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INSTITUT FÜR INFORMATIK
TECHNISCHE UNIVERSITÄT MÜNCHEN
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On Polynomial Ideals, Their Complexity,and ApplicationsErnst W. MayrInstitut f�ur InformatikTechnische Universit�at M�unchenD-80290 M�unchen, GERMANYe-mail: mayr@informatik.tu-muenchen.deMay 15, 1995AbstractA polynomial ideal membership problem is a (w+1)-tuple P = (f; g1; g2; : : : ; gw)where f and the gi are multivariate polynomials over some ring, and the problem isto determine whether f is in the ideal generated by the gi. For polynomials over theintegers or rationals, it is known that this problem is exponential space complete.We discuss complexity results known for a number of problems related to polynomialideals, like the word problem for commutative semigroups, a quantitative versionof Hilbert's Nullstellensatz, and the reachability and other problems for (reversible)Petri nets.



1 IntroductionPolynomial rings and their ideals are fundamental in many areas of mathematics, andthey also have a surprising number of applications in various areas of computer science,like language generating and term rewriting systems, tiling problems, the complexity ofalgebraic manifolds, and the complexity of some models for parallel systems. They havealso been used in some constrained logic programming software systems, like [1].The decidability of the membership problem for polynomial ideals over a �eld or ringcan, in a sense, be traced back to ideas in Hilbert's work, and was established in [16], [34],and [33]. The computational complexity of the polynomial ideal membership problemwas �rst discussed in [28] where the special case of the word problem for commutativesemigroups was investigated. The bounds derived there imply an exponential space lowerbound for the membership problem in polynomial ideals over Z (the integers) or Q (therationals), in fact over arbitrary �elds, as well as a doubly exponential lower bound forthe time requirements for any Turing machine solving the polynomial ideal membershipproblem over the rationals. Other, rather special cases of the polynomial ideal membershipproblem (given by restrictions on the form of the generators) and their complexity havebeen investigated in [19], and, for the case of special p, in e.g. [6], [2], [3], and [15].In this paper, we give a survey on basic algorithmic problems involving polynomialideals, on the complexity bound known for these problems and algorithms for them, andon some applications of polynomial ideals in other areas of computer science. It must bestressed, however, that this survey is not intended to be comprehensive and complete, aremark that also applies to the list of references cited at the end.2 Notation, Fundamental Concepts2.1 Polynomials and IdealsConsider the �nite set fx1; : : : ; xng of indeterminates and let Q[x] denote the (commuta-tive) ring of polynomials in x1; : : : ; xn with rational coe�cients. An ideal in Q[x] is anysubset I of Q[x] satisfying(i) p; q 2 I ) p� q 2 I;(ii) p 2 I, r 2 Q[x] ) rp 2 I.For polynomials g1; : : : ; gw 2 Q[x], let (g1; : : : ; gw) � Q[x] denote the ideal generatedby fg1; : : : ; gwg, i.e., (g1; : : : ; gw) = 8<: X1�i�w pigi ; pi 2 Q[x]9=; :If I = (g1; : : : ; gw), fg1; : : : ; gwg is called a basis of I.A monomial m in x1; : : : ; xn is a product of the formm = x�11 x�22 � � �x�nn ;with � = (�1; : : : ; �n) 2 Nn the degree vector of m and deg(m) = Pnj=1 �j the total degreeof m. For succinctness, we also write m = x�.Each polynomial f(x1; : : : ; xn) 2 Q[x] is a �nite sumf(x1; : : : ; xn) = X1�i�r ci � x�i ;1



with ci 2 Q � f0g the coe�cient and �i 2 Nn the degree vector of the ith monomial off . The product ci � x�i is called the ith term of the polynomial f . The total degree of apolynomial is the maximum of the total degrees of its monomials.Example: Consider Q[x1; x2], the ring of polynomials in x1 and x2 with rationalcoe�cients. Then the ideal (x21; x2) consists of all polynomials f 2 Q[x1; x2] such thateach monomial of f is divisible by x21 or by x2.An admissible term ordering in Q[x] is given by any total order < on Nn satisfying thefollowing two properties:1. � > (0; : : : ; 0) for all � 2 Nn � f(0; : : : ; 0)g;2. for all �; �;  2 Nn, � < � ) � +  < � +  :If � > �, we say that any term c �x� is greater in the term ordering than any term c0 � x�,and, for a polynomial f(x) = Pri=1 ci � x�i , we always assume that �1 > �2 > : : : > �n.We call LM(f) = x�1 the leading monomial and LT (f) = c1 � x�1 the leading term off . Since we are dealing with polynomials with coe�cients from the �eld Q, we shall alsousually assume that polynomials are normalized, i.e., their leading coe�cient c1 is one.In an abuse of notation, we also write < for the term ordering induced by the order < onthe degree vectors.Example: Let < be the lexicographic ordering on Nn, i.e., if �; � 2 Nn, � 6= �,� = (�1; : : : ; �n) and � = (�1; : : : ; �n) then� < � i� there is an i such that for all j < i �j = �j, and �i < �i :Then, in the term ordering, x1 > x2 > x3 > 1 ;and the leading term (and the leading monomial) of the polynomialf(x1; x2; x3) = x51 + x21x42 + x21x33 + 3x1x22x23 � 1is x51.Example: Let < be the so-called graded reverse lexicographic (grevlex) ordering onNn, i.e., if �; � 2 Nn, � 6= �, � = (�1; : : : ; �n) and � = (�1; : : : ; �n) then� < � i� Pni=1 �i < Pni=1 �i, orPni=1 �i = Pni=1 �i, and there is an isuch that �j = �j for all j > i and�i > �i.Then, in the term ordering, x1 > x2 > x3 > 1 ;the polynomial in the previous example is writtenf(x1; x2; x3) = x21x42 + x51 + 3x1x22x23 + x21x33 � 1 ;and its leading term is x21x42.Let I be an ideal in Q[x], and let some admissible term order < on Q[x] be given. A�nite set fg1; : : : ; grg of polynomials from Q[x] is called a Standard or Gr�obner basis of I(wrt. <), if 2



(i) fg1; : : : ; grg is a basis of I;(ii) fLT (g1); : : : ; LT (gr)g is a basis of the leading term ideal of I, which is the smallestideal containing the leading terms of all f 2 I; or, equivalently: if f 2 I, thenLT (f) 2 (LT (g1); : : : ; LT (gr)) :Standard and Gr�obner bases have been introduced in [17, 18] and [4]. For an excellentexposition of their numerous useful properties, also see [5]. A basis is called minimal ifit does not strictly contain some other basis of the same ideal. A Gr�obner basis is calledreduced if no term in any one of its polynomials is divisible by the leading monomial ofsome other polynomial in the basis.A polynomial f 2 Q[x] is called homogeneous (of degree d) if all of its monomials havethe same total degree d. Let f 2 Q[x] be some arbitrary polynomial. Then f can uniquelybe written as f = P fi, where each fi is homogeneous and deg(fi) 6= deg(fj) for i 6= j. Thefi are called the homogeneous components of f . An ideal I � Q[x] is called homogeneous,if, whenever I contains some polynomial f , it also contains the homogeneous componentsof f . It can be shown that this is equivalent to the following de�nition: An ideal I � Q[x]is homogeneous if it has a basis consisting of homogeneous polynomials.2.2 Commutative SemigroupsA commutative semigroup (H; �) is a set H with a binary operation � which is associativeand commutative. Usually we shall write ab for a � b.A commutative semigroup H is said to be �nitely generated by a �nite subset S =fs1; : : : ; sng � H if H = fs�11 s�22 � � � s�nn ; �i 2 N for i = 1; : : : ; ng :(Note: s�ii is short for si � � � si| {z }�i .) There is a canonical homomorphism from Nn to H,mapping � 2 Nn to s� 2 H. If this homomorphism actually is a bijection, then H is thefree commutative semigroup generated by fs1; : : : ; sng, which is also denoted by S�. Fora word m = s�11 s�22 � � � s�nn 2 S�, the sum �1 + �2 + : : :+ �n is called the length of m.Note that power a monomial x� 2 Q[x] can also be looked at as an element offx1; : : : ; xkg�.A commutative semi-Thue system over S is given by a �nite set P of productionsli ! ri, where li, ri 2 S�. A word m0 2 S� is derived in one step from m 2 S� (writtenm ! m0(P)) applying the production (li ! ri) 2 P i�, for some ~m 2 S�, we havem = ~mli and m0 = ~mri. The word m derives m0 i� m �! m0(P), where �! is the reexivetransitive closure of !. A sequence (m0; : : : ; mr) of words mi 2 S� with mi ! mi+1(P)for i = 0; : : : ; r � 1 is called a derivation (of length r) of mr from m0 in P.A commutative Thue system is a symmetric commutative semi-Thue system P, i.e.,(l ! r) 2 P ) (r ! l) 2 P:Clearly, commutative Thue systems and commutative semigroups are equivalent concepts.Derivability in a (commutative) semigroup establishes a congruence �P on S� by therule m � m0 mod P ,def m �! m0(P):3



For semigroups, we also use the notation l � r mod P to denote the pair of productions(l ! r) and (r ! l) in P.If it is understood that P is a commutative Thue system then the commutativityproductions are not explicitly mentioned in P, nor is their application within a derivationin P counted as a step.A commutative Thue system P is also called a presentation of the quotient semigroupS�= �P . For m 2 S�, we use [m] to denote the congruence class of m mod P.We remark that commutative semi-Thue systems appear in the literature in two addi-tional equivalent formulations: vector addition systems (see next section) and Petri nets.Finitely presented commutative semigroups are equivalent to reversible vector additionsystems or Petri nets. A reader more familiar with Petri nets may want to think of avector in Nk as a marking.2.3 Vector Addition Systems, Petri Nets, and Semilinear SetsA vector addition system (VAS) is a pair (m; V ), with m 2 Nn and V a �nite setfv1; : : : ; vrg of vectors in Zn. The vector m is called the start vector , n is the dimen-sion of the VAS, and the vi are the transitions. A VAS is called reversible, if, wheneverit contains a transition v, it also contains �v.The reachability set of a VAS (m; V ) is the smallest set R(m; V ) satisfying the followingtwo properties:(i) m 2 R(m; V );(ii) whenever z 2 R(m; V ), v 2 V , and z + v 2 Nn then z + v 2 R(m; V ).Thus, R(m; V ) is the smallest subset of Nn containingm which is closed under additionof transitions as long as the sum has only nonnegative components.A transition sequence �v(i)�1�i�t of transitions v(i) is applicable to some vector m0 2 Nnif m0 +Pij=1 v(j) 2 Nn for all i = 1; : : : ; t. In this case, the vector m00 = m0 +Ptj=1 v(j)is called reachable from y in (x; V ), and the transition sequence is called a derivation (oflength t) of m00 from m0. For this property, we also use the notation m0 �! m00 (V ).Clearly, reversible VASs can be simulated by commutative semigroups (the other di-rection is also possible, though not directly; the probably simplest way is to replace vectoraddition systems by vector replacement systems (VRS)). For an n-dimensional reversibleVAS (m; V ) we use a commutative semigroup with n generators s1; : : : ; sn, and a congru-ence l � r for every pair fv;�vg � V , withl = smaxf0;�1g1 � � � smaxf0;�ngnr = smaxf0;��1g1 � � � smaxf0;��ngn ;where v = (�1; : : : ; �n) 2 Zn.A linear subset L of Nn is a set of the formL = (a+ tXi=1 nib(i); ni 2 N for i = 1; : : : ; t)for some vectors a; b(1); : : : ; b(t) 2 Nn.A semilinear set SL is a �nite union of linear sets:SL = k[j=18<:aj + tjXi=1 nib(i)j ; ni 2 N for i = 1; : : : ; tj9=;4



for some vectors aj; b(1)j ; : : : ; b(tj)j 2 Nn, j = 1; : : : ; k.A uniformly semilinear subset UL of Nn is a set of the formUL = k[j=1(aj + tXi=1 nib(i); ni 2 N for i = 1; : : : ; t)for some vectors aj; b(1); : : : ; b(t) 2 Nn, j = 1; : : : ; k.We have (see [11]) the followingTheorem 1 Let � be any congruence relation on Nn. Then the congruence class [u] ofany element u 2 Nn with respect to � is a uniformly semilinear set in Nn.For a reversible VAS (m; V ) this theorem says that the reachability set R(n; V ) is auniformly semilinear set.Petri nets [31] are a graphical representation of VASs and VRSs, equivalent to VRSs.A marked Petri net P consists of(i) a �nite bipartite multi-digraph (S; T; F ), with(a) S = fs1; : : : ; sng the set of places,(b) T = ft1; : : : ; trg the set of transitions, and(c) F : S � T [ T � S ! N giving the multiplicity of the arcs;(ii) and an initial marking m 2 Nn.A transition t 2 T is said to be enabled at some marking m0 2 Nn ifm0i � F (si; t) for all i; i = 1; : : : ; n :If t is enabled at m0, it can (but does not have to) �re, producing the new marking m00with m00i = m0i � F (si; t) + F (t; si) for all i; i = 1; : : : ; n :We also write m0 t! m00. Note that m00 2 Nn.The reachability set R(P ) with initial markingm is the smallest subset of Nn containingm which is closed under t! for all t 2 T .A Petri net is called reversible if, for every transition t, it contains a transition trevwith F (s; t) = F (trev; s) and F (t; s) = F (s; trev) for all s 2 S :The following �gure shows a simple example of a Petri net. The places are depictedby circles, the transitions by bars, the marking of each place by a corresponding numberof dots. j jj- - ?6?�@@@@@@I @@@@@@R������	rs1 s2s3t1 t2t3 2 j jj- - ?6?�@@@@@@I @@@@@@R������	 rr rs1 s2s3t1 t2t3 25



The marking shown on the right is obtained from that on the left by �ring t1 andthen t2. If we make this Petri net reversible by adding transitions trevi , for i = 1; 2; 3, weobtain a reversible Petri net which is equivalent, as can easily be seen, to a commutativesemigroup with generators s1; s2; s3 and the following congruences:s1 � s2s3s2 � s2s3s2s23 � s13 Basic Problems and Their ComplexityIn this section, we are going to consider some of the very basic and fundamental algorith-mic problems for the structures we have presented in the previous section. Arguably oneof the most central problems for almost all of these structures turns out to be the uniformword problem for commutative semigroups which is de�ned as follows:De�nition 3.1 Let S be a �nite set of generators, and P a �nite set of congruences onS�. Let m;m0 2 S�.(i) Decision Problem: Given S;P; m; and m0 as input, decide whetherm � m0 mod P ;(ii) Representation Problem: Given S;P; m; and m0 as input, decide whether m �m0 mod P, and if so, �nd a derivation of m0 from m in P.Another problem, just as central, is the polynomial ideal membership problem (PIMP).It isDe�nition 3.2 Let f; g1; : : : ; gw be polynomials in Q[x] = Q[x1; : : : ; xn], and let I =(g1; : : : ; gw).(i) Decision Problem: Given f; g1; : : : ; gw, decide whetherf 2 I ;(ii) Representation Problem: Given f; g1; : : : ; gw, decide whether f 2 I, and if so,�nd pi 2 Q[x] such that f(x) = wXi=1 pigi :It is well known (see, e.g., [8]) that the word problem for commutative semigroupscan be reduced to PIMP, simply by interpreting each word m 2 S� as a monomial in theindeterminates s1; : : : ; sn and observing thatm � m0 mod P () m0 �m 2 (r1 � l1; : : : ; rw � lw) � Q[s1; : : : ; sn] ;where li � ri, i = 1; : : : ; w are the congruences in P.In the fundamental paper [16], G. Hermann gave a doubly exponential degree boundfor PIMP: 6



Theorem 2 Let f; g1; : : : ; gw be polynomials 2 Q[x], and let d = maxfdeg(gi); i =1; : : : ; wg. If f 2 (g1; : : : ; gw), then there exist p1; : : : ; pw 2 Q[x] such that1. f = Pwi=1 pigi; and2. deg(pi) � deg(f) + (wd)2n, for all i, i = 1; : : : ; w.For improved proofs of this theorem, see [34] and [28].In [7] and [28] it was shown how to transform this degree bound for PIMP into aspace bound for the special case of PIMP, the uniform word problem for commutativesemigroups:Theorem 3 The uniform word problem for �nitely presented commutative semigroupscan be decided in exponential space (i.e., space 2O(n), with n here the size of the input).In [26, 27], this exponential space upper bound was generalized to PIMP:Theorem 4 Let P be a polynomial ideal membership problem over Q, and let s be thesize of the input for P . Then there is a PRAM algorithm which solves P in parallel time2O(s) using 22O(s) processors.Using the Parallel Computation Thesis ([14]) and techniques from [30], one obtainsTheorem 5 The polynomial ideal membership problem is solvable in sequential spaceexponential in the size of the problem instance.for the decision problem, and also, for the representation problemTheorem 6 Let f and g1; : : : ; gw be multivariate polynomials over the rationals. If f isan element of the ideal generated by the gi then a representationf = X1�i�w pigican be found in exponential space.As is customary, the space bound for the representation problem bounds the workspace, not the space on the output tape needed to write down the gi. This is crucial,since, as we shall see below, their total length can be double exponential in the size of theinput. For a detailed proof of these two theorems, see [26].While the exponential space bound in [26] is based on the classical construction in [16],recently exciting improvements have been obtained for the degree bound for a number ofspecial cases of PIMP. Among them, maybe the most prominent are the following:Theorem 7 Let gi, i = 1; : : : ; w, be polynomials in Q[x1; : : : ; xn], let d be the maximaldegree of the gi, and assume that the gi have no common zero in Cn. Then1 = wXi=1 pigifor pi with deg(pi) � �nd� + �d, with � = minfn; wg.Using the so-called \Rabinowitsch trick", Brownawell also obtained7



Theorem 8 Let f; gi 2 Q[x1; : : : ; xn] for i = 1; : : : ; w, let d and � be as above, and assumethat f(x) = 0 for all common zeros x (in Cn) of the gi. Then there aree 2 N; e � (�+ 1)(n+ 2)(d+ 1)�+1;pi 2 Q[x1; : : : ; xn]; with deg(pi) � (�+ 1)(n+ 2)(d+ 1)�+2such that f e = wXi=1 pigi:For proofs of these and similar exponential degree bounds, see [2], [3], and [21]. Themethod of [26] immediately yieldsCorollary 8.1 Whether 1 2 (g1; : : : ; gw)can be tested in PSPACE.Corollary 8.2 Whether there is an e 2 N such thatge 2 (g1; : : : ; gw)can be tested in PSPACE.These two corollaries could be termed quantitative versions of Hilbert's Nullstellensatz(see, e.g., [36]), one variant of which isTheorem 9 (Hilbert's Nullstellensatz) Let k be some algebraically closed �eld, letf; gi 2 k[x1; : : : ; xn], for i = 1; : : : ; w, and assume that f(x) = 0 for all common zeros xof the gi. Then (and only then) there is an integer e � 1 such thatf e 2 (g1; : : : ; gw) :There are a few more special cases of PIMP, where we get a PSPACE upper bound.An ideal I = (g1; : : : ; gw) � Q[x] is called zero-dimensional if the common zeros (in Cn) ofthe gi are a �nite set (for an exact de�nition of the dimension of an algebraic variety or anideal we refer the reader to e.g. [9]). For zero-dimensional ideals, an exponential degreeupper bound is known for the presentation problem [6]. Such an exponential degree upperbound also holds for complete intersections (the dimension of the algebraic variety de�nedby the gi (in Cn) is n� w), as shown in [2].Another \easy" case is when the generators g1; : : : ; gw 2 Q[x] are homogeneous. Thenthe question, whether a general f 2 Q[x] is an element of the ideal (g1; : : : ; gw) can besolved by treating each homogeneous component of f separately. Hence, we may assumethat f is homogeneous. In this case, f 2 (g1; : : : ; gw) i� f(x) = Pwi=1 pigi for homogeneouspolynomials pi with deg(pi) = deg(f) � deg(gi). Since a homogeneous polynomial in nvariables and of degree d can consist of at most �n+d�1n�1 � distinct monomials, the methodof [26] again yields a PSPACE algorithm.As we have already mentioned, Gr�obner bases play an important role in the algorithmictreatment of problems in polynomial ideals. The complexity of algorithms for generatinga Gr�obner basis from a given set of generators for an ideal has been the subject of intensivestudy (see e.g. [12] for a rather comprehensive survey). From the numerous complexityresult, we would like to mention the following:8



Theorem 10 Let I = (g1; : : : ; gw) � Q[x1; : : : ; xn] be an ideal, let d be the maximal totaldegree of the gi, i = 1; : : : ; w, and let < be any admissible ordering on Q[x]. Then thereduced Gr�obner basis for I consists of polynomials whose total degree is bounded by2(d22 + d)2n�1 :An elegant, elementary proof of this doubly exponential degree bound is given in [10].Let g1; : : : ; gw 2 Q[x1; : : : ; xn] be given. A syzygy for the gi is any vector (p1; : : : ; pw) 2(Q[x])w such that Pwi=1 pigi = 0. The set of syzygies forms a (�nite dimensional) Q[x]-module [16].Theorem 11 Let g1; : : : ; gw 2 Q[x1; : : : ; xn] be given, and let d be a bound on the totaldegree of the gi. Then there is a basis for the module of syzygies whose polynomials havea total degree bounded by 2(d22 + d)2n�1 :For a proof, see [16] and [10].In the remainder of this section, we turn to lower bounds for the algorithmic problemsconsidered so far. The central result here is the lower bound for the uniform word problemfor �nitely presented commutative semigroups shown in [28]:Theorem 12 There is an in�nite family of instances (m(i); m0(i);P(i)) of the uniformword problem for �nitely presented commutative semigroups and a constant c > 0 suchthat each derivation of m0(i) from m(i) in P(i) contains a word of length � 22c�s, where sdenotes the input size.Using commutative semigroups to simulate counter or Minsky automata [29], thisresult implies [26]:Theorem 13 The uniform word problem for �nitely presented commutative semigroupsrequires exponential space, and, together with the matching upper bound, is therefore ex-ponential space complete.Since the word problem for commutative semigroups is a special case of PIMP (thecorresponding ideals are also called binomial ideals, see [13]), we also obtain an expo-nential space lower bound (and thus completeness for exponential space) for PIMP. Theconstruction in [28] has been sharpened in [35] (which greatly improves the constant inthe exponent from 1/14 to basically 1/2) to yield the following lower bounds:Theorem 14 Let n be the number of indeterminates and d the maximal total degree ofthe generating polynomials in Q[x] = Q[x1; : : : ; xn]. Then there is an in�nite family ofinstances of PIMP, including in�nitely many n, such that, for each of these instances,say with generators g1; : : : ; gw,(i) there is a polynomial f 2 Q[x1; : : : ; xn] with total degree � d, such that f 2(g1; : : : ; gw) and, whenever f(x) = wXi=1 pigi ;then the maximal total degree of the pi is � 22n=2�O(pn);9



(ii) any syzygy basis for the g1; : : : ; gw contains polynomials of degree� 22n=2�O(pn) :It is not hard to see that binomial ideals have binomial reduced Gr�obner bases, i.e.,each polynomial in such a basis is the di�erence of two terms. Using the relationship ofsuch ideals to (�nitely presented) commutative semigroups, we immediately obtain thefollowing lower bounds for Gr�obner bases.Theorem 15 There are in�nitely many n > 0 and a d > 0 (d = 5 su�ces) such that forevery such n, there is a generating set g1; : : : ; gw (with w depending linearly on n), suchthat each gi is a di�erence of two monomials, deg(gi) � d, and there is a constant c > 0(c is roughly 12) such that(i) every Gr�obner basis for (g1; : : : ; gw) contains a polynomial of total degree � 22c�n;and(ii) every Gr�obner basis for (g1; : : : ; gw) contains at least 22c�n elements.For a proof, also see [20].Since we can always homogenize the generators of some ideal in Q[x1; : : : ; xn] introduc-ing an additional indeterminate x0, these double exponential lower bounds for Gr�obnerbases also hold for homogeneous ideals.Finally, we present a PSPACE lower bound for PIMP restricted to homogeneous ideals.Theorem 16 The polynomial ideal membership problem, when restricted to homogeneousideals, requires space n
(1), and hence is PSPACE-complete.Proof: We merely sketch a proof here. Let M be any deterministic LBA. Wlog weassume that the tape alphabet of M is f0; 1g, and that M has a unique accepting andrejecting �nal con�guration. Let m be some input for M of length n. Construct ahomogeneous instance of PIMP as follows. Let the set of indeterminates be fxi; yi; zi; i =1; : : : ; ng [ Q, where Q is the set of states of the �nite control of M . We use xi and yito denote that the contents of the ith cell of M 's tape contains a 0 (resp., a 1), and zito denote the fact that M 's head is positioned over the ith tape cell. Then the initialcon�guration of M can be represented by a monomial ~m over these indeterminates, andthe unique �nal accepting con�guration by some monomial ~m0. Also, if we allow that eachtransition of M can also be reversed (i.e., if we turn M from a semi-Thue system intoa Thue system), the transition relation of this \symmetric" machine can be representedby a linear (in n) number of polynomials gj in the above indeterminates, each of whichis a di�erence of two monomials. Each of these polynomials simply expresses the localchange that occurs when M , with its head at some position i, executes one step (inforward or backward direction). Also, the polynomial ~m0� ~m and the polynomials gj arehomogeneous, the gj of degree say 4 and ~m0 � ~m of degree roughly n. Now,M accepts m i� ~m0 � ~m is in the ideal generated by the gj :As already noted by [32], the fact that we have replaced the semi-Thue system underlyingM by a Thue system does not hurt us since M was assumed to be deterministic. utUsing ~m0 � ~m+ 1 as an additional generator, we obtainCorollary 16.1 Testing whether 1 2 (g1; : : : ; gw)is PSPACE-hard. 10



4 Commutative Semigroups and Petri NetsAs we have seen in the previous section, many lower bounds for problems in polynomialideals arise from lower bounds for the word problem for commutative semigroups. In thissection, we would like to present some upper bounds for commutative semigroup problemswhich are derived from the double exponential upper bound for the degree of Gr�obnerbases [10].An immediate consequence of the Gr�obner bases degree bound isTheorem 17 Let P be a �nite set of congruences on S�, S = fs1; : : : ; sng, let m 2 S�and assume that b 2 [m], b minimal wrt the subword ordering (or, equivalently, wheninterpreted as element of Nn, minimal wrt the standard partial ordering of Nn). Thenthere is a double exponential upper bound for the length of b.With this bound, we can sharpen the upper bound given in [19] for the equivalenceproblem for commutative semigroups:Theorem 18 The equivalence problem for commutative semigroups can be decided inexponential space. It is also exponential space complete.As shown in [22], we also get the following exponential space complexity bounds fromthe results in [28] and [26].De�nition 4.1 Let P be a �nite set of congruences on S�, S = fs1; : : : ; sng, and letm;m0 2 S�.1. The Boundedness Problem is: Given S;P, and m, decide whether [m] is �nite.2. The Coverability Problem is: Given S;P; m, and m0, decide whether there is anm00 2 [m] such that m0 is a subword of m00.3. The Selfcoverability Problem is: Given S;P, and m, decide whether there is anm00 2 [m] such that m is a proper subword of m00.In [22] we show that, in terms of upper bounds, the boundedness, coverability andselfcoverability problems can all be reduced to instances of PIMP for binomial ideals,and hence are in exponential space. An exponential space lower bound can be obtainedby observing that the construction in [28] actually proves the following, slightly strongerstatement:Theorem 19 There is an in�nite family of commutative semigroup word problems(m;m0;P) such that for each of them(i) [m] is �nite,(ii) m0 is not a proper subword of any word in [m], and(iii) any Turing machine requires exponential space on an in�nite number of these in-stances.Furthermore, the uniform word problem for �nitely generated commutative semigroupswith the above restrictions is still complete for exponential space under log-lin reductions.11



Using this version, we can reduce exponential space to any of the boundedness, cover-ability, or selfcoverability problem for commutative semigroups, establishing an exponen-tial space lower bound and thus exponential space completeness for these three problems.As we have already seen, �nitely generated commutative semigroups are equivalent toreversible Petri nets. Therefore, the exponential space lower bound given in [28] improvesupon Lipton's original lower bound of 2
(pn) for the Petri net (or VAS, or VRS) reach-ability problem [23]. Decidability of this problem has �rst been established in [24, 25],by means of an algorithm whose complexity is non-primitive recursive, and since then noimprovements have been obtained.From our earlier discussion, it should be clear that the general Petri net reachabilityproblem is equivalent to a version of a (binomial) ideal membership problem where werequire that the coe�cient polynomials pi are from the semiring N[x] (or Q+[x], for thatmatter). However, so far and to the knowledge of this author, this interpretation has notprovided any essential insights.5 Open Problems, ConclusionIn this survey, we have highlighted some of the connections between such di�erent areasas the algebraic theory of multivariate polynomial ideals, elimination theory and complexfunction theory providing complexity bounds, algebraic geometry, the very fundamentalcommutative semigroups, and models used in computer science for representing paralleland concurrent processes, like vector addition systems or Petri nets. These interrelation-ships are quite intriguing since a large number of very basic complexity results for thesestructures has been obtained using these connections. And this maybe even more so, ifone realizes that in several instances, a lower bound has been shown (how else?) usingbasically string rewriting techniques while matching upper bounds can be established us-ing (sometimes quite elaborate and deep) techniques from analysis or complex functiontheory.Another phenomenon that is quite indicative here and possibly typical for other prac-tical areas (and computer algebra and Gr�obner bases are being used in practice, even ifquite often with some frustration and long waiting hours, as this author can attest to)could be the following: while the worst-case lower bounds for PIMP and Gr�obner basesare terrible, seemingly precluding any application in practice, it turns out that much bet-ter (more \encouraging") bounds can be derived for the cases that really tend to occurin practical applications, like radical membership or regular intersections. And there areinteresting developments to even characterize some really applicable cases (bounds betterthan PSPACE).While such advances will be necessary in order to apply polynomial ideals in �eldslike robotics, motion planning, vision, modeling, constrained programming, and others,there also remain a few fundamental questions concerning complexity issues of polynomialideals and related structures. One is to obtain explicit upper (and possibly better lower)bounds for ideals in Z[x] (or other nice and e�ective rings instead of Z). So far, wejust have the doubly exponential lower bounds from the word problem for commutativesemigroups, and no explicit upper bounds. Another is the complexity of the reachabilityproblem for (general) Petri nets. While this complexity has been characterized for manysubclasses of Petri nets, these are all so restricted as of being of little practical value.This means that we should try, on the one hand, to upper bound the complexity of thegeneral Petri net reachability, but also to �nd characterizations of new subclasses of Petrinets which are of practical relevance and at the same time permit e�cient solutions of12
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