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Abstract

X-ray inline holography or propagation imaging is a versatile and widely used
microscopy technique which is applied in many fields of research. Like other lens-
less imaging methods, limitations of x-ray optics are circumvented through an a
posteriori phase retrieval step. However, phase retrieval for strongly absorbing and
refracting specimen remains challenging. Moreover, current methods for correcting
inhomogenities in the incident wavefront can yield artifacts at high resolutions.

In this thesis, a novel phase retrieval scheme called “near-field ptychography”
is introduced to address theses challenges. The scheme relies on recording multi-
ple Fresnel diffraction patterns of a sample at different transverse positions with
respect to a sufficiently structured wavefront. Thus, phase information about the
sample is encoded in the diffraction patterns and can be extracted using a pty-
chographic phase retrieval algorithm which also simultaneously reconstructs the
illuminating wavefront. Therefore, no prior information about the incident wave-
front is needed, so that a sufficiently structured illumination can be created by
simply placing a static piece of cardboard into the beam.

After first experiments with a well-known test sample, the parameter space
of near-field ptychography is studied using numerical simulations. Further, it is
demonstrated that near-field ptychography can retrieve the phase-shift induced
by a strongly absorbing and phase-shifting materials-science specimen. Based on
these findings, near-field ptychography in combination with computed tomography
is shown to reconstruct the three-dimensional nano-structure of a strongly phase
shifting solid-oxide fuel cell (SOFC). The thesis concludes with remarks on the
future of this technique.
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Zusammenfassung

Röntgen-Inline-Holografie oder propagationsbasierte Bildgebung ist eine viel-
seitige und weitverbreitete Mikroskopietechnik, die in vielen Forschungsgebieten
genutzt wird. Durch den Verzicht auf Röntgenoptiken und den Einsatz eines
Phasenwiedergewinnungsschritt werden Beschränkungen ersterer umgangen. Ak-
tuelle Phasenwiedergewinnungsmethoden haben allerdings Schwierigkeiten im Um-
gang mit stark absorbierenden und stark brechenden Proben. Des Weiteren kann
bei höheren Auflösungen die übliche Korrektur von Inhomogenitäten in der beleuch-
tenden Wellenfront zu Artefakten führen.

Im Rahmen dieser Arbeit wird eine neue Phasenwiedergewinnungsmethode
namens “Near-field Ptychography” vorgestellt, um den zuvor genannten Prob-
lemen zu begegnen. Die Methode beruht auf der Aufnahme mehrerer Fresnel-
Beugungsbilder einer Probe an verschiedenen transversalen Positionen, relativ zu
einer ausreichend strukturierten Beleuchtungsfunktion. Informationen über den
Phasenschub der Probe werden dadurch in den Beugungsbildern codiert, um an-
schließend von einem ptychografischen Phasenwiedergewinnungsalgorithmus gle-
ichzeitig mit der Beleuchtungsfunktion rekonstruiert werden können. Dadurch,
dass kein Vorabwissen über die Beleuchtung vorausgesetzt wird, kann diese durch
Platzieren eines statischen Kartonstücks ausreichend strukturiert werden.

Nach ersten Experimenten mit einem wohlbekanntem Testobjekt wird der Pa-
rameterraum von Near-field Ptychography mittels numerischer Simulationen unter-
sucht. Anschließend wird gezeigt, dass Near-field Ptychography den Phasenschub
einer stark absorbierenden und phasenschiebenden, materialwissenschaftlichen Probe
rekonstruieren kann. Darauf aufbauend wird demonstriert, dass Near-field Pty-
chography in Verbindung mit einem computergestützten Schnittbildverfahren die
dreidimensionale Nanostruktur einer stark phasenschiebenden Festoxidbrennstof-
fzelle rekonstruieren kann. Die Arbeit endet mit einem Ausblick auf die Zukunft
der Near-field Ptychography.
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Chapter 1

Introduction

1.1 Motivation

The potential that lies in the ability of x-rays to penetrate matter and to produce
images of the inner structure was realized early after Röntgen’s discovery of x-
rays (Röntgen 1895). Apart from the well-known application for medical imaging,
nowadays x-ray imaging has applications e.g. in bio-medical research (Dierolf et al.
2010a), paleontology (Tafforeau et al. 2006) and materials sciences (Mayo et al.
2012). Due to the small wavelength of x-rays, x-ray microscopy can bridge the gap
in spatial resolution between visible light and electron microscopy. Unlike them
it is not limited to thin specimen or to the surface of specimens. In combination
with computed tomography (CT), it is, therefore, even possible to image the three-
dimensional inner structure of a sample.

The work described in this thesis is settled in the field of lensless x-ray mi-
croscopy. Lensless imaging, which does not rely on image forming optics (Sakdi-
nawat and Attwood 2010) but still uses optical elements to shape the illumination,
is done for two reasons: firstly, technical challenges in the production of x-ray op-
tics limit imaging in terms of quality, resolution and efficiency when used with hard
x-rays. Lensless imaging circumvents these problems in an elegant way. The sec-
ond motivation is that lensless imaging requires an a posteriori phase retrieval step
which recovers the phase of the x-ray wavefront. The visualization of the phase
shift induced by the sample can provide much better image contrast, especially for
low absorbing materials (Momose 2005). Other paths to measure the phase of the
wavefront involve interferometric setups based on crystals (Bonse and Hart 1965,
Davis et al. 1995) or diffraction gratings (Momose 2003, Weitkamp et al. 2005).

In the field of lensless imaging, this thesis is settled in the field of x-ray in-
line holography or propagation imaging. These methods operate in the near-field
regime where Fresnel diffraction occurs. Unlike diffractive imaging methods (Chap-
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man and Nugent 2010), which operate in the far-field, the Fresnel regime has the
advantage of lower requirements to the detector dynamic range and coherence of
the x-ray beam. In combination with a magnifying cone beam illumination, a wide
range of different length scales can be accessed (Mokso et al. 2007).

Current phase retrieval methods in propagation imaging have two issues: firstly,
imaging strongly absorbing and phase shifting objects, at high spatial resolution,
remains challenging when phase retrieval is based on a linearization of the sample
transmission function (Cloetens et al. 1999). Different methods like the mixed
approach (Guigay et al. 2007) and transport of intensity equation (TIE) (Krenkel
et al. 2013, Mayo et al. 2002, Nugent et al. 1996) address this challenge. Secondly,
all of these approaches have been designed to require the illuminating wavefront
to be free of strong distortions. Slowly varying inhomogeneities can be corrected
by dividing the diffraction patterns by a flat field which is an image of the empty
beam without the sample. Nevertheless, this does not account for the wave nature
of x-rays where strong inhomogeneities in the illumination co-propagate with the
waves diffracted by the sample, resulting in reconstruction artifacts mainly at high
resolutions (Hagemann et al. 2014, Mokso et al. 2007).

The goal of this thesis is to demonstrate a novel phase retrieval scheme that can
address this challenge. This scheme uses measurement diversity created by record-
ing full-field Fresnel diffraction patterns for different transverse positions of the
sample relative to a sufficiently structured illumination. The inverse problem can
be solved by adapting existing ptychographic phase retrieval algorithms, therefore,
coining this method “near-field ptychography”. Near-field ptychography features a
full wave optical description of the diffraction experiment and does not require any
prior knowledge about the sample or the incident illumination. Thus, sufficient
structure can be created easily by placing a static diffuser or random phase screen,
consisting of a piece of cardboard, upstream the sample. Near-field ptychography
differs from the recently introduced speckle tracking techniques (Bérujon et al.
2012, Morgan et al. 2012, Zanette et al. 2014) which also use a random phase
screen but extract a differential phase signal from the speckle displacement in-
duced by the sample. Speckle tracking comes along with a reduced resolution un-
less combined with scanning of the diffuser (Berujon et al. 2012). Another recently
introduced and currently investigated phase retrieval scheme combines diffraction
images recorded at different propagation distances with a ptychographic phase
retrieval algorithm (Hagemann et al. 2014, Robisch and Salditt 2013).
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1.2 About this thesis

The first part of the following chapter gives an overview of the relevant physical
effects which influence the formation of a diffraction pattern. Therefore, it deals
with X-ray sources, interaction of x-rays with matter and the propagation of elec-
tromagnetic waves and related topics. The second part of chapter two describes
how to obtain a two-dimensional image and finally a three-dimensional image
from diffraction data. It provides an introduction into phase-retrieval in general,
ptychographic phase retrieval and tomography. Chapter three explains the basic
concept of near-field ptychography and provides a first experimental and numeri-
cal demonstration. Based on these results, chapter four demonstrate applications
of near-field ptychography using different samples. Among those were samples
which were challenging or even impossible to image with propagation imaging be-
fore. Chapter five concludes this work, providing a summary of the findings and
an outlook for possible future developments of near-field ptychography. The ap-
pendix provides recipes of how wave propagation can be implemented numerically
and describes the basic concepts of the simulation framework used in parts of this
thesis.

The main results of this thesis were published or are about to be published in
peer reviewed journals:

• Stockmar, M., et al. (2013). Near-field ptychography: phase retrieval for
inline holography using a structured illumination. Scientific Reports, 3, 1927.
(doi:10.1038/srep01927)

• Stockmar, M., et al. (2015). X-ray near-field ptychography for optically thick
specimens. Physical Review Applied, 3(1), 014005.
(doi:10.1103/PhysRevApplied.3.014005)

• Stockmar, M., et al. (2015). X-ray nanotomography using near-field pty-
chography. In preparation for submission to Optics Express

Some of these results were presented at scientific conferences. A list can be found
in the appendix. Moreover, a list of additional publications can be found in the
appendix.

The original idea to combine ptychography with inline holography emerged
from ideas and discussions with many different people from the x-ray microscopy
and phase-retrieval community, so that attributing it to a single author may sound
unfair to others. Most of the ptychographic reconstructions in this work were car-
ried out by a software package which was mostly developed by Pierre Thibault and
with contributions and modifications of different members of the “ptycho group”
including myself. The tomographic reconstruction software was mainly developed
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by Andreas Fehringer, the alignment software by Sebastian Allner. Synchrotron
experiments were carried out in teamwork and most of the samples were provided
readily prepared from collaborators. Please refer also to the acknowledgments.
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Chapter 2

Fundamentals of lensless x-ray
imaging

In this chapter the fundamentals of lensless x-ray imaging are explained. We start
with an introduction of a useful mathematical tool, the Fourier transform. We
continue with explaining how the sample interacts with an x-ray wave followed by
a description on how this x-ray wave propagates to the detector plane. Effects of
partial coherence on the formation of diffraction patterns and counting statistics
are discussed as well. A brief introduction into x-ray instrumentation, i.e. x-ray
sources, detectors and optical elements is given. The last two parts of this chapter
explain how to obtain a two-dimensional or three-dimensional image from diffrac-
tion data and cover, therefore, the fundamentals on phase retrieval, ptychography
and tomography.

2.1 Fourier transform

The Fourier transform as defined in Goodman (2005) is an integral transformation
which decomposes a continuous function into a spectrum of harmonic functions.
It is a useful tool for computation in optics and in numerous other fields. The
two-dimensional Fourier transform of a function f(r) with r = (x, y) is defined as

f̂(q) = F {f(r)} =

∫ ∞
−∞

f(r) exp(−2πiq · r)dr, (2.1)

where q = (qx, qy) denotes the reciprocal coordinates. The inverse transformation
is defined as

f(r) = F−1
{
f̂(q)

}
=

∫ ∫ ∞
−∞

f̂(q) exp(2πiq · r)dq. (2.2)
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Please note that there exist slightly different definitions of the Fourier transform
in literature, depending on the field of application. The Fourier transform has a
lot of useful properties. Apart from being a linear transformation, the convolution
theorem will prove to be useful: The convolution of the two functions f(r) and
g(r) is defined as

h(r) = f(r) ∗ g(r) =

∫ ∞
−∞

f(r′)g(r− r′)dr′. (2.3)

It can be shown that the Fourier transform of h(r) can be written as a simple
multiplication of the corresponding Fourier transforms:

F {h(r)} = F {f(r)}F {g(r)} . (2.4)

The Fourier transform of a derivative ∂f(r)
∂x

of a function f(r) is given by

F
{
∂f(r)

∂x

}
= 2πiqxF {f(r)} . (2.5)

2.2 X-rays and interaction with matter

X-rays are light and, therefore, electromagnetic waves with wavelengths λ in the
Angstroem regime. The corresponding photon energies E are in the keV regime.
The relation between both quantities is given by

λ =
hc

E
, (2.6)

where h denotes the Planck constant and c the speed of light in vacuum. X-
rays below 6 keV are usually referred to as soft x-rays, above that threshold as
hard x-rays. The experiments in this thesis were conducted at an energy of about
17 keV. For comparison, the spectrum of a medical CT scanner reaches energies
up to about 160 keV, the spectrum of a lab-based micro-CT up to about 200 keV.
(Als-Nielsen and McMorrow 2011)

Most of the physics of x-ray imaging and microscopy can be described by
classical wave optics and this is how it will be done here. Quantum effects will
only be used to explain the photon counting noise.

The interaction of x-rays with matter is in most cases sufficiently weak so that
x-rays can be used to probe the bulk of a “thick” specimen and are, for exam-
ple, not limited to the surface or thin objects as electrons or visible light. In the
following paragraphs, the underlying microscopic processes are only introduced
briefly, details can be found in the corresponding literature (Als-Nielsen and Mc-
Morrow 2011, Paganin 2006). However, it turns out that in most cases in x-ray
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imaging or x-ray microscopy the projection approximation is sufficient to describe
the interaction of x-rays with matter. This will be explained in the second-next
subsection.

2.2.1 X-ray scattering and absorption

The interaction of x-rays with matter can be reduced to the interaction with the
electronic structure of matter at the energies at which x-ray microscopy experi-
ments are usually carried out. Thomson scattering describes coherent and elastic
scattering of electromagnetic waves on free electrons. In the presence of an inci-
dent electromagnet wave, each electron in the sample starts to oscillate and then
emits a spherical wave whose amplitude scales with the Thomson scattering length
or the classical electron radius

r0 =
e2

4πε0mec2
= 2.817 940 fm. (2.7)

The total scattered field is then the sum of the incident wave and the sum over
the waves scattered by all electrons in the sample.

Compton scattering describes an inelastic and also incoherent scattering pro-
cess which can only be explained using the particle description. A photon collides
with an electron, transfers a part of its energy to the electron and has thus a
longer wavelength afterwards. The amount of transferred energy increases with
an increasing scattering angle and an increasing energy of the incoming photon.
Compton scattering reduces to Thomson scattering for low energies and small
scattering angles.

Photoelectric absorption refers to a process where an x-ray photon is absorbed
by a bound electron resulting in a break of the bond. The electron, being emitted,
leaves an ionized atom behind. Fluorescent x-ray emission or the emission of an
Auger electron by the atom can follow. The cross section is proportional to

σpe ∝ Z5λ3.5, (2.8)

where Z denotes the atomic number of the material.

2.2.2 Index of refraction and projection approximation

An x-ray microscopy experiment can be seen as a scattering experiment which
records only the small angle forward scattered x-rays and the unscattered radiation
on a pixelated detector. The x-rays which are scattered at larger angles or absorbed
by the sample are observed as attenuation of the x-ray beam.

If the material properties change slowly on the length scale of a wavelength, it
is sufficient to consider only a scalar wavefield ψ(x, y, z) = ψ(r, z) with r = (x, y)
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(the z dependency will be dropped in cases where it is not ambiguous) instead of
a full vector field.

In most cases in x-ray imaging and x-ray microscopy it is sufficient to describe
the interaction of the sample with x-rays by the projection approximation and the
complex refractive index n. In the x-ray regime, the absolute value of the complex
refractive index n is close to one with a real part smaller than one. It is therefore
mostly written in the following form:

n = 1− δ + iβ. (2.9)

Here δ is called the refractive index decrement. The microscopic origin is a small
angle forward Thomson scattering so that, far from absorption edges, δ is directly
proportional to the electron density % and given by

δ =
2πr0%

k2
. (2.10)

The imaginary part β is determined by the cross sections for photoelectric absorp-
tion, Compton scattering and minor contributions from coherent scattering to the
total cross section σtot:

β =
ρmNA

2Mk
σtot, (2.11)

where M denotes the molar mass, ρm the mass density and NA the Avogadro’s
number. Let us now consider a plane scalar wave ψ0(r) with wavenumber k =
2π
λ

propagating in z-direction which is incident upon a sample that is described
by its three-dimensional distribution of the complex refractive index n(r, z). The
projection approximation yields the exit wave directly behind the sample

ψ(r) = ψ0(r) exp[ik

∫
n(r, z)dz] = ψ0(r)O(r), (2.12)

where O(r) is referred to as the object or the sample’s transmission function1. The
projection approximation is valid as long as the sample is thin and the effects from
diffraction within the sample cannot be resolved, i.e.

√
Tλ ≤ r, (2.13)

where r corresponds to the resolution and T to the thickness of the object. Cases
where this approximation fails and a multi-slice approximation was used are re-
ported in literature (Maiden et al. 2012a, Suzuki et al. 2014). The sample’s trans-
mission function can be written as

O(r) = A(r) exp(iφ(r)), (2.14)

1It can be shown that the projection approximation corresponds to Born approximation for
a thin homogeneous slab (Paganin 2006).
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where

A(r) = exp[−k
∫
β(r, z)dz] (2.15)

will be referred to as absorption image2 and

φ(r) = −k
∫
δ(r, z)dz (2.16)

as phase image of the sample. If we place a detector directly behind the sample,
in the so-called contact regime, we can record the intensity

I(r) = ψ(r)ψ∗(r) = ψ0(r)ψ0(r)∗ exp[−
∫

2kβ(r, z)dz] = I0(r) exp[−
∫
µ(r, z)dz],

(2.17)

where µ(r, z) = 2β(r, z)k denotes the attenuation coefficient. Note that in the
x-ray regime only the intensity of a wave can be measured directly. Therefore,
any information about this phase shift is lost in the contact regime. We will see
later that propagation of the exit wave renders the phase shift into visible intensity
variations. For a homogeneous sample consisting of a single material, Eq. 2.17
reduces to Lambert-Beer law. The phase shift φ (Eq. 2.16) induced by a sample
can exceed 2π. However, since eiφ = eiφ+m2π for any m ∈ N, the phase will
be wrapped back on the interval [0, 2π), 3 hence, phase unwrapping techniques
(Ghiglia and Pritt 1998) are maybe needed to be applied.

2.3 Wave propagation in vacuum

In this section the propagation of scalar electromagnetic waves is sketched shortly.
The description and formulas were adapted from literature (Goodman 2005, Pa-
ganin 2006), where further details can be found. We consider the propagation of
the wavefront ψ(r, z = z1) from plane perpendicular to the optical axis z and lo-
cated at z = z1 (source or sample plane) to a second plane (observation or detector
plane) which is located by an amount ∆z = z2 − z1 downstream. The propagated
wavefield can be written in operator notation as ψ(r, z = z2) = D∆z{ψ(r, z = z2)}.
Figure 2.2 illustrates the basic geometry. Approximations for different propa-
gations distances are presented, the difference between near-field and far-field is
discussed. Recipes for the numerical implementation of wave propagation are pro-
vided in the appendix. For hard x-rays, the absorption of x-rays in the air can

2Although photo electric absorption is the major contributor, it would be more accurate to
call this image attenuation image. Other terms are amplitude image.

3or alternatively: [−π, π)
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Phase Shift

Attenuation

Figure 2.1 Phase shift and attenuation of a wave in a homogeneous
medium.

be neglected so that we can restrict ourself to propagation in vacuum. We further
only consider the propagation of a single monochromatic component of the field
with a wavelength λ.

2.3.1 Helmholtz equation and angular spectrum

Starting with Maxwell’s equations one can derive the Helmholtz equation:

(∇2 + k2)ψ(r, z) = 0. (2.18)

The Helmholtz equation corresponds to the time independent Schrödinger equa-
tion for a free particle so that the considerations made here are also valid for
matter waves as they occur e.g. in electron microscopy. The time dependency can
be included by multiplying ψ(r, z) with an oscillating complex phasor exp(iωt)
with ω = 2π c

λ
. Fourier transforming the Helmholtz equation yields the angular

spectrum formulation. The wave in the source plane ψ(r, z = z1) can be de-
composed by a Fourier transform into plane waves pointing in different directions
(αx, αy) = ( qx

k
, qy
k

) where αx, αy are the direction cosines within the xz-plane and
yz-plane, respectively. Each of these plane waves is then propagated to the observa-
tion plane by multiplication with the propagation kernel exp(2πi∆z/λ

√
1− λ2q2),
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z = 0 z = z1 z = z2

Source Sample Detector

z

x

P ·O = ψ I = |D∆z{ψ}|2

Figure 2.2 Sketch of a generic setup for lensless x-ray imaging indicating
the notation used in this thesis.

where q2 = q2
x + q2

y denotes the scalar product of q with itself. An inverse Fourier
transform yields then the wave field in the observation plane ψ(r, z = z2):

ψ(r, z = z2) = F−1
{
F {ψ(r, z = z1)} · exp

[
2πi∆z/λ

√
1− λ2q2

]}
. (2.19)

2.3.2 Fresnel and Fraunhofer approximation

In the paraxial regime, only plane wave components with small angles relative to
the optical axis have non-negligible intensities. The angular spectrum formulation
can then be simplified by applying the binomial approximation to the square root
inside the propagation kernel:

√
1− λ2q2 ≈ 1− λ2q2

2
. (2.20)

This yields the Fresnel approximation:

ψ(r, z = z2) = exp(ik∆z)F−1
{
F {ψ(r, z = z1)} · exp

(
−iπλ∆zq2

)}
. (2.21)

The Fresnel approximation can also be rewritten as a convolution in real-space,
yielding the Fresnel-Kirchhoff diffraction integral:

ψ(r, z = z2) = ψ(r, z = z1) ∗
{

exp(ik∆z)

iλ∆z
exp

(
ikr2

2∆z

)}
=

exp(ik∆z)

iλ∆z

∫
ψ(r′, z = z1) exp

[
ik(r− r′)2

2∆z

]
dr′.

(2.22)

The last equation can also be rewritten to a single Fourier transform formulation
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with reciprocal coordinates r/(λ∆z):

ψ(r, z = z2) =
exp(ik∆z)

iλ∆z
exp

(
ikr2

2∆z

)∫
ψ(r′, z = z1) exp

[
ik(r′)2

2∆z

]
exp

(
−2πir · r′

λ∆z

)
dr′

=
exp(ik∆z)

iλ∆z
exp

(
ikr2

2∆z

)
F
{
ψ(r, z = z1) exp

(
ikr2

2∆z

)}
.

(2.23)

The last three equations are analytically identical but they have different sampling
requirements if they are implemented numerically as it will be described in the
appendix. For large propagation distances ∆z so that the Fresnel number NF gets
much smaller than unity, i.e.

NF =
a2

λ∆z
=

ka2

2π∆z
� 1, (2.24)

the first exponential in the last integral can be dropped. This yields the so-called
Fraunhofer approximation and the wave field in the observation plane is basically
given by a Fourier transform of the field in the source plane:

ψ(r, z = z2) =
exp(∆z)

iλ∆z
exp

(
kr2

2∆z

)
F {ψ(r, z = z1)} . (2.25)

In principle, the angular spectrum or for paraxial geometries, the Fresnel inte-
gral could be used to describe the diffracted wave or intensities for all propagation
distances ∆z > λ. However, the type of contrast observed in the diffraction image
of a sample strongly differs for different propagation distances as it is illustrated
in Fig. 2.3. To explain these differences, we follow the concept of the Fresnel zone
construction (Born and Wolf 1999). It turns out that the diffracted intensity at
given point (r, z = z1) in the observation plane is mainly affected by the wavefront
within a few Fresnel zones around (r, z = z2) in the source plane. The radius of
the n-th Fresnel zone is given by:

rFZ,n =
√
nλ∆z. (2.26)

We see that the size of a Fresnel zone increases with propagation distance. As
illustrated in Fig. 2.3, the diffraction patterns resemble the sample very closely for
small propagation distances. The contribution to the diffracted intensities arising
from neighboring pixels yields edge-enhanced contrast. For increasing propagation
distances, this effect increases and interference fringes begin to form. Finally, in
far-field, the whole source plane contributes to the intensity at one point in the
observation plane due to the Fourier transform. In other words, the contrast
changes from real-space via mixed-space to reciprocal space. The terms near-
field and far-field are not too strictly defined, the intermediate regime, where the
contrast is mixed between real and reciprocal space, is referred to as holographic
regime.
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(a) (b) (c)

(d) (e) (f)

Figure 2.3 Changing contrast in diffraction patterns while going from
near-field to far-field. (a), the phantom object consisting of pure phase
shifting disks (blue) and pure absorbing disks (red). (b), simulated diffraction
pattern at a distance of z = 0 mm(contact image) for an incident plane wave
with an energy of E = 12.4 keV. Only the absorbers are visible. (c), same
as (b) but with z = 0.1 mm. The phase shifting disks become visible through
edge enhancement. (d-f), same as (b) but for z =1 mm, 10 mm and 100 mm
respectively. Towards the far-field regime, the diffraction pattern loses resemblance
with the (real-space) object. The scale bars correspond to 20 µm. The images are
adapted from Timm Weitkamp (Weitkamp 2014) and were originally made using
the XWFP code (Weitkamp 2004) and are under the Creative Common License
(Creative Commons 2014).
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2.3.3 The Fresnel scaling theorem

In the parallel approximation, we can separate our exit wave ψ(r, z = z1) into a
planar component ψ(r, z = z1) and the parabolic approximation of a 1/r spherical
source term originating from a point source located at z = z0 = 0:

ψ(r, z = z1) = ψPW (r, z = z1) exp

(
ikr2

2z1

)
. (2.27)

If we put this into Eq. 2.23 to obtain the wave field in a plane at z = z2 = z1 +∆z,
the parabolic source term can be absorbed by the propagation kernel. The final
result is:

ψ(r, z = z1 + ∆z) =
1

M
ψ

(
r

M
, z = z1 +

∆z

M

)
, (2.28)

where
M =

z2

z1

(2.29)

denotes the magnification of the cone beam or point source geometry and ∆zeff =
∆z
M

is the effective propagation distance. This enables us to convert a cone beam
geometry to an equivalent plane wave illumination or parallel beam geometry
where the source is located at z = −∞ which allows simpler analytic and numerical
calculations.

2.4 Elements of coherence theory

Up to now we have assumed intrinsically that the wave field is fully coherent i.e.
the field is known for all points in time and space. However, electromagnetic fields
from real sources inherit some randomness since the underlying field-generating
microscopic processes have a stochastic nature and are therefore called partially
coherent. In this context, the terms of spatial and temporal (or transverse and
longitudinal) coherence which will arise are linked to the finite extent of a source
and the finite energy bandwidth of a source. The goal of this section is to provide
a way of calculating how partial coherence effects the intensity images we aim
to record when performing x-ray imaging. For details, the reader is referred to
literature, e.g. (Goodman 2000, Paganin 2006, Wolf 2007) and the references
appearing in the text from which the following descriptions were adapted from.

The mutual intensity function

The mutual coherence function describes the spatial and temporal correlation of
the wave field ψ at two points in space and at two points in time separated by τ

Γ(r1, z1, r2, z2, τ) = 〈ψ(r1, z1, t), ψ(r1, z2, t+ τ)〉, (2.30)
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where the angular brackets denote the time average.
For quasi-monochromatic light, one can set the time lag to zero to obtain the

mutual intensity J which describes the spatial coherence properties:

J(r1, z1, r2, z2) = Γ(r1, z1, r2, z2, τ = 0). (2.31)

Although the radiation used in this work has an energy bandwidth of about 2%
and is, therefore, not strictly quasi-monochromatic, temporal coherence is not
discussed further. For the rest of this chapter we further assume that our points
are located in the same plane z = z1 = z2, so that we denote the mutual intensity
with J(r1, r2, z). The intensity patterns generated by such a partially coherent
field are given by

I(r, z) = J(r, r, z). (2.32)

The mutual intensity directly behind the sample with a transmission function
O(r) is given by:

J ′(r1, r2, z) = J(r1, r2, z)O(r1)O∗(r2). (2.33)

Propagation of the mutual coherence functions

Wave equations similar to the once presented earlier can be obtained for two such
point correlation functions. However, computation is harder since four-dimensional
integration is required. Only the key-results are presented here, for further details
the reader is referred to the aforementioned literature.

In the case we are only interested in the effect of partial coherence on the
intensity in the detector plane or its Fourier transform, we can reduce the amount
of computation by using the so-called ambiguity function which requires us to deal
only with a two-dimensional integration (Guigay 1978, Nugent 2007):

A(q, a, z) =

∫
exp(2πiq · r)J ′(r + a/2, r− a/2, z)dr, (2.34)

where the intensity spectrum is given by Î(q) = A(q, 0, z) and a = (ax, ay).
Propagation by a distance of ∆z is given within the paraxial approximation via

A(q, a, z + ∆z) = A(q, a + λ∆zq, z). (2.35)

The spectrum of the intensity recorded at the detector is then given by

Î(q) = A(q, λ∆zq, z)

=

∫
exp(iq · r)J

(
r +

λ∆zq

2
, r− λ∆zq

2
, z

)
O

(
r +

λ∆zq

2

)
O∗
(

r− λ∆zq

2

)
dr.

(2.36)
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If we assume that mutual intensity depends only on the difference ∆r = r2−r1
this can be simplified to

Î(q) = Îcoh(q) · J(λ∆z/πq, z), (2.37)

where Îcoh(q) corresponds to the diffracted intensity under a fully coherent illumi-
nation which can be obtained from Eq. 2.36 by setting J(x1, y1, x2, y2) = 1.

The Zittert-van-Cernike theorem allows to create coherence from a totally inco-
herent source through propagation by a distance z1. The mutual intensity of a to-
tally incoherent source can be described by J(r1, r2) = Is(r1)δ(r1−r2) where Is(r)
is the source intensity distribution. In the paraxial approximation, the Zittert-van-
Cernike theorem then yields

J(r1, r2, z = z1) =
exp[i(r2

2 − r1
2)]

(λz1)2

∫
Is(r′) exp

[
−i 2π

λz1

r′ ·∆r

]
dr′. (2.38)

Apart from a constant factor and a phase factor accounting for the magnifica-
tion similar to Eq. 2.27, the result depends only on the difference ∆r = r2 − r1.
The integral term is the Fourier transform of the source intensity with reciprocal
coordinates 2π

λz1
∆r. Eventually, after some calculations, one can obtain an equation

similar to Eq. 2.36

Î(q) = Îcoh(q) · Îs(qz1/∆z), (2.39)

which states that one has to obtain the diffracted intensity Icoh from a coherent
point source with the demagnified intensity distribution of the source. (Cloetens
1999)

Decomposition into modes

The coherent mode formulation of Wolf (Starikov and Wolf 1982) is another ap-
proach to circumvent four dimensional quantities when one is only interested in
the diffracted intensity. The mutual intensity can then be decomposed into a
superposition of mutually incoherent modes ψm(x, y) which are two-dimensional
quantities:

J(r1, r2, z) =
∑
m

ψm(r1)ψ∗m(r2). (2.40)

The number of modes which are sufficient to describe or to approximate J increases
with decreasing coherence. The diffracted intensity can then be calculated by

I(r) =
∑
m

|D∆z{ψm(r)}|2. (2.41)
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Coherence length

The definition of a transverse coherence length allows to approximate the spatial
coherence conditions by a scalar quantity:

ξ =
λz1

2s
, (2.42)

where s denotes the lateral size of the source. The coherence length can be derived
from the mutual intensity4 or from geometrical considerations (Als-Nielsen and
McMorrow 2011). The coherence length describes how far two points can be
separated so that the wave field is still correlated sufficiently, so that interference
effects can be observed. As a rule of thumb, the transverse coherence length
should be larger than the first Fresnel zone Eq. 2.26 to observe diffraction effects
(Cloetens 1999, Cloetens et al. 1996).

2.5 Photon counting statistics

Up to now we have ignored the quantum nature of light. Assuming light of a single
wavelength λ, the time-averaged intensity I can then be converted into the time
averaged number of photons incident in a time interval ∆t on a pixel with an area
(∆x)2 according to

N̄ = I∆t(∆x)2/E. (2.43)

However, the number of photons detected in a single measurement is random and
follows Poisson’s statistics with the probability distribution given by

p(N) =
N̄Ne−N̄

N !
(2.44)

with a mean of N̄ and a standard deviation of σN =
√
N . It shall be noted that the

randomness due to quantum mechanics is different from the statistical description
introduced by the theory of coherence, because these fluctuations also occur for
perfectly coherent light. (Fox 2006)

In the limit of large N̄ , the Poisson distribution can be approximated by a
Gaussian distribution

p(N) =
1√

2πN̄
exp

[
−(N − N̄)2

2N̄

]
(2.45)

with a mean N̄ and a standard deviation σN =
√
N.

4There exist different definitions of the coherence length in literature, e.g. in Goodman (2000).
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If we assume that counting statistics is the only contribution to noise, this
allows us to define the signal-to-noise ratio (SNR) as

SNR =
N̄

σN
=
√
N. (2.46)

2.6 Instrumentation

2.6.1 X-ray sources

The perfect x-ray source for imaging or microscopy should deliver a large flux
with a high degree of coherence. The description of the classical x-ray tube and
synchrotron radiation is based on the descriptions in Als-Nielsen and McMorrow
(2011) and Willmott (2011).

The laboratory x-ray tube

In a classical x-ray tube, a filament is heated by an applied electrical current and
emits electrons due to thermionic emission. These electrons are then accelerated
in an electric field and are focused by magnetic lenses on a target which consists of
a material with a high stopping power. Common materials are tungsten, molyb-
denum or copper. When an electron hits the target with a large velocity, two
processes produce x-rays: First, an electron can kick out another electron from
the inner shell of an atom of the target, so that an outer shell electron will fill
the hole and recombine by emitting an x-ray photon. The spectrum of the x-rays
produced by this process contains characteristic lines corresponding to discrete
energies, depending on the target material. In the second process, the electron be-
ing a charged particle, gets decelerated by the electromagnetic fields of the atoms
under emission of a broad continuous spectrum of “Bremsstrahlung”. The heat
load of the target limits the maximum flux of an x-ray tube. It further also limits
the minimum dimension of the source size since stronger focusing would increase
the heat load. (Als-Nielsen and McMorrow 2011)

Synchrotron radiation sources which are discussed in the following deliver more
flux and more coherent flux. However, they are large scale facilities with limited
availability. In current research, different approaches to form laboratory based
x-ray sources which can provide a higher coherent flux are under investigation:
Liquid metal jet sources which use a liquid target and can, therefore, accept a
greater heat load and have a potential for coherent x-ray microscopy (Hemberg
et al. 2003). Another potentially interesting type are laser driven x-ray sources
based on the inverse Compton effect (Achterhold et al. 2013, Loewen 2003).
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Synchrotron radiation and insertion devices

Synchrotron radiation (SR) is an electromagnetic radiation which is produced when
charged particles are forced on a circular orbit. In storage rings, this is achieved by
bending magnets. At relativistic electron speeds v, the wavelength of synchrotron
radiation lies in the x-ray regime and the radiation is collimated to a narrow cone
with an opening angle proportional to 1/γ, where γ = [1 − (v/c)2]−1 denotes the
Lorentz factor (Als-Nielsen and McMorrow 2011). While synchrotron radiation
was originally seen as a parasitic waste-byproduct which limited the maximum
particle energy, dedicated storage rings to produce x-rays were built in the mean-
time.

In addition to the synchrotron radiation produced at bending magnets, wig-
glers and undulators are insertion devices which can be introduced into the straight
sections connecting the bending magnets. They both consist of an alternating peri-
odic magnet structure with a periodicity of λu, which force a traversing electron5to
perform an oscillatory motion. A wiggler enforces a strong oscillation amplitude
and can be understood as a serial connection of bending magnets. In contrast,
an undulator enforces only small oscillation amplitudes. Therefore, the radiation
emitted by an electron at different points of the trajectory interferes. Constructive
interference is only possible for radiation at a certain wavelength

λ =
λu
2γ2

(
1 +

K2

2

)
(2.47)

or higher harmonics. K is a dimensionless quantity denoting the strength of the
oscillation. Thus the spectrum of an undulator is much narrower compared to a
wiggler and the energy bandwidth is given by ∆E/E = 1/Nu, where Nu denotes
the number of oscillation periods. The opening angle of the radiation cone is also
narrower and given by 1/(Nuγ). Together with the increased flux, this allows to
realize long beamlines where the experimental endstation is located at a larger
distance from the primary x-ray source resulting in an increased spatial coherence.

Another type of future x-ray sources which should also be mentioned are free
electron lasers (FEL). They can be simply understood as long undulators in which
the traveling electron cloud undergoes a micro-bunching process, yielding a self-
amplified spontaneous emission (SASE). This means that now the radiation emit-
ted from every electron is in phase with each other and, therefore, yielding a large
(spatially) coherent, but also pulsed flux. However, they will be more interesting
for imaging of single particles than for classical microscopy (Seibert et al. 2011).

5For better readability the term electron is used. It is clear that the same physics applies to
positrons as well which in practice are also used at SR facilities.
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2.6.2 X-ray detectors

The following description on x-ray detectors is adapated from (Willmott 2011) and
(Paganin 2006). The perfect detector for x-ray microscopy should add minimal
additional noise to the unavoidable photon counting noise and should have a high
spatial resolution which means a small pixel size and a small point spread function.
The point spread function (PSF) of an imaging systems in general describes how
the output image of a point looks like. The PSF of a detector contributes to
the PSF of the whole imaging system. If Iideal is the intensity which would be
measured by a perfect detector, the image recorded by a real detector is then
given by a convolution:

Imeasured(r) = Iideal(r) ∗ PSF(r). (2.48)

The Fourier transform of the PSF is called optical transfer function (OTF), the
magnitude of the OTF is called modulation transfer function (MTF). In addition, a
detector should be efficient in converting x-rays into a measurable signal (quantum
efficiency) and should have a sufficient dynamic range which describes the ratio
between largest and smallest(non-zero) value of the measurable signal. Depending
on the exact application there might be additional figures of merit.

Nowadays, the most common type of pixelated x-ray detectors in imaging con-
sist of a scintillator which converts x-rays to visible light. The number of visible
light photons is proportional to the energy of the x-ray photon, so that such
detectors are called integrating detectors. The visible light is then detected by a
conventional visible light CCD area detector. Magnifying visible light optics which
often consist of one single lens can be placed between scintillator and the CCD
to achieve a smaller effective detector pixel size than the physical detector pixel
size of the CCD. While a thicker scinitillator increases the conversion efficiency
by increasing the likelihood of absorbing an x-ray photon, a thicker scintillator
also increases the width of the PSF due to increased multiple scattering of x-ray
and visible light photons, thus reducing the spatial resolution. Additional contri-
butions to the detector PSF arise from the CCD and the visible light optics, if
available. The dynamic range of a CCD is usually sufficient for near-field imaging
techniques but it can be to small for scattering and far-field techniques. Noise
contributions of a CCD arise from dark current and read-out noise can both be
reduced by cooling but they can be critical for low signals.

A different and novel type of detectors are photon counting detectors which
consist of a sensor material (e.g. a silicon diode) that directly converts the x-ray
photons into electron-hole pairs. Read-out and counting electronic are attached
to every single pixel and can distinguish between single photon events above a
certain energy threshold (if the incoming flux does not exceed the counting rate).
Therefore, they have no dark current, no read-out noise, a large dynamic range
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and they are only limited by photon counting noise. In addition, they usually
have a box like PSF. Due to the high dynamic range they are perfectly suited for
far-field CDI methods but not suited for near-field methods because of their rather
large pixel size.

2.6.3 X-ray optical elements

X-ray optical elements are mainly used to manipulate the illumination in terms
of spectral filtering, shaping and focusing. Further, they can be used for image
formation. Due to the weak interaction with matter and the small wavelength,
the fabrication of x-ray optical elements is more challenging than for visible light.
X-ray optical elements can be categorized by the mechanism which they use for
the interaction with the x-ray beam. (Last 2014)

Absorbing elements can be shielding elements like slits or pinholes which al-
low to define the x-ray beam and partially absorbing elements like filters which
influence the spectrum by absorbing mainly low energy photons or photons with
an energy above an absorption edge. These elements, except for the pinhole, are
usually placed close to the source at a synchrotron beamline to reduce the heatload
on following components. (Willmott 2011)

Reflecting elements are crystal monochromators using Bragg reflection or mul-
tilayer monochromators. In both cases, the bandwidth they provide is inversely
proportional to the number of layers NL contributing to interference. However,
crystal monochromators reflect also higher harmonics under the same angle which
need to be filtered out additionally. Total external reflection can be further used
in combination with a bend mirror to focus the beam in a single direction. The
focusing in the second direction can be achieved by adding a second orthogonally
oriented mirror with a different focal distance. This configuration is named af-
ter their inventors Kirkpatrick-Baez mirrors. Limitations in focusing performance
arise from surface roughness on the nano-scale. (Willmott 2011)

Other ways to provide a micro or nano-focus are refractive optics. Since the
real part of the refractive nr = 1 − δ is smaller than one for x-rays, unlike for
visible light, a concave lens acts as a focusing lens. Because of the small refraction
angles, the focal distance of a single lens is in the order of meters so that in practice
compound refracting lenses consisting of several stacked lenses are used. To make
them more efficient, several designs which remove unnecessary absorbing material
are reported in literature. (Last 2014, Willmott 2011)

Fresnel zone plates (FZP) are a prominent example for diffractive optics. They
can be seen as a circular diffraction grating with changing pitch. FZPs consist
of an arrangement of radial zones such that light passing through neighboring
zones interferes destructively in the focal spot. Absorbing zone plates block every
second zone while phase-shifting zone plates induce a phase shift of π so that there
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is only constructive interference left in the focal spot. The spatial resolution of
FZPs is limited by the width of the outer zone. The efficiency is determined by
the thickness of the structures. The efficiency is further reduced by light that
is diffracted into higher diffracting orders which needs to be blocked by an order
sorting aperture. Technical challenges arise from the fabrication of such high aspect
ratios. FZPs are also used as image forming lenses. (Last 2014, Sakdinawat and
Attwood 2010, Willmott 2011) A possible alternative to FZP are multilayer Laue
lenses which can be understood as one dimensional FZPs (Niese et al. 2014).

Eventually, free space propagation could be considered as an optical element.
(Paganin 2006) The approach in this work is to use no image forming optical
elements (besides free space) and use optical elements only upstream of the sample
to provide a suitable illumination. The image forming optical elements downstream
will be replaced by phase retrieval algorithms which can be seen as virtual optical
elements. They are described in the next sections of this chapter.

2.7 Phase retrieval and lensless microscopy

To circumvent the limitations of image forming x-ray optics, a lensless imaging
approach, in which the lens is replaced by an algorithm that reconstructs an image
of the sample from measured diffraction patterns, can be used. Since such an
algorithm needs to reconstruct the phase of the wavefront which is lost in the
measurement and cannot be measured for x-rays directly, these algorithms are
called phase-retrieval algorithms. This inverse problem is called “phase problem”
and is formulated in the second-next subsection.

There exist different phase retrieval methods depending on whether the diffrac-
tion patterns are recorded in the near-field or in the far-field. Near-field meth-
ods, which are often termed inline holographic methods, propagation imaging or
propagation-based phase-contrast, profit from an experimental point of view from
lower requirements to the beam coherence and detector dynamic range. Far-field
methods which are often summarized under the term “coherent diffractive imag-
ing” (CDI) usually allow a higher resolution. The basic concepts of phase retrieval
in both regimes will be presented in the following subsections. Most of the con-
cepts will be presented from an x-ray point of view but may also be applicable for
visible light or electrons.

Another motivation to perform lensless imaging lies in the fact that the phase
image of the sample reconstructed by the phase retrieval algorithm provides better
contrast than an absorption image. Phase retrieval is sometimes not carried out
for very low propagation distances as in Fig. 2.3(c) to preserve the edge-enhanced
contrast at material boundaries in the absorption image.
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2.7.1 Discretization and sampling theorem

Since the diffraction data is measured by using a pixelated detector and the phase
retrieval is carried out using a computer, discretization of the signal on a finite grid
is necessary. Discretization means that a function f(x, y) is represented by a finite
number of samples fl,m = f(l∆x,m∆y). The number of samples N = Nx ·Ny and
the grid spacings ∆x,∆y should be chosen so that the Nyquist-Shannon sampling-
theorem is satisfied:

∆x ≤ 1

2qx,max
(2.49)

and

∆y ≤ 1

2qy,max
, (2.50)

where qx,max, qy,max are the largest spatial frequencies, otherwise so-called aliasing
artifacts occur. Strictly speaking, a signal that has a limited support in real space
cannot be limited in Fourier space as well, similar to Heisenberg’s uncertainty
principle. In practice, however, it is sufficient to restrict spatial frequencies with
sufficient large amplitude. (Breckinridge and Voelz 2011) The discrete form of
the Fourier transform and the equations for wave propagation are given in the
appendix.

2.7.2 The phase problem

The phase problem can be formulated as the reconstruction of the complex-valued
wavefront ψ sampled at Nx ·Ny points from intensity measurements by a pixelated
detector with also Nx ·Ny pixels which is located ∆z downstream of the sample:

I(r) = |D∆z{ψ(r)}|2. (2.51)

This system of equations is underdetermined since we have 2Nx ·Ny unknowns but
only Nx · Ny measurements. To overcome this, additional constraints need to be
introduced or multiple different measurements need to be carried out.

The phase problem is related to the twin image problem in holography (eg.
Latychevskaia and Fink (2007)). From a holography point of view, the geometry
we use is referred to as inline holography, where the exit wave can be decomposed
into an unscattered reference wave ψr and a scattered wave ψs:

ψ(r) = ψr(r) + ψs(r). (2.52)

This was actually used by the initial description of holography by Gabor (Gabor
1948). To circumvent the twin image problem, off-axis holography was developed,
which is however challenging to implement with x-rays. A different approach called
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Fourier Holography provides a direct way to retrieve the phase by a single Fourier
transform and was demonstrated with x-rays to study magnetic nano-structures
(Eisebitt et al. 2004). However, this approach requires the sample to be prepared
on a membrane together with a reference pinhole which poses a further challenge
towards tomography.

2.7.3 Direct phase retrieval

In this subsection, different methods which solve the phase problem directly, with-
out finding a solution in an iterative way, are discussed. The methods used in this
chapter assume that the sample is illuminated by a plane wave of unit amplitude.
Experimentally, deviations from a plane wave are accounted for by performing a
flat-field correction where the diffraction patterns I are normalized with a diffrac-
tion pattern of the empty beam I0 yielding

I ′ = I0/If . (2.53)

Contrast transfer function

The Contrast Transfer Function (CTF) can be derived from the ambiguity function
(cf. Eq. 2.34) by linearizing the sample transmission function(Eq. 2.14):

O(r) = 1−B(r)− iΦ(r), (2.54)

with B(r) = − log[A(r)] yielding

Î(q) = δ − 2 cos(πλ∆z|q|2)B̂(q) + 2 sin(πλ∆z|q|2)Φ̂(q). (2.55)

The CTF relates a diffraction pattern measured at a certain distance to the Fourier
transforms of amplitude image and phase image. Both can be retrieved by a
least-squares fit of a set of diffraction patterns, recorded at different distances.
Due to the oscillatory nature of the CTF, zero-crossings occur for certain spatial
frequencies at certain distances. Therefore, the set of propagation distances has
to be chosen so that, in total, every spatial frequency is sufficiently covered. Most
experiments use four to six different distances to achieve this. CTF based phase
retrieval is used in holotomography to provide an initial estimate for a recursive
refinement (Cloetens et al. 1999). The phase image obtained in this way are then
combined with tomographic reconstruction. Holotomography can also be used
with a cone beam geometry (Mokso et al. 2007).
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Transport of intensity equation

A different approach is based on the so called Transport of intensity equation
(TIE) which can be derived from the paraxial wave equation (Teague et al. 1983):

∇⊥ · [I(r, z)∇⊥Φ(r, z)] = −k∂I(r, z)

∂z
, (2.56)

The right hand side is approximated using a finite difference

∂I(r, z)

∂z
=
I(r, z + ∆z)− I(r, z)

∆z
. (2.57)

The idea is now, by carrying out two intensity measurements I(r, z), I(r, z + ∆z)
in two different planes which are only separated by sufficiently small propagation
distance ∆z, to find a solution for the unknown Φ on the left side of the equation.
This can be done by considering this as a problem of partial differential equations
or by using Fourier methods (Paganin 2006):

Φ(r) = −k∇−2
⊥

{
∇⊥ ·

[
1

I(r, z)
∇⊥

(
∇−2
⊥
∂I(r, z)

∂z

)]}
, (2.58)

where the approximation

I(r, z)∇⊥Φ(r, z) ≈ ∇⊥ξ(r, z) (2.59)

was made for some auxiliary scalar potential ξ and where the inverse Laplacian
∇−2
⊥ can be implemented utilizing the Fourier derivative theorem:

∇−2
⊥ = − 1

4π2
F−1 1

q2
x + q2

y

F . (2.60)

This expression can be simplified for weak absorption. An important variant of
TIE based phase-retrieval assumes that the sample is homogeneous, yielding a
constant δ/β-ratio. If this ratio is known, the number of unknowns is reduced by a
factor of two and phase retrieval can be performed using a single diffraction image
(Paganin et al. 2002):

Φ(r) =
δ

2β
ln

(
F−1

{
F {I(r, z = ∆z)}

1 + λ∆zδ
4πβ

q2

})
. (2.61)

There are classes of samples where this assumption provides good results. In
addition, similar other single shot methods exist. An overview can be found in
literature (Burvall et al. 2011). Modifications of the TIE which allow large prop-
agation distances (Krenkel et al. 2013) or which utilize diffraction patterns at
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different wavelengths but the same propagation distance (Mayo et al. 2002) exist
as well. In addition, the mixed approach, which is a combination of TIE and CTF
based phase-retrieval and strictly speaking an iterative method, exists (Guigay
et al. 2007). In contrast to the CTF, it only assumes a weak phase and works
therefore with strong absorbing samples but requires a contact image which is
experimentally challenging to handle for a cone beam.

2.7.4 Iterative phase retrieval

In this chapter, the basic concepts behind iterative phase retrieval are discussed.
Starting with an initial guess for the wavefront ψ0(r), the current solution ψl(r) of
the wavefront is refined by comparing the measured diffracted intensity I(r) with
the estimated diffracted intensity I l(r) = |D∆z{ψl(r)}|2. How this is done exactly
depends on the specific algorithm.

The error reduction algorithm (Fienup 1982), originating from the Gerchberg
saxton algorithm (Gerchberg 1972), can be seen as a prototype for more advanced
iterative phase retrieval algorithms.

We assume that the sample is illuminated by a perfect plane wave with an
amplitude 1. Further we know where the sample is located and that it only occupies
at maximum half of the space. Outside this region which is called the support and
denoted by S, the exit wave is 1. This defines the so-called support constraint
which reduces the number of unknowns so that the phase problem can be solved.
The phase problem can now be reformulated as a search for the intersection of two
constraint sets: the measured diffracted intensity (Eq. 2.51) defines the modulus
constraint and the aforementioned support constraint. Each of these constraints
defines a projector. A projector Π is a map which fulfills Π{Π{ψ}} = Π{ψ} for
every ψ. The support projector is given by:

ΠS{ψ(r)} =

{
ψ(r) r ∈ S
1 else.

(2.62)

The modulus projector ΠM is given by

ΠM{ψ(r)} = D−z{
√
I(r) · exp(arg(Dz{ψ(r)})}. (2.63)

The error reduction attempts to find the exit wave ψ(r) which is at the inter-
section of those two sets through alternating projections onto these sets. Given
the current estimates of iteration number l, ψl(r), the update rule which provides
the next estimates are given by

ψl+1(r) = ΠS{ΠM{ψl(r)}}. (2.64)

34



The error reduction algorithm tends to stagnate in local minima (Paganin 2006).
A way to improve this lies in introducing feedback which leads to the hybrid-input-
output algorithm (HIO). The update rule is modified to

ψl+1(r) =

{
ΠM{ψl(r)} r ∈ S
ψl(r)− βHIOΠM{ψl(r)} else,

(2.65)

where βHIO is a feedback parameter between 0 and 1. (Fienup 1982) The HIO is
used in far-field geometry in CDI experiments, see e.g. (Huang et al. 2009, Miao
et al. 1999), as well as in near-field geometry in propagation-based imaging of pure
phase objects like biological cells as in Giewekemeyer et al. (2011). Another mod-
ification allows to reconstruct the support without prior knowledge (Marchesini
et al. 2003).

2.8 Ptychographic phase retrieval

In conventional ptychography, the sample is scanned by a spatially confined beam
which illuminates only a part of the sample, often called the probe. A far-field
diffraction pattern Ij is recorded for every scanning position rj. Ptychography is,
therefore, also referred to as scanning diffraction microscopy. The scheme is il-
lustrated in Fig. 2.4. These multiple diffraction patterns are combined for phase
retrieval. In contrast to CDI methods which require a support constraint, pty-
chography allows to investigate extended samples. However, it is necessary that
the probe overlaps to a certain degree for adjacent scanning positions. One of the
strongest assets of ptychography is that every modern algorithm not only solves
the pure phase problem but also reconstructs both, the sample’s transmission func-
tion and the incident illumination (Guizar-Sicairos and Fienup 2008, Maiden and
Rodenburg 2009, Thibault et al. 2009). Thus, only a rough initial guess of the
illumination function is required.

In a nutshell, the ptychographic phase problem can be formulated as to find
the object transmission function O(r) and the illumination function P (r) so that
the following two sets of equations are fulfilled for every scanning position rj:

ψj(r) = P (r)O(r− rj) (2.66)

and
Ij(r) = |Dz{ψj(r)}|2. (2.67)

Partial coherence can be incorporated by the coherent mode formulation which
modifies the last equation to (Thibault and Menzel 2013b)

Ij(r) =
∑
m

|Dz{ψj,m(r)}|2. (2.68)
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Figure 2.4 Overlap in ptychography. (a), the object is scanned over a
localized illumination called the probe. (b), a diffraction pattern is recorded at
every position.

To use iterative phase retrieval for ptychography, we have to adapt two things:
Firstly, we need to replace our contraint in the object plane with the overlap
constraint. Secondly, since we have now multiple diffraction patterns or exit waves,
the projections and update rules need to be carried out for each diffraction pattern
or exit wave.

2.8.1 Difference map algorithm

The difference map algorithm (Elser et al. 2007) can be seen as a generalization
of the HIO algorithm and is a very general (meta) algorithm. For ptychography
(Thibault et al. 2009), the update rule takes the form

ψl+1
j (r) = ψlj(r) + ΠM{2 ΠO{ψlj(r)} − ψlj(r)} − ΠO{ψlj(r)}, (2.69)

where ΠO is the overlap projector arising from the overlap constraint. It is defined
as

ΠO{ψj(r)} = P ′(r) ·O′(r− rj), (2.70)

where P (r) and O(r) are the minimum of

∆O =
∑
j

∑
r

‖ψj(r)− P (r)O(r− rj)‖2. (2.71)

Deriving the last equation with respect to P and O respectively yields

O(r) =

∑
j P
∗(r− rj)ψj(r + rj)∑
j |P (r + rj)|2

(2.72)
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and

P (r) =

∑
j O
∗(r− rj)ψj(r)∑

j |O(r− rj)|2
. (2.73)

If P or O is already known, the other quantity can be calculated directly. If both
are unknown, the two equations cannot get disentangled analytically. However,
it was found that applying both equation one after the other for a few iterations
(less then 10) yields good results. Modifications of the difference map algorithm to
account for a probe being shared among different reconstructions, to incorporate
additional knowledge about the illumination by using a flat-field image and to
include partial coherence are explained in the appendix.

2.8.2 Maximum likelihood algorithm

The maximum likelihood or log likelihood algorithm was designed to handle noise
in the diffraction data. In this subsection, a brief summary of the basic concepts
and the implementation is given. For further details the reader is referred to
literature. (Thibault and Guizar-Sicairos 2012) The version of the algorithm used
in this work assumes that the measured intensity in each pixel of the diffraction
pattern is the result of a Gaussian random process with a standard deviation of
σj(r) =

√
Ij(r) where Ij(r) has been rescaled to the number of photons in the

detector pixel at position r. The reconstruction problem can then be described by
finding the Pm and O which maximize the probability for the measured data Ij(r)
by minimizing the following negative log-likelihood function:

L(O,P0 . . . PNm) =
∑
j

∑
r

[
∑

m |D∆z{Pm(r)O(r− rj)}|2 − Ij(r)]2

σj(r)2
+R(O,P0 . . . PNm).

(2.74)
The last term in Eq. 2.74 is a regularization term which can impose additional
constraints on the object or the probe. A form of R used in this work penalizes
strong fluctuations in the sample by setting

R(O) = α
∑
r

|∇O(r)|2. (2.75)

The search for the optimal O and P is carried out by an implementation of a
non-linear conjugate gradient search (Shewchuk 1994). A brief summary of this
is presented in the appendix. The loglikelood algorithm is computationally much
more expensive than the difference map algorithm and is, therefore, only used as
a refinement step in this thesis. The maximum likelihood algorithm can also be
implemented using a Poissonian noise model or an Euclidian metric.
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2.8.3 Other algorithms

The difference map algorithm belongs to a more general class of projection based
algorithms which are used for phase retrieval in CDI or ptychography. (Marchesini
2007, Yang et al. 2011) Another very popular algorithm in ptychographic phase
retrieval is the extended ptychographic iterative engine (ePIE) (Maiden and Ro-
denburg 2009). Other algorithmic devolpements account for uncertainties in step
sizes rj (Beckers et al. 2013, Maiden et al. 2012b, Zhang et al. 2013) or failure of
the projection approximation (Maiden et al. 2012a, Suzuki et al. 2014). Interesting
for theoretical insights to ptychography is the Wigner distribution deconvolution
(Chapman 1996). For details the reader is referred to the aforementioned litera-
ture.

In this work, a two step approach is performed in most cases: The first step
consists of a number of difference map iterations. The intermediate result is further
refined by applying the maximum likelihood algorithm which is the only algorithm
mentioned here that directly incorporates a noise model. Therefore, replacing the
difference map by another projection based algorithm might change the number
of iterations but not the final result.

Ptychography is a technique which was originally invented for electron mi-
croscopy (Hoppe 1969). Apart from different applications with electrons (eg.
Humphry et al. (2012) or D’Alfonso et al. (2014)), it is also used for visible light
microscopy (cf. eg. Marrison et al. (2013)).

2.9 Tomography

In the previous sections we have discussed different ways of how to retrieve a
sample’s transmission function. As we have seen in Eq. 2.14, such a transmis-
sion function is a two-dimensional entity and corresponds to a line integral or a
projection6 of the three-dimensional distribution of the index of refraction along
the direction of the ray corresponding to the z-axis. Although such a projection
image may offer insights into a sample’s inner structure, some features may be
hidden behind other features and are, therefore, not visible in a two-dimensional
image. In the following we will discuss how the three-dimensional distribution can
be retrieved from a set of projections which were acquired by rotating the sample
around the y-axis. It is further assumed that x-rays penetrating the sample are
parallel. This allows to reduce the dimensionality of the problem by one and to
solve the problem for every plane parallel to the x-z plane independently. This
section will only present the basic concepts of tomography. For more details the

6Not to be confused with the term projection used in the context of iterative phase retrieval.
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1D Fourier transform

1D Fourier transform
(a)

(b)

Figure 2.5 Basic principles of tomography. (a), projections of the sample
under different angles around the tomographic axis are recorded. Such a projection
is related via a one-dimensional Fourier transform to the corresponding slice of the
two-dimensional Fourier transform of the sample depicted in (b). This Fourier
transform relation can be exploited to reconstruct the sample from a set containing
a sufficient number of projections.

reader is referred to (Kak and Slaney 1987) from where this section was adapted
from.

2.9.1 Radon transform and Fourier-slice-theorem

Let us consider a general two-dimensional function function f(x′, z′) which we
want to retrieve from a set of projections. The radon transform of this function is
defined as:

R(x, θ) =

∫
f(x cos θ + s sin θ, x sin θ − s cos θ)ds. (2.76)

For a fixed angle θ0, R(x, θ = θ0) corresponds to a projection of f(x′, z′) under the
angle θ0. Such a set of projections is also called a sinogram.

The Fourier slice theorem states now that the one-dimensional Fourier trans-
form of a projection along the x-axis for a given angle θ equals a line(slice) through
the two dimensional Fourier transform f(x′, z′) with the same angle:

F1D {R(x, θ)} (w) = F {f(x′, z′)} (w cos θ, w sin θ). (2.77)

This shows that in principle, by measuring pθ(x) = R(x, θ) for a sufficient
number of angles, Nθ, one would obtain enough values for Fourier transform of
f(x′, z′) so that f(x′, z′) could be retrieved by an inverse two-dimensional Fourier
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transform. In practice, the measured values for F1D {pθ(x)} (w) lie on a polar
grid instead of Cartesian grid so that complicated interpolation methods would be
required. Another approach to solve this problem is shown in the next subsection.

2.9.2 Filtered backprojection

The filtered backprojection algorithm can be derived by rewriting the inverse two-
dimensional Fourier transform of f(x′, z′) yielding:

f(x′, z′) =

∫ π

0

∫ ∞
∞

p̂θ(w)h(w) exp[2πiw(x′ cos θ + z′ sin θ)]dwdθ, (2.78)

with p̂θ(w) = F1D {pθ(x)} (w) and h(w) = |w|. The integration in w corresponds to
a filtering operation with filter kernel h(w) while to outer integral backprojects the
projection over the volume. To suppress noise, the filter kernel h can be multiplied
by an additional filter or window function. If a differential signal pθ(x) = ∂R(x,θ)

∂x

is measured, the FPB algorithm can be used without prior integration of p when
the Hilbert filter h(w) = 1/(2πi)sgn(w) is applied as filter kernel. (Pfeiffer et al.
2007)

To avoid aliasing artifacts, the number of required angles can be estimated by
using the Nyquist sampling theorem (Eq. 2.49) to

Nθ = Nx
π

2
, (2.79)

where Nx is the number of pixels in a detector line (that is perpendicular to the
tomographic axis). Modifications of the FBP algorithm for strong deviations from
the parallel beam assumption, i.e. fan or cone beam geometries with an opening
angle exceeding a few degrees, as they occur regularly in medical CT scanners or
lab based micro-CT, can be found in literature (Kak and Slaney 1987) but they
are not relevant in the scope of this thesis. Implementations of the FBP algorithm
using graphic cards or graphics processoring units (GPUs) can provide a significant
boost in performance (Cabral et al. 1994, Fehringer et al. 2014, Xu and Mueller
2007). Besides FBP, different iterative and algebraic reconstruction techniques
exist (Kak and Slaney 1987) which are useful in cases of missing or undersampled
projection data, or data with other deficiencies but those were not used in this
thesis.
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Chapter 3

Near-field ptychography

In the preceding chapter different phase retrieval methods were discussed. We
want to limit us now to regime of Fresnel diffraction where CTF and TIE-based
approaches are the work horses for phase retrieval. The CTF relies on linearizations
of the sample transmission function while the TIE assumes a small propagation
distance. The mixed approach was designed to overcome the assumption of a
weakly absorbing object but it requires a contact image which can be hard to
obtain when using a magnifying cone beam geometry. The Holo-TIE approach
was designed to overcome the restrictions for small propagation distances for the
TIE but can also be challenging with a cone beam geometry.

Moreover, all of these approaches were designed to require the illuminating
wavefront to be normalized to the incident illumination. This is usually done by a
flat-field correction where a diffraction pattern is divided by a diffraction pattern
of the empty beam(cf. Eq. 2.53). Flat-field correction works efficiently in contact
mode, i.e. when the signal is purely based on the sample absorption and no phase
contrast is produced, or when the inhomogeneities in the wavefield or the sample
vary sufficiently slowly. Nevertheless, this does not account for the wave nature
of x-rays where strong inhomogeneities in the illumination co-propagate with the
waves diffracted by the sample, resulting in reconstruction artifacts mainly at high
resolutions (Hagemann et al. 2014, Mokso et al. 2007). In Fig. 3.1 the failure
of such a flat field corrections is demonstrated: The incident wavefront features
horizontal and vertical stripes originating from a pair of crossed KB mirrors. The
sample, a strongly refracting sphere made of Uranium, acts as diverging lens such
that the flat-field corrected diffraction pattern still features stripe artifacts. This
sample is further discussed in Chapter 5.2.

In this chapter we want to explore how transverse translational diversity in a
full-field geometry can be exploited to perform phase retrieval. Parts of the results
presented here are directly adopted from Stockmar et al. (2013).
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1800(a) (b)

Figure 3.1 Failure of the flat-field correction. (a), flat-field image of the
empty beam. Note the horizontal and vertical stripe like distortions arising from
the pair of crossed KB mirrors. (b), Flat-field normalized diffraction pattern.
Since the uranium sphere and glue act as diverging lens, the normalization fails
and stripes remain visible. The images were recorded at the same setup with the
same parameters as in the main paper but without a diffuser. The angle of the
sample around the vertical axis is not exactly the same as in the main paper.
The scale bars correspond to 20 µm. The images are displayed using a logarithmic
scale.
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3.1 Full-field transverse translational diversity

In chapter 3, it was already stated that measurement diversity or additional con-
straints need to be introduced to solve the phase problem. Instead of recording
different full-field Fresnel diffraction patterns of the sample for different propaga-
tion distance as it is done in CTF or TIE based schemes, we would like to exploit
transverse translational diversity at a single propagation distance. Working at a
single propagation distance is not only from an experimental point of view ad-
vantageous, but also does not require to correct the diffraction data for different
magnifications when working in a cone beam geometry. Here we would like to
propose a scheme where different diffraction patterns Ij(r) are recorded for the
same propagation distance ∆z but for different transverse positions rj of the sam-
ple O(r) with respect to the beam P (r). The inverse problem arising from this is
to reconstruct O(r) (and P (r)) from a set of measurements Ij(r) which are given
by

Ij(r) = |Dz{P (r)O(r− rj)}|2. (3.1)

This inverse problem is apparently identical to the reconstruction problem of
ptychography (Eq. 2.67) introduced in the previous chapter with the minor dif-
ference that in ptychography Dz is usually given by Fraunhofer diffraction while
we aim at diffraction which can be described by the Fresnel diffraction integral
in this case. Therefore, this problem should be possible to solve by adapting the
propagator in existing ptychographic phase retrieval algorithms.

The other, more important difference to conventional ptychography which is
not represented in this is equation is the fact that we use a full-field illumination
that extends beyond the sample. This has the effect that our illumination function
needs to deviate from a perfect plane wave. As illustrated in Fig. 3.2, a perfect
plane wave would produce no transverse translational diversity: As long as the
sample does not leave the field of view, all diffraction patterns Ij(r) are identi-
cal except for a simple shift rj. However, as soon as P (r) deviates from a plane
wave and features some imperfections, those imperfections will mix differently for
different positions rj yielding in diversity in the measured diffraction data. Due
to the ability of ptychographic reconstruction algorithms to retrieve the illumina-
tion function P (r) along with the sample O(r), no a priori knowledge about the
imperfections or the whole illumination is required. In the next sections, an exper-
imental demonstration and a numerical demonstration of the concept presented
here is shown.
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r1 r2

r1 r2

Figure 3.2 Full-field transverse translation diversity. (a) Illumination
with a perfect plane wave. No diversity is generated. Translational diversity is
only generated if the illumination deviates from a plane wave as in (b).

3.2 First experimental demonstration

The first experiment was carried out using a well-known test-pattern, a so called
Siemens star. A Siemens star is a binary test pattern. It consists of 48 spokes
made of electroplated gold with a height of about 700 nm and a diameter of 30 µm
in this case. A Siemens star can be used to estimate the spatial resolution or the
impulse response of an imaging system. Since the width of a spoke increases with
the distance from the center, concentric circles with small radii correspond to the
transfer of high spatial frequencies and rings with larger diameter correspond to
the transfer of low spatial frequencies.

3.2.1 Experimental implementation at beamline ID22NI
at ESRF

This experiment and the experiments described in the next chapter were carried
out at the standard magnified holotomography setup of the nano-imaging endsta-
tion of beamline ID221 at the European Synchrotron Radiation Facility (ESRF)
in Grenoble, France (Mart́ınez-Criado et al. 2011). Figure 3.3(a) shows a sketch
of the setup.

1In the meantime, the experimental setup was replaced in the scope of the ESRF upgrade
program by the newly developed nano-imaging endstation ID16A-NI (ESRF 2014).
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The incoming radiation from the undulator, located 64 m upstream, was fo-
cused to a virtual source with a full-width at half maximum of about 80 nm by a
pair of crossed Kirkpatrick-Baez (KB) mirrors. The detector consisted of a lens-
coupled CCD (FReLoN) with 20482 pixels, 14 bit dynamic range and an effective
detector pixel size of ∆s = 0.756 µm. The sample was placed downstream of the
focal point at z1 = 2.19 cm. The distance between focal point and detector was
about z2 = 53.0 cm and was measured exactly at every experimental session us-
ing a well defined gold-grids. According to Fresnel scaling theorem (Eq. 2.28)
this can be rescaled to a parallel beam geometry resulting in a magnification of
M = z2/z1 = 24.1 and an effective pixel size of ∆x = ∆s/M = 62.6 nm after
rebinning by a factor of two. The resulting effective propagation distance is then
zeff = (z2 − z1)/M = 21.6 mm.

To add additional structures in the illuminating wavefront, a static diffuser,
consisting of a piece of cardboard, can be placed directly upstream of the KB
mirror. Due to this arrangement, the scale of the drifts or vibrations of the diffuser
were reduced. The mean energy in all experiments was about 16.9 keV with a
bandwidth of about 2%. The exact energy was determined at every beamtime. For
the application of the maximum likelihood algorithm, we will use the fact that one
photon produces approximately .33 counts on the detector. In every experiment, a
series of images with the x-ray shutter closed were recorded to estimate the (mean)
detector dark current. This mean dark current is subtracted from every diffraction
pattern.

A complete scan is made of 16 Fresnel diffraction patterns recorded for different
transverse shifts of the sample with respect to the incident illumination. A selection
of measured diffraction patterns is shown in Fig. 3.3 for two different illumination
conditions. Figures 3.3(a) and (f) show one of the collected Fresnel diffraction
patterns, respectively without and with the diffuser. These images highlight a
fundamental difficulty with traditional holography data analysis, where removal
of the incident wave fluctuations is normally accomplished through a flat-field
correction.

3.2.2 Results

The reconstructions are presented in Fig. 3.4. While phase retrieval is successful
in both cases, the object transmission function (shown on the left hand side)
has lower high frequency noise for the data collected with a diffuser. Computing
the contrast-to-noise ratio (CNR) for a region of interest (ROI), as indicated in
Fig. 3.4 yields values of 5.4 and 2.1 for the phase images with and without the
diffuser respectively. The phase part of both reconstructions has higher contrast
than the amplitude, as it is almost always the case with high-energy X-rays since
the real part of the refraction index decrement is about eight times larger than its
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Figure 3.3 Experimental implementation and near-field Fresnel diffrac-
tion patterns. (a) Sketch of the experimental setup. X-rays from an undulator
source (not depicted) are focused by Kirkpatrick-Baez mirrors (KB) to create a
virtual point source and an expanding cone beam illumination to record a mag-
nified near-field Fresnel diffraction pattern (H) of the sample (S). A stationary
diffuser consisting of a piece of paper can be placed into the beam to modify the
wavefront. The sample mounted on a high-precision stage is moved as depicted in
(b) transversally. (c), one of the 16 diffraction patterns recorded without diffuser.
The test sample is easily recognizable despite illumination inhomogeneities coming
from the beamline optics. (h), diffraction pattern of the same area, when the dif-
fuser is inserted in the beam. Enlarged details of the diffraction patterns covering
the same region of the sample (depicted by the white box in (c) and (h) for four
different illumination positions are shown in (d-g) and (i-l). Larger variations
between the images are observed in the dataset taken with the diffuser.
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imaginary part (for the sample presented here – this ratio can reach three orders
of magnitude with lighter elements (Momose et al. 2001)). The amplitude CNR
computed with the same ROI is 0.44 and 0.26 for the datasets with and without
diffuser respectively.

The higher quality of the reconstruction from the diffuser dataset should not
be a surprise. In a far-field geometry, strong fluctuations in the incident wavefield
have been shown recently to improve significantly the signal-to-noise ratio (Guizar-
Sicairos et al. 2012) and even to permit superresolution (Maiden et al. 2011). For
full-field ptychography, the role of the diffuser is even more critical as it is the
very source of diversity in the diffraction patterns – the lateral displacement of a
perfectly uniform illumination would generate no complementary information.

The retrieved phase and amplitude of the Siemens star is consistent with
a reconstruction of the same specimen using far-field ptychography and inline-
holography assuming a homogeneous object. The achieved resolution, as deter-
mined by the visibility of the Siemens star spokes in the phase image with diffuser,
is between 100 and 200 nm and therefore consistent with the limit given by the
source size of 80 nm.

The complex-valued wavefronts retrieved simultaneously with the sample image
are shown on the right hand side of Fig. 3.4. Propagation of these wavefronts
to the detector plane is in good agreement with the flat field intensities. Unlike
far-field ptychography, diversity in near-field ptychography is localized in space:
large areas where either P or O have no feature, provide no coupling information.
As a result, the illumination reconstruction is highly reproducible only around
a central area of the field of view, where the sample provides sufficient mixing.
Since the numerical propagation of the wavefields is based on discrete Fourier
transforms, artifacts are produced along the boundaries of the field of view. Due
to the near-field geometry the illumination is allowed to extend the field of view
of the reconstruction, unlike when using a far-field geometry, since diffraction
acts locally on the length scale of a Fresnel zone

√
λzeff = 1.26 µm corresponding

to approximately 20 pixels. Boundary effects due to an extended illumination
function will occur on the same length scale.
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Figure 3.4 Reconstruction results. (a, c), modulus and phase of the
reconstructed object using no diffuser. (b, d), same with the diffuser present.
(e) and (g), zoom into the phase images, the line plot, (f), shows the reduction
of noise in the reconstruction when using a diffuser. (h-i), reconstructions of the
complex-valued illumination function, where the phase and amplitude are mapped
to hue and intensity. The scale bars indicate 5 µm and 2 µm for the magnified
regions of interest. The red and black boxes in (a-d) indicate the ROIs used for
the calculation of the CNR. Note that surrounding empty areas of the object were
cropped.
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3.3 Numerical simulations

In this section, numerical simulations to explore the parameter space of near-
field ptychography are carried out. A brief description of the main features of
the simulation framework and the parameters which were common is given in the
following, an overview is also given in Fig. 3.5(a):

1. The simulation uses only a single monochromatic component with wave-
length λ and corresponding energy E. If not indicated different, E =
16.9 keV was used.

2. The diffuser was modeled to consist of a random structure made of a sin-
gle material. The random structure was created using white noise, filtered
with a Gaussian filter with width σD and normalized to the interval [0, 1]
yielding a thickness map T (r). The characteristic length scale of variations
in the diffuser is therefore given by σD. Eventually, a maximum phase shift
φD and a minimal amplitude AD were chosen yielding as diffuser function
P (r) = exp[iT (r)φD] exp[log(AD)T (r)]. If not denoted different, φD was set
to be φD = 2π. Further, the diffuser was chosen to be in the same plane as
the sample since a propagation of the diffuser would not change its Fourier
spectrum.

3. The sample was modeled as a transmission function O(r) and was always
assumed to be thin enough that the projection approximation holds (see
Eq. 2.13).

4. Scanning of the sample was done on scanning points chosen where each
coordinate was chosen from a uniform random distribution with the interval
[−smax/2, smax/2]. If not denoted differently, 16 scanning points were chosen
in the following simulations.

5. Propagation of the exit wave was carried out using a numerical implementa-
tion of the angular spectrum method in a parallel beam geometry.

6. Partial spatial coherence can be incorporated by convolution of the intensity
of the propagated exit wave with a magnified image of the source intensity
(cf. Eq. 2.39).

7. Noise can be incorporated after rescaling the intensity to the number of
photons per pixel by replacing each pixel value N with a guess from a random
generator with standard deviation σ =

√
N.

8. The simulation can be easily extended to include temporal coherence by car-
rying out the steps until now for different wavelengths and summing up the
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corresponding diffraction patterns. Another extension could be the imple-
mentation of a detector point spread function. To account for reproducibil-
ity, all simulations were repeated using different random scanning points and
different random diffuser structures.

3.3.1 Demonstration on a more general sample

To demonstrate that this method works also for samples more complex than a
binary object, the sample for the numerical demonstration was chosen to be a
strong phase object. No correlation between the phase and the magnitude of the
transmission function is assumed. In the case depicted in Fig. 3.5, the phase and
modulus of the simulated sample are generated from two different standard test
images. The phase part of the transmission function covers the full 2π range. Noise
is simulated according to Poisson statistics for 1000 incident photons per pixel, a
fluence similar to typical experiments. The effective propagation distance was set
to ∆zeff = 21 mm and the effective pixel size to ∆x = 63 nm which represent the
same experimental parameters as in the first experiment.

The reconstruction was carried out again by the difference map algorithm. As
shown on Fig. 3.5(b-e), the object and the illumination are successfully retrieved
by the ptychographic algorithm. The normalized root mean square error (Fienup
1997) of the reconstructed object is 8 % and the one of the illumination 10 %.

3.3.2 Producing sufficient measurement diversity

In the experiments presented in this chapter it was observed that by adding more
measurement diversity by using a diffuser, in addition to the inhomogeneities al-
ready present in the beam, the reconstruction quality of the sample transmission
function improved significantly. Therefore, different parameters which influence
the measurement diversity are investigated in the following.

Structures in the illumination vs. propagation distance

As was already stated before, in the regime of Fresnel diffraction the diffracted
intensity in one point is mainly influenced by the wavefield within the first Fresnel
zone (Eq. 2.26). Let us consider a specific point on the detector: if the character-
istic size of the structures in the diffuser σD is larger than one Fresnel Zone, then
for this point, the illumination will be flat on that length scale. When the sample
is now moved to a different scanning position and the point on the detector moves
by the same amount, the diffracted intensity will stem from the same feature of
the sample. However, the part of the illuminating wavefield which is visibile to
this point will not be extremely different apart from a possible phase factor, which
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Figure 3.5 Simulation and reconstruction of a strong phase shifting and
absorbing object. (a), the simulation scheme: diffraction data is generated by
Fresnel propagation of the product of the illumination function and the phantom’s
transmission function for different relative positions. (b) and (c), reconstruction of
the modulus of the phantom’s transmission function and the illumination function.
(d) and (e), the corresponding phase.
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does not change the diffracted intensity, so that by scanning no diversity will be
created. It can therefore be concluded that near-field ptychographic phase retrieval
will fail if the characteristic size of structures in the diffuser σD exceeds the size of
the first Fresnel zone.

To demonstrate this, a series of simulations with different values for σD and
different propagation distances zeff resulting in different sizes of the first Fresnel
zone were carried out (the parameters are reported Fig. 3.6). The pixel size was
set to ∆x = 75 nm and the maximum step size was set to smax = 240 pixel to
exceed the first Fresnel zone. The beam was assumed to be fully coherent and no
noise was added. As a test object, a Siemens star with a maximum phase shift of
about Φ = −0.7 rad and a minimum amplitude of A = 0.7 was chosen.

The reconstruction was carried out by 700 iterations using the difference map
algorithm. The reconstructed phase images are shown in Fig. 3.6. As can be
seen, the reconstruction fails when σD > rFZ,1. If we look at the corresponding
amplitude images (Fig. 3.7) one can observe that for small propagation distances
the amplitude reconstructs well still even if the phase reconstruction fails. This can
be explained by the fact that the contrast in the diffraction images is dominated
by the contact or amplitude image for small propagation distances.

These results show that near-field ptychographic phase retrieval is less robust
when the first Fresnel zone extends only a few pixels which corresponds to small
propagation distances for a parallel beam geometry. For a cone beam geometry
with fixed source-detector distance, this translates to small magnification factors or
large effective pixel sizes yielding a lower limit for a given characteristic structure
size. From an experimental point of view, this limit can be pushed further by using
a diffuser with smaller structures, as long as these structures are not smaller than
the effective pixel size. However, using a diffuser with smaller structures increases
the requirements on the “staticness” of the illumination and the diffuser.

Influence of the scan step size

Making similar considerations as done previously, one can see that the steps should
be chosen such that the lateral extents of the area covered by all steps exceeding
the characteristic scale of the illumination, i.e. smax > σD. Simulations with
different maximum step sizes sx,max = sy,max = smax and different structure sizes
σD were carried out. The other parameters stayed the same as in the previous
simulations. As sample a sparse object was chosen which was totally flat except
for some features at each corner. The analysis is limited to a small sphere with a
radius of 46 pixels which is located at one of the corners. The results are shown
in Fig. 3.8.

It turns out that smax & 4·σD, otherwise there is not sufficient diversity created
through stepping. However, if the smax gets too large, the reconstruction starts to
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Figure 3.6 Reconstructed (and cropped) phase images for different
diffuser structure sizes σD and different propagation distances yielding
different sizes of the first Fresnel zone rFZ,1. It can be seen that the
reconstruction fails when σD > 2rFZ,1 as indicated by the red dashed line. Each of
the images correspond to 512x512 pixels, all parameters are given in pixel units.
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Figure 3.7 Reconstructed amplitude images for different diffuser struc-
ture sizes σD and different propagation distances yielding different sizes
of first Fresnel zone rFZ,1. While the reconstruction of the phase image
fails when σD > rFZ,1 (see Fig. 3.6), the reconstruction of the amplitude looks
still reasonable for small propagation distances where the contrast in the diffrac-
tion patterns is dominated by the amplitude. Each of the images correspond to
512x512 pixels, all parameters are given in pixel units.
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Figure 3.8 Reconstruced and cropped phase images of a sparse object
for different diffuser structures size σD and maximum step sizes smax. It
can be seen that if smax is less than 4 times σD. Not sufficient diversity is created
through stepping. On the other hand, if smax is too large, the overlap is reduced
and the reconstruction starts to fail again. One image corresponds to 150x400
pixels, all parameters are given in pixel units.

fail again as the overlap of the small features is reduced too much. If a Siemens
star was used (not shown here) instead of the sparse object, the reported effect
could not be observed. This can be attributed to the sharp edges of the Siemens
star which produce sufficient diversity even for small steps.
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3.3.3 Coherence requirements

For classical inline holography it is already known that the transverse coherence
length ξ must be larger than the first Fresnel zone (Cloetens 1999, Cloetens et al.
1996). In this subsection it is shown briefly that the same requirements are holding
for near-field ptychography and that the coherence length ξ does not need to
exceed the step size. This will be done by two different simulations. As already
stated, partial coherence is incorporated by convolution with a magnified image
of the source intensity (cf. Eq. 2.39). Assuming a Gaussian source intensity

Is(r) = 1
2πσ2

I
e
−r2

2σ2
I , the characteristic width of the convolution kernel in the detector

plane can be derived from Eq. 2.42 by replacing z1 with zeff
2 and by setting

s = 2.35 · σI to

σI =
λzeff

2 · 2.35ξ
. (3.2)

In the first simulation, a series of simulations for different propagation distances,
resulting in different widths of the Fresnel zone and for different σI were carried
out. The diffuser structure size was set to a constant value of σD = 1 pixel. The
phantom consisted of a Siemens star pattern. For a fixed σI , the ratio ξ/rFZ,1 scales
with

√
zeff so that the degree of spatial coherence depends on the propagation

distance. The results are shown in Fig. 3.9. As expected, the quality of the
reconstruction depends directly on ξ/rFZ,1 ∝ zeff , the reconstruction fails when
ξ < 2rFZ,1.

Figure 3.10 shows the reconstruction results of the second simulation which
had a fixed propagation distance, but different maximum step sizes smax and vary-
ing σI . It can be seen that quality of the outcome is independent of the maximum
step size.

2This is due to symmetry reasons or can also be derived from Eq. 2.42, Eq. 2.39 and
rescaling to parallel beam geometry.
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Figure 3.9 Reconstructed (and cropped) phase images for different co-
herence lengths ξ and different propagation distances yielding different
sizes of the first Fresnel zone rFZ,1. It can be seen that the reconstruction
fails when ξ < 2rFZ,1 as indicated by the red dashed line. Each of the images
correspond to 512x512 pixels, size of the Fresnel zones are given in pixel units, the
coherence length is given in multiples of the largest Fresnel zone.
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Figure 3.10 Reconstructed (and cropped) phase images for different
coherence lengths ξ and different step sizes smax. It can be seen that the
reconstruction fails when ξ < 2rFZ,1 but is independent of the step size smax as
indicated by the red dashed line. Each of the images correspond to 256x256 pixels,
the size of the first Fresnel zones is rFZ,1 = 24 pixels, the coherence length is given
in multiples of the largest Fresnel zone.
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3.4 Summary

Transverse translational measurement diversity can be used in a full field geom-
etry to solve the phase problem. The inverse problem which needs to be solved
is identical to ptychography (except for the Fresnel propagator). The method is
therefore coined near-field ptychography. However, the key difference to ”con-
ventional” ptychography is that the measurement diversity is not provided by a
localized illumination but rather by a structured illumination. As usually required
with holography, one Fresnel zone needs to be resolved at least (Cloetens et al.
1996). Moreover, the first Fresnel zone plays a crucial role in the production of
sufficient measurement diversity: It was demonstrated that the incident illumina-
tion needs to vary on the length scale of a Fresnel zone3. For sparse samples, the
first Fresnel zone additionally determines the minimum scan step width. Further,
the coherence length needs to be on the order of a Fresnel zone.

In addition to diversity requirements, preparing the incident wave with a dif-
fuser crucially eliminates the occurrence of so-called zero-crossings of the contrast
transfer function (Cloetens et al. 1999). In the past, the problems arising from
the extinction of specific spatial frequencies have been circumvented by combining
measurements at multiple diffraction planes. However, one difficulty common to
all near-field imaging techniques, and not completely alleviated by this approach,
is the poor transfer of the lowest spatial frequencies in the image. Therefore,
smooth deviations from the ground truth are observed in the phase part of the
reconstructed illumination and sample.

In the next chapter, near-field ptychography is applied to different materials
science samples.

3Since the reconstruction of probe and object is basically symmetric, one can expect similar
difficulties if the sample or the sample’s phase does not vary on the scale of several Fresnel zones.
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Chapter 4

Applications

In this chapter we demonstrate different applications which benefit from near-field
ptychographic phase retrieval.

4.1 Phase retrieval of optically thick specimen

This section builds up on the results of the preceding chapter. As stated previously,
inline-holographic phase-retrieval is especially challenging for samples which are
optically thick i.e. samples that are strongly absorbing and phase shifting. The
failure of the flat field correction for this sample was already demonstrated in
Fig. 3.1. In this section it is demonstrated that near-field ptychography can be
used to efficiently perform phase retrieval on a uranium sphere with a diameter of
about 46 µm, which can be considered as an optically thick sample. This particular
sample was not accessible by inline holography in a previous experiment. The
reconstruction employs a statistical model and incorporates partial coherence by
decomposing the illumination into coherent modes. Further, it is observed that
phase vortices can occur as artifacts during the reconstruction and pose a greater
challenge than in far-field methods.

The main results of this section were published in Stockmar et al. (2015b).
Parts of this section are directly adopted from this publication. The sample was
provided fully prepared by Anne Bonnin and Herve Palancher.

4.1.1 Sample description and experimental parameters

The sample of interest in this experiment is a uranium-molybdenum spherical
particle with an outer diameter of 46 µm glued to the top of a capillary. It is made
of a U-7Mo (7 wt. % Mo) core, produced by atomization methods, and protected
by a 1 µm thick UO2 shell (Bonnin et al. 2014). At 16.9 keV, this sample absorbs,
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in its center, almost 95% of the incoming intensity and yields a phase shift of
more than 10π, thus violating assumptions of a slowly varying phase and a weak
absorption. With this strong phase shift, the dense sphere acts as a diverging
lens. This particular sample could not be imaged with other inline holography
methods because of the impossibility to carry out a proper flat-field normalization
as demonstrated earlier in Fig. 3.1. Therefore, this particular sample was not
accessible by inline holography beforehand.

This U-Mo alloy dispersed in an aluminum matrix is the most promising high-
density nuclear-fuel which is needed to decrease the uranium enrichment of current
nuclear fuels for research and test reactors worldwide (Leenaers et al. 2004). To
optimize performance during in-reactor irradiation, the growth of an interaction
layer at the uranium-aluminum interface has to be avoided (Palancher et al. 2012).
One way to succeed consists in coating the U-Mo particles with a protective layer
made of UO2 (Leenaers et al. 2004, Meyer et al. 2002). The efficiency of such a
coating is directly linked to its microstructural homogeneity such as uniformity of
thickness and the absence of cracks.

For this experiment, all measurements were performed with the diffuser. The
mean energy was determined to E = 16.96 keV. The sample was placed down-
stream of the focal point at z1 = 5.19 cm which resulted in a magnification of
M = 10.12 yielding an effective pixel size of ∆x = 74.75 nm and an effective
propagation distance of z = 4.68 cm. To suppress raster-grid artifacts (Dierolf
et al. 2010b), one ptychographic scan consisted of 16 pseudo-randomly distributed
points with a maximum shift of 350 pixels. At each point a diffraction pattern of
20482 pixels was acquired, using an exposure time of 0.5 s. Five flat-field images
were recorded as well. One diffraction pattern is displayed in Fig. 4.1.

The initial aim of this experiment was also to demonstrate the combination
of near-field ptychography with tomography. Unfortunately, the uranium sphere
started to move within in the glue during the experiment so that tomographic
reconstruction was not possible.

4.1.2 Reconstruction procedure and parameters

All diffraction patterns were deconvolved with the known detector point-spread-
function, using five iterations of the Richardson-Lucy algorithm (see Eq. 6.15).
To reduce computation time, the diffraction patterns were cropped to the central
1498x1648 pixels which contain the sphere. The reconstruction was carried out
in three steps with the difference map algorithm and the maximum likelihood
algorithm:

In the first step, 1000 iterations of the difference map algorithm were applied
using only a single mode for the illumination function. To avoid numerical in-
stabilities at places of strong absorption during the reconstruction, the absolute
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Figure 4.1 One of 16 diffraction patterns of the uranium sphere. Please
note the logarithmic color scheme. The scale bar indicates 20 µm.

value of the sample transmission function was forced to remain within the inter-
val [0.1, 1.2]. This clipping constraint is a common strategy in far-field single-shot
coherent diffractive imaging (e.g. here (Wilke et al. 2012)). With the chosen
boundaries, it is a rather weak constraint and should, in practice, not restrict
the applicability of the method provided a sufficient transmitted intensity in the
diffraction data.

In the second step, two additional modes (see Eq. 2.68) were added to the
illumination function to account for partial coherence as well as the remaining
inconsistencies in the measured data. These additional modes were initialized as
random arrays and 300 iterations of the difference map algorithm were performed.

The third and final step consisted of 300 iterations of the maximum likelihood
algorithm. This refinement step was found to reduce artifacts and noise in the
final reconstruction. The strength of the regularization was set to 2%.

4.1.3 Results and discussion

The result of the procedure described above is shown in Fig. 4.2. The main mode
of the reconstructed illumination corresponds well to a former experiment with the
same diffuser and similar experimental conditions where a well-known test object
was used (Stockmar et al. 2013). The two additional modes in the illumination
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Figure 4.2 Ptychographic reconstruction results. (a), phase part of the
reconstructed transmission function. (b), same as (a) after unwrapping. (c),
line profile through (b) as indicated by the dashed line. (d), amplitude of the
reconstructed transmission function. (e), representation of the complex-valued
illumination function, where the phase and amplitude are mapped to hue and in-
tensity. (f), intensity of the numerically propagated sample transmission function.
The scale bars correspond to 25 µm.
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function took up about 5% of the power each (after orthogonalization). Besides
being a model for partial coherence, these modes can account for the point spread
function and non-uniform response of the detector. More generally speaking, they
add additional degrees of freedom to the reconstruction. In this way, they do
not pick up only illumination characteristics but general inconsistencies (Clark
et al. 2014, Enders et al. 2014) between the measured data and the rigid model
(Eq. 2.67) assumed for reconstruction. Hence, an exact physical interpretation
of each single mode is not always possible and depends on the source of signal
degradation.

The phase image of the sample (Fig. 4.2(a)) shows that the uranium sphere
and the surrounding glue both exhibit a strong phase shift. After substracting
the glue background, the measured phase shift in the center of the sphere can be
estimated to 33.6 rad, which is in good agreement with the expected value based on
data obtained from (Henke et al. 1993). The phase error of the surrounding air is
estimated from the standard deviation to 0.012 rad. The outer UO2 shell cannot be
distinguished from the U-7Mo core, which can be attributed to the small thickness
and the fact that he contrast is “washed out” in two dimensions due to summation
effects. The amplitude image (Fig. 4.2(c)) shows that the sphere attenuates the
amplitude of the incident wave down to 15%. We also notice that it contains
ringing artifacts which appear on the interfaces between glue, air and sphere and
which are clearly visible as a halo around the sphere.

To demonstrate that all wavefront distortions were accounted for properly, the
object transmission function was propagated numerically to the detector plane and
the intensity was calculated. The result is shown in Fig. 4.2(f). It can clearly be
seen that the stripe artifacts attributed to the KB mirrors have disappeared.

Obstacles in the reconstruction procedure: phase vortices

The experiment described so far was repeated for different viewing angles of the
sample, which rotated around the vertical axis. The sample transmission function
obtained after the first step in the ptychographic reconstruction often required the
removal of phase vortices before the last two steps could be executed. While phase
vortices (Paganin 2006) in the illumination may occur very well, such singularities
are highly unlikely in an object transmission function. Fig. 4.3 shows two different
types of vortices that could be observed: in Fig. 4.3(a) a pair of vortices with
opposite helicity is shown. Fig. 4.3(b) shows a single vortex. The vortices are
located close to the center of the sphere and have a nearly vanishing amplitude
in their core (much lower than the surrounding pixels; not depicted in the figure).
The occurrence of phase vortices during the reconstruction process is not unusual
(Fienup et al. 1986) but most of them merge with or annihilate other vortices
while building up the phase. However, unlike in far-field methods, in the near-
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Figure 4.3 Vortices can occur as artifacts in the reconstruction. (a)
phase image of a pair of phase vortices with opposite helicities. (b) a single vortex
trapped close to the center of the sphere (reconstruction from a dataset taken after
the sample had been rotated). The corresponding absorption images (not depicted
here) reveal very low magnitude at the location of the vortex cores. The scale bars
correspond to 20 µm

field case the vortices only result in local inconsistencies with the measured data,
therefore, strongly reducing the algorithm’s efficacy at removing them. While
it is possible that a pair of vortices as in Fig. 4.3(a) annihilates spontaneously
after a sufficient number of iterations, single vortices as in Fig. 4.3(b) are global
“dislocations” and are effectively pinned within the low transmission area close
to the center of the sphere. These vortices cannot heal on their own because the
iterative algorithms do not provide a sufficient driving force to drag them towards
the edge of the image, where they could annihilate. Fortunately the occurrence
of these vortices, the position of their core (xv, yv) and their helicity m can be
easily determined upon visual inspection after the first step of the reconstruction
procedure. Eventually they can be removed through multiplication with a vortex
of opposite helicity:

v(r) = exp

[
−im arctan

(
x− xv
y − yv

)]
(4.1)

This operation produces a local error around the core, which is corrected by 100
additional difference map iterations before proceeding with the second step of the
reconstruction procedure.
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Modes and deconvolution

In the following, the influence of deconvolving the diffraction patterns with a known
detector point spread function and the use of additional additional modes are
discussed in qualitative manner.

As shown in Figure 4.4, if the diffraction patterns are not deconvolved with
the PSF, the results are improved by adding two additional modes, since both
absorption and phase image have greatly reduced ringing artifacts and the border
region of the sphere have a less scruffy appearance. When comparing only the two
single-mode reconstructions, one can see that deconvolution suppresses ringing
artifacts but it does not remove them completely. Adding two additional modes to
the deconvolved data effectively removes the ringing artifacts from the phase image,
while for the absorption image they are again greatly reduced but still present as
discussed earlier. For samples with less steep edges as the sphere, deconvolution
in combination with a single mode might be sufficient to obtain a usable phase
image.

4.1.4 Summary

In this section it was demonstrated that near-field ptychography can be used ef-
ficiently to perform phase-retrieval on strongly absorbing and phase shifting sam-
ples. Inhomogenities in the empty beam are correctly accounted and do not result
in artifacts. Phase vortices were encountered and removed during the reconstruc-
tion. Deconvolution of the diffraction patterns and the use of modes improved the
reconstruction noticeably, the absorption image is however still prone to artifacts.

Near-field ptychography will exploit its full potential when combined with to-
mography, which will be demonstrated in the next section. Another important fu-
ture direction is to investigate ways of reducing artifacts in the absorption image.
This would allow us to obtain complementary quantitative information which is
especially valuable in studies of heterogeneous specimens. Furthermore, it should
be possible to detect and remove vortices automatically by the fact that cross-
derivatives of the phase are not equal at a singularity.
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Figure 4.4 Qualitative assessment of the use of modes and deconvo-
lution of the diffraction patterns. (a-d), phase images, (e-h), absorption
images. The use of modes and deconvolution suppresses ringing artifacts in the
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4.2 X-ray nanotomography using near-field pty-

chography

This section demonstrates that near-field ptychography in combination with com-
puted tomography can access the nano structure of a solid oxide fuel cell (SOFC)
electrode. The performance of such a fuel cell is strongly determined by its struc-
ture on the micro or nano scale. However, such a SOFC sample features a strong
absorbtion and large phase shift and is therefore challenging for other methods.
Hence, previous experiments which studied the microstructure of these SOFC elec-
trodes were carried out at a higher energy to reduce absorption and phase shift.
Additionally, a priori knowledge about the sample’s chemical composition and as-
sumptions on the sample’s homogeneity were used for phase retrieval (Villanova
et al. 2013).

Parts of this section are in preparation for publication (Stockmar et al. 2015a).
The sample was provided fully prepared by Julie Villanova. The analysis of the
microstructure properties of the SOFC was carried out by Maxime Hubert.

4.2.1 Sample description and experimental details

The sample was cut from a commercially available SOFC. The maximum thickness
of the sample was tmax ≈ 125 µm and the sample was also investigated in previous
experiments using holotomography. The fuel cell sample contains four different
layers: the top layer consists of the current collector which is made of Lanthanum
Strontium Manganite (LSM). The second layer comprises the cathode made of
microporous LSM and Yttria stabilised Zirconia (YSZ). This is followed by a dense
YSZ electrolyte layer. The bottom part consists of a microporous anode which is
composed of Nickel and YSZ. The anode is further divided into a thin anode
functional layer (AFL) where the electrochemical reactions take place and which
entails a finer microstructure. The second part of the anode is made up of the
support structure which is responsible for the gas exchange and features a coarser
microstructure.

Like in the previous experiment with the uranium sphere, a diffuser was used
and the mean energy was determined to E = 16.96 keV. The sample was placed
downstream of the focal point at z1 = 1.87 cm which resulted in a Magnification
of M = 28.1 yielding an effective pixel size of ∆x = 24.7 nm and an effective
propagation distance of zeff = 1.67 cm. At this magnification, the sample exceeds
the FOV so that a local tomography dataset was acquired. A schematic of this
setup and a single diffraction pattern is shown in Fig. 4.5.

The tomographic scan consisted of 1200 angles, regularly distributed over an
angular range of 180◦. At each angular position a ptychographic scan was acquired.
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Figure 4.5 Schematic of the local nano-ct setup. The detector shows an
exemplary diffraction pattern of the SOFC sample.
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A single ptychographic scan comprised 16 pseudo-randomly distributed points with
a maximum shift of 350 pixel. At each point a diffraction pattern was acquired
using an exposure time of 0.5 s. After every 10th ptychographic scan, a flat-field
image was acquired.

The sequence of the 1200 angular positions deviated from a conventional to-
mographic scan. The scheme used here consisted of 120 single tomographic sub
scans consisting of 10 angular positions. Each of those sub scans was rotated by
an angle of 180

1200
◦ with respect to the previous sub scan. This scheme was aimed

to yield a more robust tomographic reconstruction in case the experiment had to
be aborted before being finished.

4.2.2 Ptychographic and tomographic reconstruction

The path from the diffraction data to the 3D volume consisted of three main
steps: pre-processing of the diffraction data, ptychographic reconstruction of the
projected transmission function T (x, y) for every angle θ and tomographic recon-
struction to obtain the 3D distribution. In a subsequent fourth step, described in
next subsection, the microstructural properties of the anode were analyzed.

In the pre-processing step, the diffraction patterns were corrected for dark
current, deconvolved with the detector point-spread-function using 5 iterations of
the Richardson-Lucy-algorithm (Lucy 1974, Richardson 1972) and rebinned by a
factor of two yielding diffraction patterns with 10242 pixels and an effective pixel
size of ∆x = 49.6 nm.

First, the ptychographic reconstruction was carried out for the angle θ = 0◦

using 1000 iterations of the difference map (DM) algorithm (Thibault et al. 2009).
The result was further improved in a refinement step, similar to the reconstruction
of the uranium sphere, by adding two additional modes to the illumination function
(Thibault and Menzel 2013a) and employing 330 iterations of the DM algorithm
and 500 iterations of the maximum likelihood (ML) algorithm (Thibault and
Guizar-Sicairos 2012). The output of this refinement step then served as an initial
guess for the reconstruction of the next neighboring angle which could be started
with the refinement step. In fact, it turned out that the initial guess also worked for
the second next neighboring angle, so that the number of parallel reconstruction
processes could be doubled.

The tomographic reconstruction was performed only on the sinograms obtained
from the phase images of reconstructed sample transmission functions. Regions
close to the border, where the ptychographic reconstruction is less constrained
and boundary effects can occur, were cropped out. Additionally, a region with
240 pixels width was cropped to have a centered rotational axis. To circumvent
phase unwrapping, the sinogram was differentiated in the direction orthogonal to
the rotational axis and a filtered back projection (FPB) was carried out using a
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Hilbert filter (Kak and Slaney 1987). The final size of the reconstructed volume
was 8722 x 1098 voxel, corresponding to a volume of 43.2 µm2 x 54.4 µm

4.2.3 Analysis of the microstructural properties

The analysis procedure to obtain microstructural properties of the anode from the
reconstructed volume is described in detail elsewhere (Villanova et al. 2013) and
is only briefly summarized here. Image processing is preliminarily carried out on
the 3D reconstruction. The first step consists of image filtering to improve the
grey level separation of the material’s phases. The filtering is based on anisotropic
diffusion (Perona and Malik 1990) which flattens the grey levels within the phases
and enhances the contrast at the boundaries (Villanova et al. 2013).

In the second step, the volume is segmented by finding the thresholds between
each peak of the grey level distribution. For this, the method proposed by Otsu
(Otsu 1979) has been implemented in Matlab. It provides fully automated pro-
cessing based on a statistical treatment of the grey level distribution. A criterion
that indicates the quality of the thresholding is also calculated at the end of the
numerical processing. This criterion varies between 0 and 1, where a value of 1
indicates an ideal segmentation.

After these two processing steps, the 3D microstructure can be analyzed with
the methods already presented in the literature (Laurencin et al. 2012, Usseglio-
Viretta et al. 2014). Volume fractions and density of Triple-Phase Boundary
Lengths (TPBL) were directly computed on the whole reconstructed volume. Un-
like volume fraction and TPBL, specific surface areas and mean particle diameters
are deduced from the covariance function (Usseglio-Viretta et al. 2014). This
mathematical function which provides a morphological indicator of the hetero-
geneous microstructure represents the probability that two points separated by
a distance h belong to the same phase. They were computed for each phase of
the electrode on several independent sub-volumes extracted from the whole re-
construction. Nine sub-volumes of 10 µm× 10 µm× 10 µm were investigated for
the reconstructed AFL, while four sub-volumes of 15 µm× 15 µm× 15 µm were
used for the substrate. These sub-volumes were considered as stochastic volume
elements (SVE) (Delette et al. 2013, Kanit et al. 2003) so that properties were
averaged from several realizations.

4.2.4 Results and discussion

Projections reconstructed by ptychography

The result of the ptychographic reconstruction is shown for a single projection
angle in Fig. 4.6. The phase of the reconstructed transmission functions shows
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a strong phase modulation and allows to clearly separate the four layers of the
SOFC. The amplitude image features high absorption but also artifacts and a
noisier appearance. Due to the latter two, the FBP of the absorption part gave
only poor results.

The reconstructed probe looks similar to those obtained in previous experi-
ments at the same setup using the same diffuser (Stockmar et al. 2013; 2015b).
The main modes took up 70% of the the total power, the two additional modes
took up 15% of the power each. Since the illumination does not decrease to zero at
the borders of the FOV and the sample greatly extends the FOV, there is scatter-
ing from the inside, which leaves the FOV and scattering from outside the FOV,
which would result in inconsistencies in the diffraction data. In addition there are
also inconsistencies arising from wrap around artifacts since the wave propagation
is carried out on a discrete grid. However, it turned out that each of the addi-
tional modes was contributing power mainly in regions close to the border of the
illumination and therefore accounting for those inconsistencies. In addition, the
absorption image was also taking up some of those inconsistencies.

0

/2
0

0.8

0 1

(a) (b)

(c)

Figure 4.6 Ptychographic reconstruction results for a single projection
angle. (a), wrapped phase of the sample transmission function. (b), magni-
tude of the sample transmission function. (c), main mode of the complex valued
illumination function with additional modes as insets. The scale bars indicate
10 µm.
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Reconstructed volume

Figure 4.7 shows different slices through the volume reconstructed from the projec-
tions of the phase image. In the transverse slice, the four different layers consisting
of cathode current collector, cathode functional layer, electrolyte and anode (from
top to bottom) are clearly visible. In the anode we get a good contrast between the
three different phases which are present in the material: the dark areas correspond
to porosities, the greyish voxels correspond to the ceramic phase consisting of YSZ
and the bright whitish voxels belong to the metallic Ni phase.

Comparison to holotomography and extracted microstructural proper-
ties

Fig. 4.8(a) and (c) provide 2D images extracted from the 3D reconstructed cell
support (anode substrate) which were obtained by near-field ptychographic CT
before and after segmentation. These images are compared to the ones previously
obtained on the same sample by holotomography at 29 keV (and a voxel size of
25 nm) (Villanova et al. 2013) (4.8(b) and (d)). Upon direct visual inspection,
the reconstructed images show similar qualities and seem to exhibit the same
microstructural features.

It is worth emphasizing that good phase separation criteria have been computed
on the volume obtained from the ptychographic reconstructions. The values are
equal to 0.916 for the AFL and 0.896 for the substrate, and lie in the same range as
the ones obtained from the holotomographic volumes (0.904 for the AFL and 0.912
for the substrate (Villanova et al. 2013)). In other words, the 3D ptychographic
raw images feature the same quality as the holotomographic ones and exhibit a
grey level distribution that allows a very good phase thresholding.

The covariance functions of the AFL of the ptychographic reconstruction are
plotted in Fig. 4.8(e) and compared to the ones calculated with the holotomo-
graphic volume (Usseglio-Viretta et al. 2014). It can be noticed that the curves
for the solid phases are quasi identical, whereas a slight difference is visible for
the porosity. Nevertheless, it can be inferred from this comparison that the two
types of reconstructions exhibit the same morphological features. In addition,
microstructural parameters have also been calculated for the AFL and the sub-
strate. The results are provided in Table 1 and compared to those obtained with
holotomography. The two sets of microstructural properties are in good agree-
ment, even though a slight deviation can be noticed for the substrate. Indeed,
for the substrate, the differences can be explained by a difference in analyzed vol-
umes. For holotomography, the properties have been computed on a reconstruc-
tion whose dimensions are equal to the Representative Volume Element (RVE) (i.e.
35 µm× 35 µm× 35 µm (Laurencin et al. 2012)). Conversely, the properties have
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been calculated for near-field ptychographic CT on a smaller volume, equivalent
to a cubic volume of 25.8 µm× 25.8 µm× 25.8 µm. Under this condition, it can
be noticed that the results, which were obtained with the near-field ptychographic
volume, lie in the standard deviation of the properties if several realizations of this
volume are used.

AFL Anode substrate
Holotomo. NFP CT Rel. Dev. [%] Holotomo. NFP CT Rel. Dev. [%]

Volume fraction [%]
Porosity 22.8 22.6 1 46.6 39.6 15

YSZ 5.50 5.01 9 6.01 5.12 15
Ni 28.2 27.2 2 21.7 23.8 10

Specific surface area [µm2]
Porosity 9.09 7.82 14 4.24 5.37 27

YSZ 5.50 5.01 9 6.01 5.12 15
Ni 6.54 6.44 2 5.87 6.45 10

Mean particle diameter [µm]
Porosity 0.94 0.97 3 2.6 2.25 10

YSZ 0.72 0.82 13 1.1 1.1 0
Ni 0.83 0.93 12 1.2 1.2 0

TPBL [µm / µm3]
Global 4.63 5.64 22 3.46 5.76 66
Active 3.30 2.78 16 2.61 2.92 12

Table 4.1 Comparison of the anodes’s microstructural properties.
Rel. Dev. denotes the relative deviation of the values obtained with near-field
ptychographic (NFP) CT with respect to the value obtained with holotomogra-
phy.

4.2.5 Summary

In this section it was shown that near-field ptychographic phase retrieval can be
used to produce a tomographic dataset for local nano CT of a strongly absorbing
and phase shifting sample. This allows to access a much broader range of possible
samples. The near-field ptycho CT results were compared to the results obtained
with holotomography in a previous experiment. Upon visual inspection, the ob-
tained images are of similar quality. To quantify this, microstructural properties
of the anode were compared for both modalities, and are in good agreement within
statistical errors. Holotomography was carried out at an energy of 29 keV since
the reconstruction of the data obtained at 16.9 keV did not yield usable results for
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Figure 4.8 Analysis of the anode substrate microstructure and com-
parison with holotomography. (a) shows a slice of the volume obtained by
near-field ptychography (NFP), (c) shows the same slice after segmentation into
the gas phase (red), the ceramic phase (blue) and the metallic phase (green). A
similar slice of the volume obtained by holotomography is shown before (b) and
after segmentation (d). The scale bars indicate 5 µm. (e), plot comparing the co-
variance functions for each phase obtained from the segmentation of the near-field
ptychography CT volume (faint colors) and the volume obtained by holotomogra-
phy (bright colors).
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this specific sample. Moreover, holotomography required some a priori knowledge
about the sample to perform phase retrieval.

As stated already in the last section, future algorithmic development of near-
field ptychography should allow to extract a usable amplitude signal to provide
additional and complementary information. Additional algorithmic development
should focus on exploiting the redundancies due to the tomographic acquisition
to further reduce the required data, which in this case was four times the amount
collected for holotomography. This would speed up both the acquisition and the
reconstruction, which at the moment still takes significantly longer than in holo-
tomography. A reconstruction of the SOFC using only half of the diffraction data
is briefly shown in the next section. By using iterative tomographic reconstruc-
tion techniques instead of FBP the number of angular samples and therefore the
total number of diffraction patterns might be further reduced. The ultimate goal
would be to combine near-field ptychographic phase-retrieval and tomographic
reconstruction in a single reconstruction scheme as it was already done for hybrid-
input-output based holographic phase retrieval (Ruhlandt et al. 2014). However,
current developments in the field of ptychographic reconstruction software, in par-
ticular the use of graphical processor units (GPUs) for massively parallel comput-
ing, are expected to further boost the speed of ptychographic phase retrieval.

Finally, the projection approximation is valid as long as Eq. 2.13 is fulfilled.
In this experiment, the sample had a maximum thickness of about T ≈ 125 µm
yielding

√
λT ≈ 96 nm ≤ 2∆x and was therefore on the edge of validity. The adap-

tion of existing multi-slice reconstruction techniques (Maiden et al. 2012a, Suzuki
et al. 2014) for near-field ptychography might be necessary for future local CT
experiments, which are carried out with thicker samples or at higher resolutions.
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4.3 Other applications

4.3.1 Local nano CT of the SOFC sample using half the
data

In the previous paragraphs, 16 diffraction patterns per angle were used for the
ptychographic reconstruction. To reduce the time for acquisition and reconstruc-
tion in future experiments, the number of diffraction patterns per angle needs to
be reduced. While it was found that the ptychographic reconstruction would not
converge when using 8 diffraction patterns and starting from zero, it was found
that 8 diffraction patterns are sufficient if the reconstruction result from a neigh-
boring angle was used as initial guess for object and probe. Further it was found
that if 3 probe modes with 8 diffraction pattern were used, the reconstruction is
under-constrained and does not converge so that in the following only one mode
for the illumination is used.

Figure 4.9 shows the ptychographic reconstruction. In Fig. 4.9(c) it can be
seen that reconstruction features a ramp-like low frequency variation and some high
frequency variations compared to the reconstruction based on the full diffraction
data. Figure 4.10 shows the corresponding tomographic reconstruction.

Summing up, the relative amount of data needed to reconstruct a three-dimensional
volume can be reduced compared to a reconstruction of a single ptychographic
scan. As indicated in the last section, further reduction of the amount of data
is necessary and should be feasible when additional tomographic constraints are
exploited. This might, however, come along with stricter requirements on the
stability of the beam.
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Figure 4.9 Ptychographic reconstruction results for a single projection
angle using only 8 diffraction patterns. (a), wrapped phase of the sample
transmission function. (b), magnitude of the sample transmission function. (c),
Difference of (a) and the corresponding phase image using 16 diffraction patterns
and 3 modes. Besides a very low frequency variation some high frequency varia-
tions could be found. (d), complex-valued illumination function. The scale bars
indicate 10 µm.
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(d) (e)

Figure 4.10 Tomographic reconstruction results using only 8 diffraction
patterns. (a), frontal slice through the center. Transverse slices depicting the
cathode current collector (b), the cathode functional layer (c), the electrolyte (d)
and the anode substrate (e). The scale bars indicate 10 µm.
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Figure 4.11 Ptychographic reconstruction of the SOFC sample. (a),
unwrapped phase image of the sample at an angle of 18◦. (b), same as (a), but
now for an angle of 36◦. Due to local inconsistencies in the retrieved phase the
unwrapped phase features discontinuities. The scale bars correspond to 50 µm.

4.3.2 Global nano-CT of the SOFC sample

The same SOFC sample was also imaged at an effective pixel size of ∆x = 200 nm
which comes along with an effective propagation distance of zeff = 10.2 cm. At
this effective pixel size, the whole sample fit into the field of view so that a global
tomography was carried out. 1000 angles were recorded and 16 steps were used in
every ptychographic scan. It can be observed that the ptychographic reconstruc-
tion behaves less robust: the phase image features some local inconsistencies which
can be visualized by looking at the image of the unwrapped phase (cf. Fig. 4.11.)
Those artifacts can most likely be attributed to the smaller width of the Fres-
nel zone which corresponds to about 13 pixels in this geometry. This could be
improved by using a diffuser with finer structure.

The tomographic reconstruction is shown in Fig. 4.12. The reconstruction
features streak artifacts due to imperfect alignment and the issues in phase re-
trieval. The microstructure in the cathode functional layer, electrolyte and the
anode functional layer is barely visible due to the larger effective pixel size com-
pared to Fig. 4.7. Only the larger structures in the current collector and the
larger pores in the anode substrate are visible.
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(c) (d)

(e) (f)

(a) (b)

Figure 4.12 Tomographic reconstruction of the SOFC sample. (a),
frontal slice through the volume. (b-f), transverse slices through the volume as
indicated by the dashed lines in (a) from top to bottom showing the cathode cur-
renct collector, the cathode functional layer, the electrolyte, the anode functional
layer and the anode substrate. Please note that the images are cropped. The scale
bars correspond to 50 µm.
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Figure 4.13 Reconstruction of a bundle of raw silk fibers. (a-d), cropped
unwrapped phase image of the sample at 0◦, 45◦, 90◦ and 135◦ respectively. (e),
tomographic reconstruction of the central slice. The reconstruction features streak
artifacts due to alignment problems. The scale bars correspond to 20 µm.

4.3.3 Nano-CT of a raw silk fiber bundle

A bundle of raw silk fibers was investigated using near-field ptycho CT. This
samples was provided by Heikki Suhonen. The bundle of silk fibers is almost
a pure phase object. This sample was investigated in global tomography. The
effective pixel size was set as for the uranium sphere to ∆x = 75 nm and the
same scanning parameters were used. 1000 angles projection angles were recorded
in total. The results are shown in Fig. 4.13. The tomographic reconstruction
features streak artifacts which can be attributed to alignment issues or to the fact
that the sample may have changed due to the long acquisition time.
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Chapter 5

Conclusions and Outlook

In this thesis, a novel phase retrieval scheme for propagation based imaging was
developed and explored. It was shown in both, numerical simulations and physical
experiments that multiple measurements of full-field Fresnel diffraction patterns
of a sample for different transverse positions to the incident illumination can be
combined with ptychographic phase retrieval yielding a simultaneous reconstruc-
tion of the sample’s transmission function and the incident illumination function.
The key requirement for this method, which was named near-field ptychography,
is that the illumination is structured sufficiently. It was found that sufficient struc-
ture is given if the illumination varies on the length scale of a Fresnel zone. In
practice, since no a priori knowledge about the illumination is required, this could
be achieved by using a piece of cardboard to structure the incident illumination.

Near-field ptychography was applied to two different materials science samples
and found to solve two issues in holographic phase retrieval: firstly, near-field
ptychography solves problems with the common flat-field correction which arise
at high resolutions by accounting for the co-propagation of inhomogeneities and
waves diffracted by the sample.

Secondly, near-field ptychography can perform phase-retrieval on strongly ab-
sorbing and phase shifting samples. This was demonstrated using 50 µm uranium
sphere which was not accessible by propagation imaging before.

Finally, near-field ptychography was combined with computed tomography
which yielded the three-dimensional nano structure of the electrodes of a solid
oxide fuel cell.

To fully exploit the potential of next generation synchrotron sources, near-
field ptychography will gain more importance: due to the even larger degree of
coherence, deviations from the optimum surface in reflective focusing optics will
yield even stronger artifacts in the incident illumination. Hence, a wave optical
approach to solve the flat-field problem as provided by near-field ptychography
is absolutely necessary to achieve highest spatial resolutions. In Figure 5.1 first
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Figure 5.1 First results from the new ID16A-NI beamline at ESRF.
(a), flat field image showing lots of structure due to surface roughness of KB
mirrors. (b), flat-field corrected diffraction pattern of a Siemens star. Especially
in the right half vertical remaining stripes are clearly visible. (c), reconstructed
phase image of a Siemensstar (after cropping). (d), reconstructed main mode of
the illumination function. Note that no diffuser was used in this experiment. The
scale bars correspond to 2 µm(after binning). The experiment was carried out an
energy of 17.05 keV, an effective pixel size of 20 nm(after binning) and an effective
propagation distance of 2.37 mm The diffraction data was provided by Maxime
Hubert and Peter Cloetens.

results of the new ID16A-NI beamline of ESRF are presented.

Moreover, to succeed in the race for highest spatial resolution, position control
on the scale of a subpixel of the effective pixel size is required. This can be achieved
by mechanical or algorithmic means. If the resolution is increased to a level that the
sample thickness exceeds the limit given by the projection approximation, multi-
slice techniques need to be introduced. To image samples which could suffer from
radiation damage, the noise behavior should be investigated. Another important
step would be to improve the quality of the reconstruction of the absorption image.
This would provide complementary quantitative information which is especially
valuable in studies of heterogeneous specimens.

Further, the acquisition time and reconstruction time needs to be reduced for
near-field ptychographic CT to become a tool which can be used on a regular ba-
sis at synchrotrons. One way to achieve this could be by exploiting tomographic
constraints during the ptychographic reconstruction and sharing the illumination
function for multiple scans. A goal should be that the number of diffraction pat-
terns per angle is in the order of 4 to 6. Algorithmic development and the use
of GPUs could afford an additional boost in speed. An ultimate goal would be a
direct three-dimensional reconstruction from the diffraction data.
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Eventually the implementation of near-field ptychography at less brilliant sources
or laboratory x-ray sources may be considered. Implementation at a Compact
Light Source should be possible and near-field ptychography could provide a ro-
bust tool for phase retrieval. However, a much more careful and detailed analysis is
required to answer the question whether the implementation of near-field ptychog-
raphy at a liquid metal jet source or even conventional micro-focus x-ray sources
is feasible.

In summary, this work demonstrated the great potential of near-field ptychog-
raphy and paved the way for future investigations and development.
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Chapter 6

Appendix

6.1 Discrete Fourier transform

The discrete two dimensional Fourier transform will be denoted as FFT arising
from its widely used implementation as ”Fast Fourier transform” and is given by

f̂l′,m′ = FFT2{fl,m} =

Ny−1∑
l=0

Ny−1∑
m=0

fl,m exp

(
−2πill′

Nx

)
exp

(
−2πimm′

Ny

)
, (6.1)

where the inverse transformation is given by

fl,m = iFFT2{f̂l′,m′} =
1

NxNy

Ny−1∑
l′=0

Ny−1∑
m′=0

f̂l′,m′ exp

(
2πill′

Nx

)
exp

(
2πimm′

Ny

)
.

(6.2)
The sampling in Fourier space is determined by ∆qx = 1

Nx∆x
and ∆qy = 1

Ny∆y

respectively. Most of the useful properties of the continuous Fourier transform
have their discrete counterparts. However, an important difference is that discrete
Fourier transform behaves as if the array is periodically repeated in real space
which can cause wrap around artifacts. Another rather technical note to mention is
that the FFT and iFFT assume the arrays to be shifted circular in both dimensions
such that the first element in an array corresponds to central element of real or
reciprocal space. More details can be found in the literatue, e.g. in Schmidt (2010).

6.2 Numerical implementation of wave propaga-

tion

In the following it is assumed that propagation geometry has been rescaled to a
parallel beam geometry.
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Phase factors which are constant over the sampling plane have been dropped.
Three different forms for Fresnel diffraction have been introduced. While the three
of them are equivalent in their continuous form, they have different regimes of
validity when implemented on a discrete grid. An implementation of the different
propagators using Python and numpy (The NumPy developers 2014) is shown in
an listing at the end of this section. The convolution formulation(Eq. 2.22) will
not be discussed here since a discrete convolution is in that case computationally
expensive.

For the double Fourier transform formulation(Eq. 2.21), the grid spacing in
both planes is identical: ∆x = ∆xD and ∆y = ∆yD. However, the phase of the
exponential in the Fresnel propagator oscillates rapidly for increasing ∆z for high
spatial frequencies qx, qy. One can therefore define a critical distance

zcritical =
min(Nx(∆x)2,Ny(∆y)2

λ
, (6.3)

where the phase of the exponential is no longer sampled properly according to
the Nyquist theorem. Therefore, if ∆z > zcritical, the single Fourier transform
formulation (Eq. 2.23) should be used. In this formulation, the grid spacing in
the detector planes is now given by

∆xD =
λ∆z

Nx∆x
(6.4)

and

∆yD =
λ∆z

Ny∆y
, (6.5)

which is larger or equal than the original grid spacing. Vice versa, if ∆z > zcritical
the propagator in real space is no longer properly sampled and the double FFT
formulation should be used. For propagation beyond zcritical, two alternative for-
mulations exist. The two step approach uses two consecutive propagations using
the single FFT formulation which allows to choose the grid spacing in the ob-
servation plane freely and is described in Schmidt (2010). The other approach,
called Fresnel impulse response propagator is a modification of the double FFT
formulation which replaces the analytically calculated Fourier transform of the
propagation kernel with the numerically calculated Fourier transform of the ana-
lytically calculated propagator in real space. (Breckinridge and Voelz 2011)

In addition to proper sampling of the propagators, the sampling parameters
need to be chosen to account for the periodic nature of the discrete Fourier trans-
form which can cause wrap around artifacts, e.g. when diffracting structures are
placed close to borders of the simulation. Different recipes can be found in litera-
ture, e.g. in Schmidt (2010).
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1 # Implementation o f d i f f e r e n t propagat ion methods
2 # f o r numerica l wave propagat ion
3 # p s i = wavefront
4 # z e f f = e f f e c t i v e p a r a l l e l beam propagat ion d i s t anc e
5 # dx , dy = sampling g r id spac ing in the f i r s t plane in meters
6 # lam = wavelength in meters
7 import numpy as np
8 FFT= lambda x : np . f f t . f f t 2 (np . f f t . f f t s h i f t ( x ) )
9 iFFT= lambda x : np . f f t . i f f t s h i f t (np . f f t . i f f t 2 ( x ) )

10 f s h i f t=np . f f t . f f t s h i f t
11 i s h i f t=np . f f t . i f f t s h i f t
12

13 # abso lu t e square o f the g r id in r e a l space
14 de f g r i d s q u a r e ( sh , dx , dy ) :
15 x , y=np . mgrid[− sh [ 0 ] / / 2 : sh [1 ]//2 ,− sh [ 1 ] / / 2 : sh [ 1 ] / / 2 ]
16 r e turn ( x∗dx ) ∗∗2+(y∗dy ) ∗∗2
17 # abso lu t e square o f the Grid spac ing r e c i p r o c a l space
18 de f f f t f r e q 2 s q u a r e ( sh , dx , dy ) :
19 r e turn i s h i f t ( g r i d s q u a r e ( sh , 1 . / ( sh [ 0 ] ∗ dx ) , 1 . / ( sh [ 1 ] ∗ dy ) ) )
20

21

22 # Fresne l approximation − Double FFT formulat ion f o r z e f f<z c r i t i c a l
23 de f p r o p f r e s n e l ( ps i , lam , z e f f , dx , dy ) :
24 q2=f f t f r e q 2 s q u a r e ( p s i . shape , dx , dy )
25 propKernel=np . exp(−1 j ∗np . p i ∗ lam∗ z e f f ∗q2 )
26 r e turn iFFT(FFT( p s i ) ∗propKernel )
27

28 # Fresne l s i n g l e s tep ( f o r z e f f>z c r i t i c a l )
29 de f p r o p f r e s n e l s i n g l e ( ps i , lam , z e f f , dx , dy ) :
30 r2=g r i d s q u a r e ( p s i . shape , dx , dy )
31 propKernel1=np . exp (1 j ∗np . p i /( lam∗ z e f f ) ∗ r2 )
32 #Grid in de t e c t o r plane
33 rNew2=g r i d s q u a r e ( p s i . shape , lam∗ z e f f /( dx∗ p s i . shape [ 0 ] ) , lam∗ z e f f /( dy∗ p s i . shape

[ 1 ] ) )
34 propKernel2=−1./ s q r t ( lam∗ z e f f ) ∗np . exp (1 j ∗np . p i /( lam∗ z e f f ) ∗rNew2) ∗dx∗dy
35 r e turn propKernel2 ∗ i s h i f t (FFT( p s i ∗propKernel1 ) )
36

37 # Fresne l impulse re sponse fo rmulat ion f o r l a r g e z e f f
38 de f p r o p f r e s n e l I R ( ps i , lam , z e f f , dx , dy ) :
39 r2=g r i d s q u a r e ( p s i . shape , dx , dy )
40 propKernel=FFT( 1 . / ( 1 j ∗ lam∗ z e f f ) ∗np . exp (1 j ∗np . p i /( lam∗ z e f f ) ∗ r2 ) ∗dx∗dy )
41 r e turn iFFT(FFT( p s i ) ∗propKernel )
42

43 # Angular spectrum formulat ion
44 de f prop angular spectrum ( ps i , lam , z e f f , dx , dy ) :
45 q2=f f t f r e q 2 s q u a r e ( p s i . shape , dx , dy )
46 propKernel=np . exp (1 j ∗2∗np . p i ∗ z e f f /lam∗np . s q r t (1−q2∗ lam∗∗2) )
47 r e turn iFFT(FFT( p s i ) ∗propKernel )

6.3 Useful extensions for the difference map al-

gorithm

If the illumination is composed of more than one mode, Eq. 2.73 needs to applied
for every mode separately.
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Shared probe reconstruction

If we assume that we have two ptychographic scans of two different objects, e.g.
projections of the same sample under two different angles, but in both cases we
have used the same probe, we can incorporate this knowledge in the reconstruction
and share information about the probe. Equation 2.72 is written down for each
object O1, O2, the probe reconstruction (Eq. 2.73) is modified to

P (r) =

∑
j O
∗
1(r− rj)ψj(r) +

∑
j O
∗
2(r− rj)ψj(r)∑

j |O1(r− rj)|2 +
∑

j |O2(r− rj)|2
. (6.6)

This can be generalized straightforwardly to more than two scans or objects.
(Dierolf 2015)

Sharing the object for multiple probes can be also implemented in a similar
way and is reported elsewhere.

Flat field constraint

To suppress symmetries due to unconstrained degrees of freedom (Dierolf et al.
2010b) and to support retrieval of the illumination, a diffraction pattern of the
empty beam can be used in the reconstruction. This can be done by the shared
probe approach where we assign the diffraction pattern of the empty beam i.e.
a flat-field image to e.g. object number two and replace in every iteration all
instances of O2 in equation Eq. 6.6 with 1 or some other weighting factor. The
computation of O2 is carried out no longer.

Partial coherence

To incorporate partial coherence via the coherent mode forumulation, the update
rule Eq. 2.69 needs to be applied to every mode. Acoordingly, the modulus
projector (Eq. 2.63) needs to be modified to

ΠM{ψj,m(r)} = D−z{wj,m
√
Ij(r) · exp(arg(Dz{ψj,m(r)})}, (6.7)

where wj,m =
|D∆z{ψj,m(r)}|2√

Ij
.

In addition, the overlap projector is adapted in a similar way as in the shared
object case since every probe mode shares the same object transmission function.
To incorporate fluctuations within the object, the object transmission function can
also be decomposed into several modes and similar modifications to the algorithm
can be done. This is however not discussed in the scope of this work.
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6.4 Non-linear conjugate gradient search for max-

imum likelihood

The first step in every iteration l of the non-linear conjugate gradient search con-
sists of calculating the gradient∇L = (∇OL,∇PL):

∇l
OL =

∑
j

∑
m

P l
m(r− rj)χ

∗
j,m(r) +∇OR(Ol) (6.8)

∇l
PL =

∑
j

∑
m

Ol(r + rj)χ
∗
j,m(r) (6.9)

where

χj,m(r) = D−1
∆z

{
|D∆z{Pm(r)O(r− rj)}|2 − Ij(r)

σj(r)2
D∆z{Pm(r)O(r− rj)}

}
. (6.10)

This allows to calculate the search direction using the Polak-Ribiere formula:

∆l = −∇L+ βl∆l−1 (6.11)

with

βl =
〈∇Ll,∇Ll〉 − 〈∇Ll,∇Ll−1〉

〈∇Ll−1,∇Ll−1〉
(6.12)

Finally, the step size γ needs to be found which minimizes

L(O + γ∆O,P0 + γ∆P0, . . .). (6.13)

This is done by finding the root of an order-eight polynomial or by approximating
the latter one by second-order polynomial.

6.5 Richardson Lucy deconvolution

Assuming that
Imeasured(r) = Iideal(r) ∗ PSF(r), (6.14)

Iideal(r) can be approximated by the N -th iterate IN(r) which is calculated from
an initial guess I0(r) = Imeasured(r) using the update rule (Lucy 1974, Richardson
1972):

I l+1(r) = I l(r) ·
(

Imeasured(r)

I l(r) ∗ PSF(r)
· PSF(r)

)
, (6.15)

where PSF(r) denotes the transposed PSF(r). The number of iterations N is
usually chosen depending on the extent of the PSF. Using too many iterations
introduces additional noise in the image.
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and J. Stöhr. Lensless imaging of magnetic nanostructures by X-ray spectro-
holography. Nature, 432(12):885–888, 2004.

V. Elser, I. Rankenburg, and P. Thibault. Searching with iterated maps. Proceed-
ings of the National Academy of Sciences of the United States of America, 104
(2):418–423, 2007. doi: 10.1073/pnas.0606359104.

B. Enders, M. Dierolf, P. Cloetens, M. Stockmar, F. Pfeiffer, and P. Thibault.
Ptychography with broad-bandwidth radiation. Applied Physics Letters, 104
(17):171104, 2014. doi: 10.1063/1.4874304.

ESRF. ID16A - Nano-Imaging Beamline, 2014. URL
http://www.esrf.eu/UsersAndScience/Experiments/Imaging/ID16A.

A. Fehringer, T. Lasser, I. Zanette, and P. B. No. A versatile tomographic forward-
and backprojection approach on Multi-GPUs a Chair. In Proceedings of the SPIE
Volume 9034, id. 90344F 7, 2014. doi: doi:10.1117/12.2043860.

J. R. Fienup. Phase retrieval algorithms: a comparison. Applied optics, 21(15):
2758–69, 1982.

J. R. Fienup. Invariant error metrics for image reconstruction. Applied optics, 36
(32):8352–8357, 1997.

J. R. Fienup, C. C. Wackerman, and A. Arbor. Phase-retrieval stagnation problems
and solutions. Journal of the Optical Society of America. A, Optics, image
science, and vision, 3(11):1897–1907, 1986.

101



M. Fox. Quantum Optics : An Introduction. Oxford University Press, Oxford,
2006. ISBN 0191524255.

D. Gabor. A new microscopic principle. Nature, 161:777–778, 1948.

R. Gerchberg. A practical algorithm for the determination of phase from image
and diffraction plane pictures. Optik, 35(2), 1972.

D. C. Ghiglia and M. D. Pritt. Two-dimensional phase unwrapping: theory, algo-
rithms, and software. Wiley, 1998. ISBN 0471249351.
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C. W. Röntgen. Ueber eine neue Art von Strahlen (Vorläufige Mittheilung) Wik-
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