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Abstract—The available channel state information (CSI) in a
limited feedback system like the frequency division duplex (FDD)
downlink is not perfect since it is subject to estimation, quantiza-
tion and feedback errors, and in addition, can be outdated. Despite
the fact that the capacity of limited feedback systems is unknown
in general, we derive a novel lower bound on the capacity of single
user limited feedback systems with imperfect CSI. Based on this
bound, we propose the design of an FDD system by finding the
optimum training and number of feedback bits. To this end we also
take the FDD uplink into account, since practical FDD systems
represent two-way systems. We also provide closed-form approxi-
mations for the optimum downlink training, uplink training and
number of feedback bits which basically maximize lower bounds
on the FDD downlink and uplink capacity with imperfect CSI.

Index Terms—Limited feedback, capacity bound, imperfect
channel state information, beamforming.

I. INTRODUCTION

THE capacity of wireless communication links increases
by deploying multiple antennas under the assumption

of perfect channel state information (CSI) [1]. In practice,
however, the available CSI is far from perfect, as it is in the
downlink of a single user frequency division duplex (FDD) sys-
tem. Assuming multiple antennas at the base station (BS) and a
single antenna at the user, the imperfect transmit CSI at the BS
for the multiple-input single-output (MISO) downlink becomes
available through limited feedback from the user [2], [3]. The
available CSI is subject to estimation and quantization errors,
and can be outdated and affected by feedback errors. Such
imperfect CSI characterization has been addressed in [4] for the
multiuser downlink with zero-forcing (ZF) beamforming. How-
ever, the quantization error in the single user case leads solely
to an SNR offset [6] and not to a rate saturation with SNR [5],
as in the multiuser case. Moreover, our focus is on the ergodic
capacity with imperfect CSI rather than achievable rates.

Imperfect transmit CSI as described previously has not been
treated generally for the single user case. In [6]–[14], the
available CSI at the user before feedback is assumed to be
perfect. Limited feedback with a noiseless feedback channel
is assumed in [15], [16]. Since the downlink capacity with
imperfect CSI is unknown, one can recur to the computation
of bounds [15]–[17]. In contrast to the literature, in the first
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part of this work we present a novel lower bound on the
ergodic capacity with Gaussian signalling for the single user
MISO FDD downlink with imperfect transmit CSI. Although
the lower bound is derived following our previous work [17],
the new bound is tighter. The tightness of the lower bound is
evaluated with an upper bound.

In the second part of this paper we address the design of
single user limited feedback systems which we characterize
as two-way FDD systems, with transmission in the downlink
and the uplink. Due to the feedback, we have an inherent
coupling and tradeoff between the FDD downlink and uplink
rates, which has been considered in some literature such as
[16], where the optimum scaling of the training and feedback
length is determined. Furthermore, this tradeoff is characterized
in [20] by means of an upper bound on the rate region which is
composed of the downlink and uplink rates. The optimization
of a single user two-way limited feedback system is presented
in [21], [22] with respect to the time and power allocated for
the feedback and data phase under the assumption of perfect
receive CSI and error-free and instantaneous feedback.

Despite the coupling between the FDD uplink and down-
link, the feedback represents a significant overhead only for
short time slot lengths. Thus, we propose a system design
by optimizing each link separately, taking certain aspects into
account. In contrast to the previous literature, we derive closed-
form approximations for the optimum uplink training, downlink
training and number of feedback bits as a function of the
system parameters. To this end, this paper is organized as
follows. Sections II and III present the system model of the
two-way FDD system and the effective downlink channel with
limited feedback beamforming. The lower bound on the FDD
downlink capacity is derived in Section IV, and the lower bound
is evaluated in Section V. We discuss the two-way system
optimization in Section VI. The optimum training and number
of feedback bits for the design of single user limited feedback
systems are derived in Section VII, and the results are validated
in Section VIII. We conclude the paper in Section IX.

II. SYSTEM MODEL

We consider an FDD two-way wireless communication sys-
tem between a BS with M antennas and a single-antenna user.1

We assume Rayleigh fading, i.e., all channels are i.i.d. complex

1This scenario could correspond to a multiuser cellular system, where a
scheduler in a cell selects one user at a time to serve in each link. In this context,
the intercell interference is considered part of the noise. Note that multiple users
can be served with perfect CSI, but serving multiple users with imperfect CSI in
the downlink leads to a rate saturation with SNR [5], which is not the case with
a single user. In this case, serving only one user with beamforming achieves a
higher sum rate.
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Fig. 1. Time slot structure in the FDD uplink and downlink.

Gaussian distributed with zero-mean and unit variance.2 Thus,
the downlink and uplink channel vectors are spatially uncor-
related. The time slot duration in the uplink and the downlink
is T channel uses, where at each channel use one symbol is
transmitted in each link. In addition, the uplink and downlink
channels are assumed to be frequency flat, constant for one time
slot, i.e., block fading, and are uncorrelated with one another.

In the downlink, the first TDL channel uses are used to send
a training sequence, which enables the user to estimate the
downlink channel. The remaining TDL,D symbols of a downlink
time slot are reserved for transmitting data from the BS to the
user, i.e., T = TDL + TDL,D.

Similarly, the first TUL channel uses in the uplink time slot
are allocated for transmitting a training sequence from the user
to the BS, so the BS can estimate the uplink channel. In the next
TUL,D channel uses of the time slot, the user transmits data to
the BS. The final TF channel uses are reserved for the feedback
of CSI from the user to the BS. Thus, in the uplink we have
T = TUL + TDL,D + TF. An overview of the time slot structure
is depicted in Fig. 1. The fed back CSI is available at the BS
with a delay of one time slot, i.e., the CSI fed back during time
slot n− 1 in the uplink is available in the downlink at time slot
n. Due to practical reasons, we do not consider an uneven power
allocation among the different phases as in [20]–[23].

A. Uplink Channel

For the uplink (UL), we have a Gaussian single-input
multiple-output (SIMO) channel with M receive antennas. With
receive beamforming at the BS, the equivalent single-input
single-output (SISO) system for the TUL,D data symbols at time
slot n is given by

yUL[n] =
√

PUL wH
UL[n]hUL[n]sUL[n] + vUL[n], (1)

where at time slot n, yUL[n] ∈ C
TUL,D is the signal after

beamforming at the BS, sUL[n] ∈ C
TUL,D are the transmit

symbols with zero mean and unit variance, wUL[n] ∈ C
M is

the receive beamforming vector with unit norm, hUL[n] ∈ C
M

2This holds, for instance, in a rich scattering environment and a uniform
linear array with isotropic radiators separated by half the signal wavelength at
the BS, so the channels are spatially uncorrelated [18] and there is no antenna
mutual coupling [19].

is the uplink SIMO channel and vUL[n] ∈ C
TUL,D is the equiv-

alent additive white Gaussian noise (AWGN), resulting after
receive beamforming, with zero mean and variance σ2

n, which
is independent of the transmit signal. Furthermore, PUL is the
user’s transmit power. With a scalar pilot sequence of length
TUL, the BS obtains a minimum mean square error (MMSE)
estimate ĥUL[n] ∈ C

M of the uplink channel, such that

hUL[n] = ĥUL[n] + eUL[n], (2)

where eUL[n] ∈ C
M is the uplink estimation error. The MMSE

estimate ĥUL[n] is independent of eUL[n] and the elements
of the ĥUL[n] and eUL[n] are independent complex Gaussian
random variables with zero mean and variance 1− σ2

eUL
and

σ2
eUL

, respectively, where the variance of the estimation error
σ2
eUL

is given by [23]

σ2
eUL

=
1

1 + PUL

σ2
n
TUL

. (3)

The uplink data and the feedback can be detected at the
BS with maximum ratio combining based on ĥUL[n] such
that the receive beamforming vector wUL[n] is wUL[n] =

ĥUL[n]/‖ĥUL[n]‖2. Using (2), we can therefore rewrite (1) as

yUL[n] =
√

PUL‖ĥUL[n]‖2 sUL[n]

+
√

PULw
H
UL[n]eUL[n]sUL[n] + vUL[n]. (4)

B. Downlink Channel

The downlink (DL) is Gaussian MISO channel with M
transmit antennas. With transmit beamforming, the equivalent
SISO downlink system for the TDL,D data symbols at time
slot n is

yDL[n] =
√

PDL wH
DL[n]hDL[n]sDL[n] + vDL[n], (5)

where at time slot n, yDL[n] ∈ C
TDL,D are the received signals,

sDL[n] ∈ C
TDL,D are the transmit symbols, wDL[n] ∈ C

M is
the transmit beamforming vector with unit norm, hDL[n] ∈
C

M is the downlink MISO channel and vDL[n] ∈ C
TDL,D is

the AWGN with zero mean and variance σ2
n, which is also

independent of the transmit signal. PDL is the transmit power
available at the BS.

We consider temporally correlated block fading, i.e., hDL[n]
is assumed to be constant for the coherence time of T symbols
and is correlated with the channel in the previous time slot
hDL[n− 1] according to a first order Markov model as in [4]:

hDL[n] =
√
α hDL[n− 1] +

√
1− α g[n− 1]. (6)

The elements of g[n− 1] ∈ C
M are i.i.d. zero-mean unit-

variance complex Gaussian random variables and are uncorre-
lated with hDL[n− 1], and

√
α is the correlation coefficient,

with 0 ≤ α < 1. Furthermore, α is unknown at the transmitter,
i.e., we assume no channel prediction. WithM TDL-dimensional
pilot vectors transmitted from the M antennas of the BS [23],
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the user obtains an MMSE estimate ĥDL[n] ∈ C
M , such that

the downlink channel is

hDL[n] = ĥDL[n] + eDL[n], (7)

where eDL[n] is the error vector which is independent of
ĥDL[n]. The elements of the ĥDL and eDL are independent
complex Gaussian random variables with zero mean and vari-
ance 1− σ2

eDL
and σ2

eDL
, respectively, where the variance of the

estimation error σ2
eDL

for TDL ≥ M is given by [23]

σ2
eDL

=
1

1 + PDL

Mσ2
n
TDL

. (8)

Afterward, the downlink channel estimate is quantized with
B bits. For the BS to perform transmit beamforming in the
downlink, the user needs to quantize only the channel direction
information (CDI) of the estimated channel, which is a unit-
norm vector. For this, we employ the random vector quantiza-
tion (RVQ) scheme [15], where we have at the transmitter (BS)
and receiver (user) a codebook C with 2B random beamforming
vectors ti, i = 1, . . . , 2B , i.i.d. isotropically distributed over
the M -th dimensional unit sphere.3 The CDI of the downlink
channel ĥDL[n− 1], for instance, is quantized by selecting the
beamforming vector wFB[n] (to be used at time slot n due to the
feedback delay) that best matches the current channel estimate:

wFB[n] = argmax
ti∈C

∣∣∣tHi ĥDL[n− 1]
∣∣∣2 . (9)

After quantizing its estimated CDI, the user feeds back to
the BS the B bits representing the index of the beamforming
vector wFB[n]. We assume the feedback is transmitted uncoded
and employs TF = B/2 QPSK symbols in the uplink during the
limited feedback phase (see Fig. 1). We employ QPSK symbols
for the feedback, since higher modulation schemes suffer from
higher symbol error probabilities. The feedback is sent uncoded
due to the fact that codewords span many time slots, which im-
plies the feedback would be even more outdated after decoding.

With a faded- and noise-prone uplink (feedback link), the
feedback can be received erroneously at the BS. The feedback
is sent without error detection and hence, we assume the BS
to be unaware of a feedback error.4 As in [4], we assume no
optimized mapping of the B quantization bits in the feedback
message, such that a bit error leads to a total feedback loss.
Thus, beamforming based on an erroneously received message
is equivalent to random beamforming, i.e., no antenna gain can
be exploited. This is why the fed back beamforming vector
wFB[n] has a different subscript than the beamforming vector
applied at the BS wDL[n] (see (5)); they are only equal in case
of error-free reception of the feedback message.

3We employ RVQ not just due to mathematical tractability, but also because it
is asymptotically optimal in terms of capacity, when the number of antennas and
number of feedback bits tend to infinity with a fixed ratio [6], [7]. In addition,
RVQ is also able to perform very well for low number of transmit antennas [2],
[6] compared to other optimized codebooks.

4Although we assume the BS to be unaware of feedback errors, the BS
could be aware, to some extent, of a feedback error based on the correlation of
received beamforming vectors with previously received vectors. For instance,
the BS could employ the last correctly received beamforming vector instead of
a beamforming vector given by an erroneously received feedback message.

C. Feedback Error Probability

The BS can receive the feedback message employing max-
imum ratio combining which is based on the uplink channel
estimate. As stated in [23]–[25], the worst effect the estimation
error can have is to behave as independent AWGN with vari-
ance PULσ

2
eUL

, such that we approximate the SNR during the
feedback phase, for instance, at time slot n− 1 with γF[n−
1] = (PUL‖ĥUL[n− 1]‖22)/(σ2

n + PULσ
2
eUL

), where the nu-
merator results from performing maximum ratio combining
with the uplink channel estimate ĥUL[n− 1]. With this SNR
approximation, we compute the average bit error probability
with QPSK and maximum ratio combining with ĥUL[n− 1] by
using [26, (7.20)]:

E [pb (γF[n−1])]=

(
1−Λ

2

)M M−1∑
m=0

[
M−1+m

m

](
1+Λ

2

)m

,

(10)

where the expectation is taken over the channel estimate ĥUL

and Λ =
√

(λUL/2)/(1 + (λUL/2)), where λUL

λUL =
PUL

(
1− σ2

eUL

)
σ2
n + PULσeUL

2

. (11)

Despite assuming the worst case noise for the estimation error,
simulation results indicate that E[pb(γF[n− 1])] is indeed a
good approximation of the actual feedback error probability.

Since one symbol error leads to total feedback loss, the
average feedback error probability is

pε = E
[
1− (1− pb)

B
]
≤ 1− (1− E [pb])

B , (12)

where the expectation is taken over the channel estimate ĥUL.
Since the upper bound resulting from Jensen’s inequality is very
tight for small values of pb, we employ it as an approximation
for the average feedback error probability.

III. DOWNLINK EFFECTIVE CHANNEL

In general, let us define the effective downlink channel
hDL[n]=wH

DL[n]hDL[n]∈C, such that (5) can be rewritten as

yDL[n] =
√

PDL hDL[n]sDL[n] + vDL[n]. (13)

Since they have different distributions, we make a distinction
between the effective channel after erroneous and after correct
feedback, and denote them as hDL,ef [n] and hDL,cf [n], respec-
tively. Without feedback errors (correct feedback), wDL[n] =
wFB[n] and the equivalent channel denoted by hDL,cf [n] =
wH

FB[n]hDL[n] is given by

hDL,cf [n]

=wH
FB[n]

(√
αĥDL[n−1]+

√
αeDL[n−1]+

√
1−αg[n−1]

)

=
√
α
wH

FB[n]ĥDL[n−1]

‖ĥDL[n−1]‖2
‖ĥDL[n−1]‖2+

√
αeDL+

√
1−αg,

(14)
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where the first line follows from (6), with (7) at time slot n− 1.
In the last line we made the following substitutions eDL =
wH

FB[n]eDL[n− 1] and g = wH
FB[n]g[n− 1]. Since wFB[n]

has unit norm and is independent of eDL[n− 1] and g[n− 1],
eDL and g are complex Gaussian with zero mean and variance
σ2
eDL

and 1, respectively. Let us now define

ν =

∣∣∣wH
FB[n]ĥDL[n− 1]

∣∣∣2∥∥∥ĥDL[n− 1]
∥∥∥2
2

. (15)

By recalling (9), notice that ν ∈ [0, 1] is the maximum of 2B

square absolute values consisting of the inner product of two
uniformly distributed unit vectors.

Using (14) and with Re{z} as the real part of z, |hDL,cf [n]|2
can be expressed as

|hDL,cf [n]|2=αν
∥∥∥ĥDL[n−1]

∥∥∥2
2
+2
√

α(1−α) Re {g e∗DL}

+ 2
√

α(1−α) Re
{
wH

FB[n]ĥDL[n−1] g∗
}
+(1− α) |g|2

+ 2α Re
{
wH

FB[n]ĥDL[n− 1] e∗DL

}
+ α |eDL|2. (16)

Since g and eDL have zero mean, are independent of
ĥDL[n− 1] and in addition, ν and ĥDL[n− 1] are also inde-
pendent [12], [27], the expected value of |hDL,cf [n]|2 is

E
[
|hDL,cf [n]|2

]
=αE

[∥∥∥ĥDL[n−1]
∥∥∥2
2

]
E[ν]+(1−α)+ασ2

eDL

=α (M E[ν]− 1)
(
1− σ2

eDL

)
+ 1, (17)

which also results from ‖ĥDL[n− 1]‖22 being chi-squared dis-
tributed with 2M degrees of freedom, each with variance (1−
σ2
eDL

)/2. Define μν = E[ν], which is given by [13]

μν =E[ν] = 1− 2BBeta

(
2B ,

M

M − 1

)
(18)

≈ 1− 2−
B

M−1 , (19)

where Beta(a, b) is the Beta function [28] and the approxima-
tion results from [5].

For deriving the downlink capacity bound we require the
variance of ν:

σ2
ν = E

[
(ν − E[ν])2

]
= E[ν2]− E2[ν]. (20)

With the pdf fν(ν) given in [13], E[ν2] can be obtained as

E[ν2]=

1∫
0

ν2fν(ν) dν

=2B(M−1)

1∫
0

ν2(1−ν)M−2
(
1−(1−ν)M−1

)2B−1
dν

=2B
1∫

0

(
1−(1−x)

1
M−1

)2
x2B−1 dx

=1−2·2BBeta

(
2B,

M

M−1

)
+2BBeta

(
2B,

M+1

M−1

)
, (21)

where in the third line we employ the substitution x = 1− (1−
ν)M − 1. The last line results from evaluating the square and
from the definition of the Beta function.

A. Transmit Beamforming After Erroneous Feedback

After a feedback error at time slot n− 1, there is a total
feedback loss and the applied beamforming vector wDL[n] 	=
wFB[n] is random with respect to hDL[n]. Thus, the effective
channel after erroneous feedback is a zero-mean unit-variance
complex Gaussian random variable, i.e.,

hDL,ef [n] = wH
DL[n]hDL[n] ∼ CN (0, 1). (22)

Hence, the feedback is correct (wDL[n] = wFB[n]) with prob-
ability 1− pε and the effective channel is (14). On the other
hand, the feedback is erroneous with probability pε and the
effective channel is (22). In the following, let the binary random
variable θ indicate a feedback error event: θ[n− 1] = 1 in
case of a feedback error at time slot n− 1 and θ[n− 1] = 0
otherwise.

IV. DOWNLINK CAPACITY BOUNDS

A lower bound on the ergodic downlink capacity CDL as-
suming Gaussian signalling (i.e., we do not optimize the input
distribution with the imperfect CSI) is provided by the next
theorem.

Theorem 4.1: A lower bound on the downlink capacity CDL

of a limited feedback system taking into account estimation,
quantization and feedback errors and outdating is given by

CDL

≥ (1−pε) log2(e)

T

×

⎛
⎝TDL,D

(
1− σν

2μν

)
e1/χ

M∑
k=1

Ek

(
1

χ

)
− e

1
ξ

TDL,D∑
k=1

Ek

(
1

ξ

)⎞⎠
−Hb(pε)

T

+
pε
T

log2(e)e
σ2
n

PDL

⎛
⎝TDL,DE1

(
σ2
n

PDL

)
−
TDL,D∑
k=1

Ek

(
σ2
n

PDL

)⎞⎠
Δ
= CDL,lb, (23)

where Ek(z) =
∫∞
1 (e−zt/tk) dt is the generalized exponential

integral [28, (5.1.4)], Hb(•) is the binary entropy function, χ =
(PDLαμν(1− σ2eDL))/σ

2
n and ξ = (PDLE[|hDL,cf [n]|2])/σ2

n.
Proof: The proof is given in Appendix A. �

An upper bound to the downlink capacity with Gaussian
signalling is derived based on [25]:

CDL

(a)

≤ 1

T
I (sDL[n];yDL[n] | hDL[n], θ[n−1])

(b)
=

1

T
(1−pε) I (sDL[n];yDL[n] | hDL,cf [n])

+
1

T
pεI (sDL[n];yDL[n] | hDL,ef [n])
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Fig. 2. Downlink capacity vs. SNR.

(c)
=

TDL,D

T
(1−pε)EhDL,cf

[
log2

(
1+

PDL

σ2
n

|hDL,cf [n]|2
)]

+
TDL,D

T
pε log2(e)e

σ2
n

PDL E1

(
σ2
n

PDL

)
(d)

≤ TDL,D

T
(1−pε)log2

(
1+

PDL

σ2n
(α(ME[ν]−1)(1−σ2e)+1)

)

+
TDL,D

T
pεlog2(e)e

σ2
n

PDL E1

(
σ2
n

PDL

)
Δ
= CDL,ub, (24)

where step (a) follows by assuming a genie provides the effec-
tive downlink channel hDL[n] and θ[n− 1] to the user, such that
the user is aware of feedback errors. Step (b) results from the
effective channel with correct and erroneous feedback. Given
the effective downlink channel, either hDL,cf [n] or hDL,ef [n],
Gaussian signalling is optimum, which has been employed in
step (c), where we also used (58). In step (d), the first term
results from Jensen’s inequality and (17).

V. PERFORMANCE ANALYSIS

To assess the lower bound, consider the following sce-
nario: T = 200, M = 8, B = 30, TUL = TDL = 10, and α =
0.9994.5 We also set PUL = PDL/M , i.e., the user has 1/M -th
the available power of the BS, to introduce a scaling of the
transmit power with the number of antennas. With the assump-
tion TUL = TDL, the estimation error (c.f. (3) and (8)) in the
uplink and downlink are the same for a given power setting.
Although we focus on the downlink, the uplink parameters
determine the feedback error probability. For the described
scenario, Fig. 2 depicts the downlink capacity bounds (23) and
(24) as a function of the downlink SNR. The actual capacity
with imperfect CSI lies in the shaded region enclosed by the
bounds. The tightness of the lower bound (23) can clearly be
observed. As references we show the capacity with perfect CSI

5Assuming a Jake’s spectrum for the Rayleigh fading we would have
√
α =

J0(2πtsfcs/c), where J0(•) is the zeroth-order Bessel function of the first
kind, such that the value of α results from assuming a time slot duration ts =
1 ms, a carrier frequency fc = 2 GHz and a user’s velocity along the line from
the BS to the user of s = 3 km/h.

and an upper bound on the capacity without transmit CSI [1].
Furthermore, we note the slightly increasing loss with SNR
with respect to the perfect CSI case, resulting from the training
overhead (T − TDL)/T < 1.

For small SNRs the downlink capacity, when the BS is
unaware of feedback errors, can be smaller than the capacity
without transmit CSI. For such SNRs, the downlink capacity is
dominated by the capacity with erroneous feedback, since the
occurrence of feedback errors is not negligible. For a downlink
SNR of 4 dB, the SNR in the uplink is approximately −5 dB
(recall M = 8 and PUL = PDL/M ). With uplink SNRs less
than −5 dB and B = 30, the feedback error probability pε is
larger than 92%! In such cases, the performance in the downlink
is equivalent to having only one transmit antenna. As the
uplink SNR increases, the feedback error probability decreases
such that for uplink SNRs larger than 1 dB, i.e., downlink
SNRs larger than 10 dB with M = 8 and PUL = PDL/M , the
feedback error probability pε is already less than 12%.

Since we assume the BS is unaware of feedback errors,
after erroneous feedback the BS sends only one stream with a
random beamforming vector instead of sending M independent
streams with equally shared power, which is the optimum strat-
egy when the BS has no transmit CSI [1]. One way to increase
the performance of the downlink in such cases would be to
enable the BS to be aware of feedback errors,6 so the BS can
transmit with the previous beamforming vector if this was re-
ceived error-free. The capacity bounds for this case are also de-
picted in the plot with the legend (Aware). For moderate to high
SNR, there is practically no gain of being aware of feedback
errors, since the feedback error probability is negligible.
However, even if the BS is aware of the feedback errors (as
described before) for very low SNRs, the optimum transmit
strategy for the no transmit CSI case could be slightly better.
Besides enabling the BS to become aware of feedback errors,
another straightforward approach to counter the feedback
errors is to increase the uplink SNR in order to reduce the
feedback error probability.

We now plot the FDD capacity bounds as a function of
the number of feedback bits B in Fig. 3 for T = 500, M =
8, TUL = TDL = 10, and α = 0.9994. The downlink SNR is
10 dB and consequently with PUL = PDL/M the UL SNR
≈ 4 dB. The tradeoff between the quantization error (number
of feedback bits) and the feedback error probability in the
downlink is visible. The maximum for both capacity bounds is
achieved with around 22–26 bits. Hence, we posit the optimum
number of feedback bits for the actual FDD downlink capacity
with imperfect CSI to be around 22–26 bits. In addition, as the
number of feedback bits increase, the reduction in the quantiza-
tion error (μν → 1) cannot compensate for the increase in the
transmission errors in the feedback link, which consequently
leads to a decrease of the downlink capacity.

6We do not discuss how the BS could achieve this, but one possible naive
approach would be for the BS to compare each fed back beamforming vector
with previously received beamforming vectors. Assuming that the feedback
error probability is not so large, the BS could determine to some extent whether
the current feedback message was received with error if the corresponding
beamforming vector is not correlated with the beamforming vectors from
previously received feedback messages.
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Fig. 3. Downlink capacity vs. number of feedback bits B.

Based on the results, we assert the tightness of the bounds
mainly depends on the value of the ratio B/M . The bounds are
looser for smaller values of B/M and tighter for larger values
of B/M . This is a result of the quantization error scaling with
2−B/(M−1) (see (19)). In addition, since Jensen’s inequality be-
comes tighter with increasing number of antennas M , the upper
bound (24) becomes tighter with increasing M . This is due to
the fact that the magnitude square of the effective downlink
channel after correct feedback becomes more deterministic.

VI. TWO-WAY SYSTEM

To properly characterize the FDD system, we take into
account the FDD uplink as well as the FDD downlink. To
this end, a lower bound on the ergodic capacity CUL of the
uplink (given only an estimate of the uplink channel) can
be obtained by assuming the term from the estimation error,
i.e., wH

UL[n]eUL[n]sUL[n] in (4) behaves as worst case noise
[23]–[25]:

CUL ≥ T−TUL−TF

T
EĥUL

[
log2

(
1+

PUL‖ĥUL‖22
PULσ2

eUL
+σ2

n

)]
(25)

=
T − TUL − TF

T
log2(e)e

1/λUL

M∑
k=1

Ek

(
1

λUL

)

Δ
=CUL,lb, (26)

which follow from [23, (17)] and [31, (8.40)] with [28,
(5.1.45)]. Recall λUL is given in (11).

For the FDD system design, i.e., for determining the opti-
mum values of the training length and number of feedback bits,
we propose using the lower bounds of the uplink and downlink
which represent achievable rates in each link. Hence, we have a
bi-objective optimization problem

max
TUL,TDL,B

(CUL,lb, CDL,lb) s.t. 0 ≤ TDL ≤ T,

0 ≤ TUL +
B

2
≤ T, (27)

Fig. 4. Achievable uplink-downlink rate region.

where the bounds are given in (26) and (23). The solution to the
optimization (27) gives a set of Pareto optimal points. In case
the rate region formed by uplink and downlink achievable rate
is concave, we can obtain the Pareto optimal points from the
single-objective optimization [32]:

max
TUL,TDL,B

βCUL,lb + (1− β)CDL,lb s.t. 0 ≤ TDL ≤ T,

0 ≤ TUL +
B

2
≤ T, (28)

for β ∈ [0, 1]. We can solve the previous optimization numeri-
cally for β ∈ [0, 1] in order to obtain pairs of achievable rates
in the uplink and the downlink [33], [34]. The set of Pareto
optimal points for the optimization (27) is shown in Fig. 4 for
different time slot lengths T . For the figure we have additionally
assumed M = 8, α = 1 (no outdating) and as in the previous
plot, a downlink SNR = 10 dB and uplink SNR ≈ 1 dB. From
the figure, we observe that the rate region formed by the uplink
and downlink achievable rate is indeed concave.

The coupling between the FDD uplink and downlink due
to the feedback overhead is only significant for short time
slot lengths. For instance, the maximum uplink achievable rate
is obtained by setting B = 0, i.e., no uplink resources are
employed to aid the downlink. However, this does not imply
that the downlink rate is zero, since the downlink can still
achieve a positive rate corresponding to that with no CSI or that
of random beamforming with a single user. On the other hand,
the maximum downlink achievable rate is obtained by using
the uplink solely as a feedback link which leads to a zero rate
for the uplink. For the case T = 1000, the optimum resource
allocation which maximizes solely the downlink achievable
rate is B = 30, TDL = 13, and TUL = 985. Although there are
plenty of resources to have a larger B, we still have the tradeoff
due to the feedback error probability shown in Fig. 3. For
example, increasing the number of feedback bits from B = 30
to B = 60 increases the CDI quantization quality μν slightly
(from 0.9520 to 0.9975), which in turn increases the term in
the capacity corresponding to correct feedback. This increase in
B, nevertheless, almost doubles the feedback error probability
from 8.72% to 16.68% (c.f. (12)), such that B = 30 is the
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optimum choice! The rest of the time slot is employed for
uplink training to obtain the smallest possible uplink estimation
error.

For the system design of an FDD downlink/uplink (two-
way system), there is no single figure of merit as in a one-
way system. Similar to [27], we consider the sum rate of the
achievable rate on both links as an appropriate figure of merit
for optimizing the FDD system

{T �
UL, T

�
DL, B

�} = argmax
TUL,TDL,B

CUL,lb + CDL,lb

subject to 0 ≤TDL ≤ T, 0 ≤ TUL +
B

2
≤ T, (29)

where CUL,lb and CDL,lb are given in (26) and (23). This
operating point is indicated with a circle for different T in
Fig. 4. Due to the fact that the coupling between the two links
is only significant for small values of T , for large T there
is practically no capacity loss for each link when optimizing
each link separately, as compared to optimizing the links jointly
through the uplink-downlink sum rate optimization. Lastly, we
note that the gap in the uplink with respect to the perfect CSI
case is smaller than in the downlink due to the fact that the
quality of the CSI in the downlink is worse, i.e., in addition
to estimation errors, it is subject to quantization and feedback
errors. Although the capacity with perfect CSI of both links is
equal for the same SNR, the depicted downlink capacity with
perfect CSI is higher because we assume PUL = PDL/M .

VII. SYSTEM DESIGN

Based on the previous discussion, we propose optimizing
the uplink and downlink separately to determine the optimum
training and number of feedback bits. As will be seen, the
optimization of the training lengths can be easily decoupled.
When optimizing the number of feedback bits, however, we
have to consider two aspects of the feedback: feedback errors
and the overhead.

A. Uplink Training Length

Although the optimization of the training length has been
addressed in [23], no closed form expression has been derived
there. To optimize the uplink training length, we find the uplink
training length which maximizes the uplink achievable rate by
ignoring the feedback overhead in the uplink. Hence, from (26)
and with TF = 0, we can bound CUL,lb

T − TUL

T
log2(e) e

1
λUL

M∑
k=1

Ek

(
1

λUL

)

≥ T − TUL

T
log2(e) e

1
λUL E1

(
1

λUL

)
. (30)

where λUL given in (11) depends on TUL. The inequality re-
sults from e1/λULEk(1/λUL) ≥ 0. Also, it turns out the uplink
training length TUL which maximizes each of the summands
e1/λULEk(1/λUL) (which are concave functions of TUL) is

approximately the same. For simplicity, we focus solely on the
first summand k = 1. With [28, (5.1.20)], we can bound this
summand as

T − TUL

T
e

1
λUL E1

(
1

λUL

)
≥ T − TUL

T
log(1 + λUL). (31)

The uplink training length TUL which maximizes
e1/λULE1(1/λUL) turns out to be approximately the same
as the TUL which maximizes log(1 + λUL). Hence, we posit
that maximizing CUL,lb over TUL is equivalent to maximizing

(T − TUL) log

(
1 + ρUL + TUL

(
ρ2UL + ρUL

)
1 + ρUL + TULρUL

)
, (32)

which follows by substituting λUL from (11) in (31) with
σ2
eUL

from (3) and the UL SNR ρUL = PUL/σ
2
n. Since (32) is

concave with respect to TUL, we take the derivative of (32) with
respect to TUL and set it to zero to find the optimum uplink
training length. Setting the derivative to zero gives us

− log

(
1 +

ρ2ULTUL

1 + ρUL + ρULTUL

)

+
ρ2UL(T − TUL)

1 + ρUL + (ρ2UL + 2ρUL)TUL + ρ2ULT
2
UL

= 0. (33)

With ρULTUL1+ρUL, which holds since usually ρULTUL<1,
we have log(1+(ρ2ULTUL/(1+ρUL+ρULTUL)))≈ log(1+ρUL),
such that the first term in (33) does not depend on TUL. Em-
ploying this approximation in (33), we can find an approximate
solution to (33) by solving:

T 2
UL +

((
1 +

2

ρUL

)
+

1

log (1 + ρUL)

)
TUL

+

(
1

ρ2UL

+
1

ρUL

)
− T

log (1 + ρUL)
= 0,

whose only positive solution represents an approximation for
the optimum UL training length:

T �
UL ≈

√
T

log(1+ρUL)
+

1
2+

1
ρUL

log (1+ρUL)
+

1

4 log2(1+ρUL)
+
1

4

−
(
1

2
+

1

ρUL
+

1

2 log(1 + ρUL)

)

≈
√√√√ T

log
(
1 + PUL

σ2
n

)−
⎛
⎝1

2
+

1
PUL

σ2
n

+
1

2 log
(
1+ PUL

σ2
n

)
⎞
⎠ ,

(34)

which is independent of M , scales O(
√
T ) and is inversely

proportional to the UL SNR ρUL = PUL/σ
2
n.

B. Downlink Training Length

To find the optimum downlink training length, we simplify
the analysis by considering solely (56), i.e., the correct feed-
back component of the downlink achievable rate under the
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assumption of no feedback errors, no quantization and no out-
dating, i.e., by setting α = 1, μν = 1 and σν = 0. Considering
only (56) with the previous assumptions, we can write

T − TDL

T
log2(e) e

1
χ

M∑
k=1

Ek

(
1

χ

)

≥ T − TDL

T
log2(e) e

1
χE1

(
1

χ

)
, (35)

where the inequality follows as (30) in the uplink. In addition,
χ which is defined in (57), with the mentioned assumptions
results in

χ
μν=1
α=1=

PDL(1− σ2
eDL

)

σ2
n

. (36)

Similarly as in the uplink, maximizing (35) over TDL is approx-
imately equivalent to maximizing

(T − TDL) log

(
1 +

ρDLTDL
PDL

σ2
n

1 + ρDLTDL

)
, (37)

which follows from ρDL = PDL/Mσ2
n and (31) and by substi-

tuting χ from (36) with σ2
eDL

from (8).
We can obtain an approximate solution which maximizes

(35) by taking the derivative of (37) with respect to TDL

and setting it to zero. After taking the derivative and ap-
proximating log(1 + (ρDLTDL(PDL/σ

2
n)/(1 + ρDLTDL))) ≈

log(1 + (PDL/σ
2
n)) we obtain the following quadratic equation

in TDL

ρ2DL

(
1+

PDL

σ2
n

)
T 2
DL+ρDL

⎛
⎝2+PDL

σ2
n

+

PDL

σ2
n

log
(
1+ PDL

σ2
n

)
⎞
⎠TDL

+ 1−
ρDL

PDL

σ2
n

log
(
1 + PDL

σ2
n

)T = 0,

which can be rewritten as

T 2
DL +

1

1 + PDL

σ2
n

⎛
⎝ 2

PDL

σ2
n

+ 1 +
1

log
(
1 + PDL

σ2
n

)
⎞
⎠MTDL

+
M2(

PDL

σ2
n

)2 (
1 + PDL

σ2
n

)− T M(
1 + PDL

σ2
n

)
log
(
1 + PDL

σ2
n

)=0. (38)

To solve the previous quadratic equation, we consider the
fact that

1

1 + PDL

σ2
n

⎛
⎝ 2

PDL

σ2
n

+ 1 +
1

log
(
1 + PDL

σ2
n

)
⎞
⎠� 1 (39)

1(
PDL

σ2
n

)2 (
1 + PDL

σ2
n

) � 1, (40)

which hold for practical SNRs. With TDL ≥ M (assumed in (8)
for σ2

eDL
), (39) and (40), we can neglect the second and third

term in (38) and approximate the optimum downlink training
length

T �
DL ≈ max

⎛
⎜⎝M,

√√√√ TM(
1 + PDL

σ2
n

)
log
(
1 + PDL

σ2
n

)
⎞
⎟⎠ , (41)

where we employ the max operator, since the positive root
could be less than M but we assumed TDL ≥ M for σ2

eDL

in (8). In contrast to the uplink, the downlink training does
depend on M .

C. Number of Feedback Bits

To find an approximation of the optimum B�, we ignore
the effects of the estimation and outdating, i.e., σ2

eDL
= 0 and

α = 1. In addition, we focus on the correct feedback component
of the downlink achievable rate with the correct feedback
probability. Although the feedback overhead is in the uplink,
we incorporate it in the downlink as in [15], [16], to perform
the optimization only in the downlink. We also set σν = 0,
and with TF = B/2, we assume TDL,D = T − (B/2) instead
of TDL,D = T − TDL. With these assumptions, based on the
first term in (23), we have

T − B
2

T
(1− pε) log2(e) e

1
χ

M∑
k=1

Ek

(
1

χ

)

≥
T − B

2

T
(1− pε) log2(e) e

1
χE1

(
1

χ

)
, (42)

where χ from (57) is given in this case by

χ

σ2
eDL

=0

α=1=
PDLμν

σ2
n

≈ PDL

σ2
n

(
1− 2−

B
M−1

)
,

and where the approximation follows from (19). The ex-
pression (42) considers the three consequences of the feed-
back: feedback overhead, feedback errors, and the quantization
error.

Following the procedure employed before, maximizing (42)
is equivalent to maximizing

(
T − B

2

)
(1− pb)

B log

(
1 +

PDL

σ2
n

(
1− 2−

B
M−1

))
, (43)

which follows from (42) using (31) with χ given above instead
of λUL and approximating pε with (12), where we have replaced
E[pb(γF[n])] with pb. We recall the bit error probability defined
in (10) depends on the uplink estimation error variance, uplink
SNR and number of antennas M at the BS. We compute this bit
error probability assuming the optimum training length given
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in (34). By taking the derivative of (43) with respect to B and
setting it to zero we obtain

(
PDL

σ2
n

(
1− 2−

B
M−1

))

×
(
log

(
1 +

PDL

σ2
n

)
+ log

(
1−

PDL

σ2
n

1 + PDL

σ2
n

2−
B

M−1

))

×
(
−1

2
+

(
T − B

2

)
log (1− pb)

)
+ log 2

PDL

σ2
n

T − B
2

M − 1

+ log 2
PDL

σ2
n

T − B
2

M − 1

(
1− 2−

B
M−1

)
= 0,

where after employing the approximation

log

(
1−

PDL

σ2
n

1 + PDL

σ2
n

2−
B

M−1

)
≈ −

PDL

σ2
n

1 + PDL

σ2
n

2−
B

M−1 ,

that is valid for (PDL/σ
2
n)/(1 + (PDL/σ

2
n))2

−(B/(M−1)) � 1,
which holds for practical values of B, we can write

(
PDL

σ2
n

(
1− 2−

B
M−1

))(
log

(
1 +

PDL

σ2
n

)

−
PDL

σ2
n

1 + PDL

σ2
n

2−
B

M−1 +

(
PDL

σ2
n

1 + PDL

σ2
n

−
PDL

σ2
n

1 + PDL

σ2
n

))

×
(
−1

2
+

(
T − B

2

)
log (1− pb)

)

+ log 2
PDL

σ2
n

T − B
2

M − 1
+ log 2

PDL

σ2
n

T − B
2

M − 1

(
1− 2−

B
M−1

)
= 0.

Furthermore, with

x =
PDL

σ2
n

(
1− 2−

B
M−1

)
, (44)

we can rewrite the previous equation to obtain the following
quadratic equation in x

x2 +

⎛
⎜⎝1− PDL

σ2
n

+

(
1 +

PDL

σ2
n

)
log

(
1 +

PDL

σ2
n

)

−
log 2

(
1 + PDL

σ2
n

)
(M − 1)

(
log(1− pb)− 1

2T−B)

)
⎞
⎟⎠x

− PDL

σ2
n

+

(
1 +

PDL

σ2
n

)
log

(
1 +

PDL

σ2
n

)

−
log 2

(
1 + PDL

σ2
n

)
(M − 1)

(
log(1− pb)− 1

2T−B

) = 0.

By approximating 1/(2T −B) ≈ 1/(2T ) in the denominator
of the last term, we have a quadratic equation in x which is
a function of B. Solving this equation shows us that the only
positive root,7 which at the end leads to a positive value for the
number of feedback bits B, reads as (see equation at the bottom
of the page). With

N =

(
PDL

σ2
n

+1

)(
log

(
PDL

σ2
n

+1

)
+1−

log 2
M−1

log(1− pb)− 1
2T

)

(46)

d = −4

(
PDL

σ2
n

+ 1

)2

log

(
PDL

σ2
n

+ 1

)
, (47)

we can simplify the term with the square root in (45) as:

√
N2 + d ≈ N +

d

2N
, (48)

which follows from the first-order Taylor series of the square
root function. Hence, by employing the approximation (48)
with (46) and (47), we simplify the solution (45) as follows

x ≈ PDL

σ2
n

−

(
PDL

σ2
n

+ 1
)
log
(

PDL

σ2
n

+ 1
)

log
(

PDL

σ2
n

+ 1
)
+ 1− log 2

(M−1)(log(1−pb)− 1
2T )

,

7With x = (PDL/σ
2
n)(1− 2−(B/(M−1))) we have that B = −(M −

1) log2(1− (x/(PDL/σ
2
n))), such that x ≤ 0 leads to B ≤ 0.

x = − 1

2

⎛
⎜⎝1− PDL

σ2
n

+

(
1 +

PDL

σ2
n

)
log

(
1 +

PDL

σ2
n

)
−

log 2
(
1 + PDL

σ2
n

)
M − 1

(
log(1− pb)− 1

2T

)
⎞
⎟⎠

+
1 + PDL

σ2
n

2
×

√√√√(log(1 + PDL

σ2
n

)
+ 1−

log 2
(M−1)

log(1− pb)− 1
2T

)2

− 4 log

(
1 +

PDL

σ2
n

)
(45)
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Fig. 5. Optimum resource allocation vs. T .

such that with (44), we obtain an approximation for the opti-
mum number of feedback bits:

B� = (M − 1) log2

⎛
⎝ 1

1 + σ2
n

PDL

+
1(

1 + σ2
n

PDL

)
log
(

PDL

σ2
n

+ 1
)

−
log 2
M−1(

1 + σ2
n

PDL

)
log
(

PDL

σ2
n

+ 1
) (

log(1− pb)− 1
2T

)
⎞
⎠ , (49)

which scales linearly with M and increases quite slowly with
the time slot length T , as will be observed in the simulation
results. The scaling with PDL/σ

2
n depends on the SNR region.

VIII. SIMULATION RESULTS AND DISCUSSION

Although several approximations were made to obtain the
optimum uplink training (34), downlink training length (41) and
number of feedback bits (49), the expressions are very close
to the optimum values computed numerically, i.e., by solving
(29) via an exhaustive search. To this end, we plot the optimum
resource allocation obtained numerically along with the derived
approximations as a function of different system parameters.
For the optimum B obtained numerically, we assume only
even values, since we consider QPSK feedback symbols. In
Fig. 5, the optimum values are plotted as a function of the
time slot length T for M = 8, α = 1, PUL = PDL/M and DL
SNR = 10 dB. The results confirm the scaling of the training
lengths with

√
T derived in the approximations and also in [35].

Note that with PUL = PDL/M , σ2
eDL

= σ2
eUL

for TDL = TUL,
with TDL ≥ M . Since the optimum uplink training length is
larger than the optimum downlink training length for each T ,
we see the uplink channel needs to be estimated better than the
downlink channel. Recall that for the lower bound on the uplink
channel capacity we have considered the estimation error as
additive noise.

From Fig. 5, we also observe the optimum number of feed-
back bits increases very slowly with T . Although [21] suggests
the feedback load should increase with log2 T , this could be
due to the fact that the feedback error probability was not

Fig. 6. Optimum resource allocation vs. SNR.

considered. There is a point after which increasing B leads
solely to a slight reduction of the quantization error which does
not compensate the increase in the feedback error probability.
Under the assumed setting, as T → ∞ the optimum feedback
load actually converges to a constant

B�≈(M−1) log2

⎛
⎝ − 1

M−1(
1+ σ2

n

PDL

)
log
(

PDL

σ2
n
+1
)
log(1−pb)

⎞
⎠≈28

feedback bits, which follows by setting 1/(2T ) = 0 in (49),
since the third term inside the logarithm dominates the first two
with the assumed setting. In general, for a given M and SNR,
B converges to a constant as T → ∞ and does not increase
unboundedly.

We now depict in Fig. 6 the numerical and approximated
optimum values for TUL, TDL and B as a function of the
downlink SNR PDL/σ

2
n in dB with the uplink SNR given by

PUL/σ
2
n = PDL/(Mσ2

n). We further assume T = 200, M = 8,
and α = 1. We can see the training lengths scale inversely
proportional to the SNR until converging to the minimum
value (M = 8 for the downlink and 1 for the uplink at higher
SNRs), since the channel can be estimated well enough with
the minimum training length at high SNRs. As for the optimum
B, we observe an interesting behavior. It first increases swiftly
with the SNR and after reaching a maximum value, decreases
slowly at high SNRs. For low downlink SNRs, which implies
even lower uplink SNRs due to PUL/σ

2
n = PDL/(Mσ2

n), the
optimum number of feedback bits is small, since the bit error
probability in the feedback link is very large. As the SNR
increases and the feedback link becomes more reliable, the
optimum B also increases until the quantization error is small
enough, such that any further decreaser with additional bits
does not compensate the loss due to feedback overhead and
increase of feedback errors. As the SNR increases further,
the optimum B decreases very slowly as indicated by the
approximation given in (49). Hence, for a fixed T , the downlink
channel vector can be quantized more coarsely as the SNR
increases due to the increase of the available power.

Fig. 7 depicts the optimum resource allocation as a function
of the number M of antennas at the BS. We assume T = 200,
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Fig. 7. Optimum resource allocation vs. number of antennas M .

Fig. 8. Optimized rates vs. time slot length T .

α = 1, PUL = PDL/M and 10 log10(PDL/σ
2
n) = 10 dB. As

derived in (34), we observe the uplink training length is almost
independent of M . For large M , the approximation given in
(49) does not seem very good. However, simulation results
indicate that the optimum number of feedback bits is not so
sensitive for large values of M .

We now compare the uplink and downlink achievable rates
resulting from the resource allocation obtained numerically
from (29) and with the approximations (34), (41), and (49). We
plot the lower bounds (26) and (23) for both cases as a function
of T , downlink SNR and M in Figs. 8–10, respectively. When
the parameter is not in the abscissa of the plot, we assume T =
200, M = 8, α = 1, 10 log10(PDL/σ

2
n) = 10 dB. As before,

we set PUL/σ
2
n = PDL/(Mσ2

n), which leads to higher rates
in the downlink for a given DL-UL SNR setting. With this
relationship, the UL rate is parameterized based on the DL
SNR in Fig. 9. From the results, we observe the rates with the
optimum resource allocation obtained numerically or with the
approximations are basically the same. Although as shown in
Figs. 5–7, the approximations for the optimum TUL, TDL and
B do not always exactly match the optimum values obtained
numerically, the approximated values are close enough to the
optimum operating point.

Fig. 9. Optimized rates vs. SNR.

Fig. 10. Optimized rates vs. number of antennas M .

A. Further Considerations

Channel Outdating: We have yet to consider the effect of
the outdating of the downlink channel. It turns out the training
lengths and the feedback load are basically independent of the
channel variation for realistic scenarios. As α → 0, feedback
becomes meaningless, and hence, the optimum downlink train-
ing length and number of feedback bits should be set to zero.
For practical values of α, the resource allocation is independent
of the channel variations since the discussed channel estimation
and feedback scheme do not consider channel prediction or
make use of previous channel estimates.

Multiple Antennas at the User: The system design can be
generalized to multiple antennas at the user by performing
antenna combining in the downlink and transmit beamforming
in the uplink. In the downlink, the user can combine the receive
signal over its antennas to produce an equivalent downlink
channel vector from the actual MIMO channel. Antenna com-
bining can be performed, for instance, such that the quantiza-
tion error of the equivalent downlink channel is reduced [37].
The effective downlink channel can afterward be quantized with
RVQ and fed back as discussed in this work. Moreover, to
enable transmit beamforming in the uplink, the user requires
feedback from the BS of its preferred quantized CDI, similarly
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as previously discussed for the downlink. This implies feedback
takes place in both links as presented in [20]. In this scenario,
the derived optimum uplink training is no longer valid, since
it assumes a single transmit antenna at the user. However,
we can employ the derived approximation of the optimum
downlink training length for the optimum training length in
both links, since it is based on beamforming with multiple
antennas. Similarly, the derived optimum number of feedback
bits can be employed to determine the optimum feedback load
in both the downlink and uplink.

Spatially Correlated Channels: The rank of the correlation
matrix is usually smaller than the number of BS antennas in
this case. The downlink channel vector can thus be described
based on the eigenbasis by an effective channel of reduced
dimension, i.e., the rank of the correlation matrix. The pre-
sented framework can be applied in this case by considering the
estimation and quantization of the effective downlink channel
vector of reduced dimension. The derived approximations for
the optimum downlink training length and feedback load are
valid by considering the reduced dimension instead of the
number of BS antennas. To this end the BS needs to know the
downlink channel eigenbasis, which can be obtained via long-
term feedback.

Multiple Users: the system design can be generalized with
multiple users by performing ZF beamforming in the downlink
based on the CDI feedback of the users [5]. If the number of
users is larger than the number of BS antennas, user selection
can be performed. Furthermore, MMSE receive beamforming
can be applied in the uplink based on the users’ estimated
uplink channels. For this scenario, the derived approximation
for the downlink training length is valid since it is based on
a common downlink pilot. In the uplink, however, dedicated
training is required for the BS to estimate the uplink channel
vector of the users. This implies the optimum uplink training
length depends on the number of users, similarly as the opti-
mum downlink training length depends on the number of BS
antennas. Furthermore, the optimum feedback load should take
into account that serving multiple users in the downlink based
on quantized CDI leads to a rate saturation due to the unknown
multiuser interference resulting from the quantization [5].

IX. CONCLUSION

We derived a tight lower bound on the ergodic capacity
of single user limited feedback systems. To this end, we as-
sume the available CSI at the BS is affected by estimation,
quantization, feedback errors and outdating. Although there is
no single figure of merit in two-way systems, we address the
design of the FDD uplink and downlink by maximizing the
sum of achievable rates in both links by considering the derived
downlink bound as well as a bound on the uplink. For the
FDD system design, we provide closed-form approximations
for the optimum downlink training, uplink training and number
of feedback bits. Although we have assumed the RVQ scheme
in this work, the derived results are still useful for other quan-
tization schemes (codebooks) since RVQ is not only asymptot-
ically optimal, but also performs quite well for low number of
antennas.

APPENDIX

A. Proof of Theorem 4.1

Proof: A lower bound to the downlink capacity CDL can
be obtained as follows.

CDL =
1

T
(I (s[n];y[n]) + I ((s[n], hDL[n]) ;y[n])

−I ((s[n], hDL[n]) ;y[n]))
(a)
=

1

T
(I (hDL[n];y[n]) + I (s[n];y[n] | hDL[n])

−I (hDL[n];y[n] | s[n]))
(b)

≥ 1

T
(I (s[n];y[n] | hDL[n])− I (hDL[n];y[n] | s[n])
+ I ((s[n], θ[n− 1]) ;y[n] | hDL[n])

− I ((s[n], θ[n− 1]) ;y[n] | hDL[n])

− I ((hDL[n], θ[n− 1]) ;y[n] | s[n])
+ I ((hDL[n], θ[n− 1]) ;y[n] | s[n]))

(c)
=

1

T
(I (θ[n− 1];y[n] | hDL[n])

+ I (s[n];y[n] | hDL[n], θ[n− 1])

− I (θ[n− 1];y[n] | s[n])
− I (hDL[n];y[n] | s[n], θ[n− 1]))

(s)

≥ 1

T
(I (s[n];y[n] | hDL[n], θ[n− 1])

− I (hDL[n];y[n] | s[n], θ[n− 1])

− I(θ[n− 1];y[n] | s[n]))
(e)
=

1

T
(I (s[n];y[n] | hDL[n], θ[n− 1])

− I(hDL[n];y[n] | s[n],
− H (θ[n−1] | s[n])+H(θ[n− 1] | s[n],y[n]))

(f)

≥=
1

T
(I (s[n];y[n] | hDL[n], θ[n− 1])

−I(hDL[n];y[n] |s[n], θ[n−1])−Hb(pε)), (50)

where the effective downlink channel hDL[n] = hDL,cf [n] after
correct feedback, or hDL[n] = hDL,cf [n] after erroneous feed-
back and I(B;C) represents the mutual information between
B and C. The first line in the previous derivation results
from considering the mutual information between the transmit
signal sDL[n] and the receive signal yDL[n] (after dropping the
subscript DL to simplify notation) in one time slot consisting of
T channel uses. Step (a) follows from applying the two defini-
tions of the chain rule I(A,B;C) = I(B;C) + I(A;C | B) =
I(A;C) + I(B;C |A) on the two identical terms. Inequality
(b) results from the non-negativity of the mutual information.
Step (c) arises similarly to (a) from the chain rule on both
pairs of identical terms, while step (d) follows from the non-
negativity of the mutual information. Step (e) results from the
definition of the mutual information with H(A | B) as the con-
ditional entropy8 of A given B. Step (f) arises from the
non-negativity of the entropy and from H(θ[n− 1] | s[n]) ≥
H(θ[n− 1]) which is the binary entropy function Hb(pε), with
probability pe for the error event θ[n− 1] = 1.

8We employ H , which usually represents the entropy of discrete random
variables, to denote the entropy of continuous random variables to avoid
confusion in the notation with the effective downlink channel denoted by the
lowercase letter h.
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The first two terms in (50) can be expressed as

1

T
I(s[n];y[n] | hDL[n], θ[n−1])

=
1− pε
T

I(s[n];y[n] |hDL,cf [n])+
pε
T
I(s[n];y[n] | hDL,ef [n])

(51)
1

T
I(hDL[n];y[n] |s[n], θ[n−1])

=
1−pε
T

I(hDL,cf [n];y[n] |s[n])+
pε
T
I(hDL,ef [n];y[n] |s[n]).

(52)

The first term in (51) is a scaled version of the mutual
information given the effective channel after correct feedback.
This mutual information can be lower bounded as

1

T
I (s[n];y[n] | hDL,cf [n])

(a)
=

TDL,D

T
E

[
log2

(
1 +

PDL|hDL,cf [n]|2
σ2
n

)]
(53)

(b)

≥ TDL,D

T
Eν,‖ĥDL‖22

[
log2

(
1 +

PDLαν‖ĥDL[n− 1]‖22
σ2
n

)]

(54)

(c)

≥ TDL,D

T

(
1− σν

2μν

)
E‖ĥDL‖22

[
log2

(
1+

PDLαμν‖ĥDL‖22
σ2
n

)]

(55)

(d)
=

TDL,D

T

(
1− σν

2μν

)
log2(e)e

1
χ

M∑
k=1

Ek

(
1

χ

)
, (56)

where Ek(z) is the generalized exponential integral [28,
(5.1.4)]. Step (a) results from assuming Gaussian signalling
(recall that we do not optimize the input distribution). The
inequality in step (b) is proven in Appendix B. For step (c),

we employ the fact that ν and ‖ĥDL[n− 1]‖22 are independent
and we make use of a lower bound on concave functions given
in [30, (15)] where the absolute deviation dν ≤ σν . Finally, we
find a closed form expression for the lower bound given in (55)
by making use of the result from [31, (8.40)] with [28, (5.1.45)],
which holds when the elements of ĥDL[n− 1] are independent
complex Gaussian random variables. For the last result (56), we
have also employed the following substitution

χ =
PDLαμν(1− σ2

eDL
)

σ2
n

. (57)

The second term in (51) consists of the mutual information
given the effective channel hDL,ef [n] after erroneous feedback
which is distributed according to (22) and hence, is given by
[31, (8.34)]

1

T
I (s[n];y[n] | hDL,ef [n])=

TDL,D

T
log2(e) e

σ2
n

PDL E1

(
σ2
n

PDL

)
.

(58)

The second term in (50), i.e., (52), can be viewed as a penalty
for not really knowing the effective downlink channel hDL[n].
The first term in (52) can be upper bounded using

1

T
I(hDL,cf [n];y[n] | s[n])

≤ 1

T
log2(e) e

σ2
n

PDLE[|hDL,cf [n]|2]
TDL,D∑
k=1

Ek

(
σ2
n

PDLE [|hDL,cf [n]|2]

)
,

(59)

which results by assuming hDL,cf [n] to be Gaussian dis-
tributed, which maximizes the entropy given the variance of
the effective channel, where the variance is upper bounded by
E[|hDL,cf [n]|2], which is defined in (17). In (59), we have also
employed [31, (8.40)] with [28, (5.1.45)].

By employing [31, (8.40)] with [28, (5.1.45)] we can also
compute the second term in (52)

1

T
I(hDL,ef [n];y[n] | s[n])=

1

T
log2(e) e

σ2
n

PDL

TDL,D∑
k=1

Ek

(
σ2
n

PDL

)
,

(60)

since s[n] is Gaussian distributed with unit variance. The lower
bound on the downlink capacity CDL results by plugging (56)
and (58) in (51), and (59) and (60) in (52), and afterward,
substituting the resulting expressions for (51) and (52) in (50).
We also employed TDL,D = T − TDL. �

B. Proof of the Inequality (54)

The effective channel hDL,cf [n]=wH
FB[n]hDL[n] in (14) can

be written as hDL,cf [n]=y+z, with y=
√
α(wH

FB[n]ĥDL[n−1]/

‖ĥDL[n− 1]‖2)‖ĥDL[n− 1]‖2 and z =
√
αeDL +

√
1− αg.

Based on the discussion after (14), z is then a zero-mean
complex Gaussian random variables with variance σ2

z =
ασ2

eDL
+ (1− α).

The expected value in (53) can thus be expressed as

Ey,z

[
log2

(
1 +

PDL

σ2
n

|y + z|2
)]

= Ey

[
Ez

[
log2

(
1 +

PDL

σ2
n

|y + z|2
)∣∣∣∣ y
]]

(61)

≥ Ey

[
log2

(
1 +

PDL

σ2
n

|y|2
)]

, (62)

where the second line is a direct consequence of Ez[log2(1 +
(PDL/σ

2
n)|y + z|2) | y] ≥ log2(1 + (PDL/σ

2
n)|y|2), which re-

sults from R = Ez[log2(1 + (PDL/σ
2
n)|y + z|2) | y] being

equal to log2(1 + (PDL/σ
2
n)|y|2) for σz = 0 along with the fact

that R is an non-decreasing function of σz . This can be seen
by taking the derivative of R with respect to σz and observing
that ∂R/∂σz ≥ 0 for σz ≥ 0, or equivalently with z′ as a zero
mean unit variance complex Gaussian random variable, that
Ez′ [(Re{yz′}+ σz|z′|2)/(1 + (PDL/σ

2
n))|y + σzz

′|2) | y] ≥ 0
for σz ≥ 0, which results from the fact that z′ has zero mean
and has a symmetric distribution. Finally, inequality (54) re-
sults from (62) and with ν defined in (15) such that |y|2 =

αν‖ĥDL[n− 1]‖22.
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