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Summary. The G-function approach to premixed combustion problems is based on the flamelet concept.
Thereby, the flame front is modeled as an embedded interface within the bulk. A level set function is
used to describe the position of the flame front. To account for discontinuities in the velocity and the
pressure fields across the interface, an eXtended Finite Element Method (XFEM) is applied. That is, the
flow field, governed by the incompressible Navier Stokes equations, interacts with the G-equation in a
coupled problem.

1 INTRODUCTION

In premixed flames, no diffusion of different species to form a combustible mixture has to be con-
sidered; a homogeneous air-fuel gas is already injected into the combustion chamber. The complex
chemical reactions involved, with numerous intermediates, require modeling to reduce chemistry to a
computationally processable extend. In the so-called wrinkled and corrugated flamelet regimes of tur-
bulent combustion, chemical length scales can be considered small compared to turbulent length scales.
Thus, a turbulent flame can be modeled as an ensemble of stretched laminar flamelets which are thin
reactive-diffusive layers embedded in a non-reacting flow field [8]. For a planar laminar flame, the burn-
ing velocity s0

L characterizes a specific chemical reaction. It needs to be modified to take strain and
curvature of the flame into account. Large gradients of velocity, pressure, temperature, concentration
and material properties are found within the reaction zone. In the aforementioned regimes, the reaction
zone can be considered thin. Therefore it can be collapsed to a flame front separating the cold unburnt
from the hot burnt gases. That is, the flame is modeled as a curved two-dimensional surface (interface)
embedded in a three-dimensional flow field.

The G-function approach to premixed combustion problems is based on these assumptions (see
e.g. [9]). It uses a level set function to define the position of the flame front. Therein, the flame front
is modeled as a sharp interface represented by an iso-surface of the level set function. The G-equation
is essentially a transport equation for the scalar G, taking into account both the convection velocity of
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the flow field and the burning velocity at the interface to describe the propagation of the flame front. Its
physical meaning, however, is confined to the flame front itself.

In the present work, the incompressible Navier-Stokes equations, governing the flow field, and the
G-equation are solved with stabilized finite element methods on a three-dimensional domain. Flow field
and G-function interact in form of a domain coupled two-field problem. As a result of thermal expansion,
jumps in velocity and pressure, as well as large density ratios occur across the flame front, leading to
a discontinuous flow field at the interface. The flow fields on either side of the interface are assumed
incompressible. EXtended Finite Element Methods (XFEM) are able to represent discontinuities (see
e.g. [2]). The combination of stabilized and extended FEMs is proposed here as a well-suited approach
to computationally solving the challenging problem of premixed combustion.

2 GOVERNING EQUATIONS

The domain of a premixed combustion problem Ω ⊂ R3 consists of the subdomains Ωu and Ωb,
denoting the unburnt and the burnt portions of the domain, respectively. They are separated by the
interface (flame front) Γ = ∂Ωu ∩ ∂Ωb. By definition, the normal n at the interface points into the
unburnt domain.

2.1 G-equation

The total flame speed vf acts on the G-function as convection velocity for the level set equation. It
depends on the convection velocity of the unburnt flow uu at the flame front and the burning velocity sL

of the flame, which acts in the normal direction to the flame front (vf = uu + sL · n). Compared to s0
L,

sL takes the effects of curvature (κ = ∇ · n) and strain into account. The G-equation
∂G

∂t
+ uu · ∇G = sL|∇G|, with the normal vector n = − ∇G

|∇G|
,

defines the shape and position of the flame front, represented by the iso-surface G0 = 0. It is initialized
as a signed distance function (|∇G|=1), being negative (G < 0) in the unburnt domain, positive (G > 0)
in the burnt domain and continuous at the interface (G = 0).

Problems concerning mass conservation of level set methods are stated in the literature (see e.g. [4]).
Reinitialization of the G-function becomes neccessary if the signed distance property is lost during the
simulation. Since the interface is implicitely defined by a sign change of G(x), the flame front has to be
captured in every iteration. In order to enhance the accuracy of this process, a refinement procedure is
used in the vicinity of the interface. Thus, a higher resolution of the flame front is obtained locally.

2.2 Navier Stokes equations

The incompressible Navier Stokes equations describe the flow field on either side of the interface:

ρ
∂u
∂t

+ ρ(u⊗ u)− 2ρν∇ · ∇su +∇p = f in Ωu,b,

∇ · u = 0 in Ωu,b.

Appropriate initial and boundary conditions complete the equations. The jump conditions at the interface
Γ are derived from mass and momentum conservation across the interface in the context of the hydrody-
namic theory [5]. They are known as the Rankine-Hugoniot relations and can be written in the following
form:
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JuK · n = −MJρ−1K on Γ
JuK · t1 = 0 on Γ
JuK · t2 = 0 on Γ

JpK = M2Jρ−1K on Γ,

where the bracket operator JxK = xb − xu defines the jump in a quantity across the interface, t1 and
t2 represent the tangential vectors at the interace, ρ stands for the density and M denotes the mass flux
across the flame front: M = ρb(vf − ub) · n = ρu(vf − uu) · n.

3 EXTENDED FINITE ELEMENT METHOD

In order to reproduce discontinuous solution fields correctly, the standard FEM is extended by enrich-
ing the function spaces with appropriate discontinuous functions. In case of the problem under consid-
eration, the Heaviside function is used to represent jumps in velocity and pressure across the interface,

H(x) =
{

0 if G(x) ≤ 0
1 if G(x) > 0.

The function space is only locally enriched, that is, in the vicinity of the flame front. The partition-of-
unity concept is retained. If an element is intersected by the interface (G(x) = 0), all nodes i belonging
to this element are enriched by additional degrees of freedom ai, according to

uh(x) =
∑

i

Ni(x) [ui + ai (H(G(x))−H(G(xi)))] .

The resulting solution uh(x) can be interpreted as a superposition of standard degrees of freedom ui and
enriched ones ai, while the solution at the nodes uh(xi) is given by ui.

Integration over intersected elements and along the flame front Γ is performed by means of integration
cells. A subtetrahedralization procedure results in cells restricted to one respective side of the interface;
together, they add up to the element volume. As a result, the discontinuous flow field can be integrated
correctly.

4 ENFORCING INTERFACE CONSTRAINTS
A substantial challenge for the present approach is the enforcement

of jump conditions for the primary variables at the interface. Essen-
tially, the problem of enforcing jump conditions is closely related to
enforcing Dirichlet conditions weakly in the FEM. Different strategies
for this purpose have been discussed in the literature.

If the Lagrange Multiplier method is applied on interfaces, the cor-
responding function spaces have to be chosen carefully (see e.g. [6]).
Additional unknowns are added to the system in the end. Nitsche’s
method requires specification of a penalty/stabilization-type parame-
ter. In [3], a numerical method based on this approach was presented
for Dirichlet and jump conditions. A different idea, based on a kind
of mixed-hybrid approach, was proposed in [7]. The Distributed La-
grange Multiplier technique as presented, e.g., in [10] is convenient

Figure 1: Velocity field
Bunsen burner
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from an implementation point of view. Promising results were achieved following this approach in [1].

5 RESULTS

In [1], the Darrieus-Landau instability and a Bunsen burner flame were successfully simulated in two
dimensions. The resulting velocity field of the Bunsen burner flame is depicted in Figure 1. Currently,
extensions to three-dimensional problems of premixed combustion are underway.
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