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Abstract In this paper we investigate coverage control prob-
lem for mobile sensor networks. The novelty is to consider
an anisotropic sensor model whose performance depends
not only on the distance but also on the orientation to a tar-
get point. By adapting Lloyd algorithm, a distributed con-
trol law is derived. Aside from coverage, we also show that
the control law guarantees collision avoidance between the
agents. The performance of the control laws is demonstrated
through not only numerical simulation but also experiments
on a mobile robot test bed.
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1 Introduction

Stimulated by technological advances and development of
relatively inexpensive communication, computation, and sens-
ing devices, the interest in the research area of cooperative
control of multi-agent systems has majorly increased over
the last decades. In multi-agent systems, each individual is
assumed to have abilities to sense its immediate environ-
ment, communicate with others, process information gath-
ered and take a local action based on the information gath-
ered. Key aspects of designing the control laws for motion
coordination are that each agent has to behave without any
leader (leader-less) and based on its local information (i.e.
the control law is distributed) due to limited communica-
tion and sensing capabilities. This is also inspired by the be-
haviour of biological systems such as school of fish, flocking
of birds and animal herds that exist in nature.

In this paper our focus is on deployment of a mobile
sensing network of vehicles equipped with sensors to sample
the environment. Such problem is called a coverage control
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problem. Coverage control has a closed relation with sensor
networks. A sensor network consists of a collection of sens-
ing devices that can coordinate their actions through wire-
less communication and aim at performing tasks such as col-
lecting data over a region of interest. Sensor networks usu-
ally consist of stationary sensor nodes. The deployment of a
static network is often either human monitored or random,
depending on the environment. It can be predetermined when
the environment is sufficiently known, in which case, sen-
sors can be strategically hand placed e.g. the art gallery prob-
lem where the goal is to determine position and minimal
number of cameras in a building or gallery so that every
point in the building is observed by at least one camera.
However, if the environment is unknown, hostile or even
dangerous for humans, the deployment cannot be determined
a priori in which case sensors may be air-dropped from
an aircraft, generally resulting in a random configuration.
Sometimes, deploying such a stationary sensor network and
maintaining its sensing coverage could be a difficult task.
For example, imagine deploying a stationary sensor network
over a region of interest. Even though advanced tools like
airplanes are available to make the deployment safer and
easier, various factors such as winds and obstacles are very
likely to introduce coverage holes regardless of how many
sensor nodes are dropped. Even if a perfect coverage can
be achieved initially, events such as sensor failures will cer-
tainly degrade coverage performance as time evolves.

Due to the problem of stationary sensor networks, there
is an urgent need for sensor nodes to be equipped with mo-
bility for instance by installing sensors on autonomous ve-
hicles or robots. Mobility brings some improvements to the
performance of sensor networks. First, the sensor nodes are
able to autonomously re-deploy themselves that maximizes
the coverage of the environment. Second, by adapting their
configuration, the network will remain robust to environ-
ment changes due to sensors departures, arrivals or mal-
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function and also communication links’ failures. Moreover,
mobile sensors can undertake challenging tasks that can be
too dangerous for human intervention such as search and re-
covery operations, manipulation in hazardous environments,
surveillance, wild fire detection and also environmental mon-
itoring for pollution detection and estimation .

Some relevant works on coverage control problem are
[1–10]. In [1] the agents move to an optimal configuration
which minimizes an objective function. The approach is based
on Voronoi tessellation and Lloyd algorithm. Briefly speak-
ing, the agents partition a given region into subregions given
by Voronoi partitions and move towards the centroid of its
subregion, which increases its sensing radius until the whole
area is covered. The same problem is considered in [2] with
a more realistic model by introducing “limited-range inter-
actions” of the sensors, i.e the sensing range is restrictedto a
bounded region. Power-aware coverage algorithms for mo-
bile networks are proposed in [3] in order to balance the en-
ergy expenditure accross the network and make nodes with
high power compensate for nodes with low power. The ad-
vantage of Voronoi approach is that the control law is dis-
tributed by its nature. Alternative approaches are introduced
in [4–6]. In [4] the authors consider a probabilistic network
model and a density function to represent the frequency of
random events taking place over the mission space. The au-
thors develop an optimization problem that aims at maxi-
mizing coverage using sensors with limited ranges, while
minimizing communication cost. A potential-field-based ap-
proach to deployment problem in an unknown environment
is presented in [5]. Reference [6] proposed an inverse agree-
ment control strategy that forces the agents to disperse in a
workspace. Here each agent follows a flow, whose inverse
would lead the team to an agreement.

Moreover, the reference [7] considers dynamic cover-
age. Here, the agents move so that every point in a given
area is sensed with a pre-specified coverage levelC∗. Au-
thors in [8] present a coverage control algorithm taking ac-
count of information decay w.r.t time. Dynamic coverage
under some practical assumptions such as bounded sens-
ing and actuation capacities of the vehicles are addressed
in [9, 10]. However, in the works mentioned above, only a
uniform (isotropic) sensor model is considered.

In this paper, in contrast to the above papers, we con-
sider coverage problem with an anisotropic sensor model.
This model is more realistic since most of sensors such as
cameras, directional microphones, radars etc are anisotropic.
In this paper, one of the main objectives is to investigate the
applicability of Voronoi based approach in [1] to tackle cov-
erage problem with anisotropic sensors. For this reason, asa
first approach we assume a specific class of anisotropic sen-
sors with elliptic sensing performance level sets as one way
of achieving a possibly better approximation to sensor char-
acteristics instead of circles as for the isotropic case. One ex-

ample of sensors that satisfy this model is radar [11]. More-
over, the study of coverage control problem via experiments
performed on a mobile robotic platform is another goal of
this paper.

Consideration of a general anisotropic sensor model re-
sults in an anisotropic Voronoi tesselation which leads to
non-distributed control law, as we will discuss later. How-
ever, by assuming fixed and equal sensor orientations, the
control law is shown to be distributed. The idea of deriving
a control law for the considered anisotropic sensor model is
to transform an anisotropic problem to the isotropic one. By
the transformation properties, the control law obtained for
the isotropic problem also solves the problem in the anisotropic
case.

This paper is organized as follows: The problem formu-
lation for anisotropic sensor model is presented in Section
2. Anisotropic Voronoi partition which is an extension of
the ordinary Voronoi partition in Lloyd algorithms and the
optimal location of mobile sensors are derived in Section 3.
In Section 4 the control law for a deployment is derived and
collision avoidance is investigated. We validate our results
through simulations and experiments in Section 5 and 6 re-
spectively. Finally, in Section 7 we draw some conclusions
and provide future directions of research.

2 Problem formulation

Let Q be a convex polytope inR2 including its interior.
φ(·) : Q → R+ is a continuous distribution density func-
tion which may represent a probability that some event takes
place in Q or relative important of each point inQ. Let
P= (p1, ..., pn) be the location ofn identical mobile sensors
moving inQ. LetΘ = (θ1, ...,θn) be the orientation/attitude
of n sensors. It is assumed that each sensor could get infor-
mation about its own location and orientation (e.g. by us-
ing GPS technology, compass). Moreover, each sensor is
equipped with omni-directional communication capability
so that it could send information to others i.e. allowing co-
operation between the sensors. Another assumption that is
considered for the analysis is either the sensors have a suf-
ficient sensing range or the number of sensors are sufficient
such that the region of interestQ can be covered by them.
This assumption is necessary to avoid the existance of cov-
erage hole. The non-decreasing differentiable functionf (·) :
R+ → R+ indicates the sensing performance of a sensor, i.e
the probability of sensing an event inQ. Reference [1] con-
sidered an isotropic sensor with a sensing performance de-
fined asf (‖q− pi‖) that degrades with the distance between
a pointq ∈ Q and thei-th sensor positionpi . Points where
sensing performance (or probability of sensing) is equal are
represented by a circle of radiusRcentered at the sensor lo-
cation. As shown in Figure 1(a), pointsq1 andq2 with the
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Fig. 1 (a) Isotropic sensor model, (b) Anisotropic sensor model

same distance to the sensor will result in a same sensing
probability.

In this paper, anisotropic sensors are considered where
the degradation of sensing performance is also affected by
the orientation of the sensor w.r.t a point to be sensed. The
anisotropic sensor model in this paper is considered by a
non-Euclidean distance measure as follows.

Assumption 1 The sensing performance of anisotropic sen-
sor model is given by the non-Euclidean distance measure
‖q− pi‖L i defined as

‖q− pi‖
2
L i

= (q− pi)
TL i(q− pi), (1)

where matrixL i is positive definite and can be decomposed
asL i = FT

i Fi with

Fi =

( c
a 0
0 c

b

)(

cosθi sin θi

−sin θi cosθi

)

(2)

whereθi is the orientation of i-th sensor, and a,b,c > 0 are
scalar parameters which are determined by sensors’ char-
acteristics.

Observe that matrixFi is invertible. The level sets of the
sensing performance of the anisotropic sensor are given by
ellipses centered at the sensor location as shown in Figure
1(b). Here,θi is the orientation of an ellipse,a,b represent
the length of major and minor axis of an ellipse respectively.
c is a scale factor that decides the sensing performance on a
certain level set.

The overall sensing cost incurred by all sensors can be
formulated as

H (P,Θ ,W ) =
n

∑
i=1

∫

Wi

f (‖q− pi‖L i )φ(q)dq, (3)

where regionWi is the dominance region of thei-th sensor
andW = (W1, ...,Wn). The challenges addressed in this pa-
per are

1. Find the optimal configuration such that

min
P,Θ ,W

H . (4)

2. Find the control lawui that drives mobile sensors to the
optimal configuration given mobile sensors dynamics

ṗi = ui . (5)

Optimal coverage is achieved by minimizing (3) w.r.t (1)
sensor locationP and orientationΘ and (2) the assignment
of dominance regionsW .

3 Optimal partition and location

3.1 Anisotropic Voronoi partitions

To minimize (3), we introduce the notion of Voronoi parti-
tion. The Voronoi region of a sensor is defined by all points
which are “closer” in the sense of the considered distance
measure to that sensor than to any other. For the Euclidean
distance measure, Voronoi regionVi associated with its gen-
eratorpi is defined as

Vi = {q∈ Q|‖q− pi‖ ≤ ‖q− p j‖,∀ j 6= i}. (6)

Voronoi partition for the anisotropic case considered in this
paper is defined as follows.

Definition 1 For the non-Euclidean distance measure (1),
the anisotropic Voronoi tessellationV∗

i associated with its
generatorpi is

V∗
i = {q∈ Q|‖q− pi‖L i ≤ ‖q− p j‖L j ,∀ j 6= i}. (7)

This anisotropic Voronoi partition is not only determined
by the sensors position but also the sensors orientationθi

as observable from matrixL i . As a result the anisotropic
Voronoi tesselation is no longer composed of convex poly-
topes, but of curved possibly non-convex regions. Figures
2(a) and 2(b) depict the examples of isotropic and anisotropic
Voronoi partition respectively.

Lemma 1 The boundary between two adjacent V∗
i and V∗

j
as defined in (7) is a quadratic curve.

Proof Any point q in V∗
i ∩V∗

j which is the boundary of
Voronoi partitionsV∗

i andV∗
j satisfies‖q− pi‖L i = ‖q− p j‖L j

i.e. (q− pi)
TL i(q− pi) = (q− p j)

TL j (q− p j). It is clear
that this equation is quadratic inq. Therefore any point in
V∗

i ∩V∗
j lies on a quadratic curve.

The boundary can be represented as
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whereA,B,C,D,E,K in (8) can be computed by solving
(q− pi)

TL i(q− pi) = (q− p j)
TL j(q− p j). Due to the space

limitation, onlyA,B,C are described which will be used later
in this paper. The coefficients of (8) are :q = (x,y), A =
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(a) (b)

Fig. 2 (a) Isotropic Voronoi partition, (b) Anisotropic Voronoi parti-
tion given by (7). As can be seen, the regions on the right sidehave no
generators inside.

Fig. 3 Anisotropic Voronoi partition with equal orientation

b2(cos2θi−cos2θ j)+a2(sin 2θi−sin 2θ j), B= a2(cos2θi−
cos2θ j)+b2(sin 2θi −sin 2θ j ),C= (a2−b2)(sin2θi−sin2θ j)

andD,E 6= 0.
Another major difference to isotropic Voronoi tessela-

tions is that anistropic tesselations may contain regions with-
out a generator [12], i.e. a Voronoi cell of an anisotropic
Voronoi diagram is not necessarily connected. Moreover,
the information of all other sensor positions is required to
compute anisotropic Voronoi diagrams. The complexity of a
2-dimensionaln number of agents anisotropic Voronoi par-
tition is in O(n2+ε), whereε is an arbitrary (small) positive
constant ( [12]).

Remark 1By using a gradient flow approach, the sensors
converge to a set of critical points. However, since the in-
formation of all sensor positions is necessary to construct
anisotropic Voronoi diagrams, the resulting control law will
be non-distributed. This is in contrast to isotropic Voronoi
diagram where only Delaunay neighbor (agents which have
adjacent Voronoi cells) positions are required.

As mentioned above, in general i.e. for the arbitary orienta-
tion of the sensors, the Voronoi approach results in a non-
distributed control law. Therefore, for the remainder of this
paper, a more specific case given by the following assump-
tion is considered.

Assumption 2 The orientations of all sensors are equal and
fixed over time, i.e.θi(t) = θ j (t) = θ ,∀i 6= j and t≥ 0.

This can be achieved by applying a known method (e.g [13])
for making an agreement on the orientation beforehand.

This assumption leads to the following lemma.

Lemma 2 From assumption 2 and definition 1, anisotropic
Voronoi tessellation is composed of convex polytopes. More-
over,Fi(t) = Fj (t) = F andL i(t) = L j (t) = L , ∀i 6= j and
t ≥ 0.

Proof From assumption 2,θi = θ j = θ , it follows thatA =

B=C = 0 in (11) and furthermoreD,E 6= 0. As a result, the
boundary of the Voronoi cell is a straight line. SinceQ is a
convex polytope, the Voronoi tessellation is also composed
of convex polytopes. From (2), it is also cleared thatFi = F
andL i = L .

One example of anisotropic Voronoi diagram with fixed and
equal orientations is shown in Figure 3.

3.2 Local optimal location

In this subsection, positions of mobile sensors that (locally)
minimize (3) is derived. First (3) is minimized w.r.t. sensor’s
partition i.e. we would like to find out what kind of partition
(dominance region) is necessary to minimize (3) for given
sensors’ location (sensors’ location are fixed).

Lemma 3 Anisotropic Voronoi partitionV ∗ minimizes (3)
w.r.t partitionW .

Proof From definition 1 and sincef is a non-decreasing
function, it is clear that Voronoi partitionV ∗ minimizes (3)
w.r.t partitionW .

As the orientation is assumed to be fixed and as a result of
lemma 3,

min
P,Θ ,W

H = min
P

HV ∗ . (9)

Assume that the sensing performancef (‖q− pi‖L )= ‖q− pi‖
2
L .

Then (3) can be written as

HV ∗(P) =
n

∑
i=1

∫

V∗
i

‖q− pi‖L2φ(q)dq. (10)

In order to derive the optimal location of sensors, the above
equation can be simplified to

HV ∗(P) =
n

∑
i=1

∫

V∗
i

‖F(q− pi)‖
2φ(q)dq. (11)

Next, we introduce anisotropic centroidal Voronoi con-
figuration.

Definition 2 Given the set of pointsP in Q. CV∗
i

is the cen-
ter of mass (centroid) of an anisotropic Voronoi partition.
A Voronoi tessellation is called an anisotropic centroidal
Voronoi configuration if

pi = CV∗
i
,∀i; (12)

i.e the pointsP serve as generators and also centroids in
terms of anisotropic Voronoi tessellations.
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The optimal location is given by the following proposi-
tion.

Proposition 1 The objective function (11) is minimized by
the anisotropic centroidal Voronoi configuration.

Proof Defineq̄,zi asq̄= Fq andzi = Fpi which are points of
region and sensors in a space transformed by matrixF called
a solution space. Note that the regionQ is transformed byF
to a convex regionQs and minimization of (11) in the solu-
tion space leads to minimization in the real physical space.
Moreover, from (7) and by applying transformation matrix
F, the anisotropic Voronoi partitionV∗

i is transformed to
isotropic Voronoi partition (̄Vi) in the solution space defined
as

V̄i = {q̄∈ Qs|‖q̄−zi‖ ≤ ‖q̄−zj‖,∀ j 6= i}. (13)

By applying substitution rule for multiple variables, the
integral in (11) can be rewritten as :

H �
V

(Z) =
n

∑
i=1

∫

V̄i

‖q̄−zi‖
2φ(q̄)

∣

∣det(F−1)
∣

∣dq̄. (14)

with Z = (z1, ...,zn). Applying the parallel axis theorem,
(14) becomes

HV̄(Z) =
∣

∣det(F−1)
∣

∣(
n

∑
i=1

JV̄i ,CV̄i
+

n

∑
i=1

MV̄i
‖zi −CV̄i

‖2), (15)

where

MV̄ =
∫

V̄
φ(q̄)dq̄, CV̄ = M−1

V̄

∫

V̄
q̄φ(q̄)dq̄, (16)

JV̄,z =

∫

V̄
‖q̄−z‖2φ(q̄)dq̄. (17)

denote mass, centroid and polar moment of inertia of an
anisotropic Voronoi partition respectively. The local mini-
mum is the solution of

∇H �
V

= [...
∂HV̄

∂zi
...]T = 0, (18)

with the partial derivative of (14) given by

∂HV̄

∂zi
(Z) = 2

∣

∣det(F−1)
∣

∣MV̄i
(zi −CV̄i

). (19)

The local minimum points given byzi =CV̄i
i.e. critical points

for HV̄ are centroids of the Voronoi cells in the solution
space which are centroidsCV∗

i
= F−1CV̄i

of the anisotropic
Voronoi partitions.

4 Continuous Lloyd descent for coverage control

4.1 Optimal control for fixed orientation

In this section, a control law based on Lloyd algorithm to
drive sensors to the location that minimizes (3) is derived.

F

F                    -1  

    

Q
Qs

Physical space Solution space
(anisotropic) (isotropic)

Fig. 4 Transformation between solution and real space

The strategy is to transform the control law in the solution
space into the real physical space as illustrated in Figure 4.

Consider sensors in real space with dynamics given in
(5). Set

ui = −k(pi −CV∗
i
), (20)

wherek is a positive gain andV∗
i is the anisotropic Voronoi

partition and assumed to be continuously updated.

Proposition 2 By applying the control law in (20), sensors
in the physical space will converge asymptotically to a set
of critical points i.e a set of anisotropic centroid Voronoi
configurations. If this set is finite, the sensors converge to
one of them.

Proof The dynamics of sensors in the solution space (isotropic
case) is given by

żi = ūi, (21)

From [1], it is well-known that the control input given by

ūi = −k(zi −CV̄i
) (22)

drives sensors in the solution space to the centroidal Voronoi
configuration, critical points of (11).

By using the chain rule, the control law in the physical
space can be computed by

u = ṗi .

=
∂ (F−1zi)

∂zi
żi .

= −k(pi −CV∗
i
).

ConsiderHV ∗ as a Lyapunov function. Under the control
law (20), d

dt HV ∗ ≤ 0. By LaSalle’s Principle, the sensors
converge to the largest invariant set which is a set of anisotropic
centroid Voronoi configurations. If this set consists of finite
points, then the sensors converge to one of them (see Corol-
lary 1.2 in [1]).

Remark 2This control law is distributed in the sense of De-
launay graph since each sensor only needs the current in-
formation of it’s neighbor’s position (but does not need to
know how many neighbors it has) to compute the control
as observable from (20). Moreover the algorithm could also
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guarantee network connectivity since the Delaunay graph
results in a connected graph (there is always a path connect-
ing one sensor to the others). Taking out assumption 2 i.e.
the case of fixed and unequal orientation will lead to the
same control law. However in this case the control law will
be non-distributed. Non-distributedness of an algorithm in
multi-agent system is not prefered since the information that
each agent has to process will increase with the increasing
number of agents.

Remark 3Here, it is assumed that each sensor executes the
algorithm synchronously with other sensors. However the
algorithm can also be implemented in an asynchronous dis-
tributed fashion as shown in [1].

Remark 4The control law is optimal under the constraint
of a fixed orientation. By considering the orientation as op-
timization variable (non-fixed orientation) as in the original
problem will lead to a better result i.e. lower values ofH

are achieved.

A similar approach could also be applied to anisotropic
sensors with arbitrary shapes for which a project matrix with
similar properties as assumption 1 can be found. However
some points have to be taken care. The first one is the ques-
tion of what kind of Voronoi partition will be resulted from
the chosen distance metric. Moreover the properties of the
resulted Voronoi partiton have to be carefully investigated
(e.g. can the Voronoi partition constructed in a distributed
manner, etc). Another important issue that has to be paid at-
tention is if the chosen distance metric represents the sensor
model in the real world. For the analysis it may not be eas-
ily done in a straightforward manner since as shown in this
paper, that the problem became difficult to deal with.

4.2 Collision avoidance guaranty

Another advantage of Voronoi approach is the implicit col-
lision avoidance.

Proposition 3 With the control law (20), if there is no colli-
sion at t∗, there will be no collision at t> t∗.

Proof Sensors applying the control law (20) will move to-
wards centroid of its Voronoi cell as shown in Figure 5.
From Lemma 2 and the continuity ofφ(·), the centroid is
always inside the Voronoi cell and since the Voronoi tessel-
lations are nonoverlapping by construction, no two sensors
will come to the same point i.e there will be no collision be-
tween sensors for allt ≥ t∗ if there was no collision at time
t∗.

pi

CVi∗

Vi
∗pi

:

Fig. 5 By the proposed control law, each sensor moves towards its
centroid.

5 Numerical simulations

5.1 Convergence with Anisotropic sensors

First we illustrate the results above through simulation. As-
sume that there are 4 mobile sensors which sensor parame-
tersa,b, c,θ are equal to 3,1,1,−π/2, respectively. Region
of interestQ is a rectangle of 5×4 unit length. Density func-
tion φ(q) = 1,∀q∈Q. The initial position of mobile sensors
are in the left-bottom side of regionQ. Moreover, assume
that at the initial time,pi 6= p j ,∀i 6= j wherepi = (xi ,yi) i.e
no collision occurs.

Each agent applies the control law (20). First each agent
computes its own Voronoi partition and then computes its
centroid. By the proposed control law, each sensor moves
towards its centroid. Since the Voronoi partition depends on
the agents’ (and its neighbors) position, as soon as the sen-
sor (or its neighbors) moves, a new Voronoi partition will
be reconstructed (i.e. the Voronoi partition is continuously
updated) and the sensor changes its direction to the centroid
of the updated Voronoi partition. These steps are repeated
until the agents converge to the final configuration. The re-
sults of applying the control law (20) are shown in Figure 6
where mobile sensors are deploying to cover the region of
interestQ. Figures 6(a) and 6(b) show trajectories of sensors
in the transformed and the real physical space respectively.
The distance between the sensors during the deployment is
shown in Figure 7. It can be observed that no collision oc-
curs i.e. the distance between any two agents is larger than
zero. Moreover, the decreasing of objective function can be
observed from Figure 8. As shown in Figure 6(b), the mo-
bile sensors converge to an anisotropic Voronoi configura-
tion for a given sensor’s orientation. For comparison, We
conducted also a simulation for sensors with isotropic sen-
sor model by considering a similar setup. The final config-
uration of sensors with isotropic sensor model is depicted
in Figure 6(c). As depicted from Figures 6(b) and 6(c), note
that both anisotropic and isotropic sensor models converge
to a different configuration.
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Fig. 6 Trajectories of the sensors in (a) solution space, (b) real physical
space. The square and circle signs show the initial and final position of
the agents respectively, (c) the trajectories of the mobilesensors with
isotropic sensor model. The anisotropic and isotropic Voronoi partition
in (b) and (c) are constructed from the final position i.e. they are the
dominance region of each sensor in the final configuration.

5.2 Number of agents vs. convergence speed

Next, the influence of the number of agents to the conver-
gence speed of the system is studied. For the simulation set-
ting, the parameters of the anisotropic sensorsa,b,c,θ are
equal to 2,1,1,−π/6, respectively. The regionQ is a square
region of side lengthl = 10 unit length withφ(q) = 1, ∀q.
The number of agents are varied from 5 to 60 agents. Initial
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Fig. 7 The distance between the anisotropic sensors. As shown, the
distance is larger than zero i.e. no collision occurs.

step
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t

Fig. 8 Cost (objective function) for anisotropic sensor in the real
space.

position are chosen randomly from a square region of side
length 3.5 unit length in the middle of the regionQ for the
different agent numbers as shown in Figure 9. The settling
time is used as a metric of the convergence speed which is
defined as the number of steps needed to achieve a value in
a range of 10% of the final cost. The simulation result of
anisotropic sensor model for different number of agents is
shown in Figure 10. It has been shown analytically that in
the one-dimensional case, the convergence rate of Lloyd al-
gorithm slows down as the number of generators becomes
large [15]. Here numerical analysis indicates a similar re-
sult for the two-dimensional case and the anisotropic sensor
model, i.e. large number of agents leads to a slower conver-
gence speed (the settling time is larger). On the other hand,
utilizing a large number of agents will lead to a lower final
cost as shown in Figure 11. Hence there exists a trade-off
between the final cost and convergence speed (settling time)
w.r.t the number of agents in the system. Moreover, it will
result in a higher robustness to agents/sensors failures since
for a large number of agents, the final cost is not significanly
different (Figure 11). Note however that, large number of
sensors are expensive in terms of the sensors cost.
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Fig. 9 Example of initial condition for numerical analysis.
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Fig. 10 Number of agents vs. settling time for anisotropic sensor
model. Increasing number of agents slows down the convergence
speed.
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Fig. 11 Number of agents vs. final cost for anisotropic sensor.

6 Experiments

In order to validate the theoretical results, experiments were
conducted on a robotic testbed.

6.1 Experimental setup

In this experiment, we use three wheeled inverted pendulum
embedded robots (Figure 12). A MTV-7310 camera mounted
above the robots with a resolution of 470×570 is used to
detect robot positions and orientations. The video signals
are available in real time via a frame grabber board PicPort-
Stereo-HrD and image processing software HALCON. The
sampling period of the controller and the frame rate pro-
vided by the camera are 0.33[ms] and 30 [fps], respectively.
The position and orientation of the robots are calculated by
using the image processing. Based on these information,

Fig. 12 Two-wheeled inverted pendulum robot.

Fig. 13 Information flow chart.

the PC computes the velocity control input and sends it to
each robot via the embedded wireless communication de-
vice Wiport (LANTRONIX). The Wiport attached to each
robot recieves the signal and sends it to the microcomputer
via serial communications. Stabilization of the inverted pen-
dulum robot used in the experiment is achieved by an linear
quadratic intergral optimal controller where the computed
velocity control input is added to the desired value of this
local controller. Figures 13 and 14 illustrate the information
flow chart and the experimental environment including the
robots, camera and PC, repectively.

The inverted pendulum robots motion can be approxi-
mately represented by

θ̇i = ωi ,

ẋi = vi cosθi , (23)

ẏi = vi sinθi ,

where(ωi ,vi) are control inputs for roboti .

6.2 Experiment 1: Convergence with anisotropic sensors

The first experiment discussed is the convergence of the con-
trol laws. For the experiment, the region of interest is a rect-
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Fig. 14 Experiment environment.

angle with uniform density functionφ(q) = 1, ∀q∈ Q. As-
sume that the robots are equipped with anisotropic sensors
which sensor parametersa,b,c,θ are equal to 2,1,1,0. For
the dynamics given in (23), the control inputs (20) can be
modified into ( [1])

ωi = 2kω arctan
(−sinθi ,cosθi) · (pi −CV∗

i
)

(cosθi ,sinθi) · (pi −CV∗
i
)

, (24)

vi = −kv(cosθi ,sinθi) · (pi −CV∗
i
), (25)

wherepi andCV∗
i

are agenti-th current position and centroid
of anisotropic Voronoi partition respectively. In the experi-
ment, we set the gainskv,kω to 0.006 and 0.5 respectively.

The results of experiment 1 are shown in Figure 15. The-
oretically, the control law shows convergent property. How-
ever, in order for the two-wheeled inverted pendulum robot
to maintain its stability, we define that an agent converges
to the centroid of its anisotropic Voronoi partition when the
agent is within a certain threshold of the target position. As
indicated in Figure 15, the robots converge within a certain
threshold to the anisotropic Voronoi configuration.

6.3 Experiment 2: Robustness to sensor failure

In experiment 2, we investigate robustness of our algorithm
in the presence of failure agent. We assume that after the
robots converged to an anisotropic Voronoi configuration,
one robot which is the robot at the bottom of Figure 15 fails.
Moreover, we assume that the other robots can detect which
agent fails. As shown in Figure 16, the robots left re-deploy
themselves until they converge to a new anisotropic Voronoi
configuration. Thus, the experiment results validate the ro-
bustness of the control laws.
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Fig. 15 Results of experiment 1 (convergence with anisotropic sen-
sors): robot trajectory inX−Y plane. The©,� signs show the initial
and final posisiton of the robots respectively.
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Fig. 16 Results of experiment 2 (robustness to sensor failure): trajec-
tory of the robots inX−Y plane. The©,� signs show the initial and
final posisiton of the robots respectively.

6.4 Towards implementation on real robotic systems

The effectiveness of the proposed algorithm has been shown
through small scale experimental setup. In order to move
from experimental evaluation to the implementation on real
robotic systems, some (hardware) requirements have to be
fulfilled. The main hardware requirements are localization
technology, communication networks and sensors. The lo-
calization technology is required to get the position infor-
mation of the sensors. In the experiment, we used bird-eye
camera to get the location of each robot. In real robot sys-
tems, GPS technology could be one solution to solve the
localization problem. Another important tool is communi-
cation networks. Each robot needs to be equipped with a
communication network so that it can communicate with
each other e.g. sending information of its position and ori-
entation. In our experiment, the robot did not exchange in-
formation directly but rather to get the information from a
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centralized computer. In real robot systems, each robot can
be equipped with wireless communication technology (e.g.
Zig-bee, Wi-Fi) to directly communicate (exchange infor-
mation) with each other. Moreover, each robot also has to
be equipped with on board computation so that the robot
could decide/compute its next action by its own. By satisfy-
ing these requirements, the algorithm could be implemented
in a real world scenario.

7 Conclusion and future works

In this paper a first approach for the coverage control with
an anisotropic sensor model is presented. The anisotropic
sensors considered in this paper are assumed to have ellip-
tic sensing performance level sets. An optimal control law
for fixed and equal orientation is derived using a Voronoi
based approach with an adapted Lloyd algorithm and a gra-
dient descent approach. The control law is distributed and
also guarantees collision avoidance. The efficacy of the pro-
posed control law is confirmed by simulation and experi-
ments. Currently, the problem with the orientation as opti-
mization variable and a method to make the related control
law distributed (some relevant problem as in [14]) are in-
vestigated. Future work addresses the use of more general
anisotropic sensor models and a more suitable alternative
approach.
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