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Abstract— This paper proposes new methods for the priori-
tized inverse kinematics (PIK) by using the QR decomposition
(QRD) and the Cholesky decomposition (CLD) on the purpose
of separation between orthogonalization and inversion processes
that are essential parts of the PIK. The distinctive approach
eliminates the interference between two processes which usually
induces inaccuracy and sometimes instability on the prioritized
inverse solutions. Two degenerate properties of using the QRD
are explained and the remedies are provided as the modified
damped least-squares pseudoinverse and the numerical recon-
ditioning. The effectiveness are examined by the kinematic
simulations with the n-link manipulators in the two-dimensional
case and the KUKA LWR in the three-dimensional case.

I. INTRODUCTION

There are two well-known non-iterative solutions for the
prioritized inverse kinematics with an arbitrary number of
tasks. The first method was proposed by Nakamura [1] and
Maciejewski [2], and generalized to the arbitrary number
of tasks by Siciliano and Slotine [3]. In this method, the
subsequent null space motions are determined to minimize
the task errors of the lower priorities. Therefore, the tasks
are performed accurately, while the large joint velocities are
required in the vicinity of the kinematic and algorithmic
singularities. To remedy this problem, the damped least-
squares pseudoinverse (DLPI) was introduced by Nakamura
[4] and Wampler [5] at the expenses of the task errors.
The second method has been suggested by Chiaverini [6]
and generalized by Baerlocher [7]. This method directly
projects the joint motions of the lower-priority tasks to
the null space of the higher-priority tasks, such that the
solutions gradually reduce the null-space velocities near
the algorithmic singularities. However, it suffers from the
inaccuracy of the solutions for the lower-priority tasks, so
the closed-loop inverse kinematics scheme (CLIK) developed
by Chiacchio et al. [8] was utilized together. Later, Park [9]
and Choi [10] have solved the inaccuracy problem of the
Chiaverini’s method by using the weighted pseudoinverse
with which the joint space is transformed to the orthogonal
space of tasks.

In spite of their successive advances, there are still several
difficulties when using the proposed methods, especially
if the number of tasks grows. The first difficulty is that
the consecutive projections still generate task errors of the
lower priorities because the DLPI is usually not an option
in the practical cases to prevent the drastic increase of the
joint velocities near the unexpected singularities. The second
difficulty is on the determination of the constants for the
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performance and stability of the algorithms where it’s better
to have less tunable gains if possible. The third difficulty is
the computational complexity that might be a burden of the
implementation with the limited resources in the real time
applications. Recently, the conventional problem has been
revisited by using the QRD to improve the computational
efficiency [11][12].

In this paper, we are proposing new methods for the PIK
by using QR and Cholesky decompositions with which the
QRD is used for the different purpose which is to separate the
orthogonalization and the inversion processes of the PIK. Our
approach is to orthogonalize tasks first, then to find the in-
verse solutions later, while the previous approaches perform
both simultaneously. The greatest advantage of seperating
two processes is that the orthogonalization process is not
interrupted by the stabilization techniques when calculating
the inverse solutions. Additionally, the blockwise matrix
computations are possible for the time-efficient implementa-
tion. We will also show the numerical reconditioning method
to improve the performance when the tasks are extremely
many. A comparative study to the conventional methods
will be given by the kinematic simulations with the n-link
manipulators and the KUKA LWR.

The background of the PIK will be provided in section II
and the proposed algorithm will be explained in section III.
The comparison results of the kinematic simulation will be
shown in section IV and finally the concluding remarks will
be in section V.

II. BACKGROUND

A. Inverse Kinematics

The forward and inverse kinematics are to find the map-
ping between the joint space Ωq ⊂ Rn and the task space
Ωx ⊂Rm of mechanisms. The joint variable q ∈Ωq is given
by the generalized coordinate and the task variable x∈Ωx is
defined from the tasks required. Then the forward kinematics
can be written as:

x = f(q) (1)

where f : Ωq→Ωx are usually surjective and nonlinear, thus
to find the inverse of (1) is difficult. Therefore, the resolved
motion rate control has been introduced by Whitney [13]
with which the kinematic problems are solved in the velocity
level

ẋ = J(q)q̇ (2)

where •̇ is the time derivative of •, J , ∂ f/∂q∈Rm×n is the
Jacobian of f with respect to q, and usually r , rank(J) ≤
m≤ n is assumed.



When finding the inverse of (2), there are two important
issues, singularity and redundancy. If the Jacobian is square
and has full rank (r = m = n), the unique solution is

q̇ = J−1(q)ẋ (3)

, while, in other cases, the mechanism has singularity (r <m)
or redundancy (m < n), such that the inverse solution doesn’t
exist or infinite solutions exist. Then, the simplest strategy
could be to minimise the task error ‖ė‖ , ‖ẋ− Jq̇‖ when
there is singularity or the joint velocity ‖q̇‖ when there is
redundancy where ‖•‖ is the Euclidean norm of •. In both
cases, the inverse solution is given by

q̇ = J†(q)ẋ (4)

where J† , VΣ
†UT ∈Rn×m is the Moore-Penrose pseudoin-

verse [14] defined from the singular value decomposition
(SVD) J = UΣVT and Σ

† , diag(1/σi) ∈ Rn×m is the rect-
angular diagonal matrix composed of the non-zero singular
values {σ1, · · · ,σr}.

Whenever the Jacobian is rank deficient, the mechanism
can not generate the motion in some directions, such that
the inverse solutions tend to increase drastically near the
singularities. Nakamura [4] and Wampler [5] have introduced
the DLPI to the robotics area with which the sum of the task
error and the joint velocity ‖ẋ−Jq̇‖2+λ 2‖q̇‖2 is minimized

q̇ = J∗(q)ẋ (5)

where J∗ , JT (JJT + λ 2Im)
−1 ∈ Rn×m is the DLPI of J,

Im ∈ Rm×m is the identity matrix, and the constant λ ∈ R
is a compromise between the accuracy of the task execution
and the boundedness of the solutions.

A drawback of solving the inverse kinematics in the
velocity level is that the solutions (3), (4), and (5) don’t
guarantee the task consistency in the position level given by
(1). To overcome this problem, Chiacchio et al. [8] have
proposed the CLIK in which the position-level task errors
are compensated

q̇ = J×(q)(ẋ+Ke) (6)

where K , diag(ki) ∈ Rm×m is the feedback gain, e , x−
f(q) ∈ Rm is the position-level task error, and J× is any of
JT ,J−1,J†, and J∗.

B. Prioritized Inverse Kinematics

The forward and inverse kinematics can be defined more
generally with k-tasks in order of higher to lower priorities

ẋ1 = J1(q)q̇
ẋ2 = J2(q)q̇

...
ẋk = Jk(q)q̇ (7)

where ẋi ∈ Rmi and Ji ∈ Rmi×n are the velocity and the
Jacobian of the i-th task, respectively. It can be compactly ex-
pressed in the form of (2) by defining ẋ,

[
ẋT

1 · · · ẋT
k

]T ∈

Rm, J ,
[
JT

1 · · · JT
k

]T ∈Rm×n, and m , ∑mi. From now,
we assume that (2) and (7) denote the same equation.

Definition 1 (Task and Algorithmic Singularities). Let’s
define ri , rank(Ji), then we can say that the i-th task has
a task singularity if ri < mi and the i-th and j-th tasks have
an algorithmic singularity if rank(

[
JT

i JT
j
]T
)< ri + r j.

Definition 2 (Prioritized Inverse Kinematics). Given the
ordered tasks (7), the PIK is to find the joint velocity q̇ that
minimizes the task error, ‖ėi‖, ‖ẋi−Jiq̇‖, on the condition
that the minimum task errors of the higher priority, ‖ė j‖,
1≤ j < i, are not changed.

If (7) has the unique solution (3), then it is also the unique
solution of the PIK. However, if not, (4) and (5) cannot be
the solution of the PIK because they minimize the total task
error ‖ė‖, therefore the error is distributed throughout the
whole tasks. Two well-known non-iterative solutions for the
PIK are shown in the next two propositions.

Proposition 1 (Nakamura and Maciejewski’s Method). The
recursive form (8) and (9) can be a solution of the PIK.

q̇i = q̇i−1 +(JiNi−1)
†(ẋi−Jiq̇i−1), q̇0 = 0 (8)

Ni = Ni−1− (JiNi−1)
†(JiNi−1), N0 = In (9)

Proof. See [1], [2], and [3].

Proposition 2 (Chiaverini, Park, and Choi’s Method). The
recursive form (10) and (11) can be a solution of the PIK

q̇i = q̇i−1 +NW
i−1JW†

i ẋi, q̇0 = 0 (10)

NW
i = NW

i−1−NW
i−1JW †

i Ji, NW
0 = In (11)

where JW†
i , W†JT

i (JiW†JT
i )

† ∈ Rn×mi and 0≤W , JT J ∈
Rn×n.

Proof. See [6], [7], [9], and [10].

III. PRIORITIZED INVERSE KINEMATICS USING QR AND
CHOLESKY DECOMPOSITIONS

As we discussed, the inverse solutions of both methods
require significant joint velocities near the singular positions,
therefore the DLPI should replace the pseudoinverse. For the
first method, (JiNi−1)

† is replaced with (JiNi−1)
∗ and, for the

second method, JW†
i is replaced with JW∗

i ,W�JT
i (JiW�JT

i )
∗

where W� , (JT J+δ 2In)
−1. Usually, the damping constant

λ and δ are determined differently. However, once we adopt
the DLPI, the null-space projection and the orthogonalization
between tasks become imperfect, such that there should be
interference between tasks. Therefore, the sources of the
task error are not only the imperfect inversions but also the
imperfect projections by the DLPI. This problem stems from
the fact that both methods perform the orthgonalization and
the inversion processes simultaneously.

Our strategy is to perform the orthogonalization of tasks
before calculating the inverse solutions. It becomes possible
thanks to the QRD of the Jacobian transpose. After the QRD
is accomplished, the inversion process can be performed in



the manner of the blockwise matrix computations. There-
fore, the orthogonalization process is not interrupted by the
inversion process and consequently the task errors can be
reduced.

A. Basic Idea

The QRD of the Jacobian transpose without the pivoting
is given by

JT = QR =
[
Q1 Q2

][R1
0

]
= Q1R1 , ĴT CT

where QT Q = In, Q1 = ĴT ∈ Rn×m, R ∈ Rn×m, and R1 =
CT ∈Rm×m is an upper triangular matrix. Then, the forward
kinematics can be rewritten as:

ẋ = C(q)Ĵ(q)q̇ (12)

or

ẋ1 = CA
11ĴA

1 q̇ = (C11Ĵ1)q̇
ẋ2 = CA

22ĴA
2 q̇ = (C21Ĵ1 +C22Ĵ2)q̇

...

ẋk = CA
kkĴA

k q̇ = (Ck1Ĵ1 + · · ·+CkkĴk)q̇ (13)

where C =




C11 0 . . . 0
C21 C22 . . . 0

...
...

. . .
...

Ck1 Ck2 . . . Ckk


, Ĵ =




Ĵ1
Ĵ2
...

Ĵk


, Ci j ∈

Rmi×m j , Ĵi ∈ Rmi×n, CA
i j =

[
Ci1 · · · Ci j

]
, and ĴA

i =[
ĴT

1 · · · ĴT
i
]T . The lower triangular matrix C can be

divided into two parts

C = CD +CL (14)

where CD = diag(Cii) is a block diagonal matrix and CL =
C−CD is a strictly lower triangular matrix.

Proposition 3 (Proposed Method I (Recursive Form)). The
recursive form (15) can be a solution of the PIK.

q̇i = q̇i−1 + ĴT
i C†

ii(ẋi−CA
i,i−1ĴA

i−1q̇i−1), q̇0 = 0 (15)

Proof. From (13), the i-th task can be written by ẋi =
(CA

i,i−1ĴA
i−1 +CiiĴi)q̇. Let’s define q̇ , q̇−+ q̇◦+ q̇+ that has

properties for preserving the task priority

ĴA
i−1q̇◦ = 0, ĴA

i q̇+ = 0 (16)

, then the i-th task error can be written by

ėi = ẋi−CA
ii Ĵ

A
i q̇−−CiiĴiq̇◦

and the minimum norm solution of the i-th task can be
obtained by

q̇◦ = ĴT
i C†

ii(ẋi−CA
ii Ĵ

A
i q̇−) (17)

using (CiiĴi)
† = ĴT

i C†
ii. Since (17) satisfies (16), if we

define q̇i−1 , q̇− and q̇i , q̇− + q̇◦, we get q̇i−1 ∈
span{ĴT

1 , · · · , ĴT
i−1} and the recursive form (15) can be a

solution of the PIK.

Theorem 1 (Proposed Method I (Closed Form)). The closed
form (18) can be a solution of the PIK

q̇ = ĴT (Im +C‡
DCL)

−1C‡
Dẋ (18)

where C‡
D , diag(C†

ii) ∈ Rm×m.

Proof. The equation (12) can be modified as:

CDĴq̇ = ẋ−CLĴq̇

by using (14), then the minimum norm solution becomes

Ĵq̇ = C‡
Dẋ−C‡

DCLĴq̇. (19)

If we inspect the block diagonal matrix CD and the strictly
lower triangular matrix CL, (19) represents the forward
substitution, therefore the process can be repeated preserving
the task priority.

Ĵq̇ = C‡
Dẋ−C‡

DCLĴq̇
= (Im−C‡

DCL)C‡
Dẋ+(C‡

DCL)
2Ĵq̇

...

=
[
Im−C‡

DCL + · · ·+(−C‡CL)
l−1
]

C‡
Dẋ

+(−C‡
DCL)

l Ĵq̇

Let’s define D , C‡
DCL, then

D =




0 0 · · · 0 0
C†

22C21 0 · · · 0 0
...

...
. . .

...
...

C†
kkCk1 C†

kkCk2 · · · C†
kkCk,k−1 0




is the strictly lower triangular matrix, therefore it’s a nilpotent
matrix that has properties Dl = 0 for some positive integer
l ≤ k and Im +D is invertible, such that

(Im +D)−1 = Im−D+D2−D3 + · · · .
Therefore, the process finishes after l repetitions and the re-
sult can be compactly expressed in the closed form (18).

The proposed methods (15) and (18) don’t require to
calculate the null-space projection matrix nor the orthog-
onalization process during the formulation of the inverse
solutions. Therefore, even if we replace the pseudoinverse
to the DLPI, orthogonality between tasks is not affected.

l1

l2

θ1

θ2

x

y

l1 + l2

l1 + l2

Pi

Pf

Px

Py

Pb

(x, y)

Fig. 1: Two-link manipulator with the desired trajectory of
the end-effector moving from Pi to Pf .



B. Damped Least-Squares Pseudoinverse with Varing λ

A degenerate case of considering the task priority occurs
when a higher-priority task has both the task and algorithmic
singularities, such that higher- and lower-priority tasks need
to be damped together at the same time. The difficulty
arises from the fact that the small variation in the higher-
priority task near the singular configuration can cause large
fluctuations in the orthogonalization process, such that the
inverse solution tends to be unstable and the large damping
gain of the DLPI is demanded to stabilize the solution.

A simple example can be a two-link manipulator that
is required to reach to the outside of the workspace as
shown in Figure 1 while preserving the task priority that
the x-directional motion of the end-effector is higher than
y. The expected traveling path is composed of two parts,
P1 : Pi → Pb and P2 : Pb → Px. While it follows P1, the
manipulator has its full degree-of-freedom (DOF), so both
tasks can be performed exactly. However, once it reaches to
the boundary (θ2 = 0), it loses a DOF in the direction normal
to the boundary, therefore the inverse solution preserving
the task priority should make the effector travel on the
boundary toward Px. The degenerate case can be found near
Px where θ ,

[
θ1 θ2

]T ≈ 0 and the Jacobian matrix can be
approximated as:

J(θ)≈
[

J̃1
J̃2

]
=

[
−(l1 + l2)θ1− l2θ2 −l2θ1− l2θ2

l1 + l2 l2

]
. (20)

In this configuration, the primary task has a task singularity
because J̃1 ≈ 0 and also an algorithmic singularity can occur
when |θ2| � |θ1| because J̃1 ≈−J̃2θ1. Therefore, the small
variation of θ can change the direction of J̃1 largely, then the
orthogonalization between two tasks can also be fluctuated
inducing instability in the inverse solution.

The proposed method is more vulnerable to this problem
compared to the conventional methods because it preserves
orthogonality between tasks more accurately. It can be
checked from the solutions of the PIK. Let’s define the
desired trajectory of two tasks using the CLIK

ẋd = ẋ+ kx(x− fx(θ))

ẏd = ẏ+ ky(y− fy(θ))

and perform the QRD of JT by using the Gram-Schmidt
orthogonalization

J(θ) =
[

c11 0
c21 c22

][
Ĵ1
Ĵ2

]

=




√
J1JT

1 0

J1JT
2 /
√

J1JT
1

√
J2N2

1JT
2




 J1/

√
J1JT

1

J2N1/
√

J2N2
1JT

2




where N1 = I2− J†
1J1 = I2− (JT

1 J1)/(J1JT
1 ), then the solu-

tions of the PIK can be given from Propositions 1 ∼ 3.
• Proposition 1 : θ̇ = J†

1ẋd +(J2N1)
†(ẏd−J2J†

1ẋd)

• Proposition 2 : θ̇ = JW†
1 ẋd +NW

1 JW†
2 ẏd

• Proposition 3 : θ̇ = ĴT
1 c†

11ẋd + ĴT
2 c†

22(ẏd− c21c†
11ẋd)

Now we can see the effect of using the QRD more
clearly. When we replace the pseudoinverse to the DLPI,
we don’t need to consider the same damping effect for
the QRD because the division operation in the QRD is
used to find orthonormal vectors that can be calculated very
accurately without worrying about the drastic increase of the
inverse solution. However, this property also brings about
the instability of the inverse solution in the degenerate case
because c11 =

√
J1JT

1 ≈ 0 but c22 =
√

J2N2
1JT

2 ∈ [0,
√

J2JT
2 ]

can be varied sensitively according to the direction of J1.
While, the imperfect projection of the conventional methods
can be helpful for this special case because the use of the
DLPI gives J∗1 ≈ JW∗

1 ≈ 0 and N1 ≈ NW
1 ≈ I2, such that the

inverse solutions become θ̇ ≈ J∗2ẏd for the Proposition 1 and
θ̇ ≈ JW∗

2 ẏd for the Proposition 2 that are not sensitive to the
direction of J1.

Increasing damping gains just to prepare the degenerate
case eliminates all advantages of using the QRD. Then,
possible remedies are to use the varying damping gains [4][6]
or the numerical filtering [15]. However, it may not be
beneficial to adopt those methods to the structure of the QRD
because they use the manipulability measure or the singular
values to calculate the distance to the singularities, but the
QRD can provide more concrete information about both
the task and algorithmic singularities by the block diagonal
matrices Cii. Additionally, the inspection of the degenerate
case demands the mechanisms to be strictly restricted from
the singular configurations. We are proposing a modified
DLPI of Cii with a varying damping gain that uses the
determinent of Cii as the singularity measure

C#
ii , CT

ii

(
CiiCT

ii +
λ #2

i
|Cii|2 + ε2 Imi

)−1

(21)

where the tunable gain λ #
i is determined considering the

boundary of the neighbourhood of the singular configuration
and ε can be decided as small as possible just to avoid
dividing by zero. The comparison of three different inverse
methods in the one-dimensional case is shown in Fig. 2.
We can observe that the proposed method ensures smooth
shaping of the inverse solution, as well as strongly suppresses
near the singular position (x = 0).

0 0.05 0.1
0

50

100

 

 

x

y

y = x# =
x

x2 + λ#2

x2+ε2

y = x∗ =
x

x2 + λ2

y = x−1 =
1

x

Fig. 2: Comparison of three inverse methods with λ = 0.01
for y = x∗ and λ # = 0.00013 for y = x#.



C. Numerical Reconditioning

The problem of numerical imbalance between the diagonal
block matrices can occur when the Jacobian is rank deficient
or, especially, the number of tasks increases. It can be
recognized by representing the i-th Jacobian with its QRD
form Ji = Ci1Ĵ1 +Ci2Ĵ2 + · · ·+CiiĴi where

JiJT
i = Ci1CT

i1 +Ci2CT
i2 + · · ·+CiiCT

ii . (22)

Since the right hand side of (22) consists of the positive
semidefinite matrices, the norm of CiiCT

ii is usually less
than JiJT

i , and this tendency becomes more significant when
the number of tasks increases. Also, if the i-th task aligns
close to the directions of the higher-priority tasks, the QRD
reduces or eliminates the diagonal terms of the i-th task.
These properties weaken the performance of using the QRD
and make difficulties when determining suitable damping
gains for each task. This problem can be alleviated if we can
remove or minimize the off-diagonal terms, such that JiJT

i ≈
CiiCT

ii . Similarly to the proposition 2, it can be accomplished
by transforming the joint space to the orthogonal space of
tasks. We are providing an algorithm that uses the CLD.

Theorem 2 (Proposed Method II (Recursive and Closed
Forms)). The recursive form (23) and the closed form (24)
can be solutions of the PIK, as well as reconditions the QRD
such that |cii| ≤ 1

q̇i = q̇i−1 + ĴT
i C†

ii(ẋi−CA
i,i−1ĴA

i−1q̇i−1), q̇0 = 0, q̇ = R̃−1q̇k
(23)

q̇ = R̃−1ĴT (Im +C‡
DCL)

−1C‡
Dẋ (24)

where W = JT J+δ 2In = R̃T R̃ is the CLD and JR = JR̃−1 =
CĴ is the QRD.

Proof. Let J = UΣVT be the SVD of the Jacobian, W =
JT J+ δ 2In = R̃T R̃ > 0 be the CLD of the symmetric and
positive definite matrix, and R̃ = ŨΣ̃ṼT be the SVD of the
upper triangular matrix, then W can be rewritten as:

W = V(ΣT
Σ+δ

2In)VT = ṼΣ̃
2ṼT > 0

in the form of the Eigenvalue decomposition and we get
Σ̃ = (ΣT

Σ+ δ 2In)
1/2 ∈ Rn×n and VT

r Ṽr = diag(±1) ∈ Rr×r

where Vr and Ṽr ∈ Rn×r are the block matrices composed
of the first r-column vectors of V and Ṽ. The joint space of
the forward kinematics (2) can be transformed by using R̃
as JRq̇R = ẋ where q̇R = R̃q̇ and

JR = JR̃−1

= U
[

Σr 0
0 0

][
VT

r
VT

n−r

]

×
[
Ṽr Ṽn−r

][(Σ2
r +δ 2Ir)

−1/2 0
0 δ−1In−r

]
ŨT

= U
[

ΣrVT
r Ṽr(Σ

2
r +δ 2Ir)

−1/2 0
0 0

]
ŨT

= U

[
diag ±σi√

σ2
i +δ 2

0

0 0

]
ŨT .

Let JR = CĴ be the QRD in the transformed coordinate, then
we get

JRJT
R = CCT = U

[
diag σ2

i
σ2

i +δ 2 0
0 0

]
UT .

If r =m, we can always find 0< δ�σm, such that JRJT
R ≈ Im

and CT ≈ C−1. The only condition for the lower triangular
matrix C to be an orthogonal matrix is that C = diag(±1).
Therefore, if the Jacobian has its full rank, the coordinate
transformation can orthonormalize the tasks, as well as
recondition the QRD such that C≈ diag(±1). If r < m, there
is no way to preserve orthogonality between all tasks, but
still the QRD can be reconditioned, such that we can get
|cii| ≤ 1 because the singular values of JR is not greater than 1
(σi/

√
σ2

i +δ 2 ≤ 1) and the projection or the reflection never
increase the norm of vectors while calculating the QRD. The
solution of the PIK in the transformed coordinate is given
by (15) or (18) and it can come back to the original joint
space by using q̇ = R̃−1q̇R.

Figure 3 shows the effect of the numerical reconditioning.
It is clearly shown that the diagonal terms are numerically
well conditioned even though there are algorithmic singu-
larities. An important comment is that the QRD can be
calculated differently according to the QRD algorithms when
the Jacobian is rank deficient. Our recommendation is to use
the modified Gram-Schmidt algorithm [16] that seems to give
better results for our purposes. Additional discussion can be
the determination of δ . The smaller δ makes the singular
values of JR = JR̃−1 closer to one but the inverse solution
q̇ = R̃−1q̇R larger. Therefore, using the CLD still has two
conflict rolls, orthogonality between tasks and boundedness
of the inverse solutions, similarly to the DLPI and seems
to make the problem more complex. However, once the
numerical reconditioning is achieved well, we don’t need
to find the damping gains differently for each task.

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

 

 

Modified Gram−Schmidt Orthogonalization
Householder Triangularization

0 10 20 30 40 50 60 70 80 90 100

0

0.5

1

QR and Cholesky Decompositions (JR = JR̃−1 = CĴ)
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Fig. 3: Comparison of diagonal terms calculated by two dif-
ferent methods with a randomly generated matrix (100×100)
that has dependency between rows 1 ∼ 20 and 41 ∼ 60.



x1 =




∑
2k+1
a=1 la cos(∑a

b=1 θb)

∑
2k+1
a=1 la sin(∑a

b=1 θb)

∑
2k+1
a=1 θb


 J1 =




−∑
2k+1
a=1 la sin(∑a

b=1 θb) −∑
2k+1
a=2 la sin(∑a

b=1 θb) · · · −l2k+1 sin(∑2k+1
b=1 θb)

∑
2k+1
a=1 la cos(∑a

b=1 θb) ∑
2k+1
a=2 la cos(∑a

b=1 θb) · · · l2k+1 cos(∑2k+1
b=1 θb)

1 1 · · · 1




xi =


∑

2(k−i+1)
a=1 la cos(∑a

b=1 θb)

∑
2(k−i+1)
a=1 la sin(∑a

b=1 θb)


 Ji =


−∑

2(k−i+1)
a=1 la sin(∑a

b=1 θb) · · · −l2(k−i+1) sin(∑
2(k−i+1)
b=1 θb) 0 · · · 0

∑
2(k−i+1)
a=1 la cos(∑a

b=1 θb) · · · l2(k−i+1) cos(∑
2(k−i+1)
b=1 θb) 0 · · · 0


 (25)
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(
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n =
∑

mi = 2k + 1

x1 =



Pe,x

Pe,y

θe,z




x2 =

[
Pn−3,x

Pn−3,y

]

xk =

[
P2,x

P2,y

]

Fig. 4: Geometry of the two-dimensional n-link manipulator.
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Fig. 5: Desired trajectories of tasks.

IV. SIMULATION RESULTS AND DISCUSSIONS

Two kinematic simulations are conducted with the n-
link manipulator in the two-dimensional case and the 7-
DOF manipulator in the three-dimensional case. The former
focuses on the maximum accuracy of the four different PIK
methods, such that the norm of errors will be compared in
the variation of the number of tasks without concerning the
practical boundedness of the joint velocity. While, the latter
will also consider the magnitude of the joint velocities in the
determination of the damping gains.

A. n-Link Manipulator

The example shown in Fig. 4 was designed in order
to show the performance of the PIKs clearly with the
various number of tasks. Generally k-tasks are defined. The
first is to control the posture of the end-effector x1 =

[
Pe,x Pe,y θe,z

]T ∈R3 and the i-th is to control the interme-
diate point xi =

[
Pn−2i+1,x Pn−2i+1,y

]T ∈R2 where 1≤ i≤ k
and n = 2k+1. Then, the task variable and its Jacobian can
be derived by (25). The priority is highest on the end-effector
and becomes lower if the intermediate point is farther from
the end-effector.

The desired trajectory of the end-effector position is gener-
ated with the destination outside of the workspace by using
the fifth-order polynomial. For other tasks, the trajectories
are decided to preserve the initial relative positions, such
that the desired trajectory of the end-effector is shifted to
the initial position of each intermediate point, as shown in
Fig. 5. Therefore, the manipulator is required to follow the
impossible trajectories and, when the end-effector follows
the desired trajectory, the lower-priority tasks suffer from
the algorithmic singularities starting from the lowest-priority
task and if some links are stretched completely, they also
meet the task singularities. The task errors are compared to
see how the priority between tasks is preserved accurately.
During the simulation, the CLIK is used with the feedback
gain ki = 10 for all simulations and the control period is set
to 1ms. The tunable damping gains are determined on the
third decimal digits right before the chattering occurs or the
joint velocity shows impulsive curves.

The simulation results are shown in Fig. 6 where the norms
of the task errors (‖ei‖= ‖xd,i−xi‖, i= 1∼ k) are displayed.
Four different numbers of tasks are tested with four different
inverse solutions. Since we ordered the manipulator to reach
outside of the reachable space for all tasks, finally all tasks
will make the task errors. If the inverse solution preserves
the priority of tasks accurately, the task errors of the higher-
priority tasks should be close to zero when the lower-priority
tasks cannot be performed perfectly and make the task errors.
In this point of view, the fourth method that uses both the
QRD and the CLD gives the best results. Even with the 50
tasks and 101 links, the method can accurately perform the
tasks preserving the priority compared to other methods.

B. KUKA LWR with Three Tasks

The obstacle avoidance control along with the end-effector
position and orientation controls of the 7-DOF manipulator,
KUKA LWR, is considered as shown in Fig. 7. The end-
effector is supposed to follow a line that reaches to the
outside of the workspace while maintaining its initial ori-
entation. A static obstacle is located near the manipulator
that may induce the collision if avoding motions are not
generated properly. The obstacle avodance is realized based
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Fig. 6: Simulation results are displayed with four different numbers of tasks and four prioritized inverse solutions. The
horizontal axis is the simulation time [s] and the vertical axis is the norm of the task errors ‖ei‖= ‖xd,i−xi‖, i = 1∼ k.

on [17]. The expected senario is that, firstly, the manipulator
meets an algorithmic singularity in the configuration that the
end-effector position and orientation cannot be controlled
simultaneously, then it suffers from the task singularity of
the position control where the end-effector reaches to the
boundary of the workspace.

The performances of the end-effector position and orien-
tation controls are compared with the norms of task erros,
while the preformance of the obstacle avoidance control is
measured by the minimum distance between the manipulator
and the obstacle, so if the distance is farther, then the
performance is better. The damping gains (δ ,λ ,λ #) are tuned
by hands in considerations of the boundedness of the joint
velocities, such that it’s tried to match the maximum magni-
tudes for four PIK methods if possible. The CLIK gains and
the control period are same to the previous simulation.

Fig. 8 shows that the proposed methods execute tasks
more accurately even near the algorithmic and kinematic
singularities. The interference between tasks became severe
for Proposition 1, such that it failed to follow the desired
trajectories and converged to a wrong configuration. Ad-
ditionally, it can be checked that the joint velocities of
the proposed methods are smooth and bounded similarly
to the Proposition 2 in Fig. 9, but the variations of the
proposed methods are more dynamic to execute the tasks
more accurately.
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Fig. 7: Three tasks for the KUKA LWR are defined as:
1) end-effector position control, 2) end-effector orientation
control, and 3) obstacle avoidance control in the order of
higer to lower priorities.

V. CONCLUSION

We have proposed two non-iterative solutions in both
the recursive and the closed forms for the problem of the
prioritized inverse kinematics by using the QR and the
Cholesky decompositions with the aim of separating the
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Fig. 8: First two figures show the norms of position and
orientation errors and the third figure displays the minimum
distance between the manipulator and the obstacle of four
PIK methods.
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Fig. 9: The joint velocities, q̇ [rad/s], of four PIK methods.

orthogonalization of tasks from the derivation of inverse
solutions. Two degenerating properties in dealing with the
priority of multiple tasks were explained and, as the reme-
dies, the modified damped least-squares pseudoinverse and
the numerical reconditioning method were integrated with
the proposed method. Consequently, it was possible for the
101-link manipulator to perform 50 tasks more accurately
compared to the conventional methods. Also, the obstacle
avoidance control along with the end-effector position and
orientation controls for the 7DOFs manipulator, KUKA
LWR, has been performed more accurately with the smooth
and bounded joint trajectories.
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