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Abstract—We analyze the achievable sum rate of the Gaussian
MIMO broadcast channel. We first consider Multiple-Input
Single-Output (MISO) channels and derive the large system limit
of the sum capacity as the number of users and transmit antennas
go to infinity with a fixed ratio. We then consider MultipleInput Multiple-Output (MIMO) broadcast channels and fix the
number of users and let the number of transmit and receive
antennas tend to infinity with fixed ratio. As in this case an
asymptotic expression for sum capacity is hard to obtain, we
evaluate the large system sum rate corresponding to successive
zero-forcing beamforming with Dirty-Paper Coding. The analysis
gives a lower bound on the large system sum capacity, which is
numerically observed to be quite close. In addition, large system
analysis is applied to estimate the relatively small performance
losses with respect to sum capacity of successive zero-forcing
beamforming with and without Dirty-Paper Coding in finite
MISO systems.
Index Terms—Broadcast Channels, Large system analysis,
Multiple-Input Multiple-Output (MIMO) systems.

I. I NTRODUCTION
To achieve the sum capacity of the Multiple-Input Multiple
Output (MIMO) broadcast channel, numerically complex iterative methods are needed to determine the optimum transmit
covariance matrices [1], [2], [3]. This has motivated a wide
variety of algorithms that aim to approximate the sum capacity
closely with reduced computational complexity. For example,
one approach is to decompose the MIMO broadcast channel
into a system of scalar interference free subchannels, which
are allocated across users [4]. Interference can be suppressed
through a combination of spatial zero-forcing and/or Dirty
Paper Coding (DPC) [5].
In addition to simplifying the computation of optimal covariance matrices, approximate algorithms can also facilitate
performance analysis. Here we analyze the performance of the
Successive Encoding Successive Allocation Method (SESAM)
proposed in [6]. This method assigns beams sequentially
according to a greedy criterion, and eliminates interference
through both zero-forcing and DPC. A key feature is that it is
non-iterative, meaning that the spatial beams are successively
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computed one at a time. A similar decomposition for MultipleInput Single-Output (MISO) systems into scalar subchannels
has been proposed in [4], and the greedy allocation stems
from [7]. These methods have been observed to be very
efficient in terms of reducing numerical complexity with only
marginal performance degradation.
Our goal in this paper is to derive an analytical expression
that accurately estimates the average sum capacity of the
MIMO Gaussian broadcast fading channel with i.i.d. Rayleigh
fading. This is quite challenging for finite-size systems (i.e.,
finite number of users and antennas), hence we instead consider large system performance limits in which the number
of users and/or antennas tend to infinity. Evaluating a large
system limit of this sum capacity, which accurately estimates
the sum capacity of a finite system, still appears to be quite
challenging. Thus, we first consider the special case of noncooperating receive antennas i.e., a MISO system, and present
an exact analytical expression for the sum capacity in the limit
as the number of transmit antennas and users each tend to
infinity with fixed ratio. This expression only serves as a weak
lower capacity bound for MIMO channels (in which case some
receivers cooperate). We therefore proceed to derive the sum
capacity of SESAM (with MIMO channels) in the large system
limit in which the number of users is fixed, and the number of
transmit and receive antennas each tend to infinity with fixed
ratio. This serves as a tight lower bound for the asymptotic
sum capacity of the MIMO broadcast channel.
We also apply the preceding results to the MISO broadcast
channel, and quantify the loss in sum capacity incurred when
beams are assigned successively, as proposed in [7] and [8],
relative to the optimal beams. Our results show that this
performance loss is relatively minor. Finally, numerical results
show that the asymptotic results for both the MIMO and MISO
successive assignment schemes give accurate estimates of the
performance of finite-size systems.
Other suboptimal methods in which zero-forcing beamforming is used alone to avoid the high complexity associated with
DPC are proposed in [8], [9].1 The performance of those
algorithms has been demonstrated primarily by simulation
results. Asymptotic results as the number of users becomes
infinite are also presented in [7], [8] and [9]. However, those
results cannot be used to estimate the performance of a finitesize system. This is especially true for the algorithms without
DPC in [8] and [9], which are optimum in the limit of infinitely
1 Those algorithms have been developed for MISO systems and can be
extended to MIMO systems by considering each eigenmode of the channel
matrices as a “virtual” MISO user. A more advanced approach including the
receive filters in the successive optimization can be found in [10].
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many users, but show substantial performance degradation
compared to the optimum, when the number of users is finite.
Related work in which large system analysis is used to
estimate the performance of different system models is given
in [11] and [12]. There the ergodic performance of MIMO
systems is evaluated in the limit of infinitely many transmit
and receive antennas given statistical channel knowledge at
the transmitter. In [13] and in [14] MISO systems with
infinitely many transmit antennas and users are analyzed,
and asymptotically optimum parameters are applied to finite
systems, giving near-optimum performance results. Large system analysis is applied to multi-cell MISO systems in [15],
[16], [17], and [18], where the number of antennas at the base
stations and the number of users tend towards infinity.
In the next section we explain the system model and sum
capacity objective. The large system limit of sum capacity
for the MISO broadcast channel is derived in Section III,
and the asymptotic sum capacity of SESAM for the MIMO
broadcast channel is presented in Section IV. The analysis of
successive beam assignment for MISO channels is carried out
in Section V. Numerical results are shown in SectionVI, and
the paper concludes with Section VII.
Notation: Bold lower and uppercase letters denote vectors and matrices, respectively. (•)T and (•)H describe the
transpose and the Hermitian of a matrix, respectively. ρi (A),
tr(A), and |A| are the ith eigenvalue, the trace, and the
determinant of the matrix A, respectively, and A  0 implies
that A is positive semi-definite. null{A} and span{A} denote
the null-space and the range of the matrix A, respectively.
diag(a1 , . . . , ai ) denotes a diagonal matrix with the elements
a1 , . . . , ai on its diagonal and blockdiag(A1 , . . . , Ai ) is a
block-diagonal matrix. Ii and 0i are i × i identity matrix and
i × i zero matrix,respectively. ej denotes the j-th canonical
unit vector and δ(x) is the Dirac function.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
We consider a multiuser MIMO system with a base station
having NT antennas and K users, each equipped with NR
antennas. Gaussian codebooks are used at the transmitter,
the channel matrix between the base station and user k is
denoted as Ĥk ∈ CNR ×NT and Rayleigh fading is considered.
This implies that all entries in the channel matrices Ĥk
follow a circularly symmetric Gaussian distribution with zero
mean. The variance is set to one for all users and it is
furthermore assumed that all entries in the channel matrices
are independent. The transmit power at the base station must
not exceed the limit PTx , perfect Channel State Information
(CSI) is assumed at the transmitter, and the additive white
Gaussian noise has zero mean and variance one.
In this paper we consider the large system limit of number of
transmit and receive antennas simultaneously going to infinity
NT
at a finite fixed ratio α, i.e., NT → ∞, NR → ∞, α = N
.
R
All other parameters such as transmit power PTx and number
of users K remain finite. We first try to analyze the sum
capacity in this limit and explain, why this task is not solved
in this paper, but the special case of non-cooperating receive
antennas is considered instead and additionally a lower bound

for the asymptotic sum capacity with receive antenna cooperation is presented. Sum capacity can be computed via the
duality between broadcast channel and the dual multiple access
channel [19]. Denoting the transmit covariance matrix of user
k in the dual multiple access channel as Wk ∈ CNR ×NR , the
sum capacity Rsum cap results from the following optimization
problem
Rsum cap = max log2 INT + Ĥ H W Ĥ ,
W

s.t. tr (W ) ≤ PTx , W  0, W blockdiag,
(1)
h
i
H
where Ĥ H = Ĥ1H , . . . , ĤK
∈ CNT ×KNR and W =
blockdiag (W1 , . . . , WK ). When the number of transmit and
receive antennas both go to infinity, it has to be proven that
Rsum cap converges to an asymptotic limit independent of the
channel realizations H. This can be done by showing that
the empirical eigenvalue distribution FĤ H Ŵ Ĥ (x), where Ŵ
denotes the optimum with respect to (1), becomes independent
of the actual channel realizations Ĥk in the large system limit.
The empirical eigenvalue distribution states the fraction of
eigenvalues of the matrix Ĥ H Ŵ Ĥ smaller or equal to x,
i.e.,

1 n  H
ρi Ĥ Ŵ Ĥ , i = 1, . . . , NT |
FĤ H Ŵ Ĥ (x) =
NT

o

ρi ĤkH Ŵk Ĥk ≤ x . (2)

In case it can be shown that FĤ H Ŵ Ĥ (x) converges to an
(∞)
asymptotic limit FĤ H Ŵ Ĥ (x, α) independent of the channel realizations and only dependent on α, the sum capacity also converges to an asymptotic limit. It can be
obtained via the asymptotic eigenvalue distribution (a.e.d.)
(∞)
fĤ H Ŵ Ĥ (x, α) of the matrix Ĥ H Ŵ Ĥ, which is the derivative
(∞)

(∞)

of FĤ H Ŵ Ĥ (x, α), i.e., fĤ H Ŵ Ĥ (x, α) =
(∞)
FĤ H Ŵ Ĥ (x, α),

Rsum cap
NT

(∞)
(x,α)
Ĥ H Ŵ Ĥ

∂F

∂x

of

according to

−→

NT ,NR →∞
NT =αNR

Z∞

−∞

(∞)

log2 (1 + x) fĤ H Ŵ Ĥ (x, α) d x =
VĤ H Ŵ Ĥ (1). (3)

VĤ H Ŵ Ĥ (γ) is the Shannon transform of the matrix Ĥ H Ŵ Ĥ
as defined in [20, Definition 2.12]. However, closed form
solutions for (3) exist in case Ŵ is independent of Ĥ [20,
1
Theorem 2.39] or Ĥ H Ŵ 2 contains i.i.d. entries [20, Theorem 2.39], but not for the problem at hand, where Ŵ is
a function of the channel matrices Hk via the optimization
in (1), That is why an asymptotic expression for the sum
capacity in MIMO systems is difficult to obtain. Thus, we will
consider the special case of non-cooperative receive antennas
in the next section and provide a lower bound for the large
system sum capacity in the succeeding section.
III. L ARGE S YSTEM S UM C APACITY WITH
N ON - COOPERATIVE R ECEIVE A NTENNAS
When the antennas at the receivers cannot cooperate, i.e.,
when the signals from different receive antennas at the same
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user cannot be combined constructively to increase receive
SNR, the transmit covariance matrices Wk from Problem (1)
in the dual uplink channel are constrained to be diagonal.
The following theorem is therefore especially useful in MISO
systems with an infinite number of K ′ = KNR users.
Theorem 1: The large system sum capacity Rnon coop in the
MIMO broadcast channel with non-cooperative receivers is
given by
Rnon coop
NT

−→

NT ,NR →∞,
NT =NR α





α
K
log2 1 + PTx m1 −
α
K

− log2 (m1 ) + (m1 − 1) log2 (e)] , (4)
where e is Euler’s number and
1
m1 =
2



K
K
1−
−
+
α
2PTx α
s 

2
K
K
K
1
1−
−
+
.
+
2
α
2PTx α
PTx α

Proof: Considering the constraint of non-cooperative receivers, Problem (1) reads as
Rnon coop = max log2 INT + Ĥ H W Ĥ ,
W

s.t. tr (W ) ≤ PTx ,

W  0,

W diagonal.

(5)

In order to derive the large system sum capacity with noncooperative receivers, the following lemma will be needed.
Lemma 1: For an infinite number of transmit and receive
antennas, the sum capacity in the MIMO broadcast channel
without receive antenna cooperation is achieved by equal
−→ 0NR K , with
power distribution, i.e., Ŵ −INR K NPRTxK
NT ,NR →∞,
NT =NR α

Ŵ denoting the solution achieving the optimum in (5).
Proof: see Appendix A
Lemma 1 suggests that the power allocated to each receive antenna (or user in MISO systems) tends to zero
for an infinite number of receive antennas. This effect is
however compensated by the fact that the elements in the
channel
matrices
i are assumed to have variance one, so that
h
H
Ĥ
Ĥ
e
E eT
j = NT , i.e., the channel gain at each receive
j
antenna goes to infinity in this limit. When the channel matrices Ĥ are normalized so that they consist of Gaussian i.i.d.
entries with zero mean and variance N1T and the normalized
channel matrices H := √1N Ĥ are used, the asymptotic

is given by [20, Theorem 2.39]
VH H H (γ) =

where e is Euler’s number. ηH H H (γ) is the η-transform of the
matrix H H H as defined in [20, Definition 2.11] and stems
from the implicit equation [20, Theorem 2.39]


1
K
1−
= 1 − ηH H H (γ),
(7)
α
1 + γηH H H (γ)

As by definition, the η- transform takes only values between 0
and 1, ηH H H (γ) results from the positive solution of (7) and
is given by

 s 
2
1
K
K
1
1
1
1
ηH H H (γ) =
1−
+
1−
+ .
−
−
2
α
γ
2
α
γ
γ
(8)

,
and
insertIntroducing the variable m1 = ηH H H PTx K
α
α
into (6), leads to the desired result
ing (8) with γ = PTx K
in (4).
IV. L OWER B OUND FOR THE L ARGE S YSTEM S UM
C APACITY IN THE MIMO B ROADCAST C HANNEL
Theorem 1 can also be used as a lower bound in case the
antennas at the receivers can cooperate. However, this bound
is not very tight especially in case of a large number of
cooperating receive antennas. For this reason we will introduce
a signaling scheme in Section IV-A, which can be numerically
analyzed in the large system limit and leads to a lower bound
for the sum capacity that turns out to be tight by numerical
simulations. The large system analysis is then carried out in
Section IV-B.
A. Spatial Zero-Forcing with Dirty Paper Coding
In order to avoid the numerical difficulties associated with
the solution of (1), one can decompose the MIMO broadcast
channel into a system of scalar, interference-free subchannels,
where interference suppression is achieved by a combination
of DPC and zero-forcing. Once an encoding order for DPC
has been determined, interference from previously encoded
data streams is perfectly cancelled by DPC and interference
suppression from data streams encoded afterwards is assured
by beamforming. These concepts have been applied to MISO
systems in [7] and to MIMO systems in [6] and simulation results in these references show close to optimum performance.
The sum rate RZF DPC achievable with successive zero-forcing
and DPC computes according to
min(NT ,KNR )

T

sum rate reads as Rnon coop = log2 INT +

PTx
H
NR K Ĥ Ĥ

=

α
H HH
PTx K

and power allocation and channel
log2 INT +
attenuation compensate to a finite value. Similarly to (3), the
sum rate Rnon coop can be computed in the large system limit
via the Shannon transform VH H H (γ) of the matrix H H H
R
equal
α
−→ VH H H PTx K
according to sum,
. As the matrix
NT
NT ,NR →∞
NT =NR α

H contains independently and identically Gaussian distributed
entries with variance N1T , the Shannon transform VH H H (γ)

K
log2 (1 + γηH H H (γ))−log2 (ηH H H (γ)) +
α
+ (ηH H H (γ) − 1) log2 (e), (6)

RZF DPC =

X

log2 (1 + pi,ZF DPC λi,ZF DPC ) ,

(9)

i=1

where λi,ZF DPC is the effective channel gain of the data
stream encoded in the ith step, which considers the effect
of channel attenuation, transmit and receive beamforming.
Proceeding according to the algorithm in [6], the subchannel
gains λi,ZF DPC compute according to


H
(10)
λi,ZF DPC = ρ1 Ĥπ(i) Pi Ĥπ(i)
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where π(i) is the user which the ith subchannel is allocated
to.
i−1
X
tn tH
(11)
Pi = INT −
n
n=1

H
null{tH
1 , . . . , ti−1 }

projects into
and tn denotes the transmit
beamforming vector for the nth data stream, which is given
by the unit-norm eigenvector corresponding to the principal
H
eigenvalue of the matrix Pn Hπ(n)
Hπ(n) Pn [6]. The power
pi,ZF DPC allocated to the ith data stream results from distributing the power budget PTx to the scalar interference-free
subchannels via water-filling, so that


1
pi,ZF DPC = max 0, η −
,
(12)
λi,ZF DPC
where
water-level η is given by the implicit equation
Pmin(Nthe
T ,KNR )
pi,ZF DPC = PTx . The algorithm therefore works
i=1
sequentially. First the transmit beamformers tn and the user
allocation π(i) are determined, from which the channel gains
λi,ZF DPC result2 and then the power allocation is done via
water-filling.
To find the optimum user allocation it would be required to
perform an exhaustive search over all possible user allocations,
which is complex. In [6] it is therefore proposed to allocate
the data streams in a successive manner, i.e., to allocate
in each step a data stream to that user which leads to the
strongest increase in sum rate. That
 is equivalent to selecting
H
π(i) = argmaxk ρ1 Ĥk Pi Ĥk . However likewise to the
problem of finding the asymptotic sum capacity, this allocation
leads to a dependency of the matrices Ĥπ(i) on the matrices
Pi , which makes an asymptotic analysis of the channel gains
in (10) involved. Instead, we therefore consider a simple user
allocation, where δm with m = min(NT , KNR ) successively
encoded data streams are allocated to the same user with
1
m < δ ≤ 1 being an a priori chosen constant, where
1
δ ∈ N. Furthermore these groups of successively encoded data
streams are allocated to the users in a round robin fashion. This
implies that the data streams i = 1, . . . , δm are allocated to
user 1, i = δm+1 . . . , 2δm to user 2 and so and so fourth until
data streams i = Kδm+ 1,. . . , (K
 +1)δm are given to user 1
again. Thus, π(i) = mod i−1
δm , K + 1. This way, the user
allocation and consequently the matrices Pi are independent
of Hπ(i) . The reason for allocation groups of successively
1
,
encoded subchannels to the same user, i.e., choosing δ 6= m
will be explained in the next section.
B. Analytical Expression for a Lower Bound of the Sum
Capacity
To obtain a lower bound for sum capacity, a large system
expression for the sum rate achievable with the signaling
scheme presented in the previous section will be derived
in this section. As pointed out there, this algorithm works
sequentially, i.e., first transmit beamformers are determined
to obtain the scalar subchannel gains and then water-filling
is performed. One can therefore first consider the asymptotic
limit of the subchannel gains, and in case it turns out that these
2 The

corresponding optimum receive filters are given by matched filters [6].

gains become independent of the current channel realization
in the large system limit, water-filling can be performed over
these asymptotic gains. In the following, it will therefore be
first shown that the empirical distribution of the subchannel
gains λi,ZF, DPC from (10) converges to an asymptotic limit.
Analogously to (2), the empirical distribution of subchannel
gains denotes the fraction of subchannel gains λi,ZF, DPC that
is smaller or equal to x and an asymptotic limit exists, in
case this distribution becomes independent of the channel
matrices Ĥk for an infinite number of transmit and receive
antennas. For notational convenience we 
will use the normal
λ
DPC
1
H
=
Ĥ
Ĥ
P
=
ρ
ized subchannel gains i,ZF
i
1
π(i)
π(i)
NR
NR


H
ρ1 Hπ(i) Pi Hπ(i) , where the channel matrices Hk :=
√1 Ĥk
NR

have been normalized so that its entries are Gaussian
i.i.d. with zero mean and variance N1R . In case the asymptotic
empirical distribution of normalized subchannel gains and its
(∞)
derivative, which will be denoted as fZF DPC (x) in the following, becomes independent of the current channel realizations
in the large system limit, water-filling can be applied and the
sum rate RZF, DPC can be computed according to
m

1 X
RZF, DPC
log2 (max[1, η̂λi,ZF, DPC ])
=
m
m i=1
Z ∞
(∞)
log2 (η̂x) fZF DPC (x) d x,
−→
m→∞

(13)

λmin

where the scaled water-level η̂ = NR η computes as
NR PTx +
η̂ =

m
P

i=1

1
λi,ZF DPC

m

PTx
min(α,K)

−→

m→∞

+

R∞

R∞

λmin
(∞)

1 (∞)
x fZF DPC (x) d x

. (14)

fZF DPC (x) d x

λmin

Water-filling is done by replacing infinite sums over functions
of λi,ZF DPC by the corresponding integrals and λmin is either
given by the inverse water-level, i.e., η̂ = 1/λmin , in case
(∞)
fZF DPC (x) 6= 0 for x ≤ λmin , or by the minimum value, for
(∞)
which fZF DPC (x) is not zero. Thus, it remains to show that the
(∞)
distribution of subchannel gains fZF DPC (x) indeed converges
to an asymptotic limit and how it can be actually computed.
According to the allocation scheme described in the previous
section, δm successively encoded subchannels are allocated
to the same user. With the way the projection matrices Pi are
computed according to (11) and due to the fact that the vectors
tn are the eigenvectors corresponding to the principal eigenH
H
,
= N1R Hπ(n) Pn Hπ(n)
values of the matrices Ĥπ(n) Pn Ĥπ(n)
the normalized subchannel gains from step (j − 1)δm + 1 to
step jδm are given by the δm strongest eigenvalues of the
H
matrix Hπ̂(j) P̂j Hπ̂(j)
, where we define P̂j := P((j−1)δm+1)
and π̂(j) = π((j − 1)δm + 1). In order to determine the
(∞)
asymptotic distribution fZF DPC (x) it is therefore necessary
to show the existence of and derive the a.e.d.s of the maH
trices Hπ̂(j) P̂j Hπ̂(j)
for j = 1, 2, . . . , 1δ . The δm strongest
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H
eigenvalues of the matrices Hπ̂(j) P̂j Hπ̂(j)
are also the δm
3
strongest eigenvalues of the matrix
H
Cj := V̂jH Hπ̂(j)
Hπ̂(j) V̂j ∈ C[NT −(j−1)δm]×[NT −(j−1)δm] ,
(15)
wheren V̂j o∈ CNT ×[NT −(j−1)δm] is an orthonormal basis of
span P̂j so that P̂j = V̂j V̂jH . Assume the a.e.d. of this
(∞)

matrix exists and is given by fCj (x). Then, the δm strongest
out of [NT −(j−1)δm] eigenvalues of this matrix are contained
in the interval [λ̂j ; ∞[, where λ̂j stems from the implicit
equation
Z ∞
δm
δξ
(∞)
fCj (x) d x =
=
,
N
−
(j
−
1)δm
1
−
(j
− 1)δξ
T
λ̂j
(16)

.
In
case
an
a.e.d.
can
be
found
where ξ = NmT = min 1, K
α
for all matrices Cj , j = 1, . . . , δ1 , the asymptotic distribution
(∞)
fZF DPC (x) can be obtained by taking the sum of the tails of
the a.e.d.s of the Cj in the corresponding intervals [λ̂j ; ∞[,
i.e.,
1
δ
X
(∞)
(∞)
(17)
fj (x)
fZF DPC (x) =
j=1

with

fj (x) =

(

1−(j−1)δξ (∞)
fCj (x),
ξ

0,

x ≥ λ̂j
else

.

(∞)

The pre-factor 1−(j−1)δξ
is necessary, as for fZF DPC (x) each
ξ
matrix Cj contributes δm out of m subchannel gains, i.e., the
R ∞ (∞)
integrals 0 fj (x) d x must be all equal to δ.
(∞)
In the remainder it will be shown that the a.e.d.s fCj (x)
indeed exist and how they can be computed numerically. For
H
j = 1, C1 = Hπ̂(1)
Hπ̂(1) and as Hπ̂ (1) contains Gaussian
(∞)

i.i.d. entries, fC1 (x) exists and is given by the tail of the
(∞)
Marčenko-Pastur distribution, i.e., fC1 (x) = fMP (x, α) with
q
+

[x − a]+ [b − x]+
1
δ(x) +
,
fMP (x, α) = 1 −
α
2παx
√ 2
√ 2
where a = (1 − α) and b = (1 + α) .
For j = 2, . . . , K, the matrices V̂j are independent of the
channel matrices Hπ̂(j) , as the projection matrices P̂j are
determined independently of the latter matrices. The matrices
Hπ̂(j) V̂j therefore result from multiplying a matrix with
Gaussian i.i.d. entries such as Hπ̂(j) with an independent
orthonormal matrix like V̂j , which leads again to matrices
with Gaussian i.i.d. entries having the same mean and variance
as in the original Gaussian matrices but different dimensions.
This way, Hπ̂(j) V̂j are NR × [NT − (j − 1)δm] matrices
with Gaussian i.i.d. entries with zero mean and variance N1R .
Consequently, the eigenvalues of their Grammian products
H
Cj = V̂jH Hπ̂(j)
Hπ̂(j) V̂j also converge to an asymptotic limit
and the corresponding a.e.d.s are given by
(∞)

fCj (x) = fMP (x, α(1 − (j − 1)δξ)),

j = 1, . . . , K. (18)





H H
H
=
= ρj P̂j Hπ̂(j)
is because ρj Hπ̂(j) P̂j Hπ̂(j)
π̂(j) P̂j


H
H
ρj V̂j Hπ̂(j) Hπ̂(j) V̂j for all j = 1, . . . , min(NR , [NT − (j − 1)δm])
3 This

(∞)

For j > K, fCj (x) can however not be stated explicitly
anymore, instead it can be derived from Proposition 1.
Proposition 1: The Stieltjes-transform mCj (z) of the matrix Cj is given by the implicit equation
Z λ̂j−K
fCj−K (x)
1 − (j − K)δξ
dx =
,
(z)
1
−
β
+
(x
−
z)m
1
−
(j − K − 1)δξ
j
Cj
0
(19)
where βj = [1 − (j − 1)δξ] / [1 − (j − K)δξ] .
Proof: see Appendix B
Unfortunately, there is no explicit solution neither for mCj (z)
(∞)
(∞)
nor for fCj (x) from (19). For this reason fCj (x) has to
be sampled as described in the following. First Equation (19)
is solved for mCj (z) with z = λ̂j−K . The imaginary part
(∞)
of mCj (λ̂j−K ) divided by π is then equal to fCj (λ̂j−K )
[e.g. [20, Eq. (2.45)]]. Due to the projections from step
(j − K)δm + 1 to step (j − 1)δm, the principal eigenvalue of
the matrix Cj will certainly not be larger than λ̂j−K , which is
the channel gain in step (j −K)δm [c.f. (16)], the last step the
(∞)
same user has received a subchannel. Thus, fCj (x) = 0 for
x > λ̂j−K and λ̂j−K can be used as a starting point for the
(∞)
sampling process. After fCj (λ̂j−K ) has been computed, z is
reduced by a constant sampling distance ∆ and Equation (19)
is solved for mCj (z) with z = λ̂j−K − ∆. This sampling
(∞)
is continued until z = 0. The integrals with fCj (x) required
in (16) and (19) can then be evaluated numerically for example
(∞)
with the trapezoidal method (e.g. [21]), where fCj (x) is
interpolated linearly between two neighboring samples.
Note that the choice of δ influences the tightness of the lower
bound and the numerical accuracy. With large values for δ,
(∞)
the number of summands required to compute fZF DPC in (17)
becomes low. Thus, the implicit Equation (19) has to be solved
less often so that the numerical complexity is reduced. On
the other hand, it can be shown by numerically evaluating
the asymptotic sum rates and comparing the results with the
average sum capacity, that for large values of δ, the bound for
sum capacity becomes less tight. In case one is interested in the
best lower bound, one would therefore let δ go to zero, which
would lead to the asymptotic sum rate of the allocation scheme
1
described in the previous section with δ = m
. However, this
scenario becomes numerically intractable due to the sum over
infinite a.e.d.s in (17).
V. A SYMPTOTIC P ERFORMANCE L OSSES OF S UBOPTIMAL
A LGORITHMS IN MISO S YSTEMS
As numerically complex iterative algorithms need to be
implemented in order to achieve the sum capacity in the
broadcast channel, more efficient methods that are only able to
approximate the optimum solution are of high practical interest. In this section we will quantify those losses analytically for
two algorithms in the large system limit with non-cooperative
receive antennas, i.e., in MISO systems. Numerical simulations can be avoided this way, as the results obtained also
serve as a good estimation of the average sum capacity in
systems with finite parameters. The large system sum capacity
is given by Theorem 1 and in this section we will derive

6

analytical lower bounds for the two signaling schemes from [7]
and [8]. Both are based on spatial zero-forcing and successive
resource allocation, where the method from [7] requires DPC
and the scheme in [8] solely relies on interference suppression
through linear beamforming. In [8], the sum rates achievable
with the proposed method is analyzed in limit of infinitely
many users. The results do however not allow any conclusions
to the performance in finite systems.
A. Spatial Zero-Forcing with Dirty Paper Coding
The concept of spatial zero-forcing with DPC has already
been introduced in Section IV-A with cooperating receive
antennas. In case the receive antennas cannot cooperate, the
channel gains in (10) can no longer be achieved but instead
compute according to
H
λ̂i,ZF DPC = eT
r(i) Ĥπ(i) Pi Ĥπ(i) er(i) ,

(20)

where Pi given by (11) and r(i) denotes the receive antenna
selected in step i, so that the data stream encoded at ith step
at the transmitter is intended for user π(i) and received at its
r(i)th antenna. The transmit vectors are chosen in a successive
manner according to
1
Pi Ĥπ(i) er(i) ,
ti = q
H
eT
r(i) Ĥπ(i) Pi Ĥπ(i) er(i)

(21)

in order to fulfill the zero-forcing constraints that cannot be
assured by DPC. The sum rate is then computed with the
channel gains λ̂i,ZF DPC as in (9). The optimum user selection
π(i) and antenna selection r(i) would require an exhaustive
search over all possible allocations, which is infeasible in
practice. For this reason in [7] it is proposed to choose the
user and antenna in each step so that the sum rate becomes
maximum. Here, we consider a further sub-optimum selection,
where in each step user and antenna are selected randomly.
This leads to a lower bound for the performance of the
signaling scheme in the large system limit, which is given
by Proposition 2.
Proposition 2:


lb
RZF
1
DPC
−→ θ log2
[PTx − ln (1 − θ)] −
NT ,NR →∞
NT
θ
N =N α
T

R

θ
. (22)
ln 2
θ stems from water-filling and is determined as follows. First,
θ
has to be solved
the implicit equation PTx − ln(1 − θ) = 1−θ
K
for θ. If the result is smaller than min(1, α ), the solution for
θ has been found, otherwise θ is given by θ = min(1, K
α ).
Proof: see Appendix D.
Note that the lower bound (22) is valuable for analysis
purposes anyway, as it can be used to state an upper bound
for the loss compared to the optimum.
− (1 − θ) log2 (1 − θ) −

B. Spatial Zero-Forcing without Dirty Paper Coding
So far, it is still necessary to apply DPC at the transmitter,
which requires significant computational resources in practical
implementations. For that reason the concept of successive

zero-forcing has been extended to scenarios, where DPC is not
applied. In this case, interference between the data streams is
completely suppressed by linear beamforming. The sum rate
is then given by
Nstop

RZF =

X

log2 (1 + pi,ZF λi,ZF ) ,

(23)

i=1

where pi,ZF is the power allocated to the ith subchannel
and results from water-filling as pi,DPC in (12). Nstop ≤
min (NT , KNR ) denotes the number of active subchannels.
The gains λi,ZF of these subchannels can be computed according to (e.g [8])
−1
T
H
λ−1
ei ,
i,ZF = ei Hcomp Hcomp
H

is the
where Hcomp ∈ CNstop ×NT = Π Ĥ1H , . . . , ĤkH
composite channel matrix and Π ∈ CNstop ×KNR is a selecH

that
tion matrix that selects those rows of Ĥ1H , . . . , ĤkH
correspond to users and receive antennas that are selected
for transmission. As in the DPC case, the optimum choice
for Π would require an exhaustive search over all possible
selection matrices, which is infeasible in practice. In [8] it is
therefore proposed to allocate the users and receive antennas in
a successive manner, i.e., to select in each allocation step this
user that leads to the strongest increase in sum rate provided
that the previously selected users and receive antennas are also
served. The allocation is stopped, in case no increase in sum
rate can be observed. Such an allocation scheme is however
difficult to analyze in the large system limit, as shown in
Appendix E, which is why we consider a random selection
of users and receive antennas in the following. This leads to a
lower bound for the sum rate in the large system limit, which
is given by Proposition 3.
Proposition 3: The sum rate asymptotically achievable with
spatial zero-forcing can be lower bounded as



lb
RZF
1
−→ max γ log2 1 + PTx
−1
,
γ
T →∞
NT K,N
γ
NT =NR α


K
,
(24)
s.t. γ ≤ min 1,
α
which is a concave optimization problem and can therefore be
solved for example by bisection [22, Chapter 8.2].
Proof: see Appendix E
Despite a sub-optimal user allocation, the expression in (24)
is still optimized over the fraction of active data streams γ =
Nstop
NT . As a consequence, in case the optimum Nstop is equal to
KNR , i.e., Π = I KNR , the bound becomes exact, because the
optimum user allocation matrix is then equal to our a priori
chosen matrix.
VI. N UMERICAL R ESULTS
Figure 1 exhibits the sum rates normalized to the number of transmit antennas and averaged over 1000 circularly
symmetric Gaussian channel matrices. The ratio α of transmit
antennas to receive antennas is set to α = 12 , K = 1 and
the SNR is equal to 10dB. The large system sum rates of the
corresponding algorithms are compared to the average sum
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of transmit antennas and averaged over 1000 Gaussian channel
realizations are plotted versus the number of transmit antennas
at an SNR of 10 dB. The ratio α of transmit antennas to

3.5

4

2.5

Normalized sum rate (bpcu)

Normalized sum rate (bpcu)

3

2

1.5

Sum capacity
Sum capacity large system
ZF with DPC succ alloc

1

ZF with DPC rand alloc
ZF with DPC large system
ZF w/o DPC succ alloc

0.5

ZF w/o DPC rand alloc
ZF w/o DPC large system
0

0

5

10

15

20

25

30

35

40

45

3.8

3.6

3.4
Sum capacity
3.2

ZF with DPC succ alloc

50

Sum capacity lower bound

Number of transmit antennas

3
0

Fig. 1. Comparison of normalized average sum rates compared to large
system sum rates in MISO systems (K = 1) with α = 12 , K = 1, SNR=
10dB.
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Fig. 3. Comparison of ergodic sum rates with large system sum rate in a
system with K = 5 users, α = 2, SNR= 10dB, δ = 0.05 and ∆ = 0.001.

receive antennas is set to α = 2. The average sum rate of the
successive resource allocation and spatial zero-forcing scheme
(“ZF with DPC succ alloc”) is plotted. The large system sum
rate obtained as described above with δ = 0.05 is plotted as a
line with circles, where a sampling distance of ∆ = 0.001 has
been used to solve (19). The large system sum rate obtained
this way serves as a relatively tight lower bound for the sum
capacity and as a very good approximation for the ergodic
sum rate achievable with spatial zero-forcing and DPC using
a successive user allocation also for finite system parameters,
which becomes exact for systems with NT ≥ 16. In Figure 4
the ergodic and large system sum rates are plotted versus the
the ratio α, where NT = 15 has been used for the computation

Fig. 2. Comparison of normalized average sum rates compared to large
system sum rates in MISO systems with SNR= 10dB, NT = 15.

4.5
Sum Capacity
Normalized sum rate (bpcu)

ZF with DPC succ alloc

rates obtained by simulations. For the sum capacity the large
system sum rate serves as very good approximation for the
average sum rates even with only a few number of transmit
antennas and users. Similar observations can be made, when
spatial zero-forcing with and without DPC are considered
with a random user allocation (“rand alloc”). Compared to
the successive user allocation (“succ alloc”) from [7] for the
DPC and from [8] for the linear case, a gap can be observed.
When α increases, i.e., there are more degrees of freedom
at the transmitter compared to the number of KNR data
streams, this gap diminishes, as shown in Figure 2, where
the ergodic and large system sum rates are plotted versus α.
For the simulations an SNR of 10dB is used and the number
of transmit antennas for computing the ergodic rates is equal
to NT = 15. Note that for α ≤ 1 the large system sum rates of
the suboptimal schemes are independent of α, as in (22) the
constraint on θ and in (24) the constraint on γ are independent
of α then.
In Figure 3 the ergodic sum rates normalized to the number

ZF with DPC large system
4

3.5

3
1

1.5

2
α

2.5

3

Fig. 4. Comparison of ergodic sum rates with large system sum rate in a
system with K = 5 users, NT = 15, SNR= 10dB, δ = 0.05 and ∆ = 0.001.

of the ergodic rates and the remaining parameters have been
unchanged compared to Figure 3. Finally, in Figure 5 the
asymptotic lower bound is plotted versus 1/δ. With increasing
1/δ the bound becomes more tight, until from δ = 1/20 upwards only slight improvements can be observed, a useful fact
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Fig. 5. Accuracy of large system lower bound for sum capacity in the
MIMO broadcast channel versus δ1 in a system with K = 5 users, α = 2,
SNR= 10dB, ∆ = 0.001.

for practical choices of δ. Note that to obtain the asymptotic
expression at 1/δ = 4 the implicit equation (19) needs not
(∞)
to be solved at all, as all required distributions fCj can be
obtained from (18).

VII. C ONCLUSIONS
In this paper we have presented expressions for large system
sum rates achievable by algorithms relying on perfect channel
state information in the MIMO broadcast channel, when the
number of transmit and receive antennas both go to infinity at
a finite fixed ratio. For non-cooperating receive antennas, i.e.,
MISO systems, we have derived an asymptotic expression for
sum capacity. Furthermore the performance of two sub-optimal
schemes, which rely on spatial zero-forcing beamforming, has
been quantified in the large system limit and shown to estimate
the losses in sum rate compared to sum capacity quite well.
As for MIMO systems with cooperating receive antennas, the
asymptotic sum capacity turned out to be hard to determine,
we have derived an expression for the sum rate achievable with
spatial zero-forcing and DPC in the large system limit, which
serves as a lower bound for sum capacity. For the problem of
weighted sum rate maximization, the same method and tools
as in this paper can be used to derive asymptotic weighted
sum rates. As the expressions get more involved in this case,
we have restricted to sum rate maximization here.

A PPENDIX A
P ROOF OF L EMMA 1
In order to proof Lemma 1, it will be shown that an equal
power allocation satisfies the Karush-Kuhn-Tucker conditions
of Problem (5) in the specified large system limit. Those

where µ is the Lagrangian multiplier and Ĥ W Ĥ =
K
P
NT
hm hH
m wm with diag (w1 , . . . , wKNR ) = W , and
m=1

[h1 , . . . , hKNR ] = √1N Ĥ H . Thus, the entries in the vectors
T
hn are i.i.d. Gaussian with zero mean and variance N1T . With
PTx
a uniform power allocation wn = KN
, the (in)equalities in
R
the last two lines of (25) are clearly fulfilled apart from µ ≥ 0
and the remaining KKTs read as
" K
#!−1
NT PTx X
H
H
hm hm
hn = µ,
hn INT +
NR K m=1

Now the matrix inversion lemma is applied to these conditions
so that the inverse matrices are independent of the vector hn
and
!−1
KN
PTx α XR
an
H
H
hn =
hn INT +
hm hm
, (26)
Tx α
K m=1
an
1 + PK
−1
PTx α
hn , and Bn =
where an = hH
n INT + K Bn
KN
PR
PTx α
hm hH
m . With the matrix INT + K Bn independent of hn
m=1
m6=n

and hn containing i.i.d. entries, Corollary 1 from [23] can be
an
−
applied, so that an converges for NT → ∞ according to N

T−1
−1
PTx α
PTx α
1
1
−→ 0. NT tr INT + K Bn
NT tr INT + K Bn
NT →∞

Tx α
, the η-transform of
asymptotically converges to ηBn PK
the matrix Bn [20, Def. 2.11]. Following [20, Theorem 2.39],
this transform and consequently an stems from the implicit
equation
an
1− N
K −1
T
.
(27)
=
1
α
1−
PTx α
1+an

K

Obviously, the implicit equation (27) leads to the same solution
for all n = 1, . . . , KNR , which is why together with (26) the
KKTs in the first line of (25) are fulfilled by an equal power
allocation in the large system limit. Furthermore (27) leads
to a positive solution for an and consequently for µ, so that
the inequality µ ≥ 0 is also fulfilled. As (25) belong to a
concave optimization problem, i.e., sum rate maximization in
the MISO dual uplink channel, the KKT point is necessary
and sufficient.
A PPENDIX B
P ROOF OF P ROPOSITION 1
As the rank of P̂j = V̂j V̂jH is given by NT − (j − 1)δm
and therefore reduced by δm with each subchannel
n o
n o
n o
span P̂j = span V̂j ⊂ span P̂n , ∀n < j. (28)
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Of special interest is the case n = ℓj := j − K. From (28) it
follows that V̂j = P̂ℓj V̂j and consequently
H
H
Hπ̂(j) P̂ℓj V̂j .
Hπ̂(j) V̂j = V̂jH P̂ℓj Hπ̂(j)
Cj = V̂jH Hπ̂(j)

A reduced eigenvalue decomposition
H
Hπ̂(j) P̂ℓj can be stated as
P̂ℓj Hπ̂(j)

of

the

matrix

H
H
H
,
+ Vr,ℓj Σr,ℓj Vr,ℓ
Hπ̂(j) P̂ℓj = V1,ℓj Σ1,ℓj V1,ℓ
P̂ℓj Hπ̂(j)
j
j
(29)
where Σ1,ℓj ∈ Cδm×δm is a diagonal matrix containing the
H
Hπ̂(j) P̂ℓj
δm strongest eigenvalues of the matrix P̂ℓj Hπ̂(j)
that are the subchannel gains from step (ℓj − 1)δm + 1
to step ℓj δm. V1,ℓj ∈ CNT ×δm contains the corresponding
eigenvectors. Due to the multiplication with projection maH
Hπ̂(j) P̂ℓj contains at least (ℓj − 1)δm zero
trices, P̂ℓj Hπ̂(j)
eigenvalues. Omitting these zero eigenvalues, the remaining
NT − ℓj δm eigenvalues besides the δm strongest ones are
subsumed in the matrix Σr,ℓj ∈ C[NT −ℓj δm]×[NT −ℓj δm] and
Vr,ℓj ∈ CNT ×[NT −ℓj δm] contains the corresponding eigenvectors.
As V1,ℓj contains the transmit vectors for the (ℓj − 1)δm+ 1th
to the ℓj δmth data streams and V̂j is a basis of the nullspace of all transmit vectors from the previously allocated subchannels, i.e., also of the transmit vectorsnof the
o subchannels
(ℓj − 1)δm + 1 to ℓj δm, V1,ℓj lies in null V̂j and therefore
H
H
V̂jH .
Hπ̂(j) P̂ℓj V̂j = V̂jH Vr,ℓj Σr,ℓj Vr,ℓ
Cj = V̂jH P̂ℓj Hπ̂(j)
j

Furthermore the span of Vr,ℓj is composed as
o
o
n
n

H
.
=
span
P̂
span Vr,ℓj = span P̂ℓj − V1,ℓj V1,ℓ
ℓ
+1
j
j
(30)
so that Vr,ℓ
nj iso a basis ofnP̂ℓj +1 .oBy using (28) we know
⊂ span V̂ℓj +1 and therefore the mathat span V̂j

trix V̂j can be stated as V̂j = Vr,ℓj Ṽj , where Ṽj ∈
C[NT −ℓj δm]×[NT −(j−1)δm] represents V̂j in the basis Vr,ℓj .
Hence, Cj can be decomposed as Cj = ṼjH Σr,ℓj Ṽj . To show
the asymptotic convergence of the eigenvalues of Cj , we will
first analyze the matrix Ṽj ṼjH Σr,ℓj in the large system limit
and then derive the a.e.d. for Cj from this matrix. For this
purpose first the following Lemma will be required.
Lemma 2: The matrix Ṽj is uniformly distributed over the
manifold of [NT − ℓj δm]× [NT − (j − 1)δm] complex matrices
with ṼjH Ṽj = I NT −(j−1)δm
Proof: see Appendix C
Lemma 2 implies that Ṽj ṼjH is unitarily invariant. As additionally the diagonal matrix Σr,ℓj is independent of Ṽj ṼjH ,
both matrices are asymptotically free [20, Definition 2.19],
which can be shown with the proof of the theorem in [24].
From Theorem 2.68 and Example 2.51 in [20] it can be
concluded that the a.e.d. of the matrix Ṽj ṼjH Σr,ℓj exists,
as long as the eigenvalues of Σr,ℓj asymptotically converge.
For ℓj = 1, . . . , K this has been shown in Section IV-B,
as Σr,ℓj contains the δm strongest eigenvalues of the maH
Hπ̂(ℓj ) V̂ℓj and their a.e.d.s are given
trices Cℓj = V̂ℓj Hπ̂(ℓ
j)
by (18). Therefore the eigenvalues of the matrices Ṽj ṼjH Σr,ℓj
asymptotically converge for j = K + 1, . . . , 2K. Once it

has been shown that in this case also the eigenvalues of the
matrices Cj asymptotically converge, it can be proven by
induction that the a.e.d.s also exits for the matrices Σr,ℓj with
ℓj > 2K.
However, those a.e.d.s cannot be derived explicitly anymore.
Instead Example 2.51 from [20] is used to state an implicit
equation for the η- transform of the matrix Ṽj ṼjH Σr,ℓj according to
!
βj
,
(31)
ηΣr,ℓ Ṽj Ṽ H (γ) = ηΣr,ℓj γ + γ
j
j
ηṼj Ṽ H Σr,ℓ (γ)
j

j

where
βj =

NT − (j − 1)δm
1 − (j − 1)δξ
=
.
NT − ℓj δm
1 − ℓj δξ

(32)

Following Lemma 2.28 from [20] the η transform (and therefore the a.e.d) of the matrix Cj exists and is related to the
η-transform of Ṽj ṼjH Σr,ℓj according to
ηCj (γ) = 1 −

1
1
+ ηṼj Ṽ H Σr,ℓ (γ).
j
j
βj
βj

(33)

By inserting (33) into (31), the η-transform ηCj (γ) is given
implicitly by


γβj ηCj (γ)
. (34)
βj ηCj (γ) − βj + 1 = ηΣr,ℓj
βj ηCj (γ) − βj + 1

The diagonal elements of the matrix Σr,ℓj are given by the
eigenvalues of the matrix Cℓj except the largest δm ones,
which correspond to the subchannel gains from step (ℓj −
1)δm + 1 to step ℓj δm [c.f. (29)]. The asymptotic eigenvalue
distribution of the matrix Σr,ℓj is therefore given by the a.e.d.
of the matrix Cℓj truncated at λ̂ℓj , where λ̂ℓj is defined in (16),
N −(ℓj −1)δm
and normalized by TNT −ℓ
. Thus, the η-transform of the
j δm
matrix Σr,ℓj can be written as
NT − (ℓj − 1)δm
ηΣr,ℓj (γ) =
NT − ℓj δm

Zλ̂ℓj f (∞) (x)
Cℓj

1 + γx

d x,

(35)

0

Inserting (35) into (34) and using the relationship between the
η- and the Stieltjes transform [20, Eq. (2.48)] leads to
Zλ̂ℓj
0

(∞)

fCℓ (x)
j

1 − βj + (x − z)mCj (z)

dx =

NT − ℓj δm
.
NT − (ℓj − 1)δm

Using ℓj = j − K leads to the desired result in (19).
A PPENDIX C
P ROOF OF L EMMA 2
In the following it will be shown that the matrix Ṽj is
uniformly distributed over the manifold of [NT −ℓj δm]×[NT −
(j − 1)δm] complex matrices with ṼjH Ṽj = I NT −(j−1)δm .
This is the case, if the subspace spanned by V̂j is uniformly
distributed within
n the osubspace spanned by Vr,ℓj , which is
equal to span P̂ℓj +1 [c.f. (30)]. This statement is in turn
true, when with each step a group of δm
subchannels is
n o
allocated to one user, the subspace span P̂j is uniformly
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o
n
distributed within span P̂j−1 , for j = 1, . . . , 1δ . Conn o
cerning j = 2, the basis of span P̂2 is composed by
the eigenvectors corresponding to the NT − δm smallest
H
eigenvalues of the matrix Hπ̂(1)
Hπ̂(1) . As the matrix Hπ̂(1)
H
contains Gaussian i.i.d. entries and its Grammian Hπ̂(1)
Hπ̂(1)
is therefore unitarily invariant, the matrix of its eigenvectors
n o is
Haar distributed [20, Lemma 2.6]. This is why span P̂2 is

uniformly distributed within span{P̂1 } = CNT . The eigenvectors corresponding to the non-zero eigenvalues of the
H
matrix P̂2 Hπ̂(2)
Hπ̂(2) P̂2 can be decomposed as V̂2 Û2 , where
[NT −δm]×[NT −δm]
Û2 ∈ C
are the eigenvectors
of the matrix
n o
H
C2 = V̂2H Hπ̂(2)
Hπ̂(2) V̂2 . As span P̂2 and therefore its

basis V̂2 is uniformly distributed within span{P̂1 }, C2 is
also unitarily invariant and the eigenspace corresponding to
its NT − δm smallest eigenvalues is uniformly distributed
n o in
NT −δm
C
. As this eigenspace defines a basis for span P̂3 in
n o
span P̂2 , the former span is uniformly distributed within

1
concludes
span{P̂2 }. Continuing this way for j = 3, . . . , K
the proof.

A PPENDIX D
P ROOF OF P ROPOSITION 2
=
In this section, the channel gains λ̂i,ZF DPC
H
H
H
Ĥ
e
:=
N
h
P
h
from
Ĥ
P
eT
T π(i),r(i) i π(i),r(i)
r(i) π(i) i π(i) r(i)
(20) are analyzed for an infinite number of transmit and
receive antennas. For the purpose of large system analysis,
the vectors hπ(i),r(i) := √1N Ĥπ(i) er(i) have been introduced
T
so that they contain Gaussian i.i.d. entries with zero mean and
1
variance NT . With the assumption of Pi being independent
of hπ(i),r(i) , which follows from the random user selection,
Corollary 1 from [23] can be applied and the channel gains
λ̂i,ZF DPC
= hH
π(i),r(i) Pi hπ(i),r(i) in the large system limit
NT
converge according to
hH
π(i),r(i) Pi hπ(i),r(i) −
1
NT

1
tr (Pi ) −→ 0.
NT →∞
NT

tr (Pi ) computes according to


i−1
X
(i − 1)
1 
1

tH
tr (Pi ) =
,
tr (INT ) −
j tj = 1 −
NT
NT
NT
j=1

where the last equality follows from the fact that the vectors
tj are orthonormal [c.f. (21)]. The large system channel
gains therefore converge to an asymptotic deterministic limit
independent of the current channel realization. Thus, as in the
MIMO case in Section IV-B, water-filling can be applied over
these asymptotic gains and the large system limit of a lower
bound for sum rate achievable with spatial zero-forcing and
DPC can therefore be computed according to
 

imax
lb
i
RZF
1 X
DPC
log2 η̂ 1 −
−→
0
−
NT →∞,NR →∞
NT
NT i=1
NT
(36)

with the modified water-level η̂
=
ηNT
=
iP
max
NT
1
PTx +
. imax is chosen according to waterimax
1− i
i=1

NT

filling so that first the implicit equation η̂

=

1
max
1− iN
T

is solved. In case this equation leads to a solution
imax ≤ min (NT , KNR ), imax is given this way, otherwise by
imax = min (NT , KNR ). Note that due to the zero-forcing
constraints in case α < K, i.e., KNR > NT , not all users are
served, whereas with the optimum algorithm all users receive
non-zero power (see Lemma 1). Replacing the infinite sums
in (36) and the water-level by integrals and introducing the
lb
finite variable θ = iNmaxT , the asymptotic lower bound RZF
DPC
is given by
!
Z θ
lb
RZF
1
′
DPC
−→
θ log2 PTx +
dρ −
′
NT →∞,NR →∞
NT
0 1−ρ
NT =αNR
Z θ
− θ log2 (θ) +
log2 (1 − ρ′ ) d ρ′ .
0

Evaluating the integrals leads to the system of equations (22).

P ROOF

A PPENDIX E
OF P ROPOSITION 3

The derivation of (24) is basedon the fact that the gains
of
−1 −1
H
T
ei
the scalar subchannels λi,ZF = ei Hcomp Hcomp
all converge to the same asymptotic limit


−1 −1
1
1  T
H
−→
ei
ei Hcomp Hcomp
−1
NT ,NR →∞
Nstop
γ
Nstop =γNT ,NT =αNR
(37)

N
K
where γ = Nstop
≤
min
1,
denotes
the
normalized
number
α
T
of subchannels that receive nonzero powers. The large system
limit in (37) can be obtained as described after Equations (10)
and (11) in [15]. As all channel gains are asymptotically equal
and deterministic, the optimum asymptotic power allocation is
Tx
given by pi,ZF = NPstop
. By finally finding the optimum Nstop =
γNT leading to the maximum sum rate, the asymptotic bound
in (24) can be found. The assumption of Hcomp containing
i.i.d. entries is only valid for an arbitrary, i.e., not optimized
selection of active users. That is because an optimum user
selection implies that the active users are chosen so that the
rows in Hcomp are as orthogonal to each other as possible
and therefore not independent. Thus, Equation (24) states a
lower bound for the achievable sum rate in the large system
limit. In case it is asymptotically optimum to serve all users
in the system or a random user selection is applied instead of
a greedy one, this assumption is valid, which is why in these
cases the bound becomes tight.
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