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Abstract Assuming that a robot trajectory is given from a trajectory is either planned from scratch using for example
high-level planning or learning mechanism, it needs to besampling-based approaches like RRT/RRT* (Lavalle (1998);
adapted to react to dynamic environment changes. In thiKaraman and Frazzoli (2011)) or adapted based on a pre-
article we propose a novel approach to deform trajectoriesiously learned trajectory. In the latter case Programming
while keeping their local shape similar, which is based orby Demonstration (PbD) (Billard et al (2008)) is a standard
the discrete Laplace-Beltrami operator. The approach camethod for teaching a robot complex movements. Instead
be readily extended and covers multiple deformation techef programming every single movement by hand, the robot
niques including fixed waypoints that must be passed, pamitates a demonstrated movement either through physical
sitional constraints for collision avoidance or a coopeeat guidance also known as kinesthetic teaching (Lee and Ott
manipulation scheme for the coordination of multiple r@bot (2011)) or through suitable learning and adaption methods
Due to its low computational complexity it‘allows for real- (Schaal (2006); Hoffmann et al (2009)). PbD approaches
time trajectory deformation both on local and global scaleare also motivated by the goal of a pleasant human-robot-
and online adaptation to changed environmental conssraintinteraction and there are observations in this field based up
Simulations illustrate the straightforward combinatidth@  motor interference, indicating that similar motions edse t
proposed approach with other established trajectorye@la perception of humanoid robots as interaction partners
methods like artificial potential fields or prioritized imge  (Kupferberg et al (2011); Kilner et al (2007)).

kinematics. Experiments with the HRP-4 humanoid success-

fully demonstrate the applicability in complex daily-lif@sks. A major challenge of PbD and planning approaches are
its adaption capabilities to changed environments, ragir
modifications of the original robot movement. In general,
there are two classes of approaches: Direct adaption and in-
direct adaption through inverse optimization. Direct adap
tion modifies the existing movement according to the con-
straints in task space (Pastor et al (2009)). Closely re:tate
this approach are explicit trajectory optimization schem

Multiple approaches exist to find a suitable robot trajgctor CHOMP or TrajOpt (Zucker et al (2013); Schulman et al

in a given environment. Depending on the requirements th?014)). Indirect adaption requires a cost function calcu-
lated from a set of demonstrations to be valid over the task

T. Nierhoff, S. Hirche space (Levine and Koltun (2012); Mombaur et al (2013)).
Chair of Information-oriented Control, Technische Universitaet\y/hereas indirect adaption methods may have better gener-
Muenchen, Munich, Germany alization capabilities, the cost function is difficult totam
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for complex movements and multiple repetitions might be
Y Nakamura necessary. In this article we focus on direct trajectorypada
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motion planner. The objective is to keep the resulting, de-
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geometric trajectory properties as similar as possible. Fo
this purpose, the discrete Laplace-Beltrami operator@eso
intrinsic path properties. The Laplace-Beltrami operasgor
well-known in the computer graphics community where it is
applied to deform (Botsch and Kobbelt (2004a); Sorkine and
Cohen-Or (2004)), classify (Luxburg (2007); Reuter et al
(2009)) and compress (Karni and Gotsman (2000); Levy
(2006)) triangular surfaces meshes. So far, however, the po
tential of this approach has not yet been exploited for riebot
problems. By interpreting a path as an undirected graph,
the deformation can be calculated using least squares. Yet
the straightforward approach suffers from two drawbacks, a
‘ large computational complexity due to a matrix inversion in

’ T volved (Eck et al (1995); Kobbelt et al (2000)) and the inade-

guate treatment of large deformations (Lipman et al (2004);

Fig. 1 Application of Laplacian trajectory Editing to deform a given znoy et al (2005)). The method in this article overcomes
reference motion Wr_ule maintaining its local s_hap_e:_ Adapt_lba t_)|- both challenges by using a multiresolution approach. This
manual task from different start positions maintaining a fixediapa
distance between both hands (left) and modification of a ondesan Way all computationally demanding path modifications are
pick-and-place task to avoid a possible obstacle (right) performed only on a reduced set of sampling points. In ad-
dition, positional constraints are modified in such a way as

formed trajectory as similar as possible to the original oneto avoid Oigggcles while\ggintaining the local shape of the

in terms of position and/or positional differences. trgjectory. TRQSthed is al_so extended to handle the coor
) . ) . . dinated movements of multiple agents, making cooperative
Various non-differential trajectory adaption methods ex- . . . . .
S . . . iy .~ manipulation possible. Simulations compare the appraache
ist in literature, including polynomials, &sier curves (Hi- - . ! . ) )
presented in this article both in the spatial domain, with re

lario et al (2011)), splines, affine transformations (Phaich a i . ) .
spect to computational complexity and with existing stdte o

Nakamura (2013)), Elastic Bands . A
(Quinlan and Khatib (1993)) or Elastic Strips (Brock andthe artapproaches. A demonstration scenario using a HRP-4
robotic platform shows the successful completion of a typi-

Khatib (2002)). Despite being advantageous for specific ap- : . . )
plications, they do have individual disadvantages the prec-:aI house.hold tasl_< |nvolv!ng bimanual pick-and-place oper
. . . ations while avoiding static obstacles 1. .

sented approach overcomes. Polynomials, splines &d B
zier curves all suffer from a fixed granularity determined ~ The remainder of the article is organized as follows:
by the number of support-points, thus restricting trajactor S€c. 2.1 introduces Laplacian Trajectory Editing as a mietho
adaption operations either to the global or local scalehHig for direct trajectory adaptation. Extensions are preseine
order polynomials have the additional problem of overshootSec: 3 to solve a set of specific yet commonly occurring
ing, that are large spatial variations in between two subselfoblems inrobotics. In Sec. 4 both simulations and a reboti
quent support points. Concerning affine transformations igxperiment validate the proposed approach.
has been stated in (Pham (2011)) that three concatenated Notation: Throughout the article scalars are written in
affine transformations are required in between two fixed sammon-bold letters (e.g), vectors in bold lower case letters
pling points for generic first-order boundary conditions,  (e.g.a) and matrices in bold capital letters (eAg. Access-
hence they produce unintuitive deformed trajectories withing a specific element of a matrix/vector is denoted by curly
straight lines in between. Both Elastic Bands and Elastisubscript brackets (e.6\(s; for the third row, entire column
Strips share some common properties with the approach pref A).
sented in this article, yet they aim for shortest paths wdere
our approach focuses on shape similarity between original
and modified trajectory.

The contribution of the article is the introduction of Lapla
cian Trajectory Editing (LTE) to deform trajectories anagov 2 Basics Of Laplacian Trajectory Editing
come the disadvantages of overshooting and a fixed granu-
larity, thus allowing trajectory modifications both on a lo- This section introduces LTE as the underlying framework
cal and global scale. The proposed approach provides arsed throughout the article to adapt and deform discretized
intuitive way for deformation. By interpreting a discrefz  trajectories. It also provides an intuitive understandiyg
trajectory as am-dimensional path with associated tempo-relating the abstract Laplace-Beltrami operator to thd-wel
ral information, the problem can be transformed to keep th&nown concept of finite differences along a path.

.
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2.1 General Framework

Atrajectory consists of a pati= [p(t1),p(t2),...,p(tn)]" €

R™M with m ordered sampling points and corresponding

temporal informatiort; represented as timege R, p(t) €
R™, written P = [p1,pa,...,pn]" for simplicity. The path
can be interpreted as an undirected gréph (¥, &) where
each vertex; is associated with one sampling popt The
neighbor set4{ of the vertexy; is the set of all adjacent ver-
ticesv; and the edge setis definedds= {&;},i,j € {1,..,n}
with

|

and the edge weigh;; . Multiple weighting schemes fam;;

Wij
0

if j e,
otherwise.

1)

exist in literature, the most prominent ones being uniform

umbrella weightswjj = 1 working best for regular-shaped

meshes and scale-dependent umbrella weights: m

to compensate for irregular-shaped meshes (Desbrun ethll

(1999)).

cannot be uniquely calculated using the inversé afhen
given only the Laplacian coordinates. However, by specify-
ing additional constraints in the form

PP=_C, ®3)
L

rank([F—)D =n,

the resulting concatenated equation system

L A

o-[4)

can be solved for the trajectoBg = [ps1, ..+, Psn]’ € R™M

-

using least squares. Note that due to the least squares ap-
proachPs andP generally differ from each other, see Fig. 2.
In addition, the constraints i@, P are only approximately
et.
Only few viable options folP with a physical meaning

®)

Rather than working in absolute Cartesian coordinates, o nqwn so far. The first and probably most important one
the discrete Laplace-Beltrami operator specifies the IocaE{re positional constraints of the form

path properties, called Laplacian coordinad¢gLipman et al
(2005)). For vertex;, this results in
Wij
——(Pi—Pj),
2 Wi
i 2, M

0

Written in matrix form, it turns out that the discrete Lapac
Beltrami operator resembles the graph Laplacian matrix
R™" encoding the topology of the graph as

1 if i=],
Wij e
— if j&eA,
Lip=9q 3 wij '
€M
0 otherwise

Using uniform umbrella weights, one obtains the typical
strucure for paths as

o :
-1 2-1 0
1 -1 2-1
L=3 N
-1 2-1
0 -1 2-1
_ -2 2|

When concatenating all Laplacian coordinadento a sin-
gle matrixA = [81,02,..., 6n}T, one can thus write

LP=A. 2

As the equation system in (2) is underdetermined, i.e. th
Laplacian matrix is singular, the Cartesian coordind®es

pi =G,

pinning a sampling poinp; to a desired positio;. By in-
troducing the weighting factor® = {w,w 1,w 2,...}, i =
1,...,n determining the importance of the corresponding
constraint with respect to the Laplacian coordinadesit
can be rewritten as

wpi = wa;, (6)

see the Matlab example in (Nierhoff (2013a)).

Fig. 2 Various possible path deformations by applying positionat con
straints to individual sampling points (round dots)

Another option are first order finite difference constraints
of the form

Pi+1—Pi =G,

resulting in a fixed spatial difference between two sampling
pointsp; andp; along the path. With the weighting factor
gl,l it is rewritten as

@,1(Pi+1—Pi) = @W.1Ci1- (7
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This scheme can be extended to higher order finite differlf the path is not continuous but discrete, one can represent
ences. Hence it is for second order central finite differencethe continuous patfl (s) by its discretizatior® andm = 3.

Then the central difference approximation of (9) is
Pi+1—2pj +Pi-1=Ci2,

and with the weighting factom » d?p(s)|| p(s+h)—2p(s)+p(s—h)
' as ||~ h? ’ (10)
@ 2(Pi+1—2pj +Pi-1) = W 2Ci 2. )
Writing the unweighted firsh, finite differences in matrix ~ With step lengtth. Assuming the sampling points are equidis-
form tantly spaced with distande (10) is rewritten as
1 ; ,
-1 1 0 ‘dle p|+1_2p|+p| 1 i—23 n—1 (11)
1-2 1
-1 3-3 1
1-4 6-4 1 This formula is closely related to the Laplacian coordisate
(Taubin (1995)), thatis
one sees that they are linearly independent. Hence any rog; _ Pi+1—2pi+ pifl’ i—2.3...n-1 (12)
of Pwith n, nonzero entries can be represented as awelghted =2
sum of the firsin; order derivatives, thus providing an intu-
itive understanding of an arbitrary, non-zero rowRof differing from (11) only in terms of the scaling factq-j%(vs.

L.

Remark 1Various definitions of discrete Laplace operators : . o .
P b S Until now only the spatial domain is considered. In real-

exist in literature: Being mainly based upon the connetgtivi . . .
ity however, e.g. when recording a movement with a motion
of the underlying graph, the graph Laplace operator belong
Capture system, subsequent trajectory points are typicall

to the wider class afombinatorial mesh Laplaciarihang
et al (2010)). Another class ageometric mesh Laplacians sampled at a constant temporal rate, hence spaced rather
' equitemporally than equidistantly. Witht = t; —t;_; as the

explicitly taking into account the underlying Riemanniantem oral difference between anv two subseauent samolin
geometry (Strichartz (1983); Meyer et al (2002); Dierkes P y g pling
pomts the acceleratigh along the trajectory is

et al (2010)). Even if they do capture the geometric prop-
erties better, they are only defined on triangle meshes and

thus not straightforwardly applicable to paths. P = %{ym, i=23,...,n—1
2.2 Interpretation differing from (12) again only in terms of the scaling factor

Atz VS. 2). In case two subsequent sampling points are
Despite looking abstract at first glance, there exist iiveit fixed - see (7) - it is interpreted as a velocity constraint. In
geometric and physical interpretations of LTE. case of three subsequent sampling points, (8) corresponds t

Given a continuous pathi (s) € R® parameterized by an acceleration constraint.

arc lengths, the Frenet-Serret formula describe the local cur-  Looking at the weighting factors in (6)-(8) they deter-
vaturek and the local torsiom. By introducing the unittan- mine the importance of the additional constraint®iwith
gent vectot, the normal unit vecton and the binormal unit respect toL. Speaking loosely, they define the admissible
vectorb =t x n with x as the cross product for a given point amount of deformation. Fao ~ 0 the path is deformed just

along the path, one obtains (Do-Carmo (1976)) insignificantly and the constraints speuﬁedendC are

dt hardly met. On the other hand, weighting factars> 0 pri-
4= Kn, oritize the constraints, leading to larger deformation.

dn Numerous variations exist: The Laplacian matrixan

ds —Kt+1h, also be constructed based on the first/third order derestiv
db (a different name should be used in this case). For a given
ds —1n. straight lineP consisting of equidistantly and equitempo-

rally spaced sampling points, the deformed traject®mng-

sembles a minimum velocity/jerk trajectory. This is consis

tent with findings about minimum jerk trajectories for hu-
©) man movement generation (Flash and Hogan (1985)).

Thenk can be calculated as
B Hdt B ‘ dzl'l(s)

ds d<




Spatial Adaption of Robot Trajectories based on Laplaciarettaejy Editing 5

3 Extension to Laplacian Trajectory Editing the matching is usually not perfect, one has to find an affine

transformation that matches bd®handPq "as good as pos-
Having introduced the basic concepts of LTE, this articlesible”. The problem can be reformulated as a minimization
continues with several improvements over the original approblem using the error term, as

proach in Sec. 2.1, making it applicable to a wider class of ‘
trajectory retargeting problems arising in robotics. Asme p, — Zaldi — (cRpri +t)H2.
tioned in the introduction, the approach presented so far su i= 7 '

fers from two main drawbacks, a high computational com-the elements of the homogeneous transformation can be

plexity due to the matrix inversion and the incapability t0 cgjculated using Singular Value Decomposition: K@t
handle nonlinear deformation effects. To overcome both chgymxm pa the covariance matrix as

lenges, a multiresolution approach is presented. The sever K

ity of not handling nonlinear deformation effects becomesQ — 1 Z\(pr’i —pr)(Paj — 5d)T,

clear when looking at the example in Fig. 3. A handwrit- Ki& ’

ten word (*Hello”) is deformed by fixing three sampling ith p. as the centroid o, andpy as the centroid oPq
points through positional constraints. Whereas the aaigin . .

approach of Sec. 2.1 obviously has low similarity, the mul-5 _ 1 o By = 1 Dai.

tiresolution approach resembles the word well. In addijtion ' ki; " ki; !

Similarly, the variance? is calculated as

1.k 2
1

The SVD ofQ is calculated such that

Q=usv’. (13)
original trajectory
original approach Thenc, R andt can be computed as
multires. approach
® fixed sampling points
R=VSU",

Fig. 3 Comparison between the original and the multiresolution ap- ¢ — iztr(SS’),
proach lof.

t= ad — CR[ITS.
the article shows novel extensions for reactive collisiosid:  ith S' preventing mirrored mappings
ance, cooperative manipulation of multiple manipulatars o
endeffectors and the inclusion of kinematic constraints focy _ | if det(U)detV)=1,

execution on areal robot. {diag(l, ~.,1,-1) if det(U)detV)= -1

As shown in (Sorkine and Alexa (2007)), the method can be
3.1 Arun’s Method For Handling Nonlinear Deformation ~ adapted withc = 1 to rotate the Laplacian coordinates in-
Effects dividually for every sampling point. When applied to paths,

this results in new Laplacian coordinai@®sas
As stated in the introduction, nonlinear deformation efiec 5_-R&
are not handled properly by LTE. Probably the most fre- '~ "
quent nonlinear effect occurring during path adaption arevith the rotation matrixR; based upon the sampling points’
rotations. In order to cope with them on a local path scaleposition of original and deformed path. For the Laplacian
the method of Arun (Arun et al (1987); Umeyama (1991);coordinated; the two sets of sampling points &g = [p; —
Nierhoff and Hirche (2012)) is combined with LTE. Its core pj_1,pi — pi;+1]" andPqy = [psi — Psi—1,Psi — Psi+1]" -
concept can be recapitulated as follows: Assume that oné@/hereas the SVD solution can be used in arbitrary dimen-
is given two sets of points, nameR = [pr1,...,prk]T €  sions and also for higher order derivatives, we realize that
RK*M andPy = Pd,1s-- -, pax]’ € RK*M that bothP; andPy consist only of two vectors when using Lapla-
should be matched using the homogeneous transformatiortian coordinates. Then an optimal rotati®ncan be calcu-
lated in 2D and 3D using basic geometry. Although the latter
has a lower computational complexity, it is only marginally
with constant as a scalar scaling factd®, € R™Mas aro- faster to compute in Matlab as there are highly optimized
tation matrix and € R" as a translational vector. Becauseroutines to calculate the SVD.

Paj =CRpri+t Vi=1,... Kk
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3.2 Multiresolution Approach For Possible Online pi||2 = const If we impose additional constraints on specific
Application sampling points, they must be includedrhas well.

Whereas the method in the previous section can handle non-

linear deformation effects, it is also slow as every Lagaci 3.2.2 Adaption
coordinate has to be rotated individually. In combination

with the matrix inversion of LTE the method is inapplica- During the adaption step, a two-staged approach modifies
ble for time-critical applications. To overcome the compu-the shape of the downsampled traject®y(Sorkine and
tational bottleneck, we propose a multiresolution appioac Alexa (2007)). For the remainder of this section, we will
together with a detailed evaluation both in the spatial an@nark the support sampling points of iterationvith P} and

the temporal domain and an extension for fast path deformahe Laplacian coordinates of the support sampling points
tion in 3D. By downsampling the path first, Arun’s method with A In the first step, the resulting LTE equation system
will be applied only to a reduced number of sampling pointss solved forP} , as

during the adaption step. The Laplacian coordinates of all

remaining sampling points are then interpolated in a final "

reconstruction step, thus speeding up calculation 4. A prePj ,;, = [ P] { C}
liminary version of this approach is presented in (Nierhoff @ Y

et al (2013)), consisting of three steps:
In the second step, the elementsgAjf are updated individu-

ally for.every support sampling using Arun’s method based
//\\ — i — JRUSNN on P} andPj, ,, resulting inA , ;.
downsamping '/;:p:;\ e construction After | iterations, this'results in the downs.ampled path
Pl = [pl’vl, .., p{ﬂ]T. The final step of the adaption is to cal-
culate a rotation matriR,, k={1,2,...,n'} for every sup-
port sampling point, measuring the rotation betwBéand
P} using Arun’s method.

Fig. 4 Overview of the multiresolution approach

3.2.1 Downsampling

3.2.3 Reconstruction using LTE
The goal of the downsampling step is to find a reduced set

of so-called support sampling pois=[p},p5,...,piy]" €  After deformation of the downsampled pa#h the position

R M, subject to of all remaining sampling points must be reconstructed, re-
/ sulting in Ps. Let thek-th path segment dPs, namedPsy,
P eP, (14) d ) : :
i1 be defined as the set of all sampling points betvxpﬁ@and
min ZZ (lIp! = piall2 — [Pl 1 — piIH2)2~ (15) p{7k+l, with "between” referring to the graph structure and
i not the spatial domain. Then the position of all sampling

The first condition enables the remaining sampling points t@0ints of the k-th trajectory segment is calculated as
be directly interpolated during the reconstruction stegebla

on the deformed support sampling points. The second cons  [Lg * Ay
dition is necessary as combinatorial mesh Laplacians do ndisk = Psk| |Csk]’
take into account the geometry of the graph and thus rely on

a regular mesh structurgif —pf_y/[2 = [Ipi;1 — Pill2) for  ith |, as the Laplacian matrix for tHeth trajectory seg-
a good approximation (Taubin (1995); Botsch and Kobbelinent, A, containing the rotated Laplacian coordinates and
(2004b); Wardetzky et al (2007)). Itis suitable boundary constraints encode®if, Csk. The ma-
F(AF(X) = F(O2F(x)) O UF (u), trix Lsk is simply a supma@x ot with similar structure.
The boundary constraints P, Csk are calculated by fix-
with § as the Fourier transform from the spatial domf&ir)  ing the first and last sampling point of every trajectory seg-
to the frequency domaif(u). Hence the Laplace operator is ment, that ig| , andp| ki1- The elements ofAs are calcu-
heavily influenced by high-frequency noise. To increase rokated by linearly interpolating the differential coordiaa of
bustness, the path is smoothed in the spatial/frequency dthe path segment based By andR, , ;. Depending on the
main using a spatial moving average filter (SMA) respecused representation either axis/angle based interpolatio
tively a Fast Fourier Transform (FFT). In the limit, this re- SLERP/NLERP (Shoemake (1985)) might be better suited
sults in a regular mesh structufi@; — p;_,|[2 = [|p{,; —  for up to three dimensions.
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3.2.4 Reconstruction using Affine Transformations 3.3 Positional Constraints for Obstacle Avoidance

Another option for reconstruction are affine transformagio An extension of LTE allows reactive obstacle avoidance in
p = .#(p) as presented in (Pham and Nakamura (2013))task space. The method presented in this chapter is an exten-
For a path consisting of multiple sampling poiptshey are  sion of the work in Nierhoff et al (2013), providing higher

of the general form robustness and allowing larger deformations. When using
positional constraints with weighting factais>> 1 the small
Bi = Mpi +w, deviation from the desired position due to the least squares

approach constitutes an inevitable yet often negligiblerer
with .7 = {M,w},M € R™™M w ¢ R™. Boundary constraints In contrast this section focuses on low-weighted positiona
for discrete paths ensuri@fl continuity at the beginning/end constraints, i.eay ~ 1 or @y < 1 with a non-negligible er-
of the path can be incorporated by fixing the first respecror. Differing from positional constraints witby > 1 im-
tively lastq+ 1 sampling points. Hence f@@ continuity it~ posed generally on a few vertices only, low-weighted posi-

is tional constraints impose positional constraintsadinver-
tices. The desired behaviour of avoiding dynamic obstacles
P1=Mp1+w, while maintaining Fhe original path shape .in a least squares
B = Mpn +W sense is then achieved by smoothly varying both the posi-
n— n ) —~ .

tional constraint matri¥> and the positional constrair@
and forC continuity it is in addition along the path. The presented approach consists of three su-
perposed parts
P2 = Mpz+w, 1. A repulsive positional constraint for obstacle avoidanc
Pn-1=Mpp-1+w, 2. An attractive positional constraint pulling the pathlbac
to its original position

resulting in the linear equation system 3. Laplacian coordinates maintaining the local path shape

Vb =c, (16)  Given an obstacl& with with uniquely defined minimum
distanced;j to each sampling poim; of the path, the obstacle
with V € RAmx(mP+m) 5 o grP+m containing the elements exerts a repulsive positional constraintmraccording to

of M,wandc= [pI,p3,p ;,B1]". Itis clear thaClcon- :

tinuity can be only achieved if there are less or exactly afuiy = B (pi +0’”d,|y) ) (19)
many boundary conditions as free variables4f As such — . 2

for C° continuity at least one dimension and @t continu- P = diagp,.... ),

ity at least three dimensions are required. The latter ase with constantsa, 3,y. The attractive positional constraint
for the remainder of this article. pulling the path back is described using each sampling jgoint

Affine transformations are advantageous from a comeriginal positionp,; before deformation
putational perspective as only a small-sized linear eqoati =
S - i Cafisy = OPoi (20)

ystem (12 unknowns iM,wy for the k-th path segment = .

based upon the four boundary sampling points of every path P, = diagd,...,9),
segment) has to be solved. Yet the method suffers from inwith constan®. By concatenating the conditions in (19) and
stabilities if the matrix/ for thek-th path segment becomes (20) intoC andP as
singular. To prevent this, the four boundary sampling oint _ _
must span a three-dimensional space. By defining the corg _ [91] P— [El] (21)
dition numbers< (Vi) andk (Vi_1) based on (16) for every Ca]’ P2

path segment, we reformulate (14)-(15) as and solving (5) folPs, the desired behavior can be achieved.

P eP, (17) Some sample code is publicly available under
Wo1 (Nierhoff (2013b)).
min f; Z(”pif —piall2—lIpla — pi/||2)2+ (18) Unfor?unately th_e approach becomes unstable for large
i= deformations. In this case the force exerted by the attrac-
n-1 tive positional constraint and the Laplacian framework tha
f2 21 K(Vk), pulls the path back to its original position gets too strong,
=

causing small obstacles to slip through the deformed path. A
with constantsf; and f; ensuring a good tradeoff between a modified and more stable version evaluates the shortest dis-
regularly shaped mesh and a non-degenerated solution. tanced; not between obstacl@ and every sampling point
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pi asin (19), but between obstactkand every line segment the movement of two or more agents/manipulators in an ad-
pi + oL (piv1—pi), aL € [0,1]. equate manner. LTE is adapted in this section to take such
A kind of constraints into account. Note that we are now con-

Ciiy =pi+ a——0, (22)  sidering trajectories, thus corresponding agent positioust
Ik ”g match both in the spatial and temporal domain.
Corii _di Given two agents’ trajectorie®, = [p11,...,p1n]’ and
i1y = Pt d |di% P2 = [P21,...,P2n]T with corresponding equation system

to prevent small obstacles from slipping through the patty 17s! = A1, LoPo = A7 and same timing (p1,) =t (P2i).
. . : it can be rewritten as
if two subsequent sampling point are far apart. Moreover,

the attractive positional constraint is scaled with a dista {Ll O} [Psl] B [A 1}

dependent factor as 0 Ly| |Po A,

62“:} —pite Poi ._pi —, (23) To maintain a d_efined spatial relation, we expand the equa-
1+ IPoi — pill2 tion system similar to (4) as

with constangk, imposing upper bounds to the absolute value L; O

of the attractive positional constraint. To reduce theatfté 0 L, {Psl] — |a,], (25)
the Laplacian coordinates, |&, and Ay be the matrices |p |S+ Ps

containing the Laplacian coordinates of the original respe _
tively currently deformed path. Then the resulting mastix  with the definition of the matriceB_,P.. € #™" andC as

is calculated as P_ = diag~w,...,—h),

A=(1-0)A,+ Ay, (24) P, =diagn, ..., ),

with constant € [0, 1]. For { = 0 the method is similar to E{i:} = W (P1i — P2i):
the unmodified version and faf = 1 only the Laplacian
coordinates of the current path are considered, effegtivel

disabling the convergence back to the original path posi.[nalntaln a defined spatial distande= pi, — pp; at time

tion. Both equations (23) and (24) diminish the influence O'mst.ance. Fixed posnmnql constraints according to (6) gan
) . . . : be incorporated in a straightforward manner: As the trajec-
the attractive positional constraint respectively thelaajan

coordinates, thus increasing robustness at the cost of-an itorIeS O.f e ‘?‘ge”ts are cogpled throughit '? sufficient
0 specify positional constraints only for a single agent to

creased computational complexity and slower convergenc . . :
P piexity 9 eform both trajectories. When extending the approach to

speed back to the original path position. .
A small scenario illustrating the obstacle avoidance caEhree agents the analogy of (25) is

pabilities of LTE in-.combination with low-weighted posi- L., 0 0 Ay

in analogy to (7). With{wy,...,wn} > 1 the two agents

tional constraints'is depicted in Fig. 5. With increasingnru 0L, O A,
ber of obstacles (red circles), the initially sinusoidattpa | 0 0 L, Ps1 As
deforms more and more to avoid all obstacles. We comparep_ p, 0 Po| = Cy
two trajectories, corresponding to the basic and the matlifie |p_ o p.. Pss Co
version. 0P_P. Cs
~ Yet as computational complexity faragents iso/(a?), the
[ ] basic version s LG
m W/\’\[\/\/\, MW approach is limited to few agents only. |
° L Fig. 6 shows a toy scenario in which two respectively
t=90 t=300 t=500 three agents have to maintain a defined spatial distance (e.g

when holding an object) while circumnavigating two obsta-
Fig. 5 Obstacle avoidance scenario with spatial plots at differemti  |ag (black cylinders). It shows both undeformed trajdetor
steps . . L
without obstacles and deformed trajectories in the presenc
of obstacles. An additional graph on the right side displays
the spatial distance; for the undeformed trajectory and
dij m for the deformed trajectory between agejpéndj over
3.4 Cooperative Manipulation time. Itis visible that the distance between every two agent
stays constant over time and changes only by an negligible
So far we only considered single paths. Yet in many sceamount due to the least squares solutiad€-10 m) during
narios like bimanual manipulation it is necessary to adaptleformation. One also sees how the trajectories of all agent
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adapt when just fixing the position of a single agent. Notewith gain factorK;;, see Yamane and Nakamura (2003). If
that only the most primitive case with both a constant spathe desired endeffector position is encoded in the secgndar
tial distance and direction is displayed. Depending on théower prioritized task, it's real position can differ frorhe
task it is necessary to vary the distance or orientation®f thdesired position during task execution due to other higher
ensemble over time. This is done easily by modifying theprioritized tasks. In this case LTE allows to calculate an up
elementsirCq,Co,... dated optimal trajectory online during task execution.sThi
effect is illustrated Fig. 7. The left side shows a planar ma-
undeformed trajectory deformed trajectory 1 nipulator with 3 DOFs following a straight trajectory. On
B the right side an additional constraint is imposed, namely
M % 00 T i that the last joint (in red) must not collide with an added
o , obstacle (in black). As the real endeffector trajectoryidev
oent 2 ’ tiseps ™ ates from the planned, straight trajectory, LTE replans new
by f trajectories online (in orange).

@® fixed point

%%

——
01 2[m

2 agents
distance [m]

diz
== dizm
diz
== dizm
da3 without obstacle with obstacle
-~ dam

0.5

3 agents
distance [m]

0 50 100
t [steps]

Fig. 6 Cooperative manipulation involving two and three agentsén th
presence of obstacles. Trajectory paths (left) and distancesbatew-
ery two agents (right)

executed trajectory
replanned trajectory

3.5 Kinematic Constraints Fig. 7 Prioritized inverse kinematics with continuous trajectory re-
planning. Trajectory following without obstacle (left) and withstacle

All calculations so far only consider the trajectory adapti  (right)

of a single point in a n-dimensional space. In most cases

this single point refers to the position of the endeffectr o

a robotic manipulator in 3 dimensions. Here it is often re-

quired to fulfill additional constraints like joint limit @id- ~ 4 Experimental Evaluation

ance, collision avoidance or maintaining a specific endeffe

tor orientation. Such constraints can be incorporateditiito This section evaluates the presented approaches on the one

a prioritized inverse kinematics approach of the form hand through simulations both with respect to computationa

0 = i1+ (E—3830) 35, (26) complexity ar_ld_in fcr_le sp.atial dornain._ As the LTE frame-
work shows similarities with Elastic Strips, both approesh

see (Nakamura (1991)). In (26) the variaklesJz andr1,f2  are compared. It concludes with a real-life experiment in-

refer to the task-specific Jacobians and task space velogjp|ving a HRP-4 robot executing a bimanual task while main-

ties of primary and secondary tadkis the identity matrix  taining additional constraints. It must be mentioned that t

andé denote the generalized coordmates of the robot. BOt'&hmce of usmg sinusoidal paths in many examples i is inten-

based upon enclosing cylinders covering all robot links angyyality of each algorithm by inspection.
a repellent artificial potential field. In case the shortast d

tancedq,; between two links or link and obstacle falls below

a defined threshold™", the desired collision avoidance ve- 4.1 Path Similarity Measure

locity becomes

. min _ min When evaluating LTE, it offers the advantage of implicitly
F1=Kea(dga™ — dea) if dea < dea, providing intrinsic measures how similar two pathandPs

with gain factorKca. Joint limits can be avoided by defining are. As the preferred measure may vary from application to
upper/lower bound®™3 @M that must not be exceeded application, several are presented in this section to éfyant
for joint 6. In case they are exceeded, the desired joint limithe amount of deformation. A first measure is given by the
velocity becomes least squares residual of (5) as

. Kj| (eimax_ 9|) if 9| > eimax, 2 p 2 2
- {Kjl(eimin_el)if 9| >eimin7 E—”LPS_AHF +i;°‘% ”pI_CIHZ- (27)
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with ¢ as the Frobenius norm. Implicitly it is assumed in|__approach described in multires. _nonlip.
(27) that only positional constraints apply. For positiona La&g‘g:gﬁ'rec 222' gé 3 p p
f:onstraint_s the o_ffse}tpi —Gi ||§_ b_etV\_/e_en desired and result- | Affine rec. Sec.3.2.4 v v
ing sampling point position is invisible to the human eye. ARAP Sorkine and Alexa (2007 v

Thus a more human-oriented measure (Nierhoff etal (2014)apje 1 Properties of different approaches
focuses solely on the local trajectory properties while ne-
glecting the error of the positional constraints as

E1=|LPs—A|2.

Both residuals do not account for nonlinear deformation ef-
fects like rotations. Because LTE is expanded to consider

. /\fw"’/
them as well, a corresponding measure adapted from (Sorkine o = ARAP optimization

. . Laplacian reconstr.
and Alexa (2007)) is presented in advance as 10° s affine reconsr.

mmmm Original approach

processing time [s]

n 107
2 : g :
E2 = 21 z WIJ H(pj - pl) - RIS(ij - pIS)”Z 10 nun:gerofsampling?oints 10
i=ljes
with Rjs being the rotational matrix described Sec. 3.1 sucti¢ 8h F(’rocessmg time CO;“pagSﬁ” S?W‘ee” a st,]taée-of-the-artdap-
- . . o _ proach (ARAP optimization) and the different methods presented i
that th_e _resultmg s_amplmg point positiomg, pis € Ps match this article
the original sampling points;,p; € P best. A more general
measure accounting not only for rotational effects but also

for scaling is the fastest one fan < 10%, yet unable to cope with nonlin-
n ear deformation effects. For large trajectories with 10*

Es=Y Y wil(pj—pi)—cRis(Pjs — Pis) 13- i i ith affi i
21 - IR — Pi Is\Fjs — Fis/l12 the multiresolution approach with affine transformatioms f
I=1lje N

the reconstruction step is fastest, yet it is only applieabl
with a scalar scale factar. One last and quite often used three dimensions. All methods clearly outperform an exist-
measure in literature is the summed quadratic difference dhg state-of-the-art approach (ARAP) in terms of processin
the Cartesian positions between original and deformed patkime. The original approach has a computational complexity

defined as of ¢(nm) due to a sparse linear equation system for every
n , dimension. All other approaches have a computational com-
Ea= _ZH (Pis — pi) 12, plexity of & (nn?) because they rely at some point on Arun’s
=

method requiring a SVD on i x mrmatrix (13) and scale
for the original sampling point positiogn, and the modified  |inearly with the number of sampling points
sampling point positiop;s. When presenting several expan-
sions to LTE later in this article, the different path simiia
measures will give the reader not only a qualitative but also
guantitative impression about the quality of each expamsio . ]
making it easier to compare them. In addition they are welft-1-2 Spatial Comparison
suited to show the amount of deformation over time.
This subsections shows comparisons between the different
4.1.1 Computational Complexity Comparison approaches of Sec. 2.1 and Sec. 3.2 in the spatial domain.
For this purpose, a helix-shaped sinusoidal path is defdrme
Simulations compare the computational complexity of theby defining four positional constraints, see Fig. 9. The com-
different presented approaches in Sec. 2.1 and Sec. 3.2. pared methods are: the original approach (Sec. 2.1), the
Shown in Fig. 8 is the processing time for a single deformaARAP optimization (Sorkine and Alexa (2007)) and multi-
tion step over the number of path sampling poimté§-our  ple downsampling/
different approaches are evaluated, see Tab. 1. The table areconstruction
shows whether it is a multiresolution approach and whethecombinations described in Sec. 3.2. Itis visible that tfieaf
the approach can handle nonlinear deformation effects. Deeconstruction method without proper downsampling (19)
pending on the requirements, small paths are deformed iin cyan - differs strongly from all other approaches. The
real time. As such it takes around 10ms to adapt a pathottom bar graphs show the normalized similarity measure
with 300 sampling points using any of the two multiresolu-values for all other methods. As the original approach min-
tion approaches. Due to highly optimized routines for solvimizesE; and the ARAP optimization minimizes;, their
ing sparse equation systems, the original approach is by famlues are smallest in the corresponding plots.
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g:g::::g;ﬁzfc”fh %”%WQ A points (robot configurations) to the path when necessary,
ARAP optimization :v;? % keeping the overall number low. LTE on the other hand al-
.

Laplacian + FFT
Laplacian

affine + cond. number
affine

® fixed sampling points

Laplacian + SMA . . . .
J\? ways considers all sampling points. It also relies on a ma-
\.%é\ trix inversion whereas Elastic Strips are calculated tghou
a computationally more efficient gradient descent approach

The advantage of LTE is that it converges faster due to its

¥
% least-squares approach.
1 1 1 1
Sos 0.8 0.8 08
g 06 0.6 0.6 0.6
£ 04 0.4 0.4 0.4
202 0.2 0.2 0.2
0 0 0 0 . .
Eq Ep =) Eq
Laplacian .
Fig.9 Spatial comparison. Spatial extension of different methogtg (to Elastic Strips
undeformed path

and corresponding similarity measutesE, (bottom)

Fig. 10 Comparison between Elastic Strips and LTE in the presence of
4.2 Comparison With Elastic Strips obstacles (black)

The obstacle avoidance method in Sec. 3.3 shares common
properties with the Elastic Strips framework
(Brock and Khatib (2002)). Both methods rely on the de-
composition into internal forces maintaining the origipath 4.3 Robotic task
shape and external forces deforming the path. Both methods
use curvature-based methods to describe the internakforcereal-life experiments consider a typical household task of
Yet both their definition and purpose differs. Whereas LTEdisposing garbage in a bin by using LTE. The task com-
uses the discrete Laplace-Beltrami operator prises of lifting a bucket from a lower position onto a table,
collecting garbage and disposing the garbage in the bin. To
i=23,..,n~1, complete the task in a changed environment, safe circum-
navigation of obstacles needs to be ensured, requiring the
to describe the internal fordd™", Elastic Strips rely on a obstacle avoidance scheme in Sec. 3.3. For reliable biman-
ual manipulation tasks the cooperative scheme of Sec. 3.4 is
g adopted. The human demonstration movements are recorded
intE _ i-1 . O at a frame rate of 200Hz using a Vortex motion capture sys-
=k (di1+di (P =Pi-) — (P p.1)> - (28) tem, tracking the position and orientation of both hands, bi
i=23,...,n—1 and garbage. A HRP-4 robotic platform is used for task re-
prodution. A prioritized inverse kinematic approach as de-
scribed in Sec. 3.5 ensures a physically consistent whole-
body motion incorporating joint-angle limitations, setflc
FoXE _ {kr(do —ldil) gy if lldill < o, lision and COM-based balance while specifying the desired

F:nt,L _5 = pi-1—2p; +Di+1’

heuristic definition for the internal fordég”t’E as

with di = ||pi+1— pil|2. The external forchiext'E is defined
as

trajectories of both hands. Displayed in Fig. 11 are picture
of the key frames of the experiment. Each column corre-
Whereas Elastic Strips try to maintain the shortest possiblsponds to a different run: Human demonstration (left), timbo
path in task space, LTE tries to maintain the original shapenovement imitation (middle) and robotic movement adap-
of the path. If the undeformed trajectory is a straight line tion (right). Due to the different figure of robot and human,
the result after deformation is roughly the same, see Fig. 1@he objects of the imitation run are placed closer together.
Yet Elastic Strips cannot be applied to non-straight pashs aThe multiresolution LTE approach of Sec. 3.2 in combina-
they will always converge to a straight path in the absence dfon with positional constraints (6) accounting for the
obstacles. Both methods tackle the problem of large defoichanged objects’ positions is used to adapt the trajectory.
mations by modifying the internal forces. Whereas ElasticTwo modifications let the adaption run differ from the imi-
Strips use a modified minimum-distance formulation (28)tation run: During the first part of the adaption run the robot
that shares common properties with curvature based methas to avoid an added obstacle (yellow book) when placing
ods, LTE scales the internal forces as described in (23) antie bucket on the table. By creating a repellent artificial po
(24). Elastic Strips are advantageous from a computationaéntial field (19) around the obstacle, positional constgai
point of view in two ways. First they only add sampling with low weights according to (20-21) maintain the shape of

0 otherwise.
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the original trajectory while lifting the bucket over the-ob
stacle. This is illustrated in Fig. 11a. During the second pa &
the initial garbage position is elevated by around 40cm, se§

Fig. 11b. The otherwise independent trajectories of left an * 05

right arm are coupled through the cooperative manipulation
scheme in (25), maintaining a specific distance when hold-
ing the garbage bag and preventing it from falling down as
indicated in Fig. 11c/d. As LTE only modifies the position of
each endeffector, the orientation of both endeffectorslis ¢
culated independently. From the position of all hand mark-g
ers during the demonstrated motion the human hand oriert:
tation is calculated and mapped to the robot. Velocity and
acceleration of both endeffectors (EE) are shown in Fig. 12.

ration [m/s?]

215

1k

0

2500

2500

left EE imitation
~——— right EE adaptiol
left EE adaption

5000

left EE imitation

left EE adaption

5000

= right EE imitation

= right EE imitation

—— right EE adaption

n

7500

7500

Whereas there is a small Ve'ocity and acceleration of botﬁlg 12 Motion imitation task: Endeffector VelOCity (top) and accele

endeffectors during the imitation run, the adaption runl¢éea

to high accelerations and velocities of the left endeffiecto

ation (bottom) over time for the robotic movement reproductiod an
adaption

when avoiding the obstacle. Both runs have a smooth veloc-

ity/acceleration profile.

demonstration imitation adaption

Fig. 11 Motion imitation task: Human demonstration (left), robotic
movement reproduction (middle) and adaption (right).

5 Discussion

Experiments showed how LTE can be adapted to suit com-
mon robotic problems for discretized trajectories. The-mul
tiresolution approach accounts for large deformationsy-ov
comes the Laplacian-typical problems of being a linear op-
erator and proves to be faster than an existing state-ef-the
art approach. Positional constraints in combination vath |
weighting factors make it possible to deform a trajectory in
a smooth manner while avoiding obstacles. Through suit-
able choice of parameters they can be fit to a user-specific
tasks. Though a lot of extensions and improvements were
presented, the original approach provided satisfyingltesu
when dealing with simple-shaped paths and small deforma-
tions. This is advantageous as the original approach is in-
tuitive and extremely simple to implement 15 LOC in
Matlab).

Some issues of the LTE approach need special attention:
The multiresolution approach depends on a proper param-
eterization of the number of support sampling poinitéor
a good tradeoff between capturing local and global trajec-
tory properties. The same accounts - in weaker form - also
for the parameters of the positional constraints for oldstac
avoidance as otherwise undesired deformation effectsoccu
When being executed on the robot, one must be aware of
all the problems associated with the prioritized inverseki
matics like a possible deviation from the desired trajgctor
requiring online replanning and workspace constrainte®f t
hardware which can lead to singular configurations. As the
inverse kinematics approach does not consider dynamic con-
straints like torque limits of the motors, they have to be-con
sidered separately.
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6 Conclusion Eck M, DeRose T, Duchamp T, Hoppe H, Lounsbery M,
Stuetzle W (1995) Multiresolution analysis of arbitrary

The online adaptation of a-priori planned or learned mo- meshes. In: ACM Special Interest Group on Graphics and

tion trajectories is an important capability of autonomous Interactive Techniques, pp 173-182

robots moving in unstructured and dynamic environmentsfFlash T, Hogan N (1985) The coordination of arm

In this article we introduce Laplacian Trajectory Editingg a  movements: An experimentally confirmed mathematical

a general framework for real-time retargeting of trajecto- model. Journal of Neuroscience 5(7):1688-1703

ries subject to constraints while preserving the local shapHilario L, Montés N, Mora MC, Falé A (2011) Real-time

of the original trajectory. Due to its generality, the frame  bézier trajectory deformation for potential fields planning

work can be easily combined with other methods and task- methods. In: IEEE/RSJ International Conference on In-

specific extensions, of which some are described in this arti telligent Robots and Systems, pp 1567-1572

cle. Positional constraints with low weighting factors mak Hoffmann H, Pastor P, Park DH, Schaal S (2009)

it possible to deform a trajectory in a reactive manner to Biologically-inspired dynamical systems for movement

avoid obstacles without explicitly specifying waypointet generation: Automatic real-time goal adaptation and ob-

trajectory has to pass. The combination with a prioritized stacle avoidance. In: IEEE International Conference on

inverse kinematics approach makes it possible to consider Robotics and Automation, pp 2587—2592

constraints in joint space while maintaining local tragggt Karaman S, Frazzoli E (2011) Sampling-based algorithms

properties in task space. The presented methods are evalufor optimal motion planning. International Journal of

ated in the spatial domain, with respect to processing time Robotics Research 30(7):846-894

and through real-life experiments with the HRP-4 robot. ~ Karni Z, Gotsman C (2000) Spectral compression of mesh
geometry. In: ACM Special Interest Group on Graphics
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