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Abstract

High-fidelity numerical analysis of structural systems is usually realized through compu-
tational structural mechanics, computational fluid dynamics, or coupled discrete methods
of fluid-structural interaction. For large-scale structures, the evaluation of system responses
can be computationally expensive, thus hindering structural and multidisciplinary design
optimization. Surrogate modeling techniques are studied to approximate the system re-
sponses and alleviate computational costs in design optimization. This dissertation pro-
poses extended surrogate modeling techniques, which are comprised of four methods. First,
engineering knowledge is embedded in surrogate modeling to reduce the dimension of
modeling space and improve approximation accuracy. Second, genetic programming is car-
ried out to assist knowledge-based surrogate modeling by searching for the best formula-
tions of regression functions. Third, the quality of surrogate models is improved adaptively
by providing additional sample points at critical locations, which are identified according
to multiple-infill criteria. Finally, parallelized computing distributes the independent eval-
uation processes for further accelerating the whole task. The extended surrogate model-
ing techniques are applied to two typical, large-scale structural problems: the parameter
design optimization of an aircraft wingbox under aeroelastic considerations and the front
crash system of an automobile under impact loading. It is shown in these applications that
the extended surrogate modeling techniques can greatly reduce computational effort while
maintaining good accuracy for design optimization.



Kurzfassung

Numerische Analysen von Strukturen werden normalerweise mithilfe numerischer Struk-
turmechanik, computational fluid dynamics oder gekoppelten diskreten Methoden der Fluid-
Struktur-Interaktion durchgeführt. Die Auswertung der Systemantwort kann recheninten-
siv werden und steht damit einer strukturellen und multidisziplinären Entwurfsoptimierung
entgegen. In dieser Dissertation werden Methoden der parametrischen Ersatzmodellierung
untersucht um die Systemantworten zu approximieren und den Rechenaufwand der En-
twurfsoptimierung zu verringern. Eine erweiterte Methoden wird vorgeschlagen. Zuerst
wird Ingenieurwissen in Ersatzmodellierung eingebettet, um die Dimension des Model-
lierungsraums zu reduzieren und die Genauigkeit der Approximation zu verbessern. Zweit-
ens wird der genetische Algorithmus durchgeführt um die kenntnisbasierte Ersatzmod-
elle bei der Suche nach den besten Regressionsfunktionen zu unterstützen. Drittens wird
die Qualität der Ersatzmodelle adaptiv durch zusätzliche Abtastpunkte an den kritischen
Stellen verbessert, welche gemäß mehrerer Kriterien identifiziert werden. Zuletzt wird
die Optimierungsaufgabe unter dem Einsatz von massiver Parallelisierung gelöst, wobei
die einzelnen Evaluierungsschritte verteilt und die Lösung weiter beschleunigt wird. Die
erweiterten Methoden der parametrischen Ersatzmodellierung werden zur Entwurfsopti-
mierung von zwei rechnerisch großen Aufgaben der Strukturoptimierung angewendet: Eine
Parameter-Konstruktionsoptimierung eines Flugzeug-Flügelkastens unter aerodynamischen
Lasten und einen Aufprallabsorber im Vorderbau eines Kraftfahrzeugs. In der Anwendung
auf diese Probleme wird gezeigt, dass die erweiterten Methoden der parametrischen Ersatz-
modellierung erheblich den Rechenaufwand reduzieren können und gute Genauigkeit für
die Entwurfsoptimierung beibehalten.
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1. Introduction

1.1. Motivation

Efficient design optimization is desired in the industry to support decision-making process
for developing new concepts and improving existing products in today’s fierce competition
environment. It aims to stimulate better designs, reduce production cycle time and cut the
cost. Structural design optimization is a subject of maximizing or minimizing the design
objective function(s) (e.g. minimizing mass and/or cost), while satisfying all specified con-
straints (e.g. structural strength, stiffness and stability). Usually a number of evaluations
of the objective functions and constraint functions are involved in an optimization process.
The design objective and constraint functions in a structural design problem are usually
formed by the system equations, which represent the structural responses under all possi-
ble working environments. With the development of engineering software packages and
high-performance computing, system equations are evaluated by numerical simulations on
computers instead of real tests and experiments in the early design stage.

Although the numerical simulations have been developed to be as fast and accurate as

Figure 1.1.: Challenges in the structural design optimization of an aircraft wing [Petersson
et al. (2010)] and an automobile front crash system [Wehrle (2013)].

possible, the large computational expense per evaluation might still be an obstacle in the
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optimization process. For example, problems in the structural design optimization of an
aircraft wing and an automobile front crash system are shown in Figure 1.1. The models
shown are two typical computationally expensive engineering tasks researched at the In-
stitute of Lightweight Structures (Lehrstuhl für Leichtbau-LLB) of Technische Universität
München (TUM). One computer-aided design (CAD) model in Figure 1.1 is a part of LLB-
Flieger (aircraft), and the other comes from an electric mobility cooperating project in TUM
called MUTE.

The structural design optimization of the aircraft wingbox involves finding the best de-
sign values for the geometrical parameters of the skin, spars, ribs and stringers of the wing
to reduce weight of the structure. The number of design variables is very large in this prob-
lem. The wing has to sustain aerodynamic loads, and its system equations are evaluated by
coupled structural and aerodynamic analysis through computational structural mechanics
(CSM) and computational fluid dynamics (CFD). The numerical simulation of the aircraft
wing is performed with the finite element methods, which is computationally time consum-
ing due to a great number of elements, nodes and large dimensional matrices. Usually the
total number of optimization iterations and the number of system evaluations, which are
required to search for the best designs increase with the dimension of design space. Since
the problem contains a large number of design variables, the computational expense for the
optimization process can be extremely high.

For the design optimization of the MUTE front-crash system, computationally expen-
sive simulation is also a barrier. Crash simulation is performed with LS-DYNA. The en-
ergy transformation process through plastic deformation is numerically analyzed by explicit
time discretization. The structure is spatially discretized and analyzed using finite element
method. Usually, many different crash load cases are to be considered in design optimiza-
tion to ensure the passive safety requirements of the automobile. As a result, the compu-
tational cost for evaluating the system equations in the optimization problem goes rather
high. The system responses of crash simulations are extremely nonlinear and multimode,
which would require a number of iterations for the optimization algorithms to find an ad-
equate feasible design. Besides, the system responses are of non-smooth character, which
causes further problem, e.g. convergence problem in the optimization. Last but not least,
with the current approach, analytical gradient information of the MUTE system equations
is not available yet. Using numerical gradients in optimization require, however, many sys-
tem evaluations and very high computational expense.

In order to deal with the above mentioned problems, surrogate-based design optimiza-
tion is studied. Surrogate models are approximation models of the high-fidelity simulations.
There are broad sense and narrow sense definitions of surrogate models. The broad defini-
tion considers all approximation approaches, e.g. model order reduction, discretization,
curve fitting, etc. The narrow definition of surrogate models, which is also the definition
in this dissertation, refers to the models constructed by fitting a limited number of sample
data of the system responses. This requires that both the original numerical model and the
surrogate model are parametric models. The original model contains the whole simulation
of physical behavior, while the surrogate model cares only about the input-output relation
of the system. Surrogate models are built to fit the input-output relation as closely as pos-
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sible, while being computationally inexpensive to evaluate. By using surrogate models in
optimization, the time and computational expense can be greatly reduced.

However, surrogate-based design optimization does not necessarily mean more efficient
optimization. On the one hand, plenty of sample points are required for the construction of
surrogate models and the curse of dimensionality arises when the number of design vari-
ables are large. On the other hand, accuracy of the models and the optimization results
cannot be assured since the surrogate models are only approximations of the original prob-
lem.

In this dissertation, strategies for improving the accuracy of surrogate models and en-
hancing efficiency of surrogate-based design optimization are studied and implemented.

1.2. State of the Art - Literature Review

In this section, the applications and challenges of surrogate modeling techniques in engi-
neering design optimization are introduced. A number of studies aiming at improving the
performance of surrogate modeling and surrogate-based design optimization are reviewed.
The advantages and limitations of these methods are discussed.

1.2.1. Applications and Challenges of Surrogate Modeling Techniques

The surrogate modeling techniques are used in a wide range of engineering design opti-
mization problems. For example, Khodaparast et al. (2011) tested a number of surrogate
modeling methods in order to approximate the entire flight envelope with a few sampling
points in the future fast aeroelastic simulation technologies (FFAST). Blumhardt (2001), Fors-
berg and Nilsson (2005) tried different surrogate models in the automobile crashworthiness
designs. Booker et al. (1997) used surrogate objectives on a Boeing helicopter design opti-
mization. Huang et al. (2011) applied the Kriging surrogate model for shape optimization
of an aero engine turbine disc. Leifsson et al. (2013), Ulaganathan and Asproulis (2013) also
used different surrogate modeling strategies in aerodynamic shape optimization. Surrogate
modeling applications can also be found in the field of electromagnetic-simulation-driven
design optimization, simulation-driven antenna design, microwave structure design [Koziel
and Leifsson (2013)] and so on . The wide application demonstrates the strong demands of
reducing computational and time expense in engineering design for problems containing
computationally expensive simulations. It is also shown that the common challenges of sur-
rogate modeling in engineering application are to be addressed, which are concluded as
follows:

(i) The number of sample points required in constructing surrogate models can be very
large.

(ii) The quality of surrogate models for an engineering problem is not assured by large
number of sample points.

(iii) Besides providing sufficient sample points, it is also important to use proper surrogate
modeling techniques and to decide the proper design regions to be approximated.
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(iv) In case only the input and output data of the engineering system are considered for
surrogate modeling, the best distribution of sample points, the necessary density in
sampling and the required number of sample points are all unknown before numerous
trials.

(v) The proper type or the best formulation of surrogate models for an engineering prob-
lem is not known a priori. The properties to be approximated can differ from tasks to
tasks and may also differ from regions to regions of the design space.

1.2.2. Advantages and Limitations of Current Strategies

To cope with the challenges in engineering applications of surrogate modeling and surrogate-
based optimization, plenty of studies are carried out in both academics and the industries.
All studies are oriented to provide robust solutions while reducing computational effort and
maintaining promising accuracy [Sacks et al. (1989)]. Strategies are reviewed and concluded
into following types.

1.2.2.1. Multiple surrogates

As is explained above, choosing the proper sampling and surrogate modeling methods is
challenging. There is no single sampling nor surrogate modeling strategy that is appropri-
ate for all problems. Therefore, the ensemble of multiple surrogate models is performed in
approximation of complicate and large-scale problems.
Research and Advantages
Goel (2007) in his dissertation developed an averaging technique for multiple surrogates in
order to protect against poor choice of single surrogate. Besides multiple surrogates, mul-
tiple error estimation models are also used to give sufficient confidence in the accuracy of
surrogates. Hamza and Saitou (2005) showed that different sampling strategies and sample
sets were utilized in order to avoid misleading in surrogate modeling by special patterns of
sample distribution. Such strategies increase the reliability of surrogate models in engineer-
ing application.
Limitations and suggestions
However, proper schemes for weighted average or assembling surrogates and error estima-
tion models should be developed. Even with multiple surrogate models, the refinement of
surrogate models in the process of optimization is still needed. Therefore, this strategy may
have advantage in approximation accuracy, but it is not necessarily better than conventional
surrogate modeling strategies in regarding to the efficiency of constructing surrogates.

1.2.2.2. Trust region method, sequential design space reduction and multi-fidelity

In the whole design space of an engineering optimization problem, usually only a small re-
gion or regions are the critical domains that contain the optimal design. If such regions can
be identified, then sample points can be distributed mainly there to save the computation
effort.
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Research and Advantages
Studies are carried out to discover the trust regions with information obtained by validating
the optimization results. Therefore, of the whole design space, some regions can be approxi-
mated with relatively higher-fidelity surrogates while others with low fidelity. For example,
Giunta and Eldred (2000) updated the size of trust region and reduced the design space
adaptively, which showed significant reduction of computational expense.
Limitations and suggestions
When the trust region is decided too early, some critical regions could be excluded from the
design space. Wang and Li (2012) pointed out that such strategies take the risks of losing
characteristics of system responses, especially for highly-nonlinear systems.

1.2.2.3. Gradient information

When gradient information is provided, the approximation accuracy in the nearby region
can be greatly increased. Therefore, in some studies, for example, in the work of Laurenceau
et al. (2010), derivative information at sample points was fitted in construction of surrogate
models.
Research and Advantages
Forrester et al. (2008) showed the ability of more accurate predictions with gradient-enhanced
and Hessian-enhanced surrogate modeling.
Limitations and suggestions
For many computational expensive simulations, analytical or semi-analytical gradients are
not always available, and numerical gradients are expensive to obtain. Besides, the time
required in solving the construction of surrogate models is also longer, since operations of
larger matrices have to be handled and the solving process is more complicate.

1.2.2.4. Space mapping and transformation

In high-dimensional design space, the number of sample points required for certain degree
of accuracy in surrogate modeling can be extremely large. In this case, a mapped space with
reduced dimension is used instead of the original design space.
Research and Advantages
The concept of space mapping was introduced by Bandler et al. (2001) in microwave engi-
neering. The dimension reduction of design space was realized by employing the expert
engineering knowledge. The space mapping was then applied and developed in many en-
gineering fields. For example, Baudat and Anouar (2001) transformed a data set into a fea-
ture space according to geometric considerations. Physics-based surrogate modeling used
by Nair (2002) was an extreme utilization of engineering knowledge in surrogate modeling
and optimization, which demonstrated impressive efficiency. The space mapping and pa-
rameter transformation strategy has shown great potential in reducing computational effort
in engineering problems.
Limitations and suggestions
The only disadvantage is the difficulty to generalize and quantify the expert knowledge, ex-
perience or even feelings. The approaches to extract knowledge and to embed it in surrogate
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modeling process should be developed for specific engineering fields. This is done in this
dissertation for mechanic analysis with finite element method.

1.2.2.5. Surrogate modeling with genetic programming methodology

Research and Advantages
Alvarez et al. (2000) proposed using genetic programming methodology to generate the best
formulation of approximation functions. The genetic optimization of surrogate formations
searches for the best surrogates with given sample points, and, therefore, makes the best use
of the limited information. Such methods balance the pressure in expert knowledge require-
ments in space mapping and the blindness in black-box surrogate modeling.
Limitations and suggestions
In the genetic programming of surrogate construction, the candidate basis terms, functions
and operations are required, which should be well considered and provided. Otherwise,
extra effort is taken for unnecessary search and it can even fail to achieve the required
approximation accuracy. A possible solution is the integration of this methodology with
knowledge-based surrogate modeling, which is studied and provided in this dissertation.

1.2.2.6. Adaptive sampling and surrogate modeling

Usually more and more information is gathered after performing surrogate-based optimiza-
tion and validating the feasibility and optimal conditions, e.g. the Karush-Kuhn-Tucker
condition (KKT) of the optimization results discovered by Karush (1939), Kuhn and Tucker
(1951). It allows us to refine the quality of surrogate models adaptively by properly using
the information. Xu et al. (2012) demonstrated that using adaptive sampling and surrogate
modeling, higher efficiency and accuracy can be obtained.
Research and Advantages
Infill criterion, such as expected improvement was described by Forrester et al. (2008), which
identified positions of additional sample points to maximize the refinement in current sur-
rogate models and the optimization results. Gorissen (2009) introduced in his dissertation a
grid-enabled adaptive surrogate modeling method, which was implemented in a surrogate
modeling (SUMO) Matlab toolbox. The SUMO toolbox offers large amount of options of
sampling and surrogate strategies, error models and infill criteria. Some trials and studies
are required to choose the combination of them, which offers the best performance.
Limitations and suggestions
Since only one sample point is added each iteration, the adaptive process can be rather slow
if poor initial surrogate model is built. Infill criteria with robust performance, which provide
multiple infill points at once is studied and extended in this dissertation to further explore
the advantage of adaptive sampling and surrogate modeling.

As can be seen, the current strategies in surrogate modeling and surrogate-based opti-
mization deal with one or more challenges in engineering application. Some of them em-
phasize the accuracy and reliability of surrogates and some provide possible alleviation to
the curse of dimensionality. Some suggests that engineering knowledge to be used while
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some try to provide a generalized solution and different options to choose. To summarize
the state of the art, the above strategies can be combined, reformed and further developed
to gain best accuracy, efficiency and robustness in solving our engineering problems, which
is performed in this dissertation.

1.3. Outline of the Dissertation

In this dissertation extended surrogate modeling techniques are studied to achieve high ef-
ficiency, accuracy and robustness in surrogate-based optimization of large scale structural
optimization problems. The proposed strategy in the optimization process can be demon-
strated in Fig. 1.2. As can be seen the surrogate-based design optimization process is mainly

Figure 1.2.: Flowchart and key techniques of the extended surrogate modeling techniques
for large scale structural optimization.

composed of the following steps.

(i) Design of experiments (DoE)
Design of experiments generates a number of sample points in the design space of an
optimization problem. Frequently used methods of DoE are described in Section 2.1.

(ii) Numerical simulation on the sample points
In this dissertation system equations or responses obtained through engineering nu-
merical simulations, such as finite element analysis and computational fluid dynam-
ics, are defined as high-fidelity models. The high-fidelity models are used to provide
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reference values for the construction of surrogate models. Introduction to the high-
fidelity simulations of the engineering problems in this dissertation can be found in
corresponding sections, which are Section 6.2 for the aircraft wingbox and Section 7.1
for the automobile front crash system, respectively.

(iii) Surrogate modeling
Surrogate modeling methods are used to build approximation models based on the in-
formation from sample points and particular mathematical hypothesis. In comparison
to the engineering numerical simulations, surrogate models are normally not based on
the physical behaviors of the engineering system and are defined as low-fidelity mod-
els, although they can present very high approximation accuracy. Popular surrogate
modeling methods are discussed in Section 2.2.

(iv) Surrogate-based design optimization (SBDO)
Structural design optimization is performed by evaluating the computation inexpen-
sive models instead of the high-fidelity numerical simulations. This technique as well
as its formulation and assessment of quality are found in Section 2.3.

(v) Verification of optimization results and refinement of surrogate models
After the surrogate-based optimization, the feasibility of the obtained design is vali-
dated on the high-fidelity models and then the optimality conditions KKT are verified
for the feasible designs. The verification of optimization results and the refinement of
surrogate models are necessary to insure the correctness and goodness of the surrogate-
based optimization results. This iterative surrogate-based optimization method stops
when the optimal condition is satisfied and the designs converge in the last two loops.
This is realized by the multiple-infill criteria developed in this dissertation, which is
discussed in Chapter 5.

The key techniques developed in the surrogate modeling and optimization are listed:

(i) A knowledge-based surrogate modeling (KBSM) method is designed, which generates
reduced modeling space with basic terms from geometric and mechanical properties
of engineering structural system. This is described in Chapter 3.

(ii) Genetic algorithm is used to assist knowledge-based surrogate modeling. The forma-
tion of candidate functions and operations, as well as the definition of fitness function
are described in Chapter 4.

(iii) Multiple-infill criteria are used to assess the quality of surrogate models and optimiza-
tion results. The choice of infill criteria and the scheme for assembling the selected
criteria are described from Section 5.2 to Section 5.5.

(iv) Parallelized adaptive surrogate-based design optimization (PASBDO) is used to speed
up the whole process, which is introduced in Section 5.6.

To validate the performance of the proposed surrogate-based modeling and optimization
techniques, test models with ranged model sizes are introduced.
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Introduction examples

The introduction examples are of small size and low computational costs. With the intro-
duction examples, it is easier to introduce, modify and validate the methods and algorithms
during their developing process. Two examples are used here, one is an I-beam cantilever
under vertical load at the tip. This model is used to introduce the knowledge-based surro-
gate modeling strategy, as can be found in Section 3.5. The other is a one-variable function,
which is used to introduce the multiple-infill criteria. It is easier to visualize the sample
points, infill points, surrogate function, original function and infill criteria with the one-
variable function. This example is used in Section 5.2 to Section 5.6.

Demonstration example

The demonstration example is of medium size and medium computational cost, which is a
stiffened composite panel from part of an aircraft wing skin. It is used to demonstrate the
procedure and performance of the proposed techniques on engineering problem. With the
medium size example, it is easier to compare the performances of different methods.

Application examples

As is mentioned at the beginning of this dissertation, two engineering examples are to be
solved, which are of large-scale and high-computational costs. They are the aircraft wing-
box and the automobile front crash system, which are used to validate the performance of
the proposed method on solving large scale structural engineering problems. They are de-
scribed in Chapter 6 and Chapter 7.

Finally, conclusion and discussion of the work in this dissertation are given in Chap-
ter 8.
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2. Surrogate Model and
Surrogate-Based Design Optimization

Surrogate modeling is aimed at relieving high computational effort in engineering design
optimization. In the process of design optimization, surrogate models of the system equa-
tions are used instead of the high-fidelity numerical simulation. While constructing surro-
gate models, two major steps are to be taken: design of experiments (DoE) and surrogate
modeling. In this chapter, classic methods used in DoE are introduced first, followed by
algorithms of surrogate modeling. Finally, the concept and framework of surrogate-based
design optimization are introduced.

2.1. Design of Experiments

Design of experiments (DoE), also known as sampling plan, is a technique to generate a
limited number of sample points in the design space. The system response at those points
will be evaluated with high-fidelity numerical simulations, such as finite element analysis
(FEA), which usually requires high computational effort. Those sample points will then be
used as reference of the system behavior for the system response approximation. On the
one hand, the number of sample points should be sufficient to ensure the quality of the ap-
proximation, on the other hand, it should be limited so that the corresponding amount of
evaluations is computationally affordable.It is, therefore, important to control the density of
sample points and in the meanwhile maintain good distribution in the design space. Differ-
ent methods of DoE are more or less balancing between the amount and distribution of the
sample points. The following sections discuss the properties and performance of some clas-
sic DoE methods, which include factorial design method, Monte Carlo method and Latin
hypercube sampling.

2.1.1. Factorial Design Methods

Factorial design methods generate sample points that contain combinations of predefined
discrete values of the design variables [Fisher (1925)]. When all possible combinations are
considered, it is called a full factorial design (FFD). If only a fraction of the combinations are
chosen, factional factorial design is resulted.

The design variables that affect system responses are called factors in statistics. The
number of factors is, therefore, equal to the dimension of design space, noted as m. The
number of the predefined discrete values of each design variable is called the number of
levels, noted as le. A full factorial design creates lme sample points. For example, full factorial
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Figure 2.1.: Full factorial design for two (left) and three (right) demensional space with three
levels.

designs for two (m = 2) and three (m = 3) factors with three levels (le = 3) contain 9 sample
points and 27 sample points, respectively. They are shown in Figure 2.1.

The advantages of using full factorial design are explained as follows:

• Sample points are regularly distributed in the design space, which insures good disper-
sity. No samples are gathered together nor spreaded distinctly far away from others.

• The density of sample points in full factorial design can be controled by setting the
factorial level for each dimension.

• The overall and interactive effects of the design variables on the system responses can
be explored. This is because that FFD is composed of all combinations of the design
variables at the values of all levels. In engineering design optimization, this also means
that a primary parameter study can be performed and an overview of the design opti-
mization problem can be obtained with full factorial design.

The disadvantage of full factorial design is the curse of dimensionality. The number of sam-
ple points in full factorial design lme increases exponentially with the dimension of design
space m. Eventually the number of experiments or simulations to be carried out becomes
unaffordable and the surrogate modeling is no more efficient.

Fractional factorial designs make compromise on full factorial design. They use subset
of the full factorial designs and thus only a fraction of the effort is needed. The trade-offs of
using a fractional factorial design is the aliasing of factor importance. The selection of subset
is, therefore, a problem of balancing all the factors and focusing on the important features of
the system, where knowledge of the studied system is essential.
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2.1.2. Monte Carlo Experiments

Besides many other applications, Monte Carlo methods [Ulam (1949)] can also be used to
generate sample points. In contrast to factorial designs, Monte Carlo methods generate ran-
domly distributed sample points according to a predefined probability distribution through-
out the given domain. A required number of sample points are obtained by blinded and
repeated generating of random values. The characteristics of random experiments are dis-
cussed as follows:

• The number of sample points required in Monte Carlo experiments is not explicitly de-
termined by the dimension of design space, but by the number of repetitions required
to obtain stable statistic conclusions.

• With the probability distribution property, randomized experiments are especially use-
fully in handling uncertainty in system inputs.

2.1.3. Latin Hypercube Sampling

Latin hypercube sampling (LHS) is a high-dimensional extension of Latin square sampling
[Fisher (1935). In two-dimensional space, sample points are generated in squared grids of
the design domain with exactly one point in each column and each row. There are a number
of solutions to locate sample points that satisfy this rule. Given the required sample size N
and the dimension number m = 2 of design space, the number of qualified combinations
equals to (N !)m−1. Choices can be made between all the combinations. Besides, randomness
can be assigned to the sample points by allowing the sample points to variate randomly
within the located grids. Therefore, Latin hypercube sampling is not a deterministic design.
For example, to generate three sample points in a two-dimensional design space, there are
basically six combinations, as shown in Figure 2.2. Considering the randomness of sample
points distribution within each grids, the actually number of combinations of LHS is infi-
nite. Latin hypercube sampling can generate a design, which is the variant of any of those
combinations. For situations where uniformity of sample distribution is needed, optimal
design is performed by setting minimum distance or correlation requirements to constrain
the variation of sample point.

For higher-dimensional space, m > 2, the design domain of each design variable is di-
vided into required number of intervals, which equals to the sample size N . An example of
Latin hypercube samples in three dimensional space is shown in Figure 2.3, where 4 sam-
ple points are generated and the sample size is N = 4. It can be seen that each dimension
is divided into 4 intervals. When the sample points are projected to the two-dimensional
planes, the distribution of projected points still satisfy the rule of Latin hypercube sampling.
In each interval of each design variable, only one sample point is allowed. This means in
each dimension, no sample point shares the same value as another sample point.

The feature of LHS distribution is very benefitial in design space mapping strategies.
Space mapping is used to reduce the dimension of design space by transforming the orig-
inal design variables into a smaller amount of quantities, which are still able to represent
the system. The mapping usually involves some simple algebraic operations of the design
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Figure 2.2.: Combinations of the Latin hypercube samples with three points in two-
dimensional design space.

Figure 2.3.: Latin hypercube samples with four points in three-dimensional design space.
The points projected at each plane are still Latin hypercube samples.
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Figure 2.4.: Mapping of sample points from two-dimensional space [a, b] to one-dimensional
space [a · b], using four sample points generated with full factorial design (FFD)
and Latin hypercube sampling (LHS), respectively.

variables based on their physical meanings, e.g., from the section width a and height b to the
cross-section area a · b. By doing this, two-dimensional space is reduced to one. Since LHS
generates no duplicate values for all dimensions, it has the maximum retainment of sample
points’ information after space mapping. Therefore, it has absolute advantage over FFD in
terms of space mapping. A simple example in Figure 2.4 shows the differnce between full
factorial design (FFD) and Latin hypercube sampling (LHS) before and after space mapping.
It is shown in Figure 2.4 that after space mapping by multiplication of the two design vari-
ables, only 2 sample points are obtained from 4 FFD sample points, while 4 samples are
received using LHS.

Further advangtage of LHS over FFD is shown in the case of space projection, another
form of space mapping, which is also quite frequently used in model reduction. For exam-
ple, the differences between space projection of the three-dimensional sample distributions
in Figure 2.1 for FFD and in Figure 2.3 for LHS can be seen, which are discussed as follows:

• For the FFD, 27 sample points are generated in 3D space. When projecting them to a
coordinate plane, only nine independent sample points are there. When further pro-
jecting them to a coordinate axis, only three independent sample points are left.

• For the LHS, when four sample points in 3D space are projected to 2D and 1D, in each
case there are still four Latin hypercube sample points.

For surrogate-based design optimization containing computationally expensive evaluations,
the number of sample points should be kept small and the remaining amount of data after
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space mapping strategies should be kept high. The advantages of Latin hypercube sampling
are summarized as follows:

• The minimal number of sample points required in LHS does not have to increase expo-
nentially with the dimension of design space. It is actually decided by the requirement
in surrogate modeling, which can be much smaller than the exponential of the dimen-
sion. For example, in case of quadratic function, the amount is close to the square of the
dimension. Although, the oversampling factor to achieve a certain degree of accuracy
in approximation is still increasing largely with the dimension.

• It can easily generate well-scattered samples even in high-dimensional design space.
This feature enables Latin hypercube sampling to represent large design spaces with
small sample sizes.

• Sample points generated with LHS follow the rule to present certain distribution for-
mat, and possess some randomness at the mean time.

• When space mapping and transformation are to be performed, more information is
remained with LHS.

Concluding from the above mentioned features, LHS has not only the good sampling
density and dispersity as in FFD and some randomness as in Monte Carlo experiments, it
also has large data retainment after space mapping. Since space mapping is one important
strategy of the extended surrogate modeling techniques, the LHS is, therefore, the selected
DoE method throughout this dissertation.

2.1.4. DoE in the Process of Preliminary Analysis and Trial for Design
Optimization

Not only the sample points in DoE can be used for parameter study, it works also the other
way around. In the process of carrying out an engineering problem, parameter study may
be performed already before surrogate modeling is considered. Data from the parameter
study can be directly taken as sample points to avoid repetitive computation. This is to say
that sampling points can also be obtained during the process of preliminary analysis and
trial in design optimization. To perform engineering design optimization, as much informa-
tion of the problem as possible should be collected before choosing an optimization strategy.
It is necessary that a preliminary analysis of the problem is performed in either design opti-
mization or surrogate-based design optimization. There are also trial optimizations, which
are carried out in the development process of a project. In such processes, numerical sim-
ulations of the structural model are also carried out to gain understanding of the problem,
which is important for setting proper design domain, dominating constraints, good initial
designs and algorithms for an optimization problem.

For computationally expansive numerical simulations, all responses evaluated with high-
fidelity simulations are precious and should be properly used. Such points can be consid-
ered as sample points while performing design of experiments. They can also be used as ad-
ditional supporting information for refinement of surrogate models, known as infill points.
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2.2. Surrogate Modeling Methods

After system responses are evaluated with high-fidelity numerical simulations on the sam-
ple points, surrogate models can be constructed. There are a variety of surrogate modeling
methods available. The choice of method to be used should be made according to the fea-
tures of system responses.

Linear and nonlinear system responses should be treated differently. Linear behavior can
be approximated with first-order polynomial regressions, while nonlinear behavior should
be approximated with higher-order polynomial regressions or other surrogate models, such
as radial basis function (RBF) or Kriging. For example, in engineering design optimization,
responses like displacements, stresses and strains are nonlinear, which should be approxi-
mated with carefully chosen surrogate modeling methods.

Smooth and nonsmooth system responses should also be distinguished by using regres-
sion or interpolation methods. An interpolation model will exactly go through all the sam-
ple points, while a regression method predict the global trend of the sample points. In the
following sections, brief introductions of different surrogate modeling methods, including
polynomial regression, RBF and Kriging will be given.

2.2.1. Polynomial Regression

Polynomial regression methods use polynomial functions to fit the sample points, the pa-
rameters of which are usually determined according to the least squares. The least-squares,
first introduced by Legendre (1805), is a method to approximate the solution of overdeter-
mined equations, and is a standard approach used in response surface approximation (RSA).
The term response surface approximation referred particularly to a second-order polyno-
mial regression when it was introduced by Box and Wilson (1951). Nowadays it is mostly
understood as a general term for all approximation models.

A multivariate polynomial regression model is generally formulated as follows.

ŷ(x) = β0+
m∑
i=1

βixi+
m∑
i=1

m∑
j>i

βijxixj+
m∑
i=1

βiix
2
i +

m∑
i=1

m∑
j>i

m∑
k>j

βijkxixjxk+· · ·+
m∑
i=1

βii···ix
p
i , (2.1)

where,

x: vector of design variables,

m: dimension of design space,

p: highest order of polynomials,

ŷ: polynomial regesseion model for a system response y,

β: coefficients of the regression model.

The coefficientsβ should be determined in order to construct a polynomial regression model.
The number of coefficients nβ with respect to the order of the polynomial regression model
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is shown as follows:

when p = 0, nβ = 1, regression with constant value
when p = 1, nβ = 1 +m, regression with linear function
when p = 2, nβ = (1+m)(m+2)

2
, second-order polynomial regression

...
...

...
...

generally nβ = C
(m+p)
p = (m+p)!

p!m!
, higher-order polynomial regression,

(2.2)

where C(m+p)
p is the number of p-combinations. According to the rule of least squares, at

least nβ sample points are required to determine the coefficients β. Suppose that N sam-
ple points are obtained from the design of experiments. The observed data sites are X ={
x(1),x(2),x(3), · · · ,x(N)

}T . The corresponding responses are Y =
{
y(1), y(2), y(3), · · · , y(N)

}T .
A system of linear equations can be written as


y(1)

y(2)

...
y(N)

 =


1 x

(1)
1 · · · x

(1)
i · · · (xixj)

(1) · · · (xixjxk)
(1) · · · (xpi )

(1) · · ·
1 x

(2)
1 · · · x

(2)
i · · · (xixj)

(2) · · · (xixjxk)
(2) · · · (xpi )

(2) · · ·
...

... . . . ... . . . ... . . . ... . . . ...
1 x

(N)
1 · · · x

(N)
i · · · (xixj)

(N) · · · (xixjxk)
(N) · · · (xpi )

(N) · · ·





β0

β1

...
βi
...
βij
...

βijk
...

βii···i



.

(2.3)

Equation 2.3 can also be written in symbolic format as Y = Vβ, where Y is the vector of
system responses at all sample points, β is the vector of coefficients and V is the matrix of
the sampled design sites evaluated in all required polynomial combinations. V is a Vander-
monde matrix [Luther and Rost (2004)] in case of a one-dimensional polynomial regression.
The estimated coefficients β̂ can be obtained through the least square solution of Y = Vβ,
which is

β̂ = (VTV)−1VTY. (2.4)

This theory of polynomial regression is well established and has been used since the early
18th century [Stigler (1974)]. The advantages of polynomial regression model are given as
follows:

• It is simply formulated and its properties are well understood. Such features make it
easy to be programmed and applied.

• It can be efficiently calculated and simply visualized and, thus, the system exploration
can be greatly facilitated.
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• It smooths the system responses, which is helpful in handling noise in the system. The
convergence behavior can be greatly improved with smoothed system responses in the
optimization process. Besides, after smoothing, gradient calculation can be more accu-
rate and efficient in case that gradient-based searching is used in engineering design
optimization.

However, the drawbacks should also be noted, which includes:

• Polynomial regression generally has poor interpolatory and extrapolatory properties.
Assume no noise is included in the high-fidelity system simulations, then all sample
points are considered accurate and are to be respected while building surrogate mod-
els. When the sample points do not behave as the given order of polynomials, using
polynomial regression in this case will result in the loss of large amount of information.
Therefore, the quality of the regression models are not reliable while approximating
rather complicated system responses.

• It can be seen from Equation 2.2 that high-order polynomial regression requires large
number of coefficients to be determined, especially when the number of design vari-
ables are also large. In this case, the cost in constructing regression models is very
high.

• The Runge’s phenomenon was found by Runge (1901) when high-order polynomial
regression models are used to approximate nonlinear responses, which results in large
oscillation in some regions, as is demonstrated in Figure 2.5. It is seen that although the
higher-order polynomial function fits better with the sample points, the quality of the
approximation at positions between sample points, and especially at the boundaries
could be very poor.

To conclude, although the polynomial regression is well established and easy to per-
form, the system behavior, such as nonlinearity and noise, and the dimension of design
space should be carefully considered to decide whether to use it or not. In most engineer-
ing problems, the second-order polynomial regression shows good performance and is still
widely used.

2.2.2. Radial Basis Function

The radial basis function is a weighted linear summation of basis functions with different
centers. It is also understood as a single-layer linear artificial neural networks (ANN) [Ewan
(2010)]. The term basis function means the basic function format of the elements, which are
combined to approximate complicated functions. The basis functions are usually simple
and have well understood behavior. The same symbols for sample points as polynomial
regression method in section 2.2.1 are used. They are X =

{
x(1),x(2),x(3), · · · ,x(N)

}T for the
observed data sites and Y =

{
y(1), y(2), y(3), · · · , y(N)

}T for the corresponding responses. The
surrogate model constructed with radial basis function method is formulated as follows:

ŷ(x) =
N∑
i=1

ωiψ(
∥∥x− x(i)

∥∥), (2.5)
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Figure 2.5.: Demonstration of the Runge’s phenomenon. Red solid line: test function; red
star: sample points; blue dashed line: 3rd-order polynomial regression function;
dotted line: 6th-order polynomial regression function; dash-dotted line: 9th-
order polynomial regression function.

where,

x: vector of design variables,

m: dimension of design space,

ŷ: radial basis function for y,

ω: weight vector of the basis functions ,

ψ: the basis function, which is variable with
∥∥x− x(i)

∥∥ ,∥∥x− x(i)
∥∥: the Euclidean distance between the unobserved site x and the sampled site

x(i),

x(i): the ith observed sample site, i = 1, 2, · · · , N , which serves as the center of the ith
basis function.

The popularly employed basis functions are given as follows:

• linear function: ψ(r) = r
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• cubic function: ψ(r) = r3

• thin plate spline function: ψ(r) = r2 ln r

• Gaussian function: ψ(r) = e−r
2

where r stands for the Euclidean distance of two sites. Using the sample points, a system of
linear equations is obtained:

y(1)

y(2)

...
y(N)

 =


ψ1,1 ψ1,2 · · · ψ1,N

ψ2,1 ψ2,2 · · · ψ2,N

...
... . . . ...

ψN,1 ψN,1 · · · ψN,N



ω1

ω2

...
ωN

 , (2.6)

where ψi,j = ψ(
∥∥x(i) − x(j)

∥∥), (i, j = 1, 2, · · · , N). The equations above can also be written in
matrix form as:

Y = Ψω, (2.7)

where the solution for the weighting vector ω can be obtained by solving the linear equation

ω = Ψ−1Y. (2.8)

The characteristics of the radial basis function method are summarized as follows:

• Based on the selection of basis functions, a wide range of linear and nonlinear system
responses can be approximated with radial basis functions.

• It has both regression and interpolation abilities, which makes it useful in approximat-
ing both deterministic and stochastic behaviors. However, it tends to overfit the model
and results in large local error.

• It is easy to formulate, but solving the Equation 2.8 can be a tough task because of
Ψ−1. The choice of sample sites and basis function plays an important role to assure a
positive definite Ψ matrix.

2.2.3. Kriging

Kriging was first developed by the mining engineer Danie G. Krige in 1951 as a technique
for prediction of mineral resources [Krige (1951)]. Besides its application in geostatistics,
it has also made its way into many engineering field. It became widely used as a surro-
gate modeling method for design and analysis of computer experiments following the work
of Sacks et al. (1989).

Kriging is known as an interpolation method and a model performing best linear unbi-
ased prediction (BLUP) of random effects. The Kriging model is composed of two parts, a
deterministic part and a stochastic part. The deterministic part is actually a regression model
that fits the sample points according to the rule of generalized least squares. The stochastic
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part is a Gaussian process that interpolates the regression residual by using a correlation
function. Suppose the sample points are given, where X =

{
x(1),x(2),x(3), · · · ,x(N)

}T are
the observed data sites, and Y =

{
y(1), y(2), y(3), · · · , y(N)

}T are the corresponding responses.
Kriging is formulated as

ŷ(x) = F(x) + Z(x) =

regression︷ ︸︸ ︷
p∑
i=1

βifi(x) + Z(x)︸ ︷︷ ︸,
correlation

(2.9)

whereF(x) =
∑p

i=1 βifi(x) is the regression model, which is a linear combination of selected
functions fi(x), i = 1, 2, · · · , p. Usually different orders of polynomial functions are chosen
as fi, but the regression functions are not restricted to polynomials. Any continuous function
form can be considered and the choice should be made to suit with different applications.
Z(x) is the Gaussian process with mean value 0 and covariance given by

cov(Z(x(i)), Z(x(j))) = σ2R
(
θ,x(i),x(j)

)
, (2.10)

where R is the correlation function with a m-dimensional parameter vector θ. This means
for the m-dimensional design variables x, each dimension can be assigned with different
θk, j = 1, 2, · · · ,m, leading to different correlation properties. For continuously differen-
tiable responses, usually Gaussian function is chosen as the correlation function, written as

R
(
θ,x(i),x(j)

)
=

m∏
k=1

e
−θk

∥∥∥x(i)k −x(j)k

∥∥∥2
. (2.11)

After chosen proper regression functions fi and correlation function R, there are only the
regression coefficients β and the correlation parameter θ to be determined to fit the sample
data. Similarly as in the polynomial regression in section 2.2.1, the regression coefficients β
can be determined according to the rule of least squares. The difference is that the rule of
generalized least squares is used and the estimated regression coefficients β̂ is written as

β̂ = (F TR−1F )−1F TR−1Y. (2.12)

In the generalized least squares solution shown in Equation 2.12, F is a matrix containing
the value of the regression functions at the observed sites, given as

F =


f1(x(1)) f2(x(1)) · · · fp(x

(1))

f1(x(2)) f2(x(2)) · · · fp(x
(2))

...
... . . . ...

f1(x(N)) f2(x(N)) · · · fp(x
(N))

 . (2.13)

In Equation 2.12,R is a symmetric matrix containing the correlation function values between
the observed design sites. Rij is given by

Rij = R
(
θ,x(i),x(j)

)
, i, j = 1, 2, · · · , N, (2.14)
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where it can be seen that Rij is variable with θ. The optimal correlation parameter θ̂ is
obtained by solving the maximum likelihood estimation of the Gaussian process under the
observed data. This means in contrast to the least squares estimation of β in deterministic
regression, the generalized least squares estimation of β has to be determined iteratively
with the correlation parameter θ. With the optimal β̂∗ and θ̂∗, the Kriging model is able
to interpolation the sample points. It is, therefore, a good combination of deterministic
model and stochastic process. The advantages of Kriging model are significant, which are
summarized as follows:

• It contains a regression model, which uses linear combination of different functions to
estimate the trend of the system responses. The selection of the regression functions is
flexible, which allows us to implant engineering knowledge in the process of surrogate
modeling.

• With the correlation function and maximum likelihood estimation, the stochastic pro-
cess makes full use of the sample points. It not only gives the Kriging model the capa-
bility of interpolating regression residuals but also enables better prediction of nearby
locations.

• It provides reasonable balance between approximation accuracy and construction effi-
ciency.

Especially, it should be noted that Kriging contains two parts, a regression model and a cor-
relation model, of which the regression model dominate the trend of the surrogate model.
It is, therefore, important to choose proper formulations of the regression functions which
are able to represent the general trend of system behavior as precisely as possible. Higher-
order polynomial regression functions have the capability of approximating more complex
responses, but require more sample points to determine the polynomial coefficients and
might result in irregular behavior. By properly generating mixed terms of design variables
and selecting the function forms, the required number of sample points can be reduced and
the performance of Kriging can be greatly improved. The techniques for generating mixed
terms and regression function forms are specifically described in chapter 3 and chapter 4,
where knowledge-based surrogate modeling and genetic algorithm assisted surrogate mod-
eling are introduced, respectively.

2.3. Surrogate-Based Design Optimization

In engineering design optimization problems, system equations mostly exist in implicit
forms by using numerical simulation methods [Baier et al. (1994)]. For example, in aerospace
and automotive designs numerical simulations with the finite element method (FEM) are
used to establish a relationship between design variables and system responses. An engi-
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neering design optimization problem is mathematically formulated as follows:

minimize z(x)

such that gj(y(x)) ≤ 0 , j = 1, · · · , p
and hk(y(x)) = 0 , k = 1, · · · , q

xl ≤ x ≤ xu

(2.15)

where the symbols are expressed as follows:

x: vector of design variables,

z: objective function,

y: vector of system responses, which are to be determined from the system equations,

gj : a nonlinear inequality constraint,

hk: a nonlinear equality constraint.

To alleviate the cost in the optimization process, surrogate models are used to replace the
computational expensive numerical simulations. Surrogate models The surrogate-based de-
sign optimization has a formulation shown as:

minimize ẑ(x)

such that gj(ŷ(x)) ≤ 0 , j = 1, · · · , p
and hk(ŷ(x)) = 0 , k = 1, · · · , q

‖x− xc‖ ≤ wx

(2.16)

Symbols in Equation 2.16 are expressed as follows:

ẑ: surrogate objective function,

ŷ: vector of approximation of system responses, which are evaluated on surrogate
models,

gj(ŷ): a surrogate nonlinear inequality constraint,

hk(ŷ): a surrogate nonlinear equality constraint,

wx: width of a defined approximation region,

xc: center points of the approximation region.

The implementation difference of the standard engineering design optimization and the
surrogate-based design optimization can be demonstrated with Figure 2.6.

In standard engineering design optimization, evaluations of the engineering system has
to be done iteratively, while in surrogate-based design optimization, surrogate models are
constructed first, which are then evaluated in instead. To get the surrogate models, design
of experiments and evaluation of the high-fidelity system equations on the sample points
have to be performed first. Usually the computational cost and time expense for a surrogate
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Figure 2.6.: The flowchart of the standard engineering design optimization and the
surrogate-based design optimization.

model can be ignored in comparison with a high-fidelity numerical simulationA through,
e.g., FEM and CFD. The cost for surrogate-based design optimization thus mainly depends
on the construction of surrogate models. The process of surrogate modeling can be graphi-
cally represented in Figure 2.7.

In Figure 2.7 it is shown that the core expense of surrogate modeling lies on the eval-
uation of the engineering system at sample points. First, the design sites for a number of
sample points are generated with DoE, then a corresponding amount of high-fidelity sys-
tem evaluations are performed. Surrogate modeling method is then used to fit the sample
points. Supposing the computational and time expense in data transferring and surrogate
model evaluation can be neglected, the speed-up ratio of surrogate-based design optimiza-
tion using sequential computing can be quantified by

Ps =
Nr

Ns

, (2.17)

whereNr refers to the number of high-fidelity evaluations of the engineering system in stan-
dard engineering design optimization, and Ns is the total number of sample points used for
construction of surrogate models. Ps is the speed-up ratio of surrogate-based design opti-
mization, which means the profit of using surrogate models in design optimization. Fur-
ther, if parallel computing is used, the surrogate-based design optimization can be even
more efficient, which will be introduced in Section 5.6. Although parallelized system eval-
uation is also possible in the standard high-fidelity model based optimization, the number
of parallelized processes is usually limited. This is because that parallelization can only be
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Figure 2.7.: The process of constructing surroagte models.

implemented within each iteration of optimization, which contains a certain number of in-
dependent evaluations for individual points or a limited number of independent gradient
calculations. In surrogate-based design optimization, parallelization can be performed on
a massive number of sample points all in one iteration as long as the hardware resource is
sufficient. Therefore, surrogate-based design optimization has great potential of speeding
up the engineering optimitation process.

Surrogate models are inexpensive to calculate but of low fidelity. Therefore, the quality
of surrogate models should be validated and if necessary, refined before it is used in design
optimization. Cross-validation [Hastie et al. (2008)] are usually used to test the quality of
surrogate models. The accuracy of surrogate models is quantified by the normalized root
mean square error (RMS) of the approximation at a number of test points. This is given by

εrms =
1

ymax − ymin

√∑n
i=1

[
ŷ(i) − y(i)

]2
n

. (2.18)

Good undertanding of the optimization problem, as well as carefully chosen DoE method
and surrogate modeling method should work in close collaboration to improve the efficiency
and accuarcy of surrogate-based design optimization.

2.4. Summary of Chapter

In this chapter, methods for design of experiments are introduced first. The charicteris-
tics of each method are discussed, which can be used as a guide for the selection of DoE
for different problems. Then, the formulations of three typical surrogate models are given.
The construction and effort for solving each model, as well as the applicability of differ-
ent methods are described. Finally, the structure of surrogate-based design optimization is

25



2. Surrogate Model and Surrogate-Based Design Optimization

demonstrated. The quantitative definition for the efficiency and accuracy of surrogate mod-
eling are given. It is pointed out that the understanding of the optimization problem and
knowledge of the engineering system should be considered the most important guide in
surrogate-based design optimization.
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3. Knowledge-Based Surrogate
Modeling

The use of engineering knowledge can drastically improve efficiency and accuracy in surrogate-
based design optimization, especially when a large number of design variables are involved.
In this chapter, knowledge-based surrogate modeling will be introduced, which considers
physical properties of the engineering system while constructing surrogate models.

3.1. Motivation and Overview of the Chapter

The engineering systems are generally understood by engineers and, therefore, are not of
black-box nature. All knowledge of the engineering problem can be considered to assist
the construction of surrogate models, which is studied and named as knowledge-based sur-
rogate modeling (KBSM) in this dissertation. In able to use the engineering knowledge in
surrogate models, focus in put on reducing the design space and selecting the quantities to
be approximated. In other words, engineering knowledge is used in the study of this dis-
sertation to choose modeling space and responses. As a result, in KBSM there is a mapping
from the original design space and system responses to the surrogate modeling space and
responses. The difference between the standard surrogate modeling and the knowledge-
based surrogate modeling is demonstrated in Figure 3.1.

The sample points, which contain design sites x from design space and the evaluated
system responses y are the information used in surrogate modeling methods. The standard
surrogate modeling method only takes the information from sample points regardless of the
physical properties of an engineering system. While, in knowledge-based surrogate model-
ing, the design space and system responses are mapped into modeling space p and modeling
responses q based on the understanding of the corresponding engineering system. p and q
are functions of x and y, respectively. By proper knowledge-based mapping, it is expected
that dimension of the modeling space is reduced, which is

Rnx −→ Rnp (3.1)

where nx � np. nx and np are the number of original design variables and mapped model-
ing variables, respectively. The q(y) is then determined according to the knowledge of the
system to be more directly related to modeling variables and it can be more accurately ap-
proxiamted. After knowledge-based mapping, surrogate modeling is no more a black-box
process.

In this chapter, focus will be given to choosing function formulations of design variables
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Figure 3.1.: The difference between the standard surrogate modeling and knowledge-based
surrogate modeling methods.

and system responses for the mapping. The implementation of knowledge-based surro-
gate modeling is realized by embedding knowledge-based terms in the surrogate functions,
which are mapped from design space and system responses to represent the system prop-
erties. With those terms forming modeling space and modeling responses, fewer surrogate
parameters are to be determined and the relationship to be approximated becomes more di-
rectly related or even linearly related. As a result, efficiency and accuracy in surrogate-based
design optimization can be improved. To show the implementation and the performance of
knowledge-base surrogate modeling method, a small engineering problem is used as an in-
troduction example. The efficiency and accuracy of the standard surrogate modeling and
KBSM methods are compared.

It is to be noted that the emphasis of this chapter is to illustrate the approximation effi-
ciency and quality of standard vs. knowledge-based surrogates, the comparison of design
optimization behaviors of them are presented later in the following chapters.

3.2. Implementation of Knowledge-Based Surrogate
Modeling with Kriging

As is introduced in section 2.2.3, the Kriging model is composed of a deterministic part and
a stochastic part, represented by a regression model and a correlation model, respectively.
The format of the regression and the correlation functions are rather flexible, which can be
adjusted to different engineering problems. The kriging model constructed considering the
mechanical system properties is called knowledge-based Kriging in this dissertation. It is
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formulated as

q̂(y(x)) = F(p(x))) + Z(p(x))) =

regression︷ ︸︸ ︷
k∑
i=1

βifi(p(x)) + Z(p(x))︸ ︷︷ ︸,
correlation

(3.2)

where instead of x, p(x) is used as the basic element in the regression model and the corre-
lation model. p(x) is a vector of algebraical combinations of the design variables, which are
formed based on engineering knowledge to represent, for example, the structural mechan-
ical properties of a structural system. Since only physically sensible mixed-terms of design
variables are considered to form the regression model, the total number of regression func-
tions can be reduced. For example, unnecessary mixed-terms in a full quadratic polynomial
regression model can be removed. q(y) is a chosen function of system response y according
to engineering knowledge, which forms a relationship that can be more accurately repre-
sented by Kriging. For example, it is a common knowledge in mechanical engineering that
axial stress σa in a rod is inversely related to its cross-section area Ac, and therefore, the

relation between q(y) =
1

σa
and Ac can be more accurately approximated than the relation

between y = σa and Ac. The goal of implementing knowledge-based Kriging is to obtain
following advantages:

• lower-dimensional surrogate modeling space,

• fewer coefficients βi to be determined,

• smaller computational effort,

• higher approximation accuracy.

3.3. Knowledge-Based Terms for Beam and Shell Elements

In this section, the construction of knowledge-based modeling space for structural system
is introduced. Beam and shell elements are frequently employed elements in aerospace
and automobile industries. The formulations of element matrices for them will be extracted,
and the knowledge-based mixed-terms for surrogate modeling will be generated from those
formulations. To identify the mixed-terms of design variables, which are capable of repre-
senting the mechanical properties of a structural system, the force equilibrium is considered
here

Mü+Cu̇+Ku = F , (3.3)

where M , C and K are the global mass, damping and stiffness matrices, respectively. In
elastic analysis, the load matrix F is often fixed and is not a variable of the geometric pa-
rameters, such as length, thickness or cross-section area of the structural components. The
displacement vector u and the related variables such as velocity u̇, acceleration ü, as well
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as the resulted stress and strain are dependent variables, which are the system responses
to be analyzed. The mechanical behavior of the structural system depends on K and M ,
which could be the desired combinations of design variables that directly represent the re-
lation between geometric parameters and system responses. However, the global matrices
are usually implicitly related to the design variables and the mixed-terms cannot be found
directly, especially for large and complicate structural systems. The global matrices K and
M are assembled from the element matrices Ke and M e , which can be explicitly derived
with respect to the design variables. The detailed formulations of the mass and stiffness
matrices for beam and shell elements, as well as their knowledge-based terms for surrogate
modeling are derived in the following two sections, respectively. A demonstration example
of surrogate modeling with the knowledge-based terms of beam and shell elements is given
in section 3.5 of this chapter.

3.3.1. Knowledge-based terms for beam elements

For beam elements, the geometric parameters of the cross sections are usually considered
as design variables in engineering design optimization. The axial, bending, shear and tor-
sional stiffness as well as the translational and rotational inertia represent the mechanical
properties of the beam element. To derive these terms, the complete stiffness matrix for a 12
degree-of-freedom beam element is given in Equation 3.4, as one can also refer to any basic
mechanical literature, such as Gupta and J.L.Meek (2003).

Ke =

[
K11 K12

sym K22

]
(3.4)

in which

K11 =



EA
l

0 0 0 0 0
12EIz
l3Ψy

0 0 0 6EIz
l2Ψy

12EIy
l3Ψz

0 −6EIy
l2Ψz

0

sym GJ
l

0 0
Ψ

′
zEIy
l

0
Ψ

′
yEIz

l


, (3.5)

where E, G, A and l are the Young’s modulus, the shear modulus, the cross-section area and
the length of the beam element, respectively. Iy and Iz are the area moment of inertia with
respect to y and z axes. Further, the following substitutions are used

Ψy = 1 + 12EIz
GAsyl2

, Ψ
′
y = 3+Ψy

Ψy

Ψz = 1 + 12EIy
GAszl2

, Ψ
′
z = 3+Ψz

Ψz
.

(3.6)

Asy and Asz in the substitutions stand for effective shear cross-sectional areas. K12 and
K22 can also be derived analogously. In these equations, the terms EA, EI

Ψ
, EIΨ

′ , and GJ

are combinations of design variables that represent mechanical properties of axial, bending,
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shear and torsional stiffness, respectively. Similarly, the element mass matrix M e is also
given

M e =

[
M11 M12

sym M22

]
, (3.7)

in which

M11 =



1
3

0 0 0 0 0
13
53

+ 6Iz
5Al2

0 0 0 11l
210

+ Iz
10Al

13
53

+ 6Iy
5Al2

0 − 11l
210
− Iy

10Al
0

sym Jx
3A

0 0
l2

105
+ 2Iy

15A
0

l2

105
+ 2Iz

15A


. (3.8)

M12 and M22 are derived analogously.. Terms such as I
A

and J
A

are mixed-terms of de-
sign variables representing translational and rotational inertia, respectively. As is discussed
in 3.2, these mixed-terms of design variables derived from Equation 3.4 to Equation 3.8 can
be used to form the modeling space for knowledge-based surrogate modeling. More specifi-
cally, these terms are used to replace x as the basic elements p(x) in the regression functions
of Kriging. For approximation of different responses under particular load cases, different
combinations of those mechanical properties can be selected to represent the system behav-
iors. Since the number of the terms for the mechanical properties of beam elements are small,
the dimension of the modeling space can be controlled and the required number of sample
points can be reduced, even when very large number of design variables are involved.

3.3.2. Knowledge-based terms for shell elements

For shell elements, the thicknesses are often considered as design variables in engineering
sizing design optimization. To prevent local buckling of the shell structures, they are usually
stiffened at certain distances, which may also be considered as design variables. Suppose
that t, b and l represents the thickness, the horizontal and the vertical sizes, respectively. The
membrane, bending and shear stiffness of a shell element can be expressed as follows. The
membrane stiffness matrix is

Ke
M =

t

4A

[
P R

sym Q

]
, (3.9)

and the bending stiffness is

Ke
B =

t3

48A

[
Q −RT

sym P

]
, (3.10)

and the shear stiffness is

Ke
S =

t

4A

 S11 S12 S13

S22 S23

sym S33

 , (3.11)
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where P , Q, R and S are position dependent matrices, which are composed of quadratic
terms of the horizontal and the vertical sizes b and l, one can refer to Gupta and J.L.Meek
(2003) for details. A represents the surface area, which is directly proportional to the pro-
duction bh. According to the Equations 3.9 to 3.11, t, t3, b

l
and l

b
, as well as the inverse of

them should be considered as knowledge-based terms for shell elements in a structure. The
selected combinations of those terms are then used to form the modeling space to perform
knowledge-based surrogate modeling.

3.4. Knowledge-Based Terms for Laminated
Fiber-Composite Plate

Owing to the high strength-to-weight ratio and many other properties, composite materials
have got widespread applications in the latest products of the aerospace and automobile
industries. For example, the rate of composite structure to structural weight is about 25% in
Airbus 380, 53% in Airbus 350XWB [Hellard (2008)] and 50% in Boeing 787. Fiber-reinforced
composite is a type of composites, which includes carbon-fiber-reinforced polymers (CFRP),
glass-fiber-reinforced plastic (GRP), metal-fiber-reinforced metals and etc. Mechanical prop-
erties of fiber-reinforced composites can be tailored to suit to specific applications very flexi-
bly by, e.g. selecting materials of fibers and matrices, orientating fibers, adjusting thicknesses
of plies, stacking plies with different sequences or combinations of the above. Analysis, de-
sign and optimization of fiber-reinforced composite structures usually involves large num-
ber of design variables (e.g., orientations and thicknesses of all plies of laminates), highly-
nonlinear responses and nonconvex design space. Such problems indicate a requirement for
large number of system evaluations in design optimization. Due to computationally expen-
sive high-fidelity simulations of many problems, surrogate models are desired. However,
the construction of standard surrogate models becomes inefficient owing to the need of vast
number of sample points. Therefore, the adoption of engineering knowledge in surrogate
modeling for structures containing composite materials becomes imperative. Laminated
fiber-composite plates is used as an example in this dissertation to demonstrate the neces-
sary theory of composites, which is employed to assist knowledge-based surrogate model-
ing.

Similar with using stiffness of isotropic elastic materials as knowledge-based terms, stiff-
ness terms of a structure with composite materials is also explored for knowledge-based
surrogate modeling. Considering that laminated fiber-composite plates commonly used in
aircraft and automobile structures are usually relatively thin and flat, the classical lamination
theory (CLT), as one can refer to B.D.Agarwal and Broutman (1980), is adopted to formulate
knowledge-based terms for surrogate modeling. The typical constitutive equation according
to CLT describes the relation between loads and structural displacement, which is

{
Nr

Mr

}
=

[
A B

B D

]{
ε0

k

}
, (3.12)
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where Nr and Mr are vectors representing the forces and moments in a laminate cross sec-
tion. ε0 and k are the mid-plane strains and the plate curvatures, respectively. A is the
in-plane stiffness matrix, B is the coupling stiffness matrix, and D is the bending stiffness
matrix. For thin laminates, which are usually simplified as two-dimensional plates, A, B
and D are reduced from the full 6 × 6 matrices to 3 × 3 matrices. All the three matrices
are symmetric, and as a result, there are six independent matrix elements for each of the
A, B and D matrices, which are derived from the lamina stiffness matrix Q̄ in the global
coordinate system. This is given by

Aij =
∑n

k=0(Q̄ij)k(hk − hk−1)

Bij = 1
2

∑n
k=0(Q̄ij)k(h

2
k − h2

k−1)

Dij = 1
3

∑n
k=0(Q̄ij)k(h

3
k − h3

k−1).

(3.13)

The two in-plane axes of the local/lamina coordinate are so defined that one principle axis
is parallel to the fiber orientation and the other principle axis is orthogonal to it. The trans-
formation from local stiffness matrixQ to the global stiffness matrix Q̄ is expressed as:[

Q̄
]

= [T ]−1 [Q] [R] [T ] [R]−1 , (3.14)

where,

[T ] =

 cos2 α sin2 α 2 sinα cosα

sin2 α cos2 α −2 sinα cosα

− sinα cosα sinα cosα cos2 α− sin2 α

 , (3.15)

and

[R] =

 1 0 0

0 1 0

0 0 2

 . (3.16)

α in Equation 3.15 is a vector of fiber angles in a laminate. The global stiffness matrices A,
B, D and Q̄ are combination of design variables α. They are capable of directly represent
the system properties of laminated fiber composite plates. Usually, rather than the relation-
ship in Equation 3.12, the stresses and strains in a laminate are to be determined for known
loads. As discussed in section 3.2, it improves the accuracy of approximation by performing
inverse operations in mapped modeling space and modeling responses instead of approxi-
mating inverse relationship in surrogate models. To achieve this, the system equations are
rewritten as{

ε0

k

}
=

[
A∗ B∗

B∗ D∗

]{
N

M

}
(3.17)

where,

[A∗] = [A−1]− [A−1] [B] [[D]− [B] [A−1] [B]]
−1

[[A−1] [B]]
T

[B∗] = − [A−1] [B] [[D]− [B] [A−1] [B]]
−1

[C∗] = [B∗]

[D∗] = [[D]− [B] [A−1] [B]]
−1

(3.18)

33



3. Knowledge-Based Surrogate Modeling

The stresses on a lamina are then calculated as:

σk =
[
Q̄
]
k
ε0 + z

[
Q̄
]
k
k (3.19)

Therefore, the laminate stresses and strains are directly related to the terms in matrices A∗,
B∗, D∗ and Q̄, namely the compliance matrices of the laminate. Using elements of such
matrices instead of the original design variables α to form a modeling space allows more
accurate approximation of the system responses. The system responses such as stresses,
strains, and deflection are approximated with linear or quadratic relations of these ma-
trix elements. Selected combinations of these matrix elements are then used in Kriging as
knowledge-based terms p(x) to perform surrogate modeling for different system responses.
With engineering knowledge the required number of sample points is greatly reduced when
the number of fiber angles is very large. Application examples of knowledge-based surro-
gate modeling for laminated composite panel can be found in section 4.6 of this dissertation,
and design optimization of the composite plate is given in section 5.7.

3.5. Introductory Example: Knowledge-Based Surrogate
Modeling for an I-Beam Cantilever

To demonstrate how engineering knowledge of a structural system is used to assist sur-
rogate modeling, the design problem of an I-beam cantilever is given as an introductory
example.

3.5.1. Introduction of the I-Beam Cantilever

The cantilever model is loaded with vertical force at the tip and is clamped at the opposite
end, shown in Figure 3.2. The cross section and the geometric design variables of the I-beam

Figure 3.2.: The cantilever model under vertical load at the tip.

cantilever are shown in Figure 3.3.
The engineering design optimization for this cantilever model is so defined, that the

geometric parameters are to be determined to minimize the structural mass subject to a
number of structural constraints. The design of the I-beam cantilever involves six design
variables and six design constraints. The structural constraints include strength, stiffness
and stability requirements, which are described as follows:
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Figure 3.3.: Cross section of a cantilever with geometrical design variables for optimization.

• The maximum bending stress σb resulting in the cantilever should not be larger than
the yield stress of the material σy. That is σb < σy, which is a strength requirements so
that the structure would not deform plastically.

• The maximum shear stress τ in the cantilever should not exceed half of the yield stress
of the material. That is τ < σy

2
, a strength constrain to prevent the ductile material used

for the cantilever from failure in shear.

• The tip deflection δ of the cantilever should not exceed a critical value δcrit. That is
δ < δcrit, so that the cantilever is stiff enough to prevent overlarge deformation.

• The critical force Fc which actives the twist of the structure around the x-axis must be
larger than the loaded force Fload. That is Fc > Fload, which is a stability constraint so
that the coupled bending-torsion deformation does not happen under the given load.

• The first resonance frequency of bending fb must be greater than a given frequency
value f0. That is fb > f0, so that structural resonance is avoided when the given force
is simple harmonic with frequency up to f0.

• The critical buckling stress σc should be larger than the yield stress of the material.
That is σc > σy, which is a local stability constraint to avoid inelastic buckling of web.
The web of the cross-section is actually a thin-walled plate that has the potential to
buckle locally under the given load.
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Therefore, the design optimization problem is formulated as follows:

minimize m(x)

such that
σb(x)

σy
− 1 ≤ 0

2τ(x)

σy
− 1 ≤ 0

δ(x)

δcrit

− 1 ≤ 0 (3.20)

1− Fc(x)

Fload

≤ 0

1− fb(x)

f0

≤ 0

1− σc(x)

σy
≤ 0

and xl ≤ x ≤ xu,

wherex = {b1, b2, b3, t1, t2, t3}T (see Fig. 3.3) is a vector of the design variables. xl andxu refer
to the lower and upper boundaries of the design variables. m is the mass of the structure
and is the objective function of the optimization problem.

3.5.2. Task Definition for the I-beam Cantilever

From the definition of the cantilever optimization problem, it is known that system re-
sponses to be analyzed are mass m, the maximum bending stress σb, the maximum shear
stress τ , the tip deflection δ, the critical force Fc for twisting, the first resonance frequency
of bending fb and the critical buckling stress σc. As is know that the mass of a structure can
be usually explicitly derived with respect to the design variables very efficiently and is not
needed to be approximated with a surrogate model. The task in this introduction example
is, therefore, to build surrogate models for all system responses in the constraint functions.
It is to be noted that the computational effort to calculate the system responses are actu-
ally extremely low for this cantilever model. The purpose of the example is, however, to
demonstrate the effect of utilizing engineering knowledge in surrogate modeling. Surrogate
models of the system responses σb, τ , δ, Fc, fb and σc are built with respect to x using both
standard surrogate modeling and knowledge-based surrogate modeling. The quality of sur-
rogate models will be judged by both efficiency and accuracy, quantified by the required
number of samples and the relative root mean square error, respectively.

3.5.3. Standard Surrogate Modeling for the I-Beam Cantilever

Standard surrogate modeling using Kriging method with a quadratic polynomial regres-
sion model is performed. The design optimization problem involves six design variables.
For six-dimensional design space, according to Equation 2.2, at least 28 sample points are
required to formulate a full quadratic polynomial regression model. Considering an over-
sampling factor of 1.3 (the typical oversampling factor is around 1.5, and higher for more
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complicate problems [Sieberz et al. (2010))], 36 sample points are generated by Latin hyper-
cube sampling. For this simple example, we can generate sufficient test points to visualize
the quality of different surrogate models. For example, considering a full factorial level of
five for the most critical design variable b3, four for t1, t2 and t3, and three for b1 and b2, then
the total number of test points is 2880. The approximation results for all the six responses
are shown in Figure 3.4.

It shows the normalized values of σb, τ , δ, Fc, fb and σc from the left to the right of the

Standard surrogate modeling with 36 sample points
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Figure 3.4.: Standard surrogate modeling results of the I-beam cantilever.

graphs in Figure 3.4. More specifically, the consistency of the response values predicted by
surrogate models at the testing points with the exact system responses are shown. The pur-
pose is to give an intuitive impression of the approximation quality of the surrogate models.
The horizontal axis stands for the true system responses and the vertical axis stands for the
surrogate system responses. Therefore, the diagonal line in each graph indicates the exact
system model. The closer the predicted values of the surrogate models are to that line, the
better the approximation accuracy of the models is. As can be seen, there is a large poten-
tial to further improve the quality of the standard surrogate models, especially those for the
bending stress σb, tip deflection δ and the critical buckling stress σc.
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3.5.4. Knowledge-Based Surrogate Modeling for the I-Beam Cantilever

To compare with the standard surrogate modeling and illustrate the effect of utilizing engi-
neering knowledge, the knowledge-based surrogate modeling is performed in this section.
As is discussed in section 3.3, according to the knowledge of the structural mechanics, the
system responses of the I-beam cantilever depend on the geometrical and mechanical prop-
erties. Those properties are the cross-sectional area A, the position of the center of the cross
section, the area moment of inertia Iz and Iy, etc. For different system responses, different
terms should be selected according to basic engineering knowledge and understanding of
the structure. For the above described system responses of the I-beam cantilever, the chosen
knowledge-based terms of each response are discussed as follows:

• The maximum bending stress σb is inversely proportional to the area moment of inertia
Iz of the cross section, and is directly proportional to the distance from the geometrical
center hmax.

• The maximum shear stress τ is inversely proportional to the cross-section area.

• The tip deflection δ is inversely proportional to the area moment of inertia Iz.

• The critical force Fc is depend on both the torsional rigidity and the bending rigidity
of the cross section of the cantilever. Therefore, the polar area moment of inertia about
the x axis, Jx = Iy + Iz, and the area moment of inertia about the z axis, Iz are selected.

• The first resonance frequency of bending fb is decided by the square root of the stiffness
to mass ratio.

• The critical local buckling stress σc is related to be slenderness ratio of the cross section
according to the knowledge-based terms for shells. Therefore, the thickness to height
ratio of the web t3

b3
and the ratio of the average width of the flange to the height of the

web b1+b2
2b3

are chosen.

More intuitively, the knowledge-based terms for each of the structural responses are sum-
marized in Table 3.1. These listed terms are used as knowledge-based terms p(x) to form

Table 3.1.: The structural responses and the respective geometrical properties for
knowledge-based surrogate modeling.

Structural responses σb τ δ Fc fb σc

Geometrical properties hmax, 1
Iz

1
A

1
Tz

Jx, Iz
√

Iz
A

t3
b3

, b1+b2
2b3

regression and correlation functions in Kriging. Since the geometrical properties Jx, Iz, A,
the slenderness ratio and so on are directly related to the system responses, fewer coeffi-
cients in the regression model are to be determined so that fewer sample points are required.
Knowledge-based surrogate models are, therefore, constructed with only 12 sample points
and the results is shown in Figure 3.5.
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Knowledge-based surrogate modeling with 12 sample points
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Figure 3.5.: Knowledge-based surrogate modeling results of the I-beam cantilever.

3.5.5. Comparison of Surrogate Models for the I-Beam Cantilever

As is expected, from Figure 3.4 and 3.5 it can be seen that the approximation quality has
been greatly improved by knowledge-based surrogate modeling in comparison with the
standard surrogate modeling. To quantitatively describe the improvements, the normalized
root mean square error (RMS) (see section 2.3) of surrogate models of both methods are
given in Table 3.2.

In Table 3.2, nsamp represents the number of sample points used in surrogate modeling.

Table 3.2.: Results of the standard surrogate modeling method and the knowledge-based
surrogate modeling method for the I-beam cantilever.

Surrogate models nsamp εrms(σb) εrms(τ) εrms(δ) εrms(Fc) εrms(fb) εrms(σc)

Standard 36 7.46% 3.08% 3.75% 1.44% 3.35% 3.19%
Knowledge-based 12 0.00% 0.00% 0.00% 0.96% 0.00% 0.00%

It can be seen that the knowledge-based surrogate modeling requires only 1
3

of the sample
points used in standard surrogate modeling to approximate all the system responses with
even much higher accuracy. As a result, it is shown with this simple introductive example
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that the utilization of engineering knowledge is essential for improving efficiency and accu-
racy in surrogate modeling. For large and complicate mechanical structures, the mechanical
properties would not be as obvious as the cantilever example shown here. However, accord-
ing to the derivation and discussion in section 3.3 and sections 3.4, there are clues to be found
from engineering knowledge, understanding of the system and engineering experiences as
well.

3.6. Summary of Chapter

In this chapter, knowledge-based surrogate modeling method is introduced. The implemen-
tation of engineering knowledge in surrogate modeling is achieved by using engineering
knowledge-based terms in the Kriging model. By doing this, the dimension of modeling
space can be reduced and the relationships to be approximated are simplified. This allows
to approximate engineering system responses with much higher efficiency and accuracy.
Knowledge-based terms for the frequently employed elements in aerospace and automobile
industries are given. A simple cantilever model is used as an example to introduce and
demonstrate the knowledge-based surrogate modeling method. Comparison of the stan-
dard surrogate modeling and knowledge-based surrogate modeling on this example proves
the advantage of using engineering knowledge in surrogate modeling.
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4. Genetic Algorithm Assisted
Knowledge-Based Surrogate
Modeling

A technique is developed in this chapter to assist the formulation of regression functions
in knowledge-based surrogate modeling (KBSM). This method is aimed at achieving more
accurate approximation of system equations for complicated engineering structures, where
knowledge of the system is not complete. Based on the existing sample points, a genetic
algorithm (GA) is used to search for the best combination of knowledge-based terms and
the format of regression functions in surrogate models. An connection between KBSM and
traditional GA programming is created, where candidate functions and operations are de-
fined to formulate the design variables and fitness function for implementation of GA. The
method is called genetic algorithm assisted KBSM (GAKBSM).

4.1. Motivation and Overview of the Chapter

As is indicated in Chapter 3, the knowledge-based surrogate modeling method can be ex-
pected to have better performance in both approximation accuracy and efficiency than stan-
dard surrogate modeling. In KBSM the knowledge-based terms are the candidate terms to
be operated on instead of the original design variables of an engineering design problem.
The relation between knowledge-based terms and the system responses are usually easier
to be represented with simple formats of functions, such as polynomials. However, the
knowledge of complicated engineering structures is often not complete. Usually a number
of knowledge-based terms are available according to mechanical theories and engineering
experience, but the detailed format of those terms in the system equations are not clear.
Therefore, it is necessary to develop a general method to search for the best combinations
and formats of the knowledge-based terms to assist surrogate modeling, which is in this
dissertation the genetic algorithm assisted KBSM (GAKBSM). Since the surrogate model-
ing techniques are implemented based on the Kriging model, the GA assisted method is
introduced by taking Kriging as an example, which can be however also implemented on
other kinds of surrogate models. The formulation of the standard Kriging model and the
GA assisted Kriging (GA-Kriging) is given as follows:

Standard Kriging : ŷ = F(x) + Z(x)

GA-Kriging : ŷ = F∗(x) + Z(x)

(4.1)
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Define candidate functions

Surrogate modeling

Optimization with GA

F

ε
(i)
rms

F∗

min
∑
ε

(i)
rms

and initialize GA

and cross validation

Figure 4.1.: The flowchart of genetic algorithm assisted surrogate modeling.

As can be seen in Equation 4.1, the standard Kriging is the basic one, which contains a
regression model F(x) and a correlation model Z(x). The GA-Kriging uses an optimized
regression model, which is obtained by searching for the best formulations with GA. The
flowchart of GA assisted surrogate modeling is shown in Figure 4.1.

First, a number of candidate functions are provided to generate the basic terms for
forming regression functions, which can be obtained with the knowledge of an engineer-
ing system. The GA is initialized, which gives a generation of individuals with different
regression models. The surrogate models are then constructed and cross validation is used
to measure the quality of the surrogates in the form of root mean square error ε(i)

rms. Cross
validation is a kind of validatation method, which divides the sample points into several
groups, while each group plays the role of test points in turn. Details of cross validation will
be given in the following of this chapter. By minimizing the summation of root mean square
errors

∑
ε

(i)
rms, the optimal regression model is finally found.

Refering to section 3.2, the knowledge-based changes the modeling inputs and outputs
from x and y to p(x) and q(y), which are the mapped modeling space and responses, ac-
cording to engineering understanding of the system. The knowledge-based Kriging and the
GA assisted Kriging can be combined, which is GAKB-Kriging and is formulated as:

GAKB-Kriging : q(ŷ) = F∗(p(x)) + Z(p(x)) (4.2)

The process is described in details in the rest of this chapter. Reasons for developing the
genetic algorithm assisted knowledge-based surrogate modeling technique are listed as fol-
lows:

(i) Although a number of knowledge-based terms can be identified to support surrogate
modeling, the function formulation with those terms for best representation of the en-
gineering physical behavior needs to be decided.

(ii) GA is a well developed heuristic search and optimization method. The use of GA to
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search for the best formulation of the regression functions in surrogate modeling is a
more general solution for engineering approximation problems.

(iii) GA is available as a toolbox in numerical computing environment, such as MATLAB.
Therefore, no effort is taken on programming the codes and focus can be put on imple-
menting the connection between GA and KBSM.

(iv) The best combination of knowledge-based terms can be selected from a wide variety
of function forms with GA. Therefore, the formulation of the regression functions is
more flexible, which is possible to gain better approximation quality than fitting with
the fixed formats.

(v) Besides, for engineering problems containing large number of design variables, the
sample size required by genetic algorithm assisted knowledge-based surrogate mod-
eling is no more as large as that required by full quadratic or higher-order polynomial
functions.

(vi) Last but not least, the searching process only involves the evaluation of surrogate mod-
els, no additional high-fidelity evaluation is necessary. Though many iterations might
be needed for the search, it is computationally inexpensive. Therefore, it is possible to
make best use of the sample points with humble computational effort.

In this chapter, a brief introduction of GA is given first. The procedure of GA is shown and
its interface with knowledge-based surrogate modeling is pointed out. Then the optimiza-
tion problem of GAKBSM for searching the best function formats of knowledge-based terms
is defined. Details of GAKBSM are explained, which include the definition, the creation and
the evaluation of the fitness function, followed by the introduction of the complete pro-
cess. Finally, the demonstration example is given to show the procedure and performance
of GAKBSM in approximation of engineering problems.

4.2. Genetic Algorithm

Genetic algorithm is a heuristic search and optimization method, which imitates the inher-
itance and evolution process of the nature [Barricelli (1957)]. The individuals are selected
according to their fitness along the evolutionary process and new generations are produced
by inheriting and mutating properties of their parents [Arora (2004)]. Such process goes on
for a number of generations or until the fitness of the generation is stabilized. A general pro-
cess of GA can be shown with the flowchart in Figure 4.2. It has to be noted that usually the
GA is used to find the optimized solution of a design problem. However, in the GAKBSM,
GA is used to find the best function format of the knowledge-based terms to fit with a num-
ber of sample points. To introduce the interface of the GA with knowledge-based surrogate
modeling, the terms in the flowchart are interpreted accordingly.

• Design variables:
The design variables here are not the design variables of the engineering design prob-
lem, but the values indicating particular formats of functions. To differ them in this
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(system equations)

(system equations)
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Figure 4.2.: The flowchart of a genetic algorithm.

dissertation, the variables indicating function formats in GAKBSM is noted as xfid,
while design variables of the engineering design problem is noted as x.

• Initial population:
This is a randomly generated group of individuals. Each individual is a specifical
assignment of xfid, which represents one format of regression functions.

• Fitness evaluation:
This evaluates the objective functions and constraint functions (if exist) of the indi-
viduals to assess the goodness of the regression functions, as well as the specific as-
signment of xfid. In GAKBSM, only one objective function is involved, and there is
no constraint function. The objective function in this case is the approximation error,
noted as Loss(xfid). Loss(xfid) means the summation of approximation error

∑
ε

(i)
rms

of the surrogate models constructed by adopting the regression functions according to
xfid.

• Selection, recombination and mutation:
These are the GA operations for producing better individuals during the evolutionary
process, so that the regression function formats for surrogate models are also improved
progressively for better approximation accuracy.
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• Stopping criterion:
In GAKBSM, GA is stopped when the formulation of regression functions is converged
or the maximum number of generation is reached.

4.3. Definition of the Optimization Problem in Genetic
Algorithm Assisted Knowledge-Based Surrogate
Modeling

GAKBSM is aimed at searching for the best formats of regression functions, so that the surro-
gate models can approximate the engineering system equations with least error. The search
of different function formats is a discrete problem. Continuous variables are divided into
uniform segments, each of which is used as an indicator of a function format. The approx-
imation error is assessed by the loss in a cross-validation method. In Stone (1974), the loss
is defined as the average root mean square error of an estimation cross-validated at all test
points. In this dissertation, the summation of root mean square error is used, which differs
from the definition of Stone (1974) only by a scaling factor and is basically the same for op-
timization. The optimization task of GAKBSM is, therefore, mathematically formulated as
follows:

minimize Loss(xfid) =
∑5

i=1 ε
(i)
rms

such that 0 ≤ xfid < 1,
(4.3)

where xfid is a vector of continuous values in the normalized domain [0, 1), which indicates
particular formats of regression functions. The mapping of the xfid to formats of regression
functions is introduced in Section 4.4.1. Loss(xfid) measures the quality of the regression
model by summation of root mean square error ε(i)

rms from cross validation. According to
a general rule of cross validation described in Forrester et al. (2008), the sample points are
divided into 5 groups, while each group plays the role of test points in turn. For every re-
gression model there are in total five different surrogate models constructed according to
different groups of sample points. Each surrogate model is validated by a group of test
points and a ε(i)

rms is obtained. The loss function is, therefore, the summation of error evalu-
ated at all five groups of test points. The implementation of the cross validation is described
with more details in Section 4.4.2.

4.4. Fitness Evaluation in Genetic Algorithm Assisted
Knowledge-Based Surrogate Modeling

The fitness evaluation is a process of computing the approximation error Loss(xfid) for
given function indicator xfid. The process is demonstrated in Figure 4.3. First,xfid is trans-
formed into function formats:

fl(p(x),xfid), l = 1, 2, · · · ,m, (4.4)
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Figure 4.3.: The flowchart of the fitness evaluation in genetic algorithm assisted surrogate
modeling.

and

F =
m∑
l=1

βlfl(p(x),xfid), (4.5)

where βl are the regression coefficients, which are to be determined by Kriging model-
ing. Then those function formats are used as regression functions of Kriging model in
knowledge-based surrogate modeling. This surrogate model is formulated as follows:

q̂(y) = F(p(x)) + Z(p(x)) =

regression︷ ︸︸ ︷
m∑
l=1

βlfl(p(x),xfid) + Z(p(x))︸ ︷︷ ︸,
correlation

(4.6)

where p(x) is the vector of knowledge-based terms, which are already introduced in Chap-
ter 3. The approximation error of the surrogate models are evaluated with a cross validation
method to get the fitness of each individual in a generation. The best formats of regression
functions fl(p(x),xfid) are to be determined with GA, while the coefficients βl are deter-
mined with Kriging model with sufficient number (≥ m: the number of coefficients) of
sample points. With fl and βl determined, the optimal regression model F∗ is obtained.
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4.4.1. Mapping of Regression Functions

The mapping of xfid to the formats of regression functions in Kriging is expressed as:

xfid −→ fl(p(x),xfid), l = 1, 2, · · · ,m, (4.7)

where m is the number of basic functions in the regression model of Kriging. Each fl is
generated by mapping a subset of xfid following the predefined rules. The number of co-
efficients βl to be determined equals m, which means at least m sample points are required.
The dimension of xfid depends on the predefined rules of mapping. The more complicate
the mapping rule is, the larger the dimension of xfid will be. When the mapping rule is
simple and the number of basic functions involved in the regression model is small, the
sample size required for model construction can also be very small. In that case, although
larger sample size is not necessary for the surrogate modeling, it is still helpful for GA to
converge correctly, otherwise, GA might converge to a design that only fits with the given
sample points, but has poor performance at other positions. As a result, the following two
contradictory aspects are very important in defining the mapping rule:

• The mapping should be comprehensive enough to generated as many different for-
mats of functions as possible. Therefore, large variety of function formats are available
as candidates to be searched with GA, thus increasing the chance of getting the best
surrogate models.

• The mapping should be rather compact that it does not involve too large dimension of
xfid. Therefore, the number of sample points can also be kept relatively small.

As introduced in Chapter 3, the knowledge-based terms are so generated that the their re-
lationship with the system responses can be represented with polynomial terms and the
inverse of polynomials. The orders of the polynomials are usually low, for example, linear,
quadratic and cubic. The mapping rule is composed of three steps, which are listed below
and described in the following three sections.

(i) Generating subsets from the candidate set of knowledge-based terms,

(ii) Unary operation on the terms of subsets,

(iii) Binary operation on the terms generated by unary operation.

4.4.1.1. Step 1: generating subsets from the candidate set

The first step is to generate a map between the function indicators xfid and the knowledge-
based terms p(x). As is demonstrated in Figure 4.4, the candidate set S(x) has n+1 elements,
which include a constant value 1, and n knowledge-based terms (from p1(x) to pn(x)). Three
elements from the candidate set S(x) will be selected based on the value of the first three
function indicators (xfid(j), j = 1, 2, 3). The selected terms will be operated in the next two
steps. The constant value 1 in the candidate set makes sure that lower-order polynomial
functions are also possible to be generated, because in multiplication operation the constant
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xfid(j)

[0,
1

n+ 1
)

[
1

n+ 1
,

2

n+ 1
)

[
n

n+ 1
, 1)

S1(x)

S2(x)

Sn+1(x)

1

p1(x)

pn(x)

S = [1 p1(x) p2(x) · · · pn(x)]

j = 1, 2, 3

Figure 4.4.: Mapping between the function indicators xfid and the knowledge-based terms
p(x) for generating subsets from the candidate set of knowledge-based terms.

value does not increase the order of polynomials. Assume that each element in S(x) should
have equal chance to be selected, the design domain [0, 1) of xfid is equally divided into n+1

segments. Each segment is corresponding to one element of the candidate set. According
to the segment, which the value of xfid(j) belongs to, a corresponding term in the set S(x)

will be selected. In this step, three elements from the vector xfid are used. Each of them is
responsible for selecting one element from the candidate set, thus three terms are selected as
a subset to be operated later on. There is no restriction for repeated selection, which means
it is possible that durings these three selections some elements are selected more than once,
which is the case to generate quadratic and cubic terms in the next steps.

4.4.1.2. Step 2: unary operation

xfid(j)

[0,
1

3
)

[
1

3
,
2

3
)

[
2

3
, 1)

Si(x) = Si(x)

Si(x) = −Si(x)

Si(x) =
1

Si(x)

j = 4, 5, 6

Figure 4.5.: Mapping between the function indicators xfid and the unary operations, which
are acted on the subsets generated from the previous step.

In this step, unary operation will be executed on each of the elements generated from
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step 1. As can be seen in Figure 4.5, three different unary operations are possible. They are:

(i) the equal assignment, Si(x) = Si(x),

(ii) the opposite assignment, Si(x) = −Si(x),

(iii) the inverse assignment, Si(x) =
1

Si(x)
.

It is to be noticed that the inverse assignment is responsible for generating the inverse and
the division operation of polynomial terms in the next step. In this step, the design domain
[0, 1) is equally divided into three segments. Each segment is mapped to one of the three
unary operations. According to the value of xfid(j), a specifical operation is selected to be
executed on one term from step 1. Three xfid(j) are used in this step, so that all three terms
from step 1 are unary-operated.

4.4.1.3. Step 3: binary operation

Two different binary operations are considered in this step, as is shown in Figure 4.6.They
are:

(i) weighted summation, f1 + c · f2,

(ii) production, f1 · f2.

xfid(j)

[0,
1

2
)

[
1

2
, 1)

fun1(x) + xfid(k)fun2(x)

j = 7, 8
k = 9, 10

fun1(x)fun2(x)

Figure 4.6.: Mapping between the function indicators xfid and the binary operations on the
terms generated by unary operations.

The design domain [0, 1) is equally divided into two segments, each represents one of the
above listed operation. Based on the value of xfid(j), a specifical operation is selected to be
executed on two terms generated from step 2. In Figure 4.6, fun1(x) and fun2(x) represent
any two terms obtained from the unary operation. These two terms are selected randomly
and they can also be the same term from step 2. Quadratic and cubic polynomials, as well
as the inverse of them are generated when the same terms are selected from step 1 and
the multiplication operation is active in this step. Since there are three terms generated
from step 2, two xfid(j) are used to generate the operations between all three terms. One
xfid(j) is responsible for the binary operation of the first two terms, and the other xfid(j)

is responsible for the binary operation of the resulted term of these two with the third term.
In case the weighted summation operation is active, the weighting factor is the value of
xfid(k). Two xfid(k) are involved for the operation between three terms from step 2. The
function generated by the binary operation in step 3 is noted as fbn(x).
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4.4.1.4. Resulted formats of functions

The possible formats of fl generated by the whole procedure are listed but not limited to
those in Equation 4.8.

c0 pi p2
i p3

i

1

pi

1

p2
i

1

p3
i

pipj pip
2
j pipjpk pi ± c1pj (pi ± c1pj)pk pi ± c1p

2
j pi ± c1pjpk

pi
pj

pi
p2
j

1

pipj
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pip2
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pipj
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pj
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j

1

pi
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pj

1
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pjpk

pi ± c1pj
pk

pi ± c1pj ± c2pk
1

pi
± c1

1

pj
± c2

1

pk

(4.8)

The complete procedure of generating regression functions for individuals of each gener-
ation in a genetic algorithm is demonstrated in Figure 4.7. As can be seen in Equation 4.8,

Step 2:
unary
operation

S = [1 p1(x) p2(x) · · · pn(x)]Candidate set:

Step 1:
subset Si(x) Sj(x) Sk(x)

generating

Si

fun1 −Sj

Sj

1/Sj

fun2

Sk

fun3

1/Si

−Si −Sk

1/Sk

∈ ∈ ∈

Step 3:
binary
operation

fbn fun1=
+

×
+

×
fun2 fun3

fl = fbn(x), l = 1, 2, · · · ,m

Figure 4.7.: Procedure of generating regression functions with individuals of each genera-
tion in a genetic algorithm.

according to the mapping rule the possible formats of functions have large variety. These in-
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clude polynomial terms from zeroth order to the third order, as well as the inverse of those
polynomials. Also covered in these formats are the mixed terms of polynomial functions
and the combination of summation and production operations. Those formats are the typ-
ical elements to represent the relation between knowledge-based terms and the system re-
sponses of an engineering problem. Compared with traditional polynomial functions, they
have larger variety and more flexibility, which allows GA to search for the best formulations
of the regression models. In total, xfid should have a dimension of ten to generate one fl,
which is a reasonably small dimension. It has to be pointed out that the dimension of xfid
increases as more basic functions fl are required in the regression model for higher approx-
imation quality. Therefore, it is suggested to start with small number of functions (small
value of m), and then increase m gradually until the approximation quality is satisfactory.

4.4.2. Cross Validation

Once formulations of regression functions are generated, knowledge-based surrogate mod-
eling can be performed. After that, it is necessary to validate the approximate performance
with a few test points to check the quality of the surrogate models, so as to evaluate the
goodness of the formats of regression functions. In order to avoid further computational ex-
pensive simulations, the quality of surrogate models are evaluated with the existing sample
points. This is realized by a cross validation method, as shown in Figure 4.8. This valida-
tion method is based on prediction sum of squares (PRESS), pioneered by Allen (1971) and
extended to regression diagnotics by Quan (1988). In this disseration it is implemented by
adopting the K-fold cross-validation [Picard and Cook (1984)], where a typical setting of
K = 5 is made.

First, the existing high-fidelity points from DoE are quasi-equally divided into five

Figure 4.8.: The procedure of cross validation.

groups. Then one group is taken out as test points, while the other four groups are used
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as sample points for construction of surrogate models. The root mean square error of the
approximation on the test points is noted as ε(i)

rms, which is calculated as follows:

ε
(i)
rms =

√∑nt

j=1(yj − ŷj)2

nt
, j = 1, 2, · · · , 5 (4.9)

where nt is the number of test points in group 1. y and ŷ are the high-fidelity value and the
surrogate model value of the system responses, respectively. In order not to lose generality
and that the approximation error is not affected by the choosing of test points from the
groups, the root mean square error is calculated five times. Each time a different group is
chosen as test points, the resulted approximation errors are noted as ε(i)

rms, i = 1, 2, 3, 4, 5.
The loss function is the summation of those approximation errors, formulated as:

Loss(xfid) =
5∑
i=1

ε
(i)
rms. (4.10)

4.5. Genetic Algorithm Assisted Knowledge-Based
Surrogate Modeling

The GAKBSM is a comprehensive searching and approximation technique. By integrating
the genetic algorithm and knowledge-based surrogate modeling method, the best formu-
lations for the regression models in Kriging is found. The mathematical tool of GA and
physical knowledge are combined to improve approximation quality. For engineering prob-
lems, which are physically well understood, less effort is required in the searching process
of GA. On the other hand, for engineering systems which are not (yet) well understood, the
GA plays a great role in assisting the construction of surrogate models. The key procedures
involved in GAKBSM are listed as follows.

(i) Studying, analyzing and decomposing the engineering problem to generate knowledge-
based terms. Those terms are used to replace the original design space and form the
knowedge-based surrogate modeling space.

(ii) Define the inputs for GA according to the mapping rule, which is designed to generate
formats of regression functions.

(iii) Generate population for GA.

(iv) Perform fitness evaluation based on cross validation, which involves construction of
knowledge-based kriging models and validation of approximation quality on test points.

(v) Search for the best formats of regression functions along the evolutionary process.
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4.6. Demonstrative Example: Genetic Algorithm Assisted
Knowledge-Based Surrogate Modeling for Fiber Angle
Design of Stiffened Composite Panel

The implementation of GA assisted knowledge-based surrogate modeling is demonstrated
with a fiber angle design problem. The structure is a stiffened composite panel from an air-
craft wing. Large number of design variables are involved in this example, which can lead
to the curse of dimensionality and great computational effort for surrogate modeling and
design optimization. To cope with these problems, engineering knowledge in laminated
composites is utilized in constructing the surrogate models. Genetic algorithm is used to
search for the best regression models and optimize the quality of the approximation. The
surrogate system responses of the composite panel can be further used to ease computa-
tional effort in engineering designs, such as fiber angle design optimization. Besides, in the
application of stacking sequence optimization of composites, surrogate models have also
shown to be very effective, as one can found in the work of Todoroki and Sekishiro (2008).

4.6.1. Introduction of the Stiffened Composite Panel

A piece of skin taken from the aircraft wing model developed in LLB is studied in this
section. The geometric model of the wing is based on the commercial aircraft A320 of Airbus.
The piece of skin from the wing is called a stiffened panel in this section. The stiffeners
are stringers with T-section, as is shown in Figure 4.9. The whole wing has 26 ribs and is
stiffened with 16 long stringers starting from the root of the wing and ending with eight
short stringers at the tip. The panel is spanwisely taken between two adjacent ribs of the
wing, and chordwisely it contains three stringers.

Composite materials are used to achieve large strength to weight ratio for the stiffened

Figure 4.9.: A piece of aerocraft wing skin from the aircraft wing model developed in LLB.

panel. The skin, webs and flanges of the panel are all composed of laminated carbon fiber
reinforced polymer (CFRP) as demonstrated in Figure 4.10.
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Table 4.1.: Geometric parameters of the stiffened composite panel

Parameter name Symbol Property Value Unit

Lamina Orientation α Variable [−90, 90] degree
Lamina thickness tl Constant 0.0931 mm
Skin thickness ts Constant 40× tl mm
Flange thickness tf Constant 40× tl mm
Web thickness tw Constant 60× tl mm
Skin length l Constant 600 mm
Skin width b Constant 480 mm
Flange width w Constant 60 mm
Web height h Constant 40 mm

The skin and the flanges are composed of 40 plies, while the webs contain 60 plies. All

Figure 4.10.: Stiffened aircraft wing skin constructed with fiber reinforced laminates.

plies have the same thickness and the same material properties, only the fiber orientation
of each ply is variable. All laminates are symmetrically laid up with respect to their middle
planes, which means fiber orientations for only half of the plies are to be determined. The
flanges are designed to have the same stacking sequences as the skin. As a result, in total
50 fiber angles (20 for the skin and 30 for the webs) are to be designed. The geometric
parameters of the stiffened panel model is shown in Table 4.1.

4.6.2. Loads and Boundary Conditions

The main function of the aircraft skin is to encapsulate the components of wing and to hold
the airfoil shape so that lift can be continuously provided. With the force of lift, the upper
skin endures compression and the lower skin is under extension. The lift generated on
the skin is transformed to the ribs and spars through their connections. Shear forces are
produced along the edges where the skin and the other components connects. Therefore, the
stiffened panel model, which is taken from the upper skin of the wing sustains compression
forces and shear forces, shown in Figure 4.11.

The four edges of the panel are named counter clockwisely Edge1, Edge2, Edge3 and
Edge4, respectively (see Figure 4.11). Edge3 is perpendicular to the wing span, and are acted
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Figure 4.11.: Boundary conditions of the stiffened aircraft wing skin.

with the compression force Fx. Edge1 and Edge3 are loaded with the shear force Fxy. The
boundary conditions are defined as follows:

• Edge1 and Edge3 are simply supported. As is demonstrated in Figure 4.11, section A

is cut at any position of the model parallel to the xz plane. The displacements in x and
z direction on Edge1 is not allowed, that is Ux = 0 and Uz = 0. On Edge3 it has uniform
Ux and Uz = 0. Rotation about both edges are free.

• Edge2 and Edge4 are considered as symmetric edges with respect to the xz plane and
are given the same constraints in all degree of freedom (DoF) except the displacement
in y direction. This boundary condition is shown in section B of Figure 4.11, which is
cut from any position on Edge2 and Edge4 parallel to the yz plane.

• There are three cross sections of the stringers at both Edge1 and Edge3. The nodes on
the web of each section have uniform displacement in y direction. The Uy DoF of the
leftmost node on Edge1 is fixed.

4.6.3. Failure Criterion

The panel should satisfy all strength, stiffness and stability constraints under the loads and
boundary conditions defined in Section 4.6.2. The assumption of perfect bond between ad-
jacent layers is made and failures such as laminate delamination [Reifsnider (1982)] are not
considered. Interlaminar effects, such as in-situ stresses and the process of crack propaga-
tion [Camanho et al. (2006)] in the laminate are also not within the design consideration of
this example. For the composite panel example used in this chapter and through the whole
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Table 4.2.: Material properties and strength constants of the material for the fiber reforced
composite panel.

Parameter name Symbol Value Unit

Longitudinal elastic modulus E1 126 GPa
Transverse elastic modulus E2 11.1 GPa
Shear modulus (longitudinal to transverse) G12 6.6 GPa
Major Poisson ratio (longitudinal to transverse) v12 0.28 –
Allowable tensile stress (longitudinal) σ̄+

1 1950 MPa
Allowable tensile stress (transverse) σ̄+

2 48 MPa
Allowable compressive stress (longitudinal) σ̄−

1 −1480 MPa
Allowable compressive stress (transverse) σ̄−

2 −200 MPa
Allowable shear stress (longitudinal to transverse) τ̄12 79 MPa

dissertation, the first ply failure (FPF) criterion [Reddy and Pandey (1987) and Hinton et al.
(2004)] is used as the strength constraint of the fiber angle design problem. According to
FPF, the values of the failure criterion index are calculated for all the plies in all laminates
of the structure, and the maximum one is used to decide whether the structure is failed or
not. In this design problem, the Tsai-Hill failure criterion index [Tsai and Wu (1971) and Hill
(1993)] is used to measure the stresses resulted in each ply with respect to the strength of
the material. It is supposed that all plies are in plane-stress state, so that the Tsai-Hill failure
criterion index FI is formulated as follows:

FI =
σ2

1

σ̄2
1

+
σ2

2

σ̄2
2

+
τ 2

12

τ̄ 2
12

− σ1σ2

σ̄2
1

, (4.11)

where σ1, σ2 and τ12 refer to the in-plane longitudinal, transverse and shear stresses, respec-
tively. Accordingly, σ̄1, σ̄2 and τ̄12 refer to the in-plane longitudinal, transverse and shear
strength constants of the lamina, respectively. Of the three strength constants, σ̄1 and σ̄2 is
either the tensile strength or the compressive strength of the lamina depending on the di-
rection of σ1 and σ2. That is when σ1 > 0, σ̄1 takes the value of longitudinal tensile strength
constant σ̄+

1 and when σ1 < 0, σ̄1 = σ̄−
1 . The same rule is defined for σ2. The strength

constraint is, therefore, given as:

FI < 1. (4.12)

The lamina material used for the panel model is AS4 3501-6, the material properties and
strength constants of which are given in Table 4.2 according to the databank of ESAComp
[Palanterä and Mönicke (2013)].

Besides the strength requirement, stiffness and stability constraints are defined by the
buckling load factor λb. λb is obtained after a buckling analysis on the finite element model.
Physical meaning of λb is the ratio of the load that actives the first buckling mode of the
structure to the applied loads [Jones (1998)]. To prevent the structure from buckling insta-
bility, the buckling load factor λb has to satisfy the following equation:

λb > 1. (4.13)
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4.6.4. Task Definition for Fiber Angle Design of Stiffened Composite
Panel

Since large number of design variables are involved in the fiber angle design problem of
the stiffened composite panel, computational efficient and sufficiently accurate surrogate
models are expected to assist the design process. The task here is, therefore, to constructed
surrogate models with as fewer sample points as possible to approximate the Tsai-Hill fail-
ure criterion index FI and the buckling load factor λb.

4.6.5. Parameter Study

Parameter studies of the stiffened panel model are performed. There are 50 design variables
in this problem. The purpose of performing parameter studies in this section is to have a
primary understanding of the system behavior, which helps us to decide what kind of sur-
rogate modeling method to use. To achieve this, the variation of the system responses with
respect to one and two design variables is taken as an example, namely one-dimensional and
two-dimensional parameter studies, respectively. The one and two-dimensional parameter
studies are easily visualized, and give us a clear view of the system behavior.

First, one-dimensional parameter study is shown. Here only one fiber angle is chang-

λ
b
[−

]

αs1 [deg]

F
I
[−

]

αs1 [deg]
−100−50 0 50 100−100−50 0 50 100
4.9

5

5.1

5.2

5.3

5.4

5.5

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

Figure 4.12.: One-dimensional parameter study of the laminate fiber angle design problem.
The graphs show the variation of the system responses FI and λb with the first
ply fiber angle of the skin αs1.

ing, while all the other fiber angles are kept constant. The fiber angle of the first ply of the
skin αs1 and the fiber angle of the first ply of the web αw1 are selected as the single variable
parameter separately. In Figure 4.12 it is shown how the system responses FI and λb are
varying with the αs1, and in Figure 4.13 the system responses are varying with αw1.

It can be seen the two system responses FI and λb have distinct behaviors and they vary
in completely different forms with respect to αs1 and αw1. From the trend of the curves it
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Figure 4.13.: One-dimensional parameter study of the laminate fiber angle design problem.
The graphs show the variation of the system responses FI and λb with the first
ply fiber angle of the web αw1.

is seen that the relationships between system responses and the design variables are neither
linear or quadratic. This means the standard surrogate modeling methods will be impossi-
ble to approximate the system responses accurately.

Second, a two-dimensional parameter study is performed, in which both αs1 and αw1
are variable, while all the other fiber angles are set constant. The relationship of the system
responses FI and λb with the two variable parameters are demonstrated in Figure 4.14. The
two-dimensional parameter study shows the interactive effects of different design variables
on the system responses.

It is shown in Figure 4.14 that αs1 and αw1 affect the system responses in different ex-
tents. The two system responses vary much more sharply with respect to αs1 than to αw1.
This is in accordance with the physical roles of the skin and the webs in the structure. The
skin is the main component of the panel in sustaining and transferring loads, while the webs
belong to the stiffeners, which enhance the structure at local regions. Therefore, it is again
indicated that using standard surrogate modeling is not a wise choice in approximating the
system responses of fiber composites. For example, in a full quadratic polynomial approx-
imation model, all the design variables are formed in the same manner and have up to the
second order. It requires a great number of sample points, (m+1)(m+2)

2
= 1326 (m = 50 is the

number of design variables in this case), to determine the coefficients for all terms involv-
ing all design variables. The required number of sample points is even larger considering
that an oversampling factor is required to adjusting the regression error using least squares.
Besides, it can be seen from the parameter studies in Figure 4.12 to Figure 4.14 that the rela-
tionships are incapable to be well approximated by quadratic curves. The parameter studies
intuitively explain the difficulties of achieving high quality approximation with the standard
surrogate modeling methods. Therefore, in order to achieve higher efficiency and accuracy
in surrogate modeling for this composite panel problem, it is important to use engineering
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Figure 4.14.: Two-dimensional parameter study of the laminate fiber angle design problem.
The graphs show the variation of the system responses FI and λb with the first
ply fiber angle of the skin αs1 and the web αw1.

knowledge of the structural system.

4.6.6. Standard Surrogate Modeling for the Stiffened Composite Panel

The standard Kriging model, which is composed of a second-order polynomial regression
model and a Gaussian correlation model is used as an example in the fiber angle design
problem. The number of sample points and the normalized root mean square error on a
number of test points are used to quantify the efficiency and accuracy of the approximation.

As is calculated in the section above, 1326 sample points are required to fulfill the
requirements of least squares. Considering a small oversampling factor, 1500 sample points
are tried to construct the standard surrogate models for FI and λb with respect to the design
variables α = [α1, α2, · · · , α50]. The results are shown in Figure 4.15, which shows the extent
of consistency of the surrogate and the test system responses. The abscissa axis represents
the value of system responses on the test points, and the verticle axis stands for both the
test and the surrogate system responses. The test points all locate at the diagonal line of
each graph, which are the benchmark of the comparison. The closer the surrogate system
responses are with the benchmarks, the better the approximation quality is. As is seen, the
surrogate responses are not in consistence with the test results. Actually, the disperse of the
surrogate responses is quite large from the benchmark. The normalized root mean square
error of the approximation for FI, and λb are 22.93% and 36.79%, respectively. This proves
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Figure 4.15.: The standard surrogate modeling for the stiffened composite panel: the con-
sistency between the surrogate and the test system responses. Circle (o): test
system responses; Cross (+): surrogate system responses.

the conclusion in the parameter studies, that the standard surrogate modeling method have
difficulties to fit the system responses of the laminated panel, even with the large sample
size 1500.

4.6.7. Genetic Algorithm Assisted Knowledge-Based Surrogate
Modeling for the Stiffened Composite Panel

As discussed in Section 3.4, the dimensionality of surrogate modeling space can be reduced,
and the relationship to be approximated can be simplified by adopting the structural engi-
neering knowledge. The knowledge-based terms in this case are the elements of the lami-
nate matrices: A∗,B∗,D∗ and Q̄. A∗,B∗ andD∗ are the compliance matrices calculated on
the cross sections of the laminates in the global coordinate system. Q̄ is the stiffness matrix
of a lamina calculated in the global coordinate system. The modeling space for surrogate
modeling is, therefore, a space of the knowledge-based terms instead of the original design
variables α = [α1, α2, · · · , α50]. In this example, laminates are laid symmetrically, so that
the extension and bending of the laminate are uncoupled, and the coupling matricesB∗ are
zero in all laminates, which is:

B∗ = 0. (4.14)
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As a result, the knowledge-based terms are elements ofA∗,D∗ and Q̄, which are:

A∗ =

 A∗
11 A∗

12 A∗
16

A∗
22 A∗

26

sym A∗
66

 ,D∗ =

 D∗
11 D∗

12 D∗
16

D∗
22 D∗

26

sym D∗
66

 , Q̄ =

 Q̄11 Q̄12 Q̄16

Q̄22 Q̄26

sym Q̄66

 . (4.15)

In order to formulate the knowledge-based terms for the whole panel, the structure is de-
composed into a number of typical simple laminates. As is shown in Figure 4.16, a segment
of the panel is geometrically separated into three components.

Cross sections of the three different components of this structure are chosen to represent

Figure 4.16.: The three components with different cross sections in a segment of the stiffened
composite panel.

the system. Laminate matrices are calculated accordingly on those three sections, which are
named as Skin, Web and Skin + Flange sections, respectively. The components and the
knowledge-based terms of these sections are described as follows:

(i) Skin: cross sections containing only the skin component. Such sections have 40 sym-
metrically laid plies, represented by 20 independent fiber angles α = [α1, α2, · · · , α20].
12 independent matrix elements in A∗

s and D∗
s (6 in each matrix) and 6 independent

matrix elements of Q̄s for each ply are to be considered as candidates in forming the
knowledge-based modeling space.

(ii) Web: cross sections containing only the webs. Such sections have 60 symmetrically
laid plies, represented by the rest 30 fiber angles α = [α21, α22, · · · , α50]. The candidate
terms in A∗

w, D∗
w and Q̄w, which are selected to form the knowledge-based modeling

space are obtained the same way as that of the Skin section.

(iii) Skin + Flange: cross sections containing both the skin and the flange. Such sections
have 80 plies (40 plies in skin and 40 plies in flange), represented by the same angle as
in Skin. In these sections, the Q̄f matrices have the same element as in that of Skin,
and theA∗

f is a fraction ofA∗
s in Skin. Therefore, only the 6 matrix elements ofD∗

f are
to be considered.
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As is noted, the subscripts s, w and f in A∗
s, D∗

s , Q̄s, A∗
w, D∗

w, Q̄w and D∗
f distinguish the

laminate matrices (A∗,D∗ and Q̄, see Equation 4.15) for the three different sections. Among
those selected matrices, all the A∗ and D∗ matrices are responsible for the global behavior
of the laminates, which are related to the deflection and curvature in the middle ply of a
laminate. The Q̄matrices are related to the strength of each ply, and, therefore, they are only
considered when a particular ply are of interest. For a particular system response, not all
candidate terms are necessarily included in forming the modeling space. The relevant terms
of the modeling space for the two system responses FI and λb are explained as follows:

• FI:
FI is the maximum Tsai-Hill failure criterion index value among all plies in the struc-
ture. According to Equation 4.11, the FI is related to stress state of particular plies.
Since the stress state is decided by both the global behavior and the strength of a ply
A∗, D∗ and Q̄ are all responsible for FI. The number of candidate knowledge-based
terms is 50.

• λb:
λb is related to the buckling of the structure, which can be expressed by the system
behavior at the middle plies of all the laminate components in the panel. Therefore,
compliance matric elements in all the three sections are considered, which are elements
inA∗

s,D∗
s ,A∗

w,D∗
w andD∗

f . The total number of the selected terms is 30.

According to the classical laminate theory, the relationship of the system responses, such
as stresses and displacements in the laminates with respect to the compliance matrices can
be directly proportional to squares or even directly proportional. This means fewer coeffi-
cients in the regression model are to be determinded in surrogate modeling. Therefore, the
required number of sample points to approximate the system responses by embedding the
above selected knowledge-based terms is much smaller than that required in a full quadratic
model. It is expected that even if all linear and pure quadratic functions of the 50 knolwdge-
based terms are used in the regression model, the number of coefficients to be determined
is only 100, which is a great reduction in comparison with 1326 in the full quadratic poly-
nomial function of α. However, the exact relation between the system responses and those
candidate terms of the stiffened composite panel is not clear. As discussed earlier in this
chapter, the best formats of the knowledge-based terms in the regression model for both
system responses can be searched with GA.

The candidate formats of functions are generated according to the mapping rule intro-
duced in Section 4.4.1, which include all function forms in Equation 4.8. Considering an
oversampling factor of 1.5, 150 sample points are generated for the construction of the
knowledge-based surrogate models. To perform the GA assisted surrogate modeling, the
sample points are divided into five groups. Each group contains 30 high-fidelity points,
four groups of which are used for model construction and the other one acts as test points
for error calculation. Each group plays the role of test points in turn for cross validation
to obtain the loss function (see Equation 4.10), which forms the fitness function in GA. By
optimizing with GA, the best formats of the regression models for both system responses
are obtained, which are listed as follows:
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• FI:

F = β0 + β1(A∗
s16 − A∗

w22) + β2A
∗
s22 + β3(A∗

s26 − 0.50A∗
s66) + β4(D∗

s11 +D∗
w12 −D∗

w66)+

β5D
∗
s16 + β6(D∗

s22 − 0.25D∗
s26 + 0.25A∗

w66) + β7A
∗
w11 + β8A

∗
w26+

β9(D∗
w11 + 0.69D∗

w16) + β10D
∗
f11 + β11D

∗
f16 + β12(D∗

f22 − 0.29D∗
f66)+

β13[
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i=1(Q∗
s2iA

∗
si1)
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s2iD

∗
si2)] + β14[
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i=1(Q∗

s2iA
∗
si2)
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i=1(Q∗
s2iA

∗
si6)],

(4.16)

• λb:

F = β0 + β1(A∗
s12 − 0.70D∗

s16 +D∗
s66) + β2(A∗

s16 + 0.10A∗
s66 + 0.40D∗

s12) + β3A
∗
s22+

β4(A∗
s26 + 0.29D∗

s22 + 0.29D∗
w66) + β5(A∗

s66 − 0.28D∗
s26) + β6D

∗
s11+

β7(A∗
w16 + 0.47A∗

w26) + β8(A∗
w22 − 0.76D∗

w11) + β9(D∗
f16 + 0.60D∗

f22 + 0.50D∗
f26).

(4.17)

It is seen in Equation 4.16 and 4.17 that the regression models found by GA contains much
fewer coefficients than the full quadratic models. For FI, the regression model has only 15
basic functions, which involves in total only 22 knowledge-based terms of those 50 candi-
date knowledge-based terms. As is expected, to approximate FI, both linear and quadratic
functions of the candidate terms are requires. It is shown that the first 13 functions are linear,
while both the last two functions contain the multiplication of two quadratic terms, which
are obtained by utilizing the mapping rule in Section 4.4.1 twice. For λb, the regression
model has only 10 basic functions formulated with the mapping rule. The regression model
involves 21 knowledge-based terms of the 30 candidates, all of which are in linear forms.
As is expected, it is sufficient to use only linear functions of the knowledge-based terms to
approximate the λb. Besides, in both Equation 4.16 and 4.17 the laminate parameters of the
skin occupy a larger proportion than those of the webs and flanges, which is also in accor-
dance with the mechanical understanding of the stiffened panel.

Results of the GA assisted knowledge-based surrogate modeling are checked on the test
points, which are shown in Figure 4.17. In comparison with the performance of the standard
surrogate models shown in Figure 4.15, the accuracy of the approximation for both system
responses are greatly improved by GAKBSM. It has to be noticed that the GAKBSM mothod
requires only 10% of the sample points used in the standard surrogate modeling method. As
can be seen in Figure 4.17, the surrogate responses are generally in good consistence with
the test responses, except some offset on a few points for FI. Althogh those points have rela-
tively large approximation error, they are far away from the feasible design domain (which
requires FI < 1), and so are the corresponding test points. Therefore, these points will be
automatically eliminated in the engineering design optimization process, thus will not be a
problem to the feasibility of the final design. With only 150 sample points, the normalized
root mean square error of the approximation for FI, and λb are 4.71% and 2.20%, respec-
tively. In comparison with those data in the standard surrogate models, these results show
that the GAKBSM method has much better performance, this will be discussed in further in
the following section.
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Figure 4.17.: The GA assisted knowledge-based surrogate modeling for the stiffened com-
posite panel: the consistency between the surrogate and the test system re-
sponses. Circle (o): test system responses; Cross (+): surrogate system re-
sponses.

4.6.8. Comparison of Surrogate Models for the Stiffened Composite
Panel

A comparison of the performance of the standard and the GAKBSM methods is shown in Ta-
ble 4.3, where the number of sample points used in each method and the root mean square
error of the approximation models for both system responses (FI and λb) are shown. The

Table 4.3.: Results of the standard and the GA assisted knowledge-based surrogate modeling
methods for the stiffened composite panel.

Surrogate models nsamp εrms(FI) εrms(λb)

Standard 1500 22.93% 36.79%
Knowledge-based 150 4.71% 2.20%

standard surrogate models are constructed in 50-dimensional design space using the stan-
dard Kriging method, which has a quadratic regression model. The GA assisted knowledge-
based surrogate modeling method is capable of reducing the dimension of the surrogate
modeling space, and are thus able to constructe surrogate models for FI and λb in 22 and 21-
dimensional modeling space, respectively. In the regression models of Kriging, the elements
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of the compliance and stiffness matrices of the structure are used instead of the original de-
sign variables. As can be seen, the approximation quality is much better than the standard
surrogate models, even with only 10% of the sample points. According to Equation 2.17, the
speed-up ratio of GAKBSM is Ps = 9. Actually, the speed-up ratio is even larger considering
the approximation accuracy, because the standard surrogate modeling method requires fur-
ther sample points to achieve the same quality as GAKBSM. In conclusion, GAKBSM is able
to capture the system behavior with much higher efficiency and accuracy. The optimization
behavior using the different surrogate models as system equations is discussed in detail in
the next chapter.

4.7. Summary of Chapter

In this chapter, a GA assisted knowledge-based surrogate modeling method is designed.
First of all, it utilizes the physical knowledge of the engineering problem to generate can-
didate terms as basic elements of regression functions. Then it uses the searching power of
GA to improve the formats of the regression model during the evolutionary process. The
GAKBSM is a comprehensive technique applying both mathematical and physical model
to achieve better approximation quality than standard surrogate modeling. This method
provides a more general solution for high-accuracy surrogate modeling. The performance
of GAKBSM is demonstrated with a 50-design variable engineering problem. Much higher
accuracy and efficiency is shown compared with the standard surrogate modeling method.
However, to obtain good accuracy in design optimization, it is still necessary to improve
the quality of the knowledge-based surrogate models locally, which is realized by adaptive
surrogate-based design optimization in the next chapter.
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Multiple-infill criteria is designed in this chapter for adaptive surrogate-based design opti-
mization. Refinement of the quality of surrogate models is possible with the infill points,
as more and more information appears after validating the optimization results. Since the
evaluation of all sample points and all infill points are completely independent of each other,
the adaptive surrogate-based design optimization process can be parallelized.

5.1. Motivation and Overview of the Chapter

After the computationally inexpensive surrogate models are constructed for the system re-
sponses, they can be used in design optimization to replace the computationally expensive
system simulations. As is introduced in Section 2.3, this process is called surrogate-based
design optimization (SBDO). The motivation of SBDO is to ease computational effort in opti-
mization of large and complicate engineering design problems, which is however, at the cost
of losing the accuracy at some degree in obtaining the system responses. Therefore, it is im-
portant to validate the goodness of surrogate models before and after the optimization pro-
cess. It is also important to refine the surrogate models whenever it is possible or necessary
to ensure the validity of the final optimization results. Although engineering knowledge
and genetic algorithm assisted techniques are used to improve the performance of surrogate
modeling, there are still problems in validating and refining the surrogate models, which
are explained as follows.

• The number of sample points needed to ensure the accuracy of surrogate models are
not known a prior. Insufficient sample points will generally result in poor surrogate
models. While, redundant sample points will cost too much effort and are, therefore,
not the solution to the problem.

• Generating test points by performing extra system simulations to validate the surro-
gate models is also not desirable. This is also because of the computational expense
consideration.

• While in refining the surrogate models with additional system simulations, it is hard
to decide which positions in the design space should be evaluated.

In this chapter, the above mentioned problems will be solved by parallelized adaptive sur-
rogate based design optimization (PASBDO). The techniques in PASBDO are explained as
follows:
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• Adaptive surrogate based design optimization (ASBDO):
ASBDO starts surrogate modeling with relatively small sample size and then utilizes
infill criteria to assess the goodness of surrogate models and to locate additional sam-
ple points for refinement.

• Infill criterion:
Infill criterion uses dimensionless quantity to represent the approximation error of sur-
rogate models in the design space. By finding the maximum value of the infill criterion
in the design space, the position where additional data is necessary can be identified.
The additional reference data in ASBDO is called infill points.

• Multiple-infill criteria:
The multiple-infill criteria is developed based on the infill criterion. It uses different
infill criteria in different phases of the ASBDO process. It is possible to identify multi-
ple locations of infill points according to the requirments in local or global accuracy of
the surrogate models for optimization.

• Parallelized computing:
PASBDO is the implementation of ASBDO using parallelization techniques, which par-
allelizes the sampling process and the infilling process.

The discussion of different infill criteria is first made on a one-variable example. A complete
ASBDO process contains surrogate modeling before optimization, surrogate-based design
optimization and refinement of surrogate models after optimization. Accordingly, there are
infill criteria used before and after the surrogate-based design optimization. The infill cri-
terion used before optimization improves the quality of surrogate models globally in the
design space. The infill criteria used after surrogate-based design optimization is respon-
sible for the improvement of optimization results in each loop of PASBDO. The procedure
and the performance of PASBDO will be demonstrated with fiber angle design optimization
of the stiffened composite panel.

5.2. Estimated Root Mean Square Error of Kriging Used as
Infill Criterion Before Optimization

5.2.1. Introduction of Infill Criterion

The quality of a surrogate model is unknown unless it is assessed according to a reasonable
criterion. Root mean square error [Mood et al. (1913)] is the most frequently used criterion
for measuring of error related to multiple points. A typical formulation of root mean square
error is given by

ε =

√√√√ 1

nt

nt∑
i=1

[ŷ(i) − y(i)]
2
, (5.1)
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where nt is the number of test points. Restricted by the computational cost, assessment
based on a large number of test points generated by expensive system simulations is not
practical. As a result, estimated root mean square error (RMS) is used. Unlike ε, the RMS
represents the property of a stochastic process and, therefore, is not depend on the test
points. The definition of estimated RMS is given by

RMS =
√

E
[
(ŷ − y)2]. (5.2)

Since the surrogate modeling method used in this dissertation is based on Kriging, which
contains a stochastic process, the use of RMS as estimation error is possible. According to
the introduction of Kriging in Section 2.2.3, the estimated root mean square error at any
prediction site x is given as follows

RMS(x) =
√
σ2 [1 + c(x)V −1c(x)T − r(x)R−1r(x)T ]. (5.3)

In Equation 5.3, σ2 is the maximum likelihood estimate of the variance of the Gaussian pro-
cess (see Equation 2.10) of Kriging. σ2 is calculated as follows:

σ2 =
1

N
(Y − F β̂)T (Y − F β̂). (5.4)

r(x) is a vector of correlation functions evaluated at the prediction site x and the sample
sites X =

{
x(1),x(2),x(3), · · · ,x(N)

}T . This is given by

r(x) =
[
R
(
θ̂,x,x(1)

)
,R
(
θ̂,x,x(2)

)
, · · · ,R

(
θ̂,x,x(N)

)]
. (5.5)

c(x) is a vector evaluated by

c(x) = F TR−1r(x)− f(x), (5.6)

where,

f(x) = [f1(x), f2(x), · · · , fp(x)] , (5.7)

which are the regression functions in the regression model of Kriging evaluated at the pre-
diction site x. V is a matrix evaluated at all sample sites, given by

V = F TR−1F. (5.8)

All symbols in Equation 5.2 to 5.8 are defined the same as in the introduction of Kriging in
Section 2.2.3. A flowchart in Figure 5.1 demonstrates how the RMS infill criterion works in
refining surrogate models, which is described as follows:

(i) Sample points are generated and initial surrogate models are constructed.

(ii) Position x∗ of the maximum RMS in the design space is searched by GA.

(iii) The system responses at x∗ are evaluated and used as infill points to refine current
surrogate models.

(iv) The above step is repeated until no more significant improvement can be achieved ac-
cording to a converging tolerance. The total number of infill points and the maximum
iteration number are used as alternative stopping criteria.

68



5. Parallelized Adaptive Surrogate Based Design Optimization

surrogate models
Estimate quality of

GA
max. RMS

Yes

No

End

Stop

DoE

Surrogate modeling

System evaluation

Infill points

Figure 5.1.: The flowchart of using RMS infill criterion to refine surrogate models.

5.2.2. Performance of the RMS Infill Criterion on a Test Example

A one-variable function is used to investigate the performance of the estimated root mean
square error as an infill criterion in refining surrogate models. The one-variable test function
is defined in Forrester et al. (2008), which is given as:

z(x) = (6x− 2)2 sin(12x− 4), x ∈ [0, 1]. (5.9)

This is a typical test function for surrogate modeling and optimization algorithms. By solv-
ing the equation with the derivative of z(x) equals zero [Widder (1947)], which is z′

(x) = 0,
it is found that this test function has four stationary points. As is shown in Figure 5.2,
those stationary points are a local minimum, a saddle point, a local maximum and a global
minimum, respectively. The first three of them have function values very close with each
other. The global optimum is easily ignored by poor distribution of sample points or by
improperly chosen surrogate models. Therefore, this one-variable function is also a simple
but critical function for testing surrogate modeling and optimization methods. In case of
surrogate-based design optimization, it usually requires to validate and refine the surrogate
models.

In this section, the RMS as an infill criterion for surrogate modeling is tested first. The
refinement of surrogate model for the one-variable function is performed iteratively, which
is described as follows:

(i) An initial surrogate model is constructed with three Latin hypercube sample points
using Kriging.

(ii) Genetic algorithm is used to find the location of maximum RMS(x).
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Figure 5.2.: The one-variable test function has a local minimum, a saddle point, a local max-
imum and a global minimum.

(iii) Evaluate infill point at the obtained location.

(iv) The infill point is added to the sample points to update the surrogate model. Then it
goes to (ii) and continues until the stopping criterion is active. The stopping criterion is
as mentioned above that the quality of the surrogate model converges or the maximal
number of iterations is reached.

To assess the performance of the infill criteria critically, a group of extremely unlucky initial
sample points are used all through this chapter. As can be seen in the first graph of Fig-
ure 5.3, the initial sample points completely fail to cover the global-optimum region. The
consequence of the poor initial sample points is a poor surrogate model. In Iteration 1,
the initial surrogate model is shown as a quadratic curve passing through all three sample
points, which, however, fails to catch the characteristics of the test function. The refinement
of the surrogate model with RMS as infill criterion is carried out iteratively. In each itera-
tion, only one infill point is identified and added to the sample points. The whole process is
illustrated iteration by iteration in Figure 5.3, which includes in total eight iterations. It can
be seen in the 8th iteration that the refined surrogate model fits well with the true model.
The total number of evaluations of the true model is ten, which includes three initial sample
points and seven infill points. The remarks for the performance of RMS are listed as follows:

• Although RMS has the advantage that no test points are generated, its ability to iden-
tify infill points depends on the quality of the current surrogate models. The infor-
mation from poor surrogate models can be misleading, and, therefore, it usually takes
several iterations to find valuable infill points.

• The magnitude of RMS is not necessarily related to the quality of the surrogate model.
As is seen from Iteration 1 in Figure 5.3, RMS(x) of the surrogate model built with
three sample points has a magnitude of around 10−15. The inveracious RMS value is
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Figure 5.3.: The first eight iterations in refining surrogate model of the one-variable function
with estimated root mean square error.
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a result of the less of information, when the current regression model in Kriging can
fit well with all current sample points. The surrogate model seems to be a perfect
approximation of the true model, although it is actually quite inaccurate. Therefore,
the magnitude of RMS(x) can not be used as a stopping criterion.

• As a result of the misleading information from too small sample size, it can be seen
in Iteration 1 to Iteration 3 that the locations of maximum RMS(x) are at the border
of the design domain. The RMS(x) function is multimodal, which has the following
properties:

– RMS(x) decreases sharply at the locations of sample points, where information of
the true model is provided.

– The infill points found by the genetic algorithm are usually the global maximum
of RMS(x), which tend to appear at the border of the design domain.

– The local maxima of RMS(x) are usually located in the regions between two sam-
ple points. The RMS(x) is usually relatively larger between the two adjacent sam-
ple points, which has larger distances than those of the others. The local maxima
are good candidates of infill points, as can be seen in all iterations in Figure 5.3.

• As is displayed in Iteration 5 to Iteration 8, after adding several infill points, the RMS
criterion is able to assess the quality of surrogate models pretty well. From the fifth
iteration on, RMS can correctly locate infill points to improve the surrogate models
greatly.

• The RMS infill criterion does not differ between the local and global optima of the
test function. As can be seen from Iteration 5 to Iteration 8, the location of infill point
switches between local and global optimum of the true model, showing no preference.

According to the remarks mentioned above, the RMS criterion is used as an infill criterion
to refine surrogate models before they are used as system equations in optimization. Since it
is not known a prior whether the sample size in the initial surrogate models is large enough
to prevent misleading infill points, it is better to find locations of both the global and local
maxima of the RMS(x) function. Then those locations are evaluated and used as infill points
all at once to refine the initial surrogate models. This allows us to start with relatively small
sample size in initial surrogate modeling. During the design optimization process, the sur-
rogate models also need to be refined to ensure the accuracy of the optimal results. In the
optimization process, infill criterion which is able to distinguish regions of local and global
optima is preferred. Therefore, the expected improvement as an infill criterion is required,
which is discussed in the next section.
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5.3. Expected Improvement of Kriging Used as Infill
Criterion in Surrogate-Based Design Optimization

5.3.1. Introduction of the Infill Criterion

As the name indicates, expected improvement (EI), which is introduced in Forrester et al.
(2008) is the amount of improvement to the current optimum that is expected by adding
infill points. Unlike the RMS, EI does not only quantify the quality of surrogate models
by the estimated error, but also scales the error to generate preference in global optimum.
The preference is created by taking in the distances between the estimated objective func-
tion value and the current optimal. Therefore, the magnitude of the improvement to the
current optima is considered in the infill criterion. The location which has the largest EI
value will be identified as infill point. The global optimum is thus preferred because it can
provide larger improvement. By this means, regions containing local and global optimums
are differentiated and, as a result, infill points can be more effectively identified. Using EI
infill criterion, it is more likely to obtain the global optimum or a good local optimum. The
expected improvement is formulated as follows:

EI(x) =


[
zmin − ẑ(x)

]
Φ

(
zmin − ẑ(x)

RMS(x)

)
+ RMS(x)ϕ

(
zmin − ẑ(x)

RMS(x)

)
,

0,

RMS(x) > 0

RMS(x) = 0

(5.10)

where zmin is the current optimal objective value. ẑ(x) is the estimated value of objective
function at any prediction site x. Φ(x) and ϕ(x) are the cumulative distribution function
(CDF) and probability density function (PDF) [Kolmogorov (1950)], respectively. Φ(x) and
ϕ(x) in Equation 5.10 are given as follows:

Φ

(
zmin − ẑ(x)

RMS(x)

)
=

1

2

[
1 + erf(

zmin − ẑ(x)√
2RMS(x)

)

]
, (5.11)

where erf represents the Gauss error function,

ϕ

(
zmin − ẑ(x)

RMS(x)

)
=

1√
2π
e

−(zmin − ẑ(x))2

2RMS2(x) . (5.12)

In EI criterion,

• zmin − ẑ(x) represents the amount of possible improvement in objective function at
location x. It is responsible for identifying locations with better objective function
value than current optimum.

• RMS(x), as introduced in Setion 5.2, is responsible to identifying the unexplored re-
gions.
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As a result, EI criterion gives precedence to locations with low objective function value or
high approximation uncertainty. Infill points generated with EI criterion are capable of bal-
ancing model exploration and optimization efficiency. Figure 5.4 demonstrates the process
of using EI infill criterion in ASBDO for refining surrogate models and assisting the search-
ing of optimum. It can be seen that the infill points are identified after surrogate-based
optimization, which allows information to be gathered and to assist the identification of
infill points.

DoE

Surrogate modeling

System evaluation

max. EI

Yes

GA

No

End

Stop

Find infill points Surrogate-based

GA
min. ẑ(x)

design optimization
x∗

zmin

Infill points

Figure 5.4.: The flowchart of using EI infill criterion to refine surrogate models in ASBDO.

5.3.2. Performance of the EI Infill Criterion on a Test Example

The process of adaptive surrogate-based design optimization with EI used as infill crite-
rion is also demonstrated with the one-variable function. The problem is to find the global
minimum of the test function, which is formulated as follows:

minimize z(x) = (6x− 2)2 sin(12x− 4), x ∈ [0, 1]. (5.13)

The problem is solved by adaptive surrogate-based optimization, using the EI infill crite-
rion. The EI infill process in ASBDO takes the following steps:

(i) An initial surrogate model is constructed using Kriging with three Latin hypercube
sample points. The sample points are the same as those in the RMS.

(ii) Perform surrogate-based design optimization and get current best zmin. Validate the
design, when an optimum is converged, stop, otherwise, continue.

(iii) Genetic algorithm is used to find the location of maximum EI(x).

(iv) Evaluate infill point at the obtained location.
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Figure 5.5.: The first eight iterations in adaptive surrogate-based optimization of the one-
variable test problem. Expected improvement (EI) is used as infill criterion.
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(v) The infill point is added to update surrogate models. Then go to (ii).

The infill process in ASBDO of the one-variable test example is shown in Figure 5.5, which
also has eight iterations. As is demonstrated, in the last iteration, the surrogate model can
represent the true model well. Actually, in the 7th iteration, the optimum and the infill
point are already close to the true optimum. With some tolerance the minimization of the
one-variable function problem can be completed with all together nine function evaluations:
three initial sample points and six infill points. Remarks for the expected improvement as
infill criterion in ASBDO according to the results on the test problem are listed as follows.

• The magnitude of EI is also not necessarily relevant with the quality of the surrogate
model. As is seen in Iteration 1 and Iteration 8 of Figure 5.5, EI(x) = 0 in both itera-
tions while not both surrogate models are good.

• The main difference between EI and RMS is: RMS(x) contains much more peaks than
EI. Which is to say that although EI can also be multimodal, it tends to be concentrated
only on the specific locations and makes those locations extremely distinctive. Such
behavior gives the EI the advantage that important infill points can be identified more
efficiently.

• The global optimal region starts to be identified by EI when either it is already covered
in initial surrogate models or after the local optimal regions are explored. As is shown
in Figure 5.3, with the extremely unlucky initial sample points, the global optimal
region is totally unexplored. As a result, from Iteration 2 to Iteration 5 only the local
optimal region is refined. Therefore, it is to be noted that a good initial surrogate model
is very important for the identification ability of the EI infill criterion.

According to the above characteristics of EI and the RMS discussed earlier, it can be con-
cluded that the two infill criteria are complementary. The using of RMS on the initial surro-
gate model in order to explore the system globally will generate a good starting surrogate
model for EI. EI will then be able to zoom fast into the interested regions for design opti-
mization.

5.4. Constrained Expected Improvement of Kriging Used
as Infill Criterion in Surrogate-Based Design
Optimization

5.4.1. Introduction of Infill Criterion

Most if not all engineering design problems are constrained optimization problems, which
has to satisfy a number of requirements. For surrogate modeling of constrained optimiza-
tion, it is more important to acquire good accuracy of the feasible domain. Therefore, infill
points are better located in the feasible domain or near the boundary of the feasible area.
For the Gaussian process in Kriging, the possibility of feasibility PF(x)can be estimated. The
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constrained expected improvement CEI, which finds the intersection of EI(x) and PF(x) is
used. The CEI in this dissertation is altered from the definition of Forrester et al. (2008) in
order to adapt with engineering problems. This is defined as:

CEI(x) = EI(x)PF(x), (5.14)

where PF estimates the possibility of feasibility of any location in the design domain, which
is given as:

PF(x) =
1

2

[
1 + erf(

−
∥∥glim − ĝ(x)

∥∥
√

2RMS(x)
)

]
, (5.15)

where glim is the boundary value of the feasible domain of the constraint function g(x).
According to the standard definition of a constraint optimization problem, it is required that
g(x) ≤ glim. ĝ(x) is the surrogate model of the constraint function. Therefore, the term∥∥glim − ĝ(x)

∥∥ in Equation 5.15 is the absolute distance of the surrogate constraint function
value and the critical constraint value. The smaller the distance is, the closer the current
surrogate constraint value is to the boundary of constraints.

The intension of the absolute-distance treatment is to concentrate on both feasibility and
activation of constraints. The former is mathematically expressed as g(x) − glim < 0. The
later is

∥∥g(x)− glim
∥∥ < ξ, where ξ is a predefined small value, which is very close to zero

in accordance with the tolerancce in the engineering problem. In Equation 5.15 the absolute
distance is used so that the designs near both sides of the constrain boundary are acceptable
as long as the distance is within engineering tolerance. When

∥∥glim − ĝ(x)
∥∥ = 0, it means

the current design is on the feasible boundary and the constraint function is strictly active.
If the surrogate constraint function value is approaching the boundary from the feasible
domain, which is

ĝ(x) < glim,
∥∥glim − ĝ(x)

∥∥→ 0, (5.16)

then the constraint function is about to be activated. Such process is usually connected
with better objective function value. If the surrogate constraint value is approaching the
constraint boundary from the infeasible domain, which is

ĝ(x) > glim,
∥∥glim − ĝ(x)

∥∥→ 0, (5.17)

then the feasibility of the current design improves. As the surrogate model improves gradu-
ally with the CEI infill criterion, the estimated feasible boundary approaches the true feasible
boundary. In a word, the constrained expected improvement tends to balance the preference
of better design by EI and feasible design by PF. In other word, the CEI defined in Equa-
tion 5.14 identifies the locations with better objective function values according to EI and
with constraint function values close to glim according to PF.

5.4.2. Performance of the CEI Infill Criterion on a Test Example

The characteristics of CEI is also demonstrated with the one-variable test function as objec-
tive function, and with a constraint function. The constrained test problem is formulated as:
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minimize z(x) = (6x− 2)2 sin(12x− 4), x ∈ [0, 1]

such that g(x) = 25x− 22− z(x) < 0.
(5.18)

It follows the same steps as that of EI with only the infill criterion changed to CEI. The
process of refining the surrogate model of the one-variable function with CEI is illustrated
in Figure 5.6. The hatched line represents the boundary of the constraint function with the
hatched side being infeasible. It can be seen that the optimal result is obtained within six
iterations. In Iteration 6, the infill point is found close to the constraint boundary and has the
best objective function value. A total number of nine sample points is used, which include
three initial samples and six infill points. Properties of the CEI infill criterion are discussed
as follows:

• The magnitude of CEI is also not necessarily relevant with the quality of the surrogate
model. The order of the magnitude of CEI is generally much smaller than that of RMS
and EI. This is because that CEI is the production of two small quantities. The relative
difference of CEI along the design space is important in identifying locations of infill
point. Therefore, it requires the computer to have high operation precision, which is
generally available in the computers today.

• In Iteration 2 and Iteration 3, it is shown that the infill points found by CEI shift
towards the boundary of constraint function compared with those by EI. This indi-
cates that in these iterations the possibility of feasibility dominates. In Iteration 4 and
Iteration 5 infill points appear near the optima of the current surrogate models. This
indicates that the expected improvement dominates. In Iteration 6 infill point is close
to the boundary of constraint function. Beside this one, all infill points are feasible.

• The number of peaks in CEI is far fewer than that of RMS. This shows that CEI can
concentrate on the interested positions.

• A strong oscillation in CEI near the constraint boundary in Iteration 6 is a result of
the balance between EI and PF, since neither is able to overwhelming the other in this
region.

The efficiency of CEI in identifying the critical infill points also depends on the initial sur-
rogate model. To pursue further improvement in efficiency and accuracy, a combination
of RMS and CEI as an infill criterion is preferred, which will be implemented in the next
section.
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Figure 5.6.: The first six iterations of adaptive surrogate-based optimization of the con-
strained one-variable function. Constrained expected improvement (CEI) is
used as infill criterion.
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5.5. Adaptive Surrogate-Based Design Optimization Using
Multiple-Infill Criteria

5.5.1. Introduction of Infill Criterion, Optimization method and
Validation conditions

Multiple-infill criteria are proposed in this dissertation. Instead of searching for a single
infill point per iteration, the multiple-infill criteria can identify many infill positions at once.
Advantages of generating multiple infill points are described as follows:

• The initial surrogate model can be refined faster. Fewer iterations are required to
achieve the same accuracy.

• The quality of the surrogate models can be explored more widely, and more regions to
be refined can be identified at once.

• Optimal design can be found more efficiently. Since more regions are explored, local
and global optimal regions can be identified earlier.

• Fewer infill points are required to complete ASBDO, because once the desired region
is discovered, no more effort will be spent on the inferior regions.

Considering that the RMS, EI and CEI are more or less multimodal, multiple infill points
should be found using both global searching algorithm and local searching algorithm with
multiple starting points. The global search is realized by the GA, while the multiple local
searches are performed with sequential quadratic programming (SQP) starting from a num-
ber of distributed initial designs. The local optimization for searching multiple infill points
is noted as NP SQP in this dissertation, where NP is the number of starting points. SQP is
a gradient and Hessian [Hesse (1897)] based method, which uses Lagrangian functions for
the optimization of nonlinear and continuous system equations. For example, considering a
nonlinear contrained optimization problem:

minimize z(x)

such that g(x) ≤ 0

h(x) = 0.

(5.19)

The Lagrangian function for this problem is formulated as:

L(x,λ) = z(x) +
∑
i

λigi(x) +
∑
j

λjhj(x), (5.20)

where λ is a vector of the Lagrange multipliers [Lagrange (1815)]. The SQP method itera-
tively finds the optimal search direction sk (k: iteration index) of the following optimization
problem:

minimize Lk +∇LTk · sk +
1

2
sTk ·Hk · sk

such that gk +∇gTk · sk ≤ 0

hk +∇hTk · sk = 0.

(5.21)
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The optimization problem in Equation 5.21 is composed of quadratic objective and lin-
earized constraint functions of sk. H is the Hessian matrix, which is a square matrix of
the second-order derivatives of L(x). For maximization problem, it is only necessary to use
−z(x) instead of z(x). A more detailed introduction of SQP and the implementation of SQP
can be found in Powell (1978) and Baier et al. (1994).

The whole process with GA and NP SQP in this dissertation is called multiple-searching
process, which is capable of identifying multiple infill points for improving the surrogate
models. It should be noticed that during the multiple-searching process, it is possible that
identical points or very closely adjacent locations are obtained. Therefore, the distances
between all the locations of infill points are checked. According to these distances, redun-
dant points are identified and deleted so that no repetitive high-fidelity evaluations are car-
ried out. The ASBDO process of a constrained optimization problem using the multiple-
searching infill criteria is listed as follows:

(i) Initial DoE is obtained with Latin hypercube sampling.

(ii) Initial surrogate models are constructed using Kriging.

(iii) GA and NP SQP are used to find multiple infill locations with RMS(x).

(iv) Infill points are evaluated and surrogate models are updated.

(v) Surrogate-based design optimization is executed to get the best design x∗ and ẑmin.
Check whether this design is a feasible optimum. Stop the whole process if it is satis-
fied, otherwise, continue.

(vi) Use GA and NP SQP to find infill points with CEI(x) and go to (iv).

In step (v) of the above process, the Karush-Kuhn-Tucker (KKT) optimality conditions are
checked for the current design. The KKT conditions introduced by Karush (1939), Kuhn and
Tucker (1951) for a general optimization problem in Equation 5.19 are described as follows:

∇z(x∗) +
∑

i∇gi(x∗) · λi +
∑

j∇hj(x∗) · λj = 0

g(x∗) ≤ 0

h(x∗) = 0∑
i gi(x

∗) · λi = 0

λ ≥ 0.

(5.22)

For engineering problems, usually the above conditions do not have to be strictly satisfied,
as long as they are within the predefined tolerance of the sytem. By allowing some engineer-
ing tolerance, the optimization converging process can be greatly speeded, while the final
design can still be very close to the theoretical optimum. To validate the surrogate-based
optimization results, z, g and h in Equation 5.22 are replaced by ẑ, ĝ and ĥ, respectively.
Besides, the surrogate-based optimal designs need to be evaluated with the high-fidelity
models, so as to get the real objective and constraint function values: z(x∗), g(x∗) and h(x∗).
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Then the following conditions are checked:

‖z(x∗)− ẑ(x∗)‖ ≤ ξz
‖gi(x∗)− ĝi(x∗)‖ ≤ ξg∥∥∥hj(x∗)− ĥj(x∗)

∥∥∥ ≤ ξh.

(5.23)

ξz, ξg and ξh in Equation 5.23 are the accuracy tolerances of the objective funtion and con-
straint functions defined for the surrogate models. It has to be noticed that in engineering
problems, not all system equations are necessarily approximated. Only those system re-
sponses, which are obtained through computationally expensive models are approximated.
Therefore, the conditions in Equation 5.23 are also only necessary for the approximated sys-
tem equations.

In the multiple-searching process, NP is a very importance parameter, which affects the
efficiency in the searching of infill points, as well as the efficiency in finding the optimal
design. General rules for adjusting NP are discussed as follows:

• NP should increase with the dimension of design space.

• For highly-nonlinear or oscillating system responses, larger NP is desired.

• For initial surrogate models, NP should be set relatively large. As the quality of surro-
gate models improves, NP can be set smaller and smaller.

5.5.2. Performance of the Multiple Infill Criterion on a Test Example

To demonstrate how the multiple-searching method works in ASBDO, the constrained one-
variable test example in Equation 5.18 is used. First, the setting NP = 7 is made and the
multiple-searching method is performed using RMS(x) as infill criterion. Then, for this one-
dimensional problem, NP = 0 is set and CEI(x) is used as infill criterion. The multiple-
searching process is shown in Figure 5.7. It can be seen that the optimum of the constrained
one-variable test problem is found within three iterations. The total number of sample points
used to solve this problem is eight, including three initial samples and five infill points.
Remarks of multiple-searching process are as follows:

• In Iteration 1 one global and two local maxima of the RMS(x) function are identified
with the multiple-searching method. Compared with the single infill point found in
Iteration 1 of Figure 5.3, the multiple-searching method allows to explore the system
more thoroughly. This behavior is very important for refining of the initial surrogate
models, which are usually extremely rough because of limited information.

• With the surrogate model refined after adding the multiple-infill points from Iteration 1,
the CEI(x) infill criterion is able to identify the global optimum of the constrained prob-
lem very efficiently in the next iterations. In Iteration 3 the infill point is found exactly
at the optimum.
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Figure 5.7.: Three iterations of adaptive surrogate-based optimization of the constrained
one-variable problem. Multiple-searching process is used to identify infill points
using RMS as infill criterion in Iteration 1 and CEI as infill criterion in the fol-
lowing iterations.
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By using the multiple-infill criteria, no effort is wasted in wondering round the local valleys
of the test model after the first iteration. It can be seen that although the final surrogate
model are quite inaccurate at many positions, the optimum result is accurate enough. That
is to say, in surrogate-based optimization problems, the surrogate models do not have to be
accurate all over the design space. For engineering problems with large design space and
very complicate system responses, it is even more important to focus the computation effort
on the critical sites. Therefore, the multiple-searching method accompanied with the RMS
and CEI infill criteria is suitable for large engineering problems.

To given an overview of all the different infill methods discussed in this chapter, their
performance on the one-variable test problem is shown in Table 5.1. As can be seen that the
multiple-searching infill criterion has the best efficiency in the one-variable test problem. It
requires the fewest number of iterations and high-fidelity evaluations. Besides, it is able to
search first widely in the design space and then focus on the feasible and global optimal
regions. The summation in Table 5.1 is supposed to be taken as a general reference for

Table 5.1.: Properties of different infill criteria in the one-variable test problem.

Infill criterion RMS EI CEI Multiple-
searching

Number of iterations 8 7 6 3
Number of evaluations 10 9 9 8
Range of exploration Wide Focused Focused Wide&Focused
Deal with constraints No No Yes Yes
Aim at optimization No Yes Yes Yes

choosing infill criteria according to the description of the tasks. This is discussed as follows:

• If the task is to approximate the system responses as accurately as possible in the whole
design space, then RMS is preferred.

• If the task is to perform surrogate-based optimization and only the accuracy of the
optimum is cared about, then the EI, CEI and multiple-searching infill criteria can be
considered.

• For constrained optimization problem, CEI and multiple-searching infill criteria are
the choice.

• For constrained optimization with large dimensional design space or multimodal sys-
tem responses, the multiple-searching as infill criterion is recommended in adaptive-
surrogate-based design optimization.

Last but not least, it should be noted that these data are based on the one-variable test ex-
ample and the numbers in Table 5.1 do not indicate absolute advantage of one method over
another. However, the test function is a typical and critical problem for surrogate modeling
and optimization, especialy when the sample points are extremely unlucky, which is the
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case tested in this chapter. With this one-variable function, it is not only able to illustrate
the infill processes, but also possible to show the characteristics of the different infill criteria.
Besides, the infill criteria are also tested and shown to be very efficient on a two-variable
multimodal function and a 15-variable aircraft wingbox optimization problem in Xu et al.
(2012). Further, in Section 5.7 of this chapter, the multiple-searching infill criterion is tested in
surrogate-based optimization for the stiffened composite panel introduced in Section 4.6.1.
In Chapter 6 and 7, this infill criterion is used in ASBDO to solve two large-scale engineering
problems.

5.6. Parallel Computing in Adaptive Surrogate-Based
Design Optimization

Parallel computing techniques have been developed with the rapid progress in computer
science and hardware. With parallel computing programs, many calculations can be pro-
cessed simultaneously, which allows large speed-up in mission execution compared with
sequential processing. Therefore, parallel computing are preferred in problems with time-
consuming numerical simulations, such as computational fluid dynamics (CFD), fluid-structural
interaction (FSI) and crashworthiness simulations.

A basic requirement to perform parallel computing is that a task should be able to be
divided into independent subtasks. Those subtasks are then assigned to parallel processing
units. There are many different levels and types of parallelization techniques available, e.g.
multicore computing, cluster computing, massive parallel processing (MPP), etc. Yet there is
no infinite speed-up with parallel computing. For one thing, even when a task is broken into
many small parts, there are still serial commands to be processed. For another thing, time is
also spent in the transmission of data and communication for assignment of tasks between
processing units. Therefore, the decision on parallelization should be made based on the
given tasks and the available resources. In adaptive surrogate-based design optimization,
several tasks can be broken into independent subtasks, which are:

(1) evaluation of sample points (parallelized),

(2) multiple-searching of infill points with GA and NP SQP (not parallelized),

(3) surrogate-based design optimization with GA and NP SQP (not parallelized),

(4) evaluation of infill points (parallelized),

(5) validation of surrogate-based optimal designs (parallelized).

All these five tasks can be parallelized, yet not all of them can benefit from parallelization.
In (1), (4) and (5), parallel computing is used since high-fidelity system simulations for each
individual point are usually the most time-consuming parts in ASBDO. No parallelization
is necessary in (2) and (3), where surrogate models are evaluated.

According to the resources available in LLB, cluster computing is used for paralleliza-
tion. The architecture of the cluster in LLB is shown in Figure 5.8. The cluster in LLB has
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Figure 5.8.: The architecture of the cluster in LLB.

been developing to provide more and more nodes and faster calculation ability. As can be
seen, the cluster currently contains one master node and another 26 nodes. Each node has a
number of CPUs, ranging from two for most of the nodes, to 16 for a few large nodes. The
total number of CPUs is 132, which means theoretically, 132 tasks can be processed at the
same time. The number of CPUs Nc, which are currently free for submitting tasks is called
the capability of the cluster. All nodes in the cluster are connected with the one Gigabit Eth-
ernet switch, which allows communication between all nodes.

Distributed computing program is used for implementation of the parallel computing on
the cluster. First, one logs in to one of the node on the cluster and prepare subtasks. Then,
the multiple subtasks are submitted and dispatched to different CPUs on different nodes by
a queuing system through the communication between switches and nodes. Also, by com-
municating with the switch, running status of the jobs on different nodes can be checked.
Finally, calculation results from different nodes are gathered to the original master node.
The program for distributed computing has been developed in LLB since 2004 by Langer
(2007). The program was originally written to speed up optimization with evolutionary al-
gorithm (EA), where fitness evaluation of individuals in a generation are parallelized. The
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program was then used by Binder and Wehrle (2012) in LLB for parallelized sample points
evaluation in surrogate modeling of crashworthiness problems.

In this dissertation, the program will be used to parallelize the evaluation of sample
points, infill points and optimal designs in ASBDO. The speed-up ratio rs of parallelization
over sequential processing is defined:

Pp =

∑N
i=1 Ti + Ts

Tp + TA + Ts
, (5.24)

where,

Ti: time required for evaluation of each single subtask,

Ts: time spent on serial commends of a task, which are not parallelized,

TA: administration time, which is the cost of communication between nodes on the
cluster,

Tp: time used by parallelized computing of all N subtasks.

For computationally expensive simulation problems, Ts and TA can be neglected compared
with Ti. The ratio of speed-up is limited by Tp, which equals to max(Ti), i = 1, 2, · · · , N .
It is the time spent on the slowest subtask if the number of subtasks does not exceed the
capability (Nc) of the cluster. If N > Nc, then the exceeded number of jobs have to wait
until there are CPUs free on the cluster. In that case Tp is larger than max(Ti). Therefore,
both limitations and benefits have to be kept in mind while implementing parallelization in
order to make best use of the hardware and software resources.

The parallelized process of adaptive surrogate-based design optimization is noted as
PASBDO in this dissertation. The flowchart of PASBDO is demonstrated in Figure 5.9. The
double arrows � refer to the parallelized high-fidelity simulations. It is shown that in PAS-
BDO, parallelization is made for the high-fidelity evaluation of sample points from DoE,
infill points and validation of optimization results. The searching process with infill crite-
ria and the surrogate-based optimization are performed on the computationally inexpensive
models. GA and multiple-starting point SQP (NP SQP) are used as optimization algorithms.

In PASBDO, one loop is a complete surrogate-based optimization process, which in-
cludes surrogate modeling, surrogate-based optimization, validation of surrogate optmial
results, searching with infill criteria and the evaluation of infill points. The concept of the
loop in PASBDO should be differed from the iteration in an optimization alqorithm. In
the first loop of PASBDO, initial sample points are parallelly evaluated, initial surrogate
models are constructed, and RMS is used as infill criterion to improve the surrogate mod-
els widely in the design space. Afterwords, surrogate models are updated and multiple
surrogate-based optimizations are performed with GA and SQP from NP starting points.
The surrogate-based optimization results are evaluated and validated. With the information
from the validation, GA and NP SQP are used again to focus the search of infill points with
CEI for better optimal designs. It is required that by the multiple-search with RMS in the
first loop, the initial surrogate models should already be globally explored, and, therefore,
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Figure 5.9.: Flowchart of parallelized adaptive surrogate-based design optimization.

from the second loop on, the multiple-search with only CEI is performed.
The maximum number of infill points obtained in one multiple-searching process can be

as many as NP + 1: one from GA and NP from SQP. Since those infill points are parallelly
evaluated, another rule for setting NP is to be considered: it is better to make sure that NP

does not exceed the available computational resources Nc on the cluster. One should be
aware that once the number of infill points to be parallelly computed exceeds Nc, all CPUs
will be occupied and the waiting time can be as long as the time one high-fidelity simulation
takes.

Last but not least, although it is not shown in the flowchart of Figure 5.9, engineering
knowledge and GA assisted knowledge-based surrogate modeling can take part in all sur-
rogate modeling modules for further higher efficiency and accuracy.
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5.7. Demonstrative Example: Parallelized Adaptive
Surrogate Based Design Optimization for Stiffened
Composite Panel

In this section, the fiber angle design optimization problem for the stiffened composite panel,
as introduced in Section 4.6, is solved with three methods. First, the optimization problem
is conducted without using surrogate modeling techniques. This method is noted as direct
optimization (DO) in this dissertation. Then, with the knowledge-based surrogate mod-
els obtained from Section 4.6.7, a surrogate-based design optimization (SBDO) is carried
out. Finally, the parallelized adaptive surrogate-based design optimization (PASBDO) is
implemented. The optimization results using these three methods are compared and their
performances are discussed.

5.7.1. Task Definition for Fiber Angle Design Optimization of Stiffened
Composite Panel

As is introduced in Section 4.6, there are 50 design variables for the fiber angle optimization
problem, which includes 20 fiber orientation angles for the skin and 30 for the webs of the
stiffeners. The buckling load factor is to be maximized under the given loads, while the
strength constraint should be satisfied. The optimization problem is formulated as follows:

minimize z(α) = −λb(α)

such that g(α) = FTsH(α)− 1 ≤ 0

and −90 ≤ α ≤ 90.

(5.25)

According to the energy method described in Timoshenko (1961), the critical buckling load
is determined by minimizing the total potential energy Π of a structural system. A structure
is in stable equilibrium when the total potential energy is at a minimum, that is δΠ = 0

and δ2Π > 0. Otherwise, the structure is in unstable or neutral equilibrium and a buckling
mode is formed. Π is composed of the strain energy U and the external work V , which are
calculated on a virtual displacement. The strain energy depends on the stiffness of the struc-
ture, while the external work is propotional to the external loads. When the fiber orientation
changes, the stiffness of the structure is adjusted, and, therefore, the critical buckling load is
also altered. Significant changes in different buckling modes can be seen according to dif-
ferent levels of strain energy. In other word, when a higher level of strain energy is reached
by adjusting fiber orientations, a higher buckling load factor will appear after a previously
converged buckling load factor. The optimization problem is, therefore, rather chanlleging
and computationally extensive.

Knowledge-based surrogate models for both the objective function and the constraint
function are constructed, and the surrogate-based design optimization problem is formu-
lated as:

minimize ẑ(α) = −λ̂b(p1(α))

such that ĝ(α) = F̂TsH(p2(α))− 1 ≤ 0

and −90 ≤ α ≤ 90,

(5.26)
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where p1(α) and p1(α) are the knowledge-based properties of the composite panel, which
are obtained in Section 4.6.7. The task is, therefore, to accomplish the fiber angle design
optimization problem while keeping the computational effort as small as possible.

5.7.2. Optimization of the Stiffened Composite Panel with System
Equations From High-Fidelity Simulations

For the stiffened composite panel, FEM is used for structural analysis, which includes a static
structural analysis and a buckling analysis. Since the execution expense for this example is
not too large (20s per evaluation), a directly optimization is sustainable although not as effi-
cient as using surrogate models. Direct optimization is performed to provide a benchmark,
which is used for comparison with PASBDO. In direct optimization, the high-fidelity FEM
simulations are used to solve the system equations. SQP (see Section 5.5.1) is selected as the
optimization alqorithm because of its ability of search in the gradient direction of the system
equations. This feature make SQP more efficient than the genetic algorithm. However, as is
shown in the parameter study in Section 4.6.5, the system responses are multimodal. There-
fore, a number of feasible starting points are generated for SQP in order to reduce the risk
of trapping in local optima. The converging process of the best design from those starting
points is shown in Figure 5.10.

Detailed information of several iterations are marked in Figure 5.10, where nIt stands
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Figure 5.10.: The optimization converging process of the fiber angle design with high-
fidelity system equations.
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for the number of iterations in the optimization process and nEv represents the number of
evaluations of the high-fidelity system simulation. It is seen that the converging process is
composed of several subordinate steps, which is controlled by the magnitude of termination
tolerance defined for convergence. Smaller tolerance is helpful for identifying better optima,
while it usually costs more iterations.

For the different buckling load factors which are converged, different energy levels of
buckling modes are obtained with by designs of the fiber orientations. The objective function
λb converges first at the 15th iteration with the value 6.00, and the number of high-fidelity
evaluations to achieve this level is 772. Then a higher energy level is obtained and λb con-
verges at the 29th iteration with the value 6.65. Afterwords, at the 67th iteration λb = 7.01,
at the 95th iteration λb = 7.21, and at the 124th iteration λb = 7.34 are obtained. It can be
seen that the increase of objective function becomes slower, which means extremely large
computational effort is required for very small improvement in the structure. The optimiza-
tion is stopped at the 160th iteration with λb = 7.34. It has to be noticed that the gradient
and Hessian calculation in SQP for this problem is realized by finite differencing. Since this
problem contains 50 design variables, 51 system evaluations are performed in one iteration
for gradient calculation, and it is even more when Hessian is required. In some FEM codes,
analytical or semianalytical gradient calculation are provided, where the number of func-
tion evaluation in each iteration is remarkably smaller. However, in this dissertation, focus
is on the reduction of computational effort by surrogate modeling instead of the study of
FEM solutions. Further, there are engineering problems where analytical and semianalytical
gradients are very difficult to obtain.

A summary of the discussion about the performance of direct optimization is listed as
follows:

• The optimization starts from a feasible design, then varies to slightly violated designs,
but finally converges at feasible designs.

• Buckling modes with higher and higher energy level are slowly identified in the opti-
mization process.

• Although the DO converges relatively fast for optimization within each energy level,
the total number of iterations is very large to get high buckling modes.

• If the termination tolerance is looser, then the optimization can converge earlier at
slightly lower buckling load factors. For example, at the 67th iteration λb = 7.01, where
the number of high-fidelity simulation is 3435.

5.7.3. Surrogate-Based Design Optimization of the Stiffened
Composite Panel

In this section, instead of calling the high-fidelity system simulations, the optimization is
performed on the surrogate models. First, the surrogate models for λb and FI, which are
constructed in Section 4.6.7 with GA assisted knowledge-based surrogate modeling method
are used for optimization. No adaptive strategy nor infill criterion is used here, which means
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the optimization result depends completed on the quality of the surrogate models. The ap-
proximation errors on λb and FI according to the validation data in Section 4.6.8 are 4.71%
and 2.20%, respectively, which are pretty good. Also, since only 150 sample points are in-
volved in the surrogate models, the number of high-fidelity evaluation in this test is 150 as
well.

The converging process of SBDO is demonstrated in Figure 5.11. It is shown that the
optimization converges at the 20th iteration. The solid line shows the objective function
evaluated on surrogate model λ̂b in each iteration. The true objective function value λb in
each iteration is also given, shown with the dash-dotted line.
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Figure 5.11.: The converging process of SBDO with 150 sample points for the fiber angle
design of the stiffened composite panel.

To make a fair comparison between DO and SBDO, the same feasible initial design is
used here. The final objective function value of SBDO (λ̂b = 7.31) is also very close with
DO (λb = 7.34). However, when looking at the true system response (λb = 6.74) of this
design, there is a difference, which means the design obtained by SBDO is actually different
from DO. It is seen in Figure 5.11 that during the optimization, the λ̂b and λb have generally
the same trend, although not exactly the same. The distance between λ̂b and λb grows as
the value of λb increases. This is a result of the approximation error. As one can see from
the consistency check in Figure 4.17, the difference is also larger for higher λb. Besides, the
number of sample points at the region where λb > 6.5 is quite small, which also causes
the relatively high prediction error for large λb. Since the objective of this optimization
problem is to maximize λb, it is necessary to refine the surrogate models for regions of larger
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λb values. This proves the importance of validating the surrogate designs and adaptive
surrogate modeling, even when the quality of initial surrogate models are already pretty
good. Remarks about the performance of SBDO are summarized as follows:

• With the same starting point as in DO, SBDO also varies at the beginning between
infeasible and feasible designs, but it converges much faster.

• The accuracy of the surrogate model for λb reduces as the value of λb increases.

• The maximum relative approximation error is 8.46% during the optimization process.

• The number of evaluations in SBDO is 150 and during the optimization only surrogate
models are evaluated, which is extremely fast to calculate.

It is shown that when non-ignorable approximation error exists in the important design
domains, the surrogate models need to be refined for more reliable optimization results.
However, whether this problem can be efficiently solved by SBDO with more sample points
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Figure 5.12.: The converging process of SBDO with 300 sample points for the fiber angle
design of the stiffened composite panel.

is to be investigated. To demonstrate how much improvement in the performance of opti-
mization can be obtained by using more sample points. Surrogate models constructed with
300 sample points is then tested in SBDO. The same GA assisted knowledge-based surrogate
modeling method is used. The approximation errors for the two system responses λb and FI
are 4.57% and 2.04%, respectively. Compared with 4.71% and 2.20% in the surrogate models
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with 150 sample points, the approximation accuracy is slightly improved. The same starting
point is again used for fair comparison. The optimization converging process of SBDO with
the new surrogate models is shown in Figure 5.12.

In this case, the number of high-fidelity evaluations is 300 and the number of iterations
with surrogate models is 42. It can be seen in Figure 5.12 that the surrogate models can
approximate the high-fidelity models better in the optimization process. Although the op-
timization result on the surrogate models still differs from the results on the high-fidelity
models, the difference between them is smaller. At the final design λ̂b = 7.06 and λb = 7.20,
the relative difference of which is 1.94%. The maximum relative approximation error is
4.00% during the whole SBDO process, which is a great improvement compared with 8.46%
in the surrogate model with 150 sample points. Besides the improvement in approximation
quality, the objective funtion value is also improved, which means better design is obtained.
However, the final design is still not accurate enough and the final design is not as good as
the benchmark result in DO. Such results suggest that the verification of the final design is
necessary after SBDO. ASBDO is preferred because additional sample points are located at
selected positions from infill criteria right after verification of the design each time.

5.7.4. Parallelized Adaptive Surrogate-Based Design Optimization of
the Stiffened Composite Panel

In this section, the PASBDO method is applied to the optimization problem of the stiffened
composite panel. The initial surrogate model is the one constructed with 150 sample points,
as used in section 5.7.3. Then the surrogate model is refined with multiple-infill points iden-
tified according to the RMS infill criterion. After that, the fiber angle design optimization
is performed on the updated surrogate models and the CEI infill criterion is used to find
multiple-infill points, which are aimed at increasing the accuracy of the surrogate models
near the optimal regions. The converging process of PASBDO of the stiffened composite
panel model is shown in Figure 5.13.

One has to be aware that the process of PASBDO is composed of several loops. In each
loop, surrogate-based design optimization is performed. Therefore, each loop of PASBDO
contains the iterations of a complete optimization process. The convergence of PABDO has
two conditions:

• convergence has to be achieved through the loops of PABDO, and

• convergence has to be achieved through the iterations of optimization algorithm inside
each loop of PASBDO.

It is shown in the left graph of Figure 5.13 that a design is converged with 8 loops of PAS-
BDO. The graph on the right side shows the iterations of an optimization in the last loop of
PASBDO.

Each loop of PASBDO is a complete multiple-searching process, which contains surro-
gate modeling, search of infill points, refinement of surrogate models, SBDO and verifica-
tion of optimal results. Since the surrogate-based optimal results are validated and cor-
rected in each loop of PASBDO, all objective function values in the left graph are exactly
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Figure 5.13.: Left: the converging process of PASBDO for the fiber angle design of the stiff-
ened composite panel; right: the converging process of the SBDO in the last
(8th) loop of PASBDO.

the same as in the high-fidelity models, which is λ̂b = λb. The final objective function value
is λ̂b = λb = 7.50, which is the best compared with those obtained from DO and SBDO in
previous sections. The total number of high-fidelity evaluations is 319, which includes the
evaluation of the 150 initial sample points, all infill points and the optimal designs in each
loop of PASBDO. Besides, one can see that the objective funtion value is already better in the
first loop of PASBDO (λb0 = 6.16) than the starting points in DO and SBDO (λb0 = 5.02). This
is because in the first loop of PASBDO, instead of immediately performing SBDO, the initial
surrogate models are globally explored and updated with RMS infill criterion first. With the
improved surrogate models, SBDO is able to find better optimal designs as the result for the
first loop of PASBDO.

In the right graph of Figure 5.13, a SBDO process in the last loop of PASBDO is show.
Both the λ̂b and λb through the iterations are plotted. It is seen that the accuracy of the
surrogate models in the converging process is much better than those in the previous section.
The maximum relative difference between λ̂b and λb is only 0.67%. Compared with 8.46%
in SBDO with 150 sample points and 4.00% in SBDO with 300 sample points, the quality
of surrogate models in PASBDO are much better. Therefore, it is shown in the fiber angle
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design problem of the composite panel that the PASBDO method has the best performance.
The accuracy of the surrogate model is vastly improved in the optimization process with the
help of the multiple-searching infill criteria. Further, it has greatly increased the efficiency
of the optimization problem.

5.7.5. Comparison of the Optimization Performances in Fiber Angle
Design of the Stiffened Composite Panel

In this section, the performance of different methods in the fiber angle design optimization
problem is summarized. In Table 5.2 the performance data are listed for the three different
methods, which are design optimization (DO) via high-fidelity system equations surrogate-
based design optimization (SBDO) and parallelized adaptive surrogate-based design opti-
mization (PASBDO), respectively. It shows that the PASBDO has the large advantages in

Table 5.2.: Performances of different methods in the fiber angle design optimization prob-
lem.

Performance of methods DO SBDO PASBDO

Number of high-fidelity evaluations 3435 150 319
Buckling load factor 7.01 6.74 7.50
Maximum approximation error – 8.46% 0.67%
Surrogate modeling speed-up ratio – – 10.77
Parallelization speed-up ratio – – 1.55
Total speed-up ratio – – 16.69

approximation accuracy and the optimization efficiency over the DO and SBDO methods.
Compared with DO, great reduction in computational effort is obtained by PASBDO. Only
10% of the evaluations of high-fidelity models in DO is required in PASBDO. Compared with
SBDO, the PASBDO method is capable of increasing the accuracy in the surrogate models
and the optimization results, with a relatively small increase in the number of evaluations
and time expense. The maximum approximation error in the optimization process with
SBDO and PASBDO is 8.46% and 0.67%, respectively. Compared with DO and SBDO, PAS-
BDO gives the best optimization result. The speed-up ratio of using surrogate models in

the optimization problem over direct optimization is Ps =
3435

319
= 10.77. Further, the paral-

lelization speed-up ratio for this problem is Pp = 1.55, which means the solution is obtained
1.55 times faster in PASBDO than without any parallelization. Therefore, the total speed-up
ratio of PASBDO for this fiber angle design problem is

P = PsPp = 16.69. (5.27)

The speed-up ratio of PASBDO is the production of the speed-up ratio by using surrogate
models and the speed-up ratio by using parallelization. It has to be noticed that the fiber an-
gle design problem of this stiffened composit panel is a medium-size optimization problem.
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The time expense of high-fidelity model for this problem is around 20 seconds, which is of
the same magnitude as the time cost in the serial commends of PASBDO. The serial com-
mends of PASBDO include the SBDO optimization process and the multiple-searching pro-
cess of infill points, where thousands of evaluations of the surrogate models are performed.
As a result, the parallelization speed-up ratio for this medium size problem is small, which
is only 1.55. The parallelized computation is more beneficial for large-scale structural op-
timization problems, which take hours or even more time per evaluation. In the following
two chapters, the application of PASBDO in two typical large-scale structural optimization
problems are given.

The buckling modes of the final optimal results obtained by DO, SBDO and PASBDO are
shown in Figure 5.13. There are three graphs in Figure 5.13, which shows from left to right,
the buckling mode of the design via DO, SBDO and PASBDO, respectively. In each graph,

Figure 5.14.: Left: buckling mode of the optimal design obtained by design optimization
via high-fidelity system equations (DO); middle: via surrogate-based design
optimization (SBDO); right: via parallelized adaptive surrogate-based design
optimization (PASBDO).

a bottom view of the stiffened composite panel is shown, which is composed of three stiff-
eners and one panel as the skin. The three stiffeners are the three curves going horizontally
through each graph, and rest part is the skin of the panel. It can be seen that the buckling
mode shape of the design obtained by PASBDO has the most local buckling for both the
stiffeners and the skin. In the local buckling mode, the deformation in the structure has the
smallest magnitude. Such deformation is safer compared with those with large global buck-
ling. This further proves that the PASBDO method is capable of generating better designs
than the DO and SBDO methods.

5.8. Summary of Chapter

In this chapter, a parallelized adaptive surrogate-based design optimization method is de-
veloped to perform the optimization tasks with high accuracy and efficiency. The PASBDO
method start surrogate modeling with relatively small sample size, and then uses multiple-
searching criteria to identify infill points, which bring refinement to the current surrogate
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models. With the multiple-searching criteria, it is able to estimate the goodness of surro-
gate models without calculating on further testing points through high-fidelity simulations.
Infill points, which are responsible for globally exploring, as well as those aiming at ap-
proaching the optimal designs are found in PASBDO. Besides, the PASBDO method chooses
a number of best sample points as multiple initial designs for optimization, which also en-
larges its ability of identifying better designs for multi-modal optimization problems. The
use of parallelization through cluster computation further explores the advantages in effi-
ciency, since all expansive modules in PASBDO can be devided into independent subtasks
and then calculated seperately at the same time. In this chapter, the performance of PASBDO
is validated with a medium size problem, which is the fiber angle design problem of a stiff-
ened composite panel from an aircraft wing. In the following chapters, the PASBDO method
will be applied to solve large-scale problems in both aerospace and automobile engineering
design.
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Based Design Optimization of an
Aircraft Wingbox Under Aeroelastic
Load

It is important to consider the aeroelastic effects in the process of aircraft design. Com-
putational aeroelastic analysis is used in the early design stage, which involves coupled
analysis of the structural and aerodynamic displines. It is well known that one challenge
in the analysis with fluid-structure interaction is the high computational cost and time ex-
pense, especially in design optimization problems with large amount of design variables.
In order to avoid substantive evaluations of computationally expensive system equations,
it is necessary to use an effective and reliable method. In this chapter, the design optimiza-
tion problem of an aircraft wingbox under aeroelastic load is solved with the parallelized
adaptive surrogate-based design optmization method.

6.1. Motivation and Overview of the Chapter

The concept of aeroelasticity can be demonstrated in Figure 6.1 with the famous Collar’s
aerolastic triangle as introduced in Collar (1978). The dynamic aeroelastic analysis consid-
ers all three displines, which are aerodynamic, elastic and inertia forces. In this dissertation,

Figure 6.1.: Collar’s aeroelastic triangle.
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only static aeroelasticity and vibration are analyzed. The stability and control of an aircraft
is not considered, so that no coupling of aerodynamic and inertia is necessary. However,
the coupling of elastic and aerodynamic has to be performed. Although the studies and
practices of aeroelsticity have been developping for a century, there are still challenges to be
faced. For example, problems in the computational modeling and simulation of aeroelastic-
ity are listed as follows:

• The aeroelastic analysis of transonic flow fields and complex configurations can only
be accurately represented with high fidelity CFD simulations [Raveh (2005)]. Although
linear panel aerodynamic models with simplified geometries have shown good accu-
racy and fast computing feature in performing subsonic and supersonic aeroelastic
analysis, the prediction is unreliable when it comes to transonic flow and complex
configurations.

• For structures involving complex and large number of modes, it is also difficult to
obtain reliable prediction with linear aeroelastic method [Wright and Cooper (2007)]
or reduced order model method [Lucia et al. (2004)].

• A higher level of automation in multidisciplinary design optimization (MDO) under
aeroelastic analysis is required. Commercial softwares have rapid development and
matured performance in many types of aerolastic analyses, such as static aeroelastic
trimming, flutter, divergence and gust response analysis [Schuster et al. (2003)]. How-
ever, their ability in automatic MDO is still restricted by the complexity of aeroelastic-
ity under variable geometries and flight conditions.

• Last but not least, the high-fidelity CFD simulations require massive computational
cost. Therefore, system exploration, parameter study and MDO process are usually
blocked by large number of system evaluations in aeroelastic problems.

The problem to be solved in this chapter is an aircraft wingbox under aeroelastic loads,
which is a large-scale structural design optimization. The filght condition of the aircraft is
descirbed by the following: the maximum flight speed is V = 236 m/s (871 km/h) and the
flight hight is 11 km. Transonic flow with mach number Ma = 0.82 is analysed. In transonic
fields, the predition of pressure distribution with the linear aeradynamic models is poor.
High-fidelity aerodynamic analysis with CFD and aeroelastic analysis with fluid-structure
interaction (FSI) is, however, very time consuming and computationally expensive. High-
fidelity CFD coupled with structural finite element analysis is used for computational aeroe-
lasticity, which needs long simulation time for each evaluation. This optimization problem
contains large number of design variables, including the thicknesses of the skins, the ribs,
the spars and the stringers. Since the design space has large dimension, a great number of
search iterations would be required to find the optimal design.

To cope with the above problems, surrogate modeling strategies are favored, mainly for
two reasons. First, surrogate models are much more computationally efficient compared
with the high-fidelity aeroelastic analysis. Surrogate models are merely simple mathemati-
cal approximation of the complex physical behaviors, which can be constructed by exploring
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information from adequate number of the high-fidelity sample points. Second, surrogate
models provide the posssibility to integrate different simulation codes of different engineer-
ing disciplines into a common computing enviroment, using single programming language.
By doing this, it automates the evaluation of system equations in MDO.

However, the high dimension of design space also requires that the sample size for surro-
gate modeling to be extremely large. To avoid this, the PASBDO method is used to ease the
problems. Besides mathematical tools for construction and refinement of surrogate models,
the adoption of physical understanding of the wingbox structure and the aeroelactic phe-
nomenons to asssit surrogate modeling is important, which is described in details in this
chapter. An overview of the rest of this chapter is given as listed:

• First, the aircraft wingbox design optimization problem is described. The design vari-
ables, system responses and the high-fidelity simulations are introduced.

• Then, task definition of the optimization problem is given. Here both the definition of
the originial design optimization problem and the surrogate-based design optimiza-
tion problem are shown.

• The physical understanding of the wingbox structure and analytical theory of aeroe-
lasticity are adopted to generate knowledge-based terms, which are the basis in GA
assisted knowledge-based surrogate modeling.

• The PASBDO method is used to solve the design optimization problem adaptively and
efficiently.

• Finally, the performance of the proposed strategy for solving this problem is discussed,
which includes the approximation accuracy of surrogate models and the computa-
tional effort.

6.2. Introduction of the Aircraft Wingbox Design
Optimization

The aircraft wing studied in this chapter is refered to a passenger aircraft based on the Airbus
A320 geometry. The airfoil shape is formed according to the DLR-F4 aerodynamic config-
uration given in Redeker (1994). A CAD model of the aircraft wing is shown in Figure 6.2,
which is constructed in LLB by Armanini (2011). It is shown that the wing is composed
of wingbox, flaps, ailerons and engine. Fuel and fuel tanks, which are components inside
the wingbox, are not explicitely shown. The structure of the wingbox includes upper and
lower wing skins, ribs, stringers, front and rear spars and spars connecting with the fuse-
lage. Wingbox of an aircraft wing is the main structure that sustains aeroelastic loads, while
the flaps and ailerons are mainly used for manoeuvring. Therefore, in structural optimiza-
tion, only the geometric parameters of the wingbox are considered as design variables. To
simulate the aeroelastic loads, finite element models for structural analysis and aerodynamic
analysis are constructed, which will be introduced as an example of computationally expen-
sive engineering problem in the following sections.
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Figure 6.2.: CAD model of an aircraft wing, the wingbox structure (only the parts between
front and rear spars) of which is to be optimized.

6.2.1. Simplification in Model Construction of the Aircraft Wing

To facilitate the automatic optimization process, parameterized models are necessary, which
are constructed in this chapter with ANSYS Parametric Design Language (APDL). The pa-
rameters of the aircraft wing model can be easily altered, followed with automatic recon-
struction, remesh and reanalyse. The analysis of the aircraft wing under aeroelastic loads
requires two models, one is the structural model and the other is the aerodynamic model.
The two models are analysed independently with different types of analyses, but their anal-
ysis results are coupled so that their outputs act as inputs of each other. Because of the
difference in the analysis, the emphasized components and the requiements in the mesh are
different in the two models. For the structural mechanic analysis, the stiffness of the model
is the main factor that affects the analysis results, so that the details about the size (thick-
ness), materials, element types of the structural components should be considered. For the
fluid dynamic analysis, the outer shape or the configuration should be carefully modeled,
while the inner structure can be neglected. Simplification in the model construction of the
aircraft wing is necessary, so that computational structural mechanics and fluid dynamics
simulations can focus on their own main effects, and the trivial details are ignored. In the
following, the simplified structural mechanical model and the aerodynamic model are in-
troduced respectively.

The finite element model for structural mechanic analysis is shown in Figure 6.3. The
upper wing skin is not shown on purpose so that the inner structure of the aircraft wing
can be seen. In this model, only the wingbox is considered and all flaps are not shown. The
engine, the fuel and tanks in the wingbox contribute little in sustaining aerodynamic loads,
so that they are all simplified to mass points. The wing skin, spars and ribs have much
larger inplane size than the thickness, so that they are all modeled as 2D shell elements. The
stringers supporting both the upper and lower wing skin have very large slenderness ratio,
so that they are all modeled as 1D beam elements, with a T-cross section.

The aerodynamic model requires the outer shapes instead of the inner structures, so that
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Figure 6.3.: Finite element model of the wingbox for structural analysis (the upper wing skin
is not shown).

the shape of the whole wing has to be modeled, as well as the shape of the fuselage. The
shape of the engine also plays a role but much smaller, which is for simplification reason not
modeled. The airplane has a symmetric configuration, as a result, only half of the fuselage
and the right wing are to be considered, and symmetric boundary conditions are given. To
model the air around the components, a volume surround the components has to be models,
which are given the properties of the air at a certain flight height and speed. The volume
has to be kept as small as possible so that compuational effort can be saved. However, the
volume of air also needs to be large enough to consider the change of flow around the wing.
The volume which contains air surrounding the aircraft is called control volume. The size of

Figure 6.4.: Control volume for flow field in aerodynamic analysis.
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the volume is determined refering to engineering experience and by trying and adjusting.
The control volume is shown in Figure 6.4, which is demonstrated with two different angles
of view.

Once the control volume is defined, it is meshed to form the finite element model for
aerodynamic simulation. The number of elements could be extremely large since the control
volume is relatively large compared with the airplane. The mesh around the airplane should
be very fine because the boundary laryer is created in this region. While the mesh further
away from the airplane body can be relatively sparse.

Figure 6.5.: Finite element model (3D) of the aircraft wing for aerodynamic analysis.

6.2.2. Design Variables

The details of the mesh around the aircraft wing finite element model is shown in Figure 6.5,
where the regions of flow field, the wing and wingbox are marked.

The wingbox model contains a total number of 344 design variables, which are the sizing
parameters of the stringers, the skins, the spars and the ribs. The parameters are variable
spanwisely and chordwisely, and they are also varying according to upper and lower posi-
tions for the skin. The parameters are noted as xg for the stringers, xk for the skins, xp for
the spars and xr for the ribs, repectively. A list of the components with the defined design
variables can be found in Table 6.1.

6.2.3. System Responses

The system responses considered in this dissertation include stresses σ and displacements
δ of the wingbox structure under the aeroelastic load, as well as the resonance frequence
f of the structure. The system responses are obtained by performing the computational
structural mechanical (CSM) analysis with the finite element method, in which the loads
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Table 6.1.: Design variables of the aircraft wingbox model.

Components Design variables Description

xg1, xg2, · · · , xg112
Thicknesses, widths and heights
of the T cross section of stringers

xk1, xk2, · · · , xk156
Thicknesses of skin panels,

varing spanwisely and chordwisely

xp1, xp2, · · · , xp50
Thicknesses of the spars,

varing along the spanwise direction

xr1, xr2, · · · , xr26 Thicknesses of the ribs

(pressure distribution) on the structure are obtained from CFD simulation. The CSM and
CFD analyses are coupled so that the aerodynamic model gets updated deformation from
the structural model and transfers the updated pressure distribution to the structure. Both
the CSM and CFD are solved based on the FEM method. For the given wingbox structural
model, the CSM perfoms a nonlinear static analysis while considering the large-deflection
effects. The CFD for the wing model is a three dimensional turbulent compressiable fluid
dynamics analysis. Both analyses include a number of iterative processes for solving the
system equations and are rather computationally expensive. The process of the coupled
analyses is demonstrated in Figure 6.6.

As is discussed in section 6.2.2, the structural model and the aerodynamic model are
meshed differently, and thus the positions of nodes are not identical in two models. There-
fore, the coupling of two analyses is realized by an interpolation method. The deformation
of the nodes in the structural model is interpolated to the nodes in the aerodynamic model,
and the pressure distribution in the aerodynamic model is interpolated to the structural
model. Both the positions of the nodes on the upper and the lower skins in the structural
model and the aerodynamic model are saved to MATLAB as matrices. The pressure dis-
tributed on the whole aircraft wing is obtained with the CFD simulation in ANSYS, and
the pressure data with respect to the node positions in the aerodynamic model are saved as
vectors to MATLAB. The displacements of the nodes in the structural model through CSM
analysis are also saved as vectors to MATLAB. Linear interpolation of the pressure and dis-
placement data between the nodes matrices of two models is performed. With the param-
eterized models and the interpolation between the CSM and CFD analyses, an automatic
aeroelastic analysis is possible. By performing such high-fidelity simulations iteratively, the
required system responses of the aircraft wing under aeroelastic loads are obtained.
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Figure 6.6.: High-fidelity analysis of the aircraft wing under aeroelastic, with coupled CSM
and CFD simulations.

6.3. Task Definition

In the design optimization of the aircraft wingbox, the structural mass of the wingbox is to
be minimized, while a number of constraints in strength, stiffness and stability have to be
satisfied [Niu (1988)]. This optimization problem is mathematically formulated as

minimize m(x)

such that gσ(x) =
σ(x)

σcr
− 1 ≤ 0

gδ(x) =
δ(x)

δcr
− 1 ≤ 0

gf (x) = 1− f(x)

fcr
≤ 0

and xl ≤ x ≤ xu.

(6.1)
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In Equation 6.1, the gσ represents a vector of constraints related to the stress. The stress
constraints requires the maximum stresses on all components of the wingbox to not exceed
the critical stress σcr according to the material strength. Similarly, the gδ represents a vector
of constraints related to the displacements of the structure. All components of the wingbox
should not have a deformation larger than the critical displacement value δcr. gf (x) refers to
the first resonance frequency of the structure, which should not be smaller than a predefined
value fcr for stability consideration.

To avoid computational expensive and time-consuming high-fidelity simulations during
the optimization process, surrogate-based design optimization is performed. The mathe-
matical formulation of the design optimization using surrogate models replacing the high-
fidelity system equations are given as

minimize m(x)

such that gσ̂(x) =
σ̂(x)

σcr
− 1 ≤ 0

gδ̂(x) =
δ̂(x)

δcr
− 1 ≤ 0

gf̂ (x) = 1− f̂(x)

fcr
≤ 0

and xl ≤ x ≤ xu.

(6.2)

In Equation 6.1 and 6.2, σcr = 200 Mpa, δcr = 2.2 m and fcr = 3 Hz are constant values
refering to the critical constraints. σ̂, δ̂ and f̂ are the surrogate models of σ, δ and f . Those
surrogate models are to be constructed with the combination of mathematic methods and
engingeering knowledge. The task in this chapter is to solve the design optmization problem
of the aircraft wingbox with high efficiency and accuracy. The performance of the PASBDO
method proposed in this dissertation is to be validated in solving this large-scale engineering
problem.

6.4. Parallelized Adaptive Surrogate Based Design
Optimization of Aircraft Wingbox under Aeroelastic
Loads

High-fidelity analysis as solver of system equations is too much time consuming that the
surrogate models of system equations are favored. As is discussed, standard surrogate
modeling method requires large number of sample points, and still has difficulties to ap-
proximate the system responses of the aircraft wing problem within acceptable accuracy.
The use of engineering knowledge combined with a genetic algorithm in Kriging model is
designed to deal with the accuracy requirments, as well as to reduce the demanded amount
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of sample points in constructing surrogate models. In this section, PASBDO method is used
for design optimization of the aircraft wingbox. In each loop of PASBDO, the knowledge-
based surrogate models are updated and a complete surrogate-based optimization process
is performed. Then the optimization results and the accuracy of the knowledge-based sur-
rogate models are checked and refined adaptively with a couple of infill points. Finally, it
is possible to solve the aircraft wingbox design optimization problems with good efficiency
and high approximation accuracy.

6.4.1. Knowledge-based Surrogate Modeling

As is disscussed in Chapter 3 and Chapter 4, the first and most important step in knowledge-
based surrogate modeling is to analyse and decompose the structural system. By doing this,
engineering knowledge-based terms can be generated and the dimension of the surrogate
modeling problem can be reduced. To do this, a cross section of the wingbox at a specific
y-coordinate is represented in Figure 6.7. As is known from mechanic engineering theory

Figure 6.7.: Cross section of the wingbox at a specific y-coordinate.

for beams and shells described in Section 3.3, the cross-sectional properties representing
the axial, bending, shear and torsional stiffnesses of the structure are the knowledge-based
terms we are looking for. Those terms are able to act as the bridge between design variables
and the system responses so as to reduce the dimension of modeling space and nonlinearity
of the relations to be approximated. Those properties of the cross section in Figure 6.7 can be
derived explicitly with respect to the design variables and form the engineering knowledge-
based terms. Engineering knowledge and experience of the aircraft wingbox is then used
to choose proper modeling space and modeling responses for surrogate modeling. This is
explained as follows:
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• For modeling space, the geometric properties of the cross sections of 26 segments along
the spanwise direction are derived. Those include the cross-sectional area A, the mo-
ment of inertia Ixx and Izz, the rotational rigidity Jyy, as well as the thickness to surface

area ratio
t

As
of the shells. For the term of thickness to surface area ratio

t

As
, only

the thickness t needs to be considered since the surface area As is not changing with
respect to the design variables.

• For the modeling responses, instead of stress σ and displacement δ, their inverses
1

σ
and

1

δ
are approximated. This is because that the system responses σ and δ are

inversely related to the design variables.

After the knowledge-based terms are formed, the regression model of the Kriging model
is to be constructed. To formulate the regression model, either the traditional quadratic re-
gression functions can be used, or the genetic algorithm can be used to search for the best
regression functions. The functions are selcted from a number of candidate formats, which
is given in Chapter 4. With either method, it is found that using all the 26 spanwise sections
can generate ill-conditional regression functions. The reason for the ill-condition is that the
knowledge-based terms of a section are too close with those of the neighboring sections. As
a result, nearly identical columns are formed in a matrices describing the structure of the
regression functions. While performing Cholesky factorization or inverse of these matrices,
ill condition is a problem that prevent the further proceeding of the construction process.
Even when the numerical tolerance is set very large to allow the proceeding of the calcu-
lation, the ill-conditioned matrices can affect the approximation accuracy. By studying the
conditional values of the matrices, which contain the geometric properties of the 26 sections
for knowledge-based surrogate modeling, it is suggested that neighbor sections be grouped
and share the same design variables. Therefore, the wingbox model is spanwisely grouped
into five segments, as shown in Figure 6.8.

Figure 6.8.: Grouping of spanwise sections in to five segments, which contain four, four, four,
six and eight sections, respectively.

The 26 spanwisely distributed sections are so grouped that the first four sections forms
the first group, and then the next four, four, six and eight sections form the other four sec-
tions. In total, there are five segments (see Figure 6.8), which are studied for knowledge-
based surrogate modeling. There are more sections in the segments near the tip than those
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near the root. This is because that the regions near the root are generally more critical than
the tip regions, and, therefore, they should contain fewer sections and should be studied in
more details. Within one segment, the design variables do not change spanwisely, which are,
however, still chordwisely variable. Therefore, the total number of design variables reduces
from 344 to 74. Knowledge-based terms to form the modeling space of surrogate modeling
are generated for the five segments as follows:

• average geometrical properties for the cross sections in the five segments, Ai, Ixx,i, Izz,i,
Jyy,i, i = 1, 2, .., 5,

• thicknesses of the ribs in the five segments, ti, i = 1, 2, .., 5.

As a result, there are only 25 knowledge-based terms. Surrogate modeling is then con-
structed with those knowledge-based terms instead of 74 design variables. Therefore, the
modeling space is greatly reduced according to the engineering knowledge of the system.
Latin hypercube sampling method is used for design of experiments. 360 sample points are
generated for surrogate model construction, which means 360 runs of the high-fidelity sim-
ulations are performed. Now that the modeling space and modeling responses are decided,
and sample points are generated, the regression functions can be searched with GA. The
initial knowledge-based surrogate models are constructed with Kriging, which, however,
should be refined adaptively in order to asure the accuracy of the optimization results.

6.4.2. Parallelized Adaptive Surrogate Based Design Optimization and
The Results

After the initial knowledge-based surrogate models are determined, the PASBDO is used
to refine the surrogate models with the help of multiple infill criteria and parallel comput-
ing. With the loops of PASBDO, the quality of surrogate models for system responses are
gradually improved. Eventually, by using both GA for global search and SQP with multiple
starting points for local search on the surrogate models, the optimization results can be ob-
tained very efficiently. The procedure of PASBDO is introduced in Chapter 5, and details of
the settings of PASBDO for the aircraft wingbox design problem are listed as follows:

• 360 initial sample points are generated by LHS method for the construction of initial
surrogate models.

• Both the heuristic optimization method GA and the gradient and Hessian based op-
timization method SQP are used to search for the optimal design on the knowledge-
based surrogate models.

• The total number of optimization processes in one loop of PASBDO is set to 20, which
include one GA and 19 SQP. The number 20 is selected according to the dimension of
modeling space and the available CPU resourses on the cluster. Setting larger num-
ber of parallelized processes is recommended as long as enough CPU resourses are
available.
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• The 20 different starting points are seleted from the sample points, which have the
best objective function values considering their feasibility. Since the starting points are
chosen from sample points generated with LHS, they are also well distributed in the
design space.

• The minimum allowable distance between sample points is set to 0.1. This means if
the distance between two points is smaller than 0.1, then one of them is considered to
be redundant and is deleted. The remained infill points are evaluated with the high-
fidelity models using parallelized computing technique.

• The maximum number of loops of PASBDO is set to ten as a stopping criterion.

• The tolerance of the change in design variables, objective function, constraint functions
between two loops and the maximum allowable constaint violation are set to 10−2,
which are the convergence criteria in addition to the stopping criterion.

After two loops of PASBDO, a design is already converged, which satisfies the optimality
conditions defined in Equation 5.22 and 5.23 for SBDO. The final design for the compo-
nents of the wingbox is shown in Figure 6.9. The varying of thicknesses of the wingbox
components along spanwise segments and the stringers along the chordwise direction is
demonstrated. The results in Figure 6.9 are interpreted as follows.

• The left subgraph of Figure 6.9 demonstrates the optimized thicknesses of components
in the five segments along the spanwise direction. Those components are the front
spar, the rear spar and the ribs. The observations are listed below.

– For both the front and rear spars, the inboard segments (No. 1 and 2) are thicker
than the outboard segments (No. 4 and 5). This is clear because the inboard
segments have to withstand greater stresses than the outboard segments.

– For both spars and ribs, the middle segments (No. 3) have the largest thickness.
As can be seen in Figure 6.8, the third segment is located at the position where
the orientation of the ribs changes. This results in larger distances between ribs
and longer spar components than those of the inner segments (No. 1 and 2). As
longer shells are more susceptible to local buckling that it is reasonable to have
larger thicknesses there.

– Generally, the ribs have much smaller thickness than the spars, except for the
the ribs at the tip segments, where both are very thin. The function of ribs is
to transfer loads between upper and lower skins and spars. The ribs are mainly
under shear stress and can be thinner, as is also suggested by the results. Usually
the ribs are designed with lightening holes [Niu (1988)].

• In the right-top graph of Figure 6.9, the optimized thicknesses of wing skins are shown.
More specifically, they are the upper and the lower wing skin close to the front spar
along the five spanwise segments. For them the observations are also listed in the
following:
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Figure 6.9.: Results of the design variables obtained by PASBDO for the aircraft wingbox
design optimization problem [Xu et al. (2013)].

– The thicknesses of both the upper and lower skins are generally decreasing from
the root to the tip. This is obvious since no matter under bending or torsion or
both, the root segments have to sustain higher stresses than the tip segments.

– The upper skin elements have larger thicknesses than the lower ones. This is
because of the lift on the wing that the upper skin is under compression while the
lower skin is under extension.

• The thicknesses of the flanges of the stringers along the chordwise direction is shown
in the right bottom graph of Figure 6.9. No clear trend is seen chordwisely for the
stringers and the thickness values are much smaller than components shown in the
other two subgraphs. This is because of the using of knowledge-based terms, which
calculate the cross-sectional properties. Since each stringer contributes a much smaller
portion compared with the other components, the surrogate models are unable to
approximate the effects of those design variables accurately. A detailed design of
stringers with variable sizing parameters or even shapes and materials can performed
seperately following the designs obtained in this chapter.
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Performances of the PASBDO method for the aircraft wingbox design problem can be
seen in Table 6.2, which contains information in each loop of PASBDO. The initial model in

Table 6.2.: Information in each loop of PASBDO for the aircraft wingbox design problem [Xu
et al. (2013)].

nsamp max(εrrms) nfeas mopt gmax

Initial model 360 3.25% 0 1347.6 0.3183
1st loop model 20 infill points 2.08% 2 1318.5 -0.0302
2nd loop model 20 infill points 1.99% 15 1302.6 -0.0172

the table means the initial surrogate models constructed by GA assisted knowledge-based
surrogate modeling method with 360 sample points. The 1st and 2nd loop models refer to the
knowledge-based surrogate models refined by infill points recognized during the loops of
PASBDO. Only two loops of PASBDO is necessarily executed before a design is converged.
max(εrrms) is the maximum relative root mean square error of the approximation, which is
cross validated in the process of PASBDO. nfeas is the number of feasible designs obtained
from the 20 optimization processes with different starting points. gmax is the maximum
constraint violation value, of which only nonpositive value indicates feasible designs.

It can be seen that the initial knowledge-based surrogate models have good accuracy
(max(εrrms) = 3.25% < 5%), which are then improved in two loops, each generates 20 infill
points. However, it should be noted that no feasible design can be guaranteed by optimizing
on the initial surrogate models. For this large dimensional design problem, although the
accuracy of initial approximations obtained with knowledge-based surrogate modeling are
not bad, it is not good enough for optimization. This is because that in optimization, focus
should be put on the critical regions and the approximation quality in such regions should be
very high. In the searching process of SQP, it is quite possible that the search goes trapped
in unsampled regions of surrogate models. Those regions might containing local minima
of the surrogate models but are actually infeasible points when checked with high-fidelity
system equations. Therefore, it is very important to generate infill points in PASBDO, so that
those regions are validated and clarified. Afterwords, better and feasible design regions can
be identified. Finally, it is proper to use the refined surrogate models as system equations
for design optimization.

6.5. Discussion of Computational Effort

The main purpose for developing the PASBDO method is to reduce the computational ef-
fort in design optimization for problems with computationally expensive system equations.
The aircraft wingbox design optimization problem is one of the typical large-scale problems
for validating PASBDO. To demonstrate the performance of the PASBDO, it is necessary to
discuss the computational effort of other methods, which are listed as follows:

• Gradient-based optimization algorithm with finite differencing
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The aircraft wingbox design optimization problem has large dimensionality, which
contains 74 design variables after the grouping of sections. Let nDV be the number of
design vaiables. The calculation of gradients with finite differencing requires nDV + 1

evaluations of the system equations in each iteration of the optimization. The number
of evaluations can be even higher when the calculation of Hessian matrix are necessary.
Therefore, even just for e.g., six iterations, which is a typical small number for the con-
vergence of gradient-based algorithms, 450 system evaluations are needed. Normally
much more iterations are used for searching in high-dimensional design space.

• Gradient-based optimization algorithm with analytical gradient calculation
This is one of the most efficient optimization method, which is however, not possible
for the complicate CSM and CFD system simulations of the aircraft wing.

• Gradient-based optimization algorithm with semianalytical gradients
This is a very promising method that does not only reduce computational effort, but
also maintain good accuracy in system evaluations. This method, however, requires to
explicitly export the global stiffness matrix and the aerodynamic influence coefficients
[Wright and Cooper (2007)] of the aircraft wing system. Since such requirments can not
be fulfilled by ANSYS, other FEM codes should be considered. However, this needs
further time and effort for programming and validation. As a result, the performance
of this technique is not possible to be shown for comparison in this dissertation, but it
is highly recommanded.

• Evolutionary algorithms
Such methods require either a large population or a large number of iterations (gener-
ations) for the searching of high-dimensional design space. A large population means
a great number of system evaluations and large number of iterations will also lead to
soaring computational efforts. For example, for nDV = 74, a reasonable population
size would be at least 300, which means even only two generations of searching would
result in 600 system evaluations.

• Standard surrogate modeling based design optimization
This method has to face the difficulty of DOE for large dimensionality. To ensure
good distribution and well coverage of the design space, the number of sample points
should be reasonably large. Besides, if using a standard quadratic polynomial model,
≥ 2850 sample points are required for least-square determination of the regression co-
efficients. To reach good local approximation quality at critical design domains, even
more sample points are necessary. Further, the approximation quality can not be guar-
anteed with larger sample size, since the formats of the surrogate models are even
more important factors.

Having discussed the computational efforts required in these methods, the advantages
of the PASBDO method over most of them is clear. Reasons for the good performance of the
PASBDO method in the aircraft wingbox design problem are explained in details.

First of all, the contribution for good efficiency and accuracy comes from the knowledge-
based surrogate modeling. It reduced the dimension of the modeling space to from 74 to 25,
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which greatly relieves the pressure in DOE. The 25 knowledge-based terms represent the
mechanical properties of the structure, which make it possible to approximate the modeling
responses with simpler formulations of regression functions. Therefore, it requires fewer
sample points to determine regression coefficients of the surrogate models and it can achieve
better approximation precision.

The use of estimated root mean square error and constrained expected improvement as
infill criteria is also a reason for the good performance of PASBDO. The multiple searching
based on these infill criteria provided the desired infill points, which are either in the regions
close to the optima or in the unexplored regions of the design space. In other words, this
strategy is capable of identifying locations on current surrogate models, which are most
necessarily to be improved. It refines the surrogate models with very small effort, i.e. only a
couple of infill points are evaluated in each loop of PASBDO.

A number of surrogate-based design optimization processes are executed with different
starting points. This is beneficial for three reasons. First, the starting points are a number
of best sample points. By starting from those positions, it has higher chance to discover
the optima or at least good designs than starting from the boundary of design space or a
random position. Second, the starting points are well distributed in the design space, so
that it can reduce the chance of trapping in a local optimum. Last but not least, a number
of optimization processes with different starting points are performed on surrogate models,
which are computationally very efficient. It would take too much effort to do this on the
computationally expensive system equations.

With all the above strategies, the required number of system evaluations to solve the
optimization problem is only 400. Besides, the parallelized computing technique can further
reduce the time expense. The use of parallelization provides a speed-up ratio of Pp = 18.2

for the aircraft wingbox design optimization problem.

6.6. Summary of Chapter

Design optimization of an aircraft wingbox under aeroelastic loads is introduced and solved
with PASBDO in this chapter. The high-fidelity evaluations of the system equations requires
the coupling of CSM and CFD simulations, which are computationally expensive. The PAS-
BDO method is used to accelerate the optimization process. PASBDO starts with initial
surrogate models, which are constructed with the combination of mathmetical tools and
mechanical engineering knowledge. Infill criteria are used to varify the quality of surrogate
models and make refinements at the most promising positions. Multiple surrogate-based
optimization processes are implemented in each loop of PASBDO to enhance the ability of
identifying good designs. The use of parallelization technique further increases the effi-
ciency in solving the wingbox optimization problem. In conclusion, the PASBDO method
has shown its capability in solving this large-scale structural design optimization problem.
It is demonstrated that by using the PASBDO, high efficiency in optimization and good ap-
proximation accuracy in surrogate models can be achieved.
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Crashworthiness simulations are used in the automobile industry to analyse the behavior
of a vehicle or its components under impact loads, so as to assess the safety of the vehicle
and guide the structural design. A high-fidelity crashworthiness simulation is usually ex-
tremely time consuming since a large number of finite elements and discrete time intervals
are involved [Bois (2011)]. Therefore, design optimization, which usually requires enormous
evaluations of the system equations are hindered. In this chapter, the PASBDO method is
applied to the design optimization problem of an automobile front crash system. It is shown
that the PASBDO method is a robust method, which is capable of sovling the optimization
problem with high accuracy and efficiency.

7.1. The Front Crash System of Electric Car MUTE

MUTE is the name of a two-seat energy-efficient city car developed at the Technische Uni-
versität München (TUM). The project was carried out through the cooperation of 20 de-
partments of TUM, of which the department LLB was responsible for structural design of
the space frame. The structural design optimization of the MUTE space frame is carried
out in LLB by Erich Wehrle and other colleague, more introduction of which can be found
in Wehrle et al. (2012) and Fuchs et al. (2012). The design is aimed at structural weight
reduction, while maintaining the crashworthiness requirements in structual strength, stiff-
ness and stability, as well as costs and other industry standards, as one can found in Wehrle
(2013). The study of the MUTE front crash system is an important part of the space-frame
design, as shown in Figure 7.1. In this dissertation, the application of PASBDO method is
performed on the MUTE front crash system design problem, which contains computation-
ally expensive system equations and nonsmooth system responses. Sizing and shape design
optimization of the front crash system under impact loads is performed with the assistance
of the surrogate modeling techniques to ease the burden from time-consuming crash simu-
lations.
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Figure 7.1.: MUTE with the front crash system to be optimized.

7.1.1. Simplification in Model Construction of the Front Crash System

In design optmization of structures under crash simulation, it is beneficial to focus on the
main load bearing elements, so that the model size is smaller and the simulation time is
smaller. The constructed simulation model of the front crash system is, therefore, simplified.
The simplified front crash system is composed of a bumper and two crash tubes, as shown
in Figure 7.2.

Figure 7.2.: Simplified configuration of the front crash system.
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A mass point and rigid links between the mass point and the crash tubes represent the
simplified other parts of the vehicle.

The bumper has a smooth surface, extended from a rectangular cross section along a
designer-controlled curve. The leading edge of the bumper is the part of the system that
touches crash barrieres. The other side of the bumper has two open slots on both left and
right edges to avoid unnecessary weight. The left and right crash tubes are connected with
the leading edge of the bumper to allow direct pathing routes for the impact loads. There
are triggers at the front of both tubes to activate the expected folding mode of the tubes
when crash starts. In the front crash system, the structure of the whole vehicle is simplified
into a mass point, which has the mass and inertia of the complete vehicle. Since the mass
of the bumper and tubes only share around 1% of the vehicle, the mass of the complete
vehicle is assumed to be constant during design optimization of the front crash system for
simplification. The total massmc is 0.7 Kg. The inertial properties assigned to the mass point
is calculated as follows by assuming the vehicle to be a solid cubic.

Ixx =
1

12
mc(w

2 + d2)

Iyy =
1

12
mc(l

2 + d2)

Izz =
1

12
mc(w

2 + l2)

Ixy = Iyz = Ixz = 0

(7.1)

where w, d, l are the width, depth, and length of the vehicle, respectively. The rigid links
between the mass point and the tubes represent the connection between the other parts of
the vehicle and the front crash system. The crash tubes and bumper are modeled as thin-wall
shell elements. With such construction, the model of the front crash system is simple enough
to allow reasonably fast crash simulation, while still being a complete entity to represent the
feature of the front-crash of the vehicle.

7.1.2. Design Variables

There are in total seven design variables in the design optimization of the front crash system,
as shown in Figure 7.3. The meaning and domain of all design variables are given as follows:

x1 : angle of the crash tubes, [0, 10] (◦)

x2 : radius of the crash tubes, [35, 75] (mm)

x3 : thickness of the crash tubes, [1, 4] (mm)

x4 : offset of the bumper center line, [−50, 100] (mm)

x5 : height of the bumper, [30 + 2x2, 50 + 2x2] (mm)

x6 : width of the bumper, [30, 75] (mm)

x7 : thickness of the bumper, [1, 4] (mm)

(7.2)

In Figure 7.3, examples of different settings of design variables are demonstrated. The
bottom-left graph shows that when x1 = 0 and x4 = −20, the tubes of the front crash system
are parallel with the forward driving direction, and the bumper has a curve going towards
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Figure 7.3.: Design variables of the front crash system.

the forward direction forming a C-shape curve. Such shape is beneficial when a front com-
plete crash happens, as shown in Figure 7.4, because the tubes have the direct path to take
the impact loads. It is shown in the bottom-right graph of Figure 7.3 that, when x1 = 10 and
x4 = −20, the tubes are no more parallel-located and the center of the bumper goes back-
words, forming a M -shape curve. Such design is benifical when a front side crash happens,
as shown in Figure 7.5, because the crashed and uncrashed sides are isolated to prevent ex-
tensive damage. The seven design variables control the shape and size of the front crash
system together. A best setting of the design variables is to be searched in order to minimize
the structural mass, while satisfying all design requirements.

7.1.3. Load cases

Two load cases are analyzed to study the front crash behavior of the system. One is accord-
ing to the United States new car assessment program (US NCAP) and the other is according
to the european new car assessment program(EU NCAP). In both cases, the out of plane
deformation of the mass point is constrained in crash simulation.

• US NCAP: As is shown in Figure 7.4, according to US NCAP, a full-width frontal crash
simulation is performed. The vehicle goes forward with a velocity of 56 km/h and the
whole head crashes into a rigid wall.
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Figure 7.4.: Crash simulation of MUTE front crash system under US NCAP.

• EU NCAP: Based on the EU NCAP, a frontal offset impact crash simulation is carried
out, as is show in Figure 7.5. 40% of the head crashes into the rigid wall, while the ve-
hicle is going forward with 64 km/h velocity. In this load case, it is assumed that only
half of the kinetic energy is to be absorded by the front crash system, and, therefore,
the simulated velocity of the structure is 45 km/h.

Figure 7.5.: Crash simulation of MUTE front crash system under EU NCAP.

7.1.4. Material Properties

The material of the front crash system is extrusion aluminium alloy, EN AW-6060, the mate-
rial data of which are based on Zarei (2008). Those material properties of EN AW-6060 are
listed in Table 7.1, which are the density ρ, the elastic modulus E, the poisson ratio v and the
yield stress σy. Since elasto-plastic deformation of the structure is involved in crash process,
the stress-strain relation of the material is given, which is demonstrated in Figure 7.6.

7.1.5. System Responses

There are in totol six system responses, which are used to form the objective and constaint
functions of the front crash system design optmization problem. The first system response

120



7. Parallelized Adaptive Surrogate Based Design Optimization of an Automobile Front
Crash System Under Impact Load

Table 7.1.: The material properties of extrusion aluminium alloy, EN AW-6060.

Density Elastic modulus Poisson ratio Yield stress

2.63e3 kg/m3 70000 MPa 0.33 231 MPa
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Figure 7.6.: The plastic stress-strain relationship of the extrusion aluminium alloy, EN AW-
6060 for the front crash system.

is the mass of the front crash system m, which is the objective function. Once the design
variables are given, m can be calculated analytically, and, therefore, no computationally ex-
pensive simulations are necessary for m. The other five system responses are calculated to
form constaint functions, which are introduced in the following. After the model is con-
structed, and load cases are defined, explicit finite element analyses are carried out for the
crash simulations of the front crash system. The crash responses are obtained, which include
the compression length Lcr of the crash tubes and the maximum resulted section force on
the end of the crash tube Fsec during crash simulation, as demonstrated in Figure 7.7. The
two load cases have the same definition of system responses, but different values, noted as
LUScr , FUS

sec, LEUcr , FEU
sec, respectively.

The crash process involves the folding of the crash tubes, which is a progressively plastic
deformation procedure. The propagation of energy and force in the tubes produces oscil-
lated section forces. The section forces recorded in the crash simulation process contain
noise, and, therefore, a Butterworth filter [Butterworth (1930)] is used to smooth the ob-
tained data, which is implemented by Fellner and Wehrle (2013). In Figure 7.8, an example
of the unfiltered and filtered section forces in the simulation process is demonstrated. The
maximum section force is then obtained from the filtered data, and applied as a crash safty
constraint.
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Figure 7.7.: System crash responses: compression length and section force of the crash tubes.
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Figure 7.8.: An example of the unfiltered and filtered section forces in the crash simulation.

The last system response is the thickness to radius ratio
x3

x2

of the crash tubes. This ratio

is a very important geometrical contraint. The critical plastic buckling stress σcr is depend
on the thickness to radius ratio of the crash tubes. The critical thickness to radius ratio γcr
seperates the elastic and plastic buckling of the crash tube [Abramowicz and Jones (1997)],
which is, therefore, derived by

σcr = σy, (7.3)
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where

σcr =
n2γ2

crE
12(1− v2)

. (7.4)

In Equation 7.4, n is a constant, which equals to the number of triggers on each crash tube.
Physical experiments for the folding modes of the crash tubes under quasi-static compres-
sion loads are carried out in LLB to test this design concept. One test sample is shown in
Figure 7.9. In the experiments, concerns are the folding modes affected by the position, the
amount and the geometrical parameters of the triggers on the crash tubes, etc. Acoording to
the research and experiment results from Wehrle (2013)], the number of triggers is chosen,
n = 3, which shows robust effects in triggering the same folding mode for energy absorbing.
To sum up, the six system responses are listed as follows:

Figure 7.9.: An example of the physical experiments for the folding modes of the crash tubes
under quasi-static compression loads [Wehrle (2013)].

m: mass of the front crash system (crash tubes and bumper),

LUScr : compression length in the US NCAP load case,

FUS
sec: maximum section force on crash tubes during crash in the US NCAP load case,

LEUcr : compression length in the EU NCAP load case,

FEU
sec: maximum section force on crash tubes during crash in the EU NCAP load case,

x3

x2

: thickness to radius ratio of the crash tubes.
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7.2. Task Definition

The design optimization of the front crash system of MUTE under impact loads requires the
structural mass to be minimized, while all constraints to be satisfied. The constraints are
discribed as follows:

• compression length in both the US NCAP and EU NCAP load cases should not exceed
450 mm,

• resulted maximum section forces on crash tubes during crash in both load cases should
not exceed 150 KN,

• thickness to radius ratio of the crash tubes should be so designed, that the critical
plastic buckling stress does not exceed the yield stress.

The mathematical formulation of the front crash system design problem is given in Equa-
tion 7.5.

minimize m(x)

such that g1(x) =
LUScr
450
− 1 ≤ 0

g2(x) =
FUS

sec
1.5× 105

− 1 ≤ 0

g3(x) =
LEUcr
450
− 1 ≤ 0

g4(x) =
FEU

sec
1.5× 105

− 1 ≤ 0

g5(x) =
n2γ2

crE
12(1− v2)σy

− 1 ≤ 0

and xl ≤ x ≤ xu, x = [x1, x2, · · · , x7] .

(7.5)

To avoid computationally expensive and time-consuming crash simulations during the op-
timization process, surrogate models are constructed for the system responses. The mathe-
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matical formulation of the design optimization using surrogate models are given as:

minimize m(x)

such that ĝ1(x) =
L̂UScr
450
− 1 ≤ 0

ĝ2(x) =
F̂US

sec
1.5× 105

− 1 ≤ 0

ĝ3(x) =
L̂EUcr
450
− 1 ≤ 0

ĝ4(x) =
F̂EU

sec
1.5× 105

− 1 ≤ 0

g5(x) =
n2γ2

crE
12(1− v2)σy

− 1 ≤ 0

and xl ≤ x ≤ xu, x = [x1, x2, · · · , x7] .

(7.6)

Comparing Equation 7.5 and 7.6, it is seen that the only difference between them is the use of
L̂UScr , F̂US

sec, L̂UScr and F̂US
sec in Equation 7.6. Those are the surrogate models for LUScr , FUS

sec, LUScr
and FUS

sec, respectively. The task in this chapter is to solve the design optmization problem of
the front crash system with the assistant of surrogate models. High efficiency and accuracy
is expected with the PASBDO method.

7.3. Parallelized Adaptive Surrogate Based Design
Optimization of the MUTE Front Crash System

The crash simulation of each load case for the MUTE front crash system costs around 30
minites on a CPU with current average performance. Since two load cases are considered
in this dissertation, roughly one hour is required in total for each evaluation of the system
equation.

The buckling mode of thin-walled column is influenced by many factors. Besides the
thickness to radius ratio and the radius to length ratio of the column, other factors such as
the smallest element size in the structure, the use of mass scaling in crash simulation and
the simulation time step, etc., also play important roles. The setting for those parameters are
tested and determined in LLB by Tischer and Wehrle (2012). Generally, the crash simulation
has a rather unstable nature. Slightly change in design variables can result in the change of
folding mode, and further affect the smoothness of the system responses. Parameter studies
of the front crash system performed in Binder and Wehrle (2012) and Zhang and Wehrle
(2013) show oscillating behavior in both the compression length and the section force with
respect to the thickness and radius of the crash tubes.
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The oscillating behavior causes difficulties in optimization. As is shown in the works
of Binder and Wehrle (2012) and Zhang and Wehrle (2013) that convergence is hard to
achieve during optimization with the crash simulation models. Besides, large time and com-
puational cost have to be dealed with.

The above mentioned problems motivate the use of parallelized adaptive surrogate-
based design optimization in the MUTE front crash system. The PASBDO follows the steps
demonstrated in Figure 5.9 of Section 5.6. Details of the PASBDO process for the front crash
system are discussed.

36 initial sample points are generated by LHS method for the construction of initial sur-
rogate models of LUScr , FUS

sec, LUScr and FUS
sec. Since there are seven design variables in this

problem, 36 is the number of coefficients in a full quadratic regession function. With 36
sample points, an initial Kriging model containing a second-order polynomial regression
function is constructed for each response.

The number of infill points to be searched for each response is set to eight. Since there
are four responses to be approximated, 32 infill points are found in total, with the multiple-
searching RMS infill criterion. The minimum allowable distance between sample points
is set to 0.1. Distances between all infill points are calculated. If the distance between two
points is smaller than 0.1, then one of them is considered to be redundant and is deleted. The
remained infill points are evaluated on the crash simulation model parallelly using cluster
computing technique.

The maximum number of iterations of PASBDO is set to ten as one stopping criterion.
When more than ten loops of PASBDO are needed, the total number of infill points to be
evaluated with high-fidelity simulations can be as many as 300, and, therefore, the efficiency
is no more good. The tolerance of the change in design variables, objective function, con-
straint functions in two iterations and the maximum allowable constaint violation are set to
10−3, which are the convergence criteria in addition to the stopping criterion.

Surrogate-based design optimization is performed, which include one GA optimization
for global searching and 35 gradient-based optimizations for local searching. All nonredun-
dant optimal results are validated simultaneously. The number of gradient-based optimiza-
tions changes adaptively in the PASBDO process, which increases by 35 in each iteration
when convergence of the PASBDO results is not obtained.

Infill points aiming at increasing the accuracy of surrogate models near the optimal re-
gions are identified with the multiple-searching CEI infill criterion. All nonredundant infill
points are evaluated simultaneously. Surrogate models are refined, the minimum allowable
distance between sample points decreases and the loops of PASBDO continues until an op-
timal design is converged. Following the above procedures, an optimal design is converged
in the fifth loop of PASBDO. The converging process is shown in Figure 7.10. Details of
results in PASBDO for optimization of the MUTE front crash system are listed in Table 7.2.
The meanings of the symbols in Table 7.2 are explained as follows:

nsamp: the number of sample points. This is only valid for the zeroth loop, where ini-
tial sampel points are generated with LHS for construction of initial surrogate models.

ninfill: the number of infill points found in each loop by multiple-searching criteria.
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Figure 7.10.: The converging process of PASBDO for the optimization of the MUTE front
crash system.

nfeas: the number of feasible designs found in each loop. The number of feasible
designs is an important sign of the quality of surrogate models in regions containing
optimal designs.

mopt: the objective function value of the optimal designs found in each loop. It is the
mass of the front crash system, which is to be minimized.

gmax: the maximum violation of constraints. The design is infeasible when gmax > 0,
and feasible when gmax ≤ 0. The closer the gmax is to 0, the nearer the optimal design
is located at the constraint border. The value of gmax does not only represent the
feasibility of the design, but also indicate the quality of the surrogate models at the
optimal design. Only when the quality of the surrogate models is good enough near
the optimal regions, the final design can be pushed to the constraint border during the
optimization process to discover better designs.

From Figure 7.10 and Table 7.2, it can be concluded that the PASBDO method is capable
of converging efficiently. The ability of identifying optimal designs accurately is discussed
later. With a few number of infill points in each loop pf PASBDO, the surrogate models are
refined in the critical design regions and the final optimal design is identified. The mass of
the front crash system is reduced to less than 4.5 kg, with four of the five constraints are
driven to the border. The total number of loops of PASBDO is five and the total number of
high-fidelity evaluations is 110.

Besides, the PASBDO is robust because its performance does not depend on the starting
vectors as many gradient-based optimization methods. For PASBDO, no initial starting vec-
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Table 7.2.: Results in PASBDO for optimization of the MUTE front crash system .

Loops of PASBDO nsamp ninfill nfeas mopt gmax

0 36 0 0 7.3909 0.0237
1 0 32 1 9.0988 -0.0196
2 0 17 1 9.0988 -0.0196
3 0 10 6 4.5621 6.3004e-4
4 0 13 7 4.4750 -5.2623e-4
5 0 2 7 4.4750 -5.2623e-4

tor need to be provided previously. The PASBDO method is able to identify the regions con-
taining the best optimal designs based on the distributed sample points and infill points. All
starting vectors for SQP are selected from the DoE. As long as the sample points from DoE
have good distribution, the risk of trapping in local optimal regions is small. The PASBDO
is tested five times with different initial sample points from LHS, and all five tests converge
to the same design. The design variables, system responses and constraint function values
of the final design obtained with PASBDO are given in Table 7.3. It is seen that the angle of

Table 7.3.: The design variables, system responses and constraint function values of the final
design obtained with PASBDO for the MUTE front crash system.

x1 x2 x3 x4 x5 x6 x7

9.9983 52.4874 3.3195 -49.9713 154.9704 30.2499 1.0004

System responses m LUScr FUS
sec LEUcr FEU

sec
x3

x2

4.4750 449.3460 1.4311×105 406.9220 1.4835×105 0.0632

Constraint functions g1(x) g2(x) g3(x) g4(x) g5(x)

-0.0015 -0.0460 -0.0957 -0.0110 -5.2623e-4

the crash tubes x1 is close to the upper boundary 10◦. This result indicates that nonparallel
tubes are preferred, which is also a sign that the constraints from the EU NCAP is more crit-
ical than those from US NCAP in our design problem. The offset of the bumper center line
x3 is approaching the lower boundary -50 mm, which forms a C-shape bumper curve. This
shape of bumper is a result of the compensation for the US NCAP, since the design of x1

takes side in the EU NCAP. Both the width x6 and the thickness x7 of the bumper are at the
lower boundary. The design results of the bumper indicate that the stiffness of the bumper
should be small so that the impact energy can be directly taken by the tubes, which are the
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energy absorbers. From the results of the system responses, it can be seen that the crash
length of the tube in US NCAP case LUScr is close to the boundary 450 mm. The section force
in EU NCAP FEU

sec is close to approach the boundary 150 KN. The thickness to radius ratio
of the crash tubes activates the critical buckling stress, as is seen by g5(x) = −5.2623e−4 → 0.
Besides, the other constraint g4(x) = −0.0110 is also feasible and close to be activated and
g3(x) = −0.0460 is although not active, but is feasible and not far away from the boundary.

With the optimal design, the final states of the crash simulations for the US NCAP and EU
NCAP load cases are shown in Figure 7.11. It can be seen that the folding modes in both load

Figure 7.11.: The final states of the crash simulations for the US NCAP (top) and EU NCAP
(bottom) load cases with the optimal design.

cases are stable and regular, which are important in absorbing the kinetic energy during the
vehicle front crashing process. Since both the compression length of tubes and the maximum
section force are under the allowable limits, the final design satisfies the crashworthiness
reqguirements, and the structural mass is greatly reduced.

7.4. Discussion of Computational Effort

The structural design optimization problem of the MUTE front crash system studied in
this dissertation involves seven design variables. The non-smooth feature of the system
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responses of the MUTE front crash system produces difficulties of convergence in the opti-
mization process. Computational efforts required by different methods are discussed. Be-
cause of the non-smooth responses and convergence problem, the optimzation result by a
gradient-based method for the same front crash system in not yet satisfactory. Either the ob-
tained design is infeasible or the design produces much larger structural mass. The design
optmization by a genetic algorithm faces large computational effort becaused of the conver-
gence problem. It is shown in Binder and Wehrle (2012) that for optimization of the front
crash system with only 5 design variables:

• when no surrogtae models are constructed, 487 evaluations are required using a ge-
netic algorithm developed in LLB named GAME Langer (2007);

• when standard surrogate-based design optimization is used, 400 evaluations are car-
ried out to generate sample points, yet feasibility of the final design is not ensured;

• when 800 sample points are used for surrogate-based design optimization, it is possi-
ble to find a feasible design. However, the constraints are not driven to the boundary,
which means that further computational effort is required to obtain better designs.

The PASBDO method, on the other hand, overcomes the convergence problem. It suc-
cessfully finds the optimum in five loops, with only 110 evaluations of the high-fidelity crash
simulations. The design obtained by PASBDO is feasible, while driving the constraint func-
tions to the boundaries. Meanwhile, the structural mass has been greatly reduced. With the
use of parallelized computing technique, the time expense of PASBDO on this problem is
less than eight hours. The parallelization speed-up ratio in this problem is Pp = 9.2.

From the above discussions, the advantage of PASBDO method in reducing computa-
tional effort can be clearly demonstrated. Besides high efficiency, further advantages of the
PASBDO are good accuracy and robust performance, which are not shown in other methods
for the optimization of the MUTE front crash system under crashworthiness constraints.

7.5. Summary of Chapter

In this chapter, design optimization of the MUTE front crash system under impact loads
is introduced. The challenges in this problem includes computationally expensive system
equations and non-smooth system responses, and, therefore, convergence is hard to obtain.
Further, no analytical gradient information is available for the crash simulation, and, there-
fore, gradient-based optimization method cannot optimize efficiently. Besides, the gradient-
based optimization method has high risk of trapping into infeasible domains. With the
PASBDO method proposed in this dissertation, the problems are overcame. Optimal design
of the front crash system are obtained by PASBDO with high efficiency, good accuracy and
robust performance.
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Owing to the large computational time expense in high-fidelity simulations, surrogate-based
modeling and optimization has become a state of the art in solving engineering design op-
timization problems of computational expensive system equations. Since surrogate models
are computationally cheaper approximations of the engineering system equations, it is much
more efficient to search for the optimal solution(s) based on surrogate models, especially
when a large number of iterations are required in optimization. The goal in surrogate-based
modeling and optimization of the engineering problems is to maintain the necessary de-
gree of accuracy of the optimized solution while using as fewer high-fidelity simulations as
possible. Although the advantage in surrogate-based modeling and optimization is clear,
it is not always easy to achieve the goal. Both the requirements in efficiency and in accu-
racy can be failed, when the system equations to be approximated are high dimensional or
highly-nonlinear. To cope with these problems, the PASBDO method is proposed in this dis-
sertation, which are validated with a number of mathematical and engineering examples.
Among them, two typical computational expensive engineering problems are introduced,
which are the aircraft wing design with simulation of fluid structural interaction and the
automobile front crash system design with crash simulation. The optimization of these two
problems are both solved with the proposed PASBDO method. It is demonstrated that the
PASBDO method is capable of providing high-accuracy solutions efficiently in engineering
optimization. The strategies in the PASBDO are concluded as follows:

• It reduces the dimension of surrogate modeling space using engineering knowledge
of a system, which, more specifically, forms the geometrical and mechanical properties
of the mechanical structural models.

• By properly choosing the parameters to be approximated, it reduces the complexity of
the input-output relations for approximation, and, therefore, increases the efficiency
and accuracy in surrogate modeling.

• Genetic algorithm is used to search for the best formats of the approximation functions
with respect to the knowledge-based terms. Therefore, the surrogate modeling process
is a combination of the heuristic mathematical searching tool, the full utilization of
engineering knowledge and the Kriging data-mining technique.

• Multiple-searching infill criteria are designed to refine the surrogate models adap-
tively. The multiple-searching infill criteria identify the positions, which are able to
contribute the most in improving the quality of surrogate models and the fitness of the
optimization results.
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• Optimization with both evolutionary strategy and multi-starting points for SQP are
used to explore the surrogate models in order to search for the optimal design(s). The
well distributed sample points in the design space and the infill points are selected
to be the initial designs for the multi-starting points SQP optimization. Such strategy
enables the PASBDO to explore the design space more thoroughly.

• Further, since the evaluation of all sample points and infill points are independent of
each other, parallelized computing technique is used in PASBDO.

The advantages of PASBDO demonstrated in the examples of this dissertation are listed
below.

• It is shown that vastly fewer sample points are required by PASBDO.

• Much higher accuracy in both the surrogate models and the optimization results is
obtained by PASBDO compared with standard surrogate-based design optimization
(SBDO) method.

• Compared with the direct optimization (DO) method, the PASBDO is remarkably faster
for both the aircraft wingbox design and automobile design problems.

• The PASBDO method shows higher chance to find better designs than the direct opti-
mization method and standard surrogate-based optimization method.

• The PASBDO is also shown to be a robust optimization tool for the large-scale and
challenging structural engineering design problems.

However, drawbacks of the PASBDO method and possible directions for further improv-
ing this method should also be mentioned. The effects in dimension reduction of surrogate
modeling space depends on the available engineering knowledge of the specific problem.
Therefore, the PASBDO is not a generalized method for all computational expensive opti-
mization tasks. It is more a general idea, which is very important and should always be
kept in mind while solving large-scale structural engineering optimization problems. When
the number of design variables is extremely large and the existing engineering knowledge
for reduction of dimension is limited, the required number of sample points could still be
rather large. Therefore, the expense for the construction of surrogate models will be too
high to show its advantage in efficiency. The PASBDO method is designed for optimization
with continuous design variables, which means the reduction of computational expense for
problems involving integer programming is not considered yet. To add an interface for dis-
crete design variables in the Kriging model and the infill criterion is a possible developing
direction.

Finally, it should be pointed out that surrogate modeling is only one category of the
methods dealing with the computational expansive system equations in engineering design
optimization. PASBDO is shown to have overcome some main limitations in traditional sur-
rogate modeling techniques and have achieved high efficiency and accuracy in surrogate-
based modeling and optimization. However, that is not to say the PASBDO surpasses other
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categories of methods, which also have great performance in reducing computational ef-
forts. For example, the model order reduction (MOR) methods transform large matrices of
a system to lower order matrices while keeping the accuracy of the eigen-values and vec-
tors, so that the solving time is greatly reduced. The semi-analytical gradient calculation
has also been implemented and frequently used, which is very efficient in gradient based
optimization of large-scale structural engineering problems. Finally, it is recommended that
combinations of different model reduction and approximation methods be used to accelerate
engineering design optimization, which are originally prohibitive because of computation-
ally expensive simulations.
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