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Abstract

We investigate nonlinear stochastic Volterra equations in space and time that are driven
by Lévy bases. Under a Lipschitz condition on the nonlinear term, we give existence and
uniqueness criteria in weighted function spaces that depend on integrability properties of the
kernel and the characteristics of the Lévy basis. Particular attention is devoted to equations
with stationary solutions, or more generally, to equations with infinite memory, that is, where
the time domain of integration starts at minus infinity. Here, in contrast to the case where
time is positive, the usual integrability conditions on the kernel are no longer sufficient for
the existence and uniqueness of solutions, but we have to impose additional size conditions
on the kernel and the Lévy characteristics. Furthermore, once the existence of a solution is
guaranteed, we analyse its asymptotic stability, that is, whether its moments remain bounded
when time goes to infinity. Stability is proved whenever kernel and characteristics are small
enough, or the nonlinearity of the equation exhibits a fractional growth of order strictly
smaller than one. The results are applied to the stochastic heat equation for illustration.
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1 Introduction

In this paper we investigate stochastic tempo—spatial Volterra equations of the following form:

Y(t,x) =Yy(t, z) +/I/Rd G(t,x;s,y)o(Y(s,y)) A(ds,dy), (t,x) €T x R, (1.1)

Here, Y} is a given stochastic process, I is a real time interval, G a deterministic kernel function
and o a deterministic function. Apart from Yp, the stochasticity of (1.1) comes from its integrator
A, which is an infinitely divisible independently scattered random measure, or a Lévy basis for
short.

While the theory of deterministic Volterra equations is very well studied by now (see, for
example, the monograph [17]), the literature on Volterra equations with stochastic integrators
is considerably smaller. If no space is involved, [26] proves existence and uniqueness for general
semimartingale integrators under differentiability assumptions on the kernel G. In the special
case of Lévy-driven stochastic delay equations, the asymptotic behaviour of solutions and the
existence of stationary solutions are discussed in [28]. As soon as the kernel becomes explosive,
existence and uniqueness results have been found for Brownian integrators, see [12, 13, 32]. In the
tempo—spatial case, singular kernels are typically encountered in the theory of stochastic PDEs,
with two main approaches having become established in this context: on the one hand, there is
the functional analytic approach that treats infinite-dimensional stochastic evolution equations
as ordinary SDEs with irregular coefficients driven by Hilbert or Banach space-valued Lévy
processes; see, for instance, [24] for an excellent account on this subject; or see the recent paper
[19] for the treatment of Volterra-type equations within this framework. On the other hand, there
is the random field approach that directly considers (1.1) as a scalar-valued equation driven by
a multi-parameter Lévy noise. In the Gaussian case, the two approaches have been compared in
[15], in the general Lévy case, this problem seems to be open.

Since our treatment of (1.1) will be within the random field approach, we review the existing
literature in this field in more detail: based on the seminal work [31], which uses equations of
type (1.1) in order to solve certain stochastic PDEs driven by Gaussian white noise, several
attempts have been made to generalize Walsh’s method to other noise types. One possibility is,
for instance, to consider Gaussian noise that is white in time but coloured in space, which is
proposed in [14]. Leaving the Gaussian world, [2, 3] study the stochastic heat equation driven by
Lévy white noise. However, since both references still employ the L2-theory of Walsh, they are
confronted with the uncomfortable fact that the stochastic heat equation will have no solutions
in dimensions greater than 1, cf. [31, pp. 328ff.]. This is due to the bad integrability properties
of the heat kernel that plays the role of G in (1.1): it is square-integrable only for d = 1.

Therefore, the passage from the L2- to an LP-framework, p € (0,2], is inevitable. The first
paper that discusses Lévy-driven stochastic PDEs in an LP-framework with p € [1,2] is, to our
best knowledge, [29]. Under the usual Lipschitz condition on o, existence and uniqueness for
(1.1) are proved when G is the heat kernel and A a homogeneous Lévy basis that is either a
martingale measure or of locally finite variation. In [21, 22] a specific equation that goes beyond
the results of [29] is studied: they take the non-Lipschitz coefficient o(z) = 2” with 8 # 1 and
an a-stable spectrally positive Lévy basis for A, where a € (0,1) and « € (1,2), respectively.
Finally, [5] treats the Lipschitz case with a-stable A where o # 1. In all articles mentioned so
far, the time horizon is I = R..

Let us also point out that processes of the form (1.1) are closely related to a class of random
fields that are called ambit processes and have found applications in physics, finance, biology
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among other disciplines; see [6, 7, 8, 25] for more details. This class of processes takes the form

Vitw)=p+ [ Gltassy)o(s,y) Mds,dy),  (ha) €R xR, (1.2)
A(t,z)

where A(t,z), the so-called ambit sets, are certain subsets of R x R?, 11 € R is a constant and o
is some given random field. As we can see, the major difference to (1.1) is that the random field
o in (1.2) is given by a function of Y in (1.1). Once a solution to (1.1) is found, it is a special
type of ambit processes. For the connection between ambit processes and stochastic PDEs, we
refer to [7].

The paper is organized as follows: after we have provided all necessary background informa-
tion in Section 2, we start to discuss (1.1) in Section 3 for I = R, . In Theorem 3.1 we establish
existence and uniqueness conditions for (1.1) in LP-spaces for p € (0,2] under Lipschitz con-
ditions on o. They generalize the results mentioned in the literature review to kernels G that
need not be of convolution type or related to stochastic PDEs, as well as to Lévy bases that are
combinations of martingale and finite variation parts, and whose characteristics are potentially
inhomogeneous in space and time. The most stringent condition in Theorem 3.1 is that, loosely
speaking, A must have a moment structure that is at least as nice as its variation structure. This,
for instance, a priori excludes any stable Lévy basis. An extension to such cases is provided in
Theorem 3.5 if A only has finitely many large jumps on finite time intervals. Using localization
methods as in [5], we are able to reduce the situation to the framework of Theorem 3.1 and
prove existence and uniqueness of solutions this way. Beyond that, if ¢ has sublinear growth, we
prove that they have finite LP-moments for some p € (0, 2].

In Section 4, we extend the results from Section 3 to the case of infinite memory, which, to
our knowledge, has not been considered before in the literature. More precisely, we investigate
existence and uniqueness for (1.1) when I = R (Theorem 4.4), which turns out to be much more
involved than the case I = [0, 00). First, the method of Theorem 3.5 will no longer work, that is,
A is required to have a good moment structure. Second, and more importantly, an explicit size
condition on GG, o and A comes into play, which is already a characteristic feature of deterministic
Volterra equations, see Example 4.1. Therefore, detailed LP-estimates for the stochastic integral
in (1.1) are required. Furthermore, under certain conditions on Y, one can improve the results
by using weighted LP-spaces. If G is a kernel of convolution form and A is homogeneous in space
and time, the stationarity of the solution is discussed in Theorem 4.8. Section 4 is round off with
some results concerning the LP-continuity of the solution Y and its continuous dependence on
Yp; see Theorem 4.7.

In Section 5 we assume that we have already found a solution to (1.1) that is LP-bounded
up to time T for every T' € R;. We want to address the question when the solution remains LP-
bounded as T' — oco. An affirmative answer is given under two types of conditions (Theorem 5.2):
first, if G, 0 and A are small enough, a feature that we have already encountered in Theorem 4.4
and that is also similar to the conditions in [28] in the context of stationary solutions to stochastic
delay equations; and second, if the function o is of sublinear growth. Both conditions are intrinsic
for Volterra-type equations as a deterministic example shows, see Example 5.1.

In Sections 3 to 5, we illustrate all our results by means of the stochastic heat equation, see
Examples 3.4, 3.8, 4.9 and 5.3.

Finally, Section 6 contains several lemmata needed for the proof of the main theorems, which
is carried out in Section 7.
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2 Preliminaries

We begin with a table of frequently used notations and abbreviations:

z+ A

diam(A)

(z,9]
P

the set [0, 00) of positive real numbers, while strict positivity excludes 0;

the extended real line R U {#o00};

the set {1,2,...} of natural numbers;

either I = R4 or I = R;

I'N(—o00,T] for some T' € RU {oo0};

pV 1 for p € [0,00);

‘Z‘T]l“zbl} + ‘Z’S]lﬂz‘gl} for r, s,z € R;

a stochastic basis (Q, F,F = (F;)er,P) satisfying the usual hypotheses of
right-continuity and completeness that is large enough to support all random
elements of this paper;

Q:=Qx I xR? for some d € NU {0} with the convention R? := {1};
depending on the context, either the tempo—spatial predictable o-field P ®
B(R?) where P is the usual predictable o-field and B(RY) is the Borel o-field
on R%, or the class of predictable (i.e. ﬁ—measurable) mappings Q- R;

the collection of all sets A € P such that there exists k € N with A C
Qx (IN[~k, k) x [k, Kk]%

the collection of all bounded Borel sets in I x R?:

{(w,t) € AxI: R(w) <t < S(w)} for two F-stopping times R, .S, analogously
for the other stochastic intervals;

the total variation measure of a signed Borel measure y;

{r+a:a€ A} for x € R and A C RY;

RY\ A for A C R%

sup{|z — y|: z,y € A} for A C R%

{zeR¥: 2; <z <y foralli=1,...,d} for z,y € R%

the usual spaces LP(Q, F,P) for p € [0,00) endowed with the topologies in-
duced by || X||z» := E[|X|P]'/?" for p € (0,00) and ||X|[z0 := E[|X]| A 1] for
p=20;

In model (1.1), A will always be a Lévy basis on I x R?, that is, a mapping A: P, — L° with
the following properties:

(1) AD) =0 as.

(2) For every sequence (A;);en of pairwise disjoint sets in Py, with (J22, A; € Py, we have

A (fj Ai> = iA(Ai) in L°.
i=1 =1

(3) For all A € P, with A € Q x I; x R? for some t € I, the random variable A(A) is F;-

measurable.

(4) For all A€ Py, t €I and Qy € F;, we have

A(AN (Qo x (t,00) x RY)) =1, A(AN (2 x (t,00) x RY)) aus.
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(5) If (B;)sen is a sequence of pairwise disjoint sets in By, then (A(2 X B;))ien is a sequence of
independent random variables. Furthermore, if B € By, satisfies B C (t, 00) X R? for some
t € I, then A(Q2 x B) is independent of F;.

(6) For all B € By, A(2 x B) has an infinitely divisible distribution.
(7) For all t € I and k € N we have A(Q x {t} x [k, k]?) = 0 a.s.

Lévy bases are originally called infinitely divisible independently scattered random measures
n [27]; the short terminology has been introduced in [6]. Conditions (3) and (4) are added
to ensure that Lévy bases are “adapted” to the underlying stochastic bases, see e.g. [11]. Just
as Lévy processes are semimartingales in the purely temporal case, Lévy bases are random
measures, that is, stochastic integrators in space—time. In other words, it is possible to develop
an Ito stochastic integration theory for Lévy bases. Let us briefly recall this; all details can be
found in [9, Chap. 3] and [10]. Starting with simple integrands H € S, that is, H = Y;_; a;1 4,
with r € N, real numbers a; and sets A; € 75b, we define the stochastic integral in the canonical

way:
//Rd (t,x) A(dt,dx) Zaz

Given a general predictable function H € P, we introduce the Daniell mean

[ H||a = S(t,z) A(dt,dz)

Rd

)

Ses, |S\<\H| Lo

and define the class of integrable functions LY(A) as the closure of S under the Daniell mean
| - [|o- This is to say that H € P is integrable w.r.t. A if and only if there exists a sequence
(Sn)nen of elements in S such that ||[H — Sy[[x — 0 as n — oc. Then the stochastic integral

/ H(t,2) A(dt, dz) = lim S (t, ) A(dt, dz)

I JRA n—o0 I JRA

as a limit in probability exists and does not depend on the chosen sequence (S;,),en. Moreover,
defining

H-At::// H(s,y)A(ds,dy), tel,
I, JRa

the process H-A = (H-Ay)er has a modification that is a semimartingale on /. In the case I = R,
we mean by this that X_ ., := lim;_, X; exists as a limit in probability, and for all bijective
increasing functions ¢: Ry — [—00, 00) the process X? : = (Xg())ter, is a usual semimartingale
with respect to (]:¢(t))t6R .. For later reference, we Shall mention that its quadratic variation
process is defined by [X]; := [X ¢’]¢71(t) for t € R. Finally, given a function H € P, one can
define a new random measure H.A by setting

K e L°(H.A) = KH € L°(A),

/ K(t,2) (H.A)(dt, dz) = / K(t, 2)H(t, z) A(dt, dz). (2.1)
Rd I JR4

This indeed defines a random measure H.A if there exists a sequence (Ag)ren C P with A 1+ Q
such that 14, € LO(H.A) for all k € N.
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Every Lévy basis A has a canonical decomposition of the following form, see e.g. [11,
Thm. 3.2):

A(dt,dz) = B(dt,dz) + A°(d¢t, dz) —i—/ 2lyz<1y (0 —v)(dt, dz, dz) +/ 21251y p(dt, dz, d2),
R - R
(2.2)
where the ingredients are as follows:

(1) B is a deterministic o-finite signed Borel measure on I x R?,

(2) A°, the continuous part of A in the usual sense ([10, Thm. 4.13]), is a Gaussian random
measure with variance measure C, which means that it is itself a Lévy basis and A°(Q x B)
has a normal distribution with mean 0 and variance C(B) for every B € By,.

(3) p is a Poisson measure on I x R? x R relative to F with intensity measure v, see [18,
Def. 11.1.20].

Moreover, we have a representation

B(dt,dx) = b(t, z) A(dt, dx), C(dt,dx) = c(t, z) A(dt, dx),
v(dt,dz,dz) = w(t,z,dz) A(dt, dx), (2.3)

with measurable functions b: I x R = R, ¢: I x R — R, a transition kernel 7 from I x R?

to R such that 7 (¢, z,-) is a Lévy measure for each (t,x), and a positive o-finite measure \ on
I x R satisfying A\({t} x RY) =0 for all t € I.
If 7 satisfies

/|>1 |z| m(t, x,dz) < oo, (2.4)

or / |z| m(t, z,dz) < oo, respectively, (2.5)
|2|<1

for all (t,x) € I x R? then it makes sense to introduce the mean measure (vesp. drift measure)
By(dt,dz) == by (t,2) Mdt, dz),  bi(tx) == b(t,x) + / Ay o, dz),  (26)
R

By(dt,dx) := bo(t, z) A(dt,dx), bo(t,z) :==b(t,x) — / 2 <ay 7(t, 7, d2). (2.7)
® <

If in the first case we have by(t,z) = 0 for all (t,z) € I x R%, then A is called a martingale
Lévy basis, which will be denoted by A € M; if in the second case we have by(t,z) = 0 for all
(t,z) € I x R?, then A is called a Lévy basis without drift. Next, A is called symmetric if for all
(t,z) € I x R? we have b(t,r) = 0 and the Lévy measure 7(t,x,) is symmetric. Furthermore,
A is called a homogeneous Lévy basis if A is the Lebesgue measure on I x R? and b, ¢ and 7 do
not depend on (t,x) € I x R In this case, a function ¢ € P is jointly stationary with A if for
arbitrary n € N, (h,n) € R x R?, points (t1,21), ..., (tn, ) € I x R? and pairwise disjoint sets
By,..., B, € By, we have

(p(ti,zi), A(Bi):i=1,...,n,ti+h € I) 4 (p(ti+h, xi4+n), A(Bi+(h,n)):i=1,...,n,ti+h € I).

Let us come back to Equation (1.1). We first clarify what we mean by a solution Y to (1.1):
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Definition 2.1 Equation (1.1) is said to have a solution if there exists a predictable process
Y € P such that for all (t,z) € I xR? the stochastic integral on the right-hand side of (1.1) is well
defined and equation (1.1) holds a.s. We identify two solutions Y and Y3 if for all (t,z) € I x R?
we have Y1 (t,z) = Ya(t, x) a.s. O

In order to construct solutions to (1.1), we introduce some spaces of stochastic processes.
Let w: I x R — R be a weight function, that is, a strictly positive measurable function. We
denote by L7”" the Banach space of all measurable functions f: I x R? — R satisfying

f(t,2)|

|fll oo := sup —“—% < o0. (2.8)
b (tx)elxrd W(t, T

Similarly, for p € (0,00), BY'" is the space of all ¢ € P with

Il gz == sup < . (2.9)

(t,x)el xR4

(E[|¢<t, x>|p]>” .

w(t, x)

If fe Ly or ¢ € B forall T € I, then we write f € Ly 70 or ¢ € By, respectively. In the
special case w = 1, we use the notations L3°, L., By and BY,,..

Before we proceed to the main results of this paper, we recall how stochastic PDEs can
be treated in the framework of (1.1). Let I C R be an interval, U an open subset of R? with
boundary QU and P a polynomial in 1+ d variables. Given some deterministic coefficient o and

some Lévy basis A, they give rise to the following formal equation:

P(8,01,...,00)Y (t,2) = o(Y (t,2))A(t,z), (t,z)elxU, (2.10)

where A = ,0; ...94A is the formal derivative of A, its noise. Usually, (2.10) is subjected to
some boundary conditions on 9(I x U). Of course, the derivative of A is not defined except
in trivial cases, so a strong solution to (2.10) will not exist. Going back to [31] is the idea of
constructing a so-called mild solution to (2.10). For this method to work, one has to assume
that the operator P possesses a Green’s function on I x U. Then a mild solution to (2.10) is
nothing but a solution in the sense of Definition 2.1 to (1.1), where G is the Green’s function
and Yj a term that only depends on the boundary conditions posed on 0(I x U).

Remark 2.2 While the notion of a solution as in Definition 2.1 is very common in the theory
of stochastic PDEs, it is different to the standard notion of solutions to (ordinary) SDEs: let
I =R, and d = 0, that is, space contains only one point, and consider G(t,1;s,1) = g(s)Ls<p
with some smooth function g. Then Equation (1.1) is equivalent to the SDE

dY (t) = gt)o(Y (t-)) A(dt), t>0, Y(0) =Y, (2.11)

where A is a semimartingale with independent increments. Ordinary SDE theory tells us that
Equation (2.11) has a cadlag solution Y that is unique up to indistinguishability. In contrast, a
solution in the sense of Definition 2.1 would be the predictable version Y'(-—), and uniqueness
is only understood up to modifications. The reason why we have chosen this slightly different
notion of a solution is that we are particularly interested in the case where G in Equation (1.1)
has singularities. In such cases, Equation (1.1) permits no cadlag solutions. O
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3 Existence and uniqueness results on [ = R,

The goal of this section is to provide sufficient conditions under which there exists a (unique) so-
lution to (1.1) on the interval I = R.. It is clear that everything in this section holds analogously
if we replace I = [0,00) by I = [a,00) with some a € R. As mentioned in the Introduction, the
forthcoming theorem generalizes the results of [29] to potentially inhomogeneous Lévy bases and
kernels different from the heat kernel. It holds under the following list of assumptions:

Assumption A Let p € (0,2] and the predictable characteristics of A be given by (2.3). We
impose the following conditions:

1 Y[)EB

( ) [0,00),lo0c”

(2) There exists Cy1 € Ry such that |o(z) — o(y)| < Coalz — y| for all z,y € R.

(3) G: (Ry x R)2 — R is a measurable function such that G(t,;s,-) = 0 whenever s > ¢.
(4)

4) If p < 2, then A has no Gaussian part: c(t,z) = 0 for (t,x) € Ry x R If p = 2, then we
assume for all T'€ R

sup / /Rd (t,z;5,9)2c(s, y) A(ds, dy) < (3.1)

(t,2)€[0,T]xRd JO

(5) Forall T € Ry

sup / /Rd/ |G(t,z;8,y)z|P v(ds,dy,dz) < (3.2)

(t,@)€[0,T] x R4

(6) Recall the definition of b; and by from (2.6) and (2.7). If p > 1, assume that v satisfies (2.4)
and that for all 7' € R

/ / G(t, z; 5,9)b1 (s, )| Mds, dy) < (3.3)
(¢, x)G[O T] xRd R4

if p < 1, assume that v satisfies (2.5) and that by(¢,z) = 0 for all (¢t,2) € Ry x R%.

(7) Define for (¢,z), (s,y) € Ry x R?

GA(t,z:5,y) = |G(t,z: 5,9 ( [ 1P a(s,pdz) + c<s,y>) (G (25, 9)b1 (5, 9) [ Loy

and assume that for every 7' € Ry and € > 0 there exists k € N together with a subdivision
T:0=ty <ty <...<tpy1 =T such that

tit1
sup sup / . GA(t,x;s,y) A(ds,dy) < e. (3.4)
(t,2)€[0,T]xR4 i=0,....k Jt; R4

|

Theorem 3.1. Let Assumption A be wvalid. Then Equation (1.1) has a unique solution in

Bi) 00) 1oc
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The conditions of Assumption A simplify a lot if G and A are quasi-stationary, that is,

Gt xss,y)| < g(t—s,x—y), Adt,dz) =d(t,z), b,c€ Ly, 7(t,z,dz) < mo(dz),

(3.5)

Joco

where g: Ry x R* — R is a positive measurable function.

Corollary 3.2. Suppose that (3.5) holds and that Assumption A(1), (2) and (3) are given.
Furthermore, assume that we have for some p € (0, 2]

bo=0ifp<l, c=0ifp<2, / |z|P mo(dz) < o0, (3.6)
R

and for all T € Ry

T T
/0 /Rd g’ (t,z)d(t,z) < oo, and /0 /Rd g(t,x)d(t,z) <ocoifp>1and A ¢ M. (3.7)

Then all conditions of Assumption A are satisfied and Theorem 3.1 holds.

Remark 3.3 (1) Assumption A and Theorem 3.1 are special cases of Assumption C and
Theorem 4.4, respectively, which we will discuss in Section 4. In fact, Theorem 3.1 follows
if we take I = [0,00) and w =1 in Theorem 4.4.

(2) Conditions (4), (5) and (6) in Assumption A are conditions on the joint size of G and
the three characteristics of A, respectively. Although they are valid for many interesting
examples, especially condition (5) might be too restrictive: it is violated as soon as the
moment structure of A is worse than its variation structure, which, for instance, occurs if A
is an a-stable Lévy basis with o € (0,2); see also the last condition in (3.6). Theorem 3.5
below provides, under some additional hypotheses, an extension of Theorem 3.1 that includes
such cases.

(3) The following observation follows from Corollary 3.2: in the quasi-stationary case (3.5),
condition (7) in Assumption A is already implied by conditions (4), (5) and (6). In other
words, condition (7) is a smallness assumption on the non-stationary part of G and the
characteristics of A.

(4) As we shall see in the more general Theorem 4.4 in Section 4, it actually suffices that the
left-hand side of (3.4) can be made smaller than some fixed constant that does not depend
on 7. Due to the previous remark, however, this fact is not that important in the case
I =[0,00) (in the case I =R, it is!).

O

Next, we apply Theorem 3.1 and its corollary to the stochastic heat equation. In fact, this
equation will serve as our toy example and will be carried through the whole paper and revisited
after each main theorem: see the Examples 3.8, 4.9 and 5.3.

Example 3.4 We consider the stochastic heat equation on R, x RY, that is, (2.10) with P
given by P(t,z) =t—3%, 7?+a, a € R, and some Lipschitz coefficient o. The Green’s function
is the heat kernel

lz—y|?
exp ( —q—s —a(t—s)
Galt,wi5,y) = gult = 5, — y) = ((4f(t e )n{m}. (38)
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We pose an initial condition at time ¢ = 0, that is, we require Y (0, z) = yo(z), where yo: R — R
is some bounded continuous and, for simplicity, deterministic function. Then the correct term
for Yp in (1.1) is

Yo(t, o) = /R (T —yuo() dy, (t.) € Ry xR (3.9)

The stochastic heat equation on I = R, then reads as

Y(t,x) =Yo(t,z) + /Ot /Rd galt — s,z —y)o(Y(s,y)) Alds,dy), (t,z) e Ry x RL  (3.10)

Let us determine sufficient conditions for existence and uniqueness of solutions to (3.10):
assuming that the characteristics of A satisfy (3.5), we have to check the conditions of Corol-
lary 3.2: (1) and (2) of Assumption A are clear. Since

T
/ /dgg(s,y)d(s,y) <ooforal TeRy <— p<1+2/d, (3.11)
o Jr

we obtain existence and uniqueness for the stochastic heat equation (3.10) on I = R, if (3.6)
holds with some 0 < p < 14 2/d. In particular, this excludes the choice p = 2 and therefore the
possibility of taking a non-zero Gaussian part whenever d > 2. |

As pointed out in Remark 3.3(2), Theorem 3.1 excludes any Lévy basis that has the property
that for every p € (0, 2]

A <{(t,x) ER, x RY: /R|z|p7r(t,x,dz) - oo}) 0. (3.12)

We now discuss a possibility to circumvent this.

Assumption B Consider the following hypotheses:
(1) Assumption A(2) and (3) are valid.

(2) There exists some ¢ € (0, 2] such that for all n € N conditions (4)—(7) of Assumption A are
valid when p is replaced by ¢ and v is replaced by

v"(dt,dr,dz) := 1y;<py v(dt, dz, d2).
Of course, b1 is changed accordingly.
(3) For all T € Ry we have v([0,T] x R? x [~1,1]¢) < oo.

(4) Yy € P and there are stopping times (T}, )pen with T, 1 0o a.s. and Yoljor, € BEJQ for

00),loc
all n € N.
(5) There exist v € (0,1) and Cy2 € Ry such that |o(x)| < |0(0)] + Cy2|z|” for all z € R.

(6) There exists p € (0,2) satisfying p < ¢ and ¢y < p such that Yj € Bﬁh

00),loc”

(7) Forall T € Ry

sup //d/|thvsyz\p (ds,dy,dz) < oo.
R

(t,z)€[0,T]|xRd
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(8) If p> 1, (3.3) holds.
(9) If p < 1, there exist exponents a € (—o0,2], 8 € [0,00) with the following properties:

(9a) For all (t,z) € Ry x R4, A € [1,00) and a € (0, 1] we have

‘b(t,x)—/ 2Ly ze@y Tt @, dz)| < Fy(t,z)a' ™, (3.13)
R

< Fi(t,z)AP (3.14)

‘b(t,x)—I—/Rzll{ﬂe(l,A]}ﬂ(t,x,dz)

for some positive measurable functions Fy, Fi: Ry x R? — R.

(9b) For all T' € R4 we have

t
sup [ [ (Fo(s.) v Fi(s,0)[Glt s g Mds dy) <00 (3.15)
(t,z)€[0,T]xRe /O JRI

(9¢) (aV B)y <p.

(10) The partition property (3.4) holds with G? instead of G, where for (t,2), (s,y) € Ry x R?

G (t.a35.9) 1= |Gt s s.)Pe(s9) + [ [Gltais,p)l (s, d2)

{|G(t,$;$,y)b1(5,y) pZ 17

: , (3.16)
(FO(Say) \/Fl(svy)”G(ta‘T;Say”ga p< 1

|

Theorem 3.5. (1) Suppose that conditions (1)-(4) of Assumption B are true. Then there exists
a unique solution to Equation (1.1) among those Y € P for which there exist stopping times
(Th)nen with Ty, 1 0o a.s. such that Y1 1,) € Bﬁ) 00) for alln € N.

Joc

(2) If in addition also conditions (5)-(10) of Assumption B are valid, then the solution'Y from
part (1) belongs to Bﬁ]’oo),loc.
Remark 3.6 (1) Part (1) of this theorem relies on some stopping time techniques that have
already been used in [5] to construct solutions to (1.1) driven by a-stable noise with o # 1.
Theorem 3.5 extends this result to more general Lévy bases and, more importantly, provides

in part (2) conditions under which this solution belongs to the space Bﬁ)m)’loc.

(2) The smaller the growth index 7 of ¢ is, the smaller can p be chosen and therefore, the weaker
the conditions (6)—(9) of Assumption B are. For a-stable Lévy bases with o € (0,2), any
v € (0,1) and p < ¢ will suffice.

(3) If p < 1, condition (9) of Assumption B looks quite technical but is actually only a very
mild assumption. In the next Corollary 3.7 where we treat the quasi-stationary case, it is
already implied by condition (6) below.

(4) Remark 3.3(3) holds analogously: see the next corollary.

(5) For the second condition of Assumption B, if p > 1, one has to check Assumption A(6) for
different replacements of by as n varies, which are usually non-zero even when A € M.
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(6) The most stringent condition in Assumption B is (3): it requires the intensity of large jumps
of A to decay quickly enough in space. For example, it is typically not enough to have
7(t,z,dz) = mp(dz). See Corollary 3.7 and Example 3.8 for more details.

O
Again we reformulate Assumption B in the quasi-stationary case:
Corollary 3.7. Assume that G and A satisfy (3.5), but with the stronger condition
T
m(t, z,dz) < mi(t,x) mo(dz), 1 € L o) 100 / /d mi(t,x)d(t, z) < oo (3.17)
b b O R

for allT € Ry. Then part (1) of Theorem 3.5 holds if:
(1) Assumption B(1) and (4) are valid.

(2) For some q € (0,2] conditions (3.6) and (3.7) hold with p replaced by q and my replaced by
]l{‘z|§1} TF[)(dZ).

(3) If ¢ > 1, either f(;[ Jrag(t,z)d(t,z) < oo for all T € Ry, or A is symmetric.
Part (2) of the same theorem holds if additionally:
(4) o satisfies the growth condition of Assumption B(5) with v € (0, 1).

(5) There exists p € (0,2) with p < q and ¢y < p such that Yy € BY

[0,00),loc”

T
(6) / |27 mo(dz) < oo and/ /d lg(t, 2)[2d(t,2) < 0o for all T € Ry
R 0 R

For illustration purposes we go through the conditions of Theorem 3.5 and Corollary 3.7 for
the stochastic heat equation.

Example 3.8 (Continuation of Example 3.4) Our aim is to extend the findings of Ex-
ample 3.4 when A has bad moment properties in the sense of (3.12). For simplicity we assume
that the characteristics of A are within the setting of Corollary 3.7, that is, they satisfy (3.5)
and (3.17). As before, o is a Lipschitz continuous function and the equation of interest is (3.10)
with Yy given by (3.9). In view of (3.11), it is immediate to see that Corollary 3.7 yields the
following conditions for part (1) of Theorem 3.5 to hold:

/ |2|97p(dz) < oo for some 0 < g<1+4+2/d, ¢=0ifd>2, by=0ifg<1. (3.18)
[7171]

Furthermore, if o has growth of order v € (0, 1) and

/ |z|P mo(dz) < oo for some p < 1+ 2/d with p < ¢ and ¢y < p, (3.19)
|z|>1
then the solution Y belongs to B[% 50 loc” Indeed, this claim follows from Corollary 3.7 and the

fact that for all p,q € (0,00) we have

/T/d ga(t, )3 d(t, ) < o0 (3.20)
0 JR
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for all T' € R, if and only if ¢ € (0,1 + 2/d) (p does not matter). From (3.19) we also see the
following: the smaller the growth order v of o is, the fewer moments 7y is required to have.

At last, we give some further explanation for the integrability condition on 71 given in (3.17).
We assume that 7(t, z,dz) = w1 (¢, 2)m(dz) with a Lévy measure 7y of unbounded support. Then
it is obvious to see that we cannot take m = 1, that is, a homogeneous noise A, but have to
choose 71 with sufficient decay in space. For instance, if there exists some exponent r € R such
that for all T € Ry we have 7 (t,z) < Cpl|z|™" for all (t,z) € [0,7] x R? and some constant
Cr € Ry, then we need for (3.17) that r > d, a condition that is stronger in higher dimensions.
Finally, (3.17) is always met if m; is bounded and vanishes outside a compact in R? which
corresponds to a noise that only acts locally. In particular, this assumption is very natural if we
consider the stochastic heat equation on bounded domains as, for instance, in [3, 5, 31]. O

Remark 3.9 Theorem 3.1 and 3.5 can actually be extended to even more general random
measures than Lévy bases. Let us consider a random measure M on R, x R that is defined by

M(dt,dx) = b(t,z) d(t,z) + p(t,x) W(dt,dz) + /Eé(t, x,z) (p — q)(dt,dz,dz)

+/ 3(t, 2, 2) p(dt, dz, dz), (3.21)
E

where (E, &) is an arbitrary Polish space equipped with its Borel o-field, b, p € P,o=0+0=
0Lyi5<1y +01y 551y is an P ® E-measurable function, W is a Gaussian random measure with the
Lebesgue measure on I x R? as variance measure, p is a homogeneous Poisson random measure
on I x R? x E relative to the filtration F with intensity measure q(dt,dz,dz) = dtdz A\(dz2)
where \ is a o-finite infinite atomless measure on (F,E&). Moreover, all ingredients are such
that M(Q x (I N (—k,k]) x (—k,k]?) is well defined for all k& € N. Such a measure M can be
viewed as the space-time analogue of It0 semimartingales. We impose the following conditions
on the coefficients (these are classical in the semimartingale setting, cf. [1, Chap. 6]): there exist
positive constants (Sx)nen, a sequence of stopping times (7n) yen increasing to infinity a.s., and
deterministic positive measurable functions jx(z) such that for all (w,t,z) € P with ¢t < 7y (w)
we have

(1) lb(w,t, z)], |e(w, t,2)| < BN,

(2) [6(w,t,z,2)|P < jn(2) and [ in(z) A(dz) < oc.

Then with obvious changes to Assumptions A and B, respectively, Theorems 3.1 and 3.5 also
apply to Equation (1.1) when driven by the random measure M as given in (3.21). O

4 Existence and uniqueness results on I = R

While Section 3 deals with Equation (1.1) on I = [0, 00), this section investigates the case I = R.
In particular, we obtain conditions for Equation (1.1) to possess a stationary solution. In order
to demonstrate the difference between the two cases I = [0,00) and I = R, we analyse the
following deterministic example.

Example 4.1 Let A € R and consider the following equation:

t
v(t) =1 +/ e_)‘(t_s)v(s) ds, tekR. (4.1)
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By standard computation one can show the following: if A < 0, Equation (4.1) has no solution;
if A > 0 and X\ # 1, then the solutions to (4.1) are

'U(t) = Ce(li)\)t + ﬁ’

if A =1, the solutions are

v(t)=t+c, ceR.

We draw some important conclusions, also regarding possibilities and limitations for Equa-
tion (1.1) with I = R:

(1)

(2)

The reason why (4.1) possesses no solution for A < 0 is simply the non-integrability of the
kernel:
t 00
/ e A=) 4g = / e M ds = oo. (4.2)
—00 0

If Equation (4.1) has a solution, it has uncountably many. If A € (1, 00), only one solution
is in Lp’),., namely if ¢ = 0. The reason for this is that the integral of the kernel given
in (4.2) is smaller than 1. In this case the uniqueness of solutions in Lg’,. follows from
Lemma 6.4(2). Thus, in the stochastic case of (1.1), we can expect existence and uniqueness
of solutions in BIIR){,loc only if the quantities (3.1), (3.2) and (3.3) are small enough (not only
finite) in a sense to be made precise.

In contrast to the case A € (1,00), we have for A € (0,1) that all solutions belong to Lg’,.
and for A = 1 that no solution belongs to Lﬂ‘ifloc. Furthermore, in these cases, all solutions
start with strictly negative values at —oo. This is somewhat surprising given the fact that
all ingredients of (4.1) (the exponential kernel, the constant driving force and the Lebesgue
measure as integrator) are positive. This phenomenon is typical when the integral of the
kernel in (4.2) becomes greater or equal to one: the kernel is too large to allow for a positive
solution. Finally, none of the solutions can be found via a Picard iteration scheme (since the
Picard iterates are always positive when the input factors are). Thus, if the kernel in (1.1)
is too large in a certain sense, we will not be able to construct a solution in general.

Under certain circumstances, however, one can make the kernel size smaller (which then im-
plies the existence and uniqueness of solutions) by considering Volterra equations in weighted
spaces. For instance, consider the following modification of Equation (4.1):

t
v(t) = e —I—/ e M=y(s)ds, teR, (4.3)

with a, A € R satisfying A > 0 and  + A > 1. The family of solutions in this case is

o+ A

meat + Ce(l_k)t, t e R, c E R (44)

v(t) =

First note that positive solutions do exist, namely, when ¢ > 0. Furthermore, with w(t) :=

e, we have

t t
/ wil(t)ef)‘(tfs)w(s) ds :/ ef(a+>\)(tfs) ds — (a + )\),1 <1

— 00 —00

That is, by Lemma 6.4(2), there exists a unique solution to (4.3) in Lg;.., which corresponds

to the case ¢ = 0 in (4.4). Roughly speaking, this device was possible because the force
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function e® is small enough at —oo (the constant function in (4.1) was obviously not small

enough). This motivates us to work in the weighted spaces BY\ . for Equation (1.1) on
I =R.

|

We are about to formulate a set of conditions that generalizes those of Assumption A and
leads to the existence and uniqueness of solutions for Equation (1.1) on arbitrary intervals, in
particular on I = R. In order to do so, we need the following definition.

Definition 4.2 Let p € (0, 00).
(1) For p € (0,1) we set CI];D’DG = 1.

(2) For p € [1,00) we denote by C’I]?DG the smallest positive number such that for all local
martingales (M;)ier, w.r.t. F we have

Sup [| Ml e < Gy PO NMIL - (4.5)

|

Remark 4.3 We make some comments on Definition 4.2:

(1) The Burkholder-Davis-Gundy inequality ensures the finiteness of C]];D’DG for p € [1,00). Of
course, inequality (4.5) becomes false in general for p < 1; the definition above for p € (0,1)
is merely for notational convenience. Moreover, the inequality for p € [1, 00) is usually stated
with the supremum inside the LP-norm on the left-hand side of (4.5). However, this may
enlarge the optimal constant C’I],BDG.

(2) The choice I = Ry is unimportant: a straightforward time change argument shows that
CI];Q’DG remains optimal for any other non-trivial interval I C R.

(3) For p € [1,00), the actual value of C¥PS is not known in general. We are only interested in
the case p € [1,2], for which the followmg results are available: CBDG < /8p for p € (1,2),
CBPG =1 (cf. [9, Eq. (4.2.3)]) and CPPG = 2 (cf. [23, Thm. 8. 7])

a

Assumption C Let 0 < p <2, I C R be an interval and w: I x R — R be a weight function.
We impose the following conditions:

1 YO S Blloc

3

(1)

(2) There exists Cy1 € Ry such that |o(z) — o(y)| < Coalz — y| for all z,y € R.

(3) G: (I x R%)? — R is a measurable function such that G(t,-;s,-) = 0 whenever s > t.
(4)

4) If p < 2, then A has no Gaussian part: c(t,z) = 0 for all (t,x) € I x R% If p = 2, then we
assume for all T' € 1

“ )eI Rd/ Rdw Yt, 2)|G(t,z;5,9) cls, y) (w(s,y) V o(0)) A(ds, dy) < oc. (4.6)
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(5) Forall T e I
// /w (t,2)|G(t,x; s,y)z|P(w(s,y) Vo(0)) v(ds,dy,dz) < oo. (4.7)
t:]cEITXRd R4

(6) Recall the definition of b; and by from (2.6) and (2.7). If p > 1, assume that v satisfies (2.4)
and that for all 7€ 1

sip [ [ T @Gt (5, (w(s,) V o (0) Ads.dy) <00 (48)
(t,x)elpxRd /I JRE

if p < 1, assume that v satisfies (2.5) and that bo(t,z) = 0 for all (t,z) € I x R%.
(7) If p>1and A ¢ M, assume that (6) also holds with w replaced by the constant function 1.
(8) Define for (¢,z), (s,y) € I x R?

GO (1,5 5,) = (CoaCBPOP|G(t, 73 5,y) P ( [ 1P (s, pd) + c(s,y>) ,

p—1
GO taisg)i= 8y ([ [ 16 sis ()| Mdscdy) ) (Gt s )b (s, L.
GC71(t7 x; S? y) = w (t? l’)GCl(t7 x’ 87 y) (S? y)?
GO2(t,@;5,y) = w (L, 2) G2 (t @15, y)w(s, y), (4.9)

and assume that for every T € I there exists k € N together with a subdivision 7 : inf I =
to <t1 <...<tgy1 =T such that

tit1
sup sup Z </t . /Rd Gl (t, x5 5,y) Mds, dy)

1/(pv1)
> < 1. (4.10)
(t,x)elp xR4i=0,....k

|

Theorem 4.4. Under Assumption C there exists a unique solution to Equation (1.1) in B?’fgc.
In the quasi-stationary case, Assumption C simplifies a lot:

Corollary 4.5. Let I =R, w =1 and Assumption C(1), (2) and (3) be valid. We assume that
G and A satisfy

G(t,z;s,y)| < g(t—s,x—y), Adt,dz)=d(t,z), bcely, =n(t,z,dz)<mo(dz) (4.11)

for all (t,x) € R x R? and some positive measurable g: Ry x R? — R. Furthermore, we suppose
that for some p € (0,2] we have

bh=0ifp<l, c=0ifp<2, ¢ ::/ |2|P mo(dz) < oo, (4.12)
R

and that the following size condition is fulfilled: if p € (0,1), then

G [ [ otaas) <1, (113)
’ 0 JRd
and if p € [1,2], then

Cou [CEDG (Grllese) [~ [ owarawn)” +mlis [~ [ ot.adien

Then all conditions of Assumption C are satisfied and Theorem 4.4 holds.

<1.

(4.14)
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We write down some important observations:

Remark 4.6 (1) There is a fundamental difference between condition (7) of Assumption A
and condition (8) of Assumption C. For instance, consider the quasi-stationary case in
Corollary 3.2 and Corollary 4.5, where they reduce to (3.7) and either (4.13) or (4.14).
While in the former case we only need certain integrability properties of the kernel, we
explicitly have to care about the size of the integrals involved in the latter case, which is
also the size condition we have mentioned in Example 4.1(2). Also notice that this is related
to the fact that in the case I = R, we typically cannot make the left-hand side of (4.10)
as small as we want by refining the subdivision 7 since the first interval (tg,t1] = (—o00, ]
always has infinite length. So whereas condition (7) of Assumption A is quite natural for
I = [0, 00), the analogous condition for I = R would be very restrictive.

(2) By the nature of Equation (1.1), the size condition (8) of Assumption C is “symmetric” in
G, o and A.

(3) In Theorem 4.4 uniqueness does not hold in P: see Equation (4.1) with A € (1,00).

The next theorem reports some basic properties of the solution found in Theorem 4.4:

Theorem 4.7. Let Assumption C be valid and Y be the unique solution to Equation (1.1) in

p?w
Iloc*

(1) For (t,z),(7,€),(s,y) € I x R? define

Gt gis.y) 1= (16 wis,0) = Gl gss)l? ([ el nlsm.d2) + cl.0)
G wi5,9) = Glr &)oL oy Julsy) (115)
If for all (t,z) € I x R?
/I/Rd G(t,x;7,& 5,y) A(ds, dy) — 0 (4.16)
whenever (7,€) — (t,z), then Y is an LP-continuous process, that is,
E[[Y(t,z) — Y(r,6)[] =0, whenever (,€) — (¢, ). (4.17)

(2) Assume the case of Corollary 4.5 with G(t,x;s,y) = g(t—s,z—y). Then (4.16) and therefore
the conclusion of (1) hold automatically.

(3) Y depends continuously on Yy. In other words, if Y and Y’ are the solutions to (1.1) with
Y0,Yy € B?’f’éc as force functions, respectively, then there exists a constant Cr ., € Ry that
may depend on I, T and w, but is independent of Yy, Yy such that

1Y =Yl grw < CrrwllYo — Yl pre- (4.18)
T T
One of our basic motivations for studying Equation (1.1) on I = R is to construct stationary
solutions. We show that if G is of convolution form and A is homogeneous over space and time,
then the stationarity of the solution in Theorem 4.4 follows naturally.
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Theorem 4.8. Assume that G(t,x;s,y) = g(t—s,x—y) and that A is a homogeneous Lévy basis,
satisfying the assumptions of Corollary 4.5. Furthermore, suppose that for all (t,x) € R, x R?
we have

sht, ylao(iey la foralli=1,...,d) = g(s,y) — g(t,x), (4.19)

or that for all (t,z) € Ry xR? implication (4.19) holds with | replaced by 1. If Yy is LP-continuous
and jointly stationary with A, then also' Y and A are jointly stationary.

Example 4.9 (Continuation of Examples 3.4 and 3.8) While the number a in (3.8) did
not play any role in Examples 3.4 and 3.8, this changes when we consider the stochastic heat
equation on I = R. Let p € (0,1 + 2/d) and set p(d) := (1 — p)d/2. Then we have the following
trichotomy: for a > 0 we have

| [ sy dit.a) = (amp@p=S ap) " HOD( 4 pld): (120
o Jr
for a = 0 we have for 7" € Ry
( m)P pld )p 2 4p(d
b(t,x)d(t, L) 4.21
which is of polynomial growth when T' — oo; finally, if a < 0, we have
T 4 (T
/ / gt 2)d(t ) = (4mpP Dy / o atp(@) gy, (4.22)
0o Jr 0

which grows faster than e=®T as T — oo. Thus, in the latter two cases, for Theorem 4.4 to be
applicable, the characteristics of A must decay fast enough at —oo to ensure the integrability
conditions (4), (5) and (6) of Assumption C.

We will only focus on the case a > 0. Given sufficiently strong decay properties of A at —oo,
the subsequent arguments can easily be transferred to the other two cases. First, we assume that
w =1 and that (1) and (2) of Assumption C hold. We further suppose the quasi-stationary case
of (4.11), and that the following conditions hold:

2
p<1+a, bp=0ifp<l, c=0ifp<2, Cp::/|z|p7ro(dz)<oo. (4.23)
R

The only condition left is the size condition (4.13) for p € (0,1) and (4.14) for p € [1,2],
respectively, before we can apply Corollary 4.5. By (4.20), they are equivalent to

GCE L (4m)PDp=% (ap) ' PDT(1 4 p(d)) < 1 (4.24)
in the case p € (0,1), and to
_d 1 1/ _
Coa [c;?DG (G + llell o) (4m)" @Dp~5 (ap) P OT(1L + p(d))) " + [Ib1 [ 120 } <1 (4.25)

in the case p € [1,2].

Finally, we would like to demonstrate how weighted spaces can be useful in Theorem 4.4. Let
a>0and p e (0,1+2/d) as before and define w(t, z) := " with n € R satisfying ap +n > 0.
Assume that Yy € By and, if <0, that o(0) = 0. Since

sup / / t T ga ti S, L — y)’w(S,y) d(S,y) = /OO/ gg(svy)e_ns d(Svy)
(t,z)ERxRE J — 0 R4
= (4m)PDp= (ap + ) PDD(1 + p(d)),
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we have that in the conditions (4.24) and (4.25), the term ap is now replaced by ap + n. We
draw two conclusions: if Yy is sufficiently small at —oo, meaning Yy € B]R loc for some n > 0,
then the conditions (4.24) and (4.25) can be relaxed by using ap +n instead of ap. Contrarily, if

0(0) =0, n <0, and the left-hand side of (4.24) or (4.25), respectively, remains smaller than 1
with ap + n instead of ap, then one can even construct solutions with Yy € B]Rl oc that diverges
at —oo. d

5 Asymptotic stability

In Theorems 3.1, 3.5 and 4.4 we have established solutions to (1.1) that belong to the space
BYY loc In this section we will give criteria under which they even belong to the space BY'™. Our
primary focus is on the case where sup I = +oo, that is, we want to investigate whether solutions
to (1.1) are asymptotically LP-stable. Moreover, we shall replace the Lipschitz condition on o,
which was essential in Sections 3 and 4, by another growth condition, which, as we shall see,
will determine the asymptotic behaviour of the solution. Of course, due to the possible non-
Lipschitzianity of o, we now have to assume the existence of a solution in B}’ . In fact, this
approach allows us to include solutions to (1.1) with non-Lipschitz o which go béyond the results
of the Sections 3 and 4 but are, for instance, studied in [21, 22].

Let us again start with a deterministic example that highlights the main features of the
behaviour at infinity.

Example 5.1 Let g € L ) fe L [0.00) and v € LY be positive functions satisfying

[0,00),loc
t

t)+/ gt — s (s)ds, te Ry, (5.1)
0

with v € (0,1]. The question is under what conditions we have v € L5 )+ It turns out that
there is a fundamental difference between the cases v € (0,1) and v = 1. In the former case, we
always have v € L‘[’(i 50)" In fact, if we denote the convolution on the right-hand side of (5.1) by
(g x v7)(t), iteration of (5.1) yields

v=f4gxvT =fHgx(f+gx0")T =f+gx(f+gx(f+gx0)) =

Using Young’s inequality, we obtain

lollgsy < Ilags o, +Nallzy, ol < 17l + gllay, _ (7lags ., + lgllzy, el )
< Wfllgs., + Naley,_ (s, + ol _ (1l + HgHL[lw)HvH”OT]) Y

or, equivalently, for every T € [0,00) and n € N
ol < an(T), where ay(T) = ol ana (D)= fllis_ + lolly _ (an())"

By induction it can be shown that 0 < a,(T) < a V a1(T), where a is the unique solution in
(0, 00) of the equation
a—|fllze

_ Y —
o =l a7 =0

Note that a does not depend on 7', so we conclude that limsup,, .. a,(T") < a and HU”Lﬁfm <a

for all T € [0, 00). Hence we have v € L{§ o) with HvHLoo o Sa
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The situation is totally different for v = 1. Then (5.1) becomes

= f(t)+ /Otg(t —s)v(s)ds, teRy, (5.2)

which is the well known renewal equation. If f € LS one can show under some technical

[0,00)
assumptions that the unique solution v to (5.2) exhibits the following behaviour: if ||g|| Ll < 1,

we have v € Ly ); if HgHL[lo = = 1, the boundedness of v depends on whether f € L or

[0, O<>)
not; if HgHL[lo ” > 1, then v(t) — oo exponentially fast as ¢ — oo. For precise statements with

the required assumptions, we refer to [4, Chap. V], especially to the Theorems V.4.3 and V.7.1
and Proposition V.7.4.

In summary, whereas locally bounded solutions to (5.1) with v € (0,1) are automatically
globally bounded as soon as f € L‘[’(ioo) and g € L[lﬂ,oo)7 the behaviour of the solution to (5.2) at
infinity strongly depends on the size of ||g]| L) For a formalization of this example see also

Lemma 6.5 for v € (0,1) and Lemma 6.4 for v = 1. ]
For Equation (1.1) the precise requirements are the following:

Assumption D Let p € (0,2], I be an interval and w: I x R? — R be a weight function
satistying sup; ;)erxrd w™(t, 2) < co. We assume the following hypotheses:

(1) Yy € B?w.
(2) o: R — R satisfies |o(z)| < |0(0)| + Cy2|z|” for all z € R with some v € (0, 1].

ither c(t,z) = 0 for all (¢,x2) € I x R? or we have 2v < p an
3) Eith 0 for all I xR? have 2 d

sup / wl(t, 2)|G(t, 2 5,y)Pw(s, y)e(s, y) Ads, dy) < oo. (5.3)
(t,x)eIxRd JI JRE

(4) There exists ¢ € (0,2] with p < g and ¢y < p such that

sup //]Rd/ w(t,z)|G(t, x5 8,9)2 z[Pw(s, y) v(ds,dy,dz) < oo. (5.4)

(t,x)eIxR4

(5) If p > 1, then v satisfies (2.4) and

sup [ [ w5, )b 5, 9) w(s,5) Alds, dy) < o, (5.5)
(t,z)elxRd JT JRE

and (5.5) also holds with w = 1; if p < 1, then there exist a € (—00,2], 8 € [0, 00) satisfying
(3.13), (3.14) (with Ry replaced by I) and (a V )y < p such that

sup / (Fo(s,) V Fi(5,9))|G(t, 73 5, 9)|3 A(ds, dy) < oc. (5.6)
(t,z)eI xR Rd

(6) At least one of the following three cases occurs:

(6a) We have v < 1,¢y <p,2y<pifc#Z0and (aVp)y<pifp<1.
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(6b) We have p € [1,2], and if we define for (¢, ), (s,y) € I x R?
p—1
G tais,y) =27 ([ [ 16 ass (s ) Ads dy) ) (G5 (s,
GP2(t, x;s,y) == 2(CI]§DG) |G(t, z;5,9)>c(s, 1),
GP3(t, x5 8,y) = 2p71(C§DG)p/R |G (t, 3 5,9)2|P1{ Gt 258,02 >1) T(S, Y, d2),

éDA(tv x5 s, y) = 2(171(0]])3])(})[] /]R |G(t7 x5S, y)z|q]l{\G(t,x;s,y)z|§1} 7'['(8, Y, dZ),

GPUt,zys,y) == w L (t, ) GPHt, x5, y)w(s,y), 1 =1,2,3,4, (5.7)
then there exists a partition of I into pairwise disjoint intervals I, ..., I such that
1/p
sup sup ZCO—Q (/ / GPU(t, z;s,y) )\(ds,dy)) < 1. (5.8)
(t,x)el xR j=1,....k | I; /R4

(6c) We have p € (0,1), and if we define for (¢, ), (s,y) € I x R?

GPA(t, 2y 5,y) = 2V (Fy(s,9) V Fi(s,9))|G(t, 5 5,9)|5,
GP2(t, w55, y) = 27PN G(t, 23 5,9) Pe(s, ),

GD73(t7 €TS8, y) = 2p2(q\/1)—1 /R |G(t7 €58, y)z‘g 7T(s, Y, dZ), (59)
and
ri:=aVp, ro:=2, r3:=1, (5.10)
then there exists a partition of I into pairwise disjoint intervals I, ..., I such that
sup sup ZC’” / G’D’l(t,az;s,y) A(ds,dy) < 1. (5.11)

(t,x)eIxRe j=1,...k ;—1
g

Theorem 5.2. Let Assumption D be valid. If Equation (1.1) has a solution Y € B}’

I,loc’
automatically also belongs to BY™.

For quasi-stationary G and A, there is no significant simplification of Assumption D possible.
Thus, we directly move to an example study.

Example 5.3 (Continuation of Examples 3.4, 3.8 and 4.9) Let I = [0,00), a = 0 and

= 1. We assume that Y € B? solves

[0,00),loc

HMF%M@+EA@WﬂwﬂMW@MM®®%@MGMxW

where Y is given by (3.9) and o satisfies condition (2) of Assumption D with v € (0, 1]. We want
to find conditions that guarantee Y € Bﬁ) 50)" Let us check the requirements of Assumption D.
(1) and (2) are clear. For (3), (4) and (5), the key observation is the following: for p,q € (0, 2]

/Ooo /Rd lg0(s,y)[Ed(s,y) < oo <= pe (0,1+2/d)and q € (1+2/d,2]. (5.12)
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As a consequence of the last condition, unless in trivial cases, the classical stochastic heat
equation with a = 0 will be asymptotically unstable in dimensions 1 and 2. Only in dimensions
d > 3 there is a chance for asymptotic stability. We pose the following conditions:

Adt,do) = d(t,2),  7(t,2,d2) < mofdz), pe (0,1+2/d), qe (1+2/d,2)
gy <p, ¢=0, by=0ifp>1, A issymmetricifp <1, / 2|7 mo(dz) < oo.  (5.13)
R

We notice that v = 1 is not possible, and that [ |2|P mo(dz) < oo is no longer sufficient, but
mo must have a moment structure that is strictly better than its variation structure. Moreover,
¢ must be 0; if p > 1, only A € M is possible; and if p < 1, A is required to have no drift
and a symmetric Lévy measure. All this is because gg is not LP-integrable on Ry x R? for any

€ (0,2]. One readily sees that (5.13) implies conditions (3), (4) and (5). So if (6a) holds, we
obtam Y € Bf s0)- In the case of (6b) or (6¢), again a size condition has to be verified, which is
analogous to the calculations in Example 4.9. We leave the details to the reader. Note that in
this example we have v < 1, and therefore (6b) or (6¢) is only needed in rare situations. Finally,
for a > 0 we refer the reader to the calculations in Example 4.9 again which can be re-used. In
particular, one can find conditions for asymptotic stability in dimensions 1 and 2 this time. O

6 A series of lemmata

This section contains several lemmata that will play a crucial role in proving the main theorems
in Section 7. First, we investigate the stochastic integral mapping in Equation (1.1): fix some
oo € P and define for a predictable process ¢ € P the process J(¢) by

J@)tw) = do(t,2) + [ [ Gt m)o(0(s,) Alds,dy) (6.1)

for all (t,x) € I € R? for which the stochastic integral exists, and set J(¢)(t, ) := +00 otherwise.
The next lemma, which is of crucial importance for all main results in this paper, relates the
moment structure of J(¢) to that of ¢.

Lemma 6.1. Let w: I x RY — R be a weight function.

(1) Suppose that Assumption C holds with p € (0,2] and recall the definition of GE' and G2
n (4.9). Then for all ¢ € P and (t,z) € I x R, we have

17 (@)t )l _ _llgo(t,z)l|Lr
(w(t,z))/EVD = (w(t,z))/ @V

pV 1/(pVv1)
GO t zi5,y) (10O + P (s, )|\
i Z (/ /Rd ( (w(s,y))/ VD) > Ads, dy) ’
(6.2)

where in the case Cy1 = 0 we use the convention 0/0 := 1.

(2) Furthermore, still under Assumption C, we have for any ¢1,ps € P for which the right-hand
side of (6.2) is finite that

17(60)(t,2) — T(d2)(t,2)]1r
(w(t, ) /D)

: 61(5,y) — d2(s, )1\ 1/(pv1)
<> </1 /Rd GCl(t,:v;s,y)( 1(w(8’y>)12/(p\/1) L ) )\(ds,dy)) . (6.3)

=1




Lévy-driven Volterra equations in space and time 23

(3) Let Assumption B or Assumption D be valid with p € [1,2]. In the first case let I = [0, 00)
and w = 1. Then the following holds for all ¢ € P and (t,x) € I x R%:

(@)t 2)lle _ ligo(t2)llLe | 2[L+|o(O)] + Coa

(w(t, )P = (w(t,z)) /P (w(t, )77
- D\l . _1 1/p
+<|a<o>|+ca,2>l;(/l [ Gt ais.)(wls,)) " M. dy)

1/p

Gt 35, (1605,
+Zc(,2<//w ((w(sjy»l/p) A(ds,dzn) . (6.4)

where GP is defined by (5.7), and p can be chosen as p = (qV 20 gez0y)y/p or p=1.

4) Let Assumption B or Assumption e valid with p € (0,1). In the first case let I = |0, 00
Let A Bor A tion D b lid with 0 In the fi let I =10
and w = 1. Then for all ¢ € P and (t,z) € I x RY

1@t D)llze _ ll¢o(t 2)ller | 2771 +1
w(t, x) - w(t,x) w(t, )

3
+ Z<|a<0> §C) [ 6Pt ) (s )7 Ads.dy)

//Rd GPA(t, x; S_y) <H¢(s,y)HLp>p N o

(w( w(s,y)

where GP and vy are given by (5.9) and (5.10), and p = (qV 2Uqez0y VvV B)y/p or p=1.

Proof. It suffices to prove the lemma for w = 1: the general case follows if we divide the equa-
tions (6.2), (6.3) and (6.4) by w'/®VY). Throughout the proof, (¢, z) € I xR? is fixed, and the ab-

breviations ®(s,y) := G(t,z;s,y)[0(p1(s,y)) — o(P2(s,y))] and ¥(s,y) := G(t,z;s,y)0(d(s,v))
are used. Moreover, in the numerous integrals below, we will often drop the integration variables

and use the shorthand notations [f, := [} [Jga and [[[, := [}, [a [&-
a) We first prove (2) when p > 1. To this end, we decompose

A(dt, d) = {Ac(dt,dx) + /R » (= v)(dt, da, dz)] + [B(dt,dx) + /R Ay, ony v(dt, de, d)
— M(dt,dz) + By (dt, dz), (6.6)
and obtain that ||.J(¢1)(t, x) — J(p2)(t, z)|| e is bounded by
1T (G1)(t, ) — TP (d2)(t, @) o + 17D (61)(E, ) — TP (62) (£, 2) | v,

where J1) and J? are defined as in (6.1) with A replaced by M and By, respectively. For the
J@)_part, Holder’s inequality yields

1/p

p—1
1T (1)t ) — TD (@)t )|1» < Cot [( J[1c1aiml)" - [[1GEle - oap) d\Bﬂ]

= <//tGC,2(t,m;S,y)||¢1(s,y) — ¢2(8,y)\|ﬁp A(ds,dy)) l/p‘
(6.7)
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For the JM-part, we assume for the moment that the process

Nri= [[ Gt lo(or(s,m) = o(0a(s, ) M(ds.dy) = @ My, €1 (68)

which is well defined by assumption, is a local martingale. Then we have by Definition 4.2 and
the assumption that ¢ =0 for p < 2

17D (@) (¢, 2) = TD (@2) (¢, 2) |0

<// fwrans [ \<1>|2d0>1/2 L
///t|<1>zlpdﬂ+//t|@l2d0} 1/p:c,’?DGE //_/t|‘1>z|1’du+//t|(1)|2dc} 1/p

([ .05, 0001(5,9) — 0l A 0)) (6:9)

<GPPIVl = CP°

IN

CPPSE

IN

Equations (6.7) and (6.9) together imply (6.3) for p € [1,2]. It remains to discuss whether N in
(6.8) is a local martingale. Without loss of generality, we may assume that the right-hand side
of (6.9) is finite; otherwise (6.3) becomes trivial. Let € > 0 and H € P be a bounded function
satisfying |H (w, s,y)| < €|®(w, s, y)| pointwise for all (w,s,y) € Q x I x R Then H - M is a
martingale such that we have by the Burkholder-Davis-Gundy inequality

<//t el //tIJLlPdc)l/2
([l //t<1>|2d0)1/2

The right-hand side of (6.10) is finite by (6.9). Moreover, as € | 0, it goes to 0 independently of
H. Thus, [10, Prop. 4.9b] is applicable (the extension of this proposition to intervals I different
from I = R, is straightforward) and shows that N is indeed a local martingale.

b) We prove (2) when p < 1. By hypothesis, A is Lévy basis without drift. Thus, using the

basic estimate |>7°; a;|P < >°2° |a; [P, we obtain
7@ t.z) = et = | [[[0zau| <B|[[[102Pa
L

< cty [[[162PBl6r - sapav = [[ GO t,a:5,9)61(5.9) = Da(s, ) |0 Al ),

sup||H - M, ||» < CBPC
Tel

Lp

< eCpPPC (6.10)

Lp

which is (6.3).

c¢) Because the Lipschitz condition on o implies |o(x)| < |0(0)] + Cy1|z| for all € R, (1)
can be deduced in complete analogy to a) and b).

d) We prove (3). To this end, we again consider the decomposition A = M + B; as in (6.6).
Using Definition 4.2, Jensen’s inequality and the hypothesis that ¢y < p and 2y1 .20y < p, we

obtain
1/2
(// |\I/z|2du+//|\11|2d0>
¢ ¢ .
BDG p/q ) p/2]\ /P
< Cp E[//t‘\pzlq]l{lG’zlSl}dl/] +E //t|\1fz|p]l{|gz|>1}dl/—|— (//t‘\l" dC>

1@ - My < CBPC
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1/q
< CE’DG[(?Q‘I JJ[16:1m gy lo )1+ CaallolE av)

1/p
+ (270 [ 163t oo (10O + Challol) av)
2 2 2 2y 1/2
+ (2 1621 + 2,0l ac)
BDG -1 q q pp i
< opo| (27 [ 1621 cny (o O)f1 + € + Chall01) v )
—1 P P /e
+ (270 [ 163t e (0O + 2y + Challolih) av
1/2
+ (2 [[16P1oOF + G2, + C2ll0l5) 4C) ]
t
4 1/p
2—|—Z(/ dGD’l(t,a:;s,y))\(ds,dy)> ]
I JR

+2+ZCUQ ([ [, 6" taslots.lis A(ds,dm)w. (6.11)

<(lo(0) + Co2)

Again, one can justify that W-A is indeed a well defined local martingale whenever the right-hand
side of (6.4) is finite. For the Bj-integral, another application of Holder’s inequality demonstrates

p-l 1/p
2 (ffieram)” ff @0 +C§,2H¢\’£Z)d|31|]

p—l 1/p
op—1 (/t !Gld\Bll) /t!GI(\o(o)yp+C§,2+C§’zy(;sugf;)d\gﬂl . (6.12)

(V- Bi)elle <

Equation (6.4) now follows from (6.11) and (6.12).

e) We consider the last part (4). In this case we directly use the canonical decomposition of
U A:

oAy =T AS+ ///\Ilzll{‘q,z‘gl} d(p—v)+ ///\Ifz]l{|\pz|>1} dp+ BN = J+ 2+ P+ J4,
t t

where
B\P'A(dt,dl’) = \I'(t,x) [b(t,x) + /H{Z(]l{\\ll(t,m)z\gl} - ]l{|z|§1})7r(t,x,dz)} )\(dt,dx).

We begin with J!:

1T | < BDGPEK//WdC>12P<2P</ E[|w]?] dC) "
<o <1+2//tG2(]J(0)]2+Ci 27/p)dc)
<2 (142 [[@(lo(O)F + €2, + 2ol dC).
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For the jumps part, we obtain
2 BDG 2 12"
17 + J?||» < (CPPO)PE [(//tI‘I’ZI Ljwz<1y du) +E U/tl\l’zm{%x} dﬂ}

p/2
< 2P (//tE[I\I’zlqll{wzm}] dV) +///tEH‘I’Z!p]1{|Wz|>1}] dv
< 9P (1 + // E[|Wz[2] dy) < 2P (1 + 2lavh)—1 // 1Gz[P(|o(0)]d + Cq2||q>|!q”/”) dv)
t t

<2 (142007 [[[1GaR (o0l + 2y + Challolf) ).

Finally, since

A(ds,dy),

|JY < //t|‘1’(87y)| ‘b(say) +/R {Z]l{|z|€(1,|\ll(s,y)|—1]} *Z]l{\z|e(|qz(s,y)\—1,1]}] m(s,y,dz)

we deduce the following bound for J* from Assumption B(9) or Assumption D(4), respectively:

170 < B[ [[ 19109 it guien + |91 Rt e 4] < ([[(R0v REIwi1ar)
< 14200t (R v R Gl (1o)F + o3 Iel5777) ax
t

< 128 [ v R)IGIS (jo )5 + 053+ C53 ol ) an

In combination with the estimates for J', J2 and J?3, this finishes the proof of (6.5). O

The next lemma allows us to take good versions of the stochastic integral process (6.1):

Lemma 6.2. For every ¢ € P there exists a predictable modification of J(), that is, a (—oo ]
valued process J(¢) € P such that for each (t,z) € I x R? we have J(¢)(t,z) = J(gf))(t,x)

Proof. The set A of all (t,z) € I x R? for which G(t,;-,-)o(¢) is integrable w.r.t. A is
deterministic by definition, and by [11, Thm. 4.1] and Fubini’s theorem also measurable. It
follows that there exists a measurable modification J™(¢) of J(¢): set J™(¢) = oo on A® and
use [20, Thm. 1] on A. Next, define P.J(¢) as the extended predictable projection of J™(¢) in
the sense of [18, Thm. 1.2.28]. By [30, Prop. 3] we may choose PJ(¢)(¢,z) measurably in z. And
indeed, PJ(¢) is still a modification of .J(¢) since for each (¢,z) € I x R? we have a.s.

(6) (1) =B (0)(t2) | Fil = [ [ Gltais.5)o(0(s.9) Alds, ) = T(@)(1,)

We proceed with a discretization result for stochastic integrals:

Lemma 6.3. Let I C R be an interval and w = 1, and assume that G, o and A satisfy (2)-(6) of
Assumption C. Fiz some (t,x) € I xR? and assume that G(t,z;-,-) has the following properties:
for all (s,y) € I;, xR® we have

rts, ztTy (ie zty foralli=1,...,d) = G(t,z;r,2) = G(t,z;58,y), (6.13)
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and for some € > 0 the function G7(t,2;5,Y) = SUDycf s—ccr<s |y—z|<e |G, 77, 2)| satisfies

|/ <|G:<t,x;s,y>\p ([ 1 m(s.0.2) + (5.0 )
I JRd R
+ ’G:(t7$7Say)bl(say)|ﬂ{p21}> A(dsvdy) < 0. (614)

Moreover, we specify discretization schemes for both time and space: first, we choose for each
N € N a number k(N) € NU {co} of time points (s{V)fg) C I; such that

£V<Sﬁ17 and sjlviinfl, sﬁN)Tt, ‘ supN |s§11—sﬂ¢o as N 1 oo;

and second, we fix for each N € N a number [(N) € NU {oco} of non-empty pairwise disjoint

bN]) LN ) C RY satisfying

hyperrectangles (ij (ay aj, 0;

U(N)

U Qév t+RY and sup diam(Q;V) $0 as N 7T oo
j=1 J=1,...l(N)

(1) If ¢ € By}, s an LP-continuous process (cf. (4.17)), then the stochastic integral J(¢)(t,x)
s well deﬁned and

kE(N)—11(N)
olt,e)+ D D Glhasst a))o((s af ))A((s), 5] x Q) = J(@)(t,x)  (6.15)
=1 j=1

n LP as N — oo.

(2) The statement of (1) remains true if we replace 1T in (6.13) by |, and at the same time
replace G(t, z; s, alY) by G(t,z; s 1, b)) in (6.15).

717]

Proof. Part (2) is proved in the same fashion as part (1). That the stochastic integral J(¢)(¢, x)
exists, is a consequence of Lemma 6.1(1), the assumptions posed on G and A, and the fact that
¢ € B}, To prove (6.15), let us call its left-hand side JN(¢)(t,x). It follows that

IN(p)(t, ) = ¢o(t, z) —l—/ / HY(t,z;s,y) A(ds,dy), where

k(N)—11(N)
HY(t,z;5,y) Z Z G(t; x,sz o ) (qﬁ(sfv,a;y))]l(s Sz+1}XQN(S Y)-
=1 =

We notice that HY (¢, ;s,y) = 0if (s,y) does not belong to the set AV := (s, sV Sh(N 1% UI(N) ,

and that for each (s, y) € (inf I,¢) x R? we have Lanye(s,y) = 0as N — oo. Now, we dlstlngulsh
between two cases: first, if p < 1, or p > 1 and A € M, then similar calculations as done for
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Lemma 6.1(2) lead to (set H(t,xz;s,y) := G(t,x;s,y)0(p(s,v)))
E[[J(¢)(t, x) — TN (9)(t, 2)[7]
Py [ BN ws) = HY sl ([ 12 7(5.9.d2) + cls.9) ) Ads.dy)

IN

GC,l .
I e LCCENGRILIEY

GOl t,x; s, P
I, W%Eng@(s,y» = a(@(st @) Py

o,1

SN 1x@N (8:9) A(ds, dy)

i 5S

+(epPoy [[ 16 ws,) = Glt s B (0(s DIy, ey (5:9)

(el (s, p.d2) + cls.9) ) Al dy
R
= IV 4+ 1Y+ 1¥. (6.16)

Since ¢ € BY loc and G9! is integrable w.r.t. A by hypothesis, IV — 0as N — oo by dominated
convergence. Next, as a consequence of the LP-continuity of ¢ and the refining properties of our
discretization scheme, the sum within I3¥ goes to 0 pointwise for each (s,y) € I; x R?. Moreover,
this sum is majorized by 2Ha(¢>)||Bi such that also 1Y — 0 as N — co. Regarding I}', we obtain

as an upper bound

1 < (% lo@)l, /]|

(1 (5,0 2) 4 s, )y ) A,

p
G(t,(L’;S,y) _ZG t Z,SZ 9 ] )]l(sz 7shLl]xQN(s y)

Because of (6.13), the integrand in the last line goes to 0 as N — oo, pointwise for (s, y) € I; xR%.
Moreover, it is dominated by 2G, when € is chosen according to (6.14) and N is large enough such
that sup,—; _x(nv)-1 \sﬁl — sN| and SUpj_1,..I(N) diam(QéV) are smaller than e. By dominated
convergence, we conclude I — 0 as N — oc.

It remains to discuss the case p > 1 and A ¢ M. As in Lemma 6.1(2), we decompose
A = M + By, where M is a martingale measure and By the drift measure. For M we can
apply the calculations above. For B; we obtain an analogous decomposition as in (6.16): GO
is replaced by G2, and instead of the Burkholder-Davis-Gundy constants, the factor

2¥)

appears. But this also goes to 0 as N — oo, as desired. O

The next lemma concerns the solvability of deterministic integral equations and provides a
comparison result. Certainly, there is a huge literature on deterministic Volterra equations, but
we did not find a reference completely satisfying our purposes. Thus, we decided to include the
proof, which is also very instructive for the proofs of the main theorems below.

Lemma 6.4. Let I C R be an interval and \ a positive measure on (I x R, B(I x R%)) and
p € [1,00). Further suppose that for everyl € N we have a positive measurable function GW: (Ix
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RH? — R with GO(t,;s,-) = 0 for s > t. Moreover, assume that there exists k € N and a

partition of I into pairwise disjoint intervals Iy, ..., I such that
00 1/p
p:=  sup sup Z (/ GO (t, z;s,y) Mds, dy)> < 1. (6.17)
(t,I)EIXRd J:177k =1 I] Rd

Then the following statements hold:

(1) Let (vp)nen be a sequence of positive functions in LT° satisfying

00 1/p
) < 3 ([ [ 6V amsniotsnridsd) . neN (@18

Then 37521 |lvnllee is finite. In particular, v, converges in L to 0.

(2) For every positive f € L§° the equation

it = 500043 ([ [ 6020t Nasan) ", () € 1xRE (619
=1 I1JR4

has a unique solution v € L$°. Furthermore, this solution v is positive.

(3) If v € LY is a positive function satisfying

o(t,2) < f(t,x) +l§ </I /Rd G(t, 235, y)(B(s, 1)) A(ds,dy))l/p, (t.2) € I x RY, (6.20)

then we have v(t,x) < v(t,x) for all (t,x) € I x RY. In particular, if f =0, then v =1 = 0.

Proof. a) We start with (1). Let I = I U... U I be as in the hypothesis and suppose that
the intervals I; are arranged in increasing order (i.e. sup I; = inf I;1 ). Furthermore, define for
¢ € L and (t,z) € I x RY

1/p
6l to)i= ([ [ 6Oais.)iéls ) Mds,ay))

1/p
|’¢HG(Z>,p,j(t7$) = (/] R4 G(l)(t7:’c7 Svy)|¢(87 y)|p )\(d57dy)> ) l € N7 j = ]-7 ey k. (621)
J

Obviously, we have |¢[lqw ,(t,z) < Z;?:l [¢llgw (¢ x) for each (t,z) € I x R? and I € N.
Hence, it follows from (6.18) that

o0 k oo
vntt <D oallgw p € D0 lonllga p o (6.22)
=1 j=11=1

an equation that holds pointwise for all (¢,z) € I x R? and for all n € N. Iterating (6.22) n
times, together with the subadditivity of the functional || - ||G(z),p7j, yields

k 0o k 00 0o
vt < D0 > nllgun g € 32 2|1 D0 Ion-tllgaa
Ji=1l=1

J1,je=1l1=1 ||l2=1

<...

G(l1)7p7jl

BN )y

jlv"'7j7L:1 l1:1 l2:1

IN

(6.23)

o0
Y ollgen -
In=1

GU2) p.ja || 1) Pt



Lévy-driven Volterra equations in space and time 30

Observe that the Volterra property of G implies that on the right-hand side of (6.23), only those

summands are non-zero for which j; > ... > j,. Since there are exactly ("t’i_l) such sequences,

and sup;_; HZfil HlHG(”J’JHLw = p, we deduce that
I

> = [n+k-1
D llonllzse < orllze > ( p" < oo (6.24)
n=1 n=0 n
by the ratio test and the fact that p < 1.
b) Next we prove (2) and construct a solution to (6.19) by Picard iteration. Define v°(t, z) =
f(t,x) and for n € N,

1/p

VMt ) = f(t ) + i (/I » GO (L, z;5,y) (0" (s, )P A(ds, dy)) . (t,z) e I xRY

=1
(6.25)
Since G satisfies (6.17), f belongs to L$°, and both functions are positive, v™ is by induction
again a positive function in L. Now form the difference sequence u" := [v"*! —v"| for n € N,
which satisfies property (6.18) by the reverse triangle inequality. By (1), 3202 [[u”[[rse < o0,
in other words, v as the limit in L$° of v" exists. Of course, v is positive. Moreover, taking the
limit on both sides of (6.25), we conclude that v indeed satisfies (6.19). The uniqueness part
follows by applying part (1) to the difference of two solutions in L$°.
c) For ¢ € L3 set I(¢) :== f + 212 [|¢llgw ,» which again belongs to L7°. By (6.25), we

have v" = I](cn)(f), which is the n-fold iteration Ir(Iy(...If(f)...)). Moreover, by (6.20),
0 < Ip(0) < Ip(I;(0) < ... < I(@) < 180 () + 167 (0) = 0" + 17 ().

As shown in a), v" ! converges to v uniformly on I x R%. In addition, Ién)(z_)) is less or equal to

the right-hand side of (6.23) when v; is replaced by v. Thus, the considerations in a) show that
IO(")(T)) < [|9]| Lee ("TE=1 " — 0 as m — oo, which implies (3). O

n

The next lemma concerns the asymptotic behaviour of deterministic Volterra equations with
a fractional nonlinearity:

Lemma 6.5. Let I, p and G be as in Lemma 6.4. Further suppose that f € LY is a positive

function and
(o]

1/p
0:= sup Z (/ GO (t,x;5,y) A(ds,dy)) < oo.
(t,x)el xR IJR4

Moreover, we assume that v € L}, is positive and satisfies

00 1/p
v(t,z) < ft, )+ (Z/I » GO (t, z;5,y)(v(s, y))» A(ds,dy)) . (t,x) e I xRY, (6.26)
=1

for some y € (0,1). Thenv € L7 with ||v||Le < a, where a is the unique strictly positive solution
to the equation a — || f||Le — 0a” = 0.

Proof. The proof is a straightforward generalization of the arguments given in Example 5.1.
We include it for the sake of completeness. Fix 7" € I and recall the definition of || - ||cw , and
I¢(-) from the proof of Lemma 6.4. By (6.26), it follows that

[ollzge < ()l < I||f||L?o(HUH7:goT)-
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By iteration of the last inequality, we deduce that ||v[|p e < an(T) for all n € N where a1(T) :=
T
||v||L§oT and a,11(T) = IHfHLgo ((@n(T7))7) = lfllLee + 0(an(T))” for n € N. Straightforward

analysis reveals that limsup,,_, . a,(T) < a, a number independent of 7. Hence, [|v]| L < a.
O

7 Proof of the main theorems

Proof of Theorem 3.1. We show that Theorem 3.1 is a special case of Theorem 4.4, or
more precisely, that Assumption A is contained in Assumption C: setting I = Ry and w =1 in
Assumption C, it is not hard to see that the first six conditions break down to conditions (1)—(6)
of Assumption A, and that condition (7) of Assumption C becomes superfluous. The only thing

to show is that (3.4) implies (4.10). To this end, fix T € Ry, define

p—17 "1

€:=2" (V1) (007101},3DG)p+C'§1 ( sup / /d (t,x;s,y)b1(s, )] M(ds, dy))
’ R

(t,2)€[0,T]xRd JO

and let 7 be a subdivision of [0, 7] such that (3.4) holds. Then we have for all (¢, z) € [0, 7] x R?
and i =0,...,k that

2 tit1
Z (/ / GOl (t, x5, y) Mds, dy)
ti R4

=1

)1/(10\/1)

tit1 1/(pVv1)
<2 (/ /d GOt 5,y) + GO2(t, x5 5,y) A(ds,dy)>
123 R

tir1 1/(17\/1)
< Vv (/ ) GA(t, x5, y) A(ds,dy)) <1,
t; R
which is (4.10). O
Proof of Corollary 3.2. We check the conditions of Assumption A. (1), (2) and (3) are also
assumed in the corollary. Regarding (4), (5) and (6), it is easy to see that because of (3.5),
conditions (3.1), (3.2) and (3.3) split into separated conditions for both G and A, which are

fulfilled thanks to (3.6) and (3.7), respectively. Only (7) if left to be verified. Let T" € R be
arbitrary and define ¢!, :=i/n? for n € N and i = 0,...,Tn?. Then, using the notation

</ |z|P mo(dz) + Hc||Li>5>T> P+ ||b1||L[O§T]g]l{p21}v (7.1)

we have for all (¢,z) € [0,7] x R¢

/ GAta;sy)dsy /
t, t

The right—hand side becomes arbitrarily small as n — oo, uniformly in (¢,z) € [0,7] x R? and
i=0,...,Tn*—1.1If not there would exist some € > 0 as well as for each n € N some 7, € [0, 7]
and 7,( ) € {0,...,Tn® — 1} such that

(Tn tn )VO A
‘/( _tz(n)+1)vo Ad g (87 y) d(5> ?/) Z €

titt (t—t)VO0

gA(t—S,x—y)d(&y)S/ - g (s,y)d(s,y).
(t—ty ")VO JRE
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This, however, would contradict the dominated convergence theorem and the Borel-Cantelli
lemma since |((7, —til(n)) VO0)—((n— Z(n)ﬂ) VO0)| < |t t%(")| = 1/n2. Thus, Corollary 3.2
is proved. O

Proof of Theorem 3.5. a) We first prove the existence of a solution to (1.1). To this end,
define

Ty, = inf{t > 0: [A({t} x RY)| >n}, neN.
Assumption B(3) implies that (7},),en is a sequence of stopping times such that we have T,, > 0
a.s. for each n € N and T, T +00 a.s. as n — 0o. Next, we introduce for each n € N a truncation
of A in the following sense:

A™(dt, dz) == B(dt, de) + A°(dt, dz) + / e (- v)(dt, da, d2)
ENEE

+ / 21 1<)z)<ny p(dt, dz, dz).

By Assumption B(4) we may assume without loss of generality that Y, € B/ Consequently,

[0,00),loc”
thanks to Assumption B(1) and (2) and Theorem 3.1, Equation (1.1) with A™ as driving noise
has a unique solution Y € B[0 00) Joc” We claim that Y := Ylll[[oleﬂ + 20 Y g, 1y 18

a solution to the original equation (1.1) with A. The predictability of Y is clear. Now fix a

(non—random) time 7' € R and define

o= {w e N: sup IA{(t,2)})(w)| € [O,n]} , nelN.
(t,2)€[0,T] x R4

By Assumption B(3) the sequence (27.),en increases to Q up to a P-null set. Moreover, we have
]l[[O’Tk]](t)Yk(t,x) = L )Y"(t,7) as. for all n € N and k = 1,...,n as a consequence of
the uniqueness statement of Theorem 3.1 and the fact that P[T; = t] = 0. Now part (1) of
Theorem 3.5 follows from the observation that for all (¢, 2) € [0,T] x R? and n € N we have a.s.

oy [ [ 605,000 (Y (5,) Alds, )

=g | t [ Gt.aisy) <a<Y1<s,y>>nuoyTlﬂ<s> + 3o (YH(s, y>>nﬂTk_1,Tku<s>> A™(ds, dy)

k=2
¢
= ]lﬂg/o /]Rd G(t,x;8,y)o(Y"(s,y)) A"(ds,dy) = Lan Y (t,2) = Lap Y (¢, 2).

To be utterly precise, for the transition from the second to the third line to be true, we must show
that J(¢) and J(¢') as defined in (6.1) are modifications of each other as soon as ¢ and ¢ are.
But this follows from (6.3). Finally, the uniqueness statement follows from that of Theorem 3.1
by localization.

b) Next, we verify that the solution Y found in a) belongs to B[o so)loc 1f also (5)-(10)
of Assumption B are valid. We only carry out the proof for p > 1. The case p < 1 can be
proved in the same fashion. Let 7" € R, and observe from a) that Y equals Y™ on Q.. Define
vt ) = ||[Y"(t,z)||e for (t,x) € [0,T] x RY, which is always finite because Y™ € B[0 00) Joc"
Moreover, if we define GP as in (5.7) with w = 1, then we have for all (t,z) € [0,7] x R?
according to Lemma 6.1(3) with p =1

1/p
Y () Lo ller < 0"(60) < f(6,2) +ang(// GP!(t.:5,) (" (5. ) Ads.d) )
(7.2)
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where f is the sum of the first three summands on the right-hand side of (6.4). A priori, G may
depend on n since it involves the underlying underlying Lévy measure v". However, it is obvious
that inequality (6.4) remains true if we use the original Lévy measure v to form GP*: the right-
hand side of (7.2) will only be enlarged. In this case, (7.2) falls into the category of Lemma 6.4(3).
Indeed, Assumption B(10) guarantees that f € L 0.1 and that the key assumption (6.17) is met
(note that the different constants appearing in GP+* compared to GP are irrelevant because
GP satisfies the partition property (3.4) for all e > 0). Thus, we have v™(¢,z) < v(t,z) where
v E Lf(iT] is again independent of n and is the solution of the corresponding Volterra equation if
we replace the second inequality sign in (7.2) by equality. Taking the limit n — oo, we conclude

1Y (¢t 2)llee = lim [[¥(t,2) Loyl 1o < v(t.2),

that is, Y € BY O

[0,00),loc”
Proof of Corollary 3.7. a) We begin with the first statement, for which we need to verify
(2) and (3) of Assumption B. That (2) holds, follows from the proof of Corollary 3.2, where
we have shown that (3.5), (3.6) and (3.7) imply the validity of Assumption A(4)—(7). Notice
that in the quasi-stationary case, it suffices to check Assumption B(2) only for n = 1 because
Ji<|z1<n |27 To(d2) is always finite and condition (3) of Corollary 3.7 is in force. That (3) of
Assumption B holds, is due to (3.17):

v([0,T] x R? x / /Rd mi(t,z) d(t, x)mo(|z] > 1) <

b) For the second part we must prove (5)—(10) of Assumption B. (5) and (6) hold by hy-
pothesis. Furthermore, since p < ¢ implies |ab[h < [a[b|b[# for all a,b € R, we have by (3.5)

sup / / /]Gt r;8,y)z[hv(ds, dy, dz)
(t,z)€[0,T] xR /O JRE

< il [ m(@s) [ [ ool < oo

which implies (7) of Assumption B. Next, (8) is a direct consequence of condition (3) of the
corollary. For (9) we choose o = ¢ and 8 = p, which clearly satisfy (9¢). For (9a) and (9b) first
observe that

< [Ibll s

[0,7]

’b(t, ) +/RZ]I{‘Z|E(17A]} 7(t,z,dz) + || 1HL0T]/|| X |2|P mo(d2) AP < Fy AP
z|>

holds for all A € [1,00) if F} € R4 is chosen large enough. Second, if ¢ < 1, we have by = 0 by
(3.6), which means that

’b(tvm)—/RZ]l{pe(a,u}W(t,w,dZ)

= ‘/RZ]I{ZK(O,OL]} TI'(t,CC,dZ)
1—
[0.7) /Z|§1|Z|q7ro(dz)a 7,

< [l

Finally, if ¢ > 1 we have

’b(t, 96)—/RZ]I{|Z|e(a,1}}7T(t,x7dz)

< [Iollzge, + llmillzgs

oyl moldz)al 0 < Foal
EIRS
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for all a € (0, 1] and some constant Fy € R.. Finally, condition (10) holds by the same arguments
used in the proof of Corollary 3.2. O

Proof of Theorem 4.4. We base the proof on a Picard iteration scheme, W}}iCh parallels
the construction of a solution to (6.19) in Lemma 6.4. We define processes Y € P inductively
as follows: starting with Y9(¢,z) := Yy(¢,z), we assume that Y"1 € BPY loc has already been

constructed for some n € N. Define for each (¢,z) € I x R?

Y(ta) = Yo(to) + [ [ Gltais )oY (s.9) Ads, dy), (73)

hereby choosing a predictable version of Y, cf. Lemma 6.2. Let T € I. Then we have by
Lemma 6.1(1) for all (t,x) € I x R?

Yol _ Yot
(w(t, )0 = (wt, 2)) 16V

1/(pVv1)
GC (,zi5,) (17O + OV o) v
+Z (/ /Rd ( (w(s, y)) /@D ) Alds, dy) :

which is finite by Assumption C. Thus, Y € B%fgc for all n € N. Next, Lemma 6.1(2) implies
that u” := Y™ — Y™~ ! satisfies

u" it x P u(s . pV1 1/(pVv1)
o S ( [ Lo (Ll v s 0y) (1.4

for all (t,z) € I x R? which is a recursive relation as in Lemma 6.4(1). Note that the key
hypothesis (6.17) is fulfilled because of Assumption C(8). We conclude that Y oo ; [|u"|| prw < 00,
T

in other words, Y converges in By’ to some limit Y. Applying Lemma 6.1(2) to ¢; := Y and
¢o := Y"1 the convergence Y" ! — Y also implies that J(Y" 1) =Y" — J(Y) in Bi’rw, that
is, Y indeed satisfies (1.1). The uniqueness of the solution to (1.1) follows if we substitute u"

(7.4) by the difference of two solutions. Since T" € I is arbitrary, Theorem 4.4 follows. O

Proof of Corollary 4.5. We verify Assumption C for I =R and w = 1. (1), (2) and (3) hold
by hypothesis; (4), (5) and (6) are consequences of (4.11), (4.12), (4.13) and (4.14). Moreover,
condition (7) of Assumption C is redundant such that it remains to verify (8). To this end, define

9" = (ConCPPP (G + el o) g”

oo p-1
6% i= ol ([~ [ attrata)) gtimny.

Then, for any subdivision 7: — o0 =ty < ... < tpy1 = T, all (t,2) € (—o0,T] x R? and

i=0,...,k, we have by (4.13) and (4.14)
Cl 1/(pV1)
</ / s,m—y)d(s,y))
Rd

Z </titi+1 /Rd Gc’l(tal‘;S,y)d(s,y)
(/ooo /Rd g%l (t, ) d(t, :c)> e

>1/(p\/1

Mw

=1 =1

I
M

=1
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|

Proof of Theorem 4.7. a) Fix T € I and choose (t,z),(7,£) € I x R% Then similar
calculations as in Lemma 6.1(2) lead to

pV1
I (t,2) - Ts||Lp<Z< [ 60 ({Z S0 A(ds,dy))

2

<o Y- ([ [ 60w g prasan)

=1

1/(pv1)

where
GO (137, €55,0) = (CFPOIG (0, i5,0) = G gis, )l ([ el w(s,9.d2) + el.9) ) i),
R

—1
GO(t, 27,6, 5,y) = (/4d (t,55,y) — <naawmwwnM®ﬂwY
’ ‘[G(t, T8, y) - (T7 & s, y)]b1(87 y)‘w(& y)]l{p21}'

The claim now follows from (4.16) because Assumption C(7) implies

sup (/ /Rd (t,z;s,y) — G(1,&; 8,1)]b1(s,y)] /\(ds,dy))p_1

(t x (T,§ GIT xRd

<2 sup (// (t,z;8,9)b1(s,y)| A(ds, dy))p_1 < 00.

(t T GITXRd

b) In the situation of Corollary 4.5 with G in convolution form, we have

|| Gtangs e <G+ lelg) [ [ ot =sz-9 =g =56 =) dsy)
bl Loy [ [ lo(t= s =9) = g(r = 5.6 =)l d(s,)
= G+ lelliz) [ [ lats +hoy+n) — gls,) dls.v)
ol [ [ loG+ by +m) = ()] dls.y) = 0

because (h,n) = (|t — 7|, |z — &|) = 0, cf. [16, Lemma 0.12].

¢)Let T € I, p:= pV1and define v(t,x) := w YP(t,z)||Y (t,x) — Y'(t,2)|1r as well as
vo(t, ) = w VP(t,2)||Yo(t, z) — Y{(t,z)| zr. Furthermore, choose k € N and a partition Iy =
Iy U... U} such that (4.10) is satisfied. Next, recall from (6.21) the definition of [|¢[|cw ;(¢, )
and ||¢||G(z),ﬁ7j(t, x) for (t,z) € Ip xR% 1 =1,2and j =1,..., k. From Lemma 6.1(2) we deduce

2

E o2
v+ [vlgws < vo+ DD vl gy (7.5)

=1 J=11=1
By the same arguments as in the proof of Lemma 6.4(1), iterating (7.5) N times produces

N—1
ntk—1 Ntk—1) 5
lollzse < llvollzge > ( " )P”+ H’UHL§°T< N )p 7

n=0
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with p < 1 being the left-hand side of (4.10). Letting N — oo leads to the assertion. O

Proof of Theorem 4.8. It suffices to prove the case where (4.19) holds. Since Y € BE | is
constructed as the limit of the Picard iterates Y™ in (7.3), it suffices to prove that Y™, Y(; and
A are jointly stationary for all n € N. By induction, we assume that Y™ ! is jointly stationary
with A and Yp (that Yp is, holds by assumption). First, we assume that ¢ is bounded and has
compact support in R, x R which obviously implies that (6.14) holds for arbitrary e > 0.
Moreover, Y~ ! is LP-continuous because Y is by hypothesis and thus also Y~ ! for general n
by the same arguments as in the proof of Theorem 4.7(2). Next, we fix (t,2), (h,n) € R x R?
and define for N € N and ¢ = 0,..., N? the time points sfv :=t— N +i/N. Moreover, we
set Qn = (0,(1/N,...,1/N)] and Ty := {(i1/N,...,iq/N): i1,...,iq € {—=N?,...,N?}}.

Lemma 6.3 now gives
t+h )
Yt +hya +n) = Yo(t + h, +1) +/ /Rdg(tJr h=s,x+n—y)o(Y"(s,y) Alds, dy)

t
= Yottt hatn)+ [ [ glt—sa—n)o(y™ (s hy+ ) Alh+ ds,n+ dy)

N2-1
_ : N N n—1/ N N
=0 y;VGFN
CA((s) A+ hysihy +h) X (U + 0+ Qn))
N2-1
d . .
Lvp(ta)+ D= lim S 3 glt—sN,a =M )oYy DAY, i) x () + Q)
=0 y;VEFN

= Y"(t, ).

The calculation remains valid when we consider joint distributions with Yy and A, and when
we extend it to n space-time points. So the theorem is proved for bounded functions g with
compact support. For general functions g we notice that property (4.19) implies that we can
write g = > 52, ¢; where each g; is bounded with compact support. The theorem follows since
the calculation above is invariant under summation and taking limits. O

Proof of Theorem 5.2. LetY € B?’fﬁc be a solution to (1.1). Then we have v € L7, where
v is defined by v(t, ) := w= YV (¢, 2)||Y (t,2)| zr. The claim is that v also belongs to L. We
only consider the case p € [1,2], the case p € (0,1) can be treated analogously. First, we suppose
that Assumption D(6a) holds. In this case, it follows from Lemma 6.1(3) that there exists some
p € (0,1) with

4 . oy 1/p
00 < $16.2) + 3o ([ [ 6705 0)wto, ) 0to P s an) 20

where f denotes the sum of the first three terms on the right-hand side of (6.4). By hypothesis,
the functions w™!, w™Y? and wP~! are uniformly bounded on I x R%, which means that f
belongs to L7°. Consequently, Lemma 6.5 together with (3), (4) and (5) of Assumption D shows
that v € L. Now suppose that Assumption D(6b) holds. Then, by replacing r in (7.6) by 1,

the claim follows from Lemma 6.4(3) and assumption (5.8). O
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