Two-Way Relay Channel
with Half-Duplex Constraint

Manuel Stein

Diplomarbeit

Tephnisch(_a Universip'ait Miinchen .
m Associate Institute for Signal Processing W
Univ.-Prof. Dr.-Ing. Wolfgang Utschick






Festlegung des Themas: Donnerstag, 19. November 2009

Anmeldung der Arbeit: Donnerstag, 01. April 2010
Tag der miindlichen Priifung: Freitag, 22. Oktober 2010
Betreuer: Univ.-Prof. Dr.-Ing. Wolfgang Utschick

Dipl.-Ing. Lennart Gerdes
M.Sc. (hons) Maximilian Riemensberger

Dieser Bericht ist eine Priifungsarbeit und damit geistiges
Eigentum des Autors und der beteiligten Betreuer. Die In-
halte und Ergebnisse der Arbeit diirfen nicht ohne gemein-
same Zustimmung des Autors und der beteiligten Betreuer
wissenschaftlich verwertet werden.






Two-Way Relay Channel
with Half-Duplex Constraint

Manuel Stein






Remember why you’re here is to inspire.
—RISHLOO






Abstract Two communication processes in a small network are studied. The network consists
of three nodes, all having access to a common channel. Each of the network parties faces a half-
duplex constraint. First a one-way scenario is reviewed where one of the nodes wants to convey
a message to another node. The third node facilitates the transmission. The channel is known as
the half-duplex relay channel. Afterwards a restricted two-way scenario is investigated where two
nodes want to establish a dialog through the channel while the third node assists the bi-directional
transmission. The dialog encoders are not allowed to cooperate. The channel is known as the re-
stricted half-duplex two-way relay channel. For both problems upper (outer) and lower (inner)
bounds on the achievable rates for discrete-memoryless channels are derived with the information
theoretical approach of cut-sets, random codes and suboptimal decoders. In the first part the per-
formance bound and possible transmission strategies that have been obtained for the full-duplex
relay channel are adapted to the half-duplex constraint. The second part examines outer and inner
bounds for restricted half-duplex two-way communication in the network. Different schemes (two
of them new) with specific relaying strategies are analyzed and compared visually with simulations
for channels with continuous Gaussian random variables. One of the core contributions is a first
outer rate bound on the problem independent from a specific scheme. The outer bound established
for the problem alludes to a more general transmission scheme. It contains all schemes consid-
ered before as special cases. For this scheme the achievable rates for decode-and-forward (DF)
and partial-decode-and-forward (PDF) relaying are derived. Restricting to one of those strategies
and fixed input distributions makes it possible to determine optimal transmission schemes with
respect to the maximization of rate objectives or the minimization of cost objectives by solving a
small-scale linear program.
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1. Introduction

Due to the rapid evolution of a "digital society" in the last two decades the demand of data
communication at high quality and rates has dramatically increased. Especially the emerging
markets of selling mobile access to voice and data transmission provide challenging tasks for the
engineers and researchers pushing wireless technology today. A limited amount of resources like
bandwidth, power and hardware form irrevocable constraints to the design of systems satisfying
the present and future request for robust data delivery at appropriate speed. Therefore, high efforts
are made to increase the performance and efficiency of wireless devices and systems. The desire
to theoretically understand technical communication channels and to investigate how to use them
in an efficient way dates back to the first half of the twentieth century. The efforts made have led
to the work [30] presenting a consistent theory of communication. This forms the foundation for
many major contributions that followed. As a result today some fundamental channel models are
considered to be basically understood from a theoretical perspective. The point-to-point channel is
the most prominent one among those and forms the prevailing model for present wireless systems.

In the last years it has been recognized that operating wireless systems in a competitive
point-to-point fashion is not optimal. Here other users act as interferers in the transmission
process and are treated like noise. It has been shown that cooperative protocols can outperform
such an approach. These methods have also been identified to be one of the keys to the optimal
organization of more general wireless networks, e.g., ad hoc networks where many nodes form
a self-configured decentralized network in order to exchange information in a certain area. One
such cooperative concept is known as relaying. Source and destination connect over one or many
intermediate nodes if isolated from each other or when facing bad channel conditions for direct
communication. This can increase connectivity between users in the network. Moreover, lower
energy consumption at the source can be achieved. Even in the presence of a direct path a careful
design of transmission protocols has been shown to improve the communication rate [6]. The
potential to further extend the efficient use of bandwidth with the innovative idea of exchanging
data between two nodes in a bi-directional way over a relay [26] has attracted researchers in the
last years.

Motivation Although from a theoretical viewpoint the one-way communication problem with a
relay is in general an open problem, i.e., the capacity achieving coding procedure is unknown, the
basic methods are considered to be understood due to the milestone [6]. In contrast the analysis
of the two-way channel with a relay is far from being complete. Many works have focused on
a separated channel model where the direct path between the two users is not present, e.g., [26]
[24] [14] [33] [13]. Such a restriction is justified if the connectivity between network parties is a
crucial problem. In a general scenario of a fully-connected wireless network, where all nodes have
access to a common channel, such a model ignores the possibility of using the direct path. It can
be doubted to be optimal in general to operate like in a separated model. Especially with multi-
antenna nodes the direct path might play an interesting role as the eigenmodes of the channels bear
the possibility to transmit data from one node to another separately over the direct path and the

9



10 1. Introduction

relay [21]. However, multi-antenna aspects are out of the scope of the following pages. This work
attempts to study aspects of the half-duplex coding problem in a fully-connected network with
relay. Simulations for Gaussian channels are limited to nodes with a single antenna.

Assumptions In order to keep the analysis tractable the following assumptions are made:

all nodes operate in half-duplex mode,

the transmission protocol is fixed and known by all nodes a priori,

the input distributions are fixed for each network state configuration,

nodes have access to all codebooks used in the network,

all nodes are synchronized by a network clock,

channels are time-invariant and memoryless,

the conditional distributions of all channels are available at each node,

the communication is not limited by delay,

the communication is not limited by the complexity of encoders or decoders.

Throughout the thesis it is assumed that nodes in the network do not have the capability to send
and receive simultaneously on the same resource, i.e., a node can not send and receive at the
same time on the same frequency (half-duplex constraint). Either a node listens to the channel
through its channel output or it talks to the channel by emitting a signal to its channel input. The
particular action of an individual node will be termed state. A network state denotes a particular
state configuration of all nodes. The protocol which defines the network state for each individual
use of the channel is denoted relaying scheme or simply scheme and is assumed to be fixed and
known by all nodes a priori. This excludes the possibility of mode coding, where higher rates can
be achieved [17] by letting the nodes communicate additional information to one another through
a coding scheme on their state, but it allows to gain rate by assigning the optimal number of
channel uses to each of the network states (time allocation). Moreover, the input distributions for
each network state are fixed. This prohibits time-sharing techniques. The restriction to half-duplex
networks can be motivated by practical considerations as it reflects the ability of today’s wireless
technology. However, note that here the transmission process is assumed to be not limited by delay
or complexity. The analysis takes for granted that each node knows the conditional distributions
characterizing all channels in the network as well as all codebooks used. All this might conflict
with practical arguments and therefore makes the analysis inaccurate for a real technical system.
Additionally the basic results of the following pages are not limited to wireless channels.

1.1 Notation

X denotes a random variable taking values in the discrete and finite alphabet X'. Px(-) is the
probability distribution of X where the label X is neglected if the associated random variable
becomes clear from the context. Py (-|-) denotes the probability distribution of X conditioned on
Y. I(X;Y) symbolizes the mutual information between X and Y. A finite sequence of n elements
is denoted x™. f denotes a scalar-valued function where f denotes a vector-valued function.



2. Half-Duplex One-Way Relay Channel

In this part of the thesis the half-duplex relay channel is studied. The relay channel consists of a
small network with three nodes. One node is considered the source, one the destination and one
the relay. The source node wants to communicate a message to the destination node. The relay
node, having no own message for the two other nodes, assists in the communication process with
a mapping from its past channel output to its current channel input (relaying strategy). In order
to protect the communication process against noise, error-correcting codes are used (encoding).
The destination node estimates the message using its channel output (decoding). The solution to
the coding problem has two aspects. One is to upper bound the achievable rates from above. The
second one is to find a code which is optimal with respect to the message set size (rate). The
achievable rates of the ultimate code would coincide with a tight upper rate bound.

Overview After a short review of related work, a formal definition of the full-duplex and the
half-duplex relay channel is given. An upper and several lower single-letter bounds on the achiev-
able rates for discrete-memoryless versions of the channel are derived. This is done via cut-set
arguments and by studying different relaying strategies proposed in [6] with suboptimal decoding
of random codes. These results can be generalized from discrete channels to the special case of
channels with continuous Gaussian random variables. Such communication models have become
popular as an approximation to the wireless scenario. Simulations for single-antenna nodes illus-
trate the benefits of different relaying strategies and time allocation. This chapter is intended to
serve as an introduction to the basic aspects of the second part. In order to make reading easier
coding proofs are outlined in the appendix.

Related Work The relay channel was introduced in [32]. The seminal work [6] presents an upper
bound on the capacity of the full-duplex relay channel by introducing cut-set arguments. Moreover,
different relaying strategies are presented, among them the decode-and-forward strategy which is
shown to be capacity achieving for the degraded relay channel [6, Theorem 1]. A special case of the
partial-decode-compress-and-forward strategy [6, Theorem 7], the so called partial-decode-and-
forward strategy [18], achieves capacity for the semi-deterministic relay channel where the channel
output at the relay is a deterministic function of the channel input at the source node [9]. The same
holds for the relay channel with orthogonal channels from source to relay and source to destination
[8]. The aspect of diversity in cooperative wireless networks is studied in [20]. In [19] multiple
access channels (MAC) and broadcast channels (BC) with relays are investigated. [11] shows that
the rates for the Gaussian relay channel with joint source-channel coding asymptotically achieve
a cut-set bound if the number of relays grows to infinity. In contrast to the full-duplex works, [15]
focuses on the wireless half-duplex relay channel and its ergodic and outage capacity.
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2.1 Discrete Memoryless Half-Duplex Relay Channel

2.1.1 Channel Model

Full-Duplex Channel Model In order to introduce the channel formally the full-duplex model
is shortly reviewed. Throughout this work the nodes of the network are labeled by numbers 1, 2
and 3. Node 2 always plays the roll of the relay and has no own message. In the one-way problem
node 1 is considered to be the source and node 3 the destination of the communication process. W
denotes the message to be transmitted from node 1 to 3. X; denotes the channel input at node 1,

Node 2

Y, Xo

W — Node 1 P(y2,ys|z1,22) Node 3 — W

Y3

Figure 2.1: Full-Duplex Relay Channel

X5/Y; the channel input/output at node 2 and Y3 the channel output at node 3. All in- and outputs
are part of a common channel. The channel is assumed to be discrete and without memory, i.e.,

n

P(yy, ys|at, a5) = HP(yz,k>y3,k|fE1,kafE2,k)- (2.1)
k=1

The conditional output distributions are assumed to be time-invariant for n channel uses
P(ya e, Ys el w1k, T2) = P(y2, yslzr,22) k=1,....n. (2.2)

Therefore, the channel is fully characterized by its finite input and output alphabets and a condi-
tional distribution defining the statistical dependencies between inputs and outputs

(X1 x Xa, P(y, ys|@1, 22), V2 X V3) . (2.3)

Code A code of length n and rate R consists of a message set of size 2"
w={1,2,... 2" (2.4)
an encoding function at node 1, mapping a message to a sequence of n output signals (codeword)
fi: W= &7, (2.5)
a set of relaying functions at node 2, mapping from past outputs Y5 to the current input X5
{fortizor st xop = for(Yor, Yoo, .., Yo 1) (2.6)
and a decoding function at node 3 for message recovery from an output sequence s

gs: Vi > W. 2.7)
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Half-Duplex Channel Model For the half-duplex channel a state variable S taking values in
S : {1,2}, determining the state of node 2 (1=listen, 2=talk), is added to the channel

(X1 x Xo, PP (4o, ys|ar, s, 5), Vo x V3, S) . (2.8)
The channel output at node 2 is inactive if s = 2, i.e.,
PO (yy = 0, yslr, w2, 5 = 2). (2.9)

The channel input at node 2 is inactive if s = 1, i.e., the input distribution PX<S) faces a limitation
2
if the relay listens to the channel

Py (0) = 1. (2.10)

The nodes have agreed on the individual n realizations of the state variable S a priori. Node 1
always talks and node 3 always listens. The channel can be assumed to be used by two phases
which are orthogonal. In the first n; of n channel uses node 1 talks through its channel input X {1)
while nodes 2 and 3 listen with their channel outputs YQ(U, Y3(1). In the following ny of n channel
uses node 1 and 2 talk through their inputs Xl(z), Xf) whereas node 3 listens with Y3(2). Time
allocation parameters are defined as 7, = ”* = Ps([). Equivalently the channel can be defined by

(21, P i 1), 987 < D) L (P % ), Py, o), 08) @1

where the duration of usage for each channel part [ is provided by the time allocation parameter 7;.

Y2(1) X§2)
y2 ays ‘951 ys ‘951 » T
WO X
W.
(a) First Phase (n; transmission slots) (b) Second Phase (ny transmission slots)

Figure 2.2: Half-Duplex Relay Channel

) ) T .
Code A code of length n, rate R and time allocation 7 = [7'1 7'2] consists of a message set

w={1,2,... 2", (2.12)
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two encoding functions and one decoding function
AV w - an
2w - ape
957 Vg X VB = W, (2.13)

and a set of relaying functions
(i st @ag = for(Yor, Yoo, oo, Yon,): (2.14)

2.1.2 Upper Bound

To begin the analysis an upper bound on the achievable rates of the half-duplex relay channel is
derived. Cut-set arguments were first developed in [6, Section 3] for the full-duplex relay channel.
A generalized form for networks of any size and an arbitrary number of source-destination pairs,
referred to as the Cut-set Theorem, can be found in [7, Theorem 15.10.1].

Theorem 2.1.1 The rates of the half-duplex relay channel that are achievable for some joint prob-
ability distributions
) 1 @ 1 ) D).
P(af”,y5”, 45") = P(a{") (", 5" ")
2) (2 (2 2) (2 2.2 (2
P(ai?,2y),ys”) = P2y, 2y") P(ys” |2y, 2”).

must satisfy
R < min {Tlf(Xl(l); YQ(I)Yg(l)) + TzI(X1(2); Yg(2)|X2(2))a

where O < 7, mand 7 + 17 < 1.

Proof Consider a full-duplex network with its two cut-set partitions separating node 1 and 3.
Assuming zero-error codes with the Cut-set Theorem it holds that the achievable rates of a com-
munication from node 1 to 3 must satisfy

R < (X1 X2 Ys) (2.15)

for some joint input distribution P(xq, ). Introducing a random state variable S known by all
nodes in the network yields

R < I(Xy; Y2Y3|X,5S)
R < I(X,Xy; Y3[S). (2.16)

Letting S take values in S : {1, 2} with a distribution

Ps() =2 =~ (2.17)

n
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and rewriting the mutual informations gives

L
R<Y Ps(I(X{": 3"y X, 5 =1)
=1

=l (X0 TY) 4l (071 )

L
R<> " Ps(NI(X{" X vV |8 = 1)
=1

= Ps()I(X{V 57 = 0:v571S = 1) + Po()1(X7 X375 = 2)
= nl(X{ V) + I (XP X2 v?) (2.18)

for input distributions P (x(ll)), P(x§2), xéQ)). This establishes the theorem. H

Interpretation The Cut-set Theorem states that dividing a network into two disjoint subsets {2,
¢ and letting the nodes in each subset cooperate without constraints, results in a point-to-point
channel from €2 to Q0 with multiple-inputs X, and multiple-outputs Yqe limited by capacity

CPQP(Q)I max [(XQ,YQC‘XQC) (219)

PXQXQC

As any code imposes constraints on the cooperation between nodes, the capacity Cpop(€2) must
be an upper bound for the achievable information flow from the subnetwork €2 to 2°. Assuming
one source-destination pair and restricting the partitioning to the source node being in €2 and the
destination node in 2 the resulting capacity C'pop(€2) provides an upper bound for achievable rates
from source to destination [11]. Taking the minimum C'pop(2) over all possible partitions €2 yields
a stronger bound with a max-flow min-cut interpretation [10]. Due to the nature of the bound,
results for point-to-point channels apply, e.g., available feedback will not increase the capacity
Cpop(2) [7, Section 7.12]. Note that although the cut-set bound is tight in all cases where the
capacity for the relay channel could be established, e.g., [6], [9] and [11], it is believed to be lax
in general [35]. Figure 2.3 shows a graphical interpretation of the Cut-set Theorem applied to the
relay network with three nodes and a half-duplex constraint. In order to upper bound the size of
the message set the network is divided into two disjoint subsets each containing either source or
destination of the communication process. The two possible partitions are

Cutl: 2, = {node 1} Q2{ = {node 2, node 3}
Cut2: 2y = {node 1, node 2} Q5 = {node 3}. (2.20)

For the first cut node 2 and 3 and for the second cut node 1 and 2 are allowed to cooperate arbitrar-
ily. So the first part of Theorem 2.1.1 can be interpreted as the information emitted by node 1 to
node 3 while node 3 has perfect knowledge about the active channel inputs and outputs at node 2
(receiver cooperation). The second part denotes the information received by node 3 in both phases
with perfect cooperation between node 1 and 2 (transmitter cooperation).
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(a) First Phase (n; transmission slots) (b) Second Phase (n9 transmission slots)

Figure 2.3: Graphical interpretation: Cut-Set Theorem

2.1.3 Achievable Rates

Decode-and-Forward (Proposition 2.1.2) The first relaying strategy discussed is called decode-
and-forward (DF). Node 2 decodes the full message that was sent by node 1 in the first phase. The
input of node 2 in the second phase is chosen to be a deterministic function of the first phase
message. This results in full knowledge at node 1 about the channel input of node 2. So node 1 can
tradeoff the transmission of a new message to node 3 and the support of the input signal of node 2
in the second phase. An important aspect is that node 2 does not need to forward the full message
from the first phase as node 3 already has side information available after listening to the channel
in the first phase. The idea and a proof for the achievable rates of the full-duplex relay channel is
due to [6, Theorem 1]. Note that in contrast to the full-duplex version [6] the proof here does not

Proposition 2.1.2 All rates of the half-duplex relay channel that satisfy
R < min {n (X% ") + (X% 21X,
AIXD; ¥ O) 4 I(xD X2 }/3(2))}

with 0 < 11, 75 and 71 + 75 < 1 for some joint probability distributions

1 1 1
P, 45",y

2 2 2
PP, 22, 4P)

1 1 1 1
PP,y

2 2 2 2 2 2
P PP |z PP e?, 25

are achievable with a decode-and-forward strategy.

Proof see A2.1.

require block-Markov coding. The strategy realizes transmitter cooperation resulting in the same
expression as the related part of the upper bound.
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Compress-and-Forward (Proposition 2.1.3) Contrary to the method above, the compress-and-
forward strategy (CF) attempts to establish receiver cooperation. Node 2 tries to convey its channel
output to node 3 by quantizing its first phase receive signal. In the second phase node 2 sends the
quantization index to node 3 taking into account the side information that node 3 has after listening
to the channel in the first phase. In the second phase node 1 just sends new information to node
3 as it has no deterministic knowledge about the input of node 2. Node 3 decodes from its own
output and the quantized output of node 2. The idea and a proof for the achievable rates of the full-
duplex relay channel is due to [6, Theorem 6]. Note the similarity to the upper bound for receiver

Proposition 2.1.3 All rates of the half-duplex relay channel that satisfy
R<nI(X{: Y3 YY) + nl (X7 37| X57)
subject to
nl(Y; Y Ys)) < nl(X,7;Y5?)
with 0 < 11, 75 and 71 + 79 < 1 for some joint probability distributions

1) (1) ~1 1 NS
P,y 580, ) = P(aV)P(ys), 4" |~’61) P(5"1ys")

xl 7y2 7y2 7y3 -
2 2
Pz, 28,y = P(aP) P Py, z3)

are achievable with a compress-and-forward strategy.

Proof see A2.2.

cooperation. The degradation of the output 172(1) available at node 3 is determined by the capacity
of the channel between node 2 and 3 and the side information available at node 3. The problem of
rate-distortion with side information is known as the Wyner-Ziv problem [34].

Partial-Decode-and-Forward (Proposition 2.1.4) Letting node 2 decode the full first phase
message forms a hard restriction on the achievable rates of Proposition 2.1.2. The partial-decode-
and-forward strategy (PDF) relaxes this obstacle. Node 2 decodes just a part of the message sent
by node 1 in phase 1. This part is represented by the auxiliary random variable U 1(1). Then node 2
sends as much information as node 3 needs to decode this part together with its side information
about Ul(l). With full knowledge about the input of node 2 in the second phase node 1 can assist
this transmission or send a new message to node 3. Node 3, after having decoded the first part of
the message, can subsequently decode the second part of the message of phase 1. As it is a special
case of the partial-decode-compress-and-forward strategy (PDCF) the idea is due to [6, Theorem
7]. A proof for the achievable full-duplex rates can be found in [18, Section 9.4.1].

Partial-Decode-Compress-and-Forward (Proposition 2.1.5) The partial-decode-compress-
and-forward strategy combines the already presented methods. Therefore, it contains all previous
methods as special cases. The output at node 2 in Proposition 2.1.4 is additionally quantized and
sent to node 3 in the second phase by use of superposition coding. This allows node 2 to transmit
the decoded message and the quantization index in parallel while taking into consideration the
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Proposition 2.1.4 All rates of the half-duplex relay channel that satisfy
s min {Tlfwf”; ) + nI(XO; v + n1(x®; v 1xP),
Al ) + I x5

with 0 < 1y, T and 7, + 175 < 1 for some joint probability distributions

1 1 1 1
P,z y oY) = PP) P ul) Py, o |2tP)
2 2 2 2 2 2
P(ar s us )= Pla ) Plat o5 Py |, 557

are achievable with a partial-decode-and-forward strategy.

Proof see A2.3.

available side information about the two parts at node 3. In the second phase node 1 can assist
the transmission of node 2 belonging to the decoded part of the message or send new information
to node 3. The idea and a proof for achievable rates of the full-duplex relay channel is due to [6,
Theorem 7].

Proposition 2.1.5 All rates of the half-duplex relay channel that satisfy

R < min {Tlf(Ul(l YD)+ nI(X Y VOV OUD) + (X2 v VP X,
(0353 + nl (X %”w”wf”w

T[(V ;Y )+72[(X |V )}

subject to
7_1](}72(1); Y2(1) |U1(1)Y:3(1)) < TQI(X2(2); Y3(2) |V'2(2)).

with 0 < 11, 75 and 71 + 75 < 1 for some joint probability distributions
o o @ -1 1)

P(ul y L1 Yo 5 Yo 7y3 )

2
PP, 2?22, 4$?)

1 1 1 1 AL 1 1
P PP M) Py, 43P |28 P37 |y, ul)

2 2 2 2
PP PP w?) PP v Py |2, 29)

are achievable with a partial-decode-compress-and-forward strategy.

Proof see A2.4.
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2.1.4 Wireline Communication

The derived strategies with decoding at the relay can be used to formulate the achievable rates on
a wireline channel model. In phase [ each directed link of the network from node ¢ to j features the

reliable communication of bg) bits by being used for unit time.

Proposition 2.1.6 All rates of the half-duplex wireline relay channel that satisfy
R < min {ﬁbgl; + 7ob(D, by + (63 + b;?;)}

with 0 < 7,7 and 7, + 175 < 1, for some directed links of capacity bg-) are achievable with a
decode-and-forward strategy.

Proposition 2.1.7 All rates of the half-duplex wireline relay channel that satisfy
R < min {0+ 63) + el + O +)

with 0 < 71,7 and 7y + 75 < 1, for some directed links of capacity bg.) are achievable with a
partial-decode-and-forward strategy.

Note that PDF coincides with the upper bound of this channel model due to orthogonal channels
in the first phase as mentioned in [8].
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2.2 Linear Problems

For linear rate and transmission cost objectives the rate expressions derived for different schemes
have the property that optimal time allocation for fixed input distributions can be determined by
solving linear programs of small size. It is shortly outlined how to formulate some relevant prob-
lems. It is assumed that a scheme and relaying strategy has been chosen, the channels have been
specified by conditional distributions P, (or densities p.) and the input distributions are fixed to P,
(pin)- Mutual informations are denoted abstractly and can be looked up from the according propo-
sition or the upper bound. The matrix A for the problems is determined by different constraints
a

T
T

A=|"1. 2.21)

T
T
Note that the constraint a, is just needed for propositions with quantization at the relay.

Rate Maximization The first relevant problem is the rate maximization problem (RP). This
problem has relevance if the communication rate through the network should be maximized. The

constraints have the form
a," =1 —I1"(P.,Pn) —IP(P. Pn)

a2T = |1 _[2(1)(PCaPin) - 2(2)(Pcv Pm)

a,” =0 £1{(P,P,) +I{(P., P,)

al =0 1 1]
b"'=1[0 0 0 1]. (2.22)
The cost vector is
c"=1[1 0 0]. (2.23)

In order to optimize the communication for the highest possible rate solve the problem

maxec! ¢
st. Ax < b,0 < x,const(x) (2.24)

where const(x) denotes that additional constraints (optional) on @ = [R 7 7] " are fulfilled.

Minimizing Transmission Cost Another problem with linear structure is the Transmission Cost
minimization problem (TCP). Each phase [ is associated with a cost linear in activation time. The
cost for each phase [ and unit activation time is denoted ¢;. The objective is to minimize the cost
for a certain fixed rate requirement 12 on the one-way communication through the network. The
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constraints have the form
a," = |-1"(P,P,) —I{”(P.,Py)

a)’ = -1, P,) —I(P.,P,)

a,” = |+I"(P.,P,) +I¥ (P, P,)
al =[1 1]
b"=[-R —R 0 1] (2.25)
and the cost vector is
" =la . (2.26)

With ¢ = [Tl 7'2} " the optimization problem has the form
min ¢’ x
st. Az < b,0 < x,const(x). (2.27)

If the problem has no solution the rate request R is infeasible. For the wireline model the mutual
informations have to be replaced by link capacities bg).
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2.3 Gaussian Half-Duplex Relay Channel

In order to illustrate and compare the results from the previous section the expressions for the
special case of continuous random variables will be derived here and optimized with respect to
maximum rate. In the previous section an upper bound and different achievable rates have been
established for the half-duplex relay channel. All of them were derived under the assumption of a
memoryless channel with discrete random variables and unconstrained active input distributions.
Fortunately, it can be assumed that all achievable rate expressions in Section 2.1.3 can be
generalized to continuous variables with Gaussian distributions [19, Remark 28, 30]. The upper
bound is valid for any discrete or continuous version of the channel [7, Section 9.2]. Nevertheless,
note that it is not discussed here if Gaussian distributions maximize mutual informations under a
power constraint for the studied channel and strategies.

In order to use this section also for the two-way problem the model is denoted in a more
general form. The message WW;; is to be sent from node ¢ to j, V2,5 = 1,2,3. It is assumed
that n channel uses are divided into L non-overlapping transmission phases each occupying n;
of the n channel uses. In each phase only one network state is used. The input sequence in the
[-th transmission phase at the ¢-th network party is denoted by X §” € C"*! with entries being
complex Gaussian with a per symbol power constraint

2
E UXX,E’ } <PY k=1, (2.28)

Each channel input sequence X Z@

fZ(QL(WZJ) : W;; — FiL with independent entries normalized to unit variance fl.(f,lk ~ Nc(0,1).

is composed of a linear combination of M encoding functions

Each encoding function is weighted by an amplification term PZ(TQ The power allocation coef-

ficients Pl(lm) have to be chosen such that the power constraint on the according output is met. The
notation of encoding functions depending on messages W;; is used in order to illustrate the task of
each encoding function. For example

X = BB W) + (L= BIPYF Q) Bell] (229

denotes the input sequence X éz) in phase 2 at node 2 formed by a superposition of two encoding

functions with the parameter  controlling the power allocation. One of the functions is associated
with the propagation of message 1113 and the other with the transmission of the quantization index
(Q23. All channels follow an additive model with static channel coefficients. Consequently, the
channel output sequence in phase [ at the j-th party of the network is

J

YW =3"h;x0+ 20 v xV z0ecm (2.30)

z
where h;; € C denotes the constant coefficient of the directed channel from node ¢ to j. Additive
noise is independent, zero mean and normalized to unit variance Zj(l,)C ~ Nc(0,1). As the nodes
are assumed to have full knowledge about all channel coefficients h;; (amplitude and phase) in

the network, they are able to adapt their code rates, signaling, power and time allocation perfectly
with respect to the objective agreed on.
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The channel output sequences for the one-way strategies are

Yél) - h12X§1) + Zgl)

Yz(;’l) - h13Xgl) + Zgl)

Y = hpXP + has X9 + 29 2.31)
The messages W3 and ()53 are abbreviated W, (). After the appropriate choice of input param-
eterization fulfilling the input distribution restrictions of the propositions and the chosen power
constraint, the achievable rate expressions follow by straightforward calculations after replacing

mutual informations in the expressions of Sections 2.1.2 and 2.1.3 by the differential entropies of
scalar complex Gaussian variables.

2.3.1 Upper Bound and Achievable Rates

Upper Bound For the upper bound expression the channel input sequences are given by

X = /PO FY )
X = PP - p PP ) seo]
X — \/@ FOW. (2.32)

The same encoding function fé?(W) is used at node 1 and 2 in order to realize the statistical

dependence p(x(12), x(22)). Varying [ changes the dependence between the random input sequences

X 52) and X 52). The according equation for the upper bound is

R < min {ﬁ log (1 4 (Jho)? + |h13\2)P1(1)> + 75 log (1 + |has? (1 - B)sz’),
7 log (1 + |hys)? Pf”) + 7y log (1 + |has|? PP+ hos|* P 4 2 |haghas] ﬁPl(Q)Pz(Q)) }
Decode-and-Forward The same input parameterization yields an achievable rate
Rpr < min {7‘1 log (1 + \h12‘2 pl(l)) + 75 log (1 + \h13|2 (1-— ﬁ)Pf2)>,

71 log (1 + |has|? Pf”) + 75 log (1 4 [has)? PP+ [hos|* P2 + 2 |hyzhas] 5P1<2>P2<2>> }

for the decode-and-forward strategy. The parameter 5 € [0, 1] controls the amount of power in-
vested by node 1 in order to assist the input signal of node 2. Equivalently one can say that node 1
and 2 agree to cooperate by a tradeoff maximizing node 3 receive signal power (beamforming) and
new information node 1 can send to node 3 over the direct path. Note that both bounds have to be
optimized over /5 and T while maximal powers Pl(l), P1(2), P2(2) are used. For fixed J the problem
of finding optimal time allocation 7* is a simple linear program [2].
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Compress-and-Forward For the compress-and-forward strategy a different input parameteri-

zation is needed as node 1 can not assist node 2 in transmission to node 3, i.e., p(:cf), :cf)) =

p(azgz))p(xgz)). The input sequences are modeled as

x{V =PV w)
xP =\ PP w)
XY =PV FQ) (2.33)

where the variable () denotes the resulting quantization codebook index at node 2. According to
the quantization channel p(g}él) |y§1)) the quantized version of the channel output sequence Y$" is

assumed to have the form

) (1)

v —yW oz (2.34)

with independent quantization noise Zél,z ~ Nc(0,6%). The rates can not exceed

2 o), |haof® P 2 p(2
Rer < 1log | 1+ |hys Pl()JFT&; +7-210g<1+|h13| P1())

subject to

1 his|* PV has|* P

Partial-Decode-and-Forward The partial-decode-and-forward strategy allows node 2 to decode

only a part of the channel input of node 1. This part was represented by an auxiliary random
variable U. 1(1) in Proposition 2.1.4 forming the cloud centers of superposition coding for the chan-
nel input Xl(l). Therefore, the Gaussian input sequence at node 1 in the first phase is divided
into two encoding functions f 511) (W) associated with the auxiliary and independent f 512) (W), ie.,
p(ugl), :cgl)) = p(ugl))p(xgl) \ugl)). The power allocation parameter [ controls the power allocation
to the message decoded at node 2. In the second phase 7 assigns the powers between the signal
coherent with node 2 and the signal related to new information. The input sequences are

x{) = PR ) a-p P ) se o]

X =y PO W)+ (1= )PP V) v e 0]
XP /PP FO W) (230
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and yield the lower achievable rate bound

(14 Ihial* PV (1 + Ihasl (1 = )P
L fhaf* (1= 8) P

Rppr < min {7'1 log +75 log (1 + |h13|2 (1-— 7)P1(2)>,

1 lOg (1 + |h13|2P1(1)> + 7o IOg (1 + |h13| P @ -+ |h23| P(2 + 2 |h13h23| ’}/P Q)P(Q)) }
Assuming this strategy to be able to outperform the decode-and-forward strategy

(14 1sal* P (1 + sl (1 = B) )
1+|h12| (1- )P(l)
1+ |hal* (1= B)PY > 1+ |hpof* (1 — B) PV
|h13| > |h12| (2.37)

> 1+ |hp|* PV

shows that this requires the channel between node 1 and 3 to be stronger than the channel between
node 1 and 2. Under these conditions the parameter [ that maximizes the rate expression is ob-
served to be 5 = 0, resulting in turning off the relay. Therefore, the partial-decode-and-forward can
be considered to be a "clever" decode-and-forward strategy for the scalar channel studied here. If
decoding at the relay restricts the size of the message set, the relay is turned off. However, simula-
tions will show that the simpler decode-and-forward strategy with optimal time allocation features
the same advantage for the considered channel by just using one phase, i.e., choosing 7 — 0.

Partial-Decode-Compress-and-Forward In contrast to the method before, the partial-decode-
compress-and-forward strategy exploits the possibility to additionally quantize the channel output
at node 2. Therefore, the channel input sequence X (11) is split into two encoding functions. Encod-
ing function f 511) (W) represents the part that will be decoded by the relay and f (112) (W) represents
a superimposed independent signal that will only be decoded by the destination. The power alloca-
tion parameter (5 controls the tradeoff between the two parts. The output sequence X ) is divided

into the encoding function f21 related to the propagation of the decoded message part and f22
related to the transmission of the quantization index. Node 1 assists the transmission of node 2
related to the decoded message part and sends new information directly to node 3 where v denotes
the tradeoff between both tasks

X1V = 8P F W) (1= 5PV (V) B€0,1]
U(l)
XEQ) = P(2 f21 \/ f v € 1[0,1]
W/appvgm
XY = OB £ (W) 14/ (1= 9B £5(Q) sef.1. @39)
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The output sequence of the quantizer of node 2 has the same form like in the compress-and-forward
strategy,

o-(1)

v! (1)

Y + 2z, (2.39)

with Zél,z ~ N¢(0,6?%) being the quantization noise. The rate bound is given by

Rppcr < min {7‘1 log ( |212‘ 1 5] log ‘213| 1 -
1+|h12| (I_B)Pl 1+|h13| (1—6)P1

1+ |hus> PP + [hos|? P2 + 2 |hishos| /70 PP P2 }
1+ s> (1= )PP + |hog|* (1 — 8) Py?

h, 2
+7y log< <|h1 2 4 Al ) (1 —B)Pf”> + 7 log (1+ sl (1 = 7) P

+ 7 log

1+ 52

subject to

1 hys|? B3PV h 5) PP
71 log 1+A—2 1+ | 12‘ ( ) 1 0 <mlog|1+ ‘ 23| ( ) @ |
g 1+ |his|” (1= B) Py 1+ |hg)? (1 — )Py

(2.40)
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2.3.2 Simulations

Line/Plane Network For example scenarios the line and plane network are introduced. These
network models arrange nodes on the (z, y)-plane. Node 1 is fixed at the origin [O 0} " and node 3

at [1 0] " For the line network node 2 can be moved to all positions [:C 0} " withz € (—00; 00).

For the plane network node 2 is allowed to take any position [:C y] " with x,y € (—o00;00). The
channel coefficients are considered to be determined by the distances between nodes

hij = 1/dfj, (2.41)
and the path loss exponent .. Note that this model is not accurate if node 2 is near node 1 or 3
due to the far-field assumption on the path-loss. Power parameters Pl-(l) need to be interpreted as
the signal-to-noise-ratio (SNR;;) at a node j resulting from node ¢ if located at unit distance to
each other and communicating in a simple point-to-point fashion. The simulations done here as
example use Pim = 10 and o = 3. So reducing the distance between two nodes 7 and j by a factor
of 2 increases the receive SNR;; at node j caused by node 7 by a factor of 8 (~ 9 dB).

dig = |z| doz = |1 — x|

dig =1

Figure 2.4: Line Network

Equal Time Allocation Figure 2.5 shows the achievable rates in the line network with the basic
relaying strategies DF and CF. Time is allocated equaly to both transmission phases 7 = [3 3] g
Decode-and-forward (DF) achieves capacity if node 2 is near the source node. In the extreme
case where © = 0 the system performs half the time as single-input-single-output (SISO) system

between node 1 and node 3 with the rate
1 M
RSISO S 5 10g 1+ Pl . (242)
The channel between node 1 and 2 features unlimited capacity allowing the two nodes to agree on
arbitrary transmitter cooperation for the second phase. The rest of the time the network becomes a
multiple-input-single-output (MISO) system
1
Ruiso <  log (1 + PP 4+ PP 42 Pl(2)P2(2)) (2.43)

where node 1 and 2 send together in full coherence (5 = 1) to node 3. The additional term

2\/ P P (2.44)
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results from both nodes sending signals adding constructively at node 3 (beamforming gain).

Due to the ability to convey a good quality estimate of YQ(Q) to node 3, compress-and-forward (CF)
performs good if node 2 is in the vicinity of the destination node. With node 2 being located at the
extreme point x = 1 the system turns into a single-input-multiple-output system (SIMO) in the
first phase with rate

1
Rsuo < 5 log (1 + 2P1(1)> (2.45)

followed by a second phase where CF performs like the above-mentioned SISO channel. So
for the extreme cases one of the methods realizes perfect cooperation for half the transmission time.

For DF it can be observed that the rates fall below the transmission without relay if the
channel gain |h15|” between node 1 and 2 is lower than the gain of the direct channel |hys]°.
Figure 2.6 shows the achievable rates in the line network for the advanced relaying methods.
The partial-decode-and-forward strategy (PDF) shows the predicted behavior by turning off
the relay if the connection between node 1 and 3 is stronger than the channel between node 1
and 2. Consequently, PDF is in any situation at least as good as the direct transmission. The
partial-decode-compress-and-forward strategy (PDCF) performs a hard decision for the best
transmission strategy among DF, CF and PDF. Unfortunately, an additional PDCF rate gain due to
the possible combination of PDF and CF is not observed in the example.

Time Allocation Figure 2.7 compares the rates of the line network with and without optimized
time allocation. A rate gain can be observed for CF if node 2 is located around the source or the
destination node. For DF the rate is higher around the source node and in the area between half
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Figure 2.7: Time Allocation, Line Network with Pi(l) =10, =3
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Figure 2.8: HD vs. FD, Line Network with Pi(l) =10, =3

the way and node 3. Also for the case where the rate between node 1 and 2 is smaller than the rate
of the direct link DF benefits from time allocation with using just one phase 7, — 0. Therefore,
the relay is disconnected from the transmission process. The peaks at the extreme points of the
network result from time-allocation which offers the possibility to enforce a full-duplex system.
The comparison between half-duplex and full-duplex rates is depicted in Figure 2.8.

Plane Network Some results for a plane network with the same parameterization are presented
in Figures 2.9-2.12. Figure 2.9 shows that the achievable rate gain compared to direct transmission
without relay is up to 45 percent for the example. Figures 2.10 and 2.11 show the rate gain for
DF and CF with optimal time allocation in contrast to equal time slots. Note that although the
gain of up to 10 percent in some areas seems to be low it comes without cost as all nodes are
assumed to have full knowledge about the channel coefficients. Figure 2.12 shows the relation of
the achievable rates to the upper bound.
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Figure 2.10: Rate Gain for DF with TA, Plane Network with Pi(l) =10, =3
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3. Half-Duplex Two-Way Relay Channel

The second part of the thesis focuses on the restricted half-duplex two-way relay channel. Nodes
1 and 3 want to exchange independent messages through the network, while node 2 is able to help
in the communication process. The two-way channel is restricted in the sense that nodes 1 and
3 choose their channel inputs just in dependence of the individual messages they want to send.
They can not use their past receive signals in order to pick the optimal current channel inputs.
Therefore, the two dialog encoders are not allowed to establish a cooperation over their past receive
signals. As in the one-way problem all nodes operate in half-duplex mode. In contrast to the one-
way scenario now a combinatorial aspect joins the coding problem as many different schemes are
possible. Literature has focused on a two-phase relaying scheme (2P-MA-BC) [26] where in the
first phase nodes 1 and 3 send simultaneously to node 2 in a multiple-access (MA) fashion. In
the second phase node 2 broadcasts (BC) to nodes 1 and 3. The restriction to such a scheme is
frequently justified by the assumption of a separated two-way relay channel [13] where nodes 1
and 3 have no direct connection. Recently, a second scheme with three phases (3P-BC) [25] [28]
[16] has been proposed where nodes 1 and 3 send to node 2 one after another. In a last step node
2 sends to both dialog parties. This scheme can benefit from the orthogonal transmission to the
relay and the use of the direct path. Further, a four phase scheme (without outer bound) has been
proposed by adding a multiple access phase to the 3P-BC scheme [28]. Surprisingly, to the best
of the author’s knowledge, other schemes have not been considered nor an attempt has been made
in order to define the problem and reveal all its possibilities. Moreover, none of the works found
verifies and compares results in the presence of a problem outer bound. The two outer bounds
presented in literature are associated with one of the schemes mentioned above and can therefore
not serve as outer approximations of the achievable rate region of a fully-connected model as this
region is a limiting property of the channel itself and not of a specific way the channel is used.

Wireline Example The benefit of a two-way relay channel can be seen by the following example.
Assume a wireline network of two nodes, both facing a half-duplex constraint. For simplicity all
links support one reliable bit per channel use. Nodes 1 and 3 want to exchange messages (bits).
The obvious way to communicate is to let the nodes send sequentially to each other (see Figure
3.1). The two-way channel allows to transmit two bits within two steps. Therefore, the two-way

O—@ O—0
Figure 3.1: Two-way channel (TWC, 1.0 bps / 1.0 Ipb / 1.0 npb)

transmission is carried out at a rate of 1.0 bits per step (R = Ri3+ R31 = 1.0 bps). Assume now
that a direct connection is not possible. Extend the network to a third node (relay) connected to both
dialog nodes through separate links. This makes it possible to exchange messages over the relay.
A straightforward half-duplex protocol is given by four steps depicted in Figure 3.2. Each node
sends sequentially to the relay and the relay sends to both nodes one after another. It is possible to

35
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exchange two bits in four steps (Rpy = 0.5 bps). Figure 3.3 shows that combining the two steps
towards the relay to a multiple-acess phase and the two steps from the relay to a broadcast phase
[26] makes it possible to exchange two bits in two steps (R = 1.0 bps). Note that this scheme
allows to recover the rate of the direct two-way communication under a connectivity problem.

Figure 3.2: Two-way relaying in four steps (4P with DF, 0.5 bps / 2.0 Ipb / 2.0 npb)

O—0O

bo b1

O—0

b1 ba

® O

Figure 3.3: Two-way relaying in two steps (2P-MA-BC with DF, 1.0 bps /2.0 Ipb / 1.5 npb)

Fully-Connected Wireline Example The example is now extended to a fully-connected net-
work. Each node can connect to all other nodes in the network through separated links. The half-
duplex constraint on the nodes remains. TWC and the 2P-MA-BC scheme achieve the same rates
as before. Consider the three-step scheme sketched in Figure 3.4. A multiple-acess phase is fol-
lowed by two transmissions from the relay to one of the dialog nodes. The dialog nodes use the
possibility to transmit a new bit while node 2 sends to their dialog counterpart. This scheme, here
referred to as 3P-MA, makes it possible to exchange four bits within three steps (Rpy = 1.33
bps). Another possibility of a three-phase scheme is the 3P-BC scheme. Here nodes 1 and 3 send

® ®.

N N 7

o D O— 0 S ®

bg b4

Figure 3.4: Two-way relaying in three steps (3P-MA with DF, 1.33 bps / 1.5 Ipb / 1.5 npb)

to node 2 one after another. Node 2 broadcasts the received bits. If DF relaying is used (see Figure
3.5) the communication is limited by the source-relay links in the first two phases. By definition the
relay must decode the full messages send by the two dialog nodes. Only two bits can be exchanged
in three steps (Rryw = 0.67 bps). Instead if a PDF strategy is used (see Figure 3.6) the relay is
allowed to decode only parts of the messages sent. It is now possible for nodes 1 and 3 to emit an
additional bit to their dialog partner. This allows to exchange four bits in three steps (R = 1.33
bps). Using four steps (see Figure 3.7) even allows to exchange six bits in four steps (Rpy = 1.5
bps). This obviously outperforms the direct two-way communication.
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Figure 3.5: Two-way relaying in three steps (3P-BC with DF, 0.67 bps / 2.0 Ipb / 1.5 npb)
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Figure 3.6: Two-way relaying in three steps (3P-BC with PDF, 1.33 bps / 1.5 Ipb / 0.75 npb)
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Figure 3.7: Two-way relaying in four steps (4P-OWRC with PDF, 1.5 bps / 1.33 Ipb / 1.0 npb)

Communication Cost Another important aspect of the example is the cost related to the com-
munication process. Unit cost can be associated with the number of used links per bit (Ipb). It is
observed that the 2P-MA-BC scheme consumes 2.0 Ipb. The 3P-MA DF and 3P-BC PDF schemes
only require 1.5 Ipb. The four step scheme reduces the cost to 1.33 Ipb. None of the schemes can
outperform the two-way channel operating at 1.0 Ipb. Alternatively, unit cost can be related to the
activation of a node. For such a cost model the benchmark lies at one node-activation per bit (1.0
npb) for the direct two-way channel. The 3P-BC scheme with PDF for example operates at a lower
cost of 0.75 npb. Even the 4P-OWRC scheme achieves the benchmark of 1.0 npb while providing
higher rates.

Wireless Channels The above wireline example neglects the properties of wireless channels,
i.e., channels supporting asymmetric rates, statistical dependence of links resulting in broadcast-
ing, superposition or interference. For single-antenna networks the previous one-way analysis has
shown that the PDF strategy can not outperform the DF strategy for the interesting cases. In order
to maximize the rate in the half-duplex relay channel the source needs to maximize the sum-rate of
data emitted in the first phase. As scalar channels can be statistically ordered the source invests all
its power on the signal decoded by the node connected with a "stronger" channel. The PDF strategy
turns to a DF strategy or disconnects the relay from the transmission process. This will be different
in multiple-input-multiple-output (MIMO) systems due to the structure of the channel. The case of
orthogonal channels will be unlikely but with precoding a situation similar to the example can be
enforced by exploiting the structure of the channel matrices.



38 3. Half-Duplex Two-Way Relay Channel

Coding Another subtle aspect that is hidden by the abstraction and symmetry of the example is
the interaction between the encoders and decoders of the separated links. Here each link represents
an independent chain of an encoder, a channel and a decoder together supporting the transmission
of one reliable bit. It should have become clear with the one-way scenario that this might not be
optimal. A decoder can wait with decoding until having received side information over a different
link.

Overview However, the given example shows that two-way relaying schemes might offer possi-
bilities to enhance the performance of the communication in a fully-connected half-duplex network
with three nodes. Therefore, they deserve a precise survey. As no analysis of two-way protocols
with PDF could be found and the analysis of strategies like DF, CF and PDCF seems to be in-
complete for the underlying channel model a rigorous information theoretical approach through
general channels must be carried out before focusing on special channels like the wireless ones.
After a short summary of related work, the next pages will give a possible definition of the re-
stricted half-duplex two-way relaying problem followed by an outer bound on the achievable rates.
In order to understand some of the possibilities and mechanisms of half-duplex two-way commu-
nication with a relay the two schemes, 2P-MA-BC and 3P-BC, found in literature are revisited.
Subsequently, a new three-phase scheme (3P-MA) is proposed where nodes 1 and 3 send together
to node 2. Two orthogonal transmission phases from the relay, each intended for one of the nodes,
follow. This scheme makes it possible to assist the relay in the two last phases by one of the dialog
nodes or to send new additional information. A second new scheme with four phases (4P-OWRC)
is proposed. It separates the two-way channel into two subsequent one-way relay channels. Finally,
a general scheme with six phases and relaying strategies limited to DF and PDF relaying is estab-
lished. For fixed input distributions the time allocation solution for the DF protocol is argued to
provide the optimal decode-and-forward transmission scheme with respect to the maximization of
any reasonable rate objective. Like in the first part, simulations for channels with scalar Gaussian
random variables are used to visually compare the performance of the schemes. All schemes are
analyzed by the problem outer bound, their individual performance outer bound and inner bounds
derived with different relaying strategies. The main contribution is the derivation of a problem
outer bound providing an ultimate performance benchmark and the proposal of a new transmission
scheme taking into account all possible network state configurations of the channel.

Related Work The two-way communication problem was introduced in [31]. The work [26] es-
tablished the idea of exchanging messages with two phases in a bi-directional way over a relay
using amplify-and-forward (AF) and DF strategies. [25] proposes the 3P-BC scheme and derives
the achievable rates with network coding. In [23] the broadcast phase of the 2P-MA-BC scheme is
examined in detail and the capacity achieving coding scheme is derived if the relay has available
both dialog messages. Using a CF strategy for the two-phase two-way relay channel is investigated
by [29]. The recent work [16] investigates the 3P-BC scheme in detail. This scheme is also investi-
gated in [28] where additionally a four phase scheme is proposed. Full-duplex works are rare. [27]
studies the restricted full-duplex two-way relay channel while [13] focuses on a separated full-
duplex model. [1] proposes a deterministic approach to approximate the capacity of the two-way
relay channel.
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3.1 Discrete Memoryless Half-Duplex Two-Way Relay Channel

3.1.1 Channel Models

Full-Duplex Model Like for the one-way problem a full-duplex model is reviewed. The studied
network consists of three nodes labeled by © = 1, 2, 3 each equipped with an input X; and an output
Y; to a common channel. The channel is time-invariant, discrete and memoryless. Therefore the
two-way relay channel can be defined by

(X1 x Xy x X3, P(y1, Y2, Ys|x1, T2, 23), Y1 X Yo X V3) (3.1)

where X'; and )/; are finite and discrete input and output alphabets. 113 denotes the message to be
transmitted from node 1 to node 3. W3y is to be transmitted from node 3 to node 1.

Node 2

Xs Yo

X X
Wiz — . 2 — W31

Node 1 P(y1,y2,y3|w1, x2, 23) Node 3
Y1 Y3

W31 < — W13

Figure 3.8: Full-Duplex Two-Way Relay Channel

Restricted Codes A restricted code of length n and rate R? = [ng Rgl] consists of two
message sets

Wis = {1,2,..., 2"
War = {1,2,..., 2"} (3.2)

two encoding functions for node 1 and 3

fl : W13 — X?
f3 : W31 — Xg, (33)
a set of relaying functions
{fortior st mop = for(Yor, Yoo, .., Yor 1) (3.4)

and two decoding functions

g1: YT X Wiz — Wsy
g3 : V5 X Wsi — Wis. 3.5

The code is restricted to the encoding functions being independent of past receive signals.
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Half-Duplex Model For the half-duplex problem it can be observed that 22 = 8 network states
are in general possible. Each of the three nodes can take two states, listen or talk. It can be
assumed that the two network states where all nodes talk or listen will not contribute to a positive
information flow. The relevant number of network states reduces to 22 — 2 = 6. Within three of
the states one of the nodes sends to two other nodes while for the other states two nodes send
simultaneously to one node. Figure 3.9 depicts the six relevant elementary network states. The

(2)
/ AN A
d—q ¢ § o

(2)
/ A
0. 0 O 0

Figure 3.9: Elemetary Network States

question arises which of the states in conjunction with which code should be used in order to
maximize a certain objective as for example sum-rate. It is also apparently not clear if the order of
the states has an effect on the problem.

Here the channel is defined with finite input and output alphabets );, X’; as
(X1 % Xo x X5, PO (y1, 42, ys|wr, w2, 23, 5), V1 X Vo X V3, S) (3.6)

with a network state variable S := [Sl S 53] ,8; € {0, 1} imposing following restrictions on
the output values and input distributions

y; =0 if s; =1
PX§S)(0) =1 if ;=10 Vi=1,2,3. (3.7)
On the following pages different realizations of S will be labeled by numbers [ = 1, ..., L instead
of a three element binary vector. For each scheme the labeling will be defined individually.

Restricted Codes Consider a scheme S™ and a choice of L network states. S, takes values in
S : {1,..., L} and determines the individual network state [ for the k-th of n channel uses. n;
denotes the number of occurrences of the [-th network state in n channel uses. Time allocation is
defined as the ratio of n; ton
n
7 =—, vl (3.8)

n
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with

0<mn

L

Y n<l (3.9)
=1

A code of length n and rate RT = [ng Rgl] consists of a fixed scheme, two message sets

Wis = {1,2,..., 2"}
War = {1,2,..., 2"} (3.10)

2 x L encoding functions
0 . W X
Jio Wi = &Y
9 wa — am 3.11)

a set of relaying functions

{fortroy st wop = for(Sk, Yo1, Yoo, ..., Yo, 1) (3.12)
and two decoding functions

g1 Vi X Wiz = Wsy
g3 1 Vs Xx Ws1 — Wis. (3.13)

The code is restricted as the encoding functions are independent of past receive signals.

3.1.2 Problem Outer Bound

The Cut-set Theorem is applied to outer bound the achievable rates of the restricted two-way
relaying problem with half-duplex constraint. For any fixed scheme which uses less than the six
relevant network states an individual performance outer bound can be derived without further proof
by setting the occurrence of the unused network states to zero.

Theorem 3.1.1 All rate pairs of the half-duplex two-way relay channel that are achievable for
some joint probability distributions

Pt y8? 48?) = P P(ys), 50 |210)
P(as” y? 98?) = P ) P(yi?, 457 |2)
P, 2),48)) = P(a?) P Py |z, )
P(as” oyt 48") = P8 PV, 5" |25Y)
Py, 29, 417) = P2, 29 Py |2, 2f)
P, 29,487) = P(a1?, 29 P2, 23
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must satisfy
Z%3Srm“{HHX?%Yﬁhé”»%muxf%yfwxfh+~muxﬁkyfwxﬁb
Al ) + (X ) + (KO X010 |
R“SImn{ﬁHX§%YFHé”)+aﬂA§WYfWXP>+ﬂﬁuﬁaﬂ4@u§%,
nHXf%YfU+/uHX$%nW>+rﬂuQ”X?%YFU}

where 0 < 7; and Z?Zl 7 <1

Proof Consider a full-duplex three-node network and the two possible cut-set partitions €2y, €2y
separating nodes 1 and 3. Under the assumption of zero-error codes it holds with the cut-set theo-
rem [7, Theorem 15.10.1] that the rates are outer bounded by

Oy Rz < I(X0; Yo Y3] X0 X3)
Rs1 < I(XoX3;Y1|Xy)
Qy Rz < T(X1 Xo; Ya| X3)
Ry < I(X3; Y1Ya|X1X0) (3.14)
for some joint input distribution P(x1, o, z3). As here the encoders are not allowed to cooperate
the marginal P(xq,x3) is restricted to distributions that factorize P(z;)P(x3). Introducing a state

variable S, taking values in S : {1, ..., L} and distributed according to

Ps()="t=r 1=1,...,L (3.15)

yields
Ri3 <1
Ri3 <1
Ry <1
Ry <1

X1;Y2Y:3\X2X35)

X1 Xo; V3] X35)

X3§Y1Y2‘X1X25)

XoX3: V1| X1S). (3.16)

—~ o~ o~

Equivalently,

R13<ZPS I(X D v OvO I xP xPs =)

%SZ%WMW YV X0 s =)
L

Ry sZPsW( X OO IxPxPs =)

Ray < ZPS 1(xPxP v xOs =), (3.17)
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Agreeing to use L = 6 elementary network states defined by
l:12$1:1782:0,83:0
[=2:85=0,5=0,83=1
123281:1782:0,83:1
124281:0782:1,83:0
[=5:5=0,80=1,83=1
[=6:51=1,8=1,53=0 (3.18)

and reformulating the mutual informations like in the proof of Theorem 2.1.1 establishes the theo-

rem above. B
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3.2 Schemes, Outer Bounds and Achievable Rates

This section is intended to study the performance of different two-way schemes in conjunction with
a variety of relaying strategies. The idea is to understand the possibilities of the problem in order
to derive inner bounds in the most general form possible. Therefore, different individual schemes,
some proposed by literature, some new, are analyzed. The insides to the coding problem gained
from the one-way problem are used and adapted. Guided by the problem outer bound a scheme
using all six elementary network states is suggested at the end of this section. For this scheme
inner bounds on the achievable rates are derived for strategies with decoding at the relay. Short
comments are given to all expressions in order to point out the main aspects of the underlying
coding proof. The individual proofs have been moved to the appendix.

3.2.1 2P-MA-BC Scheme

First a well-studied scheme is considered where only two elementary network states are used in
the communication process. In the first phase nodes 1 and 3 send in parallel to node 2. In a second
phase node 2 broadcasts to both dialog nodes. The scheme is frequently motivated by a scenario
where no positive rate can be established in the dialog of nodes 1 and 3 without the help of node
2. In the presence of a direct connection the scheme ignores the extended amount of possibilities.
The two network states for this scheme are defined as

l=1:8=1,8=0,83=1
[=2:5=0,8=1,83=0. (3.19)

Figure 3.10 shows the basic parts of the scheme.

O X
& M1 1) X3 5 2, (2) (2) %’
@P(yg EReE )@ @P(y1 Y3 Ty )
o ™o /
W13 W31 Wi’;l. .ng
(a) First Phase (n; transmission slots) (b) Second Phase (ny transmission slots)

Figure 3.10: HD-TW Relay Channel: 2P-MA-BC Scheme

Outer Bound An outer bound for the achievable rates with this scheme can be derived as a corol-
lary of the problem outer bound. It can be observed that meeting the first part of the outer bound
would require to decode each message from the output at node 2 while having full knowledge of
the other dialog message. This is the result of the outer bound expressions being derived from two
network partitions, each allowing one of the dialog nodes and node 2 to cooperate without restric-
tions. The second part requires to establish in parallel two point-to-point channels from node 2 to
1 and 3 with one codebook.
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Corollary 3.2.1 All rate pairs of the half-duplex two-way relay channel that are achievable with
a 2P-MA-BC scheme and some joint probability distributions

1
PE®, 2V, )

1 1
PEM) PPt «5°)
2
P®, 4 4@ ¥

2
PE PP, ¢ 2?)

must satisfy

Rys < min { (X YO | XY, 1 (X2 vi2)

R3; < min {Tlf(Xg(l); Yz(l)|X1(1))a TQI(X2(2)§ 5/1(2))}

where 0 < 1y and 7 + ™ < 1.

Decode-and-Forward With decode-and-forward both messages are decoded at node 2 after the
first phase. This turns the phase into a multiple-acess channel (MAC). Instead of using the subopti-
mal approach of superposition coding in order to send the two messages to each dialog node [26],
node 2 uses one codebook for both receivers [23]. The codewords are labeled by a two dimensional
array resulting in each word having a label with x and y coordinate. The two messages decoded
at node 2 determine the two label-coordinates of the codeword sent in the second phase. Node 1
knows its own message and therefore one of the label-coordinates of the codeword sent by node
2. In order to decode node 1 needs only to check all codewords in the unknown dimension with
respect to typicality. Node 3 proceeds in the same way.

Proposition 3.2.2 All rate pairs of the half-duplex two-way relay channel that satisfy
Riy < min {010, ()

R, < min {Tlf(Xg”; YO xW), 1 (x?; }/1(2))}
Ri3+ R31 < Tlf(Xl(l)Xél)S Yz(l))
with 0 < 7, and 71 + 15 < 1, for some joint probability distributions

1 1 1 1 1 1
Pd, 2, 45") = P(aP)Pa$) Py |z, 257)
2 2
PaPy?, ) = P PP, 4?2

are achievable with a 2P-MA-BC scheme and a decode-and-forward strategy.

Proof see A3.1.

As a result, the same rate expressions as for the outer bound are obtained by the proof of
achievability with an additional sum-rate constraint resulting from the MAC in the first phase.
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Note that there is no partial-decode-and-forward strategy for this scheme since all informa-
tion has to be exchanged over the relay.

Compress-and-Forward (2LQ) As decoding both messages at node 2 is limited by the interfer-
ence caused by one of the two transmitters and therefore is in general suboptimal, the compress-
and-forward strategy applies quantization to the output of node 2 and tries to convey this estimation
to the dialog nodes. As multicasting one quantized version to both receivers would be limited by
the channel to the "weaker" node here the two layer approach found in [13] and [28] is used. The
output at node 2 is first quantized by a "coarse" quantizer. The coarse quantization index determines
the choice of a subsequent quantizer used for refinement. The coarse quantization is multicasted to
both receivers while the refinement is delivered to the "stronger" receiver via superposition coding.
As a result, for channels supporting asymmetric rates, one of the dialog nodes has an estimate of
the channel output at node 2 with higher quality than his dialog partner. Both receivers can use
their input signal jointly with the quantized outputs at node 2 to decode the message of their dialog
partner. Therefore, the strategy is limited by the quantization noise at node 2.

Proposition 3.2.3 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < 71[(X1(1)3 ?2(11)|X3(1))
Ry < mI(X5": Yoy Yo | X1)
subject to
nl(V: Y5 1X5Y) <l (U7 Y5?)

1 1 2 2
nl(Ya); Y0 | XY) < I(UL; V)
(0 A PN < st P i)

with 0 < 7, and 1y + 15 < 1, for some joint probability distributions

1 1 1 A AL 1 1
Pa®, 20,y 590, 65%) = Pa) P Py |2, 28 P05 |us™) P05y 1957, vSY)

2 2 2 2
P, 2z, 9P yP) = PP) PP @) Py, yP)ed)

are achievable with a 2P-MA-BC scheme and a two-layer compress-and-forward strategy.

Proof see A3.2.

A second proposition can be established by interchanging the roles of node 1 and 3.
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Partial-Decode-Compress-and-Forward (21.Q) Partial-decode-compress-and-forward com-
bines both strategies mentioned before. Only parts of the messages sent by nodes 1 and 3 are
decoded by node 2. Additionally the channel output at node 2 is quantized with the two-layer
quantization approach. Decoded messages and quantization indices are delivered to both receivers
where the "stronger" receiver additionally receives a quantization refinement via superposition
coding.

Proposition 3.2.4 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry < min {nfwf”; Y U50), (U5 V32 >} + (X7 Y U U5 X )

Ry < min {nl (U5 Y, IU), I (U5 YF))} + 7 (X Y0V, U U XTY)

Riz + R3; < 7'1I(U11)U?E1 7Y )) + 7 ](X( (11)|U1(1)U351)X?51))
1 1)< (1) 1
+TI(X?E)a)/é(1 Y2(2 |U1 X( ))

subject to
ey Ué”xf%sfzf(v@ sl 2l
T1 ( 21 ; | U?EI)X(I)) 2[(‘/2 ;Y- 3 |U2 )
A0 55 |Y21 TT ) < mi s m P

with 0 < 7; and 71 + 15 < 1, for some joint probability distributions

1 1) (1) ~1) (1)

1 1 1 1 1 1 1 1
P, w2, 250y, 057, 95%) P(uP)P(uéﬂ)P( Pl Pz “|u< NPy, 250)

1 1) «
‘P( Ya1 |u1 ,Ué),yé ))P(y22 |u ()ayél)ayé ))

2 2 2 2 2 2 2
P, v,z 4P, 4$?) = P PP |u$) Pz v ,u;>>P<y§>,y3 z2)

are achievable with a 2P-MAC-BC scheme and a two-layer partial-decode-compress-and-forward
Strategy.

Proof see A3.3

A second proposition can be established by interchanging the roles of node 1 and 3.
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3.2.2 3P-BC Scheme

As observed with the 2P-MA-BC scheme the parallel communication of nodes 1 and 3 to node 2
can be suboptimal due to mutual interference. Also the direct path (in general present) is ignored
by the two-phase scheme. Therefore, the idea of a 3P-BC scheme [25] is to orthogonalize the
transmission from the dialog nodes to node 2. Nodes 1 and 3 send sequentially to node 2 which
broadcasts to both dialog nodes in a third phase. The scheme also makes it possible for nodes 1
and 3 to obtain side information by listening to their dialog partner through the direct channel in
the first or second phase. The required three network states are defined by

l:1281:1782:078320
[=2:8=0,5=0,83=1
[=3:5=0,8=1,53=0. (3.20)

Figure 3.11 visualizes the scheme and its basic parts.

y D @ @ v,

2 3
@ ys)|28") @ @P(yp,yé) )
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¥,V y® ™o
W31
(a) First Phase (n; transmission slots) (b) Second Phase (ny transmission slots)

(3

/ \

ng o ® Wl?)
(c) Third Phase (n3 transmission slots)

Figure 3.11: HD-TW Relay Channel: 3P-BC Scheme

Outer Bound An outer bound is derived as a corollary of the problem outer bound without
further proof by setting the appropriate 3 elementary network states to a duration of zero.
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Corollary 3.2.5 All rate pairs of the half-duplex two-way relay channel that are achievable with
a 3P-BC scheme for some joint probability distributions

1 1 1 1 1
Pa® ), uiP) = Pa)Pys”, y5P |z
2 2 2 2 2 2
Pa,y® y?) = Pe) Py, v |z$)
3 3 3 3 3 3
Pa®,y® yY) = PP, 4|z

must satisfy
Ri3 < min {nf(Xl‘”; AN O 1) 4 1@“5}
Rs; < min {TQHX?E?); Y2v®), (X2 Y2) + I(XP; Yf”)}

where 0 < 1y and 7 + 7 + 13 < 1.

It will be seen that meeting this bound is basically a problem of the terms on the left, the broadcast
bounds. They require the decoding of the messages at nodes 1 and 3 from their channel outputs
jointly with full knowledge of the output at node 2.

Decode-and-Forward/Partial-Decode-and-Forward With these strategies the messages of
nodes 1 and 3 are fully or partially decoded by node 2 after the first and second transmission
phases. In the third phase node 2 sends like in the 2P-MA-BC scheme with a codebook indexed
in two dimensions. The difference to 2P-MA-BC lies in the fact that both nodes have already side
information available. This allows node 2 to send just the amount of information that is needed at
both nodes in order to resolve the messages with side information.

Proposition 3.2.6 All rate pairs of the half-duplex two-way relay channel that satisfy
Ris < min { (X Y4, I (X 1)+l (77
Ry < min {TQI(X?E?); YN, nI (X8, v + n1(x$, Yl(?’))}

with 0 < 1, and 71 + 7 + 13 < 1, for some joint probability distributions
n 1 @
Py, y5", u5")

2 2 2
P,y )

3 3 3
P,y )

1 1
PaP)Pys), 45D |aM)
2 2 2
PPy, 4 |2)
33 3 33
PPy, 4P |zd)

are achievable with a 3P-BC scheme and a decode-and-forward strategy.

Proof A4.1
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Proposition 3.2.7 All rate pairs of the half-duplex two-way relay channel that satisfy
Ri3 < min {7’1]((]1(1); Yz(l)) + 7'1[<X1(1); Y},(l)|U1(1)), Tll(Xl(l), Y( )) + Tg[(X( ). Yg(?’))}
Rz < min{ (U(2 Y(2 )+ 72[<X3(2 ,Y(2 |U3 ) Tol (X§2); Yl(z)) + 7'3[(X2(3); Yl(?’))}

with 0 < 1 and 11 + 7o + 13 < 1, for some joint probability distributions

1 1 1
P, zM, 45", i)

P PP Pys”, v5P2)
2 2 2 2 2 2 2 2
PP,z 42, 450) = PP [ud) Py, yP)zd)

3
PP, 4P 4¥) = P(ad) P, Pz

P
P

are achievable with a 3P-BC scheme and a partial-decode-and-forward strategy.

Proof A4.2

Compress-and-Forward Decoding the messages at node 2 can restrict the rates of the transmis-
sion scheme. Compress-and-forward quantizes the channel outputs at node 2 after each of the first
two transmission phases. The two quantization indices are sent to nodes 1 and 3 like in a broadcast
channel. As each index is intended only for one of the receive nodes the transmission is protected
by a Gel’fand-Pinsker encoder [12].

Proposition 3.2.8 All rate pairs of the half-duplex two-way relay channel that satisfy
Ris < nI(X{"; Y;Vv,Y)
Ry < nI(X$;7,07?)
subject to
o (1 1)y
nI(V;5 V0 15Y) < ml(U3)5Y5”) = m(1 = 01U U3y)
o (2 2) |1 (2
nl(V? YY) < (U 11”) — mel (U3 Uy)
with) < k < 1,0 < 7 and 11 + 7o + 13 < 1, for some joint probability distributions

1 1 1 1
P,y vy = P@)Pys”, v5P ol >P<y§>|y“>

2 2 2 2 2
PP, y?,98) = PEP) PP, v |e) P57 [us)

3 3 3 3 3 3 3 3 3
P(ugl)vué;a "L‘g )a y§ )7y( )) P(ugl)vqu))P( |U21 aué2))P(y§ )a y3 )|'I )

are achievable with a 3P-BC scheme and a compress-and-forward strategy.

Proof A4.3

Note that this strategy does not use all the dependencies in the system. In the broadcast phase each
of the dialog nodes has some side-information available about the message that is intended for the
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other receiver through their emitted signal of the first phase and second phase. This is not exploited
with the proposed strategy. An attempt to overcome this can be found in [16].

Partial-Decode-Compress-and-Forward This strategy combines the PDF and the CF strate-
gies. Parts of the messages of nodes 1 and 3 are decoded. Additionally the channel outputs at node
2 are quantized. In the third step Marton’s broadcast scheme [22] is used to convey the decoded
parts as a common message and the quantization indices as private messages to both receivers.

Proposition 3.2.9 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < min {nl(Uf”; Ya) + ml (U Y32, nd (UL Yé”)} +nI(X; V0P |ufY)
Ru < min { IO 1) + IO 1), I @21 b+l (P TV |0

subject to

AV VI D, U0) < ml(Vas); LONUS) — w1 — ) I(Va; Var U

~

1<Y< MU < ml (V) VP |05) = msl (V7 Vg 1U5”)
with0 < k < 1and with 0 < 1y and 11 + 15 + 13 < 1, for some joint probability distributions

1 1 1 1 1 1
P, 2V, 45", 45P) = P(uf?) P(aiP [uiP) Py ,y3 N PGV s, ui?)

(
P, zd 4P 4?) = Pu() P |u3 )PP yP sV P2 |y, us?)
3 3 3 3 3 3 3
P(ug )avél)avé;a'Ié )ay§ )ayé )) - P(ug ))P('U21 ,U22 |u ( ) u( )

) (% |U217U227 2 )P(y§),y3 |5E )

are achievable with a 3P-BC scheme and a partial-decode-compress-and-forward strategy.

Proof A4.4
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3.2.3 3P-MA Scheme

The 3P-MA scheme uses the first phase as multiple-acess phase from nodes 1 and 3 to node 2. The
transmission from node 2 to the nodes 1 and 3 is orthogonal. Figure 3.12 shows that this makes
it possible for one of the nodes to assist the transmission of node 2 in the last two phases or to
send new information to the dialog partner over the direct path. This scheme has, to the best of the
author’s knowledge, not been studied yet in literature. The L = 3 used network states are defined
by

[=1:8=1,8=0,83=1
123281:1782:1,83:0
122281:0782:1,83:1 (321)

and depicted in Figure 3.12.

X
1)y 3

X (1).(1)
@P(yQ ‘xl ’ 'T3 @
WlSO/ \OW31

(a) First Phase (nq transmission slots)

&) ()

X§2) X(3)
@ y3 |$1 ’$2 @ @ )|$ ))
(3)
.W13 W1 .
(b) Second Phase (ny transmission slots) (c) Third Phase (n3 transmission slots)

Figure 3.12: HD-TW Relay Channel: 3P-MA Scheme

Outer Bound An outer bound is derived as a corollary of the problem outer bound, without
further proof by leaving the appropriate elementaries unused.
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Corollary 3.2.10 All rate pairs of the half-duplex two-way relay channel that are achievable with
a 3P-MA scheme for some joint probability distributions

PEM) PP, «5°)

P(z{ ,x2>>P<y3 22, 2P)
)) &)

& &
PP,

1
PEd, 2", y)
2
PE®, 22, 4
)
PP 20, y®)

P('r2 7:(;3

must satisfy
Ri3 < min {ﬁf(Xl(l); AL A (02 e ) 28, i PR 2R Ya(z))}
By < i {Tlf(Xg”; YOIXD) + I (XD v XD, mI (XP XD, Yf’))}

where 0 < 1y and 7 + 7 + 73 < 1.

Decode-and-Forward Decoding the two messages of nodes 1 and 3 at node 2 turns the first
phase into a multiple-acess channel (MAC). Therefore, the achievable rates face a sum-rate con-
straint. In the second and third phase one of the nodes can choose to help node 2 as the output is
determined by the according first phase message or can send new data to its dialog partner.

Proposition 3.2.11 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < min {ﬁ](x}l VAP X) + (X2 v XP), nI(X P X2 }/3(2))}

Rs < min {m(xé”; ) a8 A ), 0
Riz + By < nI(X{VXE YY) + I (X2 V21X P) + m 1 (X5 v |1 x )
with 0 < 1, and 71 + 75 + 13 < 1, for some joint probability distributions
Pt 25, 45") = P(ay")P(ay”) P(ys" a1, 5”)

a

2 2 2 2 2 2

P(a?, 2P, 43) = P(aP) PP |25) P <“|x1 ,29)
(

3 3 3 3 3 3
PP,z ¢Y) = PaP) P |z P(yP)zS), 2)

are achievable with a 3P-MA scheme and a decode-and-forward strategy.

Proof see A5.1.

Compress-and-Forward Like in the 2P-MA-BC scheme decoding at node 2 results in a sum-
rate constraint. Quantization can be used to avoid decoding at node 2. The strategy uses two inde-
pendent quantizations of the first phase channel output at node 2 in order to adapt to the channels
from node 2 to both receivers. As the quantization indices can not be determined at both dialog
nodes the second and third phase is used to send new data over the direct path. The first phase
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messages are decoded at the dialog nodes jointly from one of the estimates and their first phase
input sequence.

Proposition 3.2.12 All rate pairs of the half-duplex two-way relay channel that satisfy
Ris < nI(X17; Yo |X57) + I (X173 Y521 X57)
Ry < nI(X5"; Y |X0V) + I (X573 Y12 1%57)
subject to
nl(Yy Yo 1X)) < I (X7 ¥3?)
nI (V) V0| X{Y) < mI(x; v{?)
with 0 < 1, and 11 + 15 + 73 < 1, for some joint probability distributions
1 ~(1) . 1 1 ), 1) @ ~(1)). @
P(ay”, 25", u3”, 951 9%)) = Play”) P(ay >>P<y§ >|x§ % x5 )P (51 lys”) P (352 s
P, 2, 4?) = P(x
3 3 3 3
P(ay”, 2y, 1”) = Play”) Pl >>P< 5?25

are achievable with a 3P-MA scheme and a compress-and-forward strategy.

Proof see A5.2.

Note that a partial-decode-and-forward strategy is not considered as all information of the first
phase has to be exchanged via the relay.

Partial-Decode-Compress-and-Forward The strategy combines the two methods before-
mentioned. Parts of the messages received at node 2 in the multiple-acess phase are decoded and
the channel output is quantized. Two independent quantization-books are used at node 2 in order
to adapt to the individual channels to both dialog nodes. These can partially assist the transmission
signals of node 2 in the last two phases and send new data over the direct path.

Proposition 3.2.13 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < min {nfwf”; Y USY), mI (U5 Y;”)} + (X3 Vo U U X )+
nl (X173 1X5 U

Ra, < min {Tlf(UBE ) YOIUDY, n I (U, Y(3))} + (X8, v oo xWy+

(XY, v® |X(3)U( )
Ris + Ry <nI(UVUY; V) + mI(xY; (1>|U1(”U§”X(”)+
V(D By |U11)U31)X R Vi ee gl gl bie sl S S
nI(XY; v® | xPUPY)
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subject to

(e Vs 2l < w0l P o)
(s AV 2 < w0l Y o)

with 0 < 7, and 11 + 15 + 73 < 1, for some joint probability distributions

1 AL AL 1 1 1 1 1 1 1
P, uf?, 2,20, v 05, 65%) = P P) PP [uP) P |uf) Pyt 257)

(y21 |y2 7u1)>ui(’) )> (y22 |y2 7u1)>ui(’) )>
2 2

2
u$?, 22, 2P,y P<u§>>P<x1 wP) P [u$) Py |22, 25
) ) & ) ) ) ) &
P,z 20,4 = PP PP [u) PP |ud) PP e, )

are achievable with a 3P-MA scheme and a partial-decode-compress-and-forward strategy.

Proof see AS5.3.
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3.2.4 4P-OWRC Scheme

For this scheme the transmission is divided into four phases. The according elementaries are used
such that the channel separates into two subsequent one-way relay channels. To the best of the au-
thor’s knowledge, such a two-way scheme has not been studied yet in literature. The used network
states are defined as

[=1:51=1,8=0,83=0
=2:5=1,8=1,83=0
=3:51=0,59=0,s3=1
=4:5=0,80=1,83=1. (3.22)

The outer bound follows as a corollary from the problem outer bound. The achievable rates follow
directly from the first part of the work and are therefore stated without further comments.
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Figure 3.13: Half-Duplex Two-Way Relay Channel: 4P-OWRC Scheme
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Outer Bound

Corollary 3.2.14 All rate pairs of the half-duplex two-way relay channel that are achievable with
a 4P-OWRC scheme for some joint probability distributions

Pz’ ,y2 D8y = P PS50 |280)
ZE R ,y3>> L CT R e R
P(zf) ,y2 ,y1 ) = PP <y2 L)
P(ag?, 28", 51Y) = P(al), 2§ P(y{V 2", f")

must satisfy
Ri3 < min {Tll(Xl(l); YQ(I)Y},(I)) 4r TQI(X1(2); Y3(2)|X§2)),
Al v) + (XX 1)}
Rs; < min {731()(?53); YOV 4+ 7 1(x$; v | x{*),
AT ¥) + I (X0
where 0 < mpand 7 + 1 + 13+ 7 < 1.

Decode-and-Forward

Proposition 3.2.15 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < min {n](xf”; Y + R I(X2; v | X)), n I(XP; YO) + nI(XP X2 }/3(2))}
Ry < min {T3I(X§3>; ) 4+ m (X, V01X, (X V) + mad (X0 XY, }/1(4))}

with 0 < 7 and 11 + 75 + 73 + 74 < 1, for some joint probability distributions

P ,y2 V) = Pa) Py, ysP|2(Y)
R :c2 D, y0) = P(a)P(a? |z >P<y3 2t 28)
Py ,y2 YY) = P )Py, yP|2)
P(“’s 7372 7y§4)) :P(:cgl))P(x?) |372 )P<yl4)|x2 ’x§4))

are achievable with a 4P-OWRC scheme and a decode-and-forward strategy.
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Partial-Decode-and-Forward

Proposition 3.2.16 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry < min{ 1097 + nd (X7 Y0 0) + md (X Y52 17),

AT ) + I v
R3 < min {T3I(U§3); Y3 )) + (X v UP) + nl (X5 70| Xx4Y),

AT ¥) + I ({0 v |

with 0 < 1 and 11 + 75 + 73 + 74 < 1, for some joint probability distributions

P(uf?, 2tV ,yz ,y3 D) = Pi?) PV ul?) Py, SV |2{")
P(ay”, o} ,y3 V) = P(a)) P(21?|27) P(ys” |:c1 )
P<u§3%x§?,y2 ,y1 V) = Pu)) P(a§) [ug)) Py, 4”2
Py s ) = 2l e e )P e )

are achievable with a 4P-OWRC scheme and a partial-decode-and-forward strategy.

Compress-and-Forward

Proposition 3.2.17 All rate pairs of the half-duplex two-way relay channel that satisfy

Fis < nl(XG"5 950 Y) + I (675 571G7)
R < sl (X375 15V + (G757 01G")

subject to

7_1](57(1). Y(l) |Y(1)) 2](X2(2); }/;5(2))
IV V21V ®) < md (X5, V).

with 0 < 7 and 11 + 75 + 73 + 74 < 1, for some joint probability distributions

1 1 1) 1) A(1 1

) = P(a{") P(

Pl ,yé IR C >P<x§2> Py |t ,:c;>>

P(xé?’),yé?’,yl i) = P( )P(yé?’,ylg)lfc )P (557 |ysY)
) = P(a$?)P( ¥

P, 2,y 23 Py )25, 25Y)

are achievable with a 4P-OWRC scheme and a compress-and-forward strategy.
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Partial-Decode-Compress-and-Forward

Proposition 3.2.18 All rate pairs of the half-duplex two-way relay channel that satisfy

Ris < min{ TUD YD), I (U ¥ O) + I (V) Y3(2)>}+
Tll(Xl(l); 372(1)3%(1) |U1(1)) + T2I(X1(2); Y3(2) |V2(2)X2(z))
Ra1 < min {731(U§3); Va), I (U5 Vi) + mad (V3 1”1(4))}+
TsI(XgE?’); }72(3)}/1(3)|U§3)) + T4I(X§4); Y1(4)|V2(4)X2(4))
subject to

(55 0YY) < nl(X57 Y57 1)
ol (17 Y IUPYY) < ml (7 v 12")

with 0 < 7, and 71 + 15 + 73 + 74 < 1, for some joint probability distributions

P(u&%xﬁ”,yé%& ys”) = P(uf” >P<x1 Juf! >P<y2 50125 PSP L8, ulP)
PP, 25,2, y?) = P(ui?) P(al? [v)?) (2P v > P(ys” |as1 ,x?))
P(uf f y¥ y< ) = P(ud’) P(z|uf >P<y2 ,y3 Nef) PGPy, uf))
P, 25", 28, 11Y) = P(ui?) P(af) [u§?) (2P |vg?) P11V |25V, ")

are achievable with a 4P-OWRC scheme and a partial-decode-compress-and-forward strategy.
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3.2.5 6P Scheme

Until now 4 possible schemes have been studied. In order to make the analysis complete one could
now try to verify all possible schemes and analyze each of them. If one restricts the scheme to n
channel uses grouped by network state, containing at least one network state with active output and
one network state with active input at node 2, while the ordering of individual phases is ignored,
the number of possible schemes are

(1)< ()
e () (3) s
o (000
o () ()
6P : (2) X (2) =1. (3.23)

In order to short-cut the effort of determining the schemes that make sense the most general ap-
proach is suggested here by a new scheme which uses all relevant network states. The scheme will
be called 6P as it contains six basic transmission phases. Its network states are defined according
to

l=1:51=1,8=0,83=0
[=2:51=0,89=0,83=1
[=3:51=1,89=0,853=1
l=4:51=0,89=1,83=0
[=5:51=0,89=1,83=1
[=6:5=1,8=1,s3=0. (3.24)

The outer bound on this scheme coincides with the problem outer bound. Achievable rates will be
derived for DF and PDF relaying. The 6P scheme is depicted in Figure 3.14.
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Figure 3.14: HD-TW Relay Channel: 6P Scheme
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Decode-and-Forward For DF strategies it can be observed that the same basic code construc-
tions show up in the different schemes studied until here. If one of the dialog nodes sends while
node 2 and the other dialog node listen, node 2 fully decodes the message sent and the quiet dialog
partner uses its output as side information for later decoding. If both dialog partners send to node
2 the channel is used as MAC. If node 2 sends to one of the dialog nodes the other node assists
it or sends new information over the direct path, resulting in a MAC with correlated sources [5].
If node 2 sends to both dialog partners the channel is used as a bi-directional broadcast channel
[3] [23] with a two-dimensional indexed codebook which has been shown to be optimal in such
a situation. For the proof of the achievable rate pairs here first all three elementaries with active
channel output at node 2 are used in order to "load" the relay with information. Subsequently, the
three elementaries with active channel input at node 2 "unload" the relay. In order to contain all
schemes studied before as special cases each of the first three phases is combined with each of the
three last phases by distributing the codebook indices of each "load" phase at node 2 to all "unload"
phases.

Proposition 3.2.19 All rate pairs of the half-duplex two-way relay channel that satisfy
Ry3 < min {m(xlﬂh A b AR 7 ) 4 (2 7P 152,

IO YO) 4+ I (X0 YE) + rol (X0 X, Y;ﬁ))}
R31 < min {72[(X§2); Y2(2)) + Tg[(X( |X(3 )+ 7'5[(X§5 : |X ),

Rl ¥ + (X ) + (P 105 v) |

Ris + Rsy <71](X(1) )+ (XD 30) + mI(X P XY V) +
51X V01X D) + (X1 Y X(Y)

with 0 < 1, and Z?Zl 71 < 1, for some joint probability distributions

1

P ,yz ,yg D) = P@aV) Py ,yg Nz{)

P ,yz ,y1 V) = P(as”) Pl s |5

R ,x3 ,y2 D)= e e e <yz 2, 28)
P ,y1 ,yg V) = P Py, 4 2)

ZER ,:cg ,yl V) = PP P |29) P(y)2f), 25))
P,z ,y8") = P(P) PPz Py, z)

are achievable with a 6P scheme and a decode-and-forward strategy.

Proof see A6.1.

Generality At this point it would be desirable to know if the 6P-DF protocol can be used to
determine the optimal DF scheme for fixed input distributions with respect to a rate objective.
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Note that each of the individual six phases can asymptotically be turned off. Therefore, the 6P
scheme contains as special cases all schemes which can be represented with the same ordering of
phases and some phases having zero duration 7; — 0. But can rate increase by a different ordering
of the six phases? Also all achievability proofs assume a conservative ordering of networks states.
Each state [ that is used occurs in n; subsequent channel uses. None of the protocols uses the
possibility of an arbitrary permutation of network states on n channel uses. Although it might
seem intuitively clear that such methods can not increase the rate of a DF scheme if the scheme
itself is fixed a priori here some arguments are outlined in order to provide stronger evidence. First
a decode-and-forward strategy is defined for the channel studied.

Definition 3.2.20 Assume B transmission blocks each with n channel uses and a scheme using
Il =1,...,L > 2 network states. L, < L — 1 of the network states allow an active output and
Ly < L—1 allow an active input at node 2. Each network state occurs n; < n times in each block b.

A decode-and-forward strategy is used iff node 2 determines the full individual messages of
nodes 1 and 3 from the output sequence y,' each time after having observed n; channel uses of

the network state | with active output YZ(Z) and forwards the decoded messages in the subsequent

Y1, T channel uses which allow an active channel input X. Q(l).

Conjecture 3.2.21 The codebook construction used for each individual phase in the proof of
Proposition 3.2.19 is optimal with respect to the rate of a decode-and-forward strategy for the
restricted half-duplex two-way relay channel.

Arguments Follows from the comments on the 6P-DF protocol.

Conjecture 3.2.22 For fixed input distributions the time allocation solution to Proposition 3.2.19,
with respect to the maximization of any reasonable rate objective, provides the optimal decode-
and-forward scheme for the restricted half-duplex two-way channel.

Arguments Fix the input distributions and solve the time allocation problem of Proposition 3.2.19
with respect to a reasonable rate objective f(Ri3, R31). Here a reasonable objective is considered
a function f(Ry3, R31) increasing in R;3 and Rs3;. The optimal time allocation solution yields
the achievable rates R7; and R}, and the objective value f(R};, R};). The maximum amount of
reliable information in bits D;; transmitted between the nodes 1 and 3 after B blocks for a DF
strategy with L = 6 network states is

L L
Dis < Riyx Bx Y m and Dy < Ry x Bx Y ny. (3.25)

=1 =1

It is needed to show that changing the code in A6.1 or the scheme while using a DF strategy as de-
fined above will not result in a higher objective, i.e., in higher rates. Consider different approaches
in order to attack the conjecture:

e Change the duration of the used phases. With having already solved Proposition 3.2.19 for
optimal time allocation with respect to the maximal f(R;3, R3;1) this will not increase the ob-
jective.
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The scheme is left as in A6.1 but the codebook construction is improved. With Conjecture
3.2.21 being true this will not result in a higher rate for any of the two dialog messages.

The scheme is changed while the codebook construction is the one of A6.1: The first three
phases and the last three phases are interchanged arbitrarily among each other while all n
channel uses stay grouped by network state. The proof on the achievable rates of such a scheme
will result in rate expressions differing from Proposition 3.2.19 only in phase labels. Obviously,
this does not improve any reasonable objective on the size of the message sets.

The scheme is changed while the codebook construction is the one of A6.1: The first ), n
channel uses are assigned to an arbitrary permutation of the network states L, which allow
active output at node 2. The last > 1, Tu channel uses are assigned to an arbitrary permutation
of the network states L, which allow active input at node 2. As the network states are known to
all nodes they can order their input sequence by network state, decode from each subsequence
and choose codewords (subsequences) for the following channel uses with active input. The
output sequences are formed by the appropriate permutation of the subsequence entries. This
equivalence to A6.1 does not allow a higher rate for any of the two dialog messages.

The scheme is changed while codebook construction is as in A6.1: The six phases are inter-
changed such that the last three phases form the first three phases and the last three phases
form the first three ones. The ordering inside the two groups of phases is arbitrary while all
n channel uses stay grouped by network state. As a consequence the n,4 inputs of the first BC
phase, the first n5 + ng inputs at node 2 and the n3 inputs of nodes 1 and 3 in the last MA phase
are determined a priori with the scheme. The amount of information transmitted between the
two nodes in B blocks can not exceed

L
D3 < Rio) X (B X ZTL[ — (ng +TL4)>
=1
L
D3 < Rgl X (B X ZTL[ — (ng -+ TL4)) . (3.26)
=1

The scheme is arbitrary while the codebook construction is the one of A6.1: Node 2 decodes
the first time after n4.. channel uses. Until the n4..-th channel use the BC state has occurred
npc times. As a consequence all the inputs at node 2 up to the ng4.. channel use are determined
a priori with the scheme. The amount of information transmitted between the two nodes in B
blocks can not exceed

L
Di3 < Ri(?) X (B X an _nBC>

=1

L
Dyy < R}, <B x> - nBC> . (3.27)
=1

These arguments support the Conjecture 3.2.22.
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Partial-Decode-and-Forward As mentioned in the introduction to this chapter partial-decode-
and-forward strategies might be interesting especially for multi-antenna systems. Therefore, here
additionally the PDF rates achievable with the six phase scheme are given.

Proposition 3.2.23 All rate pairs of the half-duplex two-way relay channel that satisfy
Rz < min {Tlf(Ull), Y + A 1XYW YO UW) + mr(x®; v ) x)+
I (X® VO 1x0), n (X viP) + ml (X V) + me I (X X, Y:»f“>}
= {T2I<U§2>; )+ nl (X P02 + (X7 01X+

sl (X573 VP1XEY), Rl (XG5 V) 4l (G ) + (X0 X5 Yf“>}
Riz + Ry < I(UD; Y30) + mI(X; YO |UD) + I (U Y32) + I (X5 Y2 U+
(X XD, ) + mI(X9; YO IXP) + w1 (X0, v x )
with 0 < 1, and Z?Zl 71 < 1, for some joint probability distributions

L @ 1)

P, 2",y V) = Pu) PP [u”) PyS", 45”2t
P, 2,40, 4?) = P(ud) P(af” |u§,2>>P<y§2>,y2 j25”)
Pz, x§3>,y§3>> = P<x§3>>P<:c§,3>>P< N2, i)

P ,y1 Y, 450) = P(§) Py, y128Y)
Py ) = 2 e e ) e )
Pz, 23, y$) = PP) PP 2P) Py |21, 2)

are achievable with a 6P scheme and a partial-decode-and-forward strategy.

Proof extend A6.1 to superposition coding like from A4.1 to A4.2.

3.2.6 Wireline Communication
As in the one-way section the achievable rates for a wireline model are outlined.

Proposition 3.2.24 All rate pairs of the half-duplex wireline two-way relay channel that satisfy
Ry3 < min {le%) + 7'355 + 76b13 77—1b§3) + 7'45%) + TG(bgg) + bég))}
R3; < min {Tgbg) aF Tgbg 4F 7‘5631 ) sz:(fl) aF 7'4bgi) aF 7'5(b§i) aF bg‘?)}

with 0 < 7, and Z?Zl 71 < 1, for some directed links of capacity bz(é) are achievable with a 6P
scheme and a decode-and-forward strategy.
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Proposition 3.2.25 All rate pairs of the half-duplex wireline two-way relay channel that satisfy
Ry3 < min {Tl(bglz) +03) + 708 + b, Tuby + by + Te(08) + bgg))}
Ry < min {72(b§22) + b)) + Tebl) + Tebsy, Tobsy + Tably + Te(b5) + bg?)}

with 0 < 7, and Z?Zl 71 < 1, for some directed links of capacity bg-) are achievable with a 6P
scheme and a partial-decode-and-forward strategy.

Note that the sum-rate constraint is not active due to orthogonal channels in the MAC phase. The
PDF coding method achieves the outer bound on this model. This implicates that PDF achieves the
outer bound for the restricted half-duplex two-way relay channel with orthogonal channels. The
requirement of all channels being orthogonal can be relaxed. Only the channels in the first three
phases of the 6P scheme have to be orthogonal in order to achieve the outer bound.
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3.3 Linear Problems

For linear rate and transmission cost objectives the rate expressions derived for different schemes
have the property that optimal time allocation for fixed input distributions can be determined by
solving linear programs of small size. It is shortly outlined how to formulate and solve some
relevant problems. It is assumed that the channels have been specified by an conditional distribution
P, (or density p.) and the input distributions are fixed to P, (pin)-

Rate Maximization The first problem considered is the Weighted Sum-Rate maximization prob-
lem (WSRP). This problem has relevance if the communication rate through the channel should be
maximized while the objective weights each user differently. Therefore, each user is assigned to a
certain "priority" in the rate maximization. The objective is defined by

RWSR(A) = ARz + (1 — )\)Rgl A€ [0, 1] (3.28)

This objective can be used to determine a rate region by maximizing for A from zero to one.
A very similar problem with the same structure is the Sum-Rate maximization problem (SRP).
The maximization of such an objective yields the maximum through-put via the communication
channel. The objective is

Rsg = Ri3 + Ra;.

The matrix A for both problems is determined by the used scheme and the expressions considered.

_a13,1T_
a13,2T
(131,1T
(131,2T
A=| a/f (3.29)
anT
G,q72T
G,q73T
L aT .
where the constraints have the form
ais" = |1 0 ~IJ(P.Py) ... —Iy(P..Py)
an’ =10 1 -1Y(P. P, ... —IP(P., P,
asT: 11 _I§1)<Pcapzn) . _IS(L)(PcaPm>
a," =10 0 +1{(P.,P,) ... £I{"(P., Py)
al =0 0 1 1]
b" =10 ... 0 1]. (3.30)

In order to optimize the communication for the highest possible symmetric rates the MaxMin-Rate
maximization problem (MMP) has to be considered. The rate objective is defined by

Ryaxmin = min{ Ry3, Ra1 }
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and the constraints have a slightly different form

afy =1 —I}} (P, P) ... =13 (P P

ag = |1 —I3) (P P) ... I3 (P Py

G,Z: 2 — gl)(Pc,Pm) _]éL)(PwPin)

al =0 +I"(P., Py) +1{"(P., P,,)

al =0 1 ... 1]

b =10 ... 0 1]. (3.31)

Note that depending on the expressions used some constraints might not be present and different
mutual informations are zero. The sum-rate constraint is only present if a multiple-acess phase is
used and the relay has to decode. The compression constraints a, are only present for strategies
with quantization at the relay. The vectors ¢ for the different problems are

c<)‘>\j’;’SRP:[)\ (I—=X 0 ... O]
cie =11 10 ... 0]
cap=1[1 0 ... 0]. (3.32)
With
Tysrpisrp = |13 Rt 71o... 7]
Tine = [Ruwe 71 ... 7L (3.33)

the optimization problems have the form

max CT(B

s.it. Az < b,0 < x,const(x) (3.34)

where const(x) denotes that additional constraints (optional) on x are fulfilled, e.g., discrete time
slot lengths.

Minimizing Transmission Cost A second problem with linear structure is the Transmission Cost
minimization problem (TCP). Each phase [ is associated with a cost linear in activation time. The
cost for each phase [ and unit activation time is denoted ¢; > (. The objective is to minimize the
cost for a certain rate requirement R = [ng Rgl] T on the communication through the network.
The constraints have the form

ajy = [~I1} (P, Pu) —Iy(P., P,)
aj, = |~I5) (P., Py) ~I$(P., Py,)
al = |- 1P, P,) ... —I{"(P.,Py)
al = |1, Py ... £1P(P., P,)

=[-Ris —Rs1 —(Ris+Rs) 0 ... 0 1] (3.35)



3.3 Linear Problems 71

and the cost vector is

c'=la ... . (3.36)
With ¢ = [7‘1 o TL}T the optimization problem has the form
min ¢’ x
s.it. Ax < b,0 < x,const(x). (3.37)

For the wireline model the mutual informations have to be replaced by link capacities bg-).

Complexity The problems above are identified as linear programs of small size. These can be
solved at very low complexity. For example on the scalar Gaussian channels with 6P-OB or 6P-
DF, as considered in the simulations, the parameters 3,y need to be determined before solving
time allocation. If coherent signaling of two nodes is not possible (5,v = 0), problems above
are solved by one LP. For the wireline network with fixed link capacities also only one LP is
needed. The challenge, especially for channels with multiple inputs and outputs or CF strategies,
is to determine the right input distributions before solving for time allocation or to reformulate the
problems in order to optimize the input distributions and time allocation jointly.
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3.4 Gaussian Half-Duplex Two-Way Relay Channel

In this section the upper and lower bound expressions for channels with continuous Gaussian
variables are derived. The same model assumptions like for the one-way channel are used. For
the visualization of rate regions three scenarios in a line network will be considered where node 2
takes different positions

"symmetric" : Ty = [0.5 O]T
"near" : Ty = [0.25 O]T
"close" : zy = [0.01 0], (3.38)

In the first scenario the channels of the dialog nodes to node 2 support symmetric rates. The other
two configurations model modest and extremly asymmetric channels from the dialog nodes to the
relay. Note that for the line/plane network model used here scalar channels have no direction, i.e.,
hi; = h;;. At some points throughout this section two asymptotic cases will be considered. The

first one assumes infinite power available at one of the dialog nodes Pl%

power available at node 2, PQ(I) — o0. For these two asymptotic cases some strategies achieve the
outer bounds of particular schemes.

— 00, the second infinite

3.4.1 2P-MA-BC Scheme
According to the channel model used the output sequences for all 2P-MA-BC strategies are

Y(Ql) = h12X§1) + h32X§,1) + ZS)
Y = by X9 4 20
Y = hyy X + 29 (3.39)

Outer Bound For the outer bound of this scheme the input sequences are independent and given
by

XU = /P (W)
XV =/ Pfl) (W)
XY = /Pl (Wis, Way), (3.40)

resulting in the rate expressions

ng S min {7’1 log (]_ + |h12|2P1(1)>,7'2 log (]_ + |h23|2P2(2)>}
} (3.41)

R31 S min {7’1 log (]_ + |h32|2 P§1)>,TQ log (]_ + |h21|2 P2(2)>

Note that for Pl(l) — oo the bound tends to

ng — To lOg (1 + ‘h23‘2 P2(2)>

R31 = min {7’1 IOg (1 -+ |h32|2 P?El)>,7_2 log (]_ + |h21|2 P2(2)>} (342)



74 3. Half-Duplex Two-Way Relay Channel

and for P2(2) — 00

Rys — log (1 n \huﬁpf”)

Ra1 — log (1 + ) P?f”). (3.43)

Decode-and-Forward The same input parametrization as for the outer bound yields the achiev-
able rates for the DF strategy

Ri3 < min {7‘1 log (1 + |haa? Pl(l)>77'2 log (1 + |has)? P2(2)>}
R3; < min {7‘1 log (1 + |h32‘2 P?El))’TQ log (1 + |h21|2 P2(2)>}
Rug + Ry < 7y10g (1+ [hal” PV + [hsal? P (3.44)
The difference to the outer bound is the sum-rate constraint due to the MAC in the first transmission

phase. For the case Pl(l) or Pél) — oo the sum-rate constraint is not active and the achievable rates
and the scheme outer bound asymptotically coincide.

Compress-and-Forward (2LQ) For the CF strategy the input sequences are chosen to be

X0 = /PO £ (W)
X = PO £ W)

XY = \/BPY£5(Qu) (1= BB 15 (@Qn) B e(0]] (3.45)
s

where the parameter [ assigns the power of node 2 to the propagation of the "coarse" (()2;) and
the "refinement" (()22) quantization index. The quantized outputs are assumed to have the form

1) (1) (1)

Y, =YW+ 7, + Z,,

~ (1) (1) 1)
(Y21 >Y22 ) = Ygl) + Z22 (3.46)

with independent Zg)k ~ Nc(0,6%) and Z;;’k ~ Nc(0,63). This yields the achievable rate ex-

pressions

1+ 062+ 63

| hal B
R31 <7 lOg ﬁ (347)

hao|* PV
Ry3 < 7 log <1+ %
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subject to
14 |hy? PV has|* P
71 log 1—|——| 12| 5 <mlog |1+ |has|” 8 @
0'1—|—O'2 1+‘h23| ( )P
14 |hg|? PV hot|> P
71 log 1—|——+A|2 32|A23 <mlog |1+ | 21| b @
0'1—|—O'2 1+‘h21| ( )P
1+ |hg|? PV 14 |hgo|? PV
71 log 1++|§—22|3 — 71 log 1—1—% <Tlog(1+|h21|( )P(2)>
) 01 + 03

(3.48)

For the case P2(2) — oo the achievable rates with CF and the scheme outer bound coincide.

Partial-Decode-Compress-and-Forward (2LQ) The input sequences for the PDCF strategy
can be assumed to have the form

VBPY £ (W) 1/ (1 W (W) Be0,1]

U(l)

=V s W31 V(1 U FS (Way) v € [0,1]
U(l)

XY =/6PP £5) D (Wi, W)+ PP FR(Qu) +\/ (1= 5= QPP FU(Q) 8, 0,1
Uf)

Ve
(3.49)

where 0 + ¢ < 1. Here [ and ~ assign the powers of node 1 and 3 to the parts of their signals
decoded at node 2. The parameters o and ( distribute the power at node 2 to the propagation of the
decoded messages and the two quantization indices. The quantized outputs are assumed to have
the form

~ (1) 1 (1) (1)
Y21 - Y(2)+Zm +ZQQ

~ (1) (1) 2, (1)
(Y21 >Y22 ) - Y(zl) + Z22 (3.50)

with independent Zﬁ)k ~ Nc(0,067) and ZA%)k ~ Nc(0,53). This yields the achievable rate ex-
pressions

Biol? P(l)
Ry3 < min {7-1 log <1+ - | 12| 5 -
1+ [hyaf* (1 = )P + [haa|* (1 = ~) P

has|? 6 P h 3)PY
T log | 1+ | 232| 2 @ } + 71 log | 1+ | 12| (- )
1+|h23‘ (1—5)P2 1+ 1+ 2
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h 2 P(l)
R3; < min {71 log | 1+ 5 | 32| 7 0
1+ |hol* (1= B)P + g (1 — 7) P

hon|? 6P hso|? (1 — ~) P
mlog [ 1+ | 212| 2 @ }+7‘110g 1+| 32| ( AZ) 3
1+|h21‘ (1—5)P2 1+0-2

|hnal® BP + |hgy)* v PLY
1+ o> (1 = B) P + [haa|* (1 — ) PV

s (1 — >Pf” | sl (1 ~) Py
1 1+ 1
k Og( 1re2vor )T 1+ 062

Ry3 + R3; <71 log <1 +

subject to
14 |hgel? (1 — ) PY hoy|? ¢ P2
mlog [ 1+ | 3%|2( AQV) 3 < mlog 1+ |221| P, "
o1 + 03 L+ hal"(1—=0— ()P,
14 |h B)pY hos|? ¢ P
milog [ 1+ + | 12‘ (- ) <mlog|1+ ‘223| Py @
6i+o L+ |hos|" (1 =6 — ()P,
14 |ha|? pY 14 |h rY
mlog | 1+ + || (2 7) Py ~log |14+ + |hao|* (1 — )
03 1Jr
< mlog (14 |hai” (1= 6 = O PF). (351)

The configuration 5 = v = § = 1 would result in a DF strategy whereas 5 = v = § = 0
determines a CF strategy. Note that with § = 1, = 0 it is also possible to operate with different
strategies in both directions.

Simulations Figures 3.15-3.17 show the rate regions for the individual strategies. Figure 3.18
superimposes all plots. It show that for the chosen model and parameters the scheme outer bound
meets the problem bound only at the sum-rate point for symmetric channels to node 2. However,
in all situations the scheme outer bound (SOB) varies significantly from the problem outer bound
(OB) and comes closer to the rate region without relay for asymmetric channels. The DF region
approaches the scheme outer bound for the asymmetric case. The CF region shows the same shape
as the SOB for the symmetric case. PDCF gives the convex hull of the points achievable with DF
and CF.



3.4 Gaussian Half-Duplex Two-Way Relay Channel

79

5 T T T T T T T T T 5 T T T T T T T T T
- - -Relay off - - -Relay off
—OB — OB
45 ——soB || 457 ——soB
——PDCF —— PDCF
4 4 4+
35 1
5 3 1 ]
Q Q
o Q
Qo o)
€25 1 <
— -
™ (%)
hd @
> i
1.5 R
1 i
0.5 1
Ay
0 i i i i i i N i i i i
0 0.5 1 15 2 25 3 35 4 4.5 5 0 0.5 1 1.5 2 25 3 35 4 4.5
R13in bpcu R13in bpcu
(a) Symmetric (b) Near
5 T T T T T T T T T
- - -Relay off
—OB
457 ——soB ||
—— PDCF
al i

R31in bpcu

0 i i i i i
0 0.5 1 15 2 25 3 35 4 4.5 5

R13in bpcu

(c) Close
Figure 3.17: 2P-MA-BC with PDCF, Line Network with P{") = 10, a



80

3. Half-Duplex Two-Way Relay Channel

5 T T T T T T T T T 5 T T T T T T T T T
- - -Relay off - - -Relay off
—OB —OB
45 ——s0B 457 ——soB
——DF ——DF
4 ——CF i 4t ——CF
—— PDCF —— PDCF
35 1
5 3 1 ]
o Q
Q. Q.
o e}
£ 25 i =
() —
™ (%)
4 4
2 J
15 1
1 ]
N
05 AR 1
N
0 i i i i i i N i i i i
0 0.5 1 15 2 25 3 35 4 4.5 5 0 0.5 1 15 2 25 3 3.5 4 4.5
R13in bpcu R13in bpcu
(a) Symmetric (b) Near
5 T T T T T T T T T
- - -Relay off
—OB
4.5F —_soB
——DF
4r ——CF -
—— PDCF
S i
o
Q.
e}
£ b
—
(%]
@ 4
0 i i i i i N i i
0 0.5 1 15 2 25 3 3.5 4 4.5 5
R13in bpcu
(c) Close

Figure 3.18: 2P-MA-BC, Line Network with P") = 10, o = 3




3.4 Gaussian Half-Duplex Two-Way Relay Channel 81

3.4.2 3P-BC Scheme

For all 3P-BC strategies the output sequences are given by

Y = hpx® 4+ z»
Yy = hsx® + z
Y = hypy X + 20
Y = hp X + 28
Y = by X9 + 20
YY) = hyy X3 + 20 (3.52)

Outer Bound For the outer bound of this three phase scheme the input sequences are indepen-
dent and given by

X =/ PN Y W)
XP =P (Wy)
X0 = /PP F® (Wi, Way), (3.53)

resulting in the expressions

ng S min {7'1 log (]_ + (|h12|2 + |h13|2)P1(1)),7'1 log (]_ + |h13|2 P1(1)> + 73 log (1 + |h23|2 P2(3)>}

R31 S min {7'2 log (]_ + (|h31|2 -+ |h32|2)P352)),7'2 log (]_ + |h32|2 P:)SQ)) + 73 log (1 + |h21|2 P2(3))

(3.54)
For the case P2(3) — oo the bound tends to
R13 — T 10g (1 + (|h12|2 + ‘h13|2)P1(1)>
R31 — To log (]_ + (|h31|2 + |h32|2)P352)> (355)

Decode-and-Forward The same input parameterization as for the outer bound yields the achiev-
able rates with DF

Ri3 < min {7‘1 log (1 + ‘h12‘2 Pfl)),ﬁ log (1 + \h13‘2 Pl(l)) + 13 log (1 + \h23‘2 P2(3))}

R3; < min {7-2 log (1 + | haa|? P?f2))’72 log (1 + B2 ngQ)) + 75 log (1 + |hot|? P2(3)) }
(3.56)

Note that the expressions for PDF are not considered here as the strategy results in a DF strategy
for scalar channels.
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Compress-and-Forward For the presented CF strategy the input sequence can be assumed to

have the form
X0 =/ PO F 1)
xQ =/ P22,
Y = BRI D (Qu) + (1= AP £ Q) Be0.1]. (3.57)

For simpler notation here superposition coding instead of dirty-paper coding (DPC [4], giving the
same rate expressions for scalar Gaussian broadcast channels [7]) is assumed. The parameter [
controls the superposition power assignment at node 2. The quantized outputs at node 2 have the
form

Yél) _ Yél) n Zél)
v —y® oy z? (3.58)
with independent Zél,z ~ N¢(0,6%) and Z;Z,z ~ N¢(0,53). The achievable rates are
2 p(1)
2 o), |hi|" Py
R13§7'1 lOg <1+|h13| Pl +?&%
2 (2)
2 @2 | |hel” P
R3; < mplog (1 + |h31| P3 + fé‘%
subject to
Biol? P(l) Boal? P(3)
Tilog | 1+ 1+—‘ 12 21 D <mlog |1+ has” B &)
1 L+ [his]” Py 1+ |hos|* (1= B) Py
1 hao|” Py
mlog [ 14 = |1+ Lj@ < 73log (1 + | (1 - B)PQ(?’)). (3.59)
b 1 -+ |h31| P3

A second expression follows after interchanging the roles of nodes 1 and 3. For the asymptotic
case P2(3) — oo the rates with CF coincide with the scheme outer bound as 6%, 55 — 0.

Partial-Decode-Compress-and-Forward For this strategy the input sequences have the form

Axw: BPmﬁWWh) (1= 8PV f15 (W) felol
= B (War) + /(1= ) P2 £ (W) ye 0,1

X; — \JOPE £ (Wi, W)+ /PP £ (Qas) + (1= 6 = QPP FD(Qu) 6, € [0,1].
(3.60)

where 6 + ( < 1. Like for CF superposition coding instead of DPC is assumed. The parameters
£ and ~ distribute powers at nodes 1 and 3 to the PDF and CF strategies. d, ( control the power
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assignment at node 2 to the propagation of the decoded messages and the quantization indices. The
quantized outputs at node 2 are

~ (1 . (1
vy gz
v —y® z? (3.61)

with independent 22(1,2 ~ Nc(0,6%) and 22(2,2 ~ N¢(0,62). This results in the rates

b2 gp® has|* 6P
L+ [has|” (1 = B) Py L+ |hes|" (1 = 0) 5

2 H(l) 2
P
mlog [ 14 ‘h”i b0 @ }+7‘110g< < e )(1—5)131(1))
L+ [hio|" (1 = B) P 1+¢

b2~ P hor|? 5P
R3 < min {7'2 log | 1+ | 312‘ — ) tmslog| 14 | 212‘ - 2 |’

Py |2 P(Q) Bao |2
rlog (14— 32! — }+7‘210g 1+ |h31|2+1‘ 32|A2 (1—7)P
1+ |hao|” (1 =) Py + o)

subject to

1 2 P(l) 2 P(3)
71 log 1+A—2 1+ |h12‘ ( ) 1 - <mlog |1+ |h23| ¢ 3
o 1+ |y (1 — )PV 1+ |hog)” (1 = C) P

1 |hsal” (1 = 7) Py” > 0
mlog (14— [1+ - - §7'310g<1+|h21| (1—6—C)P, ) (3.62)
a L+ |hg | (1 — ) P35

—

[\

The configuration § = v = § = 1 would result in a DF strategy whereas § = v = 6 = 0 performs
a CF strategy. Note that with 5 = 1,y = 0 it is also possible to operate with different strategies in
both directions. Further, there is the possibility to choose a superposition (with arbitrary weights)
of CF and PDF strategies for both directions.

Simulations Figures 3.19-3.21 show the rate regions for the individual strategies. Figure 3.22
combines all plots. It shows that for the chosen model and parameters the scheme outer bound
meets the general problem bound only at one point for very asymmetric channels. For symmet-
ric channels the DF region is close to the scheme outer bound while for the asymmetric case it
approaches the rate region without relay. CF outperforms DF for the "close" scenario. PDCF coin-
cides with the region of the best strategy in each setting.
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3.4.3 3P-MA Scheme

For all 3P-MA strategies the output sequences are given by

Yé” = h12X§1) + h32X;(),1) + Zé”
Y = hs X 4 hoy XY + 27
Y = by X 4 hoy X+ 29 (3.63)

Outer Bound For the outer bound of this three-phase scheme the input sequences are given by

xV = \/ PV FY (W)
x{ = \/ P FS (W)
X = \/ PP FS (W)
X = \/8PP £ (W) /(1 = BYPP £ (W) B e0,1]
/6P1(2)/;2(2)Xé2)
XY =P (W)
X = PP (W) +4/ (1 =) P 5 (W) v €[0,1] (3.64)
PP PPX

with the parameters /3, v determining the dependence between the inputs at nodes 1 or 3 and node
2. This gives the outer rate bound expressions

Ri3 < min {7’1 log (1 + |hio|? Pl(l)> + 7y log (1 + |hasl* (1 - 6)P1(2))7
rylog ( 1+ |hus® PP + [has|* P + 2 |hyshog| Bsz’Pz(z’)}
R3; < min {7’1 log (1 + |h:52|2 P3(1)> + 73 log (1 + |hs1|2 (1- V)P?fg))v

T3 log <]_ + |h21|2 P2(3) + |h31|2 P?fg) + 2 |h21h31| 7P2(3)P?E3)) } (365)

For the case P2(2), P2(3) — oo the bound tends to

R13 — T lOg (1 + ‘h12|2 Pl(l)) + T2 lOg (1 + ‘h13|2P1(2))

R31 — T lOg (1 + ‘h32|2 P?fl)) + T3 lOg (1 + ‘h31|2 P3(3)> (366)
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Decode-and-Forward With the same input parameterization as for the outer bound the achiev-
able rates with a DF strategy are

ng S min {7’1 10g (1 + |h12|2 Pl(l)) + T2 log (1 + |h13|2 (1 — 6)P1(2)>,
7 log (1+ |has|* P + [hos|* PY? + 2| hasha| )P(Q))}
. 2 (1) (3)
R31 < min TllOg 1+‘h32‘ P3 —|—7'310g 1"“}131‘ ( )P

73 log (1 + hot | P 4 |hgt | P+ 2| hoyhs 7P2(3)P3(3)> }
R13 + R31 STl log 1 + |h12| P + |h32|2p3(1)> + T2 log (]_ + |h13|2 (1 — B)Pl(Q))+

(
75 log (1 4 a2 ( 7)ng3)). (3.67)

The parameters 3, € [0; 1] assign the powers at nodes 1 or 3 to the support of the input at node
2.

Compress-and-Forward For the CF strategy the input sequence can be assumed to have the

form
VPO (W)
D PR W)
D = /PP £ ()
) =/ PR £ (Why)
D= PO £ ()
:\/E FO ). (3.68)

The quantized outputs at node 2 have the form
~ (1 - (1

o-(1) (1)

Y, =Y+ Z, (3.69)

with Z{%) ~ Nz(0,52) and Z{2 ~ N(0,52). This yields the achievable rate expressions
2,k 1 2,k 2
fal* P 2 H@)
Rz < mlog |1+ 1152 +7-210g(1+|h13| Py )

|hsa|* 2§V 2 5 (3)
Ry <mlog | 1+ ———5— | +73log {1+ |ha|" P
1+ 03
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subject to
1+ |hyp? PWY hos|? P
milog [ 1+ —+| }22| 1 <mlog |1+ —| 2| 22 @
01 1 + |h13| Pl
1+ |hay|? PY hot |2 P&
mlog 1+ H3—22|3 < mlog |1+ % (3.70)
02 1 + |h31| P3

which coincide asymptotically for the case P2(2), P2(3) — oo with the outer bound of the 3P-MA

scheme as 62,55 — 0.
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Partial-Decode-Compress-and-Forward For this strategy the input sequences have the form

X = BRI 1 Wia) +4/ (1= 5P £15 (W) B elo,1]
U
X = \[APO £ W) 41/ (1= ) PV ) (W) v eo,1]
XE = \[oPP £ (Wig) +1/ (1 = )PP £5)(Qas) 5 e0,1]
U
X1 = [P £ (Wis) 14/ (1= QP £ (W) ¢ €[0,1]
Fwwv@
XE =\OPP £ (War) +1/ (1 = )PV £5)(Qn) 6 e0,1]
XY =[PP W) 4/ (1 = &) PP £33 (W31) k€0, 1]. (3.71)

VrP® PP U Y

The parameters (5 and -y divide the powers at nodes 1 and 3 to the DF and CF strategy, J, # determine
the powers invested into the propagation of the decoded messages and quantization indices at node
2 and ¢, s control the support of node 2 through nodes 1 and 3. The quantized outputs at node 2
have the form

~ (1 ~ (1
Vv

~ (1 . (1
vy =y gz (3.72)

with independent Z;l,z ~ N¢(0,6%) and 252,2 ~ N¢(0,53). This yields the achievable rates

h 2 P(l)
nggmin{ﬁlog 1+ ol B

1+ [hys|* (1 = B)PY + | has|* (1 — ) PV

has|> CPZ + |has|> 6P + 2 |hishos| v/ 0¢ PP P
72 log 2 ®) 7 ®) }
L+ [his]” (1 = Q) Py + |has|™ (1 = 6) P,
b P(l)
mlog | 1+ Ll 1(+ Hh >+7'210g (1+(1—O|h13|2pl(2)>
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|h32|27P(1)
1+ |hagal” (1= 7) PV + ol (1 = B) PV

R3; < min {7’1 log | 1+

1 ‘h21|2 9P2 —|— ‘hgl‘ KJP?E + 2 |h21h31‘ GHP2(3)P3(3) }
T3 102

Lt |haa [P (1= )P + |hay [* (1 = k) PSY

h P(l)
mlog | 1+ ool 1(+ NE ) + 73 log (1 +(1—r) |h31|2P3(3)>

hiol? 13P(1) + |hsol? pY
R13 + R31 <7 lOg 1+ | 12| | 32| L
)Pfi(l)

1+ o> (1 = B)PY + [ ha|* (1
h BV haol? (1 — ~) PV
ﬁbgC_|1ﬂ< 5P, >+ﬁbgbﬁ|3ﬂ<+&y3 .
2

1+ 67 1
ralog (1++|hsl” (1= QPP ) + rylog (1+ (1= ) [haa | PV

subject to

1 *(1-p)pY 5) Py
71 log <1+ + || A(z B <mlog |1+ ‘hm‘( 9)

o7 1+ by (1= Q)P

o (14 Ll Q=R PO =R
&3 - 1+ |hgt|* (1 = k)P

Like with the other PDCF schemes note the possibility to mix strategies individually for both
directions.

Simulations Figures 3.23-3.25 show the rate regions for the individual strategies. Figure 3.26
combines all plots. For the chosen model and parameters simulations it reveals that the scheme
outer bound meets the problem outer bound only at one point for very asymmetric channels. For
symmetric channels the DF region is bounded away from the scheme outer bound by the MAC
sum-rate constraint while it approaches this bound for asymmetric channels. The CF region shows
the same shape as the scheme outer bound in the "symmetric" scenario. PDCF yields the convex
hull of the rate points achievable with CF or DF.
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3.4.4 4P-OWRC Scheme

The output sequences of the four phase scheme are

Y& = hpx( 4z

Y = h x4z

Y = hpXP 4 hos XY + 25

Y = hyp X + 28

Y = hyy X + 2P

Y = ha X5 + oy XY+ 2. (3.74)

Outer Bound For the outer bound expression the input sequences are of the form

X?’z PO (W)
VBPP £ (W) 1/ (1= B) PP 1) (W) B e [0;1]
\/6P52)/P§2>Xé”

XP =[PP (W)

X$ =\ PP FD (Wa)

X4 = [PV £ (W) +/ (1= ) P £ (W) v € [0:1]
P P XY
X =[PV (W) (3.75)

with the parameters [,y determining the dependence between the inputs at node 1 or 3 and node
2. The outer bound on the achievable rates is

1+ (gl + |haa|*) P )+T410g(1+\h31\( )p§4>),

Tglog 1+|h31|2P( )) —|—7'4log (1—|—|h31| P _|_‘h21‘ p( +2|h31h21‘ P(4)P§4))}.
(3.76)
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Decode-and-Forward The input parameterization for the outer bound gives the achievable rates
of the DF strategy

Ri3 < min {ﬁ log (1 4 s P ) + 7y log (1 + has|? ( )p(2))
7 log (1 + |has|? PV ) + 7 log <1 + |hasl? P + |hos|* P& + 2 | hysha| )P2(2)>}
R31 SmiH{TglOg (1—|—|h32|2 3)) + 410g (1+|h31| )P3(4)>7
73 log (1 + [ha|* P 3)> + 74 log <1 + |ha P Yt |hoa)? PV + 2 |hgyhoy | 7P2(4)P3(4)) }
(3.77)
Compress-and-Forward For the CF strategy the inputs are
X =PV (W
X = /PP (Wis)
Xy = /B 1) (Qu)
3 3) £(3
X =/ B 1Y (W)
1) ,(4
X =/ PV Y (W)
X" =\ P 37 (Qa) (378)
with the quantized outputs at node 2
YO _y® 4 50
v =y 4 20 (3.79)
with independent ZAél,z ~ Nc(0,6%) and 253,2 ~ Nc(0,63). The achievable rates are
haol? PL
Ri3 < 71 log (1 + [has* PV + %) + 72 log (1 + |h13|2P1(2)>
oo |? P
R31 S 73 log (1 + |h31| P(3 %) + T4 log (]_ + |h31|2 P?E4)> (380)
subject to
hao|? P! has|* P
71 log 1+ — | 12| D < 1y log 1+—| 23 22 @
1+ |hysl? P 1+ |his|” Py
hao|” Py hoy|” P5Y
7 log L 5| | <milog| 1+ % . (3.81)
1+ |hsy|* P 1+ |hs|” Py
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Partial-Decode-Compress-and-Forward For the PDCEF strategy the input sequences are
X1 = [P 1) (Wis) 14/ (1= )PV £ (W) g e0:1]
13 1 12 13 )
U
X1 = AP £ (Wis) +4/ (1= 7) P £ (W) e
X3 = OB 150 (W) 14/ (1 = ) B £33 (@) 6 € [0;1]
v
Xy = BV £ (Wa) 14/ (1= OBV £ (W) ¢ € [0;1]
U
X0 = BV £ (W) /(L= )PV £55) (W) n e [0;1]
iV
X3 = \JOR £ (Wa) +4/ (1 = )PV 15 (Qu) 0 €01, (3.82)
v
The quantized outputs at node 2 are
f/( ) _ Y(1) I Z(
v —y® 4z (3.83)

with independent 22(1,2 ~ Nc(0,6%) and 22(3,2 ~ N¢(0,52). The achievable rates are

Ri5 < min {7‘1 log
Ty log

71 log

1+ [hpf* PV | 1+ |hgsf* PV
M |+ T8 5 o )T
1+ |hio|* (1 — B) Py L+ |his|” (1= 8) P

1+ |h13|2P12) + |h23|2 Pz( )42 |h1shos| 75P1(2)P2(2) }+

1+ s> (1= )PP + [hos|* (1 — 8) Py

1+O’1

b 2
+ <|h13|2 + | 12|A 2) (1 — B)Pl(l)> + T IOg (1 + |h13|2 (1 — ’7)P1(2)>
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14 |hg|? PP 1+ |hgy|? PP
R3; < min {Tglog +|232| 3 3 , 73 log + hsi] B) +
L+ |hsge|” (1= ()P 1+Vl:’)1| (1-0Q)P;

1+ [ha | P(4 +|h21\ P )+2\h31h21| \/7719]34)/73(4 }

74 log
1+ |hat|* (1 = )P + |hoy [ (1 — 6) PV
|h32| (3) 2 (4)

TglOg |h31| —|— P —|—T410g 1—|—|h31| (1—?7)P3
subject to

1 h P(l has|* (1 — 6) Py
Tilog |1+ 5 |1+ |12| <mlog |1+ has” (1 = )2(2)

o1 1+|h13\ 1+ [hs|* (1 )P

1 h P(3 hot|? (1 — 6)PY
mlog [ 1+ = [ 1+ ool (1~ 5| | S malog 1+ o (2 i 7] 384
03 L+ [ha|* (1= Q) Py L+ |ha|” (1 — ) P

Simulations Figures 3.27-3.29 show the rate regions for the individual strategies. Figure 3.30
combines all plots. For the chosen model and parameters simulations in Figure 3.30 show that the
scheme outer bound approaches the problem outer bound for asymmetric channels. For symmetric
channels DF is close to the scheme outer bound. For asymmetric channels DF becomes optimal
for the node closer to the relay. CF shows to be insensible to asymmetric channels from the dialog
nodes to the relay as the rate regions change just slightly for the different scenarios. PDCF yields
the convex hull of the rate points achievable with CF or DF.
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3.4.5 6P Scheme
The output sequences of the six phase scheme are
Y = hpx® 4z
Y = hs x4z
Y = hyy X$ + 27
YY) = hap X + 28
YY) = ho X + hap X + 23
Y = hy X 4+ ZzY
Y = hos XS + 2
Y =y X9 + hy X + 2
Y = h X + hos XY + 2. (3.85)

Outer Bound For the outer bound the input sequences are of the form

R Hu®
N I
Y = PO FO (1)
3) = ng? W31
X4 = /PO 580 (W, W)
- \/me (W
X = /8P £ (War) +/ (1= B) P £ (Wan) B e0;1]
W
O =\ PP £
X" = VPO f5 (W) +4/ (1= )P Y (W) v €[0:1] (3.86)

o X

with the parameters /3, v controlling the dependence between the inputs at nodes 1 or 3 and node
2. The outer bound on achievable rates is

Rz < min {mog( 4 (|hao)? + |has|?) P )+Tglog (1+\h12‘ p(3)
rolog (1-+ [l (1 = 7)P{*), mylog (1 -+ gl PV) + 7alog (1+ [hasf” P ) +

T6 log <]_ + |h13|2 PI(G) + |h23|2 P2(6) + 2 |h13h23| 7P1(6)P2(6)) }
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R3; < min {7‘2 log (1 + (|h32|2 + |h31|2)P3(2)) + 73 log (1 + |h32|2 P?f3)>+
Ts log (]_ + |h31| ( )P( )),7'2 log (]_ + |h31|2 Pé2)> + T4 log (]_ + |h21|2 P2(4)>+

Ts log <]_ —+ |h31|2 P?ES) + |h21|2 P2(5) + 2 |h31h21| BP2(5)P?E5)) } (387)

Decode-and-Forward With the same input paramterization as the outer bound the DF achiev-
able rates are

Ri3 < min {7‘1 log

VS

1 + |h12|2 P1(1)> + 73 10g (1 + |h12|2 P1(3)> + T6 10g (1 + |h13|2 (1 — ’)/)P1(6)>,

71 log

VS

1+ |ho)? Pf”) + 74 log (1 + [hg|? P2(4)>+

76 log

VR

1+ |has|* P + |hos|* P9 + 2 |hyshas] )P(6))}
R31 S min {T2 lOg 1 + |h32|2 P3(2)> + T3 lOg (1 + |h32|2 P3(3)> + T5 lOg (1 + |h31|2 (1 — 6)P§5)),

Ty log

/N N

1 + |h31|2 P3(2)> + T4 log (]. + |h21|2 P2(4)>+
T5 log ]_+ |h31|2P?E5) + |h21|2P2(5) +2|h31h21| 5P2(5)P?E5))}
R13 -+ R31 §T1 lOg 1 + |h12|2 P1(1)> -+ T2 lOg (1 + |h32|2 P§2)> -+ T3 lOg (1 + |h12|2 P1(3) —+ ‘h32‘2 ng3))+

T5log (1

/\/\/\

+ |ha [ (1 - )P( )> + 76 log (1 + [hasl* (1 = )P(6)) (3.88)

Figure 3.31 shows the achievable rate regions for the three configurations considered.
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3.5 Towards Optimal Schemes

For fixed input distributions the problem outer bound and the 6P expressions can be used to iden-
tify potentially optimal schemes for any relaying strategy or strategies with decoding at the relay
through time allocation. Here some simulation results are presented. For the problem bound and
6P DF expressions two linear rate objectives have been maximized in order to find the optimal
time allocation to the six phases. On the plots the different schemes are depicted for the plane
network. On the scheme plots the used schemes are numbered by the decimal version of the binary
vector denoting the active phases. For example the schemes studied in detail in this work have the
numbers

OWRC (1-3):33=1[1 0 0 0 0 1]
OWRC@(3-1):18=1[0 1 0 0 1 0]
2P-MA-BC:12=1[0 0 1 1 0 0
3P-BC:11=[1 1 0 1 0 0]
3P-MA:52=[0 0 1 0 1 1]
4P-OWRC:51=[1 1 0 0 1 1]
6P:63=11 1 1 1 1 1]. (3.89)

A full legend of the schemes showing up in the following plots is found at the end of this section.
Note that the binary vector only indicates which phase is active and not its individual time length.

For all simulations the parameters are Pi(l) =10 and a = 3.

Sum-Rate Maximization Figure 3.32 shows the resulting schemes for the problem outer bound
and the 6P DF scheme after sampling over the input distributions (3, ) and solving time allocation
with respect to maximal sum-rate. It can be seen on the plot for the outer bound that the 2P-MA-BC
(12) scheme shows up only in the position where the channels to node 2 support totally symmetric
rates. A significant area is covered by one-way channels (18/33). The 3P-MA (52) scheme shows
up in small areas. Between the two nodes the outer bound would suggest to use a scheme for sum-
rate maximization which adds to the 2P-MA-BC a phase where relay and one dialog node send
together (28/44). On the plot of the DF strategy in the outer area the relay is disconnected from the
transmission process (32, here equivalent with 16). Again the two one-way schemes show up in a
wide area around the nodes. In the middle the 3P-BC (11) scheme is used. The two asymmetric
schemes (28/44) are used in small areas between the nodes. The schemes 13 and 14 add a phase to
the 2P-MA-BC scheme where one of the dialog nodes sends alone. In Figure 3.33 the achievable
sum-rate with 6P DF is compared to the outer bound and the rates of 2P-MA-BC DF. "Behind" each
node the sum-rate bound is achieved with one-way channels. Between the nodes still improvements
are possible, e.g. use 2P-MA-BC with CE. The comparison against the two phase scheme shows a
gain up to 50 percent in the area between the nodes. On Figure 3.34 a comparison to the two-way
channel without relay is depicted. Here a gain of up to 40 percent is observed
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Max-Min Maximization Figure 3.35 shows the resulting schemes after solving time allocation
with respect to maximal maxmin-rate. The outer bound suggests to use the 4P-OWRC scheme
in a very large area. In the middle the two phase scheme shows up again. The schemes 53 and 54
denote a scheme consisting of the 3P-MA scheme with an additional phase where one of the dialog
nodes sends. 46 and 29 are a bit tricky with a 2P-MA-BC and two additional phases that can be
interpreted as a OWRC with one phase in the reverse direction. In the DF plot many schemes show
up. New are the schemes 49 and 50 (see scheme legend) "behind" each node. 48 denotes a two-way
communication without relay. 27 and 43 are the 3P-BC scheme with an additional phase with relay
and one dialog node active. The rate comparison (see Figure 3.36) shows that the 6P DF scheme
operates at around 90 percent of the max-min upper bound in a large area. For the area between
both nodes a significant distance can be observed. Comparing against the two-phase scheme shows
a max-min gain of up to 50 percent for the area between and around the dialog nodes. Figure 3.37
shows that a significant max-min rate gain is possible in comparison to a simple two-way channel
if the relay is located between both dialog nodes.

Insides The basic inside of such simulations is that there seems to be no ultimate scheme. By
optimizing the time allocation to the different phases the 6P scheme degenerates into schemes
with less than six phases as different channel configurations require different schemes. Each of the
phases is active at some point and therefore useful for some particular situation. Only a 6P scheme
has the potential to adapt all network configurations appropriately to the channels. It becomes also
clear that the possible rate gain might be strongly dependent of the position of the relay. Note that
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the plots represent just an exemplary channel model. Especially with a different path-loss exponent
the results might change.

Scheme Legend
11:1 1.0 1 0 0] 12:/0 01 1 0 0
13:]1 0 1 1 0 0 14:/0 1 1.1 0 0
18:0 1. 0 0 1 0 27:1 1.0 1 1 0
28:00 01 1 1 0] 29:[1 0 111 0]
32:/0 00 00 1] 33:[1 0 0 0 0 1]
43:/1 1.0 1 0 1] 44:00 01 1 0 1]
46:(0 1 1 1 0 1] 48:/0 0 0 0 1 1]
49:/1 0 0 0 1 1] 50:(0 1.0 0 1 1]
51:1 1.0 0 1 1] 52:0 001 0 1 1]
53:(1 0 1 0 1 1] 54:00 1 1 0 1 1]. (3.90)






4. Conclusion

The wireline example outlined in the introduction of the second part of the thesis has raised the
author’s interest on the implications of the direct path in a wireless two-way relay channel. As
a precise survey could not be found, an information theoretical approach has been carried out in
order to understand the offered possibilities and obtain results that can be applied to SISO and
MIMO wireless channels.

One-Way Relay Channel The first part of the work represents the attempt to understand the
channel coding aspects on a half-duplex one-way model by applying the relaying methods of [6]
(PDF, [18]). Therefore, self-contained proofs have been developed with extensive use of the meth-
ods and theorems presented in [18] and [7]. The reinterpretation of methods like binning, block-
Markov coding and message-splitting has led to the strongly familiar technique of reindex coding.
This disciplines the achievability proofs by making the exploitation of statistical dependencies in
the network more transparent and straightforward. Surprisingly, the general results derived for the
half-duplex model through coding proofs can not be found in literature. The expressions derived in
[15] only hold for Gaussian channels. Simulations visualize the performance of different methods
on the half-duplex model with scalar Gaussian channels and the benefits of time allocation.

Two-Way Relay Channel The insides and techniques of the first part have been used and
adapted for the analysis of a restricted two-way relay channel with direct connection. A defini-
tion has been outlined and the Cut-set Theorem has been applied to deduce an outer bound on the
achievable rates with fixed input distributions. Two schemes already proposed in literature have
been revisited and slightly extended (2P-MA-BC with PDCF, 3P-BC with PDF/PDCF). A new
three-phase scheme (3P-MA) has been suggested and studied in detail. Moreover, a four-phase
scheme has been proposed. By separating the channel into two subsequent one-way channels the
analysis of this scheme benefits directly from the half-duplex one-way results of the first part. The
idea of using the problem outer bound to find a general scheme has led to a new scheme with six
phases, here referred to as 6P. The achievable rates with full and partial decoding at the relay have
been derived for this scheme. 6P DF is argued to contain all other possible fixed DF schemes as
special cases. Simulations for scalar Gaussian channels visualize the performance of the differ-
ent schemes and the relation of their individual performance bound to the more general problem
bound. They show clearly that the prominent two-phase scheme can not attain the performance
offered by a fully-connected network model. Especially for channels with asymmetric rates to the
relay a two-phase approach will result in a significant performance loss. Simulations on a plane
network model show the potential of 6P to outperform the two-way channel and the two-phase
two-way relay channel with respect to communication rate. The results also indicate that an ul-
timate scheme might not exist and therefore justify the general approach which allows to use all
possible network state configurations.

Extensions The thesis has focused on channel coding aspects. As time-sharing variables are a
technical tool to extend derived expressions they have been omitted here. For the simulations car-
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ried out with scalar channel inputs and a per symbol power constraint this has no effect. They will
be needed to exploit the potential of average power constraints and for vector-valued channel in-
puts. Care needs to be taken when determining their alphabet size as the rate regions might behave
different than full-duplex regions. Cost problems might have deserved a more precise analysis and
simulations. As frequently indicated a MIMO analysis will be highly interesting and reveal the full
potential of methods with partial decoding at the relay.

Practical Implications As mentioned in the introduction the analysis makes severe assumptions
that can not apply to real systems. However, for example the derived expressions for DF relaying
might be used to approximate the time lengths of different phases or the bandwidth for the different
channel parts for linear rate or cost objectives on SISO systems at low complexity, especially when
coherent signaling is not possible. The random coding proofs do not shed light on how to build
a good code with low complexity. But the underlying reindex method can serve as guideline for
the codebook indexing structure, the index passing process through the network and the decoding
order of practical code constructions.

Theoretical Implications The thesis has tried to study precisely the coding aspects on two small
half-duplex network models. It is just natural that, at the end of such a survey, the question of the
relation between full and half-duplex networks arises. For the one-way scenario the full-duplex
coding methods are fairly understood for a long time. The application of these methods on a half-
duplex model seem therefore more like a "reverse engineering" practice. The method how the cut-
set bound is applied gives the impression that the achievable rates could also have been acquired
formally from the full-duplex expressions of [6] or [18] without a coding proof. It should not
be neglected that this would have been possible for example for CF. Note that for DF such a
method yields lower rates. Here such an approach would have made it impossible to understand
the underlying coding problem. Only this has allowed to study the two-way scenario in detail and
to extend lower bounds to a scheme with six phases. A formal way from half-duplex expressions to
full-duplex ones appears at the moment not obvious. This might indicate that half-duplex networks
are a special case of full-duplex ones. It is interesting to observe that on the half-duplex model
the problems in relation to the cut-set bound stay the same as in the full-duplex model but occur
separated on orthogonal channel parts just connected through coding.



Appendix

In order to make the thesis easier to read, all achievability proofs have been moved to the appendix.
A code is said to be reliable if Pr[£] can be made arbitrary small with choosing n sufficiently
large. £ denotes the occurrence of an error at destination decoders. All rates that allow this or
can be approached arbitrarily close with this property are considered to be achievable. Proofs of
achievability follow the concept of defining encoders and decoders and to analyze the probability
of error in dependence of the rate R and block length n. Here the proofs use properties of long
random sequences and the performance of suboptimal decoders. The probability of error with
a "good code" is not analyzed directly. Instead the symmetry of a random code construction is
exploited in order to characterize the average probability of error over all codebooks in dependence
of R and n. This allows to prove the existence of a reliable code under certain rate constraints.

Al. Letter-Typical Sequences

To make the work self-contained the definitions and theorems used are stated here without proofs.
These and a comprehensive introduction can be found in [18] which is recommended as an
overview on problems of information theory and the analysis of those using typicality. Letter-
typicality is used in order to apply the Markov Lemma which is needed for the proofs with CF and
PDCE. Definitions and applications of a weaker form called entropy-typicality can be found in [7].

Definition A1.1 (Letter-Typical Sequence)
Let N(a|x™) be the number of positions in the n-sequence x" having the letter a. For ¢ > 0 a
sequence x" is e-letter typical with respect to Px () if

lN(a|:1c") — Px(a)| < ePx(a) Va € X.
n

Definition A1.2 (Letter-Typical Set)
The e-letter typical set T (Px) with respect to Px () is defined as

T (Py) = {x” ; ’%N(au”) _ Py(a)| < ePx(a),Ya ¢ x} |
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Definition A1.3 (Jointly Letter-Typical Sequences)

Let N(a,blz",y") be the number of occurences of (a,b) in the sequence
(x1,11), (T2, y2) .. . (Tn, yn). For € > 0 the e-letter typical set T"(Pxy) with respect to
Pxy (+) is defined as

T (Pxy) = {(x",y”) : '%N(a,bm",y") — Pxy(a,b)| < ePxy(a,b),V(a,b) € X x y} :

Theorem A1.4 (Properties Letter-Typical Sequence)
Suppose 0 < € < px = Milgequpppy) Px(a), 2" € T (Px) and X" is emitted by a discrete-
memoryless source Px/(-)

2—n(1+5)H(X) < P)ré(l,n) < 2—n(1—5)H(X)
(1 = 8.(m) 21900 < |Tn(Py)| < 0+
1 —6.(n) < Pr[X" e T"(Px)] < 1.

where

S.(n) = 2| x| e Hx.

Proof see [18, p. 272]

Theorem A1.5 (Properties Jointly Letter-Typical Sequences)
Suppose 0 < €1 < € < pxy = MiN(gp)esupp(Pry) Pxv(a,b), (™, y") € T (Pxy) and (X", Y™)
emitted by a discrete-memoryless source Pxy (-)
27TL(1+€1)H(Y‘X) < P;L‘X(yn|xn) < 27TL(17€1)H(Y‘X)
(1 Y (n)>2n(1762)H(Y‘X) S

1-4

TEV; (ny|xn)} < 2n(1+e2)H(Y\X)
(n) < Pr[Y™ € T} (Pxyla™)| X" =2"] <1

€1,€2

€1,€2

where
T (Pxylz") = {y" : (a",y") € T (Pxy)}

2
561,62 (n> =2 |X| |y| exp (_H%NXY) .

Proof see [18, p. 280]
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Theorem A1.6 (Properties Independent Letter-Typical Sequences)
Consider a joint distribution Pxy () and suppose 0 < € < €, < pxy, 2" € T/'(Px) and Y™ is
emitted by a discrete-memoryless source Py (+)

(1— Oer e (n>>2—n[I(X;Y)+2ezH(Y)] < Pr [Y" c Tg (PXY|l’n)] < 9—nlI(X;Y)=2e2 H(Y)]

where

o 2
561,62 (n) =2 |X| |y| €XP <_nwﬂXY) .
1 + €

Proof see [18, p. 277]

Theorem A1.7
Suppose 0<e <6 < Hhuxy = min(a,b,c)ewpp(pUXY) Pny(CI,, b, C), (Un,yn) € Tg(PUy) and X;
is emitted by a discrete-memoryless source Px|y(-|w;) fori =1...n

(1 o 561762 (n>)2fn[I(X;Y\U)+262H(X\U)} < Pr [Xn c Ter; (Pny|un’yn>|Un _ un]
< 9 (XY [U) =26 H(X|U)]

where

() = 20l 1) [V exp (= 2= ).
1e2 1-'-61

Proof see [18, p. 338]

Definition A1.8 (Markov Chain)
For the discrete random variables X,Y and Z

X-Y—-Z

form a Markov chain if

P(x,y,2) = {P(I’y)P('ZHJ) if P(y) >0,

0 else.



Theorem A1.9 (Markov Lemma)
Suppose

X-Y-Z

form a Markov chain, 0 < € < € < pxyz = Mil(gpeyesupp(Prys) Pxvz(a, b, c), (™, y") €
T (Pxy) and (X", Y™, Z") emitted by a discrete-memoryless source Pxy z(-)

1 —0¢ () <Pr [Z” € T (Pxyz|z", y")|Y" = y”]

€1,€2

where

N2
e ea(n) = 21 X] [V 2] exp (—nwmz).
1 aF €1

Proof see [18, p. 319]
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A2. Proofs: Achievable Rates Half-Duplex Relay Channel

Comments and Assumptions Random encoding, jointly typical decoding and compression will
be used to show which rates are achievable for the half-duplex one-way relay channel. For the
following proofs it will be assumed that the transmission is performed with n > 2 channel uses
and two phases [ = 1, 2. Phase 1 features n; > 1 transmission slots, phase 2 supports ny > 1
transmission slots, with n; + ny = n. If n grows n; and ny are assumed to grow at the same
rate, meaning that doubling n doubles ;. For large n, ** — 7 with 0 < 7; < 1. The message
w € [1;2"%] will be sent from node 1 to node 3. For all proofs 2" € Z .

A2.1 Decode-and-Forward

Codebook c; Generate 2"(F112) n, _sequences 27" (r, 5), r € [1;2"%1], s € [1;2"%2] by choos-
ing each element :c(ll,)c('r, s) independently according to P, (+).
) 1

Codebook c,; Generate 2" ny-sequences 252 (r) by choosing each element :c(;,)g(r) indepen-

dently according to P, 2 (*).

Codebook c3 For each z5?%(r) generate 2% ny-sequences x72(r,t), t € [1;2"], by choosing

each element xgz,i(r, t) independently according to Pyo x@ (- |x§2,)€(r))
) 1 2 )

Node 1 The message w is reindexed by (7, s,t). In the first phase node 1 transmits z7*(r, s)
within n; transmissions. In the second phase node 1 transmits x7?(r, t) within ny transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (7, 5)
such that

(1‘7111 (f, 5), ygl) € TEn1 (PX£1)Y2(1)). (AD)

If there is none or more than one such pair (7, §), set (7(2), 5(2)) = (1,1). Otherwise, the found
index pair (7, 3) is the estimate (7(2), $(2)) of node 2. In the second phase node 2 sends 52 (7(2))
by the use of n, transmissions.

Node 3 In the first phase y3" is observed. In the second phase y;° is observed. After the second
phase node 3 tries to find an index 7 such that

(23°(F),y37) € T (Pyy)- (A2)

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. Then node 3 tries to find an index ¢ such that

(1‘7112 (’f’(g), ), xgu (f(?))), ygL2) c T:L2(PX§2)X§2)Y3(2))' (A3)

If there is none or more than one such index ¢, set 5(3) — 1. Otherwise, the found index  is the
estimate ¢(3) of node 3. Finally, node 3 tries to find an index § such that

(lell (f(3)7 5)7 ygbl) € Tenl <PX£1)Y3<1) ) (Ad)
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If there is none or more than one such index 3, set §(3) = 1. Otherwise, the found index 3 is the es-

A~

timate 5(3) of node 3. The output message 1(3) of node 3 is found by reindexing (7(3), 5(3), £(3)).

Error Analysis

The event

E={WEB)#£W}={RB)#R}U{SB) #£SU{T(B)£T}

(AS)

denotes the occurence of an error in the decode-and-forward communication scheme. The proba-
bility of this event is

Pr |[{£(3) # R} U {5(3) # S} U{T(3) 2 T}]

< Pr
<Pr

<Pr

+ Pr

< Pr

+ Pr

{R(2) # R} U {R() £
:R(z) ] R] 4 Pr [}%(3) 4
$(3) # S|R(3) = R]

R(3) # R| + Pr[1(3) # TIR(3) = B| + Pr [$(3) # SIR() = B
B} +Pr[T(3) # TIRG) = B] + Pr [3(3) £ SIRG) = R|
RQ)|R(2) = R| +Pr |[T(3) # TIR(G3) = E|

(R(2),8(2)) # (R, 9)] +Pr |R(3) # R2)RE) = R| + Pr|T(3) £ TIRG) = R|

:S<3) £ S|R(3) = R: .

(A6)

The probability of error can be upper bounded by the sum over the individual error probabilities of
each decoder under the assumption that if the decoder needs side information this side information

is error-free. Define the conditional probabilities of error

No o (er) = Pr [ (R(2), $(2)) #
Natr(ca) = Pr | R(3) # r[Xg7 = 2}’ (r)] =Y Py
)\327(r,t)<c3) = Pr

)\33,(7",3) (Cl) =Pr

T(3) # 1|72 = a}(

S(3) # s| X" = ' (

(r; s)[ X7 = 27 (

1
Y3

where I (-) is the indicator function and the functions

] ZP St (

} ZP o]t (

92(y3') 1 V3t = R xS

931 ys®) - 32 —R
932(y5 f“(3)) PXR =T
g33(y3*, 7(3)) : gl XR—=S

r,8) I (g2(y3") # (7,5))

r,8)) 1 (gss(ys™, ) #5) (A7)

(A8)
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are realized by jointly typical decoding as described in the transmission scheme. The average
probability of error P, over all codewords and codebooks is

Pe:ZP(w)ZZZP(cl)P(c (03|02)Pr[ ()%W|W—w]
Ci Ca2 Cs

<ZZP ZP Cl >‘2(7"s (Cl)+)‘33(7"s Cl +ZP ZP CQ >‘317" CQ)
+ZZP ZP (ca) ZP (cs]ca) Asz ) (c3)- (A9)
R T

Under the assumption that 1/ and therefore R, S and " are uniformly distributed

Fes 2nR1 2nR2 22D Pler) Qagn(e) + Ags (1) 2an 2.2 P o) dsir(ea)

R S C R C2

1 1
T 9nRi 9nRs Z Z Z P (c3) Asz, () (3)- (A10)

R T Cs

Due to the symmetry of the code construction the conditional probabilities of error do not depend
on the particular realizations of R, S and 7'. Therefore, it can be assumed that an index triple
(r, s,t) has been sent by node 1 and 7(2) by node 2. The upper bound on the average probability
of the error event £ reduces to

P, < Z P (c1) (Ma,ns)(c1) + Az sy (c1)) + Z P (c2) Az1,5(2)(c2) + Z P (c3) Asa,rty(c3)
C1 Ca Cs

— Pr[&,|(R,S) = (r,s)] + Pr {531 IR(2) = (2)] 4 Pr {532 I(R(3),T) = (r, t)}
4 Pr [533 (R(3),S) = (r, s)} (A11)

where the events

{92 Y5") 7& (R, )}
531 = {931 5& ( )}
Ezp = {932( 1%( ) # }
Ex3 = {gsa(Y5", R(3)) # 5} (A12)

denote the occurrence of an error in the first, second, third and fourth decoding step. In the follow-
ing it will be analyzed under which circumstances the upper bound on P. can be made arbitrarily
small. Note that if P, can be made arbitrarily small one can argue [7, Section 7.7] that there must
exist codes ¢i, ¢z and ¢3 that can be modified to produce optimal codes c7, ¢5 and ¢; which allow
reliable communication over the half-duplex relay channel.
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First Step Choose 0 < €; < € < piy ). The probability of the event £, conditioned on the
1 2
index pair (R, S) = (r, s) being sent can be upper bounded by

Pr(€2|(R, ) = ()] < Pr (X[ (r,8), V") ¢ T2 (Pywy)|

2nR172nR2
n n ~ n
> Y PP XD E) € T (Pyy ol
Farrs Ta ()
onRy 2nR2
(1) (1) (1)
< 6., (ny) Z Z )2 n (I(X v ) —2em(x (V)
(:s)1¢s(rls) €1 (P (1))
2nR172nR2
_ (1) (1)y_ (1)
< 561<n1>+ § 2 n1(L(Xy 75Yy ) —2eH(X; 7))
F=1,5=1
(7,8)7#(r,s)

< 0y (n1) +2n(R1+R2)2—n1(1(X§1);YQ(U)_QGH(X{U))
— €1

= 5o, (my) + 272 HOGY)~Ra—Ry), (A13)

where Theorems Al.4 and A1.6 have been wused. This

shows that one can drive
Pr (&€, |(R, S) = (r, s)] to zero by choosing n large and satisfying

Ry + Ry < nI(XW, YY) — 2er H(XW). (Al4)

Second Step Choosing 0 < ¢; < e < +(2)y,(2) One can upper bound
2 3

Pr £ |R(2) = #(2)] < Pr |(X}*((2)). Y3%) ¢ T2 (Pygoy o)

onRy

+ Z Z ) Pr [X"Q( )e (P (2)Y3§2>|y§2)]

X3
'r;ér(Q) 61 (P (2))

< 6y (ng) + 2 "R 2 R HOGY) ) (A15)

by using Theorems A1.4 and A1.6. This shows that one can make Pr [531 |R(2)
small by choosing n large and satisfying

- »f»(2)] arbitrarily
Ry < nI(X?;v?) = 2en H(XY). (A16)
Third Step Choosing 0 < e; <e < p (2 x(2)y,(2) ONe can upper bound
1 2 3

Pr [£32 (R(3),7) = (1, 0)] < Pr [(X}2(r, ), X32(r), Vi) ¢ T

Y Y PR P XT0D) € T (P oy m ol (1), 15) | X52(r) = 252(r)]

Xl
t—= nQ
= T Py, @)

" (Pyo @y )]

< 6., (ng) + 2 RIAP NP 1G22 H G 1Y)~ Ry) (A17)
> Ugq .
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by using Theorem Al.4 and Al.7. This shows that one can make Pr [532 I(R(3),T) = (r, t)]
arbitrarily small by choosing n large and satisfying

Ry < (X2 v | X)) = 2em H(XP | XP). (A18)

Fourth Step Choosing 0 < ¢; <€ < p (y-(1) One can upper bound
1 3

a0 [(R(3).5) = (r5)] < Pr (X} (r.).¥§") & T2 (Pyoy o)

onRy

+ Z Z ) Pr [X”l (r,8) € Tfl(PXpYSm\le)}
z#i Tnl(P (1))

< 561(n1)+2—n<%1<xi” vy ) -2e L H(X{)~Ro). (A19)

by using Theorem A1.4 and A1.6. This shows that one can make Pr [533 I(R(3),S) = (r, s)]
arbitrarily small by choosing n large and satisfying

Ry < (X VYY) = 2er H(XD). (A20)
Rates The error analysis reveals that for large n reliable communication requires
Ri+ Ry < 1 I(XY; vV — 2er H(XM) (A21)

at node 2 and
Ry < nI(X?, V) = 2enH(XY)
Ry < (X2 V21 XP) = 2enH(X P | X5
Ry < nI(XM; vV = 2em H(XY) (A22)

at node 3. This gives

R=R;+ Ry + Ry < nI(XM; V1Y) + 1 (X]
R =R+ Ry + Ry < n I (X, V) + I (X Vi) + (X2 VP | X )
2 H(X( )+ 7 H(XE )+r2 (XX {? ))
(X

|X<2 ) - 2 (r H<X<”> + rH (X X))

1Y)+ (XX V) - 2e (mE(XD) 4 mHXP X))
(A23)

Choosing € > 0 but arbitrarily small establishes the proposition. l
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A2.2 Compress-and-Forward

Code Generate 2" n,-sequences z}'(r), r € [1;2"%1], by choosing each element xglll(r)
independently according to P, (-). Choose a "quantization channel" Py(l)ly<1)(-|-) and calcu-

1 2 2

late P%(l) (-) as the marginal distribution of P?Q(l)yél) (). Generate 2"fs+71) sequences ¢4 (¢, o),
t € [1;27], 0 € [1;2"%] by choosing the elements of 5 (¢,0) independently according to
Py (+). Generate 2"%2 n,-sequences z}?(s), s € [1;2"%2], by choosing each element xﬁ(s) in-
dependently according to Pxf) (-). Generate 2% n,-sequences x52(t), by choosing each element

:cf,)g(t) independently according to P, ¢z ().

Node 1 The message w is reindexed by (r, s). In the first phase node 1 transmits x}* () within
ny transmission slots. In the second phase node 1 transmits 272 (s) within n, transmission slots.

Node 2 In the first phase 5" is observed. After the first phase node 2 tries to find a pair (%, 0)
such that

(95 (f,0),95") € T (Pyomym)- (A24)

If there is none such pair (#,6) an error is declared. Otherwise, the found index pair (%, 0) is the
estimate (£(2),6(2)) of node 2 where the pair with the smallest linear index 2" (¢t — 1) + o is
selected if more than one pair was found. In the second phase node 2 transmits 25> (#(2)) by using
T transmissions.

Node 3 In the first phase y3" is observed. In the second phase y;° is observed. After the second
phase node 3 tries to find an index ¢ such that

(252 (1), y52) € T (Pyerye)- (A25)

If there is none or more than one such index ¢, set 5(3) — 1. Otherwise, the found index  is the
estimate ¢(3) of node 3. Then node 3 tries to find an index § such that

(272(5), 252 (£(3)), 15?) € T (P g 2)- (A26)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 5 is the
estimate $(3) of node 3. Next, node 3 tries to find an index 6, such that

(95" (1(3),0), 45") € T (Pyoym). (A27)

If there is none or more than one such index 0, set 6(3) = 1. Otherwise, the found index ¢ is the
estimate 6(3) of node 3. Finally node 3 tries to find an index 7 such that

(21 (7), 952 (£(3),0(3)), y5*) € T (PX{UY;DY;U ). (A28)

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. The output message w(3) of node 3 is found by reindexing (7(3), $(3)).
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Yy
ay! (r) ~ PX§1)
e ——
O/ ynl

w:(r,s)

(a) First Phase (n; transmission slots)

ys®
v
/ n
O z1?(s) ~ Py \
1
w:(r,s)

(b) Second Phase (n» transmission slots)

w(3) : (7(3),5(3))
Figure A2: Sketch Achievable Rate Proof, Compress-and-Forward
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Error Analysis Using similar arguments as in the proof A2.1 the average probability of error for
the compress-and-forward relaying scheme can be upper bounded by

P, < Prig) + Pr €4 |T(2) = i(2)] + Pr [£1(8,T(3)) = (5.1(2)

+Pr[£4(T(3), 0(2)) = (0(2),6(2))] + Pr €34 (R.T(3),0(3)) = (1 i(2),6(2))] (429)

where the events

Ez = {931(33”2) # T(Q)}

Ezp = {932()/3712’1:(3)) # 5}

Ezz = {933(3/:»,n1>T(3)) # 0(2)}

Ess = {g2a(Y5", T(3),0(3)) # R} (A30)

denote the occurrence of an error in the four decoding steps of node 3. The event £, occures if
node 2 declares an error. The functions

V3 xT = O

)

): V2 xT =S

)

)V xT xO—=TR (A31)

are realized by jointly typical decoding as described in the transmission scheme.

Quantization Choose 0 < ¢; < € < Py (1) 1) - The probability of the event &, is
2 2

Prie,) < Pr |V ¢ T2 (P

€1 Y,
2nR372nR4
3 PP () {%E0) T (Pygmlus)}
TQI(PY;I)) i=1,6=1

R on(R3+Ry)
Soam)+ Y P (1-Pr[ig e T (Pogmlys)])
TQI(PYQ(U)

o (1) 5-(1) (1) on(R3+Ry)
< 0, (1) + (1 — (1 =8¢, c(ny))2™ ([(YQ Vi) 42¢H (Y, )>)

<4 (nl) + exp (—(1 -9 (nl))2n(R3+R4TI(YQ(I)QYQ(U)267;1H(Y2(1))>) (A32)
= VYep €1,€

where Theorem Al.4, A1.6 and the relation (1 — 2)™ < exp (—mux) were used. This shows that
one can make Pr [€, ] arbitrarily small by choosing n large and satisfying

Ry + Ry > n (Y, VD) + 2em H(YY). (A33)
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First Step Choose 0 < €1 < € < pi 02),.0. Using Theorem A1l.4 and A1.6 the probability of the
2 3
event £, conditioned on the index 7'(2) = #(2) being sent by node 2 can be upper bounded by

Pr [€n [1(2) = i(2)] < Pr [{(X3*((2). Y*) ¢ T2 (Pygny )}

onRg

FE S PURIP (0 € T (P o h?)]

t;ét(2) El ( Y(2))

2nR3

< 4., (no) Z > P(y)Pr [{X;Q(E)ETG"Q(PXZEQ),YS(Q)|?/§L2)}]

t#t(2) T3 ( Y(Q))

< 6, (ng) + 27 CRIOET ) 2R HOAT) ~Ra), (A34)
This shows that Pr |£3, [T/(2) = tA(Q)} gets arbitrarily small when choosing n large and satisfying
Ry < nI(X?;v?) = 2ery H(X(Y). (A35)

Second Step Choosing 0 < ¢; < e < X2 x(P)y?) One can upper bound

r|Es2](S.T(3)) = (5,1(2))] < Pr (X}, X52,¥9") & T2 Py vy )|

3 Y P ) Pr X[ € TPy vy 05, 05|

51Te ( 2 2)
S#s 1 Xé)yg()

< 5, (ng) + 27 MCRICAY XY 22 HX)~ Re), (A36)

by using Theorem A1.4 and A1.6. This shows that Pr [532 (S, T(3)) = (s, 5(2))} gets arbitrarily

small when 7 is chosen large and, since X 1(2), X 52) are independent,

Ry < (X XYy — 2er H(XP)
= (X, V21 XP) = 2enH(X?) (A37)

1s satisfied.
Markov Lemma Note that
e e R O (A38)

form a Markov chain. For the analysis of the last two steps it is now shown that

Pr | (X7(r), Y37, Y3, ¥ (02).6(2))) & T2 (Pyoygoygosgo)] (A39)
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can be made arbitrarily small by choosing n large. Markov Lemma A1.9, Theorem Al.4 and
choosing 0 < €1 < ey <€ < Hoye D)y (1)y- (D 5-() give
1 3 2 2

Pr | (X7"(r). Y§, ¥ ¥ (02).6(2)) ) & T2 (Pyoygoygoggn)

< Pr (X2 (r) Y3, Y5) & T2 (Pegpyguygn)|

n n n n n
+ § P<x117y317y2 )PI‘ [Y ' ¢ ( XU)y(l)y(l)y(l)‘xl 7y3 7y2 )‘Y2 P=1y
Tenll(ngl)Yg(l)YQ(I))

< 551 (nl) + 551,52 (nl) (A40)
Third Step With the result above

Pr |E5s (7 <>O<»:<amﬁ@»]s&xm>+&mxm>

onRy

L Z > P Pr V3 € T (Pogmlys)

o;éo(Q) 62 (P (1))
S 551 (nl) + 551,62 (nl) + 2_n(%l()}2(1);YB(I))_QE%H(??(I))_RZI).
(A41)

This shows that Pr | £33 |(7(3), O(2)) = (£(2), 6(2))| becomes arbitrarily small when n is large
and

Ry < nI(V\V; VD) — 2em H(YY) (A42)

is satisfied.

Fourth Step  Again with the result of the Markov Lemma one upper bounds

Pr [£4 (R, T(3), 0(3)) = (r,(2),6(2))]

onRy

< 561 (n1> 61 €2 nl =+ Z Z P @;17 y3 )PI‘ |:X{L1 S Tenl (PX§1)§72(1)Y3(1) |g317yg1)
i T (P My, <1>)

< ey (m1) + 8y o, (1) 4+ 27 CRICAN VY26 S H (X))~ Ry). (A43)

This shows that Pr [834 (R, T(3),0(3)) = (r, i(2), 6(2))} can be made arbitrarily small when n
is large and

Ry < I(XW; vy Dy — 2em H(XW) (A44)

is satisfied.
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Rates The error analysis reveals that for large n reliable communication requires

Ry + Ry > nI(YV; YY) + 2em H(YVY) (A45)
at node 2 and
XQ( ), Y(Q)) — 2emo H (X(2 )
X1( );Y},@)\X@ ) — 2€eTy H(
v vy) = 2en H(V)Y)
XV vy Wy —2en H(XW). (A46)

Rs < 1l
Ry < 1ol
Ry <1l
Ry <1l

x®)

o~ o~ o~

at node 3. Consequently

R =Ryt Ry < nl (X VYD) 4+ nl (X Y2160 = 2e (nH(X) + maH (X))
(A47)

subject to
rI (V0 VY < IV v + ml(XP V) — 2en H(X) — dern HYVY).  (A48)
By the use of the Markov chain
Yg(l) _ Y2(1) _ YQ(I) (A49)
implying
1V vy = o (A50)
the compression constraint can be reformulated

nI(Vy ) V) < n I (VD Vi) + I (X5, Vi) — 2en H(XS) — der H(V,Y)
r IV YO Yy <« mI(XP: V) = 2en H(XP)) — der H(VY). (A51)

Choosing € > 0 but arbitrarily small establishes the proposition. l
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A2.3 Partial-Decode-and-Forward

Code Generate 2"(f1+52) ) _sequences uf'(r,s), r € [1;2"%], s € [1;2"7%2], by choosing

each element uglll(r, s) independently according to PUl(l) (+). For every u*(r, s) generate 2" n-

sequences 7 (1, s,t),t € [1;2"%], by choosing each element azgl,)g(r, s, t) independently according

to PXfl)‘Ul(l)(-|uﬂ(r, s)). Generate 2" n,-sequences x52(r) by choosing each element xgll(r)

independently according to P, (-). For every x3?(r) generate 2" n,-sequences x?(r,0),
2

o € [1;2"%4], by choosing each element xﬁl(r, o) independently according to PXfQ) X (- |x(22]1(r))

Node 1 The message w is reindexed by (7, s, ¢, 0). In the first phase node 1 transmits 21" (r, s, t)
within n; transmissions. In the second phase node 1 transmits x}?(r, 0) within ny transmissions.

Node 2 In the first phase y5' is observed. After the first phase node 2 tries to find an index pair
(7, §) such that

(W' (7, 3), 95") € TPy m)- (A52)

If there is none or more than one such index pair (7, 3), set (7(2), §(2)) = (1, 1). Otherwise, the
found pair (7, §) is the estimate (7(2), 5(2)) of node 2. In the second phase node 2 sends x5*(7(2))
by using n, transmissions.

Node 3 In the first phase y3* is observed. In the second phase y3? is observed. After the second
phase node 3 tries to find an index 7 such that

(23°(F), y57) € T*(Pyerye)- (A53)

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. Then node 3 tries to find an index 6 such that

(55(7(3),0), 232 (F(3)), 45°) € TP (Pyo oy @) (AS4)

If there is none or more than one such index 0, set 6(3) = 1. Otherwise, the found index ¢ is the
estimate 6(3) of node 3. Then node 3 tries to find an index § such that
(W (7(3), 3), y5") € T (Pyym)- (A55)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 5 is the
estimate $(3) of node 3. Then node 3 tries to find an index ¢ such that

(3:‘7111 (72<3)7 §<3)7 )7 u?l (f(3)7 §(3>)7 ygl) € Tenl <PU1(1)X£1)Y3(1))' (A56)

If there is none or more than one such index ¢, set f(3) — 1. Otherwise, the found index ¢
is the estimate ¢(3) of node 3. The output message w(3) of node 3 is found by reindexing

(7(3),5(3),1(3), 6(3)).
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ys'
U1 (7‘ S) U(l) xl (r s, t X(l)‘U(l)
v

w: (r,s,t,0)

(a) First Phase (n; transmission slots)

Y3

<2>|X<2> \
W : r s, 1, 0

o
(b) Second Phase (no transmission slots) ) ) . )
w(3) : (7(3),5(3),(3),6(3))

Figure A3: Sketch Achievable Rate Proof, Partial-Decode-and-Forward
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Rates An error analysis similar to the one in the proof A2.1 reveals that for large n reliable
communication requires

Ri+ Ry < nI(UY; YY) — 2er H(UM) (A57)
at node 2 and
Ry < I (X V) = 2en H(XP)
Ry < I (X2 VP | X)) = 2erH(XP | XP)
Ry < Tll(Ul(l); Y})(l)) — 267‘1H(U1(1))
Ry < n I(XY, vV UMY — 2er H( X |UM) (A58)

at node 3. Consequently, with R = Ry + Ry + R3 + R4
R<nI(UD; Vi) + (XD v D) + 1 x P v 1 x )
—2¢ (nHUM) + mHXPUD) + TQH(X12>|X§2 )
R<nIU" Y + n1(xM, vV UMy + mi (X Vi) + nl(xP, v | x)
py (TlH(Ul(l)) +nHEXDUDY £ nH(XP) + nH(X?X] 2’))
= (U X vY) + (KPP XP V) - 2e (@ XP) + mH (X X))
= (X V) 4 I (XP X V) = 26 (rB U X)) + RH(XP X)) . (A59)
where the last step follows by using the fact that
D D (A60)
form a Markov chain and therefore

1 1 1 1 1 1 1 1
1P X ye) = 1007 v37) + 1 v 1Y)

~
=0

(A61)

Choosing € > 0 but arbitrarily small establishes the proposition. Il
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A2.4 Partial-Decode-Compress-and-Forward

Code Generate 2"(f1+R2) ) _sequences uj'(r,s), r € [1;2"%], s € [1;2"7%2], by choosing
each element ugz)k(r, s) independently according to PUl(l)(-). For every uj'(r,s) generate 2"

ni-sequences x7'(r,s,t), t € [1;2"%], by choosing each element xfll(r,s,t) independently

according to PXfl)‘Ul(l)(-|uﬂ(r, s)). Choose a "quantization channel" P(Q§1)|y§1),ugl)) and cal-

culate P(g}él)\ugl)) as the marginal distribution of P(Qél), yél)\ugl)). For every uj*(r,s) gener-

ate 2"(Fat1s) ) _sequences 75 (1, s,¢,2), e € [1;2"%4], z € [1;275], by choosing each ele-

ment Qélg(r, s, e, z) independently according to Py o (- |u§1,)€('r, s)). Generate 2" n,-sequences
k) 2 1 )

vy?(r) by choosing each element véQ,z(r) independently according to P, (-). For every vy*(r)

generate 2"/ n,-sequences x4 (7, €) by choosing each element x%(r, e) independently according

to PX£2)|V2(2)(-|1;§2(7“)). For every vy2(r) generate 2% n,-sequences z7%(r,0), o € [1;2"56], by
choosing each element :cf,l(r, 0) independently according to P, e (- |v§2,3(7’))
’ 1 2 )

Node 1 The message w is reindexed by (7, s, ¢, 0). In the first phase node 1 transmits 7" (r, s, )
within n; transmissions. In the second phase node 1 transmits =7 (r, 0) within n, transmissions.

Node 2 1In the first phase y5* is observed. After the first phase node 2 tries to find a pair (7, §)
such that

(ur*(7,8), 45") € T (Proym)- (A62)

If there is none or more than one such pair (7, §), set (7(2), 5(2)) = (1,1). Otherwise, the found
pair (7, §) is the estimate (7(2), $(2)) of node 2. Then node 2 tries to find a pair (€, Z) such that

(an (f(2)7 §(2)7 e, 5)7 u?l (72<2)7 §(2))7 ygl) € Tenl (PY2(1)Y2(1)U1(1)>' (A63)

If there is none such pair (€, Z) an error is declared. Otherwise, the found pair (¢, Z) is the estimate
(6(2), 2(2)) of node 2 where the pair with the smallest linear index 2" (e — 1) + z is selected
if more than one pair was found. In the second phase node 2 sends z52(7(2), é(2)) by using ns
transmissions.

Node 3 In the first phase y3* is observed. In the second phase y3? is observed. After the second
phase node 3 tries to find an index 7 such that

(052(7), y5*) € T (Pyerye)- (A64)

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. Then node 3 tries to find an index € such that

(257(7(3),©), 03 (7(3)), 4?) € T2 (Pygary oy o). (A65)

If there is none or more than one such index é, set ¢(3) = 1. Otherwise, the found index € is the
estimate é(3) of node 3. Then node 3 tries to find an index 6 such that

(xrlzz (f“(?)), 5), Ugu (f“(?))), 1’32 (f“(?)), é(?))), y§‘2) S Tem <PX£2)V2<2)X§2)Y3(2))' (A66)
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If there is none or more than one such index 0, set 6(3) = 1. Otherwise, the found index ¢ is the
estimate 6(3) of node 3. Then node 3 tries to find an index § such that

(u?l (f(3)7 5)7 ygl) 6 Tenl (PUl(l)Y3(l)) (A67)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 5 is the
estimate 5(3) of node 3. Then node 3 tries to find an index Z, such that

(951 (7(3),8(3),€(3), 2), uy* (1(3), 5(3)), y5*) € T (PY2(1)Y3(1)U1(1)). (A68)

If there is none or more than one such index Z, set Z(3) = 1. Otherwise, the found index Z is the
estimate Z(3) of node 3. Finally node 3 tries to find an index ¢, such that

(11 (7(3), 3(3), 1), u (7(3), 5(3)), 95 (7(3), 5(3), €(3), 2(3)), y3") € T (Pywgmympm)-
(A69)

If there is none or more than one such index £, set £(3) = 1. Otherwise, the found index ¢
is the estimate #(3) of node 3. The output message 0 (3) of node 3 is found by reindexing

(7(3),5(3),1(3), 6(3)).

Rates An error analysis similar to the ones in the proofs A2.1 and A2.2 reveals that for large n
reliable communication requires

Ry + Ro < nI(UY, YY) — 2er H(UW)

Ri+ Ry > nI(V\V, Y UW) + 2en HY VUM (A70)
at node 2 and
Ry < I (Vi Y?) — 2er H(V?)
< nl(XP? ,Y<2 |v<2 ) — 2en H (X V)
Rg < nl(X{P; X \v ) = 2en H(X|1,?)
=7l X1(2 ,Y<2 |X V2 = 2er H(XP V)
<T

I
I
(
1(Uf
(Ya
(

Ry 1 ,Y<1 ) — 2er H(UY)
Ry < mI(Yy' |U(1) 27‘1€H( \U )
Ry <l Xfl ,Y(l Yoy = 2reH(X UM (A71)

at node 3 where it has been used that
X7 - v — X (A72)
form a Markov chain and therefore

(X7 xP W) =o. (A73)
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AN
Ust(r,s,e,z) ~ P}A/2(1)‘U1(1)

Yy’
Ul (T S) U(l) :1;1 (T s, t X(l)‘U(l)
-~

w: (r,s,t,0)

(a) First Phase (n; transmission slots)

O 21%(r,0) ~ Py \

w: (r,s,t,0) Py
(b) Second Phase (ng transmission slots) ) . )
w = (7(3),5(3),£(3),06(3))

Figure A4: Sketch ARP, Partial-Decode-Compress-and-Forward
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Consequently,

R<nI(UY, YY)+ 7 [(Xl(l Y OYVU + 1(x® v@ v xP)

= 2¢ (nH(UP) + nHXUD) + nHEP V)
R<nI(U";Yy") +m I(X“ VYOI + I (7 Y57) + I (X7 Y371V, X57)
26 (RHUP) + R XU + B (V) + (X)) (AT

subject to

IV v |U0) < (VY YD) 4 ml (X V2 |V = 2en H(XSD (VD)
— der HYV|UM). (A75)

By the use of the Markov chain

v =t o) - v (AT6)
implying

1Yy 0y Y) = 0 (AT7)
the constraint can be reformulated to

IV v IUY YY) < ml(XE V2 VP = 2em H(XSP VD) — der H(Y,V U,
(A78)

Choosing € > 0 but arbitrarily small establishes the proposition. Il
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A3. Proofs: Achievable Rates 2P-MA-BC Scheme

Comments and Assumptions Random encoding, jointly typical decoding and compression will
be used to show which rates are achievable for the half-duplex two-way relay channel. For the
following proofs it will be assumed that the transmission is performed with n > 2 channel uses
and two phases [ = 1, 2. Phase 1 features n; > 1 transmission slots, phase 2 supports ny > 1
transmission slots with ny + ny = n. If n grows n; and n, are assumed to grow at the same rate.
For large n, 24 — 7, > 0. The message w3 € {1,...,2"%2} will be sent from node 1 to node 3
and the message wsy € {1,..., 2"} will be sent from node 3 to node 1. For all proofs 2"% € 7Z, .

A3.1 Decode-and-Forward

Code Generate 2" n,;-sequences 27" (s), s = 1,2,...,2"% by choosing each element x(lll)c(s)

independently according to P,.)(-). Generate 2”32 ni-sequences ry'(t), t = 1,2 ... 2"k,
1

by choosing each element xél,)g(t) independently according to P (-). Generate 2"(RI+R2) No-
’ 3

sequences x5 (s, t) by choosing each element :cf,)g(s, t) independently according to P, ().
’ 2

Node 1 (Input) The message w3 is reindexed by s. In the first phase node 1 transmits z" (s)
with n; transmissions.

Node 3 (Input) The message ws; is reindexed by ¢. In the first phase node 3 transmits x5 (¢)
with n; transmissions.

Node 2 In the first phase g5 is observed. After the first phase node 2 tries to find a pair (3, 1)
such that

(@1 (3), a3 (D), g € T (Pyw xym)- (A79)

If there is none or more than one such pair (3, 7), set (5(2),(2)) = (1
estimate (5(2),%(2)) of node 2. In the second phase node 2 sends (3
transmissions.

)

Otherwise, (3, 1) is the
,1(2)) by the use of n,

1.
(2)

Node 1 (Output) In the second phase y;? is observed. After the second phase node 1 tries to find
an index ¢ such that

( (S t) ) € T (PXf)YB(Q))' (A80)

If there is none or more than one such index £, set £(1) = 1. Otherwise, { is the estimate (1) of

node 1. The output message 3, (1) is found by reindexing #(1).

Node 3 (Output) In the second phase y5? is observed. After the second phase node 3 tries to find
an index s such that

(25°(5,1),y5%) € T (Pyery)- (A81)

If there is none or more than one such index 3, set $(3) = 1. Otherwise, s is the estimate $(3) of
node 3. The output message w,3(3) is found by reindexing 5(3).
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Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but

arbitrarily small, reliable communication requires

Ry < mI(x! 7X(1 v
1(xV; v,V x5Y)
<X31) X(l Y(l))
(
(X

T1
R2<7'1
=7l

R+ Ry <1yl

XV v x )
xMx v

at node 2,

Ry < I (X5 v?)
at node 1 and

Ry < RI(X9:v?)

at node 3. This establishes the proposition. ll

(A82)

(A83)

(A84)
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A3.2 Compress-and-Forward with 2-Layer-Quantization

Code Generate 2" n-sequences a1 (1), r = 1,2,..., 2" by choosing each element z; ; (1)
independently according to P, (-). Generate 2" n,-sequences z3'(s), s = 1,2,...,2"%2, by
1

choosing each element xélll (s) independently according to P, (1) (+). Choose a "coarse quantization
’ 3

(1)

channel" P. ).« (-]-) and calculate P, (-) as the marginal distribution of P, )., (-). Choose
Y21 |Y2 . . Y21 Y21 Y2 .
a "refinement quantization channel" P, ) ... (+|-) and calculate P, 1)) (-|-) as the marginal
Y22 ‘YQ Y21 Y22 ‘YQI

distribution of Py(l)y(l)‘y(l) (). Generate 2"Fs+14) p _sequences 757 (t,0),t = 1,2,...,2"%5, 0 =
22 2 21

1,2,...,2"% by choosing each element gé?k(t, 0) independently according to Pfg(f) (+). For each

51 (t, 0) generate 2" H56) i) _sequences Jha (t,0,¢e,2), e = 1,2,...,2"5 » =1,2 ... 2"6 by

choosing each element gé;)k(t, 0, ¢, z) independently according to Py P (- |g);) «(t,0)). Generate
’ 22 21 ’

27fs n,-sequences uh?(t) by choosing each element u(22]1(t) independently according to P, ) ().
’ 2

For each u}?(t) generate 2% ny-sequences 42 (¢, ) by choosing each element :cf,)g(t, e) indepen-

dently according to Py ) ;e (|u§2,1(t))
2 2 ’

Node 1 (Input) The message w3 is reindexed by r. In the first phase node 1 transmits x}* ()
within n; transmissions.

Node 3 (Input) The message ws; is reindexed by s. In the first phase node 3 transmits z5* (s)
within n; transmissions.

Node 2 In the first phase y5" is observed. After the first phase node 2 tries to find a pair (%, 0)
such that

(951 (£,0), y5") € T (Pyomym)- (A85)

If there is none such pair (,6) node 2 declares an error. Otherwise, the found pair (7, 6) is the
estimate (£(2),6(2)) of node 2 where the pair with the smallest linear index 2" (0 — 1) + t is
selected if more than one pair was found. Then node 2 tries to find a pair (€, Z) such that

(953(0(2), 0(2), 2, 2), G5 (E(2), 6(2)), 43") € T (Pygogoy o). (A36)

If there is none such pair (€, Z) an error is declared by node 2. Otherwise, the found pair (€, 2) is
the estimate (é(2), 2(2)) of node 2 where the pair with the smallest linear index 2% (2 — 1) + e is
selected if more than one pair was found. In the second phase node 2 sends 3% (#(2), é(2)) by the
use of ny transmissions.

Node 1 (Output) In the second phase y; is observed. After the second phase node 1 tries to find
an index ¢ such that

(up?(1),47”) € T2 (Pyerye)- (A87)
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If there is none or more than one such index ¢, set f(l) — 1. Otherwise, the found index  is the
estimate (1) of node 1. Then node 1 tries to find an index & such that

(z52(E(1), €), us?(£(1)), y1?) € TP (Pyeyey@)- (A88)

If there is none or more than one such index é, set é(1) = 1. Otherwise, the found index € is the
estimate é(1) of node 1. Then node 1 tries to find an index 6 such that

(951 (£(1),0), 27 (r)) € Tfl(P%(ll)Xil))- (A89)

If there is none or more than one such index o, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1. Then node 1 tries to find an index Z such that

(953 (E(1), 6(1), (1), 2), 93 (K1), 6(1)), 27 (1)) € T (Pygoguyn). (A90)

If there is none or more than one such index Z, set 2(1) = 1. Otherwise, the found index Z is the
estimate Z(1) of node 1. Finally node 1 tries to find an index 5 such that

(xgl (5)7 ‘Trlll (T)7 ggll (f(l)a 6(1))7 Q;Ql (f(l)v 6(1)7 é(1)7 2(1))) S T:L2(Pxél)xil))72(ll)§72(21)) (Agl)

If there is none or more than one such index 3, set $(1) = 1. Otherwise, s is the estimate $(1) of
node 1. The output message w3 (1) of node 1 is found by reindexing §(1).

Node 3 (Output) In the second phase y5* is observed. After the second phase node 3 tries to find
an index ¢ such that

(u5* (). y5?) € TPy o). (A92)

If there is none or more than one such index ¢, set f(3) — 1. Otherwise, the found index ¢ is the
estimate £(3) of node 3. Then node 3 tries to find an index 6 such that

(951 ((1), 6), 25 (5)) € T (Pyn o). (A93)

If there is none or more than one such index 0, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1. Finally node 3 tries to find an index 7 such that

(e (), 51 (5), 553 (K1), 6(1)) € T2 (P yongo): (A94)

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, 7 is the estimate 7(3) of
node 3. The output message w;3(3) of node 3 is found by reindexing 7(3).

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but
arbitrarily small reliable communication requires

Rs + Ry > 711(5?2(11);5/2(1))
Rs + Re > mI(Y3y); ViV [V)) (A95)
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at node 2,

at node 1 and

at node 3. Consequently,

subject to

(1 1 1)
7'1[<Y2(1)§Y2( )) <nl(X; 7Y2(1 )+
711(172(1”; ) <m

1 [<Y22 ;

Ry < nI(UP; V)

Rs < 721(X2(2 aY(Q |U2(2 )
Ry < mI(X{V; Y3

Re < mI(X{"; Y3, |V4)
Ry < mI(X5": 3V | x{Y)
Ry < nI (U3 Y5

Ry < mI(X$V; Yy

Ry < I (XY V3P| x5Y)

Ris =Ry < nl(XY; Y2(11)|X:§1))
Ry = Ry < i I(X{ VOV | x M)

nl(US; V)
(U5 Y@))
)+TI(X \U )

1
I(X 37Y;1>
‘Y )<Tl( 1 7Y2(21‘

By the use of the Markov chains

implying

(11)

X1(1) (Y(l) Y( )) }7(21)
[(YQ(ll 7 ‘Y
[(YQ(ll 7 ‘Y )
[(Y2(2)§X1(1)|1/§(1)1/§(1))

I
o o o

the compression constraints can be reformulated to

IV v x®

(Va1 X3Y) < mI(UP; V)
7_1]()72(11); Y(l) |X(1)) QI(UQ(Q); Y(Q))
Vi) < nl(XP; v UP).

This establishes the proposition. ll

(A96)

(A97)

(A98)

(A99)

(A100)

(A101)

(A102)

A second proposition follows by using the same arguments after having interchanged the

role of nodes 1 and 3.
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A3.3 Partial-Decode-Compress-and-Forward with 2-Layer-Quantization

Code Generate 2™ nj-sequences u['(a), a = 1,2,...,2""% by choosing each element
uglll(a) independently according to P (). For each u}'(a) generate 2" n,-sequences
’ 1

2 (a,b), b = 1,2,...,2"% by choosing each element xf,)g(a, b) independently according

to PX(l)‘U(l)(-|u§1,)€(a)). Generate 2% n,-sequences uj'(c), ¢ = 1,2,...,2"% by choosing
1 1 ’
each element uél,l(c) independently according to P,«)(-). For each uz'(c) generate 2" n,-
’ 3

sequences z5'(c,d), d = 1,2,...,2"% by choosing each element :cél,)g(c, d) independently

. (1) n : : "
according to PXél)‘U§1)<'|U37k(C)). Choose a "coarse quantization channel P?Q(ll)lyél)Ul(l)Uél)("')
-). Choose a
Dy ()
-|-) and calculate P..) o), ), (|
C1) s oo )

and calculate PYQ(ll)Wl(l) e

" : : "
refinement quantization channel" P.a),. 1)w),.1),.0
q Y2(2)\Y2( )Y2(1)U1( )ch )

: o : - i
as the marginal distribution of P?Q(;)Y;l)l%(ll)U{UUél)( ). For each u['(a) and u3'(c) generate

(-) as the marginal distribution of PYQ(

on(fs+Hhs) ) _sequences 51 (a,c,r,s), 1 = 1,2,...,2"% s = 1,2....,2"f% by choos-
ing each element gjg)k(a, ¢,r,s) independently according to P};(l)‘U(l)U(l)("U?i(@),ugl)(C)).
’ 21 1 3 ’ ’

Rr+Rs) n,-sequences 9 (a,c,r,s,t,0), t = 1,2,..., 2",

For each i3, (a,c,r,s) generate 2"
o = 1,2,...,2"% by choosing each element g)é;?k(a, ¢, 1, 8,t,0) independently according to

~(1 1 1
Pigpugu (1St (acor.s),ufl(a) ) (0). Generate 2!+ ny-sequences 3, ). by
choosing each element u7 (a, ¢) independently according to PU2(2) (+). For each u5?(a, ¢) generate

2" n,-sequences vy (a, ¢, ) by choosing each element vélg(a, ¢, r) independently according to

PVQ(Q)‘U2(2) (|u§2,)€(a, ¢)). For each v3?(a, ¢, r) generate 277 ny-sequences x5 (a, ¢, r, t) by choosing
each element azg,)ﬁ(a, ¢, r,t) independently according to PX§2)‘V2(2)U2(2) (-\v;?,z(a, e,r), ug,)g(a, c)).
Node 1 (Input) The message w3 is reindexed by (a,b). In the first phase node 1 transmits
x7*(a, b) within n; transmissions.

Node 3 (Input) The message ws; is reindexed by (c,d). In the first phase node 3 transmits
x5 (¢, d) within n; transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (a, ¢)
such that

(u*(@), uz" (¢), 92") € T (Propmym)- (A103)

~

If there is none or more than one such pair (a, ¢), set (a(2),¢(2)) = (1, 1). Otherwise, (a, ¢) is the
estimate (a(2), ¢(2)) of node 2. Then node 2 tries to find a pair (7, 5) such that

(51 (a(2), 62), 7, 3), 0 (0(2)), 65" (62)), 15") € T (P 0y.0). (A104)

If there is none such pair (7, §) an error is declared. Otherwise, the found pair (7, §) is the estimate
(7(2),5(2)) of node 2 where the pair with the smallest linear index 2" (s — 1) + r is selected if
more than one pair was found. Then node 2 tries to find a pair (¢, 6) such that

(923 (a(2), &(2),7(2), 5(2),1,0), 1 (a(2), &(2), 7(2), 5(2)), uy" (a(2)), uz' (¢(2)), v3")

e T (P,

1)v-(1 1 1 1) ). A105
POy pmpmym)- )
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If there is none such pair (Z,6) declare an error. Otherwise, the found pair (#,6) is the estimate
(£(2),6(2)) of node 2 where the pair with the smallest linear index 2"%7 (o — 1) + ¢ is selected if
more than one pair was found. In the second phase node 2 sends 3% (a(2), &(2), #(2),£(2)) by the
use of ny transmissions.

Node 1 (Output) In the second phase ;" is observed. After the second phase node 1 tries to find
an index ¢ such that

(u3*(a, ), y1*) € T*(Ppy@)- (A106)

If there is none or more than one such index ¢, set ¢(1) = 1. Otherwise, the found index ¢ is the
estimate ¢(1) of node 1. Then node 1 tries to find an index 7 such that

(v5%(a, &(1), 7), w3 (a, &(1)), 47?) € TP (P oy o). (A107)

If there is none or more than one such index 7, set 7(1) = 1. Otherwise, the found index 7 is the
estimate 7(1) of node 1. Then node 1 tries to find an index ¢ such that

(SL’SQ (a, 5(1), ’f’(l), g), USQ (CL, é(l), f(l)), uSQ (CL, é(l)), y{“") S Tg12 <PX§2)V2<2)U2(2)Y1(2))' (A108)

If there is none or more than one such index £, set f(l) — 1. Otherwise, the found index  is the
estimate ¢(1) of node 1. Then node 1 tries to find an index § such that

(5 (0, (1), 7(1), ), 0" (), w3 (2(1)), 27 (0,1)) € T2 (Pygwpopogw) (A109)

If there is none or more than one such index §, set §(1) = 1. Otherwise, the found index 5 is the
estimate $(1) of node 1. Then node 1 tries to find an index 6 such that

(933 (a, (1), 7(1), 3(1), (1), 9), 51 (a. &(1). 7(1), (1)), ui" (a), 15 (2(1)). 27" (a, 1))
= Tem(Py;21>y2(11)U1(1>U§1>X£1>). (A110)

If there is none or more than one such index o, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1. Finally node 1 tries to find an index d such that

(1 (1), d), w3 (0), s (6(1)), 27 (a,B), 551 0, (1), 7(1), 5(1))
(1),£(1),6(1))) € T (P oy xmymem): (A111)

=
NI
—~
8
o>
—~
—_
SN—
>
—~
—_
S—
W>

If there is none or more than one such index 0, set 6(1) = 1. Otherwise, the found index 6 iAs the
estimate 6(1) of node 1. The output message w3; (1) of node 1 is found by reindexing (¢(1), d(1)).

Node 3 (Output) In the second phase y5? is observed. After the second phase node 3 tries to find
an index a such that

(u3(@, ), 43%) € T (Ppy@)- (A112)

If there is none or more than one such index a, set a(3) = 1. Otherwise, a is the estimate a(3) of
node 3. Then node 3 tries to find an index 7 such that

(v32(a(3), ¢, 7),us?(a(3),c), y3?) € TenQ(PV;Q)U2(2)Y3(2)>. (A113)
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If there is none or more than one such index 7, set 7(3) = 1. Otherwise, 7 is the estimate 7(3) of
node 3. Then node 3 tries to find an index s such that

(35 (@(3), . 7(3), 3), 0" (@(3)), w5 () 48 (e, d)) € T Py o). (All4)

If there is none or more than one such index 3, set 5(3) = 1. Otherwise, 3 is the estimate 5(3) of
node 3. Finally node 3 tries to find an index b such that

(w5 (@(3). D), @(3)), wi (), 73 (e, d), 353 (a(3). ¢, 7(3),5(3) ) (AL1S)
e (PX§1)U1(1)U3(1)X£1)Y2(11)). (A116)

If there is none or more than one such index b, set b(3) = 1. Otherwise, b is the estimate b(3) of
node 3. The output message w;3(3) of node 3 is found by reindexing (a(3), b(3)).

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, € > 0 but small,
reliable communication requires

Ry < nI(UY; vV Uiy
Ry < nI(U3"; vy |U1”>
Ry + Ry < n I(UM UL vV)
Rs + Re > n 1Y, vV | uWuM)
R; + Ry > n IV, vV v PuV ulh)y (A117)

at node 2,

037 v1)

V22 0s?)

X@.v@|v@ue)

vy X oV ugh)

Yy i X o ugt)

Xy v o xiY) (A118)

Rs < 1l
Ry < 1
Ry < 1l
Re <1l
Ry < ml
Ry <mnl

o~ o~ o~ o~ o~

at node 1 and

0 )
V2 ,Y},(2)|U 2))
2(1 ?X:)(,l |U11)U?E1))
X1(1); }72(11)|U1(1)U§1)X9(,1)) (A119)

Ry <l
Rs < 1l
Re <1l
Ry <l

o~ o~ o~
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at node 3. Consequently,

Ris = Ry + Ry < n (U V3V |USY) + nf(Xf”; Eloinaben)
Ris = Ry + Ry < I (U Y)Y + m1(x Y, v P vl x D)
Ry = Ry + Ry < n [(USY; YO [UMY 4+ 1(XSD; Vi Yoy \U1 U xY)
R31:R3—|—R4<TQ (U2(2, )+T[(X§),Y21 Y2(21 |U(1 Xl(l)
Ris + Ry < nI(ULPUSY Y3 0) + n (XY VUV USD XD + I (XY v Yy | U U
(A120)
subject to
nI (VY YU uy < iV xM ooy + v v @ o)
nI (VY YU uy < iV xSV uy + (v i@ o)
il (Yyy); Yy \Y;f o) < vy XYy U“ UsY) + 721<X§2 Y22
(A121)
By the use of the Markov chains
1 1 1 1 (1
X7 - o o) - v
1 1 1 1 (1
X - o ) - v
X — v o ush) - vy (A122)
the constraints on the compression rates can be reformulated to
1 1 1 1 2 2 2
nI(Vy U U XYY < mI (V2 v P U5)
T ](Y( . (1)|U(1)U(1)X(1)) I(V'Q(Q ; 32)|U22))
nl(Vy s R PO X (V) < (X2 Y2 VP U, (A123)

This establishes the proposition. ll

1
Dx M)
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A4. Proofs: Achievable Rates 3P-BC Scheme

Comments and Assumptions Random encoding, jointly typical decoding and compression will
be used to show which rates are achievable for the half-duplex two-way relay channel. For the
following proofs it will be assumed that the transmission is performed with n > 3 channel uses
and three phases [ = 1,2, 3. Phase 1 features n; > 1 transmission slots, phase 2 supports no > 1
transmission slots and phase 3 supports n3 > 1 transmission slots with ny + ngy +ng = n. If n
grows ny, ny and nz are assumed to grow at the same rate. For large n, “t — 7, > 0. The message
wyz € {1,...,2"%3} will be sent from node 1 to node 3 and the message w3, € {1,...,2"%1}
will be sent from node 3 to node 1. For all proofs 2% denotes a positive integer.

A4.1 Decode-and-Forward

Code Generate 2"/1+R2) ) _sequences x7'(r,s), r = 1,2,...,2"% s = 1,2,...,2"% by
choosing each element xgl,i(r, s) independently according to PX§1)<'>' Generate 2"fis+Ra) g,
sequences r52(t,0), t = 1,2,...,2"M5 o = 1,2 ... 2" by choosing each element x?,l(t, 0)

(R1+R3)

independently according to P, (2 (-). Generate 2" ns-sequences z4°(r, t), by choosing each
3

element :cf,)c('r, t) independently according to P (-).
’ 2

Node 1 (Input) The message w3 is reindexed by (r,s). In the first phase node 1 transmits
x]*(r, s) within n; transmissions.

Node 3 (Input) The message ws; is reindexed by (¢, 0). In the second phase node 3 transmits
x5 (t, 0) within ny transmissions.

Node 2 In the first phase y,* is observed. In the second phase y5? is observed. After the first
phase node 2 tries to find a pair (7, §) such that

(@ (7, 8), y5") € T (Pynym)- (A124)
1 2

If there is none or more than one such pair (7, §), set (7(2), 5(2)) = (1,1). Otherwise, the found
pair (7, 5) is the estimate (7(2), $(2)) of node 2. After the second phase node 2 tries to find a pair
(t,0) such that

(#52(,0),55%) € T (Pyy@)- (A125)

If there is none or more than one such pair (%, 6), set (£(2),6(2)) = (1, 1). Otherwise, the found
pair (%, 0) is the estimate (£(2), 6(2)) of node 2. In the third phase node 2 sends x%*(7(2), £(2)).

Node 1 (Output) In the second phase y; is observed. In the third phase y;* is observed. After
the third phase node 1 tries to find an index ¢ such that

(23° (. 1), 51%) € T (Pypry). (A126)

If there is none or more than one such index £, set £(1) = 1. Otherwise, { is the estimate (1) of
node 1. Now node 1 tries to find an index o such that

(257 (8(1), 0),457) € T (Pyrye)- (A127)
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If there is none or more than one such index o, set 6(1) = 1. Otherwise, 0 is the estimate 6(1) of
node 1.

Node 3 (Output) In the first phase y5" is observed. In the third phase y;° is observed. After the
third phase node 3 tries to find an index 7 such that

(25°(7, 1), y3") € T (Pyory)- (A128)

If there is none or more than one such index 7, set 7(3). Otherwise, 7 is the output 7(3) of node 3.
Now node 3 tries to find an index s such that
(@1 (7(3),5),y5") € T (Pyym)- (A129)

If there is none or more than one such index 3, set §(3) = 1. Otherwise, s is the estimate $(3) of
node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, € > 0 but small,
reliable communication requires

Ry + Ry < nI(XY; YY)
Ry + Ry < nl(XP; V) (A130)
at node 2,
Rl < T3](X2(3), Y:g)(s))

Ry < mI(X{V; vV
(A131)

at node 3 and

Ry < (X3, 7\Y)
Ry < nI(X; v (A132)

at node 1. This establishes the proposition. ll
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A4.2 Partial-Decode-and-Forward

Code Generate 2"/1+R2) ) _sequences u}*(a,b), a = 1,2,...,2"1, b = 1,2,...,2"% by

choosing each element ug,)g(a, b) independently according to PUl(l)(-). For each u}"(a,b), gen-

erate 2" n,-sequences z7'(a,b,c), ¢ = 1,2,...,2"% by choosing each element xilll(a, b, c)
independently according to Py, ([u1(a,b)). Generate 2n(Raths) . sequences uy?(r, s),
1 1

r=1,2,...,2" 5 = 1,2,...,2"% by choosing each element u&l(r, s) independently ac-

cording to PU§2) (). For each u}?(r, s), generate 2% n,-sequences 232 (r, s,t),t = 1,2,..., 2%,

by choosing each element xgz,i(r, s,t) independently according to PX(2)‘U(2)<~|u3,i(7’, s)). Gener-
’ 3 3
ate 2"+ RY) o _sequences 15%(a,7), a = 1,2,...,2M4, r = 1,2,... 2" by choosing each

element :cf,)c(a, r) independently according to P (-).
’ 2

Node 1 (Input) The message w3 is reindexed by (a, b, ¢). In the first phase node 1 transmits
x1*(a, b, ¢) within n; transmissions.

Node 3 (Input) The message ws; is reindexed by (r, s,t). In the second phase node 3 transmits
x5*(r, s,t) within ny transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (a, b)
such that

(u?l (a,b), ygl) € T (Pymym). (A133)

If there is none or more than one such tuple (a, b), set (a(2),b(2)) = (1,1). Otherwise, the found
pair (a, b) is the estimate (a(2),b(2)) of node 2. In the second phase y5* is observed. After the
second phase node 2 tries to find a pair (7, §) such that

(u5* (7, 5),y5°) € T (Pyey@). (A134)

If there is none or more than one such pair (7, §), set (7(2), $(2)) = (1, 1). Otherwise, the found
pair (7, 3) is the estimate (7(2), $(2)) of node 2. In the third phase node 2 sends z5°(a(2), #(2)).

Node 1 (Output) In the second phase y;? is observed. In the third phase y;"* is observed. After
the third phase node 1 tries to find an index 7 such that

(23 (a, 7), 91%) € T (Py) yo)- (A135)

If there is none or more than one such index 7, set 7(1) = 1. Otherwise, the found index 7 is the
estimate 7(1) of node 1. Then node 1 tries to find an index § such that
(u§2 (’f‘(l), 5), y{m) € T€n2 (PU(Q)Y(Q) ) (A136)
3 1

If there is none or more than one such index §, set §(1) = 1. Otherwise, the found index 5 is the
estimate 5(1) of node 1. Finally node 1 tries to find an index ¢ such that

(l,gz (’f‘(l), §(1), 7?), u§2 (f(l), 5(1)), y?z) S Tg12 (PX§2)U§2)YI(2))' (A137)

If there is none or more than one such index 7, set £(1) = 1. Otherwise, the found index  is the
estimate #(1) of node 1.
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Node 3 (Output) In the first phase y3* is observed. In the third phase y3* is observed. After the
third phase node 3 tries to find an index a such that

(25°(a,7), y5*) € T (Pyry o). (A138)

If there is none or more than one such index a, set a(1) :~1. Otherwise, the found index a is the
estimate a(1) of node 3. Then node 3 tries to find an index b such that

(ul (@(3),0), 4" ) € T (P ). (A139)

If there is none or more than one such index b, set 8(3) — 1. Otherwise, the found index b is the
estimate b(3) of node 3. Finally node 3 tries to find an index ¢ such that

(1 @(3), b(3), ), " (a(3), 53)), 15" ) € T2 (Pycn iy o) (A140)

If there is none or more than one such index ¢, set ¢(3) = 1. Otherwise, the found index ¢ is the
estimate ¢(3) of node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, € > 0 but small,
reliable communication requires

Ri+ Ry < 1 I(UY; YY)

Ry + Rs < nI(UP; V) (A141)
at node 2,

Ry < rI(X57: v,

Rs < nI(U; v#)

Re < (X2, VP |U?) (A142)
at node 1 and

Ry < mI(X5;v)

Ry < nI(UY;Y4Y)

Ry < nI(XV; vV o)y (A143)
at node 3. Therefore, with

Ul(l) . Xl(l) _ YE’,(I)

U — xP —v® (A144)
forming Markov chains
Rz < LUV v + (x D v oty
Ris < ml(XY 3(1 )+ 7 (X v
Ry < I (U V) + 7 (X<2 Y 2U?)
Ry < T3 (X3, N+ nl(XP Y. (A145)

This establishes the proposition. l
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A4.3 Compress-and-Forward

Code Generate 2""3 n)-sequences z}'(wi3), w1z = 1,2,...,2""3 by choosing each el-
ement xgl,i(wlg) independently according to P, q)(-). Generate 2" ny-sequences x5 (ws:),
’ 1

wy = 1,2,...,2"51 by choosing each element xg,)g(wgl) independently according to Py (-).
’ 3

Choose a "quantization channel" Pyu)‘y(l) (+|-) and calculate P« (-) as the marginal distribution
2 2 2
of PY2(1>Y2<1)(')' Generate 2"(f1772) n| _sequences g5 (r,s), r = 1,2,...,2M1, s = 1,2,...,2"f,

by choosing each element Qélg(r s) independently according to P, (-). Choose a "quantiza-
2

tion channel" P, (2)‘Y(2)< |-) and calculate P. (2)() as the marginal distribution of P, (2)Y<z)()
Generate 2"fs+R4) p,_sequences 5% (t,0), t = 1,2,...,2M% o = 1,2,... 2% by choos-

ing each element ;Qf,i(t, 0) independently according to P, (2)( ). Generate 2"+ 55) o _sequences

ubi(t,q1), @ = 1,2,...,2"% by choosing each element ugﬁk(t, ¢1) independently according to
PUS)(')' Generate 2"1+Fs) n,_sequences ubs (7, ¢2), g2 = 1,2,...,2"F by choosing each ele-

ment ug?;) »(7, @2) independently according to P ) (-).
) 22

Node 1 (Input) In the first phase node 1 transmits z7* (w;3) within n; transmissions.
Node 3 (Input) In the second phase node 3 transmits x5 (ws; ) within ny transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (7, 5)
such that

(95 (7,8),95") € T (Pyyym)- (A146)
2 2

If there is none such pair (7, §) an error is declared. Otherwise, the found pair (7, §) is the estimate
(7(2), 3(2)) of node 2, where the pair with the smallest linear index 2% (5 — 1) + 7 is selected if
more than one pair was found. In the second phase y5? is observed. After the second phase node 2
tries to find a pair (£, 6) such that

(952(£,0),45%) € T (P @) (A147)

If there is none such pair (£, 5) an error is declared. Otherwise, the found pair (£, 6) is the estimate
(1(2),0(2)) of node 2, where the pair with the smallest linear index 2% (6 — 1) + ¢ is selected if
more than one pair was found. Then node 2 tries to find a pair (¢;, G2) such that

(st (£(2), @1), w33 (7(2), @2)) € T (Pyo0)- (A148)

21

If there is none such pair (g, ¢2) an error is declared. Otherwise, the found pair (g, ¢2) is the
estimate (§;(2), G2(2)) of node 2, where the pair with the smallest linear index 2% (g, — 1) + ¢, is
selected if more than one pair was found. In the third phase node 2 sends

= [ (up3 (1(2), 41(2)), uz3 (7(2), G2(2))) (A149)

where f(-) is a function that maps symbols from Us; X Uss to Xs.
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Node 1 (Output) In the second phase y;? is observed. In the third phase y;® is observed. After
the third phase node 1 tries to find a pair (¢, ¢; ) such that

(usi (£, G1), 91%) € T (P yo)- (A150)

If there is none or more than one such pair (£, ), set (£(1), G (1)) = (1, 1). Otherwise, (£, q,) is
the estimate (¢(1), ¢1(1)) of node 1. Then node 1 tries to find an index 6 such that

(92°(£(1),0), 57°) € T (Pyory)- (A151)

If there is none or more than one such index o, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1. Finally node 1 tries to find an index w3; such that

(252 (Ds1), 952 (£(1), 0(1)), y1?) € T2 (Py@yoyo)- (A152)

If there is none or more than one such index w3, set w3 (1) = 1. Otherwise, ws; is the output
message ws; (1) of node 1.

Node 3 (Output) In the first phase y3" is observed. In the third phase y3* is observed. After the
third phase node 3 tries to find a pair (7, 2) such that

(u53(7,32). 45°) € TI (P o). (A153)

If there is none or more than one such (7, ¢»), set (7(3), G2(3)) = (1, 1). Otherwise, the found pair
(7, G2) is the estimate (7(3), ¢2(3)) of node 3. Then node 3 tries to find an index § such that

(92" (7(3), ), 43") € T (Pyoym) (A154)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 35 is the
estimate 5(3) of node 3. Finally node 3 tries to find an index ;3 such that

(SL’?I (1]]13), 3)1211 (f“(?)), §(3)), ygl) S Tem (PX{I)YQ(DYS(I))' (A155)

If there is none or more than one such index w3, set w;3(3) = 1. Otherwise, the found index w3
is the output message w;3(3) of node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but small,
reliable communication requires

Rl + R2 > ’7'1[( A2(1); Y2(1))

Rs+ Ry > n I (V2 V)
Rs + Re > 131U USY) (A156)
at node 2,
R3 + Rs < 7’3](U2(i1)’)§ 3/1(3))
Ry < nI(Y,7;\?)
Ry < (X v 2y, (A157)



A4. Proofs: Achievable Rates 3P-BC Scheme 159

at node 1 and

Ri + Rs < I(US); Y3Y)
R2 < 7'1 (Y(l Y(l )

Ry < nI(X{"; 30 v5Y). (A158)
at node 3. Choosing
Rs = nrs (U5 UY)) - ke [0;1] (A159)
gives
Ry + Ry > nI(V{V; YY)
R3+R4>72(2(2 2
RB < T3 (U 7 ) - HT3[<U2(:15 7U2(§))
Ry < 1ol (Yy 2>)
Ry < Tgfwé;” YY) — (1= w)m (U5 Ugy)
Ry < nI(Y Y, viY). (A160)
Using the fact that
Ys(l) _ Y(l) Y(l)
Y'l(Q) _ Y'2(2) _ Y'2(2) (A161)
form Markov chains the constraints can be reformulated to
rI(V Y YY) < I (UR): Y3P) = (1= k)ms I (UR); USY)
I (V2 V21 < ml (U YY) — ks (UL US)). (A162)

Alternatively,
(%, < (U5 5”)
I (V2 Y212 < i LU vy

I (V) YY) + I (V2 v V) < ml (UL V) + m1(USD v — v U,
(A163)

This establishes the proposition.ll
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A4.4 Partial-Decode-Compress-and-Forward

Code Generate 2"("1+12) ) _sequences v/ (a,b), a = 1,2,...,2"0 b = 1,2,...,2" by

choosing each element ug,)g(a, b) independently according to PUl(l) (+). For each u}*(a, b), generate

2ns n,-sequences 7t (a,b,c), ¢ = 1,2,...,2"% by choosing each element a:f,)g(a, b, c) inde-

pendently according to P (1)(-|u§1,)€(a, b)). Choose a "quantization channel" P..q) . 1), (-]
Xl |U1 ’ Y2 ‘YQ Ul

and calculate P?(I)IU(I) (+) as the marginal distribution of Py(l)y(l)lU(l) (+). For each ui*(a, b), gen-
2 1 2 2 1
erate 2"(F718) ) _sequences 95 (a,b,d,e), d = 1,2,...,2M7 e = 1,2,...,2"% by choosing

each element g)gl,z(a, b, d, ) independently according to Py oy (‘lu1i(a,b)). Generate 2F4+5s)
’ 2 1

no-sequences uy’(r,s), r = 1,2,....2M4 s = 1,2 ... 2" by choosing each element
u&l(r, s) independently according to P, (-). For each u3*(r,s), generate 2" n,-sequences
’ 3

32 (r,s,t), t = 1,2,...,2"% by choosing each element :cg,l(r, s,t) independently accord-

(+|') and calculate
Ro+Ri0)

ing to PX<2)‘U<2>('|U§511(7”> 5)). Choose a "quantization channel" Py
3 3 ’ 2

p.
Rl vy |ug?
no-sequences 5%(r, s,0,2), 0 = 1,2,...,2M9 » = 1,2 ... 2" by choosing each element

9% (r, 5, 0, ) independently according to Py 2y 62 (-]ul’)(r, 5)). Generate 2"B1R4) ny_sequences
b 2 3 b

u(a,r),a = 1,2,..., 2" p = 1,2, ... 2"F1 by choosing each element u®)(a, ) indepen-
2 y g 2,k p

2 2 2
vy

(+) as the marginal distribution of PY/2(2) (). For each u}*(r, s), generate 2"

dently according to P (). For each uj’(a, 7), generate 2n(RotF1) . _sequences vh? (a, 7, 0, q1),

o= 1,2,...,2MM9 ¢ = 1,2,...,2"%1 by choosing each element vg’?k(a,r, 0,q1) indepen-

dently according to PVQ(EHUQ(?,)(-\ug’,)ﬁ(a, 7)). For each u}?(a,r), generate 2"7+F12) p,_sequences
vhd(a,r d, qz), d =1,2,...,2"% gy = 1,2,... 2"%2 by choosing each element vg?k(a, r,d, qo)

independently according to P ) /;x) (-|u§3,)§(a, r)).
22 2 ’

Node 1 (Input) The message w3 is reindexed by (a, b, ¢). In the first phase node 1 transmits
x1*(a, b, ¢) within ny transmissions.

Node 3 (Input) The message ws; is reindexed by (r, s, ). In the second phase node 3 transmits
x3%(r, s,t) within ny transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (a, b)
such that

(e @), 95") € T (Pygo o). (A164)

If there is none or more than one such pair (@, b), set (a(2),b(2)) = (1,1). Otherwise, the found

A~

pair (@, b) is the estimate (&(2), b(2)) of node 2. Then node 2 tries to find a pair (d, ¢) such that
(95 (a(2),5(2), d, &), ui? (a(2), b(2)), 43" ) € T (Pygoyony. o) (A165)

If there is none such pair (d, ) an error is declared. Otherwise, the found pair (d, &) is the estimate
(d(2), é(2)) of node 2 where the pair with the smallest linear index 257 (e — 1) + d is selected if
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more than one pair was found. In the second phase 352 is observed. After the second phase node 2
tries to find a pair (7, 5) such that

(ug* (7, 8), 45%) € TI*(Pyeye). (A166)

~

If there is none or more than one such pair (7, §), set (7(2), $(2)) = (1, 1). Otherwise, the found
pair (7, §) is the estimate (7(2), §(2)) of node 2. Then node 2 tries to find a pair (6, Z) such that

(92°(7(2),5(2), 0, 2), uz*(7(2), 5(2)),92°) € T (Pypeyy@)- (A167)

If there is none such pair (0, Z) an error is declared. Otherwise, the found pair (6, Z) is the estimate
(6(2), 2(2)) of node 2 where the pair with the smallest linear index 2" (z — 1) + o is selected if
more than one pair was found. Then node 2 tries to find a pair (¢;, G2) such that

(v52(a(2), 7(2), 6(2), @), v (@(2), 7(2), d(2), &), w3 ((2), 7(2)) ) € T2(Pyo 0
(A168)

If there is none such pair (g, ¢2) an error is declared. Otherwise, the found pair (g, 2) is the
estimate (G1(2), G2(2)) of node 2, where the pair with the smallest linear index 2" (g — 1) + G
is selected if more than one pair was found. In the third phase node 2 sends

~

wyt = [ (05 (a(2),7(2),0(2), G1(2)), 033 (a(2), 7(2), d(2), 42(2)), u5* (a(2), 7(2)))  (A169)

where f(-) is a function that maps symbols from Vo1 X Vag X Us to X's.

Node 1 (Output) In the second phase y;? is observed. In the third phase y;* is observed. After
the third phase node 1 tries to find an index 7 such that

(u5*(a,7),91%) € T (Pyy)- (A170)

If there is none or more than one such index 7, set 7(1) = 1. Otherwise, the found index 7 is the
estimate 7(1) of node 1. Then node 1 tries to find a pair (0, ;) such that

(037 (@, 7(1), 0, G1), uz"(a, 7(1)), 41) € T (P oy )- (A171)

2

If there is none or more than one such pair (6, ¢;), set (6(1),¢1(1)) = (1,1) . Otherwise, the found
pair (0, ¢1) is the estimate (6(1), G1(1)) of node 1. Then node 1 tries to find an index § such that

(ug*(7(1),5),41%) € T* (Pyeyo). (A172)

If there is none or more than one such index Z, set 2(1) = 1. Otherwise, the found index Z is the
estimate Z(1) of node 1. Then node 1 tries to find an index Z such that

(3?212 (72<1)7 §<1)7 6<1)7 5)7 Ugu (f(1>7 §(1>>7 y{”) S TenQ <PY2(2)U3(2)Y1(2))' (A173)

If there is none or more than one such index 3, set $(1) = 1. Otherwise, the index 5 is the estimate
5(1) of node 1. Finally node 1 tries to find an index 7 such that

(52 (F(1), 8(1), 1), ug(7(1), 3(1)), 552(7(1), 3(1), 0(1), (1), %) € T7(Pyo oy oy ).
(A174)

If there is none or more than one such index Z, set £(1) = 1. Otherwise, the found index  is the
estimate #(1) of node 1.
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Node 3 (Output) In the first phase y3* is observed. In the third phase y3* is observed. After the
third phase node 3 tries to find an index a such that

(u3*(a,7), y5") € T (Pyy ). (A175)

If there is none or more than one such index a, set a(3) = 1. Otherwise, the found index a is the

estimate a(3) of node 3. Then node 3 tries to find pair (d, ¢») such that
(Ugf’ (a(3), 7, d, G2), us* (a(3),7), yQS) € T (Pyopmym ). (A176)

If there is none or more than one such (d, @), set (d(3),G2(3)) = (1,1). Otherwise, the found pair
(d, Go) is the estimate (d(3), G2(3)) of node 3. Then node 3 tries to find an index b such that

(u?l(d(?)), B),ygl) € T (Pywym). (A177)

If thereAis none or more than one such index Z~), set 3(3) = 1. Otherwise, the found index b is the
output b(3) of node 3. Then node 3 tries to find an index é such that

(g;“( (3),5(3),d(3), &), ul (a(3), b(3)), ) € T Py iy w). (A178)

If there is none or more than one such index é, set é(3) = 1. Otherwise, the found index € is the
estimate é(3) of node 3. Finally node 3 tries to find an index ¢ such that

(27 (a(3), 5(3). ), u* a(3), B(3)). 35" (a(3). B(3), (). £(3)), 5" ) € T (P ny o).
(A179)

If there is none or more than one such index ¢, set ¢(3) = 1. Otherwise, the found index ¢ is the
estimate ¢(3) of node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but small,
reliable communication requires

Ry + Ry < nI(UY; YY)

Ry + Rs < nI(UP; V)

13 vy

Yf U

3 Vas |USY) (A180)

(
R; + Rg > mI(
Ry + Ryg > 11 (
Rii+ Ria > 13 (
at node 2,
Ry < 1(UY;Y,®)
Ry + Ry < I (VY v |08
Rs < nI(UP; )
Ry < I (V2 Y 21U
Rs < (X v PP uP) (A181)
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at node 1,

Ry < nI(US; V)
Ry + Rip < 3 I(VED, v | Ul
Ry < mI(UY; V)
Rs<m I(Y<1 vV |U<1 )
(

Ry < n (XM, vy o) (A182)

at node 3. Therefore,

Rs1 < 7l U§2);Y1(2) + 7ol X?E )aYQ(Q)Y1(2)|U:§2) + 3[(U2(3);Y1(3))
Ry < o I(UL V) + I (X2, vy P | ol (A183)
subject to
1 1 1 3 3 3 3 3
(VA VYUY < mi (VS YUY — (1= a)ms L (VD v |USY)
IV Y P U < IVl P IUP) — am (VY Vi [US) (A184)
where
R = anl (Vs Vg |USY) (A185)
and the fact
1 1 1 (1
R R
Y — (2, U5) - v, (A186)

was used. This establishes the proposition. H
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AS. Proofs: Achievable Rates 3P-MA Scheme

Comments and Assumptions Random encoding, jointly typical decoding and compression will
be used to show which rates are achievable for the half-duplex two-way relay channel. For the
following proofs it will be assumed that the transmission is performed with n > 3 channel uses
and three phases [ = 1,2, 3. Phase 1 features n; > 1 transmission slots, phase 2 supports no > 1
transmission slots and phase 3 supports n3 > 1 transmission slots with ny + ngy +ng = n. If n
grows ny, ny and nz are assumed to grow at the same rate. For large n, “t — 7, > 0. The message
wyz € {1,...,2"%3} will be sent from node 1 to node 3 and the message w3, € {1,...,2"%1}
will be sent from node 3 to node 1. For all proofs 2% denotes a positive integer.

A5.1 Decode-and-Forward
(1)

Code Generate 2" ny-sequences a7 (r), r = 1,2,...,2"%1 choosing each element z;; ()
independently according to PX§” (+). Generate 2" n,-sequences z4y?(r) choosing each element

x(22]1(r) independently according to P, () (-). For each x3?(r) generate 2" ny-sequences 2 (r, s),
’ 2

s=1,2,...,2"% choosing each element xgz,i(r, s) independently according to Pxf) X2 (+). Gen-

erate 2% ny-sequences x5 (t), t = 1,2,...,2"%, choosing each element :cgl,)g(t) independently

according to PX?(’l)('). Generate 2% nj-sequences x4*(t) choosing each element xgg,i(t) inde-

pendently according to Py (-). Generate 2”574 ny-sequences 25°(¢,0), 0 = 1,2,... 2"
2

choosing each element xg?’,)g(t, 0) independently according to Py X (+).
’ 3 2

Node 1 (Input) The message w3 is reindexed by (, s). In the first phase node 1 transmits 7" ()
within n; transmissions. In the second phase node 1 transmits x7?(r, s) within ny transmissions.

Node 3 (Input) The message ws; is reindexed by (¢, 0). In the first phase node 3 transmits 25" (%)
within n; transmissions. In the third phase node 3 transmits z3* (¢, 0) within ng transmissions.

Node 2 In the first phase y5" is observed. After the first phase node 2 tries to find a pair (7, 1)
such that

(:1:1111 (f), ;L’gl (5)7 ygl) e (PXEDXél)YQm)' (A187)

If there is none or more than one such pair (7, 1), set (7(2),%(2)) = (1, 1). Otherwise, the found

pair (7, t) is the estimate (7(2),¢(2)) of node 2. In the second phase node 2 sends 52 (7(2)). In the
third phase node 2 sends x5 (£(2)).

Node 1 (Output) In the third phase | is observed. After the third phase node 1 tries to find an
index # such that

(23°(0). 97%) € T (Pyory0)- (A188)

If there is none or more than one such index ¢, set f(l) — 1. Otherwise, the found index  is the
estimate ¢(1) of node 1. Then node 1 tries to find an index 6 such that

(5°(£(1),0),57%) € T7*(Pyoyo)- (A189)
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If there is none or more than one such index o, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1.

Node 3 (Output) In the second phase y5? is observed. After the second phase node 3 tries to find
an index 7 such that

(23°(F), y3”) € T (Pyerye)- (A190)

X3

If there is none or more than one such index 7, set 7(3) = 1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. Then node 3 tries to find an index § such that

(@12(7(3), 5),y5*) € T*(Py@y@)- (A191)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 5 is the
estimate $(3) of node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, € > 0 but small,
reliable communication requires

Ry < 71[(X1(1)§ Y2(1)‘X:§1))
Ry < I (XY v3V | x(Y)
Ri+ Ry < nI(XI XV, vY) (A192)

at node 2,

Ry < 1 1(XPv?)
Ry < 11X v ® | xP) (A193)

at node 1 and

Rl < TQI(XéQ), YES(Q)>
Ry < n (X v | X (A194)

at node 3. Consequently,

Ry < ml(X{" ,Y“ X5 + (X v X5

Rys < (X, X2 v
Ry < mI(X3V ,Y“ XY 4+ 71 (X8 v x 9
Ry < 1 I(XP X v ) (A195)

subject to
Ris+ Ry < nI(XD X v + Il (XP Vi@ | X)) + mI(XP: v 1 X)), (A196)

This establishes the proposition. l
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AS.2 Compress-and-Forward

Code Generate 2" n;-sequences z7'(a), a = 1,2, ...,2"% by choosing each element xgl,i(a)

independently according to P, () (-). Generate 2" ny-sequences x7(b), b = 1,2,...,2"%, by
1

choosing each element xﬂ(b) independently according to PX{” (-). Generate 2" n,-sequences

3 (), c =1,2,...,2"% by choosing each element xélll(c) independently according to P, ) (-).
’ 3

Generate 2" ng-sequences 23°(0), 0 = 1,2,...,2"R4, by choosing each element ) (o) in-

dependently according to P, (). Choose a "quantization channel" PYu)'Y(l)(-\-) and calculate
3 21 2

Py(+) as the marginal distribution of Py, )(-). Generate 2n(Fs+He) ) _sequences goi (7, s),
r=1,2,...,27 5 = 1,2 ...,2"% by choosing each element g);)k(r, s) independently ac-
cording to P (). Choose a "quantization channel" P?(I)IY(I)('|') and calculate Pyq)(-) as the
21 22 2 22
marginal distribution of Py, ) (-). Generate 2"(#7+1%) n, -sequences gj33 (, 2), t = 1,2,..., 217,
22 72

z = 1,2,...,2"% by choosing each element gjg)k(t, z) independently according to P, (-).
’ 22

Generate 2" ny-sequences z4%(r) by choosing each element :cf,)g('r) independently according

to Pxf) (-). Generate 2" ng-sequences x5°(t) by choosing each element a:g?’) (t) independently

according to Py (+).

Node 1 (Input) The message w;3 is reindexed by a and b. In the first phase node 1 transmits
x7*(a) within n; transmissions. In the second phase node 1 transmits z7%(b) within n, transmis-
sions.

Node 3 (Input) The message ws; is reindexed by ¢ and o. In the first phase node 3 transmits
x5 (c) within n, transmissions. In the third phase node 3 transmits z3° (0) within ns transmissions.

Node 2 In the first phase y5* is observed. After the first phase node 2 tries to find a pair (7, 5)
such that
(921 (7, 8), 93") € T (Ppnym).- (A197)
21 2
If there is none such pair (7, §) an error is declared. Otherwise, the found pair (7, §) is the estimate

(7(2), 3(2)) of node 2 where the pair with the smallest linear index 2"/ (s — 1) + r is selected if
more than one pair was found. Then node 2 tries to find a a pair (¢, Z) such that

(933 (8, 2),55") € T (Ppiyy o) (A198)

If there is none such (Z, %) an error is declared. Otherwise, (£, Z) is the estimate (£(2), 2(2)) of node
2 where the pair with the smallest linear index 2"%7(z — 1) + t is selected if more than one pair
was found. In the second phase node 2 sends x> (#(2)). In the third phase node 2 sends x7*(£(2)).

Node 1 (Output) In the third phase | is observed. After the third phase node 1 tries to find an
index ¢ such that

(23° (), 1) € T (Pyoryo)- (A199)
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If there is none or more than one such index ¢, set f(l) — 1. Otherwise, the found index  is the
estimate ¢(1) of node 1. Then node 1 tries to find an index 6 such that

(252 (8), 252 (£(1)), y1*) € T ( ngg) X@y® ). (A200)

If there is none or more than one such index o, set 6(1) = 1. Otherwise, the found index ¢ is the
estimate 6(1) of node 1. Then node 1 tries to find an index Z such that

(923 (£(1), 2), 27 (a)) € T (Pyy y). (A201)

If there is none or more than one such index Z, set 2(1) = 1. Otherwise, the found index Z is the
estimate Z(1) of node 1. Finally node 1 tries to find an index ¢ such that

(5" (8), 27" (), 953 (£(1), 2(1))) € T (P g m)- (A202)

If there is none or more than one such index ¢, set ¢(1) = 1. Otherwise, the found index ¢ is the
estimate ¢(1) of node 1.

Node 3 (Output) In the second phase y5? is observed. After the second phase node 3 tries to find
an index 7 such that

(23°(F), y3”) € T (Pyerye)- (A203)

If there is none or more than one such index 7, set 7(3) :~1. Otherwise, the found index 7 is the
estimate 7(3) of node 3. Then node 3 tries to find an index b such that

(:c? (B), 222 (7(3)), y;”) € T (Pyw gy o). (A204)

If there is none or more than one such index b, set 8(3) — 1. Otherwise, the found index b is the
output b(3) of node 3. Then node 3 tries to find an index 3 such that

(1 (7(3), 8), 737 (¢)) € T (P xv)- (A205)

If there is none or more than one such index §, set §(3) = 1. Otherwise, the found index 5 is the
estimate $(3) of node 3. Finally node 3 tries to find an index a such that

(o (@), 251 (e), 5 (7(3), 3(3))) € T Py yoogo). (A206)

If there is none or more than one such index a, set a(1) = 1. Otherwise, the found index a is the
output a(1) of node 1.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but small,
reliable communication requires

Rs + Rg > 7‘1](5?2(11); Y2(1))
Ry + Ry > mil(Yay; Ya") (A207)
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at node 2,

R < (X3, V)
XL
YQ(Ql); Xl(l))
X0V 1x(Y)

Ry < 131
Rg < Tlf
R3 < Tlf

~—~~ N N

at node 1 and

X2 v,?)
XX
Y2(11) ) X?El))
XY 1XY)

Ry < 1l
Ry < 1l
Re <1l
Ry <mnl

~—~~ N N

at node 3. Consequently,

Riz = Ry + Ry < n I (X{Y Vi |X5Y) + ml (X2 v XY
Rat = Ry + Ry < n I(X{V; Vi |X () + (X5 v | x )

subject to

Iy Y3y < ml (Vo Xi0) + I (X525 vi?)
nl(YVa; Vo) < ml(Yay; X)) + I (X3V; V).

By the use of the Markov chains

1 1 O-(1
XM~y _ g0

1 1 1
implying

1072 X5 19,7) =
I(Vs X1y ) =

the constraints can be reformulated to

I (Ve Va1 XYY < mI (X525 vi?)

(Ve VU | X W) < 1 (X5, v,

This establishes the proposition. ll

(A208)

(A209)

(A210)

(A211)

(A212)

(A213)

(A214)



170 Appendix

AS.3 Partial-Decode-Compress-and-Forward

Code Generate 2" n;-sequences uj'(a), a = 1,2,...,2"% by choosing each element
u\)(a independently according to P, (). For each u}'(a) generate 2"%2 n,-sequences
1,k U 1 g q

21 (a,b), b = 1,2,...,2"% by choosing each element x%,)g(a, b) independently according

to PX(I)‘U(l)('|U§1]1<a)). Generate 2" pj-sequences uy'(r), r = 1,2,...,2"% by choosing
1 1 ’
each element uélll(r) independently according to PU?E”(')' For each u}'(r) generate 2" n,-

sequences 75 (r,s), s = 1,2,...,2"% by choosing each element xél,i(r, s) independently ac-
. . (1) " : : " e -
cording to Pxél)lUél)( |ug ;. (r)). Choose a "quantization channel P%(ll)‘YQ(l)Ul(l)Uél)( |) and calcu

late P?2(11)|U1(1)U§1)< |-) as the marginal distribution of PY2<11)Y2(1)‘U1(1)U§1)( |-). For each pair u}"(a),

ul*(r), generate 2"(F7+Es) ) _sequences 951 (a,r,0,e), 0 = 1,2,... 27 ¢ = 1,2, ... 2"fs,
by choosing each element ggi)k(a, r,0,¢€) independently according to Pf/(l)IU(l) U(l)('). Choose a
’ 21 1 3

" M M n b b
quantization channel PY2<21)|Y2(1)U1(1)U3<1)( |-) and calculate PY2<21)|U{“U§1>('|'> as the marginal dis-

tribution of Py, 1), (-]-). For each pair u" (), ug’ (r), generate 2n(RotF0) ) _sequences

Ooala,r q, 2), q = 1,2,...,2"M9 2 = 1,2 ... 270 by choosing each element gjg?k(a, r,q,z)

independently according to P, (-). Generate 21 n,-sequences u5?(a) by choosing each

WMy
element ugz,i(a) independentlyiclcé)rdiSHg to PU2(2) (+). For each uj?(a) generate 2" ny-sequences
xy?(a, 0) by choosing each element :cg,)c(a, 0) independently according to PXf) o (- \ugz,i(a)) For
each uh?(a) generate 2% n,-sequences x%(a, c) by choosing each element xf,)g(a, ¢) indepen-
dently according to PX£2)|U2(2)(-|U§?])€((I)). Generate 2" nj-sequences uy®(r) by choosing each
element ué?’ll(r) independently according to PUQ(S) (-). For each ujy?®(r) generate 2" nz-sequences
x5%(r, q) by choosing each element x§3,1(r, q) independently according to PX§3)|U§3) (\uég,i(r)) For
each ul?(r) generate 2% ns-sequences x%*(r,t) by choosing each element :céil(r, t) indepen-

dently according to P ) ;) (-Ju) (r)).
3 2 ’

Node 1 (Input) The message w3 is reindexed by (a, b, ¢). In the first phase node 1 transmits
x7*(a, b) within ny transmissions. In the second phase node 1 transmits z5?(a, ¢) within ny trans-
missions.

Node 3 (Input) The message ws; is reindexed by (7, s, t). In the first phase node 3 transmits
xy'(r, s) within n; transmissions. In the third phase node 3 transmits x5 (r, ) within n3 transmis-
sions.

Node 2 In the first phase y5" is observed. After the first phase node 2 tries to find a pair (a, 7)
such that

(u* (@), ug* (F), yo*) € T™ (Puf”Ué”Y;”)' (A215)
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A

If there is none or more than one such pair (a, ), set (a(2),7(2)) = (1, 1). Otherwise, the found
pair (@, 7) is the estimate (a(2), 7(2)) of node 2. Then node 2 tries to find a pair (0, €) such that

(931 (a(2),7(2),0,€),ut" (a(2)), uz" (7(2)), y3") € T (Poy,mym)- (A216)
Y21 Ul US Y2

If there is none such pair (0, €) an error is declared. Otherwise, the found pair (0, €) is the estimate
(6(2), é(2)) of node 2 where the pair with the smallest linear index 27 (e — 1) + o is selected if
more than one pair was found. Then node 2 tries to find a a pair (¢, Z) such that

(Q;ﬁ (d(2)7 72(2)7 qu 5)7 u?l (&<2))7 ugl <f<2))7 y;ll) € Tsnl (P372(21)U1(1)U§1)y2(1))- (A217)

If there is none such pair (g, Z) an error is declared. Otherwise, the found pair (g, 2) is the estimate
(G(2), 2(2)) of node 2 where the pair with the smallest linear index 2% (2 — 1) + ¢ is selected if
more than one pair was found. In the second phase node 2 sends 52 (a(2), 6(2)). In the third phase
node 2 sends x5%(7(2), (2)).

Node 1 (Output) In the third phase y;* is observed. After the third phase node 1 tries to find an
index 7 such that

(u3®(7), y1*) € T (Pyeyo)- (A218)

If there is none or more than one such index 7, set (1) = 1. Otherwise, the found index 7 is the
estimate 7(1) of node 1. Then node 1 tries to find an index § such that

(23 (F(1), @), up* (F(1)), y1*) € T (Pyyoy@)- (A219)
2 Y2 1

If there is none or more than one such index ¢, set ¢(1) = 1. Otherwise, the found index ¢ is the
estimate §(1) of node 1. Then node 1 tries to find an index ¢ such that

(25° (F(1), £), 25°(7(1), 4(1)), uz*(F(1)), 1) € T (Pyo) 01y (A220)

If there is none or more than one such ¢, set f(l) — 1. Otherwise, the found index ¢ is the output
t(1) of node 1. Then node 1 tries to find an index Z such that

(935 (a,7(1), 4(1), 2), ui* (@), ug* (7(1)), 27" (a, b)) € T (P oy y)- (A221)
Y22 Ul US Xl

If there is none or more than one such index Z, set Z(1). Otherwise, the found index Z is the estimate
2(1) of node 1. Finally node 1 tries to find an index § such that

(23" (7(1), 8), 27" (@, b), uy* (@), uz (7(1)), o3 (@, 7(1), (1), 2(1)))

e (P

1) (1) 771 77 (1) (1) ) - A222
() x(OOpH7D) (A222)

If there is none or more than one such index §, set §(1) = 1. Otherwise, the found index 5 is the
estimate $(1) of node 1.
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Node 3 (Output) In the second phase y5* is observed. After the second phase node 3 tries to find
an index a such that

(u3*(a), y3%) € T (Py@y@)- (A223)

If there is none or more than one such index a, set a(3) = 1. Otherwise, the found index a is the
estimate a(3) of node 3. Then node 3 tries to find an index o such that

(£5(4(3). ), w3 (4(3)). 157) € TV (Pyorygony ). (A224)

If there is none or more than one such index o, set 6(3) = 1. Otherwise, the found index ¢ is the
estimate 6(3) of node 3. Then node 3 tries to find an index ¢ such that

(212(a(3), 0), 75 (2(3), 0(3)), w3 (4(3)), 44?) € T2 (Pyo oy 0y @) (A225)

If there is none or more than one such index ¢, set ¢(3) = 1. Otherwise, the found index ¢ is the
estimate ¢(3) of node 3. Then node 3 tries to find an index é such that

(21 (a(3),7,0(3), €), 73" (1, 5), uy™ (@(3)), ug* (7)) € T (Pyo y o) (A226)

If there is none or more than one such index ¢, set é(3) = 1. Otherwise, the found index ¢ is the
estimate é(3) of node 3. Finally node 3 tries to find an index b such that

(1 @(3),B), 25" (. 5), wl (@(3)), i (r), 531 (@(3), 7, 6(3), €(3))

ny
c TE (PX§1)X§1)U1(1)U§1)Y2<11))' (A227)

If there i§ none or more than one such index Z~), set 5(3) = 1. Otherwise, the found index b is the
estimate b(3) of node 3.

Rates An error analysis along the lines of A2.1 and A2.2 reveals that for large n, ¢ > 0 but small,
reliable communication requires

Ry < nI(UY; vV Uiy
Ry < nI(USY; v, |U11’>
Ry + Ry < nI(UY, UM v)
R: + Ry > n IV, v |U1(1 M)
Ry + Rio > n 1Y, vV | uWuh) (A228)
at node 2,

R4 < 73](U2(3 ,Yi )
Ry < 1 1(X3; VP |USY)
3).

Re < 7 I(X5, v® | xP Ul
Ry <nl (Yz(zl ;X 1)|U11)U:§1 )
Ry < nI(X$V; vP oM uld x My (A229)
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at node 1 and
Ry < RI(UP: YY)
Ry < mI (XS ,Y(2 U
Ry < 1l (X{2 ,Y(2 |X U2>)
Ry <l (Xl(l ,Yz(f | 1’Xé”). (A230)

at node 3. Consequently,

R13 <7 (U

Ris <7 Xl(l ,Y2(11 U UD XY + (UL V) + I (X2 v | xP Ul

R31 <7

R13 + R31 < T

1 1) (1 1)1
3 7Y())+ [(X1()§Y2(1)‘U1()U:§

nl(X}: Y@)\X@)Ué?’) +ml (X v, X Uf)

subject to

o (1 1 Ul Ul
‘1](}/2(1)a}/2()| 1()7 Zg))
[]ﬁl ]rl Ul Ul
71 ( 2(2); 2()| 1()7 Zg))

By the use of the Markov chains

implying

I (Ve XSOUSUSY) + ml (X5 V32 |US)
nl (Ve XUSUSY) + 1 (X35 VP | U,
1 1 1 1 (1

XY - o o) - v

1 1 1 1 o-(1
X - U ) - v

1Y, X571 U UsY) = 0
1Yy, XY 0P ugY) = 0

the constraints can be reformulated to

7_11(}/2(1 7
7_11(}/2(2 7

nl(X$;
(XS

1)|U11)U?E1 X(l )
1)|U11)U?E1 X(l )

Va2 |U)
YU,

This establishes the proposition. ll

VSO + nl(X 5V (oD U XY + 1 (X P X P UP)

I(
LU YUY + I (X v (U USD X (V) 4 w1 (XY VP X P U
Ray < 71 <X§1 ,Y2(21 UPUD XY 4 (U V) + 71 (X v | xP ol
1 1 (1 1 1 1
(U] XY+ (XY Y (U UY x )+
(2

(A231)

(A232)

(A233)

(A234)

(A235)
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A6. Proofs: Achievable Rates 6P Scheme

Comments and Assumptions Random encoding and jointly typical decoding will be used to
show which rates are achievable for the half-duplex two-way relay channel. For the following
proofs it will be assumed that the transmission is performed with n > 6 channel uses and six

phases [ = 1,..., L = 6. Phase [ features n; > 1 transmission slots with Zle n, = n.Ifn
grows each n; is assumed to grow at the same rate. For large n, ©* — 7, > 0. The message
wyz € {1,...,2"%3} will be sent from node 1 to node 3 and the message w3, € {1,...,2"%1}

will be sent from node 3 to node 1. For all proofs 2" denotes a positive integer.

A6.1 Decode-and-Forward

Code Generate 2"(F1+F2+Fs) ) _gequences 27" (a,b,c), a = 1,2,...,2"" b = 1,2, ..., 2"F,
c = 1,2,...,2"% by choosing each element :cﬁ,)c(a, b, ¢) independently according to PX§1)(~).
Generate 2"r+Fs+1o) ) _sequences 5% (r, s,t), r = 1,2,...,2"F%7 s = 1,2,... 2" ¢ =
1,2,...,2™% by choosing each element :cf,)c('r, s,t) independently according to PXéz) (+). Gener-
ate 2"t Fs) po_sequences 2% (d, e),d = 1,2,...,2"% e = 1,2, ..., 2"% by choosing each ele-
ment :cﬁl(d, e) independently according to PX£3) (). Generate 2"(F10+F11) p,_sequences 773° (0, q),

0o=1,2,...,2"0 ¢g=1,2 ... 2" bychoosing each element :cé‘?,)g(o, q) independently accord-

ing to P_ (+). Generate 2"t tRatRr+Ri0) py _sequences 224 (a, d, T, 0), by choosing each element
g X3 q 2 s Hy by y g

:cgil,)c(a, d, r, 0) independently according to ng‘“ (). Generate 2"Fs+F11) . _sequences 75 (s, q), by

choosing each element xé‘%(s, ¢q) independently according to PX§5> (+). For each x5° (s, q) generate
2nth2 po_sequences 5° (s, q,2), z = 1,2,...,2"%12 choosing each element xé‘r’%(s, q, z) indepen-
dently according to PX?(’s)‘ NG (|x§5,)§(s, q)). Generate 2"(F2+15) ¢ _sequences x5°(b, e), by choos-
ing each element x;?,)g(b, e) independently according to PX§6) (+). For each 25% (b, ¢) generate 2"
ne-sequences 7°(b,e, f), f = 1,2,...,2"%  choosing each element a:f,)ﬁ(b, e, f) independently

according to PX{G) X0 (- \:cé?,l(b, e)).

Node 1 (Input) The message w3 is reindexed by (a, b, ¢, d, e, f). In the first phase node 1 trans-
mits z7* (a, b, ¢) within n; transmissions. In the third phase node 1 transmits x7*(d, e) within ng
transmissions. In the sixth phase node 1 transmits x7°(b, e, f) within ng transmissions.

Node 3 (Input) The message ws; is reindexed by (7, s,t,0,q, z). In the second phase node 3
transmits x5 (r, s, t) within ny transmissions. In the third phase node 3 transmits x4 (0, ¢) within
ng transmissions. In the fifth phase node 3 transmits x3° (s, ¢, z) within n; transmissions.

Node 2 In the first phase y;* is observed. In the second phase y,* is observed. In the third phase
y5° is observed. After the first phase node 2 tries to find a triple (a, b, ¢) such that

(x?l(d, b, 6%@/&“) € T (Pywym). (A236)

If there is none or more than one such triple (a, b, ), set (a(2),b(2),é(2)) = (1,1,1). Otherwise,
the found triple (a, b, ¢) is the estimate (a(2), b(2), ¢(2)) of node 2. After the second phase node 2
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tries to find a triple (7, §, t) such that
(#52(7. 5,8),55%) € T (Pyery)- (A237)

~ ~

If there is none or more than one such triple (7, 3, %), set (7(2), $(2),%(2)) = (1,1, 1). Otherwise,
the found triple (7, 3, ) is the estimate (7(2), 5(2),#(2)) of node 2. After the third phase node 2
tries to find a quadruple (d, €, 0, ¢) such that

( 3(d, &), 27 (5, §), yg3) € T1 (Pya iy )- (A238)

If there is none or more than one such quadruple (d,é,6,q), set (CZQQ) €(2),0(2),4(2)) =
(1,1,1,1). Otherwise, the found quadruple (d, ¢, 0, q) is the estimate (d
node 2.

In the fourth phase node 2 sends z3*(a(2), 0?(2) f:(2),6(2)). In the fifth phase node 2 sends
x4°(5(2), ¢(2)). In the sixth phase node 2 sends z5°(b(2), é(2)).

Node 1 (Output) In the second phase y;” is observed. In the fourth phase y;* is observed. In the
fifth phase y1° is observed. After the fourth phase node 1 tries to find a pair (7, 0) such that

(25" (a, d,7,0),y1") € T (Pyy)- (A239)

If there is none or more than one such pair (7, 0), set (7(1), 6(1)). Otherwise, (7, 0) is the estimate
(7(1),0(1)) of node 1. Now node 1 tries to find a pair (8, §) such that

(25°(5,0),91°) € T (Pyory)- (A240)

If there is none or more than one such pair (3, §), set (5(1),¢(1)) = (1, 1). Otherwise, (8, §) is the
estimate (5(1), (1)) of node 1. Then node 1 tries to find an index Z such that

('rgs (§(1)7 6(1)7 ’%)7 1’35 (§(1)7 qA(l))v y?s) € Ten5 (PX§5)X£5)Y1(5))' (A241)

If there is none or more than one such index Z, set 2(1) = 1. Otherwise, Z is the estimate Z(1) of
node 1. Finally node 1 tries to find an index ¢ such that

(252(7(1),8(1), 1), y2) € T*(P (2)Y<2))- (A242)

X

Otherwise, # is the estimate £(1) of

1.
5(1),4(1),0(1),4(1), 2(1)).

If there is none or more than one such index £, set £(1) =
node 1. The message w3; (1) is found by reindexing (7(1),

Node 3 (Output) In the first phase y3* is observed. In the fourth phase y3* is observed. In the
sixth phase y5° is observed. After the fourth phase node 3 tries to find a pair (&, d) such that

(xg4 @,d,r, o),y;}4) € T (P o). (A243)

If there is none or more than one such pair (, d), set (i

(b,

P ),d(3)). Otherwise, (@, d) is the estimate
(a(3),d(3)) of node 3. Now node 3 tries to find a pair (b, &

(3
b, €) such that

( (b €),y ) el <PX§6)Y3(6))' (A244)
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If there is none or more than one such pair (b, é), set (b(3),¢(3)) = (1,1). Otherwise, (b, é) is the
estimate (b(3), é(3)) of node 3. Then node 3 tries to find an index f such that

(1(5(3), €3), ), 230 (B(3),6(3)), 45 ) € T2 (Pyoro1y10): (A245)

If there is none or more than one such index f, set f(3) = 1. Otherwise, f is the estimate f(3) of
node 3. Finally node 3 tries to find an index ¢ such that

({L‘?l (d(g), 8(3), 6)’ yg)’”) & Tenl (PXF)Y?,(I) ) (A246)

If there is none or more than one such index ¢, set ¢(3) = 1. Otherwise, ¢ is the estimate ¢(3) of
node 3. The message y3(3) is found by reindexing (a(3), b(3), &(3), d(3), é(3), £(3)).

Rates An error analysis along the lines of A2.1 reveals that for large n, ¢ > 0 but small, reliable
communication requires
R1+R2+R3 <T1 (Xl(l ,Y(l )
Ry + Ry + Ry < nI(X{7;,?)
1(x{; v X5
Rl(] + R11 < T3 (X§3 ,Y(3 ‘X(3))
Ry + Rs + Rig + Ry < I(XP X v (A247)

Ry + Rs < 131

at node 2,

R7 —+ Rl(] < 7'4[<X )

Rg —+ R11 < Ts (X )

R12 < Ts (X ‘X(Ej))
I(X;

Ry <7 ) (A248)

at node 1 and

R1+R4<T4[(X2(4, )
R2+R5 <7'6[(X2(6 , )
Rg < ms1(X\, Y. 6’\)((6 )

(1)

(X3

Ry < mI(X;;Y. ) (A249)

at node 3. Consequently,

Ris < nI(X VD) + 7 I(XP V) X)) 4 7 1(X19; viO | x50y

Ris < i I(X YD) 4 7l (X Vi)Y + 7 1(XS9; Y(G)) + 7 (X Y9 x ()

Ry < (X V) + mI(XP V) X)) 4+ 1 (X v | x5y

Ry < (XYY + ml (XS v + (X V) + (X v | X)) (A250)
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subject to

Frg + Ry < I (X1595 ) 4 I (X7 957) 4+ ml (XY 07+
+ L (X7 VX)) + I (X 701 X50). (A251)

This establishes the proposition. l
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A7. Algorithms

Algorithm 1 HD-OWRC, Time Allocation for Rate Maximization

Approximate communication scenario by one of the propositions or the upper bound
Specify all channels by conditional distributions P, (or densities p.)
Specify all relevant fix input distributions Py, (py) withk =1,... K

R:=0
forall £ =1to K do
Calculate all mutual informations I(P., Py)
specify A, b, c (see 2.2)
Solve: max ez s.t. Ax < b,0 < x, const(x) — x,
Ro,k = CT.’Bk
if R, > R then

R:=R,
= xy
P*=P,
end if
end for

R} — achievable rate
P* — optimal input distribution
x* — optimal time allocation 7*
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Algorithm 2 HD-OWRC, Time Allocation for Transmission Cost Minimization with Rate Request

Approximate communication scenario by one of the propositions or the upper bound
Specify all channels by conditional distributions P, (or densities p.)

Specify all relevant fix input distributions Py, (py) withk =1,... K

Associate costs ¢, (7 = 1, P., P;;) with each phase [ of unit time

Rate request: R
TC* =00
flag=false
forall . =1to K do
Calculate all mutual informations [ (P, Py)
specify A, b, c (see 2.2)
Solve: min ¢’z s.t. Ax < b,0 < x, const(xz) — x;,
if LP has solution then
flag=true
TCk = CT.’Bk
if T'C), < TC* then
TC*=TC
= x;
P =P
end if
end if
end for

if flag then
TC* — transmission cost
P* — optimal input distribution
x* — optimal time allocation 7*
else
R is not achievable
end if
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Algorithm 3 HD-TWRC, Time Allocation for Weighted Sum-Rate Maximization

Approximate communication scenario by one of the propositions or scheme upper bounds
Specify all channels by conditional distributions P, (or densities p.)
Specify all relevant fix input distributions Py, (py) withk =1,... K

Choose a weight: «
R:=0
forall . =1to K do
Calculate all mutual informations I(P., Py)
Specify A, b, c(«) (see 3.3)
Solve: maxc’x s.t. Az < b,0 < x, const(x) —
Ro,k = CT.’Bk
if R, > R, then

R =R,
= x
P =P,
end if
end for

R} — achievable weighted sum-rate
P* — optimal input distributions
x* — Ry;, R3, and optimal time allocation 7*
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Algorithm 4 HD-TWRC, Time Allocation for Sum-Rate/MaxMin-Rate Maximization

Approximate communication scenario by one of the propositions or scheme upper bounds
Specify all channels by conditional distributions P, (or densities p.)
Specity all relevant input distributions Py, (pg) withk =1,... K

R:=0
forall k. =1to K do
Calculate all mutual informations I(P., Py)
Specify A, b, c (see 3.3)
Solve: maxc’x s.t. Az < b,0 < x, const(x) — xy,
Ror = c'zy,
if R, > R then

R =R,
= x;
P =P,
end if
end for

R} — achievable sum-rate/maxmin-rate
P* — optimal input distributions
x* — Rates Ry3, R31 / Ryvp and time allocation solution 7*
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Algorithm 5§ HD-TWRC, Time Allocation for Transmission Cost Minimization with Rate Request

Approximate communication scenario by one of the propositions or scheme upper bounds
Specify all channels by conditional distributions P, (or densities p.)

Specify all relevant fix input distributions Py, (py) withk =1,... K

Associate costs ¢, (7 = 1, P., P;;) with each phase [ of unit time duration

Rate request: R = [R5 Rs]7
TC* = o0
flag=false
forall . =1to K do
Calculate all mutual informations I(P., P;) from proposition or upper bound
Specify A, b, c (see 3.3)
Solve: min ¢’z s.t. Ax < b,0 < x, const(xz) — x,
if LP has solution then
flag=true
TCk = CT.’Bk
if T'C), < TC* then
TC*=TC
= xy
P =P
end if
end if
end for

if flag then
TC* — transmission cost
P* — optimal input distribution
x* — optimal time allocation 7*
else
R is not achievable
end if
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