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Abstract

The double-rooted complete binary tree is a complete binary tree where the path (of
length 2) between the children of the root is replaced by a path of length 3. It is
folklore that the double-rooted complete binary tree is a spanning tree of the hyper-
cube of the same size. Unfortunately, the usual construction of an embedding of a
double-rooted complete binary tree into the hypercube does not provide any hint how
this embedding can be extended if each leaf spawns two new leaves. In this paper,
we present simple dynamic embeddings of double-rooted complete binary trees and,
therefore, of complete binary trees into hypercubes which do not suffer from this
disadvantage. We also give an edge-disjoint embedding with optimal load 2 and unit
dilation such that each hypercube vertex is an image of at most one vertex of a level.
Moreover, these embeddings can be efficiently implemented on the hypercube itself
such that the embedding of each new level of leaves can be computed in constant
time. Since complete binary trees are similar to double-rooted complete binary trees,
we can transfer our results immediately to complete binary trees. 2

1 Introduction

Hypercubes are a very popular model for parallel computation because of their regularity
and their relatively small number of interprocessor connections. Another important prop-
erty of an interconnection network is its ability to efficiently simulate the communication
of parallel algorithms. Thus, it is desirable to find suitable embeddings of graphs repre-
senting the communication structure of parallel algorithms into hypercubes representing
the interconnection network of a parallel computer.
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Most embeddings are constructed as static embeddings, which means that the whole
information about the structure of the guest graph is known in advance. Since the guest
graph represents the communication structure of a parallel algorithm, the guest graph may
vary during the execution of the algorithm. Thus, it is important to investigate dynamic
embeddings of graphs.

Static embeddings are usually much easier to construct than dynamic embeddings. More-
over, it might be impossible to construct dynamic embeddings deterministically with high
quality. For arbitrary binary trees, it has been proved that dynamic embeddings cannot be
constructed with high quality if neither randomization nor migration, i.e., remapping of
tree vertices, is allowed [LNRS92].

Often complete binary trees represent the communication structure of parallel algorithms,
e.g., divide-and-conquer or branch-and-bound algorithms. Embeddings of complete bi-
nary trees have been investigated by many researchers. Unfortunately, the complete binary
tree is not a subgraph of the hypercube of nearly the same size [SS85]. But using the
fact that the double-rooted complete binary tree is a spanning tree of the hypercube of the
same size, nearly optimal embeddings of complete binary trees into hypercubes have been
discovered [HL73, BI85, LR91, RG93, W94]. The major drawback of these algorithms
is that these are static embeddings. Only in [FM87] dynamic embeddings of complete
binary trees into hypercubes have been investigated.

In this paper, we will focus on dynamic embeddings of double-rooted complete binary trees
into hypercubes implying dynamic embeddings of complete binary trees into hypercubes
which improves the results in [FM87]. We assume that at each step the double-rooted
complete binary tree can grow or shrink by a complete level of its leaves. Therefore,
the size of the double-rooted complete binary tree will be doubled or halved. If dynamic
embeddings into the optimal hypercube are considered, then for each new level one
half of the old leaves must be remapped to obtain a unit dilation embedding. This is
optimal in the sense that we cannot achieve unit dilation and unit load, if less vertices are
remapped. We also consider embeddings with higher load. Here, it is important to obtain
embeddings with small congestion, since occasionally it is necessary to pass messages
along all tree edges. We will present an edge-disjoint embedding such that the vertices of
the same level are distributed evenly among the hypercube vertices and the load is optimal.
Considering embeddings into h-dimensional hypercubes, we will show that we can embed
a double-rooted complete binary tree of height at most 2h�1+blog(h)cwith unit dilation,
optimal load, and optimal congestion 2, where siblings are mapped to different hypercube
locations. Moreover, we will show that all these embeddings can be computed on the
hypercube itself spending only constant time for every new level.

The remainder of this paper is organized as follows. In the next section, we will give the
basic definitions and notations. A short overview of the known results of embeddings of
complete binary trees into hypercubes will be given in the third section. We then will show
that the embedding of a double-rooted complete binary tree into its optimal hypercube can
be constructed level by level spending only constant time for each new level. Embeddings
with load greater than one and congestion at most 2 are presented in the fifth section.
Finally, we give some concluding remarks.
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Figure 1: A Double-Rooted Complete Binary Tree of Height 5
2 Preliminaries

An embedding of a graph G=(VG; EG) into a graph H=(VH ; EH) is a mapping �:G!H
consisting of two mappings �V :VG!VH and �E:EG!P(H). Here, P(G) denotes the
set of paths in the graph G=(V;E). The mapping �E maps each edge fv;wg2EG to a
path p2P(H) connecting �V (v) and �V (w). The graph G is called guest graph and the
graph H host graph. We call an embedding one-to-one if the mapping �V is 1-1.

The dilation of an edge e2EG under an embedding � is the length of the path �E(e). Here,
the length of a path p is the number of its edges. The dilation of an embedding � is the
maximal dilation of an edge in G.

The number of vertices of a guest graph which are mapped onto a vertex v in the host
graph, is called the load of the vertex v. The load of an embedding� is the maximal load of
a vertex in the host graph. The ratio jVH jjVGj is called the expansion of the embedding �. The
congestion of an edge e02EH is the number of paths in f�E(e) j e2EGg that contain e0.
The congestion of an embedding is the maximal congestion over all edges in H .

A hypercube of dimension d is a graph with 2d vertices, labeled 1-1 with the strings
in f0; 1gd. Two vertices are connected iff their labels differ in exactly one position. An
edge belongs to dimension i, if the labels of the vertices incident to that edge differ in
position i. Let v be a label of a hypercube location, we denote by vi the label which differ
in position i from the label v.

The smallest hypercube into which we can embed a graph G=(V;E) with load one is
called its optimal hypercube. The dimension of the optimal hypercube is dlog(jV j)e.
Thus, an embedding of a graph G into its optimal hypercube has expansion less than two.

The level of a vertex v in a tree is the number of vertices on the path from the root to v.
Hence, the level of the root is 1. The height of a tree T is the maximum level of a vertex
in T .

A complete binary tree T of height h is a tree such that each internal vertex has exactly
two children, and such that all leaves have the same level. A double-rooted complete
binary tree of height h (or briefly a DRCBT) is a complete binary tree of height h where
the root is replaced by a path of length 1 (cf. Figure 1). A double-rooted complete binary
tree of height h can also be viewed as two complete binary trees of height h�1 whose
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roots are connected by a path of length 3. In the following, we will call this path the root
path. Hence, a double-rooted complete binary tree of height h has exactly 2h vertices.

In the following, we consider ordered trees, i.e., we distinguish between left and right
vertices. A vertex is called a left (resp., right) vertex if it is the left (resp., right) child of
its parent.

3 Previous Work

It would be nice if the complete binary tree is a subgraph of its optimal hypercube.
Unfortunately, the complete binary tree is not a subgraph of its optimal hypercube [SS85].
We recall that both the complete binary tree and the hypercube are bipartite graphs. Given
a bipartite graph G=(A;B;E) of size n, we call G balanced if jAj; jBj�2dlog(n)e�1.
Obviously, the hypercube is a balanced bipartite graph, where the set of vertices can be
partitioned as required into the sets of vertices whose labels have an odd or an even number
of 1’s respectively. Hence, we have proved the following lemma.

Lemma 1 A graph G=(V;E) of size n is a subgraph of the dlog(n)e-dimensional hyper-
cube only if G is a balanced bipartite graph.

Thus, only balanced trees can be embedded with unit dilation and unit load into their
optimal hypercubes. The complete binary tree of height greater than 2 is not balanced
which can be seen as follows. Let T=(A;B;E) be a complete binary tree of height h�3
and, therefore, of size 2h�1. Without loss of generality, we assume that the leaves of T are
contained in A. Hence, we obtain jAj�2h�1+2h�3>2h�1=2dlog(2h�1)e�1 implying that T
is not balanced.

Theorem 2 A complete binary tree cannot be embedded into its optimal hypercube with
unit dilation and unit load.

An optimal embedding of complete binary trees into their optimal hypercubes was first
discovered in [HL73] and was again exhibited in [BI85]. We will give here a short well
known proof of this fact using the double-rooted complete binary tree.

In what follows, we will show that the double-rooted complete binary tree is a subgraph of
its optimal hypercube. This will be proved by induction on the height of the double-rooted
complete binary tree. Indeed, we proof a little bit stronger statement. Additionally, we
require that the root path traverse hypercube edges of three different dimensions. For h=3
the claim is true, as can be seen from Figure 2.

Assume that the claim holds for a double-rooted complete binary tree of height h. Ah+1-dimensional hypercube can be viewed as two copies of h-dimensional hypercubes.
By induction hypothesis, each of the h-dimensional hypercubes contain a double-rooted
complete binary tree of height h as a subgraph. We assume that the root path of the first
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Figure 2: Embedding a DRCBT of Height 3 into Its Optimal Hypercube

double-rooted complete binary tree traverse hypercube edges in the following order of
dimensions: i, j, and k. Without loss of generality, the root path of the second double-
rooted complete binary tree traverse hypercube edges in the following order of dimensions:j, k, and i (cf. Figure 3 (a)). Now, we can combine these two double-rooted complete
binary trees of height h to a new double-rooted complete binary tree of height h+1 as
shown in Figure 3 (b). Moreover, we can conclude from Figure 3 that the root path of the
new double-rooted complete binary tree of height h+1 traverses hypercube edges of three
different dimensions, namely j, h+1, and k.

Theorem 3 A double-rooted complete binary tree of height h can be embedded with unit
dilation and unit load into its optimal hypercube.

Since a double-rooted complete binary tree of heighth+1 was constructed from a complete
binary tree of height h by replacing the root with a path of length 1, we have also proved
the following corollary which is optimal because of Theorem 2.

Corollary 4 A complete binary tree of height h can be embedded into its optimal hyper-
cube with unit load and dilation 2. Moreover, all but one edges have unit dilation.

i j

k
i

j

k

h+1

(a) (b)

Figure 3: Inductive Step in the Embedding of a DRCBT into Its Optimal Hypercube
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As mentioned earlier, each double-rooted complete binary tree of height h+1 consists of
two complete binary trees of height h whose roots are connected by a path of length 3.
Again, Theorem 3 implies the following corollaries which are also optimal because of
Theorem 2.

Corollary 5 A complete binary tree of height h can be embedded with unit dilation and
unit load into a h+1-dimensional hypercube.

Corollary 6 A complete binary tree of height h can be embedded with unit dilation and
load 2 into its optimal hypercube.

4 Dynamic Embeddings with Unit Load

In this section, we present two simple level by level algorithms which construct the em-
bedding of a double-rooted complete binary tree into its optimal hypercube given in the
previous section. The first algorithm embeds the double-rooted complete binary tree
level by level into its optimal hypercube, i.e., the first ` levels have been embedded in a`-dimensional subcube. The major drawback of this algorithm is that for each new level
some leaves must be remapped. This will be avoided in the second algorithm. But in each
step we then need a hypercube which is double as large as necessary except when the final
level is reached, where we get an embedding into its optimal hypercube. In this section,
we consider one-to-one embeddings, unless noted otherwise.

Unfortunately, the construction of the embedding in the previous section combines two
embeddings of two double-rooted complete binary trees to a new embedding of a double-
rooted complete binary tree of increased height. As mentioned earlier, we assume that
the trees grows at the leaves and not at the root. We now present a simple algorithm
which extends an embedding of a double-rooted complete binary tree of height h into an
embedding of double-rooted complete binary tree of height h+1 such that only one half
of the leaves have to be remapped. This is optimal which can be seen as follows. As
the tree grows by one level, each leaf spans two new leaves, but the dimension of the
hypercube increases only by one. Hence, it is impossible to embed these new leaves with
unit dilation without a remapping of any internal vertex. Since each leaf spans two new
leaves, it is clear that at least a quarter of tree vertices must be remapped to obtain unit
dilation.

Theorem 7 The double-rooted complete binary tree of height h can be dynamically
embedded into its optimal hypercube with unit dilation, unit load, and unit congestion
such that for each new level of leaves only one half of the old leaves have to be remapped.
The computation time for each new level is constant.

Corollary 8 The complete binary tree of height h can be dynamically embedded into its
optimal hypercube with dilation 2, unit load, and unit congestion such that for each new
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Figure 4: A DRCBT Spawning New Leaves in Its Optimal Hypercube

level of leaves only one half of the old leaves have to be remapped. Moreover, all but one
tree edges have unit dilation. The computation time for each new level is constant.

Note that these theorems are optimal. We will give here a simple construction and proof
of this embedding. To proof the theorem, we will proof the following stronger claim on
the embedding.

Given the embedding of the double-rooted complete binary tree of height h
into its optimal hypercube. There exists a partition of the vertices of the
double-rooted complete binary tree into 2h�2 groups of four vertices such that
each group satisfy the following conditions:

i) exactly two of the four vertices are leaves of the double-rooted complete
binary tree, more precisely, a left and a right leaf,

ii) one of the two internal vertices is a parent of the right leaf,

iii) the images of the leaf and its parent fulfilling condition ii) form a 1-
dimensional subcube,

iv) the images of the four vertices form a 2-dimensional subcube.

Obviously the a double-rooted complete binary tree of height 2 can be embedded into
the 2-dimensional hypercube satisfying the four conditions above. This can also be seen
from the left part of Figure 4, where the white vertices are the leaves and the gray vertices
are its parents. As induction hypothesis, the light gray vertex in Figure 4 is the parent of
its leaf as required in condition ii); the dark gray vertex is another internal vertex of the
double-rooted complete binary tree.

To obtain the embedding of the double-rooted complete binary tree of height h+1 into
the h+1-dimensional hypercube, the old mapping is extended as follows. As mentioned
earlier, we have to remap one half of the leaves. All other vertices of the double-rooted
complete binary tree of height h keep their hypercube locations in the hypercube. Since
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we know that one leaf is adjacent in the hypercube to its parent, we remap this leaf such
that it is again adjacent to its parent in the hypercube along dimension h+1 (cf. Figure 4).
Now each leaf can spawn two new children such that they are adjacent to their parents in
the optimal hypercube as can be seen from Figure 4, where the newly spawned leaves are
drawn as squares. It can easily be verified that the required four conditions are satisfied by
splitting the 3-dimensional subcube into a left and right 2-dimensional subcube as shown
in Figure 4.

From the proof of the embedding, we will get the following construction. Each leaf v
stores the following subcube information �(v)=(i1; i2), where i1 and i2 are the hypercube
dimension due to conditions i) – iv) and i2 is the hypercube dimension connecting the two
leaves. Note that the two leaves containing in the same subcube according to condition iv)
have the same subcube information. In what follows, we denote by loch(v) the hypercube
location of the vertex v in a h-dimensional subcube.

Let r1 and r2 be the roots of the double-rooted complete binary tree and let x and y be
their children. Then we get the following mapping for a double-rooted complete binary
tree of height 2: loc2(r1) = 00loc2(r2) = 10loc2(x) = 01 �(x) = (1; 2)loc2(y) = 11 �(x) = (1; 2)
The hypercube locations of the double-rooted complete binary tree of height h+1 can
be computed from the hypercube locations of the double-rooted complete binary tree of
height h in constant time as follows. We assume that the subcube information � for the
vertices x; y are �(x)=�(y)=(i1; i2). Note that x is a left leaf and y is a right leaf.loch+1(v) = loch(v) � 0 for all internal vertices vloch+1(x) = loch(x) � 0loch+1(xl) = (loch(x))i2 � 0 �(xl) = (i1; h+ 1)loch+1(xr) = loch(x) � 1 �(xr) = (h+ 1; i1)loch+1(y) = (loch(y))i1 � 1loch+1(yl) = ((loch(y))i1)i2 � 1 �(yl) = (h+ 1; i1)loch+1(yr) = loch(y) � 1 �(yr) = (i1; h+ 1)
If the height of the double-rooted complete binary tree is known in advance or if we can
determine when the last level is reached, we can clearly compute the final hypercube
location of each newly spawned leaf. We will denote by h the maximal level, i.e., the
height oft the double-rooted complete binary tree. Thus, in this case a remapping is not
necessary although in the intermediate steps a hypercube of one dimension larger is used
as actually needed. This mapping is illustrated in Figure 5. From this illustration, we
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Figure 5: A DRCBT Spawning New Leaves at Level ` in a Larger Hypercube

obtain immediately the following construction.loch(xl) = (loch(x))i2 �(xl) = (i1; `)loch(xr) = (loch(x))minf`+1;hg �(xr) = (`; i1)loch(yl) = (loch(y))i2 �(yl) = (`; i1)loch(yr) = (loch(y))minf`+1;hg �(yr) = (i1; `)
Altogether, we have proved the following theorems.

Theorem 9 The double-rooted complete binary tree of height h can be embedded dynam-
ically into its optimal hypercube with unit dilation, unit load, and unit congestion without
remapping of any vertex. The computation time for each new level is constant.

Corollary 10 The complete binary tree of height h can be embedded dynamically into its
optimal hypercube with dilation 2, unit load, and unit congestion without remapping of
any vertex. Moreover, all but one tree edges have unit dilation. The computation time for
each new level is constant.

5 Dynamic Edge-Disjoint Embeddings

If we consider level by level computations on double-rooted complete binary trees or on
complete binary trees, it might be useful to construct embeddings such that only vertices
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Figure 6: An Embedding of a DRCBT of Height 6 into a 5-dimensional Hypercube

of any fixed level are mapped to different hypercube locations. Thus, we are interested
in a load 2 embedding such that adjacent tree vertices are mapped to adjacent hypercube
locations or to the same hypercube location.

A first simple approach to obtain a dynamic embedding of the double-rooted complete
binary tree of height h+1 into a h-dimensional hypercube with unit dilation and load 2 is
to embed the double-rooted complete binary tree of height h into a h-dimensional hyper-
cube dynamically. If a leaf v at level h spawns itself two new leaves vl and vr, we mapvl to the hypercube location loch(v) and vr to the hypercube location (loch(v))i1 , where�(v)=(i1; i2). Thus, we get the following theorems.

Theorem 11 A double-rooted complete binary tree of height h+1 can be dynamically
embedded into a h-dimensional hypercube with unit dilation, load 2 and congestion 2.
Vertices of the same level are mapped to different hypercube locations. The computation
time for each new level is constant.

Corollary 12 A complete binary tree of height h+1 can be dynamically embedded into ah-dimensional hypercube with dilation 2, load 2 and congestion 2. Vertices of the same
level are mapped to different hypercube locations. Moreover, all but one tree edges have
unit dilation. The computation time for each new level is constant.

With regard to the congestion, we can do even better. Using [RG93], we can find a dynamic
embedding for double-rooted complete binary tree of height at least 6 into a hypercube
with unit congestion. In [RG93], an embedding of a double-rooted complete binary tree
of height 6 into a 5-dimensional hypercube with unit dilation, unit congestion, and load 2
was discovered which is illustrated in Figure 6. For convenience, the embedding of the
first five levels was given in the left part of Figure 6 while the the embedding of the leaves
are given in the right part of the Figure. The root path is indicated by black nodes while
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the parent of the leaves are drawn white. Note that the root path traverses three different
dimensions as our four vertices in induction step of our embedding in the previous section.
Thus, we obtain an embedding of a double-rooted complete binary tree into a hypercube
with unit dilation, unit congestion and load 2, if we modify our embedding in the last
four levels as given in Figure 6. Obviously, the embedding of these lower levels can be
computed in constant time for each new level.

Theorem 13 A double-rooted complete binary tree of height h+1�6 can be dynamically
embedded into a h-dimensional hypercube with unit dilation, unit congestion, and load 2.
Vertices of the same level are mapped to different hypercube locations. The computation
time for each new level is constant.

Clearly, this theorem is optimal. As mentioned in [RG93] it is not possible to improve
the last theorem for trees of smaller height. The theorem above can be easily extended
to embeddings with higher load as follows. Note that the embedding of a double-rooted
complete binary tree of height h+1 into a h-dimensional hypercube has congestion 1 and
every hypercube location is an image of exactly one leaf. Hence, these embedding can
be extended for arbitrary load, if we map the children of high levels to same hypercube
location as their parents.

Theorem 14 A double-rooted complete binary tree of height h�6 can be dynamically em-
bedded into a d-dimensional hypercube with unit dilation, unit congestion, and load 2h�d.
Vertices of a fixed level `2[1:d+1] are mapped to different hypercube locations; vertices of
a fixed level `�d are distributed evenly among all hypercube locations. The computation
time for each new level is constant.

Corollary 15 A complete binary tree of height h�6 can be dynamically embedded into
a d-dimensional hypercube with dilation 2, unit congestion, and load 2h�d. Vertices of
a fixed level `2[1:d+1] are mapped to different hypercube locations; vertices of a fixed
level `�d are distributed evenly among all hypercube locations. Moreover, all but one
tree edges have unit dilation. The computation time for each new level is constant.

Sometimes, it might be useful if siblings are not mapped to the same hypercube locations.
Again, the previous embedding can be extended such that the congestion is at most 2
as follows. As can be seen from Figure 7, we can embed 4 binary complete trees of
height 2 into an 2-dimensional hypercube with load 2 and unit congestion. This can be
used to extend our embedding as a new level of leaves grows such that each hypercube
edge has congestion at most 2. It remains to compute the height of the double-rooted
complete binary tree which can be embedded in this manor. The vertices of the double-
rooted complete binary tree at level h+1+` are distributed evenly among the hypercube
locations, i.e., each hypercube locations is an image of exactly 2` tree vertices at levelh+1+`. Since the required number of dimension is twice the load, we need 2�2` different
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Figure 7: Embedding of 4 Trees of Height 2 with Congestion 1

dimensions for each new embedded level. Thus, the height of the tree which can be
embedded in this manor is bounded by h+2+k, where k is the maximal value satisfying:kX̀=0 2`+1 � h22h:
This implies that k=h�3+blog(h)c. Hence, we get the following theorems which are
optimal.

Theorem 16 A double-rooted complete binary tree of height h+k can be dynamically
embedded into a h-dimensional hypercube with unit dilation, congestion 2, and load 2k�1,
where k2[2:h�1+blog(h)c]. Vertices of a fixed level `2[1:h+1] are mapped to different
hypercube locations; vertices of a fixed level `2[h+2:h+k] are distributed evenly among
all hypercube locations. Also each pair of siblings is mapped to two different hypercube
locations. The computation time for each new level is constant.

Corollary 17 A complete binary tree of height h+k can be dynamically embedded
into a h-dimensional hypercube with dilation 2, congestion 2, and load 2k�1, wherek2[2:h�1+blog(h)c]. Vertices of a fixed level `2[1:h+1] are mapped to different hyper-
cube locations; vertices of a fixed level `2[h+2:h+k] are distributed evenly among all
hypercube locations. Also each pair of siblings is mapped to two different hypercube
locations. Moreover, all but one tree edges have unit dilation. The computation time for
each new level is constant.

6 Conclusion

We have presented some simple algorithms for dynamic embeddings of complete binary
trees into hypercubes where the dilation, load, expansion and congestion are as small as
possible. The computations needed to embed a new level of leaves are very simple and
can be computed in constant time. Our embeddings improve the known embeddings of
complete binary trees into hypercubes.
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It remains to be investigated whether arbitrary binary trees can be embedded dynamically
into hypercubes. As mentioned earlier, we can expect dynamic embeddings with high
quality only if we allow randomization or migration [LNRS92]. Allowing randomization,
a dynamic embedding of arbitrary binary trees into their optimal hypercubes with dila-
tion 12, and with high probability constant load and constant congestion are constructed
in [LNRS92]. On the other hand, we have found a dynamic embedding of arbitrary binary
trees into optimal hypercubes with unit load, constant dilation and constant congestion if
migration of vertices is allowed.
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kompositionalen Beweiskalküls für netzmodellierte Systeme
342/17/92 A Frank Dederichs: Transformation verteilter Systeme: Von applikativen

zu prozeduralen Darstellungen
342/18/92 A Andreas Listl, Markus Pawlowski: Parallel Cache Management of a

RDBMS
342/19/92 A Erwin Loibl, Markus Pawlowski, Christian Roth: PART: A Parallel

Relational Toolbox as Basis for the Optimization and Interpretation of
Parallel Queries

342/20/92 A Jörg Desel, Wolfgang Reisig: The Synthesis Problem of Petri Nets
342/21/92 A Robert Balder, Christoph Zenger: The d-dimensional Helmholtz equa-

tion on sparse Grids
342/22/92 A Ilko Michler: Neuronale Netzwerk-Paradigmen zum Erlernen von

Heuristiken
342/23/92 A Wolfgang Reisig: Elements of a Temporal Logic. Coping with

Concurrency
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