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Approximability of Scheduling with Fixed Jobs �Mark Scharbrodt y Angelika Steger z Horst Weisser yMarch 10, 1999AbstractThe scheduling problem of minimizing the makespan is among the mostwell studied problems | especially in the �eld of approximation. In mod-ern industrial software however, it has become standard to work on avariant of this problem, where some of the jobs are already �xed in theschedule. The remaining jobs are to be assigned to the machines in sucha way that they do not overlap with �xed jobs. This problem variant isthe root of many real world scheduling problems where pre{assignmentson the machines are considered, such as free shifts, cleaning times or jobsthat have already started. In our paper we �rst focus on simple algorithmsfor our problem which have a reasonable performance guarantee and areeasy to implement in practical settings. This is followed by a detailed anal-ysis on the approximability of the scheduling problem with �xed jobs. Wepresent a polynomial time approximation scheme (PTAS) for the case thatthe number m of machines is constant. For our PTAS we propose a newtechnique by partitioning an underlying packing problem into a reasonableunrelated family of restricted bin packing problems. The computation timeis O(n logn). We also generalize the PTAS to the case that the machinesare independent and run at di�erent speeds. Moreover, we will demon-strate that, assuming P 6= NP , there is no arbitrarily close approximationin the general case when the number of machines is part of the input. Thiswill be extended by showing that there is no asymptotic PTAS in thegeneral machine case. We �nally show that there exists no FPTAS in theconstant machine case, unless P = NP . These results clearly mark the ap-proximability gap to the classical problem of minimizing makespan sincethe latter does not assume for a PTAS that the number m of machines is�xed. Moreover, the standard problem also has an FPTAS for the �xedmachine case.key words: polynomial approximation scheme, scheduling, makespan�An abstract of this paper appeared in the Proceedings of the Tenth Annual ACM{SIAMSymposium on Discrete Algorithms, Baltimore, 1999, pp. 961-962.yLehrstuhl f�ur Brauereianlagen und Lebensmittel{Verpackungstechnik, Technische Uni-versit�at M�unchen in Weihenstephan, D{85350 Freising{Weihenstephan, Germany, fscharbro,weisserg@blv.blm.tu{muenchen.dezInstitut f�ur Informatik, Technische Universit�at M�unchen, D{80290 M�unchen, Germany,steger@informatik.tu-muenchen.de 1



1 IntroductionIn the standard scheduling problem of minimizing the makespan one is given aset of n independent jobs with processing times pj to be scheduled on m iden-tical machines. The optimization problem is to assign all jobs to the machines,minimizing the latest completion time (the makespan) Cmax. Even though thisproblem is NP{hard, it is usually considered as a relatively easy problem, inthe sense that quite good and e�cient approximation algorithms exist.The investigation of such approximation algorithms with good (worst case) per-formance guarantee (the ratio of the makespan achieved by the algorithm overthe makespan of the best schedule, maximized over all possible inputs) waspioneered by Graham. He showed that a simple list schedule achieves a perfor-mance ratio of 2 � 1m . In subsequent papers this has been improved to a 1.2{approximation [Gr69], [CGJ78] and [Fr84]. In [HS87], Hochbaum and Shmoysproposed a linear time approximation scheme introducing the technique of dualapproximation. Note that, as the minimum makespan problem is strongly NP{hard (see [GJ79]), no fully polynomial time approximation scheme can exist forthis problem, unless P = NP . If the number of machines is not part of theinput but �xed in advance (the so-called constant machine case), the situationis slightly better. Here already Graham [Gr69] had provided a polynomial ap-proximation scheme. In 1976 Sahni [S76] then presented a fully polynomial timeapproximation scheme for the minimum makespan problem.Unfortunately, these good news for the approximability for the standardscheduling problem is confronted by the fact that most real world schedul-ing problems come with additional side-constraints violating the simple setupof the standard scheduling problem considered above. Constraints like releasedates, classes of precedence constraints or set up problems give an example,but in fact, the magnitude of variants and special models for scheduling is al-most Babylonian. We refer to [LLRS93] and [Pi95] for a survey and additionalpointers to the literature.One aspect common to most variants of the scheduling problems consideredin the literature is that they assume that the machines are freely availableuntil all jobs are processed. This, however, again conicts with many real worldapplications. Consider for example applications in production planning. Hereone usually has to consider black out times on the machines due to maintenanceservices or unavailability of sta� (evenings, weekends). Modeling such a kind ofscheduling problem is easily achieved by considering some of the jobs, say k ofthe n jobs, as �xed. That is, they are a priori assigned to be performed on agiven machine at a given time. The objective is to schedule the remaining n�kjobs in such a way that Cmax is minimized. Using a straightforward reductionfrom 3{PARTITION one immediately checks that the scheduling problem with�xed jobs is already strongly NP{hard in the single machine case. Schedulingwith �xed jobs has appeared sporadically under various names in the literature,but only very few rigorous results are known, e.g. [Sch84]. In particular, to ourknowledge the approximability of the scheduling problem with �xed jobs hasnot been considered yet.In this paper we investigate the approximability of the scheduling problem with2



�xed jobs. We start with some simple approaches which are adapted from theclassical algorithms for bin packing. Secondly, we will present a polynomialtime approximation scheme for the constant machine case. The approximationscheme will be further generalized to the case that the machines process thejobs at di�erent speeds. This result is essentially best possible, as we also showthat on the one hand in the case that the number of machines is speci�ed aspart of the input instance a polynomial time approximation scheme does notexist, unless P = NP , and that on the other hand in the constant machine casea fully polynomial time approximation scheme does not exist, unless P = NP .The remainder of the paper is organized as follows: In Section 2 we discuss somefast algorithms which have a constant performance guarantee. Then, in Section3, we outline the crucial steps of the polynomial time approximation schemefor the scheduling problem with �xed jobs. Section 4 then presents the �nalalgorithm. This is followed by a detailed analysis of the algorithm in Section5. In Section 6 we deal with the uniform parallel machine case and Section 7�nally presents non{approximability results for the scheduling problem with�xed jobs.2 LIST{based approximation algorithmsAll algorithms discussed in this paper attack the scheduling problem as a binpacking problem with bins of variable sizes. The bin packing problem is obtainedby de�ning the gaps between two subsequent �xed jobs on the same machineand before the �rst �xed job on every machine to be \closed" bins which mustnot be overloaded and the remaining extra bin on every machine that startsafter the last �xed job to be an \open" bin which allows any load. The itemsto be packed are the n � k jobs that are not �xed. For the design of a fastapproximation algorithm it is natural to combine techniques for bin packingwith a list scheduling rule on the open bins. The general framework of such analgorithm is as follows:� Pack as many jobs as possible into the closed bins.� Schedule the remaining jobs under a LIST{rule into the open bins.Possible strategies for packing the closed bins are given by the classical binpacking rules NEXT FIT, FIRST FIT, BEST FIT (see e. g. [CGJ84]) and arule which we call EARLIEST FIT. EARLIEST FIT follows the idea of LIST{scheduling and packs an item into a bin, such that it can start as early aspossible. We denote the makespan achieved under the above algorithms by CLand the optimal makespan by Copt. By a straightforward argument (similar tothe proof of Graham's 2 � 1m bound for the standard scheduling problem ofminimizing makespan [Gr66]) one can prove that these LIST{type algorithmshave a performance guarantee not worse than 3, but, in contrast to the binpacking problem and the standard scheduling problem, one can indeed constructproblem instances where the performance guarantee is worse than 2. Considerfor instance a problem on 15 machines given by3



Figure 1: Solution for NEXT FIT, FIRST FIT or EARLIEST FIT� 1 job with processing time 1,� 84 jobs with processing time 110 ,� 85 jobs with processing time 120 + � for a suitable small value � > 0.The instance has also a series of �xed jobs, all of in�nitesimal length � suchthat machine one has a single closed bin of length 1 and machine two has sixclosed bins of length 110 followed by seven closed bins of length 120 + � and a�xed job which ends at 1+ �. Similarly, the remaining machines have six closedbins of length 110 followed by six closed bins of length 120 + � and a �xed jobthat ends at 1+ �. Since all jobs �t into the closed bins the value of an optimalsolution equals 1+�. The solutions delivered under NEXT FIT, FIRST FIT andEARLIEST FIT all may yield a makespan of 2+ 510+� (see Figure 1) dependingon the sequence of jobs. For small � we thus have CLCopt � 2:5. An extendedinstance with a higher number of machines and one job with processing timeone, but su�ciently small processing times for all remaining jobs even yields aperformance ratio of 2:6.In the given instance BEST FIT clearly outperforms the other packing rulessince it produces an optimal solution. It is easy however to construct an instancewere the ratio of the solution produced under BEST FIT towards the optimalsolution gets arbitrarily close to 2. Moreover, the O(n2) computation time isconsiderably higher than for the other, linear time, packing rules. We concludethis section with the observation that these simple algorithms provided herealso work as on{line algorithms where items are packed/scheduled on their ar-rival. More sophisticated on{line algorithms however would try to better exploitthe given bin sizes by keeping some free space for large jobs which might pos-sibly arrive lateron. The development of such algorithms, however, is left forfuture work. In the remaining section of this paper we concentrate on developingapproximation schemes. 4



3 The polynomial time approximation schemeIn what follows we will present the polynomial time approximation schemefor the scheduling problem with �xed jobs. Again the scheduling problem willbe considered as a problem of packing variable size bins. The correspondingproblem will be shortly called V BP . For the VBP , \closed" bins are given asdescribed in Section 2, but the \open" bins are de�ned in a slightly di�erentway. We use candidates C for the makespan and now de�ne each remainingextra bin on every machine that starts after the last �xed job and ends at Cto be an \open" bin. Here, \open" refers to the fact that the constraint on thebin sizes may be relaxed. Obviously, C is an upper bound for the makespan ifand only if all items can be packed into the bins. Summarizing, our algorithmhas the following framework:� Propose a candidate C for the makespan within a binary search procedure:Check whether the underlying packing problem V BP has a feasible solution thatdoes not overload the \closed" bins, but may overload the \open" bins slightly.� Output the schedule corresponding to the packing found for the smallest C.Let us �rst consider the special case of the standard scheduling problem of min-imizing makespan. Here, VBP agrees with the standard bin packing problem:all bins have the same capacity and are \open" bins. The polynomial time ap-proximation scheme proposed by Hochbaum and Shmoys [HS87] approximatesthe feasibility of the bin packing problem in that each bin is allowed to beoverloaded by up to a factor of 1+�. This yields | speaking in terms of the un-derlying scheduling problem | a (1 + �){approximation of the makespan. Theresulting relaxed bin packing problem is fairly easy to solve as an integer linearprogram on a constant number of variables where items are rounded in theirsizes. Small items are temporarily disregarded and later inserted by a �rst{�tstrategy.For the scheduling problem with �xed jobs the situation is considerably harder.In particular, two problems appear. Firstly, the rounding of item sizes couldyield infeasible schedules caused by overlappings with �xed jobs. Secondly, eventhe small items turn out to be hard to pack (consider for an example an instancewhich is dominated by small closed bins and items of the same size). We clearthese hurdles that come along with �xed jobs by building our algorithm out ofthree major parts. The �rst building block is a partition of the problem V BPinto a family of (reasonably) unrelated restricted packing problems. We thendevelop a procedure for solving a single instance of such a packing subproblemas an integer linear program (ILP). The �nal part consists of a series of greedypackings that packs the items/jobs left over by the solutions of the packingsubproblems.In the next sections we will consider these ingredients of our algorithm in turnand show how they can be tied together to build up the entire algorithm forapproximately solving the VBP . We start with some de�nitions:De�nition 3.1 For any set I = fs1; : : : ; sng, consisting of bins or items, letsize(si) denote the size of an element si and let SIZE(I) denote the total size5



of all elements in I. We further de�ne max(I) = maxs2I size(s). Similarly,min(I) = mins2I size(s).As a notational convenience we will further assume that all bins and items ininstances of V BP are already scaled by 1C . Their sizes are therefore boundedby one. We also assume that � > 0 is an arbitrary but �xed constant.3.1 The partition procedureWe will create a family of packing problems by partitioning the bin set accordingto bin sizes. The partition is based on identifying classes of bins which will haveno signi�cant impact on the packing and can therefore be neglected. This willthen allow us to partition the packing problem V BP into separate instances ofpacking problems in each of which the minimum and the maximum bin capacitywill not di�er \too much".Lemma 3.2 Given an instance I for the packing subproblem VBP de�nedvia C where all bins and items are scaled by 1C and where the bins are sortedaccording to non{increasing sizes we can, for t = d4� e+3 and � < 1, identify inlinear time a partition B = B̂ [B1 [ : : :[ Br of the bin set B such thatmax(B̂) � � �max(B); (1)SIZE(B̂) � � � SIZE(B); (2)and such that for all i = 1; : : : ; r:min(Bi) � �tmax(Bi); and (3)max(Bi+1) < �min(Bi):Proof. We �rst partition the bin set B in linear time into a number u � jBj ofbuckets �Bi, 1 � i � u. We do that by placing the bins successively into buckets,opening a new one as soon as the size of the bin currently under considerationis smaller than � times the size of the maximum bin in the current bucket. Aswe assumed that the bins are sorted by non{increasing sizes this can easily bedone in linear time. The buckets �Bi therefore have the following properties:min( �Bi) � �max( �Bi) and min( �Bi) > max( �Bi+1) for all i � 1:The following procedure will then identify the desired partition in linear time.procedure partitions 1; j  2; B̂  ;; i 1; B1  ;;while j � u do beginif max( �Bj) � � �min( �Bj�1) then do beginif j � s = b t4c � 1 then do beginChoose s � i� � j such that SIZE( �Bi� ) = mins�i�j SIZE( �Bi);if i� > s then Bi  Bi [ �Bs [ : : : [ �Bi��1;if Bi 6= ; then i ++; Bi  ;;if i� = 1 then Bi  �Bi� else B̂  B̂ [ �Bi� ;6



if i� < j then Bi  Bi [ �Bi�+1 [ : : : [ �Bj;s j + 1;endendelse do beginif s < j then Bi  Bi [ �Bs [ : : : [ �Bj�1;if Bi 6= ; then i ++; Bi  ;;s j;endj ++;endBi  Bi [ �Bs [ : : : [ �Bu;Informally speaking, the algorithm lineray travers the buckets starting with �B1and ending with �Bu. Whenever it detects a sequence of b t4c successive buckets itchooses the smallest of those buckets for B̂. To see that the computed partitionB̂[B1[: : :[Br has the desired properties, observe �rst that a class Bj consists ofat most 2b t4c � t2 successive buckets �Bi and that, by construction, the minimumbin sizes of any two of these successive buckets are within a factor of �2. Thisimplies (3). Property (1) follows from the special treatment of the case i� = 1.To see that also (2) holds observe that whenever an index i� is chosen it clearlysatis�es the following property:SIZE( �Bi�) � 1j � s+ 1 jXi=s SIZE( �Bi) = 1b t4c jXi=s SIZE( �Bi):Taking the sum over all buckets �Bi� , we obtain (observe that the buckets in-volved on the right hand side are di�erent for di�erent buckets �Bi�)Xs2B̂ size(s) = rXi=1 SIZE( �Bi�) � 1b t4cSIZE(B) � � � SIZE(B): 2Equation (2) of Lemma 3.2 indicates that we can disregard all bins in B̂ withouta�ecting the optimal solution very much. This allows us to use the partitiongiven in Lemma 3.2 in order to de�ne a family of restricted packing problems,which we will call RV BPi, i = 1; : : : ; r.Problem RVBPi consists ofall bins contained in Bi,job set Ji := fp 2 J j �min(Bi) � size(p) � max(Bi)g:It is an important observation that all packing problems RV BPi have the prop-erty that the size of the minimum item resp. bin and that of the maximum itemresp. bin di�er by at most a factor of �t+1 resp. �t. In the next section we willshow how such packing problems can be solved.7



3.2 Restricted variable sized bin packing problemsIn this section we present two versions of a restricted packing problem (RVBP ).The �rst version of RVBP is formulated in the form RVBP [�; �; u; v], meaningthat all item resp. bin sizes have to belong to the interval [�; 1] resp. the interval[�; 1] and u and v determine the maximum number of distinct item and binsizes that are allowed. The second version, written as RV BP [�; �], relaxes theconstraints on the input instances and allows the bins and items to take onarbitrarily many distinct sizes. Their minimal sizes however remain boundedby � and �. Thus, all item sizes are in the interval [�; 1] and all bin sizes are inthe interval [�; 1]. We consider the problems RVBP as optimization problems.That is, we aim at �nding a solution which minimizes the sum of the sizes ofall items that remain unpacked.In the next two subsections we show that RVBP [�; �] can be (approximately)solved in linear time by solving a related RV BP [�; �; u; v] problem exactly.Before we do that we note that the problems RVBPi which were introduced atthe end of the last section can all be viewed as instances of RVBP [�t+1; �t] bysimply scaling all bin and item sizes by 1=max(Bi).3.2.1 RVBP [�; �; u; v]The input instance I = I(J; B) for RV BP [�; �; u; v] can be written by twomultisets J = fn1 : p1; n2 : p2; : : : ; nu : pug and B = fk1 : s1; k2 : s2; : : : ; kv :svg, such that 1 � s1 > s2 > � � � > sv � �, 1 � s1 � p1 > p2 > � � � > pu � �,n = Pui=1 ni and k = Pvi=1 kv, where n is the total number of items, k thetotal number of bins and where ni and ki give the number of items resp. binsof size pi and si. De�ne a con�guration to be a packing of a bin of a speci�csize with a speci�c set of items such that the sum of item sizes does not exceedthe bin size. A con�guration for a bin can be denoted by a u{vector (l1; : : : ; lu)of non{negative integers, such that li is the number of items of size pi that arepacked into that bin. Since we are only packing items that are greater or equalthan �, we know that at most d1� e items can �t into a bin, thereby, limitingthe number of possible con�gurations to a constant q = q(�; u) � (u+ 1)d 1� e foreach of the v possible bin sizes.Consider now a feasible solution x to an instance I of RV BP [�; �; u; v]. Clearly,x can be speci�ed by a vector x = (x1; : : : ; xq�v) where xj denotes the numberof bins that are packed according to con�guration j.De�ne now� Ti the set of legal con�gurations for bins of size si� alj as the number of items of size pl that are used in con�guration jRVBP [�; �; u; v] can then be formulated as the following integer program:minimize uXl=1(nl �Xj aljxj)pl (4)subject to 8



81 � l � u Xj aljxj � nl81 � i � v Xj2Ti xj � kiWe call OPT (I) the optimal value for the packing problem, i. e., the minimalpossible total size of items that remain unpacked. Since we assumed that �; �,and u are constants, we can obtain the ILP in time linear in v. Lenstra [Le83]has shown that the ILP can be solved in time polynomial in the number ofconstraints provided that the number of variables is �xed. That is, we cancompute OPT (I) in constant time for u and v �xed.3.2.2 RVBP [�; �]The second problem we consider is RVBP [�; �] which is de�ned similar toRVBP [�; �; u; v] except that the number of distinct bin and item sizes needno longer be constants. The bin and item sizes, however, are still restricted tothe intervals [�; 1] for items and [�; 1] for the bins. Again, we assume that theitems are sorted according to non{increasing item sizes.We will show in the sequel how RV BP [�; �; u; v] can be used for approximatelysolving RVBP [�; �]. The underlying idea of our reduction of an instance for theRVBP [�; �] to an instance for RVBP [�; �; u; v] is the so called linear group-ing approach introduced in [DL81]. Here we will apply the grouping techniquesimultaneously to items and bins.An instance for the RVBP [�; �; u; v] is obtained from an instance I = (J; B) ofRVBP [�; �] by the following construction: First, we group the item set J intogroups Gj = p(j�1)K1+1 : : : pjK1 for j = 1; : : : ; u and Gu+1 = puK1+1 : : :pjJ j,each of which, except the last group, consists of K1 items where K1 is a non{negative integer to be speci�ed later. We de�ne two functions INCREASINGand DECREASING. The �rst function rounds the items of each group to itslargest element. DECREASING rounds the item sizes of group Gj down tothe size of the largest item in group Gj+1 (the items in the last group arerounded down to the size of the smallest item). We will call the item groupsobtained by INCREASING by H = H1H2 : : :Hu+1 and the groups obtainedby DECREASING by F = F1F2 : : :Fu+1. The point of this de�nition is thatthe lists Fj and Hj ; (j = 1; : : :u+ 1) are almost the same, except for the �rstresp. last item group. More speci�cally, as Fj = Hj+1, a packing for Sj�u Fj isa packing for Su+1j=2 Hj . This suggests the following algorithm: Find a packingfor the list F , except for group Fu+1, and obtain a solution that is as good asthe optimal solution of the original input (recall that items are rounded downin size). Consider the solution as a packing for the list H except of a group H1of items that are not packed. Clearly, the total size of items that belong to H1 isat most K1. Construct �nally a feasible packing for the original input instanceof the RVBP [�; �] from the packing of H by decreasing the item sizes down totheir original sizes. It clearly holds:OPT (IF ) � OPT (IH) � OPT (IF ) +K1 � OPT (I) +K1;9



where IH and IF are the instances with item lists H resp. F .Similarly, we will deal with the bins. We will group the bins into bin groups, each(except the last group) of which consisting of a number K2 of bins, and de�neINCREASING to increase bins of the jth bin group to the smallest bin in groupj � 1 and the bins of the �rst group to the largest bin. DECREASING on theother hand rounds all bins in one group down to the size of the smallest bin inthe group. Solving the RV BP on the modi�ed input list where INCREASINGis applied and rounding back bin sizes to their original sizes will again yielda feasible packing where the sum of the item sizes that are not packed is K2.Putting together the grouping of bins and the grouping of the items in a singlestep will yield the desired reduction for I to an instance for the RVBP [�; �; u; v]where we set u = b jJ jK1 c and v = b jBjK2 c. If K1 and K2 are de�ned byK1 := djJ j�e and K2 := djBj�e(for an arbitrary but �xed constant 1 � � > 0) then u and v are constants, andthe corresponding problem RV BP [�; �; u; v] can thus be solved in linear time,as shown in the previous section. The following lemma is therefore evident.Lemma 3.3 Let 1 � � > 0 be an arbitrary, but �xed constant and let K1 :=djJ j�e and K2 := djBj�e. Then we can �nd for any instance I = I(J; B) forRVBP [�; �] in linear time a solution such that the total size of all items thatremain unpacked is at mostOPT (I) +K1 +K2 � OPT (I) + �(jJ j+ jBj)) + 2:(Here OPT (I) denotes the total size of all items that remain unpacked in anoptimal solution of the instance I = I(J; B).)3.2.3 Solving the subproblems RV BPiAs already outlined above, the problems RVBPi de�ned at the end of Sec-tion 3.1 can all be viewed as instances of RVBP [�t+1; �t] by simply scaling allbin and item sizes by 1=max(Bi). Clearly, Lemma 3.3 also applies for thesescaled instances. That is, the sum of the sizes of unpacked items for problemRVBPi can thus be bounded by OPT (RV BPi) + (�(jJij+ jBij) + 2)max(Bi).We will see later that an appropriate choice for � will guarantee that the sumof sizes of unpacked items is small enough for an (1 + �){approximation of themakespan.For the RV BP1, we have to consider two cases. In the case that all bins aresmaller than � we solve the RV BP1 approximately as for all other problemsRVBPi . Otherwise, we proceed in a slightly di�erent way. (The reason for thisis that items that remain unpacked may be as large as Copt, and contrary toall other subproblems RVBPi their e�ect on the �nal schedule is therfore sosigni�cant that they have to be packed more carefully.) For solving RVBP1 inthat case, we �rst observe that if the number of items with size at least �t+2exceeds m�t+2 there exists no feasible packing, as the total bin capacity of all binsin V BP is bounded by m (recall that we scaled all bins and items by 1=C). For10



RVBP1 we consider the bin set �B1 := B1[fb 2 B̂ j size(b) � min(J1)g, that iswe may view RVBP1 directly as a problem of type RVBP [�t+2; �t+2; m�t+2 ; j �B1j]which can be solved optimally in constant time, as j �B1j is also, trivially, boundedby j �B1j � m�t+2 . If some items remain unpacked we can safely infer that thereexists no feasible packing for V BP .3.3 Greedy PackingWe will now come to the �nal ingredient of our algorithm, the greedy packing.It will be used to pack the two classes of items that have not been packed intoany bin yet. Those are the setsĴi � Ji, andJ� = J � Sri=1 Ji,where Ĵi denotes the set of items that remain unpacked in the solution of theproblem RV BPi. The second set J� is the union of all items that have notbeen considered in any packing subproblem RVBPi, as simply their sizes are\between" the item sizes of two subsequent packing problems. It is natural, touse the partition J� := Sri=1 J�i , where J�i := fp 2 J j �min(Bi) > size(p) >max(Bi+1)g (with the convention that max(Br+1) = 0).We proceed as follows: After having solved a problem RV BPi (i = 1; : : : ; r) wepack the items p 2 Ĵi that remain unpacked in the solution of the RVBPi intothe bins with size greater than max(Bi) (including bins from B̂). For short, wewill call those bins B<i , with B<1 being the empty set. In this step we allow eachbin, even the \closed" bins, to be overloaded by one item p 2 Ĵi. Secondly, wegreedy pack for each i the items in J�i . Again, we allow the bins to be overloadedby an item p { if its size is not larger than that of the bin.At the end of the algorithm we remove all items that overload a closed binand pack them with a greedy algorithm into the open bins. This �nal step willguarantee that the corresponding schedule will be feasible, as all overlappingswith �xed jobs are cleared.4 The complete algorithmWe are now able to present the complete algorithm. Recall that an instance Ifor the scheduling problem with �xed jobs is given by� A set of n jobs p1; : : : ; pn with integer processing times.� A subset pi1 ; : : : ; pik of k �xed jobs. Each �xing consists of a starting timeand an assigned machine.The number m of machines and the desired approximation ratio are not partof the input. They are considered to be �xed. The completion time of the last�xed job is denoted by CF . According to the context, jobs pj are viewed asitems with size size(pj) corresponding to their processing times.11



As already outlined in the beginning of Section 3, the basic framework ofour algorithm is a binary search for the optimum makespan Copt. A usefullower bound for Copt is maxfPnj=1 size(pj)m ;maxj size(pj); CFg. Similar to Sec-tion 2 it can be easily shown that any list schedule has a makespan at most3maxfPnj=1 size(pj )m ;maxj size(pj); CFg.One easily checks that there are a few simple criteria which indicate that aproposed candidate C for the makespan is smaller than Copt resp. that thepacking problem VBP corresponding to C is infeasible. We defer the precisearguments for these facts to the proof of Lemma 5.3.The algorithm can then be stated as follows:[Algorithm A� for the makespan problem with �xed jobs]Input: Instance I consisting of �xed and free jobs.Output: A feasible schedule for I .1. Sort jobs by non-increasing sizes.2. ub 3maxfPnj=1 size(pj)m ;maxj size(pj); CFg;lb maxfPnj=1 size(pj )m ;maxj size(pj); CFg;while (ub� lb � 1) do beginC  lb+ ub�lb2 ;Obtain an instance of a packing problem VBP with bins B and jobsJ by linearly traversing the machines and scaling all bins and itemsby 1C .Call the function for solving V BP de�ned via the scaled bins anditems. If a solution for the packing problem is obtained, set ub C,else set lb C.end3. If no packing has been detected so far, set C  ub and again solve thepacking problem V BP on the bins and items scaled by 1C .4. Interpret the obtained packing as a schedule and return it.We will now present the function for packing the items into the bins, which isthe essential part of the algorithm.[Function for solving VBP ]Input: Set J of items and set B of binsOutput: A packing of items into bins (which may overload the \open" but notthe \closed" bins) or a proof of the infeasibility of the packing problem12



1. Identify the bin sets B1; : : : ; Br according to Lemma 3.2 and constructthe problems RVBPi as indicated at the end of Section 3.1.For i = 1; : : : ; r letB�i := fs 2 B j min(Bi) > size(s) > max(Bi+1)g andJ�i := fp 2 J j �min(Bi) > size(p) > max(Bi+1)g(with the convention that max(Br+1) = 0);2. if max(B1) � � do beginif items p 2 J exist with size(p) > max(B1), exit (infeasibility de-tected)if jJ1j � m�t+1 , exit (infeasibility detected) else solve RVBP1 opti-mally (cf.Section 3.2.1), hereby we consider all bins from B1 [ fb 2B̂ j size(b) � min(J1)g. Exit if some items remain unpacked (infea-sibility detected);else Solve RV BP1 approximately (cf. Section 3.2.2) with � := �t+2.Let �J1 denote the set of all items which remain unpacked.if SIZE( �J1) > (� � (jJ1j+ jB1j)+2)max(B1)+SIZE(B�1) then exit(infeasibility detected);endPack all items p 2 J�1 with a greedy algorithm into the bins s 2 B1 [B�1 .The greedy algorithm is allowed to put an item into any bin that is notyet completely �lled (even if { after the item is inserted { the capacityof the bin is exceeded), provided the size of the item does not exceed the(total) size of the bin. Hereby, the bins should be �lled up according tonon{increasing sizes and the items should also be considered in sortedorder according to non{increasing sizes. Exit if unpacked items remain(infeasibility detected).3. for i = 2 to r do beginSolve RV BPi approximately (cf. Section 3.2.3) with � := �t+2.Let Ĵi denote the set of items which remain unpacked and letB<i := B1 [B�1 [ : : : [Bi�1 [B�i�1:Pack items p 2 Ĵi with a greedy algorithm into the bins of B<i . Weallow that an item is put into a bin which is not yet completely �lledeven if the capacity of the bin is exceeded. Let �Ji denote the set ofall items which remain unpacked.13



if SIZE( �Ji) > (�(jJij+ jBij)+2)max(Bi)+SIZE(B�i ), exit (infea-sibility detected);Pack all items p 2 J�i with a greedy algorithm into the bins of B<i [Bi[B�i . The greedy algorithm is allowed to put an item into any binthat is not yet completely �lled (even if { after the item is inserted{ the capacity of the bin is exceeded), provided the size of the itemdoes not exceed the (total) size of the bin. Hereby, the bins shouldbe �lled up according to non{increasing sizes and the items shouldalso be considered in sorted order according to non{increasing sizes.Exit if unpacked items remain (infeasibility detected).end4. For every overloaded bin remove the last item from this bin. Let JR denotethe set of all removed items.Let �J := �J1 [ � � � [ �Jr [ JR.Pack all items in �J with a greedy algorithm into the \open" bins, puttingeach item into that bin which has currently the least overload.end5 AnalysisWe are now ready to tie the results of the previous sections together in orderto obtain the following theorem:Theorem 5.1 Algorithm A� �nds in time O(n logn) a feasible schedule for aninstance I of the scheduling problem with �xed jobs and a constant number ofmachines. The performance ratio of Algorithm A� is 1 + 10�.We prove the theorem in two steps. We �rst show that the algorithm will alwaysconstruct a feasible schedule with the desired performance ratio. Then we provethe bound O(n log n) on the computation time.Lemma 5.2 For all C � Copt the function for solving VBP constructs a pack-ing that does not overload the \closed" bins.Proof. We �rst consider the items in Ji. Items to be packed by the greedyalgorithm are all items of the set Ji that remain unpacked by the solution ofRVBPi . Note that these items can only be packed into bins B<i [Bi [B�i butnot into any smaller bin. So, all bins Srj=i+1(Bj [ B�j ) need not be consideredfor items in Ji. Within the solution of RV BPi items in Ji are packed in thebins Bi by solving RVBPi (almost) optimally (resp. optimally, if i = 1 andmax(B1) � �). The value of the optimal solution for the RV BPi is at most thesize of the items of Ji that are not packed into Bi in the optimal schedule. Thatis, the total size SIZE(Ĵi) of all items in Ĵi exceeds the total size of all items14



from Ji that are not packed in an optimal solution into bins of Bi by at mostthe error of the obtained solution for RV BPi, that is by at most(�(jJij+ jBij) + 2) �max(Bi)(resp. zero for RV BP1, if max(B1) � �.)Observe �nally, that all items that are packed into B<i before applying thealgorithm for RVBPi on Ji, are also packed into B<i in the optimal so-lution. Since we assumed C � Copt, it therefore holds that SIZE(Ĵi) �fcapi+SIZE(B�i )+(�(jJij+jBij)+2)�max(Bi), where fcapi denotes the remain-ing total free capacity of all bins in B<i before the start of the greedy algorithm.As the greedy algorithm may overload the bins, it will only leave items unpackedi� all bins in B<i are completely full. That is, the total size of all items thatremain unpacked will be at most (�(jJij+ jBij)+2) �max(Bi)+SIZE(B�i ). Thisguarantees that the algorithm does not exit at the corresponding if-conditionwhenever C � Copt.Now consider the items in J�i . Observe that they, as well, �t only into bins fromB<i [Bi [B�i . Again it holds that all items that are packed into B<i [Bi [B�ibefore applying the greedy algorithm to J�i , are also packed into these binsin the optimal solution. Furthermore, as we do pack the items in sorted orderand do �ll the bins according to non{increasing size, a similar property holdsthroughout the greedy packing for all bins from B�i : whenever we consider anitem p and the largest bin that is not yet completely �lled is b then all binswith size at least size(b) contain only items of size at least size(p). That is,either p can be packed into b (if size(p) � size(b)) or we have detected thatthe packing is infeasible, which cannot be the case for C � Copt. That is, thegreedy algorithm has to succeed with packing all items from J�i .This shows that for all C � Copt the algorithm will never exit without a packing.As one also easily checks that the algorithm does indeed pack all items and,by construction, no \closed" bin is overloaded, this completes the proof of thelemma. 2Lemma 5.3 For C � Copt the total size of all elements in JR is bounded bySIZE(JR) � 2� � SIZE(B): (5)Proof. The set JR consists of all elements which had to be removed from anoverfull bin. By construction the maximum size of an item which created anoverload in a bin from Bi is �min(Bi) and the maximum size of an item pthat created an overload in a bin b from B�i is size(b). Moreover, the wayB�i is de�ned, we have Pb2Sri=1B�i size(b) = SIZE(B̂) with B̂ being de�nedaccording to Lemma 3.2. Using Lemma 3.2, we obtainXp2JR size(p) � rXi=1 � �min(Bi)jBij+ rXi=1 Xb2B�i size(b)� rXi=1(� � SIZE(Bi)) + SIZE(B̂)� 2� � SIZE(B):15



2Together with the trivial bounds,SIZE(J) � m; andSIZE(B) � m(which hold as we assumed that all items and bins were scaled by 1=C) weobtain the following corollary:Corollary 5.4 For Copt � C and � � 12 the total size of all elements in �J isbounded by SIZE( �J) � � � (5m+ 4): (6)Proof. The minimum size of an item resp. bin given in an instance of problemRVBPi is not smaller than max(Bi)�t+1. This tells us that jBij � SIZE(Bi)�t+1max(Bi)and that jJij � SIZE(Ji)�t+1 max(Bi) . Thus we haverXi=1 jBijmax(Bi) � rXi=1 SIZE(Bi)�t+1 � m�t+1 (7)and rXi=1 jJijmax(Bi) � rXi=1 SIZE(Ji)�t+1 � m�t+1 : (8)Observe that �J1 is empty whenever we solved RV BP1 optimally, that is, when-ever max(B1) � �. That is, using the notation i0 := 1 if max(B1) < � andi0 := 2 otherwise, we obtain (recall that we chose � := �t+2)Xp2 �J size(p) = rXi=i0 Xp2 �Ji size(p) + Xp2JR size(p)� rXi=i0 [(�(jBij+ jJij) + 2) �max(Bi) + SIZE(B�i )] + 2� � SIZE(B)� 2�m+ 2� 1Xi=0 �i + SIZE(B̂) + 2� � SIZE(B)� � � (2m+ 4 + 3m);again using that SIZE(B̂) � � � SIZE(B) and SIZE(B) � m. 2Corollary 5.4 immediately allows us to bound the makespan computed by al-gorithm A�.Corollary 5.5 For C � Copt and � � 12 the algorithm �nds a feasible schedulewith makespan CA� such that CA� � (1 + 9�) �C:16



Proof. First observe that all jobs in J n �J are packed in such a way that theresulting makespan is at most C. We thus only have to consider the items in�J . Clearly, if we pack them into m (initially empty) bins in a greedy fashionchoosing for each item the bin which has currently the least load, the maximumload of the m bins will be, for m > 1, bounded by1m Xpj2 �J size(pj) + maxpj2 �J size(pj) � 5�+ 4 1m � � + � � 8�;where the �rst inequality follows from Corollary 5.4 and the fact that { byconstruction { all items in �J have size at most �. Similary, for m = 1 we candirectly apply Corollary 5.4 and obtain a load of the bin bounded byXpj2 �J size(pj) � 9�:Clearly, by also using up the remaining free capacity of the "open" bins theresulting load can only decrease.That is, the makespan of the resulting schedule satis�esCA� � C + 9� � C:(Note that the additional factor of C is due to the fact that within the packingproblem all item and bin sizes where scaled by 1=C.) 2In what follows, we will proof the O(n logn) computation time of algorithm A�.Clearly, items can be sorted by non{increasing sizes in time O(n logn). Considernow the computation time needed for solving a single instance of V BP :� We need time O(n logn) for sorting bins by non{increasing size and thenfor each packing problem V BP . Computing the classes Bi can then bedone in linear time according to Lemma 3.2.� For each packing problem RV BPi, 1 � i � r we need linear time for con-structing the ILP and constant time for solving the ILP. In the case thatproblem RVBP1 is solved by complete enumeration, then again constanttime is needed. Cf. Section 3.2.1 resp. 3.2.3.Packing items with the greedy algorithm consumes linear time, since wesimply �ll up the bins successively.� Identifying the set JR and packing all items in �J can again be carried outin linear time.This shows that we can solve a V BP in time O(n logn). It remains to countthe number of iterations of V BP that are carried out within the binary searchframe. In the original scheduling problem all processing times are assumed to beintegers, so the binary search can be terminated, when ub� lb < 1. This yieldsalready a polynomial time bound for our algorithm. We will use the followinglemma, though, to improve the computation time.17



Lemma 5.6 If algorithm A� is executed with k iterations of binary search, theresulting schedule has a makespan of at most (1 + 9�)(1 + 2�(k�1))Copt.Thus, only O(log(1� )) iterations are required to obtain a (1+10�)-approximation.The lemma is easily proven by observing that we have ub � lb =2�(k�2)maxfPnj=1 size(pj)m ;maxj size(pj); CFg in iteration k and that Copt �lb � maxfPnj=1 size(pj)m ;maxj size(pj); CFg.6 The uniform parallel machine caseIn the uniform parallel machine case we assume that the machines run at di�er-ent speeds s1; � � � ; sm. More precisely, if job j is executed on machine i it takespj=si time units to be completed. Again the goal is to assign the jobs to themachines so that the last job �nishes as early as possible. In [HS88], Hochbaumand Shmoys had presented a PTAS for the standard version of the schedulingproblem where no jobs are �xed. For the PTAS they generalized their ap-proach of dual approximation to the case where bins have di�erent sizes. Thecomputation time of their algorithm is a high polynomial in n.The PTAS presented in this paper for the scheduling problem with �xed jobscan also be generalized to the case where machines run at di�erent speeds andthe number of machines is a constant m. For simplicity we normalize the speedof the fastest machine to 1 and so we have si � 1; (i = 1; � � � ; n). Let us furtherassume a binary search procedure proposes a candidate C for the makespan.Since every machine i can process si units of processing time in one time unit,it can process a total of C � si of processing time before the deadline C.On the other hand, C de�nes a packing problem with open and closed binsof variable sizes. We scale those bins and all the jobs by 1C and multiply thesizes of bins that correspond to machine i with si. That is, an item p that isplaced into any bin on machine i occupies size(p)si �C time units in the scheduleon machine i. Again, the task is to decide whether there exists a packing ofthe scaled item set J into the resulting set of bins B. For our PTAS we re�nealgorithm A� in that we place all items that are assigned to the set �J now tothe fastest machine. As SIZE(J) � m and SIZE(B) � m, Corollary 5.4 stillapplies and so, for C � Copt and � � 12 , we obtain a total makespan of at mostC+ (5m+4)�maxi(si) �C = C+(5m+4)� �C. Calling this re�ned algorithm A0� we obtainthe following theorem:Theorem 6.1 Algorithm A0� �nds in time O(n logn) a feasible schedule foran instance I of the scheduling problem with �xed jobs and a constant numberm of machines with independent processing times. The performance ratio ofAlgorithm A� is 1 + (5m+ 5) � �.7 Non-approximability resultsThe following two theorems indicate the limits in the approximability of thescheduling problem with �xed jobs. 18



Theorem 7.1 For a constant number m of machines, there is no fully poly-nomial time approximation scheme for the scheduling problem with �xed jobs,unless P = NP .Proof. It is well known (cf. [GJ79]) that no strongly NP -complete problemcan be approximated by a fully polynomial time approximation scheme, unlessP = NP . It thus su�ces to reduce some strongly NP -complete problem to thescheduling problem with �xed jobs and a constant number, say 1, of machines.We will reduce from3-PARTITIONInput: A �nite set A of 3n elements of sizes s1; : : : ; s3n 2 ZZ+ and a boundB 2 ZZ+ such that B4 < si < B2 for all 1 � i � 3n and that P3ni=1 si = n �B.Question: Does there exist a partition of A into n disjoint sets A1; : : : ; Ansuch that for 1 � i � n, Psj2Ai sj = B?This problem is known to be strongly NP -complete, see [GJ79]. Given an in-stance of 3-PARTITION we construct an instance of the 1-machine schedulingproblem as follows. For every item we introduce a job whose processing timecorresponds to the size of the item. Furthermore, we add a �xed job of size 1at times k �B + (k � 1) for all 1 � k � n. Clearly, there exists a schedule withmakespan n � (B+1) if and only if there exists the desired partition of the itemsinto n sets. 2Theorem 7.2 If the number m of the machines is part of the input, there existsno polynomial time algorithm that solves the scheduling problem with �xed jobswithin a performance guarantee of 32 � � for all � > 0, unless P = NP .Proof. This time we reduce from the following variant of 3-PARTITION ,which is also known to be NP -complete, see [GJ79]:Input: Disjoint sets A and B containing n resp. 2n elements of sizesa1; : : :, an 2 ZZ+ resp. b1; : : : ; b2n 2 ZZ+ and a bound L 2 ZZ+ such thatPai +P bj = nL.Question: Does there exist a permutation � 2 S2n such that for all 1 � i � n:ai + b�(2i�1) + b�(2i) = L ?This time we provide n machines, choose an integer number K such that K �(12 � �)L=(2�), and �x for every machine Mi, 1 � i � n, a job with processingtime ai which ends at time 2K + L. Furthermore, we have 2n non-�xed jobswith processing times K + bi, 1 � i � 2n. Clearly, there exists a schedulewith makespan 2K + L if and only if there exists the desired permutation �.In addition, if such a permutation does not exist every schedule will have amakespan of at least 3K +L. As (3K+L)=(2K+L) � 3=2� � by choice of K,the claim of the theorem follows. 2The proof of Theorem 7.2 indicates that the lower bound 32 for the approxima-bility of the makespan is also valid for large Copt. As a consequence, there existsno asymptotic PTAS for the scheduling problem with �xed jobs, if the numberm of machines is speci�ed as part of the input, unless P = NP .19



8 ConclusionWe presented a polynomial time approximation scheme for the scheduling prob-lem with �xed jobs, provided the number of machines is �xed. Our PTAS isbased on a new reduction to a series of restricted variable size bin packing prob-lems (RVBP s) which are obtained by eliminating bins that are not importantfor the optimal solution. The algorithm then solves the RV BP s with the helpof an integer linear programming approach. Items that cannot be packed aresubsequently considered by a greedy algorithm. A �nal list scheduling algorithmpacks only remaining items. The computation time is O(n log n) for every �xeddesired performance guarantee of 1 + �. Also, the PTAS can be extended tothe case where machines run at di�erent speeds. Our algorithm is best possi-ble on the other hand, in that we also showed that neither a PTAS for thescheduling problem with �xed jobs and an arbitrary number of machines noran FPTAS for the constant machine case exists, unless P = NP . In view ofthe practical relevance of our problem, we also discussed some fast, LIST{basedalgorithms for the scheduling problem with �xed jobs. These algorithms alsowork in on{line settings and have a constant wost case guarantee.AcknowledgementWe are grateful to Gerhard Woeginger for suggesting the current version of theproof of Theorem 7.2, which improved our original bound of 5=4 to 3=2.References[CGJ78] E. G. Co�mann, Jr., M. R. Garey and D. S. Johnson. An applicationof bin{packing to multiprocessor scheduling, SIAM J. Computing 7:1{17, 1978.[CGJ84] E. G. Co�mann, Jr., M. R. Garey and D. S. Johnson. Approximationalgorithms for bin packing problems: An updated survey. In Analysisand Design of Algorithms in Combinatorial Optimization, Ausiello andLuver�ni (eds.), Springer Verlag, New York, 49{106, 1984. An applica-tion of bin{packing to multiprocessor scheduling, SIAM J. Computing7: 1{17, 1978.[DL81] W. Fernandez de la Vega and G. S. Luecker, Bin packing can be solvedwithin 1 + � in linear time, Combinatorica 1: 349{355, 1981.[Fr84] D. K. Friesen. Tighter bounds for the multi�t processor schedulingalgorithm. SIAM J. Computing 13: 170{181, 1984.[Gr66] R. L. Graham. Bounds for certain multiprocessing anomalies, BellSystem Tech. J. 45: 1563{1581, 1966.[Gr69] R. L. Graham. Bounds on multiprocessing timing anomalies, SIAMJ. Applied Mathematics 17: 263{269, 1969.20
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