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1.1 Towards a two-layer architecture for distributed
systems
New application fields like smart power grids, water distribution systems, traffic systems, or large arrays of micro-electromechanical systems (MEMS) require novel optimization and control algorithms that operate in a distributed,
event-triggered fashion and are able to react to dynamic changes within the
overall system on different time scales. The research presented here is targeted
at a two-layer architecture for the optimal control of distributed systems. It
consists of two interacting, distributed layers: an upper optimization layer
and a lower feedback control layer. The general idea is that the feedback controller adapts itself to the changing physical structure and is able to deal with
fast dynamics, while the distributed optimization layer can be adjusted to
the communication topology and addresses global aspects on a slower time
scale. The overall control scheme uses an event-triggered, local information
exchange.
In this chapter, we present a selection of important techniques for distributed optimization and control. In the first section, methods from the field
of distributed optimization are shown, afterwards we give an overview over
important results in distributed control. Lastly, we present two particular
methods, one from optimization, the other from controller design. The two
methods have in common that they are both based on dual approaches.
1.1.1 Distributed optimization
Distributed optimization algorithms are gaining significant importance due to,
in particular, the ubiquitous parallel processing of new computer generations
and the growing need for distributed approaches to optimized decision making
and control in large scale networked systems. In this section we review several
central ideas that are at the core of distributed optimization algorithms.
In general, optimization problems in a multi-agent system have the following structure: Every agent i ∈ {1, . . . , m} has control over a sub-block
xi ∈ Rni of the decision variables x = (x1 , . . . , xm ) ∈ Rn and the aim is to
solve the following constrained optimization problem:
min f (x),

x∈X⊆Rn

(1.1)

where X ⊆ Rn is the feasible set and f : U → R is the cost function,
defined on an open set U ⊃ X. The structure of f and X determines to
what extent the agents have to interact in order to jointly solve (1.1). Favorable properties for P
decomposing the problem are separability of the cost
m
function, i.e., f (x) = i=1 fi (xi ) or separability of the constraint set, i.e.,
X = X1 × · · · × Xm . If both are separable then problem (1.1) decomposes
into m subproblems minxi ∈Xi fi (xi ) that can be solved independently and in
parallel by each agent i. Of course, this full separability is usually not given

1 Distributed estimation and control

3

and depending on the type of non-separability different approaches can be
followed to obtain distributed solution methods.
For the case of a separable feasible set X = X1 × · · · × Xm and a nonseparable objective function f (x), variants of block coordinate descent methods are appropriate. Parallel Variable Distribution (PVD) [8, 24, 27, 28] is
a general class of methods that follow this paradigm. In each iteration, the
PVD algorithm performs a parallelization step and a synchronization step to
compute the new iterate xk+1 from the current iterate xk . In the parallelization step, the main responsibility of agent i is to find an improvement for the
ith block of x by solving a suitable subproblem. This is done in parallel by
all agents. In addition, the search space of agent i can be extended by one
dimension for each of the other m− 1 subblocks xj , j 6= i. This “forget-me-not
approach” improves the robustness and accelerates the convergence compared
to earlier methods such as block Jacobi [1] and coordinate descent [30]. The
subproblem of the ith agent looks as follows:


X
k
k
λij dj
min
fi yi , xī +
n
m−1
yi ∈R

i ,(λij )j6=i ∈R

j6=i

s.t. yi ∈ Xi , xkj + λij dkj ∈ Xj (j 6= i).
Here, xī = (x1 , . . . , xi−1 , xi+1 , . . . , xm ) denotes x after removal of the ith block
xi and fi (xi , xī ) := f (x1 , . . . , xm ) is just the function f with conveniently reordered variables xj . This problem is solved to obtain (approximate) solutions
yik and λkij , j 6= i. Convergence analyses exist for different flavors of accuracy
requirements to which these subproblems are solved: exact, ǫ-solutions, or
sufficient decrease conditions [24, 27, 28]. The synchronization step then collects the agents’ new candidate iterates xk,i with subblocks xk,i
= yik and
i
k,i
xj = xkj + λkij dkj , j 6= i. Here, the vectors dkj are subblocks of a suitable direction dk ∈ Rn (e.g. steepest descent). The new iterate xk+1 ∈ X is determined
such that f (xk+1 ) ≤ min f (xk,i ). This condition can be relaxed, too.
1≤i≤m

Another class of distributed optimization methods, bilevel decomposition
algorithms (BDA) [2, 14, 15, 29], is suitable for partially separable optimization problems. These are separable with respect to m local variables xi ∈ Rni ,
i = 1, . . . , m, and coupled via global variables y ∈ Rp :
min

y,x1 ,...,xm

m
X

fi (y, xi )

s.t. gj (y, xj ) ≤ 0 (1 ≤ j ≤ m),

i=1

with gi : Rp × Rni → Rli . The general approach of BDA to solve this problem
is to break it up into a master problem and a set of m subproblems each
depending only on the local variable block xi . A more formal description of
the algorithm is the following:
Solve the master problem
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min
y

m
X

Fi∗ (y),

i=1

where Fi∗ (y) is the optimal value function of the ith subproblem:
Fi∗ (y) = min {fi (y, xi ) | gi (y, xi ) ≤ 0, xi ∈ Rni }
for i = 1, . . . , m. The latter problems can be solved in parallel.
Both, PVD methods and BDA require to some extent a global data exchange. PVD distributes the current iterate to all agents before the synchronization step and collects the results in the parallelization step. In the BDA,
each evaluation of the master problem’s cost function requires to distribute
the global variable y to the agents and to collect the function values Fi∗ (y)
afterwards. If the optimization procedure for the master problem requires additional information, e.g., (sub-) gradients of Fi∗ , these have to be collected
as well. Alternatives to BDA were proposed that tackle the whole coupled
problem by interior point methods and perform a BDA-like decomposition on
the linear algebra level by a Schur complement approach [15].
Many optimization problems arising in the context of large-scale networks
such as utility maximization problems (NUM) [19], distributed estimation
[22], and the DC optimal power flow problem [20] have the following common
structure: The cost function is convex and separable and the coupling occurs
only via linear constraints:
min

x∈X

m
X

fi (xi )

s.t. Ax ≤ c , Bx = d,

i=1

with X = X1 × · · · × Xm , Xi ⊂ Rni convex and closed, A = (A1 , . . . , Am ) ∈
Rl×n , Ai ∈ Rl×ni , c ∈ Rl , B = (B1 , . . . , Bm ) ∈ Rn×n , Bi ∈ Rn×ni , and
d ∈ Rn . Due to this structure dual decomposition algorithms [3, 4, 17, 32] find
broad application,
Pm where the constraints are decoupled using the Lagrangian
L(x, λ, µ) = i=1 [fi (xi ) + λT Ai xi + µT Bi xi ] + λT c + µT d. Then the dual
problem is considered:
max
d(λ, µ),
λ∈Rl+ , µ∈Rn

where d(λ, µ) = inf x∈X L(x, λ, µ).
Obviously, the evaluation of the dual function can be done in parallel and a
classical approach to solve the dual problem is the application of the projected
gradient method [1] (or the projected subgradient method [1], if the dual function is not differentiable) which is easily parallelizable too. distribution could
be used as well. regarding the dual multipliers λ the classical approach Often,
the structure of the network optimization problems mentioned above in combination with dual decomposition requires only local communication between
the agents, i.e., only neighboring agents in the network need to communicate
with each other (see section 1.1.3). By incorporating event-triggered communication [13] into the dual decomposition approach, additional flexibility with
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respect to physical and communicational network topology changes can be
achieved. This is sketched in the following section.
We close this section by mentioning that many aspects of (distributed)
optimization can be interpreted from a control perspective [33]. The iteration
performed in optimization methods can often be interpreted as a time discretization of a dynamical system (e.g., gradient flow). The aim, however, is
not to accurately trace the trajectory, but rather to efficiently approach an
equilibrium point.
1.1.2 Control of distributed systems
Today, our everyday life is influenced directly by many important large-scale
dynamical systems. The electrical power grid and our water distribution systems, for example, are fundamental to our society. Traffic management has
become more and more important, motivated by the growing population. Also,
the recent technological revolution represented by the internet can be regarded
as a dynamical system, spread out all over the globe. While this system class
has existed for a long time, new challenges have emerged. First, and foremost,
in control it is always the goal to achieve a good performance, and today, more
than ever, the desire for energy efficiency calls for new technologies. Furthermore, specific challenges call for new control methods. For instance, the idea
to couple national and even continental power grids more closely, while simultaneously including more and more renewable energy sources, creates even
larger dynamical systems which become harder to control. Distributed control aims to become one of the enabling technologies to deal with these new
challenges.
The size of large-scale systems is the reason why classical, centralized control methods cannot be applied. Traditionally, completely decentralized control methods are used which means that the individual subsystems do not
exchange information and only use their own measurements for the control
task. However, the wide-spread use of modern communication networks has
sparked ideas and interest to employ these new technologies in the context
of control to find an intermediate between centralized and decentralized control. The basic idea is to allow communication between some – but not all –
subsystems, in order to improve performance when compared to decentralized
control, while maintaining the low complexity compared to centralized (full
information) control. The structure of the allowed communication connections
– sometimes referred to as the communication topology – imposes structural
constraints on the controller.
In this section, we will restrict ourselves to structured linear-time invariant
systems with N subsystems. We assume that the subsystems can influence
each other via the state, but that the input of each agent is restricted to the
one respective agent. In the time-domain, this can be formulated as follows.
The dynamics of each subsystem i is given by
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ẋi (t) = Aii xi (t) + Bi ui +

N
X

Aij xj , i = 1, ..., N,

j=1
j6=i

where xi ∈ Rni , ui ∈ Rmi , Aii ∈ Rni ×ni , Aij ∈ Rni ×nj and Bi ∈ Rni ×mi .
The coupling structure of the dynamical system is often described by a
directed graph G = (V, E) where V is the collection of nodes (i.e. subsystems,
agents) and E is the collection of edges (i.e. interconnections). The edge set
describes which subsystems influence each other, or more specifically, if an
edge (j, i) ∈ E, subsystem i is influenced directly by the states of agent j.
Hence, the matrix Aij 6= 0 only if (j, i) ∈ E.
Ni = {j|(i, j) ∈ E or (j, i) ∈ E} .
By concatenation of the subsystems’ states, the overall interconnected system
can be written compactly as the continuous-time time-invariant linear system
ẋ(t) = Ax(t) + Bu(t), x(0) = x0 ,

(1.2)

where x ∈ Rn is the state, u ∈ Rm is the input and x0 ∈ Rn is the initial
condition. The matrix A consists of the blocks Aij , and B has the form
diag(Bi ).
Similarly, some approaches in the literature consider the system in frequency domain. This means that the plant transfer function matrix G(s) has
a sparsity structure (zero entries) which can also be described by a graph.
The goal of distributed optimal control is to design a controller which also
has a specific sparsity structure, and which is optimal in some sense. The
literature offers a variety of performance specifications which will be explored
in more detail below.
Regarding the structure, we want to give an example. Suppose we want to
design a linear static state feedback control where communication is allowed
among neighbors (neighborhood as defined above). Mathematically, this can
be formulated as
Kij 6= 0 only if j ∈ Ni .
(1.3)
Obviously, in the frequency domain, similar structural constraints can be
imposed on the feedback transfer function matrix K(s).
In the following, we want to present several approaches to control large-scale
systems.
As already mentioned, the earliest approaches dealing with large-scale systems are decentralized control [26] where each subsystem uses only its own
information for the control task. While stability may be guaranteed, the performance is usually degraded when compared to centralized (full information)
control. So distributed control can be regarded as a compromise between classical centralized control and decentralized control. A big distinction in the
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approaches can be made which is especially interesting when large-scale systems are considered. This divides all approaches into those which assume that
complete, centralized model information is available while others consider the
control problem with only limited or locally available model information. We
begin our overview with the complete-model approaches.
An early result [34] in distributed control already illustrates the difficulty
of the problem by showing that the optimal controller to a two-agent linear
quadratic cost problem is nonlinear when a structural constraint is imposed.
A more recent important result is given in [21] where conditions on the communication topology are given based on the plant transfer function such that
the controller design problem can be formulated as a convex optimization
problem. The paper uses the Youla parametrization to parameterize all stabilizing controllers and if the set of admissible controllers satisfies the so-called
property of quadratic invariance, the optimal controller can be found via a
convex problem. Also, a computational test for quadratic invariance based on
the structure of the controller matrix K and on the structure of the plant
transfer function G is given. However, the resulting optimization problems
are in general infinite-dimensional and thus, though convex, still difficult to
solve.
In some cases, it may be of interest to have a minimal communication
topology while maintaining good performance levels in comparison to the
centralized case and this is achieved in [23]. This is first formulated as a minimization of the l0 -norm, i.e. the direct minimization of the number of entries
in the feedback matrix. Since this problem is hard to solve, a convex relaxation
is introduced in form of a weighted l1 -minimization. The minimization is subject to a given performance degradation in an H∞ -sense. This means that the
performance of the decentralized controller is compared to the performance
of the optimal centralized controller and the discrepancy cannot become too
large.
Interesting approaches for distributed controller synthesis based on statespace formulations are for example [11, 31] which are based on LMIs and
where the controller topology is identical to the plant topology, i.e. if subsystems are coupled dynamically, they are allowed to exchange information. This
assumption on the structure is fairly common and is based on the idea that
such a communication topology would be relatively easy to implement.
In [25], a state-space method for distributed H2 optimal controller design
is presented which is applicable when the subsystems are partially ordered,
e.g. chains, trees or nested structures. It is shown that the problem can be
decomposed into N subproblems, where N is the number of subsystems in the
whole system. Each subproblem then consists of the solution of an uncoupled
Riccati equation for which efficient techniques are known.

8

S. Hirche, B. Lohmann, P. Philipp, M. Ulbrich, and F. Wirth

If one is interested in the largest eigenvalue as a performance measure,
the approach in [10] is applicable. The minimization of the real part of the
largest eigenvalue aims at maximizing the convergence rate. In order to do
so, a decentralized controller is designed in a first step. This controller is
simply used to stabilize the system and no performance is optimized. The
advantage of this is that the system remains stable even if communication links
fail. In a second step, a limited number of communication links between the
subsystems are added to get optimal performance. This constitutes a mixed
integer problem which is NP-hard. For a special case of scalar subsystems and
several conditions on the dynamics matrix, a more efficient solution is also
derived.
All the methods presented above have in common that the controller is implemented distributedly but it is designed in a centralized way, i.e. with the
assumption that a complete model is available. So in the following, we want
to present some of the very few approaches that try to satisfy their control
task with only limited model information. One of these papers is [7]. The
authors show for discrete-time LTI systems that when each agent knows only
its own system model, deadbeat control cannot be outperformed by any other
control strategy when an LQR cost functional is considered. For a specific
structure of the dynamics matrix A (tridiagonal), which is present in vehicle
following problems, the authors in [6] formulate a distributed optimization
problem using dual decomposition to find the optimal linear quadratic distributed controller. In order to facilitate convergence of the problem, they use
a relaxed augmented Lagrangian technique. Another approach based on distributed optimization is presented in [9]. The authors use dual decomposition
in a distributed model predictive method which involves repeated minimization of a cost function to determine an optimal control action profile.
In [12] it is assumed that subsystems know their own dynamic model
and the model of their direct neighbors (neighborhood is defined through
direct physical coupling). The optimal distributed controller for an LQR cost
functional is then computed iteratively by introducing an adjoint (dual) state
and using simulated trajectories of the system and adjoint states to compute
a gradient descent direction for the state feedback matrix.
1.1.3 Dual decomposition of DC optimal power flow problem
We now consider the static DC optimal power flow problem, where a convex
and separable energy production cost function in an electrical power network
has to be minimized subject to coupling constraints that enforce the power
balance within the network as well as bounds on power generation and power
line flow. The power system is modeled by a directed graph G = {V, E}
with V = {1, . . . , n} representing the set of buses, where all buses contain
a load and for simplicity of notation are directly connected to a generator.
The generalization of only p < n buses directly connected to a generator is
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straightforward. The edge eij ∈ E ⊆ V × V with |E| = m represents the
transmission line from bus i to bus j. Let I be the m × n incidence matrix of
the graph G and define a diagonal matrix D ∈ Rm×m with dll = 1/xl where
xl is the reactance of the lth transmission line.
Denoting by Pig the generated power, by Pid the load and by θi the voltage
phase angle at bus i, the DC optimal power flow problem can be stated as
follows:
min

Pig ∈Pi , θi ∈Θi

n
X

Ci (Pig )

i=1

s.t. Bθ = P g − P d
F

min

(1.4)

≤ DIθ ≤ F

max

,

(1.5)

where Pi , Θi are compact and convex sets, Ci (x) = ai2 x2 + ai1 x + ai0 is
the quadratic cost of power production at bus i with nonnegative coefficients
ai2 , ai1 , ai1 for i = 1, . . . , n. Matrix B ∈ Rn×n is defined as:
P
1

 k∈N (i) xik , if i = j,
if j ∈ N (i),
B = I T DI ,
Bij = − x1ij ,


0,
else,

where N (i) = {j | (i, j) ∈ E ∨ (j, i) ∈ E} denotes the set of indices of bus i’s
neighbors and xij denotes the reactance of the transmission line connecting
bus i and bus j. The constraint (1.5) limits the power flow on each transmission
line l to [Flmin , Flmax ], whereas constraint (1.4) expresses the power flow !¿!L
equations.
We used the partially separable structure of this problem in combination with
a dual decomposition approach [16] to derive a dual problem that allows for
a parallel evaluation of the dual cost function:
f (λ, µ) =

−

min

Pig ∈Pi , θi ∈Θi

X

j∈N (i)∪i

n
X

[Ci (Pig )

+

µi Pig ]

+

n  X
X

(λl − λl+m )Ali

i=1 l∈L(i)

i=1


m
n
X
X
µj Bji θi +
[λl+m Flmin − λl Flmax ] −
µi Pid ,
l=1

i=1

where L(i) = {l | vi ∈ el ∧ el ∈ E} denotes the set of indices of lines connected
to bus i. Nesterov’s smoothing method [18] is utilized by adding strongly convex functions di (x) = σ2i kxk22 , σi > 0 for i = 1, . . . , 2n scaled with a smoothing
parameter c > 0 to obtain a Lipschitz continuously differentiable smoothed
dual cost function that inherits the favorable structure of the original dual
function:
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fc (λ, µ) =
+

min

Pig ∈Pi , θi ∈Θi
n  X
X
i=1

+

m
X

n
X

[Ci (Pig ) + µi Pig + c di (Pig )]

i=1

(λl − λl+m )Ali −

X

j∈N (i)∪i

l∈L(i)

[λl+m Flmin − λl Flmax ] −

n
X



µj Bji θi + c di+n (θi )

µi Pid .

i=1

l=1

The considered augmented dual problem has the form:
max

n
λ∈R2m
+ , µ∈R

fc (λ, µ).

In [13] we adjusted Nesterov’s first order method [16, 18] to solve this problempin parallel and achieved ǫ-optimality with optimal iteration complexity
O( Lc /ǫ), where Lc is the Lipschitz constant of the gradient of the smoothed
dual function fc . The error introduced by the smoothing is of the order O(c),
where c is the smoothing parameter. Since there holds Lc = O(1/c), the
choice c = O(ǫ) achieves an ǫ-optimal solution in O(1/ǫ) iterations. We further showed in [13] that this method can be applied in such a way that each
agent needs to acquire only data that are maintained by direct neighbors, i.e.,
by those agents to which it is linked by a direct edge (line) of the power grid
graph. In order to further reduce communication traffic, we introduced eventtriggered communication in the developed method. Here, an agent transmits
data only when a certain threshold is exceeded. Convergence was proved in
[13] while maintaining the favorable features of the original scheme and numerical tests show that communication between the agents could be reduced
by up to 60%. Moreover, we observed that an incautious choice of the convexity parameters σi > 0 of the di can lead to a quite large Lipschitz constant
Lc due to the dependence
Lc (σ) =

1 X ui
,
c i σi

where the vectors ui are problem-depending constants. We showed that the
resulting optimization problem to minimize the Lipschitz constant subject to
nonnegative convexity parameters σi > 0 can be solved analytically and in a
distributed, parallel way. Thus, it is well suited also for the case of dynamically
changing network topologies. Finally, we developed a scaling technique to
further reduce the number of iterations necessary to achieve ǫ-optimality.
1.1.4 Distributed controller design with local model information
While the majority of the research on distributed control considers a centralized design and a distributed implementation, it is the authors’ opinion that
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at least for large-scale distributed systems, distributed design methods are
necessary. The reasons for this are manifold. A first issue is privacy, i.e. not
every subsystem might be willing to share model information with every other
subsystem they are cooperating with. Second, a dynamic model might not be
readily available for a large system. Furthermore, a system model might be
too large to be handled by a centralized design method. A last point is that
large-scale systems are likely to change at some point (nodes are added or
removed), and a centralized approach would require a lot of effort to react to
these changes, while a distributed approach could react locally in the affected
nodes only.
Motivated by this reasoning, and inspired by the results in [12], an accelerated iterative method to determine a distributed controller for continuoustime LTI systems given in Eq. (1.2) is presented in [5]. As a performance
criterion, the finite horizon LQR cost functional
Z T
J(x, u) =
xT (t)Qx(t) + uT (t)Ru(t)dt,
(1.6)
0

is considered, and it is minimized in the following way. The feedback matrix
K is restricted to the structure described by the constraint given in (1.3).
The gradient of the cost functional (1.6) with respect to the (i, j)th entry of
the feedback matrix is given by
Z T
Z T
T
T
(∇K J)ij = −2Ri
ui (t)xj (t) dt − Bi
λi (t)xj (t)T dt,
0

0

where
λ̇(t) = −(A − BK)T λ(t) − 2(Q + K T RK)x(t),
with λ(T ) = 0. Thus, the gradient is computed using simulated trajectories
of the system. The (locally) optimal feedback matrix can then be determined
iteratively using a gradient descent method. Thus, in order to compute their
respective entries of the feedback matrix, the agents only need information
from their direct neighbors.
The main results of the paper deal with the challenge of determining a
good step size that leads to relatively fast convergence. Step size selection
is a difficult problem for distributed optimization because no centralized or
collected knowledge is available. In the paper, the step size is determined
according to a Barzilai-Borwein scheme. Applied to the presented problem,
the Barzilai-Borwein method gives the step size with
γk =

h∆vec(K), ∆vec(K)i
h∆vec(K), ∆vec(∇K J)i

(1.7)

of where ∆ denotes the difference between iteration k and (k − 1), h·, ·i is the
scalar product, superscript (k) denotes the kth iteration and vec represents the
column-wise vectorization of a matrix. While this formula cannot be computed
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distributedly directly, the computation can be completely distributed using a
consensus algorithm in the following way.
First, the individual agents use their own entries of both feedback and
gradient matrix to determine an estimate of the BB-step size γk . Afterwards,
the value of (1.7) is given by a distributed consensus algorithm based on the
previous estimates. Specifically, as a first step, each node i, i = 1, ...n initializes
the two scalar values
ρi (k(0)) = ∆vec(KiT ), ∆vec(KiT ) ,
and
ψi (k(0)) = ∆vec(KiT ), ∆vec((∇K J)Ti ) .
In other words, in every iteration k, the agents will calculate the completely
local values ρi (k(0)) and ψi (k(0)) using only their own respective row(s) of
the feedback and gradient matrix. After this, consensus iterations start which
require information exchange:
X
ρi (k(t + 1)) = Wii ρi (k(t)) +
Wij ρj (k(t)),
j∈Ni

ψi (k(t + 1)) = Wii ψi (k(t)) +

X

Wij ψj (k(t)),

j∈Ni

where W is a symmetric, non-negative with strictly positive diagonal entries,
doubly stochastic matrix, compatible with graph G, and it requires only information exchange between neighbors. It is then shown that the consensus
algorithm converges to γk of the BB-formula (1.7). Additionally, using the presented step size method, convergence of the gradient method to a stationary
point is shown using the so-called Armijo rule.
As a numerical demonstration of the effectiveness of the new step size
method, the approach is applied to 500 randomly created stable systems of
size n = 10 with m = 10 inputs. An average of 44 entries of the state matrices
are non-zero. The time horizon was is to 10 s, all threshold values of the
algorithm are 10−3 . A comparison of the BB step size is done with a constant
step size of γ = 1. The result is that on average, the BB step size needs only
18% of the iterations that are needed with the constant step size.
is
Furthermore, the problem setup allows reference tracking of the state. This
offers the possibility to link this control level with an upper optimization level
which computes optimal setpoints through distributed optimization.
A visualization of the distributed controller computation is given in Fig. 1.1
for an example system with four subsystems.
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Fig. 1.1. Representation of the general approach for an example of 4 subsystems: Σi
denotes subsystem i, black arrows represent physical coupling, red arrows represent
communication, red dashed arrows computation
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