Technische Universitat Munchen
Fakultat fur Mathematik

Lehrstuhl fur Wahrscheinlichkeitstheorie

Particles and populations

in random media

CHRISTIAN BARTSCH

Dissertation
zur Erlangung des akademischen Grades eines
Doktors der Naturwissenschaften (Dr. rer. nat.)
an der Fakultat fiir Mathematik

der Technischen Universitat Munchen

Januar 2013






Technische Universitat Munchen
Fakultat fir Mathematik
Lehrstuhl fiir Wahrscheinlichkeitstheorie

Particles and populations

in random media

Christian Bartsch

Vollstandiger Abdruck der von der Fakultit fiir Mathematik der Technischen Univer-

sitat Miinchen zur Erlangung des akademischen Grades eines
Doktors der Naturwissenschaften (Dr.rer.nat.)

genehmigten Dissertation.

Vorsitzender: Univ.-Prof. Dr. Rupert Lasser
Priifer der Dissertation: 1. Univ.-Prof. Dr. Nina Gantert

2. Univ.-Prof. Dr. Achim Klenke,

Johannes Gutenberg-Universitat Mainz

3. Univ.-Prof. Dr. Silke Rolles

Die Dissertation wurde am 24.01.2013 bei der Technischen Universitat Miinchen ein-
gereicht und durch die Fakultat fiir Mathematik am 27.03.2013 angenommen.






Danksagung

Zunachst mochte ich mich bei Prof. Dr. Nina Gantert fiir die ausgezeichnete Betreuung
und iiberaus angenehme langjahrige Zusammenarbeit wahrend der gesamten Entste-
hungsphase dieser Arbeit herzlich bedanken. Die wissenschaftliche Ausbildung, die sie
mir ermoglicht hat und die ich unter ihrer Obhut genieflen konnte, hat mich fachlich
wie auflerfachlich weitreichend gepragt und sie fiihrte mich immer wieder zu hochin-
teressanten mathematischen Fragestellungen, deren Bearbeitung mir sehr viel Freude
bereitet hat.

Ein weiterer ganz herzlicher Dank geht an meine lieben Kollegen und guten Freunde
Michael und Thomas Kochler sowie an Jan Nagel, mit denen ich nicht nur immer sehr
verlasslich und fruchtbar zusammen gearbeitet habe, sondern mit denen mich auch
enge Freundschaften verbinden und das nicht erst seit dem gemeinsamen Wechsel zum

Lehrstuhl fir Wahrscheinlichkeitstheorie der Technischen Universitat Miinchen.

Dariiber hinaus geht mein Dank, verbunden mit vielen schonen Erinnerungen, an das
Institut fiir Mathematische Statistik der Westfalischen Wilhelms-Universitat Miinster,
wo mein akademischer Werdegang seinen Anfang nahm und wo ich den Grof3teil meiner
Promotionszeit verbracht habe. Ich denke dabei vor allem an meine damaligen Kom-
militonen und Kollegen, die dafiir gesorgt haben, dass ich mich stets mit Freuden an

die Zeit in Munster zuriickerinnere.

Abschlieflend ist es mir ein Anliegen von besonderer personlicher Bedeutung, mich ganz
herzlich bei meinen lieben Eltern fiir ihre wundervolle Unterstiitzung zu bedanken, die
sie mir genauso wie meinen beiden Briidern auf ihren jeweiligen Lebenswegen vollig
selbstverstandlich, bedingungslos und zu jeder Zeit entgegen gebracht haben. Dafiir

danke ich Euch ganz besonders!



1



Contents

11



B.4 Auxiliary resultd . . . ... 67
3.5  Proofs of the main resultg ......................... 70
3.6  Final remarkd . . . . . . . . 102

[Bibliographyl 103

v



Preface

This thesis deals with three different models of certain stochastic processes in discrete
time. The processes of the considered models have in common that all three are
derived from time-homogeneous Markov processes in discrete time with the purpose
of creating more realistic stochastic models and thus weakening the ‘memorylessness’
property which is characteristic for Markov processes. Here memorylessness means that
the random movement of the memoryless process to the next state at some point in
time depends only on the present state but not on the entire path which has led to that
state. This property is called Markov property. Since Markov published first results on
those processes in 1906, the theory of Markov processes has been developed further with
considerable success. Hence, today there are numerous tools and techniques available
in the literature which in many cases allow a far-reaching and detailed analysis of such
processes. The application of those techniques usually strongly relies on the above
mentioned memorylessness. Hence, extensions and generalisations which are aiming at

weakening this property are a natural consequent step in the progress of this field.

Processes which do not satisfy the Markov property show a more complex dependence
structure. More precisely, the random displacements of the process at some point in
time can depend on the entire history of the process and not only on its current state.
Generally, such processes can be derived from ordinary Markov processes by assuming
that the evolution of the process takes place in a more complex medium which affects
the evolution in a certain way and which can also be affected by the evolution. Here
the medium is thought of as comprising both the state space of the process and its

transition probabilities which can depend on the present state.

One possible approach is to think of the medium itself as a realization of a random
mechanism and thus as something which is a priori unknown. In this case the (random)

medium is usually called random environment. The crucial idea of this approach is



to assume that two different random mechanisms are applied. On the one hand the
process obeys certain parameters which determine the random transitions of the process
in its state space. On the other hand — before the actual evolution takes place — the
controlling parameters and/or the explicit shape of the state space are generated as
a realization of a random mechanism. Hence, the randomness occurs, in a certain
sense, in two consecutive steps. As already mentioned, this construction implies that
those processes do not satisfy the Markov property in general. At first glance, this
fact might seem surprising. But the ongoing evolution of the process allows more and
more inferences to be drawn about the a priori unknown (since random) mechanisms
which control the evolution. Hence, the random displacement at each point in time
does not only depend on the current state but also on the path on which the state was
reached. Models of this type have been investigated intensively over the last decades.
Their study goes back to first papers published by Chernov [14] and Temkin [50]
in 1962 and 1972, respectively. These authors considered nearest-neighbour random
walks on the integers with random transition probabilities. At that time their work was
motivated by models for the replication of DNA chains. In 1975 Solomon published his
famous paper “Random Walks in a Random Environment” [54]. Therein he provides a
mathematically rigorous construction of the model as well as answers to questions on
recurrence and the asymptotic speed of the random walk in the case of independent and
identically distributed transition probabilities. Since then for the one-dimensional case
numerous questions have been solved and today the understanding of these processes
has reached a very high level. Thus, it has become clear that these processes show
considerably richer phenomena (such as slowdown and aging effects and traps), which
differ from those of the original models (without a random environment), and which

make their study particularly interesting and rewarding.

Another extension of Markov random walks is a generalisation of both the concepts
of Markov processes and of branching processes. Instead of considering just one single
random walker, it is assumed that this random walker produces offspring according to a
(position-dependent) offspring distribution and that the offspring random walkers move
independently of one another and identically to their progenitor. Thus, a single initial
random walker or particle can result in a cloud or population of particles which moves
and/or expands as an entire cloud. Usually the reproduction is assumed to follow a
Galton-Watson branching process. Hence, the single particles of a population reproduce
independently of each other and they share common mechanisms which determine
the reproduction. In a model of this kind new phenomena related to recurrence and

transience can be observed. Moreover, as always in the context of branching processes,



questions on survival — both locally and globally — arise immediately. Such models
are called branching random walks or branching Markov processes. A general theory
of branching Markov processes has been developed in a series of papers by Ikeda,
Nagasawa, and Watanabe in 1968 and 1969 [39]. Similar to ordinary random walks,
also a branching random walk can be embedded into a random environment. In this
case both the random movement of the particles as well as their random reproduction
depend on the underlying medium which is again random. This construction yields a

branching random walk in a random environment.

In Chapter 1 of this thesis we study a branching random walk in a random environ-
ment, described as above, on the non-negative integers. The random movement of this
branching random walk can be described as a movement to the right with a location-
dependent random delay. Also the reproduction mechanisms depend on the location.
Both the parameters which determine the movement and those which determine the
reproduction are part of the random environment and thus a priori unknown. In this
chapter we answer questions on the local as well as global survival. Besides, we prove

a theorem on the asymptotic shape or contour of the cloud of particles.

A different variant of random media, which has attracted a lot of interest in the lit-
erature, are random graphs. In additon to the analysis of the properties of random
graphs itself, the graph can be regarded as the state space of a random walk. Thus,
the entire structure of the state space of this random walk is a realization of a random
mechanism. The study of random graphs goes back to the famous work by Erdos and
Rényi from 1959 [25]. Since then numerous different types of random graphs have been
the object of research. A special case of a random graph which is of importance for
the present thesis is the genealogical tree of a Galton-Watson branching process. For
any graph the easiest way to define a random walk on that graph is the so-called sim-
ple random walk. At each point in time the random walker of a simple random walk
chooses one of the states which neighbour the current state of the process at random.
In general, for each vertex of the graph, a different transition distribution on the set of
its neighbours can be given as a part of the random graph, which makes the transition
probabilities also random. One important special case of this approach are random con-
ductance models. For these models a non-negative random weight is assigned to every
edge of the underlying graph. For a fixed configuration of edge weights, the transition
probability to move from a given vertex to one of its neighbouring vertices is propor-
tional to the weight of the edge connecting those two vertices. The edge weights are

also called conductances referring to physical electric networks, which serve as a good



source of intuition in this context. This model comprises, as the simplest special case,
the simple random walk for which all conductances share the same deterministic value.
A valuable advantage for the analysis of processes defined via edge weights arises from
the fact that all such processes show — in a certain sense — a time reversibility. More

precisely, they possess a canonical reversible measure depending on the edge weights.

In Chapter 2 of this thesis we study a random walk in a random medium which is given
by the genealogical tree of a Galton-Watson branching process with independent and
identically distributed edge weights. In papers by Lyons, Pemantle, and Peres [44] [45] it
is proved that the simple random walk on infinite Galton-Watson trees is almost surely
transient with positive asymptotic speed. Independent and identically distributed edge
weights can be regarded as a kind of blurring or smudging of the simple random walk.
Consequently, in a paper of Gantert, Miiller, Popov, and Vachkovskaia from 2012 [30]
it was proved that this generalised model, too, shows transience with a positive speed.
As a natural next step after analysing the speed of a random walk, in Chapter 2 of this
thesis we derive a central limit theorem for the graph distance as well as for the range

of the random walk in this model.

In addition to random media, another approach to increase the complexity of Markov
processes is to assume that the medium interacts with the random walker. Thus, it
is possible that the mechanisms which determine random transitions of the process
are altered in the course of time. In general, this approach can be pursued in various
ways. A famous example is the reinforced random walk first considered by Diaconis
and Coppersmith in 1987 [22]. In this model the probability for the random walker
to perform a certain movement is increased (or decreased) if the same movement has
been performed previously. Subsequently, Davis [20] and Pemantle [50] have derived
far-reaching results on these models. Another way to obtain manipulable media is to
consider excited or cookie random walks. In these models the transition probabilities
of a state are altered after the first visit (or after a certain number of visits) of this
state. Here it can be pictured that at a certain state the random walker undergoes
an excitement by some kind of cookie which has been placed on the state as part of
an initial configuration of cookies, and which is consumed by the random walker after
having reached this state. Hence, after the initial cookie storage of a state is depleted,
the random walker will no longer undergo an excitement and behave according to

different transition probabilities. Excited random walks were introduced by Benjamini
and Wilson in 2003 [11].



Obviously, the resulting processes do not satisfy the Markov property. The underlying
medium is altered in the course of the evolution of the process by its explicit path. This
fact causes a more complicated dependence structure since visiting a certain state can
affect the evolution of the process arbitrarily many time steps later. So the transition
mechanisms do not only depend on the current position of the random walker but also

on the entire history of the process.

Similarly, the cookie random walk model can be combined with the concept of branch-
ing processes. In this case, instead of considering only a single random walker, the
object of study is a population of random walkers, which move and reproduce indepen-
dently of one another according to certain transition and offspring distributions. But
here, as the available cookies are consumed gradually, the transition probabilities can
be altered depending on whether a respective state has been visited (often enough).
Similarly, the reproduction mechanisms can change in the course of the evolution of

the process.

In Chapter 3 of this work a cookie branching random walk as described above is stud-
ied. The questions of interest are the same as those in the context of branching
random walks without cookies. In Chapter 3 we answer in detail all questions on

recurrence/transience phenomena of the considered process.

The thesis is divided into three self-contained chapters which can be read indepen-
dently of one another. The notation which is made use of within each of the chapters
is introduced at the beginning of each chapter. Whenever it is possible and seems
reasonable we use consistent notation also across different chapters. In each chapter
we use both of the symbols B and [J to signal the completion of a proof. B is used at
the end of the proofs of the major results; whereas [ is used for the proofs of auxiliary

results which are part of another proof.






Chapter 1

Survival and growth of a branching
random walk in a random

environment

1.1 Introduction

In this chapter we consider a particular branching random walk in a random enuvi-
ronment (BRWRE) on Ny started with one particle at the origin. The underlying
environment is an i.i.d. collection of offspring distributions and transition probabili-
ties. In our model particles can either move one step to the right or they can stay
where they are. Given a realization of the environment, we consider a random cloud
of particles which evolves as described below. The process is started with one particle

at the origin and then the following two steps are iterated indefinitely:

e Each particle produces offspring independently of the other particles and accord-

ing to the offspring distribution at its location (and then it dies).

e Then all particles move independently of each other. Each particle either moves
to the right (with probability h,, where x is the location of the particle), or it
stays at its position (with probability 1 — h,).

We are interested in the question whether the BRWRE survives or eventually becomes
extinct. Moreover, we analyse the connection between survival/extinction and the
growth rate of the (expected) number of particles, and we characterize the asymptotic
profile of the expected number of particles on Ny.

The question on survival/extinction is considered for particles moving to the left or

to the right in a paper by Gantert, Miiller, Popov, and Vachkovskaia [29]. Our model is



CHAPTER 1. SURVIVAL AND GROWTH OF A BRWRE

excluded by the assumptions in [29] (Condition E). The questions on the growth rates
are motivated by a series of papers by Baillon, Clement, Greven and den Hollander.
In their papers [B, [0, 31, B2, B3] the authors study a similar model which is started
with one particle at each location. Since in such a model the global population size
is always infinite, the authors introduce different quantities to describe the local and
global behaviour of the system. They apply a variational approach to analyse different

growth rates.

In this chapter we provide a different (and easier) characterization of the global
survival regime by means of an embedded Galton-Watson branching process in a ran-

dom environment. For a connection between the model considered in this chapter and
the model in [31] we refer to Remark [L4.2]

In order to obtain results on the growth of the global population (Theorem [[.3.4]
and Theorem [[.3.0]), it is useful to analyse the local behaviour of the process which is
carried out in Theorem [[.3.3] and its proof. This theorem involves a function g which
describes the asymptotic profile of the expected number of particles. However, the
definition of 3 is not very explicit: Its existence is derived from the subadditive ergodic

theorem.

An important difference to the model considered in [17] is that in our model particles
can have no offspring, in which case it is possible that the entire process eventually
becomes extinct. Thus, it is neccessary to condition on the event of survival in order

to determine the growth rate of the population.

If we choose h = 1, the spatial component of the BRWRE is trivial (in this case,
all particles at time n are located at position n), and the model reduces to the well-
known branching process in a random environment, which is comprehensively studied
by Tanny in [55]. Our model can be interpreted as an extension of the model considered

in [55] towards a process in time and space.

Chapter [Ilis organized as follows: In section we give a formal description of our
model. Section [[L3] contains the results, section [[L4] some remarks and section the

proofs. At the end of this chapter, in section [L6, examples and pictures are provided.

The results presented in this chapter have been published in [7] in collaboration
with Nina Gantert and Michael Kochler.

1.2 Formal description of the model

The considered BRWRE is constructed in two steps. First, we define the space of

environments ) and the associated environmental measure. Subsequently, for a fixed



1.2. FORMAL DESCRIPTION OF THE MODEL

environment w we define the mechanisms of reproduction and movement of the particles

within this environment.

1.2.1 The environmental law

First, we define
M = {(pi)ieNo tpi 2 O,ZPi = 1}
i=0

as the set of all offspring distributions (i.e. probability measures on Ny). Then, we
define
Q:= M x (0,1]

as the set of all possible choices for the local environment which now also includes the

local drift parameter. Let o be a probability measure on € satisfying

a ({((pi)ieNoah) €Qip = 1}) <L (1.1)

o ({((pi)ieth) eQ:ipy<1—206,hels 1]}) =1

for some 0 > 0. The first property ensures that the branching mechanism is non-trivial
and the second property is a common ellipticity condition which usually comes up in

the context of survival of branching processes in a random environment.
Now we define the space of environments €2 as the product space

Q::®Q.

z€Np

For a suitable (product) o-algebra F on Q, we define the probability measure P
on (€2, F) as the infinite product measure of a, i.e. P := o"°. Hence, if we choose w € Q
according to the distribution P the sequence w = (w;)zen, = (Ha) Pa)zen, 18 an ii.d.
sequence in ) with marginal distribution . The measure P is called the environmental
measure on §) and we write E for the expectation operator corresponding to P. In the
following w is referred to as the random environment containing the offspring distribu-

tions u, and the drift parameters h,. The mean offspring at location x € Ny is denoted
by

my = mg(w) == Z kp ({k})
k=0
and the essential supremum of mg by

M := esssup my.
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Furthermore, we define
A = esssup (mo(1 — hy)).

1.2.2 The evolution of the cloud of particles — The quenched

law

Given a randomly chosen environment (w;)zen, = (fas Pz)zeng, the BRWRE is con-
structed as a discrete-time Markov process. At every point in time n € Ny each existing
particle at some position z € Ny produces offspring according to the distribution g,
independently of all other particles and dies. Afterwards, the newly produced particles
move independently according to an underlying Markov chain starting at position x.
The transition probabilities of this Markov chain are also determined by the environ-
ment. We only consider a particular type of Markov chain on Ny, which might be called
movement to the right with (random) delay. This Markov chain is determined by the

following transition probabilities:

hy y=x+1
Po(T,y) =q1—h, y=ux . (1.2)
0 otherwise

We note that the local drift parameter h, is bounded away from 0 by some posi-
tive d due to the ellipticity condition in (LI]). In Theorem [[L3.7 we consider the case
that P(hg = h) = 1 holds for some h € (0,1] (i.e. a constant drift parameter). In this
special case, we identify a phase transition for the drift parameter h and different

survival regimes depending on h.

For n € Ny and x € Ny, the number of particles at location x at time n is denoted

by n,(x) and, moreover, the total number of particles at time n by
I = Z M ().
r€Ng

For a fixed environment w, the probability and the expectation such that the pro-
cesses (M) nen, and (Z,)nen, have the properties described as above and such that the
population is started with one particle at x is denoted by P? and E?, respectively. P?

and E? are called the quenched probability and expectation.

1.2.3 Survival regimes

Now we define two different survival regimes which naturally result from the local and

the global point of view, respectively.

10



1.3. RESULTS

Definition 1.2.1. Given an environment w € €2, we say that

(i) there is Global Survival (GS) if

P)(Z,—0) < 1.

(i) there is Local Survival (LS) if
P (na(x) — 0) <1

for some = € Nj.

Remarks 1.2.2. (i) For fixed w LS is equivalent to

P)(n.(z) - 0V 2z eNy) < 1.

(ii) Since the drift parameter is always positive, it is easy to see that for fixed w LS
and GS do not depend on the starting point in Definition [L2Il Thus, we will
always assume that our process starts at 0. For notational convenience we will

omit the superscript 0 and use P, and FE,, instead.

1.3 Results

The following results characterize the different survival regimes. As in [29)], local and
global survival do not depend on the realization of the environment but only on its

law.

Theorem 1.3.1. There s either LS for P-a.e. w or there is no LS for P-a.e. w.
There is LS for P-a.e. w iff

A>1.

Theorem 1.3.2. We suppose that we have A < 1. There is either GS for P-a.e. w or
there is no GS for P-a.e. w. There is GS for P-a.e. w iff

o () -

Next, we consider the local and the global growth in terms of the asymptotic be-

haviour of the moments E_[n,(z)] and E,[Z,] as n tends to infinity. For the Theo-

11



CHAPTER 1. SURVIVAL AND GROWTH OF A BRWRE

rems [[.3.3] to [L3.6] we need the following stronger condition

a ({((pi>i€Novh) €Qip = 1}) <L (1.3)

a({((pi)ieth) €eQ:ipy<1-906he [5,1—5]}) =1

for some 0 > 0. In addition, for those theorems we assume M < oc.

Theorem 1.3.3. There exists a unique, deterministic, continuous and concave func-
tion B :[0,1] — R such that for every v > 0 we have

lim max
n—00 zen|y,1]NN

% log E,, [ﬁn(ﬂf)] - 6(%)

for P-a.e. w € Q. Additionally, we have 3(0) = log (A) and B(1) = E[log(moho)].
Theorem 1.3.4. We have

lim Llog E,,[Z,] = max ((z)

n—00 z€l0,1]

for P-a.e.w.
Theorem shows that GS is equivalent to exponential growth of the expected
global population size E,[Z,]:
Theorem 1.3.5. The following assertions are equivalent:
(i) Y}Lngoilog E,[Z,] > 0 holds for P-a.e. w.
(ii) There is GS for P-a.e. w.

In Theorem [[.3.6] we consider the growth of the population Z, without taking

expectation but conditioned on the event of survival:

Theorem 1.3.6. If there is GS, we have

lim +log Z, = max f(z) >0 P,-a.s. on {Z,# 0}

n—00 z€[0,1]

for P-a.e. w.

12



1.4. REMARKS

As already announced above we now analyse the case of a constant drift parameter,
i.e., we have P(hy = h) = 1 for some h € (0, 1]. We easily conclude from Theorem [[.3]]

that in this case we have LS iff

1— if M e (1,0]

if M e (0,1] .

1
h < hpg:= M

In order to analyse the dependence of GS on the drift parameter h, we define

Theorem 1.3.7. We suppose that we have h > hpg.

(i) If M <1, then we have ¢(h) <0 for all h € (0,1] and thus there is a.s. no GS.
(ii) We assume that M > 1 holds.

(a) If o(hrs) > 0 and ¢(1) < 0, then there is a unique hgs € |hps, 1] with
o(hgs) = 0. In this case we have a.s. GS for h € (0, hgs) and a.s. no GS
for h € [hgs, 1]

(b) If p(hrs) < 0, then p(h) < 0 for all h € [hps,1]. Thus, we have a.s. GS
for h € (0,hrs) and a.s. no GS for h € [hrs,1]. In this case we define
hGS = hLS-

(c) If (1) > 0, then @(h) > 0 for all h € [hps,1]. Thus, there is a.s. GS for
all h € (0,1]. In this case we define hgg := 00.

Hence, we have a unique hgs € [hrs, 1] U {oo} such that there is a.s. GS for
h < hgs and a.s. no GS for h > hggs.

1.4 Remarks

The following remarks apply to the case of constant drift.

Remarks 1.4.1. (i) Since we have ¢(1) = E[logmy|, our results can be regarded
as an extension of the well-known condition for a non-certain extinction of a
Galton-Watson branching process in a random environment (cf. Theorem 5.5
and Corollary 6.3 in [55], we recall that we assume that condition (ILI)) holds).

In fact, our proofs rely on this result.

13



CHAPTER 1. SURVIVAL AND GROWTH OF A BRWRE

(i) If M is finite and p(hrs) € (0,00] holds true, then, by virtue of the continuity
of ¢, there exists z > 0 such that there is a.s. GS but a.s. no LS for every
h € [hrs, hrs + z). In particular, this is the case if P(mg = M) > 0 holds true,

since this implies ¢(hpg) = oco.

(iii) In Section [[.6 we provide an example for a choice of the parameters so that the
condition of Theorem [[33.7 (77)(b) holds true. In this case there is a.s. LS for
h € (0, hrs) and a.s. no GS for h € [hpg, 1] for some hyg € (0,1).

Remark 1.4.2. The expected global population size F,[Z,] corresponds to d\ (0, F)
in the notation of [31]. In Theorem 2 I. the authors of [31] describe the limit

lim Llog E,[Z,] = lim logd} (0, F) =: A(h)

n—00 n—0o0
as a function of the drift parameter h by an implicit formula.

In order to clarify this correspondence, we consider a random walk (.S, ),en, on Ny

started in 0 with (non-random) transition probabilities (ps(z,y))s yen,. The transition
probabilities are defined by

h y=x+1
pr(z,y) =< 1—h y==x
0 otherwise

and let E) be the associated expectation operator. The local times of the random

walk (S;,)nen, are denoted by [, (x), i.e.
() ={0<i<n:S; =z} forxz>0,n>0.

Then for x = 0 we obtain

By, (0)] = (1 = h)" - mo(w)" = Ej,

n—1
H mgi (w) . ﬂ{snzo}] .
=0

Moreover, for x > 1 we have
Euna(@)] = h - my_1(w) - Bo[na-i(e = D] + (1= ) - ma(w) - B [na-(2)],
which yields

Eylna(2)] = En

n—1
H msg, (w) ’ 1{571:1'}]
=0

for all z > 1 by induction. Finally, we get

n—1
H ms; (w) = Ej
=0

E,Z,] = Z B[ (z)] = Ej

n—1
mew)“”)] |
=0

14



1.5. PROOFS

Since the environment w = (w;).en, can be extended to an i.i.d. environment (w,)zez
and since (w;)zez and (w_,)zez have the same distribution with respect to P, for-
mula (1.8) and Theorem 1 in [3I] show that there exists a deterministic ¢ € R such
that

lim +log E,[Z,) = ¢

n—oo

holds for P-a.e. w. In our notation this limit coincides with max,c(o1) 3().

The connection between the two models enables us to characterize the critical drift
parameter at which the function A — A(h) in [31] changes its sign using an easier

criterion, which can be directly derived from Theorem [I.3.7

1.5 Proofs

Proof of Theorem [1.3.1]. First, we observe that the descendants of a particle at lo-
cation = which stay at x form a Galton-Watson process with mean offspring m, (1 — h,).

For a fixed w € 2, we therefore have

PZ(na(z) = 0) <1 & mg(w)(1 — hy(w)) > 1.

Now we assume that we have A > 1. Thus, there is some A > 1 such that
P(mo(l — ho) > )\) >e>0

holds true for some € > 0. Using the Borel-Cantelli lemma, we obtain that P-a.s. for

infinitely many locations x we have
mg(1 —hy) > 1.

Let xy = xo(w) denote a location satisfying m,,(1 — h,,) > 1. Then, for P-a.e. w, we

have

Fo(Ne(20) = 1)
> (1= po({0}))ho - (1= pa({0}))ha - (1= prag—1({0}) ) hp—1 > 0,

where we make use of condition (ILT]) for the second inequality. For P-a.e. w this implies

Py(na (o) — 00)
2 Pu(nae(20) 2 1) - B (1a(20) — 00) >0

and thus LS.
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Now we assume that we have A < 1. As already mentioned above, for every z € Ny
and P-a.e. w the descendants of a particle at location x that stay at z constitue a

subcritical or critical Galton-Watson process. Thus, for a given w, we have

P,-a.s.

1(0) 0,

n—00
which yields that the total number of particles that move from 0 to 1 is P, -a.s. finite.
Inductively we conclude for every x € Ny that the total number of particles that reach
location = from z —1 is finite. By assumption each of those particles starts a subcritical
or critical Galton-Watson process at location x, which P,-a.s. dies out. This implies

Pw(nn(a:)—>0):1 V2 € Ny

n—oo

and therefore completes the proof of Theorem .31l [

Proof of Theorem [1.3.2l Since we have A < 1 by assumption, there is P-a.s. no LS

according to Theorem [[.3.1l This means we have
P,(n.(z) —0)=1

for P-a.e. w and for all x € Ny. We now define a Galton-Watson branching process in
a random environment (&,)nen, Which is embedded in the considered BRWRE. After
starting with one particle at 0 we freeze all particles that reach position 1 and keep these
particles frozen until all existing particles have reached 1. This will happen a.s. after
a finite time because the number of particles at 0 constitutes a subcritical or critical
Galton-Watson process that dies out with probability 1. The total number of particles
frozen in 1 is now denoted by &;. Then we release all particles, let them reproduce and
move according to the BRWRE and freeze all particles that hit position 2. As before,
the total number of particles frozen at 2 is denoted by &. We repeat this procedure
and with & := 1 we obtain the process ({,)nen, Which is a branching process in an

i.i.d. environment.

Another way to construct (&,)nen, is to think of ancestral lines. Each particle has
a unique ancestral line leading back to the first particle starting from the origin. In
this manner of speaking &, is the total number of particles which are the first particles

that reach position £ among the particles in their particular ancestral lines.

We observe that GS of (Z,)nen, is equivalent to survival of (&,)nen,. Due to
Theorem 5.5 and Corollary 6.3 in [55] (taking into account condition (LII)), the pro-
cess (&n)nen, survives with positive probability for P-a.e. environment w if and only if

we have

/ log (E.,[&1]) P(dw) > 0.

16
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Computing the expectation E,[£;] completes our proof. First, we define ék) as the

number of particles which move from position 0 to 1 at time k. Using this notation we

=y &"
k=0

can write

and obtain

k
Eyl&] = ZEw[ § )] .

k=0
In order to calculate E, [SYC)}, we observe that (w.r.t. P,) the expected number of
particles at position 0 at time k equals (mg(w) - (1 — ho(w)))k. Each of those particles

contributes mg(w) - ho(w) to E, [éfk)]. This yields

(1.4)

which is defined as oo if mg(w) - (1 — ho(w)) = 1. This completes the proof of Theo-
rem [

Remark 1.5.1. Alternatively to the computations in the proof of Theorem [[.3.2] equa-
tion (L) can be obtained using generating functions. The crucial observation is that

the generating function f,(s) := E,[s**1[&, = 1] is a solution of the equation

fo(8) = g2 (1 = ha) fu(s) + has) (1.5)

where we write g,(s) := Y po 1o ({k})s". Since we have E,[¢;] = f{(1), we can easily
derive (I4)) from equation (LH).

Proof of Theorem [[.3.3l Following the ideas from [I7], we introduce the function (3

to analyse the local growth rates.

(i) First, we show that 8 can be defined as a concave function on (0, 1] N Q such that

n—oo

w3

) (1.6)

holds for all r, s € N with r < s and for P-a.e. w.
In order to establish this, we fix r, s € N with r < s and define

Sm,n(w) = % log £ [ns("—m)(rn)}

17
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for 0 < m < n, which is integrable due to (L3]) and M < oco. Using this definition we
obtain

Smt1n+1(W) = Spmn 0 O(w). (1.7)
Here © is defined by O(w) := 6"(w) with 6 denoting the shift operator as usual,

ie. (Qw); = wiy1. Furthermore, we have
Son(w) > Som(w) + S (w) (1.8)

since

E[5n(rn)] 2 EJ [N (rm)] - B [Nyt (r1)].
Due to the properties (7)) and (IL8) we are able to apply the subadditive ergodic the-
orem to (S,,»). We cite Chapter 7.4 of [24] for a textbook reference of the subadditive
ergodic theorem. However, we conclude that the limit

Tim £80,,(w) = lim L log B [nu(rm)] =: 5 (2)
exists for P-a.e. w. Clearly, the limit only depends on % and it is P-a.s. constant since P

is a product measure.

(ii) We now show that § is concave on (0,1] N Q. We fix a,b,t € (0,1] N Q with ¢ # 1
and define s := a’- b'- ' as the product of the denominators of the reduced fractions of
the rationals a, b, t. By virtue of (LL§) we have

LlogE, [nsn(S(ta +(1- t)b)”)}

Ztﬁ log E,, -nsm (st(m)

+ (1 _ t)8(1+t)n log Eztan [ns(lft)n (s(ta + (1 — t)b)n):|

+ (1= ) gt 10g Bgetans, [ns(l_t)n(s(l - t)zm)] (1.9)

=t log E,, _nstn (stan)

stn

We observe that for all n € Ny we have

Eystany, [ns(l_t)n (5(1 — t)lm)] 4 E, [ns(l_t)n (5(1 — t)bn)]

w.r.t. the enironmental measure P. Due to (L) and since [ is P-a.s. constant, this

implies that we have

(1= 1) g 108 Eosrans s on (s(1 = )bm) | =2 (1= 1)8(0).

n—oo

Therefore, there exists a subsequence of the expression in (L) which converges P-a.s.

as n tends to infinity and this yields that we have

B(ta+ (1 —1)b) = th(a) + (1 —1)3(b).

18



1.5. PROOFS

We observe that § is bounded with 2log d +log(1 —9) < () < log M and thus it can

be uniquely extended to a continuous and concave function 3 : (0,1) — R.

(iii) We now investigate the behaviour of 5(z) if x tends to 0 from above, and we show

that we have

lin f(z) = log(A).

We fix e > 0 and a € QN (0,¢]. Let a’ be the denominator of the reduced fraction of a.

For P-a.e. w there exists y = y(w) satisfying
my(w)(l — hy(w)) >A—c.
Using the definition
k:=max{l e N:l < (1 —¢)a'n},
for large n such that k& > y(w) we obtain

E[nam(d'an)] > E, [ni(y(w))] . By [n—i(a'an)]
Z 58(&)) . (A o g)kfy(w) . 58’117]4:

for P-a.e. w, where we write &y := 6% - (1 — §). If we let n tend to infinity and e to 0,

we can conclude that we have

limiionfﬁ(x) > log(A).

For the remaining inequality, we observe that

B [Mnymg (n2)] < ("172) - Alm=m2 . pyma (1.10)

n2

holds true for ny,n, € N and for P-a.e. w. Since we have

o los (M%) ——— it log (7) + 7 log(m) —— 0.

ni-n2 n2 ng—oo ™ ni1—00

the estimate in (LI0) yields

7108 B [0, 1 (n2) ]| < (0(n2) + 0(m1)) + M4 log(A) + ;- log(M)

ning

— "111—:1 log(A) + o(n4)

ng—00

for P-a.e. w. This implies that we have

limsup 3 (1) < log(A)

n—oo

and due to the continuity of £ on (0,1) we conclude

lim sup f(z) < log(A).
z]0
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(iv) Since the process (1,(n))nen, is a branching process in an i.i.d. environment sat-

isfying E,[m(1)] = moho, we have

The continuity of 5 in 1 can be established with similar arguments as in part (iii).

(v) We fix v > 0 and € > 0 and show that we have

liminf min (%long[nn(x)] - B(%)) >0 (1.11)

n—o0  zenly,1]NN

for P-a.e. w. In order to show this, we observe that there is a finite set
{ai,...,aq;} C (0,1)NQ
satisfying the following condition:
Vbey,1]3ije{l,....l}: |b—ai| <e, a; <band [b—aqj| <e, a; > .
Let a} be the denominator of the reduced fraction of a;. We define
ki :=max{l € N:qa;l <(1—¢)n}.

By definition of k;, for large n we have

(1-2e)n<(l—e)n—a, <ak; <(1—e)n. (1.12)
Furthermore, for large n and for all i € {1,...,l} we have
w [na;kl(a;azkz)} Z 6((1,2) — & (]_]_3)

for P-a.e. w as a consequence of (L.6]).

Now we fix y € n[y,1] " N. Then, there is a; < £ with [£ — g;| < ¢ and we have

aia;k; < (1—e)na; < (1—¢e)y <y. (1.14)
If B(a;) — e > 0 holds true, by virtue of (LI2), (LI3) and (LI4]) we have
E,[1(y)]

v

Ew [nazk (CL azkl } a az Mn— a; k ]

z il
> exp (ajk - (B(a;) — €)) - 6 "

= exp ( er_/ - (B(a;) =€) = (n— ajk;) -log(é5 1))
>(1-2¢)n <2en

> exp (n (1—2¢)-(B(a;) —¢e) —2¢- 10g<551)))
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for P-a.e. w and for all large n, again with dy := 6%-(1 — §). This yields
Llog B, [0 (y)]
> (1-20) - (Bla) — <) — 2 - log(5y ) (1.15)

for P-a.e. w. If 5(a;) — e < 0 holds true, we conclude in the same way that we have

Ey[na(y)]
> exp (n((1-2)- (B(a;) - £) — 2= - log(5)) (1.16)
for P-a.e. w. Since we have |a; — 2| < ¢ and since /3 is uniformly continuous on [y, 1],

the estimates (LI5]) and (LI6) imply (ILI1) as n — oo and € — 0.

(vi) In order to complete the proof, it remains to prove that

limsup max (%long [17n(2)] —6(%)) <0 (1.17)

n—oo TEN[y,1JNN

holds for P-a.e. w. So we assume that (I.I7) does not hold and, as a consequence, for

infinitely many n € N there exists y € n[y, 1] NN such that

Llog Eu[n.(y)] = B(Y) + ¢ (1.18)

holds with positive probability. As in (v), there exists a; > £ such that [£ —a;| < ¢

holds true. Now we define
k= max{l € N:a}l < (14 ¢)n}
and then (L6) implies
E, [na;k;(a;ajk;;)] < exp (ajk] - (B(a;) +¢)) (1.19)
for P-a.e. w and for all large n. Moreover, due to (LIS, we have
asak’)]

| - B [nayss-n(dfask})]

—n

B[N,
E, [nn@
> exp (n(B(L) +¢)) - 657"

with positive probability since we have

o~

v

! 1./
and
a;ajk; > (n+4en— a;)aj > naj >y

for large n. This yields a contradiction to (LI9) and hence completes the proof of
Theorem [1.3.3 [
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Proof of Theorem [1.3.4l. For all ¢ > 0 there exists g € QN (0, 1] such that we have

Blao) = max f(x) —e.

Let x;, € N denote the denominator of the reduced fraction of xy. Then we have

liminf -1~ log E,, [ Zy, |
n—oo "o 0
> liminf ni/ log E, [nn16 (nx6 ) xO)}
0

n—o0

= B(xo) > 3}2[%?%]5(55) —€

for P-a.e. w. Moreover, using the ellipticity condition (L3]), we have

Bo[Znar ] > 6 B[ Znar]

for r € {0,1,...,2; — 1} and for P-a.e. w. If we let ¢ — 0, we can conclude that we
have
liminf X log E,[Z,] > 1.2
im inf ;- log E,, [ Z,] > max f(2) (1.20)

for P-a.e. w. In order to establish the remaining estimate, we first state the following

lemma.

Lemma 1.5.2. For e > 0 there is v > 0 such that for all n € N we have
7 log B, [1(y)] < log(A +¢)

for P-a.e. w and for all y € n[0,~] N Ny.

Proof of Lemmal[L.5.2. We fix % >~ >0 and y < yn and observe that we have
Eu ()] < () - A"V MY

for P-a.e. w. Since we have
. log (Z) < ;log (L»Z@J) 0 0

uniformly in n, we can conclude that we have
7 log Euna(y)] < o(y) + %72 log(A) + Llog(M) < log(A +¢)

for P-a.e. w if v > 0 is small enough. U
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For an arbitrary € > 0 we now choose v > 0 according to Lemma [[.5.21 Then, from
Theorem [[L3.3] and Lemma [[L5.2] we can derive that we have

limsup = log E,,[Z,,]

n—o0
lyn] -1 n
= limsuplog B, | > m)+ Y ma(y)
e y=0 y=lm)
< limsup + log <7n- (A+ e)n + n-exp <n ( m[ax] B(x) + 0(n))>)
n—00 z€(0,1

< ma xr)+¢€
< me[o,)iﬁ( )

for P-a.e. w since 5(0) = log(A) holds true. For ¢ — 0 this yields

limsup & log E,,[Z,] < max ()

n—+00 z€[0,1]

for P-a.e. w. This, together with (L20), proves Theorem [[.3.4] [ |

Proof of Theorem [I.3.5l First we prove that (i) implies (7). We assume that there
is P-a.s. LS. As shown in the proof of Theorem [[.3.1], for P-a.e. w, there is a location x
such that the descendants of a particle at x that stay at x constitute a supercritical
Galton-Watson process. Let z = z(w) be such a location, i.e. m,(1 — h;) > 1. Then

we have

> (1= po({0}) o~ -+ (1 = pta-1({0}) ) oy - (mn(1 = ha))" ™
> (8% (my(1—hy))" "

for P-a.e. w and for n > z. Here we use condition ([LT) for the last inequality. Due to
Theorem [[.3.4] we obtain
lim +log E,[Z,]

n—o0

> limsup % log (523& - (mg(1 — hx))n_$)

n—oo
= log (m(1 — hy))
>0

for P-a.e. w.
Now let us assume that there is P-a.s. no LS, which is, according to Theorem [L.3.1],

equivalent to A < 1. Again, we use the process (&,)nen, defined in the proof of
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Theorem [[L3.2] Since there is GS for P-a.e. w, the process (&,)nen, has a positive

survival probability for P-a.e. w. Thus, we have

/log (Eul&])P(dw) > 0 (1.21)

by Theorem 5.5 in [55]. For 7" € N we now introduce a slightly modified embedded
branching process (£1),en,. For k € N we define £/ as the total number of all particles
that move from position £ — 1 to k£ within 7" time units after they have been released
at position k — 1. The leftover particles are no longer considered. With ¢ := 1 we
observe that (£1),en, is a branching process in an i.i.d. environment. By virtue of the

monotone convergence theorem and (L2I]) there exists some T' such that

/log (E.[€]]) P(dw) > 0. (1.22)
By construction of (£1),en, We obtain
' < Zn A Znjr + ...+ Zyr. (1.23)

Using the strong law of large numbers and taking into account that w is an i.i.d.

sequence, we have

lim 1log E,[¢]]

n—o0

= lim Llog [ | Epne[¢]]

n—»00 .
=0

= lim 1) "log Egpn, [¢]]
=0

n—o0

= / log (E,, [£]]) P(dw) (1.24)

for P-a.e. w. Here again 6 denotes the shift operator as usual, i.e. (Qw); = w;i1.
Together with (L22) and (23] this yields

liminf Llog B, [Z, + Zps1 + ...+ Znr] > 0 (1.25)

n—o0

for P-a.e. w. Using Theorem [[.3.4] we conclude that we have

max 3(z) = lim L log E,[Z,] > 0
z€[0,1] n—oo "

for P-a.e. w because otherwise there would be a contradiction to (L2H). This shows
that (i1) implies (3).

In order to prove that (i) implies (1), we first notice that (ii) obviously holds true if
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there is LS for P-a.e. w. Therefore, we may assume A < 1 for the rest of the proof.

We now want to consider the branching process focusing on its genealogical structure.
We define I' as the set of all particles produced in the entire process and write 0 < 7
for two particles o # 7 if ¢ is an ancestor of 7. Moreover, |o| denotes the generation
which the particle o belongs to. Furthermore, for every o € I" let X, be the random

location of the particle . Using these notations, we define
Gi={rel: X, =i X, <iforalloel', o <71} (1.26)

for every i € Ny. Therefore, G; is for i # 0 the set of all the particles 7 that move
from position ¢ — 1 to position ¢ and hence the particles in GG; are the first particles at
position i in their particular ancestral lines. We observe that the process (|G,|)nen,

coincides with (&,)nen,. Further, for every o € I" and n € Ny, we define
H ={rel:o=7 |r=n, X; = X,}|

and observe that H denotes the number of descendants of the particle o in generation n

which are still at the same location as the particle . This enables us to decompose 7,

Zy=>_ Y Hi . (1.27)

i=1 c€G;

in the following way:

Since by assumption there is no LS, we have
E,H  |loceTl, X, =14 <1 (1.28)

for P-a.e. w because for any existing particle ¢ its progeny which stays at the location
of o forms a Galton-Watson process which eventually dies out. By (L27) and (I.28)),

we conclude that we have

Ew[Zn] < Z EwHGzH

for P-a.e. w. Therefore, we get

lim sup % log E,[|Grl] > 0

n—oo

for P-a.e. w as a consequence of (7). Since (|Gp|)nen, coincides with the branching

process in a random environment (&,)nen,, We obtain

[ 108 (Bul]) Pla) = lim log ELIGul) > 0

for P-a.e. w as in (L24]). But then again, we have GS for P-a.e. w since (&,)nen, survives
with positive probability for P-a.e. w. This completes the proof of Theorem [L3.5] M
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Proof of Theorem [1.3.6l. In this proof we use the abbreviation “a.s.” in the sense

of “P,-a.s. for P-a.e. w”.

Part 1. In the first part of the proof we show in three steps that we a.s. have

limsup * log Z, < max f3(z). (1.29)

n—oo z€[0,1]

(i) In order to obtain (L29), we start by showing that for all v > 0 we a.s. have
limsup max (Llogn,(z) — B(%)) <O0. (1.30)

n—oo  TEN[Y,1JNN

To establish this we fix v > 0 and € > 0. Then, Theorem implies that for P-a.e. w
there exists N = N(w,~,¢) such that we have
Eu[na(y)] < exp (n- (B(%) +¢))

for all n > N and for all y € n[y, 1] N N. Thus, for P-a.e. w, we obtain

Eolnn(y)]
Pw(n > exp n-ﬁﬂ—i-Qg )S
M (y) ( (B(3) )) exp(n - (B(¥) + 2¢))
for large n and all y € n[y,1] N N. Using the Borel-Cantelli lemma and taking into

account that |n[y,1] N N| < n holds, this yields that we a.s. have

= exp(—en)

limsup max (Llogn,(y) — B(¥)) < 2e.

n—oo TEN[Y,1]JNN

Since ¢ is arbitrarily small, this proves (L30).

(ii) For the second step of part 1 of this proof we show that for every ¢ > 0 there
exists v = () > 0 such that we a.s. have

limsup max (Llogn,(z) — B(0) —¢) < 0. (1.31)

n—oo z€n[0,7]NN "
In order to prove this, we observe that, according to Lemma [[L5.2] for every ¢ > 0
there exists v = () > 0 such that we have
(A>1)
Slog B [n(y)] <log(A+e) < log(A)+e=p5(0)+e

for P-a.e. w and for 0 <y < yn. Therefore, the same argument as in (i) yields (L31]).

(iii) We now combine (i) and (ii) in order to obtain (I.29). For an arbitrary ¢ > 0 we
choose v > 0 as in (ii). Then, (L30) and (L31)) imply that we a.s. have

lim sup % log Z,,

n—o0
[yn]—1 n
= limsup = log Z M (y) + Z M (Y)
noree y=0 y=|yn]
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< limsup = log <7n~exp (n-(B(0) +¢€)) + n-exp (n( max 3(x) + 0(n))>)

n—00 x€[0,1]
< max fB(x) + €.
< xemﬁ( )

For € — 0 this implies (.29). Thus, the first part of the proof is complete.

Part 2. In the second part of the proof we show that we have

P, (lim inf L log Z, > max f(x)

n—00 z€[0,1]

Zo 45 0) =1 (1.32)

for P-a.e. w. We start by stating the following lemma:

Lemma 1.5.3. For all ¢ > 0 and r,s € N with r < s and 3(%) —¢ > 0 there
exists Ny € N such that we have

P, (lir{gicgf o 108 Nsny (17 No) > B(L) — 5) >0
for P-a.e. w.
Proof. We define
My = {w € Q: Klog E,lnen(rN)] > B(%) — 5} :
Then, for every gy > 0 there exists Ny = Ny(go) such that we have
P(MNO) >1—¢p.
Thus, for sufficiently small £y and the corresponding Ny(gg), we have

/ log E,, [nSNO (TNO)] P(dw)

) —5)(1— <o)
) — &)+ sNo(5 — B(%)eo + 5€0)
—g) > 0. (1.33)

VoV
w  ®
s &
W @
SIS Wi wis

vV
V)

s
=

We now construct a branching process in a random environment (1,),en, Which is
dominated by (nnsNO(nrNo))neNO. After starting with one particle at 0, we count all
the particles that are at time sy at position rNy. This number is denoted by ;. The
remaining particles are removed from the system and no longer considered. Next, we
count the number of particles at time 2s/Ny at position 2rNy. This number is denoted

by 15. An iteration of this procedure yields the process (1, )nen,, Which is supercritical
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due to (L33). In fact, (L33) and Theorem 5.5 in [55] imply that, for sufficiently

small g, we a.s. have

lim inf £ log sy (n7No) > sNo(B(Z) — <) (1.34)
n—o0
on {¢, # 0}. Since we assume condition (L3), Corollary 6.3 in [55] implies
P,(¢, —0) <1 (1.35)

for P-a.e. w. Combining (L34]) and (I.33]) finally completes the proof of Lemma .53l
0

Lemma [[L5.3] yields the following corollary.

Corollary 1.5.4. We fix ,r,s and Ny as in Lemma[l.5.3. Then, there exists v > 0
such that for P-a.e. w there is an increasing sequence (x;)ien, = (21(w))ien, in Ny such
that for all |l € Ny we have

P (ligicgf #No 10g Mnsn, (N No) > B(%) — 8) > v
Proof. Due to Lemma there exists v > 0 such that we have
P ({w . P, <li£gi£f o 10g Ny (0 No) > B(L) — E) > 1/}) > 0.

Since the sequence

rE€Np

= (szw (h}gg}f nslNo log TnsNog (nTNO) > B(g) - 6) )

z€Np

is ergodic w.r.t. P, Birkhoff’s ergodic theorem (e.g. Theorem 20.14 in [43]) yields

n—1
JLIQO%21{PQIW(1iggf#M 10g Tsny (N No) > B(Z) — €) > y} >0 (1.36)

k=0
for P-a.e. w and this completes the proof of Corollary [[L5.4 OJ

Let (z7)ien, be an increasing sequence of positions as in Corollary [L5.4l Now we
show in two steps that on the event of non-extinction there a.s. is a particle at one of
the positions z; such that the process of the descendants of this particle exhibits the

desired growth.

(i) As a first step, we show that on the event of survival (Z,)nen, a.s. grows as desired

along some subsequence (j + 1nsNy)nen, for some j € {0,...,sNyg — 1}. In order to
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obtain this, as in the proof of Theorem [LL.3.5] let I" again denote the set of all existing
particles and for o € T" let n7(y) denote the number of descendants of o among the
particles which belong to 7, (y). Using the definition of the sets (G})ien, given in (.20))
and the sequence (z;);en, as in Corollary [[L5.4], we define:

Ay, = {EI o€ Gy : hm mf ) monNO(xl +nrNo) > B(%) — }
By, = {|Gu| > 1}.

Due to Corollary [[.5.4] and since the descendants of all particles belonging to G, evolve
independently we get
P, (A, NB,) <(1-v)

for P-a.e. w. Hence, by virtue of the Borel-Cantelli lemma, we have

P, <lim sup (AS N Bxl)) =0 (1.37)

l—o00

for P-a.e. w. According to Theorem 5.5 of [55], the process (|Gy|)

nentially fast on the event of survival. Therefore, we a.s. have

Jen, &S GIOWS eXpo-

hlrgglf B,, = {Zn + 0}.
Together with (L37) this yields

P, <hm sup A7,

=00

2, 40) =

for P-a.e. w. Thus, on {Z, /4 0}, there a.s. exists [ € Ny and 0 € G,, such that we
have

hm mf N 108 0% s, (01 +nrNo) > B(%) —

and hence we have

P, U {hmmf — log Zio|4nsng = B(E) — 6}

Zn74>0>

n—
el
=P, U {hmlnf log Ziinsng = B(5) — E} Zn 5 0)
J€No

sNo

= P, U {hmmf ~log Zjinsny > B(E) — 6}

Zn /5 0)
=1 (1.38)

for P-a.e. w.
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CHAPTER 1. SURVIVAL AND GROWTH OF A BRWRE

(ii) The last step of this part of the proof is to show that the growth along some
subsequence (j + nsNg)nen, already implies sufficiently strong growth of (Z,)nen,-
Due to the ellipticity condition (I3]) we have

P (ni(z) > 1) > 6}

for all 4,7 € Ny. (We recall that we have dy = §%(1 — 6).) A large deviation bound for

the binomial distribution therefore implies that we have

52’
Pou (anLzSZn?O

Zy = m) < exp(—m - o) (1.39)
forallm € Nand i € {1, ..., sNy} and for some constant \g = Ao(Ny) > 0; cf. Chapter 2
in [21] for the involved large deviation techniques. We now define:

EY
0 sNg

Cin = U {Ziensnoss < B exp (nsNo-(B(2) - 2)) }.
i=1

Dy = {5 108 Zy sy > B(E) —
Then, due to (L39), we have

P,(CijnNDjy,)
<sNy-exp ((— Ao exp(n-A1)) (1.40)
for P-a.e. w and for all j € {1,...,sNp}. Here we write A; := sNo-((%) —¢). Since the

upper bound in ([IZ40) is summable in n € Ny, we can apply the Borel-Cantelli lemma

and conclude that we have

P, (lim sup Cj,,

n—o0

lim inf Dj,n>

n—oo

1

< P, (hm inf Djm) - P, <lim sup(Cjn, N Dj,n)> =0
n—0o0 n—00

for P-a.e. w and for all j € {1,...,sNy}. Thus, we have

P, (lim inf Llog Z, < (%) — 2¢ | liminf Dj,n> =0
n—o0

n—o0

for P-a.e. w and for all j € {1,...,sNy}, which implies

n—oo

P, (liminf%log Zn < B(%) —2e
n—oo

sNp
| lim inf Dj,n> =0. (1.41)
j=1

Using (L38) and (4T]), we obtain

P, (liminf%log Z, < B(E) — 2 ) Z > o)
n—

oo
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sNp
<P, (Z,+ 0)—1 . P, ({liminf%log Zn < B(E) — 28} N U lim inf Dj,n)
n—oo
=1

n—oo
]:
=0,
which yields that we have
P, (lminf 11og Z, > B(%) - 2¢ ’ Zo 0) =1 (1.42)
n—o0

for P-a.e. w. Since 7 and s can be chosen in such a way that 3(%) is arbitrarily close
to maxgejo,1) S(x), (L42) implies (L32) as ¢ — 0 and the proof of Theorem [[3.6 is
complete. [ |

Proof of Theorem [1.3.7. If we assume that M < 1 holds true, then we P-a.s. have

moh
1 —_— ] <0.
o8 (1 —mp(1l — h)) -

Therefore, Theorem [[L3.2] implies (7).

We continue with proving (7i) and assume that we have M > 1. If my is deterministic,

i.e. we have P(mo = M) = 1, then we P-a.s. have

moh
1 - -
Og(l —mo(l—h)) >0

and thus ¢(h) > 0 for all h € (hrg,1]. This case is included in (¢).

In the following we assume that my is not deterministic. We notice that ¢ is finite

and continuously differentiable for h € (hpg, 1] since

21 moh . l mo
on B\T—mo(l—h)) " h  1—mo(l—h)
is a.s. uniformly bounded for h € [hps + ¢, 1] with € > 0. Thus, we have

0 1 mo
anfh) =E [ﬁ T me(1— h)} ' (1.43)

Now assume that there exists h* € (hpg, 1] satisfying ¢(h*) = 0, i.e. we have

E {log (1 - m:{i - h*))] — log <hi> . (1.44)

By virtue of the strict concavity of the function y — logy, Jensen’s inequality, and

equation (L44]), we have
mo 1
1 E > 1 — . 1.45
o (e[t —m)) > o () )
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CHAPTER 1. SURVIVAL AND GROWTH OF A BRWRE

Thus, we obtain that ¢ is strictly decreasing in h = h* by (L43)) and (I.45).

Now we assume that ¢(hrs) = 0 holds true. As above, Jensen’s inequality implies
that (L45]) holds true for hpg instead of h*. Since the function

mo
h— ———
is decreasing in h > 1 — mio, we have
lim E o E oo > 1
im =
€l0 1—m0(1—hLS—|—5) 1—m0(1—th) hLS

by the monotone convergence theorem. Thus, ¢ is strictly decreasing and therefore

negative in h € (hrgs, hrs + ¢€) for some sufficiently small € > 0.

Finally we obtain (a) — (¢) as a consequence of the continuity of ¢ and the fact that ¢

is strictly decreasing in every zero in [hg, 1]. |
1.6 Examples
1. A basic and natural example to illustrate our results is provided by a choice of

the parameters as follows: Let u(™) and p(~) be two different non-trivial offspring
distributions. We define

mt = Z kp™(k) and m) .= Z k k)
k=0 k=0

and suppose that we have

0<m) <m < .

Furthermore, we assume that

P (o =pu™") =1-P(no=p") =qe(0,1)

holds true. This setting obviously satisfies condition (I.I]). For figures 1 and 2 we have

chosen

10
= — m(i) =
9
2

Wl Do ot Do

, m(i) —

respectively.
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hrs \ has 1
L

Figure 1.1: There are three regimes: I: LS, II: GS but no LS, I1I: no GS

2. As announced above, we also provide an example for a specific choice of the pa-
rameters so that we have hgg = hrs < 1. Let the law P™° of the mean offspring mg be

given by
ap™

d\

where A\ denotes the Lebesgue measure. Obviously we have hys = 0.5 and a simple

(SU) =1.6- ]1[0_571} (37) +0.2- ]1(1,2} (l’),

computation yields

p(hrs) =0.2- (2 : log(2)> 116 (2 log(2) — 1.5 1og(3)> <0.

hrs 1< hgs
y
t

Figure 1.2: There are two regimes: I: LS, II: GS but no LS
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Chapter 2

A central limit theorem for a
random walk on Galton-Watson

trees with random conductances

2.1 Introduction

In this chapter we consider a particular model of a random walk in a random environ-
ment. The environment of this random walk is a random network which consists of
the graph of the genealogical tree of a Galton-Watson branching process and a family
of non-negative i.i.d. weights which are assigned to the edges of the graph. In order to
guarantee that the considered graph is infinite, we assume that in the corresponding
branching process the number of offspring is at least one. For every given realization of
the environment, the considered random walk is the Markov chain on the tree whose
transition probabilities are given by the weight configuration. More precisely, for each
vertex of the underlying graph, the probability for the Markov chain to move to an
adjacent vertex is proportional to the weight of the edge connecting those two vertices.
This Markov chain is reversible and its reversible measure is given by the sum of the
weights of all edges which are incident to some vertex. As a source of intuition, weighted
graphs can be regarded as an electric network in the physical sense by thinking of the
edges of the graph as electric conductors (or wires) with conductances given by the
respective weights. Following this idea, various connections between the concepts of
electric current and voltage and the corresponding properties of random walks on those
networks can be observed. We refer to the textbooks by Doyle and Snell [23] and by
Lyons and Peres [47] for comprehensive introductions to random walks and electric

networks.
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CHAPTER 2. A CLT FOR A RANDOM WALK ON GALTON-WATSON TREES

It has already been shown that in the model described above the random walk is
transient for almost every realization of the environment. The transience is a conse-
quence of Proposition 4.10 in [2] if the mean conductance is finite and it is also derived
by Gantert, Miiller, Popov, and Vachkovskaia in their paper [30] for a more general
setting in which the mean conductance can be infinite and in which, in addition, the
distribution of the conductances may depend on the degree of the adjacent vertices.
Moreover, the authors of [30] also show that the random walk has a deterministic and
(strictly) positive speed if the mean conductance is finite. Here the speed of a random
walk on a tree is defined as the limit of the graph distance from the root of the tree
at time n divided by n as n — oo whenever this limit exists. Thus, we almost surely

have

In [30] the authors also provide a semi-explicit formula for the speed which depends only
on the law of certain effective conductances in the underlying electric network. Also,
they show that the random walk exhibits a slowdown effect if the constant weight con-
figuration is replaced by i.i.d. random conductances which share the same mean. In our
setting the conductances are assumed to be in the bounded interval [k, k3| for k1 < ks.
In this case, the positivity of the speed of the random walk can also be derived from
Theorem 1.1 in [57] and the fact that the graph of a supercritical Galton-Watson pro-
cess (conditioned on non-extinction) satisfies the anchored expansion property. The
latter result is for example proved in [16] (Corollary 1.3). For further details we refer

to the considerations in those papers and to the references therein.

A natural question following up the analysis of the speed of the random walk is
whether the random walk satisfies a central limit theorem. In this chapter we provide
the proof of such a central limit theorem for bounded conductances and under an
additional condition. More precisely, we show that, for a suitable variance o? > 0, the

random variable

[Xo] —v-m (2.1)

o’n

converges in distribution to the standard normal distribution as n tends to infinity.
Here the convergence is considered with respect to a measure which averages over
the random environment as well as over the random evolution of the random walk.
This kind of central limit theorem is often referred to as annealed. Also, we derive an
analogous result for the range of the random walk. Here the range of the random walk

is defined as the number of different vertices visited by time n.

There are various models which have been considered in recent years and which

are related to ours. The simple random walk (which corresponds to a constant weight
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configuration) is considered in [44] and [45]. In these papers the authors prove that the
simple random walk is transient and that its speed is almost surely positive, using the
concept of the environment observed by the particle. We refer to Chapter 16 of [47] for
a textbook treatment of the topic. Basically, there are two important generalizations
of the simple random walk, one of which is called A-biased random walk. In this model
the conductances are assigned to the edges on the tree in a way that the resulting
probability for the random walk to move one step towards the root is proportional
to A while the probability to move away from the root is proportional to the number
of edges leading away from the root. In this setting there are two competing effects:
A higher number of offspring in the underlying tree pushes the random walk further
away from the root while a higher value of A keeps it closer to the root. Hence, it
is plausible that this model shows a phase transition. It was proved in [44] that the
random walk is positive recurrent if A\ > m, null recurrent if A = m, and transient
if A < m. Here m denotes the mean offspring of the corresponding Galton-Watson
process. For the transient regime, i.e. for A < m, it was shown in [45] that the A-biased
random walk on a Galton-Watson tree has a deterministic and positive speed which
depends on the bias parameter A. An explicit formula for the speed of the random
walk is known in the case A = 1 which coincides with the simple random walk. More
precisely, from Theorem 3.2 of [45] we know that the speed of the simple random walk
is given by vspw = > e pkz—jr} if (p;)jen, denotes the offspring distribution of the
corresponding Galton-Watson process.

Another model related to ours are random walks on marked Galton-Watson trees
which are for example studied in [I] and [26]. In this model, for every vertex of an
underlying Galton-Watson tree, random weights are assigned to each of this vertex’s
direct descendants. Then the probability for the random walker to move to one of
those descendants is proportional to the respective weight; whereas the probability to
move one step towards the root is proportional to one. For this model the authors
of the cited papers prove results on the speed of the random walk and a central limit

theorem.

A central limit theorem for the simple random walk on Galton-Watson trees was
first proved by Piau [53]. A more general central limit theorem is obtained in [52].
Therein the authors show that if the A-biased random walk is transient, the random
variable in (2.1]) converges in distribution to a standard normal distribution for almost
every Galton-Watson tree. This version of a central limit theorem is called quenched.

The quenched result is stronger as it implies its annealed analogue.

This chapter is organized as follows: In Section we provide a formal description

of the considered model starting with some preliminaries on trees. Next, we introduce
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different probability measures which we want to study. Moreover, the concept of the
environment observed by the random walk is introduced. Section contains the

results and Section 2.4] the proofs.

2.2 Formal description of the model

In our setting the considered random walk evolves in a random environment which is a
weighted Galton-Watson tree. Thus, the formal description of the model begins with

some notational preliminaries on trees.

2.2.1 Notational preliminaries on trees

Let T denote the set of all rooted trees. A rooted tree T = (T,0) € T is a non-oriented,
connected, and locally finite graph containing no loops. In addition, one of the vertices
of T is defined to be the root and it is denoted by o. For notational convenience, we
often omit to explicitly indicate which vertex of T is its root when it is clear form the

context.

As we mostly want to emphasise the genealogical structure of a tree, we make use
of the so-called Ulam-Harris labelling for trees. Every rooted tree can be interpreted

as a suitable subset of the Ulam-Harris tree

V=[N,

n€Ng

where NY := {@} consists only of the root. Then, a tree T is a subset of V which

satisfies the following three properties:
(i) o €T,
(i) v = (v1,...,v,) € T implies (vq,...,vx) € T for each k € {1,...,n— 1},
(ili) v = (v1,...,v,) € T implies (vy,...,v,-1,5) € T for each j € {1,...,v,}.

Having in mind the genealogy of a tree, we speak of ancestors and descendants in
the canonical way. Besides, we frequently make use of the expression direct descendant
(child) which is not only a descendant but also a neighbour in the corresponding graph.
Moreover, for two vertices v,w in a tree, we refer to the unique self-avoiding path
connecting v and w simply as the path connecting v and w. Thus, v is a descendant
of w if and only if the path connecting v and o runs through w and in this case

we write w < v. We also write w < v if we have w < v and w # v. The set of
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vertices of a tree T which belong to the n-th level or generation is denoted by T,,.
Moreover, for a vertex v € T we write T for the subtree of T rooted in the vertex v,
ie. TV :={weT:vw}

For each tree T, the set of its edges is denoted by £(T) and the edge connecting
two neighbouring vertices v and w is denoted by (v,w). We also write v ~ w if v
and w are connected by an edge, i.e., (v,w) € E(T). In order to obtain weighted
trees, we want to assign a non-negative real number £(e) to each edge e € &£(T),
which is called the weight or conductance of the edge e. Thus, we obtain the weight
configuration §& = &(T) := ({(e))ecee(r) of the tree T. In our setting we only want to
allow weight configurations with bounded weights. To be precise, for fixed positive
constants k1, ke € (0,00) with k1 < ko, the set of weight configurations for the tree T
is denoted by 2 = E(T) := {(£(€))ece(r) : &(€) € [k1, k2] Ve € E(T)}, and the space
of weighted and rooted trees is denoted by

Q:={(T,0,¢): (T,0) e T,E€E}.

The set € is referred to as the space of environments. When there is no risk of confusion,
we write only T for a weighted and rooted tree because it is often clear from the context

which root and which weight configuration we are referring to.

2.2.2 Environment measures

We now introduce different probability measures (and their respective expectations)
on (£, F), where F is a suitable o-algebra on ). To be more precise, the space of

V>V and F can

environments 2 can be canonically embedded into the set T X [k, K2
be chosen as the product of standard o-algebras on 7 and [k, ko], We will always

refer to probability measures on (€2, F) as environment measures.

The main ingredient of the random environments which we want to consider is
a Galton-Watson branching process. So let (p;);en, be the offspring distribution of
a standard Galton-Watson process, i.e., p; is the probability that a vertex belonging
to the corresponding Galton-Watson tree has j direct descendants. Since we only
want to consider infinite trees, we assume that we have py = 0, which means that
each vertex has at least one direct descendant and thus the branching process cannot
become extinct. Moreover, the smallest index j such that p; is positive is denoted
by do := inf{j € Ny : p; > 0}. By definition we have dy € [1,00). Furthermore, we

assume that we have

m = ijj € (1, 00].
j=1
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This already implies that there exists j > 2 such that p; > 0 and thus the tree has
infinitely many ends. The genealogical tree of a branching process given by these
parameters will yield the underlying (random) graph for the random walk which we
want to study. However, one important feature of a standard Galton-Watson tree is the
fact that its root o is a vertex which is singular in the sense that it has no ancestor. In
other words, in distribution the root has one neighbour less than all the other vertices

of a Galton-Watson tree.

In order to prevent this difficulty, we introduce augmented Galton-Watson trees. An
augmented Galton-Watson tree is a random tree which is defined just like the standard
Galton-Watson tree except that the root has stochastically one more direct descendant
than all other vertices, i.e., the root has j + 1 direct ancestors with probability p; and
all those 7 + 1 vertices have independent standard Galton-Watson descendant trees.
Another equivalent way to define augmented Galton-Watson trees is to consider two
independent copies of a standard Galton-Watson tree whose roots are connected by

one additional edge.

Besides the mere graph structure, which is denoted by T and given by the branch-
ing process, the random environment also includes a family of i.i.d. random conduc-
tances (£(e))ece(r)- Let p be the distribution of such a random conductance {(e). By

definition, p is a probability measure which is concentrated on [k, Ka).

We are now ready to introduce two environment measures P and P on the set of
environments . We define P as the probability measure on €2 such that under P the
random variable T is the genealogical tree of a standard Galton-Watson process with
the above offspring distribution (p;);en,. In addtion, under P all edges of the tree T are
labeled with the random conductances (§(e))ecs(r) Which are i.i.d. with distribution s
and independent of T. Analogously, we define P as the probability measure on {2
such that T is an augmented Galton-Watson tree with i.i.d. conductances (£(€))ccg(T)-

Accordingly, we use E and E for the respective expectation operators.

2.2.3 The quenched and the annealed law

For each w = (T, 0,&) € €, we consider the discrete-time random walk (X,,),en, on
the electric network defined by w. This electric network is the graph given by T with
the conductances given by &. More precisely, (X, )nen, is the Markov chain on T with
transition probabilities (g, (u, v))yver defined by

—5751(‘5) if un~uv
Guw(u,v) == '
0 otherwise
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for vertices u,v € T. Here 7 denotes the associated reversible measure which is defined

by
m(u) = my(u) := Z &(u,v) (2.2)

for u € T. For each fixed realization of the environment w = (T, 0, &), the distribution
of the random walk (X, ),en, starting from o is denoted by P,, i.e., P, is the proba-
bility measure on the space of (infinite) trajectories in the weighted and rooted tree T
satisfying

P (Xni1 = ulX, =v) = q,(u,v)

and

PW<X0:O) = 1.

In some situations it is also useful to assume that the random walk starts from a
vertex v € T which is not the root of the tree. In those cases the associated distribution
is denoted by P!. The probability measures F,, and P are called quenched probabilities

in the literature and their expectations are denoted by E,, and E}, respectively.

In addition to the quenched measure we introduce the so-called annealed probability
which is obtained by averaging the quenched measure w.r.t. a probability measure on
the space of environments. For this reason, annealed measures are also called averaged
measures which is perhaps a more suggestive name. Formally, for every w € 2, P, can
be regarded as a probability measure on the space of trajectories (VYo G), where G is
the o-algebra which is generated by the cylinder sets of VMo, Moreover, for every A € G,
the function P,(A) : (2, F) — [0, 1] is measurable as a function of w. Therefore, the
probability measure P := P ® P, on (Q x VY F ® G) is well-defined by

P(F x G):= /Pw(G) P(dw) (2.3)
F

for all ' € F and G € G. Mostly, the events in which we are interested only concern

the trajectory of the random walk and not the specific environment chosen (i.e. events

of the form Q x G). Thus, with a slight abuse of notation, PP is also used to denote its

marginal on (VY G), which means that for G € G we write

P(G) = / P.(G) P(dw).

In general, the above construction of P works for each environment measure on (2, F).
In particular, the averaged measure w.r.t. the environment measure P is denoted
by P=Pw® P,.
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2.2.4 The environment observed by the random walk

The crucial advantage of considering augmented Galton-Watson trees instead of stan-
dard Galton-Watson trees is that they give rise to a reversible process on the space
of weighted and rooted trees (cf. Chapter 3 in [30]). This process is frequently called
the environment observed by the random walk in the literature and it is the Markov

process on {2 with transition operator K defined by

for a function f : Q2 — R. Now let P denote the probability measure on €2 defined by
its Radon-Nikodym derivative

f(T,o,g) =z (o)

dp [€] - T4
and, as usual, let E denote its expectation. It is not difficult to show that the transition

operator K is reversible w.r.t. P, i.e., we have

E[f<T7 07£> ’ Kg<T7 o, é)] = E[Kf<T7 o, é) ' g(T7 07£>} (24>

for two 5-square-integrale functions f, g on the space of weighted and rooted trees. For

a complete proof of equation (2.4) we refer to Lemma 3.1 in [30].

Analogously to the definition in (2.3]), we also consider the measure P, averaged
over all environments w.r.t. P. This yields the probability measure P which is defined

by

P=P®P,.

2.3 Main results

The main results of this chapter are two central limit theorems with respect to the
averaged measure P, one of which involves the distance to the root and one of which
involves the range of the random walk (X,,)nen,. As usual, for a vertex v in a rooted
tree, we write |v| for the the graph distance between v and the root, which is the same
as the length of the path connecting v and o. Thus, the distance between the root and
the random walk at time n is denoted by |X,|. Moreover, let r(n) denote the range
of the random walk at time n, i.e., r(n) := #{X1,...,X,,}. From Theorem 4.1 and
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Theorem 4.2 in [30] we know that the random walk (X,,),en, is a.s. transient and that

there is even a positive speed v > 0 such that we have

|| foas

n n—o00

(2.5)

for P-a.e. environment w. Using the very same argument as in [30], it is possi-
ble to obtain an analogous result for the range of the random walk. Besides, we

have r(n) > | X,|, and hence there is a positive 7 > v such that we have

r TL) P-a.s. _ (26)
n

n—o0

for P-a.e. environment w.

Remark 2.3.1. As a consequence of the transience of the random walk, the quenched

escape probability is P-a.s. and P-a.s. positive. Thus, we have

C =C(w):=m(0)  P,(X, #0Vn eN) =7(o)- P,(inf{n € N: X,, =0} = c0) > 0.
(2.7)
for P-a.e. and ﬁ—a.e. w. The random variable C is often called the conductance between o

and infinity within the electric network given by w.

Theorem 2.3.2. We assume that we have dy > 2. There are constants 02,62 € (0,00)

such that we have

1
\/0'2n n—oo

(n)—v-n 4

N (0,1) w.r.t. the averaged measure P.

(i) -

N (0,1) w.r.t. the averaged measure P.
an n—o0
Remark 2.3.3. (i) It is possible to describe the constants ¢ and 52 more explicitly

in terms of the averaged variance of certain random variables. More precisely,

using the notation introduced in (2.8)), (29), [2.I1), and (2.I0), we have
, _ E[(Vi — E[1])?]  _ E[(Vi —E[W])’]

0" = and o° =
E[TQ—Tl] E[O'Q—O'l]

(ii) It is intuitively clear that Theorem also holds w.r.t. the measures P and P
since trees generated according to the three measures only differ in the neigh-
bourhood of the root and since the random walk is transient w.r.t. all of those
measures. We will see that this statement holds rigorously true since the first sum-

mand on the right hand side of (Z28)) does not depend on whether we choose P, P
or P as the environment measure (cf. the proof of Theorem 223.2 (4)).
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(iii) The assumption dy > :—f implies that the random graph given by w contains a

regular tree with a degree which is at least ;2 + 1. For higher values of dy more
fluctuation for the random conductances is allowed. However, we believe that
the presented results do not need this assumption, what may motivate future

analysis of the model.

2.4 Proofs

The proof of the above theorem strongly relies on the fact that the process possesses a
certain regeneration structure. In order to specify this, we need some further notation:
As usual, we define inf () := co. For a vertex v of a tree, let ((v) be the vertex hitting
time of v defined by

C(v) :=1inf{k >1: X} =v}.

Analogously, we define the level hitting time of level n € N by
n(n) :=inf{k > 1: | X| = n}.
Moreover, we inductively define the sequence of vertex regeneration times (o,)nen by

op =inf{k>1: X, # X} Vi<kand X; # Xy_1Vj >k},
Opy1 =inf{k >0, X; # XpVi<kand X; # Xy1Vj >k} forn>2, (2.8)

and, analogously, the sequence of level regeneration times (7, )nen by

m =inf{k > 1: |X;| <|Xy|Vi <k and |X;| > | Xy| V] > k},
Top1 = inf{k > 7, 1 |X;| < |Xy|Vi <k and | X;| > | Xi|Vj >k} forn>2. (2.9)

We immediately observe that we have oy < 1 and 0,41 — 0, < 7,41 — 7, foralln € N
since at each level regeneration time the process also exhibits a vertex regeneration.
Whenever the (n+1)-th regeneration time 7,1 is finite, the level increment between

the regeneration times 7,, and 7,,,; is denoted by

U = [ Xy | — 1X (2.10)
and the centred level increment by
Vi i=Up—v - (Tag1 — Tn)- (2.11)

The centring v - (7,41 — 7,) is suitable for the level increments because, asymptoti-

cally, with each time step the distance from the root of the random walk increases
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by v; cf. (23). Analogously, we define the vertex increments and the centred vertex

increments by

whenever 0,1 is finite; cf. (Z.0]).

Proposition 2.4.1. (i) For all n € N the random variables o,, and 7, are P,-a.s.
finite for P-a.e. w.

(“) The sequences (Un)nEN; (Un)nEN; (On+1 - Un)n6N7 and (Tn-i-l - Tn)neN are i.1.d.

sequences w.r.t. the averaged measure IP.

Proof of Proposition[2.4.1. The fact that there are a.s. infinitely many level regenera-
tion points is proved as part of the proof of Theorem 4.1 in [30]. In fact, the authors
of [30] prove the ergodicity of a certain dynamical system using techniques presented
in Chapter 16 of [47]. Since every level regeneration time is also a vertex regeneration

time, we consider part (i) of Proposition 2.4l as proved.

Part (i7) is intuitively clear since the differences between two consecutive regen-
eration times depend only on mutually disjoint subgraphs of the underlying random
tree. This fact yields that the sequences (0,11 — 0y)nen and (7,11 — Tn)nen are ii.d.
sequences. Obviously, this implies that the same holds true for the increments (U, ) en

and (Up)nen. A rigorous proof, which is rather technical, is provided after Proposi-
tion 3.4 in [46]. [ |

Remark 2.4.2. (i) We note that we have

Un = |XTn+1| - |X’Fn| < Tn+1 — Tn,

Un = T<0-n+1) - T(O-n> < Op+1 — Op

for all n € N and thus integrability of the right hand side implies the same for U,

and U, respectively.

(ii) We observe that the distribution of oy is different from that of ,,,1 — o, forn € N
and that the same holds true for the distributions of = and 7,17 — 7, for n € N.

More precisely, we have P(ms — 1 € -) = P(1y € -|((0) = 0).

In the following proposition we consider the rate of decay of the tail probabilities

of the random variables o9 — o7 and 7 — 7.
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Proposition 2.4.3. There are constants 6,6 > 0 such that the following assertions
hold true.

(i) We have
P(ry — 11 >n) < exp(—6 - n'/?) (2.12)

for all n € N. In particular, the random variables 7o — 71, Uy, and V; possess all

moments w.r.t. P.

(i) We have
P(oy — 01 > n) < exp(—6 -n'/3) (2.13)

for alln € N. In particular, the random variables oo — o1, Uy, and Vy possess all

moments w.r.t. P.

Remark 2.4.4. Since each level regeneration is also a vertex regeneration, part (iz) of

Proposition 2.4.3] is an immediate consequence of part (). Thus, it suffices to prove
part (7).

Proof of part (i) of Proposition[2.4.3 For this proof we adapt techniques already used
by Piau in his paper [53]. Throughout the proof, for a non-negative sequence (ay,)nen,
we say that a,, decays exponentially fast for n — oo if there is a positive constant § > 0

such that we have a,, < exp(—9d - n) for all n € N.

The crucial idea of this proof is to decompose the trajectory of the process (|X,|)nen,
for all times n < 7y in a suitable manner. More precisely, we decompose (|X,,|)o<n<n
into its partial trajectories between a random number of (unsuccessful) trials to flee a
newly reached level. For this purpose, we need to introduce some further notation. We
start with defining mg := 0 and sy := 1. Further, if | X,,| > 0 foralln > 1 (i.e. 7 = 1),

we define o := 0. Otherwise, we write
ry:=inf{k > 1: | X;| = 0},
my = sup{|Xx| : k <r},
spr=1inf{k >1: | X =14+ my}.

If | X,| > my for all n > s; (i.e. 71 = s1), we define o := 1. Analogously to the above

definition as long as r,, m,, and s, are well-defined with r, < oo, we introduce

Tpe = 1nf{k > s, : [ Xg| = [ X, | — 1= >0, ms},
M1 = sup{| Xg| — | Xs, | +1: k <r,},
Spe1 = 1nf{k > 1: | Xy| = | X, | + mps1}-
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We refer to Figure 2.1] which illustrates the above definitions and helps to get a clear
picture of the random variables (r,,)nen, (Sn)nen, (M )nen, and the decomposition of

the process.

| X
mp+me+mgfpF—-————————————————————— - ——————— -

my+me F-———————————— e e

m +——px—————-— T —=

1 S1 T9 S92 T3 S9 n

Figure 2.1: The decomposition of a typical trajectory of the process (| Xp|)nen,-

We observe that if r, < oo and r,,1 = 0o, we have 71 = s,, and a = n, which means
that a denotes the index of the last unsuccessful trial to escape a newly reached level,
ie.

a=sup{n>0:r,<oo}=inf{n>0: r,4 = o0}
Moreover, we have
{rn=s,} ={a=n}={r, <oo,rp1 =00}
and
X Tgrmsy = (T +mi+ .o+ my) - L=y

The partial trajectories (|Xp|)s,<n<s,,, are not independent. However, the excursions

(|Xn| - |X8k|)SkSnSm+1

only depend on mutually disjoint subgraphs of the underlying tree w and therefore,
they are i.i.d. for k € {0,...,a— 1} w.r.t. P. In particular, this also holds true for the
random variables (m,,)1<n<a-

After having introduced the above notation, we are ready to prove the proposition.

We split up the proof into a set of lemmata which finally yield ([212]).

The following lemma is a general lemma on escape probabilities of random walks

on electric networks given by graphs (cf. (2.7)).
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Lemma 2.4.5. Let (G,{(v,w),ec)) be an infinite weighted graph with finite degree.
Further, under Py, let (X, )nen, be the reversible random walk started in v on the
electric network given by (G, &(v,w)y.ec)), whose canonical reversible measure is given

by ma (V) = Y eqww S (U, w). Fory € G we consider the stopping times
((y)=inf{n >0: X, =y} and ('(y):=inf{n>1: X, =y}
and, moreover, the conductance from y to infinity which is defined by
Ca(y) = 7e(y) - P&(CT(y) = o).

Let G* denote the graph G plus one additional vertexr x which is exclusively connected
to y with edge weight {(x,y). Then we have

_ &=y)
PL.(C(z) < 00) = o y) +Caly) (2.14)
Proof of Lemma([2.4.5 Due to the Markov property we have
P&+ (¢(x) < 00)
=Pé. (X1 =)+ Z P& (X1 = 2) - P& (¢(z) < o0)
Z2roy 2 FT
=PL.(X1=2)+ > PL.(X1=2) P& (((y) <o) PL.(((x) < o0)
Znoy 2 FT
o f(l’,y) f(yvz) X . pPY
") T2 raly) e <09 PG <09
and from this we get
TG (y) - PG (¢(x) < o0)
= &(zy)+ ) €(y.2) - PE(l(y) < o0) - PL.(((x) < o0),
zry,2F#T
which is equivalent to
§(x,y)
PL.(((r) < 00) = . (2.15)
¢ ma(y) = Y, €(y,2)-Pall(y) < oo)
zry,2F#T

Furthermore, we have

> &y2) - PEC(y) < o0)

ZnY, 2 FT

= ma(y) - P&(¢T(y) < o)
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=7a(y) - [1— P& (y) = 00)]
= 7a(y) — Caly)

and finally, from this and (2.I5]) we conclude that we have

y _ §(z,y) — £z, y)
P& (¢((z) <oo) = e — e + Ca(y) B {(z,y) +Caly)

n

We make use of a rather technical lemma about weighted Galton-Watson trees

which goes back to Grimmett and Kesten.

Lemma 2.4.6. Let A be a (measurable) subset of all rooted and weighted trees 2 and
let © be a vertexr of a the n-th generation of a tree T. For ey > 0 we consider the
set A(ey,x) of all vertices y with o <Xy < x which satisfy the property that the number
of direct descendants z of y such that x & T% and T? € A is greater or equal to 1| Z(y)|.
This set is precisely defined by

Aley, x) == {y: o=y<uz, {z€Z(y): & T*T? € A}| > 51|Z(y)|}.

Then there are positive constants €1, 9,63 > 0 such that the sequence

~

P(3xz €T, : |A(e1,x)| < e3n) (2.16)

decays exponentially fast as n tends to infinity for all (measurable) A C Q satisfy-
ing I/:’\(A) > 1—&y. Here we can choose any 5 > 0 such that f'(sy" ") < 1 holds, where f
denotes the probability generating function of the offspring distribution corresponding
to P. Moreover, the above statement holds also true for augmented Galton-Waltson

tree, i.e. w.r.t. the measure P.

Proof of Lemma[2.4.6. The proof of a result which is similar to the above statement is
part of an unpublished work of Grimmett and Kesten. We refer to Lemma 1 in [34] (cf.
Lemma 1 in [53]). For the sake of completeness, we also provide a proof of Lemma [2.4.0]
here, especially because our result differs from that of [34] to some extent.

For the proof we make use of the Ulam-Harris labelling for trees as introduced in
section 22211 In order to estimate the probability in (2.I6]), we first consider the situa-
tion in which there is a vertex x = (z1,...,x,) in T such that the vertices (z1,...,x;)
on the path connecting o and x have [y, ..., [, direct descendants, respectively. For a
vertex v € T we write Z(v) ;== {w € T : |w| = |v] + 1,v < w} for the set of its direct
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A\ I/ \ l \ (/ A\

| | | |

/) \ T /) \ T / \ T )
\ \ \

\ (
\ \ r]jz1
\

/

/ / /

/

Z4

Figure 2.2: The figure illustrates the subtrees T# ... T? which are rooted in the direct

descendants z1, z3, 23, z4 of the i-th vertex on the path connecting o and x = (x1,...,%y).

descendants, and we observe that for all k1,...,k, € N, [y > ky,...,l, > k,,and 6§ >0

we have

ﬁ(x €Ty, |Z(z1,...,2)| =l Vi€ {0,...,n— 1}, |A(er, )| < ggn)
= P(IAGEL D) Segn |1Z(n, o m) = L Vi€ {0, n—1})
<py-...-p, e’ /E\[e_e‘A(al’x)‘ ‘ |Z(z1,...,2)| =iz Vie{0,...,n— 1}} (2.17)
as a consequence of Markov’s inequality. Moreover, for a vertex (xq,...,z;) on the

path connecting o and x, the probability that this vertex is not an element of the set

of vertices A(ey, x) conditioned on {|Z(x1,...,z;)| =} is bounded from above by

p(l—el)(l—l)’

where we write p := 1 — P(A). Furthermore, the events {(z1,...,z;) € A(ey,x)} are
independent for ¢ € {0,...,n — 1} (conditioned on the event that z is an element
of T,,). Thus, we obtain

E[679|A(61,x)| ) |Z(I‘1, NP ,ZL’Z)| = li+1 Vie {0, N 1}
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= E [6_6'1{(11 ~~~~~ z;)€A(e1,2)} ’ Z(ZL‘l, . ’;L'i) = li—i—la x € Tni|

= ] [ﬁ((xl, oo m) € Aley, o) ’ |Z(x1, ..., %) = i1, € Tn>

+e . ﬁ((azl, o x;) € Aley, x) ‘ |Z(x1,...,2;)| = lig1, ¢ € Tnﬂ

n—1
< [p(l—fl)(liﬂ—l) +ef(1- p(l—fl)(liﬂ—l))]
i=0
n—1
< [551*51)(%41*1) + e ? (1 _ gglf‘il)(liﬂ*l))]. (2.18)
i=0
Summing the expression in ([2I7) over all zy,...,z, € N and l; > zy,...,l, > =,

together with (2.I8)) yields

~

P(3xz €T, : |A(e1,x)| < e3n)
< ¥ ﬁ(x €T, |Z(a1,...,2) = lia Vi€ {0,...,n—1},|Aler, 2)| < 53n>

2121,008n 21,
1221, ln >0

n—1
A R ey A |l | [eéral)(ml_l) +e (1 - egl‘“)(““‘”)}. (2.19)
x12>1,...,.xn>1, =0

h2z1,. oln2>xn

Moreover, we have

S [ggl—mu—l) el Egl—en(l—n)]
1 1=k

l[eg—el)a—l)(l _ ey 6—9]

K

k

l

i)

K

=1

—e N (e ) + e m. (2.20)

—_

= (

We recall that f denotes the probability generating function of the offspring distri-

bution (p;)jen, and m the associated mean offspring. If we choose 8 > 0 so large
that

1—eNfley ) +e'm< flley ™) +e?'m<1 -6 (2.21)
holds for some § > 0, we can conclude from (219), (2Z20), and ([Z21]) that we have

~

P(F3xz €T, : |A(er,x)| < e3n)
S e@e;:,n . (1 - 5)n

= [6063 (1 - 5)}71
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~

The proof is complete for the measure P if we choose €3 > 0 sufficiently small. From
this we can derive the same statement also for the augmented measure P since the two

measures only differ in the number of vertices adjacent to the root. 0

Lemma 2.4.7. The probabilities P(ov > n) and P(my > n) decay exponentially fast

for n — oo.

Proof of Lemma[2].7]. First, we consider the probability P(a > n). Let w = (T, 0,¢)
be an arbitrary rooted and weighted tree and let v,w € T be a pair of vertices of T
such that w is a direct descendant of v, i.e., we have |w| = |v|+1 and v < w. Moreover,
we write

B, (v,w) :=={r, <o, X5,_1 =0, X;, =w}

for n € N. B, (v,w) denotes the event that (after n unsuccessful trials) the (n + 1)-th
trial to escape a newly reached level starts at the pair of vertices (v, w). Then, we have
P,(a>n+1la>n, B,(v,w))
= P,(rps1 < oolr, < 00, X, = w)
= PJ(¢(v) < o0).
From Lemma we can conclude that we have

(v, w)
E(v,w) +C(Tw)"

BI(¢(v) <o0) =

We recall the C(T") denotes the effective conductance within the graph 7% from w
to infinity, which is the escape probability of the random walk in the electric network
given by the subtree of T rooted in w. Under the averaged measure P the tree T*sr
is independent of the remaining part of the entire tree w since at time s, the random
walk (X, )nen, reaches a level which has not been visited before. Thus, under P the
tree TXs» has the same distribution as a rooted and weighted tree under P. This

implies
Pla>n+1|la>n)
= > P(Bu(v,w))-Pla>n+1la >n, B,(v,w))

v,weV

> ]P(Bn(v,w))-/ 5(”’“})( P(dw)

E(v,w) + C(Tw)

v,weV

_ B8

— Ug;VIP(Bn(v,w)) E L+C}
~ ) .

<E L2+C} =:6 € (0,1).
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Here the expectation in the last line is in (0,1) since C is P-a.s. positive (cf. Re-
mark [Z3T]). From this we obtain

Pla>n+1)=Pla>n+1,a>n)
=Pla>n+1|a>n) -Pla>n)
<é6-Pla>n)

and an iteration of this yields
Pl <n) <o™.

Next, we consider the sequence (P(m; > n))uen,- Let us consider the subset A of Q
defined by

A:AE::{WZ(T,O,@EQ: @i(icé)(w)zg}'

By virtue of Lemma [2.4.5] we have

C(TY)

PY(¢(x) = 00) > m

for every pair of vertices x,y € T such that y is a direct descendant of . Under the
measure P the distribution of C(T¥) coincides with the distribution of C under P. As
above, we know that the effective conductance C is a.s. positive from the transience of
the process and hence we have

P(A.) — 1.
e\0

Now we want to apply Lemma 2.4.6l For this purpose, we fix € > 0 such that we have
P(A) =P(A.) > 1 —e
and then Lemma implies that the sequence
P(3xz €T, : |A(e1,x)| < e3n)

decays exponentially fast for n — oo and with suitable constants 1,659,653 > 0. By
virtue of the Borel-Cantelli lemma, this implies that for large generations n € N
we P-a.s. have |A(ey, z)| > e3n for all vertices z € T,,. In other words, for large n € N
at least a fraction e3 of the vertices yo, . .., y,_1 on every path connecting o and level n
has at least £1|Z(y;)| direct descendants z # y,; 1 such that we have

C(T?)
o O[T = E.
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This implies that for each y; € A(ey, z) we have

Pgi@(yiﬂ) = OO)
> PY(Xy # yir1, T € A, X, #y;Vn > 1)
= PY(Xy #yir1, T € A) - PY (X £ 5V > 1| Xy # yig, TY € A)

i ce=:7¢€(0,1).

>
Ko + (1 — 81)/@2 + é1K1

Hence, for large n € N and for all z € T,, we P-a.s. have
FS(¢(0) < 00) < (1 —7)=".
Form this we conclude that for large n € N and for P-a.e. w we have

Pu(my > n) < max P2(C(0) < 00) < (1— )",

This completes the proof of Lemma 247 O

Lemma 2.4.8. The probability P(7, > n(n)) decays exponentially fast for n — oco.

Proof of Lemma[2-4.8 In order to estimate the probability of the event {7 > n(n)},
we observe that for all ¢ > 0 we have

{rn>nn)} C{a>cn}U {Zmz >n, a< cn} .
i=1
The probability P(«v > ¢n) decays exponentially fast as n tends to infinity according
to Lemma 2.4.7] Thus, it remains to prove that the same holds true for the probability
of the event {} ;" m; >n, a <cn}. To this end, we introduce a sequence of i.i.d.
random variables (m;);en such that the distribution of m; (w.r.t. P) coincides with the

distribution of m; conditioned on m; < oo (or equivalently > 1). Then we have

P Zmi >n, a < cn) (2.22)

1 . n
=P len | Zmi = len |

and a standard large deviation argument yields that the probability in (Z22]) decays

exponentially fast for all ¢ > 0 such that we have

1 ~
- > Elmy] = E[my | m; < o<].
c
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We refer to Chapter 2 in [21] for a comprehensive textbook treatment of large deviation
techniques. Finally, it remains to note that we have E[m;] € (1,00) and that even
the moment-generating function of the random variable m; is finite for all arguments
sufficiently close to 0 due to Lemma 2.4.7] U

Lemma 2.4.9. The probability P(n(n) > n®) decays exponentially fast for n — oc.
Moreover, if dy > :—f holds true, there is constant p; > 0 such that even the probabil-

ity P(n(n) > p1-n) decays exponentially fast for n — oco.

Proof of Lemma[2.4.9 Since we have dy > Z—j, we are able to couple the distance of
the random walk on the tree with a symmetric random walk (¢(n)),>o on the non-
negative integers started at the origin with a reflecting barrier at the origin. This
coupling can be constructed in such a way that we have 1(n) < |X,,| for all n € Ny
(regardless of the environment). Hence, the symmetric random walk (1(n)),en, hits
the integer n after time n(n). Thus, if *(n) denotes the hitting time of the integer n

of the process (¢(n))nen,, we have
P(n*(n) > n’) > P(n(n) > n’). (2.23)

This implies that the right hand side of (2Z23]) decays exponentially fast for n — co as
the same holds true for the left hand side, which is e.g. proved in [53] (Lemma 9).

If we have dy > 12, the argument presented above can be altered in such a way
that the process involved in the coupling can be chosen as an asymmetric random walk
with a positive drift h to the right. Then a large deviation argument yields that, for
all p; > h~!, the probability IP('r](n) > p1 n) decays exponentially fast for n — oo;

cf. Chapter 2 in [21] for the involved large deviation techniques.

g

With Lemma 248 and Lemma 2-4.9 at hand, we turn back to the proof of part (i7)
of Proposition 2.4.3. We have

IP(Tl > ~n3) < IP(Tl > 'r](n)) + ]P(n(n) > ~n3) (2.24)

for all n € Ny and from Lemma and Lemma 2.4.9] we know that both of the
summands on the right side of (2.24]) decay exponentially fast. This already implies
that the same holds true for P(r; > n?).

Now that we can control the tail probabilities of the random variable 71, we have to
turn to the problem that the distribution of the first level regeneration time 7 differs
from that of 7,1 — 7, for n € N. To fix this problem, we introduce a bi-infite process on
trees. Let w = (T, 0,&) be a weighted and rooted tree. A bi-infinite trajectory 7 in T
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is a family (z,)nez of vertices of T indexed by the integers. Let P’ denote the law of
the integer-indexed process (X,,)nez such that (X, )neny and (X_,,)nen are independent
and have distribution P,. As a consequence of the transience of the random walk, the
trajectories of (X, )neny and (X_,)nen a.s. converge to boundary points of T. Thus,
we can restrict ourselves to those bi-infinite trajectories which are convergent (in both
directions). Let ’T‘ denote the set of all bi-infinite and convergent trajectories in T
which start at the root of the tree, i.e. £y = 0. The set of all bi-infinite trajectories in

trees is defined by
. < - =
TrajecInTrees := {((T,0,£),x): (T,0,€) € Q, xz € T}.
Now we are able to define the usual shift operator S on TrajecInTrees by
S((T,0,€),7) := ((T,z,,¢),57)

and

(Sg)n = Tn+1

for all n € Z. We note here that with slight abuse of notation ST denotes the shifted
path. As usual, we write S™ for the n-fold shift, i.e. the n-th iteration of S. Analogously
to the definition in (2.3)), we define the probability measure P* on TrajecInTrees by

P* :zﬁ@P:.

The crucial observation is that due to the reversibility property given by equation (2.4]),
the shift operator S is measure preserving w.r.t. P*. For further details we refer to
the proof of Theorem 4.1 in [30]. In fact, therein it is even proved that the sys-
tem (TrajecInTrees, P, S) is ergodic.

We continue with defining the event
R:={X, # X0, X;, # X _1¥Vm < 0,n >0},

which is the event that the bi-infinite trajectories (X,,),ez passes the edge (X_1, Xo)
only once between time —1 and time 0. Taking into account that every level regen-
eration is also a vertex regeneration, we observe that the distribution of the random
variable 7; under the measure P* conditioned on R is the same as the distribution
of 75 — 71 under the measure P* (cf. section 4.1 in [53] for further details). Further,
we observe that the distribution of 7 — 7y is not affected either by the change of mea-
sure from P to P or by the change to considering bi-infinite trajectories. Thus, we

have P*(r; — 7, € ) = P(ry — 71 € -) and we can conclude that the tail probabilities
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of 75 — 71 w.r.t. P decay exponentially fast if the same holds true for 7 w.r.t. P*(- |R).

Moreover, we have

P* (7‘1 > ng) = ]lND(Tl > n3) = /Pw (7‘1 > n?’)EﬂO) P(dw) % ]P(Tl > n?’).

From this and (2.24)) we derive that P (7‘1 > n3) decays exponentially fast. Finally, the
below lemma implies that P* (7'1 > n3) decays exponentially fast if and only if the same
holds true for P* (r1 > n*| R). This proves that P(m — 7 > n®) decays exponentially
fast and hence the proof of Proposition is complete.

Lemma 2.4.10. Let be f : N — [0,00) be a non-negative function and let the func-
tion g : N — [0, 00) be defined by

= fk)

Then we have

E*[f(n)] = E*[Lr - g(r1)] = P*(R) - E*[g(m1)| R]
In particular, the random variable f(7) is integrable w.r.t. P if and only if g(m) is
integrable w.r.t. P*(-|R).

Proof. We define R, := RN {r = n} and R, := S*(R,) for n € N and k € Ny and

.....

decomposition of TrajecInTrees. Similarly, (R, )nen is a decomposition of R. Moreover,
we have 7 = n — k on R, and the fact that S is measure preserving implies that we
have I@*(Rnk) — P*(R,) for all k € Ny. Thus, we have

/f(ﬁ)dfé*
-y Y / f(m) dP*

neN k=0

= ZZI’?*(Rn,k) f(n—k)

neN k=0

=Y P(R, Z (k)

neN

:Z/ 1) dP*

neN

= /R g(r1) dP*

and this completes the proof of Lemma 2410 O
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As mentioned above, this completes the proof of Proposition [2.4.3] [

In order to formulate a last proposition before we continue with the proof of our
main results, we introduce the counting processes (n9),cy and (n]),en which are de-

rived from the sequences (0,)nen and (7,)nen. More precisely, we define
n :=inf{k >1: oy > n}, n, =inf{k >1: 7, > n}
and we obtain the following proposition.

Proposition 2.4.11. There are constants A\, A € (0,00) such that we have

On Pras ' gpd Do Py (2.25)
n n—oo n n—oo
In particular, we have
)\71 = E[TQ — 7'1] and 5\71 = E[O'Q — 0'1].

Proof of Proposition[2.4.11. We only prove the statement for (n],),en since the proof
for (n7)nen is completely identical. From Proposition 2.4.1] we know that 7, is a
sum of i.i.d. random variables which is shifted by the non-negative and finite random
variable 71. We observe that the associated first passage time of the interval (—oo, n—1]
coincides with n7. Thus, we obtain (2.25) as a consequence of elementary renewal
theory; cf. Chapter 10.14 in [35] or Theorem 4.4.1 in [24]. |

Now we are ready to prove the main results of this chapter.

Proof of Theorem[2.3.2. (i) First, we define 7;; := 7,- and observe that we have

Xl - X0 Uk | 1Xnl | Xl = 1 X
n n n n n—00

P-a.s.
14

from (2.5)). Further, the law of large numbers and Proposition 2.ATT] imply

n’ —1 n, —1
SE U S Ok s

- B[Uy).

n n n:L n—00

We note here that we have n] > n for all n € N. Moreover, the finiteness of 7, implies

‘X7'1| P-a.s. 0
n n—o00

This P-a.s. yields

X
v= lim ——
n—oo N
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n, —1
" X X, — | X,
o (SO XXl X
n—00 n n n
X, — [ X
A E[U] + lim el =Xl
n—00 n

Moreover, we have
[Xong| = [Xnga| o [ X = 1 Xl

n n

for all n € N and this implies
| Xn| — [ Xy

n n—00

P

0

since the sequence (U,),>o is an ii.d. sequence. In fact, we even know that the

— * - nz—l
limit lim X~ 1] exists IP-a.s. since both of the limits lim % and lim n—rj . %
n—o0 n—oo n—oo n
do so. This P-a.s. yields
. ‘Xn‘ B |XT;I| —
lim —— =0
n—o0 n
and thus we have
E[U,] = ; = v-Eln — 7). (2.26)
We recall that the centred level increments are denoted by
Vii=Uy =V (Top1 — ) = | Xe | = [ X5 — v (Tor — Ta)

and by Proposition 2.4.1] we know that (V},),en is an i.i.d. sequence w.r.t. the averaged
measure P. Further, (2:26]) guarantees that the random variables (V},),en are indeed

centred (w.r.t. P). Let the averaged variance of the random variable V; be denoted by

5* = E[(Vi — EWi])*] > 0.

2

Proposition 2.4.3] implies that 6° is finite. Hence, the central limit theorem implies

that we have .
n’ —
1 Vi 4
,/nﬁ n—o00

w.r.t. the averaged measure P. Now we consider

N (0,56%) (2.27)

(Xal—v-n _ S Up—ven X LKl = X
NLD N4D N4D NLD
and observe that, as already argued above, the latter two summands of (Z28) con-

verge P-a.s. towards 0. For the first summand of the right hand side of (2.28) we

obtain

(2.28)

-
n]—1

ey Ug—v-n

NG
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S Uy S e ) v () v

_JE.IE zlvkﬂ,m—ﬁm%}

We observe that the sequence

<Tn —n.n )

Vit Vi e,

converges in probability (w.r.t. P) towards 0 since the sequence (7,0 — n),en, converges
in distribution (w.r.t. P) towards a finite random variable. In fact, 7' —n is the residual
waiting time of the associated renewal process (7, )nen, and thus the convergence in
distribution is a consequence of suitable results of classic renewal theory, we refer to

Example 4.4.8 in [24]. Finally, from Proposition 2Z4.T1] Slutzky’s theorem, and (2.27))

we conclude

X, —v-n N
| |\/ﬁ n_dwo \/X'N(O,O'Q):N(O,Uz).

This completes the proof of part (i) of Theorem 232

For part (ii) the very same arguments as for part (i) apply. So we can skip the details

and restrict ourselves to mentioning that we have

r(n)—v-n
N

o IlUk —v-n  r(oy)

i Vm

_ X Wla:;—n al] r(o) | r(n) — (o)

= Lo
ﬁ/\/(o,&z) w.r.t. P i’j;: 0
This completes the proof of Theorem [2.3.2 -
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Chapter 3

Cookie branching random walks

3.1 Introduction

In this chapter we study a model which is motivated by what is usually called ezicted
random walk in the literature. An exicted random walk is a discrete-time stochastic
process whose future evolution depends on its past through the set of visited sites.
The process can be informally described as follows: The random walker’s movement
in a state space (usually Z¢ for d > 1) at time n € Ny depends on whether the
random walker has already visited its current position before time n. Such a model was
introduced in [I1] and studied in numerous subsequent papers. We refer for example
to [9, 142, [59] (for the one-dimensional case, where, as usual, more complete results are
available), [10, 12, 37, 48] (for the multi-dimensional case and trees), and the references
therein. As a source of intuition, excited random walks are also called cookie random
walk — the idea being that initially all positions of the state space contain (one or
several) cookies, which are consumed by the random walker at the time of its first visit
of the respective positions. Whenever the random walker consumes a cookie at some
position, this changes the transition probabilities at this position (usually by giving

the random walk a drift in some direction).

In the model analysed in this chapter, we adopt the idea of having consumable
cookies at certain positions to branching random walks. Hence, we consider not only
one single random walker or particle that moves around in a state space, which in our
case is Z, but a whole population or cloud of particles which independently produce
offspring particles according to given offspring distributions. Thereafter, the newly
created particles move independently according to given transition probabilities. The
transition and branching parameters depend on whether the position of the respective

particle was visited before or not. The branching random walk is started with one
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CHAPTER 3. COOKIE BRANCHING RANDOM WALKS

particle at the origin and we suppose that in the initial configuration of cookies each
position of Z contains one cookie. We call the process which is considered in this

chapter a cookie branching random walk (CBRW).

Different kinds of models related to branching random walks have recently appeared
in the literature; we refer to [I5] 17, 19, [38, 49]. With the CBRW we aim at introducing
a model for a branching random walk whose evolutionary mechanisms are changed as
the process evolves. Another model which lies in some sense inbetween the excited
random walk and the CBRW is the frog model. In contrast to the CBRW, in the frog
model the particles do not produce offspring at every position which has already been
visited but merely move. However, when one or several of the particles visit a position
which has not been visited before, exactly one of them produces offspring according to
a given offspring distribution while the other particles just stay alive. The term frog
model originates from an alternative interpretation of this model. The cookies can also
be regarded as frozen particles or sleeping frogs which are actived by other frogs which
jump on top of the sleeping frogs. The process is started by an initial activated frog

which moves around. We refer to the papers [3], [I8] for further details.

Chapter [Blis organized as follows: In section the required notation is introduced
and a formal description of the model is given. Besides, general assumptions for the
main results are stated and different recurrence regimes are defined. Subsequently,
section 3.3 contains the main results. After some auxiliary results and their proofs
in section [3.4] section provides the proofs of the main results. At the end of the

chapter, in section 3.6, we make some final remarks.

The results presented in this chapter have been submitted for publication as a paper
which is a collaboration with Michael Kochler, Thomas Kochler, Sebastian Miiller, and

Serguei Popov; cf. [§]

3.2 Formal description of the model

We now turn to the formal description of the CBRW. First, we have to choose the
initial configuration of the cookies. We restrict ourselves to the case in which we
have (exactly) one cookie at every non-negative integer and no cookies at the negative
integers. Thus, if ¢, (z) denotes the number of cookies at position z € Z at time n € Ny,

the cookie configuration as described above is given by

@ 1, ifz>0,
Co\L) ‘=
0, ifz<O0.
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As it turns out, this configuration is a rather natural choice for an initial configura-
tion which makes it possible to point out the essential differences in the evolution of
the process. In particular, further results for the initial configuration (co(x) = 1 for
all © € Z) can be derived easily (cf. Section B.6). At time 0 the CBRW starts with
one initial particle at the origin. In order to specify the evolution of the population of

particles, we need the following ingredients:

e the cookie offspring distribution

fe = (uc(k))

keNy

with mean m, := Z ke (k);
k=1

e the cookie transition probabilities
De € <07 1)7Qc =1-—pe;

e the no-cookie offspring distribution

o = (Mo(k)) with mean mg := Z kpo(k);
k=1

keNy

e the no-cookie transition probabilities
Do € (07 1)>CJ0 =1 — Do-

We say a particle produces offspring according to a offspring distribution p = (u(k))ren,
if the probability of having k offspring is u(k). Having fixed the above quantities, the
population of particles evolves at every discrete time unit n € Ny according to the

following rules:

(i) First, every existing particle produces offspring independently of the other par-
ticles. Each particle either reproduces according to the offspring distribution g,
if there is a cookie at its position or otherwise according to py. Thereafter, the
parent particle dies.

(ii) Secondly, after the branching the newly produced offspring particles move in-
dependently of each other either one step to the right or one step to the left.
Again the movement depends on whether the particles are at a position with or
without a cookie. If there is a cookie, each particle moves to the right (left) with
probability p. (g.). Otherwise, if there is no cookie, the transition probabilities

are given by py and qq.
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(iii) Finally, each cookie which is located at a position where at least one particle has
produced offspring is removed. We note that different particles share the same
cookie if they are at a position with a cookie at the same time. Moreover, due
to the chosen initial configuration of the cookies only the leftmost cookie can be

consumed at every time step.

3.2.1 Notational preliminaries and general assumptions

We now introduce some essential notations and assumptions. Since we do not want

the process to die out, we assume that
11c(0) = 110(0) = 0
holds. Further, to avoid additional technical difficulties, we suppose that we have
M :=sup{k € Nq : p.(k) + po(k) > 0} < 0. (3.1)

In fact, we believe that the results remain true if we replace (3I) by the assumption
that the cookie and the no-cookie offspring variance is finite. In the following we want
to distinguish different particles of the CBRW by using the usual Ulam-Harris labelling.

Therefore, we enumerate the offspring of every particle and introduce the set

V::UN"

n€Ng

as the set of all particles which are potentially produced at any time in the entire
process. Here N° is defined as the set containing only the root o which denotes the
initial particle. In this setting, v = (v1,va,...,,) € V labels the particle which is
the v,-th offspring of the particle (v1,vs,...v,_1). By iteration we can trace back
the ancestral line of v to the initial particle o. Further, the generation (length) of
the particle v € V is denoted by |v|, and for two particles v,n € V we write v = 7
(or v = n) if v is a descendant of the particle  (if v is a descendant of 1 or n itself). We
use the same notation v = U (or v = U) for some set U C V if there is a particle n € U
with v = n (or v > 7). With the above notations, we can consider the actually
produced particles in the CBRW. For n € Ny and = € Z let Z,,(z) C N* C V denote

the random set of particles which are at position x at time n. Thus,
Zy =\ Zn(2)
TEL

is the set of all particles which exist at time n. On the basis of this finding we can
define Z := J,cp,

cle v € Z, we write X, for its random position in Z and the collection of all positions

Z, as the set of all particles ever produced. Then, for every parti-
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of all particles (X, ),cz is what we call CBRW. Further, the position of the leftmost

cookie is denoted by
[(n) == min{z € N:¢,(z) = 1}.

Now we are able to define the set of particles £(n) which is crucial for our considera-

tions:

The particles that belong to £(n) are located at the position of the leftmost cookie
and thus they are the only particles which produce offspring according to p.. We call
the process (E(n))neNO
the rightmost particles if £(n) # (. One key observation for the understanding of the
CBRW is that the particles in the LP constitute a Galton-Watson process (GWP) as

long as there are particles in the LP. The associated mean offspring is given by p.m.

leading process (and use the abbreviation LP) since it contains

and thus we call the LP supercritical, or subcritical, or critical when p.m,. is greater

than 1, or smaller than 1, or equal to 1, respectively.

3.2.2 Recurrence regimes

As it is usually done in the context of branching random walks (BRW), we now define

three different regimes:

Definition 3.2.1. A CBRW is called
(i) strongly recurrent if a.s. infinitely many particles visit the origin, i.e.

P (\Zn(())\ e o) —0,

(ii) weakly recurrent if

P (12:(0)] —0) € (0,1),

n—oo

(iii) transient if
P (\Zn(o)\ — o) ~1.
n—oo

We note that these regimes may have different names in the literature; for example
strong local survival, local survival, and local extinction of [29] correspond to the no-
tion of strong recurrence, recurrence, and transience of Definition B.2.1l The transient

regime can be subdivided into transient to the left (or transient to the right) if the

65



CHAPTER 3. COOKIE BRANCHING RANDOM WALKS

negative (or positive) integers are visited infinitely many times. Criteria for the recur-
rence/transience behaviour of BRW are well-known in the literature. In our setting
the BRW of interest is the process related to the behaviour of the particles without
cookies. In the following we call this process BRW without cookies. 1t is a BRW in the
usual sense started with one particle at 0, with offspring distribution py and transition
probabilities pg, qo to the nearest neighbours. For this process we have the following
proposition that goes back to fundamental papers by Biggins [13], Hammersley [36],
and Kingman [41]; for a proof we refer to Theorem 18.3 in [51] and Theorem 3.2 in [2§].

Proposition 3.2.2. The BRW without cookies is

(i) transient to the right iff

1
p0>§ and mg <

1
= 2yDodo’

(ii) transient to the left iff

Py < and mg <

1
2\/Podo’
(iii) and strongly recurrent in the remaining cases.

In the transient cases, we define

1
VTRES 1 — /1 —4dpogom§ ) .
2pomyg

We note that ¢, reduces to min{1, ;’)—g} if we have my = 1. The interpretation of the

quantity ¢, is explained in Section 3.4 below.

3.3 Main results

Now we are ready to formulate the main results of Chapter B, which give the classi-

fication of the process with respect to weak/strong recurrence in the sense of Defini-

tion B.2.11

Theorem 3.3.1. We suppose that the BRW without cookies is transient to the right.

(a) If the LP is supercritical, i.e. p.m. > 1 holds, then

(i) the CBRW is strongly recurrent iff pomepe > 1,
(i1) and the CBRW is transient to the right iff p-me.pe < 1.
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(b) If the LP is subcritical or critical, i.e. p.m. < 1 holds, then the CBRW is transient
to the right.

Theorem 3.3.2. We suppose that the BRW without cookies is strongly recurrent. Then
the CBRW 1is strongly recurrent, no matter whether the LP is subcritical, critical or

supercritical.

Theorem 3.3.3. We suppose that the BRW without cookies is transient to the left.
(a) If the LP is supercritical, i.e. p.m. > 1 holds, then the CBRW is weakly recurrent.

(b) If the LP is critical or subcritical, i.e. p.m. < 1 holds, then the CBRW is transient
to the left.

3.4 Auxiliary results

Analogously to the notation which we use for the CBRW let (YV)yey denote the BRW
without cookies. Here ) denotes the set of all particles ever produced and if v is such
a particle, Y, denotes the random position of the particle v. We define Al = Ay := 1,

and

Ab={reY:Y,=n Y, <nVn=<uv},

n

A, ={redy:Y,=—nY,>-nVn<v} (3.2)

for n € N. Here A} (or A,) denotes the random number of particles which are the

first in their ancestral line to reach the position n (or —n). In addition, we define
We note that we have
P(AT <o0) =P(A] <o0) =1
if the BRW without cookies (YV)

and (A; ) neNo
expressed using the first visit generating function of the underlying random walk. Thus,

. . . +
ey 18 transient. In this case the processes (An)neNO

are both GWPs. An important observation is that ¢, and ¢, can be

denote by X,, the nearest-neighbour random walk defined by
P Xpui=z+1|X,=2)=py and P(X,p1=z-1|X,=2)=q.

The first visit generating function is defined by

F(z,y|z) :ZP(Xn:y,Xkyéka <n|Xo=u1x)".

n=0
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A (short) thought reveals that ¢, = F(0,1|mg) and ¢, = F(0,—1|my) and standard
calculations yield the following formulas; for both arguments we also refer to Chapter 5
in [58].

Proposition 3.4.1. If the BRW without cookies is transient, we have

1 1
or = (1 —\/1- 4p0€10m(2)) , and Q= (1 —\/1- 4PoQom3) :
2qomyg 2pomyg

(3.4)

Remark 3.4.2. A natural special case arises from po(1) = 1 (and thus my = 1). In this
model particles can only branch at positions with a cookie. In sites without cookies
the process reduces to an asymmetric random walk (Y")neNo on 7Z with transition
probabilities py and qo. Here ¢, and ¢, simplify to the probabilities of an asymmetric
random walk to ever reach +1 or —1, respectively, i.e.

¢, =P(3n eN: Yn:+1):min{1 m}’ (3.5)

’ qo

Next, we collect some known facts about Galton-Watson processes that will be
required in the sequel. An important tool for the proofs is to identify GWPs which are
embedded in the CBRW. For the rest of this chapter the processes

(Gwweer) o (GWE™), . and (GWS

neNg’ ( n€Ny n )neNo

shall denote a supercritical, subcritical or critical GWP started with z € N parti-
cles with respect to the probability measure P,. Furthermore, let 75Wer TS and T

denote the time of extinction corresponding to the above GWPs; i.e.
5% = inf{n > 0: GW " =0}
and analogously for the subcritical and critical case.

Proposition 3.4.3. For a subcritical GWP (GWSUb)neNO with strictly positive and

finite offspring variance there is a constant ¢ > 0 such that

sub
- P (GWE > 0) .

n—oo El [GWlsub]n

For a proof we refer for example to Theorem 2.6.1 in [40].

Proposition 3.4.4. For a critical GWP (GWﬁr)neNo with strictly positive and finite

offspring variance there is a constant ¢ > 0 such that

lim n Py (GW > 0) =c.

n—oo
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For a proof we cite for example Theorem 1.9.1 in [4]. By virtue of the esti-

mate 1 — z < exp(—z) we obtain the following consequence of Proposition B.4.4l

Proposition 3.4.5. For the extinction time T" of a critical GWP with strictly positive

and finite offspring variance there exists a constant C' > 0 such that
z
P.(T" <n) <exp (—C—)
n
for all n € N and for all z € N.

Proposition 3.4.6. For the extinction time T of a critical GWP with strictly positive

and finite offspring variance there exists a constant C' > 0 such that
CT <
for all n € N and for all z € N.

Proof. Due to Corollary 1.9.1 in [4] (with s = 0), there is a constant ¢ > 0 such that

lim n?P, (TC]r =n-+ 1) =c.

n—oo
Therefore, we get for n € N

z

c+o(1) < C’E

Po(T =n) < 2P (T =n) = Zﬁ(

for a suitable constant C > 0. O

Lemma 3.4.7. We consider a BRW (without cookies) (Y, )v € Y with branching dis-
tribution po and transition probabilities py and qo started with one particle at the origin.
Further, we assume that the BRW is transient to the right. Then, for a suitable con-

stant ¢ > 0, we have
PEve)Y:Y,=-n)=(c+o(l))(p)"
as n tends to infinity.

Proof. We consider the process (A, )nen,, which is introduced in ([B.2]), and observe
that this process is a GWP with mean offspring ¢, < 1. Using condition (B.0]), it is not
difficult to verify that we have E[A])?] < oo. Therefore, Proposition completes
the proof. O
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3.5 Proofs of the main results

Proof of Theorem [3.3.1]

Proof of part (a).
In this part of the proof we suppose p.m. > 1, i.e. the LP is supercritical. For n € N
we define inductively the n-th extinction time and the n-th rebirth time of the LP by

T, = inf {Z > 0,1 |[L(0)] = O},
0 = inf {i > 7, : |[L(i)] > 1}

with g := 0 and inf () := co. Since pg > 1/2 and the LP is supercritical, we know that
we have P(o, < 0o | 7, <o0) =1and P(1,41 =00 | 7,-1 < 00) > P(1; = 00) > 0 for

all n > 0. Hence, we a.s. have
o* :=inf{n e Ny : |L(i)| > 1V i>n} < oco. (3.7)

It is a well-known fact that conditioned on survival a supercritical GWP with finite
second moment normalized by its mean converges to a strictly positive random variable
(e.g. Theorem 1.6.2 in [4]). Considering the LP separately on the events {o* = k}
for k € Ny yields
tim LWLy (3.8)
=00 (pemme)"
for a strictly positive random variable W.

Now, we prove part (i) of Theorem B.3.I(a). We suppose that we have p.m.p, > 1.

For n € Ny, let us introduce
L,={veZ,(ln) —1):v>=Ln)}.

The set L,, contains all particles that are produced in the LP at time n and then leave
the LP to the left. Thus, they are located at the position I[(n) — 1 at time n + 1. We
define the events

A, ={3v=L,: X, =0}

for n € Ny. In order to show strong recurrence of the CBRW, it is now sufficient to
prove that
P(lim sup An> = 1. (3.9)

n—oo

As a first step to achieve this, we consider the events

By, = {|Ln| > (pcmc)nn_la n = U*}
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for n € Ny and show that
P <1im inf Bn> ~1. (3.10)

n—oo
This provides a lower bound for the growth of | L, | for large n. To see that (3.10) holds,
we define C, := {|L(n)| > (pem.)"n~*/?} and notice that due to (38) we have

P <1iminf Cn> ~1. (3.11)

n—oo

We observe that, given the event C,,, the random variable |L,| can be bounded from
below by a random sum of [(pem.)"n~'/?] i.i.d. Bernoulli random variables with success
probability ¢.. Hence, we can use a standard large deviation bound to see that the
probabilities P(| L,,| < (pem.)"n~" | C,) decay exponentially fast as n tends to infinity;
cf. Chapter 2 in [21] for the involved large deviation techniques. An application of the

Borel-Cantelli lemma now yields

P (lim sup <{|Ln\ < (peme)"nt} N Cn)) =0. (3.12)

n—oo

Since 0* < oo a.s., (B12) together with (BI1) yields (BI0). We observe that on the
event {n > o*}, for each particle in L,,, the number of its offspring which is located at
the positions 1,2, ... steps to the left of [(n) — 1 for the first time in their genealogy
constitutes an embedded GWP in the CBRW. Its mean is given by ¢,, where ¢, < 1
holds since the BRW without cookie is transient to the right (cf. (3.4) and (3.3])).
Therefore, by virtue of Lemma B4, we get

-1

P(An | Bn) Z 1-— (]_ — C(Qpé)n)(pcmc)”n

>1—exp (—C(W)n(pcmc)nnil)
> 1 —exp (—£)
e (3.13)

for some ¢, C' > 0. Here we use that the position of a particle v € L, is bounded by n
(in fact by n — 1). Notice also that we have p.m.p, > 1 by assumption. Since 1p, is

measurable with respect to the o-algebra generated by |L,| and ¢*, we have

J [ J
P (ﬂ (A;mBn)> —E|E [HnA%mBn \Lil, ..., |L;], a”
. : ji J
=E (HﬂBn)]l{lEU*}E [HﬂA% |Ll|77|L]‘7 U*]]

for all 7,7 € N with ¢ < 5. Now we observe that on {i > ¢*} the random vari-

ables (1 4¢ )Z <n<; are conditionally independent, given |Li|,...,|L;] and o*. This holds
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because on {i > ¢*} all the particles in U;:Z L, start independent BRWs which can-
not reach the cookies anymore. For the same reason on {i > ¢*} each of the random

variables (1 4 )i<n is conditionally independent of (|L|)xzn given |L,| and o*. Using

|LZ|, NP ‘LJ‘, U*]]

L, L], a*})]

these two facts, we obtain

[/ J J
E (H ]1Bn> Timon E [H g

J

- E H (]].Bn]]_{zza*}E []].A%

Ln=1

=E ﬁ]anE [Lac

|L,|, o—*]] : (3.14)

With the help of (813) and (8.14) we can now conclude that we have

P (ﬁ (A ﬂBn)> —E [gﬂBnE [Lag

. o]

n=i
J

<J[(1-9) —20 (3.15)

Therefore, for all i € N, we have P (ﬂzozi (Afl N Bn)) = 0, which implies

P (liminf (451 B,)) =0. (3.16)

n—oo

Since (3.10) holds, (3.16)) yields P (liminf,,,~, AS) = 0. Thus, we have established (3.9)
and so (i) of Theorem B.3Tl(a) is proved.

Next, we prove part (ii) of Theorem B30l(a). We suppose that p.m.p, < 1. For
sake of simplicity we assume ¢* = 0. The proof is analogous for ¢* = k for k € N.
The idea of the proof is to show that the expected number of particles that visit the
origin the second time (the first time after time 0) in their genealogy is finite. Since the
BRW without cookies is transient this implies transience of the CBRW. We note that
no descendant of a particle that visited 0 after time 0 can ever reach a cookie again
since 0* = 0. (In the case ¢* = k only a finite number of particles that have visited 0
up to time k can have descendants which reach a cookie again.) More formally, we
define

,={£€Z2: (<L, Xe=0,X,#0Vw: £>w>rv}.

Taking expectation yields

E[Pn]l{ﬂ*io}] - E[|Ln|]l{0*:0}]F(n70|m0) < (pcmc)nqcmc(gpg)n,
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and thus that E [ZneN Tnﬂ{o*zo}] < o0 since pemepy < 1. Therefore, we can finally
conclude that a.s. only finitely many particles visit the origin, i.e. the CBRW is tran-
sient. This completes the proof of part (a). [ |

Proof of part (b)

In this part of the proof we suppose that the LP is subcritical or critical, i.e. p.m,. < 1.
We start with Lemma B.5.1] which states that except for finitely many times the par-
ticles at a single position z € Z produce an amount of offspring which is close to the
expected amount as long as there are many particles at this position. To do so, we

first split the set of particles Z,(x) into the following two sets

Zf (@) ={v e Zya(x): v Z,(x - 1)},
Zyo(z)={veZ(x): v=Z,(r+1)}
containing the particles which have moved to the right or to the left from time n to

time n + 1. For e > 0, which we specify later (cf. (3.33) and (3.51])), we introduce the

following sets:

D} (x) = {z < I(n), | Zu(ax

[£(n)]
F.=EfUuE, ul (D;(x) U D;(x)). (3.17)
TEL
Lemma 3.5.1. We have
P <hm sup Fn) 0 (3.18)
n—oo

for all e > 0.
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Proof of Lemma[3.5.1. First, we recall that the number of offspring of a single particle
is bounded by M. Hence, a large deviation estimate for the random sum |Z, , (z + 1)

of |Z,(z)| i.i.d. random variables with mean pymy yields

P(1Z51(x + D] > (o + )| Zu(@)||o(1Zu(@))) < exp (= 1Zul@]Ch)  (319)
for some constant C; > 0 and

(125102 + DI < (oo — )| Z@)||0(1Zu())) < exp (= 1Zulo)C5)  (320)

for some constant Cy > 0; cf. Chapter 2 in [2I] for the involved large deviation tech-
niques. From (319) and (320) we can conclude that

P(D;(:c)) < exp(—nCy) + exp(—nCy). (3.21)

The same argument leads to analogue estimates for the sets D, (x), Ef and E, with
constants C; > 0 for ¢ = 3,...,8. Since at time n € Ny particles can only be located

at the n + 1 positions —n,—n +2,...,n — 2,n, we get

P (E; UE, U U (D:{(:p) U D;(az))) <2(2+2(n+1))exp(—nC)

TEZL

for C':= min8 C; > 0. Therefore, the Borel-Cantelli lemma implies (B.I8]). O

i=1,...,

In the considered case the CBRW behaves very differently depending on whether

we have pgymg < 1 or pomg > 1:

(i) For pgmg < 1 the offspring particles of a certain particle which move to the right
in every step behave as a critical or subcritical GWP as long as the particles do
not reach the cookies. Therefore, we can expect that the amount of particles
which reach a cookie at the same time is not very large. More precisely, we will
show in Proposition that the amount of particles in the LP does not grow

exponentially.

(ii) For pgmgo > 1 the amount of offspring which moves to the right in every time
step in the corresponding BRW without cookies constitutes a supercritical GWP.
Therefore, the number of particles at the rightmost occupied position in the
BRW without cookies a.s. grows with exponential rate pgmo > 1. In this
case the following proposition shows that the amount of particles in the LP is
essentially bounded by the growth rate of the rightmost occupied position of the
corresponding BRW without cookies.
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Proposition 3.5.2. For every a > max{l, pymo} =: m* we have
P (nm inf{|£(n)| < a"}) ~1. (3.22)
n—oo

Proof of Proposition[3.5.2. For the proof we start with the following lemma which
states that a large LP at time n leads to a long survival of the LP afterwards (except

for finitely many times). For 3 > 0 we define
Gy = Gy(B) == {|L(n)| = n, T(n) < Blog|L(n)[}, (3.23)
where
7(n) == inf{¢ > n: |£(0)] = 0} (3.24)

denotes the time of the next extinction of the LP beginning from time n.

Lemma 3.5.3. There exists > 0 such that we have

P (lim sup Gn) = 0. (3.25)

n—oo

Proof of Lemma[35.3. Let us first look at a subcritical GWP (GW;“b)n -

duction mean p.m. < 1 and strictly positive, finite offspring variance and its extinction

with repro-

time T5"°. Assuming that we have an initial population of z € N particles and using
Proposition B.4.3] we get
P(T™" <n) = (1 - P(GW;™ >0))°
(1 —C pcmc )Z
exp ((— c(peme)"z),

IN

for a suitable constant ¢ > 0. In particular, if the LP is subcritical, we conclude that

we have

PG| > . 70n) < Flog [£()) < exp (0 7

for all sufficiently small g > 0 and for all n € N. Hence, the Borel-Cantelli lemma

implies (B.25)). If the LP is critical, we can use an analogous argument together with
Proposition [3.4.5] O

In the following we want to investigate the behaviour of the CBRW on the event

H,, = () (FEnGs) (3.26)

n>ng
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for fixed ny € Ny. (Later we will choose ng sufficiently large such that the assumptions
of the upcoming Lemma B.5.4 and equation (B.53]) are satisfied.) On this event we have

upper and lower bounds for

| n+1(x+1)| and | n+1( )|
| Zn ()] | Zn ()]

for positions z € Z containing at least n particles at time n > ng (cf. (317)). Addi-
tionally, we have a lower bound for the time for which a LP with at least n particles
at time n > ny will stay alive afterwards (cf. (3.23)). We note that we have

n—oo n— oo

P (hm inf (F¢ N G;)) = lim P(H,) =1 (3.27)
due to Lemma [3.5.T] and Lemma B.5.3]
For the next lemma we need some additional notation. We define
oo :=1inf{n >ng: |[L(n—1)| =0, |[L(n)] #0, I(n) <n—2ng— 1},
which is the time of the first rebirth of the LP after time ngy for which we have
Z(O'Q) — (0'0 — TLQ) S —2”0 -1+ Ng = —Ng — 1.
This implies
|Zn0 (Z(O'Q) - (0’0 — Ng + ]{3))| = O, (328)
for all £ € Ny. This is a crucial fact, which we make use of in the following computations
(cf. Figure B.1]). Since the LP is critical or subcritical and the BRW without cookies is
transient to the right, we a.s. have og < co. We now define the random times
T, = 1inf{l > o, : |L({)| =0} — 0y, for n >0,
op i=1nf{l > 0,1 + 7,1 |L({)| # 0}, forn > 1,
which denote the time period of survival and the time of the restart of the LP, induc-

tively. Due to the assumptions of the CBRW all of these random times are a.s. finite.
Using (3.28) we see that we have

| Zno (1(0) — (05 —no + k)| =0

for all j, k € Ny. Here we note that the argument leading to equation (3.28)) also holds

true for all n < ng instead of ng. Hence, we have
1Z,(I(0;) — (0 —n+ k)| =0 (3.29)

for all n < mng and j, k € Ny.

As the next step of the proof, we state the following upper bounds for the size of
the LP on the event H,,.
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Lemma 3.5.4. The number of particles in the LP is bounded from above as follows:

L(n+ k)| < (peme +e)* + kM (n+k — 1)(1 + 8)F
on H,, N{|L(n)| =z} N {r(n) > n+k}, (3.30)

for k,n,z € Nyn > ng. Further, we define m* := max{1, pomo}. Then, for all v > 0,
there exists n* = n*(y) such that we have

[L(oj41)] < (m* 4 37)7*

on Hpy N{oj11 = 0; + 75+ 2} N{|L(0;)| < (m" +7)7}, (3.31)
1L(oj41)| < [L(o)[(m” + 47)7

on HyyN{oj1 =0+ 1+ 2y N {|L(0;)] > (m" +~)%}, (3.32)
[L(oj41)| < (m* + 27)70

on HyyN{oj1 >0+ 71 +2} (3.33)

for all 7 € Ny and ng > n*.

Proof of Lemma[3.5.7. First we choose 0 < § < v in such a way that

1+6<

* 2 *
w’ 1+6< (M ’ (3.34)

B log(m*4-)
m* +y m* + 27)

where 5 > 0 satisfies Lemma [3.5.3 Then we choose ¢ > 0 for the definitions of the
events (F”)neNo (cf. (BIM)) sufficiently small such that

Pomo + € <146, pomog+e< m-+r. (3.35)

pbomo — €

peme+e < 1+0, 1<

For the upcoming estimates we use the following properties of the set H,,. For n > ny
we have
| Zn—1(x —1)| <n—1on H,, N{|Z,(z)] = 0}, (3.36)

which means that there cannot be very many particles at position z — 1 one time step
before n if we know that the position x stays empty at time n. Similarly, the knowledge
of | Z,(x)| gives us upper estimates for (|Z,_x(x —k)|)xen. If we are in the case in which

the cookies are always to the right of the considered positions, we have for n > ny

| Zn1(z — 1) < 2(pomo — ) +n —
on H,, N{|Z,(x)| = z, (n —1)>(z—1)},
| Zn 1 — k)| < 2(pomo — &) " 4 (n — 1)(1 V (Ipgmg — €))7+
on H,yN{|Z,(z)| =2, I(n—1) > (x— 1)} (3.37)
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for n — k > ngy. The first estimate is easily obtained using a proof by contradiction
and an iteration of it yields the second inequality. We note here that by construction
the upper bound is at least equal to ng. Therefore, if the upper bound is exceeded,
at least a ratio of pymgy — € of |Z,_r(x — k)| contributes to |Z,,_x1(z — k + 1)| on the

considered event because of the definition of H,,,. This yields a contradiction.

For n > ng and k € N, we obtain similar estimates for the size of the LP before the
next extinction at time 7(n) (for the definition of 7(n) we refer to (3.24))):

|IL(n+1)| < z(pem. +¢€) + Mn
on Hy, N{[L(n)| = 2},
IL(n+2)| < z(peme +€)* +2M(n + 1)(1V peme. + €)
on H,, N{|L(n)| =z} n{r(n) > n+ 2},
IL(n+ k)| < z(peme + ) + kM (n +k — 1)(1 + 0)**
on H,, N{|L(n)| =z} n{r(n) > n+k}. (3.38)
Concerning the last estimate, we note that we can distinguish between two cases as
follows: If |[L(n+k)| < n+k—1 holds true, then we have |[L(n+k—1)] < M(n+k—1)

as a consequence of assumption (B.I)). Otherwise, we can use the definition of H,, to
get |[L(n+k+1)| < (peme + €)|L(n + k)| on that event. In particular, we have to

show (330).

Now, we introduce two processes (®,)nen and (¥,),en, which help us — together
with the estimates ([B.30), (3.30]), and (B.37) — to control the number of particles that
restart the LP at time o041 (cf. Figure Bl and B.2). For j € Ny and n € N we define

Y .= Z,(I(0j41) — 041 +n) and U := Z,(I(0;41) — 0511 + 2+ n).

For sake of a better presentation we drop the superscript j and write just ¢, and ¥,

if there is no room for confusion.

We observe that we have
@] = [¥y| =0 (3.39)

for all n < ng due to (8:29). Furthermore, by definition we have @, ., = L(0,41) and

I5+1

|\Il0j+1| = ‘\Ilo'j+1*1‘ = |\Il0j+1*2‘ =0. (340)

Again, we split the set of particles ®,, into the particles which have moved one step to

the right from time n — 1 to time n and the particles which have moved to the left:

O =2, ((0j41) = 0j41 + 1),

78



3.5. PROOFS OF THE MAIN RESULTS

time n >0
B (q)n>n€N
T T R — oso® . (J
=0 +71+2 o 0. ( ”)”EN
O~ T o je}
O ) O
0
A7
[m] [m] [m] [m] u] (
SOoSOSOSNO MO - -
OSOSOSO D\Q o Cook%e/no p.artlcles
@ cookie/particles
e o ol O no cookie/no particles
ososno ®00 B no cookie/ '
o o 000 potentially particles
T - 80 0000 no cookie/potentially
o Q 0000 particles without influence
o Q oooo0o0o0 ® potentially a cookie/
/<E| moOo®oooo0O0 potentially particles
_ without (direct) influence
[m] o @ position Of interest
O8O |:|___..->' ‘ :
e
o
not-0'o 10® :
} /§/ ; /§/ position z € Z
l(oj) = (o5 = m0) Ua;) Woj) + 75
< -ng-—1 =1(0j41)

Figure 3.1: The LP is restarted at time 011, two time steps after the last extinction at

time o; + 7;. The two diagonals represent the processes (®y,)nen and (¥, )pen.

o, =7, (l(0j41) — 0j41 +n)

To obtain an upper bound for [, | = [L(0j11)|, we use the following recursive
structure. We have |® | < M|¥, 4| for n € N due to assumption (B1]). Moreover,
on H,, we have |®F| < |®,_1|(pomo + €) + Moy for ng +2 < n < gj4; (since the

particles reproduce and move without cookies) and these two facts yield
@] = | + [P, | < |Proi|(pomo + &) + Mojia + M|V (3.41)

for ng+2 <n < 0;4;. Using [3.39), (3.40), and o1 —no—1 iterations of the recursion
in (341]), we obtain the following upper bound for the particles which start the LP at

time o041 on H,,:

oj+1—no—1 oj+1—no—1
P, 0| <M Z Vo —kl(pormo + €)1 + Moy Z (pomo + )"
k=3 k=1

0’j+17n0*3

<MY [ Wo,—kol(pomo + )"+ Ma?,, (m* + 7). (3.42)
k=1

We note that this bound just depends on ¢;; and the process (U, ),en. For this reason

we now take a closer look at (¥,,),en and distinguish between the following two cases:
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e In the first case we assume that the LP restarts right after it has died out and
we therefore have 041 = 0; + 7; + 2. In this case the process (¥,,),en coincides
with the LP between time o; and o; + 7; (cf. Figure B.I)).

e In the second case we assume that we have o;.; > o; + 7; +2. From this we
know that there are no particles in the LP at time 0,4, — 2 and thus the process
(U, )nen is always to the left of the cookies (cf. Figure B.2).

In both cases the crucial observation is that the amount of particles in (V,,),en does
not exceed a certain level since none of its offspring reaches the leftmost cookie at
time 041 — 2.

First, we consider the case H,,N{c;11 = 0;+7;+2}. We apply the estimates (3.30)
and (B.37) to establish upper bounds for |V, | = [Ws, 17 42k| for 1 <k <0541 —n0.
We know by definition of o; that we have I(o; — 1) = l(0;) > l(0;) — 1. Thus, we can
apply (3.37) and conclude that on the event H,,, for 1 < k < o; —ng we have

Wil = 1Zo;-1(U(0) = k)| < |L(0))(pomo — &)™ + a(1 V (pomg — &)™)
and by using (8.38) for 0 < k <7, — 1 we get
Vo, ikl = |L(0; + k)| < |L(0))|(pemc + e)f + kM(o; +k—1)(1+6)" "

Applying these two estimates to (3.42) yields

7j
|(I)Uj+1| < M Z |\I/0'j+(7'j_k')|(p0m0 + E)k—H
k=1
oj+1i—no—1

+ M Z |\I’Uj,(k,Tj)|(pomo + €)k+1
k=T1;+1

o+ Moy (m” + )7
i
< MY (1£(0) | (perme + =)~

k=1
+ (Tj — k’)M(O'j + Tj — k- ].)(1 + 5)Tj_k_1> (pomo + E)k—H

oj+1;—no—1

MY (120 (pomo — &)

k=T1;+1
+ (1 V (pomo — 5)7“%“)) (pomg + )"

+ Mo3  (m* + )%+

< P2M2(L(0;)| + 051) (1 + 8)7 7 (m* + )7
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Pomo + €
. Lo [ 20
)

+2Mo3 y (m* + )%
< 2MP05  (|£(0)] + ogpa) (L + 07T (m" +)7F
i 2Ma]2»+1(m* 4 )i (3.43)

gj
) (pomo + &)+

Here we use (B.35) in the last two steps.

If we first investigate |L£(o0;+1)| on the subset
{I£(aj)| < (m” + )7} NV Hyy O {011 = 05 + 75 + 2},

on which we have a limited amount of particles in L£(o;), we can conclude, by us-

ing (3:43) and (3:34), that we have
1£(j42)] = |9q;,|
< 2M%07 (M +7)7 + 0j00) (1+0)7 07 m* + )7 F + 2Mof, (m* 4 7)7+
< AP (051 + 131+ 87 (" + )7
< (m* 4 dy)7
for ny (and thus also o) large enough. This shows (3.31]) in Lemma [3.5.4]

On the other hand, if we consider the remaining subset
{I£(o)] > (m* + )7} 0 Hyy N {040 = 05 + 75 + 2},
(B43) yields
L)t - £(0541)]
= |L(e))| " - |,
< 2M203 1 (14 0j40) (14 6)77 757 (m" 4+ 4)7 ™ Moj, (m* + )7+
< AMP (05 + 75+ 3)° (14 0)7 (m” + 27) 7+
<AM*(o; 4+ 7+ 3)°(1 + 5)%?‘ (m* + 27)7 2
< (m" +47)"
for ny (and thus also ;) large enough. Here we use (3:34) and the fact that, on the

considered set, we have {7; > Blog ((m*+v))} (cf. Lemma B.5.3). This shows (3.32)
in Lemma [3.5.4

We now consider the event H,, N {oj11 > o; + 7; + 2}. First, we observe that on
this set, due to (3.36), we have

Vo, 1—2-1] = [Zo; 1 —21(l(0j11) = )| < 0jy1 =2 -1 <04 (3.44)
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time n > 0
[ FES I O | ] o ] ] : \Il
m] m] a m] O ( )nGN
ONONOMO) Ke) O cookie/no particles
OoNO omoo @ cookie/particles
m} m} om0 ®o O no cookie/no particles
oSO wo®Oo B no cookie/
o wHo0®O®Oo potentially particles
o ) D®O806 o no ip(ikie/ptohten:igllg
om o o particles without influence
L SN ©0®0® : ® potentially a cookie/
S i potentially particles
oNo without (direct) influence
oNO D : @ position of interest
oo =iy
o
nor-OdO0OO0@
} /§/ } position z € Z
Woj41) —2— (05— 2) Haj+1)
< -—-ngp—1

Figure 3.2: The LP is restarted at time oj;y1, more than two time steps after the last

extinction at time oj + 7;. The two diagonals represent the processes (®p,)nen and (¥, )nen.

since ‘\Iloj+172| = ‘ZUj+1*2

(l(gj+1))] = 0 holds. Further, we observe that the parti-
cles which belong to (U, ).en are always to the left of the cookies. In particular, we
have l[(0j41 —2 — 1) = l(0j4+1) > l(0j41) — 1. Therefore, we can apply (3.37) and, by

using (3.44]), conclude
‘\Iloj+1*2*k‘ = |Z<7j+172,k(l<aj+1> - k)‘
a1 (pomo — €)™ + (0541 =2 = 1)(1V (pymo — €)

< 20;41(1V (pomo —)7")

IN

—k—f—l)
(3.45)
for 2 <k <041 —2—ne.
With the help of (342) and (B:45) on the event H,, N {41 > 0; + 7; + 2} we get

0’j+17n0*3

|(I>0j+1| <M Z |\I/Jj+1—2—k|(p0m0 + 5)k+1 + MO_]2'+1 (m* + )7+
k=1

oj+1—no—3

<M > 2050(1V (pomo — &) F)(pomo + ) + Maj,, (m* + )77+
k=1

0j1r1—no—3
oii1—no—3 \, Pomg + €\
< 2M0j2»+1 ((pomo + g)Tit1m0=3 7)

bomoy — €
- (pomo +€) + MUJQ'H(T”* + )7

< 3Ma2,, (" + )7

< (m” + 27)%
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for ny (and thus also 0;41) large enough. Here we use (3.34]) and (3.35) in the last two
steps. This shows (B:33) in Lemma 354 O

We now return to the proof of Proposition B.5.2 First, we choose v € R such
that 0 < 67 < a —m* and ng large enough such that the estimations (3.31]), (8.32])
and ([B.33)) from Lemma [B.5.4] hold. Using these estimations, we can conclude that

on H,, we a.s. have
n = inf{n > ng: [L(0,)] < (M" +57)7"} < 0. (3.46)

To see this, we just have to see what happens on the event
k
H,, N ﬂ ({\L(o—j)| > (m*+7)% N {0 =05+ 75+ 2}).
j=1
On this event we can use (8.32)) k£ times in a row and we get

[1£(ow)| < |£(00)] ]

J

(m” +47)7 < [L(a0)[(m” + 47)7,

k
=1

from which we conclude that (3.46]) indeed holds on H,,.

Again by using the three estimations (8.31]), (8.32), and (3.33)) of Lemma 3.5.4] we
inductively conclude that on the event H,,, we have |£(0,)| < (m*+57)7" for alln > 7.

Additionally, if we assume |L(o, +1i — 1)] < (m* + 57)°» "1 we see inductively by
using (B.38) that on the event H,,, we have for alln > n and forall 1 <: <7, —1

|L(on +1)| < |L(op+i—1)|[(peme+¢€) + (00 +i—1)M
< (m* +5y)" T Y peme +¢) + (0, +i— 1)M
< (m* 4+ 57 (4 9) + (i~ DM
< (m* +67)7" " < a7

for ny (and thus also o, > ng) large enough. Since by the definitions of (0, )nen,

and (7, )nen, the LP is empty at the remaining times, we conclude that we have
P <li1£gi£f (H, N {|L(n)| < a"})) ~ 1. (3.47)
Finally, this and the fact that we have P (liminf, ., H,) = 1 imply (3.22). O
After having investigated the growth of the LP, we are now interested in the speed

at which the cookies are consumed:
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Proposition 3.5.5. (a) There exists A > 0 such that we a.s. have

lim inf i) > A\ (3.48)

n—00 n

(b) In fact, for pymo > 1 we a.s. have

TG (3.49)

n—oo N

Proof of Proposition[3.5.3. (a) We compare the CBRW with a process (W,,),en, which
is similar to an excited random walk on the integers. More precisely, it is started at

the origin (i.e. Wy := 0) and its transition probabilities are given by

.
0 on max W; =MW,
j=0,1,...n

P(Whp1 =W, + 1| (W))i<j<n) =

and

P(Wop1 =W, — 1| (W))i<j<n) =

for n € Ny. The process (W,,)nen, moves to the left with probability 1 every time it
reaches a position z € Ny for the first time and otherwise it behaves as an asymmetric
random walk on Z with transition probabilities py and ¢y. For all x € Ny we consider the
random times given by T, := inf{n € Ny : W,, = 2} and observe that (Terl — T;,J)meN0
is a sequence of i.i.d. random variables with

2
2p0—1

E[T, - Ty =E[T}] =1+

Therefore, the strong law of large numbers implies that we a.s. have

z—1
T ]
Yo = Jim ) (T ) =B~ Tl =14 g <00,

Since we can couple the CBRW and the process (W, )nen, in a natural way such
that we have max,cz, X, > W, for all n € Ny, we can conclude that (348) holds

1
for0<)\<<1+ 2) .

2po—1

(b) We start this part of the proof with the following lemma:

Lemma 3.5.6. For a CBRW with mg > 1, there exists v > 1 such that we a.s. have

Zn,
lim 120 = 00. (3.50)

n—00 ’y”
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Proof of Lemma[3.5.0. Let us treat the case where m, > 1 first. Let (ank)nkeN be

i.i.d. random variables with

1-P(Viy=1)=P(Vi; =2) =min {Z fio(7), ZMe(Z)} ;

and we define the corresponding GWP (Z”)neNo by Zo =0, Zypi1 = Zi"l Vi1 We
note that we have E[Vi,] > 1. A standard coupling argument reveals that Z, < |Z,|
holds true. Now (B.50) follows since Zn grows exponentially, e.g. by virtue of Theo-
rem 1.10.3 on page 30 in [4].

The other case is similar: We consider now the i.i.d. random variables (Vnk)
with

n,keN

1—P(Viy=1)=P(Vi,; =2) = min{qgo, g} - Y _ poli),

=2
and define the corresponding GWP (Zn)neNo as above. For the coupling we observe
that the probability of every particle in the CBRW to produce a particle which moves
to the left is bounded from below by min{qy, ¢.}. Such a particle cannot be at a position
with a cookie and therefore its offspring distribution is given by (,uo(i))ieNo. Eventually,

the corresponding coupling yields Z,, < | Zon| and ([B.50) follows as above. [

We now return to the proof of Proposition B.5.5(b). Let us choose € > 0 such that
we have
pomg —e > 1, and g.m.—e > 0. (3.51)

We use this ¢ for the definition of the sets (), and (H,), . cf. BI7) and (B.26).
Due to Lemma [3.5.6] we can choose v > 1 such that we a.s. have

lim 2]
n—00 ’yzn

=00 and 7y <pymoy—e. (3.52)
In addition, we choose ng sufficiently large such that we have for all n > ng
YU >, Y geme —e) > (n+ 1), AP0 (g, —e) > 1 (3.53)

for some B > 0 which satisfies the assumptions of Lemma [B.5.3] In the following we
again investigate the behaviour of the CBRW on the event H,,, on which the process
does not show certain unlikely behaviour after time ng (cf. (317) and (3:23))). We prove
that already the offspring of one position with “many” particles cause the leftmost

cookie to move to the right with speed 1. For this, we introduce the random time

n :=inf{n > ny : Jz € Z such that |Z,(z)| > y"}.
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At time n we know that there are sufficiently many particles at the random posi-
tion zg :=sup{z € Z: Z,(z) > ~"}. Due to ([B:52) we a.s. have 1 < oo since at time n
only n + 1 positions can be occupied. Additionally, we introduce the random time

oo :=inf{n >n: l(n) =x0+n—n}

at which offspring of the particles belonging to Z,(x) can potentially reach the LP
for the first time after time 7. Since p.m. < 1, the LP dies out infinitely often and

therefore we a.s. have oy < co. Then, we inductively define the random times
7; :=1inf{n > o; : |L(n)| =0} — g, for j >0,
oj :=inf{n > 0j1 + 71 [L(n)| # 0}, for j =1,

denoting the time period of survival and the time of the restart of the LP after time oy.

Due to (3.53]) we have
| Zy(x0)| 27" 2 (3.54)

which allows us to use the lower bound for |Z,(zo + 1)| on H,,. By using (8.52)
and (3.54) we get on the event H,, N{l(n) > zo}

| Zyi1(zo + 1) > |2, (20 + 1)] > 2" (pomo — &) > 7"

By iteration of the last step, we see that on the event

k—1
Hy 0 (i +k=1)>z0+k—1} = Hyy N{l(n+k) — 1>z + k— 1}
=0

we have |Z,,x(zo + k)| > 7"* and therefore we conclude that
1L(00)] = | Zysog—n(T0 + 00 — 1)| > A" =47

holds on H,,. In the following we see that already the offspring particles of L(oy)
which move to the left at time oy and afterwards move to the right in every step lead
to a very large LP at the next restart at time 1. To see this, we first notice that (3.53))

implies on the event H,,
|Zo01(1(00) = D] = [Z541(1(00) = 1)| = 77 (geme — €) = (90 + 1)

since we have |Z,,(l(00))] > 77° > 0y. An iteration of this together with (B.52])
and (3.53) yield for k € N

| Zogs14k(1(00) = L+ B)| = |27 141, (l(o0) = 1 + k)]

> y%° (qcmc - 5)(p0m0 - E)k
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> 700+k(qcmc —€)

Z og + k +1
on the event H,, N {7y > k — 1}. In particular, this implies

|L(00 + 70 + 2)| = [ Zsg4rps2(l(00) + T0)|
> 402t (g m, — )
> o0ty 0™ (g, — ¢)

> 700+7’0+2 >0

on the event H,,. Here we used that, due to Lemma[3.5.3] we have 79 > (log(77°) and
recalled ([B.53)) for the last inequality. Further, we conclude that we have oy = og+79+2
on H,,, which implies that the LP is restarted two time steps after it has died out at

time oy + 79. Iterating this argument finally implies
|L(0j41)| >y and  o0j4 =0+ 7 +2 (3.55)

for all j € Ny on the event H,,. For * := flog(y) > 0 we further conclude from (B3.55])
and Lemma by induction that on H,, we have

7j > fojlog(v) > B*(1 + 5) o (3.56)
for all j € Ny. This implies
Ojp1 =0+ 7 +2> (14 8o+ B*(1+ ) oo = (1 + %) oy. (3.57)
Hence, on the event H,, we have for n > oy

l(n) _log)+n—00—2|{j>0: 0; +7; <n}

>
" n
Z(UO)+”—00—2%%§£;‘M |
B n n%oo/ ’

Here we use (B.53]) in the first step and in the second step we use the fact that due
to (356) and ([B.57) we have o; +7; > (1 + 3*)7* oy for j € Ny. This yields that on
the event H,, we have lim,, @ = 1. Since by [B.27) we have lim,,_,,, P(H,) = 1,
we finally established (3.49). O

With Proposition [3.5.2] and Proposition B.5.5] we are now prepared to prove Theo-
rem [3.3.T](b). Similarly to the proof of Theorem B.31l(a), we introduce the event

A, ={3v>=L,: X, =0, X, <l(|n))VL, <n<v}
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with L, = {v € Z,;1(l(n) — 1) : v = L(n)} for n € N. On A,, there exists a
particle v which returns to the origin after time n and additionally the last ancestor

of v which has been at a position containing a cookie was the ancestor at time n.
For Ao,y > 0, which we will specify later (cf. (8.59) and (B.61])), we get the following

estimate with m* = max{1, pomo}:
P<An N{l(n) > nxo} N{|L(n)| < (m* + ’7>"})
= 1- (451 {1(n) 2 o} N {I£M)] < (m" +7)"})

§1—P( -

M(m*+y)"
|—n>\0 — 1] = O) .

Here we use the fact that the number of offspring of every particle belonging to L,, which
return to the origin is bounded by the amount of offspring in Al’(n)fl. Additionally, we

have |L,| < M|L(n)| due to assumption (3I). Since the GWP (A;) . with mean

offspring (, is subcritical, we can use Proposition to obtain
P41 {ln) = mAo} N {IL(0)] < (m" +1)"})
< 1= (1= cfpy) o) O
< 1 —exp (=2c(pe) ™07 M (m* +)")
< 2c()" T M (" + )"
= Clpe)"™(m" + )" (3.58)

for some constants ¢, C' > 0 and for large n. In the above display we make use of the
estimates 1 — z > exp(—2x), which holds for € [0,1], and 1 — exp(—z) < z, which
holds for all x € R. We also note that we have ¢, < 1.

Let us first assume that we have m* = max{1, pymo} = 1. We choose \g = A\/2 for
some A > 0 which satisfies the assumptions of Proposition B.5.5(a). We know that we
have v, < 2gymg < 1 and therefore can choose v > 0 such that

(o)™ (m* +7) < 2qmo)™® (1 +7) < (1— 7). (3.59)
By applying ([B:59) to (358)), we get
P4 1 {i(n) = no} N {I£(n)] < (m” +9)"}) < o(1)(1 = )"

Therefore, the Borel-Cantelli lemma implies

P (lim sup (An N{l(n) > n e} N{ILN)| < (Mm" + ”y)"})) =0. (3.60)

n—oo
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Moreover, Proposition and Proposition [B.5.5together with the choices of Ay and 7
yield
P (timinf ({I(n) > nAo} N {I£()| < (m" +7)"}) ) = 1,
Finally, we can conclude from (B.60) that we have P (lim sup,,_,. 4,) = 0, which implies
the transience of the CBRW in this case.
We now assume that we have m* = pomy > 1. Due the assumption of the transience

of the BRW without cookies, we have

1

wepomo < 2qomyg - pomy < 3

Therefore, we can choose 0 < v < 1 such that

(0)' 7 (pomo +7) < (3.61)

For Ao := 1 —~, (858) and (3.61) imply

1w

P(A4, 1 {l(n) 2 na} N (1G] < (" +7)"}) < o) G)

Again, by applying the Borel-Cantelli lemma, we get

n—oo

P (lim sup (A, N{l(n) > nxo} N{|L(n)| < (M + 7)"})) = 0.

Additionally, Proposition [B.5.2] and Proposition B.5.5] together with the choices of \g
and v yield
P (liminf ({1(n) = ndo} N{IL(n)| < (m" +7)"})) = 1.

n—oo

Therefore, we conclude that we have P (limsup,,_,., A,) = 0, which implies the tran-
sience of the CBRW in the case pgmg > 1. n

Proof of Theorem [3.3.2

For this theorem we only have to make sure that the cookies cannot displace the cloud
of particles too far to the right. It turns out that, somewhat similarly to the case of
a cookie (or excited) random walk (cf. Theorem 12 in [59]) one single cookie at every

position x € Ny is not enough for a behaviour of such kind.

We divide the proof of the theorem into two cases. At first we consider the
case my = 1, i.e. particles can only branch at positions with a cookie, and in the

second part we consider the case my > 1.
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Let us first assume that my = 1 holds true. In this case the BRW without cookies
reduces to a nearest-neighbour random walk on 7Z and is therefore strongly recurrent iff
we have py = % Further, it is enough to only take into account the very first offspring
particle in each time step since already those particles visit the origin infinitely often
with probability 1. For p. < %, the strong recurrence is obvious since we can bound
the trajectories of the considered particles from above by the trajectory of a symmetric
random walk on Z with a standard coupling argument. For % < pe < 1 we can couple
the random movement of the considered particles to a symmetric random walk and an
excited random walk in the sense of [I1] (with excitement € = 2p. — 1) in such a way
that the positions of the considered particles lie in between the symmetric random walk
(to the left) and the excited random walk (to the right). Since both random walks are
recurrent (cf. Section 2 in [II] for the excited random walk), we can again conclude
that the CBRW is strongly recurrent.

Now we suppose that we have my > 1. From Proposition we know that
we have log(mg) > —1 log (4pogo) = 1(0), where I(-) denotes the rate function of the
nearest-neighbour random walk on Z with transition probabilities py and gy. Since the
rate [ is continuous on (—1, 1), there exist €,0 € (0, 1) such that log(mg) > I(—¢) + 0.

Let (S")neN
with transition probabilities py and go. We have

. denote a nearest-neighbour random walk of this kind started in 0 and

| “I(—¢) for2pp—1> —
lim LlogP(s, < —ne) = § 1175 for 2 )

—I(—¢).
neen 0 for 2py — 1 < —¢

In particular, there exists ko such that P(Sy, < —koe) > exp (— ko(I(—¢) + 9)). This
yields for the BRW without cookies (Yy)yey that

E[\{u eV | = kY, < —kog}@ > (mo)® exp (— ko(I(—2) +0)) > 1 (3.62)

for the above choice of € and §. Therefore, we can conclude that the embedded GWP
of those particles which move at least kye to the left between time 0 and kg, between kg
and 2kp and so on is supercritical and therefore survives with strictly positive prob-
ability psu.. Let us now turn back to the CBRW. For every existing particle v the
probability

PEneZ:n=v, nl—|vl=ke X, =X, — ko |vE Z) > qaq)

to have at least one descendant kg generations later which is located kg positions to
the left of the position of v is bounded away from 0. From this we conclude that, for

every existing particle v in the CBRW, the probability

P(EInEZ: nr=-v, X, <Il(v]) Vw1 =mn, Xn§0|I/EZ) chqgopsur::c>0
(3.63)
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to have at least one descendant located on the negative semi-axis without any cookie
contact of the ancestral line connecting v and this descendant is also bounded away
from 0. Here the lower bound is a lower estimate for the probability for each existing
particle v to have at least one descendant ky generations later which is located kg
positions to the left of the position of v and then starts a surviving embedded GWP
which moves at least kge to the left between time 0 and kg, between kg and 2ky and
so on. Since the particles we consider for this embedded GWP cannot hit the cookies
inbetween, this GWP has the same probability for survival pg, as in the case of the
BRW without cookies (cf. (3.62)). Using (3.63)) we can conclude the strong recurrence
of the CBRW since the particles on the negative semi-axis behave as the strongly

recurrent BRW without cookies before they can reach a cookie again. |

Proof of Theorem [3.3.3

Proof of part (a). Here we suppose that the LP is supercritical, i.e. p.m, > 1. On the
one hand the probability that all particles which are produced in the first step move
to the left and their offspring then escape to —oo without returning to 0 is strictly
positive since every offspring particle starts an independent BRW without cookies at
position —1 as long as the offspring does not return to the origin. We note that the
probability for the BRW started at —1 never to return to the origin is strictly positive

since the BRW without cookies is transient to the left by assumption.

On the other hand the LP which is started at 0 is a supercritical GWP and therefore
survives with positive probability. If it survives, a.s. infinitely many particles leave the
LP (to the left) at time n > 1. Afterwards each of those particles starts a BRW without
cookies at position n — 1 > 0 since the offspring cannot reach a cookie again. Each of
those BRWs without cookies will a.s. produce at least one offspring which visits the

origin since the BRW without cookies is transient to the left by assumption. |

Proof of part (b). Here we suppose that the LP is critical or subcritical, i.e. p.m,. < 1.
In the following we want to consider the following three quantities. The first one is
the number of particles in the LP. The second one is the number of particles which
are descendants of the non-LP particles of generation n (i.e. Z, \ £(n)) and which are
the first in their ancestral line to reach the position /(n). By definition, these particles
can potentially change the position I(n) of the leftmost cookie in the future. The third
quantity is the number of particles belonging to Z,, \ £(n) whose descendants will not
reach the position [(n) in the future. More precisely, for all n € Ny we define (observe
that X, = [(n) implies that |v| = n):

Ci(n) == [L(n)],
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Gn)=H{r 2 Z,\ L(n): X, =1l(n), X, <l(n)Vn > v}
Gn)={reZ,\ L(n): X, <l(n)¥Vn=rv}.

We note that for the definition of (3(n) we count the number of descendants of the
non-LP particles at time n which will reach the position {(n) in the future. Thus, the

type-2 particles belong to a generation larger than n.

In the following we want to allow arbitrary starting configurations from the set

S = {(a,b) € NZ x Ny : Za(k) < oo, max{k € Z: a(k) >0} < b} .
kEZ

Here a contains the information about the number of particles at each position k € Z

and b is the position of the leftmost cookie. In particular, every configuration of

the CBRW which can be reached within finite time is contained in the set S. For

each (a,b) € S we consider the probability measure P, under which the CBRW

starts in the configuration (a,b) and then evolves in the usual way.

The main idea of the proof is the following. We show that there is a critical level for
the total amount of the type-1 and type-2 particles. Once this level is exceeded the total
amount has the tendency to fall back below this level. There are two reasons which
cause this behaviour. First, the expected amount of type-2 particles which stay type-2
particles for another time step decreases every time the leftmost cookie is consumed
by a type-1 particle. Second, if there are many type-1 particles, the LP survives for
a long time with high probability and meanwhile the remaining particles have time to

escape to the left.
For the proof we have to analyse the relation between the type-1 and type-2 particles

and to distinguish between two distinct situations. In the first situation, there are
type-1 particles at time n and therefore the leftmost cookie is consumed. In the second
case there are no type-1 particles and therefore the position of the leftmost cookie does
not change. Let us first assume that there are type-1 particles at time n. Then, on the
event {(1(n) # 0} we a.s. have

Ey [C1(n + 1) | Gi(n), Ga(n)] = Ci(n)peme,
Eap [C2(n + 1) | Gi(n), Ga(n)] = Ci(n)geme(or)? + Ca(n)or. (3.64)

Here the last equality holds since each type-1 particle produces an expected number
of g.m. particles which leave the LP to the left. In order to decide how large their
expected contribution to the type-2 particles at time n + 1 is, we have to count the
number of their offspring which will reach position [(n + 1) = (n) + 1 in the future.

For each of these particles the distribution of this random number coincides with the
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distribution of AJ whose expectation is given by (¢,)2. Additionally, since one cookie is
consumed the amount of type-2 particles, which are still type-2 particles at time n+ 1,
decreases in expectation by ¢,. Observe that due to the transience to the left of the
BRW without cookies, the process (A;}) is a GWP with mean ¢, < 1 (cf. (34)

and (3.3))).

Let us now assume that the LP is empty. Then, on {(;(n) = 0} we a.s. have

n€Np

Efp [G(n+1) + G(n+1) [ G(n), G(n)] = G(n), (3.65)

since the position of the leftmost cookie does not change, i.e. [(n+1) = l(n). Therefore,
each type-2 particle of time n either still is a type-2 particle at time n + 1 or becomes
a type-1 particle.

First, we deal with the subcritical case, i.e. p.m. < 1. For fixed h € N (which will
be specified later, cf. (867])) we define the following random times

(1 + h) Anf{i > n, : C1(3) =0}, if G () > 0,

Nnt1 =
(9 + h) Anf{i > n, : ¢1(i) > 0}, if (1(n,) =0,

for n € Ny and 79 := 0. We note that we have 1,1 —n, < h. For n € Ny we define

§1(n) == Cilm),  &2(n) = Ca(n)

as the amount of type-1 and type-2 particles along the sequence (7,)nen, and the
associated filtration F,, := a(& (1), &(1), mi: i < n) We want to adapt Theorem 2.2.1
of [27] and start with the following lemma:

Lemma 3.5.7. For suitable (large) h,u € N we have
Fealaln + 1)+ &+ 1) 5] < bln) +&ln) (3.66)
a.s. on {&(n) 4+ &(n) > u} for all (a,b) € S.

Proof of Lemma[3.5.7 Let us fix (a,b) € S. We choose h € N large enough such that

h—1
h i h—i+1 1
cllte cllte cllte r a 67
(pm)+qm;(pm)(<ﬁ) <3 (3.67)
and .
(o) < > (3.68)
Such a choice is possible since p.m. < 1 and ¢, < 1. Then we fix ¢ = ¢(h) such that
1
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holds true. We recall that the particles in the LP constitute a subcritical GWP.
Let (GW;ub)neNo denote such a GWP (with the same offspring distribution). Then,
for every § > 0, there is u = u(4, h, ¢) € N such that

Plejesnu) (GWE > 1) > 1 -6 (3.70)

since the probability for each existing particle to have at least one offspring which

moves to the right is strictly positive.

We now verify (3.60) separately on the following three events:

A= {&(n) + &(n) > uy N {&i(n) = 05,
Az = {&(n) +&(n) = u}p N{0 < &i(n) < cba(n)},
Az = {&(n) + &(n) > up N {&(n) > c&(n)}

We note that A; U Ay U Ag = {&(n) + &(n) > u}.

On the event A; there is no particle in the LP between time 7, and time 7,1 by
definition. Thus, the position of the leftmost cookie does not change during this period.

Hence we a.s. have
Eapl§i(n+1) +&(n+ 1) | Fulla, = &(n)ly,

due to (3:69).

On the event A, there is at least one particle in the LP and thus the leftmost cookie
is consumed at time 7,. Using 7,11 — 1, < h and the fact that the total number of
offspring of each particle is bounded by M, we a.s. obtain on the event A,

Ewpléi(n+1) + &n+1) | Fo] < (&(n)M" + 0,8 (n)) < &(n) (M + ¢,) < &(n).

Here we use (3.69) in the last step.

Next, we recall that L, = {v € Z,11(l(n) — 1) : v = L(n)} denotes the set of parti-
cles which leave the leading process to the left at time n. Using (8.64]), on the event Aj,

we a.s. get

Eupléi(n+1)+&(n+1) [ F)
= Eop [(G(n+ 1) + &0+ 1) Uiy py—noeny | Fu

+ B [(G(n+1) + &+ 1)L —pu—ny | Fo]
< (Mh*lfl(n) + <Pr§2<n)) E(a.) [1{nn+1—nn<h} | ‘7:"]

+ (‘Pr)h&(”)E(a,b) [ﬂ{nmﬁnn:h} | ]:n]
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+ E(a,b) [‘L(nn + h’)|1{77n+1_77n:h} ’ 'Fn]

h—1
+ D Ean | D Lxemtmth Xy<ttmthinswd L -nu=hy | Fn
=0 VELWTL"’Z.

In the second step of this computation we use that on the event {n,+; —n, < h} (in
expectation) the proportion at most ¢, of the type-2 particles does not escape to the
left since at least one cookie is consumed. On the event {n,.1 — 1, = h} we consider
three summands. The first one corresponds to the type-2 particles at time 7, that are
still type-2 particles at time 7,,,1. The second one corresponds to the particles that are
still in the LP at time 7, and the third one to the particles which have left the LP
in the meantime. Using (3.64) and the fact that we have at least [¢/(c + 1)u]| type-1
particles on the event A3, we continue the calculation and obtain that on the event As

we a.s. have

Ewpléi(n+ 1)+ &n+1) | F] < | (M"'6(n) 4+ 0r6(n) Plejerny (GWE™ =0)

+ (p)"(n) + (peme) "€ (n)

+ i &1(n)(peme)' (geme) (sor)h_”l]

< <M’jf5 + %) &i(n) + (w + %) &(n)
< &i(n) + &2(n)

for 0 = 6(M, h, p,) sufficiently small. Here we use (3.67), (3.68), and (B.70) for the
latter estimates. O

We now turn to the case of a critical leading process, i.e., p.m. = 1. Again, for
some ¢ > 0, which we specify later (cf. (8772)), we inductively define the following

random times

N+ 1, if C2(1n) > cCi(1n),
inf{n >n,: Gn) =0}, if G, < cCi(n),

for n € Ny and 79 := 0. Similarly to above, we define for n € N,

§1(n) = Gi(mn),  &a(n) = ()

and the associated filtration F,, := a(fl(i), &),m 1 < n) We continue with a

lemma, which is an analogous statement to Lemma [3.5.7
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Lemma 3.5.8. For suitable (large) u € N we have
Ewp[é1(n+ 1) + &(n + 1)[Fa] < &i(n) + &(n) (3.71)
a.s. on {&(n) + &(n) > u} for all (a,b) € S.

Proof of Lemma[3.5.8. Let us fix (a,b) € S. Again for some u = u(c) € N, which we
specify later (cf. (B8.83)), we introduce the following events

Ar = {&(n) + &(n) =2 ut N{&(n) = cGi(n)},
Az = {&i(n) + &(n) > up N {&(n) < chi(n)}.

and show (B.71)) on the events A; and A, separately.

On the event A; we a.s. have

Ewnléi(n +1) + &(n + 1)[F)]
< g my=03&2(n) + Ligy(my>0y (9réa(n) + M&i(n))
Ligm=0y62(n) + Ligy 0y (¢ra(n) + Mc™'é2(n))
[Lie =0y + L0y (0r + Mc™')] &a(n)
§a(n)

VARRVAN

IA

for any
0O<e<M(1—¢p)". (3.72)

Here we use that on the event A; we have 1,1 = n, + 1. If &(n) = 0 holds, then no
cookie is eaten at time 7, and therefore we have {3(n+ 1) = &(n). If £&(n) > 0 holds,
the leftmost cookie is consumed and therefore in expectation the amount of the type-2
particles is reduced by the factor ¢,.

Next, to investigate the behaviour of the process on the event Ay, we first consider
the case (£1(n), &2(n)) = (v,0) for v € N. From this we can easily derive the general case
later on since each time a cookie is consumed the number of type-2 particles is reduced
by the factor ¢, < 1. Therefore, the type-2 particles do not essentially contribute to
the growth of the process. We have:

Ewnl&i(n+1) + &0+ 1) | Falliem) e2m)=0.0))
= E(ap[€2(n + DIFal L ().€2m)=00)}
= (E(a7b) |:€2(n + 1)]]-{7]n+1777n§vl/3} | fni|

+ Y By [+ Dy sy | Fo )]1{<51<n>,sz<n>>=<v,o>}- (3.73)

j>’U1/3
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We now consider the first summand in ([B.73]). For this we define
EY = { max  (i(n, +0) < 122/3},
=1
EF .= { max  (i(n, +0) € (2]“11)2/3,2%2/3}} for k > 1,
=1

in order to control the maximum number of particles in the LP. Using these definitions

we write

E(a,b) |:£2<n _'_ 1>1{77n+1_77n§'01/3} ’ Fn]

= Z E(ab) [52(n+ 1)]1E’“ﬁ{77n+1—77n§1’1/3} ‘ ]:n]
k=0
< U1/3M112/3P(a,b) (77n+1 — < U1/3 } ]:n)
+ ) 0 BMP () (Bi(n,v) | Fo), 3
k=1

where we use the notation

Bi(n,v) := {E|£ E{mt+1,.. 0} G0 > k=123 = < v1/3} )

Here we note that each particle that leaves the LP starts a new BRW without cookies
(as long as the offspring particles do not reach a cookie again) which is transient to
the left by assumption. Thus, for each of those particles the expected number of
descendants which reach the position [(7,41) (and therefore are type-2 particles at
time 7,,41) is less than one since they have to move at least two steps to the right. Now
we observe that on {(£(n),&2(n)) = (v,0)} we a.s. have

Plap) (a1 — 1 < 03| F) = Py (T < 0'/3) (3.75)
and

P(a7b) (Bk(nav) } ]:n) < 01/3P|'2k—11,2/3'| (Tcr < 01/3) (3.76)

where 7" denotes the extinction time of a critical GWP whose offspring distribution
is given by the number of particles produced by a single particle in the LP which stay
in the LP. (We note that this coincides with the number of type-1 offspring of a type-1
particle.) Now we apply [B.70), (B.70) and Proposition B.45] to (B74) and a.s. obtain

fn] L@ m) &)=y

v 0 L 43 2k—1v2/3
< [Mv exp <_CW> +> M2 exp (‘CW) L6 )6 00)=(0.0)}
k=1

E(a,b) |:£2 (n + 1)]1{77n+1—77n§7)1/3}
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= 0(v) - Lier(n) £2(n)=(w,0)}) (3.77)

where C' > 0 is the constant of Proposition B.4.5]
Now we deal with the second summand in (3.73). For some 6 € (0,1) and j € N

we introduce the events

Ff = {e max G +J — [j°] +¢) 39'25}’

=1,...,15°]

k .__ . ) k—1:20 ok 20
F -—{ZT%ﬁﬂgl(nn_'_j_UJ_'_g)e(Q 7,25 }} for k > 1,

and
G} = {gax.@(nn +0) < f”} ,

Gf = {ZH}aX,Q(TIn +/4) € (2k1j1+5,2kj1+5}} for k> 1.
=1,

.....

On the events Gf we control the maximum number of particles in the LP up to time 7,
whereas on Ff we control the maximum number during the |j°] time steps before j.
We observe that on the event Ff N Gﬁ not more than M - 2529 particles leave the LP
up to time 7, +j — | j°| (because of GY). Each of those particles starts a BRW without
cookies and in average it contributes not more than (,)"1+1 < (,)7° to the number
of type-2 particles at time 7,, +j. Similarly, on Ff‘C ﬂGf not more than M2"%;3° particles
leave the LP from time 7, + 75— |°] +1 to time 1, +j (because of Ff). Further, it holds
that each particle that leaves the LP starts a new BRW without cookies and for each
of those particles the expected number of descendants which reach the position 1(7,41)

is less than one since they have to move at least two steps to the right. Thus, we have

E(ap) [52(” + Dbt —n=i} | ]‘—n}
< (M 252 (0, + M 2’%"”) P (F; NG 0w —na =5} Fa) . (3.78)

Now we suppose that ¢ > k and (k, ) # (0,0). Then due to Proposition 3.4.5 we have
Py (Ff NG N {lsr = mn = j} | F)
< P(a,b) (Ell € {17 .- 7]} : Cl(nn +Z) > 26_1j1+67 Cl(nn +]) =0 ’fn)

S jP"Ql—lj1+6—| (TCI‘ S j)

2[—1 146
< jexp (—07‘7)
J
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< jexp (—%C’Q(”k)pf) . (3.79)
If otherwise & > ¢ and (k, ) # (0,0), then again due to Proposition we have
Py (Ff NG N {1 — mn = 5} | F)
<Py (Fie{i— 1)+ 10 s Gl +9) > 25715, G(na +5) = 0 | F)
< P g (7 < )
B (-Cijlé‘j%)

< jexp (—3020FR/250) (3.80)

By virtue of (3.79) and ([3.80) combined with ([B.78) we a.s. obtain

E(ap) [52(” + 1)]]‘{77n+1_77n:j} | ‘Fn}

= Z E(a,b) |:£2<n+ 1)1ijmG§m{nn+1*nn=j} Fn]

k,£=0
) .5 . .
< (M]2+6 (SOT)] + M]36> P(a,b) (nn—I—l — T =] | fn)
0248, \j° k235 - 1 1o(t+k)/2 ;6
+ Z M2' 5% o) + M255% ) jexp (—3C2 7°)
(k,£)7(0,0)

< 02j36 P(a,b) (nn-‘rl — M = J | -Fn)
+ ) o+ 1)2 exp (—3C2725°) (3.81)
=1

for a suitable constant Cy > 0 which does not depend on j. Due to Proposition[3.4.6land
for a suitable choice of a constant C5 > 0, we a.s. have P ) (Mnt1 — 1 = J | Fn) < ng%
on the event {(&(n),&(n)) = (v,0)}. Therefore, (B8] yields

Ep) [2(n+1) - Lpyimna=iy | Ful - Liertn).catn))=(0.0)}

S C4j36_21) + ZCle-}—?)(S(Z' + 1)22 exp (_5022/2175)

i=1

(e (), €2(n)=(v,0)}
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< | CuP 20+ Cof ¥ exp (_iczzj)z % exp (—LC21)

=1

L6 () £2(n)=(0,0)}

= G557 720 - Uiy (m).£a(m)=(0.0)) (3.82)

for suitable constants Cy,Cs > 0. Using the estimates (B.77) and (8.82) for the two

summands in (3.73), we conclude

Ey[&i(n+1) + &(n+ DIF] - L m),em)=.0)}
[ +u Yy Ca®” ] L6 (n) £2(n)=(0.0)}

j>vl/3
= v0(v) - Li(es(n),&2(n)=(0,0)}+

and therefore there exists vg € N such that

Ewp[i(n+1) +&(n+ 1) | Fallem)em)=003 < V1 m) em)=0)

for v > wvy.

For the general case, in which we can also have type-2 particles at time n,, we
notice that for

u > (14 c)v (3.83)
we have
Eanléi(n+1) +&(n+1) | Fuolla, < [61(n) + &(n)] 1,
since on Ay the type-2 particles which exist at time 7, evolve independently of the LP
until time 7,4 1. 0J

Now we fix u € N such that Lemma[3.5.7 and Lemma [3.5.8 hold. Further, we define

mf{n € No §1< ) + 52(77,) S u}

Due to Lemma [B.5.7 and, respectively, Lemma [3.5.8] we see that in the subcritical

(i.e. pom. < 1) as well as in the critical (i.e. p.m. = 1) case the process

(51(n AT)+ & A 7'))

n€eNg

is a non-negative supermartingale w.r.t. (F,)nen, and Py for arbitrary (a,b) € S.
Thus, it converges P, 5)-a.s. to a finite random variable X'(a, b). Moreover, the process
is integer-valued and the probability for it to eventually stay at a constant level v > u

for all times is equal to 0. Hence, we conclude that X'(a,b) < u holds P)-a.s.
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Therefore, for all (a,b) € S we have Py (In € Ny : &(n) +&(n) <u) = 1, and
hence

Py (Gn € No: (i(n) + Go(n) <u) = 1. (3.84)
We now introduce the random times

oi:=1inf{n > 7, : l(n) =1(1;) + 2}, for i > 0,
T ‘= 1nf{n > g;—1 - C1<n) + CQ(TI,) < U}, for i > 1,

with 7 := 0. Here o; denotes the first time at which two more cookies have been eaten
since 7;. Moreover, we observe that (Y(n))neNo = ((Zn(x))er’ l(n))neNo is a Markov
chain with values in S, which can only reach finitely (thus countably) many states
within finite time. Therefore, (3.84]) yields for i € Ny

Peo,0) (Tig1 < 00 | 03 < o0) =1 (3.85)

where (eg, 0) denotes the usual starting configuration with one particle and the leftmost

cookie at position 0. Finally, we have
Mu
Peo0)(0i =00 | T3 < 00) > (¢.P(AT =0))"" =7 € (0,1). (3.86)

This inequality holds since at the first time after 7;, at which any particle reaches the
leftmost cookie again, there are not more than u type-1 particles. Each of those type-1
particles cannot produce more than M particles in the next step. Afterwards, the
probability for any direct offspring of the type-1 particles to move to the left and then
produce offspring which escape to —oo is given by ¢.P(A = 0). All the remaining
type-2 particles escape to the left with probability P(A] = 0) since one more cookie
has been eaten. In this case, only one more cookie is consumed after the random time 7;

implying o; = oo.

Using (B.85) and (B3.86) we can conclude

P(eo,O) (O’i <ooVie N)
< Peg,0) (01 < 00)

k

= P(eo,O) (0'0 < OO) H P(eo,O) ((7@' <0 | T < OO) P(eo,O) (Ti <0 |01 < OO)
i=1

<(1-7)"—0o.

k—o0

In particular, this implies that a.s. only finitely many cookies are consumed and this
yields that the CBRW is transient. |

101



CHAPTER 3. COOKIE BRANCHING RANDOM WALKS

3.6 Final remarks

At the end of this chapter, let us consider a CBRW with one cookie at every posi-
tion x € Z, i.e. ¢o(x) := 1 for all x € Z. In this case the leftmost cookie on the positive

semi-axis
[(n) =min{zx >0: ¢,(x) =1}
and the rightmost cookie on the negative semi-axis
r(n) :=max{x <0: ¢,(z) =1}

are of interest. With the help of these two definitions we are able to introduce the right
LP L (n) := Z,(l(n)) as well as the left LP £~ (n) := Z,(r(n)). Using the symmetry
of the CBRW with regard to the origin, the following results can be derived from
Theorems 3.3.1], B.3.2] and B.3.3

Theorem 3.6.1. We suppose that the BRW without cookies is transient to the right.

(a) If the right LP is supercritical, i.e. p.m. > 1 holds, then

(i) the CBRW is strongly recurrent iff pemepe > 1;
(i1) the CBRW is weakly recurrent iff pome.pe < 1 and gome > 1;
(iii) the CBRW is transient to the right iff p.mepe < 1 and gem. < 1.

(b) If the right LP is subcritical or critical, i.e. p.m. < 1 holds, then

(i) the CBRW is weakly recurrent iff the left LP is supercritical, i.e. q.m. > 1;
(ii) the CBRW is transient to the right iff the left LP is subcritical or critical,

e gome < 1.

Theorem 3.6.2. We suppose that the BRW without cookies is strongly recurrent. Then
the CBRW is strongly recurrent, no matter which kinds of right and left LP we have.

Theorem 3.6.3. We suppose that the BRW without cookies is transient to the left.
Due to the symmetry of the process we get the same result as in Theorem [3.6.1 if we

only replace right LP by left LP, p. by q. and @, by @,.
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