additonal
determination of satellite-satellite single difference mbiguities. A. Models for GNSS measurements
The proposed method was verified in a test drive. We obtained  Low cost GNSS receivers do not provide the option of
abhez;ldtlng W"Fth an a_tcr?uracy 0f0.25°/ '?15‘59“”9 length [m] and an  external synchronization. Their oscillators drift andsttis
absolute position with an accuracy ofl m. o ) : .
Index Terms—Navigation, Attitude determination, Tight cou- only compensated at mllllsecqnd level. As sate_lllt_es ”“‘“5
pling, Kalman Filtering. a speed of3 km/s, the satellite movement within the time
of the receiver clock offset can not be neglected. Therefore
|. INTRODUCTION we model the GNSS measurements at the time of signal

The sensor fusion of GNSS and INS measurements is Vé%?eption, .e. the clock offsedt, of the r-th receiver is

attractive as both sensors complement each other. Theelcaﬁf(plicmy considered in th_e satellite _position models.eTr_l

phase, pseudorange, Doppler, angular rate and accel‘eraﬁ'@gle d|ffebrence (SD) (:I?rrler pf&a;e megs?rgment of receiv

measurements can be combined to estimate the absoluter3%){1’2} etween satellites and/ is modeled as

position, the absolute 3D velocity, the absolute 3D aceeler gk (¢, + dt,.(t,))

tion, the heading and rate of heading, the pitch and rate of _j - iy
o . . T = & (ty + 0t (t, o (ty + 0t () — tn + 0t (ty

pitch, the sat.-sat. single difference ambiguities, the-at. € (tn + 0t >)($ (bn =+ 0t (tn)) = & (tn + 0t ( )))

double difference (DD) integer ambiguities, the sat.-saigle ~ — &) (tn + 0tr(tn)) (Fr(tn + 6t (tn)) — T (tn + 0t (t0)))
difference code multipath for each receiver and sateiie,  + c6t®!(t,,) — I®(t,) + T (t,)
biases of the gyroscope and the biases of the acceleroeter. n )\N,’?*l n )\/QANTJ;J BN+ 5§=l(tn), 1)

Kalman filter is typically used as it additionally considéng
receiver dynamics and as it enables a real-time implementdth the line of sight vectoe* pointing from satellitek to
tion. Tropospheric and ionospheric delays are corrected wreceiverr, the receiver positior,, the satellite positiort *,
correction data and/ or a model to improve the absolute potfie speed of light, the satellite clock offseft), the wave-
tion accuracy. A tight coupling with integer ambiguity figin length, the slant ionospheric delay, the slant tropospheric
has not yet been performed witbw-costGNSS receivers in delayT}, the integer ambiguityV}, the half cycle slipAN?,
kinematic environments. The DD ambiguities are no long#te satellite phase bias® and the phase noise’. We use a
integer valued due to the lack of a precise synchronizatigimilar model for the SD code measurements, i.e.
of GNSS receivers. Additionally, the code multipath of low-.; ;
. Co o (tn 4+ 0ty (tn))

cost GNSS receivers is significantly larger than for ge@detio ,
receivers. = é‘f (tn + 5tr (tn>) (fT (tn + 5tr(tn)> - fk(tn + 5tr (tn)))

In this paper, we first describe an improved model for the — &/ (t,, + 0t,(t,)) (Z,(tn + tr(tn)) — &' (tn + 0t (tn)))
satellite-satellite single difference pha_lse, code and pﬂlgp o edthlt,) + IRt + TR () + bR
measurements of low-cost GNSS receivers. A synchronizatio bl
correction is derived to improve the positioning accuracy""ApMP’S'l(t")+777" (tn), @)



with the satellite code bias, the code multipati\pypr and - receiver clock offsets. The GNSS receivers also track the
the code noise;*. The satellite positions and clock offsetdDoppler frequencies, which are modeled as

and atmospheric errors are known and can be brought toz; ok L

the left side. As this rearrangement can be made for both/D» —Je((@ ’”) (@ = T%) /e = (&) (7 —¥")/c)

phase and code measurements, we limit ourselves to the + oot e ()
phase measurements. However, we distinguish between both

GNSS receivers. For the first receiver, the rearranged SBeph y'tth"tthe c?rrrer fkretqhuenlcyf&, dthff re;server \éetlr?cr;yur,
measurements are given by satellite velocityd e clock drift rateS+* and the frequency

n0|sesfk 1. The known terms are again brought to the left side:
AR (tn + 61 (t0))

k.l ikl Sk\T =k SI\T =1 - k,l
% = o= fpL = fel&7) U e+ fe(€) T e — feoi
= NG (b + Oty (£0)) 4 EF (En + 081 (£0))Z ¥ (En + 011 () D e Ur/c—i—e - o

—ekt, +5t1( )Tt + 0t1 () — ot (t,)

+ ] : ( n) — ( ) The velocity v, of the second receiver can also be expressed
ok : k.l bl in terms of the velocity of the first receiver and the attitude
+ A/zAN{“ + Mt ) 3) , .
172:52:171*1712
For the second receiver, we express the posiiigrn terms
o ; ; . , cos(yp) cos(0) '\
or‘ the positionz; of the first receiver and the baseline vector —i =1 —sin(¥) cos(9) | ¥
given by 0
B sin(1) cos(6) — sin(v)) sin(9) .
bio=71 — T2 =1-| cos(¢)cos(@) |, 4) + [ —cos(y)sin(@) | 0], 9)
sin(0) cos(6)

with the baseline length, the heading) and the pitch angle with ) andé being the rate of heading and rate of pitch.

6. An initial heading information might be obtained from

magnetometers for further details we refer to [2]. The SB Models for inertial measurements

ambrgurtresN are also written in terms de ! and the DD Inertial sensors provide high-rate acceleration and amgul
ambrgurtresN1 H = Nl’“’l — NQ’“J to benefit from the integer rate measurements, which are not affected by GNSS signal
property of the latter ones. The receiver and satellitetippsi  reception conditions and enable a reliable detection améco

are considered at timg, + 6t (t,,) and the movements of thetion of cycle slips for kinematic receivers. The accelenagnd
receiver and satellites withiét, (,,) — 0t»(t,,) are considered angular rate are sensed in the sensor-fixed (s-) frame, which

in the synchronization Correctiomgé(ﬁn), ie. is centered at the sensor’s chip and aligned with the pratcip
’ axes of the chip. We assume that the s-frame is aligned with
AR (b 4 8to(tn)) := AGY (tn + Sta(tn)) the body-fixed (b-) frame, which is centered at the vehicle
- EE(tn + 0ty (80))EF (e + St1(t0)) \zggislelgned with the longitudinal and transversal axes ef th
k,l :
= €{(tn + 0t (£)) T (tn + 0t1 (tn)) — c0t5” (tn) As GNSS and inertial measurements are obtained in dif-
+ It — T Y(t,) ferent frames, a frame transformation is needed. We use the

_ 51k l(tn 4 8t () (@1 (b + 681 () — ng(t 45t (6)) e-frame (also ECEF frame) for the sensor fusion. It is cewuter

at the Earth’'s centre with the x-axis pointing in the equato-

+ AN = Nfp + B5) + A/2AN, rial plane towards th@° meridian and the z-axis pointing
+ L (tn) + el (), (5) towards the geographic north pole. The navigation (n-) &am
' is centered at the vehicle and aligned with the East, North
with the synchronization correction and Up direction. The n-frame serves as a reference frame for
kil the attitude of the vehicle. The acceleration measurengent i
c1)a(tn) = provided in the b-frame and modeled as
_’ (t +6t2( )) (fQ(?f +6t2( )) t +5ﬁ2 ))) a(b)(t ):Rb(t )Rn( ) (e)( )+b(b)(t )
et + ot )( (b + bt >> *lt + 6ta(t0)) T e,
— EF (tn + 6t1(tn)) (Fo(tn + 0t1(tn)) — (t + 6t1(tn))) s sin(ip(t )) +e®(ty),
8t + 6t (1) (Talt + 681 (t0)) — T (tn + 611 (£0)) - cos(B(tn)) cos(i(tn))
(6) (10)

This synchronization correction can be determined fronghouwith the rotation matrice&” and i, the acceleration(®) in
code-only least-squares estimates of the receiver positial the e-frame, the acceleration blasnélé) of the sensor in the



b-frame, the gravitational acceleratign the pitch anglel, Similarly, we introduce two subsets of state parameterg Th
the roll angley and the measurement noisg’. The rotation set of state parameters updated by GNSS measurements is
from the e-frame into the n-frame depends on the latitude written as

and longitude\; of receiverl and is given by on(57 (1)) = (f1T(tn>;171T(tn>;w(tn>;¢(tn>;9(tn>;é(tn)7
RE(ta) = Ry(n/2 — @1 (tn))Rs(w/2 + M (tn)). (11 (). 1), NT (t), Ny (),
The rotation from the n-frame into the b-frame depends on the Apiip, (tn), Apiip, (tn),
headingy and pitché of the vehicle and is given by T
) b (1), b (00,6 (1)) (17)
Ry (tn) = Ro(=0(tn)) R3(m/2 — ¢ (tn)). (12)

Note that the IMU biases of the angular rate measurements are
The angular rate measurements are also biased and modale@ included in the state vector although not being diectl

in the b-frame as observable by GPS. However, the Doppler measurements of
- " i . the 2nd receiver provide an unbiased information on the
[?P( )(tn), 0" )(tn), il )(tn)] angular rates and, thereby, correct also the biases of thdaan

= [0(tn), O(t,), p(tn)]T + [b(b)(tn),béb) (tn);bg))(tn)]’r rates. These biases are directly observable by the gyrescop
v but can not be separated from the angular rates without GPS.

+ [%(tn)vfé(tn)a %(tn)]Ta (13)  The subset of state parameters updated by INS measurements
with the rate of heading, the rate of pitchd, the rate of roll 's given by
¢, the respective blasééb) béb), by and noise terms, <; n(57(2)) = (F1 (ta), 71" (ta), @1 (tn),
ande,. G(tn), (tn), 0(tn), 0(tn), @(tn), $(tn),
I1l. EXTENDED KALMAN FILTER FOR TIGHT COUPLING bf;)(tn) b( (tn), bwb)(tn),
In this section, we describe the joint estimation of the abso b,(f;) (tn), bflz)(t ), bg t n))T. 18)

lute receiver position and attitude using GNSS and INS mea-
surements. Half cycle slips are assumed to be pre-correclét® measurements of both observation types are used to
according to [3]. update the state vector in a tight coupling. As the measuneme
The set of measurements is divided into two types rate of most low-cost gyroscopes and accelerometets(s
{1,2} of subsets: A first subset of GNSS measuremert¥ and, thus, higher than the measurement rate of most low-
which is denoted by?(y = 1) and a second subset of INSCOSt GNSS receivers, the state vector is updated more often
measurements described ky(y = 2). The introduction of by IMU than by GNSS measurements. The measurements are
the subset typey enables an elegant notation as the staf@n-linear functions of the state vector due to the trigoetin
estimation based on GNSS and INS measurements canf@ationship between the Euler angles and the baselinewvect
described with the same expressions. At each epoch, thefe
is only a subset of measurements (subset of satellites or zn(87) = ha(@n (7)) + Nzn(sz), (19)

gyroscope/ acceleration measurements) available. We W&t ity 1, being implicitly defined by the individual measure-

set of available measurements at epachs z,(s;,(v)) With  ment models and>.,,(,;) being the covariance matrix of the
sy, including the indices of the available measurements. TRgasurement noise., (s:) ~ N (0 » )
8% Zn (8%

first subset is given by The dynamic behaviour of the vehicle and the temporal vari-
2(52 (1)) = (A@T (), AoT (8), pT(8), oL (E), ayons qf the code multlpat_h errors, gyroscope and acd&lara
#n(sn(1) ( o1 (tn), A2 (tn), 1 (tn), 92 (tn) biases is described by a linear state transition model:
18, (t), £3,t)) " (14) . .
' : Tn(sy) = Pan_1(s5_1) + N, (s2) (20)
where the SD carrier phases of the available satelftes i, the state transition matri® and the covariance matrix

{1,..., K} are synchronized and corrected for cycle slips, i. & (s, Of the process noisg,., (u:) ~ N (07 Exn(sg))-
\oT — (A B _ \/2AN] The state parameters are estimated with an extended Kalman
or = (Ner Cl Filter [1]. The tight coupling includes an update of the
T : o
Kl _ Kl Kl state vector with both inertial and GNSS measurements. The
Y —cp ) — A2AN . 1 . S -
APr cir —A Lr ) (15) processing order is given by the measurement time stamp [4].

The second subset includes the angular rate and acceterafiBe Kalman filter includes the state prediction

measurements and is given by i (sT) = @it (s%_,). (1)
Zn(s5(2)) = (1/)(b (tn), 0P (tn), o) (tn), The covariance matrix of the predicted state is obtaineohfro

- error propagation as
(b) (b) (b) 16
0 (), (1), (8)) . (16) ST

T, (52

T
(st )(I) +an(sfl)7 (22)



and the state update is given by obtained by scaling of the standard deviations of the DDs.
For the INS measurements, the same approach was used, i.e.
St (o) A oT zy A= o ’ ’
& (sn) = &, (50) + K (2n(s7) = ha(#,(s2)) . (23) peasurements in static conditions were described by arlinea

with model for a short period of time.
Batesn) = (1= KnHn)T50 (o) (24) TABLE |

. . MEASUREMENT NOISE ASSUMPTIONS
The convergence of the Kalman filter can be improved by

using some a priori information on the state vector as desdri phase noise (undifferenced) | o, = {2mm...4 mm}
in [5]. We model this a priori information as _ _ depending on satellite elevation
code noise (undifferenced) 0p=4{05m...1m
Tp = Tn + Nz, with Nz, ~ /\[(0’ gin)’ (25) depending on satellite elevation

Doppler noise (undifferenced) o, = {1 Hz...10 Hz}
depending on satellite elevation
angular rates T 4,653 = 0-001 rad/s
acceleration Olap.ay,a.} =0.1m/s

and extend the measurement vectogto= (2!, z1)T.
The accuracy of the state estimate is further improved by
fixing the DD ambiguities to integer numbers. We use the

integer decorrelation of LAMBDA [6] and select the integer The process noise assumptions were chosen according to the
candidates based on the sum of squared errors [7]: dynamics of the vehicle, the temporal variation of multipat

3 . ; 2 errors, and the sensor characteristics.
Ep = argmin ( [[2,(s7) = hn(zn(sy))I50  +
Ty, #n(s7) TABLE Il
5 k.l PROCESS NOISE ASSUMPTIONS
xr e X ’
||‘T71(Sn) - ‘T’ﬂ(sn)HZjl - s.t. N1,2 € Z. (26)
Fnlon) acceleration aﬁf;) =2.5m/s2
The candidate with lowest error norm is chosen once the ratio o,(;;) =2.5m/s?
of the MAP error norm between the second best and best o) = 0.25m/s?
candidate is sufficiently high. derivatives of angular rates | o; = 25°/s%, o = 25° /s
single difference ambiguities on = 0.25 cycles
V. MEASUREMENT RESULTS code multipath {2m,....5m} _
) ) ) o ) depending on satellite elevation
In this section, the proposed precise position and attitude gyroscope biases oy, =2-10""rad/s
determination is verified with real measurements from two op; =2-10"Trad/s
low-cost GNSS receivers and an inertial sensor. First, the accelerometer biases o, =1077m/s? i € {z,y,2}.

hardware set-up is described. Subsequently, the measotreme

and process noise assumptions are provided, and the abtaine

measurement results are analyzed. The measurement test Brall€asurement results

performed with a vehicle, on which the following hardware Fig. 1 shows the northern part of the vehicle’s track as
was mounted: obtained from the absolute position estima%@s

o 2 u-blox LEA 6T GPS receivers with Hz data rate

o 2 L1 patch antennas mounted on the roof of a vehicle
along its longitudinal axis with a
baseline length of = 1.2 m ando; =1 cm

o MPU 9150 inertial sensor from Invensense with
a 3D gyroscope, a 3D accelerometer and a 3D magne-
tometer mounted on the roof of the vehicle providing
measurements with a rate vh0 Hz 74

« reference system: high-grade inertial sensor and geodeticss
GNSS receiver (tightly coupled)

A. Measurement and process noise assumptions

Tab. | and Il include our measurement and process noiSefEs
assumptions. The measurement statistics were determined i
static conditions as follows: For the GNSS measurements, DD
were performed and analyzed over a (short) time perioghof
seconds. As static DDs can be well approximated by a linggg. 1. Northern part of vehicle’s track during test drive cegermined by
model over such short time periods, a least-squares eiimaf® Proposed PPP with tight coupling of two low-cost GNSSexass, a

. . gyroscope and an accelerometer. The enlarged sectionstsbastart and the
of the coefficients of the linear model was performed. Th&ssing below a bridge. Each blue point refers to a GPS-trtaéel update.
standard deviations of the DD noises were then obtained from
the RMS of the residuals of the least-squares estimatioa. Th The starting point is in the right part of the figure. The militi

standard deviations of the undifferenced measurements wieeading was-98°, i.e. the car was oriented in western direc-



tion. The track includes also a passing below a bridge. This 0
passing is also enlarged with additional markers at eveoglep -2
with a GPS-based state update. The inertial measurements ai 30r-4
used to update the state vector in between two GPS update:
One can observe a continuous path despite the GNSS signe
interruption and increased multipath. As some satellitesaf
low elevation and as signals are also reflected, a GNSS-base
state update can still be performed during the first meters of
driving below the bridge. Once all tracking loops have lost
lock, the re-acquisition also takes some time, which exglai
the distance between the end of the bridge and the first GPS _
based state update after the bridge. B0y soumted solon
Fig. 2 shows the satellite-satellite single difference ecod oflow-cost GPS and INS
multipath estimates for receiver 1. Each curve represemts o
single difference. The multipath offsets of up 6 m exceed
the code noise level and are significantly correlated oveeti rig 3. The tightly coupled speed estimate of the low cost /GRS is drift-

which indicates the need of estimating these parameters. free and differs by only 0.1 m/s from the reference systemichvindicates
the correct modeling and estimation of acceleration biases
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Fig. 2. Code multipath estimates for receiver 1. Each cuegesents the )
code multipath for one satellite-satellite single diffeze measurement. One Fig. 4. The heading of the low-cost GPS/ INS hardware clog#lgws the
can observe a substantial correlation over time. curve of the reference solution in all environments.

The estimated speed of the vehicle in Eastern direction is
shown in Fig. 3. The difference between the speed estimate
using low-cost GPS and INS hardware and the geodetic-grade
GPS/ INS reference solution is in the order of only 0.1 m/s.
It is also drift-free, which indicates a correct modelingdan
estimation of the acceleration biases.

Fig. 4 shows the heading of the vehicle. The heading esti-
mate based on low-cost GPS and INS hardware closely follows
the reference solution throughout the complete measuremen
period. The enlarged section refers to a bridge underpass
The heading estimate is continuous and the heading erroi %51

25 T T T T

05} 95.4 % (20)

Heading offset [deg]
o

remains less thaf.2° despite the GNSS signal interruption. -2f 1
This indicates both a correct resolution of the DD integer 25 w w w w w

. e . . : 3.14 3.145 3.15 3.155 3.16 3.165 3.17
ambiguities and a reliable correction of all cycle slips. Time of week [s] 10

Fig. 5 shows the difference between the heading estimate
obtained from the low-cost GPS/ INS hardware and the refefig. 5. The heading offset between the low-cost GPS/ INS virarrel and
ence solution. The heading offset is less thai? for most of the reference system is less thau3°® for most of the time, which indicates
the time. As this error corresponds to a relative positigorer & SO"ect resolution of the DD ambiguities.
of only 1 cm, the DD ambiguities were most likely resolved
correctly.



Fig. 6 shows the cumulative distribution of the heading erreneasurement. The bias varies by up(601°/s)/60s ~ 2 -

including all passages below bridges. The heading erresss | 10
than0.27° in 68.3% (10) and less than.73° in 95.4% (20) of

~brad/s? during the measurement period. For the bias of

the rate of pitch measurement, we observed a similar order of

all epochs. The figure also shows the statistics of the hgadmagnitude.

estimate from a state of the art technique: As the carrier
phase integer ambiguities are not resolved in current low-
cost GNSS receivers, the heading is derived from the veglocit
which is obtained solely from the Doppler measurements of
a single GNSS receiver. A drawback of this approach is that
no meaningful heading information can be obtained in static
conditions. Moreover, the Doppler frequency can also not be
tracked below bridges. Therefore, the availability of acige
heading is significantly lower than for the proposed tight
coupling with carrier phase integer ambiguity resolution.

05 1 Sy
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5 06k . | / Fig. 8. Bias of rate of heading measurement. The gyroscoge \@iries by

5 | o up to (0.01°/5)/60s ~ 2 - 10~ %rad/s2.

g 0.5¢ 1 | state of the art determination

2 1 I of movement direction

B 041 1 I from Doppler measurements

o 03 : : of one single GNSS receiver V. CONCLUSION

= Yor 7 . . . .

N : ; v | In this paper, a tightly coupled position and attitude deter

E I ! mination method was developed flomw-costGNSS receivers,

O s 1 | . .

o1 | | an accelerometer and a gyroscope. The method includes a

1 |

nchronization correction to improve the positioningurecy

and to restore the integer property of double difference GNS

carrier phase ambiguities.

Fig. 6. Cumulative distribution of heading error: The headerror is less
than0.27° in 68.3 % (10) and less thai.73° in 95.4 % (20) of all epochs.

Fig. 7 compares the rate of heading estimate using Iow—c%s
GPS/ INS hardware with the rate of heading of the refereng
system. The accuracy is in the order @fi°/s. A similar
performance was observed for the rate of pitch.

The sensor fusion was performed with an extended Kalman
filter, which estimates the position, velocity, accelerati
t}itude, angular rates, single and double differencegaram-
iguities, single difference code multipath delays, arasbs

the angular rate/ acceleration measurements. Cycle @i

reliably corrected by predicting the position with the itiedr
measurements. The proposed method was verified in a test

drive with two u-blox LEA 6T GPS receivers. We achieved a
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Fig. 7. Comparison of rate of heading estimate of low-cosEARS system
with reference system. The accuracy is in the orded.af /s. 7]

Fig. 8 shows the gyroscope bias for the rate of heading

heading accuracy of,, = 0.25°/ baseline length [m].
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