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1. Introduction and conceptional considerations

1.1. Spectroscopy

With the invention of the spectroscope1 by Joseph Fraunhofer in 1814 a series of
discoveries started leading ultimately to the development of modern spectroscopy and
quantum physics. The same year he discovered black lines in the sun spectrum – which

Fig. 1.1: The original 1814 drawing by Fraunhofer showing black lines in the sun
spectrum – which are absorption lines and called Fraunhofer lines today ([2],
image taken from [3]). Today it is known that the black lines are caused by
absorption of atmospheric species such as O2 and elements such as Na, H,
He, Fe, etc. in the solar atmosphere.

are now called Fraunhofer lines – and he was the first to realize that these lines are
part of the light itself (see Fig. 1.1). Around 1860 Kirchhoff and Bunsen recognized
that there are two dual, molecule or atom specific processes: emission and absorption,
which show this discrete line structure. They concluded that the Fraunhofer lines are
caused by absorption of gaseous species in the solar and earth’s atmosphere. Due to
their characteristic fingerprints of elements and molecules, many new elements like He,
Cs and Rb have been discovered since. The way to a theoretical explanation of the
observed phenomena was long and ultimately resulted in the development of quantum
mechanics in 1925 and the Schrödinger equation in 1926.

A further key step in understanding molecule spectra was the development of the Born-
Oppenheimer separation and, based on this, the Born-Oppenheimer approximation [4,

1According to the IUPAC [1], a spectroscope is for observation of a spectrum with the eye (usually
employing a grating or prism), a spectrograph is a combination of a spectroscope and a device
for photographic recording of the spectrum and spectrometer a general term for an apparatus
allowing for quantitative recording of spectra including measurement of wavelength and intensity.
For historical reasons spectroscopy refers to the whole field dealing with light matter interactions
including measurement and theory. Spectrometry on the contrary is specific to measurement of
spectra.
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1. Introduction and conceptional considerations

5]. It rigorously explains that electron and nucleus motion can be separated due to
the strongly different electron and nucleus mass. The separability of these different
types of motion is also observed by the band-type appearance of gas spectra shown
in Fig. 1.2. For a molecule with mass of electrons m and mass of the nuclei M the
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Fig. 1.2: Computed absorption spectrum of the 12C16O molecule [6] at standard condi-
tions. Vibrational transition bands with rotational fine structure are observed
(fundamental band (v = 0) → (v = 1) at λ = 4.6µm, first overtone band
(v = 0) → (v = 2) at λ = 2.3 µm and so on). Resolution of the rotational
fine structure requires spectrometers with very high resolution – which can be
provided by laser spectrometers.

energy separation between electronic and nuclear (vibrational) levels as well as between
rotational and vibrational energy levels is approximately

∆Enucl ≈ ∆Eelκ
2 ∆Erot ≈ ∆Evibκ

2 (1.1)

with

κ = 4
√
m/M (in the order of 0.1) (1.2)

This is because in the Born-Oppenheimer separation, electronic energy, molecule
vibration energy and rotation energy naturally appear as zeroth, second and fourth
order term for an expansion in terms of κ. The first and third order energies vanish.
The Schrödinger equation then can be split into three equations to treat all effects
separately. Although this is only yields approximate solutions, this procedure completely
defines the quantum numbers. Mixing or coupling terms are small and only affect
energy levels and wavefunctions. Hence, the separate treatment of all three effects,
i.e., the Born-Oppenheimer approximation, gives correct qualitative and, for molecules
in electronic ground state, good quantitative results. For the latter the Schrödinger
equation for electron movement is solved with the nuclei fixed in space, and by variation
of the nuclear distance potential curves are obtained. These potential curves, which
may also be determined semi-empirically, then enter the Schrödinger equations for
molecule vibration and rotation.

2



1.2. Lasers

Hence, in the near and mid-infrared only vibration-rotation transitions are relevant
because electronic transitions occur – due to higher energies – in the visible or ultra-violet
wavelength range.

Since then spectroscopic observations provided many insights and scientific advances.
Almost all astronomical knowledge, e.g., existence of chemical elements, temperatures
and even magnetic field strengths in space is obtained from spectroscopic observations.
Another second major scientific application is atmospheric science. The developments
in both fields involved modeling, collection of data and computation of spectral lines
for many elements and molecules. Hence, consolidated knowledge is available including
large databases with molecule and atom parameters. Using these, the absorption and
emission spectra of different molecules, atoms and ions are predictable with very high
accuracy.

In principle spectra can be measured using monochromators or dispersive elements,
but those measurements are limited in terms of spectral resolution. For example the
“lines” A and B Fraunhofer recognized, correspond to the now called oxygen A and
B bands at 761 nm and 687 nm wavelength, which are not single lines but contain a
multitude of lines – the rotational fine structure. Substantial improvement in terms of
spectral resolution can only be achieved by use of tunable lasers with their ultra-narrow
emission linewidth.

1.2. Lasers

Although the principle of stimulated emission was predicted by Einstein in 1915,
the technical application of this effect for light generation was first realized in 1960
by Maiman. Lasers (Light amplification by stimulated emission of radiation) have
a significantly higher spectral brightness than thermal emitters at technical relevant
temperatures which is their fundamental advantage for spectroscopic applications. Laser
operation is usually achieved by placing an optical gain medium in a resonator (e.g.,
two mirrors that form a resonant cavity). Due to the cavity, a feed-back loop oscillator
is realized which emits monochromatic light (or nearly monochromatic, because of a
finite linewidth).

After the successful realization of a semiconductor laser in 1962 by Nathan and Hall [7,
8] the application of tunable lasers for gas sensing was first demonstrated by Hinkley
around 1970 [9, 10]. The utilized lasers were lead-salt lasers which had to be operated
at liquid nitrogen or liquid helium temperatures.

Nowadays the availability of room-temperature single-mode tunable semiconductor
lasers simplify the laser spectrometer apparatus significantly. Notable developments from
the spectroscopic perspective are spectrally single-mode lasers such as edge-emitting
distributed feed-back (DFB) lasers in 1972 [11] and the vertical-cavity surface-emitting
laser (VCSEL) in 1979 [12]. Presently, there are single-mode continuous-wave room-
temperature tunable semiconductor lasers available covering almost the complete NIR
and MIR from 0.62µm to 12µm wavelength. Early realization of cw operation at RT
of DFB lasers were for GaAs in 1975 [13] for InP in 1982 [14] and for DFB-QCLs in
2006 [15]. For VCSELs efficient RT cw single-mode emission was achieved for GaAs
around 1993 [16], for InP in 2000 [17] and for GaSb in 2008 [18].

VCSELs have several advantages over DFB edge-emitters like perpendicular, circularly

3



1. Introduction and conceptional considerations

shaped emission, inherent longitudinal single-mode operation, low power consumption
and on-wafer testability. Furthermore, they have a larger current tuning range. In mass
production spectroscopically suitable VCSELs are more cost effective as the example of
the laser mouse indicates.

1.3. Tunable diode laser absorption spectroscopy (TDLAS)

Spectroscopic gas sensing strongly benefits from scientific achievements in spectroscopy
and the development of lasers especially semiconductor lasers. Spectrometry or spec-
troscopy using tunable semiconductor lasers is called tunable diode laser absorption
spectroscopy (TDLAS).

1.3.1. Working principle

TDLAS is the method for the measurement of the absorption or transmission spectrum
of substances (usually gases). The emission frequency of the spectrally single-mode
laser can be tuned to a certain extent and the power of the light that passes though the
sample is determined with a photodetector (for schematic see Fig. 1.3a). The emission
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Optical subsystem
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signal processing
and
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(a) Schematic

2.36 2.362 2.364 2.366 2.368 2.37
0.997

0.998

0.999

1

Wavelength λ (µm)

Transmission T(ν)

 

 

1.0 % H2O 40.0 µL/L CO 40.0 µL/L CH4

(b) Example gas transmission spectra (1 m optical
path length)

Fig. 1.3: Abstract schematic of a TDLAS system showing the important system com-
ponents. The optical subsystem contains a tunable laser, a detector and the
gas cell. The electrical subsystem contains the detection method, the signal
processing and the parameter extraction unit from measured signals. The
right plot shows as an example the characteristic “fingerprint” character of
the gas spectra.

frequency or wavelength is varied around the absorption line of interest according to
the spectroscopic detection method. Subsequent processing together with the data
extraction determines the physical gas properties, e.g., concentration, pressure or
temperature. Using room-temperature operated tunable semiconductor lasers, rather
compact sensors can be constructed.
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1.3. Tunable diode laser absorption spectroscopy (TDLAS)

1.3.2. Wavelength of operation

The positions and strengths of absorption lines are given by the molecule and suitable
lasers have to be chosen accordingly to the quantum physical properties of the target gas.
The peak line strength of absorption bands of several important gases and the typically

Fig. 1.4: Line strength of important gas absorption bands in the NIR and the typically
achievable gas sensing resolution at 1 m optical path length and absorbance
resolution of 10−5. (Data taken from HITRAN [19])

achievable sensing resolution is shown in Fig. 1.4. Since the line strength decreases
with the order of the vibrational transition (cf. Fig. 1.2), absorption strength typically
increases with wavelength. The strongest IR absorption bands are in the mid-infrared
(fundamental vibrational bands). The narrow gas absorption lines (half-width at half
maximum (HWHM) around 1 GHz to 2 GHz at atmospheric conditions with λ = 1 µm
corresponding to ν = 300 000 GHz) explains the fingerprint character of spectra (cf.
Fig. 1.3b) and the need for lasers with single-mode emission for proper sampling of
the lines (laser linewidth below 100 MHz). Multi-mode lasers like those frequently
employed in CD and DVD players and laser pointers are not suitable for spectroscopic
applications.

1.3.3. Advantages of TDLAS for industrial and medical applications

For industrial, safety or medical applications, e.g., exhaust-gas monitoring, fire detection,
workplace monitoring or breath analysis, reliable and long term stable sensors are re-
quired. Spectroscopic gas sensors are known to have the lowest possible cross-sensitivity
to other gases due to the spectroscopic measurement and due to the characteristic spec-
tral fingerprints of gases. Furthermore, TDLAS enables fail-safe operation of the sensor
as it allows for self-monitoring due to the dynamic characteristic of the optical output
signal during each single scan. The signature in the recorded signals corresponding to
gas absorption lines is only obtained if laser, detector and driver/receiver electronics

5



1. Introduction and conceptional considerations

are working correctly. This is because the absorption line signal is a very narrow and
unique feature that can not be simulated by malfunction of any component.

The measurement itself is inherently insensitive to attenuation in the optical path by
contamination, since the absorption features of the gas are spectrally very narrowband
compared to the wideband spectrum of typical contamination. The attenuation can
rise by several orders of magnitude until reliable measurements become impossible.
Furthermore, contamination, complete blockage of the optical path, failures of the laser,
failures of the detector or failure of the corresponding electronic circuits can be detected
by comparing the absolute signal voltage from the detector circuit with the voltage
applied to the laser driver. These mentioned advantages predestine TDLAS for sensors
in safety applications or those where real-time and/or in-situ measurement is required.

Note, that no other gas sensing method combines all of these advantages. This together
with the high sensitivity and selectivity makes laser spectroscopic gas sensors unique
and attractive for industrial and medical applications.

1.4. Frame of the work, aim and desired results

The complexity and price of such sensors is still very high for consumer and high-
volume applications, because existing systems are not cost-optimized as there are
only small production quantities. The mentioned advances in semiconductor lasers,
especially recent developments in the field of VCSELs provide new perspectives for
sensor realization at lower cost than currently. Hence, optimization and miniaturization
of the other sensor components is a current research topic. Important developments
are digital implementation of the sensor hardware for complexity and cost reduction.
However an exploration of new possible detection methods has not been done so far.

The question is whether increased performance over traditional TDLAS methods can be
achieved using novel methods. The focus should be on, but is not limited to, methods
which fully exploit the flexibility of digital hardware. For an illustration of the latter
see Fig. 1.5b.

One idea is wavelength modulation spectrometry (WMS) with multi-harmonic detection.
Using digital hardware the constraints which limited the analog WMS realization to
single harmonic detection [20] are no longer present.

An important issue is the performance quantification of designated methods both
experimentally and theoretically. For theoretical comparison adequate metrics have to
be developed and suitable computer simulation models have to be developed.

This will solve – among others – the unanswered question, whether direct spectroscopy
or wavelength modulation spectroscopy is fundamentally better or if it is just limits in
the technical implementation that cause the differences.

The above statements essentially specify the aim of this thesis:

� Development of a computer simulation model of TDLAS sensors, including the
laser (VCSEL).

� Development of new methods to enable high precision sensors with compact
design.

6
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Fig. 1.5: Block diagrams of the digital realization of a traditional TDLAS sensor (left)
and a (yet unknown) method, which fully exploits the flexibility and high
performance of digital hardware (right). (ADC: Analog to digital converter,
DAC: Digital to analog converter, LD: Laser diode, PD: Photodetector, TIA:
Transimpedance amplifier, µC: Microcontroller)

� Development and identification of high performance operating and evaluation
methods. The focus should be on, but is not limited to, methods that make
best possible use digital signal processing equipment with special emphasis on
the wavelength modulation spectroscopy framework. Specific questions are for
example:

– Is there a benefit of detection of multiple harmonics, and how to implement
it?

– Is direct spectrometry fundamentally better in terms of performance than
wavelength modulation spectrometry?

– What parameters influence sensor performance (e.g., spectral region, gas
pressure, etc.)?

� How to realize a fair comparison of methods? What are suitable metrics?

1.5. Approach

Suitable laser models – modeling the low frequency operation regime accurately –
do not exist in literature. This issue is presented in chapter 2: the frequency and
amplitude modulation behavior of the laser is thoroughly analyzed both theoretically
and experimentally (section 2.2 and section 2.3). A combined model for laser emission
wavelength and intensity is finally derived (section 2.4).

A fundamental reduction of the spectral background of multi-mode hollow capillary
fiber based gas cells, would be an important advance in the field of compact gas sensors.
Therefore an analysis of a highly multi-mode fiber using a mode-matching technique is
presented. It confirms that back-scattering from the end of a waveguide can create a
weak pseudo-random interference pattern, even if the waveguide and free space have the
same refractive index (section 3.2.3). Another approach, which was found to solve the

7



1. Introduction and conceptional considerations

fiber background problem, is application of Zeeman spectroscopy to hollow fiber based
gas cells (section 4.3). It combines the fringe insensitivity of Zeeman spectroscopy with
the compactness of hollow fiber based gas sensing.

The wavelength modulation spectrometry method is modeled and analyzed in depth in
section 3.3. It serves as basis for the improved methods in chapter 4.

In literature the signal processing or parameter extraction from spectra is often not
included in the published performance specification for new methods. This problem is
solved by modeling the data extraction by curve-fitting for the first time (section 3.4).
This allowed for development of suitable metrics to assess the performance of the entire
sensor with respect to noise and optical interference (section 5.1.1).

Three promising new methods with experimental demonstration will be presented in
chapter 4. These are multi-harmonic detection, the Zeeman modulation spectrometry
with hollow capillary fibers and laser wavelength stabilization with an in-line reference
cell.

In the last chapter, application of the developed tools and knowledge will provide
design guidelines for future sensor realizations (section 5.2). Many answers to the above
specific questions will be given in section 5.1. An air quality sensor and a CO sensor
based fire detector, which partly implement the obtained design guidelines, will be
presented in section 5.3 and section 5.4 and their practical suitability is tested under
realistic conditions.

8



2. Laser Modeling

Computer simulation of a TDLAS sensor requires appropriate models for all electrical
and optical hardware components of the sensor. For hardware components like amplifiers,
photodetector, the gas sample, optical beamsplitters models exist, which describe the
behavior sufficiently exact for TDLAS sensor applications. The laser diode and gas
cells with highly multipath propagation are exceptions where suitable models do not
exist in the literature.

A suitable laser model has to precisely reproduce the laser amplitude modulation and
frequency modulation behavior in the lower frequency range from DC to a few MHz.
Existing models usually target high-speed communication applications and hence do
not model the relevant thermal effects precisely enough.

So unfortunately, the few models and experimental data that is available from literature
suitable for laser spectroscopic applications are not applicable for the VCSEL case.
Hence, in course of this work experimental characterization of VCSEL behavior with
respect to their low frequency (< 100 MHz) properties has been carried out. Some
expectations from prior model theoretical considerations could be verified, and some
others not and appropriate models have been developed. The purpose of this chapter is
to summarize the experimental findings and the peculiarities of device behavior that
were uncovered by experiment together with theoretical analysis and explanation.

The questions that originally motivated the research in this chapter are the following:

� How is the static and dynamic low frequency (< 100 MHz) behavior of the VCSEL
and how to describe it?

� What is the strength of the plasma effect?

� What is the effect of self-heating to overall VCSEL behavior?

In course of this work, the following subsequent questions turned up.

� What is the origin of the weak process that contributes a few percent to the
tuning with cutoff frequencies in the 10 Hz to 100 Hz range?

� Is it possible to determine the tuning phase-shift from the tuning coefficient
amplitude (i.e., is there a relationship à la Kramers-Kronig)?

� Is there difference between the average cavity temperature and the junction (active
region) temperature?

The chapter is partly based on the following publications

� A. Hangauer, J. Chen, and M.-C. Amann, “Vertical-cavity surface-emitting laser
light-current characteristic at constant internal temperature”, IEEE Photon.
Technol. Lett., vol. 23, no. 18, pp. 1295–1297, Sep. 2011. doi: 10.1109/LPT.2011.

2160389

� A. Hangauer et al., “The frequency modulation response of vertical-cavity surface-
emitting lasers: experiment and theory”, IEEE J. Sel. Topics Quantum Electron.,
vol. 17, pp. 1584–1593, Nov. 2011. doi: 10.1109/JSTQE.2011.2110640
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2. Laser Modeling

� A. Hangauer, J. Chen, and M. C. Amann, “Comparison of plasma-effect in differ-
ent InP-based VCSELs”, in Conference on Lasers and Electro Optics (CLEO),
San Jose, USA, 2010, CMO4

� A. Hangauer et al., “High-speed tuning in vertical-cavity surface-emitting lasers”,
in CLEO Europe - EQEC 2009, Jun. 2009, CB13.5. doi: 10 . 1109 / CLEOE -

EQEC.2009.5193616

� A. Hangauer, J. Chen, and M.-C. Amann, “Square-root law thermal response
in VCSELs: experiment and theoretical model”, in Conference on Lasers and
Electro Optics (CLEO), May 2008, JThA27

2.1. Fundamentals: definitions and basic assumptions

The following assumptions were found sufficient to describe the laser behavior for
spectroscopically suited lasers.

� Time invariant behavior: From experience and long term experiments it is
known that time-variant behavior like laser aging (i.e., slow variation of laser
properties over time) or hysteresis effects (i.e., the behavior depends on previously
applied operation conditions) are negligible on time scales of typical spectroscopic
measurements (seconds to hours). This applies to lasers with stable single-mode
emission over the operation range and lifetimes > 10 a, which is a typical value
for commercial grade laser diodes.

� Constant far-field: Possible variations of the laser far-field emission characteris-
tic are not relevant. Usually imaging optics are used in TDLAS applications, and,
hence light is completely focused on detector. For gas-cells based on non-imaging
components like hollow core fibers [26], integrating spheres [27] or diffuse reflectors
[28] a dominant far-field influence on the overall transmission characteristic has
not been experimentally observed so far.

� Single-mode emission and stable polarization: The light emitted by single-
mode lasers has a pre-determined polarization (from crystallographic direction).
Note that multi-mode lasers, which may show spurious mode-flips (either polariza-
tion mode or transverse mode flip), are not suitable for spectroscopic applications
and, hence, no attempt is made to model behavior of these.

� No optical feedback: The lasers response to optical feedback or light injected
into the cavity is neglected. Laser linewidth or intensity noise is typically unaf-
fected for feedback amplitudes smaller than -25 dB [29]. In sensors the interference
effects from these feedback amplitudes disturb the measurements much stronger.

� No influence from ambient conditions (e.g., convection, humidity or
radioactive radiation): Laser chips for spectroscopic applications are usually
mounted in a sealed housing to protect the laser chip from contamination with
reactive gases (e.g., humidity, NH3, HCl) and to prevent strong convection on the
laser chip surface. If the operation temperature of the laser chip is much higher
than the ambient temperature, convection may have a strong influence on the
laser internal temperature and emission wavelength. The effect of convection can
be neglected for lasers mounted in a sealed housing.

Additionally, gamma ray or radioactive radiation can be neglected under typical
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2.1. Fundamentals: definitions and basic assumptions

ambient operation conditions. This has to be reconsidered for important but
specific applications, e.g., in space, in nuclear power plants or in high-energy
physical experiments. Although VCSELs tend to be quite robust against these
radiation (slightly better than DFBs, due to their smaller active volume), the
aging or laser performance deterioration can be significant with strong gamma
ray or radioactive radiation present [30, 31].

As usual for spectrally single-mode lasers an instantaneous frequency and instantaneous
power is defined. This can be done because all technically relevant laser modulation
frequencies (up to several 10 GHz) are much lower than the optical frequency (λ0 = 1 µm
corresponds to ν0 = 300 THz). The electrical field EL(t) of the single-mode laser is

separated into a slowly varying envelope
√
PL(t) (slow compared to optical frequency

ν0) and the “rest” – described by a varying phase term:

EL(t) =

√
Zw

A

√
PL(t) cos (2πν0t+ φ(t)) , (2.1)

with Zw the wave impedance (unit: W) of the material and A the cross section (unit:
m2) over which the emission power PL(t) (unit: W) is determined. The instantaneous
emission frequency is then given by

ν(t) = ν0 +
1

2π

∂φ(t)

∂t
(in Hz). (2.2)

2.1.1. Static behavior

Under the mentioned basic and general assumptions, the lasers static electro-optical
behavior is completely described by the following variables:

� Injection current I (unit: mA)

� Heat-sink temperature TS (unit: K)

� Emitted light power P (unit: mW)

� Emitted wavelength λ (unit: µm), or emitted frequency ν (unit: Hz)

� Laser voltage U (unit: V)

All variables are connected by generally non-linear relationships. For convenience, the
variables light power, wavelength and voltage are considered as functions of I and TS:

P = P (I, TS), λ = λ(I, TS), U = U(I, TS). (2.3)

When these relationships are known the static laser behavior under all operation
conditions (e.g., constant current, constant voltage or with certain source impedance)
can be obtained.

2.1.2. Dynamic small-signal behavior

In the non-static (i.e., time dependent) case, the system can be described with regard
to its small-signal behavior. The dynamic large signal behavior can not be described
without further assumptions on the origin of the non-linearities in the device. This
is because there is, in contrast to linear systems, no general mathematical model for
dynamic non-linear systems.
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2. Laser Modeling

From experimental results and experience it is known that the single-mode laser behavior
below and above threshold is continuous and smooth so that for small changes of I the
device response is linear.

The behavior of a linear time-invariant system is completely described by its frequency
response (i.e., its response to sinusoidal excitations, see section B.6 for reason). For a
sinusoidal injection current IL(t) around bias point (I, TS) with small amplitude ∆I,
i.e.,

IL(t) = I + ∆I cos (2πft) , TS(t) = const, (2.4)

the following responses for wavelength, power, and voltage are expected:

λL(t) ≈ λ(I, TS) + Re
{

∆λ(I, TS, f) e2πift
}
, (2.5)

PL(t) ≈ P (I, TS) + Re
{

∆P (I, TS, f) e2πift
}
, (2.6)

UL(t) ≈ U(I, TS) + Re
{

∆U(I, TS, f) e2πift
}
. (2.7)

The maximum value of ∆I for the approximation to be valid, depends on the smoothness
of the steady state laser characteristics P (I, TS), λ(I, TS) and U(I, TS). The amplitudes
∆P (I, TS, f), ∆λ(I, TS, f) and ∆U(I, TS, f) are complex and depend on operation point
and modulation frequency f . The magnitude and angle of the complex amplitude
specify the amplitude and phase-shift of the sinusoidal variation:

Re
{

∆Ze2πift
}

= R cos (2πft− φ) , with ∆Z = R e−iφ. (2.8)

This justifies that the magnitude |∆Z(f)| (= R) is also called amplitude response and
the angle ∠∆Z(f) (= φ) is called phase response (with Z ∈ {P,U, λ}).
If these complex frequency responses are known, responses of the laser to small but
arbitrarily shaped current excitation signals (e.g., rectangular, triangular, non-periodic)
can be computed.

Because the amplitudes are proportional to ∆I the ratio is the proper variable to
describe the small-signal behavior. The quantities

ηe,S(I, TS, f) =
e

hν

∆P (I, TS, f)

∆I
, Rd(I, TS, f) =

∆U(I, TS, f)

∆I
, (2.9)

kλ(I, TS, f) =
∆λ(I, TS, f)

∆I
, (2.10)

are called external quantum efficiency at constant heat-sink temperature
(ηe,S), the differential impedance (Rd) and tuning coefficient (kλ). These defini-
tions are more general than in the literature where usually only an averaged value at DC
conditions is specified. Here the definition is also extended to the dynamic case which
causes these quantities to become frequency dependent and complex for f > 0. This
has the advantage that special symbols for the frequency dependency can be avoided.
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2.2. P -I-characteristic at constant internal temperature

These values approach for f = 0 the derivatives of the static characteristics:

ηe,S(I, TS, 0) =
e

hν

∂P (I, TS)

∂I
, Rd(I, TS, 0) =

∂U(I, TS)

∂I
, (2.11)

kλ(I, TS, 0) =
∂λ(I, TS)

∂I
. (2.12)

As a consequence, the values of ηe,S, Rd and kλ must approach 0° or 180° at zero
frequency, which is an important check of measurement data consistency.

The normalized frequency response of the differential quantum efficiency and the tuning
coefficient are called IM response and FM response, respectively:

HIM(I, TS, f) =
ηe,S(I, TS, f)

ηe,S(I, TS, 0)
, HFM(I, TS, f) =

kλ(I, TS, f)

kλ(I, TS, 0)
. (2.13)

2.2. P -I-characteristic at constant internal temperature

It is well known, that self-heating strongly influences the observed behavior of the laser
diode. The bending of the P -I-characteristics including the roll-over and laser turn-off
at high currents is usually attributed to self-heating. It is also the dominant effect that
causes wavelength tuning.

The results of this section have been published in IEEE Photonics Technology Letters
[21] in frame of this thesis.

For laser modeling it is of fundamental importance to quantify the amount of self-heating
and the device behavior without self-heating. The advantage of knowing the (average)
junction temperature Tjcn is that a general model for the static output power P at
injection current I of semiconductor lasers can be stated [32]:

P (I) =
hν

e
ηe(Tjcn) ·

(
I − Ith(Tjcn)

)
, I > Ith, (2.14)

with Ith(Tjcn) the laser threshold current and ηe(Tjcn) the external quantum efficiency1

that to a first approximation only depend on the active region temperature Tjcn. In
addition to Eq. (2.14) the (average) junction temperature can be expressed by

Tjcn = TS +Rthm(UI − P ), (2.15)

with U the laser voltage and TS the laser heat-sink temperature.

In section A.1.4 two continuous-wave measurement methods for the laser P -I-charac-
teristic at constant internal temperature are developed. It is then expected that the
power P (I) curve can be described by the linear Eq. (2.14).

The two methods give approximations to the cavity and junction/active region temper-
ature. The first employs a high speed modulation to keep the junction temperature
during modulation constant and the other uses the emission wavelength as indicator
for the average cavity temperature. The methods are used to correctly quantify the

1Not to confuse with the external quantum efficiency at constant heatsink temperature ηe,S. This
is the slope of the measured P -I-characteristic and approaches ηe at modulation frequencies
above the thermal cut-off and below the region where dynamic effects of the intrinsic laser diode
set in. This fact is exploited by characterization method 2 in section A.1.4
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2. Laser Modeling

temperature dependence of threshold current and differential quantum efficiency without
need for pulsed measurements. Furthermore the effective thermal resistance can be
determined (see Eq. (2.15)).

The determined trajectories of constant internal temperature using both methods are
shown in Fig. 2.1 and the resulting P -I-characteristics are shown in Fig. 2.2.
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Fig. 2.1: Trajectories of constant cavity temperature (i.e., constant wavelength) and
junction temperature in the (I, TS) plane. If ηe is close to dP/dI method 2
becomes inexact, which makes extrapolation to I = 0 more difficult.
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Fig. 2.2: Laser power at constant cavity temperature and junction temperature, corre-
sponding to the trajectories in Fig. 2.1. For comparison some ordinary P -I-
characteristics are also shown (dashed, black).

The absolute internal temperature corresponding to the curves is estimated by extrapo-
lating the trajectories to I = 0, because there Tjcn,cav = TS.

The slope and threshold of the P -I-characteristic is plotted against internal temperature
in Fig. 2.3. Recalling Eq. (2.14), it is apparent that the rise in threshold only contributes
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2.3. Theory and experiment for the FM response
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Fig. 2.3: The threshold current Ith and the slope ηe of the curves in Fig. 2.2a versus
internal temperature Tjcn or Tcav. Extrapolating to about 130 ◦C the laser
turns off (ηe becomes zero).

partly to the nonlinearity of the ordinary P -I-characteristic, because also the slope S
is strongly decreasing with internal temperature. This very nicely explains the fact
that the laser turns off at a specific internal temperature: The turn-off happens at
approximately the temperature where the slope reaches zero and according to Eq. (2.14)
no light is generated. The actual value of 130◦C is obtained by extrapolation in Fig. 2.3.
This effect is also found in GaAs-based VCSELs [33] and in edge-emitting lasers where
the differential quantum efficiency (“slope”) reaches zero at a certain temperature.
This is either due to lower internal efficiency, i.e. less current is flowing through the
active region or increased absorption losses. For the latter free-carrier absorption or
inter-valence band absorption are typically dominant contributions when the carrier
density rises with temperature. Note, that if laser turn-off was caused by the threshold
current Ith(Tjcn) to reach I (see Eq. (2.14)) the laser-turn off would not happen at a
constant internal temperature. Such a behavior is for instance observed for the laser
rollover (cf. Fig. 2.1) which happens at different internal temperatures.

Fitting the empirical model

ηe(Tcav/jcn) = ηe(0)(1 + αTcav/jcn), (2.16)

α = −0.0074 K−1 (Method 1) and α = −0.0070 K−1 (Method 2) is obtained with
deviation less than 12 %. The deviation is attributed to Tcav 6= Tjcn, which is indicated
by the different curvature of the characteristics for Tcav = const and Tjcn = const. For
currents around Ith or around 12 mA Tcav ≈ Tjcn, while around 5-7 mA Tjcn ≈ Tcav+5 K
can be estimated from superimposing Fig. 2.2a and Fig. 2.2b.

The experimental finding of a linear and exponentially quadratic dependence of the
quantum efficiency and threshold, respectively (cf. Fig. 2.3), motivated the development
of a simplified thermal laser model which will be presented in section 2.4.

2.3. Theory and experiment for the FM response

The laser tuning behavior is predominantly defined by thermal effects. Hence, analysis
of the FM response (i.e., the dynamics of the current to wavelength tuning behavior)
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2. Laser Modeling

will reveal important information on the dynamics of the lasers internal temperature
variation (or dynamics of self-heating). Furthermore, the analysis will give information
about the contribution of the non-thermal plasma effect to the overall tuning behavior.
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Fig. 2.4: Comparison of models (thermal and plasma effect contributions) known from
the literature and the experimental FM response data for the 2.3 µm VCSEL
(red). The frequently used first order lowpass model (green) is very inaccurate.
Significant improvement is achieved by the Chen model (blue), which is
extended in this work (black) to correctly reproduce the phase-shift.

Besides presentation of measurements, a major part in this section is the extension of
the thermal model by Chen et al. [34] to include a heat source with non-zero thickness.
It turned out that this is necessary to correctly reproduce the experimentally observed
tuning phase-shift (see Fig. 2.4).

2.3.1. The FM response and its characteristic components

In Fig. 2.5 measurement data for a 2.3 µm VCSEL [35, 36] is shown. At frequencies
of several MHz a constant tuning coefficient is observed and a phase-shift of −180◦

is approached. Between the cutoff starting at ∼ 10 kHz and this constant region a
behavior 1/fn with n around 0.5 is observed in the magnitude response (visible as
slope -1/2 in the log-log plot). At low frequencies (see the insets in Fig. 2.5) a small but
characteristic dip in the phase-shift and a small step in the tuning coefficient response
is found. It is a small effect but was found to be present in all examined VCSELs in
this work. A model for the FM response for VCSELs that accounts for these three
effects (summarized in Tab. 2.1) is developed in the next section.

2.3.2. Analysis and physical model of the FM response

From the measurement it can be concluded that the frequency dependent tuning
coefficient kλ(f) is a superposition of three contributions:

kλ(f) = kthmHthm(f) + kplHpl(f) + kchipHchip(f), (2.17)
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Fig. 2.5: The amplitude (a) and phase (b) of the tuning coefficient for a 2.3 µm VCSEL
(circles). The individual additive contributions from the intrinsic thermal
tuning Hthm (black), interaction between laser chip and submount Hchip (blue)
and plasma effect Hpl (green) in the laser are shown as solid lines.

Effect Observation Symb. Section

Intrinsic ther-
mal

Amplitude behavior is f−n (n ≈ 0.5) between
cutoff and constant region

Hthm 2.3.2.i

Plasma Amplitude constant at > 1−5 MHz, phase reaches
−180◦

Hpl 2.3.2.ii

Chip-sub-
mount

Additional step in amplitude and peak in phase
response around 100 Hz

Hchip 2.3.2.iii

Tab. 2.1: Overview of the characteristic components observed in VCSEL FM responses
(see Fig. 2.5 for a graphical representation).

with coefficients kthm, kpl and kchip modeling contributions from the intrinsic thermal
tuning, the plasma effect and the interaction between laser chip and the submount. The
normalized functions Hthm(0) = Hpl(0) = Hchip(0) = 1 model the respective frequency
dependency. For all examined VCSELs typical values are in the range kthm ≈ kλ(0),
kpl ≈ −0.02 . . .− 0.1kλ(0) and kchip ≈ 0.03kλ(0). The 3 dB frequencies for Hthm are in
the several kHz to 100 kHz range, for Hpl in the 1 GHz to 20 GHz range and for Hchip

around 5 Hz to 100 Hz.

i. Intrinsic thermal tuning

The current tuning behavior is dominantly a thermal effect at low frequencies. It
is caused by the temperature dependence of the effective optical length (geometric
length times refractive index) of the cavity resulting in an increasing wavelength with
temperature. The dominant contribution comes from the refractive index increase with
temperature. The thermal expansion of the cavity only contributes approximately 10 %
of the overall thermal wavelength tuning [37, section 3.2.3].

The first order low-pass model is unsuited for the intrinsic thermal model because it
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2. Laser Modeling

does not reproduce the slope of n ≈ 0.5 above the thermal cutoff (cf. Fig. 2.4). The
analytic VCSEL FM response model by Chen et al. [34] is better suited because it
reaches an asymptotic slope of -1/2 (1/

√
if , “square root behavior”). However, its

phase-shift only reaches −45◦ which does not allow for the combined model (thermal
and plasma effect) to reach the high phase-shift that is practically observed. The model
[34] is based on the assumption of an infinitely thin heat source and mode distribution.
In section B.6.3 it is explained that if a plane or line heat source has a nonzero thickness
h, a transition from square root behavior (1/

√
if) to 1/(if) behavior will occur at a

frequency given by approximately κ/(πh2) with κ being the thermal diffusivity. It is
clear that in a real device the heat source has some thickness even if it is expected to
be very thin in VCSELs. Then the modeled FM response can both reproduce the slope
of −1/2 after the cutoff and an asymptotic slope of −1 with a −90◦ phase-shift. The
“transition frequency” from slope −1/2 to slope −1 is adjusted by the thickness of the
heat source and light mode.

The refined model is based on the following approximations:

� The material inside the laser is homogeneous but non-isotropic, i.e. has different
thermal conductivities in r and z direction.

� The substrate, located at distance D below the active region, is kept at constant
temperature:

T (x, y,−D) = 0. (2.18)

� The heat is generated in the active region with radius RQ and is radially Gaussian
distributed. The heat source has a thickness of ZQ with also Gaussian distribution
in longitudinal direction. Hence the distribution Q(x, y, z) is given by

Q(x, y, z) =
1

(2π)3/2R2
QZQ

e
− x2

2R2
Q

− y2

2R2
Q

− z2

2Z2
Q . (2.19)

� The wavelength is determined by the average temperature in the laser (average
with respect to mode distribution). The light mode M(x, y, z) is laterally and
longitudinally Gaussian distributed with radius RM and thickness ZM :

M(x, y, z) =
1

(2π)3/2R2
MZM

e
− x2

2R2
M

− y2

2R2
M

− z2

2Z2
M . (2.20)

The laser model including the approximations are illustrated in Fig. 2.6. The Chen et al.
model [34] is then contained as a special case with ZM = ZQ → 0. In appendix A.1.5
it is shown that only the combined radii or thicknesses of heat source of light mode
are relevant. The impulse response of the intrinsic thermal tuning behavior hthm(t) is
proportional to the evolution of the average temperature over time in response to a
temporal heat pulse of unit strength (appendix A.1.5):

hthm(t) ∝
1√

t+ 1
2πfZ

(
t+ 1

2πfR

) (1− exp

(
− 1/(2πfD)

t+ 1
2πfz

))
, (2.21)
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Fig. 2.6: Schematic of the laser model (left) and the internal heat source Q and mode
distribution M (right). Both Q and M are assumed to be Gaussian with radii
(RQ, RM ) and thicknesses (ZQ, ZM ). The distance of the active region (at
the coordinate origin) to the substrate (assumed as an ideal heat-sink) is D.

with characteristic frequencies that directly relate to distances in the laser

fR =
ηRκbulk

π(R2
Q +R2

M )
, fZ =

ηZκbulk

π(Z2
Q + Z2

M )
, fD =

ηDκbulk

2πD2
, (2.22)

were ηRκbulk, ηZκbulk, ηDκbulk are the relevant thermal diffusivities of the active region
material in lateral direction, longitudinal direction and the “effective” diffusivity of the
material between active region and heat sink, respectively. Since such an “effective” or
average diffusivity is difficult, if not impossible, to obtain a priori, the η values are used
as fit parameters. The bulk diffusivity κbulk depends on the laser material system and
is given by 0.31 cm2/s for GaAs, 0.372 cm2/s for InP and 0.23 cm2/s for GaSb. The η
values are typically much smaller than one because of several effects:

� For the ternary or quaternary material the laser contains, the thermal conductivity
(and so the diffusivity) can drop by one to two orders of magnitude compared to
the bulk value (binary material).

� In layered structures such as an DBR the multitude of interfaces can cause the
diffusivity in growth direction to drop to about 30 % of the bulk value [38].

� Uncertainties in the width or height of the mode or heat source distribution.

The FM response is given as the Fourier transform of Eq. (2.21):

Hthm(f) ∝
∫ ∞

0

1− exp

(
− 1/(2πfD)

t+ 1
2πfz

)
√
t+ 1

2πfZ

(
t+ 1

2πfR

) e−2πiftdt. (2.23)

Note that the proportionality constant is chosen so that Hthm(0) = 1. Note that a
closed form expression for Eq. (2.23) only exists in the case fZ →∞ (i.e., mode and heat

source are infinitely thin: ZQ = ZM → 0) [34, Eq. 8 with f0 = fR and d =
√
fR/fD].

Efficient numerical evaluation of Eq. (2.23), where the desired frequency points are
distributed over several orders of magnitude, is explained in section B.3.
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ii. Plasma effect

The plasma effect is the dominant effect that causes a dependency of the refractive index
on the carrier density in lasers [39, section 4.5]. Since the carrier density in the active
region is very high, even a small relative modulation of the carrier density will also
cause a laser wavelength modulation. Compared to thermal tuning the tuning by the
plasma effect is broad band with cutoff frequencies in the GHz range and acts inversely
to thermal tuning (phase −180◦). The tuning coefficient contribution caused by the
plasma effect is described by the laser rate equations. The linearized rate equations can
be solved if a spatially homogeneous laser model is assumed. According to Ref. [40,
section 5.2] one obtains

kpl =
αH

4πe

∂G

∂S
, Hpl(f) =

1 + if/fg

1 + if/fd − f2/f2
r

, (2.24)

with αH the linewidth enhancement factor [41], ∂G/∂S the dependency of the normalized
gain on photon number S. It models the gain dependency on light intensity, which can
be caused by several physical effects [42]. The characteristic frequencies fr (relaxation
frequency), fd (damping frequency) and fg typically lie in the GHz range [40]. For
frequencies f < 100 MHz, Hpl is essentially flat so in this work Hpl ≡ 1 is assumed
(Fig. 2.5, green curve). Note, that spatial effects like spatial hole burning in VCSELs
may cause a low-frequency roll-off that is not described by Eq. (2.24) [43, 44].

iii. Laser chip-submount interaction

The additional small contribution at low frequencies is due to interaction of the laser
chip and the submount. This is presented and modeled in this work for the first
time. All investigated lasers were packaged in a commercial TO5 housing including a
thermo-electric cooler. In this set-up the laser chip was placed on an insulating Al2O3
submount which is the reason for the observed effect.

From measured data it is evident that a small process is present that accounts to 2 %
to 4 % of the overall thermal tuning and has cutoff frequencies in the 10 Hz to 100 Hz
range (see also Fig. 2.9). This explains the additional weak step in the tuning coefficient
amplitude in Fig. 2.5a and the small peak in the tuning phase-shift in Fig. 2.5b (at
f < 200 Hz). With FEM (finite element method) computer simulations that include the
laser chip and the submount it was possible to reproduce this effect. Simulations without
the submount, where the laser chip is placed on a constant temperature body did not
show this effect. It can be explained as follows: when the laser current is modulated
also the dissipated electric power is modulated. The heat is essentially removed through
the submount and so also small temperature variations on the heat-sink of laser chip are
created. This together with the heat capacity of the submount and the laser chip has a
cutoff frequency in the 10 Hz to 100 Hz range. Although the exact physical description
of this effect would include many parameters, it is modeled by a simple first order
low-pass model with a single time constant (or cutoff frequency fchip), i.e.,

Hchip(f) =
1

1 + if/fchip
, (2.25)

because it is a weak effect and high accuracy modeling is not required.
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2.3. Theory and experiment for the FM response

2.3.3. Impossibility of reconstruction of the FM phase from FM
amplitude

It is well known that real and imaginary part of the frequency response of a causal filter
are the Hilbert transform of each other. Practically, all physical systems are causal
and thus fully described by the imaginary or real part of the frequency response only,
and a measurement of either will be sufficient for full characterization. However, one
may also ask if a similar relationship holds for the amplitude and phase-shift of the
frequency response. This is possible if the system additionally to causality fulfills the
minimum phase condition. Then the Kramers-Kronig relations hold for amplitude and
phase. According to systems theory of time discrete systems the system

logHFM(f) = logA(f) + iφ(f) (2.26)

is causal if and only if HFM(f) = A(f)eiφ(f) is a causal and minimum phase system
[45]. Thus the log amplitude response logA(f) and φ(f) are a Hilbert transform pair:

φ(f) = −
1

π
PV

∫ ∞
−∞

logA(ν)

f − ν
dν. (2.27)

For proper convergence it is essential to use the Cauchy principle value integral and to
integrate also over the negative part of the spectrum. Since logA(f) is symmetric for
real valued systems, Eq. (2.27) is equivalent to the Kramers-Kronig relation:

φ(f) = −
2f

π
PV

∫ ∞
0

logA(ν)

f2 − ν2
dν. (2.28)

From Eq. (2.27) it follows that a minimum phase system with asymptotic slopes of 0,
−1/2, and −1 in a log-log plot of A(f) has asymptotic phase-shifts of 0◦, −45◦, and
−90◦, respectively. A slope of −n is A(f)→ 1/fn behavior for f →∞.
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Fig. 2.7: The measured tuning coefficient (circles, top) and tuning phase-shift (circles,
bottom) for an InP-based 2.3 µm VCSEL and the minimum phase recon-
struction from amplitude using the Hilbert transform Eq. (2.27) (solid line,
bottom). At frequencies f > 100 kHz, deviations are due to the plasma effect,
which destroys the minimum phase property of the tuning behavior.
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2. Laser Modeling

The minimum phase reconstruction for the measurement of the 2.3µm VCSEL was
computed using the method described in section B.3 and is shown in Fig. 2.7. An
excellent agreement between measured phase and reconstructed phase at low frequen-
cies is observed, which indicates that the thermal tuning component alone (which
is dominating at low frequencies) is a minimum phase system. Deviations start at
f > 100 kHz and show that the presence of the plasma effect (which dominates at
high frequencies) causes the laser tuning behavior to be a non-minimum phase system.
In a minimum-phase system the observed constant tuning coefficient at several MHz
should cause an associated 0◦ phase-shift, which is in different from the observed −180◦

phase-shift. This can also be seen in Fig. 2.5b where the phase-shift of the intrinsic
thermal component Hthm starts to deviate at around 100 kHz from the measurement.
Remarkably, the influence of the plasma effect is stronger in the FM phase-shift because
there deviations are more pronounced than in the amplitude response. The fact that the
laser tuning behavior is no minimum phase system shows that both tuning phase-shift
and amplitude measurements are required for proper device characterization and correct
prediction of the wavelength response for arbitrary current modulation waveforms. For
the other investigated VCSELs a similar behavior is obtained: the plasma-effect starts
to influence the FM phase-shift at around 100 kHz.

2.3.4. Measurement and fit results

All measured devices are single-mode and continuous-wave laser devices, which were
placed on a ceramic submount on top of a thermoelectric cooler (TEC) for temperature
stabilization. Operation temperature was slightly above room temperature. An overview
of the devices and their characteristic parameters is given in Tab. 2.2. The measurements

Data Laser 1 Laser 2 Laser 3 Laser 4

Wavelength 763 nm 1854 nm 2365 nm 2330 nm
Substrate GaAs InP InP GaSb
Top DBR Epitaxial Epitaxial Epitaxial Dielectric
Bottom DBR Epitaxial Dielectric Dielectric Epitaxial
Aperture Lateral Oxi-

dation
Buried Tun-
nel Junction

Buried Tun-
nel Junction

Buried Tun-
nel Junction

Heat-sink GaAs Sub-
strate

Gold Gold GaSb Sub-
strate

Reference [46] [47] [35, 36] [18, 48]
RQ (= RM/0.6) 1 1.5 µm4 2.5µm4 3.25µm4 2.5µm4

D ≈ 4µm2 ≈ 2.4 µm2 2.58µm2 8.18µm2

ZQ, ZM 1.5 µm3,4 0.42µm3,4 0.68µm3,4 0.68µm3,4

1 Current aperture radius. Light mode radius assumed to be 60 % of aperture.
2 Thickness of the bottom mirror and layers between mirror and active region.
3 Penetration depth of the light mode into one mirror plus the thicknesses of

additional layers between the mirror and the active region.
4 Entries multiplied by

√
2 log 2 ≈ 1.18 for conversion of a “standard deviation”

to a “HWHM (half-width as half-maximum)”.

Tab. 2.2: Investigated VCSELs and their characteristic parameters
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2.3. Theory and experiment for the FM response

including the least squares curve fit to the model Eq. (2.17) are shown in Fig. 2.8
with a zoom for low frequencies shown in Fig. 2.9. At the lower end of the frequency
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Fig. 2.8: The absolute value (a) and phase (b) of the tuning coefficient kλ(f) versus
frequency for measurement (markers) and fit to theoretical model Eq. (2.17)
with Eq. (2.23) (solid lines).
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Fig. 2.9: Zoom of Fig. 2.8 at low frequencies, showing the absolute value (a) and
phase (b) of the tuning coefficient kλ(f) versus frequency for measurement
(markers) and fit to theoretical model (solid lines). The difference between
model behavior without Hchip (dashed lines) and measurement indicates the
effect of the laser submount interaction.

scale (Fig. 2.9), the effect due to the interaction between submount and laser chip is
clearly visible. This effect is present in all investigated VCSELs but with different cutoff
frequencies in the range of 5 Hz (GaSb-based VCSEL) to 100 Hz (GaAs-based VCSEL)
and different relative strength to the overall tuning coefficient, which is attributed
to the different sizes and thicknesses of the VCSEL chips mounted on the submount.
The determined model parameters are summarized in Tab. 2.3. The η values give the
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2. Laser Modeling

Description Intrinsic thermal Submount Plasma

kλ(0)
(GHz/mA)

kthm
(GHz/mA)

ηR
(fR
(kHz))

ηZ
(fZ
(kHz))

ηD
(fD
(kHz))

kchip
(GHz/mA)

fchip
(Hz)

kpl
(GHz/mA)

GaAs
763 nm

287.6 289.9
(100.8%)

0.169
(755.6)

0.248
(752.6)

0.0492
(15.17)

9.2
(3.2%)

99.4 -11.5
(-4.0%)

InP
1854 nm

50.0 55.0
(109.9%)

0.021
(41.1)

0.008
(373.1)

0.1682
(172.9)

1.3
(2.7%)

28.0 -6.3
(-12.5%)

InP
2365 nm

58.4 57.9
(99.0%)

0.034
(38.5)

0.133
(2357)

0.0004
(0.38)

2.2
(3.8%)

38.5 -1.6
(-2.8%)

GaSb
2330 nm

49.6 49.8
(100.5%)

0.220
(262.6)

0.390
(4279)

0.0192
(1.05)

1.9
(3.8%)

13.8 -2.1
(-4.3%)

Tab. 2.3: Best fit model parameters for the theoretical model curves shown in Fig. 2.8
and Fig. 2.9.

normalized “effective” thermal diffusivity in the laser to reproduce the measurements
together with the parameters given in Tab. 2.2. Low ηR values are caused by a low
thermal diffusivity in radial direction in the active region or a larger heat source or
mode diameter than assumed. Low ηZ values are caused by a low thermal diffusivity
in longitudinal direction in the active region or a larger lateral heat source or mode
extension than assumed. Finally, low ηD values indicate a low thermal diffusivity
between the active region and the heat-sink or a larger effective distance to the heat-
sink than assumed. Note that in the latter case this is not influenced by the chip
mounting technology, because the η-parameters only describe the intrinsic thermal
tuning. A high thermal resistance due to mounting would be described by the kchip

parameter. For the examined VCSEL the mounting only contributes 2− 4 % of the
overall thermal resistance.

For time domain computer simulation programs a zero / pole form of the frequency
response is required, whereas the zeros and poles can not be related directly to physical
parameters. In the next section 2.3.5 it is shown that the poles must lie on the negative
real line and the zeros that best fit the measurement also lie on the negative real line.
This proves that the “N time constants” model, which is frequently used in literature
for empirical description of the FM response, is also suited for simulation of VCSELs.

2.3.5. Empirical FM response model (ODE based)

For a pure computer simulation of a system containing a tunable laser the FM response
must be present in a rational form2. A rational frequency response always corresponds
to a system that is described with ordinary differential equation in the time domain.
The first order lowpass (one “time constant”) or the “N time constants” model are of
such a rational form. Time domain simulation programs like “SPICE” or “Simulink”
require models to be rational. In such a model, however, the obtained parameters (zeros
and poles) can not be related to real physical quantities inside the laser device. For
pure mathematical description of measured data, e.g. for computer simulation of a laser

2this means that the frequency response it is a quotient of two polynomials with real coefficients in
the variable s = 2πif
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2.3. Theory and experiment for the FM response

system, this approach can be powerful, since with a certain number of time constants
arbitrary FM responses can be fitted.

For thermal modeling, all poles pi have to lie on the negative real line. They have to
be real, because a thermal defined system does not describe oscillations at an impulse
excitation. A negative real part is required for the system to be stable. The zeros also
must have negative real part to describe a minimum phase system. Since the heat
equation only contains the first order time derivative an asymptotic slope between 0 and
−1 or |Hthm(f)| → 1/f for high frequencies is expected. The only meaningful selection
for the numerator degree is thus one minus the denominator degree (asymptotic 1/(if)
behavior). Hence the following model is used:

Hthm(f) =

∏N−1
i=1 (1− 2πif/zi)∏N
i=1(1 + if/fi)

. (2.29)

The poles are pi = −2πfi and zi the (possibly complex) zeros. If a zero is complex
then the conjugate complex zero must be a zero as well, so that using complex zeros
does not increase the degrees of freedom of the model (which is 2N − 1). Note that
also multiple zeros or poles can be present (i.e., zeros/poles of higher order).

In the case of single poles and real zeros the model Eq. (2.29) can be simplified to the
“N time constants” model [49, 50]:

Hthm(f) =
N∑
i=1

ai
1

1 + if/fi
, (2.30)

with positive values ai and distinct characteristic frequencies fi. For ai > 0 this even
always describes a minimum phase system with real zeros. For ai < 0 this is not
necessarily the case, but also complex zeros can be described. Note that Eq. (2.30)
is not a fully general model such as Eq. (2.29), since it can not describe multiple
poles. This is even so when some fi are chosen to be equal. It can easily be seen
when the partial fraction decomposition of Eq. (2.29) is computed: in case of multiple
poles also terms 1

(1+if/fi)
ri with ri > 1 would have to be present in Eq. (2.30). For

the measurement data of the VCSELs studied in this work, the best fit with model
Eq. (2.29) did not produce complex zeros or poles with multiplicity greater than one.
This empirically proves that for the specific measurement data the “N time constant”
model Eq. (2.30) is indeed suitable. The necessary order was between N = 3 or N = 4.
It turned out, that the necessary order can be estimated from the fit itself. If N is
chosen to be “too large” in the beginning, then the fit will produce a zero and a pole
that are lying very close by. So their contribution in Eq. (2.29) will nearly cancel out
which indicates that N can be chosen lower. The fitted zeros and poles are listed in
Tab. 2.4 and the experiment with fit shown in Fig. 2.10.

2.3.6. Summary

The FM response (amplitude and phase) for different VCSELs is found to consist of
three components (intrinsic thermal tuning, plasma effect and thermal tuning by laser
chip-submount interaction). A physical model for the FM response is developed which
shows good agreement with measurement.

The plasma effect has a significant impact to the FM response (especially the phase-
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2. Laser Modeling

Description Intrinsic thermal Submount Pl. eff.

k(0)
(GHz/mA)

kthm
(GHz/mA)

fi
(kHz)

−zi/(2π)
(kHz)

kchip
(GHz/mA)

fchip
(Hz)

kpl
(GHz/mA)

GaAs
763 nm

287.7 288.5
(100.3%)

15.86, 127.4,
856.3

18.27, 239.2 9.4
(3.3%) 103.3

-10.2
(3.6%)

InP
1854 nm

50.0 54.9
(109.9%)

22.47, 91.58,
377.7

25.54, 169.8 1.3
(2.6%)

31.5 -6.2
(12.5%)

InP
2365 nm

58.4 56.5
(96.6%)

1.85, 13.64,
107.4, 648.6

2.39, 25.36,
308.1

3.5
(6.0%)

57.5 -1.5
(2.6%)

GaSb
2330 nm

49.7 49.4
(99.2%)

0.80, 22.98,
202.0, 1077

0.83, 35.41,
449.3

1.8
(3.6%)

11.0 -1.4
(2.9%)

Tab. 2.4: The fitted poles and zeros for empirical model Eq. (2.29).
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Fig. 2.10: The absolute value (a) and phase (b) of the tuning coefficient kλ(f) ver-
sus frequency for measurement (markers) and fit with the rational model
Eq. (2.29) and parameters given in Tab. 2.4 (solid lines).

shift) starting at frequencies as low as 100 kHz. A consequence is that the laser FM
tuning behavior can not be modeled as a minimum phase system, i.e., the FM phase
response can not be computed via Hilbert transform/Kramers-Kronig methods from
only the FM amplitude response. An exception from this is if only the response at
frequencies � 100 kHz is of interest. For proper prediction of the wavelength response
over a broader frequency range characterization of both the amplitude and phase-shift
are essential.

A third result is that the high resolution FM phase-shift measurements reveal an
unexpected peaking of the FM phase-shift at low frequencies. This is explained with
interaction between the submount and the laser chip. This creates an additional low
intensity tuning effect at low frequencies which contributes another 2 % to 4 % of the
overall tuning coefficient.

Fourth, the intrinsic thermal tuning is modeled by a physical laser model with Gaussian
shaped mode and heat source distribution. It reproduces both the slope of -1/2 in
the transition region between cutoff and the start of the plasma effect in the tuning
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2.4. Combined thermal VCSEL model for emitted power and wavelength

coefficient amplitude as well as the high phase-shift of −90◦ for the thermal component.
This is achieved by assuming the heat source and mode distribution with a certain
thickness. This improved model allows for a good fit of measured spectra with a low
number of parameters.

2.4. Combined thermal VCSEL model for emitted power and
wavelength

Using the results of the previous sections now a simplified thermal VCSEL model is
developed and fitted to measured data. The model is based on the following assumptions:

� The behavior of the intrinsic laser diode, without self-heating, is assumed to be
frequency independent up to 10 MHz.

� The threshold current and external quantum efficiency only depend on the average
junction temperature (this implies the laser behavior can be described by an
average temperature).

� The contribution of the electronic tuning is negligible at DC conditions.

� The average cavity and junction temperature are assumed to be the same (If there
are differences these are likely to be smaller than 5 K, as shown in section 2.2).

� The intrinsic thermal (normalized) FM response is independent on laser bias and
temperature.

2.4.1. Developed model for static operation

Implementing the above assumptions and using the knowledge obtained in previous
sections, the following model is derived. The equations for static behavior are:

P (I, TS) =
hν

e
ηe(Tjcn)(I − Ith(Tjcn)), I > Ith, zero otherwise (2.31)

λ(I, TS) = l1 + l2Tjcn, (2.32)

Pdiss(I, TS) = U(I, TS)I − P (I, TS), (2.33)

Tjcn = TS +Rthm(Tjcn)Pdiss(I, TS), (2.34)

ηe(Tjcn) = e1 − e2Tjcn, (2.35)

Ith(Tjcn) = exp
(
i1 + i2Tjcn + i3T

2
jcn

)
, (2.36)

Rthm(Tjcn) =
1

2
(r1 + r2Tjcn)× 1.471

K cm

W

(
Tjcn + 273.15

296

)1.477

. (2.37)

The ei, li, ii and ri parameters are free parameters to be determined through the
curve-fit.
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2. Laser Modeling

i. Rationale for P (I, TS)

The behavior of the laser output power can be understood to a substantial level,
without knowing much details about laser internals3. In the ideal case one recombining
electron generates exactly one photon. Practically, this ideal case is not achieved
because of losses. These can be grouped into optical losses (i.e., the photon is absorbed
after creation but before it is emitted from the cavity) and electrical losses (i.e., the
recombining electron did not generate a photon). Note, that in literature it is often
assumed that ηe represents optical losses and Ith electrical losses. This originates from
the formulas derived by a simplified laser model, which assumes a linear dependence of
gain on carrier density, constant internal temperature and no spatial dependence of all
internal laser variables. It should also be noted, that both loss mechanisms can not
be distinguished by observation of the external variables I and P (i.e., the “missing”
number of photons). For the phenomenological model here, ηe < 1 just quantifies losses
proportional to current and Ith > 0 current independent losses. A separation into
electrical losses and optical losses can not be made. A linear dependency of threshold
current on injection current could not be distinguished from a lower value of ηe.

ii. Rationale for ηe and Ith

The choice for the two functions Eq. (2.35) and Eq. (2.36) for ηe and Ith is taken from
the experimental observation in Fig. 2.3. They are assumed to be only dependent on
internal temperature Tjcn. A current dependence of ηe or Ith would correspond to
curved P -I-characteristics at constant Tjcn, which has not been observed in experiment
(cf. Fig. 2.2).

iii. Rationale for Rthm

The ansatz function for the thermal resistance Rthm was chosen in analogy to the
known formula for the heat resistance of a structure with a disk heat source (which
was previously shown to give good results when modeling VCSELs [51, chapter 3]):

Rthm,disc =
1

2λthmDdisc
, (2.38)

with λthm the material thermal conductivity and Ddisc the diameter of the heat source.
Note, that Eq. (2.37) contains the temperature dependent thermal resistivity of InP and
a linear function to model other effects. This can be a varying heat source diameter,
deviations between the actual thermal conductivity and the assumed one, or deviations
between the actual device behavior and the idealized disc heat source model. The
model assumption Eq. (2.37) is only justified by its success in the application: During
fitting of measurement data with different models, an additional current dependency
or additional second order temperature dependency did not improve results. The only
significant improvement was observed when changing the Eq. (2.37) from constant (i.e.,
r2 = 0) to linear (i.e., r2 6= 0) behavior.

3Here only conventional non-cascaded interband lasers are considered. For interband cascase or
quantum cascade lasers the behavior is different – due to multiple electron use.
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2.4. Combined thermal VCSEL model for emitted power and wavelength

2.4.2. Developed model for dynamic operation

For the dynamic (sinusoidal) small-signal operation the equations were chosen as follows:
(for clarity the Tjcn dependence of ηe, Ith and Rthm is omitted. Derivatives with respect
to Tjcn are denoted with a dash ’):

∆P (I, TS, f)

∆I
=
hν

e

(
ηe +

(
η′e(I − Ith)− ηeI′th

) ∆Tjcn(I, TS, f)

∆I

)
, I > Ith

(2.39)

∆λ(I, TS, f)

∆I
= l1

∆Tjcn(I, TS, f)

∆I
, (2.40)

∆Tjcn(I, TS, f)

∆I
=

RthmHthm(f)

1−R′thmPdiss(I, TS)

∆Pdiss(I, TS, f)

∆I
, (2.41)

∆Pdiss(I, TS, f)

∆I
= U(I, TS) +

∆U(I, TS, f)

∆I
I. (2.42)

These equations – except for the equation for ∆Tjcn/∆I – directly follow from the static
equations, when the derivative with respect to I is formed and the terms ∂Tjcn/∂I
are replaced by ∆Tjcn/∆I. This is equivalent to the assumption of an instantaneous
response of the intrinsic laser diode.

For derivation of the expression Eq. (2.41) for ∆Tjcn/∆I the Eq. (2.34) is derived
by I and solved for ∂Tjcn/∂I. This then would correspond to the static temperature
variation when no dynamic effects are present. To model dynamic effects, ∆Tjcn is
assumed to be ∂Tjcn multiplied by the FM response of the intrinsic thermal tuning
Hthm(f) from section 2.3.2.

2.4.3. Fitting procedure and curve-fit results

The model describes the static and dynamic small-signal measurement data of emission
power P , ∆P/∆I and emission wavelength λ, ∆λ/∆I. The laser voltage is not modeled,
but measurement data for U and the impedance ∆U/∆I are needed.

Unfortunately, the model is in an implicit form, because the equations have to be solved
for Tjcn due to the physical and recursive definition of Rthm (see Eq. (2.37)). Hence,
during each iteration of the curve-fit (which varies the ei, li, ii and ri coefficients) the
equations have to be numerically solved for Tjcn for each data point.

i. Weighting of data groups

Since different types of data with different magnitude and sample size are fitted
simultaneously, weighting has to be applied. Each data group is weighted with

Fgroup

NgroupPkgroup
(2.43)

with Ngroup the number of samples in the data group, Pkgroup the peak to peak
variation of the data in the group and Fgroup an empirically chosen weight to obtain a
good fit. If Fgroup would be 1 for all groups a fair weighting is implemented, considering
all data groups as equally important regardless on data magnitude and sample size.
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2. Laser Modeling

Due to difficulties of fitting non-smooth data (i.e., laser power around the threshold)
the experimental threshold current values were additionally added as data to the fit.
For the i-th measured P -I-characteristic at heatsink temperature TS,i a laser threshold
current Ith,i is obtained. At these values the threshold current is known and is added
as an additional data group for fitting, which significantly improved the fit quality.

ii. Measurement data

The same InP-based BTJ-VCSEL as in section 2.2 at 1.4 µm wavelength and 4µm BTJ
diameter is utilized for verification of the model.

Measurement data of P and U was recorded in 5 K steps from approximately 10 ◦C
to 80 ◦C, at different frequency points and 401 current values from 0 mA to 13.5 mA.
The data was recorded sequentially with repeated current sweeps while increasing
frequency and finally variation of temperature. The measurement setup is described in
appendix A.1. The DC data for U and P was measured simultaneously with the AC
data. The modulation amplitude was varying with operating point (due to changes
in laser impedance) but always below 15µA. The laser was focused on the detector
and the optical setup was purged with nitrogen to remove (or at least to suppress as
much as possible) distortions by H2O absorption lines. The optical light power was
determined by dividing the photocurrent by the detector responsivity.

Measurement of wavelength was done in a separate measurement by identifying H2O
absorption lines in the P -I-characteristics from ambient air and comparing these with
known tabulated HITRAN data [19]. In a third measurement the absolute value of the
tuning coefficient was measured using an Michelson interferometer with an optical path
length difference of 1.03 m. Heatsink temperature was varied from 10 ◦C to 80 ◦C in
10 K steps and laser current with 11 points between 2 mA to 11 mA. Fringe counting
of the detector signal was used for determination of the absolute optical frequency
variation (see section A.1.1). The modulation amplitude was chosen depending on the
operating point and kept below 0.5 mA.

iii. Fit results

To minimize the complexity of the fit, only the static measurement data and dynamic
measurement data at 1 kHz and f = 10 MHz are fitted with the model. Therefore, the
FM response is assumed to be

� Hthm(1 kHz) = 1, and,

� Hthm(10 MHz) = 0.

The individual weights for the data groups are shown in Tab. 2.5.

Data group P ∆P/∆I(1 kHz) ∆P/∆I(10 MHz) λ ∆λ/∆I(1 kHz) Ith

Weight Fgroup 10 1 1 3 5 5000

Tab. 2.5: The fit weights for different groups of data; empirically chosen according to
the desired accuracy for reproduction of the specific data.
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2.4. Combined thermal VCSEL model for emitted power and wavelength

The fitted parameters are listed in Tab. 2.6 and the corresponding internal laser
parameters are shown in Fig. 2.11. The high weight for threshold was chosen due to
problems of the fit to correctly reproduce the laser threshold current with low weight.
Likewise, the wavelength and power parameters were given a higher priority over the
AC intensity data (∆P/∆I). This is the reason why the wavelength data fits better to
the model than the other data (cf. Fig. 2.11); it is not because the model is inherently
better suited for description of wavelength.

ηe params Ith params Rthm params λ params

ηe = e1 − e2Tjcn Ith = e
i1+i2Tjcn+i3T

2
jcn (see Eq. (2.37)) λ = l1 + l2Tjcn

e1 e2 × 103 i1 i2 × 103 i3 × 103 r1 r2 l1 l2 × 103

0.426 2.521 −7.25 −6.111 0.200 3698 −5.218 1.38843 0.100

Tab. 2.6: Values of the fitted parameters in Eq. (2.35), Eq. (2.36), Eq. (2.34) and
Eq. (2.32). The units are Ith in A, Tjcn in ◦C and λ in µm.
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Fig. 2.11: The extracted internal laser parameters according to the simplified thermal
model. Numerical values for parameters describing the functions are listed
in Tab. 2.6. In the lower left plot the thermal resistance Eq. (2.38) for a
3µm diameter disc heat source in an InP crystal is shown for comparison.

The following is observed from the fit results in Fig. 2.12:

� The temperature dependency of the laser intensity and wavelength is qualitatively
and quantitatively correct.

� Measurement data is qualitatively reproduced (i.e. similar values, signs of slope
and curvature are correct).

� The AC intensity (especially at 10 MHz) is not reproduced (at high currents the
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Fig. 2.12: Comparison of measurement (circles) and model (solid lines) with best fit
parameters listed in Tab. 2.6.

error can be as high as 100 %). A simultaneous good fit of wavelength and power
seems impossible, even when the weighting prioritizes power over wavelength.

� The order of the ansatz functions is appropriate: The fit quality can not be
improved when increasing the order of the functions describing Ith and Rthm. A
current dependence of Rthm does not improve results either. An increase of the
order for ηe to 2 does not improve results and, depending on the starting values
and fit weights, this may give physically not meaningful results, e.g. an increasing
and – at high temperatures – strongly decreasing threshold current.

� The tuning coefficient at 10 MHz – caused by the plasma effect – can not be
reproduced. This is expected because the model only covers thermal effects.

2.4.4. Summary and further improvements

The simplified thermal model gives good qualitative and – for wavelength and DC
power data – good quantitative results. However, it can not reproduce wavelength and
laser output power at high frequencies.

This is attributed to either neglection of the (small) curvature of internal power
characteristic, or dynamic effects of the intrinsic laser diode at low frequencies. Both
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2.4. Combined thermal VCSEL model for emitted power and wavelength

can be caused by spatial hole burning (SHB), which is known to be strong in VCSELs
due to the non-uniform carrier injection in the active region [43, 44].

For an improved version of the model, one or more of the following items would be
necessary:

� Better understanding of processes controlling laser carrier density:

– Modeling of current and temperature dependency of carrier-density (to
improve accuracy of the laser output power, by more accurately reproducing
the AC components – also the plasma-effect could be modeled)

– The above includes modeling of spatial hole burning, the low-frequency
roll-off and a current dependent threshold current.

� Better understanding of processes controlling laser voltage and differential resis-
tance, and the origin of the drop of ηe

– Ideally, the laser voltage should only be temperature dependent (due to gain
clamping) and differential resistance of the intrinsic diode be zero above
threshold and ∝ 1/I below threshold. Both does not match experimental
data.

– Modeling of the temperature dependence of the DBR resistance.

– Modeling of the temperature dependence of the blocking and non-blocking
resistivity (eventually impedance) of the tunnel-junction.

– If the above characteristics are known, the measurement of the sub-threshold
impedance will yield carrier lifetimes and, by integration, the threshold
carrier density. The latter could be an important characteristic parameter
in an improved model.

The carrier density model can not be accomplished by the standard zero-dimensional
laser rate equations because spatial hole burning (and, hence, a possible low-frequency
roll-off) are caused by spatial non-uniformity effects. Finding a suitable ansatz for SHB
and its frequency, current and temperature dependence is left as future work.
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This chapter deals with the modeling of the complete sensor system. In the first
section 3.1 a classification of sensor system components is developed. It is shown that
most methods known from literature can be grouped into this scheme.

Optical cells will be treated in section 3.2 with emphasis on highly multi-mode hollow
capillary fiber based cells. These will be analyzed with a mode-matching technique to
understand the origin of the experimentally observed spectral background (section 3.2.3).

Two other relevant topics are the detection method “wavelength modulation spec-
trometry” (WMS) (section 3.3) and the method of data extraction from measured
spectra (section 3.4). Important results will be the derivation of many new WMS
fundamentals and the development of proper notation for the system description. This
will be the basis for development, comparison and qualitative judgment of different
detection methods and other implications for the sensor design which are presented in
chapter 4 and section 5.2.

The chapter (particularly section 3.3.2) is partly based on the following publications

� A. Hangauer, J. Chen, et al., “Modeling of the n-th harmonic spectra used in
wavelength modulation spectroscopy and their properties”, Appl. Phys. B: Lasers
Opt., vol. 90, no. 2, pp. 249–254, Feb. 2008. doi: 10.1007/s00340-007-2902-5,
and

� J. Chen, A. Hangauer, et al., “Tunable diode laser spectroscopy with optimum
wavelength scanning”, Appl. Phys. B: Lasers Opt., vol. 100, pp. 331–339, 2010.
doi: 10.1007/s00340-010-3973-2.

Significant extensions to the published results are presented in this chapter.

3.1. Taxonomy of relevant sensor components

Each TDLAS sensor consists of a laser as the light source, an optical cell where the light-
gas interaction takes place and a detection method with the corresponding parameter
extraction. The term detection method is defined here as the method of operating the
laser diode and the way of recording the measured data (e.g., use of a lock-in amplifier
or else). Note, that once the detection method is chosen, the data extraction method is
also determined. Parameter extraction is done by using the appropriate model for the
measured data (which is determined through the models of the laser, the cell including
gas and the detection method) together with least squares curve-fitting to extract the
desired gas parameters (see section 3.4 for detailed explanation why this is the case).

3.1.1. Laser and optical cell

There are different types of optical cells, which were found in this thesis to be groupable
into four categories that specify the cells behavior (Fig. 3.1). There are cavity-based
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Fig. 3.1: Taxonomy of transmissive optical cells and relevant types of lasers. The
former can be grouped into four categories which determine their behavior.

(with resonator) and non-cavity based cells. Both exist in single- and multi-mode
propagation variants, and have fundamentally different design constraints.

Although from the system point of view the laser with the optical cell have to be treated
as a unit, the laser type may not always have fundamental influence on the overall
behavior of the laser and cell entity. Differences such as laser output power, linewidth
or current tuning range are only important for specific applications. Nevertheless, the
lasers behave differently, which results in different system models for the parameter
extraction method (see chapter on lasers, chapter 2).

3.1.2. Detection method

Many different detection methods can be found in the literature. All were developed for
specific purposes. In this thesis it was found useful to group these into two categories,
the first with the laser AM (amplitude modulation) being essential and the second
with laser AM as a parasitic effect (Fig. 3.2). Laser AM is essential when the laser
is modulated at high frequency (0.1 GHz to 1 GHz) to create sidebands to the laser
emission line (e.g., for frequency modulation spectrometry (FMS) [60], or two-tone-FMS
(TTFMS) [61]). It is also essential with pulsed or step response measurements, i.e.,
where the laser on/off-switching is elementary for the measurement (an example is
cw-cavity ring-down spectrometry).
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Fig. 3.2: Taxonomy of TDLAS detection methods, i.e., how the laser is operated to
probe the gas-induced behavior change of the optical cell. Methods which rely
on the presence of laser AM usually require high speed operation, because the
alteration of the emission spectrum must be in range of the linewidths in the
system (e.g., laser-, cavity- or absorption linewidth; MHz to GHz).

All other methods where the laser AM is a parasitic effect are solely based on the
FM tuning behavior of the laser. This includes wavelength modulation spectrometry
(WMS, see later section 3.3) [20], the method ELDS [62] which is a two-tone WMS,
and standard direct detection.

It is important to note that the latter methods have a much lower technological
demand because the required electronic components are typically operated at frequencies
� 1 MHz. The other methods which rely on the laser AM, require, besides a suitable
laser, a high speed detector and appropriate circuits (bandwidth � 1 MHz).

Hence, in this thesis only the methods are considered where the laser AM is a parasitic
effect, or equivalently where the relevant modulation frequencies are typically in the
kHz range.

The simplest detection method is direct spectrometry, which implements a straightfor-
ward approach of a spectroscopic measurement.

i. Direct spectrometry

Direct detection or direct spectroscopy is a straightforward way to measure the trans-
mission of the optical cell. The laser current I is ramped which results in an almost
linear ramp of the optical frequency ν(I). The light intensity after passing the optical
cell is detected and recorded and then analyzed. Let the laser power at current I be
denoted as P (I), then the detector signal S(I) at laser injection current I is given by

S(I) = P (I)T (ν(I)). (3.1)

Typically I is sampled at N discrete points Ii running from I1 to IN and cause the
laser to cover the absorption line of interest. The gas parameters are then extracted
using least squares curve-fitting (see section 3.4). Appropriate models for P (I), the
optical frequency ν(I) and the gas transmission T (ν) need to be known.

The method only works because P (I) has a very smooth behavior, in contrast to T (ν(I))
which has very sharp and narrow characteristics on it (i.e., the absorption lines). If the
laser shows a behavior that is similar to the features caused by the absorption lines, a
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gas measurements would be impossible or possible only to a limited extent. The same
is true if the gas cell adds a fringe distortion (cf. Eq. (3.7)) that has similar periodicity
as the gas absorption line width. A quantitative metric which fully describes the effect
of fringes on the sensor output value is developed in section 5.1.1.

3.1.3. Possible system combinations

In principle all detection methods can be used with all types of optical cells. However,
not all combinations are meaningful in the sense that high performance can be obtained.
Some combinations are also known under specific names in the literature. For example
ICOS (integrated cavity output spectrometry) is given by the off-axis Fabry-Pérot type
cell with any non-laser AM related detection method (e.g., WMS or direct detection).
The NICE-OHMS method is characterized by an on-axis Fabry-Pérot cavity together
with the FMS detection method.

For an overview of some commercially available sensor systems see Fig. 3.3.
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Fig. 3.3: Overview of commercial sensor systems and their components.

Possible, but not meaningful, combinations are, e.g., step response measurements with
a single-mode non-cavity enhanced cell. Such measurements only make sense with
a single-mode cavity. Furthermore, the cavity linewidth depends on the absorption
coefficient of the containing gas, which is the foundation of the cavity ring-down method.

There are high requirements on the mechanical stability and manufacturing tolerance
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of the cavity which make the approach sensitive but expensive. Hence, in this thesis
cavity-enhanced methods will not be covered.

3.2. Cell behavior

The gas cell is the component of the sensor where the light matter interaction takes
place. It includes appropriate means for guiding the light and provides a spatial overlap
of the light mode with the gas sample. The behavior of the (homogeneously filled) gas
cell is characterized by its transmission T (ν) which relates the input and output power
of light (P and P0) passed through the cell.

T (ν) =
P (ν)

P0(ν)
= e−τ(ν) = e−D(ν)L (3.2)

with

T : Transmission (unit: 1),

τ : Attenuance, extinction or optical depth (unit: 1),

D : Attenuation or extinction coefficient (unit: 1/cm),

L : Optical path length (unit: cm),

ν : Optical frequency (unit: Hz).

The attenuation coefficient (and hence transmission) are typically dependent on optical
frequency ν. Attenuation always refers to a light intensity decrease and can be caused
by many physical effects like, absorption, scattering, diffraction and reflection.

Usually one distinguishes between optically thin and optically thick conditions:

τ � 1 : Optically thin, τ � 1 : Optically thick.

The significance of optically thin conditions is that the above exponential can be
linearized, i.e.,

T (ν) ≈ 1−D(ν)L, for optically thin conditions. (3.3)

3.2.1. Fundamentals: Absorption effect by the gas

The absorbance quantifies the contribution of the absorption effect to the overall
attenuation. If only the absorption effect of the gas is considered, the transmission
for a single optical mode (or beam) of the homogeneously filled cell is given by the
Lambert-Beer law:

Tgas(ν) = e−A(ν) = e−α(ν)L, (3.4)

with

A : Absorbance (unit: 1),

α : Absorption coefficient (unit: 1/cm).

If absorption is the only relevant effect, attenuation and absorbance are the same. For
multi-mode or multi-path propagation each mode has to be considered separately.
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Usually one distinguishes between unsaturated and saturated conditions:

A� 1 : Unsaturated, A� 1 : Saturated.

The significance of unsaturated conditions is that the exponential in the Lambert-Beer
law can be linearized, i.e.

Tgas(ν) ≈ 1− α(ν)L, for unsaturated conditions. (3.5)

For a homogeneous mixture of gases the absorption coefficient is a weighted sum of
individual contributions from the pure gases. The molar absorption coefficient (i.e., the
absorption coefficient of the pure gas) is denoted by αmol:

α(ν) = Cmol,1 αmol,1(ν) + Cmol,2 αmol,2(ν) + . . . , (3.6)

with

αmol : Molar absorption coefficient (unit: 1/cm),

Cmol : Concentration or volume mixing ratio (unit: 1 or L/L),

and Cmol,i the concentrations or volume mixing ratio (a number between 0 and 1) for
the i-th gas molecule. Common abbreviations for the unit of concentration (but not
advised by the ISO 31-0 norm) are “ppm” for µL/L or “ppb” for nL/L.

At atmospheric conditions the Voigt line shape (see section B.4 for definition) is a
very good approximation to the observed absorption line shape of gases. For a large
number of gases line-by-line databases with molecule parameters exist, e.g., HITRAN
[6], CDMS [63], JPL catalog [64] and GEISA [65]. Using this parameters, the molar
absorption coefficient can be theoretically computed under different physical conditions
of pressure and temperature.

3.2.2. Fundamentals: Interference effects in single-mode cells

Distortion by interference is an important limiting factor for TDLAS sensors. In this
work interference with a second weakly excited mode or beam is included in the overall
transmission model. If either the gas absorption or the interference is weak (i.e., � 1)
the overall transmission is given by

T (ν) = Tgas(ν)(1−A+A cos (2πνLOPD/c)) (3.7)

with ν the frequency of the light, LOPD the optical path length difference of the two
interfering beams or modes and A the amplitude of the interference. The inverse of the
optical path length difference is called free spectral range νfsr of the interference, which
is its period length νfsr = c

LOPD
.

The amplitude A is related to the intensity ratio r of the interfering modes or beams:

A = 2

√
r

1 + r
≈ 2
√
r, for small r. (3.8)

Due to the square root relationship it is evident that for a certain maximum distortion
the interfering mode suppression ratio must be very high. For example for A = 10−5

a ratio of 1/r = 2.5× 109 (≡ 94dB) is necessary. The formula follows from the
Fabry-Pérot etalon transmission [66] with low mirror reflectivity.
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3.2.3. Interference in multi-mode hollow capillary fiber based cells

In this section a theory is developed to explain the strange behavior in a hollow
multi-mode waveguide and how it affects the transmission of such a cell.

Modes in lossless waveguides are orthogonal and can in principle not cause interference
if the power is fully integrated over the mode area during detection. Furthermore, due
to energy conservation, interference can in this case only be caused by back-reflection
or scattering effects. This will be theoretically verified for the case of a multi-mode
hollow fiber. The question is whether the experimentally observed interference in the
order of 10−4 to 10−3 [26] can be explained from the back-reflection at the fiber end.

Therefore, the transmission of the waveguide junction depicted in Fig. 3.4 is analyzed
with the mode-matching technique. Since this technique requires a discrete set of modes
in both sections, the free space is approximated by a larger circular waveguide.

Ia
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Ib

II

z
0

a
Ia

b
Ia b

II

b
Ib

b
Ib

y

x

Fig. 3.4: Modeling of the fiber ending as a waveguide junction. The fiber (circular
metal waveguide Ia) is inside a larger circular hollow metal waveguide (II
and Ib) modeling the free space. The aim is to compute the amplitudes of the
transmitted modes (bII) and the back-scattered modes (bIa and bIb) from the
incoming mode amplitudes (aIa).

i. Fundamentals and choice of mode normalization

The E and H field (separated in tangential and longitudinal field components) in
waveguide segment I can be written as:

EI
t(x, y, z) =

∑
p

aI
pE

I
p,t(x, y)e−iβI

pz +
∑
p

bIpE
I
p,t(x, y)eiβI

pz , (3.9)

EI
z(x, y, z) =

∑
p

aI
pE

I
p,z(x, y)e−iβI

pz −
∑
p

bIpE
I
p,z(x, y)eiβI

pz , (3.10)

HI
t(x, y, z) =

∑
p

aI
pH

I
p,t(x, y)e−iβI

pz −
∑
p

bIpH
I
p,t(x, y)eiβI

pz , (3.11)

HI
z(x, y, z) =

∑
p

aI
pH

I
p,z(x, y)e−iβI

pz +
∑
p

bIpH
I
p,z(x, y)eiβI

pz . (3.12)
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A similar relation holds for waveguide section II, but with role of the a and b coefficients

exchanged. The components E
[i]
p and H

[i]
p are distinct solutions to Maxwell’s equations

(with certain boundary conditions) and are called the E and H field of the p-th mode
in waveguide section i. The modes are normalized so that the absolute value of the
Poynting vector is one and has positive real part for guided modes, i.e.,

1 =

∣∣∣∣∫∫
z=0

(E
[i]
p ×H

[i]
p

∗
) · ezdA

∣∣∣∣ , and (3.13)

0 < sign Re

∫∫
z=0

(E
[i]
p ×H

[i]
p

∗
) · ezdA, for Re

{
β

[i]
p

}
6= 0. (3.14)

Only using this normalization the a and b coefficients represent power waves propagating

in the +z and −z direction respectively. The propagation constant β
[i]
p is given by

β
[i]
p =

√
(2πν/c)2 − η[i]

p

2
, (3.15)

with η
[i]
p the p-th radial wave vector, which is determined by the boundary conditions

of waveguide section i. c is the speed of light and ν the light frequency. The sign of
the square root must be chosen so that the imaginary part of the result is negative,
or, if the imaginary part is zero, the real part is positive. For guided modes this is
equivalent to Eq. (3.14) and for evanescent modes this is necessary to yield physically
meaningful behavior around z = 0. This square root convention is different from the
principle branch square root implemented in many programming languages.

For the circular waveguides the radial wave vectors are zeros of the characteristic
equations. In the present work the modes in section I are interleaved from waveguide
modes of subsection Ia and Ib according to the waveguide diameter ratio.

The radial wave vector is always nonzero for closed waveguides. A zero radial wave
vector corresponds to a TEM mode (i.e., Ez and Hz are zero) [67, Eq. 2.3.17] and has
no cutoff frequency. Such a mode can only exist in open waveguides like a parallel plate
waveguide but not in the circular waveguides under consideration here [68, p. 196].

The transmittance and reflectance spectrum of the fiber end junction is given as:

T (λ) =

∑
Re βII

q 6=0 |bIIq |2∑
Re βIa

p 6=0 |aIa
p |2

, R(λ) =

∑
Re βI

p 6=0 |bIp|2∑
Re βIa

p 6=0 |aIa
p |2

. (3.16)

ii. The mode-matching technique

The coefficients a
[i]
n and b

[i]
n are to be determined with respect to the continuity of the

tangential fields at the waveguide endings/junctions. The continuity of tangential E
and H fields is a necessary and sufficient condition for fields, which are already solutions
to Maxwell equations in two half-spaces, to be a solution at the half-spaces separating
plane. From tangential continuity the other relations for normal components or the
tangential B and D fields follow in all cases including junctions with different materials.

To match the E- and H- tangential fields in region I and II at z = 0∑
p

(aI
p + bIp)EI

p,t =
∑
q

(aII
q + bIIq )EII

q,t, and
∑
p

(aI
p − bIp)HI

p,t =
∑
q

(bIIq − aII
q )HII

q,t
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3.2. Cell behavior

must be fulfilled. Equality can only be achieved if all modes (i.e., infinitely many)
are used in the summation. Practically only a finite subset can be used and then
the equations should be solved in a least squares sense. The squared absolute error1

between both sides is given by

‖∆Et‖2A = (aI + bI)H〈EI,EI〉A(aI + bI) + (aII + bII)H〈EII,EII〉A(aII + bII)

− 2 Re
{

(aI + bI)H〈EI,EII〉A(aII + bII)
}
, (3.17)

‖∆Ht‖2B = (aI − bI)H〈HI,HI〉B(aI − bI) + (bII − aII)H〈HII,HII〉B(bII − aII)

− 2 Re
{

(aI − bI)H〈HI,HII〉B(bII − aII)
}

(3.18)

with 〈E[i],E[j]〉A and 〈H[i],H[j]〉B denoting the matrices of all scalar products between
individual modes with respect to integration area A and B:[

〈E[i],E[j]〉A
]
pq

=

∫∫
A
E

[i]
p,t(x, y)HE

[j]
q,t(x, y)dxdy, (3.19)[

〈H[i],H[j]〉B
]
pq

=

∫∫
B
H

[i]
p,t(x, y)HH

[j]
q,t(x, y)dxdy. (3.20)

Since in free space the ratio of the magnitude of E and H field is the free-space wave
impedance Zw, the combined error function is chosen as

L(aI, bI,aII, bII) = ‖∆Et‖2A + Z2
w ‖∆Ht‖2B . (3.21)

In the mode-matching technique the b[i] coefficient vectors are determined for given
a[i] coefficient vectors so that the error function L is minimized. Due to linearity of
the problem an analytical solution exists. In the following aII = 0 will be assumed,
because no light is incident to waveguide II. It is well known, that the minimum of a
quadratic form with Hermitian M is given by

M−1v = argmin
x

Re
{
xHMx− 2xHv

}
. (3.22)

It is tedious but not difficult to show that L is of the form L(aI, bI,aII, bII) =
Re
{
xHMx− 2xHv

}
+ const(aI,aII), with

M =

(
〈EI,EI〉A + Z2

w〈HI,HI〉B −〈EI,EII〉A + Z2
w〈HI,HII〉B

−〈EI,EII〉HA + Z2
w〈HI,HII〉HB 〈EII,EII〉A + Z2

w〈HII,HII〉B

)
, (3.23)

v =

(
−〈EI,EI〉A + Z2

w〈HI,HI〉B
〈EI,EII〉HA + Z2

w〈HI,HII〉HB

)
aI, and x =

(
bI

bII

)
. (3.24)

The mode-matching problem is, hence, solved in a least squares sense (this is true for
both guided and evanescent modes) with the above symbols by

x = M−1v. (3.25)

Note, that once the coefficient vectors bI and bII are obtained, also the matching error
in both the E and H field can be computed by Eq. (3.17) and Eq. (3.18).

All one needs to know are the scalar products between all modes in waveguide section I

1Note that ‖X − Y ‖2 = 〈X − Y ,X − Y 〉 = 〈X,X〉 + 〈Y ,Y 〉 − 2 Re {〈X,Y 〉}.
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3. System Modeling

and II over cross sections A and B for E and H field, respectively. For the geometry
shown in Fig. 3.4 the cross sections A and B are the full cross section of I or II. If
waveguide section Ib is replaced by an ideally conducting electric or magnetic wall, A
and B have to be chosen accordingly. For an electric wall the tangential E field needs
to be matched over the cross section II (it must be zero in Ib) and the H field over
cross section Ia (it is arbitrary in Ib). For a magnetic wall the situation is reversed.

Note, that due to the large size of the matrix M , Eq. (3.25) is best solved with an
iterative method. Good performance was obtained using the GMRES (Generalized
minimal residual) method [69]. The advantage is that the matrix M does not need to be
stored in computer memory – only a routine for computation of Mx has to be supplied.
This saves computer memory (only the matrices with the scalar products for E and H
are stored) and exploits the diagonality of the diagonal submatrices. A 10000× 10000
matrix with complex double precision numbers requires 1.5 GB of computer memory.

iii. Simulation results

Since in the mentioned experimental results [26] the lateral position of the laser had
no influence on the fiber spectral background, central laser coupling is assumed in this
theoretical investigation. The coupling coefficient of the laser to the fiber modes is
modeled by the overlap integral of the E-field of a TE1,1 mode of a 6 µm diameter
circular metallic waveguide (modeling the laser) and the E-field modes in section Ia.
The coupling coefficients which were obtained are shown in Fig. 3.7. As a consequence
only modes with ν = 1 (ν denotes here the order of the Bessel function) need to be
considered and only one polarization direction. On the contrary, TE and TM modes
couple between section I and II and have to be included in the ansatz.

The simulated transmission and reflection spectrum of a lossless fiber with length
l = 20 cm is shown in Fig. 3.5. The fiber diameter is 100µm and the diameter of
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Fig. 3.5: The simulated transmission, reflectance (top) and second harmonic spectrum
(bottom) of the fiber end. The backscattering at the fiber end recreates the
pseudo random structure of the experimentally observed multi-mode pattern
(blue).
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3.2. Cell behavior

waveguides Ib and II is 300µm. The simulation indeed reproduces the experimentally
observed spectral background with a similar order of magnitude of σ(H2) = 2.3× 10−4.
The experimental result shown in Fig. 3.5 (from Ref. [26]) was scaled by factor of 7
because the fiber used in experiment was larger by this factor.

iv. Necessary number of modes and limitations of the technique

The convergence plot (i.e., the E and H field matching error versus number of modes in
section I and II) for the previous geometry is shown in Fig. 3.6. The mode-matching
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Fig. 3.6: The convergence plot showing error in E and H field versus number of modes
in the matching. To obtain stable reflected R and transmitted power T , 20
times more modes (∼ 7500) than guided modes (374) are needed. Parameters:
λ: 1.6 µm, guided modes: 124 (Ia), 249 (Ib), 374 (II), total modes: 3334 (Ia),
6666 (Ib), 10000 (II).
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Fig. 3.7: The distribution of power coupled to the hollow fiber (waveguide Ia)

converges, and a sufficient accuracy of reflected and transmitted power is obtained
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3. System Modeling

for Nmodes = 7500, which was selected in the previous simulation. This is 20 times
more than guided modes in waveguide II. Practically, the number of modes is limited
to about 10000 with the present method, due to computer memory limitations. This
inhibits the simulation of larger structures with either larger fiber or larger outside area
II for better approximation of the free space.

3.3. Wavelength modulation spectrometry

For technical reasons a special method called wavelength modulation spectrometry
(WMS) [20] is frequently used to realize the TDLAS measurement. It uses a slow
wavelength ramp superimposed with a small sinusoidal wavelength modulation with
a phase sensitive detection (lock-in amplifier) for the demodulation of the received
detector signal (see Fig. 3.8). Due to this modulation and demodulation with rates
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Demodulation 2 harmonic signal
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Fig. 3.8: Comparison between direct spectroscopy (top) and wavelength modulation
spectroscopy (WMS) (bottom). WMS realizes a superimposed sinusoidal
modulation and a demodulation which results in detection signals with deriva-
tive like shapes (harmonic signal/spectrum instead of transmission signal or
spectrum

typically in the kHz range, different signals are obtained - instead of the transmission
signal - which contain the relevant information. In literature WMS is often regarded as
a method for effective noise suppression and for partially removing the influence of the
laser power variation during the frequency scan.

To achieve the goal of devising new detection methods in the WMS framework it
is necessary to have a theoretical description that gives a more clear insight in the
generation of signals as the more or less complicated measurement process provides.
Therefore the existing theoretical description for WMS [70] was extended and simplified
in this thesis by using a more compact description. The idea was to derive general
results that may be useful for application or development of new methods. Essentially
the system was analyzed in a mathematical style where as many properties as possible
of the WMS system/harmonic spectra are derived hoping to create a more complete
and detailed understanding of the process of signal generation which in the end should
lead to improved methods.

The investigation will start by a presentation of the definition and behavior of a WMS
system and what is established in the literature or what is generally known. The
subsequent analysis with modeling will yield a new filter based model which leads to
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3.3. Wavelength modulation spectrometry

new ideas for the system design. The following questions will be answered:

� Does WMS have an ability of effective fringe reduction?

� Can fundamental improvements be expected by non-sinusoidal waveforms?

� Are there fundamental advantages of WMS over direct detection?

� What are implementation possibilities of multi-harmonic detection?

� How to efficiently compute harmonic spectra?

� Differences of WMS using DFB lasers and VCSELs?

Related questions on differences between WMS and direct detection are treated in the
section section 5.1.

3.3.1. Fundamentals: Known properties of WMS

In this section WMS is defined and its known properties presented. For details on the
origin of the chosen definitions, choice of nomenclature, comparison with literature and
assumptions see section A.2.

i. Definition

Let ν denote the frequency of the central laser emission which implements the slow
(discrete) laser emission frequency sweep with νa the frequency modulation amplitude
and fm the modulation or repetition frequency (typically in the kHz range). The n-th
harmonic output of the lock-in amplifier of the relative light power variation after
passing through the sample with transmission T (ν) is called the harmonic coefficient
Hn. Mathematically, the Fourier series decomposition

Hn(ν; νa) =
εn

2π

∫ π

−π
T (ν + νa cos (z)) cos (nz) dz (3.26)

is computed.

T (ν) : Transmission spectrum (unit: 1),

Hn(ν; νa) : Harmonic (transmission) spectrum (unit: 1),

νa : Frequency modulation amplitude (unit: Hz),

n : WMS detection order (unit: 1).

When the harmonic coefficients are plotted against the slow sweep frequency ν the
harmonic spectra Hn(ν) are obtained (for an example see Fig. 3.9). The term
harmonic coefficient is used when the dependence on the detection order n (at
constant ν) is to be emphasized. In this work the term harmonic signal (symbol
Sn) refers to measured quantities in an experimental setup (i.e., output of the lock-
in amplifier) whereas harmonic spectra represent the theoretically expected physical
quantities. Both are the same in an idealized system with differences for non-ideal
systems (see section 3.3.4 for treatment of these differences). The appropriate units
for harmonic spectra and signals are 1 versus frequency ν or wavelength λ and time
t or laser current I respectively. Arbitrary or meaningless units like voltage or A/D
converter digits as the y-unit as frequently seen in the literature are avoided in this
work.
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Fig. 3.9: The first four harmonic spectra (i.e., Hn(ν) with n = 0, . . . , 3) (blue, solid)
for a Lorentzian absorption line (red, dashed) computed with theory from
Ref. [71]. The wavelength modulation amplitude is νa, the absorption line
center position is νC and the half-width νL = νa/3.

ii. Similarity of harmonic spectra and transmission derivatives

WMS is sometimes called derivative spectroscopy. The first harmonic is for small
modulation amplitudes approximately2 the derivative of the transmission at ν times
the wavelength modulation amplitude νa, i.e., H1(ν) ≈ νaT ′(ν). Similar relationships
hold between higher harmonics and the higher derivatives.

iii. Linearity and shift invariance

Due to the inherent linearity of the signal processing, there is an ideally linear relation-
ship between the transmission spectrum and the corresponding harmonic spectra3. It
is linear in the sense that scaling and summation of the transmission also results in
scaling and summation of the corresponding harmonic spectra. The linearity of the
relationship essentially means that for unsaturated absorption lines the individual lines
simply add in the harmonic spectra. This is a well known fact and it is one of the
reasons why WMS can be applied for spectroscopic purposes at all.

It is also the reason why the convolution model exists, which is developed in the next
section (see section 3.3.2).

iv. Offset and slope removal

As mentioned before, the concentration or peak absorption strength scales the harmonic
spectrum, whereas for orders greater than zero additionally the large offset is removed.

2This approximation can not be made for accurate modeling because the optimum/real-world
modulation amplitudes are large compared to the absorption line width.

3This is also valid for saturated lines/thick optical samples, i.e., where the exponential in the
Lambert-Beer law can no longer be linearized. This is because the harmonic spectra are defined
in terms of transmission and not absorbance or absorption coefficient.
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3.3. Wavelength modulation spectrometry

This offset removal property of WMS is usually considered as one of its advantages,
because detection of a small signal on a large offset is not needed. This general behavior
is also subject to this investigation and it should be understood in a more mathematical
rigorous fashion. Especially, what actually is removed from arbitrary transmission
functions for higher detection orders n > 1 is investigated (see section 3.3.3).

v. Expression for unsaturated Lorentzian lines (Arndt’s formula)

Arndt derived an analytical expression for the harmonic spectrum of an unsaturated
Lorentzian line [71]. This line shape is an important approximation of the Voigt line
shape, valid in the mid and near infrared at atmospheric pressure:

T (ν) = 1− amol
ν2
L

ν2
L + (ν − νC)2

(3.28)

⇒ Hn(ν) = δn − amolAn ((ν − νC)/νL, νa/νL) , (3.29)

with Arndt’s formula [71]

An(x,m) =
εn

m
Re

 in
(√

q2 + 1− q
)n

√
q2 + 1

 , q =
1− ix

m
. (3.30)

vi. Series expansion

In the literature the harmonic spectra are often expressed in terms of the transmission
derivatives [72]:

Hn(ν; νa) =
∞∑
k=0

εn(νa/2)n+2k

(n+ k)!k!
T (n+2k)(ν). (3.31)

The drawback of this expression is that it is not convergent in all cases. For the Lorentz
profile with νa larger than the Lorentz half-width νL the series is divergent [73] and
for νa close to νL the series converges very slowly, making it even for the convergent
cases impractical. The reason for the convergence problems is that the underlying
Taylor approximation of the transmission function is not good. Nevertheless this often
presented in the literature [72, 74–76] despite the fact that it can not be used to compute
the harmonic spectra for the relevant case of atmospheric sensing. This formula is the
inverse of the expression Eq. (3.42) which gives transmission derivatives as infinite sum
of the harmonic spectra.

vii. Complex change with absorption line width

If the width of a line in the transmission changes (e.g., due to a pressure, temperature
or concentration dependent self-broadening effects), a complex alteration of the shape
of the harmonic spectrum of this single line is observed. Both width and amplitude
change. The shape depends on the modulation index, i.e., the ratio of line width and
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3. System Modeling

frequency modulation amplitude. The width of the harmonic spectrum is also typically
much larger than the width of the absorption line, since the “broadening” is dominated
by the frequency modulation amplitude which is usually a factor of 2 to 3 larger than
the absorption line half-width (cf. Fig. 3.9).

3.3.2. Model of harmonic spectra (ideal physical)

In this section a model for the ideal behavior of wavelength modulation spectrometry is
developed. Giving the same results as existing models it provides new viewpoints helpful
for understanding. This will lead to new insights into signal generation, derivation of
new properties which lead to further improvement of detection methods.

Because of the linear shift invariance property of WMS it is possible to model this
relationship with a convolution expression. This is due to the fact that all linear shift
invariant operators can be expressed as a convolution expression (For explanation see
section B.6). This WMS description compatible with filter theory was published partly
within the frame of this thesis in Applied Physics B [52] and the TDLS conference [77].
Significant extensions to the published article are included here, e.g., decomposition of
the convolution into differentiation and subsequent smoothing.

Starting with the Fourier integral Eq. (3.26) it is not difficult to derive the convolution
expression. Substituting η = −νa cos (z) it becomes

Hn(ν) =

∫ ∞
−∞

T (ν − η)Kwms(η)dη = (T ∗Kwms)(ν) (3.32)

with the kernel

Kwms(η) =


εn Tn(−η/νa)

π
√
ν2a−η2

|η| < νa

0 otherwise
. (3.33)

Here Tn (x) = cos (n arccos (x)) is the Chebyshev polynomial of degree n [78, chapter
22]. A similar formula was obtained by R. Arndt [71], but not recognized as a convolution
or filter expression. The convolution kernel Kwms depends on the modulation amplitude
νa and the order n of the frequency component selected by the lock-in amplifier. By
applying integration by parts n times, this can be written in the following second,
alternative form:

Hn(ν) =
εn

2nn!

∫ ∞
−∞

dnT (ν − η)

d(ν/νa)n
Kder

wms(η)dη (3.34)

with

Kder
wms(η) =


4nn!2(ν2a−η

2)n

π(2n)!ν2na
√
ν2a−η2

|η| ≤ νa

0 otherwise
. (3.35)

See derivation C.1. This is also a convolution expression, but containing the n-th
derivative instead of the transmission itself. The n-th derivative is formed with respect
to the normalized wavelength coordinate ν/νa. This normalized derivative is related

to the normal derivative by simple scaling with νna , i.e.,
dnT (ν)

d(ν/νa)n
= νna T

(n)(ν). This
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Fig. 3.10: Interpretation of the WMS harmonic spectra as a bandpass filtering of the
transmission (Filtering is carried out with respect to ν). It is a combination
of a n-th differentiation (highpass) and subsequent smoothing (lowpass).
This general model provides an intuitive view on how the harmonic spectra
are connected to the transmission despite their more or less complicated
process of generation.

seems natural because the output of the WMS system can not depend on the special
unit of ν. Note that the pre-factor is chosen in a way that Kder

wms(η) is area normalized,
i.e.,

∫∞
−∞Kder

wms(η)dη = 1, and, hence, Kder
wms represents a true unit-gain lowpass4.

Eq. (3.32) and Eq. (3.34) allow for a new system theoretic viewpoint for WMS measure-
ment systems: the transmission function is regarded as the input of the WMS system
and the output is the n-th harmonic spectrum (for an illustration see Fig. 3.10). The
signal or spectrum generation in WMS can be seen in two equivalent ways

� The transmission function is convolved or filtered with a fixed function.
This filtering can be interpreted as a bandpass filtering (except for n = 0 where it
is a lowpass) which removes both the coarse structure and the fine details.

� The transmission function is first differentiated n times, damped and
then smoothed. This filtering or smoothing after differentiation is a low-pass
filtering which removes the fine details. The coarse structure like offset, slope and
so on is removed by the n-th differentiation.

The convolution is done in the frequency domain and hence the convolution kernel
Kwms is the “instrument function” of WMS based spectrometers. The convolution can
be interpreted as a filter if the frequency variable ν is linearly swept through with time
with a tunable laser. Then the variable ν is replaced with time t and ordinary time
signals are obtained which are filtered by the WMS filter. Note that this filter model
is only valid for the analytic signal, the measurement noise is not passed through this
filter it has to be added at the model output.

The second expression Eq. (3.34) explains why the harmonic spectra have a similar
structure to the n-th derivatives and share similar properties. The n-th order detection
removes all components from the original transmission as n-th order differentiation
would do. So second harmonic detection is insensitive to offset and linear slopes in the
transmission. Any change of offset and (additive) linear components in the transmission

4It is a lowpass because the convolution kernel is non-negative and not oscillating. It is also clear
from the Fourier transform of the kernel (see Eq. (3.36))
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does not affect the second harmonic spectrum.

When applying the Fourier transform (see section B.3) to both sides of the expression
Eq. (3.32) and Eq. (3.34), the convolution turns into a multiplication and the frequency
response of the WMS filter and the smoothing lowpass for the n-th derivative of the
transmission is obtained

Ĥn(k) = T̂ (k) · εnin Jn (2πνak)︸ ︷︷ ︸
K̂wms(k)

= νna T̂
(n)(k) ·

εn

2nn!
·
n! Jn (2πνak)

(πνak)n︸ ︷︷ ︸
K̂der

wms(k)

, (3.36)

with the Bessel function of the first kind Jn (x) (Chapter 9 in Ref. [78]). Note that for

n > 0 we have K̂wms(0) = 0 and |K̂wms(k)| ∼ 1/
√
k for k →∞, which proves that the

first expression is a bandpass filter. The second filter kernel for the n-th derivative is
K̂der

wms(0) = 1 and |K̂der
wms(k)| ∼ 1/kn+1/2 for k →∞ which shows that this is a lowpass

filter.

3.3.3. Derived properties of the harmonic spectra

Because of the convolution structure of the harmonic spectra many of the properties
of the kernel apply to the harmonic spectra as well. The following general properties
could be derived. In case there is a possible application of this property in a sensor this
is also indicated. Almost all properties are derived in this thesis for the first time.

i. Zero mean value

Harmonic spectra have the general property of zero mean value∫ ∞
−∞

Hn(ν)dν = 0, for n > 0. (3.37)

See derivation C.2. It explains the observed fact that the area of the negative part of
the second harmonic spectrum exactly equals the area of the positive part. Furthermore,
it states that this is true for all harmonic spectra of any nonzero order and also holds for
arbitrary absorption line shapes. So this is a very general result. Even a more general
result can be derived showing that higher order harmonic spectra are also orthogonal
to higher order polynomials (next paragraph).

ii. First n− 1 moments vanish (orthogonality to polynomials of degree < n)

Mathematically this means that the n-th harmonic spectrum is orthogonal to all
polynomials of degree lower than n:∫ ∞

−∞
νiHn(ν)dν = 0, for 0 ≤ i < n. (3.38)

See derivation C.3. This is an important property for curve-fitting because then a
polynomial baseline can be included in the spectral model without increasing the noise
on the fitted parameters (due to this orthogonality). Furthermore, it is very easy to
estimate a polynomial baseline from measured spectra. A scalar product of experimental
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data with such a polynomial will directly give the coefficients of the baseline in the
measurement. This fact, that baseline estimation and subtraction is possible without
curve fitting, is the basis for the in-line wavelength stabilization method developed in
section 4.1.

iii. Recursion formula

It is possible to express the n+1-th harmonic spectrum in terms of the n and n-1-th
harmonic spectrum:

Hn+1(ν) = −
2nεn+1

εnνa

∫ ν

−∞
Hn(ν)dν +

εn+1

εn−1
Hn−1(ν). (3.39)

See derivation C.4. It shows that there is redundancy in the harmonic spectra and
specification of two consecutive spectra contains in principle all information the higher
harmonics carry.

iv. First reconstruction formula

The zeroth-harmonic spectrum can be corrected with the higher harmonic spectra to
yield the original transmission spectrum:

T (ν) = H0(ν)−H2(ν) +H4(ν) + . . .+ (−1)nH2n(ν) + . . . (3.40)

See derivation C.5. The zeroth harmonic spectrum H0(ν) is basically the smoothed
transmission function (cf. Fig. 3.9). It is distinct from the transmission function due to
the additional wavelength modulation.

The practical use of the formula requires accurate measurement of the zeroth harmonic
spectrum. So employing this formula in a sensor for reconstruction of T (ν) is not
meaningful because the transmission could be directly measured with the same system
and accuracy by just switching off the modulation. So this reconstruction would have
no general advantage over direct spectroscopy. It could be useful when a simultaneous
measurement of the direct spectrum and the harmonic spectra is desired for some
reason. Then the measurement is just performed as for direct spectroscopy but with the
additional wavelength modulation and higher harmonic detection. The modulation will
“distort” the measurement of the transmission (in fact the zeroth harmonic spectrum is
obtained) but this can be corrected with the help of the higher harmonic spectra which
may also serve a different purpose.

However, using this formula in a sensor may be impractical because the noise increases
during evaluation of the sum. For a detailed explanation see the third reconstruction
formula which contains this formula as special case.

v. Second reconstruction formula

The harmonic coefficients are the coefficients of the Chebyshev expansion of the trans-
mission function. So these coefficients can be used to reconstruct the transmission:

T (ν) =
∞∑
n=0

Hn(η) Tn ((ν − η)/νa) , |ν − η| ≤ νa. (3.41)
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See derivation C.6. Application of this formula allows for development of a multi-
harmonic detection scheme, which is presented in section 4.2. Since the harmonic
spectra are approximately equal to the derivatives, this series is formally similar to the
Taylor expansion (see section A.2.6 for details).

vi. Third reconstruction formula (for transmission derivatives)

The n-th harmonic spectrum can be corrected with the higher harmonic spectra to
yield the original n-th derivative of the transmission:

νna T
(n)(ν) = 2nn!

∞∑
k=0

(−1)k
n+ 2k

2(n+ k)

(n+ k

k

)
Hn+2k(ν). (3.42)

See derivation C.7. This formula contains the first reconstruction formula Eq. (3.40) as
a special case (n = 0)5. The first coefficient is just the expression for the asymptotic
behavior (see Eq. (3.48)) for low modulation amplitude.

For example for first and second derivative we have

νaT
′(ν) = H1(ν)− 3H3(ν) + 5H5(ν)− 7H7(ν) + 9H9(ν)− . . . , (3.43)

ν2
aT
′′(ν) = 4H2(ν)− 16H4(ν) + 36H6(ν)− 64H8(ν) + 100H10(ν)− . . . (3.44)

This result for the first harmonic n = 1 has been found before [73, 79]. The formula
is not convergent in all cases – it can only be applied if the harmonic spectra are
decreasing rapidly enough. Even if it is convergent the noise is strongly amplified due
to increasing weight factors. In fact the signal to noise ratio will become zero if the
series is not truncated. This is easily understood with help of the convolution model.
The information, that is removed by the lowpass filtering after the n-th differentiation
can only be recovered at the cost of infinite noise amplification. Note that the noise on
the harmonic spectra of different orders n is uncorrelated and of same magnitude as
the noise of a direct transmission measurement (at same repetition frequency as WMS
modulation frequency).

This formula is the inverse of the expression Eq. (3.31) which gives harmonic spectra as
infinite sum of the transmission derivatives.

vii. Peak value of harmonic spectrum

The absolute peak value of the harmonic spectrum is limited by the absolute peak value
of the transmission:

max
ν
|Hn(ν)| ≤ max

ν
|T (ν)| ×

{
1 n = 0
4
π

n > 0
, (3.45)

max
ν
|Hn(ν)| ≤ max

ν
|T (n)(ν)νna | ·

εn

2nn!
. (3.46)

See derivation C.8. This is a very important result because it explains several effects.
First it explains that the structure or variation of the harmonic spectra can not be larger
than the variation or structure on the transmission function times 1 or 1.27 ≈ 4/π.

5For k + n = 0 the fraction n+2k
2(n+k)

has to be replaced by 1
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3.3. Wavelength modulation spectrometry

Due to the linearity, Eq. (3.45) also holds for differences of transmission and harmonic
spectra. So if there is some error or variation or noise on the transmission T then
the corresponding error or variation or noise6 on the harmonic spectrum, is always
1 or 1.27 ≈ 4/π times smaller. This is even independent on the harmonic detection
order n and the modulation amplitude νa. The formula gives a prediction of absolute
accuracy for harmonic spectra computed from transmission spectra superimposed with
measurement error or other unwanted artifacts. This is somewhat counterintuitive
because generally this computation is considered impossible or impractical because
the differentiating nature of WMS is expected to strongly amplify the noise. However,
Eq. (3.45) shows that this viewpoint must be incorrect. The reason for this is that the
n-th differentiation is followed by a lowpass filtering with attenuation which compensates
the amplitude increase due to differentiation (cf. Fig. 3.10).

Furthermore, Eq. (3.45) explains how well to approximate the transmission function for
numerical computation of synthetic harmonic spectra. A method for this is developed
in section 3.3.5.

viii. Invariance of sinusoidal interference

An additive sinusoidal component on the transmission will display itself also as a
sinusoid on the harmonic spectrum with same periodicity:

T (ν) = 1 +A cos (2πνLOPD/c+ φ)

⇒ Hn(ν) = δn + εnA Jn (2πνaLOPD/c) cos
(

2πνLOPD/c+ n
π

2
+ φ

)
, (3.47)

with LOPD being the optical path length difference between the two beams causing
the interference. c/LOPD = νfsr is the period length (“free spectral range”) of the
interference. The symbols A and φ represent some arbitrary amplitude and phase-shift.
A similar, slightly more general but more complex formula is found in Ref. [70]. This
property (sinusoids stay sinusoids) is not obvious from the complicated measurement
process but generally true in an exact sense, for all modulation amplitudes and detection
orders. In fact it is a consequence of the linearity and shift invariance of the relationship
relating harmonic spectra and transmission.

ix. Asymptotic behavior

In the limiting case of small modulation amplitude the harmonic spectrum becomes
proportional to the n-th derivative of the transmission function:

Hn(ν; νa)→
εnνna
2nn!

T (n)(ν), for νa → 0. (3.48)

This is also known from the literature [72]. Most interestingly, Eq. (3.46) tells that the
absolute peak value of the left hand side is always smaller than the absolute peak value
of the right hand side. Only in the limiting case both sides become equal. This again can
be understood by the WMS model of lowpass filtering after the n-th differentiation. The
peak values of the n-th derivative is attenuated, because the lowpass filtering/smoothing

6The noise is meant to be part of the transmission and not measurement noise, e.g., interferometric
noise
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can not amplify any signal independent on its shape. Equality is only achieved for
νa → 0 because the lowpass then approaches infinite bandwidth.

x. Independence from the frequency coordinate

Both integral equation relationships Eq. (3.32) and Eq. (3.34) can be simplified if the
integration variable η is replaced with x = η/νa: the integral borders will change to
−1 and 1 and the convolution kernel will become independent on νa. The relationship
between transmission or its n-th derivative and the harmonic spectrum in normalized
wavelength coordinates is universal. This is especially useful since the n-th differentiation
has to be carried out in this normalized coordinates anyway. Let be T̃ (x) = T (νax)

and H̃n(x) = Hn(νax) then

H̃n(x) =

∫ 1

−1
T̃ (x− y)

εn Tn (−y)

π
√

1− y2
dy, (3.49)

H̃n(x) =

∫ 1

−1
T̃ (n)(x− y)

εn2nn!(1− y2)n

π(2n)!
√

1− y2
dy, (3.50)

i.e., expressions independent on the modulation amplitude νa are obtained.

3.3.4. Model of harmonic signals (measurement system, non-ideal)

The modeling of the harmonic spectra presented in the last sections is based on an ideal
laser which does not change its output intensity during tuning. For real devices this is
not the case and nonlinear behavior with respect to current I is observed. This causes
overtones in the light intensity modulation resulting in a non-ideal measurement. Hence
the measured harmonic signals are different to the ideal harmonic spectra. Modeling of
harmonic signals is scope of this section.

For second harmonic detection using VCSELs a small negative offset (∼ −10−4) is
observed on measured signals. Using DFB lasers additionally to the negative offset also
a distortion making the measured signals unsymmetrical may exist.

Neglecting dynamic effects, harmonic signals for a laser with (possibly nonlinear) P -I-
characteristic can be modeled if the transmission is just multiplied by this laser P -I-
characteristic and the result is converted to an harmonic spectrum (belonging to this
hypothetical transmission). Recall, that the second harmonic spectrum is formed by
second differentiation and subsequent filtering, so the negative bending of the laser
P -I-characteristic will show as an small negative offset on the harmonic signal. The
asymmetry of the resulting signal is caused by the “mixing terms” which occur during
differentiation of a product. In this section it will be shown that a similar relationship
holds for the general case (including dynamic effects).

Practically, the spectral models necessary for VCSELs based sensors are typically more
simplified in contrast to those necessary for sensors based on DFB lasers. While for
VCSELs inclusion of a baseline is sufficient [28, 54, 55], DFB laser-based sensors often
utilize an exact but more complex model (e.g. that of Kluczynski [70]). This model has
more unknown parameters, which must be either known or estimated in the fit which
either increases sensor complexity or decreases the fit performance.
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3.3. Wavelength modulation spectrometry

The following questions will be answered:

� What is the proper model for (non-ideal) harmonic signals?

� How to model normalization using the zero-th harmonic signal?

� Where do differences between DFB lasers and VCSELs originate from?

In Fig. 3.11 a schematic of a real WMS system is presented. Aim of this section is to
relate the measured signals to the harmonic spectra. For WMS applications the laser

I

DIcos( )2 f tp
m

P t( )L

nL( )t
S tD( )

T( )n

S I4( )

S I3( )

S I2( )

S I1( )

S I
0
( )

Lock-in

ref

Fig. 3.11: The spectrometry system including laser, medium, detector and lock-in
amplifier including the used symbols. The tunable laser, modulated around
bias current I, generates light of intensity PL(t) and optical frequency ν(t),
which is passed through a medium with transmission T (ν). The received
signal intensity SD(t) is decomposed into harmonic signals Sn(I) with a
lock-in amplifier and subsequent power normalization.

current is modulated sinusoidally at frequency fm around a bias current I:

IL(t) = I + Ia cos (2πfmt) , (3.51)

which results in an instantaneous laser emission frequency νL(t) and instantaneous
intensity PL(t) given by

νL(t) = ν + νa cos (2πfmt− φ) , (3.52)

PL(t) = P0 + |P1| cos (2πfmt− ∠(P1)) + |P2| cos (4πfmt− ∠(P2)) + . . . . (3.53)

Here ν = ν(I) is the central emission frequency of the laser in steady state when a
DC current I is applied and it is assumed that the wavelength modulation can be
regarded as “small”, i.e., no higher order harmonics are generated. νa = νa(I,∆I, fm)
is the frequency modulation amplitude and φ = φ(I, fm) the tuning phase-shift. The
coefficients Pn = Pn(I,∆I, fm) are complex coefficients and denote the amplitude
and phase of the higher order harmonics of the intensity modulation caused by the
non-linearity of the laser device. The Pn are related to the time signal PL(t) by Fourier
series decomposition:

Pn(I) =
εn

2π

∫ π

−π
PL(z/(2πfm))e−inzdz. (3.54)

These coefficients are the harmonic signals obtained with a standard wavelength modu-
lation spectrometry setup when no gas or analyte is present. In Fig. 3.12 a measurement
of P0, P1 and P2 (the latter two normalized to P0) for a 2.0 µm VCSEL at a typical
modulation amplitude7 is shown.

7Note that the Pn coefficients strongly depend on modulation amplitude. With an approximation

neglecting dynamic effects we have Pn ∼ Ina . More precisely it is Pn(I) ≈ εnI
n
a

2nn!
P (n)(I), which

is analogously to the asymptotic expression for the harmonic spectra Eq. (3.48).
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Fig. 3.12: The amplitude and phase of the complex Pn(I) coefficients for a 2.0µm
VCSEL. P3(I) was below the measurement accuracy of 1× 10−6. The current
modulation amplitude Ia is around 130µA. The black curve corresponds to
theory for the simplified laser model without self-heating, Eq. (3.73).

According to the setup shown in Fig. 3.11, the light passes through a medium with a
transmission function T (ν) and is detected with a photo-detector. If noise and nonlinear
distortion of the detection process are neglected the detected intensity is given by

SD(t) = PL(t)T (νL(t)). (3.55)

The lock-in amplifier decomposes the detector signal into the (complex) harmonic
coefficients Sn, which form the harmonic signal if plotted against I:

Sn(I) =
εn

2π

∫ π

−π
SD(z/(2πfm))e−inzdz. (3.56)

Using the convolution theorem for the Fourier series, the laser IM coefficients Pn and
harmonic spectra Hn can express the harmonic signals Sn:

Sn(I) =
εn

2

∞∑
m=0

Hm(ν(I); νa(I))

(
Pn+m(I)eimφ(I)

εn+m
+
Pn−m(I)e−imφ(I)

εn−m

)
. (3.57)

See derivation C.9. To enable a compact notation, a negative index to the P coefficients
has to be replaced by the conjugate complex, i.e., P−i(I) = P ∗i (I).

Now two general approximations can be made to simplify Eq. (3.57). The first approxi-
mation is based on the general observation that above laser threshold |Pi(I)| � |Pi+2(I)|,
i.e., the amplitudes of the overtones of the laser modulation are rapidly decreasing.
Thus the term with smaller absolute value in each summand in Eq. (3.57) can be
neglected. Furthermore, Eq. (3.57) for the DC component S0(I) is dominated by the
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3.3. Wavelength modulation spectrometry

first summand, giving the final expression for the WMS harmonic signals:

Sn(I) ≈
∞∑
m=0

εne−imφ(I)

εmεn−m
Hm(ν(I); νa(I))Pn−m(I), (3.58)

S0(I) ≈ H0(ν(I); νa(I))P0(I). (3.59)

For the ideal system (with P0 = const, Pn = 0 for n > 0) the harmonic spectra are
proportional to the harmonic signals which is in agreement with their definition:

Sn(I) = P0 Hn(ν(I); νa(I)) for ideal system. (3.60)

Since at least the laser emission power P0 is unknown, a power normalization is needed
for TDLS. The following methods are distinguished:

� Balanced detection (“best method”). The detector signal is normalized with the
instantaneous laser power before the decomposition with the lock-in amplifier
is employed. This suppresses laser noise and artifacts due to laser amplitude
modulation very efficiently (in this case the model derived in this section is un-
necessary) . This method is required for ultra sensitive and precise measurements,
first demonstrated by Carlisle [80]. Note that the ratiometric detection is best
implemented by a compact analog circuit that allows for noise cancellation down
to twice the shot noise limit [81, 82].

Advantages: Compensates laser intensity variation and laser excess noise. No
calibration. Measurement signals are ideally proportional to harmonic spectra.

Disadvantages: Additional photodetector needed, special design constraints (de-
tectors physically close, need matched devices). Stray light compensation required.

� 1f normalization (“traditional, limited”): The first harmonic component at the
absorption line center is used for normalization. This method is mostly applied to
second harmonic center point detection, or with narrow scanning range, because it
assumes a constant or linearly varying laser intensity during scanning. Besides its
simplicity another advantage is insensitivity to stray light. It requires knowledge
of a laser parameter (that is P0(I)/P1(I)) which can not be determined in-situ
and may change when the laser ages. This parameter depends on modulation
amplitude ∆I, bias point I, modulation frequency fm and laser temperature.

Advantages: Simple method. Insensitive to stray light.

Disadvantages: Narrow spectral scans only. Laser calibration constant required.

� Zeroth harmonic or DC normalization (“new, no limitations”): The detector
DC signal S0(I) is used for power normalization, i.e., Sn(I)/S0(I) is formed.
Compared to 1f normalization no calibration factors are required. No assumption
on the laser intensity variation is made, hence the method is suitable for wide
spectral scans where the nonlinearity of P0(I) is non-negligible. Influence of stray
light can be compensated by using an on-off modulation after each scan. The
relevant signal model that is also correct for high absorbance is developed below.

Advantages: Simple method. Arbitrary laser power variation (wide scans). No
calibration constants.

Disadvantages: Stray light compensation required.

If the absorbance is in the range of 1 % to 10 % or even higher, a significant influence
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3. System Modeling

from this normalization with S0(I) instead of P0(I) is expected. In the following the
model for DC scan (zeroth harmonic) normalization is given which is also valid for
the high absorbance regime. Introducing the normalization, Eq. (3.58) with Eq. (3.59)
reduces for n > 0 to

Sn

S0
einφ︸ ︷︷ ︸

measured

≈
Hn

H0︸︷︷︸
desired

+
Pn

P0
einφ︸ ︷︷ ︸

baseline

+
1

2

∞∑
m=1
n 6=m

Hm

H0

Pn−m

P0
ei(n−m)φ

︸ ︷︷ ︸
other distortion

, (3.61)

where the notation of the I or ν dependency of all quantities (including νa and φ) has
been suppressed for clarity. The interpretation of Eq. (3.61) is straightforward: In case
of an ideal laser, i.e. Pn(I) = 0 except for P0(I) = const > 0, obviously the normalized
harmonic spectrum Hn(ν(I))/H0(ν(I)) is obtained.

For a non-ideal laser and no absorber present in the optical path, i.e., Hn = 0, except
for H0 = 1, the “laser background” Pn(I)/P0(I) is measured. If both are present, the
sum of the normalized harmonic spectrum and the “laser background” is obtained, as
well as mixing products which further distort the measurement. The “mixing products”
cause the asymmetry of the measured spectra.

For the VCSEL from the example in Fig. 3.12 the mixing products become negligible
and the spectral model for second harmonic detection only needs to include a baseline,
which is due to the low relative intensity modulation:

S2

S0
ei2φ ≈

H2

H0︸︷︷︸
amol

3

+
P2

P0
ei2φ︸ ︷︷ ︸

10−4

+
1

2

( H1

H0︸︷︷︸
amol

2

P1

P0
eiφ︸ ︷︷ ︸

10−2

+
H3

H0︸︷︷︸
amol

4

P ∗1
P0

e−iφ︸ ︷︷ ︸
10−2

+
H4

H0︸︷︷︸
amol

7

P ∗2
P0

e−i2φ︸ ︷︷ ︸
10−4

+ . . .
)

(3.62)

≈
H2

H0
+
P2

P0
ei2φ. (3.63)

The laser background is based on data shown in Fig. 3.12 for the VCSEL at 2µm
operated at a bias current around 7 mA, with a modulation amplitude setting for
detection in ambient air. It is evident that for this VCSEL the mixing terms can be
neglected because these only contribute only about 1% to the overall signal, independent
on the value of the absorbance amol. For the mixing terms to be negligible, the laser
has to be operated as close as possible to roll-over. A discussion on differences between
VCSELs and DFBs and lasers on different material system in context of this requirement
is in section 3.3.6.ii.

3.3.5. Fast and accurate computation of harmonic spectra

A practical problem is the computation of harmonic spectra from the transmission.
The task is the evaluation of the Fourier integral Eq. (3.26), which is stated again for
convenience of the reader:

Hn(ν; νa) =
εn

2π

∫ π

−π
T (ν + νa cos (z)) cos (nz) dz. (3.64)
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Although numerical integration can be employed, it is computationally intense and in
the literature a wide range of other approaches has been considered. These approaches
are all limited to special cases. The question is: Can the convolution model provide
a better computation method? It should be universal (i.e., for arbitrary T (ν)), fast
(faster than numerical integration) and accurate (in the sense that the maximum error
is guaranteed to be smaller than a certain prescribed bound). Such a method is outlined
after a brief presentation of other approaches known from the literature.

Existing approaches: analytical formulas, numerical integration or approximation

� Analytical formulas: For unsaturated Lorentzian absorption lines, closed-
form analytical formulas exist for harmonic spectra [71, 73, 83], which simplify
signal processing in these cases where they can be applied [20, 28, 54, 55, 84].
Harmonic spectra for the dispersion Lorentzian line shape (Hilbert transform of
Lorentzian spectrum) is also known in closed form [85]. Lines in the mid-infrared
at atmospheric pressure have a Lorentzian shape to a very good approximation.

Disadvantages: Not applicable to saturated or Voigt shaped lines.

Advantages: Fast and exact computation.

� Numerical integration: If analytical formulas for the specific line shape are
unavailable it is a common method to use numerical integration of the Fourier
integral [20, 73, 74, 86–91]. Whereas in Ref. [90] a FFT approximation is used, i.e.,
the uniform discretization of the integral (with respect to z) and its evaluation as
a simple sum. Also numerical Gauss-Chebyshev integration of the convolution
expression for harmonic spectra Eq. (3.32) is used [92, 93]. Note that in the
literature it was not observed that these two approaches are mathematically
equivalent8.

Disadvantages: Computational expensive, many evaluations of T (ν) are needed.

Advantages: Accurate (error can be made smaller than any prescribed bound).

� Approximation by truncated infinite series: For arbitrary line shapes infi-
nite series expansions are available (see Eq. (3.31)), but these do not converge
for all practically important cases as mentioned before [73]. See section B.4 for a
summary of the necessary n-th derivatives of common line profiles. Nevertheless
it is often presented in the literature (cf. section 3.3.1.vi). For the Gaussian and
saturated Lorentzian line profiles infinite series expansions are available for even
harmonics at line center [94] or for unsaturated Gaussian lines [95, 96].

Disadvantages: Possibly slow or no convergence for important lines hapes. Deriva-
tives of T needed, hence impossible to apply for measured data.

Advantages: Simple algorithm.

� Other approximation: Approximation by derivatives of the profiles is also used
[97, 98], but limited to low modulation amplitudes. Other approaches are based

8There the convolution integral is discretized according to the Gauss-Chebyshev rule, which can

be applied for integrals with a 1/
√

1− x2 weighting term as it is present in Eq. (3.49). The
nodes where the integrand (without weighting function) has to be evaluated is given by the
Chebyshev nodes. Then the integrand evaluated at these nodes is summed up with certain
weighting factors which are also determined by the Gauss-Chebyshev rule. If this is simplified the
same expression as uniform discretization of the Fourier integral expression is obtained. Hence
these two approaches are equivalent.
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on approximation of the harmonic spectra of a Voigt profile by a sum of Lorentz
profiles for which an analytical expression is used [99, 100]. A similar approach is
used in Ref. [101].

Disadvantages: Limited range of validity. Error can not be controlled.

Advantages: Simple algorithm

� Frequency domain The Fourier transform of the n-th harmonic spectrum is
given by multiplication of the Fourier transform of the transmission with the
Bessel function of order n (Eq. (3.36)). This simple structure allows for a fast
computation of the n-th harmonic spectra in the Fourier domain. Evans et. al
[102, 103] used a similar method to compute the first harmonic spectra (i.e.,
n = 1), whereas from Eq. (3.36) the general case can be derived, which allows
for computation of harmonics of all orders. This has also been found by other
authors [104]. The Fourier transform of the transmission in Eq. (3.36) is either
computed with the help of the FFT algorithm, or in case of unsaturated Voigt
lines, directly with known analytical formulas (which are briefly summarized in
section B.4).

Disadvantages: Uniform sampling and constant modulation amplitude per scan
only. Error depends on choice of sampling points and is unknown a-priori.

Advantages: All points of a spectral scan are computed simultaneously.

New method (derived in this work): The new method is based on approximation of
the transmission by a piecewise polynomial from which the harmonic spectrum can
be computed exactly. Spline interpolation or approximation of arbitrary degree is one
possible method to obtain such a piecewise polynomial approximation. Hence, this is
a very general approach. Due to the error bound Eq. (3.45) this is feasible and the
computation error is very easy to control. The error bound states that the error on the
harmonic spectrum is maximally π/4 times as large as the error on the transmission.
Hence the problem of controlling the computation accuracy is shifted to approximation
of the transmission by a suitable class of functions (piecewise polynomials in this
case), which is an relatively easy task. Furthermore the method is also suitable for
computation of harmonic spectra from measured transmission functions, where the
maximum error on the harmonic spectrum is typically also known (e.g., measurement
noise or spectral accuracy). If for example harmonic spectra with an absolute accuracy
of 10−6 are desired, the transmission must be measured or approximated by piecewise
polynomials with absolute accuracy of π

4
10−6 = 0.79× 10−6 prior to transformation

to a harmonic spectrum.

The exact analytical expression for the harmonic spectrum of a piecewise polynomial
transmission of arbitrary degree will be derived in the following. This includes the
special case of linear, constant and arbitrary degree spline interpolation/approximation.
Neither equidistant sampling on the ν values is needed nor a constant modulation
amplitude νa. The points νk where the spectrum is to be computed and the modulation
amplitude νa can be chosen freely without affecting the computation accuracy. The
spline approximation of the transmission only needs to be determined once with a
certain prescribed accuracy. Then harmonic spectra of arbitrary degree and with
arbitrary modulation amplitude can be obtained with the desired maximum error.

The piecewise polynomial interpolation or approximation of degree k can be expressed
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as:

T (ν) =
N∑
j=1

pj(ν − νj−1)χ[νj−1,νj)
(ν). (3.65)

The νj , j = 0, . . . , N denote the breaks of the piecewise approximation, i.e., the
subdivision in N sub-intervals that cover the interval [ν0, νN ]. The pj symbol specifies
a polynomial of degree k and χ is the characteristic function

χ[νj−1,νj)
(ν) =

{
1 νj−1 ≤ ν < νj

0 otherwise
. (3.66)

The harmonic spectrum belonging to Eq. (3.65), i.e.,

Hn(ν; νa) =
εn

2π

∫ π

−π
T (ν + νa cos (z)) cos (nz) dz (3.67)

is analytically given by the following expression:

=

N∑
j=1

Qn

(
ν − νj−1

νa
,dj(ν)

)
−Qn

(
ν − νj
νa

,dj(ν)

)
, (3.68)

with the fixed function Qn(w,d):

Qn(w,d) =
εn

π

(√
1− w2

C

n+k−1∑
i=0

(Snd)i Ti (−wC) + rTnd arcsinwC

)
. (3.69)

Furthermore, the vector dj(ν) of the first k derivatives of polynomial segment j and
wC the number w clamped to the interval [−1, 1] are defined as:

dj(ν) =


pj(ν − νj−1)
p′j(ν − νj−1) νa

2

...

p
(k)
j (ν − νj−1)

νka
2kk!

 , wC =


1 w > 1

w −1 ≤ w ≤ 1

−1 w < −1

. (3.70)

See derivation C.10. The symbol (Snd)i denotes the i−th component of the result
vector from the matrix vector product Snd. The constant (n+ k)× (k + 1) matrix Sn
and constant (k + 1) element vector rn are given by:

(Sn)ij =
∑

m=−j,−j+2,
...,j−2,j
m 6=−n

{
εi

|n+m|
( j
(m+j)/2

)
i < |n+m|, |n+m| − i odd

0 otherwise
, (3.71)

(rn)j =

{( j
(j−n)/2

)
j ≥ n, j − n even

0 otherwise
, (3.72)

with i = 0, . . . , n+ k − 1 and j = 0, . . . , k.

The coefficient for the arcsin term is zero if n > k, which simplifies computation in this
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case. Then only a square root and a polynomial of degree n+ k has to be evaluated.
Fortunately, the coefficients of the polynomial are given in the Chebyshev form, which
allows for a fast and numerically stable evaluation with the Clenshaw algorithm (see
section B.1). The coefficients for the Chebyshev sum are given by the vector matrix
product Sndj . The matrix has constant elements (see below for S1 and S2) and the
vector dj just contains the derivatives of the j-th polynomial segment. This requires

simultaneous evaluation of a polynomial and its normalized derivatives (i.e., p(i)(x)/i!)
which can be efficiently implemented without need for explicit differentiation [105].

The sum in Eq. (3.68) only needs to run over indices j where νj−1 ≤ ν + νa and
νj ≥ ν − νa9, because the two Qn summands become equal in the other cases.

The whole process is even more simplified and possibly numerically stabilized if the
transmission is given in normalized coordinates T̃ (x) = T (νax) and the computation
carried out with respect to x and the corresponding modulation amplitude xa set to
1 (see section 3.3.3 on the independence of the harmonic spectrum on the unit of the
frequency axis). This has the advantage that the numbers during computation of the
vector dj are not excessively small or large which improves numerical stability.

The Sn matrix and rn vector for first and second harmonic detection n = 1, 2 and
polynomial degrees up to k = 7 read:

S1 =



1 0 10
3

0 178
15

0 1524
35

0 51218
315

0 1 0 9
2

0 55
3

0 875
12

0

0 0 2
3

0 56
15

0 598
35

0 23056
315

0 0 0 1
2

0 10
3

0 203
12

0

0 0 0 0 2
5

0 108
35

0 5416
315

0 0 0 0 0 1
3

0 35
12

0

0 0 0 0 0 0 2
7

0 176
63

0 0 0 0 0 0 0 1
4

0

0 0 0 0 0 0 0 0 2
9


, r1 =



0
1
0
3
0
10
0
35
0


,

S2 =



0 4
3

0 26
5

0 416
21

0 3398
45

0

1 0 5
2

0 28
3

0 145
4

0 2128
15

0 2
3

0 12
5

0 202
21

0 1756
45

0

0 0 1
2

0 7
3

0 41
4

0 658
15

0 0 0 2
5

0 16
7

0 496
45

0

0 0 0 0 1
3

0 9
4

0 178
15

0 0 0 0 0 2
7

0 20
9

0

0 0 0 0 0 0 1
4

0 11
5

0 0 0 0 0 0 0 2
9

0

0 0 0 0 0 0 0 0 1
5


, r2 =



0
0
1
0
4
0
15
0
56


.

For lower degrees as k = 8 the matrix/vector is simply truncated by the corresponding
number of rows and column, because the entries do not depend on the maximum degree
k of the piecewise polynomials.

9This is just the intervals [νj−1, νj ] which intersect with the interval [ν − νa, ν + νa]. It is obvious
that the harmonic spectrum at ν can only depend on the behavior of the transmission in the
interval [ν − νa, ν + νa] because the modulation around ν only covers these frequencies.
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3.3. Wavelength modulation spectrometry

3.3.6. Discussion and implications for system improvement

The convolution or filter model of WMS has a lot of implications which allow for
re-interpretation of many of the advantages WMS is claimed to have over direct
spectroscopy. Some of these are summarized in this section and discussed in view of
this new model.

It has been found that the signal to fringe ratio of harmonic spectra can be optimized
by using either non-sinusoidal modulation waveforms10 [106], by employing higher
harmonic detection (n > 2) [107–109] or adjustment of the modulation amplitude
[110]. Additionally, increased sensitivity to density fluctuations [111, 112] or improved
resolvability of overlapping lines [113] of higher order detection compared to second
harmonic detection was found.

While these findings are not questioned, there can be no – or if at all only a slight – benefit
in terms of more stable or more accurate sensing compared with direct spectroscopy
or second harmonic detection. This is because it is possible to achieve the same effect
as indicated in the literature by subsequent filtering of the transmission or second
harmonic spectrum. With subsequent filtering, even more flexibility in filter design
is available and there is no known reason why the inherent WMS filtering should be
optimum for the specific distortions contained in measured TDLAS spectra.

This view in agreement with the observation that lower order spectra contain more
information than the higher order spectra11. The alleged stronger or reduced sensitivity
of the higher harmonic spectra to some variables is just because of the special behavior
of the intrinsic filtering of WMS. For example interference fringes can be suppressed
if a zero of the frequency response of the WMS filter is exactly at the inverse of the
free spectral range of the interference. Different modulation waveforms have different
zeros in the frequency response and hence different signal to fringe ratio may result
explaining the results by Iguchi [106]. The same can be achieved by adjusting the
modulation amplitude, which allows to shift a zero to any position and hence cancel
arbitrary sinusoidal components (cf. results in Ref. [110]). As mentioned before, the
same can be achieved by subsequent filtering of spectra (e.g., notch filtering), or better,
curve-fitting with an appropriate spectral model and/or appropriate noise covariance
matrix.

The previous results in literature hence do not show fundamental advantages of WMS,
the same or even better results can be achieved by additional spectral filtering or proper
curve-fitting.

A quantitative comparison of different spectroscopic methods will become possible with
the metrics developed in section 5.1.1 with further results presented in section 5.1.3.

i. Discussion of methods for fringe reduction

In a similar manner the argument can be extended to a non WMS frame, with the
general question which methods at all allow for effective fringe reduction and which

10For this non-sinusoidal WMS also a convolution or filter type model exists, because this WMS
also has the linear shift invariance property. The specific filtering is of course different for each
waveform.

11This viewpoint is supported by the recursion formula for harmonic spectra Eq. (3.39), which shows
that the information content of harmonic spectra is decreasing with detection order, in the sense
that the higher order spectra can be computed from the lower order spectra, but not vice versa.

65



3. System Modeling

not. As shown before, fringe reduction using special properties of WMS is not better
than simple filtering because WMS is actually just special filtering with an adjustable
free parameter. Other methods include the use of pulsed measurements [114] or second
modulation, dithering or special averaging [106, 115–117].

In literature it is stated that post processing for fringe reduction can only be applied
when the fringe and the desired spectral components are separated in the frequency
domain [118]. While this is clearly true, it has been unnoticed that this is the limitation
in the general case. All mentioned methods (WMS, pulsed measurements, double
modulation, dithering) essentially implement a filtering/convolution because they also
have the linear-shift invariance dependence of the detected signals on the transmission.
Hence, all benefits these methods provide, can be achieved by digital filtering as well,
with better or at least equal performance.

Efficient methods for fringe suppression separate the fringe and gas absorption signal
in the frequency domain or spatial domain with multiple detectors [119]. The first can
be done by either modulation of the fringe component while the gas absorption does
not change or by change of the gas absorption and the fringe being unchanged. The
first is either employed by piezo modulation of the resonator length [114] or general
mechanical vibration [26] which distributes the fringe distortion in the frequency domain
making it more easily filterable. The second is the employment of the Zeeman or Stark
effect with which the gas absorption lines are tuned and the fringe interference remains
unaffected. This effectively shifts the fringe signal to zero frequency, where it is also
easily filtered. These consideration was the rationale for development of a method
based on the Zeeman effect in section 4.3.

ii. Difference of wavelength modulation spectroscopy realized with VCSELs or
edge-emitters

Obviously the approximation from Eq. (3.62) to Eq. (3.63) can only be made because
the relative intensity variation (more precisely the first harmonic P1/P0) is very low
for VCSELs. The question is why in sensors this relative power modulation is different
for DFB lasers and VCSELs. The answer is the different bias point current relative
to threshold and laser roll-over. For low relative power modulation the laser should
be operated as high as possible above threshold close to or at the thermal roll-over, so
that the mixing terms in the spectral model become negligible12. Due to their higher
power these operation conditions may not be desired or possible to reach with DFB
lasers, which have in this case a disadvantage over VCSELs. There are no fundamental
differences between DFBs and VCSELs, but between laser wavelengths: GaAs based
lasers have much lower relative modulation amplitudes than higher wavelength lasers
(see Tab. 3.1).

Detailed explanation: If for both laser types self-heating is neglected this normalized
first harmonic is inversely proportional to current, i.e.,

P1(I)

P0(I)
=

ηe∆I

ηe(I − Ith)
=

∆I/Ith

I/Ith − 1
. (3.73)

12Strictly speaking this may just be true for ambient conditions, because the relative magnitudes
depends on the modulation amplitude νa. If this is significantly larger than typical, the mixing
products may not be neglected even at roll-over, because P1/P0 may always be too large.
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This value is influenced by the following

� The normalized modulation amplitude ∆I/Ith. The value of ∆I depends on
the laser tuning coefficient (at the modulation frequency) because the frequency
modulation amplitude νa is predetermined (given by width of the gas line). This
value is the same for VCSELs and DFBs but different at different wavelength.

� The normalized bias point I/Ith. For DFBs this can be as low as I/Ith = 1.5
[120]. According to Tab. 3.1 maximum values are in the range 2 to 4 depending
on the wavelength, while VCSELs have values of 3.3 to 6.5. These may be even
exceeded because operation at roll-over or beyond is possible for VCSELs since
these do not suffer from catastrophic optical damage.

� Deviation from the simplified laser model. Self-heating effects cause the the
formula to typically over-estimate P1 close to roll-over (cf. experiment in Fig. 3.12).

λ VCSEL DFB Ref.

∆I/Ith Imax/Ith ∆I/Ith Imax/Ith

763 nm 20 µA
0.6 mA

≈ 0.033 2 mA
0.6 mA

≈ 3.3 0.6 mA
15 mA

= 0.04 30 mA
15 mA

= 2 [121, 122]

2µm 266 µA
1.6 mA

≈ 0.17 10.5 mA
1.6 mA

≈ 6.6 4 mA
25 mA

= 0.16 100 mA
25 mA

= 4 [123]

Tab. 3.1: Comparison of laser parameters that influence the relative power modulation
P1/P0 for DFBs and VCSELs (see simplified model Eq. (3.73)).

3.4. Parameter extraction from measured data

The aim of this section is to provide the basic tools with which signal processing
methods can be analyzed to improve the overall sensing performance. Signal processing
is understood here as the process of extraction of target data values from measured
spectra. It depends on, but is distinct to the detection method which defines how the
measured spectra/signals are related to the optical transmission.

First, certain definitions and a notation needs to be developed. In section 3.4.1 the
extraction of parameters using least squares curve-fitting is described and section 3.4.2
a filter model of the fits behavior for perturbations is presented.

Single scan The sensor can be regarded as a black-box that performs a measurement
on the optical transmission T (ν) of the cell including the gas. A single scan probes

the transmission and outputs a value which represents the gas concentration Ĉmol or
gas number density value n̂mol. For better comparison of sensors in this thesis the
output values are normalized to the gas peak absorbance âmol. This was chosen for the
sensor output values to become independent of optical path length L and absorption
line strength:

Ĉmol =
1

αpkL
âmol, n̂mol =

1

σpkL
âmol. (3.74)
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âmol : Sensor output value in terms of peak absorbance (unit: 1),

Ĉmol : Sensor output value in terms of concentration (unit: 1 or L/L),

n̂mol : Sensor output value in terms of number density (unit: 1/cm3),

αpk : Target gas peak absorption coefficient (unit: 1/cm),

σpk : Target gas peak absorption cross section (unit: cm2),

L : Gas cell optical path length (unit: cm).

This sensing process consists of the spectral measurement and subsequent signal pro-
cessing for data extraction. This is written in this thesis in the abstract notation:

âmol = SENS{T (ν)} = EXTRACT {DETECT{T (ν)}} . (3.75)

The optical transmission T (ν) depends on physical gas parameters like Cmol, pressure p,
temperature T and optical path length L. Due to measurement noise, the sensor output
values are only estimates (denoted with a hat accent) differing from the true physical
values (denoted without hat accent). Any sensor can be written in this way even if

absorbance

n

1 1

apk L

concentration

Ĉmol

âmolDetection method

DETECT

Noise

EXTRACT

y
Optical system

“least squares curve-fitting”yi S/P

Fig. 3.13: Sensor schematic for a single scan. The detection method generates the
measurement signals from the optical transmission function. Samples yi
(measurements at different optical frequencies) are grouped to a scan vector
and processed using curve-fitting to obtain the absorbance of the target gas.

the sensor output values are directly concentration values or number densities. Then
Eq. (3.74) serves as a definition for âmol. The gas absorbance values are the relevant
quantity to compare the signal processing performance because they are independent
on the gas absorption line strength and optical path length.

During each measurement cycle the detection method generates a single scan consisting
of N samples (usually at different optical frequencies) which are grouped into the scan
vector y = (y1, . . . , yN ):

y = DETECT{T (ν)}. (3.76)

yi : Sample i of the spectral scan (unit: 1),

y : Vector of all samples of the spectral scan (elements: yi, size: N) (unit: 1),

N : Number of samples per scan (unit: 1).

This vector depends on the transmission function (dependency defined by the detec-
tion method) and the non-ideality of the sensor hardware (e.g., laser wavelength or
intensity variation during tuning). For direct spectrometry and wavelength modulation
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spectrometry the measurement could be modeled by

yi = Pi T (νi) + εi, for “direct spectrometry”,

yi = Pi (T ∗Kwms)(νi) + εi, for “wavelength modulation spectrometry”,

with νi being the frequency points where the transmission is sampled, Pi the corre-
sponding laser emission power, εi random variables representing measurement noise
and Kwms the WMS filter kernel from Eq. (3.33).

The parameter extraction then obtains the wanted information from the measurement:

âmol = EXTRACT{y}. (3.77)

Usually this is implemented by employing least squares curve-fitting with an appropriate
model (denoted by f(. . .))

âmol = argmin
amol,θ2,...

|y − f(amol, θ2, . . .)|2 . (3.78)

The θj are nuisance parameters, i.e., unknown parameters that are not of interest
but have to be determined in the curve-fitting because the measurement signal data
depends on it. The signal model reflects the designers assumptions and knowledge
on the measured signals and how it is assumed that they change with the wanted
quantity. It depends on the detection method and also contains the assumptions about
the random measurement distortion, i.e., the noise influence and the noise statistics.

For all data processing strategies (also other than curve-fitting) there exists a signal
model. Also for heuristic data extraction there must be such a signal model, even if it is
neither explicitly needed nor explicitly formulated during algorithm design. For example
second harmonic center detection has the implicit signal model that the laser emission
frequency is the same as the line center, modulation index (i.e., modulation amplitude
divided by line-width) stays constant, attenuation is equal to absorbance (implies that
there are no fringes) and there is no spectral baseline. The noise is uncorrelated to
the analytic signal, additive and of zero mean. If the sensor system deviates from
these assumptions systematic errors in the extracted values are likely to occur. These
problems could then display as drift or instability over longer times. Quantification of
such problems is possible with the Allan plot (see section B.5).

Repeated scans During sensor operation the scans take time ∆t = 1/R and are
repeated with the rate R (unit: Hz). See Fig. 3.14 for an illustration of the signals and
the corresponding timing. Hence a stream of values

y(k) = DETECT{T (ν; t = t0 + k/R); ∆t = 1/R}, (3.79)

âmol(k) = EXTRACT{y(k)}, (3.80)

each corresponding to the physical situation at time instants t = t0 + k/R, is obtained.
It is convenient to concatenate the measurement vectors (with N samples each) to a
stream of scalar values with rate RN

y(l) = yi(k), i+ kN = l. (3.81)
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n

y1(1) y2(1) yN(1)... y1(2) y2(2) yN(2)...

n

l spectral samples
samplerate: RN

y(1) y(2)

DETECT

spectra
samplerate: R

âmol(1) âmol(2) absorbance
samplerate: R

EXTRACT EXTRACT

Cmol(1) Cmol(2) concentration
samplerate: R

1

apk L

1

apk L

DETECT

k

k

k

time

t R0+1/t0 t R0+2/ t R0+3/

Fig. 3.14: Depiction of sensor signals and their timing.

3.4.1. Fundamentals: Signal model and least squares curve-fitting

The aim of this section is to develop an appropriate description of the parameter
extraction by curve-fitting. The following variables (extra to the in Eq. (3.76)) are used:

Ii : Independent variable belonging to the i-th sample (unit: n/a),

θi : Unknown model parameter i (unit: n/a),

θ : Vector of unknown model parameters (unit: n/a),

f(I,θ) : Analytic signal model (unit: 1),

εi : Random variable representing noise on i-th sample (unit: 1),

ε : Vector of random variables representing measurement noise (unit: 1),

W : Matrix with covariance structure of the noise (unit: 1),

Syy : Noise spectral density on y (unit: 1/Hz)

i. The signal model

The measured scan consist of N points which are denoted as yi and the P unknown
parameters are grouped in the vector θ = (amol, θ2, . . . , θP )T . The noise is described
by the random variable εi and the model for the analytic signal by f(I,θ):

yi = f(Ii,θ) + εi, Cov {εi, εj} = σ2wij , i, j = 1, . . . , N (3.82)

or in vector notation

y = f(I,θ) + ε, Var {ε} = σ2W . (3.83)

The values of the independent variable Ii are strictly speaking not important – they are
just added for convenience because the TDLAS signal models can be compactly written
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using this form. If the laser is tuned by current, then these Ii could represent the laser
current of the spectral sample yi in an appropriate unit (e.g., mA or DA converter

digits). Writing f(θ) =
(
f(I1,θ) . . . f(IN ,θ)

)T
instead of f(I,θ) is equally valid.

The signal model can be empirical (e.g., by using recorded spectra from a reference
channel [124]) or adaptive (i.e., change during sensor operation) [124, 125].

Noise correlation properties and the noise spectral density The matrix W (elements
wnm) with the noise covariance structure and noise variance σ2(y) are completely
determined from the (single sided) noise spectral density on the spectrum Syy(f):

wnm = 2

∫ 1/2

0

Syy(ΩRN)

Syy
cos (2πΩ(n−m)) dΩ, Syy = 2

∫ 1/2

0
Syy(ΩRN)dΩ.

(3.84)

See derivation C.11. The total noise variance is given by σ2(y) = RN/2Syy . In case of
white noise (Syy(f) = Syy) this reduces to W = I. Note that RN is the sampling rate
with which the spectrum is discretized and the integrations are carried out between
zero and positive Nyquist frequency. These only conver the positive frequency part
because the engineering convention of a one-sided spectral density is assumed.

Example signal model For example, the signal model for a gas sensor employing WMS
second harmonic detection could be given by the following substitutions:

Ii laser current for the i-th spectral sample

yi = S2(Ii)/S0(Ii) normalized detector signal

θ = (amol, ofs, slope)T unknown gas and linear baseline parameters

f(I,θ) model Eq. (3.61)

εi
i.i.d∼ N (0, σ2), W = I normally distributed, independent (white) noise

N = 64 Number of points per spectrum

The following parameters are not part of the signal model but are stated for completeness:

R = 1 . . . 10 Hz, Measurement rate

Syy = 10−14 . . . 10−12 Hz−1, Noise spectral density.

ii. Least squares fit parameter extraction

Because the measurement data are superimposed with random noise, Eq. (3.83) can
not be solved for θ (even if f can be solved for θ) so the extraction is impossible in an

exact way. The best one could expect is to obtain an estimate θ̂ as close as possible to
the “true” parameters θ.

A very important estimation method is the (generalized) least squares estimation in

which case the estimate θ̂ = θ̂(y) is obtained by

θ̂(y) = argmin
θ

{
(y − f(θ))HW−1(y − f(θ))

}
. (3.85)
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This method is frequently employed and is known as curve-fitting or nonlinear regression.
In case of a linear model the least squares estimate has a closed form expression [126]

θ̂(y) = (FHW−1F )+FHW−1y, for f(θ) = Fθ, (3.86)

with F the observation matrix for the linear model. The symbol + specifies the Moore-
Penrose pseudoinverse matrix (for definition and properties see section B.2). In the
TDLAS literature often the simplified formula with W = I and the regular inverse
instead of the pseudoinverse is given. The form here has the advantage that it is also
valid if components to nuisance parameters are linearly dependent [126].

For a nonlinear model the least squares estimate has to be determined by iterative
algorithms such as the Levenberg-Marquardt algorithm. Computation of the least
squares estimate is a standard procedure [127] and will not be covered in this thesis.

iii. Error propagation of the least squares estimate

The sensitivity of the fitted parameters to certain small perturbations on the measured
spectrum ∆y is needed, i.e.,

∆θ̂ = θ̂(y + ∆y)− θ̂(y). (3.87)

Using first order perturbation theory one can derive from Eq. (3.85):

∆θ̂ ≈ (F (θ)HW−1F (θ))+F (θ)HW−1∆y. (3.88)

See derivation C.12. This is formally the same equation as for the linear fit Eq. (3.86),
so for small changes the nonlinear fit behaves the same as the linear fit. The observation
matrix F of the linear model has just to be replaced by the Jacobian matrix of the
nonlinear model: F (θ) = (∇f(θ)T )T . For the linear model the Jacobian matrix is
equal to the observation matrix F and, hence, usage of the same symbol is justified.

The result is easily understood. The nonlinear fit behaves differently at different
“operation conditions”, i.e., at different parameter estimates θ̂, around of which the
fluctuation ∆θ̂ occurs. The noise on the fitted parameters depends on these operation
conditions.

3.4.2. Digital filter model for the curve-fit

The result of the previous sections allows to interpret the (linear or nonlinear) least
squares curve-fit as a filter with following decimation. It relates small perturbations
on the spectrum (∆y or ∆y(l)) to differences on the fitted parameters (∆θ̂). In
section 5.1.1.iii it will be shown experimentally that this perturbation description allows
for correct modeling of the noise behavior of TDLAS sensors. The current operating
point is denoted as y and θ. The dependence on θ is suppressed in the following small
signal analysis because the operation point θ is fixed.

From Eq. (3.88) a small perturbation ∆y on the spectrum causes a perturbation of the
gas absorbance of

∆âmol(k) =

N−1∑
m=0

h(m)∆y(kN −m) = (h ∗∆y)(kN), (3.89)
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N

Small signal model for parameter extraction

Dy l( ) Filter (”curve-fit”)
Impulse response ( )h i

1

Concatenated perturbation on
measurement spectra

samplerate: R N
samplerate: R

R
N

: measurement rate
: numer of points per spectrum

absorbance
perturbation

1
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concentration
perturbation
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Fig. 3.15: The filter model for the curve-fit. The change on the measurement samples
∆y(l) (each N belonging to a separate spectrum) are the input of the curve-
fitting routine and the output is change of the peak absorbance ∆âmol. For
the linear case this model is exact and for the non-linear case it depends on
the current sensor operation point and holds for perturbations.

with h(l) = h(l,θ) the reverse of the first row of the matrix in Eq. (3.88):

h(l) = ((FHW−1F )+FHW−1)1,N−l+1, l = 0, . . . , N − 1. (3.90)

This h(l) is the impulse response of the filter describing the small signal behavior of
the fit. Eq. (3.89) is a convolution or filtering of the stream of spectral samples ∆y(k)
and a subsequent N-fold decimation (i.e., selection of every N-th sample, giving one
output sample per input scan). This is depicted in Fig. 3.15.

Independence of h from certain linear parameters Due to the non-linearity of the fit
the filter generally depends on the current operation point θ, i.e., the parameters around
which the linearization is carried out. Because the number of parameters (3 to 10) is
high, a theoretical judgment or performance optimization can be a complicated task.
Fortunately, the filter response is independent on parameters θi which enter the signal
model linearly and from which the first row of the Jacobian is independent, i.e.,

∂F

∂θi
= FD, with D diagonal matrix, D11 = 0 ⇒

∂h(l)

∂θi
= 0. (3.91)

See derivation C.13. This is for example the case for the gas absorbance at unsaturated
optical conditions (θi = θ1 = amol) and additive baseline parameters like offset or slope
(with θi as a baseline parameter). The behavior of the sensor then only has to be
quantified with the remaining model parameters being varied. Linear parameters which
enter the model in the way as in Eq. (3.91) can be set to arbitrary values, because the
fits small signal behavior does not depend on the average values of linear parameters.

Range of validity of the small perturbation approximation It is clear, that the model
must be valid for small relative changes on the parameters ∆θ, but it gives no information
on how large this range may be. In section 3.4.3 it will be explained that this region of
validity corresponds to the region where the curve-fitting is also the optimum method.

3.4.3. Optimality of curve-fitting

It is not clear a-priori if least squares fitting (minimization of the difference between
measurement and model) also corresponds to a minimum distance between estimated
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parameters θ̂ and their true values θ.

This can be answered for the class of unbiased estimators. This means that the expected
value of the parameter estimation is equal to the true parameter value (E θ̂ = θ).

There is no unbiased estimator that has a lower variance than the of least squares curve-
fitting with Gaussian noise. In this case the minimum squared errors on the measured
spectrum directly translate to a minimum variance on the extracted parameters. For
linear models this is valid for Gaussian noise with arbitrary amplitude and for nonlinear
models for the limit of “small” Gaussian noise.

The detailed explanation is:

� For a linear model with white or non-white (i.e., correlated) noise the (generalized)
linear least squares estimator (as presented in the last section) has the lowest
variance of all linear unbiased estimators (“BLUE” property) [128]. In the limit
of “low noise” or normally distributed errors of arbitrary amplitude the estimator
is optimum among all (possibly nonlinear) estimators because then it achieves
the Cramér-Rao lower bound (“asymptotically efficient” and “efficient” property)
[126].

� In case of a non-linear model with (possibly correlated) noise the generalized
nonlinear least squares estimator is optimum for “low noise” and normally dis-
tributed errors (“asymptotically efficient” and “asymptotically unbiased”). For
a large number of measurement points, or equivalently, vanishing noise at fixed
number of measurement points, the non-linear curve-fit behaves the same as if it
was linearized and in this case has same properties [127].

The “efficient” property means that the Cramér-Rao lower bound for the variance is
attained. In that case there is no other unbiased estimator with a lower variance.

The above low noise assumption for optimality is usually fulfilled in a sensing application
because the relative noise on the sensor output values is low. The experimental proof
that the non-linear fit attains, for typical sensor operation conditions, the Cramér-Rao
lower bound is shown in section 5.1.1.iii.
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This chapter deals with the development of new methods for diode laser spectroscopy
sensors to overcome limitations of existing methods. This is based on the understanding
obtained in chapter 3 on modeling of wavelength modulation spectroscopy (WMS) and
the hollow fiber based cell.

The first covers identification of the wavelength scale from measured spectra (section 4.1).
It has been applied in the CO sensor [54, 129] (section 5.4) and the CO2/H2O sensor
[55] (section 5.3). This method allows for a much more compact realization of sensors
because the usual separate reference cell can be replace by a in-line reference cell.

The second method is multi-harmonic detection for WMS systems (section 4.2). Two
multi-harmonic detection methods for WMS systems are presented and compared:
simultaneous curve-fitting of multiple harmonic spectra and reconstruction of the
transmission from harmonic coefficients. The latter is a method based on the WMS
modeling results in section 3.3.

The third topic is Zeeman modulation spectrometry inside a multi-mode hollow capillary
waveguide (section 4.3) for improved suppression of the fiber spectral background. The
fiber background was analyzed in section 3.2.3 and in section 3.3.6 it was concluded that
broad band fringes can not be effectively suppressed by signal processing. Compared to
wavelength modulation spectrometry the advantage of Zeeman modulation spectrometry
is insensitivity to interference by multi-mode propagation in the fiber and absorption
by other non-paramagnetic gases, which should enhance both sensor stability and
sensitivity. Experimental and theoretical results are presented, showing the feasibility
of the approach.

The chapter is partly based on the following publications:

� A. Hangauer et al., “Laser wavelength stabilization using gases with complex
spectral fingerprint”, in International Conference on Field Laser Applications in
Industry and Research, Garmisch-Partenkirchen, Germany, 2009, p. 44,

� A. Hangauer et al., “Multi-harmonic detection in wavelength modulation spec-
troscopy systems”, Appl. Phys. B: Lasers Opt., 2012. doi: 10.1007/s00340-012-

5049-y,

� A. Hangauer et al., “Feasibility study of Zeeman modulation spectrometry with
a hollow capillary fiber based gas cell”, Opt. Lett., vol. 37, no. 7, pp. 1265–1267,
Apr. 2012. doi: 10.1364/OL.37.001265.

4.1. Laser wavelength stabilization

Motivation and limitation of existing methods For tunable laser spectroscopy applica-
tions precise knowledge of the laser emission wavelength during spectral measurement
is necessary. A common method is to apply line-locking where the laser wavelength is
stabilized using laser current or laser heat-sink temperature adjustments to match a
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4. Newly developed methods

specific absorption line [133] (see Fig. 4.1a). But with this method both the linear and
nonlinear tuning coefficients of the laser remain unknown, which are, however, required
in the spectral model for curve fitting. Also the absolute width of absorption lines
(HWHM) can not be determined without further assumptions on the laser behavior. In
cases where this is critical, reference etalons are usually used [134]. However, etalons
alone do not allow for determination of the absolute wavelength, only the wavelength
shift during a spectral scan can be determined. Furthermore, the reference etalon
method and – for trace gas applications – the line locking method require the use of
beam splitters and a second photodetector, because if a cuvette with the target gas
or an etalon would be placed in the main absorption path, reliable and sensitive gas
detection would no longer possible.

Laser Beam splitter

Photodetector
reference cell

Photodetector
meas. cell

meas. cell

Reference cell 
with target gas

Laser Beam splitter

Photodetector
reference cell

Photodetector
meas. cell

meas. cell

Reference cell 
with target gas

(a) Conventional reference cell with separate cuvette

Laser

Photodetector

meas. cell

reference gas

Laser

Photodetector

meas. cell

reference gas

(b) Integrated reference cell (new)

Fig. 4.1: Reference cell designs.

Proposed new method These disadvantages can be overcome when a cuvette with
a second absorbing gas is placed in the main absorption path and the absorption
lines of the second gas serve as wavelength markers (see Fig. 4.1b). This allows for
determination of the absolute wavelength scale, including wavelength offset, linear
and nonlinear tuning coefficients of the laser. Due to their wide current tunability,
VCSELs are predestined for this application. The signal processing for identification of
the wavelength scale from a broad second harmonic spectrum (several nm) is briefly
outlined here for CO detection at 2.3µm with CH4 as reference gas. The basic blocks of
a WMS sensor system are shown in Fig. 4.2. The lock-in amplifier is operated at twice
the modulation frequency and outputs the (peak) amplitude of the second harmonic
component of the detector signal. In case of an analog lock-in realization the amplified
and zero shifted data is digitized and buffered to form groups of separate spectral
scans. In a digital realization the A/D conversion takes place after amplification of the
detector current but the basic functions are the same as shown in Fig. 4.2.

1. After initial (rough) estimation of the spectral baseline the spectrum is normalized
with respect to the incident laser power. This is done by division by the zeroth
harmonic, which is a good approximation to the incident laser power when the
absorbance is small.
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Threshold

Fig. 4.2: Wavelength identification scheme.

2. By computing the average of all spectral points the baseline offset is estimated. It
is caused by the laser RAM (residual amplitude modulation), i.e. the “curvature”
of the PI characteristic. Theoretically, harmonic spectra have a mean value of
zero.

3. DFT filtering. After transforming the data with the discrete Fourier transform
(DFT) the frequency components above a certain frequency are set to zero and the
data is transformed back. This effectively removes high-periodicity interference
and noise, which would hinder detection of the absorption lines in step 4 and 5).

4. With a fixed threshold, absorption lines are detected. Since the y-unit of the
harmonic spectrum directly relates to absorbance, this threshold is independent
of laser power and absolute optical transmission value and is proportional to
the peak absorbance caused by the known minimum concentration of the gases.
Symmetric averaging around each line is used to determine the local baseline offset
(red marked area). This uses the fact that the second harmonic spectrum always
has a mean value of zero regardless of the physical line shape (see section 3.3.3.i).
Then the linear or quadratic spectral baseline is interpolated and subtracted.
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4. Newly developed methods

This refines the baseline estimation in step 2. This is necessary because the offset
caused by laser RAM typically increases with current.

5. Due to the updated baseline, detection of the spectral peaks using a threshold
is carried out again. The relative position and relative strength of the peaks is
then compared with theoretical data from the HITRAN database [19] and the
detected peaks are assigned to HITRAN lines.

6. A second order polynomial fit with the theoretical wavelength data and positions
of the maxima is done to interpolate the full wavelength scale. Finally the second
harmonic spectrum is obtained. The determined relationship between laser current
and wavelength (the laser current for each spectral sample must be known) is
stored and used for subsequent curve-fitting.

Practically, the presented method is used periodically (every few seconds) to
recalibrate the wavelength scale, whereas the actual concentration measurement
is done with narrow spectral scans that only cover the absorption line of the gas
of interest [135].

This method is universal and can also at be used at other wavelengths, e.g., for CO2 and
H2O detection at 2.004µm which is implemented in the sensor presented in section 5.3.

4.2. Multi-harmonic detection

In a WMS system the harmonic spectra have to be analyzed instead of the absorption
spectrum itself. This can be done either by curve-fitting to an appropriate spectral
model or by heuristic evaluation of the spectrum at a single frequency point. The
single point evaluation is only suitable for spectral models with a single parameter.
Nevertheless it is employed as detection of the maximum value of the second harmonic
in a frequent number of applications due to its simple signal processing. There the
sensor parameters which are not determined by the spectral evaluation are assuming
to have specific values or are determined in a one-time calibration. For more realistic
spectral models that include e.g., a variable spectral baseline or laser emission frequency
change this is not suitable and a such drifts could not be compensated with single point
detection, which is the reason for employing curve-fitting instead [136].

There are (theoretically) infinitely many harmonic spectra or harmonic components
which all could be used to extract the desired information. For single-harmonic detection
the signal energy that arrives at the photodetector is not fully utilized, whereas
theoretically complete utilization of the signal energy should enable an improved sensing
[70, sec 10.4]. Furthermore, there is no or only very little additional effort to detect
the higher harmonic components if a digital lock-in technique is utilized. Therefore
multi-harmonic detection should therefore be a simple way to increase sensitivity
or versatility of the WMS technique. However, it is not a standard approach in the
literature. Note, that this multi-harmonic detection assumes a sufficiently wideband
detection, which standard photodetetors always provide. Systems with an inherent
resonant/narrowband detection method like photoacoustic spectroscopy [137] may not
benefit from multi-harmonic detection. Optical systems based on cavities (e.g., ICOS)
have limited bandwidth since the light buildup and decay in the optical cavity is not
arbitrarily fast. This sets limits on the maximum number of harmonics that can be
detected and/or the maximum modulation frequency.
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4.2. Multi-harmonic detection

Two different multi-harmonic detection methods have to be distinguished:

� the simultaneous curve-fitting of harmonic spectra, or

� evaluation of a plurality of harmonic components at a single spectral frequency.

The harmonics at a single frequency ν0 contain all information about the shape of the
absorption line (see Fig. A.7), so in principle these should allow for extraction of all
extractable parameters and not only for the peak absorbance with single-harmonic
detection. Multi-harmonic detection at a single frequency was first proposed in Ref. [138],
with an empirical approach by relating the ratios of the n-th harmonic components to
the absorption line parameters, like half-width, center wavelength or peak absorbance.
Drawback of the method is that it requires an empirical calibration. This will be
improved here to an exact method where the full absorption line profile can be recovered.
This method is exact and therefore allows for curve-fitting to an arbitrary spectral model
which is used for direct spectroscopy. Both methods are also suitable for saturated
lines, i.e., thick optical sample conditions where the linearization of the Lambert-Beer
law does not hold anymore. These methods will be presented, analyzed and finally
compared.

In the sections below the following questions will be answered:

� How to implement multi-harmonic detection?

� How many harmonics are needed?

� Performance compared to single-harmonic detection?

� Performance compared to direct spectroscopy?

4.2.1. Method 1: reconstruction of the transmission

A reconstruction method that combines the harmonics at a single frequency ν0 (i.e., no
spectral scanning) can be derived as follows.

i. Theoretical background

In section 3.3.3.v a reconstruction formula for the transmission function from harmonic
coefficients was derived:

T (ν) =
∞∑
n=0

Hn(ν0) Tn ((ν − ν0)/νa) , (4.1)

with Tn (x) = cos (n arccos (x)) the n-th Chebyshev polynomial. This reconstruction
formula will serve as multi-harmonic detection scheme. Practically the right hand
side of Eq. (4.1) is evaluated with a finite number of measured harmonic coefficients
Sn(I0)/S0(I0) in place of Hn(ν0)1. The central laser emission frequency ν0 should be –
but is not required to be – close to the absorption line center. Because of the additional
offsets on the lower order terms in Sn(I0)/S0(I0) due to the laser power variation (cf.
Eq. (3.61)), Eq. (4.1) predicts that the obtained reconstructed data must be the same
as the measurement signal obtained with direct spectroscopy. The signal model for the

1Actually, Re
{
Sn(I0)/S0(I0)einφ

}
is used with φ being a small corrective FM phase-shift.
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reconstruction method, hence, has to include, in the same way as direct spectrometry,
the proper baseline due to variation of the laser intensity.

Because the substitution made to derive Eq. (4.1) is only valid for |ν − ν0| ≤ νa this
determines the range in which the reconstruction can be done. This is also clear from a
physical point of view: since the sinusoidal frequency modulation only covers the range
ν0 − νa to ν0 + νa, actually no measurement is performed outside this spectral interval
and it can not be expected to obtain information that is not measured. Practically,
the method can be seen as an implementation of direct spectrometry with sinusoidal
frequency scanning instead of linear scanning.

ii. Signal model for curve-fitting reconstructed transmission data

Since the laser center frequency ν0 and frequency modulation amplitude νa are generally
unknown it is convenient to use the normalized emission frequency coordinate x =
(ν − ν0)/νa for evaluation of right hand side of Eq. (4.1). Therefore, the spectral model
does not need to be changed: all determined frequency parameters like Gaussian or
Lorentzian absorption line half-width or line position will be obtained in this normalized
units (relative to scanning range, multiples of νa centered around ν0). Only if these
obtained parameters are to be compared with an absolute frequency, the quantities νa

and ν0 need to be determined with a frequency calibration scheme (e.g., with a reference
etalon or using the method described in section 4.1). If only a single Lorentzian line
and a linear laser power characteristic is considered the model has the following form:

N∑
n=0

Sn(ν0)Tn(x) = exp

(
−amolx

2
γ

x2
γ + (x− xC)2

)
(yo + ysx) + ε. (4.2)

The five unknown fit parameters are line position xC, line half-width xγ both in
normalized frequency coordinates (x = (ν − ν0)/νa), peak absorbance amol and yo and
ys modeling the y-offset and y-slope due to laser amplitude modulation, respectively.
The normalized frequency variable x lies between −1 to 1 and ε is a random variable that
represents the noise on the reconstructed spectrum. The numerically stable evaluation
of the sum of the left hand side of Eq. (4.2) is preferably done using the Clenshaw
algorithm (see section B.1) and then the least squares curve-fit to the given model is
carried out (for both see Fig. 4.3 bottom). For the reconstruction and subsequent fit,
the variable x was discretized with 64 equidistant values from −1 to 1. The actual
number of points is irrelevant if it is high enough so that the reconstructed spectrum is
adequately sampled.

iii. Required number of harmonics

Due to the increasing oscillatory behavior it is clear that each term in Eq. (4.1) adds
more detail to the result with a magnitude corresponding to the amplitude of the
harmonic coefficient. This is because the values of the Chebyshev polynomials all lie
in the range of −1 to 1. Since the harmonic coefficients typically show an exponential
decay with increasing order n, the sum in Eq. (4.1) can be truncated when the desired
accuracy is reached. The first few Chebyshev polynomials are shown in Fig. 4.4. The
minimum number N of harmonics depends on the system noise level. Due to the
uncorrelated noise on the harmonic spectra, the error by including the harmonic in the
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Fig. 4.3: The upper plot shows the measured harmonic coefficients Sn/S0 of the experi-
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transmission (using n = 0, . . . , 20 with Eq. (4.2)) (blue) and the corresponding
Lorentz fit (green) with residual (red).

reconstruction is higher than the error by its omission if the noise amplitude in the
harmonic is higher than the signal amplitude. The reconstruction thus should include
all harmonics with a signal to noise ratio higher than one. Using a typical modulation
amplitude νa = 3γ (γ: half-width at half-maximum of the absorption line) and system
noise level of 1× 10−5 to 1× 10−6 a full reconstruction can be obtained with N = 20
to N = 25 harmonics, when the peak absorbance is around 1 %. This can be seen in
Fig. 4.3 (top) where the signal level of the harmonics drops below the noise level at
approximately n = 20. Note, that using more harmonics than necessary should not
affect the overall precision of the parameters the curve-fits extracts. This is because the
contribution of the higher harmonics to the reconstructed transmission is of increasing
detail (this is a property of the Chebyshev polynomials, cf. Fig. 4.4) so that the curve-fit
will filter the additional high frequency noise on the reconstructed transmission.

4.2.2. Method 2: curve-fitting multiple spectra

As mentioned earlier, simultaneous curve fitting of multiple harmonic spectra is the
other alternative to multi-harmonic detection.

i. Signal model for curve-fitting

Since different harmonics all originate from a measurement of the same physical system
(gas transmission, laser and detector) a curve-fit with a shared set of parameters to
all harmonics has to be carried out. This is different to the approach in Ref. [139]
where several higher harmonics have been curve-fitted, but separately with individual
parameter sets and subsequent averaging. Note that this approach can not be expected
to have the highest precision, because a least squares curve fit is the optimum method
for estimation of parameters from noisy data. This holds exactly for linear models and

81



4. Newly developed methods

−1
0
1

n=0

−1
0
1

n=1

−1
0
1

n=2

−1
0
1

n=3

−1
0
1

n=10

−1 −0.5 0 0.5 1
−1

0
1

n=20

x = (ν−ν
0
)/ν

a

Fig. 4.4: The Chebyshev polynomials T0(x) to T3(x), T10(x) and T20(x).

is asymptotically true (for low noise) for nonlinear models (cf. section 3.4.3).

The signal model used for fitting the unsaturated O2 absorption line around 763 nm is
the following:

S1(Ii)/S0(Ii) = −amol ·A1 ((xi − xC)/xγ , xa/xγ) + yo,1 + ε1,

S2(Ii)/S0(Ii) = −amol ·A2 ((xi − xC)/xγ , xa/xγ) + yo,2 + ε2, (4.3)

S3(Ii)/S0(Ii) = −amol ·A3 ((xi − xC)/xγ , xa/xγ) + ε3,

...

The Sn(νi)/S0(Ii) represent the normalized measured harmonic signals at laser injection
current Ii and optical frequency νi with i = 1, . . . , N points per scan (cf. section 3.3.4).
The actual frequency points νi are unknown but assumed to be linearly increasing. The

variable x =
ν−(νN+ν1)/2

(νN−ν1)/2
is defined as the normalized frequency scale. It runs from

−1 to 1 and covers exactly one spectral scan. If the slow laser tuning is carried out

linearly the N spectral samplings correspond to the points xi =
2(i−1)
N−1

− 1. The line

center xC is the index of the absorption line center, xγ the line half-width and xa the
frequency modulation amplitude all in this relative units. yo,1 and yo,2 model the laser
AM caused offset on the first and second harmonic spectrum. The laser AM effects are
modeled in the same way as for single harmonic detection. For the case of a VCSEL
the simple approximation by offsets is sufficient (as the experiment shows – see also
Eq. (3.63) and the discussion in section 3.3.6.ii).

The parameter amol is the desired peak absorbance value and An(x,m) the formula by
Arndt Eq. (3.30), which is the harmonic spectrum of a peak normalized unsaturated
Lorentzian function. The εn are random variables representing the measurement noise.
The parameters describing the relationship between index x and ν (i.e., offset and
proportionality factor) can not be determined from the fit when only a single absorption
line with unknown line width is scanned.

With the curve-fit the six parameters amol, xC, xγ , xa, yo,1 and yo,2 are determined.
Although the frequency parameters xC, xγ and xa are in non-standard units, the model
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is formally the same as for absolute units. Ratios are independent of the unit i.e.,

ν − νC

γ
=
x− xC

xγ
, and,

ν − νC

νa
=
x− xC

xa
. (4.4)

Hence (ν − νC)/νa can be chosen as plot x-axis. In Fig. 4.5 the simultaneous fit of the
first four harmonic spectra is shown.
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Fig. 4.5: Measurement (blue) and simultaneous curve-fit of the first four harmonic
spectra (green) and the magnified residual (red).

ii. Required number of harmonics

Since the amplitude of the harmonic spectra decreases with increasing order it is
expected that there is an optimum number of harmonics for simultaneous curve-fitting.
Using more harmonics than this optimum value will not further improve the noise on
the extracted parameters.

It turned out experimentally that fitting of the first four harmonic spectra is optimum
in the sense that using more does not give any further improvement (Fig. 4.6). This
optimum number is independent of the system noise level and peak absorbance value, as
the relative improvement becomes negligible. It will however depend on the modulation
index νa/γ because for higher modulation indices the signal energy is shifted to higher
orders of the harmonic spectra. The same is true when a thick optical sample (i.e.,
absorbance > 0.1) is measured.

4.2.3. Experimental results and comparison of methods

i. Experimental setup and system noise analysis

For experimental verification both methods were tested using an O2 absorption line
probed with a 763 nm VCSEL. A 20 cm double pass gas cell exposed to laboratory air
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curves. Fitting more than four harmonic spectra gives a saturation behavior,
whereas including the third harmonic gives the highest improvement.

was utilized with neither temperature nor pressure stabilization. The peak absorbance
of the line is around 9× 10−3. A custom build electronics for laser and detector control
as well as data processing served as platform to record the harmonic spectra or harmonic
coefficients. For simplicity the curve fitting was done off-line on a PC. The modulation
frequency was set to 3 kHz and the sinusoidal laser modulation amplitude set close
to three times the absorption line width, so that the typical modulation index m of
around 3 is realized.

Regarding the ideality of the realization of the electronics, the noise on the harmonic
spectra or harmonic coefficients is a factor 1.2 to 2 higher than the noise that would
be expected from the intrinsic noise by the laser diode (Fig. 4.7 bottom). This is
a technical issue attributed to strong receiver noise above 55 kHz (Fig. 4.7 top) and
the frequency response of the applied filtering during detection of the harmonics. It
indicates that in a better realization of the electronics the absolute noise performance
could be a factor of 1.2 to 2.0 lower with the same laser. Comparison of the methods is
however not affected.

ii. Comparison of multi- and single-harmonic detection

In Fig. 4.8 the Allan plot of the two multi-harmonic detection methods, the corresponding
single harmonic detection and the extrapolated direct detection is shown. For the latter
formula Eq. (5.1), i.e.

σ(âmol)DS = G

√
Syy R/2 (4.5)

is used, with a spectral noise density of S
1/2
yy = 1.7×3.5× 10−7 /

√
Hz and τ = 1/R. This

is the receiver noise density at 3 kHz times a non-ideality factor 1.7. The appropriate
observation factor G for the spectral model (single Lorentzian line and linear laser

84



4.2. Multi-harmonic detection

1 10 100 1k 10k 100kN
oi

se
 d

en
si

ty
 (

H
z−

1/
2 )

 

 

1⋅10−7 

1⋅10−6 

1⋅10−5 

1⋅10−4 
total noise
receiver only
intrinsic laser noise

0 24k 48k 72k 96k
frequency (Hz)

N
oi

se
 (

st
d.

 d
ev

.)

 

 

1⋅10−6 

1⋅10−5 

1⋅10−4 

1⋅10−3 

1⋅10−2 
single wavelength (100ms)
spectral scan (N=64,100ms)

Fig. 4.7: Top: The total noise spectral density S
1/2
yy (f) of the measurement system

(blue) and the contribution of receiver (black) and intrinsic laser intensity
noise (blue dashed). Bottom: the noise level (standard deviation) on the
harmonics for spectral scanning (blue) and single point detection (red). The
dashed lines indicate the calculated noise level from intrinsic laser noise.

power characteristic) is G = 3.37 (cf. Tab. 5.1).

These results are also summarized in Tab. 4.1 together with relevant system parameters.
The column ”scanning range” specifies the range of the slow frequency sweep of ν and
hence is zero for the single spectral frequency detection.

Description n νN − ν1
(×νγ )

νa
(×νγ ) Evaluation

σAllan
@ τ = 1 s
(×10−6)

1st harm. fit 1 8.9 3.2 Fit to Eq. (4.3) 6.1
2nd harm. fit 2 8.9 3.2 Fit to Eq. (4.3) 4.8
1st & 2nd harm. fit 1, 2 8.9 3.2 Fit to Eq. (4.3) 4.2
2nd harm. center
detection

2 0 3.3 multiply with
factor

2.6

1st to 3rd harm. fit 1, 2, 3 8.9 3.2 Fit to Eq. (4.3) 2.5
1st to 4th harm. fit 1, 2, 3, 4 8.9 3.2 Fit to Eq. (4.3) 2.0
1st to 5th harm. fit 1, 2, 3, 4, 5 8.9 3.2 Fit to Eq. (4.3) 1.9
Multi harm. recon-
struction & fit

0, . . . , 20 0 3.3 Fit to Eq. (4.2) 1.6

Tab. 4.1: Overview and comparison of wavelength modulation spectroscopy detection
methods. All measurements were done with the identical experimental setup
and identical settings.

iii. Comparing both multi-harmonic detection methods

It can be seen that the reconstruction method has a slightly better noise performance
than multi-harmonic curve-fitting but is more sensitive to drift as the relatively worse
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Fig. 4.8: Comparison between single-harmonic detection (single-point and spectral
fitting) and the corresponding multi-harmonic detection (single-point recon-
struction and simultaneous spectral fitting). The multi-harmonic detection
methods lie close to what direct absorption spectroscopy could theoretically
achieve (white noise only, no drifts).

minimum of the Allan deviation shows. The behavior with respect to noise and drift
performance of the reconstruction method is however better than for second harmonic
single point detection. Although second-harmonic curve fitting shows a slightly better
performance in terms of drift sensitivity than multi-harmonic detection this is probably
not a generic property of multi-harmonic curve-fitting, because it is seemingly caused
by the more drift affected contribution of the first harmonic in the multi-harmonic
detection. This can be seen in Fig. 4.6 where the minimum of the Allan plot for second
harmonic detection is better compared to first-harmonic detection.

iv. Comparing single and multi-harmonic detection

If only white noise performance is considered (the region of the Allan plot with low
averaging times where the slope is -1/2) both multi-harmonic detection methods give
a factor of approximately 3 performance increase (2.7 for simultaneous curve-fitting)
compared to second harmonic curve-fitting.

The improvement is less compared to single harmonic center point detection, which
however is an unfair comparison because the number of determined parameters are
different. For spectral scanning the noise on the harmonic spectra is higher than for single
harmonic center point detection because a higher bandwidth around each harmonic
frequency is required. Theoretically a

√
N fold increase of the noise standard deviation

is expected (N : number of scanned spectral points). This is partly compensated by
the filtering effect of the curve-fit, however, because the curve fit has to extract other
parameters than absorbance, the noise improvement is a certain factor less than

√
N .

The reason is not due to the curve-fit itself, but is fundamental. The information
content about peak absorbance is less in a scanned spectrum than for the single spectral
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frequency detection (see section 5.1.3.v). That is why second harmonic peak detection
has a better white noise performance than second harmonic curve fitting (cf. Fig. 4.8).
The ability to determine more than one parameter and to obtain better stability or
calibration-free operation are payed off by a poorer white noise performance. This is
also indicated in Fig. 4.8 where the minimum of the Allan deviation is much higher for
the single harmonic center detection than for second harmonic curve fitting, despite a
better white noise performance. This is attributed to the higher sensitivity to fringes
and laser wavelength instability, which are better compensated by the curve-fit.

v. Comparing multi-harmonic detection and ideal direct spectroscopy

Both multi-harmonic detection methods show white-noise performances in the order
which could be achieved by direct absorption spectroscopy (white noise limited) with
the sensor electronics (pink curve in Fig. 4.8). Theoretically, multi-harmonic WMS and
direct spectroscopy should achieve both the same precision, because both the overall
frequency scanning range and the relative distribution of time the laser spends on
different spectral frequency regions during one scan are (approximately) the same (see
section 5.1.3.v). The slightly lower white noise performance of the multi-harmonic curve-
fit may result from the missing 0-th harmonic spectrum in the fit. It can be excluded
because the necessary weighting to equalize noise amplitude among all harmonic spectra
(cf. Fig. 4.7) would damp the zeroth-harmonic very much so that the benefit of its
inclusion is negligible.

4.2.4. Summary

It is experimentally shown that multi-harmonic detection gives a noise improvement of
approximately factor of three compared to single harmonic curve-fitting. The overall
performance is close to the theoretical performance of direct spectroscopy with its
typically factor of three larger amplitude under same conditions. For simultaneous
curve-fitting the inclusion of the first to fourth harmonic spectrum is sufficient to achieve
optimum performance. For the reconstruction of the transmission method all harmonics
above the noise level have to be included, which was 20 in this case. For systems with
spectral scanning the simultaneous curve fitting approach is probably more promising
due to its lower drift sensitivity and the lower number of required harmonics.

Finally, it is concluded that multi-harmonic detection can be regarded as a technical
implementation method of direct spectroscopy with the advantage that no requirement
on bandwidth of the laser tuning behavior is necessary.

4.3. In-fiber Zeeman spectrometry

Zeeman Modulation Spectrometry (ZMS) also called zero-field Laser Magnetic Reso-
nance (LMR) is a spectroscopic detection method for paramagnetic gases, i.e., gases
that show a Zeeman splitting of absorption lines if a magnetic field is applied (e.g., NO,
NO2, O2, OH). In this technique the gas absorption line center wavelength is modulated
by the magnetic field instead of the emission wavelength of a tunable laser [134, 140].
Even though this method is old – invented when room temperature tunable lasers were
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not available in the mid infrared – it has two advantages. First, it is insensitive against
other non-paramagnetic gases (e.g., H2O vapor) [141], i.e., presence of these gases
does not cause a ZMS signal and second, it is also insensitive to fringes generated by
multi-path propagation inside the gas cell that typically limit the detection sensitivity
in TDLAS (tunable diode laser absorption spectrometry) sensors. Hence, a superior
sensor stability – in the sense of low baseline drift – is expected for Zeeman modulation
spectrometry, as observed in the technically similar Faraday rotation spectrometry
(FRS) [142, 143].

4.3.1. Zeeman modulation spectrometry
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Fig. 4.9: Illustration how the Zeeman effect changes the transmission of a paramagnetic
gas in the presence of a magnetic field. The absorption line splitting (here
special case of splitting into two components, i.e., a J = 0→ J = 1 transition)
is because the magnetic field removes the degeneracy of one energy state
involved in the transition.

In the presence of a magnetic field in direction of light propagation the absorption line
will split into two or more separate lines with a spectral separation proportional to the
magnetic field strength (linear Zeeman effect, see Fig. 4.9). A comparison between the
set-ups for ZMS and wavelength modulation spectrometry (WMS) is shown in Fig. 4.10.
Compared to LMR [144] where the static offset of the magnetic field is tuned to generate
the LMR spectrum, Zeeman modulation (or zero field LMR) uses a tunable laser to
scan the spectrum and only a magnetic field modulation without static offset. The
modulation together with a lock-in amplifier based detection is employed to solve certain
technical difficulties (e.g., suppression of 1/f noise). As a consequence, a derivative like
detection is realized where harmonic spectra in place of ordinary transmission spectra
are obtained.

The even order harmonic spectra for ZMS and WMS (e.g. second harmonic) are the
same if the Zeeman splitting is into two separate lines. However, ZMS does not generate
odd order harmonic spectra (e.g., the first harmonic). This can be understood if the
individual split Zeeman components are considered separately. Each component alone
would generate the same spectrum as WMS because it makes no difference whether
the absorption line is moving sinusoidally or the laser emission wavelength. The WMS
modulation amplitude corresponds to the amplitude of the Zeeman shift. For even
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Fig. 4.10: Schematic setup of wavelength and Zeeman modulation systems as well
as Laser magnetic resonance. The slow current ramp is used to scan the
spectrum by laser tuning for WMS and ZMS. The faster modulation of
wavelength or the magnetic field and corresponding demodulation with the
lock-in amplifier realizes a derivative-like spectrum. For LMR the spectral
x-axis is the DC magnetic field strength instead of wavelength.

order harmonic spectra the sign of the modulation amplitude (for ZMS this is whether
the line is shifting to higher or lower wavelength for a positive magnetic field) has no
influence on the spectral shape and odd order harmonics appear inverted around the
y-axis. Hence, in total, for odd orders the individual components cancel out and for
even orders a superposition of WMS harmonic spectra of (possibly) different modulation
index is observed.

The modulation amplitude that gives maximum signal for a single Doppler broadened
line is 2.11 times the line half width [95]. The Doppler linewidth for lines in the
O2 A-band is around 420 MHz for room temperature. Assuming an average splitting
coefficient of 7 MHz/mT a magnetic field strength amplitude of 126 mT is needed for
optimum detection. A lower modulation amplitude results in an (approximately) linear
decrease in amplitude. The situation improves in the mid-infrared where for optimum
NO detection only 18 mT is needed due to the reduced Doppler linewidth of 62 MHz.

With an simple calculation (see below) it can be shown that the power consumption for
a given magnetic field strength is inherently linked to the physical dimensions of the
coil. It is important to have a small inner coil diameter (where the gas-cell is contained)
and short coil length, which is in conflict with long optical path length.
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4.3.2. In-fiber sensing

To enable long optical path length under low power consumption, a hollow capillary
fiber (HCF) is applied as gas cell. Recently, these HCFs were investigated as an
alternative to multi-pass cells [26]. They provide long optical path lengths (m range)
at simultaneously extremely low volume (mL range). The drawback is the spectral
background, given by optical interference due to the highly multi-mode character of
the fiber. Although the spectral background could be greatly reduced by applying
mechanical vibration [26], it still limits the sensitivity in wavelength modulation systems.
For Zeeman modulation, the spectral background of the cell is inherently removed,
because the AC signals (second harmonic of modulation frequency in this case) are only
generated by the Zeeman modulation of the gas absorption line. Unfortunately FRS
can not be applied here, since the HCF is not polarization maintaining and a detection
of a rotation in polarization angle seems impossible.

Since the HCF can be wound up and needs only very little volume it can easily be
placed in a toroidal air coil with small inner hole diameter. This keeps both the coil
length (toroid circumference) and as well as its inner diameter small, which is required
for low electrical power consumption (see calculation below). The experimental setup
and the used HCF are shown in Fig. 4.11 and Fig. 4.12, respectively.

Hollow

Capillary fiber

Toroidal coil

Laser
Detector

gas
gas

(a) Gas cell schematic

15 cm

1.5 m long
hollow fiber
(gas-cell)

Detector
housing

Laser

Coil

housing

(b) Photograph

Fig. 4.11: (a) Schematic and (b) photograph of the gas cell for Zeeman spectroscopy
with the hollow capillary fiber based gas cell.

4.3.3. Design considerations and fundamental limits

To the knowledge of the author no study has been done on the necessary power
consumption and its fundamental limits, neither for LMR, ZMS or FRS. This is however
of great importance for possible sensor applications.

i. Minimum power consumption

When designing the coil the relevant parameters are number of windings n, wire diameter
dw and dimensions of the coil like diameter of the toroid D, diameter of the windings
ds and diameter of the hole where the fiber is inside di (see Fig. 4.12).

The total volume of the copper wire forming the coil can be expressed in two ways:
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Fig. 4.12: The design parameters specifying the coil dimensions. The individual winding
layers of the coil are located in the dark gray area labeled ”copper wire”. The
HCF cross section is shown on the right.

first, by the volume of the toroid and, second, by the length of the wire times the cross
section of the wire, which gives

F
π2

4
(d2
s − d2

i )D =
π2

8
n(ds + di)d

2
w. (4.6)

Here F is the filling factor, which depends on the type of winding. Its maximum
value is obtained for the orthocyclic or hexagonal style winding and is in this case
F = π

2
√

3
≈ 0.91 [145]. The ohmic resistance of the coil R and the magnetic field

strength amplitude B inside the coil for electric current amplitude I are given by:

R = ρCu
2n(ds + di)

d2
w

, B = µ0
nI

πD
, (4.7)

with ρCu = 1.68× 10−8 Wm the resistivity of copper and µ0 = 4π × 10−7 T m/A the
vacuum permeability. The dissipated power P = RI2/2 can be expressed in terms of B
by using Eq. (4.7) and eliminating dw using Eq. (4.6):

P = ρCu
π2B2D

2µ2
0F

ds + di

ds − di
≈ 525

W

T2 cm

B2D

F

ds + di

ds − di
. (4.8)

peak field B toroid diameter D di/ds power P

18 mT (NO)

15 cm∗

0 2.8 W
18 mT (NO) 1/3∗ 5.6 W
18 mT (NO) 9/10 53.3 W
126 mT (O2) 0 137 W
126 mT (O2) 1/3∗ 274 W
126 mT (O2) 9/10 2.69 kW

Tab. 4.2: Necessary power for relevant coil geometries (∗ for present setup) and si-
nusoidal magnetic fields optimum for detection of NO (@5.3µm) and O2
(@763 nm), respectively.

Note, that the number of windings, the diameter of the wire or the strength of the
electrical current have no influence on power consumption. If the hole diameter di
is large compared to the winding diameter ds the required power P can increase
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dramatically, as well as if the filling factor F is worse than optimum. In fact, the power
consumption goes to infinity if di/ds → 1, i.e., the coil winding layers are very thin
compared to the inner hole diameter (see Tab. 4.2). This is a fundamental problem for
setups where a multi- or single-pass cell is placed inside the coil (corresponds closer to
the 9/10 case in Tab. 4.2). On the other hand, when making the winding thicker or
the hole smaller (di/ds → 0) the electrical power requirement still has a lower limit.
Values of di/ds < 1/3 are already within a factor of two close to the optimum. Hence,
di/ds = 1/3 has been chosen for the present setup because it gives a good compromise
between low power consumption and compactness. The toroid diameter D is limited
by the minimum bending radius of the hollow core fiber and is in the range of 12 cm
to 15 cm. Only the use of superconductors as wire material can improve the minimum
required power, in which case it goes to zero for all cases.

ii. Ring current in Ag coating

Another important question is whether the conductive Ag coating inside the fiber has a
negative effect. First, the induced current due to modulated magnetic field will cause
heating and second may weaken the magnetic field inside the fiber. By computing the
induced voltage and the resistance of the coating, the dissipated power in the silver
coating PAg for a fiber with length l, inner fiber hole diameter d and coating thickness
hAg can be expressed as PAg = π3/(8ρAg)B2f2

md
3hAgl, with ρAg = 1.59× 10−8 Wm

being the resistivity of silver. For a fiber with diameter d = 750µm and assuming
typical values for hAg = 200 nm [146], B = 100 mT and a modulation frequency
fm = 1 kHz a value of PAg/l = 206µW/m is obtained. Hence, heating can be neglected.
Equivalently, the magnetic field generated from the loop current in the coating is
BAg = µ0π/(2ρAg)fmBdhAg. Using the same values as before BAg/B = 1.68× 10−5

is obtained, i.e., the magnetic field inside the HCF is not significantly weakened.

4.3.4. Experimental results

Using the setup shown in Fig. 4.11 WMS and ZMS spectra of ambient air (O2 mixing
ratio 21 %) at reduced pressure of 300 mbar (limited by experimental conditions) are
recorded (Fig. 4.13). The second harmonic spectra are measured, which are the second
harmonic intensities divided by the DC intensities and have the unit of 1. The values
are directly proportional to absorbance (cf. section 3.3.1). The 763 nm vertical-cavity
surface-emitting laser has a power around 300µW and the HCF is 1.5 m in length with
two loops (or 1.05 m of the HCF) placed inside the coil. The received photocurrent is
40 nA corresponding to a total loss of 41 dB. This is due to the missing coating in the
HCF which is a technical, not a fundamental limitation because (commercially available)
HCFs with proper coating for the visible spectral region have very low loss (few dB/m)
[147]. The modulation frequency of fm = 333 Hz was chosen to be non-harmonically
related to the 50 Hz line frequency. The coil with inductance 2.9 mH and resistance
3.2W was operated with a modulation current of I = 6.1 A and generates a magnetic
field amplitude of B = 50 mT.
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Fig. 4.13: Second harmonic spectra obtained by Zeeman modulation (top) and tradi-
tional wavelength modulation (bottom) at an O2 transition around 763.73 nm.
The wavelength modulation spectrum shows the fiber spectral background in
the order 5× 10−4 which is not present in the Zeeman spectrum.

i. Expected Zeeman splitting

To compute the Zeeman shift for the individual components for the given transition
one can proceed as follows. The Zeeman shift (displacement of each component from
the line position without magnetic field) ∆ν (unit: wavenumber) for a (J ′′, N ′′,m′′J )→
(J ′, N ′,m′J ) transition is [134]:

∆ν = B
e

4πmec
(m′JgJ′ −m

′′
JgJ′′ ). (4.9)

The O2 molecule is approximately a Hund case b molecule, where each state has a gJ
factor of [148]:

gJ = 1.001
J(J + 1)−N(N + 1) + S(S + 1)

2J(J + 1)
. (4.10)

The symbols me and e denote the electron mass and elementary charge respectively
and c the speed of light. The magnetic quantum number mJ assumes integral values
from −J, . . . , J whereas only transitions with ∆mJ = ±1 are allowed. Transitions
with ∆mJ = +1 are only active to left circularly polarized light and ∆mJ = −1 only
for right circularly polarized light [148]. For linearly or unpolarized light they both
are active to equal parts. The quantum number S is 1 for O2. The laser probes
the (J ′′ = 8, N ′′ = 9) → (J ′ = 8, N ′ = 8) transition of O2 at ν = 13 093.66 cm−1

(763.73 nm) which then splits into 32 Zeeman components. For this transition we
have gJ′ = −0.111 and gJ′′ = 0.014. The splitting coefficients ∆ν/B range from
−13.8 MHz/mT to 13.8 MHz/mT depending on the quantum numbers mJ′ and mJ′′ .

ii. Discussion of results

In Fig. 4.13 the fiber spectral background with a peak to peak amplitude of 5× 10−4

is easily observed for traditional wavelength modulation spectrometry. As expected,
the background vanishes in the Zeeman modulated spectrum, because there only the
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modulation of the absorption line contributes to the optical spectrum. However, due
to high the coil current (several A) and the high photocurrent amplification factor
(2× 107 V/A) a certain (time variable) electromagnetic interference (EMI) on the second
harmonic is observed. This is considered as the cause of the baseline and the small
high frequency noise on the Zeeman spectrum Fig. 4.13. This background depends on
the magnetic field amplitude and strongly rises if the coil current is increased, which
is typical for such a non-linear distortion. Nevertheless, the spectral background is
reduced by a factor of four despite the existence of EMI. It is expected that it can be
reduced further using a high transmittance fiber or using less magnetic field.

The modulation index (modulation amplitude divided by line half-width) for both WMS
and ZMS is estimated to be around 0.7 by comparing the experimental signal amplitude
with a simulated result. The consumed power is approximately 60 W whereas the lower
limit Eq. (4.8) predicts 43 W. The difference is attributed to a non-optimum filling
factor F and the measurement inaccuracy of the magnetic field strength.

4.3.5. Summary

In conclusion, it is demonstrated that ZMS with a HCF is feasible. Theoretical
investigations showed that power consumption is much less than for ZMS with multi-
or single-pass cells because of the much smaller diameter of the coil. Future work
has to quantify the sensitivity limit for the gas detection and reduction of the EMI.
Theoretically, the sensitivity is only limited by the laser and detector noise but not
the spectral background of the cell. For quantification a fiber with dielectric coating
will enhance the fiber transmission and consequently the electrical distortion on the
photocurrent will be reduced. Furthermore, detection of NO in the mid-infrared is more
appealing than oxygen detection in the visible, because the electrical power consumption
is much less due to the reduced Doppler linewidth and, hence, a much lower magnetic
fields are needed.
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In this chapter the previously obtained knowledge will be applied to sensors.

First, two metrics to evaluate sensor performance will be derived (section 5.1.1), and
extensively utilized to compare detection methods (section 5.1). This, together with
results from chapter 3, will lead to conclusions regarding sensor realization which will
be summarized as design guidelines in section 5.2.

Finally, two sensors, which were realized in this thesis and are partly based on this
design guidelines, are presented. The first is an air-quality sensor for simultaneous
detection of CO2 and H2O and the second a CO sensor based fire detector. The
practical suitability of the sensors is demonstrated. They are analyzed with respect
to the performance metrics (sensitivity to noise, fringes and cross-sensitivity to other
gases). The fire detector is tested under realistic conditions described by the European
standard EN54.

The chapter is partly based on the following publications:

� A. Hangauer et al., “Compact VCSEL-based CO2 and H2O sensor with inherent
wavelength calibration for safety and air-quality applications”, in Conference on
Lasers and Electro Optics (CLEO), San Jose, USA, May 2010, JThB3,

� A. Hangauer et al., “Wavelength modulation spectroscopy with a widely tunable
InP-based 2.3 µm vertical-cavity surface-emitting laser”, Opt. Lett., vol. 33, no.
14, pp. 1566–1568, 2008. doi: 10.1364/OL.33.001566, and

� A. Hangauer et al., “Fire detection with a compact, 2.3 µm VCSEL-based carbon
monoxide sensor”, in Conference on Lasers and Electro Optics (CLEO), Baltimore,
USA, Jun. 2009, CTuA3.

For public recognition and received awards in context of these sensors see the appendix
on page 181.

5.1. Comparison of detection methods

The aim of this section is to find out what signal processing methods can be used to
improve the overall sensing performance. Signal processing is understood here as the
process of extraction of desired data values from measured spectra. It depends on, but
is distinct to, the detection method which defines how the measured spectra/signals
are related to the optical transmission.

To fulfill this aim one has to first define which metrics are relevant for performance
comparison. In this thesis it will be the noise on the sensor output values and the
sensitivity of the sensor output values to sinusoidal fringes (see section 5.1.1).

The following questions will be answered from fundamental theoretical considerations:

� Under what conditions is curve-fitting the optimum data extraction method?
(this has been answered in section 3.4.3)
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� How to describe the data extraction/signal processing performance? (see sec-
tion 5.1.1)

� Benefit of pre-processing of spectra? (see section 5.1.3.i)

� What are the optimum conditions for well performing data extraction?

– What is the optimum spectral range to be scanned around the absorption
line(s)? (see section 5.1.3.ii)

– Optimum WMS modulation amplitude νa? (see section 5.1.3.iii)

– Benefits of measuring nuisance parameters (e.g., gas temperature or gas
pressure) instead of estimating with the curve-fit?

– How to shape the sensor’s response to fringes (see section 5.1.3.vi)

� Which detection method is better, wavelength modulation spectrometry or direct
detection? (section 5.1.3.iii)

� How compare wavelength modulation or direct detection to the best detection
method? (see section 5.1.3.iv)

� Which property determines the theoretical performance limit of a detection
method? (see section 5.1.3.v)

5.1.1. Metrics for sensor performance: theory and experiment

The existence of measurement noise (random) and additive distortion (deterministic)
on the measured spectra imposes fundamental limits on the accuracy and precision the
unknown parameters can be determined with. Applying the results of section 3.4 it was
possible for the first time to derive two metrics that theoretically describe the sensor
response to both types of noise. This allows for a comparison of different detection/signal
processing methods without influences from non-ideal sensor realizations. Furthermore,
comparison of a particular sensor realization with the theoretically expected performance
becomes possible. This gives limits on the maximum possible improvement from
enhancing the signal processing.

i. Random noise (“Observation factor”)

In the literature often only the noise on the recorded spectra is reported, although the
noise on the sensor output values is of ultimate relevance (see section 5.1.2.i for an
explanation). Additionally, there is not even a standard metric for comparison of the
noise on measured spectra because there is no consensus what is the relevant bandwidth
to normalize with [150] (see section 5.1.2).

In the frame of this thesis all these problems are solved by deriving expressions for the
noise on the sensor output values. To quantify the influence of the fit it is proposed to
introduce a number called “observation factor”, which is independent on measurement
rate R (unit Hz) and noise spectral density Syy of spectra (unit: 1/Hz)1.

The definition of the observation factor was proven to be an appropriate definition to
assess the performance of the data extraction – within the frame of this thesis several
publications were made together with J. Chen in Applied Physics B [53, 54] and the

1This is the variance of relative intensity noise in a one hertz bandwidth.
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FLAIR conference [151]. This work here will go far beyond the published results and
extend the theory to the general case of nonlinear signal models.

Definition: The observation factor G is the ratio between the noise amplitude on
the gas peak absorbance values σ(âmol) (these are a result of the data extraction/signal
processing) and the root of the (one-sided) density of noise on the measured spectrum
Syy times sensor bandwidth R/2:

G =
σ(âmol)√
RSyy/2

. (5.1)

The factor of 2 appears because of the use of the one-sided definition of the noise
spectral density. If the sensor resolution is only available in terms of concentration
(σ(Ĉmol)) or number density (σ(n̂mol)) these values can be converted using Eq. (3.74).

The observation factor is independent of the noise amplitude and detection bandwidths,
optical path length and absorption line strength. It measures how well the desired
information is extractable from the measured spectrum. Performance degradation due
to the estimation of nuisance parameters, overlapping spectral lines from other gases
and the specific detection method (e.g., WMS) is quantified by it. The observation
factor depends on the sensor operation conditions which include for nonlinear models
the active operating point of nonlinear parameters.

For each spectral model the observation factor has a lower limit. This is the minimum
obtained by variation of the spectral sampling points. For the case of a linear model
this optimum spectral sampling theory has been published before in frame of this thesis
together with J. Chen [53]. The observation factor can not be lower than 1. This value
is attained for direct spectroscopy with center point detection and the gas absorbance
being the only unknown parameter.

Analytic expression: A closed form expression for the observation factor is easily
obtained, using the filter model of the nonlinear curve-fit derived in section 3.4.2.
Recall, that for small perturbations the data extraction can be written as a linear filter
with impulse response h and subsequent downsampling (Eq. (3.89)):

∆âmol(k) = (h ∗∆y)(kN). (5.2)

This will now be used for examination of the fit’s response to noise. The noise on the
spectrum has variance σ2(y) = RN Syy/2 and covariance matrixW (Eq. (3.84)). When
computing the variance of Eq. (5.2) the sum has to be expanded and the covariance
terms substituted by cov {y(kN − n), y(kN −m)} = wnmσ2(y). In compact notation

σ2(âmol) = hHWh RN Syy/2, (hence: G =
√
hHWhN) (5.3)

is obtained. The expression for G is generally valid for a all linear or linearized signal
processing methods.

In the case of least squares curve-fitting this can be simplified (see Eq. (3.90) for h):

G =

√
N(FHW−1F )+

11, (5.4)

with (X)+
11 denoting the top-left element of the pseudoinverse matrix of X (see
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section B.2). The matrices F = F (θ) are the observation matrix from the linear model
or the Jacobian of the nonlinear model and W the optional matrix specifying the
correlation structure of the measurement noise.

Dependency on parameters: For the case of a nonlinear model the observation factor
depends on the values of the nonlinear parameters in θ, i.e., generally

G = G(θ).

It is, however, independent from certain linear parameters such as absorbance or additive
baseline parameters (cf. section 3.4.2).

In any case, the observation factor depends on the signal model, possible “non fitted”
parameters and conditions the signal model is influenced by. Such a parameter may
be for example gas pressure or absorption line-width. If gas pressure is determined by
the fit, the observation factor will typically be higher than if gas pressure is measured,
because there are more unknown parameters which decreases noise performance.

The observation factor is, hence, the right tool to examine and optimize sensor perfor-
mance. Comparing the above cases, the observation factor gives the cost or benefit of
measuring the pressure in terms of the increase or decrease of sensor noise. Furthermore,
it can be used to determine the optimum pressure (for which the observation factor is
minimum) in both cases of pressure measurement and fitting.

Relevant sensor parameters, that can be optimized (regardless if these are fitted or
not), are: spectral scanning width, WMS modulation amplitude, gas pressure and the
spectral region itself (where e.g., interfering gases may absorb as well).

Note, that the quantification of sensor performance in terms of noise alone is not
sufficient, because the influence of interference fringes is an equally important issue.
Therefore the second metric for sinusoidal (deterministic) distortion is derived.

ii. Deterministic distortion (“Fringe response”)

A systematic investigation of the sensor response to interferometric distortion has not
been done in the literature so far. Let T (ν) be the optical transmission of the cell
including the gas. According to the nomenclature in section 3.4 the sensor performs
measurements on T (which each take time 1/R) and outputs for each measurement a
single value âmol, which is the peak absorbance from the gas of interest:

âmol = SENS{T (ν)}. (5.5)

If the transmission is distorted by a small sinusoid, the sensor output value âmol will
generally also be distorted.

Definition: The fringe response F (LOPD) is defined as the maximum distortion on
the output value divided by the amplitude of the sinusoidal distortion:

F (LOPD) =
1

A
max

φ∈[0,2π]
|SENS{T (ν)(1 +A sin (2πνLOPD/c+ φ))} − SENS{T (ν)}| .

See Fig. 5.1 for an illustration.
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Fig. 5.1: Explanation of the symbols A and amol used in the definition of the fringe
response. The fringe response describes the maximum fit error due to the
presence of the fringe (F (LOPD) = max ∆âmol/A). LOPD is the optical path
length between the two light beams causing the interference.

For example, if the fringe response has a value of 0.1 at a certain optical path length
difference LOPD (F (LOPD) = 0.1) a sinusoidal interference with amplitude A = 10−3

on the optical transmission will generate an maximum error of the gas absorbance
∆âmol of 10−4. This value relates to a concentration error by Eq. (3.74).

Analytic expression: For WMS with normalization by the zeroth harmonic, a fringe
with optical path length difference LOPD and small amplitude A will appear as the
following distortion on the measured spectrum

∆yi(LOPD) =
Aεnin Jn (2πνa,iLOPD) ei2πνiLOPD

1 +A J0 (2πνa,iLOPD) ei2πνiLOPD
(5.6)

= Aεnin Jn (2πνa,iLOPD) ei2πνiLOPD +O(A2), for A→ 0, (5.7)

with n > 0 the harmonic detection order, νa,i and νi the modulation amplitude and
center wavenumber corresponding to the i-th spectral sampling (see Eq. (3.36)). For
direct spectroscopy or WMS with detection order n = 0

∆yi(LOPD) = AH0(ν) J0 (2πνa,iLOPD) ei2πνiLOPD +O(A2) (5.8)

is the proper choice2. Applying the filter model equation Eq. (3.89) the result for small
distortion (A→ 0) is obtained (h is given by Eq. (3.90)):

F (LOPD) =
1

A

∣∣∣∣∣
N∑
i=1

h(N − i)∆yi(LOPD)

∣∣∣∣∣ , (5.9)

which is independent from A. The dependency of the fringe response on sensor operation
conditions is qualitatively the same as for the observation factor (see above).

2Direct spectroscopy is contained as special case with νa = 0 and H0(ν) = T (ν)
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5. Application of results and sensors

iii. Experimental verification for random noise

For experimental verification of the claim that the noise behavior of the nonlinear curve-
fitting in TDLAS context is predicted by its linearization, the following experiment
was carried out. Using a 763 nm VCSEL a oxygen absorption line was probed using
a standard WMS setup. The normalized second harmonic of the detector signal
yi = S2(Ii)/S0(Ii) was fitted with the following model (“single Lorentzian line”):

yi = fi(θ) + εi (5.10)

fi(θ) = −amol ·A2 ((Ii − IC)/Iγ , Ia/Iγ) + yo,2 (5.11)

θ = (amol, IC, Iγ , Ia, yo,2)T (5.12)

with εi representing white noise (W = I) on the spectrum with N = 40 points. The
parameter amol is the desired peak absorbance value and An(x,m) the formula by Arndt
Eq. (3.30) which is the ideal shape of the harmonic spectrum for a peak normalized
Lorentzian line. The laser injection current values Ii were known and IC, Iγ and Ia are
the unknown line center, line halfwidth and modulation amplitude with the same units
as the Ii. Including an unknown spectral offset yo,2 (equivalent to assumption of a
quadratic laser power characteristic) the fit has to determine five unknown parameters
which are grouped into the parameter vector θ.

There are two nonlinear parameters which determine the performance of the fit signifi-
cantly: 1) the modulation index m = Ia/Iγ and 2) the normalized spectral scanning
width (IN − I1)/Iγ . For selected values of both parameters the results are shown in
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(b) Theoretical reference spectra corresponding
to the traces in the left plot, several scanning
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Fig. 5.2: Experiment (dashed) and theory (solid) for the observation factor. Both
match well in regions where the absorption line is scanned over a sufficiently
wide range. In this region the theory for the observation factor is correct and
the nonlinear curve-fitting achieves the absolute minimum variance predicted
by the Cramér-Rao bound (cf. section 3.4.3).
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Fig. 5.2. The observation factor G was experimentally determined by

Gexp(Îa, Îγ) =
σ(âmol)√
RSyy/2

, (5.13)

with R = 10 Hz and a noise spectral density of Syy = 4.75× 10−12/Hz. The latter was
determined in a calibration measurement with spectral scanning turned off and recording
data over a long time, which also confirmed that the noise is Gaussian (see Fig. 5.3).
Hence, the two conditions (besides the low noise assumption) for the optimality of the
least squares curve-fitting are fulfilled.
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Fig. 5.3: Probability density and correlation properties of the measurement noise of the
particular sensor hardware.

Several measurements with different sensor settings were done which resulted in different
values for the modulation amplitude Îa and scanning width (represented by 1/Îγ).

The theoretical observation factor curve is computed using Eq. (5.3):

Gtheo(Ia, Iγ) =

√
N(F (θ)HF (θ))+

11, (5.14)

with N = 40 points and F (θ) = (∇f(θ)T )T the Jacobian of the model Eq. (5.11) and
θ = (amol, IC, Iγ , Ia, yo,2)T the vector of unknown parameters. The peak absorbance
for the line was in the range of amol = 10−2 and the baseline offset yo,2 = 10−2. But
note, that, as explained before, the observation factor does not depend on these linear
parameters, and, hence, the actual values are not important. Evaluation using the
formula always gives the same result regardless of the value of these linear parameters.

Limit of the validity of the small perturbation approximation: Although the above
is correct for the theoretically computed observation factor, the region where the
linearization is valid is determined by the linear parameters. This is because the
condition of “low noise” is to be understood in a relative sense. Hence, if the absorbance
amol (which is a linear parameter, from which the observation factor is independent)
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5. Application of results and sensors

approaches zero, the noise can no longer be considered to be low and the behavior of
nonlinear curve-fitting is no longer predictable using its linearization. This is obvious
for the extreme case amol = 0 because then the measurement signal only consists of the
baseline overlapped with noise, and, hence, the unknown parameters, like line half-width
Iγ and modulation amplitude Ia can not be extracted by the fit. In fact, the estimates
for these parameters will be completely random and do not contain any information
about their true values. This causes the peak absorbance estimate to be completely
random because the ratio of amplitude on the measurement signal and peak absorbance
depends (approximately linearly) on the modulation amplitude Ia. Hence, in this case,
the noise on the absorbance will be much higher than that predicted by the observation
factor (which is independent from the value of amol > 0, and noise on the absorbance
should be the same for all positive values of amol). But this is not a contradiction to
the derived theory, because the noise on the spectrum is simply too high for the small
signal approximation to be valid. This explains why the “low noise” condition is to
be understood in a relative fashion. Practically, the cases of “high noise” are avoided
because the nonlinear curve-fitting does not work well in this domain as the example
showed. This demonstrates that the assumptions in the theory of the observation factor
and fringe response are suitable in the practical TDLAS sensor context.

5.1.2. Conversion of noise on the spectrum to concentration noise

In the literature several metrics for quantification of noise on the spectrum exist.
However, the noise amplitude on the spectrum σ(y) is not a relevant metric (see below
section 5.1.2.i) because no method is known so far to theoretically relate these values
to noise on the concentration values. The solution is provided in this thesis by means
of the observation factor G.

In the literature two important measures for the noise density on the spectrum can be
found (for definitions see below section 5.1.2.ii):

� Minimum detectable absorbance per point: MDApp (unit: Hz−1/2).

� Noise equivalent absorbance sensitivity: NEAS (unit: Hz−1/2cm−1).

These numbers are converted to concentration values in the following way:

σ(Ĉmol) =

√
R/2Syy

αpkL
G =

√
R/2σ(y)
√
NαpkL

G =

√
R/2 MDApp

αpkL
G =

√
R/2 NEAS

αpk
G.

(5.15)

The relevant quantities nicely enter in this formula. The (average) noise spectral density
Syy or MDApp (together with L) or NEAS are quality measures of the sensor hardware
(without gas) and independent from detection bandwidths, sensor measurement rate
R or detection method. The target gas peak absorption coefficient αpk is depending
only on the gas type and the spectral region in which the measurement takes place.
The effect of the curve-fitting is solely described by the observation factor G. It is
independent from the number of spectral points N (at least if the spectrum is sampled
adequately dense), any noise amplitude and time resolution. If the noise is non-white
the observation factor includes the correlation properties of the noise (W matrix in
Eq. (5.3)). The factor is independent from the amplitude of the theoretical gas spectrum,
it only depends on the spectral shape and the unknown signal model parameters. The
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former includes cases with overlapping spectral lines from the same or different gases,
change of the spectral range and influence of the WMS modulation amplitude.

The interpretation of Eq. (5.15) is straightforward. The value MDApp is the root of
the noise density and has unit of “absorbance per square root of hertz” (Hz−1/2).
This value is converted to an absorbance resolution by multiplication of the root of
sensor bandwidth (R/2) and the unitless observation factor G which quantifies the
performance of the data extraction.

The unit of NEAS is “absorption coefficient per square root of hertz” (cm−1Hz−1/2).
Dividing it by the peak absorption coefficient of the target gas and multiplication
with root of the sensor bandwidth gives a unit of mixing ratio. Multiplication by the
observation factor then yields the sensor resolution including data extraction.

Note, that the factor of 1/2 as in R/2 is because the quantities representing spectral
densities (i.e., MDApp, NEAS and Syy) are taken in the usual one-sided convention of
noise spectral densities.

i. Limited relevance of signal to noise ratio on spectra

In the literature often the signal to noise ratio on the spectra is investigated or compared
[124, 139, 152–160]. While this measure is relevant for inter-comparisons within the
same system with similar parameters it is not meaningful between different systems.
This is because the noise amplitude may vary strongly without influencing the noise
on the extracted parameters (i.e., the sensor resolution). It is obvious, that the sensor
resolution can not depend on the number of points of the spectrum. On the other hand
it is clear that the noise behavior of the curve-fit will improve if the number of points
of the spectrum is increased (assuming equal noise amplitude on each point). How can
this seemingly contradiction be resolved? The answer is that the noise variance on each
spectral point increases when the number of points is higher. This is because the time
to scan the spectrum is fixed (1/R) and an increase of the number of points corresponds
to a higher sampling rate. Hence the sampling bandwidth rises and accordingly the
noise variance. The relevant noise metric is, hence, the noise spectral density and not
the noise variance. In case of white noise, the proper bandwidth normalization is then
division of the noise variance on the spectrum by the sampling bandwidth RN/2 3.
This is in agreement with the conclusions in Ref. [150].

ii. Collection of relationships describing noise on the spectrum

In the literature many different quantities to specify the noise amplitude on the measured
spectra exist [150]. Using the definitions:

Syy(f) Noise spectral density on spectrum (unit: 1/Hz),

N Number of points per spectrum (unit: 1),

R = 1/Tscan Measurement rate/inverse scanning time (unit: Hz),

3Here the single-sided noise spectral density convention is used. For the double-sided convention,
division by RN (without factor 2) has to be used.
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different noise measures exist in the literature (taken from Ref. [150]):

σ(y) =

√
R/2N Syy Noise standard deviation on the spectrum (unit: 1),

MDAps = σ(y)/
√
R/2 Minimum detectable absorbance per scan (u.: Hz−1/2),

MDApp = σ(y)/
√
RN/2 Minimum detectable absorbance per point (u.: Hz−1/2),

NEAS = MDApp/L Noise equivalent absorbance sensitivity (u: Hz−1/2cm−1).

Especially the definition of “minimum detectable absorbance” is not consistent in
literature because two different normalization methods exist. The MDApp is equal to

the square root of the average noise spectral density S
1/2
yy and is a proper metric for

comparison. The MDAps is not a useful definition, because it depends on the number
of spectral points at equal sensor performance or equal sensor hardware.

5.1.3. Discussion and implications for signal processing improvement

In the following section specific questions regarding signal processing will be answered
using the tools developed in the last sections. Because many results are specific to a
signal model or sensor hardware model the following typical conditions are assumed:

A single Lorentzian line at SATP (HWHM typically νγ = 2 GHz) and a quadratically
modeled laser emission power during scanning are assumed. Unknown parameters are
line width, line position and line depth (which is the targeted peak absorbance). The
three polynomial coefficients of the laser characteristic are also unknown. For WMS the
modulation amplitude is also determined during the fit. For n-th harmonic detection
(with n = 0, . . . , 2) the quadratic P-I characteristic translates into a baseline of degree
2− n with accordingly less parameters.

i. Benefit of pre-processing of spectra and or a biased estimation

It is a well established fact from the literature that the signal to noise ratio of the
measured spectrum can be significantly improved by filtering [156, 160].

However, it was shown in the previous section that for the class of unbiased estimation
the least squares curve-fitting is the optimum parameter extraction method under
conditions TDLS sensors are typically operated at. Spectral filtering prior to curve-
fitting may enhance the signal to noise ratio but will not improve the overall performance
of the curve-fit unless the parameter estimation becomes biased. The condition under
which the least squares curve-fitting is the optimum unbiased extraction method is
presence of (not necessarily white) Gaussian noise of low amplitude, i.e., low relative
variation of the estimated parameters.

As a consequence, spectral pre-processing may only make sense if the conditions for the
curve-fitting to be optimal are violated, or if the unbiasedness requirement is given up.
Note, that in case of a linear model, linear filtering (e.g., lowpass-, bandpass-, Wiener-
or matched- filtering) can only improve the performance at the cost of introducing a
sensor bias, regardless of the noise amplitude and noise distribution (because of the
BLUE property of the linear fit, cf. section 3.4.3).

This viewpoint is in agreement with the wavelet-denoising approach (which is a non-
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linear filtering technique) as demonstrated in Ref [160] which provided a factor of
2 improvement of SNR in the spectra but only around 22 % noise improvement on
concentration values4. The reason for the small observed improvement may be attributed
to a non-ideality of the sensor hardware with non-Gaussian noise or an introduction of
an estimation bias. Even if there was no bias observed, the sensor may still introduce a
bias that is lower than the noise (and, hence, a bias was not observed). The bias might
become evident if averaging is applied to reduce the noise. For the work in Ref [160]
this remains unclear. However, this discussion leads to an important question:

Is “biasedness” a disadvantage? Introduction of a sensor bias is not necessarily a
disadvantage, provided the introduced bias is smaller than the simultaneous reduction
in noise. How much bias can be “afforded” depends on the absolute noise amplitude.

Note, that if the mean square error instead of noise amplitude is the performance criterion
(i.e., “accuracy” instead of “precision”), introduction of a sensor bias may lower the
absolute error, because the noise attenuation may be higher than the introduced bias.
The mean square error MSE{θ̂i} is related to estimation bias E{θ̂i− θi} and estimation

variance σ2(θ̂i) by

MSE{θ̂i} = E{(θ̂i − θi)2} = σ2(θ̂i) + E{θ̂i − θi}2. (5.16)

Obviously, only for the class of unbiased estimators a minimum variance also corresponds
to minimum error on the estimated parameters. It may theoretically be possible to find
estimators which have lower mean square error than the best unbiased estimator. But
these estimators are not uniformly better, i.e. over the full parameter range, but only
for specific parameters. This may, however, not be suitable for gas sensors.

ii. Influence of the wavelength scanning range

It has been observed before (in section 5.1.1.iii about experimental verification of the
theory) that the wavelength scanning range has a great influence on the performance
of the sensor. If the scanning range is too small, the noise will be very high and the
target parameter can not be well extracted from the measured signal (information is
missing). In the other case, if the scanning range is too large, measurement time is
wasted during measurement of the baseline which does not contain information about
the target parameter and noise will be high as well.

Hence, in a sensor the scanning range should be chosen appropriately for optimum
noise performance (corresponding to minima of the observation factor in Fig. 5.2).

iii. Which detection method is intrinsically better: Wavelength modulation
spectrometry (WMS) or direct spectrometry (DS)?

Although the second harmonic spectrum has the linear components removed, its
amplitude is only about one third of the peak value of the direct spectrum. It is an old
question why WMS often achieves superior sensitivities compared to DS5.

4The relative noise on concentration values was around 1 %, so the variations can be considered
small and the theory here is applicable.

5This might not be explained by only the fact, that it is more difficult (but not impossible) to
operate DS in domains with same noise spectral density as WMS.
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Question: What is better: wavelength modulation or direct spectrometry?

Answer: Theoretically, WMS and DS have approximately equal performance (WMS
slightly better) if the laser power characteristic is modeled by a polynomial with
degree same as WMS detection order. If the WMS detection order is greater than this
polynomial order, WMS performance will be worse and slightly better otherwise. The
intrinsic n-th differentiation of WMS only removes information, which the DS fit can not
use anyway because of the unknown n-th order multiplicative baseline. Furthermore,
WMS has a better natural suppression of fringes with high frequency or high OPD, due
to the intrinsic lowpass filtering of WMS.

Detailed Explanation: Since the measurement noise on the direct spectrum and the
harmonic spectra have the same amplitude, provided the sensor hardware is properly
realized, one might expect that second harmonic detection will give worse results (due to
the factor of three lower signal amplitude). However, as stressed in the last sections the
signal to noise ratio on the spectra is irrelevant for the overall sensor performance. The
correct formulation of the question should be, is there any difference in the observation
factor for both detection methods? This takes into account the different amplitudes
and includes the performance of the parameter extraction. Additionally, the sensitivity
to fringes should be examined as well. Assuming the Lorentzian single line model
with variable order laser P -I-characteristic (section 5.1.3) the observation factors (see
Tab. 5.1) and fringe response (see Fig. 5.4) for both methods can be computed. Due to

Method P -I Char. Det. order Scan range Mod. amp. Obs. factor

nPI n (IN − I1)opt
(×Iγ )

Ia,opt
(×Iγ )

G
(lower values better)

DS 1 - 6.88 - 3.37
WMS 1 0 6.88 0 3.37
WMS 1 1 4.02 1.63 2.68
WMS 1 2 0.43 2.20 4.37
DS 2 - 14.21 - 4.93
WMS 2 1 9.26 1.73 4.31
WMS 2 2 6.98 2.95 4.80
WMS 2 3 4.57 3.52 5.57

Tab. 5.1: Noise performance (observation factor) for direct detection and wavelength
modulation spectrometry for different orders nPI of the laser P -I-character-
istic. The scanning range and modulation amplitude are optimally chosen.

the intrinsic filtering property of WMS, the direct spectrum certainly contains more
information and it could be expected that the fit to the latter has a better performance,
expressed as a lower observation factor. However, this is not always the case, as Tab. 5.4
shows, and, apparently, the intrinsic WMS filtering only removes irrelevant information.
This is because of the multiplicative baseline the direct spectroscopy fit has to determine.
This essentially renders useless all lower order components of the analytic signal in
the transmission. Hence, WMS, which removes these components by the intrinsic
differentiation, does not have worse performance. For an explanation why WMS even
has a slightly better performance than direct spectroscopy see section 5.1.3.v.

Note, that the low values of the fringe response for short OPDs (Fig. 5.4) are caused
by the fitting of the quadratic baseline of DS and the differentiation property of WMS.
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Fig. 5.4: The fringe responses for WMS and direct spectroscopy based sensor for a
single Lorentzian line model with different laser P -I-characteristic models.

Fringes of very low periodicity will appear as a slope or bending on the scanned
spectrum and are indistinguishable from a modified laser P -I-characteristic. Hence,
the fit of the multiplicative baseline (for DS) or the intrinsic differentiation will yield
same performance with fringes from low OPD. This explains the differences in fringe
response for low OPDs for linear and quadratic laser power characteristic and the
(approximately) equal response of DS and WMS under same conditions. This is in
agreement with the experimental results in Ref [161], where no significant difference
between WMS and DS was found6.

The high frequency fringe filtering (high OPDs) for WMS is better due to the intrinsic
lowpass filtering after the n-th differentiation.

The relatively worse fringe response of WMS with n = 2, nPI = 1 has no fundamental
reason, but is due to the low scanning range (cf. Tab. 5.1). The scanning range is
significantly lower than for the other methods because the spectrum has no baseline
and the optimum range is just a small region around the center peak.

iv. Comparison of different detection methods (optimum sampling, single- and
multi-harmonic WMS and DS)

In the last section (single harmonic detection) WMS and DS performance was compared
and it turned out, that WMS has equal or slightly better performance than DS if the
detection order n is not larger than the order of the laser power characteristic nPI .
This is despite the fact, that single harmonic WMS only utilizes a part of the detected
signal power.

In this section the reason for the (slight) differences are analyzed and a comparison of
WMS and DS to the absolutely best detection method is done. For this the optimum
sampling theory which was originally co-developed in this thesis for linear models [53]

6Unfortunately, the authors do not specify all relevant details of the signal processing. The order of
the baseline for DS is unknown. Furthermore, a two step fitting process is made with an unclear
theoretical performance compared to the optimum case. Hence, this experimental results only
show that direct detection is not worse than WMS.
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is applied to the non-linear model. The obtained wavelength sampling method has
best noise performance of all detection methods, i.e., achieves, by definition, the lowest
possible observation factor for the particular model under consideration.

In Tab. 5.2 the theoretically computed performance measures for four different detection
methods are shown. The corresponding signal model, scanning range, measurement

Parameter Noise Response to fringe with LOPD

Method (IN − I1)opt
(×Iγ )

Ia,opt
(×Iγ )

G
100µm
(×10−7)

1 mm
(×10−4)

1 cm
(×1)

10 cm
(×10−2)

1 m
(×10−3)

OPT −(discr.) − 2.99 480 100 2.7 250 2500
mWMS 9.95 2.72 3.24 1.4 14 2.7 2 1.2
sWMS 7.00 2.96 4.80 1 89 2.9 4 2
DS 14.38 − 4.93 12 14 2.8 8 30

Tab. 5.2: Characteristic parameters of different detection methods (Optimum sampling,
multi-harmonic WMS, second harmonic WMS, and direct detection). The
scanning range and WMS modulation amplitude were chosen for minimum
noise. The methods have different noise behavior and different natural
sensitivity to fringes.

signal and fringe response are shown in detail in Fig. 5.5. The best noise performance
has (by definition) optimum sampling, which achieves an observation factor as low
as G = 2.99. Direct spectrometry achieves under optimum conditions only G = 4.93
which is 1.64 times worse. However, due to the discreteness of the optimum spectral
sampling, its response to fringes is orders of magnitude worse compared to the other
methods which employ (quasi) continuous sampling. It turns out, that multi-harmonic
detection theoretically can provide both a near optimum noise performance and very
good natural suppression of fringes. Hence, multi-harmonic detection is a promising
method and investigated in detail in section 4.2.

v. Overall sensor performance

Question: Why direct spectrometry (DS) theoretically has a 50 % worse noise perfor-
mance compared to multi-harmonic wavelength modulation spectrometry even under
idealized, equal and (for each method) optimum conditions?

Answer: The distribution of the emitted laser wavelengths (or injection currents) is
more fortunate for multi-harmonic WMS than for DS. Effectively more time is spent
around the absorption line (see Fig. 5.7).

Explanation: In the last sections it was shown, that wavelength modulation spectrom-
etry (WMS) and direct spectrometry (DS) have different observation factors, even if the
operation conditions like wavelength scanning range and modulation amplitude were
optimally chosen (see Tab. 5.2). The overall performance of any TDLAS method only
depends on the system model, the total spectral frequency coverage during one scan
(”‘which wavelengths/frequencies”’) and the relative distribution of time the laser spends
on different frequencies regions during the scan (”‘how long?”’). The system model is
independent from the specific detection method, it essentially describes the behavior
of the black-box containing optical system with laser and detector (for illustration see
Fig. 5.6). This system has just an electrical input (laser control) and electrical output
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(b) WMS second harmonic detection with scan-
ning range optimally chosen for minimum
observation factor
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(d) WMS multi-harmonic detection with scan-
ning range optimally chosen for minimum
observation factor

Fig. 5.5: Comparison of different detection methods. The behavior of the hardware
as black-box y = f(I,θ), the sampled values Ii, the corresponding measure-
ment signal yi = f(Ii,θ) and the resulting fringe response F (LOPD) with
observation factor G are shown.
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noise
Model: =  ( )+y f I, eθ

I y

detection
method

parameter
extraction

curve fit to model
=  ( , )y f I θ

θ̂

Sensor hardware

Fig. 5.6: The abstract sensor model. The measurement hardware is described by the
model function f(I,θ) with unknown parameter vector θ. The detection
method selects specific I values for one scan and the data extraction estimates
the unknown parameter vector θ using curve-fitting with the known model.
The key understanding is that sensor performance (noise on the θ̂) is solely
determined by the distribution of I values during one scan.

(detector current or preamplifier output).

How the parameter extraction is exactly implemented does not matter if it is assumed
to be optimally operating. Hence, whether there is a decomposition of signals with a
lock-in amplifier before fitting of all harmonics or a direct curve-fitting of the detector
signal makes no difference7.

In case ”‘important”’ regions of the transmission (i.e., those which are more sensitive
to changes by parameters one is interested in) are measured over longer time fractions,
than other ”‘unimportant”’ frequency regions, a better quality of extraction of wanted
parameters can be expected. The same is true vice versa, if less important regions
of the transmission are sampled over relatively long fractions of time the extraction
will be of less quality. This may be for example illustrated in a very simplified model,
where a single absorption line is scanned and the peak absorbance and baseline offset is
unknown. If the measurement of the baseline consumes far more time than measurement
of the absorption line peak performance will be non optimum. This is because the peak
absorbance is the difference between both values and measurement of them should be
done with same precision, i.e., the same amount of time should be spent for both points.

Hence, differences for WMS and DS must be explainable by the time distribution of
the emission wavelength (or laser current) during one scan. This distribution can be
simulated and is depicted in Fig. 5.7. DS realizes an uniform coverage and WMS
spends relatively more time around the absorption line because the modulation covers
of the inner wavelength points more often. Also shown in the figure is the optimum
spectral sampling. There the wavelength points are chosen optimally for lowest possible
observation factor. Although the current values are free during optimization, a discrete
sampling is obtained. For linear signal models this has been co-developed with J. Chen

7This is because the optimality property of the fit is not changed by linear transforms such as
Fourier decomposition of the data before fitting.
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Fig. 5.7: The frequency coverage during one spectral scan by several methods. If all
information at the detector is used for data extraction, this coverage function
solely determines the noise performance.

and was published in Applied Physics B [53] and the TDLS conference [162].

Although the performance difference between (multi-harmonic) WMS and optimum
sampling is not great (G = 2.99 versus G = 3.24) the wavelength coverage is very
different. This shows that a close to optimum noise performance can also be achieved
with continuous scanning. This has better performance in terms of fringes than the
discrete jump-scanning (cf. Fig. 5.5).

vi. Shaping the fringe response

In the last section only the white noise performance was optimized (i.e., minimum
observation factor) and the fringe response was obtained as a result.

Note, that the fringe response depends on the spectrum scanning range and on gas
pressure or more precisely absorption linewidth. For optimum observation factor there
is an optimum scanning range. However, for a good fringe suppression it is typically
better to have a wide scanning range. For an example of bad fringe response because of
low scanning range see the purple curve in the left plot of Fig. 5.4 (the scanning width
is noted in Tab. 5.1). For the influence of a pressure change see section 5.8 (The curve
belongs to direct detection with second order laser characteristic, parameters as given
in Tab. 5.1 and curve shown in right plot of Fig. 5.4). The optimum scanning width of
the spectrum scales with reduction of linewidth. If the scanning width would not be
shrinked together with the linewidth, a better fringe response but worse observation
factor would be obtained.

It would be beneficial if the fit would implement an optimum trade-off between noise
performance and low fringe response (at least at prescribed OPDs, e.g., multiples of the
cell length). An old method of fringe suppression is inclusion of a sinusoid with known
frequency in the curve-fit model. This does not work very well, because the sinusoidal
distortion on the spectrum is not as narrowband as assumed by the model. In fact, the
fringe distortion is random and possesses a certain bandwidth or distribution around a
certain base periodicity even during a single spectral scan.
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Fig. 5.8: The x-axis of the fringe response is scaled when the linewidth of the absorption
line is changed (or, equivalently, the x-axis of the spectrum is scaled). Hence,
pressure reduction improves behavior at low OPD but worsens behavior at
high OPD.

This problem can be solved if the white noise together with the fringe are treated
in the same way. In this case the noise spectral density consists of a white noise
component (this is the noise by electronic components) and a narrowband distortion
(which models the fringe). The specification of the relative strength then allows for the
fit to implement fringe suppression optimally. This information enters the fit using the
covariance structure matrix W which is computed from the noise spectral density with
Eq. (3.84)

An example is shown in Fig. 5.9. There a fringe corresponding to an optical path
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Fig. 5.9: The fringe response of the sensor using standard curve-fitting (red) and curve-
fitting with the modified covariance matrix to include the presence of fringes
(green) at optical path length differences of around 10 cm.

length difference of 10 cm with a bandwidth corresponding to ±0.3 cm was assumed.
As can be seen in the figure, specification of the proper covariance matrix causes fringes
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with specified periodicity to be suppressed by an additional order of magnitude. The
observation factor rises only slightly (from Gshaped = 4.96 versus Gnon-shaped = 4.93).
This is because the fringe response was already very low at LOPD = 10 cm. The (non-
shaped) fringe response is also a measure of the distribution of signal energy. In regions
with high fringe response (i.e., where the parameter extraction is very sensitive to
sinusoidal distortion) much information is present about the wanted parameter. This is
because the fit selects the information from the spectrum based on the assumption that
all frequency components are distorted by the same amount of noise (this is the white
noise assumption, reflected by the choice W = I). With a nontrivial a noise covariance
matrix (W 6= I) the fit weights components with different periodicity accordingly. This
then shapes the fringe response. However, the observation factor will rise because the
fit may not be able to use the important components. Especially, if those components,
which correspond to LOPD ≈ 1 cm, are heavily distorted, the observation factor will be
very high. Consequently, efficient fringe response shaping is only possible if the fringe
response is already low, or, equivalently, if the signal does not overlap with the fringe in
the frequency domain. This is in agreement with section 3.3.6.i where it is argued, that
for an efficient fringe suppression using signal processing, fringe and analytic spectrum
have to be separated in the Fourier domain.

5.2. Obtained design guidelines

From the theoretical conclusions in the last sections, the optimum sensor should
implement multi-harmonic WMS with curve-fitting and an optical cell avoiding critical
distances that may cause interference. For information on what distances are critical
for the specific method see, e.g., Fig. 5.4. In case interference can not be avoided,
methods for physical separation of fringe and analytic signal should be used, e.g. Zeeman
spectrometry or vibration of the cell. The sensor electronics should be designed to
generate white noise only, pre-filtering of spectra is not necessary. In case of a residual
interference/fringe structure on the spectrum or possibly non-white noise, the proper
noise covariance matrix should be specified in the fit.

Alternatively to multi-harmonic WMS, direct detection or single-harmonic WMS can
be used, wheras in the latter case the detection order should not be greater than the
order of the modeled laser P -I characteristic.

Detailed explanation

Optical cell Although TDLAS is called absorption spectrometry, physically a trans-
mission measurement is performed. Even through ideal normalization with laser power
and the optical path length, only the attenuation coefficient is obtained (see section 3.2
for definitions of terms). However, for a qualitative gas measurement the absorption
coefficient is needed. For attenuation and absorption to be the same, one has either
to exclude absorption, scattering, reflection, refraction effects from the list of possible
effects influencing attenuation, or to separate these effects by other means. Since many
of these unwanted effects are broad-band only interference created from multi-path
propagation is a relevant distortion for laser spectroscopic gas sensing.

Use of special detection methods for fringe reduction is not advised, because there is
no advantage over digital filtering (see section 3.3.6.i), or, equivalantly, inclusion of the
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finge distortion in the model’s noise spectral density. Direct detection and (single or
multi-harmonic) WMS have approximately the same natural fringe response whereas
WMS performs slightly better at high OPDs because of its intrinsic filtering (see Fig. 5.4
in section 5.1.3.iii). Fringes should either be avoided by avoiding critical distances during
cell design (for qualitative comparison see Fig. 5.4 in section 5.1.3.vi) or by using special
physical means like mirror vibration or Zeeman modulation. Single mode optical cells
should have lengths of 10 cm or more for atmospheric pressure operation. In any case,
the fringe response can be shaped by specification of a proper noise covariance matrix
(see Fig. 5.9 in section 5.1.3.vi), but at cost of reducing the white noise performance.
The latter automatically performs fringe suppression in optimum relation to the other
(white) measurement noise. Reduced pressure should be avoided with compact optical
cells because then the OPDs which cause maximum distortion are close to the cell
length (see Fig. 5.8 in section 5.1.3.vi).

Data processing Data processing should be done by (single step) least squares curve-
fitting because it gives the minimum variance on the extracted parameters under general
assumptions (Gaussian distributed noise with low relative amplitude, see section 3.4.3).
Hence, pre-filtering of spectra can only be beneficial if these assumptions are violated,
which is, however, not the case for typical TDLAS sensors (see section 5.1.1.iii). Filtering
of special components can be implemented by specifying the covariance matrix of the
noise on the spectrum (see section 5.1.3.vi). Processing of the data by a lock-in amplifier
prior to curve-fitting instead of direct curve-fitting of the detector signal does not give
worse performance, because lock-in detection is a linear transformation that does not
affect the optimality of the curve-fit (at least if all harmonics are utilized). For single-
harmonic detection this is not true because only part of the information is passed to
the curve-fit.

Detection method The best detection method, examined and developed in this work,
is multi-harmonic WMS but, however, all methods including single- and multiharmonic
detection WMS and direct detection are within a factor of two close to the absolute
optimum (see section 5.1.3.iv). Due to the better wavelength distribution during one
scan, even single-harmonic WMS is, in certain cases, slightly better than direct detection
in terms of noise, even though the signal energy at the detector is not fully utilized.
For single-harmonic detection WMS the detection order should not be higher than the
order of the polynomial of the laser P -I characteristic (see section 5.1.3.iii). Because of
the sinusoidal modulation, the compensation of a non-ideal laser FM response is easier
for WMS than compared to DS.

5.3. Sensor for air quality (Gases: CO2 and H2O)

Carbon-Dioxide (CO2) is an important gas for environmental, industrial and medical
applications. The background level of CO2 present in outside air (∼400µL/L) is
very small compared to the amounts of CO2 that are exhaled by humans or animals
(up to 40 000µL/L). In closed rooms the CO2 concentration rises strongly when one
or more persons are present, which happens more often during wintertime. CO2
sensors allow for an optimized air conditioning, and the energy savings can lead to
an important cost reduction for automatically ventilated buildings. CO2 monitoring
for automotive applications serves the same purpose [163]; with the possible further
application of detection of dangerous CO2 levels, which may occur when the future
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refrigerant for automotive air-conditioning systems R744 (CO2) leaks into the cabin of
the car. Although CO2 itself is not poisonous, high ambient CO2 concentrations (vol%
range) inhibit the CO2-O2 gas exchange in the lung, and, can cause a life threatening
situation, even if still enough O2 is present. Besides leaking of large amounts of CO2
in industrial or environments with volcano activity, high CO2 levels may occur in any
closed compartments where biological fermentation takes place that steadily generates
CO2 which may accumulate on the ground (e.g., in silos, cellars for wine making and
caves). Therefore, CO2 sensors for these applications are strongly required and have to
fulfill several requirements like long-term stability, reliability and fail-safe operation.

These requirements are difficult to meet with the most prominent/conventional industrial
solution for CO2 detection: NDIR spectrometry (Non-dispersive infrared spectrometry).
It uses a broadband lightsource (glow lamp, LED) a filter and a detector to detect the
light attenuation from CO2 in its fundamental absorption band at 4.3µm wavelength
[163, 164]. Also electro-chemical sensors [165] and experimental chemical sensing
techniques for CO2 exist. However, all electrochemical or NDIR-spectrometry based
sensors do not have the ability of self-monitoring and have to be replaced or tested
from time to time if reliable operation is needed.

In contrast to this, laser spectroscopy based sensors do not suffer from these drawbacks
(see section 1.3.3). Widespread use of these sensors is limited by the price of the laser
diode. Promising, more cost efficient solutions are based on vertical-cavity surface-
emitting lasers (VCSELs) that have several advantages over DFB edge-emitters in mass
production like on-wafer testability. Existing laser based sensors for CO2 are either
complex instruments for isotopic ratio measurements operating in the MIR at 4.3 µm
[166], based on fibers and multipass cells at 1.5 µm [74] or at 2.0µm with several cm
optical path length but using DFB lasers and conventional line-locking [167].

In addition to the advantages TDLAS inherently provides, a simultaneous gas mea-
surements can be performed with no increase of sensor complexity. In this work
measurement of two gases (CO2 and H2O) will be demonstrated by fitting overlapping
spectral lines. Additional measurement of H2O is important for air-quality applications
because, among other factors, the “sick building syndrome” [168] is caused by deficient
ventilation or malfunctioning air-condition and linked to high humidity concentrations.

5.3.1. Sensor design

Besides their low-cost potential, VCSELs have other significant advantages compared
to DFB lasers, like low power consumption and wide current tunability (cf. section 2).
In this sensor a 2 µm VCSEL is utilized, which is able to scan at least several nm via
current tuning covering several CO2 and H2O lines (Fig. 5.12a). Because CO2 and
H2O have ambient concentrations of at least 400µL/L and 10 000µL/L respectively,
absorption lines always exist in the scanned spectrum of ambient air. This allows for
application of the wavelength stabilization method developed in section 4.1, which itself
is based on the knowledge gained during analysis of the WMS method. The absorption
features are detected and assigned to theoretical line data with an algorithm that works
under all concentration ratios of H2O and CO2, provided the CO2 concentration stays
above its ambient level of 400µL/L. By comparison of experimental line positions with
theoretical data the wavelength scale for the scanned spectrum is obtained. Compared
to ordinary line locking, where only the wavelength offset is adjusted, the linear and
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quadratic tuning coefficient are determined without having a reference etalon. This,
including the multi-line curve fitting, is realized for the first time in the present sensor.

i. Spectral model and data processing

Using the wavelength scale information a non-linear fit is avoided (gas pressure and
temperature are known). As a consequence, it is possible to employ an efficient linear
curve fitting routine which allows for a measurement rate of R = 10 Hz with a 20 MHz
clock frequency, 16 bit micro-controller. The employed linear fitting is given by formula
Eq. (3.86) with W = I to reflect the white noise assumption and F is the 64 × 4
observation matrix:

Fi1 = H2(ν(Ii); Iaν
′(Ii))

∣∣
Abs(CO2)=1,Abs(H2O)=0

, “CO2 spectrum” (5.17)

Fi2 = H2(ν(Ii); Iaν
′(Ii))

∣∣
Abs(CO2)=0,Abs(H2O)=1

, “H2O spectrum” (5.18)

Fi3 = 1, “Offset” (5.19)

Fi4 = i/N − 1/2, “Slope”. (5.20)

The values Ii are the known laser current values of the spectral sample and ν(Ii) is
the wavenumber of the spectral sample. The current to wavenumber tuning behavior
ν(I) is known and repeatedly re-updated with the mentioned wavelength stabilization
method. The current modulation amplitude Ia is known and the wavelength modulation
amplitude determined from the static tuning coefficient expression Eq. (2.12). The
harmonic spectra are computed with peak absorbance of the CO2 and H2O line scaled
to 1 or 0, respectively. The first two unknown parameters θ1 and θ2 are the peak
absorbance of the two gas lines and related to the concentrations by Eq. (3.74). For the
utilized lines around 2.003µm the peak absorption coefficients of the two lines are [6]:

αCO2 = 0.1334
1

cm
, αH2O = 5.184× 10−3 1

cm
. (5.21)

To theoretically quantify the white noise performance of the sensor, the observation
factor of the model is computed according to the theory developed in section 5.1.1:

GH2O = 7.0, GCO2 = 6.8. (5.22)

These values are slightly higher than for typical single line models (∼ 5) because the
two gas lines are overlapping. Although the fit will separate both spectral components
in an ideal way (in the sense that there is no cross-sensitivity) provided the reference
spectra are ideally exact, this is at the cost of a worse noise performance. Essentially,
it is because of the non-orthogonality of these two lines. However, the cost of resolving
these overlapping lines is less than a factor of two compared to individual single gas
measurements. Using the observation factor, the theoretically expected sensor resolution
in absolute units can be obtained. First, this will be done for absorbance (for comparison
between sensor realizations) and, second, the concentration (for judging the sensor
performance for the application): Assuming a noise spectral density on the recorded
spectra of Syy = 2× 10−6/Hz 8 a one hertz time resolution (R = 1 Hz), an absorbance

8Corresponds to a laser with relative intensity noise of RIN = −120 dB
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resolution and concentration resolution of

σ(âH2O) = 7× 10−6, σ(âCO2) = 6.8× 10−6, (5.23)

σ(ĈH2O) = 68
µL

L
, σ(ĈCO2) = 2.6

µL

L
, (5.24)

is obtained (cf. Eq. (3.74) and Eq. (5.1)).

ii. Optical cell design

Applying the theory developed in section 5.1.1 the sensitivity of the sensor to interference
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Fig. 5.10: Simulated fringe response of the sensor. For a maximum distortion of
concentration values corresponding to 7× 10−6 absorbance, the interference
amplitude on the transmission must be below 0.01 (= 7× 10−6/7× 10−4)
and 8× 10−4 (= 7× 10−6/9× 10−3) for the reflections inside the detector
housing and the whole cell, respectively.

on the transmission can be quantified by simulation (see Fig. 5.10). These includes all
effects such as the differentiating property of WMS and the filtering of the curve fit.
This gives indication which optical path length between reflectors in the optical setup
have to be avoided and how strong the multi-path propagation must be attenuated
by the optical design to not distort the measurement. For a maximum concentration
error corresponding to an absorbance of 7× 10−6 (which is theoretical white noise limit
Eq. (5.23)) the interference from detector window-chip reflections and the full cell length
reflections must have amplitudes below 0.01 and 8× 10−4, respectively. Interference
corresponding to distances between reflecting surfaces of 1 cm generate a more than two
to three orders of magnitude higher error on the concentration values and hence must
be avoided in the optical setup. Note, that the peaks at LOPD = 60 cm in Fig. 5.10 are
caused by “aliasing” due to the spectral sampling with N = 64 points.

In Fig. 5.11 the folded optical cell design (L = 20 cm) is shown. Physical distances
corresponding to the high sensitivity OPD region in Fig. 5.10 are avoided.
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Fig. 5.11: Schematic of the sensor optics. The optical path length is 2× 10 cm. The
2.0 µm VCSEL and the InGaAs photodiode are mounted side by side.

5.3.2. Experimental results

The linear curve-fit with computed reference spectra is done in 200 ms intervals (R =
5 Hz) (“narrow wavelength scans”, Fig. 5.12b) where the CO2 and H2O concentrations
are determined. Every few seconds a wide spectral scan is done to recalibrate the
wavelength scale (Fig. 5.12a). Recorded spectra (non-averaged) are shown in Fig. 5.12a
and Fig. 5.12b respectively. The sensor was tested during a day inside a household;

(a) The wide spectral scan for wavelength iden-
tification. At least three CO2 absorption
lines (red circles) serve as wavelength markers
to determine the linear and quadratic coeffi-
cients of the wavelength scale. The red box
marks the range of the narrow scan
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(b) The narrow spectral scan (blue) and corre-
sponding linear curve fit (green) with com-
puted spectra from theoretical absorption line
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tion lines

Fig. 5.12: Wide and narrow spectral scan

with averaging time set to 30 s (Fig. 5.13). Although relative humidity stays almost
constant during a day, the CO2 concentration varies strongly. Between 13h and 15h and
after 22h no persons were in the room so a decay of CO2 is observed. With presence of
one or more persons a steady concentration increase is observed (despite the very high
volume of the room of > 300 m3), whereas positive or negative peaks correspond most
likely to open windows or persons standing near to the sensor.
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Fig. 5.13: Measured CO2 concentrations (blue) and relative humidity (green) during a
day inside a household. The averaging time was set to 30 s.

5.3.3. Summary

A compact TDLS-based CO2 and H2O sensor was realized. It is based on a single
2.0µm VCSEL and employs a 20 cm double-pass cell. The sensor employs a repetitive
inherent wavelength calibration every few seconds using broad wavelength scans covering
at least four CO2 absorption lines that serve as wavelength markers. This is possible
because of the large current tuning range provided by VCSELs. Besides compensation
of wavelength drift due to laser aging, knowledge of the full wavelength scale – not only
wavelength offset – enables the use of an efficient linear curve fitting routine that is
particularly suited for micro-controllers with only low computation power. Compared
to other CO2 sensors, a laser based sensor can be designed for self-monitored, fail-safe
and calibration-free operation. This is particularly important for safety applications
where long-term stability and reliability needs to be guaranteed.

5.4. Gas sensor based fire detection (Gas: CO)

For industrial and safety applications, e.g., exhaust-gas monitoring, fire detection and
workplace monitoring, reliable and long term stable sensors are required. Spectroscopic
gas sensors usually have the lowest possible cross-sensitivity to other gases due to the
spectroscopic measurement. TDLAS has the further advantage that sensors allow for
self-monitoring to enable fail-save operation.

Carbon monoxide (CO) is a toxic gas and affects human health whenever it is present
in ambient air in high concentrations. The threshold limit value for carbon monoxide
by the American Conference of Governmental Industrial Hygienists is 25µL/L [169].
Carbon monoxide can be generated by fires in large amounts and CO poisoning is
the most frequent cause of unintentional death at home in the USA with a death
toll of about 500 persons per year [170]. Usually fire detection is done by employing
temperature sensors or smoke detectors which sense particles by either a scattering
or ionization effect. Although these detectors can be very sensitive, and are the most
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5. Application of results and sensors

frequently used fire detectors, they have several disadvantages. The false alarm rate
can be very high (up to 50 % of all alarms, or in some areas up to 99 % according to
Ref. [171]), due to unwanted cross-sensitivities to other gases and all kinds of particles
that are not necessarily generated by fires, e.g., water vapor, hairspray, insects or
general dust.

A relatively new approach to fire detection is the use of gas sensors to detect prominent
combustion gases like carbon monoxide (CO), nitrogen oxides (NO, NO2) or carbon
dioxide (CO2). In the literature, fire detection using hybrid suspended gate field effect
transistors [172], TDLAS-based photoacoustic sensors [137] with simultaneous detection
of traces of NH3, C2H2 and HCN for spacecraft applications [173], as well as sensors
based on near-infrared (λ = 1.5 µm) TDLAS detection of CO and CO2 [74, 171, 174]
are reported. Smoldering fires usually generate high fluxes of CO, while fires with
visible/open flames generate less, but still significant, amounts of CO and also certain
levels of nitrogen oxides. CO2 is present in ambient air (∼ 380µL/L in outside air) and
is generated in large amounts by human beings and animals (∼ 40 mL/L in exhalation),
so a CO2-only based gas sensor fire detector would suffer from an increased false alarm
rate or reduced fire detection sensitivity. Furthermore, the levels of nitrogen oxides
generated by fires are often significantly lower than the concentration level of the
generated carbon-monoxide.

5.4.1. Sensor design

The sensor used for the experiments and the measurement principle was co-developed
within this thesis and has been published in Applied Physics B [54, 175]. The optical

Measurement Cell2.3 µm

VCSEL

Detector with
10 vol% CH4

Spherical
Mirror
(r = 5 cm)

4

Fig. 5.14: The compact optical cell with overall dimensions of ∼ 7 cm. The folded
geometry provides an absorption path length of 10 cm between laser and
photodetector. The photodetector housing is filled with CH4, which is used
for wavelength stabilization and makes a separate reference cell unnecessary.

cell (Fig. 5.14) realizes an absorption path length of 10 cm, which is enough to achieve
a sensor resolution in the lower µL/L range. Compactness (∼ 7 cm) is further improved
by using a folded optical geometry and the novel feature of a reference gas filled
in the photodetector housing, so that additional optical components, e.g., separate
reference cell, second detector, beam splitter are spared. Conventionally, a separate
reference cell containing the target gas is used for stabilization of the laser emission
wavelength to the center of the target absorption line [74, 171, 174]. Using the inline
wavelength stabilization method developed within this thesis (see section 4.1) this
additional complexity is avoided. Adjacent absorption lines of methane (CH4), which
is filled inside the photodetector housing, are used for wavelength identification. This
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5.4. Gas sensor based fire detection (Gas: CO)

allows for determination of both the absolute emission wavelength as well as the linear
and quadratic tuning coefficient of the laser. Note, that this technique takes advantage
of wide current tunable lasers like VCSELs [35, 36, 48] so that both the CO and CH4
absorption lines at 2.365µm can be included in a single scan.

The WMS modulation frequency is fm = 6 kHz with a spectral scan repetition rate of
R = 10 Hz. The wavelength modulation amplitude is set to a value of approximately
three times the half-width of the CO line at ambient conditions, because this is the
optimum setting as the spectral baseline is also fitted. Each spectrum is curve-fitted
and a concentration value is obtained, whereas the concentration values are averaged
afterwards. For the following fire-detection experiments, the averaging time of the
sensor was set to 60 s to minimize the sensor noise on the concentration values at an
acceptable time resolution for fire detection.

The concentration values are determined by a linear least squares curve-fit to synthetic
reference spectra. These reference spectra are based on the line parameters from the
HITRAN database [19] and the Lorentzian linshape model [71].

For the CO and CH4 lines in the range of the narrow scan 2.365 15µm to 2.3658µm
the peak absorption coefficients of the two spectra are [6]:

αCO = 0.3569
1

cm
, αCH4 = 0.076 92

1

cm
. (5.25)

To theoretically quantify the white noise performance of the sensor the observation
factor of the model is computed according to the theory developed in section 5.1.1:

GCO = 7.9, GCH4
= 13.1. (5.26)

Assuming a noise spectral density on the recorded spectra of Syy = 10−6/Hz (laser
relative intensity noise was measured to be RIN = −120 dB), a one hertz (R = 1 Hz)
time resolution, an absorbance resolution and concentration resolution of

∆âCO = 5.6× 10−6, ∆âCH4 = 0.93× 10−5, (5.27)

∆ĈCO = 1.56
µL

L
, ∆ĈCH4 = 12.0

µL

L
, (5.28)

is theoretically predicted (Eq. (3.74) and Eq. (5.1)). This value is a factor of 2 worse than
the experimentally obtained CO resolution of 3 µL/L and attributed to the imperfect
electronics hardware realization.

5.4.2. Experimental setup for fire detection

The fire detection experiments were carried out under the regulations of the European
standard EN54 for fire detection (part 7 for smoke detectors [176] and part 15 and
26 (draft) for gassensors [177, 178]). The room dimensions in which fires are created
is 6 m× 10 m× 3.8 m, whereas the sensor gas inlet is mounted at the ceiling on a 3 m
radius circle around the test fire in the center of the room (see Fig. 5.15). The fire test is
ended when the transmission of the air in the room falls below a certain threshold, i.e.,
a certain level of smoke is present. This is then followed by a purge of the room with
fresh outside air. To verify the measured CO concentrations, a commercial CO reference
analyzer (HORIBA model PG-250) was used in parallel during this experiment. The
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3.8 mRadius 3 m

10 m

6 m

Air sampling
for CO sensor

Reference CO
instrument

Reference
Smoke Detector

Test-Fire

Vol. ~ 230 m3

-

Fan for air circulation
(class B fires only)

Fig. 5.15: Experimental setup. The gas inlet for the laser based CO sensor at the
ceiling in 3 m distance of the test fire. A commercial reference CO analyzer
was also employed but the gas inlet is at a different position on the 3 m
circle. For class B fires additional air circulation is employed in the room to
enable better distribution of the combustion gases. The fire is ended and the
room purged with fresh air when the transmission of the air in the room falls
below a certain threshold (determined with the reference smoke detector).

measurements of the reference instrument have been corrected for the different gas
sampling delay time of about 1 min.

There are several fire types named TF1-TF6, optionally with suffix B or C denoting
the size of the fire. These types simulate different fire incidents, such as burning of
different substances (e.g. wood, ethanol, n-heptane) under different conditions (e.g.,
smoldering fires or fires with open flames) (see Tab. 5.3). Clearly, class B fires generate

Name Type of fire CO2 CO NO2 T

TF1 open wood fire +++ +++ ++ ++
TF2-B pyrolysis, wood − + − −
TF2-C pyrolysis, wood − ++ − −
TF3-B pyrolysis, wick − +++ − +
TF3-C pyrolysis, wick ++ +++ ++ +
TF5-C n-heptane +++ ++ ++ ++
TF6 ethanol +++ + ++ ++

Tab. 5.3: Overview of test fires used in this experiment and expected generation of
gases and heat during this type of fire. − means that no measurable concen-
tration is generated and the number of pluses indicate the relative amount of
gas/temperature generated among the test fires. TF2 consists of several small
pieces of beechwood (two for class B and twelve for class C) on a hotplate
and TF3 comprises of several glowing cotton wicks (28 for class B and 99
for class C) both arranged in a special manner as described in EN54 [176].

much less gases and are, hence, more difficult to detect. According to EN54, for single
point sampling detectors class C fires (large), with no additional air circulation in the
room, are relevant, so in this experiment all class C fire tests were carried out without
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5.4. Gas sensor based fire detection (Gas: CO)

additional air circulation. The smaller class B fires had additional air circulation to
ensure better distribution of the combustion gases inside the room during the fire. The
fire test starts either with ignition of the fire (TF1,TF5,TF6), power-on of the hotplate
(TF2) or the inflammation of the cotton wicks (TF3). TF2-B consists of two and TF2-C
of twelve beechwood pieces and TF3-B and TF3-C consist of 28 respectively 99 pieces
of dry cotton wick of 80 cm length.

5.4.3. Experimental results and evaluation of cross-sensitivity

i. Fires with high level of CO generation (TF1,TF2-C,TF3-C)

Due to the high volume of the room, the CO concentration stays below 120µL/L for
the wood fire and the pyrolysis (TF2-C and TF3-C), as shown in Fig. 5.16a. The latter
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Fig. 5.16: Measured CO concentrations with laser based sensor (solid) and the reference
analyzer (dashed). The deviations are attributed to different measurement
positions and the missing air circulation in the test room.

is a very incomplete burning with no flame and very high CO generation. The pyrolysis
probably generates more CO than the wood fire with an open flame (TF1), but due to
missing air circulation it does not distribute very well, which may explain the lower
measured CO concentration. The steep falling of the CO concentration is caused by
the purge of the room which ends the fire. High deviations between the sensor and the
reference instrument are observed for class C fires. This is attributed to the missing
air circulation of the room and different mounting positions of both sensor gas inlets.
During the design of the experiment such an observed strong inhomogeneity of the gas
distribution was not expected. In future experiments sampling at the same or closely
located positions should be carried out. These large deviations were not observed for
the smaller class B fires (Fig. 5.16b), which had additional air circulation in the room
and thus much better homogeneity in gas distribution than the larger fires discussed
previously. Even if a detection threshold as high as the Threshold Limit Value of
25µL/L is employed, all fires would have been detected in the required time, i.e., before
the reference smoke detectors signal the end of the fire test.
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5. Application of results and sensors

ii. Fires with low CO generation (TF2-B,TF3-B,TF5,TF6)

In case of fires with open flames like n-heptane or ethanol (EtOH) (Fig. 5.17) much
less CO is generated. The ethanol fire is also typically the most difficult one to detect
using smoke detectors because of virtually no particle generation. In this case the
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Fig. 5.17: Measured CO concentrations with laser based sensor (solid) and the ref-
erence analyzer (dashed). The fires cease very quickly and generate very
low concentrations of CO because of the nearly complete burning with open
flames.

reference analyzer also only measured 3µL/L CO, compared to 6 µL/L of this sensor.
This may be due to different air sampling points, the sensor baseline or both. The
sensor baseline is nonzero due to inaccurate sensor reference spectra, which causes a
varying background CO concentration between 0 µL/L to 5 µL/L. Reliability could
further be improved by combining the gas sensor with a temperature sensor, to also
detect the significant amount of heat (∆T > 10 K) generated by open fires. Note, that
the measurement cell can be made robust against this heating. This was demonstrated
by application of the sensor in an exhaust gas pipe of a gas furnace [54].

iii. Evaluation of cross-sensitivity

Solid-state based carbon-monoxide sensors usually have cross-sensitivities to many
reducing gases. This also applies to electro-chemical instruments used in chemical
analysis. Particle detectors have cross-sensitivities to all kinds of particles like hairspray,
water-vapor or dust, whereas TDLS-based sensors generally have excellent selectivity.
Nevertheless, the accuracy of TDLS-based sensors can be affected in three ways:

� A loss in absolute light transmission results in an increase of sensor noise. This
happens if broad-band absorber, e.g., dirt or some absorbing gas phase molecule
with a broad absorption spectrum is present. At 2.3 µm this is the case for many
hydrocarbons like butane, heptane, etc.

� Presence of molecules that have a structured transmission function in the wave-
length range of interest. This can only be the case for molecules with a low
number of atoms. Molecules with high number of atoms usually have a very
smooth and broad-band absorption spectrum and thus do not contribute to the
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5.4. Gas sensor based fire detection (Gas: CO)

second harmonic spectrum, which is approximately the second derivative of the
transmission. At 2.3µm possible interferers are H2O, NH3, C2H6 and other
hydrocarbons [19, 179].

� Sensitivity to interference on the transmission (“fringes”). This is depending on the
chemical composition of the gas sample and the cause for drift and deterministic
measurement errors.

The sensor has no cross-sensitivity to H2O. Simulations have shown, that even with
100 % absolute water vapor concentration (which is even impossible to reach at tem-
peratures below 100 ◦C), the spectral interference due to absorption by water vapor
is below the sensor resolution of 3 µL/L (∼ 10−5 in terms of absorbance). However,

∆CH2O ∆CNH3

∆ĈCO −2× 10−8 9.2× 10−5

∆ĈCH4
−6.7× 10−6 −2.9× 10−2

Tab. 5.4: Theoretically calculated cross sensitivities of the sensor to spectrally interfer-
ing gases, according to the theory developed in section 5.1.1. For example
presence of 100µL/L NH3 would cause a false response of 9.2 nL/L CO and
−2.9 µL/L CH4 respectively.

sensor noise may increase when the absolute transmission due to condensed water vapor
is low. Since the absorption strength of NH3 is an order of magnitude lower than CO
and the spectral overlap to CO is also low, it was not considered to be relevant for
inclusion in the sensor spectrum model. If NH3 might be present in air at higher µL/L
concentrations this has to be reconsidered (cf. Tab. 5.4 for the exact cross sensitivities).
In this case the wavelength stabilization method has to be modified to cope with the
possible presence of NH3 absorption lines in the wide scan. Since NH3 is a flammable
gas it is not expected to be generated by fires with open flames in high concentrations.
It may be created by pyrolysis of protein containing organic substances, e.g., meat and
is also contained in cigarette smoke due to the additive carbamide. Note that cellulose
which is the main constituent of wood and cotton does not contain nitrogen and thus
even pyrolysis of this can not generate NH3.

In Fig. 5.18 the measured sensor response to general aerosols9 and hairspray is shown.
Tests were carried out by spraying in front of the gas inlet of the sensor (but not directed
to) (legend ”room”) and by directly spraying into the gas inlet (legend ”direct”). Both
hairspray and aerosols (which classical fire detectors most likely would generate a false
alarm for) contain a high concentrations of hydrocarbons which are expected to absorb
in the wavelength region around 2.3 µm. It can be seen, that during spectrum scanning
a rather high amount of light is broad-band absorbed (see Fig. 5.19a), summing to
an absorbance of 3.6 % to 7 %. However, due to the differentiating nature of second
harmonic detection this broad-band absorption is almost invisible in the measured
second harmonic spectrum Fig. 5.19b. Only a small fine structure in the order of 10−4

of the broad-band absorber is present around 2.365µm to 2.3655µm, which, however,
creates the slight false CO concentration signal observed in Fig. 5.18. This problem can
be solved by identifying the substance that exactly causes the fine structured spectrum
and include it as an additional component in the spectral model. Note, that the cross

9Aerosol mixture for testing of smoke detectors was used. The exact contents are unknwon.
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Fig. 5.18: Tests under conditions suspected to create cross-sensitivities, either by releas-
ing the substance in the room in front of the sensor (room) or directly into
the sensor gas inlet (direct). Four smokers are standing below the sensor,
whereas at 6 min a cigarette is hold directly in front of the sensor gas inlet.
The constant offset of 5 µL/L is either due to an incompletely purged room
or the sensor baseline of few µL/L.

sensitivity to hairspray and aerosols is not caused by the particles but most likely the
solvent these are contained in. To evaluate the overall sensor sensitivity to interference
fringes the theory from section 5.1.1 is employed for simulation of the fringe response
(see Fig. 5.20). Although the white noise performance for the CH4 detection is not
much worse than that for CO detection (cf. the observation factor in Eq. (5.26)) the
sensitivity to fringes caused by reflections in the full cell length is worse by two orders of
magnitude. This is due to the similarity of the irregular CH4 spectrum with sinusoids
of the specific periodicity. This is due to the increased overlap of fringe and analytic
spectrum in the Fourier domain. Hence the sensor in its present form is not suitable for
stable CH4 detection. The sensitivity of the CO detection on fringes is even an order
of magnitude better as for the air quality sensor (cf. Fig. 5.10) and is not limiting the
detection.

5.4.4. Summary

In this section a compact laser spectroscopy based carbon-monoxide sensor is tested for
fire detection under conditions described by the European standard EN54. It turns out
that, using an averaging time of 60 s, all class C fires can be reliably detected. The sensor
is thus well suited as a point-sampling fire detector. Although TDLS-based sensors
typically have the lowest possible cross-sensitivities to other gases among all sensing
principles, a cross-sensitivity analysis with critical substances (hydrocarbons) was
performed using the theoretical results. Furthermore, it has been shown experimentally
that direct application of hairspray or aerosols into the sensor gas inlet gives false CO
concentrations of only a few µL/L. This is a very low value, and can be further reduced
by identifying the relevant substance and the inclusion of its spectrum in the sensor
spectral model used for curve-fitting. Using theoretical results from section 5.1.1 the
sensitivity to fringes was simulated. While the suppression of fringes is very good for
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Fig. 5.19: Single non-averaged spectral scans under conditions shown in Fig. 5.18.
The absolute decrease in photocurrent indicates an absolute broad-band
absorbance of 7.4 % for aerosols and 3.6 % for hairspray (top). The fine
structure changes in the spectrum (especially in range 2.365µm to 2.3655µm)
that cause the false absorption signal are also clearly visible, but orders of
magnitudes lower in the 10−4 range (bottom).
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Fig. 5.20: The sensor sensitivity to interference fringes caused by interference of two
beams with different path length difference. Attenuation of possibly existing
fringes is for CO between 1000 and 10000 while it is significantly worse for
CH4 due to its irregularly shaped spectrum.

the CO detection the sensitivity is two orders of magnitude worse for the CH4 detection
which explains the experimentally observed high drift of sensor output values.

The smaller class B fires or the ethanol fire have also been detected successfully, but
may require a higher sensing sensitivity for very reliable detection. This can be achieved
by a) lowering the sensor baseline by improving the spectral model, b) increasing of
the sensor optical path length to enlarge the gas absorbance or c) to combine the
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sensor with other sensing principles like temperature measurement or a smoke (particle)
detection.

The VCSEL-based sensor operated at 2.3 µm is very compact because it does neither
need a separate reference cell nor multi-pass cells and still achieves reliable and sensitive
CO detection.

128



6. Summary of results and outlook

The dissertation explores new laser spectroscopic methods for gas sensing to increase
the precision in compact sensor platforms, especially with, but not limited to, utilization
of digital sensor hardware.

One idea is to utilize multi-harmonic spectral detection. It is shown both theoretically
and experimentally that multi-harmonic detection provides higher precision over con-
ventional single harmonic detection by a factor of three with same sensor complexity
(see section 4.2).

The second achievement is in-fiber Zeeman spectrometry, for which a patent was filed.
It uniquely combines a fringe insensitive (high signal to noise ratio) detection method
with a compact sensor platform. This approach is experimentally demonstrated for
O2 detection, achieving an increase of signal to noise ratio by a factor of four with
potential for further improvement (section 4.3).

Another major topic is device and system modeling with the aim of creating computer
simulations of tunable diode laser spectroscopy sensors to improve and verify detection
schemes prior to building a sensor. An entire model for TDLAS sensors is developed
for the first time. Metrics qualifying sensor response to noise and fringes have been
developed (section 5.1.1) whose application provided design guidelines (section 5.2) and
significant insights for comparison of methods and answered long standing questions
(see details on the next page). The defined fringe response shows that ultra-short optical
cells (� 1 cm) are feasible because the fringe suppression is generally very good for
interference caused from distances � 1 cm (section 5.1.3.vi).

For the first time the spectral background of hollow capillary based cells could be
explained. The analysis of the back-scattering at the fiber end, based on the mode-
matching technique, recreated both the magnitude and the pseudo-random character of
the spectral background (section 3.2.3).

It is very challenging to accurately model the laser diode, especially in the lower frequency
range (< 100 MHz), including thermal tuning and intensity modulation behavior. This
has not been done in the literature so far, because these effects become negligible for
high-speed telecommunication applications where those lasers have been primarily used.
Therefore, a general theory was developed including its comparison with experimental
results for vertical-cavity surface-emitting lasers (VCSELs) of different types and
wavelengths. The model reasonably describes the effects of the laser parameters and
thus yields valuable information not only for improved understanding of the VCSELs,
but also for device improvements and sensor layouts (section 2).

Also for the first time wavelength modulation spectroscopy can be modeled with an
analytical model based on system-theory (section 3.3.2 to section 3.3.4), which is a
significant contribution to the field. It allows for development of more efficient and
faster computation methods (section 3.3.5), and is the basis for the two developed
multi-harmonic detection schemes (section 4.2).

During the course of the work, several sensor prototypes were developed and co-developed
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for different applications and gases. The CO2 sensor (section 5.3) was shown in the
“Science Express” train in Germany and the CO sensor (section 5.4) was awarded with
the German Kaiser-Friedrich Research Award and received a nomination to the AMA
SENSOR Innovation Award. An O2 sensor was recognized with the Best-Paper-Award
(first place) at the Eurosensors conference. All sensors were tested under realistic
conditions which shows the practical applicability of the sensors (chapter 5).

During this thesis 17 journal articles (6 as first author, 9 as second author) and 38 confer-
ence publications (18 as first author, 15 as second author) were published. Additionally
12 invention disclosures could be filed, of which 7 became patent applications.

Specific results regarding VCSEL modeling in chapter 2 are:

� The FM tuning behavior is determined by three processes: intrinsic thermal tuning
(dominant up to few MHz), the plasma effect (above few MHz) and the thermal
tuning by the chip-submount interaction (up to few 100 Hz). At DC conditions
the intrinsic thermal effect dominates – the plasma effect and the chip-submount
interaction contribute a few percent (see section 2.3.1 and section 2.3.2).

� The intrinsic thermal component of the FM response (including amplitude and
phase) can be well described using a four parameter PDE-based thermal model.
After cutoff frequency the intrinsic thermal tuning has a square root behavior which
gradually changes to an inverse proportional characteristic at high frequencies
(necessary to recreate the FM phase-shift) (see section 2.3.2.i). The finite thickness
of the light mode and heat source is responsible for this gradual change.

� The FM tuning behavior does not show the minimum-phase property, and, hence,
separate measurements of FM amplitude and FM phase response are necessary.

� The laser thermal behavior for intensity and wavelength can be well described
by a simplified model (section 2.4). Threshold current, quantum efficiency and
effective thermal resistance of the intrinsic laser diode is well described by simple
empirical functions, only depending on internal temperature.

Specific results obtained from theoretical investigation regarding system modeling and
the parameter extraction from spectra in chapter 3 are:

� WMS can be regarded as n-th differentiation with subsequent lowpass filtering
(see section 3.3.2). WMS has no intrinsic advantage of fringe suppression or
resolution of overlapping lines. The same effect is achieved by curve-fitting with
correct signal model (see section 3.3.6.i and section 3.3.6.vi).

� The best detection method in terms of noise suppression is optimum sampling
(measurement of selected wavelength points with certain duration), followed by
multi-harmonic WMS, and single harmonic WMS (traditional) or direct spectrom-
etry. However, the optimum sampling method has inferior response to interference
fringes (section 5.1.3.iv) and thus multi-harmonic WMS is recommended (see
section 5.1.3.iv and section 5.1.3.v).

� Single harmonic WMS and direct detection achieve (approximately) the same
performance if the detection order is the same as the order of the laser PI
characteristic. In this case the intrinsic differentiation only removes information
the curve-fit for direct spectroscopy could not utilize anyway (see section 5.1.3.iii).

� Curve-fitting is the optimum parameter extraction method for most TDLAS
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sensors (see section 3.4.3). Heuristic data extraction methods can not achieve
better performance than curve-fitting. Spectral filtering prior to curve-fitting can
not significantly improve performance (see section 5.1.3.i).

Outlook

Future work could include refinement of the laser model in terms of laser voltage and
differential resistance of VCSELs. A refined model, or improved knowledge on laser
behavior may also have benefits for sensor design, if, e.g., laser voltage is used as an
additional information on laser emission wavelength. Also non-thermal effects like
spatial hole burning may affect the laser behavior in the low frequency regime, which
would need to be quantified and appropriately described.

In the field of sensing the fiber based optical cell could be improved by implementing
different fiber ends to minimize back-scattering. This could either be done by imple-
menting tapers or an angled fiber ending. A reduction of the spectral background by
such a simple means, would be an important advance in the field of compact gas sensors.
It would be important to apply the Zeeman spectrometry with hollow fibers to NO
detection in the mid-infrared.

An interesting application is sensor networks for identification of sources and sinks of
various gases. This can be either green house gases in the frame of a city or air quality
related gases in a large office building. If these spatially resolved data is coupled with
information on air transport, e.g., by weather data or information of air conditioning,
sources and sinks could be quantified. This would allow for optimized air conditioning
as well as spatial localization of fires sources. For this technology an improved hollow
fiber design with low spectral background would also provide an enormous benefit.
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A. Laser and system model

A.1. Laser characterization and modeling

The presented characterization methods have been published in:

� A. Hangauer et al., “Analysis of dynamic tuning effects in vertical-cavity surface-
emitting lasers”, in Proceedings of the Fifth Joint Symposium on Opto- & Micro-
electronic Devices and Circuits (SODC), Beijing, China, 2009, pp. 28–31,

� A. Hangauer et al., “Accurate measurement of the wavelength modulation phase
shift of tunable vertical cavity surface-emitting lasers (vcsels)”, in Programme and
Abstracts, Conference on Semiconductor and Integrated Optoelectronics, 2008,
p. 38, and,

� A. Hangauer, J. Chen, and M.-C. Amann, “Vertical-cavity surface-emitting laser
light-current characteristic at constant internal temperature”, IEEE Photon.
Technol. Lett., vol. 23, no. 18, pp. 1295–1297, Sep. 2011. doi: 10.1109/LPT.2011.

2160389.

A.1.1. FM amplitude response

The measurements of the FM amplitude response were done using a Michelson Interfer-
ometer (setup schematic see Fig. A.1). The transmission of a Michelson interferometer
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Fig. A.1: Schemtic setup for laser FM amplitude response measurement using a
LOPD = 1 m long Michelson interferometer

is sinusoidal, i.e.,

T (ν) = 2a(1− a)(1− cos (2πνLOPD/c)) (A.1)
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A. Laser and system model

with LOPD the optical path length difference of the two beams and a the splitting ratio
of the beam splitter (e.g., a = 0.5 for 50:50 splitting). Note, that the arriving beams at
the photodetector always have equal strength regardless of the splitting ratio of the
beam splitter. Hence, always full constructive and destructive interference is obtained

νa is proportional to number of fringes: νA = N/4 νFSR
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Fig. A.2: The signals obtained with the Michelson interferometer and the relation to
the FM modulation amplitude νa.

if the two beams are in parallel and spatially fully overlapping on the detector surface
(this case is described by Eq. (A.1)). If there is no full spatial overlap, or the two beams
are not in parallel, an additional DC offset on the detector signal is obtained and the
amplitude of the fringe is reduced accordingly.

The signal generation during the FM response measurement is depicted in Fig. A.2.
The signals shown in the figure are measurements and represent two cases with different
wavelength modulation amplitude νa. The modulation amplitude νa (unit: Hz) is
obtained by counting the fringes Nfringeduring one modulation period and dividing by
the free spectral range νfsr (unit: Hz) of the interferometer, with

νa =
Nfringe

4
νfsr, νfsr =

c

LOPD
. (A.2)

The factor of four is because fringes are generated twice during rising and falling slope
of the sinusoidal wavelength modulation and νa is defined as an amplitude and not
peak to peak variation.

A.1.2. FM phase response

In this thesis the measurements of the phase response (i.e., the time delay between
current and wavelength response) were done using gas absorption lines as markers in
the recorded detector signal. The experimental setup is the same as a standard TDLAS
setup (see Fig. A.3). With an increasing FM phase-shift the absorption lines, which
appear in the detector signal, will shift to higher time values (see Fig. A.4). The center
between the two absorption peaks (which are created in the rising and falling slope
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Fig. A.3: The experimental setup for the FM phase-shift measurement
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Fig. A.4: The signals obtained with the gas absorption line method and the relation to
the FM phase-shift φ.

of the sinusoidal wavelength modulation) is the position of the first minimum of the
wavelength modulation (indicated by the arrow in the top row diagram in Fig. A.4).
The phase shift was extracted by finding the symmetry center between the two peaks.
For this the IM envelope was removed by either fitting a sine wave and then dividing,
or, by normalization with a second measurement without gas.

A.1.3. IM response

The IM response measurement was done using the setup shown in Fig. A.5. The cathode
of the laser is connected to the 50W terminated reference input (for measuring ∆I)
and the photodiode is connected to the 50W terminated test input (for measuring ∆P ).
This configuration directly measures the slope S(I, TS) = ∆P/∆I, while simultaneously
the P (I, TS) curves are determined as the DC components of the reference and test
signals.
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Fig. A.5: Schematic of the setup for measurement of the laser IM response. The
AC and DC components of the injected laser current I and optical output
power P are measured simultaneously by the Gain/Phase Analyzer and an
Oscilloscope.

A.1.4. Internal laser temperature

In this section the two continuous wave measurement methods and measurement results
for P -I-characteristics at constant junction P (I, Tjcn) and cavity temperature P (I, Tcav)
are presented and demonstrated on a standard InP-based buried tunnel junction (BTJ)
VCSEL [47] emitting at 1390 nm. In principle the ordinary measurement data P (I, TS)
(output power P at current I and heat-sink temperature TS) is used to extract this
information. To compensate for self-heating, the heat-sink temperature TS has to
decrease if the injection current I is increased.

In literature internal temperature is determined by comparing continuous wave laser
characteristics (output power P , laser voltage U or emission wavelength λ) with pulsed
measurements [182] or from an estimation of laser thermal resistance [183]. A pulsed
measurement requires a broad-band measurement setup which is not available for
all wavelengths and also has other disadvantages. The laser thermal resistance is an
effective value and typically changes with bias current I and internal temperature due
to variations of the heat source distribution and thermal material properties. For precise
determination of the internal temperature this variation has to be taken into account.

For finding the P -I-characteristic at constant Tjcn or Tcav, trajectories in the (I, TS)
plane have to be found, where the corresponding internal temperature is constant. For
a graphical illustration of this please refer to the obtained results in Fig. 2.1. The
absolute temperature value is determined by extrapolation of the trajectories to I = 0
(because there Tjcn = Tcav = TS).

i. Method 1: Tcav = const

The emission wavelength is dominantly determined by the intrinsic thermal tuning, i.e.,
the average cavity temperature (see section 2.3). For an illustration see Fig. A.6 (left).
Trajectories

(I, TS), where λ(I, TS) = const, (A.3)
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Fig. A.6: Schematical explanation of method 1), where λ = const, known from gas
absorption lines, corresponds to Tcav = const and method 2), where a high
speed modulation is used to obtain the slope S of the P -I-characteristic
at Tjcn = const. The reconstruction of the P -I characteristic at constant
internal temperature is shown in red.

are thus trajectories of constant cavity temperature (see e.g. Fig. 2.1a in the results
section). Here λ(I, TS) was determined by identifying the absorption lines in the
measured P -I-characteristics and comparing the positions with known wavelengths
from the spectral database HITRAN [19].

ii. Method 2: Tjcn = const

By applying a small-signal modulation with a frequency well above the thermal cutoff
frequency and and below the relaxation frequency (here f = 10 MHz, see section 2.3)
the slope of the P -I-characteristic at constant junction temperature ∆P/∆I = S(I, TS)
is determined. Knowing the slope S(I, TS) and the laser output power P (I, TS), the full
internal P -I-characteristic can be reconstructed. For an illustration see Fig. A.6 (right).
The relation ∆P/∆I|f=10 MHz = S is easily proved, when Eq. (2.14) is differentiated

by I and the ∂Tjcn/∂I terms are set to zero (i.e., there is no self-heating by the fast
small-signal modulation). Note, that the P -I slope S is a shorthand notation for
S = hν/e ηe. Mathematically, the trajectory of constant junction temperature is found
by iteratively solving

P (I + ∆I, TS + ∆TS) = S(I, TS)∆I + P (I, TS) (A.4)

for ∆TS with an arbitrary but fixed current step ∆I < 0. There ∆TS is the value the
heat-sink temperature needs to be increased by when the injection current rises by
∆I to maintain constant junction temperature. The complete trajectory is found by
repeatedly solving Eq. (A.4): First a starting point (I, TS) with the maximum desired
current I and ∆I < 0 is selected and second Eq. (A.4) numerically solved for ∆TS.
The procedure is repeated with the new starting point (I + ∆I, TS + ∆TS) until the
point wanders below threshold. See Fig. 2.1b in the results section for the determined
trajectories and the “lasing domain” surrounded by thick black lines labeled “threshold”
and “laser turn-off”.
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A. Laser and system model

A.1.5. General model for the intrinsic thermal tuning

To compute the intrinsic thermal contribution to the laser’s FM impulse response, the
heat equation has to be solved with appropriate boundary conditions and a temporal
impulse excitation, i.e.,

cρ
∂T

∂t
−∇ · (K∇T ) = Qδ(t) (A.5)

where cρ is the specific heat capacity times density (unit: J/(m3K)), K the thermal
conductivity (unit: W/(m K)) matrix and Q = Q(x, y, z) the spatial heat source term
(unit: J/m3). Eq. (A.5) is in a general form where all parameters may depend on space
variables x, y, z. A constant, but non-isotropic, thermal conductivity is assumed to
account for the non homogeneous conductivity of the layered semiconductor material:

K =

KR 0 0
0 KR 0
0 0 KZ

 . (A.6)

Boundary conditions of constant temperature like T (x, y,−D) = 0 can be enforced by
using the method of images. There the equation without boundary condition is solved
with the source term Q(x, y, z)−Q(x, y, z − 2D) instead of Q alone [184].

The solution of Eq. (A.5) with Eq. (A.6) for spatially constant cρ and spatial impulse
heat source Q(x, y, z) = δ(x)δ(y)δ(z) is given by [184, section 10.2]

Tp(x, y, z, t) =
1

ρc
G√2κRt

(x)G√2κRt
(y)G√2κZt

(z), t ≥ 0, (A.7)

with the Gaussian function

Gσ(x) =
1

√
2πσ

exp

(
−
x2

2σ2

)
, (A.8)

and κ = K/ρc the thermal diffusivity (unit: m2/s). The general solution of Eq. (A.5)
for arbitrary heat source Q is then given by the spatial convolution1 of Tp with Q, i.e.,

T (x, y, z, t) = (Tp(·, t) ∗Q)(x, y, z). (A.9)

The model for the laser’s FM response thus requires knowledge on the spatial heat source
distribution Q(x, y, z) and the light mode profile M(x, y, z). The average temperature
with respect to the light mode profile T g(t) determines the wavelength of the laser, so
that the FM impulse response is up to a constant factor compactly written as

T g(t) = (T ∗ M̃)(0, 0, 0), (A.10)

with M̃(x, y, z) = M(−x,−y,−z) the mirrored mode profile. Summarizing, the FM
impulse response is given in the general case by the convolution expression

T g(t) = (Tp(·, t) ∗Q ∗ M̃)(0, 0, 0). (A.11)

Eq. (A.11) leads to an important observation: Since the convolution is an associative
and commutative operation, the FM response stays the same when the convolution of

the mirrored mode profile M̃ and heat source Q is invariant. This is for example the

1Defined as (Tp(·, t) ∗Q)(x, y, z) =
∫∫∫

Tp(x− x′, y − y′, z − z′, t)Q(x′, y′, z′)dx′dy′dz′
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A.2. Definition of the harmonic spectrum

case when both are Gaussian functions and the mean square of the standard deviations

is kept constant (i.e., M̃ ∗Q = const(x, y, z)). Or more generally speaking, since the
convolution operation tends to broaden functions, the device behavior is the same if
the light mode is very concentrated but the heat generation very distributed or vice
versa. It is the combined width/height (in a mean square sense) of the heat source and
light mode distribution that determines the dynamic thermal tuning behavior.

A.2. Definition of the harmonic spectrum

A.2.1. Names: harmonic spectrum, -signal and -coefficient

In the literature the naming convention for the signals or spectra which occur in WMS
is not standardized. Many authors call these quantities just harmonic coefficients, nf
signals or specify no name at all. Furthermore, these “signals” are often plotted in
arbitrary (or meaningless) units both for the x or y axis. So the first question here is
what is the best name or description for the “WMS signals” and what units or scaling
should be used to describe these, not only for graphical depiction but in general.

Usually the term “signal” is associated with a function of time (or even space) but not
of wavelength or frequency. In this case the term “spectrum” is more appropriate. So
one should distinguish between harmonic signals (or nf signals) and harmonic spectra
(or nf spectra). Also the term n-th harmonic signal/spectrum is preferred over nf
signal/spectrum. The name harmonic spectrum/signal is better suited than harmonic
coefficients since in most experiments and graphical printings the independent variable
is the mean frequency ν, laser current I or even time t. The term harmonic coefficient
is used when the dependence on the detection order n (at constant ν or I) is to be
emphasized. In this work the term harmonic signal refers to measured quantities in
an experimental setup (i.e., output of the lock-in amplifier) whereas harmonic spectra
represent the theoretically expected physical quantities (as e.g., the gas transmission
function).

A.2.2. Units

Since in TDLAS transmission measurements are performed, the appropriate units for
harmonic spectra are 1 versus frequency or wavelength. So the y unit of both the
spectra and signals should be normalized, i.e., the output values of the lock-in amplifier
divided by the gain of the lock-in amplifier and the received laser light intensity. In this
way units of voltage, photocurrent or even A/D converter digits, as frequently seen in
the literature, are avoided. These are not of importance when the optical transmission
spectrum is of interest and not the measurement system itself. This has the advantage
that the values directly relate to absorption strength, which is a property of the analyte
and not a property of the measurement system. The x-unit for harmonic spectra should
be wavelength, wavenumber or optical frequency. For harmonic signals the unit may be
time t or, even better, laser current I.
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A. Laser and system model

A.2.3. Symbol

The symbol Hn for the harmonic spectra is adopted from Ref. [20, 86], whereas the
authors do not specify a name for it. Other authors use (introduced by Kluczynski
et al.) χeven

n to specify the harmonic coefficients of the peak normalized line shape
function φ(ν). In case of an unsaturated line with peak absorbance αCL these are
related by

T (ν) = exp (−φ(ν)α0) ≈ 1− φ(ν)αCL, (A.12)

Hn(ν, νa) = −αCLχ
even
n (ν, νa). (A.13)

A.2.4. Definition in terms of transmission or absorption coefficient?

Note that, some authors [20, 70] define the harmonic spectrum (or what corresponds
to it) in terms of absorption coefficient or absorbance and some others [86] in terms
of the transmission. For small absorbance values (i.e., unsaturated conditions) all
definitions are more or less equivalent (just by multiplication with the optical path
length). Although the absorption coefficient is the desired quantity, physically a
transmission measurement is performed. So in analogy to direct spectrometry where
also the transmission (and not absorption coefficient) is measured, the “WMS signals”
are quantities that directly relate to the transmission. Hence, it is believed that the
proper definition for harmonic spectra is in terms of the transmission. This also
avoids problems of the theory being only easily applicable for small absorbance values.
Correction algorithms that compensate for “artifacts” [88, 185] due to saturated sample
conditions are not needed. The problem of saturated optical conditions is then handled
by the parameter extraction or signal processing, which then just relies on proper
computation of harmonic spectra for all conditions. These issues are no more or less
fundamental as for direct spectrometry and are to be handled in a similar way.

Alternatively, one could introduce different symbols for slightly different definitions of
the harmonic spectrum and differentiate these by including a prefix in the name as e.g.,
harmonic transmission spectrum, harmonic absorption spectrum or harmonic reflection
spectrum and so on. However the x and y units of these spectra should be the same as
their non-harmonic counterparts, i.e., 1 for transmission and reflection and 1/cm for
absorption coefficient plotted versus wavelength λ or frequency ν.

A.2.5. Mathematical definition

In the following paragraph the appropriate mathematical definition of the harmonic
(transmission) spectrum is presented. The harmonic spectrum is the measurement
spectrum an idealized WMS system would generate. This system is classified by the
following assumptions:

1. The laser linewidth is zero.

2. The modulation frequency fm does not affect the laser spectrum, i.e., fm is
smaller than the laser and absorption linewidth2 (Otherwise Frequency Modulation

2Formally this requires that the necessary length of the short time Fourier transformation to achieve
a frequency resolution in the order of the linewidth of the laser is much shorter than variations
of the FM modulation. The linewidth is typically in the MHz range (STFT times in µs regime)
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A.2. Definition of the harmonic spectrum

Spectroscopy (FMS) [60, 186] is obtained).

3. The laser intensity is constant during wavelength tuning.

4. The responsivity of the photodetector is not wavelength dependent.

5. The pre-amplifier and gain stages in the measurement system are not frequency
selective and have a unit gain.

Let ν denote the wavenumber or frequency of the central laser emission which implements
the slow (discrete) laser emission frequency sweep. The sweep is discrete so ν can be
assumed constant during at least one sinusoidal modulation period. In this idealized
system the instantaneous laser emission frequency νL(t) is given by

νL(t) = ν + νa cos (2πfmt) , (A.14)

with νa the frequency modulation amplitude and fm the modulation or repetition
frequency (typically in the kHz range). The n-th harmonic output of the lock-in
amplifier of the relative light power variation T (νL(t)) after passing through the sample
with transmission T (ν) is the called the harmonic coefficient Hn = Hn(ν; νa) (Fig. A.7).
Mathematically, the Fourier series decomposition
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Fig. A.7: Generation of the harmonic components in wavelength modulation spec-
troscopy. ν is the emission frequency of the slow sweep (not illustrated here)
and νa the frequency modulation amplitude.

T (ν + νa cos (2πfmt)) =
∞∑
n=0

Hn(ν; νa) cos (2πnfmt) (A.15)

is computed. If the left hand side (“the detector signal”) is given, the Hn are uniquely
determined. Solving for Hn(ν; νa) yields

Hn(ν; νa) =
εn

2π

∫ π

−π
T (ν + νa cos (z)) cos (nz) dz. (A.16)

If these harmonic coefficients are plotted against the slow sweep frequency ν the
harmonic spectra Hn(ν) are obtained (Fig. 3.9). The definition of the harmonic spectra
does not include system parameters except for modulation amplitude.

and the modulation in the kHz range, which shows that this is valid for typical WMS.
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A.2.6. Comparison of reconstruction formula and Taylor series

An interesting analogy between the Taylor series and harmonic spectra becomes evident
from the reconstruction formula Eq. (3.41). If all derivatives of the transmission T (ν)
at a certain point ν0 are ideally known, then T (ν) can be reconstructed in a certain
range around ν0. This is a consequence of Taylor’s theorem:

T (ν) =

∞∑
n=0

dnT (ν0)

dνn
(ν − ν0)n

n!
. (A.17)

If the asymptotic expression for harmonic spectra

Hn(ν; νa)→
εn(νa/2)n

n!

dnT (ν)

dνn
for νa → 0 (A.18)

with ε0 = 1 and εn = 2, for n 6= 0 is inserted, it is obtained:

T (ν) ≈
∞∑
n=0

Hn(ν0; νa)
2n

εn

(
ν − ν0

νa

)n
. (A.19)

However this would only be valid for low values of νa where the signal to noise ratio is
non-optimum. On the other hand the formula derived for the multi-harmonic detection
scheme Eq. (4.1) has no such limitation, but has a very similar structure. For convenience
of the reader Eq. (4.1) is stated again:

T (ν) =

∞∑
n=0

Hn(ν0; νa)Tn

(
ν − ν0

νa

)
. (A.20)

The weighting functions in Eq. (A.19) in are 1, x, 2x2, 4x3, 8x4, . . ., whereas in the
exact case the Chebyshev polynomials are given by 1, x, 2x2−1, 4x3−3x, 8x4−8x2 +1,
. . . with x = (ν − ν0)/νa as shorthand notation. By comparison one sees that the
approximate formula Eq. (A.19) only contains the leading coefficients of the Chebyshev
polynomials in the the exact formula Eq. (4.1).
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B.1. Clenshaw algorithm

The Clenshaw algorithm [187, section 3.11] is a method for stable numerical evaluation
of a sum of Chebyshev polynomials, i.e.,

y = y(x) =

N∑
n=0

an Tn (x) . (B.1)

Using the recursion property of the Chebyshev polynomials

Tn+1 (x) = 2nTn (x)− Tn−1 (x) , (B.2)

one can devise the following recurrence for Eq. (B.1) (“Clenshaw algorithm”):

bn = 2xbn+1 − bn+2 + an, bN+1 = bN+2 = 0, (B.3)

y = xb1 − b2 + a1. (B.4)

This method is more stable than direct evaluation of the sum because evaluation of
polynomials of possibly high degree (i.e., N) is problematic because possibly numerically
inexact.

B.2. Moore-Penrose pseudoinverse

The Moore-Penrose pseudoinverse [188] matrix A+ of a real or complex matrix A is
uniquely defined through the following properties:

AA+A = A, A+AA+ = A+,

(A+A)H = A+A, (AA+)H = AA+.

The dimensions of A+ are hence the same as those of the transpose or adjoint of A.

For non-singular matrices the pseuoinverse is equal to the regular inverse A−1. The
pseudoinverse also exists for singular and non-square matrices and is, hence, also
described as a generalized inverse.

For matrices with full column rank the pseudoinverse is given by

A+ = (AHA)−1AH , (B.5)

and is in this case the (unique) left inverse to A:

A+A = I. (B.6)
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For matrices with full row rank the pseudoinverse is given by

A+ = AH(AAH)−1, (B.7)

and is in this case the (unique) right inverse to A:

AA+ = I. (B.8)

Besides the property of being the unique left and right inverse to a matrix (if they exist)
the other important property is the solution of equation systems in the least squares
sense. If

y = Ax (B.9)

is not solvable because it is overdetermined, then the value x̃ = A+y gives the least
squares solution, i.e.,

||y −Ax̃||2 ≤ ||y −Ax||2, for all x. (B.10)

In any case (even if A has neither full row or column rank) A+ can be expressed using
the singular value decomposition (SVD) of A:

A = USV H SVD of A (B.11)

⇒ A+ = V S+UH , (B.12)

with

(S+)ij =

{
σ−1
i i = j, σi > 0

0 otherwise
, σi = (S)ii. (B.13)

Due to the availability of numerically stable algorithms for the computation of the
SVD this is a robust method for calculating the pseusoinverse. More information on
the Moore-Penrose pseudoinverse including derivations and proofs can be found in the
literature [188].

B.3. Efficient computation of the Fourier and Hilbert transform

It is a very common problem to compute continuous Fourier transforms (FT) from
measured or theoretical data in a computer. A common approximation is the use
of the FFT algorithm which implements the discrete Fourier transform (DFT). The
DFT is not the same as the FT, because it assumes periodicity in both the time and
frequency domain. These assumptions, however, may not resemble the reality for the
data that is to be transformed even it is only known in a finite time range. A common
workaround is the use of the DFT with zero padding in the time domain to decrease
the influence of the time domain periodicity assumption. Nevertheless, the periodicity
assumption in the frequency domain corresponds to Dirac delta shaped samples in the
time domain. However, linear or any other interpolation would be a more appropriate
assumption for almost all measurement data. Furthermore, the samples in both time
and frequency domain have to be equidistant and, hence, the DFT approximation
becomes extremely inefficient where data spanning several orders of magnitude is to be
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transformed. Transforms with arbitrary or logarithmically spacing are preferred.

Numerical integration of the Fourier integral which exactly describes the continuous
Fourier transform for continuous and infinitely long data would solve all these problems,
but is numerically very inefficient because of the highly oscillatory integrand. All these
problems are solved by the following method.

Similar arguments hold for the Hilbert transform, which is even a more complicated
matter because of the singularity in the integrand. Nevertheless, the presented method
for the Fourier transform can be applied for the Hilbert transfrorm as well.

The Fourier transform f̂(f) and Hilbert transform f̃(t) of a function f(t) are defined by

f̂(f) =

∫ ∞
−∞

f(t)e−2πiftdt, (B.14)

f̃(t) =
1

π
PV

∫ ∞
−∞

f(τ)

t− τ
dτ. (B.15)

If the function f(t) is only available at N discrete points ti, i.e.,

fi = f(ti), i = 1, . . . , N (B.16)

an interpolation with appropriate assumptions on the behavior of f outside the interval
has to be made for calculation of the FT.

Without interpolation the Fourier and Hilbert transform of f could not be computed in
an exact mathematical sense according to Eq. (B.14) because the behavior of f between
the points ti and outside of t1 and tN is of course unknown. Hence, certain assumptions
about the behavior of f between the points have to be made to approximate f̂(f). The
linear interpolation of fi is given by

f1(t) =

N∑
i=1

fiBi(t), (B.17)

with Bi(t) the “hat function” on the interval [ti−1, ti+1]1:

Bi(t) =


t−ti−1

ti−ti−1
ti−1 ≤ t < ti

t−ti+1

ti−ti+1
ti ≤ t < ti+1

0 otherwise

, (B.18)

with t0 = t1 and tN+1 = tN . This is obviously the linear interpoland because if
Eq. (B.17) is evaluated at t = ti, only one summand is nonzero and f1(ti) = fi is
obtained. In between the ti, f

1(t) is continuous and linear (because Bi is continuous
and linear between the ti).

The continuous Fourier and Hilbert transform of Eq. (B.17) are readily given as

f̂1(f) =
N∑
i=1

fiB̂i(f), f̃1(f) =
N∑
i=1

fiB̃i(f), (B.19)

whereas only the Fourier and Hilbert transform of the hat function are needed. For the

1Also known as the (non-uniform) first order B-spline.
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former it is given by

B̂i(f) =

 1
(2πf)2

(
e−2πifti−e−2πifti−1

ti−ti−1
− e
−2πifti+1−e−2πifti

ti+1−ti

)
f 6= 0

ti+1−ti−1

2
f = 0

. (B.20)

At the measurement interval edges (where the neighboring ti values coincide) the above
difference quotients have to be replaced by the derivative, i.e.,

e−2πifti − e−2πifti±1

ti − ti±1
→ −2πife−2πifti , for ti → ti±1. (B.21)

The Hilbert transform of the hat function is given by

B̃i(t) =
1

π
·



1 +
xlnxy(t−ti+1,t−ti)

ti+1−ti
ti−1 = ti

−1 +
xlnxy(t−ti−1,t−ti)

ti−ti−1
ti+1 = ti

xlnx(t−ti−1)

ti−ti−1
− xlnx(t−ti)(ti+1−ti−1)

(ti+1−ti)(ti−ti−1)
+

xlnx(t−ti+1)

ti+1−ti
else

xlnxy(t−ti−1,t−ti)
ti−ti−1

+
xlnxy(t−ti+1,t−ti)

ti+1−ti
else, |t| large

,

(B.22)

with

xlnxy(x, y) =


x ln |x/y| x, y 6= 0

0 x = 0, y 6= 0

∞ y = 0

, xlnx(x) =

{
x ln |x| x 6= 0

0 x = 0
. (B.23)

Note, that the last two entries in the case Eq. (B.22) are mathematically equivalent.
However, the latter expression is preferred for large t outside of the interval [ti−1, ti+1]
because numerical problems are expected for expression 3 when t is outside of [ti−1, ti+1]
and problems are expected for expression 4 when t is close to ti.

Note, that the function f is assumed to be zero outside of the interval [t1, tN ] and
thus the linear interpolate may have steps at the end of the interval. This generally
causes certain contributions to the Fourier and Hilbert transform but these may not
be realistic if the real function f has a different behavior than being zero outside of
the interval. This can be alleviated when the two additional points t0 and tN+1 are
chosen to be outside of the interval. This has the effect that at the edges of the interval
the function has a more smooth behavior towards zero and does not realize a step.
The actual choice of these additional “outside of interval points” requires of course
knowledge on the origin of the data.

B.4. Line shape functions, their n-th derivatives, Fourier and
Hilbert transform

Lorentz The area normalized Lorentz line shape φL(ν) with half-width at half maxi-
mum (HWHM) γL is given by

φL(ν) =
γL

π
(
γ2

L + ν2
) . (B.24)
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The n-th derivative with respect to ν is given by

φ
(n)
L (ν) = φL(ν)

n!

(γ2
L + ν2)n/2

Un

(
−ν/

√
γ2

L + ν2

)
, (B.25)

with Un the Chebyshev polynomial of the second kind [78, chapter 22]. Eq. (B.25)
directly follows from the generating function for Un [78, chapter 22.9].

The Fourier and Hilbert transform of the Lorentz line shape are given by

φ̂L(k) = exp (−2πγL|k|) , φ̃L(ν) =
ν

π(γ2
L + ν2)

. (B.26)

Gaussian The area normalized Gaussian line shape φG(ν) with HWHM γG is given by

φG(ν) =

√
log 2
√
πγG

exp

(
−
ν2

γ2
G

log 2

)
. (B.27)

The n-th derivative with respect to ν is given by

φ
(n)
G (ν) = φG(ν)

(log 2)n/2

γnG
Hn
(
−ν/γG

√
log 2

)
, (B.28)

with Hn the Hermite polynomial [78, chapter 22]. Eq. (B.28) directly follows from the
generating function for Hn [78, chapter 22.9].

The Fourier and Hilbert transform of the Gauss line shape are given by

φ̂G(k) = exp
(
−(πkγG)2/ log 2

)
, (B.29)

φ̃G(ν) =

√
log 2
√
πγG

Im

{
w

(
ν
√

log 2

γG

)}
, (B.30)

with w(z) the Faddeeva w function (see below).

Voigt The area normalized Voigt line shape φV(ν) with Gaussian HWHM γG and
Lorentzian HWHM γL is given by

φV(ν) = (φL ∗ φG)(ν) =

√
log 2
√
πγG

Re

{
w

(
(ν + iγL)

√
log 2

γG

)}
, (B.31)

with the Faddeeva w function

w(z) = e−z
2
(

1 +
2i
√
π

∫ z

−∞
et

2
dt

)
= e−z

2
erfc (−iz) . (B.32)

The w(z) function can be computed using ACM Algorithm 680 [189] which implements
the method developed in Ref. [190] that gives for the relevant upper half-plane a 14
digits relative accuracy.

The n-th derivative with respect to ν is given by

φ
(n)
V (ν) =

√
log 2

n+1

√
πγn+1

G

Re

{
w(n)

(
(ν + iγL)

√
log 2

γG

)}
, (B.33)
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w(n)(z) = w(z) Hn (−z)−
2
√
π

n−1∑
k=0

( n

k + 1

)
(−i)k+1 Hk (iz) Hn−k−1 (−z) . (B.34)

The Fourier and Hilbert transform of the Voigt line shape are given by

φ̂V(k) = φ̂L(k)φ̂G(k) = exp
(
−(πkγG)2/ log 2− 2πγL|k|

)
, (B.35)

φ̃V(ν) =

√
log 2
√
πγG

Im

{
w

(
(ν + iγL)

√
log 2

γG

)}
. (B.36)

B.5. Allan variance plot

The Allan variance or Allan deviation plot is an intuitive graphical tool for analysis
of noise types a time series consists of. Different slopes in the (log-log) Allan plot
correspond to noise with different exponents of a power-law frequency dependence.
Hence white noise and 1/f noise and their relative strength can be distinguished. It was
introduced to examine the frequency stability of oscillators and to quantify noise types
other than the (often only assumed) white noise [191]. Werle et al. introduced the Allan
variance plots to investigate the stability of TDLS sensors, which has become since
then a standard tool to evaluate the performance of TDLS sensors. Its main purpose is
to identify causes that limit sensor stability (which might appear as 1/f or 1/f2 noise)
and to find the maximum time where a calibration or background measurement should
be repeated [192] (commonly referred to as the “optimum averaging time”). To make
an “Allan plot” for a sensor, the sensor has to be operated with the physical quantity
kept constant which it is supposed to measure. If concentration is to be measured, the
gas concentration has to be constant. Then the sensor output values are recorded over
as long as possible time spans and the samples then analyzed with the Allan variance
to identify the different types of noise sources. A deterministic linear slope on the time
series data will show the same behavior as 1/f2 noise in the Allan plot, and, hence,
these two effects are indistinguishable [192].

The N data samples are denoted as yi = y(ti) with uniform sample times ti = t0 + iTs
with i = 0, . . . , N − 1, and Ts being the data sample time. After averaging over data
blocks of time length τ = LTs (with L a positive integer number) new data samples
y(j) are obtained representing the averaged and decimated (i.e., downsampled) data

y(j) =
1

L

L−1∑
i=0

y(tjL+i), j = 0, . . . ,M − 1, (B.37)

and M = bN/Lc the number of averaged samples. The Allan variance σ2
A(τ) is then

half of the quadratic deviation of two neighboring samples

σ2
A(τ) =

1

2(M − 1)

M−1∑
j=1

(y(j)− y(j − 1))2. (B.38)

The term σA(τ) (without square) is called Allan deviation. Usually the Allan deviation
is plotted because it has the same unit as the original time series data. Practically it
is plotted versus averaging time τ , which however must be an integer multiple of Ts
and less than half of the time length of the original data. Obviously, if the data only
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consists of white noise around a constant mean value also the averaged time series y(j)
consists of white noise around the same mean but with

√
L times less standard deviation.

Consequently, also the variation between two neighboring samples becomes smaller
by the same amount. Hence for white noise a σA(τ) ∼ 1/

√
τ behavior is expected.

Moreover, in the white noise one gets for the expected value of the Allan variance
E
{
σ2

A(τ)
}

= 1
2(M−1)

∑M−1
j=1 (σ2(y(j)) + σ2(y(j − 1))) = σ2(y), i.e., the Allan variance

of white noise is the same as the variance of the averaged data. For white noise the
normal variance and the Allan variance are the same. This is not the case for other
noise types.

For noise with (one-sided) noise spectral density Syy(f) an Allan variance of [193]

σ2
A(τ) =

2

πτ

∫ ∞
0

Syy
( u

πτ

) sin4(u)

u2
du (B.39)

is obtained. This shows that if two uncorrelated random processes are added together
also their Allan variances add together (because for uncorrelated random processes the
spectral densities add). Values at high τ reveal information about Syy(f) around f = 0.
Also qualitative information about the type of the noise can be read from the slope of
the Allan plot. It can be shown [191], that for noise spectral densities

Syy(f) =

{
f−α fl ≤ f ≤ fu
0 otherwise

(B.40)

with −1 < α < 3 we get

σ2
A(τ) ∼ τα−1, for

1

2πfu
� τ �

1

2πfl
. (B.41)

For τ � 1
2πfu

or τ � 1
2πfl

the Allan variance becomes zero for the spectral density in

Eq. (B.40). Eq. (B.41) means that if the spectral density follows a power law, this is
reflected in the asymptotic slope of the (log-log) Allan plot. The slope then corresponds
to the exponent of the power law minus one. Again this explains that white noise
(α = 0) appears with a slope of −1 on the Allan variance plot (or slope −1/2, or
∼ 1/

√
τ in the Allan deviation as explained before). If the lower frequency fl is zero

then the exponent determines the asymptotic slope of the Allan plot (for τ → ∞).
Practically, the Allan plot will consist of several regions with different slope. This then
corresponds to different noise contributions with different exponent. The time where
the transition from one to another takes place is depending on the relative strength
of the noise sources. This can be seen in the example in Fig. B.1. Up to τ = 400 s a
nearly white noise behavior is observed. For averaging times between 400 s to 5000 s
a slope corresponding to 1/f noise is observed. Although the 1/f noise is present at
all averaging times it only becomes dominant at this point because the white noise
is attenuated by averaging while the 1/f noise is almost not attenuated. Hence, the
transition is observed at a specific averaging time.

In Fig. B.1 also the conventional standard deviation is shown in red. As mentioned before,
in the white noise regions (i.e., where the slope is −1/2) the Allan and conventional
deviation are essentially the same. It also becomes evident that the Allan variance is
better suited for analysis of different noise types because it gives a more pronounced
response to different noise types than is visible in the conventional deviation.
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(a) One day long time series recorded with the
VCSEL-based CO sensor [54] measuring a
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(b) The Allan deviation (“Allan plot”) corre-
sponding to the left time series (blue). For
comparison the conventional standard de-
viation (red) and the expected behavior for
white noise only is shown as well (green).

Fig. B.1: An example for an Allan plot including the corresponding time data.

B.6. Linear systems

B.6.1. Definition and representation by integral equations

A linear system is characterized by the superposition principle and homogeneity. Let
x1 = x1(t) and x2 = x2(t) be two arbitrary input signals then a system H is called
linear if it fulfills

H{αx1 + βx2}(t) = αH{x1}(t) + βH{x2}(t) (B.42)

for arbitrary constants α and β. If the system is additionally bounded it can always be
described with an integral equation [194, Chapter 3.3], i.e.,

H{x}(t) =

∫ ∞
−∞

h(t, τ)x(τ)dτ (B.43)

with h(t, τ) the impulse response of such system. This integral equation is to be
understood in a distributional sense, i.e., it is only correct if h is allowed to be a
distribution. The representability of all bounded linear systems by this type of integral
equation is known as “Schwartz kernel theorem”.

The impulse response is defined as the limit of the response to a rectangular function
with unit area when the width approaches zero (cf. Ref. [194, Chapter 3.3]), i.e.,

h(t, τ) = lim
d→0
H{δd(· − τ)}(t), with δd(t) =

{
1/d |t| < d/2

0 otherwise
. (B.44)

If a linear system is additionally time-invariant or shift-invariant, i.e.,

H{x(· − τ)}(t) = H{x}(t− τ) (B.45)

the behavior of the system does not depend on the absolute value of time. The response
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is always the same whenever the excitation (input) is applied. Hence the name time-
invariant. In this case the integral equation is changed to a convolution expression,
because it must be h(t, τ) = h(t− τ):

H{x}(t) =

∫ ∞
−∞

h(t− τ)x(τ)dτ. (B.46)

This equation describes any bounded, linear and shift-invariant system, which is a very
general mathematical result. Again the impulse response h is a distribution.

As a consequence, one has the important property for bounded, linear and shift-invariant
systems that a sinusoidal input always generates a sinusoidal output with the same
frequency. This is easily seen when x(t) = ei2πft is inserted into Eq. (B.46):

H{ei2πf ·}(t) = ĥ(f) ei2πft, with ĥ(f) =

∫ ∞
−∞

h(τ)e−i2πfτdτ. (B.47)

One can further see, that the appearance of the Fourier transform ĥ(f) of the impulse
response is a natural consequence. This is actually the justification for the wide use of
the Fourier transform in science and engineering. This so called “frequency response”
ĥ(f) of the system can be split into amplitude response A(f) and phase response φ(f)

(with ĥ(f) = A(f)e−iφ(f)) because of

H{ei2πf ·}(t) = A(f) ei2πft−iφ(f). (B.48)

Note, that the frequency response completely describes the behavior of a bounded linear
shift invariant system, due to the one-to-one mapping of the Fourier transform. Hence
a bounded, linear and shift-invariant system is fully characterized by its response to
sinusoids of different frequency. This is a result with very great practical importance.
It explains how a system – considered as a black box – is fully described, based only on
a few general and easy to test properties (i.e., linearity and shift- or time-invariance).

B.6.2. Relation to ordinary differential equations

A linear and time-invariant ordinary differential equation (ODE) is of the form

a0y(t) = b0x(t) + b1x
′(t) + b2x

′′(t) + . . .− a1y
′(t)− a2y

′′(t)− . . . (B.49)

Time invariance implies that the coefficients ai and bi are time independent and linearity
implies that they are independent from x and y. Note, that not all linear and time-
invariant systems are described by this form, only those which are ODEs. The Fourier
transform is given by

ŷ(f) = x̂(f)
a0 + (2πif)a1 + (2πif)2a2 + . . .

b0 + (2πif)b1 + (2πif)2b2 + . . .︸ ︷︷ ︸
ĥ(f)

, (B.50)

which can be used to solve the ODE. The Fourier transform of the impulse response
ĥ(f) is the frequency response and is a rational polynomial in 2πif . This shows that
linear ODE systems are not covering all linear time-invariant systems, because their
frequency response is always a rational polynomial which is not necessarily the case for
arbitrary linear time invariant systems.
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B.6.3. Asymptotic behavior

As a consequence of the rational frequency response, ODE based linear systems are
limited to specific asymptotic behaviors:

|ĥ(f)| → fn, for f →∞, (B.51)

with n an integer number (because it is the ratio of two polynomials in f). This number
is just the difference of numerator and denominator polynomial degree. Hence, it is
impossible to obtain asymptotic fractional exponent behavior, e.g., 1/

√
f with linear

ODE based systems.

This shows the difficulty to explain the behavior of systems which do not show such an
behavior by ODEs, as e.g., the laser tuning behavior (cf. section 2.3.2) or 1/f noise. To
recreate both, a system with asymptotic 1/

√
f behavior would be needed. Of course it

is possible to approximate any behavior within a certain finite frequency range if the
ODE degree is made large.

Despite this possibility of purely mathematical approximation, it is important to know
that other (non-ODE) physical models may be inherently better suited for problems
with fractional asymptotic slopes of the frequency response. In the following it will be
shown that second order partial differential equations, such as the heat equation, can
indeed reproduce a asymptotic behavior of fractional exponent.

Most interestingly, two analytic PDE-based models in literature for the intrinsic thermal
tuning behavior for VCSELs and DFBs [34, 195] predict a square root law behavior for
high frequencies i.e. Hthm(f)→ 1/

√
if for f →∞.

Here reasoning is given, that the heat equation gives a square root law behavior
if the heat source and mode distribution have one dimension less compared to the
mathematical space in which the heat equation is solved. This is for example the case
if the heat source and mode have a plane shape in a 3D space or have a line shape in a
2D space. So a plane heat source and light mode in three dimensional space or a line
source in two dimensional space give a square root behavior. If either the plane heat
source or light mode distribution has a nonzero thickness, a transition from square root
behavior to 1/(if) behavior will occur at a certain frequency, depending on the tickness.
This can be seen as follows:

Assuming a T = 0 boundary condition at (x, y, z)→∞ and using Gaussian source and
mode terms (Eq. (2.19) and Eq. (2.20)), Eq. (A.11) for the thermal impulse response
reads:

T g(t) ∼
1

√
t− τZ(t− τR)

, t ≥ 0, τZ =
2κZ

Z2
Q + Z2

M

, τR =
2κR

R2
Q +R2

M

. (B.52)

Unfortunately, the Fourier transform of this is not analytically solvable. Nevertheless,
the asymptotic behavior of the Fourier transform can be studied if the 1/(t− τR) term
is neglected. When the thickness of the heat source is practically much less than the
width (i.e., τZ < τR), the asymptotic behavior of the Fourier transform is determined
by the square root term only (corresponds to behavior of T g(t) around the origin).

The Fourier transform of a square root impulse gives a square root behavior:

g(t) =
1
√
t
, t ≥ 0 ⇒ ĝ(f) =

1
√

2if
. (B.53)
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If, however, the square root impulse is shifted by τZ > 0, i.e., a thickness of the heat
source is introduced and, hence, the singularity removed, different behavior is obtained:

g(t) =
1

√
t+ τZ

, t ≥ 0 ⇒ ĝ(f) =
e2πifτZ erfc

(√
2πifτZ

)
√

2if
. (B.54)

This now has a 1/(if) behavior for high frequencies, but still follows square root behavior
over a large frequency range (cf. Fig. B.2). Since the behavior at high frequencies
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Fig. B.2: The Fourier transform of a square root (green, Eq. (B.53)) and shifted square
root impulse (blue, Eq. (B.54)). The first corresponds to zero thickness heat
source and mode and the second to small finite thickness, which causes the
transition from 1/

√
f to 1/f behavior.

of the Fourier transform is determined by the function behavior around t = 0, the
singularity at t = 0 of 1/

√
t seems to be essential for causing the square root behavior.

Investigations of solutions of the heat equations of different dimension (analogously to
Eq. (B.52)) showed that this 1/

√
t term only exists if the heat source and light mode

have a lower dimension as the space in which the heat equation is solved.
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C.1 Derivation of Eq. (3.34)

By applying integration by parts n times in Eq. (3.32) one gets

Hn(ν) =

∫ ∞
−∞

T (n)(ν − η)

(∫ η

−∞
· · ·
∫ η3

−∞

∫ η2

−∞
Kwms(η1)dη1dη2 . . . dηn

)
dη. (C.1)

Note, that this uses the fact that Kwms is nonzero only over a finite range, and, hence, all
of its antiderivatives vanish at ±∞. With help of Rodrigues’ formula for the Chebyshev
polynomials [78, chapter 22.11], i.e.,

Tn (x) =

√
π

(−1)n2nΓ(n+ 1/2)

√
1− x2

dn

dxn

(
(1− x2)n−1/2

)
(C.2)

the repeated integral in Eq. (C.1) can be solved in closed form. With∫
· · ·
∫

︸ ︷︷ ︸
n times

Tn (−x)
√

1− x2
dx1 · · · dxn =

1

1 · 3 · 5 · · · (2n− 1)
(1− x2)n−1/2 (C.3)

(where each integration starts at −1 and x is between −1 and 1) and 1 ·3 ·5 · · · (2n−1) =
(2n)!/(2nn!) the following is obtained:∫ η

−∞
· · ·
∫ η3

−∞

∫ η2

−∞
Kwms(η1)dη1dη2 . . . dηn =


εn2nn!(ν2a−η

2)n

π(2n)!νna
√
ν2a−η2

|η| ≤ νa

0 otherwise
. (C.4)

The normalization in Kder
wms is obtained by∫ νa

−νa

εn2nn!(ν2
a − η2)n

π(2n)!νna
√
ν2
a − η2

dη =
εnνna
2nn!

. (C.5)

C.2 Derivation of Eq. (3.37)

The zero mean property is a special case (with i = 0) of Eq. (3.38). See derivation C.3.

C.3 Derivation of Eq. (3.38)

First note that the orthogonality to monomials (or vanishing moments) is equivalent to
vanishing derivatives of the Fourier transform around the origin:∫ ∞

−∞
νiHn(ν)dν = 0, for 0 ≤ i < n⇔

diĤn(k)

dki

∣∣∣∣∣
k=0

= 0, for 0 ≤ i < n. (C.6)
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C.4. Derivation of Eq. (3.39)

From Eq. (3.36) it is known that

Ĥn(k) = T̂ (k)εnin Jn (2πνak) , (C.7)

which, after i-th differentiation (Leibnitz’ rule), results in

Ĥ
(i)
n (k) = εnin

i∑
j=0

(i
j

)
(2πνa)j T̂

(i−j)
n (k) J

(j)
n (2πνak). (C.8)

Note that the j-th order derivative of the Bessel function can be expressed as sum of
Bessel functions of order n− j, . . . , n+ j [78, Eq. 9.1.31]. Because j < n it follows that

Jn±j (0) = 0 and consequently J
(j)
n (0) = 0 which proves the original statement.

C.4 Derivation of Eq. (3.39)

The following recursion property of the Bessel functions [78, Eq. 9.1.27] is known:

Jn+1 (x) =
2n

x
Jn (x)− Jn−1 (x) . (C.9)

If Jn (x) is replaced by Kwms(k) (see Eq. (3.36)) and multiplied with the Fourier

transform of the transmission T̂ (k), the following recursion formula for the Fourier
transform of the n-th harmonic spectra is obtained:

Ĥn+1(k) = −
nεn+1

εnνaiπk
Ĥn(k) +

εn+1

εn−1
Ĥn−1(k). (C.10)

When transforming back the desired formula Eq. (3.39) is obtained. Multiplication

with 1/(2iπk) corresponds to an integration, because nĤn(0) is zero for all n:

Hn+1(ν) = −
2nεn+1

εnνa

∫ ν

−∞
Hn(ν)dν +

εn+1

εn−1
Hn−1(ν). (C.11)

It is important to remark that for n = 1 prior to application of this formula the offset
of the zeroth harmonic spectrum has to be removed. This is because for derivation to
be valid Ĥn may not contain a Dirac delta distribution.

C.5 Derivation of Eq. (3.40)

The first reconstruction formula is a special case (with n = 0) of Eq. (3.42). See
derivation C.7. Alternatively it can be directly proven by the following property of the
Bessel functions [78, Eq. 9.1.46]:

1 =
∞∑
n=0

εn J2n (x) . (C.12)

If the Bessel function is replaced by Kwms(k) (see Eq. (3.36)) and multiplied with

the Fourier transform of the transmission the following is obtained (Note: Ĥn(k) =
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C. Derivations of equations

T̂n(k)Kwms(k)):

T̂ (k) =

∞∑
n=0

(−1)nĤn(k). (C.13)

After applying the inverse Fourier transform the desired result is found.

C.6 Derivation of Eq. (3.41)

The implicit definition of harmonic spectra reads

T (ν + νa cos (2πfmt)) =

∞∑
n=0

Hn(ν; νa) cos (2πnfmt) . (C.14)

By substituting ν + νa cos (2πfmt) = η it is obtained:

T (η) =
∞∑
n=0

Hn(ν; νa) cos (n arccos ((η − ν)/νa)) . (C.15)

After exchanging the names of the variables ν and η and noting that cos (n arccos (x))
is equal to the Chebyshev polynomial Tn (x) the desired result is obtained. Note that
the range of validity of the substitution (i.e., |η − ν| ≤ νa) is also the range of validity
of the final formula.

C.7 Derivation of Eq. (3.42)

The first step is to compute the derivatives of Eq. (3.41), i.e.:

dkT (ν)

dνk
=

∞∑
n=0

Hn(η)
dk Tn ((ν − η)/νa)

dνk
. (C.16)

Since η is arbitrary it is possible choose η = ν in which case

dkT (ν)

dνk
=

∞∑
n=0

Hn(ν)
1

νka
T

(k)
n (0) (C.17)

is obtained. Using the explicit expression for the coefficients of the Chebyshev polyno-

mials [78, Eq. 22.3.6] it is tedious but not difficult to derive an expression for T
(k)
n (0).

This gives then the desired result Eq. (3.42).

C.8 Derivation of Eq. (3.45)

There is the general property of convolutions ||f ∗g||∞ ≤ ||f ||1|||g||∞, which is a special
case of Young’s inequality. Note, that the infinity norm is ||g||∞ = max

x
|g(x)| and to

obtain the result it is only necessary to compute ||Kwms||1 and ||Kder
wms||1 for Eq. (3.45)

and Eq. (3.46), respectively. Explicitly, the following integral values are needed:∫ νa

−νa
|Kwms(ν)|dν,

∫ νa

−νa
|Kder

wms(ν)|dν. (C.18)
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C.9. Derivation of Eq. (3.57)

This is equal to:∫ 1

−1

εn|Tn (−x) |
π
√

1− x2
dx,

∫ 1

−1

4nn!2(1− x2)n

π(2n)!
√

1− x2
dx. (C.19)

The latter integral has a value of 1, i.e., ||Kder
wms||1 = 1. The former integral is more

difficult because of the alternating signs of the Chebyshev polynomials. For n = 0 both
integrals are the same and also ||Kwms||1 = 1 for n = 0 is obtained. For n > 0 the
integrations thus have to be split at the Chebyshev nodes xi (which are the zeros of
Tn (x)). Using the Chebyshev nodes in reverse order

xi = cos ((2i− 1)/(2n)π) i = 1, . . . , n, (C.20)

with the convention x0 = 1 and xn+1 = −1 one obtains∫ 1

−1

εn|Tn (−x) |
π
√

1− x2
dx = −

n∑
i=0

(−1)i
∫ xi+1

xi

εn Tn (x)

π
√

1− x2
dx. (C.21)

The factor (−1)i is to handle properly the regions with negative values. Substitution of
z = arccos (x) gives

=

n∑
i=0

(−1)i
∫ zi+1

zi

εn

π
cos (nz) dz =

εn

nπ

n∑
i=0

(−1)i(sin (nzi+1)− sin (nzi)) (C.22)

Expanding the result yields 4/π and, hence, ||Kwms||1 = 4/π for n > 0.

C.9 Derivation of Eq. (3.57)

If the complex (two-sided) Fourier coefficients of two functions are given by

f(z) =
∞∑

n=−∞
F̃neinz , g(z) =

∞∑
n=−∞

G̃neinz , (C.23)

the Fourier coefficients of the product are obtained by convolution of F̃n and G̃n:

f(z)g(z) =

∞∑
n=−∞

K̃neinz K̃n =

∞∑
m=−∞

F̃mG̃n−m. (C.24)

For real valued functions the property X̃n = X̃∗−n is always fulfilled and the one-sided

Fourier coefficients Xn can be used instead Xn = εnX̃n (n ≥ 0). For the one-sided
coefficients of a product one obtains

Kn =
εn

2

∞∑
m=0

FmGn−m

εn−m
+
F ∗mGn+m

εn+m
(C.25)

Note that the Fourier coefficients of T (νL(t)) are given by Hn(ν)e−inφ, i.e.

T (νL(t)) = Re

{ ∞∑
n=0

Hn(ν)e−inφein2πfmt

}
. (C.26)

The last two equations then imply the desired result Eq. (3.57).
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C. Derivations of equations

C.10 Derivation of Eq. (3.68)

It is most convenient to start with the convolution expression for Hn(ν):

Hn(ν) =

∫ νa

−νa
T (ν − η)

εn Tn (−η/νa)

π
√
ν2
a − η2

dη. (C.27)

Clearly, the result is the individual transform of each polynomial segment

Hn(ν) =

N∑
j=1

∫ νa

−νa
pj(ν − η − νj−1)χ[νj−1,νj)

(ν − η)
εn Tn (−η/νa)

π
√
ν2
a − η2

dη (C.28)

=

N∑
j=1

k∑
l=0

p
(l)
j (ν − νj−1)

νlaεn

2ll!π

(
f ln((ν − νj−1)/νa)− f ln((ν − νj)/νa)

)
(C.29)

with fjn(w) =

∫ w

−1

(−2x)j Tn (−x)
√

1− x2
χ(−1,1)(x)dx. (C.30)

Note that the polynomial segment pj was expanded in its Taylor series around ν− νj−1.
The remaining task is to find an analytical expression for fn,j(w). This is given by the
following:

fjn(w) =
√

1− w2
C

∑
i

(Sn)ij Ti (−wC) + (rn)j

(
arcsin (wC) +

π

2

)
, (C.31)

with the coefficients Sn and rn as defined in Eq. (3.72) and wC the number w limited
to the range [−1, 1].

This can be shown as follows: First note, that repeated application of the recursion
formula [78, Eq. 22.7.4] of the Chebyshev polynomials yields

(−2x)j Tn (−x) =

j∑
m=0

( j
m

)
T|n+2m−j| (−x) . (C.32)

Also note, that for x ∈ [−1, 1]∫
Tl (−x)
√

1− x2
dx =

{
arcsinx l = 0
1
l

√
1− x2 Ul−1 (−x) l > 0

, (C.33)

with Ul−1 (x) = sin (l arccos (x)) /
√

1− x2 the Chebyshev polynomial of the second
kind. The identity is easily proved when Tl (−x) = cos (l arccos (−x)) is inserted and
the substitution y = arccos (−x) is made to transform the integral to a solvable form.
To convert the Chebyshev polynomial of the second kind to the first kind we have:

Ul−1 (−x) =

l−1∑
q=0

l−q odd

εq Tq (−x) . (C.34)

Now all “ingredients” are present to derive the expressions for the Sn and rn coefficients.
This is achieved by inserting Eq. (C.32) in Eq. (C.30) and using Eq. (C.33) (with
l = |n+ 2m− j|). Finally Ul−1 is eliminated using Eq. (C.34). The resulting expression
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C.11. Derivation of Eq. (3.84)

is of the form of Eq. (C.31) and the columns of Sn and rn (i.e., for fixed j) are
determined by equating coefficients.

C.11 Derivation of Eq. (3.84)

First note, that the total variance of noise on the spectrum σ2(y) is given by

σ2(y) = RN/2Syy , Syy =
2

RN

∫ RN/2

0
Syy(f)df, (C.35)

whereas the integration covers the positive Nyquist band with the sampling rate RN .
It only covers the positive frequencies because the spectral density is in the one-sided
engineering convention (i.e., the value is twice the value of the two-sided spectral density,
which is used in theory). The elements wnm of the W matrix are defined as covariance
between the yn and ym normalized by σ2(y), i.e.,

wnm =
cov {yn, ym}

σ2(y)
. (C.36)

Since the errors on the y are of zero mean the covariance is the same as the correlation
cov {yn, ym} = E {ynym}. Due to stationarity E {ynym} = R̃yy(n−m) with R̃xy(k)
being the autocorrelation function of the discrete process yn. The discrete autocorre-
lation is equal to the sampled continuous autocorrelation Ryy(τ) = E {y(t)y(t+ τ)},
because of yn = y(n/(RN)):

R̃yy(k) = Ryy(k/(RN)). (C.37)

The continuous autocorrelation function is the inverse Fourier transform of the (two-
sided) spectral density and hence one obtains

wnm =
2

RN Syy

∫ RN/2

−RN/2

1

2
Syy(|f |)ei2πf(n−m)/(RN)df, (C.38)

which is after a substitution of variables equal to Eq. (3.84).

C.12 Derivation of Eq. (3.88)

First define f̃(θ) = W−1/2f(θ) and ỹ = W−1/2y. Then the least squares estimate is
given by the minimum of the risk function L(θ):

θ̂ = argmin
θ

L(θ), L(θ) = (ỹ − f̃(θ))H(ỹ − f̃(θ)). (C.39)

A necessary condition for the least squares estimate is that the risk function has a
stationary point, i.e.,

0 = ∇L(θ) = 2 Re
{
F̃ (θ)H(ỹ − f̃(θ))

}
, for θ = θ̂, (C.40)

with F̃ (θ) = (∇f̃(θ)T )T the Jacobian matrix of f̃ . This equation implicitly defines θ̂.
Let denote

Q(θ, ỹ) = Re
{
F̃ (θ)H(ỹ − f̃(θ))

}
. (C.41)
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C. Derivations of equations

Applying implicit differentiation yields

Qθ(θ, ỹ)∂θ +Qỹ(θ, ỹ)∂ỹ = 0 for θ = θ̂ (C.42)

withQθ andQỹ the Jacobians ofQ with respect to θ and ỹ. The first order perturbation
is given by replacing the differentials with finite differences. By solving for ∆θ,

∆θ̂ = −Q+
θQỹ∆ỹ (C.43)

is obtained. Note, that the pseudoinverse Q+
θ is the left inverse matrix if Qθ has full

rank (cf. section B.2), which is necessary for the least squares problem to have a unique
solution. The remaining missing terms are given by:

Qỹ = F̃
H
, Qθ = −F̃H F̃ + ∂F̃

H
/∂θ(ỹ − f̃). (C.44)

The term ∂FH/∂θ is a three dimensional object which results in a matrix when
multiplied with a vector. If this second order model derivative is neglected or the point
around which the perturbation is taken is exact (i.e., ỹ = f̃(θ)), the result is obtained

∆θ̂ = (F̃
H
F̃ )+F̃

H
∆ỹ. (C.45)

This is equivalent to Eq. (3.88) after back substitution.

C.13 Derivation of Eq. (3.91)

Eq. (3.91) can be proven for the important case of F with full rank. Without loss of

generality W = I is assumed (because F can be replaced by W−1/2F ). For clarity
the dependence of F on the θj will be suppressed in the notation this paragraph. Let
θi be a parameter which linearly enters the signal model and from which the first row
of the Jacobian is independent. This is equivalent to

∂F

∂θi
= FD, D diagonal matrix, D11 = 0. (C.46)

Note further, that h(l) is just the first row of the pseudoinverse matrix F+, which is
because (FHF )−1FH = F+.

The derivative of the pseudoinverse matrix is given by [196, Eq. (4.12)]:

∂F+

θi
= −F+ ∂F

∂θi
F+ + F+F+H ∂F

H

∂θi
(I − FF+) + (I − F+F )

∂FH

∂θi
F+HF+.

Substituting the above expression for the derivative of ∂F /∂θi into this equation and

observing that for F of full rank F+F = I and FHF+HFH = FH ,

∂F+

θi
= −DF+ (C.47)

is obtained. Because of D11 = 0,

∂h(l)

∂θi
= 0 (C.48)

follows, which shows that the impulse response h(l) of the filter model is independent
on the value of a linear parameter θi.
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Abbreviations and Symbols

Abbreviations

DFB Distributed feed-back

FRS Faraday rotation spectrometry

FSR Free Spectral Range

FWHM Full-width at half-maximum

HCF Hollow capillary fiber

HITRAN High resolution transmission molecular absorption line database

HWHM Half-width at half-maximum

LMR Laser magnetic resonance

OPD Optical path length difference (physical length times refractive index)

QCL Quantum cascade laser

SATP Standard ambient temperature and pressure, T = 25 ◦C, p = 1 bar

TDLAS Tunable diode laser absorption spectrometry

VCSEL Vertical-cavity surface-emitting laser

WMS Wavelength modulation spectrometry

ZMS Zeeman modulation spectrometry

Math Symbols

A+ The Moore-Penrose pseudoinverse to matrix A, p. 143

An(x,m) Arndt’s formula (harmonic spectrum for an unsaturated Lorentzian line),
p. 49

δn Kronecker delta, δn = 1 for n = 0 and δn = 0 otherwise.

εn Fourier series factor, 1 for n = 0 and 2 for n 6= 0

Jn (x) Bessel function of order n [78, chapter 9]

σ(x) Standard deviation of random variable x

σ2(x) Variance of random variable x
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C. Derivations of equations

Tn (x) Chebyshev polynomial of degree n [78, chapter 22]

χI(x) Characteristic function, 1 for x ∈ I and 0 otherwise.

Symbols

λL(t) Instantaneous laser emission wavelength, p. 12 µm

νL(t) Instantaneous laser emission frequency, p. 12 Hz or cm−1

α Absorption coefficient, α = A/L, p. 39 1/cm

A Absorbance, A = − log T , p. 39 1

A Amplitude of the optical interference (unit of absorbance), p. 40 1

a[i] Incident power waves in junction for waveguide i, p. 43 1

αpk,mol The target gas peak absorption coefficient, p. 68 1/cm

amol The target gas absorbance (same as θ1),amol = CmolαpkL, p. 68 1

b[i] Outgoing power waves from junction for waveguide i, p. 43 1

β
[i]
p Propagation constant of mode p in waveguide i, p. 42 1/m

Cmol The target gas concentration, Cmol = amol/(αpkL), p. 68 1

ηD FM response parameter for distance of active region and heat-sink , p. 19 1

ηe Laser (external) differential quantum efficiency, p. 13 1

ηe,S(I, TS, f) Laser differential quantum efficiency at constant heat-sink temperature,
p. 12 1

E
[i]
p,t Tangential electric field of mode p in waveguide i, p. 42 V/m

ηR FM response parameter for radius of light mode and heat source, p. 19 1

ηZ FM response parameter for thickness of light mode and heat source, p. 19 1

φ Laser FM phase-shift rad

F (LOPD) Fringe response, p. 98 1

f(θ) Model function (describes analytic part of measurement y), p. 70 1

G Observation factor, G = σ(âmol) · (RSyy/2)−1/2, p. 97 1

h(l) Impulse response of the curve-fitting filter model, p. 73 1

Hchip(f) FM response of chip-submount tuning, p. 17 1

Hn(ν; νa) n-th harmonic transmission spectrum (WMS), p. 47 1
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C.13. Derivation of Eq. (3.91)

Hpl(f) FM response of plasma effect tuning, p. 17 1

H
[i]
p,t Tangential magnetic field of mode p in waveguide i, p. 42 A/m

Hthm(f) FM response of intrinsic thermal tuning, p. 17 1

hthm(t) FM impulse response of intrinsic thermal tuning, p. 19 1/s

I Laser injection current mA

IL(t) Instantaneous laser injection current, p. 12 mA

Ia WMS current modulation amplitude, p. 57 A

Ith Laser threshold current, p. 13 mA

kchip DC coefficient of chip-submount tuning, p. 17 nm/mA or GHz/mA

kλ(I, TS, f) Laser tuning coefficient, p. 12 nm/mA or GHz/mA

kpl DC coefficient of plasma effect tuning, p. 17 nm/mA or GHz/mA

kthm DC coefficient of intrinsic thermal tuning, p. 17 nm/mA or GHz/mA

Kder
wms(ν) Convolution kernel for the n-th harmonic spectrum (WMS), p. 50 1

Kwms(ν) Convolution kernel for the n-th harmonic spectrum (WMS), p. 50 1

L The sensors optical path length cm

λ(I, TS) Steady state laser emission wavelength characteristic, p. 11 µm

LOPD Optical path length difference, LOPD = c/νfsr m

M(x, y, z) Laser internal light mode distribution, p. 18 1/m3

N Number of points per spectral scan, p. 69 1

νa Frequency modulation amplitude (WMS), p. 47 Hz or cm−1

νfsr Free spectral range of a resonance, νfsr = c/LOPD Hz

nmol The target gas number density (nmol = p/kTCmol), p. 68 1/cm3

p Gas pressure bar

P (I, TS) Steady state laser output power characteristic, p. 11 W

PL(t) Instantaneous laser output power, p. 12 mW

Pn n-th harmonic amplitude of PL(t), w.r.t frequency fm (complex), p. 57 W

Q(x, y, z) Laser internal heat source distribution, p. 18 1/m3

R Measurement rate (repetition rate of measurements), p. 69 Hz
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C. Derivations of equations

Rd(I, TS, f) Laser differential impedance, p. 12 W

RM Transversal extent (radius) of laser internal light mode, p. 18 m

RQ Transversal extent (radius) of laser internal heat source, p. 18 m

Rthm Internal laser thermal resistance, p. 27 K/W

SD(t) Instantaneous received detector power signal, p. 57 W

Sn n-th harmonic amplitude of SD(t), w.r.t frequency fm (complex), p. 57 W

Syy Average noise spectral density on measured spectrum y, p. 71 1/Hz

Syy(f) Noise spectral density on measured spectrum y, p. 71 1/Hz

T Gas temperature T

θ The vector of unknown model parameters, θ = (θ1, . . . , θP )T , p. 69 n/a

θ̂ Estimates for the unknown parameters (“Fit results”), p. 72 n/a

T (ν) Optical transmission 1

T (ν) Transmission or transmittance, T = P/P0, p. 39 1

Tcav Internal laser average cavity temperature, p. 13 K

θi The i-th unknown model parameter, p. 69 n/a

Tjcn Internal laser average junction (active region) temperature, p. 13 K

TS Laser heat-sink temperature K

U(I, TS) Steady state laser voltage characteristic, p. 11 V

UL(t) Instantaneous laser voltage, p. 12 V

W Noise covariance structure matrix for y, p. 70 1

y The vector of one measurement spectrum, y = (y1, . . . , yN )T , p. 69 1

yi The i-th (of N total) spectrum sample, p. 69 1

ZM Longitudinal extent (thickness) of laser internal light mode, p. 18 m

ZQ Longitudinal extent (thickness) of laser internal heat source, p. 18 m
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matischer Fernröhre”, German, in Denkschriften der königlichen Akademie der
Wissenschaften zu München für die Jahre 1814 und 1815. 1817, vol. 5, pp. 193–
226. doi: 10.3931/e-rara-3769.

[3] Fraunhofer Gesellschaft, Fraunhofer in Benediktbeuern - Glashütte und Werk-
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[134] W. Demtröder, Laser Spectroscopy - Basic Concepts and Instrumentation, 3rd ed.
Springer, 2003.

[135] J. Chen et al., “Compact carbon monoxide sensor using a continuously tunable
2.3 µm single-mode VCSEL”, in The 21st Annual Meeting of The IEEE Lasers
& Electro-Optics Society, Newport Beach, Nov. 2008, pp. 721–722. doi: 10.1109/
LEOS.2008.4688822.

[136] J. Liu, J. Jeffries, and R. Hanson, “Wavelength modulation absorption spec-
troscopy with 2f detection using multiplexed diode lasers for rapid temperature
measurements in gaseous flows”, Appl. Phys. B: Lasers Opt., vol. 78, pp. 503–511,
3 2004. doi: 10.1007/s00340-003-1380-7.

[137] A. A. Kosterev, Y. Bakhirkin, R. F. Curl, and F. K. Tittel, “Quartz-enhanced
photoacoustic spectroscopy”, Opt. Lett., vol. 27, no. 21, pp. 1902–1904, 2002.
doi: 10.1364/OL.27.001902.

[138] J. A. Silver and D. S. Bomse, Wavelength modulation spectroscopy with multiple
harmonic detection, Patent US6356350, Jul. 1999.

[139] T. Svensson et al., “VCSEL-based oxygen spectroscopy for structural analysis
of pharmaceutical solids”, Appl. Phys. B: Lasers Opt., vol. 90, pp. 345–354, 2
2008. doi: 10.1007/s00340-007-2901-6.

[140] W. Urban and W. Herrmann, “”Zeeman modulation spectroscopy” with spin-flip
Raman laser”, Applied Physics A: Materials Science & Processing, vol. 17,
pp. 325–330, 4 1978. doi: 10.1007/BF00886200.

[141] A. Kaldor, W. B. Olson, and A. G. Maki, “Pollution monitor for Nitric Oxide: a
laser device based on the Zeeman modulation of absorption”, Science, vol. 176,
no. 4034, pp. 508–510, 1972. doi: 10.1126/science.176.4034.508.

[142] G. Litfin, C. R. Pollock, J. R. F. Curl, and F. K. Tittel, “Sensitivity enhancement
of laser absorption spectroscopy by magnetic rotation effect”, J. Chem. Phys.,
vol. 72, no. 12, pp. 6602–6605, 1980. doi: 10.1063/1.439117.

[143] R. Lewicki et al., “Ultrasensitive detection of nitric oxide at 5.33 µm by using
external cavity quantum cascade laser-based Faraday rotation spectroscopy”,
Proc. Natl. Acad. Sci. USA, vol. 106, no. 31, pp. 12 587–12 592, 2009. doi:
10.1073/pnas.0906291106.

[144] P. B. Davies, “Laser magnetic resonance spectroscopy”, J. Phys. Chem., vol. 85,
no. 18, pp. 2599–2607, 1981. doi: 10.1021/j150618a006.

[145] W. T. McLyman, Transformer and Inductor Design Handbook. Dekker Inc.,
2004.

174

http://dx.doi.org/10.1007/s00340-012-5049-y
http://dx.doi.org/10.1364/OL.37.001265
http://dx.doi.org/10.1016/S0143-8166(01)00092-6
http://dx.doi.org/10.1016/S0143-8166(01)00092-6
http://dx.doi.org/10.1109/LEOS.2008.4688822
http://dx.doi.org/10.1109/LEOS.2008.4688822
http://dx.doi.org/10.1007/s00340-003-1380-7
http://dx.doi.org/10.1364/OL.27.001902
http://dx.doi.org/10.1007/s00340-007-2901-6
http://dx.doi.org/10.1007/BF00886200
http://dx.doi.org/10.1126/science.176.4034.508
http://dx.doi.org/10.1063/1.439117
http://dx.doi.org/10.1073/pnas.0906291106
http://dx.doi.org/10.1021/j150618a006


References

[146] R. George and J. Harrington, “Infrared transmissive, hollow plastic waveguides
with inner Ag–AgI coatings”, Appl. Opt., vol. 44, no. 30, pp. 6449–6455, Oct.
2005. doi: 10.1364/AO.44.006449.

[147] Doko Engineering, Capillary waveguide specifications, Downloaded from
http://do-ko.jp/specs.html (Feb 20, 2012).

[148] R. J. Brecha, L. M. Pedrotti, and D. Krause, “Magnetic rotation spectroscopy
of molecular oxygen with a diode laser”, J. Opt. Soc. Am. B: Opt. Phys., vol.
14, no. 8, pp. 1921–1930, Aug. 1997. doi: 10.1364/JOSAB.14.001921.

[149] A. Hangauer et al., “Wavelength modulation spectroscopy with a widely tunable
InP-based 2.3 µm vertical-cavity surface-emitting laser”, Opt. Lett., vol. 33, no.
14, pp. 1566–1568, 2008. doi: 10.1364/OL.33.001566.

[150] E. Moyer et al., “Design considerations in high-sensitivity off-axis integrated
cavity output spectroscopy”, Appl. Phys. B: Lasers Opt., vol. 92, pp. 467–474, 3
2008. doi: 10.1007/s00340-008-3137-9.

[151] J. Chen, A. Hangauer, and M.-C. Amann, “TDLS sensor performance prediction:
theory and experiment”, in Field Laser Applications in Industry and Research
(FLAIR), Murnau, Germany, 2011, pp. II–12.

[152] B. Lins, P. Zinn, R. Engelbrecht, and B. Schmauss, “Simulation-based comparison
of noise effects in wavelength modulation spectroscopy and direct absorption
TDLAS”, Appl. Phys. B: Lasers Opt., vol. 100, pp. 367–376, 2 2010. doi:
10.1007/s00340-009-3881-5.

[153] P. Werle and F. Slemr, “Signal-to-noise ratio analysis in laser absorption spec-
trometers using optical multipass cells”, Appl. Opt., vol. 30, no. 4, pp. 430–434,
Feb. 1991. doi: 10.1364/AO.30.000430.

[154] M. Gabrysch, C. Corsi, F. Pavone, and M. Inguscio, “Simultaneous detection of
CO and CO2 using a semiconductor DFB diode laser at 1.578 µm”, Appl. Phys.
B: Lasers Opt., vol. 65, pp. 75–79, 1 1997. doi: 10.1007/s003400050253.

[155] S. Jie et al., “Absorption measurements for highly sensitive diode laser of CO2

near 1.3µm at room temperature”, Chinese Physics, vol. 14, no. 3, p. 482, 2005.
doi: 10.1088/1009-1963/14/3/009.

[156] H. Riris et al., “Signal processing strategies in tunable diode laser spectrometers”,
Spectrochim. Acta, Part A, vol. 52, no. 8, pp. 843 –849, 1996. doi: 10.1016/0584-
8539(95)01605-8.

[157] S. Hunsmann et al., “Absolute, high resolution water transpiration rate mea-
surements on single plant leaves via tunable diode laser absorption spectroscopy
(TDLAS) at 1.37 µm”, Appl. Phys. B: Lasers Opt., vol. 92, pp. 393–401, 3 2008.
doi: 10.1007/s00340-008-3095-2.

[158] K. Song et al., “Application of laser photoacoustic spectroscopy for the detection
of water vapor near 1.38 µm”, Microchem. J., vol. 80, no. 2, pp. 113–119, 2005.
doi: 10.1016/j.microc.2004.07.026.
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