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1 Introduction

Throughout the last fifteen years, new technological breakthroughs in high frequency
data processing as well as the accompanying introduction of new mathematical tech-
niques have accelerated the development of the realm of high frequency financial econo-
metrics and statistics to a rapid pace. This allowed for a great deal deeper insight
into the valuable econometric quantities such as jumps, volatility or even volatility of
volatility. The increasingly important role of these quantities in the nowadays financial
world could be readily demonstrated by the following recent observation. On April 16,
2013, the CBOE’s (Chicago Board Options Exchange®) Market Summary indicated an
all-time, single-day trading volume record of VIX (CBOE Volatility Index®) Options,
amounting to 1,399,863 contracts over 673,970 for S&P 500°, which means that over
one day the number of option contracts changing hands for (implied, forward looking)
index volatility was two times higher than the amount of the option contracts for the
index itself.

The contribution of this master thesis primarily consists in the derivation of nonpara-
metric high frequency estimator for the volatility of volatility in the presence of jumps
for the (log) price process. However, substantial amount of time was also devoted first
to the the comprehensive study of the most frequently utilized underlying processes
in financial econometrics, namely It6 semimartingales, as well as in the acquisition of
detailed knowledge about the related estimates and relevant limit theorems. Further-
more, the formulation of the problem of the thesis as well as the taste of its addressing
was developed and greatly influenced by various scientific papers, among which [1]
and [2] deserve a special mention. Volatility of volatility (or strictly speaking, in this
context quadratic variation of the squared volatility process) could be regarded as a
mathematical measure of the variability of volatility or the speed of its change, which
is of paramount importance from an economic point of view. The first estimators for
volatility of volatility appeared independently in the paper [3] of M. Vetter (in the form
of sum of nontruncated unnormalized returns) as well as in the paper [!] of P. A. Myk-
land, N. Shephard, and K. Sheppard (in the form of unnormalised multipower variation
and edge effect corrected realised variance), where both research groups did not allow
for jumps for the price process (assuming it a Brownian Ito6 semimartingale). The new
(truncated unnormalized) estimator in the thesis allows for the presence of jumps for
the price process (assuming it a general [t0 semimartingale) as well as at the same time
proves to be consistent with a certain convergence rate.

Furthermore, in the master thesis proper consideration is given to the following in-
herent characteristics of financial data. Firstly, the price process is observed at discrete
times, since rarely is its complete path available. Secondly, intervals between consecu-
tive observation times tend to zero, i.e the data is supposed to be sufficiently frequent.
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Finally, a single path of the price process is observed on a finite time horizon with the
volatility process being latent. It has to be pointed out that throughout the thesis the
data is not assumed to be perturbed by any kind of noise.

The thesis is structured in the following way. Chapter Preliminaries introduces spe-
cific theoretical concepts prerequisite for proper understanding of the research topic of
the master thesis. Chapter Consistency and CLT firstly outlines the underlying model
framework and subsequently states the main theoretical results as well as provides
their proofs. Furthermore, chapter Complementary Estimates and Lemmas supports
the proofs of the previous chapter with more detailed insight into some utilized the-
matic concepts. Finally, chapter Conclusion and Potential Further Developments sum-
marizes briefly the results and highlights some further promising research directions.
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In this chapter specific theoretical concepts are introduced for proper understanding
of the research topic of the master thesis. These concepts primarily comprise quadratic
variation of a semimartingale, [t0 semimartingale with Grigelionis representation as
well as some limit theorems. For this purpose both books [4] and [5] are followed
sometimes very closely and sometimes one-to-one. For a more detailed study the reader
is encouraged to read [6] or [7]. It assumed here that the reader is already familiar with
Wiener, Lévy, and semimartingale processes as well as with integration with respect to
random measures.

2.1 Quadratic Variation of a Semimartingale

Definition 2.1 A real-valued process X on the filtered probability space (QQ,F, Fi>o,P) is
called a semimartingale if it can be written as

X=A+M, (2.1)

where M is a local martingale and A is an adapted cadlag process "with finite variation”,
which means that the total variation of each path t — A(w) is bounded over each finite
interval [0, t].

For defining the quadratic variation, one needs to recall some properties. The first
one is that a local martingale M can always be written as M; = My + M{ + M{, where
Mg = Mg = 0 and M€ is a continuous local martingale, and M? is a local martingale
orthogonal to each continuous (local) martingale. The second one is that a local martin-
gale starting from 0, which has bounded variation in the context of (2.1), and which is
continuous, is almost surely vanishing everywhere.

Therefore, if we consider two decompositions X = M + A = M’ + A’ as (2.1), then
necessarily M = M’® a.s. In other words, we can write the semimartingale X as

X;=Xo+X{+M;+ A,

where Ay = My = 0 and where A is of finite variation and M is a local martingale orthog-
onal to all continuous martingales, and X¢ is a continuous local martingale starting at
0. In this decomposition the two processes M and A are still not unique, but the pro-
cess X¢ is unique (up to null sets), and it is called the continuous martingale part of X
(although it usually is a local martingale only). When X is d-dimensional, so are X, M
and A.
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At this point, we can introduce the quadratic variation of a one-dimensional semi-
martingale X as being
[X,X]; = (X, XY + ) (AX,). (2.2)
s<t
The sum above makes sense, since it is a sum of positive numbers on the countable
set {s : AX; # 0}([0,¢]. What is not immediately obvious is that it is a.s. finite, but
this fact is one of the main properties of semimartingales. Hence the process [X, X] is
increasing and cadlag, and also adapted (another intuitive but not mathematically obvi-
ous property). Another name for [X, X] is the "square bracket". Note that [X, X] = (X, X)
when X is a continuous local martingale, and in general [X¢, X¢] = (X¢, X¢) is the "con-
tinuous part" of the increasing process [X, X] (not to be confused with its "continuous
martingale part", which is identically 0).

For example, if X; = cW,, where W is Brownian motion, then [X,X], = o%t. So
[X, X]; is not random, and coincides with the variance of X;. This is not the case in
general. [X, X];, unlike the variance, is a random variable. It is not defined by taking
expectations. For example, for a Poisson process, since N jumps by 1 whenever it does,
[N,N]t = N, is the number of jumps of the process between 0 and ¢, and we also have
[X,X]; = N; for the martingale X; = N; — At if A is the parameter of the Poisson pro-
cess N. Moreover, [X, X]; is well defined for all semimartingales, including those with
infinite variance.

2.2 1t6 Semimartingale

Definition 2.2 A d-dimensional semimartingale X is an It6 semimartingale if its character-
istics (B, C,v) are absolutely continuous with respect to Lebesgue measure, in the sense that

t t
B; = Jbsds, C; = Jcsds, v(dt,dx) = dtF;(dx), (2.3)
0 0

where b = (b)) an R -valued process, ¢ = (c;) is a process with values in the set of all d x d
symmetric non-negative matrices, and F; = F;(w,dx)is for each (w,t) a measure on R,

These b;, c; and F; necessarily have some additional measurability properties, so that
(2.3) makes sense: we may choose b; and c¢; predictable (or simply progressively mea-
surable, this makes no difference, and does not change the class of Itd semimartingales),
and F, is such that F,(.A) is a predictable process for all A € R? (or progressively measur-
able, again this makes no difference). This automatically fulfills (|| x ||> A1) * v(w) < 0o
(where * denotes integration with respect to a random measure) or equivalently } ., ||
AX; ||>< o0, and we can and will choose a version of F; which satisfies identically

t
f(n x |I> A1)Fy(w,dx) <o and jdsj(” x ||> A1)Es(w, dx) < co. (2.4)
0
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For the full use of the notion It6 semimartingale, particular extension of a probabil-
ity space, namely very good extension, is prerequisite.

Let the space (Q,F, Fi>o,P) be fixed and let (O, F’) be another measurable space,
and Q(w,dw’) be a transition probability from (Q, F) into (Q’, F’). We can define the
products

Q=0xQ, F=FeF, Plwdw)=Pdw)Qwdw). (2.5)

The probability space (5, F,P)is called an extension of (Q,F, Fi>0,P). Any variable
or process which is defined on either ( or ()’ is extended in the usual way to Q, with
the same symbol: for example X;(w, w’) = X;(w) if X; is defined on Q. In the same way,
a set A € () is identified with the set A x Q" € (2, and we can thus identify F with
F@{0,Q’) so (Q,F, Fi»,P) is a filtered space.

The filtration (%;) on the extended space does not incorporate any information about
the second factor (’. To bridge this gap we consider a bigger filtration Fs( on (Q, F),
that is with the inclusion property 7, C F,¥t > 0. The filtered space (ﬁ, F, ]A-';ZO,ITD) is
then called a filtered extension of (QQ, F, Fio, P).

A filtered extension is called very good if it satisfies

W —> JlA(w, @' )Q(w,dw’)is F-measurable for allA € F,all t > 0. (2.6)

A very good filtered extension is very good because it has the following nice proper-
ties:

* any martingale, local martingale, submartingale, supermartingale on (2, F, Fi5o, )
is also a martingale, local martingale, submartingale, supermartingale on (Q, F, %50, P);

* a semimartingale on (Q,F, %50, P) a semimartingale on (Q,F, J;Etzo,]ls) with the
same characteristics.

(2.6) is equivalent to saying that any bounded martingale on (Q, F, F5¢,P) is a mar-
tingale on (Q,F, ﬁzo,ﬁ). For example a Brownian motion on (Q,F, 5, P) is also a
Brownian motion on (ﬁ, j-:, ﬁzo,@) if the extension is very good, and the same for Pois-
son random measures.

At this point it is possible to give representation theorem for It6 semimartingale. The
difficult part comes from the jumps of the semimartingale, and it is fundamentally a
representation theorem for integer-valued random measure in terms of a Poisson ran-
dom measure. The representation below will be called here the Grigelionis form of the
semimartingale X.

Let d-dimensional It6 semimartingale X with characteristics (B, C, v) be given. More-
over, d’ is an arbitrary integer with d’ > d, and E is an arbitrary Polish space with a
o-finite and infinite measure A having no atom, and g(dt,dx) = dt ® A(dx). Then one
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can construct a very good filtered extension (ﬁ, .7-:, ﬁzo,ﬁ), on which there are defined
a d’-dimensional Brownian motion W and a Poisson random measure p on R, x E with
intensity measure A, such that

t t

1
X; = XO + f bst +J‘O'des( ) + (61{||6||§1})* (H—ﬂ)t + (51{”5”>1})*}_7t, (2.7)
0 0

where o, is an RY®R? -valued process on (Q, F, F;s¢, IP) which is predictable (or only
progressively measurable), and ¢ is a predictable R¥-valued function on OxR, xE, both
being such that the integrals in (2.7) make sense.

The process b; is the same here and in (2.3), and we have close connections between
(0,0(t,2)) and (cy, F;). Namely, a version of the spot characteristics ; and F; is given by
the following:

s ¢(w) = at(a))af(a))

* F;(w,.) = the image of the measure A restricted to the set {x : 0(w, t, x) = 0} by the
map x — d(w, t, x).

Conversely, any process of the form (2.7) (with possibly b,0 and o defined on the
extension instead of (Q, F, Fo,P) is an Itd semimartingale on (Q, F, F»0,P), and on
(Q, F, Fi>o,P) as well if it is further adapted to F. Therefore, the formula (2.7) may
serve as the definition of It0 semimartingales, if extension of the space is permitted,
and for practical applications it is indeed! Therefore in the thesis the Grigelionis form
above will be utilized freely, pretending that it is defined on our original filtered space
(Q,F, Fizo, P).

2.3 Limit Theorems

2.3.1 Stable Convergence in Law

First of all, let E denote a Polish (that is, metric complete and separable) space, with
metric 0 and Borel o-field €.

Definition 2.3 We say that Z,, stably converges in law if there is a probability measure 1 on
the product (Q xE, F ® ), such that n(Ax E) =IP(A) for all Ae F and

E(Yf(Z)— [ Vo) Wntdodn 2.8
for all bounded continuous functions f on E and all bounded random variables Y on (Q, F).

Since, in contrast with convergence in law, all Z, here are defined on the same space
(Q,F,P), it is natural to realize Z on an (arbitrary) extension (Q,F,P), as defined
by (2.5). Recalling that every variable defined on () is automatically extended as a
variable on ﬁ, with the same symbol, for example Z,(w,w’) = Z,(w). Letting Z be an
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E-valued random variable defined on this extension, (2.8) is equivalent to saying (with
[E denoting expectation w.r.t. IP)

E(Y f(Z,) — E(Y f(2)) (2.9)

for all f and Y as above, as soon as P(AN{Z € B)) = N(AxB)for Ae F and Be&. It
is possible then to say that Z, converges stably to Z, and this convergence is denoted

by Zn £75 7. Note that the stable convergence in law holds as soon as (2.9) holds for all
Y as above and all functions f which are bounded and Lipschitz.

Stable convergence in law obviously implies convergence in law. But it implies much
more, and in particular the following crucial result: if Y, and Y are variables defined
on (02, F,P) and with values in the same Polish space E, then

L— L—
2,572y, 5 y=(,2,)5,2). (2.10)

Moreover, when Z is defined on the same space (2 as all Z,;:

7,537z 27 (2.11)

Moreover, a simple necessary and sfficient condition for the stable convergence in
law is:

the sequence Z, converges stably in law if and only if, for any ¢ > 1 and any (2.12)
g-dimensional variable Y on (Q2, F),the sequence (Z,, Y) converges in law. '

2.3.2 Convergence for Stochastic Processes

Finite-dimensional convergence is a weak form of convergence, for example if Y" con-
verges to Y in this sense, the suprema sup,; || Y || do not converge to the supremum
of the limit, in general. To remedy this, a stronger form of convergence is necessary,
called "functional" convergence. This means that we consider each process Y" as tak-
ing its values in a functional space (i.e., a space of functions from R, into R7), and this
functional space is endowed with a suitable topology: as seen before, this functional
space has to be a Polish space.

Basically, two functional spaces are going to be of interest here. One is the space
C1 = C(R,,RT) of all continuous functions from R, into R4, endowed with the lo-
cal uniform topology corresponding for example to the metric 6y (x,y) =), 27(1 A
sup,; |l x(s) = v(s) ||). The Borel o-field for this topology is o (x(s) : s > 0), and with this
topology the space €1 is a Polish space.

However, although the limiting processes Y are continuous in the master thesis, this
is rarely the case of the pre-limiting processes Y, which typically are based upon the
discrete observations X, ;): they often come up as partial sums } ;o1 f (A} X)1(7(4,i)<s)-
Such a process has discontinuous, although cadlag, paths. Therefore, the other func-
tional space of interest for us is the Skorokhod space: this is the set D9 = D(R,,R1) all
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cadlag functions from from R, into RY.

One possible metric on DY is dy;, which makes D9 a Banach space, but under which
it is unfortunately not separable (hence, not Polish). This prompted the development
of the Skorokhod topology. There is a metric 05 compatible with this topology, such
that D1 is a Polish space, and again the Borel o-field is o(x(s) : s > 0). This metric is not
needed here and the reader is referred to [6] for a more detailed study.

u.c.p. L . .
Denote by x,, — x if oy (x,,x) — 0 (this makes sense for any functions x,, x), and

Sk
x, — x if d5(x,,x) — 0 (this makes sense for x,,x € D9). The following properties, for
X, Vs X, v € DY, are worth stating:

u.c.p. Sk

X, — X = Xy — X (2.13)

Sk .c.p.
x,—x, xeC1 = xnﬂ X (2.14)

Sk n.c.p Sk
Xy —X, Yy —7 = Xp+ Yy — X+7. (2.15)

However, it has to be pointed out that the Skorokhod topology also suffers from some
drawbacks, of which the reader should be aware:

Sk Sk . Sk
* x, — x and y,, — v does not necessarily means that x, +y, — x+7v

* The mapping x — x(t) is not continuous for the Skorokhod topology, although it
is continuous at each point x such that x(¢t) = x(t—) where x(f—) denotes the left
limit of x at time ¢. Given that x is cadlag, x(¢) = x(t—) means that x is continuous
at time ¢.

Therefore, this topology is the one to be used when dealing with cadlag functions or
processes, but a lot of care is necessary when utilizing it.

Returning to the sequence Y,, of R9-valued cadlag processes, and its potential limit
Y, RY-valued cadlag process, both processes can be considered as random variables
with values in the space DY, and thus the notions of convergence in law, or stably in
law, or in probability, of Y, towards Y are obtained. In the first case, Y is defined on
an arbitrary probability space, in the second case it is defined on an extension, and in
the third case it is defined on the same space as are all the Y,’s. The "local uniform
convergence" refers to the metric oy above on D7, and we write:

vy =Ly i opy(Y™Y) R 0, or equivalently if, for all T,sup || Y/' - Y; ||£> 0. (2.16)
t<T

When dealing with the Skorokhod topology, and implicitly using the metric o5, write
for convergence in probability

Y = Y if 8g(Y", Y) - 0.
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L L—
Ssimilarly define Y" = Y and Y" =Y for convergence in law and stable conver-
gence in law, using the Skorokhod topology. Therefore, a double arrow always means
functional convergence.
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In this chapter firstly the underlying model framework is outlined and subsequently
the main theoretical results are stated as well as proved.

3.1 Model Framework

Define on a given filtered probability space (Q2,F,Fo,P) X as a 1-dimensional Ito
semimartingale with jump measure p and characteristics (B, C, v), where

t t
B; = Jbsds, C; = Jcsds, v(dt,dx) = dtF;(dx), (3.1)
0 0

with b = (b;) an R-valued process, ¢ = (¢;) a an R-valued non-negative process, and
F; = Fi(w,dx) for each (w,t) a measure on R, all those being progressively measurable
in (w,t).

Then the Grigelionis form of X is:

t t

X=X+ f b,ds + J‘ G dW, + (61{I6|S1})* (E—ﬂ)t + (61{|5|>1})*}_)t.
0 0
W here is a d’-dimensional Brownian motion and it should hold that d’ > 2 for a
genuine stochastic volatility, as there should be at least two independent Brownian
motions to drive the pair processes (X, &). For illustrative purposes and without loss of
generality, we shall assume that d’ = 2, which results in W = (W(l), W(z)) and ¢ =(0,0),
therefore leading to:

t t
1 -
X, = X+ J beds + fo*des( "4 (01 oji)* (= )i + (01 1) * -
0 0

p in both settings above stands for a Poisson random measure on R, x E with (E,€)
an auxiliary Polish space. Moreover, b as well as o are 1-dimensional progressively
measurable processes and 90 is a predictable function on (2 xR, x E. Finally, it has to be
pointed out:

. ¢(w) = o(w)?

* F;(w,.) = the image of the measure A restricted to the set {x: 0(w, t, x) = 0} by the
map x — o(w, t, x).

10



3 Consistency and CLT

Let o0 be Brownian It6 semimartingale with the same W:

t t t t t

g = ap+ J b ds + Jas‘”)dws — 0o+ f b ds + J a7 aw ¢ J a7 aw
0 0 0 0

This automatically leads to

t t t t t

i =¢Co+ j bgc)ds + f O‘S(C)d W =co+ f bgc)ds + f aﬁ“”dws(” + JUJC’Z)dwgz),
0 0 0 0 0

where the coefficients of ¢ can be explicitly computed utilizing It6 formula:

bﬁc) = 205b§0) + (US(U’I))2 + (05(6’2))2, Gs(c’l) = 20505(0’1),05(6’2) = 20505(0’2)

In the model framework, the process X, being Itd semimartingale in its full general-
ity, which makes it highly appropriate to model (log) asset prices, stock market indices,
and exchange or interest rates in a fair market without arbitrage. Therefore, for the
purpose of complying with the real data, the price process X is observed at the discrete
times iA, over a finite time interval [0, T], where A, — 0 in n and A} X = Xia, = X(i-1)a,
stands for the observed (log) returns. The volatility process c, or strictly speaking o, is
latent with Al c = ¢; A, —C(i-1)A, Tepresenting its increments. For convenience define also
F":= Fip,. Finally, in the thesis the constant K may differ from line to line and depend
on an extra parameter p denoted then by K.

Throughout the master thesis, the quantity of particular interest for estimation is
[c,c] - the quadratic variation of the latent volatility process ¢, which can be explicitly
computed in the model framework above:

t t
[c,c]; = chc)ds = j(as(c’l))z + (as(c’z))zds.
0 0

However, before introducing the estimator for the [c,c] and proving its consistency
as well as the associated central limit theorem, it is sensible to start first imposing some
additional mild assumptions on the pair process (X, c).

Assumption (H-r). In the Grigelionis representation of the It6 semimartingale:
(i) the process b is locally bounded;
(ii) the process o is cadlag;

(iii) there is a sequence (7,) of stopping times increasing to co and, for each n, a de-
terministic nonnegative function J,, on E satisfying J]n(z)/\(dz) < oo and such that
[0(w,t,2)]" A1 < J,(2) for all (w,t,z) with t < 7, (w).

11
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Under (H-1) (and consequently for any r <1 ) define the genuine drift process
b,t = bt - V[\ 6(t, Z)A(dz),

{lo(t,2)|<1}

which will then be well defined at all times, as lj{|é(t,z)|§1} o(t,z)A(dz)| < J]n(z)/\(dz)

for t < 7, with (7,,) increasing to co. By the same token, |6|* q, <o for all times, which
allows to rewrite X as:

t t
X, :X0+jb’5ds+fosdws+6*pt :Xt’+6*pt.
0 0

Note that both o as well as X’ are continuous.

Assumption (PCC-r). For r < 1 the process X satisfies (H-r) and o - (H-0) corre-
spondingly (with 6(°) = 0) and:

(i) the process b’ is cadlag or caglad;
(ii) the process b'?) is cadlag or caglad.

There are the following strengthened assumptions of the previous ones above, which
are prerequisites for reasonable estimates for the increments of the processes X and o
(hence also for the process ¢ when applying It6 formula to o) due to the boundedness
conditions. The connection between the weak and strong assumptions is established
by the powerful Localization Lemma from [4] on page 118, which states that if any
property under (SH-r) or (SPCC-r) holds, it will hold also under (H-r) or (PCC-r) corre-
spondingly.

Assumption (SH-r). The assumption (H-r) is fulfilled and furthermore:

(i) the processes b and ¢ are bounded;

(ii) thereisaa deterministic non-negative bounded function J on E satisfying I](z)/\(dz) <
oo such that |6(w, t,z)|" < J(z) for all (w, t, z).

Assumption (SPCC-r). The assumption (PCC-r) is fulfilled and furthermore:
(i) the process X satisfies (SH-r), for r < 1;

(ii) the process o satisfies (SH-0);

3.2 Main Theorem

Relying upon the notation from the previous subsection, define for some «, € (0, ),
@€ (0,1), u, ~aA? and k, ~ \/%

12
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1 k,—1
(k 1)}' = 7— (A7 X)*1yar Xi<u,)
=N =0
=
(k) = (A%, X
n’y knAn I 1+m

Then for each T > 0 define the estimator for volatility of volatility (or strictly speak-
ing, the estimator for quadratic variation of squared volatility):

[T/A,]-2k,+1

4
[e,clf = — Zl (el ), = U )2 = =l )] )

as well as the estimator for volatility of volatility if the process X’ were directly ob-
servable:

[T/A,]-2k,+1

3 ’ n 7 n
e (€' ), = (k) =

[e,e]'r =
i=1

Note that ki(c(kn)?)2 plays a role of a de-biasing term.

Theorem 3.1 For each T > 0 under (PCC-r) and for @ < T 7

prpmr A 3 both consistency and

corresponding central limit theorem hold:

P
[c,c]t — [c,c]p forr<1

1 -
1/4 ([C’C]’% - [C; C]T) £—S> Ur fOT’ r<0.5,

n

where Ut is a random variable defined on a very good extension (ﬁ, F, ~7?;20; P) of (Q,F,Fi>o,
and which is, conditionally on F, a continuous centered Gaussian martingale with variance

T

1, 151

E(U2|F) = f F CS)ZC£C)+—(C§C))2)d5. (3.2)
0

The Proof.

The scheme of the proof comprises four steps. In step 1, the preliminary decom-
position is performed, which results in 3 terms or 3 successive steps correspondingly,
in which two terms prove to be asymptotically negligible and one converging to the
required random variable presented above. The novelty of the proof consists in the
extension of the step 1 from the book [5] on the page 451 and the performance of the
step 2. Two other steps are taken one-to-one from the book [5] on the pages 454 and
457 and are further commented on for a reader less familiar with the research topic.
Throughout the proof various estimates and lemmas are used which are all placed in

13
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3 Consistency and CLT

chapter Complementary Estimates and Lemmas.

Step 1: the Decomposition

As mentioned before in the model framework for some a,f € (0,), @ < (
u, ~aA? and k,

1
1w N2

2k, —1}and j,l € Z and u,v,u’,v" € {1,2}

\/’% as well with m € {0, ...,

we set
-1 if0<m<k
(1) = - " e2)"=(m+1)A 2k, —m—-1 e(3)" =1,
(1) {1 £k, <m<2k,, (2)n =( ) A (2K, ) (3)n
. (I-m-1)A(2k,—m-1)
ZZV _ 1/An fu=v=1 y(u,v;m)”l — i g(u)ne(v)n_'_m,
’ 1 otherwise, EN) & - 174
q=0v(j—m)
2k,~1
L(w,v)p = y(u,v;m)g 5 H(u,v;u'v')" =z .z, Z L(u,v)pT(u',v')0,
m=1
which clearly satisfy
K if (u,v)=(2,2)
Vi, = supj,m,lly(u,v;m)?’ll <<{K/k, if (u,v)=(1,2),(2,1) (3.3)
K/k% if (u,v) =(1,1).
We also need, for m € {0,...,k,,— 1} and j,/ € Z and u,v € {1, 2}, the numbers

(I-m-1)A(k,—m—1)

= Z €(u)g€(V)gsm
q=0Add(j-1)

which satisfy
K/k, if (u,v)=(2,2)

|7(u,v;m);{l|s K/k2 if (u,v) = (1,2),(2,1) (3.4)
K/k3 if (u,v) = (1,1)

14



3 Consistency and CLT

We need to compute the numbers I'(u,v)},: a tedious (approximately 15 pages in the
same format) but elementary calculation shows that they are as follows

— . — 2 — .
6kn 39”1 lfm S kn_l _12knm 9m3+6k,, 9m lfm S k _1
r1,1)y, = 6215"—3;11 . (1,2), = 3(2k 7m)%§7< -m-1) . ’
BT if m >k, — 2 o n if m>k,,
02 . 3_ 2 3 _ .
o 12k, m 92;(3 Gyt 9m e < k, - 1F(2 ) 4k3—6k,m Zi;n +2k,=3m e <k, -1
»Dlm =9 302k,-m) 2k, -m+1) . 2 2)m = (2k,—m)3—2k, +m .
)z if >k, hompghion g,
(3.5)

n

This yields the following behavior of H(u,v;u’v’)" as n — oo, stated for (u,v) <
n

(u’,v”) only because of the obvious symmetry H(u,v;u’,v’)" = H(u’,v’;u,v)":

ﬁ—% if (w,v,u’,v)=(1,1,1,1)
3 : 7 —
\/A—nH(u,v;u',v')" N %glﬁ if (u,v,u’,v’)=(1,2,1,2),(2,1,2,1) (3.6)
280 if (u,v,u’,v’):(2,2,2,2)
0 if otherwise.
At this stage it is possible to introduce the required decomposition terms.
LRl 2
k) = cnpa, + - ) ) T,
j=0 u=1
| 2l 2
ko, =€ k) = Y ewyrcuy,;.
j=0 u=1
Thus
26( A 2 k,-1
, i-1)A, _
(€ en)!)? = (c-nja, )+ — = ) ) &)
u=1 j=0
2 k-l k,~2 k,~1
+e3 ) () ST T2 ) ) EwE@) T, Cw))
Tuv=1 j=0 j=0 I=j+1
1 2 2k,-1
(¢ (k)i )2 =€ (k))?)? = p Zl ) elw)e@)cm), L@,
u,v=1 j=0

2 2k,—22k,-1

15



3 Consistency and CLT

Then with the convention Zf; . =0whena>a"

6 [T/A,)-2k,+1 12 [T/A,]-2k,+1 k,—1
A =5 (ci-a,)’ ALWE =5 CGroiya, ) EWT0,
n i=1 n i=1 j=0
(T/A,]-ky
AZuv)i= ) Y001y, W) C@)!
i=1
[T]/An kn (l_l)/\(kn_l)
A(3 u 'U)T ( V(H'v'm):‘l—l—[T/An]zC(u)z m)C(v):l
=2 m=1
and
2kn_1 [T/An]
P(M,'V)l - F(u’v)%(:(u):'l—m' Z(u v)T p(u ‘l}) C /(V);1
m=1 i=2k,
(T/A,]
AL o) =T(wv)y Y C)c()!
i=1
(TVA,
A(2;u,v)% = Z (71,0500, 5 1 /a0 = T, 0)C W) ()]
i=1
[T)/A, (i-1)A(2k,-1)
A(3u,v)r = Z ( Y vim)op 1 (1/a,0:C Wi = P, 0); Lizak, ) )C(v)]
i=2 m=1
(T/A,]
A&uv)i= ) pu)IC @)
i=2k,

Having done appropriate changes of order of summations as well as after some te-
dious computations (approximately 10 pages in the same format), it is possible to de-
rive the required decomposition for some

1/4 ifr<1/2

&> 0 arbitrarily small enough and g(®,r) = . :
(4-ro-3/2-¢ if1/2<r<1

1 ’ ’
A”I(‘D'T) ([C’ C]’% - [C’ C]T) = Aq(@’r) ([C’ C]]% - [C’ C] ”11") + Aq(fD’T) ([C, C] gl—' - [C’ C]T) =
71 n n
1 R 1, (3.7)
A Dify + Al A AT_[C'C]T)+WUT1
7’1 n n

16



3 Consistency and CLT

where Diff =[c,c|t—[c,c]r,  [c.c]T =AY —Z; + Uy

2
Al = Z (A(L;u,0)% + A(251,)% + 2A(3; 1, v) 1 + 2A(4; 1, v)1)
u,v=1
2 2
— _
A7 = A(0)h + Z ng Z (25, )% + 2A(3;u,v)h)
u=1 u,v=1

2
Uf=2) Z(uv)}
u,v=1

In addition, the following simplified notation will be used throughout the proof:

c(1)f = An(A” V=i, Q) =4l
C'(nf =EC(n; | A, ()} =Cr)! =)},
e e
= — c(1 n . n_ _ 1R
kn ; ( )1+] /31 kn j:()( )(l+] 1A,
= =
Bi = Bi —cli-1)a, = o (ci+j-1)a, = Cli-1)a,) = o (ky = j = 1)C(2)1, -
" j=0 " j=0

Step 2: the Asymptotic Negligibility 1
Since for each T > 0 the £—s convergence to the random variable defined on the same
probability space is equivalent to the convergence in P to the same random variable, in

this step it is proved that AT szT o

Diff =[c,clt —[cc]'T
3 [1/82k1
- Y etk )y, — el ) = (¢ k), — ¢ ()2

2k i=1
[T/A,]-2k,+1
3 4 , 4
+ 2_kn L E(C (kn)?)2 - E(C(kn'“n)?)z =
3 [T/A,]-2k,+1
= an L (Wl+‘/l)’

where

i+k, i itk i
4, 4
Vi= E(C (kn)?)z_a( (Ko 1)1')?

17



3 Consistency and CLT

5 [T/A,]-2k,+1
ZA“I(’D»")k lel ’ !

n n

It is obvious that if W; is asymptotically negligible, than

W ZEZA”]*Z]C"H (W; + V;) will also be negligible. Therefore, consider equality valid

for any reals a® — b? = (a—b)(a— b+ 2b) and for W;:

Wi = (clkn 1)}y, = k1)) = (¢ (k)i = (kp)T)?

itk, i+k,
k,—1
(A", . X) 1y — (A" X)L gpn )2
i+k,+m 1AL g, XS0} i+m (1A}, X|<u,}
m=0

k,—1
1 n N2 N2\2
knAn mz—o (A:l-e-k,,+mX ) - (A?+mX ) )

1

=,

—(

i+ky+m

k,—1
1 n 2 2
[Z(A?+kn+mx) Lyay, o Xl<u,) ~ (A?+k,,+mxl)

+ (A?erX,)z - (A?+mX)21{|Af+mX|SMn}]

i+kp+m

k,—1
[ Z(Azr'z+k,,+mx)21{|ﬂn Xl|<u,} ~ (A?+k,l+mX,)2 + (A?erX’)Z - (A?+mx)21{|ﬂ,'~'+mx|$un}

+ 2((Al X = (AL X)) |.

i+m

Taking into account Markov inequality for some ¢ > 0:

3 [T/A,]-2k,+1 IE[ 2A;”k ZEZA,,]—anH WiH
IP W > € S n n (38)
q(@,7) ! €
2An kn i=1

and utilizing triangular inequality, it is sufficient to consider only two kinds of cross-
products of sums:

—(5/2 , , ’
KT A, O R (ATX)21 arxica,) — (A1X)? (ATX)*Larxicu,) = (ATX)2 (I (3.9)
—(5/2 , T , ’ ’
KTNSO | (AL X2~ (A7X)? (ATX)? 1 arxiza, — (AIX 2 (| (3.10)

18



3 Consistency and CLT

Utilization of Cauchy-Schwarz inequality bounds the expression (3.9) by:

2

OB (ALX)1 axiea,) — (A]X)? (311)

KTA,

After some tedious but elementary calculation (approximately 2 pages in the same
format, generalized version of the inequality can be found in [4] in the proof of Theo-
rem 9.3.2), it is possible to show that for any reals x,y e R and u,v,q > 0:

q

[yl |yl |x|72+7
(x+y)21{|x+y|Su} -x?| < Ky uzq(% A1)% + |x|‘7u‘7(% A1)+

udv

(3.12)

Now setting x = A7 X" as well as y = A7(X — X’) and applying (3.12) yields with trian-
gular inequality and conditioning on Fj (i_1):

2
KTA,Z > 1 OVE| (A7X) 1 arxiu,) — (A1X)? | <
|A} (0% p)
K,TA, S/ZWM)E(uﬁE(SHP(;/\1)4IFA,1<1'_1>]
s<t Uy
|A7 (6% p)
+E(|A” |2u sup(l—/\l) |7, (i-1)
s<t Uy

|A'.1X'|2(2+V)
+E(—l > ) )
Uy

After applying Holder inequality, for some &1 > 0 sufficiently small, (4.10) as well
as (4.11), for some ¢" vanishing for n large, the expression above becomes bounded by

KUTA (5/2+g(@,r)) ((P A (4-r)o+1 A:l+2@+1_rw_£(1) +A31+V(1_2(D))

Recalling that @ < 1/2 the last summand above with v large enough becomes negli-
gible in front of the other two summands. The second summand is also negligible in
front of the first one when ¢!) > 0 is sufficiently small. Thus, for Ao
the corresponding power (4—r)@—3/2-q(®,r) > 0 for @ chosen sufficiently close to 1/2

7
or m
Now, utilization of triangular and subsequently Holder inequality, for some &(?) > 0
sufficiently small, bounds the expression (3.10) by:
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3 Consistency and CLT

€@ 1_e®
5/2 , 1/e? ) 1/(1 6(2))
KTA,*a@n) ]E[|(A;?X 2 ] ]E[I(A;?X)zl{M?XEM”}—(A;’X )2|
(3.13)
@)
Utilizing (4.10) for £ [|(A?X’)2|1/8 ] and by analogy with (3.11) for
1/(1-?)
E ’(A?X)21{|A}’X|§un} - (A]V-‘X’)z‘ , bounds the expression above by:
_ _e@ |A (0% p)l
K, T, 2@ ]E(ui/“ EZ)]E[sup(—l AU E
s<t Uy
: _e® |AT (6% p)
+E(|A?X’|l/(l_é(2))u,i/(l ¢ )sup(—l = /\1)1/1 e |.7-"
s<t Un

+ E

(2+v)/(1-e?) 1=
| AT X|(2v)/ (=€)
uv/(l—s(z))

n

After applying Holder inequality, for some &3 > 0 sufficiently small, (4.10) as well
as (4.11), for some ¢" vanishing for n large, the expression above becomes bounded by

KvTA (5/2+l] CDr ((P Anz/l &l ) )(D+1+A111/( ( ))+m/(1 &l )+1_r@_£(3)
Lallrstis 2@))/(1—g<2)))1—e<2>
n

Recalling that @ < 1/2 the last summand above with v large enough becomes negli-
gible in front of the other two summands. The second summand is also negligible in
front of the first one when £ > 0 is sufficiently small. Hence, the expression above is
bounded for some £ > 0 arbitrarily small by:

K, TA:l—(S/2+q(ca,r))A;Z—r)(a+l—e( _K, TA(Z r)o-1/2—-q(@,r)-¢ H.

(4)
Hence, for A(z Ne-1/2=q(@ ) the corresponding power (2—r)@—1/2—q(@,r)—e® >0

for @ chosen sufficiently close to ( 7 A 2

Finally, taking into account the utilization of Markov inequality (3.8) as well as
boundedness of (3.9) and (3.10) above, it is possible to conclude that for each T > 0

WDifj’? L, 0and Step 2 is completed.

Step 3: the Asymptotic Negligibility 2
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3 Consistency and CLT

For the same reasons as in the previous step, at this stage it is proved that forall T > 0
ﬁ(A’% —A; —[c, ¢]T) goes to 0 in probability, implying convergence for W(A’% —A; -
[c,c]}), since g(@,7) < 7.

From Lemma 4.2 and (4.14) it is possible to conclude for the reals a;'s, all bounded
by some constant L, and g > 2 (recall k,A,, < K):

E (3.14)

2kn_1 q/2 .
| Z a’-‘C(u)Zr-lq < Kqukn B ifu=1
= / K L/ky " if u=2.

Firstly, recalling that

2

A=) (ALY + A2 1,0); + 2A(351,0)F + 2A(414,0)})
u,v=1
At =A(0)% + ZA(l;u)’% + Z (A(2u,v)7 + 2A(3;u,v)7),
u=1 u,v=1

the "non-trivial" terms A(1;1,1)",A(1;2,2)" and Z(O)” are considered. According to
(3.5)I'(2,2)5 = 1+0(1/k2), hence the CLT for the approximate quadratic variation of the
process (X', c), see Theorem 5.4.2 of [4], yields firstly stable convergence in law to some
process and results with subsequent multiplication with A% in u.c.p convergence to 0
as follows

1 ) " 1y weCp
M(A(l,Z,Z) —[C,C]T) — 0

Next, Theorem 10.3.2 of [4] for the function F((x,v),(x’,y")) = (x> - v)? and the pro-
cess (X’,c), plus I'(1,1)5 = 3/k2, yield (with C(4) = fOT(cs)zds being the quarticity) by
analogy with the explanation above:

1

A}/4

u.c.p.

(k2A,A(1;1,1)" - 6C(4)) = 0.
Finally, since c satisfies (SH-0), Theorem 6.1.2 of [JP] yields similarly

1 24 n u.c.p.
—77a (ki AnA(0)" = 6C(4) = 0.

n

In view of these and of the definition of A” and A", it remains to prove

(@)B"=A(L;u)", u=1,2

( A Yo j=23,u=1,2v=1,2
At (c)B" = A(L;u,v)", (u,v)=(1,2),(2,1)

( )y, j=2,3,4,all(u,v).

(3.15)
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3 Consistency and CLT

Here Case (a) of (3.15) is considered. The variable x} = Z;(” 01 e(u)]C( )l”ﬂ is F, -
measurable, and by (4.14) and (3.14) it satisfies for both u =1, 2:

EQF <K, Blx[PIFE") < Kk,
The result for Case (a) follows from (4.8) applied to the array &' = kSA‘/‘* Cli-1)A, X} -
In Case (b) for j = 2, upon using (4.14) and (3.4), we see that the variable &' =
Y(u,v50)ik,-1-[T/A,1,i C(4); C(V)] has (|5 ) < K/k3 for all u,v = 1,2, and (|B}) < KT\/_
follows, implying Case (b) for j =

Next, supposing j = 3 in Case (b) and denoting by x}' the ith summand in the sum
defining A(3; u,v)7, which is F"-measurable. By (4.14), (3.4) and successive condition-
ing one obtains for all u,v=1,2:

IBOAF N SKAY? B(x(P) <KAY?,
and Case (b) for j = 3 follows from (4.8) applied to the array &’ = )(?/A}/‘L.

Here, for instance, Case (c) is considered for (u,v)=(1,2). Then Theorem 10.3.2 of
[JP] applied to the process (X’,c) and the function F((x,y),(x,v’)) = (x’*> — )y’ implies
that VA ZngA” C(1)7C(2)} converges stably in law to some limiting process. Since
I(1,2); = ~3/2k2, 1t 1s possible to deduce that B,, satisfies Case (c). A similar argu-
ment shows the result for (u,v) =(2,1).

Here Case (d) for j = 2 is proved. By the first part of (3.3) all summands in B"
vanish, except for 4k,-2 of them, namely those for i between 1, and 2k,-1, and between
[T/A,]-2k,+2and [T/A,], and for those the coefficient in front of C(u)}C(v)] is smaller
than 7Z o Inview of (3.3) and (4.14), it follows (using Cauchy-Schwarz inequality when
u=v) that in all cases E(|B7]) < KsqrtA,,, and Case (d) follows for j = 2.

Next Case (d) is proved for j = 3. As above, all summands in B” vanish, except for
4k, — 2 values of i. Below we treat only the firts 2k, — 1 summands (for simplicity of
notation), but the last 2k, — 2 are treated analogously. It is possible to rewrite the sum
of these first summands as

(anfl)/\[T/An]
(1
D M A G d (O LA o (T L
i=1
where the af ’s are reals such that |4}, | < 27%.»» and of course depend on (u,v). It is
then possible to apply (3.14) with L = 2yu , and (3 3) to obtain

) Ky/kn ifv=1
E(lbﬂp) < p/2 .
K, /kn ifv=2

3p/2
(3.16)

Moreover, 6} is Fp (;-1)-measurable, so (4.14) yields

BRI <KAYY  E(x]P)<KAY?,
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3 Consistency and CLT

and B’%’(l) L, 0 follows from (4.8) applied with m, = 2k, —1 and I, = 1 and &' =
nsAl/4
XA
In conclusion, Case (d) for j = 4 is proved. Similarly to (3.16):
K,/ky?
K, /K?  ifv=2

ifv=1

E(lp(w, v)} P Fa, (i-2k,)) < { (3.17)

In view of (4.14) foru =1,2:

E(A(4u, 1)) < KAYAE

[T/_ZA \/—+m]

By Lemma 4.1, this implies A(4;u, 1)’T1/A}l/4 Lo

Now, letting v = 2 and V(2) = b'°) as well as utilizing (4.14), the first part of Lemma
4.1 and Lemma 4.2, it is possible to conclude that E(|C"(2); — V(z)(i—zkn)A,,Anlz|~7:An(i—2k,1)) <
K(Anﬂ’?_zk,lﬂ ). Then the Cauchy-Schwarz inequality and (3.17) for p = 2, plus Lemma
4.1, yield:

[T/A,] (T/A4]
1 n 4 n ’
Bl ) e 2 2) = V2o, M) SKAEC ) (Ay+n') 0
noi=2k, i=2k,

Observe that AY* Z;T/zAk” p(u, )}V (v)i-2k,)a, = GT + M}, where

([T/A,]-i)A(2k,~1)

g;}lT = Z F(ulv):l}’lv(z)(l"'m_an)An
m=(2k,—i)V1

[T/A,] [T/4,]-1

A3/4 Z (S z’MT_A3/4 Z 5TC” )

Since &'y < Kk, Yy, 5, 50 (4.14) and (3.3) yield E(|&'+C"(u)]]) < KVA, in all cases, and

GT iR 0 follows. On the other hand, Eth is F (i-1)-measurable, hence Doob’s inequal-
ity and (4.14) and (3.3) again yield E(sup,.;|M/*) < KTvA, — 0 in all cases. The
proof of Step 3 is complete.

Step 4: the Required Convergence
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3 Consistency and CLT

In this step, finally, in view of (3.7) and three steps of the proof above, it remains to
prove

L—s )
1 %{—M/{T if r<0.5 (3.18)

Aq(co,r)

q o0 ifos5<r<1.

Assume first that the following (joint) stable convergence in law holds, where (u,v)
runs through the set P = {1,2}:

1 L-s
W(z(ufv)n)(u,v)eP == Z(Z(ulv))(u,v)ePf (3-19)
n

where Z is defined on a very good extension (Q, F, Fis¢,P) of (Q,F, Fiso,P) and is,
conditionally on F, a continuous centered Gaussian martingale with covariance struc-
ture

T
E(Z(u,v)r Z(u',v') 7| F) = G(u,v;u’,v") 7 jg u,v;u’,v)ds, (3.20)
0

where the process g(u,v;u’,v’) is given in the following display:

—g(CT)4 (w,v;u’,v’)=(1,1;1,1)
3 2, (c)
;. 53 c w,v;u’,v’)=(1,2;1,2),(2,1;2,1
glu,v;u',v)r = fél( T)(C§ zT) ( )= H ) (3.21)
g0 (c1) (u,v;u’,v’) =(2,2;2,2)

0 otherwise.

Indeed, suppose that (3.19) holds. Consequently, (3.18) will also hold (recalling that
q(@,r) < 1/4) with

2
UT =2 Z Z(M,’IJ)T
u,v=1

Then Ury is, conditionally on F, centered Gaussian variables with variances given by
(3.2), as a simple calculation shows: Thus Theorem 3.1 is proved.
Hence, it remains to prove (3.19). Recalling

(T/A,]
. T n n_ 1 nrr
A]11/4Z(u,v)T = i; Ewv)!,  E(uv)! = A}/4p(u,v)ic ()2,

and the &(u,v)! are martingales increments, relative to the discrete time filtration
(F"). Then, using a standard criterion for the stable convergence of triangular arrays
of martingale increments (see e.g. Theorem 2.2.15 of [4]), in order to obtain the con-
vergence (3.19), it suffices to prove the following three properties: for all t > 0, all

24



3 Consistency and CLT

(u,v),(u’,v’) € R, and all martingales N which are either bounded and orthogonal to
W, or equal to one component W/:

(T/A,]

’ ’ 7 7 ]P ’ ’
Glu,v;u', ')k = Z B(E (u,v)[ & (', v IR ) — Glu, v, v')r (3.22)
i=2k,
(T/A,] .
Z E(&(u,v)] 1 F] ) — 0 (3.23)
i=2k,
(T/A,] .
B(N;u,v)l = Z B(&(u,v)! ANIFL 1) — 0. (3.24)
i=2k,

The property (3.23) is simple. If we combine (4.14) and (3.17), by successive condi-
tioning, we see that E(Ié(u,v)?l“) < KA? in all cases, obviously implying (3.23).

For the proof of (3.24) consider when N is a bounded martingale orthogonal to W, it
is possible to apply the estimates (4.16), successive conditioning, and (3.17), to obtain

(T/A,]
E(B(N;u,v)L)) <KA, Y B(N™).
i=2k,

2| F1)12) yields (N™)? <

Doob’s inequality (for N;/" = (Esupyg(i_1)a,,ia,) [Nt = Nii-1)a,
4]E((A?N)2|]-"(?_l)), hence by the Cauchy-Schwarz inequality

(T/A,]
B(B(N; u,v)i]) < K\TA(E( ) (AIN))"2 = K\TAL(E(N, N, 1/a,)".
i=2k,

Since N is a bounded martingale, E([N;N]7) < K for all T, and (3.24) follows for all
martingales N which are bounded and orthogonal to W.

Now turn to the case N = W/ for some j = 1,...,d’, and essentially reproduce the end
of Step 3 Case (d), with a different meaning for the notation V(v). Namely, set V(1) =0
and V(2) =09 and V(3) = ¢ and also

(T/A,]
B(N;uv)p = A7 ) p(u,0)! V(©)iak,a,
i=2k,
(4.18) and the property E((V(v)ia, — V(V)(i—zk,,)An)2|}—(?_2kn)) < K((An) + (11" gp 1)),
plus again (3.17), Cauchy-Schwarz inequality and Lemma 4.1, yield

(T/A,]
E(IB(N;u,v)% - B (N;u,v)4|) < KA,E( Z 7" — 0.

1

=1
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3 Consistency and CLT

Moreover B'(N;u,1)" = 0, so it remains to show that B'(N;u, 1)} L, 0 when v =
2,3. This is proved as in the end of Step 3 Case (d), since here B'(N;u,1)7’ is exactly
G" + M" there, with processes V(v) which are different but still bounded. Hence, (3.24)
is proved.

For the proof of (3.22) fix the two pairs (#,v) and (#,v") and begin with a reduction
of the problem, in the same spirit as in the previous proof. Set

2(cr)? if (v,v') = (1,1) 2(cp)? if (w,u’) =(1,1)
Vr = C(TC) if (v,v")=(2,2) Vr= C(TC) if (u,u’)=(2,2)

0 otherwise 0 otherwise.

Recall that z; , is 1/A, if v =v" = 1 and 1 otherwise. Then, with the notation

T/A,]

[
Gr =25, NAy ) pwv) o', v)){ Vis1)a,

i=2k,

it is possible to deduce from (4.15) and (3.17) that
E(|G(u,v;u’,v")} ~Grl) <KT+/A,.

. . —n P ..
So it remains to prove that G’% —> G(u,v;u’,v")7, and the only non-trivial cases are
when (v,v’) = (1,1),(2,2), since otherwise these processes are identically vanishing.
A further reduction is amenable. Namely, set

(T/A,]

G'r =20, VA ) pluv)lp(w', V) Vi ok, )4, (3.25)
i=2k,

We have E((V(i_1)a, — V(i—2kn—1)A,,)2) < K(E(A,) + (q’?_zkn)2). Then, Lemma 4.1 and
(3.17) and the Cauchy-Schwarz inequality yield

(T/A,]
B(Gr - G't) <KVT(A, Y E(())?)"? —o.

So, it remains to show that, for (v,v’) = (1,1),(2,2):

Gt LN G(u,v;u’,v")7. (3.26)

In view of (3.25) it is necessary to express the product p(u,v)!p(u’,v’)! in a more
tractable way. Then:
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3 Consistency and CLT

3 [T/A,]
G'r=) Gl =2 VA ) PUN Viiak,a
j=1 i=2k,
2k, -1
P = ) D)l v ()L, L)L,
m=1
2k,—2 2k,—1
PRy = ) Twv)hl),, Y T, v)h ),
m=1 m’=m+1
2k,-2 2k, -1
PRy = ) T ) c)l,, Y Tl
m’=1 m=m’+1

Observe that 6(2) =)is [T/A,]- cS C(u)}, where

([T/A,)-i)A(2k,=2) 2k,~1
g= N ) T Vimakys, ) T )L,
m=1V(2k,—1) m’=m+1

is ]-U’ 1 -measurable. Then Zm rrlz+1 I(w',v'),,C(u'),, satisfies (3.14) with L =y,

and u’ instead of u, whereas V, is bounded, hence we obtain for p = 1,2, and with
a=1/2if ' =1 and a = -1/2 when u" > 2, that E(|&}'\P) < K,(z}, . 7V, ki) An
examination of all possible cases (recall that (v,v’) =(1,1),(2,2)) leads us to

3p/4 .
P/ fu

KAS -1
E(&"P
(&1 ){KAﬁ/‘* ifu=2.

If we combine this with (4.14), plus the martingale increment property of C”(u)¥, we
obtain by the usual argument:

[T/An]71 [T/A,,]*l

Therefore, G(2 )T X, 0, and the property G(3 )T L, 0is obtained in exactly the same
way.

. . . = P .
At this stage it remains to prove that G(1)7 — G(u,v;u’,v")r. Letting now & =

C(u)!C(w')} and €7 = B(EJIFL, ) and €77 = €]~ &7
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3 Consistency and CLT

[T/A,] [T/A,]-1
— —~n —n ——n
Gy =G"+c"", Z whet,  Gr= ) et
i=1
[T/An] ) (an_l)
with!, =20 A, ) D)WV Viem-aka,
m=1V(2k,—1i)
It thus suffices to show that
(’3\’; N G(u,v;u’,v'), (/?7’; o (3.27)

We observe that !, is 7" -measurable and

KA, fu==u"=1
i < Kz Vi Vi SSKVA, ifunu’=1<uAu’ (3.28)
K if u,u’>2.

In view of (4.14) and the martingale increment property of £}, we deduce E(((’?/’;)Z) <
KTA, in all cases, implying the second part of (3.27).

For the first part of (3 27) we use (4.15) and (3.28) and the usual argument (as above
for G(2)7 to obtain ]E(lG’T G 7l) — 0 in all cases, where

[T/An]_l ([T/A ] ) (an )
Gr = A, Z ﬁ?,tv(i—l)AnV(i—l)An’ Vz t= Zv v’zu wNAn Z T, v)p (1, 0")5
io1 m=1v(2k,—i)

Observe that [g; | < Kz, 2 v, wi VvV »» Which is bounded by (4.16). Moreover, the
equality y; , = \/_H (u,v;u’,v’) except when i <2k, -2 ori > [T/A,] -2k, + 2. There-
fore, in view of (3.6), in which the limit is denoted by H(u,v;u’,v’), and by Riemann
integration, it is possible to obtain (3.27) with G(u,v;u’,v’)r = H(u,v;u',v’)jOT V,Vds,
and the proof of (3.22) is complete.
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4 Complementary Estimates and Lemmas

For the proof of Theorem 3.1 it is sensible to offer more detailed insight into some uti-
lized thematic concepts in the form of the following estimates as well as lemmas. All
these concepts are treated in-depth in the books [4] and [5].

4.1 Preliminaries for Complementary Estimates and Lemmas

With any g-dimensional cadlag bounded process Y we associate the variables

i = \/E( sup || Y(i-1)a,+s = Y(i-1)a, Il fifl} nit =iy 1=l (41)
s€(0,jA)

Lemma 4.1 Forall i <i’ <i’+j <i+ 2k, we have E(nl” IJ-"l-fl) < Ky[", and for all t we

]
have A,F (21 y7) > 0 and A, (£} - o

Proof. The first claim follows from Cauchy-Schwarz inequality. For the second one,
setting /' = SUPse(0,(2k, +1)A, ) | Yios — Y; ||?, we observe that E((ql’”)2) is always smaller

n

than a constant, and smaller than AL,Z f((ii__zl))AAn” E(y!)ds when i > 2. Hence

[t/A,]
AnE[ Z 111-’”] <Vt
i=1

We have y! < K and the cadlag property of Y yields that y(w) — 0 for all w, and
all s except for countably many strictly positive values (depending on w). Then, the
second claim follows by the dominated convergence theorem, and it clearly implies the
third one.

: 1/2

1/2
] <Vt|KA,+E Jy/s"ds

0

[t/A,]

Ay Y (")

i=1

E

Lemma 4.2 For any reals a; with |a?| < L for all n,i, and any array &' of one dimensional
variables such that each &' and F""-measurable and satisfies

IEE B L, E(I & 1171 7Ly) < Ly,
where g <2 and L,L’, L, are constants, we have

2k, -1
I<LL'k,  E[ll ) af&l I11F"
=1

2%, -1
/2
Il E( Z a?éinﬂ' | ‘7'-121 < Kqu(quZ )-

j=1
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4 Complementary Estimates and Lemmas

Proof. Set &" =E(&" | F";) and & = & — &'y, and also A, = Z - ”§l+1 and
) 2k11_1 71 7
Ay =Y a&;

l+]
The varlables g ”';- are martingale increments for the discrete-time filtration (F" ]-)]-ZO.

Then Burkholder-Gundy and Holder inequalities give us

. We obviously have || A;, ||< LL’k,,, implying the first claim.

2k -1 q/z 2k1171
/2— 1
E(| A7 1] 7)) < KB Z layelr ||] | By | < LKk Z LEn; 1 7 ),
j=0 j=

which is smaller than KqIﬂquZ/z. The second claim readily follows.

Finally, we prove some estimates for one dimensional continuous semimartingale of

the form
t t
= bedﬁ Jasdes.
0 0

Note that Yy = 0. Here, W is a g’-dimensional Brownian motion, with ¢’ arbitrary,

and ¢¥ = 0¥ o Y*. We assume that for some constant A we have

16" ll< A, ¥ lI< A, (4.2)

In connection with (4.1), we associate with any process Z the variables

n(Z); = \/E(SUP 1 Zs=Zo I’ Fo ).

s<t

Lemma 4.3 In the previous setting, and with the constant K below only depending on A in
(4.2), we have for t € [0,1]:

IE(Y; | Ro)—tbg Il < tn(b"), <Kt
E(Y] Y| Fo)—tey | < Kt(t+ Vig(bY), +n(c¥),) < Kt. (4.3)
If further
I E(c) —cy | Fo) Il +E(ll ¢f —cg I Fo) < (4.4)
for all t, we also have
|E(Y]th|}'0)—tc <K32(VE+q(bY),) < K2, (4.5)
|E(Y]Yt YY" | Fy)— ey Kl g cp A ek e Yk | < 52, (4.6)
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4 Complementary Estimates and Lemmas

Proof. The first part of (4.3) follows by taking the Fj-conditional expectation in the
decomposition Y; = M, + tbg + fot(bsy - bg)ds, where M is a one dimensional martingale

with Mj = 0. For the second part we deduce from Itd’s formula that Y/ Y™ is the sum of
martingale vanishing at 0, plus the process

t t
by JY’”ds+mefY ds+fyg'1(bf'f—b§'f)ds
0 0

0
t t

. v N
+ f Y (Y™ — by ™) ds + ¢, ””HJ(CS ey M™)ds.
0 0

Since E(|| Y; ||| %) < KVt, we deduce both the second part of (4.3) and (4.5) by taking
again the conditional expectation and by using Cauchy-Schwarz inequality and the first
part.

For and indices ji,---, j4 It0’s formula yields that, with M a martingale vanishing at 0,

]—IY]’_Mt+ZJ b [ vias

1<m<p,m=l

t

+ % Z grjz,jr' J rl Ysj"‘ds

1<Ll’<d, Izl 0 1<m<4,m=1l1l"
t
1 Y,iiv Y, .
+ = Z (CS Jijr CO Ji1 ) I_[ Ys]mds. (4.7)
1<Ll’<d, 1=l 0 1<m<4,m=l,l’

Again, we take the Fy-conditional expectation; using E(|| Y; ||9] /) < Kt?? for all
q > 0 and a simple calculation yields (4.6).

Lemma 4.4 If m,, 1, > 1 are arbitrary integers, and if for all n > 1 and 1 < i > m,, the
variable &' is !, -measurable, we have

mll

Y [ 1F)]| >0 j
=1 - = sup ZEZ" KO (4.8)

LY By So |
i=1

Proof. With the convention &' = 0 when i > m,,, we set
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4 Complementary Estimates and Lemmas

g = | R )& =8 -8,
mn l

A=) &M, M=) &Y M(ky=  sup  [M(k)}
i=1 j=0 i<(m,—k)/l,

7

SO

i
sup
jsmy,

&
1

L
<A, + Zﬁ(k)n. (4.9)
k=1

i=

P
The first condition in (4.8) implies A,, — 0. On the other hand, each sequence M, (k)
is a martingale, relative to the discrete-time filtration (.7-",{’1(”)1 )i>0, hence Doob’s in-

equality gives us E(|M(k),|?) < 42;118_’()/1” IE(|§,2’flnj|2), which in turn is smaller than

ay "R e, J2). Since E(M(K), ) <1, X, E(M(k),|?), the second condition in
(4.8) yields that this expectation goes to 0, and this completes the proof.

4.2 Increment Estimates

Under (SPCC-r) for r <1, T > 0 and g > 0 it can be concluded by (2.1.44) of [4]:

T X Xol11F) < thq/Z if X is continuous

su - <

ssIt) Trs 7 ATERT K, t@/2A1 - otherwise,

E(sup| X7, — X7l/Fr) < Kgt??,  [B(X,, - X7lFp)| < Kt (4.10)
s<t

B(sup lerss = crlf1Fr) <Kgt”?, [Blery —cr|Fp) < Kt.
s<t
Similarly under (SPCC-r) for r <1, T > 0 and g > 1 it can be concluded by Corollary
(2.1.9) of [4] with ¢ a function depending on ],r,q (recalling that ] is a a determinis-
tic non-negative bounded function from (SPCC-r) satisfying J](z)/\(dz) < oo such that

|0(w, t,2)|" < J(2) for all (w,t,z)), but not on & as well as satisfying ¢(t) — 0 as t — 0
and Y = o p:

1 Yr - Y
t<1, 0<)(<§ = E sup('TJr;—XT'/\l)qlfT < Kt X (1), (4.11)

s<t

For simpler notation late on, we define the following 1-dimensional variables

32



4 Complementary Estimates and Lemmas

c(1)} = A”(An )2 =iy, C(2)] = Alc,
c'(ni =B 1 F), ()i =C(n)f=C(r)},
| Kol | Kt
n_ - n n_ - ..
a; = k, ZO'C(UH]" ﬁi = k, - (1)(z+]—1)A,1
j= j=
k,—1 k,—2
—n " 1 1 "
Bi = Bi —ci-1a, = o (civj-1)a, —€li1)a,) = o (kp = 1= 7)C(2)7;
n =0 n =0

(4.12)

Here, k, is the sequence of integers used to construct the spot volatility estimators,
and it either satisfies k,, ~ p/+A,, for some >0, or k,, VA, — 0.
Estimates under (SPCC-r), for r < 1.

ni', n:"associated by (4.1) with process Y = (b, b%, ¢, ¢, X0 (4.13)
We apply (4.10) and also Lemma 4.3 to the processes Y; = X(’Z 1A, +t X(Z 1)a, OF

Y, = C(i-1)A,+t — C(i-1)A,» tO obtain

() < KA, (WA, + 1) < KA, E(C)? 19 F") <K

” C (2)1' - Ei—l)AnA” ” + ” C (3)1‘ _b(i—l)AnA ||< KAn( VAn + 77;1) <KA,
q/2

E(lC(2)] 1172 +E(IC3)F 17 FLy) < KAy (4.14)
and also, with mln denoting either C(r)! or C”(r)!":

B(T(1 )n] (1 )nlmlfn ({z—l)A czﬂf DA, +C{Ti1)AC g ) < KA/A,
EC@)"T@ " | Fr) -2 Al < KAY? \/—M, < KA
EC3)TE 1 FY) - |y A < KAV, + 1) <KAY
E(az)?fk (3 )nl | Fm) - (if))A]kl < KA¥( /_+’71 < KAY?

EC) T £+ BRI TE F)| < KA, (4.15)

Finally, for any bounded martingale N which is orthogonal to W, and with the no-

. . 2 . N
tation N;" = (Esup,e(i-1)a,,ia,) |Nt = Ni-iya,| | .7-21)1/2, and upon using Itd’s formula,
one gets

V4 ,'k
[ AN FY)

< K\/A,N;"

+ |E(c"(3);?'f AN | FM)| < KANG, (4.16)

B @] AN 7
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4 Complementary Estimates and Lemmas

whereas when N = W' is one of the components of W, we have instead:

[ arwt | F )| < KA,

” ,jk ,jk,1

@) AW ) o Al <Ky (417)
7’ I. l

(B @) AW ) = ol A <KAY2. (4.18)

Lemma 4.5 Under (SPCC-r), for r < 1, we have for all g > 2:

I E(a]" | F*) IS KNAL(NA, +777)
ik nl L/ k jm —
'E(“i a; m”ﬁﬂ‘a( (i- l)A,C(m 1A, T Ci-1)a,€ ‘ KyA, +’71n
/2 a2
E(ll al [ F) < K (A7 +k,77)
ik ol
'E(a.n] prim | 71l < KkyA,

1

I BB | F) lI< Kk, A,

E(I B; IR < {

q(knA 2)Y? if ¢ is continuous,
Kk, A, otherwise.

Proof. The first claim above directly follows from (4.14) and (4.15). For the second

n_ Jjl km jm k1
claim, we set &; = Cli—nya, Slionya, T Ci-1)4, S(i-1)A,

2 mlm
n,jka;

and write @; as

n k ! kn 2 kn_l k / / ik
n] n m n] n m n,lm n,j
ZC z+u z+u Z Z z+u z+v +C(1)i+u C(l)iw )-
” u=0 v=u+1

By (4.14) and (4.15) and and successive conditioning and the first part of Lemma
4.1, the F", -conditional expectation of the last term above is smaller than K+v/A, (VA +

77;"). The conditional expectation of the first term, up to K+v/A,/k,, is k1—2 ZI;”:_OI E(ES, |
F",). Using the boundedness of ¢, and (4.10), we easily check that |]E(5?1 | F") - El”| <

Kk,A, when u < k,,, and the second claim follows. For the third clairlr+11,4 we use (4.14)
and (4.15) and Holder’s inequality, plus Burkholder-Gundy inequality C(1 )"” For the
fourth claim, we use (4.14) and (4.15) and Holder’s inequality again, plus successive
conditioning. The last two claims are obvious consequences of (4.10) applied to the

martingale increments.
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5 Conclusion and Potential Further
Developments

In this chapter main results of the master thesis are briefly summarized and further
promising research directions are discussed.

For a bivariate process (X,02), with X enjoying full generality of an Itd semimartin-
gale and o2 being a Brownian Itd semimartingale, consistent truncated unnormalized
estimator with a certain convergence rate has been derived for data observed on a dis-
crete grid with the grid size A,. The underlying model framework for the estimator
makes its utilization particularly appropriate for high-frequency financial data.

Potential further developments are:

* derivation of an analogous estimator of quadratic covariation for the bivariate
process (X,02);

* increase of a Blumenthal-Getoor index r in assumption (PCC-r) to its theoreti-
cally maximal value 2 or, in other words, allowance for maximal degree of jump
activity;

« introduction of full generality of It6 semimartingale for the volatility process o2;

* enhancement of estimation robustness with respect to the presence of microstruc-
ture noise.
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