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Abstract

The probability distribution of Sy := X7 + ...+ Xy, where the vector (X1,...,Xy) is distributed
according to the Marshall-Olkin law, is investigated. Closed-form solutions are derived in the
general bivariate case and for d € {2, 3,4} in the exchangeable subfamily. Our computations can
be extended to higher dimensions, which, however, becomes cumbersome due to the large number
of involved parameters. For the Marshall-Olkin distributions with conditionally independent and
identically distributed components, however, the limiting distribution of Sy/d is identified as d
tends to infinity. This result might serve as a convenient approximation in high-dimensional
situations. Possible fields of application for the presented results are reliability theory, insurance,
and credit-risk modeling.

1 Introduction

The distribution of Sy := X7 + ...+ X4 has been treated considerably in the literature. For mathe-
matical tractability, the individual random variables X} are often considered to be independent, see,
e.g., [2], an hypothesis that is hardly never met in real-world applications. Another case where the
distribution of the sum is known is when (X1, ..., X,) has an elliptical distribution, see [10], a stabil-
ity result that (at least partially) explains the popularity of elliptical distributions. Again, it could be
that this distributional assumption does not hold for the application one has in mind. In our study
we assume (X1, ..., Xy) to be distributed according to the Marshall-Olkin law; a popular assumption
for dependent lifetimes in insurance and credit-risk modelling, see [13], [9]. With this interpretation
in mind, Sy/d denotes the average lifetime of dependent exponential random variables. Applications
might be the costs of an insurance company in the case of a natural catastrophe (|7]) or maintenance
fees that have to be paid as long as some system is working. Related studies on the probability of a
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sum of dependent risks can be found in the literature related to insurance and risk-management, see,
e.g., ([1], [22], [25], [5]).

We derive P(Sy > x) explicitely in the general case. One property of the Marshall-Olkin law is
the large number of parameters, namely 2¢ — 1, in dimension d, rendering the Marshall-Olkin law
challenging to work with as d increases. To account for this, in Section 3 we focus on the exchangeable
subfamily, which has only d parameters in dimension d. In our case we compute P(Sy > z) for
d € {2,3,4}. We guide the interested reader to strategies how extensions to higher dimensions might
be achieved. Moreover, we study the asymptotic distribution of S;/d (when d — o) in the subfamily
of Marshall-Olkin distributions with conditionally i.i.d. (CIID) components. Upper bounds for the
sum of exchangeable vectors of CIID variables are already studied, see [6]. In [25] the asymptotic
quantile behaviour of a sum of dependent variables, where the dependence structure is given by an
Archimedean copula, is analysed. In our case, the limiting case is related to certain exponential
functionals of Lévy subordinators which are studied, e.g., in [14, 3, 23, 16].

The paper is organized as follows: In Section 2 the general Marshall-Olkin distribution is introduced
and we compute the distribution of Sy. Section 3 considers the exchangeable case and computes
P(Sy > z) for d € {2,3,4}. In Section 4 we analyse the asymptotic case d — oo. Section 5
concludes.

2 The Marshall-Olkin law

[21] introduce a d-dimensional exponential distribution by lifting the univariate lack of memory prop-
erty P(X > z 4+ y|X > y) = P(X > x), for all ,y > 0, to higher dimensions. If X is supported
on [0,00) and satisfies the univariate lack of memory property, then X is exponentially distributed.
If (Xi,...,X,) and all possible subvectors (Xj,,...,Xj;, ), where 1 < i) < ... < i, < d, satisfy the
multidimensional lack of memory property,

P(Xil > Tgy +y,...,Xz-k > Ty, +y]XZ-1 > y,...,X,-k > y) :P(Xil > xil,...,X,-k > ink), (1)

where z;,,...,2;,,y > 0, it is shown in [21] that the only distribution with support [0, 00)? satisfying
condition (1) is characterized by the survival function introduced in Definition 1 below.

Definition 1 (Marshall-Olkin distribution)

Let (X1,...,Xq) represent a system of residual lifetimes with support [O,oo)d. Assume that the re-
maining components in this vector have a joint distribution that is independent of the age of the
system, i.e. (X1,...,Xq) satisfies the multidimensional lack of memory property (1). Then

F(xla"'7$d) = ]P)(X1>331,...,Xd>$d):eXp - Z )‘Imalx{xl} s X1y...,mqg 20, (2)
O£IC{Lyd)

for certain parameters \f > 0,0 #I C {1,...,d}, and Y ;. cr A1 >0, k=1,...,d. This multivariate
probability law is called Marshall-Olkin distribution.
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This distribution has key impact in reliability theory [21, 8], credit-risk management [13|, and insur-
ance [9]. Interpreting X} as lifetime of component k, A; represents the intensity of the arrival time
of a “shock” influencing the lifetime of all components in I. This can be seen from the canonical
construction of the Marshall-Olkin distribution which is the following fatal-shock model, see 20, §].
Let Er, 0 # 1 C {1,...,d}, be exponentially distributed random variables with parameters A; > 0.
We assume all £ to be independent and interpret them as the arrival times of exogenous shocks to
the respective components in I and define

Xp:=min{E|0 #I Cc{1,...,d}, ke I} e (0,00), k=1,...,d, (3)

where the variable X} is the first time a shock hits component! k. The random vector (X1, ..., Xy)
as defined in Equation (3) follows the Marshall-Olkin distribution.

Next, we derive the probability distribution of So = aX; + bXs, where a,b are positive constants.
Providing an interpretation, with a = b = 1/2 the quantity S2/2 is precisely the average lifetime
of the two components. To simplify notation we write A1, Aa, A2 instead of Af1y, Argy, Af1 2 and we
write By, Fo, By instead of Eyyy, Eqgy, Fyq 0.

Lemma 1 (The weighted sum of two lifetimes)
On the probability space (2, F,P) let (X1,X2) be a random vector constructed as in (3) and a,b
positive constants. The survival function of the weighted sum of X1 and Xs is computed as

A x a x
]P’(a,Xl +bXo > x) = N ()\2:_ )\12)26—()\24-)\12)3 (1 _ e—(A1—(>\2+A12)5)a—+b) (4)
b
A2 . e~ (Mtri2) g (1 _ e—(>\2—(>\1+>\12)§)%+b) + e~ (MtAe+A2) oy
Ao — (A1 + )\12)5

Proof

]P’(CLXl + bXy > a:) = ]P’(CLXl +bXo >z, X1 < Xg) + ]P’(CLXl +0Xo >z, Xy < Xl)
+ ]P’(CLXl + Xy >z, X1 = Xg).

Observe that, X1 < Xo e EF1 <Xy, Xo< X1 E<X), Xi=Xo& Ex< min{El,Eg},
and, min{E1, Ex} ~ Exp(A1 + A2).

Then,
—bX
]P’(aXl +bXs > 2, X1 < XQ) = ]P’(CLXl +bXo >, B < Xg) =P <X2 > F > %)
x—bX o x—bX
=FE |:]P’ <X2 > El > 72‘E1>:| = / P <X2 >y > T2> fEl(yl)dyl
0
M ~(atAi2)? ~Oa=(eta) )33 M ~OuadetAiz) 2
_ P (1 — 1= tA2)§)aig ) 4 1+det+Ai2) oy
)\1—()\2+)\12)%e ( ¢ ) )\1+)\2+)\12€

The parameters A; > 0 represent the intensities of the exogenous shocks. Some of these can be 0, in which case
Ep = oo. Werequire 4, ;Ar > 0,50 for each k = 1,...,d there is at least one subset I C {1,...,d}, containing
k, such that Ar > 0. Therefore, (3) is well-defined.
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P(aX; + bXy > 2, Xo < X7) and P(aX; + bXo > xz, X1 = X3) are computed in the same way. O
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Figure 1 The survival and density function of So = aX; + bXs, where a = 30% and b = 70%.

Once the survival function of Sy is known, one can further compute the density and the Laplace
transform of Ss.

Corollary 1
Let (Q, F,IP) be a probability space, (X1, X2) a random vector constructed as in (3), and a,b positive
constants. Then the Laplace transform of So = a X1 4+ bXy is given by

" (t) _E [e—tsz] _ )\1()\2 + )\12)[) n )\2()\1 + )\12)a
Sz ()\11) — ()\2 + )\12)a) ()\2 + Ao + tb) ()\ga — ()\1 + )\12)5) ()\1 + A2 + ta)
B ( A1 ()\2 + )\12) )\2()\1 + )\12) > a+b
Ab— ()\2 + )\12)a Ao — ()\1 + )\12)1) A+ Ao+ Ao + t(a + b)
A12
+ . 5
AL+ A2+ A2 +t(a+b) (5)
Proof
We first need to compute the probability density function:
d = A(A2+A12) g — (A —(atAiz)a/b) =25
- Y11_F _ athiz)z/b (1 o~ (AM1—=(A2+Ai2)a/b) 755
fsal) = 35 (L= Foale)) = S e (1-c ")
MM+ M2) (i) (o= (M+Aiz)b/a) 225
zfa (1 _ 2—(A1+A12 Py 6
Ao — ()\1 + )\12)1)6 ( € ’ ) ( )

L M2 —Oubdathz) 3
a+b

So, the Laplace transform is computed by evaluating the integral
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s, (t) = /000 e fg, (x)dz. O

Remark 1

Note that when A1 — (A2 + A12)a/b = 0 or Ada — (A1 + Ai2)b/a = 0 Equations (4), (5), and (6) are
not defined. By computing the respective limits (that do exist!) when the parameters approach such a
constellation, the functions can be continued continuously.

If one aims at generalizing these results to higher dimensions, one notices that the number of involved
shocks and parameters, i.e. 2¢ — 1 in dimension d, renders this problem extremely intractable already
for moderate dimensions d. A subclass with fewer parameters is obtained by considering the Marshall—-
Olkin law with exchangeable components. This yields a parametric family with d parameters in
dimension d, allowing us to derive the distribution of Sy in higher dimensions.

3 The exchangeable Marshall-Olkin law

The aim of this section is to compute the survival function of Sy in the exchangeable case. We
introduce the subfamily of exchangeable Marshall-Olkin laws in order to deal with the problem
of overparameterization. For a deeper background on exchangeable Marshall-Olkin laws see [18],
[19] (Chapter 3, Section 3.2). A random vector (X7i,...,X ) is said to be exchangeable if for all
permutations 7 on {1,...,d} it satisfies

]P’(X1>x1,...,Xd>a:d):]P’(X1>x,r(1),...,Xd>a;7r(d)), T1,...,2q €ER, (7)

or, alternatively in the Marshall-Olkin context, if the exchangeability condition

| = |J| = Ar = Ay, (8)

is met. The proof that (8) is equivalent to (X1,..., Xy) being exchangeable can be found in [19], page
124. Condition (8) means that two shocks affecting subsets with identical cardinalities have the same
intensity A;. Hence, in this section we denote by A; the intensity of all shocks affecting precisely one
component, by As all shocks affecting two components, and so on.

Let (X1, ..., Xy) be arandom vector following the Marshall-Olkin distribution, defined as in Equation
(3). Then the survival function of the exchangeable Marshall-Olkin law is given by

d d—k
_ d—k
F(-’I'l,...,xd) = €xXp <_ E x(d-ﬁ-l—k‘) E < i >)‘i+1> ;, Ll,-..,2d > 07 (9)
k=1

=0

z(1) < ... < x(g) being the ordered list of 1, ..., z4.
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Observe that now instead of dealing with 2¢ — 1 parameters A; we just have to work with d parameters
AL, .-+, Ag, which simplifies the process of computing the required probabilities.

In the following, we present the survival function of the sum of components of Marshall-Olkin random
vectors in low dimensional exchangeable cases (2, 3, and 4-dimensional).

Lemma 2 (The sum of d € {2,3,4} lifetimes)
On the probability space (2, F,P)...
i) ... let (X1,X2) be a 2-dimensional exchangeable Marshall-Olkin random vector. Then,

2N e~ (AMrtA2)z . 2
P(X; + Xo > 1) = M% (e)‘25 - 1) pem@urE L >, (10)
2

i) ... let (X1, X2, X3) be a 3-dimensional exchangeable Marshall-Olkin random vector. Then,

6/\1(2/\1 + 33X + /\3) (11)
(3)\2 + )\3)()\2 + /\3)

e~ (A1 +302+23) F (6<M>% — 1) + Palda + Xs) — 6 (A1 + Ao)
(A2 + A3) (32 + 2)3)
R WL <6(3Az+2A3)% . 1), x> 0.

PX;+Xo+X3>2) = e~ (B3N F |

iii) ... let (X1, X2, X3, X4) be a 4-dimensional exchangeable Marshall-Olkin random vector. Then,

P(X1+X2+X3+X4>a:) = 24-P+12-P,+12- P (12)
4+ 12-P4+4-Ps+4-Fs+6-P;+ P, x>0,
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where,
P = P(X1+X2+X3+X4 >a;\X1 < X9 < X3 <X4)
32fi0  _g= 27f10  _t2 4fi0  _pz
= MM\ + )\ <76 fg 2200 ~fsg  _TI0 o —feg
Wt (e s Fofsfrfs Fifof+To
_ L e-fmﬂﬁ)7
f5fefs
P, = P(X1+X2+X3+X4 >ZE|X1 < X5 <X3:X4)
8 « 9 . 2 ©
= MA1+A ( e — e~ F25 4 e_f9§>,
1t A2)fo Jifafa fofafr fafrfo
Py = P(X1+X2+X3+X4 >:E|X1 < X9 = X3 <X4)
f1o e 9 _ _
— Mg+ A [ ( ng fsg)+_e fmx},
et ) R T R f5fs
Py = P(X1+X2+X3—|—X4 >:E|X1 = X9 < X3 <X4)
2f10 1 I\ _p2 2fi0 _pz 1
= A [( _ + >e fg = 220 —fog 4~ ¢ fmx]’
2Pl Fofs Rk Fifolo Fofo
P = P(X1+X2+X3+X4 >:E|X1 =X = X3 <X4)
_ <4f10 —flf_ie—flo:c)’
fifs f5
Py = P(X1+X2+X3+X4 >:E|X1 <X2:X3:X4)
)\1 4 _ = 3 _q=2
= A3+ A\ (—e hi_ Ze f33),
fo A ) f1 f3
P = P(X1+X2+X3+X4 >ZE|X1 =Xy <X3:X4)
_ A2f6< e—flz_ie—fgg»
fa \f1 fo
A o
By = P(Xi+Xo+Xs+Xy>2|X)=Xo=X3=Xy) = f_4€—flz,
1
and
f1=4X + 06X +4A3+ Ay, f5 = 6Aa + 83 + 34, fo =2\ +5X +4A3+ Ay,
fo = 06X +4X3 + Ay, fo = A2+ 2X3 + Ay, fi0 = A1+ 32 + 3A3 + A4,
f3 =31 +6A2 +4A3 + Ay, fr=3X2 +4A3 + Ay, Jir = A1+ 22X + As.
fa =4 o +4)X3 + Ay, fs = 3Xa + A3 + 24,
Proof

We prove the case d = 2, considering that the proofs for d =3 and d = 4 are done in the same way.

P(Xl + X9 > LZ') = 2]P’(X1 + X9 > JZ‘Xl < XQ)]P(X:[ < Xg)
+ P(Xl + X9 > JZ‘Xl = XQ)]P(X:[ = Xg).
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such that Ey, Es ~ Ezp(\1) and Ey19 ~ Ezp(\y) and note that since we are working on the exchangeable
case,

P(Xl + X9 > x\Xl > X2)]P’(X1 > Xg) = ]P’(Xl + X9 > x\Xl < XQ)]P(X:[ < Xg).

Taking into account that, X1 < X9 < E1 < min{FEy, F12} and X1 = Xy < min{Ey, Fs} > E19,

P(Xl + Xo > l‘) = Q]P)(El + min{EQ, Elg} > l‘|E1 < min {EQ,ElQ})
. P(El < min {Eg, Elg}) + P(Em + Eio > $|E12 < min {El, EQ})]P)(EIQ < min {El, EQ})
=2E []P’(min {Eg, E12} > Fi; > x — min {Eg, Elg} ’El)]

+E []P’(min{El,Eg} > By > gy min {El,Eg})] .

Then, from the so-called min-stability of the exponential distribution, min{Ey, Eo} ~ Exp(2\1) and
min {Es, F12} ~ Ezp(\ + A2),

A . A .
E [P(min {Es, E1s} > Ey >  — min {Ey, B2} |By)] = Ste~(Mitho)z <e’\25 — 1) 4 em@utA)E
Ao 2M1 + Ao

A .
E []P’(min{EhEé} > Ep > g| min{El,E2})] — ﬁe—mlm);

So,

P(X;+Xo>12)= 2(%6—@1“2% (eng _ 1) + ﬁe—(leuz);)
2 1+ A2

—(A1+A
2\ e Mitha)w <6A2% — 1) IS WES

A2 a2z
+ 2\ + )\26 © Ao

Note that (from Remark 2 below) in case d = 3

P(X; 4+ Xo + X3 > 2) = 6P(X; + Xo + X3 > 2|X; < X5 < X3)P(X; < X5 < X3)
F3P(X) + Xo + X3 > 2] X) = Xo < X3)P(X) = Xo < X3)
F3P(X1 + Xo + X3 > 2] X; < Xo = X3)P(X) < Xo = X3)
FP(X) + Xo + X3 > 2] X = Xo = X3)P(X) = Xo = X3)

has to be computed and in d = 4
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P(X1 4+ Xo+ Xs+ Xy >x) = 24P(X; + Xo + Xs + Xy > 2| X1 < Xo < X3 < Xy)
+12P(X7 + Xo + X3+ X4 > 2]X; < Xo < X3 = Xy)
+ 12P(X7 + Xo + X3+ Xy > 2| X1 < Xo = X3 < Xy)
+12P(X1 + Xo + X3+ X4 > 2]X; = Xo < X3 < X4)
+AP(X 4+ Xo + X3+ Xy > 2] X = Xo = X3 < Xy)
+4AP(X + Xo + X3+ Xy > 2] X < Xo = X3 = X))
+6P(X1 + Xo + X3+ Xy > 2| X = X < X3 = Xy)
+P(X7+ Xo+ Xs+ Xy > 2| X; = Xo = X5 = Xy). O

[
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(a) Survival function (b) Density function

Figure 2 Plots of the survival and density function for Sy, d = 2,3,4, in the exchangeable case.
The parameters considered are in the two-dimensional case: A1 = 0.6, \2 = 0.4, in the
three-dimensional case: A1 = 0.1, Ay = 0.2, A3 = 0.5, and when d = 4: \; = 0.05, Ay =
0.1, A3 = 0.15, \y = 0.2.

Remark 2 (Generalizing the results to higher dimensions)

Marshall-Olkin multivariate distributions are not absolutely continuous, i.e. there is a positive prob-
ability that several components take the same value, P(X1 = ... = Xy) > 0. It is possible to compute
the expression

]P’(X1+...+Xd>x,X1:...:Xd), (13)

for all dimensions d € N, by recalling Pascal’s triangle.

PM$ = P(X;+...+Xg>2,X1=...= Xy (14)
M (S (D)
e We =0 \ ¢ 1 d’ )\0 = 0
> i=0 (z)/\l
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However, the generalization to arbitrary singular events is not that obvious. Observe that from a sum
of d elements we have to take into account the cases where we have k equalities in the conditions of

the conditional probabilities, k € {0,...,d — 1}. The number of cases which have to be taken into
account is given by the binomial coefficient (d — 1) choose (k).

Take for example the case d = 4:

i) Number of cases where k£ = 0, i.e. there is no equality in the condition: (g) =1,

PXi+...+Xy>2,X;, <...<X;,), where i #i; €{1,2,3,4}.

ii) Number of cases where there is one equality (k = 1) in the condition: (3) =3,

PXi+...+ Xy >2,X;, =X, <X, <X,)),
PXi+...+ Xy >2,X;, <X, =X, <X,)),
P(Xl + ...+ Xy > $7Xi1 < Xiz < AXZ'3 = Xi4),

where i, # i; € {1,2,3,4}.

iii) Number of cases where there are 2 equalities (k = 2) in the condition: (g) =3,

]P)(Xl + .o 4+ Xy > l‘,Xil = Xiz = Xig < Xu),
]P)(Xl + .o 4+ Xy > l‘,Xil < Xiz = )(Z'3 = Xu),
P(Xl 4+ ..+ Xy > :L',Xil = XZ'Q < AXZ'3 = Xi4),

such that iy, # i; € {1,2,3,4}.

Since we are in the exchangeable case, we need to calculate how many times each probability has to
be added. For this purpose let us consider the definition of permutation of multisets

d!

PMa17a27---7ak717ak o
d T )
a1! -a2! .. -ak_ll -ak!

(15)

where in our case ay,...,aq represent the numbers of elements which are equal and how they are

located in each condition. Note that Zle a; = d. Let us illustrate this relation with the example of
d=4:

10
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PXi1+...+ Xy >2) = PMi71,171.]P(X1+...+X4, X < Xo < X3 < Xy)
1 \1’/ 1 1
+ PM2M . P(X 4. 4+ Xy >, X =X < X3 < Xy)
2 1 1
+ PMPNP(X 4. 4+ Xy>w, Xy < Xo=X3< Xy)
Y 3 Y
+ PMPMP(Xi 4.+ Xy >, Xy < Xy < X3=X)) (16)
Yy 3

+ PvaQ-]P’(X1+..-+X4>3:,X1:X2<X3:X4)
S—— N——

2 2
+ PMPUP(X 4. A Xy > o, X = Xy = X3 < X))
3 1
+ PMPYP(Xy 4.+ Xy > 2, Xy < Xp = X3 = Xy) + PMY,
- @ YM———
1 3

the expression for PM} is given in Equation (14).

Exzample 1 (Illustrating the effect of different levels of dependence)
In Figure 3, examples for the survival and density function of Sy for different levels of dependence
are visualized.

a) Independence: shocks arriving to just one element are the only ones present in the system, i.e.
A1 >0 and Ao = A3 = Ay = 0. In this case the probability distribution of Sy follows the Erlang
distribution with rate A\ and degrees of freedom 4.

b) Comonotonic case: the shock arriving to all components at the same time is the only one influ-
encing the system, i.e. A1 = Ao = A3 = 0 and Ay > 0, and the distribution of Sy is exponential
with mean 4/A\y.

c) Moderate dependence: in this case the shocks influencing fewer components jointly have the strongest
influence, i.e. Ay > Ag > A3 > Mg > 0.

d) High dependence case: shocks arriving to most components jointly have the strongest influence,
Be. Ay > A3 > Ao > A > 0.

e) Non-special case: A, Az, Az, Ay > 0.

11
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T T T T T T
= independence = independence

=== comonotonicity === comonotonic

= = =moderate dependence 0.25 = = =moderate dependence |4
= = = high dependence \ = = = high dependence

non-special case non-special case

)

(a) Survival function (b) Density function

Figure 3 P(Sy > x) (left) and fs,(x) (right) for different assumptions concerning the dependence:
a) independence, b) comonotonicity, ¢) moderate dependence (we consider Ay = 0), d) high
dependence (we consider A\; = 0), e) non-special case. In all examples, the marginal laws
are considered to be the same, X; unit exponential random variables, 1 = 1,...,4.

One can observe in Figure 3 (left) that the intersection of the survival function is around the ex-
pected value E[Sy] = 4. When the dependence between the components of the system is strong,
the probability of the system to collapse before this intersection is lower than in the cases where the
dependence is weak, but once the system survives till this intersection point, in cases with strong
dependence the probability that the system will last alive longer is higher than in cases where the
dependence is weak. This interpretation can be also seen in the densities (see Figure 3, right). In
weak dependence cases, the mass of the probability is concentrated around the expected value, which
is translated into having a strong depth in the slope of the survival function (see Figure 3).

4 The extendible Marshall-Olkin law

In this section we show how the probability distribution of S;/d behaves in the limit when the system
grows in dimension, i.e. for d — oo. For this purpose we work with the extendible subfamily of
the Marshall-Olkin law, since we must be able to extend the dimension of the vector (Xi,...,Xy)
without destroying its distributional structure. Recall that a random vector is called extendible if

there exists an infinite exchangeable sequence {Xk}lceN such that (X1,..., Xq) £ (X1,...,X,). De
Finetti’s Theorem states that this is equivalent to (X7, ..., X4) being conditionally i.i.d. (see [11]).

For extendible Marshall-Olkin laws there is a canonical construction based on Lévy subordinators,
which are non-decreasing Lévy processes, {A;,t > 0}, where the Lévy measure v(dx) is defined on
B((0, 00]) satisfying [(1 A z)v(dz) < oo:

Xp=inf{t>0: Ay > E}, k=1,...,d (17)

12



4 The extendible Marshall-Olkin law

Component X}, is the first-passage time of A across Ej and {Ej}ren is an i.i.d. sequence of unit
exponential random variables. This construction is called the Lévy-frailty construction (for further
information on these distributions we refer the reader to [17], [19]) and it defines the subclass of
extendible Marshall-Olkin distributions.

Let {¥(k)}ren be a sequence, derived from evaluating the Laplace exponent ¥ of A at the natural
numbers. It is shown in [18| that

P(X1 > z1,...,Xq > 2q) —exp< Zxd k1) (P(k) — \If(k—l))>,

where x(1) < ... < (g is the ordered list of the x1,...,24 > 0 (see [17]), is the survival function of
(X1,...,X4) which is completely determined by the sequence {¥(k)}ren. Then, (Xi,..., X ) follows
the Marshall-Olkin distribution with parameters

k—1
M= (-1 (U(d—k+it 1) -U(d-k+i), k=1,....d
=0
Once we constructed the vector of first-passage times of a Lévy-subordinator, (X1,...,Xg), we can

prove that when d — oo, S;/d and the ezponential functional of a Lévy-subordinator, I, = fooo e s ds,
have the same distribution. The exponential functional of a Lévy process, {A¢,t > 0}, is defined as

t
It:/ e Asds. (18)
0
Lemma 3

Let (Xy,...,Xg) be a random vector following the Marshall-Olkin distribution. Then,

lim

= I, 1
djco d (19)

where I, = fooo e Nsds represents the exponential functional of the Lévy-subordinator {A,t > 0} at
its terminal value. We refer the reader to [3] and [4] for detailed background on exponential functionals
of Lévy processes.

Proof
Define Xy, = inf{t > 0: Ay > E}} as in Equation (17). Then

li X, & —hs Pl Xp— [ i
dl/‘%lo Z k /0 ds & <d1/1ngO Z k / ds

:0>:

13



4 The extendible Marshall-Olkin law

The strong law of large numbers implies that limg s % Zizl Xk = E[X1|A] holds almost surely.

Observe that,

E[Xi|A] = / 2dP(X; < z|A) = / 2dP(Er < Ay|A) = / 2d(1 — e~
0 0 0

= / —zd(e ) = [—we‘Az]x:er/ e—Awdx=0+/ e M da.
0 z=0 0 0

Remark that convergence almost surely implies convergence in distribution. O

Ezxzample 2 (The limit of Sq/d in a Poisson-frailty model)

We want to analyse the convergence of P (Sy/d > x), d > 2, x > 0, in the limit d — oo. Considering
the standard Poisson process as an example, Ny = {N;}4>0 with intensity > 0, which is a Lévy
subordinator. [3] investigates the distribution of the exponential functional of a standard Poisson
process,

[e.9]
L= [, (20)
0
using its Laplace transform.:
-1
3 o0 ~ . ~
EeM=]= | [[a-A) | ., A<l (21)
j=0

Using the Gaver—Stehfest Laplace inversion technique (see [15], [12],[24]), we numerically compute
the survival function of the exponential functional of I (Equation (20)).

14



P(X>x)

4 The extendible Marshall-Olkin law

1.2 I
P(S 4/4>x)
--- P(S3/3>x)
1 = = =P(S,/2>x) L
\‘Q P(l_>x)
N
0.8
0.6
0.4
0.2
0
0

Figure 4 Plot of P(Sy/d > x), d = 2,3, 4 together with P(I,, > x), z > 0, where 8 = 1.
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Figure 5 Zoom into Figure 4.



5 Conclusion

With this example we visualize how P (Sq/d > z), d € Ny, converges to P (I, > ) when d — co. In
this case the components of the system strongly depend on each other, i.e. 0 < A1 < Ay < A3 < A4.

5 Conclusion

We study the probability distribution of a sum of dependent random variables S; = X7 + ... + Xy
when the dependence structure is given by the Marshall-Olkin distribution. The Marshall-Olkin law
possesses interesting properties from a statistical point of view as well as for applications in different
fields like financial risk-management or insurance. However, during the construction of this type of
dependence structure we encounter the obstacle of overparameterization. In order to deal with this
drawback and to make the computations more tractable we work with the exchangeable subfamily,
where the amount of parameters is significantly decreased from 2¢ —1 to d. In low dimensional cases,
d=2,d=3,and d = 4, we develop the explicit expressions for the distribution of S; and we give a
sketch of how these results can be extended to higher dimensions.

However, note that while the number of factors in the sum increases in one unit the number of cases
into consideration for the calculus of the probabilities increases in 29~!. This is the reason why the
problem becomes intractable for d > 4 and we focus on analysing the behaviour of Sy/d in the limiting
case, d — 0o. For this aim we work with the extendible subfamily, via the Lévy-frailty construction,
and we show how the probability distribution of Sy/d is closely related with the probability law of
the exponential functional of Lévy-subordinators.

References

[1] P. Arbenz, P. Embrechts, and G. Puccetti. The AEP algorithm or the fast computation of the
distribution of the sum of dependent random variables. Bernoulli-Bethesda, 17(2):562-591, 2011.

[2] G. Bennett. Probability inequalities for the sum of independent random variables. Journal of
the American Statistical Association, 57(297):33-45, 1962.

[3] J. Bertoin and M. Yor. Exponential functionals of Lévy processes. Probab. Surv, 2:191-212,
2005.

[4] P. Carmona, F. Petit, and M. Yor. Exponential functionals of Lévy processes. In Lévy processes.
Birkhé&user Boston, 2001.

[5] H. Cossette and E. Marceau. The discrete-time risk model with correlated classes of business.
Insurance: Mathematics and Economics, 26(2):133-149, 2000.

[6] A.de Acosta. Upper bounds for large deviations of dependent random vectors. Probability Theory
and Related Fields, 69(4):551-565, 1985.

[7] M. Denuit, C. Genest, and E. Marceau. Stochastic bounds on sums of dependent risks. Insurance:
Mathematics and Economics, 25(1):85-104, 1999.

16



18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]
23]

[24]

[25]

References

F. Downton. Bivariate exponential distributions in reliability theory. Journal of the Royal
Statistical Society. Series B, (Methodological), (3):408-417, 1970.

P. Embrechts, F. Lindskog, and A. McNeil. Modelling dependence with copulas an applications
to risk management. Handbook of heavy tailed distributions in finance, 8(329-384):1, 2003.

K.-T. Fang, S. Kotz, and K.-W. Ng. Symmetric Multivariate and Related Distributions. Chapman
and Hall, London, 1990.

B. De Finetti. La prévision: ses lois logiques, ses sources subjectives. In Annales de l'institut
Henri Poincaré, 1937.

D.P. Gaver. Observing stochastic processes, and approximate transform inversion. Operations

Research, 14(3):444-459, 1966.

K. Giesecke. A simple exponential model for dependent defaults. Journal of Fixed Income,

13(3):74-83, 2003.

H.K. Gjessing and J. Paulsen. Present value distributions with applications to ruin theory and
stochastic equations. Stochastic processes and their applications, 71(1):123-144, 1997.

S.G. Kou and H. Wang. First passage times of a jump diffusion process. Advances in applied
probability, 35(2):504-531, 2003.

A. Kuznetsov and J.C. Pardo. Fluctuations of stable processes and exponential functionals of
hypergeometric Lévy processes. Acta Applicandae Mathematicae, 123(1):1-27, 2010.

J.F. Mai and M. Scherer. Lévy-frailty copulas. Journal of Multivariate Analysis, 100(7):1567—
1585, 20009.

J.F. Mai and M. Scherer. Reparameterizing Marshall-Olkin copulas with applications to sam-
pling. Journal of Statistical Computation and Simulation, 81(1):59-78, 2011.

J.F. Mai and M. Scherer. Simulating Copulas: Stochastic Models, Sampling Algorithms, and
Applications. Series in Quantitative Finance. Imperial College Press, 2012.

A.W. Marshall and I. Olkin. A generalized bivariate exponential distribution. Journal of Applied
Probability, 4(2):291-302, 1967.

A.W. Marshall and I. Olkin. A multivariate exponential distribution. Journal of the American
Statistical Association, 62(317):30-44, 1967.

G. Puccetti and L. Riischendorf. Sharp bounds for sums of dependent risks. preprint, 2012.

V. Rivero. Tail asymptotics for exponential functionals of Lévy processes: The convolution
equivalent case. In Annales de l'Institut Henri Poincaré: Probabilités et Statistiques, 2012.

H. Stehfest. Algorithm 368: Numerical inversion of Laplace transforms. Communications of the

ACM, 13(1):47-49, 1970.

M.V. Wiithrich. Asymptotic value-at-risk estimates for sums of dependent random variables.
Astin Bulletin, 33(1):75-92, 2003.

17



	Introduction
	The Marshall–Olkin law
	The exchangeable Marshall–Olkin law
	The extendible Marshall–Olkin law
	Conclusion
	References

