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1. Introduction

Around eighty percent of the patients who suffer from osteoporosis are postmenopausal
women. The postmenopause is the phase of a woman’s life in which the ovaries become
inactive. It is defined as the time beginning 12 months after menopause, i.e. one year
after the last menstrual cycle. The loss of the ovulatory hormone production is seen as
the determinant factor for the loss of bone density during this phase of life.

Recent findings have suggested that accelerated bone loss already starts in the peri-
menopause (Seifert-Klauss et al. (2006)). The perimenopause begins with the first cycle
irregularities and hormonal changes and ends one year after menopause. The factors
determining the bone resorption in this time period are subject to current research.

To investigate perimenopausal women with respect to their menstrual cycles, hormonal
values and changes in bone density, a prospective longitudinal study was performed at the
Frauenklinik der Technischen Universität München (the PeKnO-Study). One purpose of
this work is the statistical analysis of this study.

A detailed description of the study and the most important results of our investigations
are presented in the second part of the thesis. We propose a standard linear model to
explain the change of bone density which was measured for each woman at the begin and
the end of the study (Chapter 10).
In Chapter 11 we present linear mixed models to explain biochemical markers for the bone
metabolism which were measured semiannually for each woman. The big advantage of
linear mixed models is that they allow to incorporate correlations occuring due to repeated
measurements on the same individual in a longitudinal study.

Whereas the theory of standard linear models is widely known and well documented (we
refer to Fahrmeir et al. (2007) and Myers (1986)), there is much less literature on the
theory of linear mixed models. It is a good deal more complex and, in particular, the
theory of statistical hypothesis tests is still in a developing phase. Therefore, the first
part of this thesis provides a basic overview of the theory of linear mixed models.

1



Part I.

Linear mixed models for longitudinal
data
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1. Introduction

The major parts of the theory of linear mixed models have originally been developed in
biostatistics, mainly in the domains of plant and animal breeding (see Searle (1988) and
West et al. (2007) for a historical overview). Besides constant regression parameters
(fixed effects) as in standard linear models, linear mixed models also include regression
parameters which vary randomly with respect to a certain random distribution (the so-
called random effects). These models provide methods of fitting multiple correlated data,
in particular grouped data sets, in an adequate way. The most important representatives
of grouped data are clustured and longitudinal data. In a clustered data set, data can
be devided into different groups. Examples might be students of the same university or
individuals born in the same litter.

The main characteristic of a longitudinal data set is that, in contrast to cross-sectional
data, several measurements were made on the same individual. The number of repeated
observations of the same subject or individual, however, is relatively small compared to
time series data sets. It’s obvious that measurements made on the same variable are likely
to be correlated, implying that the response variables are no longer independent, which is
crucial in the theory of standard linear models. A further feature of longitudinal studies
is that in most of the cases measurements were taken at different time points or that we
do not have the same number of observations for each subject. In these cases the data
are called to be unbalanced. We recommend Fitzmaurice et al. (2004) which discusses the
characteristics of longitudinal data, especially how to model the occuring correlation in a
longitudinal data set.

The big advantage of linear mixed models is not only that such unbalanced data may
be analyzed properly, where other methods fail, but also that they manage to capture
the occuring correlation among the repeated measurements. Modelling longitudinal data
with a linear mixed model commonly yields a very high accuracy of estimates and an
appropriate explanation of the variance in the data. The standard and most commonly
used formulation of the model was first suggested by Laird and Ware (1982).

The theory of linear mixed models for longitudinal data shall be introduced in the following
chapters. Formulations concerning longitudinal data, however, can easily be transfered to
any kind of grouped data set. Instead of specifying different measurements belonging to
the same individual, for instance, different subjects belonging to the same cluster could
be considered.

A good overview with many examples and applications of statistical software is contained
in Pinheiro and Bates (2000), and West et al. (2007). To get a more detailed and advanced
illustration of the theory of linear mixed models the reader should consult Verbeke and
Molenberghs (2009). An elaborate presentation of estimating the model parameters in a
linear mixed model is given in Searle et al. (1992), as well as in McCulloch and Searle
(2001).
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2. The basic concept of linear mixed
models

As already mentioned, linear mixed models are designed for modelling longitudinal data,
because they allow us to model the correlation occuring due to repeated measurements
for each individual by incorporating so-called individual-specific effects in the analysis.
In the theory of linear mixed models we assume that there is a certain global linear rela-
tionship between the response and the explanatory variables which underly all individuals.
This population-averaged effect of the covariates on the response vector is called the fixed
effect in the data, because it describes a fixed relationship holding for the entire popu-
lation. This assumption about a fixed or population-specific effect in the data we know
already from the theory of standard linear models.

Apart from this, we assume that the relationship between the explanatory variables
and the response in the measurements of a single individual can vary from this global
population-specific relationship. Fitting a standard linear regression model for each indi-
vidual may show that the individual regression parameters differ from the fixed population
regression parameters. As we require our sample of individuals in the data set to be ran-
domly chosen from the overall considered population, we consider this individual-specific
deviations as random component in the model and call them random effects. Thus, the in-
dividual effect of the covariates is assumed to deviate randomly from the entire population
(fixed) effect, albeit we expect an average behavior as in the whole population.

In a linear mixed model we describe this mathematically by including apart from constant
regression parameters, indicating the fixed effect, regression parameters which are repre-
sented by random variables, denoting the individual-specific effect. That way, the name
linear mixed model can be explained due to the fact of incorporating fixed and random
effects in the model. But before looking at the precise formulation of such a linear mixed
model, we consider an introductory example to understand clearly the basic idea of the
theory.

Example: simple mixed linear regression

The fictive data in Figure 2.1 may represent observations made on three different individ-
uals. Each individual was measured five times over time in a variable X and a variable
denoted by Y. There is a strong heterogenity in the data which can be traced back to the
fact of correlation occuring in the observations of the same individual. A standard linear
model will fail to fit this variability in the data in a adequate way. Fitting a linear re-
gression line for each individual (illustrated by the dashed lines in the plot) exposes, that
these individual trajectories differ a lot in intercept and slope. If we think of a medical

4



2. The basic concept of linear mixed models

X

Y

X

Y

X

Y

individual 1 
individual 2 
individual 3 

overall regression line  

regression line for individual 1   
regression line for individual 2   
regression line for individual 3   

Figure 2.1.: Example of individual and population-specific effects

study then individual-specific genetic or environmental factors could only be one reason
for an individual relationship between X and Y.

What we assume now is, that there is a systematic, population-averaged effect of X on Y
which can be characterized as an overall population-specific regression line (represented
by the continous black line). The individual effects of X on Y, i.e. the intercept and
slope of each individual regression line, are then assumed to vary randomly around the
population intercept and the population slope. Thus, the individual trajectories can be
explained as random deviations from the population regression line. Individual number
one, for instance, has a similar intercept to the population intercept, but its individual
slope value is much higher than the one of the entire population.

After this general description of the idea of linear mixed models, its mathematical formu-
lation and formal assumptions are presented in the following chapter.
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3. Model specification

So far we saw that the basic concept of linear mixed models is to take account of individual-
specific random effects in the model. How to formulate this in a mathematical sense shall
be described now, referring to the fundamental article of Laird and Ware (1982).

We consider a longitudinal data set where m individuals were observed at ni (i = 1, ...,m)
points in time so that the data set consists of n :=

∑m

i=1 ni measurements for the response
and each covariate.

Let yit denote the observed value of the continous response variable for individual i at time
t. The response vector for individual i, containing all its ni observations, can therefore
be expressed as yi = (yi1, ..., yit, ..., yini

)T .
To distinguish clearly between the observed response vector yi which is needed for cal-
culating the estimated model parameters (see Chapter 5), and the random vector which
shall be explained by the covariates, we denote the latter one by a capital letter, Y i.

Further, xit = (x
(1)
it , ..., x

(p)
it )T denotes the p-dimensional covariate vector for individual

i at time t, which has a fixed effect on the response variable. That is, between these
explanatory variables and the response there exists an overall population-specific rela-
tionship, which underly all individuals.
The matrix Xi = (xT

i1, ...,x
T
ini
)T ∈ Rni×p denotes the design matrix of the p known co-

variates for individual i, whose rows form the ni covariate vectors observed at differnt
times. Mostly, the model includes a fixed intercept term, so that the first column of Xi

equals the 1ni
-vector, i.e. x

(1)
i1 = · · · = x

(1)
it = · · · = x

(1)
ini

= 1. We assume Xi to be of
full rank meaning nothing else as the linear independence of its columns, to avoid later
identifiability problems for the fixed regression parameter.

The regression parameter vector indicating the fixed effects is denoted by β = (β1, ..., βp)
T .

Its values describe the entire population-averaged relationship between yi and the covari-
ates in Xi for all individuals i = 1, ...,m. If we include a population-specific intercept in
the model, we often name the single components of β as β0, ..., βp−1.

Likewise, let zit = (z
(1)
it , ..., z

(q)
it )T be the q-dimensional covariate vector for individual i at

time t, containing the covariates which have an individual-specific effect. Naturally, most
of the times, the components of zit are a subset of the values of xit, which implies q ≤ p.
Only in the case that the fixed effect of a covariate is equal to zero (i.e. the covariate has
no effect on the population), there could be, however, an individual-specific effect, which
means the variable is listed in zit but not in xit.
As before, Zi = (zT

i1, ..., z
T
ini
)T indicates the (q × ni)-dimensional design matrix for in-

dividual i associated with individual-specific random effects. Also in this case, the first

6



3. Model specification

column of Zi often is the 1ni
-vector, meaning that the model includes an intercept, which

is randomly varying around the population intercept. If Zi = 1ni
, then we call our model

random intercept model. To recapitulate, Zi (i = 1, ...,m) contains exactly these explana-
tory variables, whose effect varies randomly around the overall fixed population effect
from individual to individual.

Note that the covariates given in Xi and Zi may be either time-invariant, i.e. their values
do not change within the measurements of one individual (e.g. gender or skin colour), or
time-varying if their values vary over time.

The random effect for individual i is expressed by the specific regression parameter vector
γi = (γi1, ..., γiq)

T . It describes the individual deviation from the overall population
behavior expressed by β. As before, we denote the values in γi by γi0, ..., γi(q−1) if we
incorporate a random intercept in the model.

Finally, let ǫit indicate the residual for individual i at time t, i.e. the deviation of the
observed from the modeled response, like in standard linear models.
With ǫi = (ǫi1, ..., ǫit, ..., ǫni

)T we denote the residual or error term vector for the ni

observations of individual i.

Using these notations, we formulate the linear mixed model as:

POSTULATE 1 (Individual specification of a linear mixed model)

For i = 1, ...,m:
Y i = Xiβ + Ziγi + ǫi ,

with Y i ∈ Rni , Xi ∈ Rni×p, β ∈ Rp, Zi ∈ Rni×q, γi ∈ Rq, ǫi ∈ Rni

rank(Xi) = p and rank(Zi) = q .

Consequently, the single observation of the response of individual i at time t satisfies

Yit = xT
itβ + zT

itγi + ǫit .

Describing the population-averaged trend, the fixed effect β is an unknown but constant
vector of regression parameters. The individual-specific effect γi, however, is meant to
be a random vector. Assuming that the average population effect is already discribed by
β, we expect γi to be the zero vector. Hence, we suppose γi to be multivariate normal
distributed with mean vector zero and covariance matrix D:

7



3. Model specification

POSTULATE 2 (Random effect distribution)

For i = 1, ...,m:

γi ∼ Nq(0, D) with D =




d21 d12 · · · d1q

d12 d22
...

...
. . .

...
d1q · · · · · · d2q


 ,

where D is a symmetric and positive definite covariance matrix.

The variance parameters in D indicate how strong the individual-specific effects can vary
from the fixed effects and the covariance parameters show the dependence structure be-
tween the individual random effects.
Very often one assumes for D a so-called variance components structure, which implies
the random effects of an individual to be uncorrelated. In this case, D can be written as
a diagonal matrix with variance parameters d21, ..., d

2
q :

Dvcs =



d21 · · · 0
...

. . .
...

0 · · · d2q


 .

Note that we always suppose the random effects of different individuals γ1, ...,γm to be
independent.

As in standard linear models, we also assume in the theory of linear mixed models that the
residuals are acting randomly. By them, we allow the response variable to vary randomly
from the modeled, individual-specific behavior at any time. Hence, we make the following
assumption:

POSTULATE 3 (Error distribution)

For i = 1, ...,m:
ǫi ∼ Nni

(0,Σi) ,

where Σi is a symmetric and positive definite covariance matrix.

We see, that in contrast to standard linear models, we may allow here the residual com-
ponents of the different observations in an individual to be correlated. In general one
assumes in this case however that Σi depends on i only through its dimension ni, but its

8



3. Model specification

single elements are independent of i. For example one may describe an autocorrelated
process of the residuals in Σi by assuming

Σi =




σ2 σ2ρ · · · σ2ρni−1

σ2ρ σ2 · · · σ2ρni−2

...
. . .

...
σ2ρni−1 σ2ρni−2 · · · σ2


 ,

with a certain variance parameter σ2 > 0 and a correlation parameter ρ ∈ [−1; 1] (see
West et al. (2007, Section 2.2)).

Nevertheless, it is often assumed, that the correlation between repeated measurements of
an individual i is only explained by the covariance structure of γi and residuals within an
individual are uncorrelated and have equal variance coefficients. In this case, we assume
a diagonal structure for Σi,

Σi = σ2Ini
(i = 1, ...,m) ,

with a certain constant variance factor σ2. We call this specific structure of the residual
covariance matrices the conditional independence structure. Note that this is also the
default structure used in the statistical software R which is applied in this thesis.
We always assume the residuals of different individuals ǫ1, ..., ǫm to be independent.

Moreover, residuals and individual-specific random effects shall be independent of each
other:

POSTULATE 4 (Independence assumption)

γ1, ...,γm, ǫ1, ..., ǫm are independent.

9



3. Model specification

Matrix specification of the model

Using the so far introduced individual model declaration, we can formulate an overall
matrix specification of a linear mixed model, including all studied individuals. Remember,
that we have an overall number of n :=

∑m

i=1 ni measurements per variable, composed
of the number of all individual measurements ni (i = 1, ...,m). By stacking above the
individual regression components, we get:

POSTULATE 5 (Matrix specification of a linear mixed model)




Y 1
...

Y m




︸ ︷︷ ︸
=: Y ∈ Rn

=




X1
...

Xm




︸ ︷︷ ︸
=: X ∈ Rn×p



β1
...
βp




︸ ︷︷ ︸
=: β ∈ Rp

+



Z1 · · · 0
...

. . .
...

0 · · · Zm




︸ ︷︷ ︸
=: Z ∈ Rn×mq




γ1
...

γm




︸ ︷︷ ︸
=: γ ∈ Rmq

+




ǫ1
...
ǫm




︸ ︷︷ ︸
=: ǫ ∈ Rn

,

or more compactly:

Y = Xβ + Zγ + ǫ ,

with full-rank design matrices X and Z and symmetric, positive definite covariance
matrices G and R of the random effects γ and the residuals ǫ, respectively,

G =



D · · · 0
...

. . .
...

0 · · · D


 ∈ Rmq×mq and R =



Σ1 · · · 0
...

. . .
...

0 · · · Σm


 ∈ Rn×n ,

so that (
γ

ǫ

)
∼ Nmq+n

(
0,

(
G 0
0 R

))
.

Example: simple mixed linear regression

Let us look again at the example of simple mixed linear regression, where we incorporate
only one covariate in the model by considering the fictive X and Y data shown in Figure
2.1. We formulate a linear mixed model, including a random intercept and a random
slope coefficient. By this way we are able to indicate the individual deviation from the
overall population regression line:
For i = 1, 2, 3 and t = 1, ..., 5:
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3. Model specification

yit = β0 + β1 xit︸ ︷︷ ︸
population-specific influence, fixed

+ γi0 + γi1 xit︸ ︷︷ ︸
individual-specific influence, random

+ ǫit

= (β0 + γi0)︸ ︷︷ ︸
intercept of individual i

+ (β1 + γi1)︸ ︷︷ ︸
slope of individual i

xit + ǫit

=: αi0 + αi1xit + ǫit ,

with

(
γi0
γi1

)
∼ N2

((
0
0

)
,

(
d21 d12
d12 d22

))
and



ǫi1
...
ǫi5


 ∼ N5(0,Σi) .

The last line in the specification of yit motivates already a model formulation presented
in the following.

The two-stage approach

The introduced specification of a linear mixed model given by Laird and Ware (1982) can
be motivated by a two-stage model formulation (see Fitzmaurice et al. (2004, Section
8.4) and Verbeke and Molenberghs (2009, Section 3.2)). In Chapter 2 we presented
heuristically the main ideas underlying a linear mixed model. Those basic concepts may
be illustrated more clearly through a two-stage model formulation of a linear mixed model:

Stage 1:

In this stage we fit a linear regression model to the data of each single individual. That
is, for each individual we get individual regression coefficients. This provides to describe
the individual relationship between the covariates and the explanatory variables. Hence,
for i = 1, ...,m:

yi = Ziαi + ǫi ,

where, as before, yi and ǫi denote the individual response and residual vector, respectively,
with ǫi ∼ Nni

(0,Σi). αi ∈ Rq denotes the individual regression coefficient. Zi is the
design matrix of known, time-varying covariates of individual i explaining yi. Note that
the effect of time-invariant covariates on yi would be expressed in an intercept term.

Stage 2:

The second stage explains the variablility between the individual regression coefficients
by fitting a linear regression model to α1, ...,αm. That way, the 2.-Stage regression
coefficient describes the overall population effect which underly all individuals and the 2.-
Stage residual vector expresses the individual-specific deviation of this entire population
trend: For i = 1, ...,m:

αi = Aiβ + γi ,

where, as before, β ∈ Rp and γi ∈ Rq denote the population-specific (fix) and the
individual-specific (random) effects, respectively, with γi ∼ Nq(0, D). Ai is the design
matrix of known, time-invariant covariates of individual i explaining αi.
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3. Model specification

Combining the two stages:

Combining Stage 1 and Stage 2 which are connected through a hierarchical structure
provides, for i = 1, ...,m:

yi = ZiAi︸︷︷︸
=: Xi

β + Ziγi + ǫi .

By defining ZiAi =: Xi we note that the in Postulate 1 to 5 given linear mixed model
results from the two-stage specification. However, it is more general, i.e. not every
linear mixed model can be expressed in two stages as presented. This is why the two-
stage formulation requires that the design matrix Xi can be decomposed in ZiAi where
Zi contains only time-varying covariates and Ai only time-invariant covariates. This
implies that every time-varying covariate included in the model has a random effect on
the response which makes the model fairly complex. Furthermore, random effects for
time-invariant covariates cannot be incorporated in the two-stage model.

One may argue with respect to the latter point that it is not senseful to incorporate a
random effect for a time-invariant covariate anyway, because this effects might be summed
up with the random intercept. However, it is reasonable because random effects for time-
invariant covariates may be important to explain the correlation structure between the
measurements of the same individual.

The first drawback of modeling a random effect of every included time-varying covari-
ate can be avoided by generalizing the two-stage approach: For including time-varying
covariates without random effect as well, the first stage may be formulated as

yi = Ziαi + Z
(F )
i α∗ + ǫi .

Z
(F )
i denotes the design matrix of time-varying covariates which do not have an individual-

specific effect on yi. The corresponding population behavior between these explanatory
variables and the response is expressed in α∗. This model formulation, however, makes
interpretation more complex.

12



4. The distribution of the response

Using the model specification introduced in Postulate 1 to 5, we concentrate now on
considering the distribution of the response variable Y .

4.1. The two-level hierarchical model

At first, we want to study the behavior of the response vector Y i of individual i, when the
random effect γi, describing the individual-specific deviation from the overall population-
averaged evolution, is given. For this, we have to consider the conditional distribution of
Y i given γi. Remember that Y i was specified as

Y i = Xiβ + Ziγi + ǫi with γi ∼ Nq(0, D) and ǫi ∼ N(0,Σi) .

Hence, we can follow for i = 1, ...,m:

Y i|γi ∼ Nni
(Xiβ + Ziγi,Σi) with γi ∼ Nq(0, D) .

Specified in a overall matrix notation, including all individuals, we get:

Y |γ ∼ Nn(Xβ + Zγ, R) with γ ∼ Nmq(0, G) . (4.1)

This formulation of the conditional distribution of Y with the marginal distribution of γ
we call the two-level hierarchical model. The resulting mean response profile for individual
i, Xiβ + Ziγi indicates the values we can expect the observations of individual i at the
different time points to be, when we know its individual effect γi.

The occuring covariance among the different response measurements can be totally ex-
plained by the residual covariance matrix R. Note that we assumed R to be a block-
diagonal matrix with the individual residual covariance matrices Σi as blocks on the diag-
onal and zero blocks otherwise. This shows us, that the response vectors Y i of different
individuals are uncorrelated. Due to the equivalence in a multivariate normal distribu-
tion of uncorrelated and independent random variables, the response vectors of different
individuals are independent.

The individual residual covariance matrices Σi are in general no diagonal matrices, which
indicates that the response measurements within an individual are correlated. If we
assume, however, a diagonal structure for Σi, the response values of an individual are
independent given its individual-specific effect. Therefore the special diagonal structure
for Σi (i = 1, ...,m), introduced in Chapter 3, is called conditional independence structure.
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4. The distribution of the response

4.2. The marginal model

Let us look in the second step at the marginal distribution of Y , i.e. we want to make
conclusions about the behavior of the response variable with regard to the entire popu-
lation. For this purpose we consider again the definition of Y i and define a new random
variable ǫ∗i , which includes the whole random part of the model:

For i = 1, ...,m:
Y i = Xiβ + Ziγi + ǫi︸ ︷︷ ︸

=: ǫ∗i

.

Then, E[ǫ∗i ] = 0, since E[γi] = E[ǫi] = 0, and Var(ǫ∗i ) = Var(Ziγi + ǫi) = ZiDZT
i + Σi .

Hence, we may deduce the marginal distribution of Y i:

Y i ∼ Nni
(Xiβ, ZiDZT

i + Σi︸ ︷︷ ︸
=: Vi

) .

Likewise, for the overall matrix formulation:

Y ∼ Nn(Xβ, ZGZT +R︸ ︷︷ ︸
=: V

) . (4.2)

Thus, Xβ indicates the marginal mean of Y , the population-averaged mean which is
expected for all individuals and from which the individual-specific, conditional mean varies
randomly. The marginal mean is an average over the distribution of the random effects
γi (i = 1, ...,m).
Note, that similar to R, V is a block-diagonal matrix, with blocks Vi (i = 1, ...,m):

V =



V1 · · · 0
...

. . .
...

0 · · · Vm


 .

This shows, that also in the marginal case, the response variables of different individuals
are independent. Vi, however, in fact is not diagonal, which yields correlation among
the response variables within an individual. This correlation is explained not only by the
residual covariance structure Σi, like in the case above, but also by the covariance structure
of the random effects D. Even if Ri is a diagonal matrix, Vi is in general not diagonal.
Then all of the occuring covariance in the data is induced by D. Hence, incorporating
individual-specific effects in the model provokes covariance among the response values of
an individual at different points of time.

14



4. The distribution of the response

4.3. Coherence

From the hierarchical model formulation we easily can get the marginal distribution of Y .
Let f(y|γ) denote the conditional density of Y given γ, and f(γ) denote the marginal
density of γ. Both densities are normal with mean and covariance specified above. Then
we can calculate the joint distribution f(y,γ) and out of it the marginal density of Y
using Bayesian theory:

f(y,γ) = f(y|γ) f(γ) ⇒ f(y) =

∫
f(y,γ)dγ .

As seen before, f(y) is the density of a n-dimensional normal distribution with mean Xβ

and covariance matrix (ZGZT + R). The marginal (population-specific) mean we get
also directly from the conditional (individual-specific) mean in a very easy way, using the
theory about conditional expectation:

E[Y ] = E[E[Y |γ]] = E[Xβ + Zγ] = Xβ .

In contrast, from the marginal distribution of Y we can not get its conditional distribution
given γ and the distribution of γ.
Y ∼ Nn(Xβ, V ) does not imply that variability in the data occurs due to random effects,
neither we need in this specification D and Σi to be covariance matrices. Only V has to
be positive definite and symmetric.
If we only want to estimate β, we can use the marginal formulation, but for inferences
about γ we have to consult the hierarchical model (see Chapter 5).

4.4. Example: Simple mixed linear regression

We consider again the example of fitting a linear mixed model including only one covariate.
In Chapter 3 we specified the model formulation. In using that notation, we can formulate
the marginal and conditional mean response for individual i at time t (i = 1, 2, 3 and
t = 1, ..., 5), respectively:

E[Yit] = β0 + β1xit and E[Yit|γi] = β0 + β1xit + γi0 + γi1xit .

The expected value for the tth response variable of individual i, if γi is known, is the value
which is expected for the entire population plus or minus a certain individual-specific
amount, indicated by the random effect of individual i, γi.

Beyond that, we now want to investigate the (marginal) variance structure among the
five response values of each of the three studied individuals.
Under the assumption that

γi =

(
γio
γi1

)
∼ N2(0,

(
d21 d12
d12 d22

)

︸ ︷︷ ︸
D

) and ǫi =



ǫi1
...
ǫi5


 ∼ N5(0,Σi) with Σi = σ2I5 ,
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4. The distribution of the response

we may calculate the variance of the ith individual response at time t:
For i = 1, 2, 3 and t = 1, ..., 5:

Var(Yit) = Var(β0 + β1xit + γi0 + γi1xit + ǫit)

= Var(γi0) + 2xit Cov(γi0, γi1) + x2
it Var(γi1) + Var(ǫit)

= d21 + 2xitd12 + x2
itd

2
2 + σ2 .

We used here that (β0 + β1xit) is not random and that γi is independent of ǫi.

Furthermore, let us consider the covariance coeficient between the tth and kth response
measurement of individual i:
For i = 1, 2, 3 and t, k = 1, ..., 5 with t 6= k:

Cov(Yit, Yik) = Cov(β0 + β1xit + γi0 + γi1xit + ǫit, β0 + β1xik + γi0 + γi1xik + ǫik)

= d21 + xikd12 + xitd12 + xitxikd
2
2 .

We can see here clearly a dependence structure in the repeated response measurements
of an individual i, induced by D. This means, the y-observations within an individual
are not independent which explains, why including individual-specific effects allows us to
model the occuring correlation among longitudinal data. Note here the difference from
standard linear models, where we assume the response variables to be independent.

In addition, for i, j = 1, 2, 3 and t, k = 1, ..., 5 with i 6= j:

Cov(yit, yjk) = Cov(β0 + β1xit + γi0 + γi1xit + ǫit, β0 + β1xjk + γj0 + γj1xjk + ǫjk) = 0 ,

because random effects of different individuals are assumed to be independent, as well
as the residuals of different individuals. Moreover we made the assumption of γ and
ǫ to be independent. This shows, that the response vectors of different individuals are
independent.
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5. Estimation of the linear mixed
model parameters

After introducing the general model formulation of a linear mixed model and considering
the conditional and marginal distribution of the response variable Y in the previous
chapter, we now want to deduce appropriate estimates for the unknown model parameters.
The classical approaches for that purpose shall be presented in detail in the following
sections.

In the first part of this chapter (Sections 5.1, 5.2 and 5.3) we concentrate on estimating
the fixed and random effects of the model under the assumption that all variance and
covariance parameters, the so-called variance components of the model, are given. That
is we suppose the covariance matrices of the random effect γ and the residual vector ǫ,
G and R respectively, to be known. Although this situation usually does not occur in
practice, it is interesting and helpful to consider because it provides closed-form results for
the estimates of β and γ which we may use to determine estimates also in the standard
case of unknown variance components.
In the second part (Section 5.4), we drop this assumption and consider on the one hand
how to achieve appropriate estimates for the model’s variance components. On the other
hand we aim to derive again estimates for the model effects under the lack of knowledge
of the variance components.

5.1. Estimation of the fixed effects

We start our inferences by estimating the vector of fixed effects β when the model’s
variance components are known.
For this purpose we may refer to the marginal distribution of Y given in (4.2) which
turned out to be a n-dimensional multivariate normal distribution with mean vector Xβ

and covariance matrix V . Since V = ZGZT +R is a term of both covariance matrices G
and R, which we assume here to be given, we consequently know also the exact form of
V .

f(y,β) = (2π)−
n
2 |V |−

1

2 exp

{
−1

2
(y −Xβ)T V −1 (y −Xβ)

}
(5.1)

is the corresponding multivariate normal density function.

The common way to obtain an appropriate estimate for β is applying maximum likelihood
(ML) or generalized least squares (GLS) estimation. We will introduce both methods in
this section.
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5.1.1. Maximum likelihood estimation

We assume here the reader to be familiar with the theory of maximum likelihood esti-
mation and describe therefore this method in a short and summarizing manner. To get
a detailed introduction to the ML concept the reader may consult Bickel and Doksum
(2001, p. 114-121).

For the observed response variables y, the value of f(y,β) depends only on the unknown
fixed effect β, a vector of the underlying parameter space B = Rp. The basic principle
of the ML theory is choosing this value as estimate for the unknown model parameter β
which makes the observed data y most likely. For that purpose we consider the marginal
density function (5.1) as function of the unknown β while regarding the observed response
data y as fixed values. This function is called the likelihood and we denote it by L(β):

L(β) = f(y,β)

= (2π)−
n
2 |V |−

1

2 exp

{
−1

2
(y −Xβ)T V −1 (y −Xβ)

}
.

(5.2)

The concept of the maximum likelihood method is to try to maximize this function with
respect to β, i.e. we seek β̂ML which satisfies L(β̂ML) = maxβ∈B L(β). In general, the

ML estimate of β is defined as the value β̂ML ∈ B such that

L(β̂ML) = sup
β∈B

L(β)

If the existence of β̂ML is guaranteed (which will be shown in the following theorem),
then

β̂ML := argmax
β∈B

L(β)

and we estimate β by β̂ML.

For reasons of technical facilitation, however, we consider the log-likelihood, the logarithm
of the likelihood and deduce the ML estimate for β by maximizing this function. Since
the logarithm is strictly monotone increasing, the maximum won’t be affected in doing
so.

l(β) = ln(f(y,β))

= −n

2
ln(2π) − 1

2
ln(|V |) − 1

2
(y −Xβ)TV −1(y −Xβ)

(5.3)

In case of existence,

β̂ML := argmax
β∈B

l(β) .

Theorem 5.1.1

The maximum likelihood estimate (MLE) of the fixed effect β in a linear mixed
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model with log-likelihood (5.3) is

β̂ML = (XTV −1X)−1XTV −1y

=

(
m∑

i=1

XT
i V

−1
i Xi

)−1 m∑

i=1

XT
i V

−1
i yi .

Proof : Note that only the last summand of l(β) depends on β and due to the negative sign
the maximiziation problem is equivalent to minimizing a quadratic form:

max
w.r.t. β

l(β) ⇐⇒ min
w.r.t. β

(y −Xβ)TV −1(y −Xβ)

⇐⇒ min
w.r.t. β

(yTV −1y − 2 yTV −1Xβ + βTXTV −1Xβ) .
(5.4)

This function is convex, since V −1 is positive definite and has therefore a unique global
minimum. Differentiating provides

−2XTV −1y + 2XTV −1Xβ
!
= 0 ⇔ β = (XTV −1X)−1XTV −1y .

Basic properties of derivation with respect to a vector are listed in A.1.3. The second
derivative of the function (5.4) w.r.t. β, i.e. the negative score − ∂2

∂β∂βT l(β), is 2XTV −1X.

According to Lemma A.3.1, this matrix is positive definite. Hence β̂ML minimizes (5.4)
and is therefore the unique maximizer of l(β).

Note that

XTV −1X = (XT
1 , ..., X

T
m)



V −1
1 · · · 0
...

. . .
...

0 · · · V −1
m







X1
...

Xm




=
m∑

i=1

XT
i V

−1
i Xi

and

XTV −1y = (XT
1 , ..., X

T
m)



V −1
1 · · · 0
...

. . .
...

0 · · · V −1
m







y1
...

ym




=
m∑

i=1

XT
i V

−1
i yi ,

which shows the second statement.
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5. Estimation of the linear mixed model parameters

5.1.2. Generalized least squares estimation

A further standard approach to derive an appropriate estimate for β is applying the
method of generalized least squares to the marginal model. Remember that we may
denote the marginal model (4.2) in form of a standard linear model under the constraint
that the assumption of homogeneous and uncorrelated error variance may be violated, i.e.
the covariance structure of the error terms is given by the general covariance matrix V :

Y = Xβ + ǫ∗, ǫ∗ = Zγ + ǫ and ǫ∗ ∼ Nn(0, V ) . (5.5)

Since V is symmetric there exists a decomposition V = V
1

2 (V
1

2 )T . This representation can
be achieved for example by spectral decomposition, i.e. matrix diagonalization in the form
V = ADAT where D is real and diagonal and A is an orthogonal matrix. Then one may
define V

1

2 := AD
1

2 . Since V is in addition positive definite, the Cholesky decomposition
is an alternative for deriving V

1

2 .
Transforming (5.5) by multiplying V − 1

2 provides a model in form of a standard linear
model with homoscedastic and uncorrelated residual values:

V − 1

2Y︸ ︷︷ ︸
Ỹ

= V − 1

2X︸ ︷︷ ︸
X̃

β + V − 1

2ǫ∗︸ ︷︷ ︸
ǫ̃

with ǫ̃ ∼ Nn(0, V
− 1

2V (V − 1

2 )T︸ ︷︷ ︸
In

) .

From the theory of standard linear models we know, that the corresponding ordinary least
squares estimator turns out to be

β̂LS = (X̃T X̃)−1X̃T ỹ

= ((V − 1

2X)TV − 1

2X)−1(V − 1

2X)TV − 1

2y .

Thus, the generalized least squares estimator of β is

β̂LS = (XTV −1X)−1XTV −1y .

Hence, β̂LS is the maximum likelihood estimator β̂ML of Theorem 5.1.1.
From (5.4) we obtain that β̂LS minimizes the so-called weighted residual sum of squares

(y −Xβ)TV −1(y −Xβ) .

Referring to Myers (1986, Section 7.1), it turns out that this estimator has better prop-
erties than the ordinary least squares estimator for the marginal model (5.5), which is
obtained by minimizing the corresponding residual sum of squares, i.e.

min
w.r.t.β

(y −Xβ)T (y −Xβ) .

Therefore, in case of heterogeneous variance, always the generalized least squares estima-
tor, i.e. the ordinary least squares estimator for the transformed model, is preferred.
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5. Estimation of the linear mixed model parameters

5.1.3. Properties of the estimate

Since β̂ML and β̂LS turned out to be equal we omit the subindex and denote by

β̂ := (XTV −1X)−1XTV −1y (5.6)

the estimate for β obtained by maximum likelihood or generalized least squares estima-
tion.

It is straightforward to derive that β̂ is unbiased:

E[β̂] = (XTV −1X)−1XTV −1 E[Y ]

= (XTV −1X)−1XTV −1Xβ

= β .

The variance of β̂ may be calculated also fairly easy:

Var(β̂) = (XTV −1X)−1XTV −1 Var(Y )V −1X(XTV −1X)−1

= (XTV −1X)−1XTV −1V V −1X(XTV −1X)−1

= (XTV −1X)−1 .

Furthermore, β̂ is the best linear unbiased estimator (BLUE) of β. This was shown by
Aitken (1934) who extended the Gauß-Markov theorem for the generalized least squares
estimator. That is, under all linear, unbiased estimators β̂ has minimal variance.

5.2. Estimation of the random effects - The best

predictor

The fixed effect β is an unknown but constant parameter vector, the random effect γ,
however, is assumed to be a random vector underlying a certain distribution. Therefore
we can’t apply exactly the same estimation methods for γ as for the fixed effects β. The
particular individuals in the data set are required to be randomly chosen from the overall
underlying population, so we speek about prediction of their individual influence on the
response variable rather than estimation.

Unlike estimating β, we have to consider for the prediction procedure of γ the hierarchical
model (4.1),

Y | γ ∼ Nn(Xβ + Zγ, R) with γ ∼ Nmq(0, G) ,

since the marginal distribution of Y does not imply any information about the random
effects.

The standard approach to derive a best predictor for γ is presented in this section. The
term best estimate of a single model parameter is commonly known as this estimate which
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5. Estimation of the linear mixed model parameters

has minimal variance or minimal mean squared error (MSE). Best prediction refers to the
mean squared prediction error (MSPE). Thus, for γi ∈ R be a component of the vector
of random effects γ, the best predictor for γi minimizes

MSPE(γ̂i) = E[(γ̂i − γi)
2]

with respect to γ̂i, a measureable function of the response Y . Definitions of the MSE and
the MSPE are given in A.2.2. Referring to McCulloch and Searle (2001, Chapter 9), the
best predictor in the multivariate case is defined as follows:

Definition 5.2.1

Let y be an observed data vector of a statistical model with a random model parame-
ter vector ϑ = (ϑ1, ..., ϑq)

T . Then the best predictor (BP) ϑ̂ of ϑ is the measurable
function of Y satisfying

ϑ̂ := argmin
ϑ̃ measurable function of Y

E[(ϑ̃− ϑ)TA(ϑ̃− ϑ)] , (5.7)

where A denotes any symmetric and positive definite matrix.

Note that for ϑ being a single value (q=1) and A = 1, (5.7) is the MSPE.

Theorem 5.2.1 McCulloch and Searle (2001, Chapter 9)

Let y be an observed data vector of a statistical model with a random model pa-
rameter vector ϑ = (ϑ1, ..., ϑq)

T . Then the best predictor does not depend on the
symmetric and positive definite matrix A and is given by

ϑ̂ = E[ϑ|Y ] .

Proof : Let ϑ̂ be some measurable function of Y , then

E[(ϑ̂−ϑ)TA(ϑ̂−ϑ)] = E[ (ϑ̂−E[ϑ|Y ]+E[ϑ|Y ]−ϑ)T A (ϑ̂−E[ϑ|Y ]+E[ϑ|Y ]−ϑ) ]

= E[ (ϑ̂− E[ϑ|Y ])T A (ϑ̂− E[ϑ|Y ]) ] + 2 E[ (ϑ̂− E[ϑ|Y ])T A (E[ϑ|Y ]− ϑ) ]

+ E[ (E[ϑ|Y ]− ϑ)T A (E[ϑ|Y ]− ϑ) ] .

The last summand is independent of ϑ̂ and the second summand turns out to be zero:

E[ (ϑ̂− E[ϑ|Y ])T A (E[ϑ|Y ]− ϑ) ]

= E[ E[ (ϑ̂− E[ϑ|Y ])T A (E[ϑ|Y ]− ϑ) |Y ] ]

= E[ (ϑ̂− E[ϑ|Y ])T A E[ E[ϑ|Y ]− ϑ |Y ] ] , since (ϑ̂− E[ϑ|Y ])TA is measurable w.r.t. Y

= E[ (ϑ̂− E[ϑ|Y ])T A (E[ϑ|Y ]− E[ϑ|Y ]︸ ︷︷ ︸
=0

)]

= 0 .

22



5. Estimation of the linear mixed model parameters

A was assumed to be positive definite, thus (ϑ̂− E[ϑ|Y ])TA(ϑ̂− E[ϑ|Y ]) ≥ 0 and = 0 ⇔
ϑ̂− E[ϑ|Y ] = 0. This proves that the conditional mean E[ϑ|Y ] of ϑ is the best predictor
for ϑ, independent of the choice of A.

From this result follows that for deriving the BP of γ we need to calculate its conditional
mean given the observed data vector.

Corollary 5.2.1 McCulloch and Searle (2001, Chapter 9)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3. Then

γ̂BP = GZTV −1(Y −Xβ) (5.8)

is the best predictor for the vector of random effects γ.

Proof : The BP was given in Theorem 5.2.1 to be E[γ|Y ]. Hence, we have to derive the
conditional distribution of γ|Y . Consider the covariance of Y and γ

Cov(Y ,γ) = Cov(Xβ + Zγ + ǫ,γ) = Z Cov(γ,γ) + Cov(ǫ,γ)︸ ︷︷ ︸
=0

= ZG (5.9)

and remember that Y ∼ Nn(Xβ, V ) and γ ∼ Nmq(0, G). The joint distribution of Y and
γ is also normal Fahrmeir et al. (2007):

(
Y

γ

)
∼ Nn+mq

((
Xβ

0

)
,

(
V ZG

GZT G

))
. (5.10)

Using A.2.1 shows

γ | Y ∼ Nmq( GZTV −1(Y −Xβ) , G−GZTV −1ZG ) , (5.11)

which implies γ̂BP = E[γ|Y ] = GZTV −1(Y −Xβ) .

Note that γ̂BP may also be derived using Bayesian techniques. Since γ is a random
variable, we may consider its distribution, γ ∼ Nmq(0, G), as prior distribution which
does not depend on the data. We denote the corresponding density by π(γ), the prior
density. Let f(y,γ) denote the density of (5.10). By using the observed data we then
may deduce the posterior density of γ as

π(γ|Y ) =
f(y,γ)π(γ)∫
f(y,γ)π(γ)dγ

.

From (5.11) we know that this is the density of a multivariate normal distribution with
mean vector GZTV −1(Y −Xβ) and covariance matrix G−GZTV −1ZG. Using the mean
of the posterior distribution to predict γ is a commonly used method in the Bayesian
framework. It yields exactly the best predictor derived in the previous theorem. For
further reading we refer to Verbeke and Molenberghs (2009, Section 7.2) and Fahrmeir
et al. (2007, Section 6.5).

23



5. Estimation of the linear mixed model parameters

Remark 5.2.1 Searle et al. (1992, Section 7.3.)

Without the assumption of normality, (5.8) may be derived as best linear predictor
(BLP) for γ. That is, among all linear functions of Y , a+BY with arbitrary a and
B, γ̂BLP := GZTV −1(Y −Xβ) minimizes (5.7).

Properties

Considering distributional properties of γ̂BP one first may notice that it is unbiased:

E[γ̂BP − γ] = GZTV −1 E[Y −Xβ]

= GZTV −1(Xβ −Xβ)

= 0 .

Remember, since γ is random, unbiasedness of γ̂BP refers to E[γ̂BP − γ] = 0. Asking for
E[γ̂BP ] = γ is not meaningful (see A.2.2).
Furthermore,

Var(γ̂BP ) = Var(GZTV −1Y −GZTV −1Xβ)

= GZTV −1V V −1ZG

= GZTV −1ZG .

The main drawback of the best predictor of γ is that γ̂BP depends on β. This parameter
vector, however, is as γ not known and has to be estimated. We therefore can’t use γ̂BP

as predictor for γ in practice and have to search for a predictor which is independent of β.
It turns out that the intuitive solution of this problem replacing β in γ̂BP by β̂ provides
an appropriate predictor (see Subsection 5.3.1).

5.3. Simultaneous estimation of the fixed and random

effects

After deriving estimates for each of the fixed and random effect separately, we consider
in this section methods where estimates for both effects are derived simultaneously. One
technique for that purpose is the derivation of the best linear unbiased predictor of a
linear function of β and γ (Subsection 5.3.1). This way provides a predictor for γ not
depending on β which makes it practically applicable (in contrast to the BP derived in
the previous section). Another self-evident approach is the maximization of the joint
log-likelihood of y and γ with respect to β and γ (Subsection 5.3.2). It will turn out
that using that method one gets the estimates by solving a linear equation system which
(often) has computationally preferable properties.
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5. Estimation of the linear mixed model parameters

5.3.1. The best linear unbiased predictor for a linear function of the
fixed and random effects

To find an appropriate estimate of a linear function CTβ + γ of β and γ poses initially
the question whether we estimate or predict this function. As mentioned already in
the beginning of Section 5.2, the term estimation related to random vectors is not very
meaningful. Referring to Searle et al. (1992), we agree to use predict a function of both,
fixed and random effects, rather than estimate it.

Definition 5.3.1

Let y be an observed data vector of a statistical model with a random model param-
eter vector ϑ = (ϑ1, ..., ϑq)

T . Then the best linear unbiased predictor (BLUP)

ϑ̂ of ϑ

• is a linear function of Y , i.e. ϑ̂ = a + BY with some vector a and arbitrary
matrix B,

• is unbiased, i.e. E[ϑ̂− ϑ] = 0 and

• minimizes (5.7) .

Theorem 5.3.1 Henderson (1963)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3. Let

c = CTβ + γ

be any linear function of β ∈ Rp and γ ∈ Rq where the known matrix CT has a
decomposition CT = MX for some M . Let β̂ denote the estimate of β given in (5.6).
Then

ĉ = CT β̂ + GZTV −1(Y −Xβ̂)

is the best linear unbiased predictor of c.

This result was first shown by Henderson (1963). In Theorem 5.3.1 his result is presented
as formulated in Searle et al. (1992, pp. 269) and we prove it in detail also referring to
the latter reference. Harville (1976) gave an extension of the Gauß-Markov theorem and
proved it there in a very general way. In Searle et al. (1992, pp. 269-275) one may find,
beyond the one given here, several different approaches to verify the statement.

Proof : Let ĉ be a linear function of Y , ĉ = a+ BY with a and B such that ĉ is unbiased
and has minimal MSPE among all linear and unbiased predictors. Unbiasedness postulates

E[ĉ− c]
!
= 0 ⇒ a+BXβ − CTβ

!
= 0 for all β and a.
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5. Estimation of the linear mixed model parameters

Since B is assumed to be independent of β,

a = 0 and BX = CT .

Hence, ĉ = BY with BX = CT such that ĉ has minimal MSPE. Note that we made
explicitely the assumption that CT can be represented in that way. Thus we have to
minimize the following with respect to B where A denotes a positive definite and symmetric
matrix (see 5.7):

E[(ĉ− c)TA(ĉ− c)]

= E[(BY − CTβ − γ)TA(BY − CTβ − γ)]

(A.1)
= tr(A Var(BY − CTβ − γ)) + E[BY − CTβ − γ]T︸ ︷︷ ︸

=0

AE[BY − CTβ − γ]︸ ︷︷ ︸
=0

= tr(A (Var(BY ) + Var(γ)− Cov(BY ,γ)− Cov(γ, BY )))

(5.9)
= tr(A (BV BT +G−BZG−GZTBT ))

= tr(A(BV BT −BZG−GZTBT )) + tr(AG) ,

where the last summand is a constant independent of B.
By defining the matrices T := X(XTV −1X)−1XTV −1 and Q := (I − T ), we express B as

B = BT +B −BT = BT + (I − T )B = BT +BQ

where BT = CT (XTV −1X)−1XTV −1 since BX = CT . (5.12)

For clear arrangement, basic properties of T and Q are summarized in A.1.4. Referring to
this Subsection, it can be easily verified that

TV QT = 0 and QV = QV QT = V QT . (5.13)

Hence, we get that

BV BT −BZG−GZTBT

= (BT +BQ)V (BT +BQ)T − (BT +BQ)ZG−GZT (BT +BQ)T

(5.13)
= BTV T TBT +BQV QTBT + 2B TV QT

︸ ︷︷ ︸
=0

BT −BTZG−BQZG−GZTT TBT −GZTQTBT

= BTV T TBT +BQV QTBT −BTZG−BQV V −1ZG−GZTT TBT −GZTV −1V QTBT

(5.13)
= BTV T TBT +BQV QTBT −BTZG−BQV QTV −1ZG−GZTT TBT −GZTV −1QV QTBT

= (BQ−GZTV −1Q)V (BQ−GZTV −1Q)T

−GZTV −1QV QTV −1ZG+BTV T TBT −BTZG−GZTT TBT .

BT was shown in (5.12) to be independent of B, the minimization problem remains therefore
in

min
w.r.t. B

tr( A (BQ−GZTV −1Q)V (BQ−GZTV −1Q)T ) .

A is positive definite and the quadratic form is positive semidefinite, therefore this function
is greater or equal to zero (see A.1.2) and obtains its minimum if and only if the quadratic
form is equal to zero, i.e.

⇔ BQ = GZTV −1Q = GZTV −1(I −X(XTV −1X)−1XTV −1) =: GZTP . (5.14)
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5. Estimation of the linear mixed model parameters

Note that this result does not depend on A. Substituting in (5.12) yields

B = CT (XTV −1X)−1XTV −1 +GZTP .

Using (5.6) we get PY = V −1(Y −Xβ̂) and the BLUP of c:

ĉ = BY = CT β̂ +GZTV −1(Y −Xβ̂) .

Basic properties of the defined auxiliary matrix P are also summarized in A.1.4.

Note that this result is not based on the assumption of normality.

The derived ĉ can be split up into two parts: the first part, CT β̂ is the BLUE of CTβ

(see Searle et al. (1992)). The second part, GZTV −1(Y −Xβ̂) is the best predictor γ̂BP

of γ with β replaced by its estimate β̂. This provides the commonly used predictor for γ
which we define as

γ̂ := GZTV −1(y −Xβ̂) . (5.15)

It’s advantage over γ̂BP is, like already has been mentioned, that it does not involve
the unknown vector of fixed effects and is therefore computable. Remember that we
assume here the variance components describing G and V to be known. γ̂ is often stated
as the BLUP of γ. This might be confusing, since γ̂BP is linear and unbiased as well.
Correctly spoken, γ̂ has minimal MSPE among all unbiased predictors for γ which are
linear functions of Y and do not depend on β.

Properties

First we note that γ̂ is unbiased since β̂ was shown to be unbiased (see Subsection 5.1.3):

E[γ̂ − γ] = GZTV −1 E[Y −Xβ̂]

= GZTV −1(Xβ −Xβ)

= 0 .

Using the auxiliary matrix P defined in (5.14) and referring to A.1.4 we may formulate
γ̂ briefly as γ̂ = GZTPY . Thus, for the variance of γ̂ one gets

Var(γ̂) = GZT PV P︸ ︷︷ ︸
P

ZG (see A.1.4)

= GZT (V −1 − V −1X(XTV −1X)−1XTV −1)ZG

= Var(γ̂BP ) − GZTV −1X(XTV −1X)−1XTV −1ZG .

5.3.2. Henderson’s mixed model equations

The approach of deriving the joint maximum likelihood estimates of β and γ was first
suggested by Henderson (1950). The joint distribution of Y and γ can be derived by
applying Bayes’ theorem:

f(y,β,γ) = f(y|γ) f(γ) .
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Referring to the hierarchical model (4.1) and inserting the corresponding mulitivariate
densities yields:

f(y,β,γ) = (2π)−
n
2 |R|−

1

2 exp

{
−1

2
(y −Xβ − Zγ)TR−1(y −Xβ − Zγ)

}

· (2π)−mq

2 |G|−
1

2 exp

{
−1

2
γTG−1γ

}
.

This is the density of a multivariate normal distribution with mean vector (Xβ,0)T and
covariance matrix

(
V ZG

GZT G

)
, as we saw in (5.10). Hence the joint log-likelihood satisfies

l(β,γ) ∝ −1

2
(y −Xβ − Zγ)TR−1(y −Xβ − Zγ)− 1

2
γTG−1γ .

It can be easily seen that maximizing l(y,β,γ) is equivalent to the mimimization of the
following expression:

max
w.r.t. β∈Rp, γ∈Rmq

l(β,γ) ⇐⇒ min
w.r.t. β∈Rp, γ∈Rmq

q(β,γ)

with

q(β,γ) = (y −Xβ − Zγ)TR−1(y −Xβ − Zγ) + γTG−1γ

= yTR−1y − 2 yTR−1Xβ − 2 yTR−1Zγ + βTXTR−1Xβ + 2 βTXTR−1Zγ

+ γTZTR−1Zγ + γTG−1γ

Taking derivatives (see A.1.3) with respect to β and γ and equating to zero yields:

∂ q(β,γ)

∂β
= −2 XTR−1y + 2 XTR−1Xβ + 2 XTR−1Zγ

!
= 0 (5.16)

∂ q(β,γ)

∂γ
= −2 ZTR−1y + 2 ZTR−1Xβ + 2 ZTR−1Zγ + 2 G−1γ

!
= 0 (5.17)

Combining these equations in a joint matrix notation provides the so-called mixed model
equations which were setted up by Henderson (1950). The joint ML estimates β̃ and γ̃

consequently will solve the linear equation system

(
XTR−1X XTR−1Z
ZTR−1X ZTR−1Z +G−1

)(
β̃

γ̃

)
=

(
XTR−1y

ZTR−1y

)
(5.18)

as necessary criterion to be maximizers of the likelihood.

Theorem 5.3.2 Henderson et al. (1959), Henderson (1963)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3. Then β̂ =
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(XTV −1X)−1y and γ̂ = GZTV −1(y − Xβ̂) are the unique solutions of the mixed
model equations (5.18).

Proof : Defining K := (ZTR−1Z +G−1)−1ZTR−1 we see from (5.17) that

γ̃ = K(y −Xβ̃) . (5.19)

Substituting this into 5.16 we get

XTR−1Xβ̃ −XTR−1ZKXβ̃ = XTR−1y −XTR−1ZKy

⇔ XT (R−1 −R−1ZK)Xβ̃ = XT (R−1 −R−1ZK)y

⇔ XTWXβ̃ = XTWy with W = R−1 −R−1ZK .

Hence, to proof that β̃ = β̂ we have to show that W = V −1, therefore we calculate

VW = (ZGZT +R)(R−1 −R−1ZK)

= I + ZGZTR−1 − ZK − ZGZTR−1ZK

= I + ZGZTR−1 − Z(I +GZTR−1Z)K

= I + ZGZTR−1 − ZG(G−1 + ZTR−1Z)(ZTR−1Z +G−1)−1ZTR−1

= I .

This shows the first part of the theorem.

Furthermore, it follows from (5.19):

γ̃ = K(y −Xβ̃)

= KV V −1(y −Xβ̃)

= (ZTR−1Z +G−1)−1ZTR−1(ZGZT +R)V −1(y −Xβ̃)

= (ZTR−1Z +G−1)−1(ZTR−1ZGZT + ZT )V −1(y −Xβ̃)

= (ZTR−1Z +G−1)−1(ZTR−1Z +G−1)GZTV −1(y −Xβ̃)

= GZTV −1(y −Xβ̃) .

Since β̃ = β̂ this shows that γ̃ = γ̂.

Hence, solving the mixed model equations (5.18) provides the estimate of β (5.6) and
the predictor of γ (5.15) which were derived in the previous sections separately. One big
advantage of this procedure is that there is no need of inverting the (n×n) matrix V which
is necessary in the direct calculation of β̂ and γ̂ as (XTV −1X)−1y and GZTV −1(y−Xβ̂),
respectively. In solving the mixed model equations we do only require the inversion of
R and G, which is usually computationally less intensive since these covariance matrices
often have diagonal form (see McCulloch and Searle (2001)).

One drawback, however, underlies all estimation approaches considered so far: we assumed
that we know the exact form of the covariance matrices R, G and V but this is usually
not the case. Therefore it remains the derivation of appropriate estimates for the variance
components that we may use in the obtained formulas for β̂ and γ̂.
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5.4. Estimation of the variance components

Let us now concentrate on the standard case of unknown variance components. That
means, that we have in addition to β and γ further unknown model parameters, namely
the variance and covariance parameters of the model given by the covariance matrices D
and Σi, i = 1, ...,m.

The variance components vector

The convenient and commonly used way to represent these variables in a clear manner is
to introduce a vector θ which is meant to consist of all unknown variance components.
This vector is called the variance components vector of the model.
Hence, using that D ∈ Rq×q is symmetric and in case that Σi ∈ Rni×ni , i = 1, ...,m,
are any positive definite and symmetric covariance matrices, θ consists of the q(q + 1)/2
elements of D and the

∑m

i=1 ni(ni + 1)/2 elements of the individual residual covariance
matrices. As mentioned in the following of Postulate 3, Σi, i = 1, ...,m, commonly depend
on i only through their dimension ni, their respective elements, however, are independent
of i. This is why the dimension of θ usually is smaller than q(q+1)/2+

∑m

i=1 ni(ni+1)/2.

Assuming the conditional independence structure for the residual covariance matrices,
Σi = σ2Ini

, i = 1, ...,m, θ can be written as

θ =



θ1
...
θr


 = (d21, d12, · · · , d1q, d22, · · · , d2q, · · · , d2q, σ2)T with r :=

q(q + 1)

2
+ 1

where θ ∈ (0,∞)× R× · · · × R× (0,∞)× · · · × R× · · · × (0,∞)× (0,∞)

such that D is positive definite.

To make the unknown covariance structure clear, we denote the individual covariance
matrices by D(θ) and Σi(θ), i = 1, ...,m. Remember that the overall covariance matrices
of the random effects vector γ and the residual vector ǫ, G and R respectively, are block
diagonal matrices with diagonal composed out of the individual covariance matrices (see
Postulate 5 of Chapter 3). In analogous manner we denote them therefore as G(θ) and
R(θ).
The covariance matrix of the marginal distribution of Y , V = ZGZT + R, is a term of
both covariance matrices G and R, θ consequently specifies also V and we denote V as
function of θ, V (θ).

The maximum likelihood approach

For estimating θ we present the standard approach of applying maximum likelihood meth-
ods, referring to the marginal model (4.2). To highlight the presence of additional un-
known model components compared to (5.1) we restate the marginal distribution and the
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corresponding density function as

Y ∼ Nn(Xβ, V (θ)) and

f(y,β,θ) = (2π)−
n
2 |V (θ)|−

1

2 exp

{
−1

2
(y −Xβ)T V (θ)−1 (y −Xβ)

}
. (5.20)

This yields the likelihood

L(β,θ) = f(y,β,θ)

= (2π)−
n
2 |V (θ)|−

1

2 exp

{
−1

2
(y −Xβ)T V (θ)−1 (y −Xβ)

}
.

(5.21)

Let B and Θ denote the parameter spaces for the fixed effects β and the variance com-
ponents vector θ, respectively. Then

B = Rp and Θ = {θ | D(θ) and Σi(θ) (i = 1, ...,m) are symmetric and positive definite } .
If (

β̂ML

θ̂ML

)
= argmax

(

β
θ

)

∈ B×Θ

L(β,θ) ,

then β̂ML and θ̂ML are the joint maximum likelihood estimates for the model parameters
β and θ. Hence we have to find β̂ML ∈ B and θ̂ML ∈ Θ which satisfy

L(β̂ML, θ̂ML) = sup
(

β
θ

)

∈ B×Θ

L(β,θ) .

As mentioned in the beginning of the first section of this chapter, one usually considers
the log-likelihood:

l(β,θ) = ln(f(y,β,θ))

= −n

2
ln(2π) − 1

2
ln(|V (θ)|) − 1

2
(y −Xβ)TV (θ)−1(y −Xβ) .

(5.22)

ML estimation for θ will turn out to be very complex. The existence of θ̂ML cannot be
guaranteed for all situations meaning that the (log-)likelihood may be unbounded with
respect to θ. If L(β,θ), however, assumes a maximum it is not possible to derive an
analytical closed-form expressions for θ̂ML and numerical techniques have to be applied.

5.4.1. The profile log-likelihood

From Theorem 5.1.1 we know that maximizing l(β,θ) with respect to β and fixed θ

provides a unique, closed-form solution for every θ, which we denote now as function of
θ:

β̂(θ) = argmax
β∈B

l(β,θ)

= (XTV (θ)−1X)−1XTV (θ)−1y .
(5.23)

31



5. Estimation of the linear mixed model parameters

Therefore, instead of maximizing the log-likelihood simultaneously for β and θ, we may
replace β in l(β,θ) by β̂(θ) and maximize the so obtained function l(β̂(θ),θ) with respect
to θ. This function we call the profile log-likelihood, since β was profiled out:

lP (θ) := l(β̂(θ),θ)

= −n

2
ln(2π) − 1

2
ln(|V (θ)|) − 1

2
(y −Xβ̂(θ))TV (θ)−1(y −Xβ̂(θ)) .

(5.24)

Then, θ̂ML is the maximum likelihood estimate of θ, if

θ̂ML = argmax
θ∈Θ

lP (θ) .

The MLE for β is obtained from there by inserting θ̂ML in (5.23). Then, β̂(θ̂ML) is
commonly called the empirical maximum likelihood estimate (see Subsection 5.4.5).

5.4.2. The restricted log-likelihood

Deriving an estimate for θ by the ML method introduced in the previous subsection
requires the estimation of β first. This, however, causes a loss of degrees of freedom
which we don’t incorporate when maximizing the profile log-likelihood. Due to Patterson
and Thompson (1971) ML estimates for θ are therefore in general biased downwards. For
this reason, the so-called restricted or residual maximum likelihood (REML) estimation
is mostly preferred to estimate the variance components, because it provides less biased
estimates. This method was introduced by Patterson and Thompson (1971), a general
description was presented by Harville (1977).

The basic idea of the REML method is profiling out β from the likelihood by transforming
the response variable Y , so that the distribution of the transformed variable does not
depend on the fixed effects any longer. REML estimates are then provided by maximizing
the log-likelihood function of the transformed variable. This procedure allows us to take
into account the degrees of freedom for the fixed effects in the model where the ML method
introduced above fails.

Let A ∈ Rn×(n−p) be any matrix whose columns are linearly independent and orthogonal
to the columns of X, i.e. rank(A) = n − p and ATX = 0. We consider the linear
transformation ATY of the response, the so-called error contrasts. Its distribution is
given by a (n-p)-dimensional normal distribution with mean vector zero, not containing
the vector of fixed effects β anymore:

ATY ∼ Nn−p(A
TXβ︸ ︷︷ ︸
= 0

, ATV (θ)A) .

For estimating the variance components we maximize the corresponding log-likelihood,

lREML(θ) = −n− p

2
ln(2π) − 1

2
ln(
∣∣ATV (θ)A

∣∣) − 1

2
yTA(ATV (θ)A)−1ATy , (5.25)
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the so-called restricted log-likelihood (since it is restricted to (n-p) error contrasts) with
respect to θ.

Theorem 5.4.1 Harville (1974), Harville (1977)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3. Let A ∈
Rn×(n−p) with rank(A) = n− p and ATX = 0.
Then the log-likelihood (5.25) of ATY ∼ Nn−p(0, A

TV (θ)A) is equal to

lREML(θ) = c − 1

2
ln
∣∣XTV (θ)−1X

∣∣ + lP (θ) , (5.26)

where c is denoting a constant independent of θ and lP the profile log-likelihood (5.24).

Proof : This result was fist shown by Harville (1974) and Harville (1977). We give a detailed
proof referring to LaMotte (2007)).

(1) Since the matrix (V (θ)−1X,A) is regular (Lemma A.3.2) we may consider the follow-
ing expression by using that ATX = 0:

(V (θ)−1X,A)−1V (θ)−1

(
XTV (θ)−1

AT

)−1

=

((
XTV (θ)−1

AT

)
V (θ)(V (θ)−1X,A)

)−1

=

(
XTV (θ)−1X 0

0 ATV (θ)A

)−1

=

(
(XTV (θ)−1X)−1 0

0 (ATV (θ)A)−1

)

⇒ V (θ)−1 = (V (θ)−1X,A)

(
(XTV (θ)−1X)−1 0

0 (ATV (θ)A)−1

)(
XTV (θ)−1

AT

)

= V (θ)−1X(XTV (θ)−1X)−1XTV (θ)−1 +A(ATV (θ)A)−1AT

⇒ A(ATV (θ)A)−1AT = V (θ)−1 − V (θ)−1X(XTV (θ)−1X)−1XTV (θ)−1 . (5.27)

Hence we may express the quadratic form in (5.25) in the following way:

yT A(ATV (θ)A)−1AT y

= yT (V (θ)−1 − V (θ)−1X(XTV (θ)−1X)−1XTV (θ)−1) y

=: yTP (θ)y

= (y −Xβ̂(θ))T V (θ)−1 (y −Xβ̂(θ)) (see A.1.4 (3))

(2) (X,A) ∈ Rn×n is square and regular, i.e. |(X,A)| 6= 0 (see Lemma A.3.2 for V = I).
Using properties of the determinant listed in the Appendix A.1.1, we get

∣∣(X,A)T
∣∣ |(X,A)| =

∣∣∣∣
(
XT

AT

)
(X,A)

∣∣∣∣ =
∣∣∣∣
(
XTX 0
0 ATA

)∣∣∣∣ =
∣∣ATA

∣∣ ∣∣XTX
∣∣
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∣∣ATA
∣∣ |V (θ)|

∣∣XTX
∣∣ =

∣∣(X,A)T
∣∣ |V (θ)| |(X,A)|

=

∣∣∣∣
(
XT

AT

)
V (θ)(X,A)

∣∣∣∣

=

∣∣∣∣
(
XTV (θ)X XTV (θ)A
ATV (θ)X ATV (θ)A

)∣∣∣∣
=

∣∣ATV (θ)A
∣∣ ∣∣XTV (θ)X −XTV (θ)A(ATV (θ)A)−1ATV (θ)X

∣∣
=

∣∣ATV (θ)A
∣∣ |XT (V (θ)− V (θ)A(ATV (θ)A)−1ATV (θ))︸ ︷︷ ︸

=X(XTV (θ)−1X)−1XT by (5.27)

X|

=
∣∣ATV (θ)A

∣∣ ∣∣XTX
∣∣2 ∣∣XTV (θ)−1X

∣∣−1

⇒
∣∣ATV (θ)A

∣∣ =
∣∣ATA

∣∣ ∣∣XTX
∣∣−1 ∣∣XTV (θ)−1X

∣∣ |V (θ)|

(3) Therefore, substituting the quadratic form and the determinant in (5.25) provides:

lREML(θ) = −n− p

2
ln(2π) − 1

2
ln(
∣∣ATV (θ)A

∣∣) − 1

2
yTA(ATV (θ)A)−1ATy

=
p

2
ln(2π)− 1

2
ln
∣∣ATA

∣∣+ 1

2
ln
∣∣XTX

∣∣
︸ ︷︷ ︸

=c

−1

2
ln
∣∣XTV (θ)−1X

∣∣

−1

2
ln |V (θ)| − n

2
ln(2π)− 1

2
(y −Xβ̂(θ))T V (θ)−1 (y −Xβ̂(θ))

︸ ︷︷ ︸
lP (θ)

which shows the theorem.

Hence, the maximum of the restricted log-likelihood with respect to the variance compo-
nents vector θ is independent of the choice of A and the estimates for θ may be obtained
by maximizing (5.26). Clearly, the constant c is negligible. Then, θ̂REML is the so-called
restricted maximum likelihood estimate of θ, if

θ̂REML = argmax
θ∈Θ

lREML(θ)

= argmax
θ∈Θ

(
− 1

2
ln
∣∣XTV (θ)−1X

∣∣ + lP (θ)

)
.

As already has been mentioned, this procedure yields less biased estimates than maximiz-
ing the profile log-likelihood (5.24).
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5.4.3. The marginal log-likelihood

Another method to eliminate β from the likelihood L(β,θ) so that it is defined only in
terms of θ is to integrate it with respect to β. In this way we get a function depending
only on θ, which we call the corresponding marginal likelihood, LMAR. The logarithm of
this marginal likelihood function is called the marginal log-likelihood

lMAR(θ) := ln(LMAR)(θ) = ln(

∫
L(β,θ)dβ) . (5.28)

Theorem 5.4.2 Fahrmeir et al. (2007, Subsection 6.3.2)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3. Let lP denote
the profile log-likelihood (5.24). Then the marginal log-likelihood (5.28) is given as

lMAR(θ) = c − 1

2
ln
∣∣XTV (θ)X

∣∣ + lP (θ) ,

where c is denoting a constant independent of θ.

Proof :∫
L(β,θ)dβ = (2π)−

n
2 |V (θ)|−

1

2

∫
exp

{
−1

2
(y −Xβ)T V (θ)−1 (y −Xβ)

}
dβ

For caluculating the integral we reformulate the quadratic form in the exponent such that we
get the density of a multivariate normal distribution in β. Defining K(θ) := XTV (θ)−1X
and µ(θ) := K(θ)−1XTV (θ)−1y , and using that µ(θ)TK(θ) = yTV (θ)−1X, we get

(y −Xβ)T V (θ)−1 (y −Xβ)

= yTV (θ)−1y − 2yTV (θ)−1Xβ + βTK(θ)β

= [ βTK(θ)β − 2µ(θ)TK(θ)β + µ(θ)TK(θ)µ(θ) ]− µ(θ)TK(θ)µ(θ) + yTV (θ)−1y

= (β − µ(θ))TK(θ)(β − µ(θ)) − µ(θ)TK(θ)µ(θ) + yTV (θ)−1y .

Replacing K(θ) and µ(θ) in the last term, using A.1.4, yields

− µ(θ)TK(θ)µ(θ) + yTV (θ)−1y

= yTV (θ)−1X(XTV (θ)−1X)−1XTV (θ)−1y + yTV (θ)−1y

= yTP (θ)y

= (y −Xβ̂(θ))T V (θ)−1 (y −Xβ̂(θ)) .

Hence, using that K(θ) is symmetric and positive definite (see A.3.1),
∫

L(β,θ)dβ = (2π)−
n
2 · |V (θ)|−

1

2 · exp

{
−1

2
(y −Xβ̂(θ))TV (θ)−1(y −Xβ̂(θ))

}

︸ ︷︷ ︸
L(β̂(θ),θ)

·
∫

exp

{
−1

2
(β − µ(θ))TK(θ)(β − µ)

}

︸ ︷︷ ︸
=(2π)

p
2 |K(θ)−1|

1

2

dβ
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⇒ lMAR(θ) = ln(LMAR(θ)) = lP (θ) +
p

2
ln(2π)− 1

2
ln
∣∣XTV (θ)−1X

∣∣ , (5.29)

which proves the proposition.

Note that lMAR and lREML differ only in a constant summand, the part depending on θ

is equal and given by

− 1

2
ln
∣∣XTV (θ)X

∣∣ + lP (θ) . (5.30)

Consequently, provided existence, lMAR and lREML have the same maximum. Hence, if
existence is guaranteed, the REML estimate of θ satisfies

θ̂REML = argmax
θ∈Θ

lMAR(θ) .

5.4.4. Computation of the estimates

To recapitulate, deriving an estimator for the variance components vector θ by applying
the maximum likelihood approach implies maximizing lP or (5.30) out of lREML and lMAR.
This provides, in case of existence, the ML estimate θ̂ML and the REML estimate θ̂REML,
respectively.

θ

θ̂ML

= argmax
θ∈Θ

lP (θ)

maximizing lP (θ) (5.24)

θ̂REML

= argmax
θ∈Θ

(
− 1

2
ln
∣∣XTV (θ)−1X

∣∣ + lP (θ)

)

maximizing lREML (5.26) or lMAR(5.29)

In order to concretely determine the respective estimate, one has to apply numerical
techniques. Analytical, closed-form expressions can in general not be derived. Maxi-
mization has to be performed within the parameter space Θ, i.e. we have a constrained
maximization problem which makes the estimation of θ computationally very complex
and intensive. Basically two different iterative computation schemes established for that
purpose, the EM-algorithm and the Newton-Raphson method.

Searle et al. (1992, Chapter 8) give a detailed presentation of these methods with its
adventages and difficulties. Laird and Ware (1982) formulated the EM algorithm as well
which was improved later with respect to convergence properties by Lindstrom and Bates
(1988). The latter ones developed also an more efficient Newton-Raphson algorithm.

5.4.5. Empirical estimates for the fixed and random effects

In analogous manner as β̂(θ) in (5.23), γ̂ can be considered as function of θ. Plugging in
θ̂ (θ̂ML or θ̂REML) in β̂(θ) and γ̂(θ) provides an empirical estimate for β,

β̂(θ̂) = (XTV (θ̂)−1X)−1XTV (θ̂)−1y (5.31)
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and, accordingly, an empirical predictor for γ,

γ̂(θ̂) = G(θ̂)ZTV (θ̂)−1(y −Xβ̂(θ̂)) . (5.32)

γ̂(θ̂) commonly is referred to as the empirical best linear unbiased predictor (EBLUP) of
γ. Note that using the ML or REML estimate of θ in β̂(θ̂) and γ̂(θ̂) will yield different
values.

The exact form of the variances of β̂(θ̂) and γ̂(θ̂) cannot be obtained analytically (see
Fahrmeir et al. (2007)). The derived variances of β̂ and γ̂ in Subsections 5.1.3 and 5.3.1
where the covariance matrices are replaced by their estimates V (θ̂) and G(θ̂) can only be
considered as rough approximations. That is, Var(β̂) and Var(γ̂) may be approximated,
respectively, by

V̂ar(β̂) = (XTV (θ̂)−1X)−1 and

V̂ar(γ̂) = G(θ̂)ZT (V (θ̂)−1 − V (θ̂)−1X(XTV (θ̂)−1X)−1XTV (θ̂)−1)ZG(θ̂) .

Due to Dempster et al. (1981), these estimates underestimate the true variances Var(β̂)
and Var(γ̂) since they do not take into account the variability of θ̂.

From now on, for simplicity, when there is no possibility of confusion, we denote (5.31)
and (5.32) by β̂ and γ̂, respectively. In analogous manner, D̂, Σ̂i, Ĝ, R̂ and V̂ are meant
to represent D(θ̂),Σi(θ̂), G(θ̂), R(θ̂) and V (θ̂), respectively.

37



6. Hypothesis tests in linear mixed
models

After fitting a linear mixed model to a given data set one usually is interested if the model
is correctly specified. This means basically to consider if additional or less model param-
eters should be included for modelling the response appropriately. Generally spoken we
want to check if some of the included model parameters underly a certain restriction. For
that purpose we introduce in this chapter the commonly used and convenient hypothesis
tests. However, until now, there are besides some special cases only asymptotic results
available. As has been briefly mentioned already in Chapter 1, theory of hypothesis tests
in linear mixed models is fairly complex and still in a developing process.

Testing whether covariates have a significant random effect on the response is not as
straightforward as testing fixed effects and has to be performed in an indirect manner:
Since we assume the random effect γ to be a random variable, we apply tests to the
components of its covariance matrix rather than to γ itself. In particular, to test the
need of a certain random effect in the model we have to consider in the null hypothesis
if its variance and the corresponding covariances are equal to zero. For verifying these
hypotheses, there is still relatively little known.

Hypothesis formulation and nested models

Usually we are interested in testing hypotheses concerning only a subset of the model pa-
rameters. One standard example is to investigate if certain incorporated fixed or random
effects are significant or if some of them might be eliminated from the model. Let ϑ denote
the model parameter (in our context β or θ) and Λ ⊂ Rr its corresponding parameter
space. Suppose that ϑ = (ϑ(1),ϑ(2))T with ϑ(1) = (ϑ1, ...ϑq)

T and ϑ(2) = (ϑq+1, ..., ϑr)
T ,

q ∈ {0, ..., r − 1}, and we are interested if ϑ(2) underlies a certain restriction. Thus we
formulate the null hypothesis as

H0 : ϑ
(2) = ϑ

(2)
0

with a certain specified vector (or value) ϑ
(2)
0 determining the condition to be tested.

However, if one wants to test a statement about the entire parameter vector ϑ, then we
set ϑ(2) = ϑ (q = 0) and ϑ(1) to be null.

This specification may be also interpretated as comparing two so-called nested models.
One model is said to be nested within another model, called the full or reference model,
if its parameter space is a subspace of that for the full model. Let us consider the nested
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model which is obtained by imposing the constraint ϑ(2) = ϑ
(2)
0 on the parameter ϑ of

the full model. Then
Λnested = { ϑ ∈ Λ | ϑ(2) = ϑ

(2)
0 } ⊂ Λ

is the parameter space of the nested model. Note that the values in ϑ(2) are not considered
as (unknown) model parameters in the nested model, because we know them to be ϑ

(2)
0 .

Hence the number of (free) model parameters in the nested model, which is commonly
called the dimension of the model, is q.

Consequently, we may perceive H0 : ϑ(2) = ϑ
(2)
0 as the hypothesis whether the nested

model is true,
H0 : ϑ ∈ Λ0 := Λnested ⊂ Λ .

We test this hypothesis against the alternative that the full model holds and is not of the
specific form restricted by the nested model,

H1 : ϑ ∈ Λ1 := Λ \ Λ0 .

6.1. Likelihood ratio tests

The likelihood ratio test is a standard test procedure in parametric statistical models. We
want to give here first an overview about the general concept before considering the case
of likelihood ratio tests about the model parameters in a linear mixed model.

Let y = (y1, ..., yn)
T be observed data of a statistical study assumed to be realizations of

independent and identical distributed random variables Y1, ..., Yn. Let these random vari-
ables follow a distribution which depends on a unknown model parameter ϑ = (ϑ1, ..., ϑr)

T

lying in a certain parameter space Λ ⊂ Rr. The corresponding likelihood function is de-
noted by L(ϑ), the corresponding log-likelihood by l(ϑ).
For testing the null hypothesis H0 : ϑ ∈ Λ0 ⊂ Λ against the alternative hypothesis
H1 : ϑ ∈ Λ1 = Λ \Λ0, one may consider the so-called likelihood ratio which compares the
values of the likelihood functions corresponding to the respective hypothesis:

Definition 6.1.1

For testing H0 : ϑ ∈ Λ0 ⊂ Λ against H1 : ϑ ∈ Λ1 = Λ \ Λ0,

L(y) :=
supϑ∈Λ0

L(ϑ)

supϑ∈Λ1
L(ϑ)

is called the likelihood ratio.

In case the underlying maximum likelihood estimates restricted to the null hypothesis,

ϑ̂
Λ0

ML, and the alternative, ϑ̂
Λ1

ML, do exist, L(y) obviously turns out to be

L(y) =
L(ϑ̂

Λ0

ML)

L(ϑ̂
Λ1

ML)
.

39



6. Hypothesis tests in linear mixed models

To determine a critical value at which the null hypothesis is rejected we need to know the
(at least asymptotic) distribution of L(y) which, however, might be hard to find out.

If the null hypothesis represents a ”special case” of the alternative, then results about
the asymptotic behavior of the likelihood ratio are available. This case implies comparing
nested models for which Wilks (1938) showed the following theorem. It is based upon the
well known result, that under certain regularity conditions, maximum likelihood estimates
are asymptotically normal distributed (Theorem A.2.1).

Theorem 6.1.1 Wilks (1938)

Let

ϑ =

(
ϑ(1)

ϑ(2)

)
∈ Λ ⊂ Rr, Λ open, ϑ(1) =



ϑ1
...
ϑq


 and ϑ(2) =



ϑq+1
...
ϑr




and the null hypothesis be given by H0 : ϑ(2) = ϑ
(2)
0 with a certain specified vector

ϑ
(2)
0 . Suppose that the regularity conditions (1)-(6) stated in Theorem A.2.1 for the

full model are satisfied and let (6) be satisfied for the nested model.

Let ϑ̂ML be the MLE of ϑ and ϑ̂
Λ0

ML be the MLE of ϑ under H0.

Then, under H0:

−2 lnL(y) = −2( l(ϑ̂
Λ0

ML)− l(ϑ̂ML) )
d−→ X 2

r−q . (6.1)

For the proof of this theorem we refer to Wilks (1938) and Bickel and Doksum (2001,
Theorem 6.3.2.).

Definition 6.1.2

Using the notations of Theorem 6.1.1,

LRT := −2 lnL(y)

is called the likelihood ratio test (LRT) statistic.

Hence, H0 may be rejected at level α if

LRT > X 2
r−q,1−α ,

given that the number of observations is large enough to assume the asymptotic distribu-
tion to be accurate.

Theorem 6.1, known as Wilk’s Theorem, provides asymptotic likelihood ratio tests for
the fixed effects and the covariance parameters in linear mixed models. These tests are
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presented in the Subsections 6.1.1 and 6.1.2.

6.1.1. Likelihood ratio test for the fixed effects

Applying Wilk’s Theorem to our context, we may derive an (asymptotic) likelihood ratio
test whether the vector of fixed effects, β = (β(1),β(2))T ∈ B = Rp, underlies a certain
restriction. In practice, this problem is of primarily interest. We may formulate the null
hypothesis as

H0 : β(2) = β
(2)
0 ,

or equivalently, H0 : β ∈ B0 = { β ∈ B | β(2) = β
(2)
0 } ⊂ B .

To find out for instance if certain explanatory variables have a significant influence on
the response Y or if some of them might be eliminated from the model, we test if their
corresponding fixed effect in β is equal to zero (set β

(2)
0 = 0). As explained in the

introductory part of this chapter, we may interpret this test as comparing nested models
fitted to the same data,

(F ) : Y = Xβ + Zγ + ǫ and (N) : Y = X

(
β(1)

β
(2)
0

)
+ Zγ + ǫ ,

where (F ) represents the full, and (N) the nested model, and we test whether (N) is
valid or (F ) should be preferred. The parameter space B0 of β in the nested model is a
subspace of the parameter space B of the full model. Thus, the two models differ in the
specification of their fixed effects but have identical covariance structure (particularly the
same set of random effects).

Let l(β,θ) be the log-likelihood (5.22) of the marginal full model, Y ∼ Nn(Xβ, V (θ)),
which was derived as

l(β,θ) = −n

2
ln(2π) − 1

2
ln(|V (θ)|) − 1

2
(y −Xβ)TV (θ)−1(y −Xβ) .

Let
β̂(θ) = argmax

β∈B
l(β,θ) and β̂

B0

(θ) := argmax
β∈B0

l(β,θ)

denote the MLEs of β in the full and the nested model, respectively. Further, let

θ̂ML = argmax
θ∈Θ

lP (θ) = argmax
θ∈Θ

l(β̂(θ),θ) and

θ̂
0

ML = argmax
θ∈Θ

l0P (θ) := argmax
θ∈Θ

l(β̂
B0

(θ),θ)

denote the MLEs of θ in the full and the nested model, respectively, obtained by max-

imizing the corresponding profile log-likelihood. Then, β̂(θ̂ML) and β̂
B0

(θ̂
0

ML) denote
the empirical estimates of β in the respective model. Thus the pair (β̂(θ̂ML), θ̂ML) is

obtained from maximizing (5.22) over the parameter space B × Θ and (β̂
B0

(θ̂
0

ML), θ̂
0

ML)
is the maximum of (5.22) with respect to the parameter space B0 ×Θ.
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Hence, the LRT statistic is given by

LRT = −2 lnL(y) = −2( l(β̂
B0

(θ̂
0

ML), θ̂
0

ML)− l(β̂(θ̂ML), θ̂ML) ) .

Then, according to Theorem 6.1.1, provided that the regularity conditions are satisfied,

LRT
d−→ X 2

df under H0,

where df is the difference between the number of model parameters in the full and the
nested model.

Hence, an asymptotic test is to reject H0 at level α, if

LRT > X 2
df,1−α ,

where X 2
df,1−α is the (1− α)-quantile of the X 2

df distribution.

Pinheiro and Bates (2000, Subsection 2.4.2) do not recommend to use this test. They
showed in their book that the sample often is too small that the test statistic follows
approximately the stated asymptotic distribution. By simulating various data sets from
the nested model and calculating the corresponding likelihood ratio test statistics they
found out that the tests often tend to be ”anticonservative”, meaning that the empirical
(the ”true”) p-values are greater than the theoretical (the ”assumed”) p-values of the
asymptotic chi-square distribution. Hence H0 would be rejected too often at trusting on
the theoretical p-values. Therefore they suggest to use approximate t- or F-tests for the
fixed effects rather than likelihood ratio tests (see Section 6.2).

6.1.2. Likelihood ratio tests for the covariance parameters

Another typical problem of interest is testing whether the model’s covariance parameters
underly certain restrictions. This applies to the elements dij, i 6= j, of the covariance
matrix D of the random effects or covariance parameters in the residual covariance ma-
trices Σi, i = 1, ...,m. A standard example is testing whether the random effects within
an individual are uncorrelated, i.e. whether dij = 0, i < j, i = 1, ..., q − 1. In this case
one is interested to check if a variance components structure for D is valid or if covariance
between the random effects should be included.

Remember that the variance and covariance parameters of the model are stored in the
variance components vector θ. Hence, tests concerning the elements of the covariance
matrices D and Σi are equivalent to tests about the corresponding elements of θ. For
example, consider the following linear mixed model:
For i = 1, ...,m:

Y i = Xiβ+Zi

(
γi0
γi1

)
+ǫi , with

(
γi0
γi1

)
∼ N2

(
0,

(
d21 d12
d12 d22

))
and ǫi ∼ Nni

(0, σ2Ini
) .

Then the variance components vector is given by

θ = (d21, d12, d
2
2, σ

2) .

42



6. Hypothesis tests in linear mixed models

Hence, the null hypothesis H0 : d12 = 0 for testing whether γi0 and γi1 are uncorrelated
is the same as H0 : θ2 = 0.

In an analogous manner as for the fixed effects and based on Theorem 6.1.1, we may derive
an asymptotic likelihood ratio test for the model’s covariance parameters. Restructuring
the variance components vector θ appropriately as θ = (θ(1),θ(2))T , such that θ(2) contains
the subset of covariance parameters to be tested, we formulate the null hypothesis as
H0 : θ

(2) = θ
(2)
0 . As before, this may be considered as comparing nested models with the

same set of fixed and random effects but different covariance structure. The parameter
space of θ in the full model is defined as

Θ = { θ | D(θ) and Σi(θ) (i = 1, ...,m) are symmetric and positive definite } ,

and the parameter space for θ in the nested model can be described as

Θ = {θ | θ(2) = θ
(2)
0 and D(θ) and Σi(θ) (i = 1, ...,m) are symmetric and positive definite} .

Let l(θ) denote the profile log-likelihood (5.24),

l(θ) = −n

2
ln(2π) − 1

2
ln(|V (θ)|) − 1

2
(y −Xβ̂(θ))TV (θ)−1(y −Xβ̂(θ)) ,

and let the MLEs θ̂ML and θ̂
Θ0

ML of θ for the full and the nested model exist. That is,

θ̂ML and θ̂
Θ0

ML are obtained by maximizing l(θ) over the parameter spaces Θ and Θ0,
respectively. Then the LRT statistic is given by

LRT = −2 ( l(θ̂
Θ0

ML)− l(θ̂ML) ) . (6.2)

According to Theorem 6.1.1, it holds under H0 and the regularity conditions stated in
Theorem A.2.1:

LRT
d−→ X 2

df ,

where df is the difference between the dimensions of the full and the nested model.

Hence, if the sample size is large, H0 can be rejected at a level α if

LRT > X 2
df,1−α .

According to Verbeke and Molenberghs (2009, Subsection 6.3.2), this test may also be
based on the restricted log-likelihood lREML(θ) (5.26). Then, instead of the MLEs, the

REML estimates θ̂REML and θ̂
Θ0

REML of θ have to be used, obtained by maximizing
lREML(θ) over Θ and Θ0, respectively. In this case, the test statistic

RLRT := −2 lnLREML(y) := −2 ( lREML(θ̂
Θ0

REML)− lREML(θ̂REML) ) (6.3)
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6. Hypothesis tests in linear mixed models

is called restricted likelihood ratio test (RLRT) statistic. Then, under H0, the asymptotic
result of Theorem 6.1.1 is still true and the RLRT statistic satisfies

RLRT
d−→ X 2

df .

In fact, it is recommended to apply this asymptotic likelihood ratio test based on REML
estimation rather than the test based on ML estimation. This is due to the fact that
REML estimates are less biased than ML estimates, as explained in the introductory part
of Subsection 5.4.2.

6.1.3. Likelihood ratio tests for the random effects

As mentioned in the beginning of this chapter, for testing the significance of a certain
random effect i we have to check if its corresponding variance d2i in D is equal to zero.
This implicates that also all corresponding covariance parameters di1, ..., diq are equal to
zero. However, under the null hypothesis of the form

H0 : d
2
i = 0, dij = 0 (j = 1, ..., q) , (6.4)

D would no longer be positive definite. Therefore, remembering that the elements of D
are specified in the variance components vector θ, we redefine the parameter space Θ of
θ as

Θ = { θ | D(θ) is symmetric and positive semidefinite,

Σi(θ) (i = 1, ...,m) are symmetric and positive definite } .

Similarly as in Section 5.4, when assuming Σi = σ2Ini
, i = 1, ...,m, θ is given by

θ = (d21, d12, · · · , d1q, d22, · · · , d2q, · · · , d2q, σ2)T ,

and Θ can be formulated as

Θ = [0,∞)× R× · · · × R× [0,∞)× · · · × R× · · · × [0,∞)× [0,∞)

such that D is positive definite .

Note that the parameter space for θ introduced in Section 5.4 and considered in the
previous subsection was expanded in allowing the variances to be zero and therefore D to
be semidefinite.

It is crucial to note that Θ no longer is open and that hypothesis of the form (6.4)
place θ on the boundary of the parameter space Θ. Therefore the profile log-likelihood
(5.24) is not differentiable in θ when H0 is true, which is, however, an essential regularity
assumption of Theorem A.2.1. Hence Theorem 6.1.1 can not be applied for performing a
likelihood ratio test of hypothesis of the form (6.4).

For testing whether a random effect should be kept in a model or not we may apply the
following result.
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6. Hypothesis tests in linear mixed models

Theorem 6.1.2 Stram and Lee (1994)

Given a linear mixed model specified by Postulate 1 to 5 of Chapter 3 with residual
covariance matrices Σi = σ2Ini

, i = 1, ...,m, σ2 > 0.
Then, under the null hypothesis

H0 : D =

(
D1 0
0 0

)
∈ Rq×q, D1 ∈ R(q−1)×(q−1) positive definite ,

the LRT statistic (6.2) satisfies

LRT
d−→ 0.5X 2

q + 0.5X 2
q−1 . (6.5)

This theorem was shown by Stram and Lee (1994) who used results of Self and Liang
(1987) about the asymptotic distribution of MLEs and likelihood ratio test statistics in
nonstandard testing situations. For another detailed proof we refer to Scheipl (2007,
Section 4.3).
Giampaoli and Singer (2009) argue that results of Self and Liang (1987) are only applicable
if the individual response variables Y 1, ...,Y n may be considered as independent and
identically distributed, implying that the individual design matrices satisfy Xi = X and
Zi = Z, for i = 1, ..., n. Referring to Giampaoli and Singer (2009), this assumption does
not hold for longitudinal studies with unbalanced data. However they show, by using
results of Vu and Zhou (1997), that Theorem 6.1.2 is satisfied for the case q ≤ 2.
Since we consider in this thesis (Part II) only linear mixed models which incorporate
maximal 2 random effects, the result of this Theorem should be valid.

Note that the null hypothesis in Theorem 6.1.2 can be formulated as H0 : d
2
q = 0, dqj =

0 (j = 1, ..., q − 1), and is therefore equivalent to (6.4).

Morrell (1998) showed that the result of the theorem is still true when, instead of the LRT
statistic, the RLRT statistic (6.3) is used. In fact, he recommends to apply the RLRT
statistic rather than the LRT statistic, according to an extensive Monte Carlo study where
the first one performed slightly better.

In practice, boundary problems are often ignored and for testing the need of a certain
random effect, the quantiles of the asymptotic distribution in the case without boundary
problems are used. Hence, the likelihood ratio test statistic often is assumed to follow
asymptotically a X 2

q distribution instead of a 50 : 50 mixture of a X 2
q and a X 2

q−1 distribu-
tion. As illustrated in Figure 6.1 for some values of q, from a certain point the X 2

q -density
is greater than the latter one and p-values consequently tend to be overestimated. H0

therefore would be accepted too often which results in a too simple covariance structure of
the model. Unfortunately this is the case in many statistical softwares, in R, for instance,
the anova function (see Subsection 8.3.1). One should keep this problem in mind when
testing the significance of the random effects in the model and, where appropriate, prefer
manual calculations to software procedures.
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Figure 6.1.: Densities of X 2 distributions with different degrees of freedom
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6. Hypothesis tests in linear mixed models

6.1.4. Exact likelihood ratio tests for simple linear mixed models

Crainiceanu and Ruppert (2004) found out that the 0.5X 2
q + 0.5X 2

q−1 asymptotic approx-
imations, presented in the previous subsection, can be very poor in some cases. They
consider a linear mixed model with only one variance component (for random effects) and
use a more general formulation as introduced in Postulate 5:

Y = Xβ + Zb+ ǫ, ǫ ∼ Nn(0, σǫ
2In), b ∼ NK(0, σb

2Σ), ǫ and b independent (6.6)

where b is a K-dimensional vector of random effects and Σ is a known symmetric and
positive definite matrix. As before, Y denotes the n-dimensional response vector, β a
p-dimensional vector of fixed effects and X the corresponding (n× p)-dimensional design
matrix. Note that in this specification it is not explicitely assumed that Y can be par-
tioned into independent and identically distributed subvectors Y i indicating single models
for different groups (individuals or cluster).
For this model they derived in their article the finite sample distribution of the LRT (and
RLRT) statistic related to the null hypothesis that the variance component of the random
effects is equal to zero and the fixed effects underly certain restrictions:

Theorem 6.1.3 Crainiceanu and Ruppert (2004, Theorem 1)

Given the linear mixed model (6.6).

Let µs be the eigenvalues of Σ
1

2ZT (In − X(XTX)−1XT )ZΣ
1

2 ∈ RK×K and ξs the

eigenvalues of Σ
1

2ZTZΣ
1

2 ∈ RK×K and let λ = σb
2

σǫ
2 . Further, let ws and us denote

independent standard normal random variables and

N(λ) =
K∑

s=1

λµs

1 + λµs

ws
2 ,

D(λ) =
K∑

s=1

w2
s

1 + λµs

+

n−p∑

s=K+1

ws
2

and f(λ) = n ln

(
1 +

N(λ)

D(λ)

)
−

K∑

s=1

ln(1 + λξs) .

For testing

H0 : βp+1−q = β0
p+1−q, ..., βp = β0

p and σb
2 = 0

versus

H1 : βp+1−q 6= β0
p+1−q or , ..., or βp 6= β0

p or σb
2 > 0

the corresponding likelihood ratio test statistic satisfies under H0

LRT
d
= n ln

(
1 +

∑q

s=1 us
2

∑n−p

s=1 ws
2

)
+ sup

λ≥0
f(λ) , (6.7)

where
d
= denotes equality in distribution.

47



6. Hypothesis tests in linear mixed models

If H0 does not impose restrictions on the fixed effects, i.e. for testing only H0 : σ
2
b =

0 versus H1 : σ2
b > 0, then the corresponding restricted likelihood ratio test statistic

satisfies under H0

RLRT
d
= sup

λ≥0

[
(n− p) ln

(
1 +

N(λ)

D(λ)

)
−

K∑

s=1

ln(1 + λµs)

]
. (6.8)

For the proof of this theorem we refer to Crainiceanu and Ruppert (2003).

We may apply this result to our model formulation of Postulate 5 when only one random
effect is incorporated in the linear mixed model (q=1) and the conditional independence
structure for the residual covariance matrix is assumed. The case of one single random
effect included in a linear mixed model usually is called simple linear mixed model. The
individual specific model formulation then turns out to be

Y i = Xiβ + ziγi + ǫi, ǫi ∼ Nni
(0, σ2Ini

), γi ∼ N(0, d2) , i = 1, ...,m

and for the overall matrix specification one gets by stacking above the single group com-
ponents

Y = Xβ + Zγ + ǫ, ǫ ∼ Nn(0, σ
2In) and γ ∼ Nm(0, d

2Im) . (6.9)

Remember that ǫ and γ are assumed to be independent as well as the random effects of
different individuals i. It is easily seen that this model describes a special case of (6.6)
with Σ = I.
Hence, Theorem 6.1.3 provides an exact likelihood ratio test for the need of the random
effect (and the validity of some restrictions on the fixed effects) in a simple linear mixed
model with independent and identically distributed residuals. That is, for testing

H0 : βp+1−q = β0
p+1−q, ..., βp = β0

p and d2 = 0

versus
H1 : βp+1−q 6= β0

p+1−q or , ..., or βp 6= β0
p or d2 > 0

in (6.9). (6.7) presents the exact distribution of the corresponding LRT statistic. Note
that this test may be interpreted as comparing the nested model

Y = Xβ0 + ǫ, ǫ ∼ Nn(0, σ
2In) with β0 = (β1, ..., βp−q, β

0
p+1−q, ..., β

0
p)

T , (6.10)

with the full model (6.9).

If the null hypothesis does not place any restrictions on the fixed effects, the likelihood
ratio test should be based on the restricted likelihood functions, since REML estimates
for the variance components are less biased than ML estimates (see Subsection 5.4.2).
Thus, for testing

H0 : d
2 = 0 versus H1 : d

2 > 0

the corresponding RLRT statistic is distributed as (6.8).
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6. Hypothesis tests in linear mixed models

Note that the distributions (6.7) and (6.8) depend only on the eigenvalues µs and ξs
of (K × K)-matrices. Crainiceanu and Ruppert (2004) argue that once they have been
calculated, simulations of this distribution are straightforward and can be performed much
more rapidly than direct bootstraping. In the statistical software R this is implemented
by the function LRLsim of the package RLRsim (see Subsection 8.3.1).

6.2. Alternative tests for the fixed effects: Approximate

Wald tests

The commonly used tests for the variance components (tests for the covariance parameters
and the random effects) in a linear mixed model are the likelihood ratio tests described
in the previous section. For the fixed effects, however, asymptotic forms of Wald tests are
usually preferred. A short overview of these tests is presented in this section.

So far we considered only tests whether a certain subset β(2) of the vector of fixed effects
β = (β(1),β(2))T is restricted to be a certain specified vector β

(2)
0 . Clearly, the standard

example for such tests which is of primarly interest is verifying whether certain fixed
effects are needed in the model or if some of them might be eliminated. In this case these
fixed effects of interest are tested to be equal to the zero vector. The null hypothesis is
then given as

H0 : β(2) = 0 . (6.11)

Sometimes, however, one might be interested in testing hypothesis which are not of the
form given in (6.11). For example, we would like to investigate if certain covariates have
the same fixed effect on the response, i.e.

H0 : βj = βk, j 6= k, j, k ∈ {1, ..., p} . (6.12)

Generally, we therefore are interested to test whether any linear combination of the co-
efficients in β is restricted to be zero. That is, we consider so-called linear hypothesis of
the form

H0 : Lβ = 0 ,

where L denotes a certain specified matrix determining the condition to be tested. Note
that this null hypothesis includes the hypotheses of the form (6.11) and (6.12) where L
is given, respectively, as

L = (0, Iq) where q denotes the length of β(2), and L = (0, ..., 0, 1j , ...,−1k, ..., 0) .

According to Cnaan et al. (1997) and Verbeke and Molenberghs (2009, Subsection 6.2.1),
an approximate Wald test for testing such linear hypotheses can be derived by approxi-
mating the distribution of β̂ by a multivariate normal distribution with mean vector β

and covariance matrix (XT V̂ −1X)−1. Remember, however, that (XT V̂ −1X)−1 is only a
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rough approximation of Var(β̂) (see Subsection 5.4.5). Further, the distribution of Lβ̂ is
approximated by

Lβ̂ ≈ Nrank(L)(Lβ, L(X
T V̂ −1X)−1LT ) and

L(β̂ − β) ≈ Nrank(L)(0, L(X
T V̂ −1X)−1LT ) .

Then, the Wald statistic satisfies under the null hypothesis H0 : Lβ = 0,

W := β̂
T
LT [L(XT V̂ −1X)−1LT ]−1Lβ̂

d−→ X 2
rank(L) .

Hence, H0 may be rejected at level α if

W > X 2
rank(L),1−α .

Since, as mentioned in Subsection 5.4.5, (XT V̂ −1X)−1 underestimates the true variablility
in β̂, obtained p-values might be imprecise. Therefore approximate F- or t-tests should
be preferred because these tests take into account the inaccuracy of the presented Wald
test.

Approximate F- and t-tests

An approximate F-test for testing the linear null hypothesisH0 : Lβ = 0 can be performed
by dividing the Wald statistic by the rank of the matrix L. The distribution of this F-
statisitic can be approximated by an F-distribution with numerator degrees of feedom
rank(L) and denominator degrees of freedom DF estimated from the data (see Cnaan
et al. (1997), Verbeke and Molenberghs (2009, Subsection 6.2.2)):

F :=
β̂

T
LT [L(XT V̂ −1X)−1LT ]−1Lβ̂

rank(L)
=

W

rank(L)

d−→ Frank(L),DF .

For testing whether one single covariate has a significant fixed effect on the response y or
not, the null hypothesis is given as H0 : βj = 0, j ∈ {1, ..., p}. Then the corresponding
t-statistic satisfies

T :=
β̂j√

(XT V̂ −1X)−1
jj

d−→ tDF ,

where the degrees of freedom of the asymptotic t-distribution are again estimated from
the data.

Approximate methods for estimating the degrees of freedom for the F- and t-test are
described for example by Satterthwaite (1941) and Kenward and Roger (1997). One
method which is used in the statistical software R is presented in Subsection 8.3.2.
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diagnostics

What is still outstanding is how to fit an appropriate linear mixed model to a given data
set in practice. This question implies procedural methods for model building as well as
further tools (in addition to hypothesis tests) for model selection to compare any (also
non-nested) models. Finally we consider in this chapter how to examine if a certain fitted
model explaines the data in an adequate way.

7.1. A general model building strategy

The question how to proceed in fitting an appropriate linear mixed model to a given data
set is sophisticated. Neither there is a single strategy for model building that may be
applied in every case, nor there exists a strategy which provides automatically the most
appropriate model. However, there are serveral guidelines proposed by West et al. (2007,
Section 2.7), and Verbeke and Molenberghs (2009, Chapter 9) which may help to find
an adequate model. These guidelines indicate a general procedural method for model
selection which is referred to as the Top-Down Strategy :

(1) Start with a saturated fixed effects model: Include the maximum number
of fixed effects to explain the systematic, population-specific variation in the data,
although the model might be overfitted. Overfitting is deliberately preferd at this
stage and facilitates the choice of an appropriate covariance structure.

(2) Choice of random effects: Include random effects in the model to describe the
individual deviation of the overall population trend. Furthermore, consider which
covariance structure of the random effects, i.e. the general form of D, should be
choosen.

(3) Selection of the residual covariance structure: Specify the form of the residual
covariance matrices Σi to explain the remaining variation in the data.

(4) Model reduction: Eliminate certain fixed effects which are not necessary to explain
the response.

Note that Verbeke and Molenberghs (2009) emphasize that following the proposed strat-
egy does not necessarily yield a linear mixed model where all distributional assumptions
are automatically satisfied. It is essential to check if the model assumptions appear valid
(see Section 7.3).
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7.2. Information criteria

As seen in Chapter 6, hypothesis tests permit to compare nested models. To discriminate
between any two models fitted to the same data set, Pinheiro and Bates (2000) suggest
to apply so-called information criteria. Information criteria for a given model are func-
tions of the maximized log-likelihood and a penalty term based on the number of model
parameters. Basically two information criteria are used:

• The Akaike information criterion (suggested by Akaike (1974)),

AIC = −2 l(β̂, θ̂) + 2r ,

• and the Bayesian or Schwarz’s information criterion (Schwarz (1978)),

BIC = −2 l(β̂, θ̂) + r · ln(n) ,

where l(β̂, θ̂) denotes the log-likelihood with respect to ML or REML estimation and r
the total number of model parameters, i.e.

r = number of fixed effects + number of variance components .

Note that the BIC penalizes the number of included model parameters more than the
AIC and incorporates in addition the total number n of observations in the data set.
Then, when comparing models, this model should be preferred which has the lowest AIC
or BIC (”the smaller the better”).

Information criteria based on REML estimates of θ and the corresponding value of the
restricted log-likelihoods should only be used to compare models with the same set of
fixed effects. For comparing models with different specifications of fixed effects REML
estimation is not senseful and ML estimation is to be used. The reason for this is based
upon the origin of the REML log-likelihood described in Subsection 5.4.2. Remember that
the REML log-likelihood is the log-likelihood of error contrasts ATy with A ∈ Rn×(n−p),
rank(A) = n − p and ATX = 0. Hence, different design matrices X lead to different
matrices A and this is why for models with different sets of fixed effects the corresponding
error contrasts ATy differ as well. Thus, due to the latter point, the corresponding REML
log-likelihoods are based on different observations which makes them no longer comparable
(see Verbeke and Molenberghs (2009, Section 6.2)).

Although Pinheiro and Bates (2000) apply information criteria for discriminating between
(non-nested) models, Verbeke and Molenberghs (2009) strongly emphasize that informa-
tion criteria only provide an empirical rule for model selection. They should be applied
with great caution and can not be interpreted as formal statistical tests of significance.
Considering the AIC or BIC might be ”rule of thumb” for comparing models and can
be applied, for example, to confirm results of hypothesis tests.
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7.3. Examining a fitted model

A very important point in deciding whether a fitted model is accurately specified is to
check if the model assumptions appear valid. This basically concerns the assumptions
about the distribution of the random effects and the residual vector made in Postulate
2 and 3 of Chapter 3. Furthermore one usually is interested to identify outliers, i.e.
observations with large residuals, and to detect whether the model fails to fit this data
well. These model diagnostics are commonly performed by considering graphics of the
fitted model components. A detailed overview with many examples how such graphics can
be easily designed with R is given in Pinheiro and Bates (2000, Section 4.3) and shown
later in the second, applicatory part of this thesis.

The distributional assumption of normality can be verified by so-called quantile-quantile
(Q-Q) plots. These graphics provide to compare the empirical distribution with the
standard normal distribution by plotting the empirical quantiles and the standard normal
quantiles against each other. If the points of the Q-Q plot lie approximately on a line,
the normality assumption can be considered as valid.

A general model diagnostic can be performed by drawing the observed against the fitted
response values. If the points of such a plot form approximately a line, the linear mixed
model can be seen as successful in explaining the data.

It has to be verified for the error term vector ǫ, besides the assumption of normality, the
assumption of the zero-mean. If the conditional independence structure for the residual
covariance matrices, Σi = σ2Ini

, is assumed, then, additionally it has to be checked if the
variability arising in the error terms is constant.
Referring to the article of Schabenberger (2004), an adequate approximation of the re-
siudal or error term vector of individual i at time t, ǫit, is provided by the so-called raw
residual of the fitted model. That is the difference between the observed response yit and
the fitted one. The fitted response may either refer to the marginal model (4.2). In this
case it is the fitted population mean,

ŷMit := xT
itβ̂ and rMit := yit − ŷMit .

Or it may refer to the conditional distribution (4.1) of the response vector, i.e. the
predicted, individual-specific mean,

ŷCit := xT
itβ̂ + zT

itγ̂i and rCit := yit − ŷCit .

However, raw residuals are not suitable to check distributional assumptions about the
residual vector ǫ. Even if the individual residual vectors underly a conditional indepen-
dence covariance structure, i.e. Σi ∼ σ2Ini

, which includes homoscedastic variances, and
the assumption that the residual vectors ǫ1, ..., ǫm are independent is true, the raw resid-
uals could be correlated and have unequal variances. Therefore it is preferable for model
diagnostics to consider standarized raw residuals. However, the exact standard deviation
of the raw residuals is not available in practice. Therefore they are usually scaled by
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the estimated standard deviation of the response. These residuals generally are called
Pearson residuals.

Pinheiro and Bates (2000, Section 4.3) use the conditional Pearson residuals for checking
distributional assumptions of the error term vector in a linear mixed model. These are the
conditional raw residuals yit − ŷCit divided by the standard deviation of Yit|γi. According
to Section 4.1, the latter quantity is given by

√
[Σ̂i]tt .

Clearly, under the assumption that Σi = σ2Ini
, i = 1, ...,m, the conditional Pearson

residuals are simplified to
yit − xT

itβ̂ + zT
itγ̂i

σ̂
.

Fitzmaurice et al. (2004, Chapter 9) recommend to apply the so-called Scaled residuals
for model diagnostics. These residuals are calculated by scaling the vector of marginal
raw residuals

y −Xβ̂ := y − ŷM ,

accounting that way also for occuring correlations. They argue that, since the covariance
matrix of Y − Xβ is given by V (see (4.2)), the covariance matrix of y − ŷM can be
approximized by the same matrix when the variability of β̂ is ignored. Thus, the scaled
residuals are defined by

V̂ − 1

2 (y − ŷM) ,

where the scaling matrix is given by a Cholesky decomposition of the estimated covariance
matrix V̂ ,

V̂ = V̂
1

2 (V̂
1

2 )T .

Using the previous definitions, the subsequent table provides an overview of the different
types of residuals, following the presentation of Schabenberger (2004).

marginal residuals conditional residuals

Raw residuals rMit = yit − xT
itβ̂ rCit = yit − xT

itβ̂ − zT
itγ̂i

Pearson residuals
rMit√

V̂ar(Yit)

rCit√
V̂ar(Yit|γi)

Scaled residuals V̂ − 1

2 (y −Xβ̂)

Since the scaled residuals are difficult to access in R, we refer to Pinheiro and Bates (2000)
and focus on the conditional Pearson residuals for verifying the distributional assumption
about the residual vector ǫ. In Subsection 8.2.1 is described how residuals are defined
and can be calculated in the nlme library of R.

54



7. Model building and model diagnostics

To check the assumptions made on ǫ in Postulate 3 of Chapter 3, usually a scatter plot is
considered, where the residuals are drawn versus the fitted values or the values of a certain
covariate. If the points of this plot vary around zero the assumption E[ǫ] = 0 probably is
valid. If the points deviate constantly around zero without forming a specific pattern, a
conditional independence covariance structure of the residuals can be considered as valid.
In linear mixed models it is important that such scatter plots are additionally considered
separately for each individual to check if variances are constant between the individuals.
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models using R

In order to analyze the PeKnO-Study (see Part II), the statistical software R (version
2.8.1) was used. Therefore we complete the first part of this thesis by briefly outlining
how linear mixed models can be adjusted and analyzed using R. We basically describe
those R functions, which were frequently used in our statistical analysis in Chapter 11.
Thus, the reader is referred to that chapter for explicit examples. We focus especially on
how to perform the introduced hypothesis tests in R, as it turns out that some inaccura-
cies arise which have to be kept in mind.
We primarily apply tools provided by the nlme library (used version: 3.1-89). This is the
commonly used package for fitting and analyzing linear mixed models in R. It was mainly
developed by Jose Pinheiro and Douglas Bates and is broadly known and widespreadly
used. As an alternative, we recommend the recently developed R package lme4.
For an exhaustive description of the functions presented in the following we suggest to
consult the respective R manuals. A detailed presentation of the nlme library with many
applicative examples is given in Pinheiro and Bates (2000). Further examples can be
found in West et al. (2007) and Fox (2002).

8.1. Fitting a linear mixed model: The lme function

To fit linear mixed models with R, the lme function of the nlme library is most commonly
used. We applied this function to adjust the respective models in Chapter 11 as well.
Therefore, this initial section is devoted to the description of the lme function. It allows
to specify several arguments in order to adjust the linear mixed model as desired.

> library(nlme)

> lme( fixed, random, data=..., method="REML", na.action="na.fail",

correlation=..., weights=..., control=..., ....)

Specification of fixed and random effects

The argument fixed of the lme function stands for a two sided formula of the form

y ~ x1 + x2 + ... + x(p-1)
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specifying the ”fix” part of the linear mixed model, Y = Xβ. y represents the response
variable and x1, x2, ..., x(p-1) the covariates forming the columns ofX, i.e. the covariates
which have a fixed, population-specific effect on Y .

The argument random specifies the covariates which have a random effect on y as well as
the grouping variable(s). It is generally a one-sided formula of the form

~ z1 + z2 + ... + z(q-1) | group

where z1, ..., z(q-1) represent the columns of the random effects’ design matrix Z.
The group variable gives the grouping structure of the linear mixed model specifying by
which variable the data should be grouped. In our case this is the variable indicating
which observations belong to the same individual i for i = 1, ...,m.
The form of the covariance matrix D of the random effects γ can be also specified by
the random argument. The default structure is a general symmetric and positive definite
matrix (pdSymm) but this can be changed to any matrix of the class pdMat. For example,

> lme(..., random = list ( group = pdDiag( ~ z1 + ... + z(q-1) ) ), ...)

specifies D to be a diagonal matrix, i.e. the random effects γi0, ..., γi(q−1), i = 1, ...,m, to
be uncorrelated (variance components structure).

Note that if not explicitely stated ”- 1” in the formulas defining the fixed and random
structure of the model, an intercept is fitted automatically. Hence we get by using these
specifications a p-dimensional vector of fixed effects β and a q-dimensional vector of
random effects γ as defined in Chapter 3. For further informations about the formula
specifications we refer to the R manual, for further reading about the pdMat classes we
recommend to consult Pinheiro and Bates (2000, Subsection 4.2.2).

Grouping Levels

R provides examining data sets with several grouping levels. That is, the lme function
may incorporate nested random effects. For example, in the fairly well known clustered
data sets MathAchieve and MathAchSchool of the nlme library in R, student’s scores
on a math-achievement test, their socioeconomic status, their High School and the High
School Sector (Public or Catholic) were reported. A detailed analysis of these data is
given for example by Fox (2002, Chapter 3). In these data sets groups are formed by
considering students of one school of one sector. This could even be extended to schools
within one county within one state and so forth. Then the state variable represents the
outermost grouping level and the particular students form the innermost grouping level.
The grouping structure can be adjusted by defining a list in the random argument of the
lme function, giving the formulas of random effects on the respective grouping level. For
example

> lme(..., random = list( school ~ mathach , county ~ 1 )...)

includes a random intercept and a random slope with respect to mathach on the school
level and a random intercept on the county level. To repeat the specified random effects
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formula z1 + z2 + ... + z(q-1) for all levels of grouping, the grouping structure may
be declared by | group1 / group2 / .... For example

> lme( ..., random = ~1 | county / school , ... )

includes a random intercept at both levels, county and school. For more details we refer
to Pinheiro and Bates (2000, Chapter 3 and 4).

The different grouping levels are specified in R with numbers ascending from the outermost
to the innermost level. The outermost level, i.e. the level concerning the whole population,
is numbered by 0. In our context we have 2 levels of grouping: the population level (level
0) represented through the marginal model. This level (or model) indicates the global
relationship between the covariates in X and the response which underly all individuals.
At this level only the fixed effects are taken into account. The second level is the individual
level (level 1) represented through the conditional model where the response is explained
for each individual and therefore the individual deviation of the overall population trend
is incorporated.

The ”data”, ”method” and ”na.action” arguments

The (optional) data argument determines the data set from which the variables arise, i.e.
the name of the data frame containing the variables.
By the argument method, the estimation method for the variance components θ may be
specified. The default adjustment is "REML" meaning that θ̂ is derived by maximizing
(5.30). The second option is "ML" where the profile log-likelihood (5.24) is maximized.
The default specification na.action=na.fail causes to print an error message if there are
incomplete observations (NA entries). By changing this setting to na.action=na.omit,
incomplete observations, i.e. the data rows with NA entries, are removed and a linear
mixed model is fitted without these observations. Note that in this case the number of
observations given in the summary table (see Section 8.2) is less than the number of rows
in the data frame.

The residual covariance structure

By default, it is assumed that the residual covariance matrices underly the conditional
independence structure, Σi = σ2Ini

, i = 1, ...,m, i.e. the single residuals are supposed
to be uncorrelated an have equal variances σ2. Hence, the occuring correlation between
repeated measurements of an individual i is only explained by the covariance structure D
of the random effects vector γi.
This default structure of the residual covariance matrix can be changed by the arguments
weights and correlation. These arguments allow for modelling heteroscedasticity by
setting weights equal to a certain VarFunc object and provide modelling dependences
among the residuals by setting correlation equal to a CorStruct object (see Pinheiro
and Bates (2000, Sections 5.2 and 5.3) for details).
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Controlling the estimation algorithm

The computational algorithm for maximizing the respective log-likelihood function to
derive the estimate of θ is based on a modification of the EM algorithm and the Newton-
Raphson algorithm West et al. (2007). It follows the general framework presented in
Lindstrom and Bates (1988). For a detailed description we also refer to Scheipl (2007).
Default settings of the estimation algorithm can be changed by the control argument.
Sometimes the algorithm does not converge, then it might help to increase the number of
iterations or change the default optimizer from nlminb to optim, for example:

> lme(..., control = list( maxIter=500, msMaxIter=500, niterEM=100,

msMaxEval=1000, opt="optim" ), ...) .

Note, that not all components in the list have to be necessarily setted and that this
adjustment can not be considered as a panacea to solve all kinds of convergency problems.

8.2. Analyzing the fitted model

The first step when analyzing the fitted model usually is to consider the summary table
of the model. This table summarizes basic model characteristics, returns calculated es-
timates of the model parameters and performs asymptotic t-Tests for the fixed effects.
In the following we explain the single components of a summary table. ”...” stands for
individual characterizations or calculated values of the respective fitted model and [mod]

represents a lme-object.

> summary( [mod] )

Linear mixed-effects model fit by ...

Data: ...

AIC BIC logLik

... ... ...

The estimation method for the model is given in the first line of the summary table. This
could be either REML or maximum likelihood estimation, depending on which method
was specified when adjusting the model by the lme function. In the second line the name
of the underlying data set is printed. Subsequently some calculated model characteristics
are returned, the information criteria AIC and BIC as defined in Section 7.2 as well as
the value of the model’s log-likelihood evaluated at the estimate θ̂. Note that when ML
estimation is applied, the logLik is the maximized value of the profile log-likelihood (5.24).
However, referring to Pinheiro and Bates (2000), under REML estimation the optimal
value of the marginal log-likelihood (5.29) is reported, which in contrast to the restricted
log-likelihood does not depend on a specific matrix A defining the error contrasts, but
provides the same estimate of θ.

Random effects:

Formula: ~ [z1] + [z2] + ... + [z(q-1)] | [group]
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Structure: ...

StdDev Corr

(Intercept) ... (Intr) [z1] ... [z(q-2)]

[z1] ... ...

[z2] ... ... ...

...

[z(q-1)] ... ... ... ...

Residual ...

This paragraph of the summary table presents in Formula the in lme adjusted random
structure of the linear mixed model. [z1],..., [z(q-1)] are the covariates for which a
random effect on the response was fitted and [group] stands for the grouping variable.
Structure gives the specified structure of the covariance matrix D of the random effects,
by default this is ”General positive-definite”. The StdDev column indicates the
estimated standard deviations of the random effects, i.e. d̂1, ..., d̂q, as well as the standard
deviation of the residuals, σ, in the last line. Remember that the lme function fits by
default Σi = σ2Ini

, i = 1, ...,m. Aside, the correlations between the single random effects
are returned, i.e.

Corrij =
d̂ij

d̂id̂j

where Corrij denotes the correlation between the ith and the jth random effect given in
row i and column j for i > j.

Fixed effects: [y1] ~ [x1] + [x2] + ... + [x(p-1)]

Value Std.Error DF t-value p-value

(Intercept) ... ... ... ... ...

[x1] ... ... ... ... ...

[x2] ... ... ... ... ...

...

[x(p-1)] ... ... ... ... ...

Furthermore, the specification of the ”fix” part of the linear mixed model is printed. The
column Value reports the estimated value for each fixed effect according to (5.31) and the
column Std.Error the estimated standard deviation of β̂0, ..., β̂p−1 calculated by square

root the diagonal elemens of the matrix V̂ar(β̂) = (XT V̂ −1X)−1. Remember that this is
only a rough approximation of the covariance matrix of β̂ (see Subsection 5.4.5).

For each single fixed effect an approximate t-Test as described in Section 6.2 is automat-
ically performed. By these tests the marginal significance of each fixed effect when all
other fixed effects are present in the model is investigated. That is, the null hypothesis
H0 : βk = 0 is tested for each fixed effect k = 0, ..., p − 1. Aside the columns Value and
Std.Error in the above part of the summary table, the calculated components of these
t-tests are presented, i.e. estimated degrees of freedom (DF), the value of the t-statistic
(t-value) and the corresponding p-value. It holds that

t-value =
Value

Std.Error
and p-value = P(TDF > t-value)
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where TDF denotes a random variable following a t-distribution with DF degrees of free-
dom. For details about the determination of DF we refer to Section 8.3.

Correlation:

(Intr) [x1] [x2] .....

[x1] ...

[x2] ... ...

....

These lines indicate the approximate correlation among the single fixed effects estimates
β̂0, ..., β̂p−1 deduced from the approximate covariance matrix V̂ar(β̂) = (XT V̂ −1X)−1.

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

... ... ... ... ...

This paragraph indicates successively the minimal value, the empirical 25% quantile, the
median, the empirical 75% quantile and the maximal value of the conditional Pearson
residuals (see below).

Number of Observations: ...

Number of Groups: ...

Finally the number of (complete, without NA entries) observations is given as well as the
number of different groups. In our case, the latter value is the number of individuals m.

8.2.1. Fitted values and residuals of a lme object

Fitted values of a linear mixed model can be extracted by

> fitted( [mod], level = ., ...)

where [mod] represents a lme-object. The argument level specifies whether the response
values should be fitted with respect to the marginal model (level=0), i.e. ŷM := Xβ̂ ,
or, the default specification, with respect to the conditional model (level=1), i.e. ŷC :=
Xβ̂ + Zγ̂ . level=0:1 returns both.

The residuals of a fitted model can be retrieved by the function residuals:

> residuals( [mod], type=..., level=.,...)

with a lme-object [mod] and with level indicating the grouping level as in the function
fitted.

By specifying type="r" one can ask for the marginal raw residuals (when level=0) or
the conditional raw residuals (when level=1) as defined in Subsection 7.3.

By type="p", the conditional as well as the marginal raw residuals are scaled by the
estimated residual standard error σ̂. These values are called Pearson or standardized
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residuals in R. Clearly, under the assumption of the conditional independence structure,
Σi = σ2Ini

, i = 1, ...,m, the conditional Pearson residuals thus are defined as in Subsection
7.3, because Var(Yit|γi) = σ2. But the calculation of the marginal Pearson residuals differs
from the introduced definition (σ2 6= Var(Yit)). As mentioned in Subsection 7.3, Pinheiro
and Bates (2000) focus on these conditional Pearson residuals for verifying distributional
assumptions about the error term vector ǫ.

EEE Note that the conditional raw residuals are returned by default although the corre-
sponding R manual currently says, that conditional Pearson residuals are returned by
default.

A third option is type="n", where so-called normalized residuals are calculated. This is
only relevant in the case when correlation within the individual error term vectors is fitted
(provided by the function CorStruct). Then the individual residual covariance matrix is
assumed to be of the form

Σi = σ2Λi, i = 1, ...,m,

where σ2 denotes the (homoscedastic) variance component and

Λi = (Λ
1

2

i )
TΛ

1

2

i

describes the error correlation matrix. The normalized residuals are then calculated by
scaling the Pearson residuals by

(Λ̂i

− 1

2 )T .

Table 8.1 provides an overview of the calculated quantities. The default values are marked.

marginal level conditional level
level=0 level=1

fitted ŷM := Xβ̂ ŷC := Xβ̂ + Zγ̂

residuals type="r" y − ŷM y − ŷC

type="p" 1
σ̂
(y − ŷM) 1

σ̂
(y − ŷC)

type="n" 1
σ̂
(Λ̂i

− 1

2 )T (y − ŷM) 1
σ̂
(Λ̂i

− 1

2 )T (y − ŷC)

Table 8.1.: Overview of possible outputs of the R functions fitted and residuals of the
nlme library. The default calculations are labeled.

For the sake of completeness it shall be mentioned that calculating the scaled residuals,
which were also defined in Subsection 7.3 and are recommended for model diagnostics
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by Fitzmaurice et al. (2004), turns out to be complex. However, under the assump-
tion of the conditional independence structure, Σi = σ2Ini

, i = 1, ...,m, the estimated
covariance matrix V̂ = ZĜZT + σ̂I of Y can be calculated fairly easy by the function
extract.lmeDesign of the RLRsim library. This function provides to extract the design
matrices X and Z as well as the estimated variance of the residuals σ̂. Additionally the
estimated covariance matrix Ĝ of the random effects divided by σ̂ can be accessed. Then
V̂ can be calculated by using the following code.

> Z = extract.lmeDesign([mod])$Z

> G = extract.lmeDesign([mod])$Vr * extract.lmeDesign([mod])$sigmasq

> si.sq = extract.lmeDesign([mod])$sigmasq

> V = Z %*% G %*% t(Z) + si.sq

Hereupon, a Cholesky decomposition of this matrix has to be performed and the scaled
residuals can be calculated as defined in Subsection 7.3.

8.2.2. Estimated coefficients and prediction

Further useful functions with respect to a lme object which should be mentioned here are
fixed.effects which returns the estimated fixed effects β̂ and random.effects which
gives the predicted random effects for each group, γ̂1, ..., γ̂m calculated as described in
Subsection 5.4.5. By the function coefficients the effects (fix and random) of each
covariate for each single group can be retrieved.
The response value for new data can be predicted by applying the function predict to

a fitted linear mixed model [mod] (a lme object) and a data frame [newdata] defining
the new data.

> predict ( [mod], [newdata], level= . ,...)

As in fitted or residuals, the argument level specifies at which level prediction should
be performed. That is, when level=0, then the response for new data of group i is
predicted byXnewβ̂, when level=1, then prediction is calculated byXnewβ̂+Znewγ̂i. Note
that prediction for a new group is only possible at level 0. Furthermore it is important to
know that predicting a single value currently fails.

8.3. Hypothesis tests in R for the model parameters in a

linear mixed model

8.3.1. Likelihood ratio tests

In Section 6.1 we presented (asymptotic) likelihood ratio tests for the fixed effects, the
covariance parameters and the random effects (i.e. the variance and covariance parameters
in the random effects’ covariance matrix D). In practice it is of primarily interest to test
whether certain model parameters are significant or if some of them might be eliminated
from the model. That is, the null hypothesis is considered whether a subset of coefficients
in β or θ is equal to zero. As explained in the introductory part of Chapter 6, testing if the
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respective model parameters underly certain restrictions can be considered as comparing
nested models. The nested model then arised out of the full model without containing the
model parameters of interest. Likelihood ratio tests in R about the need of certain model
parameters in β or θ are implemented also in the context of comparing nested models
and provided by

> anova( [mod1], [mod0], ... ) .

The argument [mod1] is a lme object representing the fitted full model, [mod0], a lme or
lm object, stands for the fitted nested model.

For example, for testing the need of certain fixed effects, i.e. H0 : β(2) = 0, we have
to compare models which differ in their set of fixed effects but have same covariance
structure, i.e. the full model is given by y = X(β(1),β(2))T +Zγ+ǫ, and the nested model
by y = X(β(1),0)T+Zγ+ǫ (see Subsection 6.1.1). Hence, for specifying the nested model
simply the covariates of interest corresponding to β(2) are omitted. Therefore [mod1] and
[mod0] are of the form

> mod1 = lme( y ~ x1 + x2 + ... + xq + x(q+1) + ... + x(p-1),

random = ..., method="ML", ... )

> mod0 = update(mod1, fixed = ~ x1 + x2 + ... + xq )

when the covariates x(q+1),..., x(p-1) shall be tested to be significant.
Note that both models necessarily have to be fitted using ML estimation. As already
mentioned in Section 7.2, REML estimation does not make sense because models with
different fixed effects structure provide different error contrasts ATy. Hence, the cor-
responding REML log-likelihoods are based on different observations and therefore not
comparable. If a linear mixed model [mod.REML] was fitted by lme using REML estima-
tion, it can be easily refitted under ML estimation applying

> [mod.ML] = update([mod.REML], method="ML") .

However, for testing the significance of certain covariance parameters (see Subsection
6.1.2) or testing whether a certain random effect of the model is needed (see Subsection
6.1.3), REML estimation should be used in fitting the models. As mentioned in the
respective subsections, this is why REML estimates are less biased than ML estimates
and in tests for a certain random effect the RLRT statistic performs generally better in
converging against the asymptotic distribution (6.5) Morrell (1998).
Note, that anova provides also to compare lme and lm objects. This is used for performing
an asymptotic likelihood ratio test for testing the need of the random effect in a simple
linear mixed model. Then [mod1] represents the linear mixed model with one single
random effect and [mod0] the corresponding standard linear model with the same fixed
effects structure (a lm object).

The output of the anova function is given by the following table:
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Model df AIC BIC logLik Test L.Ratio p-value

[mod1] 1 .. ... ... ...

[mod0] 2 .. ... ... ... 1 vs 2 ... ...

The values of the column df stand for the number of model parameters of the respective
model. The columns AIC and BIC indicate the corresponding information criteria as
defined in Section 7.2 for each of the two models. Further, logLik gives the values of the
models’ log-likelihood or restricted log-likelihood, depending on whether the models were
fitted under ML or REML estimation, evaluated at the respective estimate θ̂. L.Ratio

represents the LRT or RLRT statistic for testing if the nested model is valid. As defined
in Definition 6.1.2 it is given by

L.Ratio = −2( logLik[mod0] − logLik[mod1] ) .

In this notation the index shall represent to which model the value refers, i.e. it specifies
the row of the column logLik. Let DF denote the difference between the number of
model parameters of the full and the nested model, i.e.

DF = df[mod1] − df[mod0] .

Then, the corresponding p-value given in the final column of the anova table is calculated
by

p-value = P( X 2
DF > L.Ratio ) ,

where X 2
DF denotes a X 2 distributed random variable with DF degrees of freedom.

Remember that in tests for the fixed effects and the covariance parameters the LRT
statistic satisfies

L.Ratio
d−→ X 2

DF under H0 .

Hence, provided that the sample is large enough for approximating the distribution of
the LRT statistic by the X 2

DF distribution, the calculated p-value may be valid to decide
whether the null hypothesis should be rejected.

However, it is crucial to note that for testing the need of certain random effects, the
corresponding RLRT statistic according to Theorem 6.1.2 satisfies

L.Ratio
d−→ 0.5X 2

DF + 0.5X 2
DF−1 under H0 .

Hence, the calculated p-values are overestimated by anova in this case and H0 therefore
tends to be accepted to often. This is why manual calculations of the p-value should be
preferred:

> 0.5 * (1 - pchisq([L.Ratio],[DF])) + 0.5 * (1 - pchisq([L.Ratio],[DF-1])) .
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Simulations of the distribution

To verify whether the sample is large enough that approximating the distribution of the
(R)LRT statistic by its assymptotic distribution is appropriate and whether the p-value
given in the anova table is trustable, one may perform a simulation study: In a first step,
generate data according to the fitted nested model. Hereupon, in a second step, fit both,
the nested and the alternative model to each set of these simulated data and calculate
the (R)LRT statistics. This may be performed in R by

> simulate.lme( [mod0], [mod1], nsim=..., method = ... , seed=..., ...) .

The two lme objects [mod0] and [mod1] stand for the nested and the full model, respec-
tively. Note, since both models have to be necessarily fitted by lme, it is not possible
to simulate the distribution of the (R)LRT statistic for testing the presence of one single
random effect in a standard linear model. nsim indicates the number of simulations to
perform and method specifies the estimation method to be used for fitting the simulated
data sets. The default setting is method=c("REML","ML") which indicates to fit the nested
and the alternative model twice for each data set, one using ML estimation and one using
REML estimation. For testing fixed effects, method="ML" should be specified since, as
already mentioned, REML estimation is not senseful in that case.
Note that it is necessary to declare by seed a starting value for the pseudo random num-
ber generator which is used for generating data from the fitted nested model.
simulate.lme then returns the calculated values of the log-likelihood of each fitted model,
i.e. nsim values of fitted nested models and nsim values of fitted full models. When both
estimation methods are applied, then twice this number. The respective (R)LRT statistic
can easily be calculated out of it as −2 times the difference between the value of the
log-likelihood for the nested and the full model.

This procedural method provides to get an empirical distribution of the (R)LRT statis-
tic under the null hypothesis. Particularly, for each of the generated test statistics, an
empirical p-value can be calculated. Hence, to compare the empirical distribution with
the asymptotic distribution one may plot these empirical p-values against the theoretical
(nominal) ones, calculated for each generated test statistic with respect to the assymptotic
distribution. To this end, one may apply

> library(lattice)

> plot( [simulate.lme object], df= ... , weights = ... , ...) .

The plot function yields so-called trellis plots, i.e. multiple plots per page. Therefore the
library lattice is needed. By df, the degrees of freedom of the asymptotic X 2 distribution
have to be specified. This argument may also be a vector, which provides several plots
where the empirical p-values are compared to each of the specified X 2 distributions. The
argument weights indicates whether the empirical p-values shall also be compared to a
mixture of X 2 distributions with degrees of freedom given in df and weights specified by
a vector of corresponding length in weights. The default setting are equal weights. If
weights=F, the graphic which shows the empirical p-values drawn against the nominal
p-values of the X 2 mixture distribution is omitted. Clearly, there can be additionally
specified panel functions in the plot function to adjust the graphic.

66



8. Fitting and analyzing linear mixed models using R

Simulated distribution of the likelihood ratio test statistic
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Figure 8.1.: Example of plotting a simulate.lme object

Figure 8.1 shows an example for such a plot. In this example two models with different
sets of random effects but same set of fixed effects are compared. In the full model
there is adjusted a random intercept and a random slope, in the nested model, only
the random intercept is included. Hence, the significance of the random slope shall be
investigated. According to Theorem 6.1.2, the asymptotic distribution of the (R)LRT
statistic is 0.5X 2

2 + 0.5X 2
1 .

Plotting the empirical p-values against the theoretical p-values of the 0.5X 2
2 + 0.5X 2

1

distribution (indicated by the graphic in the middle) yields nearly a line. From this we
may conclude that the asymptotic distribution is an appropriate approximation.
The points in the right plot lie above the diagonal. Hence, calculating the p-value with
respect to a X 2

2 distribution provides a ”conservative” test since the true p-value would
be overestimated and the null hypothesis might be accepted to lightly.
The nominal p-values of a X 2

1 distribution are smaller than the empirical p-values (left
graphic). A likelihood ratio test which assumes the test statistic to follow this distribution
consequently is ”anticonservative”, i.e. the p-value would be underestimated and the null
hypothesis might be rejected to readily.

Exact likelihood ratio tests in simple linear mixed models

For testing the need of the random effect and certain fixed effects in a simple linear mixed
model, specified in (6.9) as

y = Xβ + Zγ + ǫ, ǫ ∼ Nn(0, σ
2In) and γ ∼ Nm(0, d

2Im) ,

the finite sample distribution of the LRT and RLRT statistics can be derived (see Theorem
6.1.3). Simulating these finite sample distributions enables the function LRTSim of the R
package RLRsim. The functions exactLRT and exactRLRT of the same package provide
exact likelihood ratio tests, based on the simulations of LRTSim.

An exact likelihood ratio test about the need of a certain set of fixed effects and the
random effect, H0 : βp+1−q = · · · = βp = 0 and d2 = 0, can be performed by
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> library(RLRsim)

> exactLRT( [mod1.ML], [mod0],... ) .

[mod1.ML] represents the full model (6.9) (a lme object) fitted by applying ML estimation,
and [mod0] the nested model as specified in (6.10) (a lm object).
A list is returned containing the value of the LRT statistic, LRT, and the corresponding
p-value based on simulated values of the corresponding finite sample distribution (6.7).

simulated finite sample distribution of RLRT.

(p-value based on 10000 simulated values)

data:

LRT = ..., p-value < ...

Note that the default number of simulated values is 10000. This can be changed by the
argument nsim in exactLRT.

As mentioned in Subsection 6.1.4, for testing only the presence of the random effect,
H0 : d2 = 0, the likelihood ratio test should be based on the restricted log-likelihood.
Then the null hypothesis H0 : d

2 = 0 can be tested by

> exactRLRT( [mod1.REML], ... )

where the lme object [mod1.REML] represents the full model fitted under REML estima-
tion. Note that in this case it is not necessary to specify the nested model. The output
is a list, containing similarly as exactLRT, the RLRT statistic as well as the correspond-
ing p-value based on a default number of 10000 simulations of the corresponding finite
sample distribution (6.8).

8.3.2. Approximate marginal t-tests and approximate F-tests for the

fixed effects

As already described in Section 8.2, an approximate marginal t-test, where the significance
of each single fixed effect is tested, is automatically performed by summary. To print the
results of these t-tests only,

> summary([mod])$tTable

may be applied. Thus, the estimated values β̂k, the estimated standard deviations√
V̂ar(β̂k) =

√
(XT V̂ −1X)−1

kk , the estimated degrees of freedom, the value of the t-

statistics, β̂k/

√
V̂ar(β̂k), which follows under H0 asymptotically a t-distribution with DF

degrees of freedom, and the corresponding p-values are presented for each fixed effect
k = 0, ..., p− 1.

The degrees of freedom are estimated in R by using the following definitions:

• A fixed effect is estimated at level 2, if the value of the corresponding covariate can
change within the different measurements of one individual, i.e. if it is time-varying.
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• A fixed effect is estimated at level 1, if the value of the corresponding covariate does
not change within the measurements of one individual, but it can change between
the individuals, i.e. if it is time-invariant.

• The intercept is estimated at level 0.

Furthermore, mi, i = 0, 1, 2, denotes the total number of groups in level i, thus

m0 = 1, m1 = m and m2 = n

and pi, i = 1, 2, the number of fixed effets at level i. Then the degrees of freedom for
fixed effects estimated at level i, i = 1, 2, are estimated by

DFi = mi −mi−1 − pi (8.1)

and the degrees of freedom for the intercept are estimated by DF2.

If a linear mixed model includes a nested structure of random effects, i.e. several levels of
grouping, the estimation of the degrees of freedom turns out to be slightly more complex.
For this case we refer to Pinheiro and Bates (2000, Subsection 2.4.2).

An approximate F-test for testing the general null hypothesis H0 : Lβ = 0 as described
in Section 6.2 can be performed by

> anova( [mod], type = "sequential", Terms = NULL , L = NULL , ... ) .

It is returned a table indicating the numerator degrees of freedom, numDF, i.e. the rank
of the matrix L, the denominator degrees of freedom, denDF, estimated by (8.1), the
calculated value of the F-statistic, F-value and the corresponding p-value, p-value.
Remember that it holds

p-value = P( FnumDF, denDF > F-value ) ,

where FnumDF, denDF represents a random variable following a F-distribution with numDF

and denDF degrees of freedom.

By default, an approximate sequential F-test for each fixed effect is accomplished, i.e.
the fixed effects are tested sequentially in the order they appear in the model. The null
hypothesis for each fixed effect βk can be formulated as H0 : βk = 0 when β0, ..., βk−1 are
present in the model.
Changing to the second option type="marginal" provides that for each fixed effect an
approximate marginal F-test is performed. That is, H0 : βk = 0 when all other fixed
effects are present in the model for k = 0, ..., p− 1.
If several fixed effects shall be jointly tested to be zero, the names of the corresponding
covariates have to be specified in a character vector in the argument Terms. For example,

> anova( [mod], Terms = c("[x(p-k)]",...,"[x(p-1)]") )
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tests if βp−k = ... = βp−1 = 0. Note, that it is only possible for fixed effects with same
estimated degrees of freedom. This implies that it is not possible to test jointly the
significance of a time-varying and a time-invariant covariate.
For testing other linear hypothesis of the form H0 : Lβ = 0, the matrix L defining
the linear combinations to be tested can be declared in the argument L. By naming the
columns of the matrix with the corresponding covariates, it can be specified to which
of the fixed effects the linear combinations correspond. For example, H0 : β1 = β2, i.e.
(1,−1)(β1, β2)

T = 0 can be tested by

> anova( [mod], L = c( "[x1]" = 1, "[x2]" = -1 ) ) .

Note that for both tests, approximate marginal t-tests and approximate F-tests, only the
full model has to be fitted. Hence, in comparison to the likelihood ratio test, it is not
necessary to fit both models, the full and the nested model, which is tested to be valid.
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Part II.

Analyzing the PeKnO-Study

71



9. Study and data description

In the second part of this thesis a detailed statistical analysis of the PeKnO-Study
(Perimenopausale Knochendichte [bone density] und Ovulation) is performed. As men-
tioned in the introduction, it is a prospective observational study over the course of two
years investigating perimenopausal women to characterize the changes in bone metabolism
during this phase of life. It was carried out at the Frauenklinik der Technischen Univer-
sität München under the direction of PD Dr. med. Vanadin Seifert-Klauss. The study
is still ongoing, meaning that still further participants are included or participants are
observed over more than one two-year period. Inclusion criteria for the women in this
study are that they are older than 45 years or age, their cycle lengths are not greater than
42 days, no exogenous hormones were used during the 6 months prior to study onset, and
that there are no medical reasons for low bone mass. In a nutshell, the study is based on
the following observations:

• measurement of the lumbar spine trabecular bone mineral density, using quantitative
computed tomography at the begin of the study and after two years (end of the
study)

• documentations of the menstrual cycles for the whole two-year period of the study
using a cycle monitor

• measurements of the serum concentration of hormonal values (FSH, LH, proges-
terone, estradiol and cortisol basal) and bone turnover markers (CTX, osteocalcin
and BAP) by luteal phase blood tests performed approximately every 6 months
from the begin of the study (i.e. 5 blood samples for each participant).

A basic illustration of the study, indicating when the respective measurements were carried
out, is shown by Figure 9.1.

Figure 9.1.: Basic overview of the study for one single participant: QCT indicates the
measurements of bone density, BS the number of the blood test
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At the time this thesis was written, data were available for 49 different women. These
women were coded by a number indicated by the acronym PAT.ID. However, two partici-
pants are represented twice in the study (PAT.ID 12 and 24), i.e. they were observed over
all in all 4 years. In our initial investigations of this chapter we incorporate both two-year
observations of these women and refer therefore to 51 participants.

A concrete description of the single variables available for our statistical analysis is pre-
sented in the following, referring to Seifert-Klauss (2007), Seifert-Klauss et al. (2006),
Seifert-Klauss and Prior (2010) and Seifert-Klauss et al. (2011). For an introduction to
the subject of osteoporosis we recommend Bartl (2009). Table B.1 (p. 158) provides an
overview of all variables which are considered in this thesis.

Basic characterizations of the participants

At first, some general properties of the participants concerning their age and their body
mass index (BMI) were recorded. At the beginning of the study participants were aged
between 45 and 56 years with an average of 48.2 years. The age at study onset is expressed
by the variable AGE. Figure 9.2 shows the number of participants with the respective age
at the begin of the study.

45 46 47 48 49 50 51 52 53 56

AGE

0
2

4
6

8
10

12
14

Figure 9.2.: Barplot of the age of the participants at the begin of the study

The BMI is a heuristic proxy for the percentage of body fat based on the individual’s
weight and height:

BMI =
weight[kg]

(height[m])2
.

This index represents a measure for rating the weight. If it is greater than 25kg/m2

the person can be classified as overweight, if it is less than 18.5kg/m2 the person is
underweight. Underweight is said to have a negative effect on the bone density, thus
the BMI provides an appropriate measure to investigate this correlation. For each of the
participants an approximate value for the BMI at 25 years of age (BMI.25), the BMI at
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the begin of the study (BMI.0) and the BMI at the end of the study (BMI.1) was recorded.
Figure 9.3 shows these values for every participant. Remember that participant number
12 and 24 are observed twice since they took part in the study over two two-year periods.
Note that at 25 years of age 5 women were slightly underweight (PAT.ID 14, 30, 34, 45
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Figure 9.3.: Barplot of the BMI of each participant at 25 years of age, at the begin of
the study and at the end of the study. BMI values within the dashed lines
indicate that the corresponding woman is normalweight.

and 51). At study onset, however, none of the women was underweight. Furthermore,
the changes in the BMIs over time are denoted by the variables

X.BMI.0.25 := BMI.0− BMI.25, X.BMI.1.25 := BMI.1− BMI.25

and X.BMI.1.0 := BMI.1− BMI.0 .

These changes refer to the differences of the later value and the respective value earlier in
time, hence a positive value indicates the gain in weight over time and a negative value
the loss in weight. From Figure 9.3 it can be seen that most of the participants gained
weight from 25 years of age to the begin of the study. Between the begin and the end
of the study there are no significant changes of the BMI values apart from participant 9,
who did severely lose weight during the course of study.
Since participants were asked for this weights, rather than being weighted on site, these
variables might be less trustable than others. Certain outliers might be explaind by
exaggerated statements.

Measurements of the bone density

At the begin and the end of the study measurements of the lumbar spine trabecular
bone mineral density (BMD) were performed. To this end, quantitative computed to-
mography (QCT) was employed. The corresponding values are expressed in mg Calcium-
Hydroxyapatite (Ca-Ha)/ml and denoted by QCT.1 for the study onset and QCT.2 for the
end of the study.
Pursuant to the World Health Organization the values of the BMD are classified as follows:
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120 mgCa-Ha/ml < BMD −→ normal BMD
80 mgCa-Ha/ml ≤ BMD ≤ 120 mgCa-Ha/ml −→ osteopenia

BMD < 80 mgCa-Ha/ml −→ osteoporosis

At the begin of the study, the mean level of the BMD values is given by 139.3 mgCa-
Ha/ml. At this time 9 of the 51 participants had osteopenia. At the end of the study
16 participants had osteopenia and the average BMD value dropped to 134.0 mgCa-
Ha/ml. Figure 9.4 shows the two BMD measurements for each participant. Note that for
participants number 18 and 19 the first and the second BMD measurement, respectively,
was not carried out. The bone density increased for only 9 participants, all others lost
BMD.
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Figure 9.4.: Barplot of the BMD of each participant at the begin and the end of the
study. Values below the dashed line indicate that the corresponding woman
has osteopenia.

The difference of BMD over time is defined by the variable

X.BMD := QCT.2− QCT.1 ,

taking negative values when BMD is lost and positive values when BMD increases. X.BMD
takes on values between -35.2 mgCa-Ha/ml (PAT.ID 6) and 13.0 mgCa-Ha/ml (PAT.ID
31) and has a mean of -6.1 mgCa-Ha/ml.
To make this change of BMD comparable, it might also be interesting to consider the
percental change of BMD with respect to the initial bone density. This relative value of
the change of BMD is expressed by

X.BMD.PR :=
X.BMD

QCT.1
· 100%

and takes values from -23.30% to 9.22% with mean -4.22%. Figure 9.5 illustrates the
absolute and percental change of BMD for each participant. It shows that the absolute
loss of BMD of participant 39 is much higher than of participant 41, but since number
41 starts at a lower initial BMD level, the relative loss is equal. In total however, the
two graphics do not differ a lot in their general form so that X.BMD is meaningful for
comparisons as well. On this variable we focos henceforth.
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Figure 9.5.: Barplot of the absolute change of BMD (X.BMD) and the percental change of
BMD with respect to the initial bone density (X.BMD.PR) for each participant.
Negative values indicate the loss of bone density.

For further characterizations of the change of bone density, it is classified by the variable
BMD.GROUP as follows:

• BMD.GROUP = 11, if QCT.1 > 120 and QCT.2 > 120, i.e. normal BMD at the begin
and the end of the study

• BMD.GROUP = 12, if QCT.1 > 120 and QCT.2 ≤ 120, i.e. normal BMD at the begin
of the study and osteopenia at the end of the study

• BMD.GROUP = 22, if QCT.1 < 120 and QCT.2 ≤ 120, i.e. osteopenia at the begin and
the end of the study.

Note that none of the participants has osteopenia at the begin of the study and normal
BMD at the end of the study. Figure 9.6 shows the number of women in the respective
group.

Menstrual cycle documentation

During the whole time of the study, characterizations of the menstrual cycles of each
participant were documented in detail. To this end, a fertility monitor (Clearplan R©
Fertilitätsmonitor) was used, which usually is applied by women who want to get pregnant.
This monitor was allocated to each participant at the begin of the study. It allows to
detect days on which there is a high probability of ovulation by measuring hormone
concentrations on the basis of urine tests.
It’s concrete manner of use is briefly described as follows: At the beginning of each
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Figure 9.6.: Barplot of BMD.GROUP

cycle, i.e. at the first day of menstruation, the monitor has to be set up to start the
documentation of a new cycle. From day five of each cycle up to day 14, patricipants
had to insert urine test sticks from the first urine of the day into the corresponding slot
of the monitor. This is requested by a test stick symbol on the display. When cycles
are very long or irregular a urine test might be necessary for a total of 20 days. In that
case, the first day of the urine test can vary between day 6 and 9, according to what
the monitor has learned about earlier cycles. On the basis of these first morning urine
samples, the cycle monitor measures the concentration of the luteinizing hormone (LH),
which triggers ovulation, and estrogen (estrone-3-glucuronide) and calculates their ratio.
A significant surge of this ratio makes ovulation 24-36h later highly probable. Such an
increase is indicated by an ovulation symbol on the display. For a detailed description of
the monitor we refer to Clearblue (2007).

The monitor is able to store data of up to eight menstural cycles. Approximately every
six months, the monitor data were transmitted to the computers of the study group and
analyzed. This was done when the women came to the clinic in order to take of the blood
sample.
Cycles were categorized as not evaluable if urine tests were not performed at more than
two consecutive days and, at the same time, no increase of the hormone ratio was reported
by the monitor during the whole cycle.
According to the monitor information, evaluable cycles then were categorized as ovulatory
or anovulatory. Anovulatory cycles were further classified by their cycle lenghts.
However, it was not relied on the monitor declaration when progesterone levels in the
blood sample were high. Progesterone is a female sex hormone which is produced in a
great extent only in case ovulation occured. It prepares the uterus for implantation of
the fertilized egg, to maintain pregnancy, and to promote development of the mammary
glands. The commonly considered cut-off value for the serum concentration of proges-
terone indicating ovulation is 6ng/ml. It is one of the female sex hormones which were
measured at the semiannual blood tests (see the following subsection). In the case that
the serum concentration of progesterone was greater than 6ng/ml, but the monitor did not
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display an ovulation symbol during the cycle at which the blood test was performed, the
respective cycle was categorized as ovulatory and a failure of the monitor was assumed.
This classification of the menstrual cycles are shown by the following diagram:

monitor cycle

not evaluable

evaluable

anovulatory
no ovulation symbol displayed by
the monitor and serum concen-
tration of progesterone < 6ng/ml

long anovulatory cycle
cycle length > 42d

normal anovulatory cycle
20d ≤ cycle length ≤ 42d

short anovulatory cycle
cycle length < 20d

ovulatory
ovulation symbol displayed by
the monitor or serum concentra-
tion of progesterone > 6ng/ml

The percentage of ovulatory cycles with respect to all evaluable cycles between the ca.
semiannual time interval of two blood samples is recorded by the variable

ov.tot.PR :=
number of evaluable ovulatory cycles since the last blood test

number of evaluables cycles since the last blood test
· 100% . (9.1)

At the end of the study, data were aggregated to a variable ov.tot.s.PR, indicating the
percentage of ovulatory cycles with respect to all evaluable cycles during the study,

ov.tot.s.PR :=
total number of evaluable ovulatory cycles during the study

total number of evaluable cycles during the study
· 100% . (9.2)

The percental number of the single anovulatory cycle types was documented analogously.

The mean length of cycles of the individual average cycle lengths (CYL.m) is 45.0 days.
Figure 9.7 illustrates these individual average lengths of cycles for each participant. There
are six women with extremely long average lengths of cycles (PAT.ID 6, 9, 15, 41, 47 and
48). These participants did not have a menstruation during a very long time of the study
(up to one year). For participants 6, 9 and 17 even menopause occured within the time
of the study.

Figure 9.8 shows the percentage of ovulatory and anovulatory cycles of the total number
of evaluable cycles during the study for each woman. Furthermore, the percentage of long
anovulatory cycles is recorded. It illustrates that the portion of anovulatory cycles in
total is very high. There are also quite many extremely long, anovulatory cycles. These
observations are typical for perimenopausal women, since cycles become highly irregular
and ovulatory hormone production is reduced in this phase of life. However, there are
two women who only had ovulatory cycles during the study (PAT.ID 10 and 45). It
is noticeable that participant 15, who did not have one single ovulatory cycle shows a
relatively high loss in BMD (see Figure 9.5).
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Figure 9.7.: Barplot of the mean length of all cycles (CYL.m) for each participant
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Figure 9.8.: Barplot of the percental number of ovulatory (yellow) and anovulatory (or-
ange) cycles with respect to all evaluable cycles in the whole study for each
participant. The upper, dark part of the orange bars indicates the percentage
of long anovulatory cycles (anov.long.s.PR)
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The big advantage of the cycle monitors is that not only the length of each cycle is
recorded (as in former studies), but also the (likely) day of ovulation. This information
allows to derive the (likely) length of the luteal phase (LPL) of each cycle. The luteal
phase is defined as the second half of the cycle, i.e. the phase from ovulation to the end
of the cycle. Typically, it is around 10-16 days in length. It is calculated, in days, from
the data stored by the cycle monitor by

LPL = length of the cycle in days− day of the ovulation symbol− 2 . (9.3)

Anovulatory cycles (i.e. no ovulation occurs) are formally coded by a LPL of 0.1 days.
The mean length of luteal phases of the individual average lengths of luteal phases (LPL.m)
is 6.1 days. This low value indicates that there is a great portion of anovulatory cycles.
Using this information, ovulatory cycles can by further classified by the lenght of their
luteal phase as follows:

ovulatory cycle

short LPL
ovulation symbol dis-

played by the monitor and
5d < LPL < 9d

normal LPL
ovulation symbol dis-

played by the monitor and
9d ≤ LPL < 17d

unknown LPL
no ovulation symbol displayed

but serum concentration
of progesterone > 6ng/ml

Since, however, our investigations did not show any necessity of this classification, we
focus on discriminating the menstrual cycles referring to the previous diagram.

Semiannual blood samples

One purpose of the PeKnO study which is of primarily interest is to investigate whether
women with higher rates of ovulatory cycles have a lower loss of bone density. Therefore,
besides a detailed documentation of lengths and types of the menstural cycles during
the study, semiannual blood tests were performed to measure concentrations of the most
important female sex hormones.
As already has been mentioned, one of these hormones is progesterone from which con-
clusions about the type of the cycle can be drawn, since its production notabley increases
only when ovulation occurs. Therefore, to allow for a feasable interpretation, blood tests
have to be performed during the luteal phase. To recapitulate, in case of ovulation the
serum concentration of progesterone usually is higher than 6ng/ml and vice versa, proges-
terone values greater than 6ng/ml indicate ovulation. Progesterone is suggested to have
a bone-constructive effect.
Furthermore, the serum concentrations of the follicle-stimulating hormone (FSH) in IU/l,
which is suggested to have a bone-destructive effect, and the luteinizing hormone (LH) in
IU/l as well as (17ß)-estradiol in pg/ml were recorded.

The production of these hormones is highly correlated. The basic relation among them
and their main functions in the menstrual cycle can be briefly described as follows: Ini-
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tially, significant amounts of FSH and LH are produced to stimulate egg follicles to grow.
Hereupon, the maturing follicles release estradiol. As progesterone, estradiol prepares the
uterus for implantation of the fertilized egg. When the estradiol level reaches a certain
point, it causes an increased production of LH. This surge of LH triggers the most mature
follicle to burst open (ovulation) usually happening in the middle of the cycle (day 12-14).
Up from there the luteal phase begins: The egg is leaving the ovary ready to be fertilized
the next 12 to 24 hours. At the same time the egg’s follicle is transformed into the cor-
pus luteum which produces significant amounts of progesterone whereas concentrations
of FSH, LH and estradiol drop. If ovulation does not occur, the levels of FSH and LH
do further increase. Thus, increased concentrations of these hormones during the luteal
phase may indicate that the cycle is anovulatory. For further reading about this subject
we recommend the book of Gruhn and Kazer (1989).

To recapitulate, the cycle monitor displays an ovulation symbol when ovulation is highly
probable 24-36h later. Therefore, the begin of the luteal phase was defined as two days
after the ovulation symbol was shown (see 9.3). Consistently to this, a blood test was
classified as luteal phase blood test, i.e. as correct, if it was performed

• 6-9 days after the ovulation symbol was displayed by the cycle monitor or at day
19-22 of the cycle when there is no ovulation symbol displayed and

• at least 4 days before the next menstruation.

When the serum concentration of progesterone was measured to be greater than 6ng/ml,
blood samples were classified as correct, regardless of the point of time the sample was
taken. Failing these conditions, a blood sample was categorized as incorrect.
The 255 data (=̂ 51 × five blood samples) are split up as follows:

Classification of the blood test correct not correct missing

Number of observations 182 58 15

In our statistical analysis we refer only to serum concentrations taken from correct (luteal
phase) blood tests. The table indicates that unfortunately by far not for all participants
there are 5 luteal phase blood sample available. It is especially regrettably that partici-
pants number 6 and 47 do not have any correct taken blood sample over the whole study
so that we lose them for our investigations.

Additionally, the concentration of

• the stress hormone cortisol in µg/dl

as well as the bone turnover markers

• carboxyterminal cross-linking telopeptide of bone collagen (CTX) in ng/ml, a bone
resorption marker,

• osteocalcin in ng/ml, a bone formation marker and
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9. Study and data description

• bone-specific alkaline phosphatase (BAP) in µg/l given on a ordinal scale with usual
values from 4 to 21, another bone formation marker

were recorded from an analysis of the blood samples. The latter ones are biochemical
markers characterizing the bone metabolism. However, bone formation and resorption
always is linked, so that an increase of the bone formation markers is usually accompanied
by an increase of CTX.

Figure 9.9 shows histograms of the individual means of the serum concentrations of the
respective female sex hormones, cortisol and the bone markers measured in the luteal
phase blood tests. This graphic illustrates how the single variables are distributed. Es-
pecially FSH and LH are concentrated to the left part of their range but there are also
very high values observable corresponding to long anovulatory cycles.
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Figure 9.9.: Histograms of individual mean values of the variables determined by the luteal
phase blood tests

Figure 9.10(a) illustrates the correlation among the sex hormones. Especially the high
correlation between FSH and LH can be seen very well. As expected, these hormones are
negative correlated with estradiol and progesterone. Figure 9.11 highlights the correlation
of the sex hormones and ovulation. Clearly, it is not surprising that the ratio of ovulatory
cycles is highly correlated with the average concentration of progesterone.
Figure 9.10(b) confirms that mechanism within the bone metabolism are linked. Es-
pecially the bone resorption marker CTX and the bone formation marker osteocalcin
correlate strongly.
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Figure 9.10.: Pairs plots of the individual mean values of the female sex hormones (a) and
the bone turnover markers (b) determined by luteal phase blood samples
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and the mean values of the luteal phase serum concentrations of the female
sex hormones
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Response variables and goals

In the following chapters we investigate which variables influence the bone metabolism
and lead to the accelerated bone loss occuring in the perimenopause. We focus at first
on explaining and predicting the change of bone density (X.BMD) by fitting a standard
linear model (Chapter 10). We will only outline the model building process and focus on
results.

Furthermore we verify which factors have an influence on the bone markers. Since sev-
eral measurements of CTX, osteocalcin and BAP are available for each woman, we use
linear mixed models (see Part I) to account for arising correlations among the repeated
measurements. As already mentioned, we only incorporate measurements of blood tests
which can be clearly classified as luteal phase blood tests.

The bone markers characterize the bone metabolism and are supposed to be very rough
indicators for the bone density. But since bone formation and resorption are linked,
changes of bone marker concentrations can be hardly interpreted (Seifert-Klauss et al.
(2011)). Therefore we aim to compare here the change of the bone markers and the
change of the bone density during the course of the study. We declare the change of
CTX, osteocalcin and BAP by X.CTX, X.OST and X.BAP, respectively. Similarly as X.BMD,
we define them as the difference between the value at the end of the study (5th blood
sample) and the value at the begin of the study (first blood sample).
Figure 9.12 shows the number of participants where the BMD and the bone markers
increase or decrease during the study. As already illustrated by Figure 9.4 and Figure
9.5, it can be clearly seen that there are only few women whose bone density increases
over the two years. Furthermore we note that for the greater part of participants the
serum concentration of the bone markers is higher at the end of the study than at study
onset.
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Figure 9.12.: Barplot of participants with increasing or decreasing BMD and bone
turnover markers during the course of the study

Figure 9.13 shows the correlations among the change of BMD and the change of the
respective bone marker. It illustrates that the loss of bone density is slightly accompanied
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by an increase of the bone markers.
This observation can be even better clarified by Figure 9.14 which shows how the changes
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Figure 9.13.: Scatter plot of the change of BMD and the change of the respective bone
marker during the course of the study

of bone markers are distributed in women who lose BMD and women who gain BMD.
In the latter group, the bone formation markers osteocalcin and BAP do on average
not change highly since the corresponding means are almost zero. The bone resorption
marker CTX actually decreases in most of the participants. In women who lose BMD,
bone marker concentrations are higher at the end than at the begin of the study.
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Figure 9.14.: Boxplots of the change of the respective bone markers classified by women
who lost BMD (X.BMD<0) and women whose BMD increased during the
course of the study

Figure 9.15 shows the percental change of the bone markers for this group of participants,
i.e. the change of the bone markers with respect to the value measured at the first blood
test. It illustrates that for women who lose bone density during the course of the study, the
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bone resorption marker CTX increases on average more than the bone formation markers.
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Figure 9.15.: Boxplots of the percental change of the respective bone markers in women
who lost BMD during the course of the study

This result might motivate our further investigations of the bone turnover markers in
Chapter 11. We especially focus on the factors influencing the bone resorption marker
CTX. It will turn out that linear mixed models are adequate to explain the data. The
model building process and verifying model assumptions will be explained in detail since
these models are not as widespreadly known as standard linear models.
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10. Standard linear models to explain
the loss of bone density

In this chapter we investigate which factors determine the change of bone density (X.BMD)
over the two years of the study. Clearly, for participants number 12 and 24, who are
represented twice in the study, we only incorporate the observations corresponding to
the first two-year period. The quantitative computed tomography to determine the bone
density was performed only once for participants 18 and 19, thus X.BMD is missing for these
women. Furthermore, as already mentioned in the previous chapter, we do not incorporate
participants number 6 and 47, since for these women there was not performed any luteal
phase blood sample. Blood samples were either not performed or they were taken in the
wrong time interval. Hence, there are in total data of 45 different perimenopausal women
available for our statistical analysis.

For each participant measurements of the semiannual blood tests are summarized to
one single value. To this end, several approaches for summarizing longitudinal data are
possible. The most common and intuitive method is calculating the mean. But, for
example, taking the maximal or the minimal value observed during the course of the study
is also feasible in some cases. An approach recommended by Fitzmaurice et al. (2004,
Section 3.6) is taking the area under the curve (AUC). We tried several ways to aggregate
the repeated measurements to one value for each woman. At considering corresponding
histograms, there were no many differences in the basic form of the distribution to see
(see Figure B.5). Thus we apply the generally used summarizing method and take the
mean of the serum concentrations.

In Section 10.2 we fit standard linear models to explain X.BMD. As has been said already
in Chapter 1, standard linear models are matters of common knowledge and there is a
plenty of literature on them. Therefore we focus on results and refer to Fahrmeir et al.
(2007) and Myers (1986) to get a detailed introduction to the theory of standard linear
models.

10.1. Exploratory data analysis

Before adjusting a concrete model for X.BMD in the second section, we perform here a
exhaustive graphical analysis of the data. To verify if the assumption of normality of the
response variable X.BMD can be justified, we consider a histogram and a boxplot of this
variable to get an impression of it’s distribution (Figure 10.1). The distribution seems
to be a little bit left-skewed but this might also be explained by the covariates. In total,
there is no evidence that a standard linear model might be improper. Clearly, we have

87



10. Standard linear models to explain the loss of bone density

to consider the standardized residuals after fitting the model to check whether concrete
model assumptions are valid (see Section 10.2).
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Figure 10.1.: Histogram and boxplot of the change of bone density

The basic graphical tool of the exploratory data analysis when fitting standard linear
models are scatter plots of the response and the covariates of interest. These graphics
suggest how strong variables are correlated and may indicate which of the covariates have
a strong influence and which of them probably are not needed to explain the response.
Therefore we consider in the following scatter plots of X.BMD and each single covariate.
In order to better illustrate the arising correlations and to indicate plossibly necessary
transformations of variables, the respective linear regression lines (red and dashed) and
LOESS lines are added in every single graphic.
Figure 10.2 shows scatter plots of X.BMD with respect to AGE and QCT.1. Both covariates
seem to be negative correlated with X.BMD meaning that the older the women are and the
higher their bone density at study onset, the more bone density they lose. The second
fact is not surprisingly since we investigate here the absolut value of BMD loss and not
the percental.

Figure 10.3 illustrates that there is a slightly positive effect of BMI.25 on X.BMD. Further-
more it shows that the more the women gain in weight, the more they lose bone density.
Data are concentrated to the right in the middle plot below due to the outlier we detected
already in the previous chapter: participant number 9 reduced her BMI by -4 during the
course of the study. Without this observation, X.BMI.1.0 is ranged between -1.35 and 2
and does not seem to influence X.BMD.

Figure 10.4 suggests that there is a fairly high positive linear influence of the percentage
of ovulatory cycles on X.BMD and vice versa for anov.tot.s.PR. It does not seem to be
necessary to classify anovulatory cycles by normal and short length, only anovulatory
long cycles might be investigated separately.

Figure 10.5 shows the relationship between X.BMD and the mean length of cycles and
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Figure 10.2.: Scatter plots of the change of bone density with respect to age (left) and the
bone density at the begin of the study (right)
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Figure 10.3.: Scatter plots of the change of bone density and the BMI values at different
points of time as well as their changes over time
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Figure 10.4.: Scatter plots of the change of bone density and the percentage of ovulatory
and (total, long, normal and short) anovulatory cycles during the study
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luteal phases. One may immediately note that CYL.m should be transformed since there
are a few huge values which skew the distribution highly. This fact we noticed already
at considering Figure 9.7. The quadratic form of the LOESS line suggests the following
transforming of the mean length of cycles:

CYL.m.tr :=
1

CYL.m2
.

Indicated by the graphic in the middle, this transformation appears appropriate. It points
out that there is a high, linear, positive correlation between X.BMD and CYL.m.tr. It has
to be kept in mind that CYL.m.tr increases when CYL.m decreases. Thus the interpreta-
tion of this positive correlation is that longer cycles provoke a higher loss in bone density
which is actually what we expected. At the same time, longer luteal phases cause a lower
decrease of BMD. Figure 10.6 shows the correlation between the female sex hormones
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Figure 10.5.: Scatter plots of the change of bone density with respect to the mean length
of cycles, it’s transformation 1

CYL.m2
and the mean length of luteal phases

and X.BMD. LH and FSH are negative correlated with the change of BMD. As already seen
in the corresponding histograms (Figure 9.9), these measurements are right-skewed, i.e.
concentrated to the left part of their scale. Therefore we transform them by taking the
logarithm. The corresponding scatter plots are shown by Figure 10.7. Additionally, scat-
ter plots of the standardized residuals and and the non-transformed and log-transformed
covariates corresponding to a simple standard linear model to explain X.BMD by LH.m,
log(LH.m), FSH.m or log(FSH.m), respectively, is shown by this graphic. It can be seen
that, although the non-transformed data are not homogeneously distributed, variability
does not increase. Thus, it is not absolutely necessary to consider their logarithm.

Furthermore, Figure 10.6 illustrates that the mean values of estradil and progesterone
have a positive effect on X.BMD. However, one may note that the variability within the
scatter plot of X.BMD and PROG.m is not constant. It decreases for high mean values of
progesterone. Therefore we should also investigate for progesterone, if a transformation
might be preferable. To this end, Figure 10.8 shows a box-cox-transformation plot (see
Myers (1986, Section 7.3)), generated by

> boxcox(PROG.m ~ X.BMD) .
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Figure 10.6.: Scatter plots of the mean female sex hormones and the change of bone
density with linear regression line and LOESS lines

0 10 20 30 40

−
20

−
10

0
10

LH.m

LH.m

X
.B

M
D

0.5 1.0 1.5 2.0 2.5 3.0 3.5

−
20

−
10

0
10

log(LH.m)

log(LH.m)

X
.B

M
D

0 10 20 30 40

−
3

−
2

−
1

0
1

2
3

studentized residuals vs. fitted values

LH.m

st
ud

. r
es

id
ua

ls

0.5 1.0 1.5 2.0 2.5 3.0 3.5

−
3

−
2

−
1

0
1

2
3

studentized residuals vs. fitted values

log(LH.m)

st
ud

. r
es

id
ua

ls

0 10 20 30 40 50 60

−
20

−
10

0
10

FSH.m

FSH.m

X
.B

M
D

1.0 1.5 2.0 2.5 3.0 3.5 4.0

−
20

−
10

0
10

log(FSH.m)

log(FSH.m)

X
.B

M
D

0 10 20 30 40 50 60

−
3

−
2

−
1

0
1

2
3

studentized residuals vs. fitted values

FSH.m

st
ud

. r
es

id
ua

ls

1.0 1.5 2.0 2.5 3.0 3.5 4.0

−
3

−
2

−
1

0
1

2
3

studentized residuals vs. fitted values

log(FSH.m)

st
ud

. r
es

id
ua

ls

Figure 10.7.: Scatter plots of X.BMD with respect to LH.m and FSH.m as well as their
logarithm (first row) and standardized residuals corresponding to simple
standard linear models of X.BMD and the respective covariate (second row)
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It indicates that the optimal transformation of progesterone is taking its square root (box-
cox coefficient λ = 1

2
). Although variability is still heterogeneous, which is shown by the

right plot of Figure 10.8, we will find out in the next chapter, that this transformation
indeed is preferable (see Table 10.1).
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Figure 10.8.: Optimal transformation of progesterone

Finally, Figure 10.9 suggest no high influence of the mean values of the bone markes on
the change of bone density. The LOESS line in the left plot might suggest a quadratic
relationship, but by trying several transformations of OST.m, this trend is still be seen.
Thus we let OST.m untransformed.
It is noticeable that comparing X.BMD to the change of the bone markers with respect
to the end of the study and study onset, which was considered in the previous chapter
(Figure 9.13), showed a stronger correlation than comparing X.BMD to the mean values.
This can be explained by the fact that the bone markers are not monotonically decreasing
or increasing during the course of the study, but can vary highly. Figure 11.1 of the next
chapter illustrates this fact.

An investigation wether X.BMD should be transformed did not show any result. All box-cox
values were given by 1 which does not suggest a transformation. The same was indicated
by scatter plots of X.BMD and transformed versions, for example log(X.BMD), with respect
to the single covariates. Thus, we do not transform the change of bone density.

Additionally, we investigate if some covariates have a significant influence on X.BMD in a
manner that indicates if they are higher or lower than a certain so-called cutoff value. To
this end we introduce dummy variables which assume only the values 1 (=̂ ”true”,”yes”)
and 0 (=̂ ”false”,”no”). For example, QCT1low120 is coded by 1 if QCT.1 is less than 120
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Figure 10.9.: Scatter plots of cortisol and the bone turnover markers and the change of
bone density with linear regression line and LOESS lines

mgCa-Ha/ml and by 0 if QCT.1 is greater than 120 mgCa-Ha/ml. BMI25high25 is defined
to be 1 if the respective participant is overweight (BMI.25 greater than 25 kg/m2) and
0 if the participant has normal weight. Figure 10.10 shows some boxplots of X.BMD per
each of the two groups of the respective dummy variable. It is basically illustrated that
bone density decreases on average less for participants which were overweight at 25 years
of age, for women which had osteopenia at study onset and for women with low a low
mean concentration of FSH.
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Figure 10.10.: Boxplot of dummies
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10.2. Modeling the change of bone density (X.BMD)

Based on the scatter plots of the previous section, we got alread an impression which
covariates might have a high explanatory potential on the change of bone density. But
since there are only little data available and covariates are highly correlated among each
other, the model selection process turns out to be difficult. We suppose that models get
fastly overfitted and by highly correlated covariates effects are reversed.

Therefore we started our inference by considering simple standard linear models. That
is, by denoting each of the available covariates and also some dummy versions with x we
adjusted the following model:

X.BMD = β0 + β1x+ ǫ with ǫ ∼ N(0, σ2I) .

Table 10.1 shows the coefficient of determination R2 and the p-value corresponding to a
t-test of H0 : β1 = 0 to verify the significance of the respective covariate for each of these
simple standard linear models. Additionally, the empirical correlation coefficient between
X.BMD and the respective variable is listed in the second column. P-values less than 0.05
indicating that the covariate is significant at level 5% are marked.

It is noticeable that the female sex hormones LH, FSH and estradiol are highly significant.
LH and FSH have a strong negative effect on the change of bone density, i.e. if their
mean value is high, the more bone density is lost. From the middle column we get that
only incorporating an intercept and FSH.m, 15% of the variability in the data can be
explained by the model. A similar statement can not be affirmed for progesterone nor
for its transformed version. The simple standard linear model which has the greatest
coefficient of determination is the model with slope of CYL.m.tr, i.e. the mean length of
the cycles transformed by the squared inverse. This model is able to explain almost 25% of
variation in the response data. Furthermore the percentage of ovulatory and anovulatory
long cycles is highly significant as was suggested already by the scatter plots.

We continue our investigations by considering a saturated model for X.BMD, meaning to
include the maximal number of covariates. To this end there are 17 covariates available.
Obviously, we have to avoid complete linear dependences between the covariates. For
example, BMI.0 is not included since it can be derived from BMI.25 and X.BMI.0.25.
Among the ”dependent” variables we select these variables with lowest p-values in Table
10.1. In this first multivariate linear model we do not incorporate the dummy versions
either. The transformed mean cycle length CYL.m.tr, defined as 1

CYL.m2
, assumes very low

values which leads to a huge estimated regression parameter. Therefore we additionally
standardize this covariate, i.e. subtract its mean and divide it by it’s standard deviation.
The obtained standardized and transformed mean cycle lengh variable we declare by
CYL.m.tr.st. We decide to take the square root transformation of progesterone based
on the observations of Section 10 and due to its lower p-value in Table 10.1. This initial
model we declared as mod.full:

> mod.full = lm(X.BMD ~ AGE + QCT.1 + BMI.25 + X.BMI.0.25 + X.BMI.1.25 +

+ LH.m + FSH.m + E2.m + sqrtPROG.m +
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10. Standard linear models to explain the loss of bone density

x emp.cor R2 pvalue

AGE -0.17 0.029 0.26

QCT.1 -0.22 0.050 0.14

BMI.25 0.21 0.045 0.16
BMI.0 -0.03 0.001 0.86
BMI.1 -0.05 0.003 0.73
X.BMI.0.25 -0.26 0.066 0.09
X.BMI.1.25 -0.26 0.069 0.08
X.BMI.1.0 -0.09 0.008 0.57

LH.m -0.36 0.128 0.02

log(LH.m) -0.35 0.124 0.02

FSH.m -0.38 0.147 0.01

log(FSH.m) -0.33 0.107 0.03

E2.m 0.30 0.091 0.04

PROG.m 0.12 0.014 0.44
sqrtPROG.m 0.14 0.020 0.35

CORT.m -0.10 0.010 0.50
OST.m -0.07 0.005 0.65
BAP.m -0.07 0.004 0.67
CTX.m -0.10 0.011 0.50

CYL.m -0.27 0.073 0.07

CYL.m.tr 0.49 0.245 0.00

LPL.m 0.26 0.065 0.09

ov.tot.s.PR 0.35 0.122 0.02

anov.tot.s.PR -0.35 0.122 0.02
anov.norm.s.PR -0.14 0.018 0.38
anov.short.s.PR -0.13 0.018 0.38

anov.long.s.PR -0.35 0.126 0.02

Dummy versions

BMI0high25 -0.08 0.006 0.61
BMI25high25 0.22 0.050 0.14

QCT1low150 0.10 0.011 0.49
QCT1low120 0.22 0.050 0.14

PROGhigh6 0.10 0.009 0.53
PROGhigh12 0.17 0.028 0.27

E2high200 0.21 0.043 0.17
E2high150 0.10 0.011 0.50

FSHlow10 0.31 0.098 0.04

Table 10.1.: Empirical correlation coefficients (emp.cor) between the covariate x and X.BMD and char-

acteristics of corresponding simple standard linear models. The pvalue refers to a t-test to

verify the significance of the slope.
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+ CORT.m + CTX.m + OST.m + BAP.m +

+ ov.tot.s.PR + anov.long.s.PR +

+ CYL.m.tr.st + LPL.m, x=T, y=T)

It is able to explain almost 57% of the variablility arising in the data, but it is highly
overfitted. This is indicated by the fact that only two covariates are significant at level
10% with respect to a t-test. Furthermore, as initially mentioned, effects are reversed.
For example, the effect of progesterone (sqrtPROG.m) is estimated to be negative, but the
scatter plot (see Figure 10.8) and Table 10.1 indicate a positive effect.

> summary(mod.full)

Call: ...

Residuals:

Min 1Q Median 3Q Max

-10.949 -3.257 -0.538 3.845 11.951

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 14.0780 37.6173 0.37 0.711

AGE 0.1668 0.6372 0.26 0.795

QCT.1 -0.1015 0.0543 -1.87 0.072 .

BMI.25 0.2874 0.4789 0.60 0.553

X.BMI.0.25 -0.9529 1.3980 -0.68 0.501

X.BMI.1.25 0.5163 1.2780 0.40 0.689

LH.m -0.2089 0.3470 -0.60 0.552

FSH.m -0.0331 0.2228 -0.15 0.883

E2.m 0.0085 0.0187 0.45 0.654

sqrtPROG.m -2.0825 2.4498 -0.85 0.403

CORT.m -0.4005 0.2943 -1.36 0.185

CTX.m 11.5857 20.0296 0.58 0.568

OST.m -0.7817 0.4556 -1.72 0.098 .

BAP.m 0.0385 0.6556 0.06 0.954

ov.tot.s.PR 0.0607 0.1421 0.43 0.672

anov.long.s.PR 0.1580 0.1454 1.09 0.287

CYL.m.tr.st 6.2521 2.5607 2.44 0.021 *

LPL.m -0.1517 1.2939 -0.12 0.908

---

Residual standard error: 6.68 on 27 degrees of freedom

Multiple R-squared: 0.569, Adjusted R-squared: 0.298

F-statistic: 2.1 on 17 and 27 DF, p-value: 0.0412

We suppose that this occurs due to high correlations among the single covariates. There-
fore we consider the corresponding variance inflation factors (see Myers (1986, Section
3.8)), which are indicators for arising multicollinearity.

> vif(mod.full)
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AGE QCT.1 BMI.25 X.BMI.0.25 X.BMI.1.25 LH.m FSH.m E2.m sqrtPROG.m

2.26 1.86 2.31 17.18 17.63 10.30 12.60 2.02 7.92

CORT.m CTX.m OST.m BAP.m ov.tot.s.PR anov.long.s.PR CYL.m.tr.st LPL.m

1.48 3.92 3.35 2.54 15.04 6.62 6.46 20.10

The VIFs of various covariates are very high (even greater than 10) which affirms our
assumption of occuring multicollinearity.

Hence, we reduce this model in a further step and search for significant covariates which
may explain X.BMD ”best”. Since we have 17 covariates, there are 217 = 131.072 sub-
models. Furthermore, we also aim to investigate the dummy versions of covariates which
have not be incorporated so far and interactions between the covariates. This makes the
model selection process even more complex. Clearly, it can not be investigated all these
possible models, therefore sequential procedures are usually applied for the model build-
ing process. To this end, several approaches are known, basically concerning forward,
backward or stepwise selection with respect to t-tests, F-tests, the adjusted R2

ad statistic,
the Akaike information criterion or Mallows’ Cp statistic. For a detailed description of
variable selection procedures and the mentioned tests and statistics, the reader is referred
to Myers (1986, Section 4.4).

We actually applied all the stated methods for our model building process. By using
forward selection methods, the variable CYL.m.tr.st was always first included and by
applying backward (or stepwise) selection procedures, the same variable were last elim-
inated from the model. Taking into account the results of Table 10.1, this fact is not
surprising. It basically established one model, referred to as mod.fin:

X.BMD = β0 + β1 CYL.m.tr.st + β2 QCT1low120

+ β3 CTX.m + β4 CORT.m + ǫ

with ǫ ∼ N(0, σ2I) .

(10.1)

Considering the corresponding summary table indicates that all covariates are significant
with respect to a t-test at level 10%. This model is able to explain 42% of the variation
arising in the data. The adjusted R2 increases to 0.363 compared to mod.full which has
a R2

ad of 0.298. Since this statistic is appropriate for comparing models, we can conclude
that mod.fin is prefered to mod.full. Indeed, this model has the highest R2

ad of all the
models we considered.

> summary(mod.fin)

Call:

lm(formula = X.BMD ~ CYL.m.tr.st + QCT1low120 + CTX.m + CORT.m)

Residuals:
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Min 1Q Median 3Q Max

-12.809 -4.993 0.219 3.677 13.312

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 4.573 4.328 1.06 0.297

CYL.m.tr.st 4.854 1.003 4.84 2.0e-05 ***

QCT1low1201 6.336 2.424 2.61 0.013 *

CTX.m -19.888 10.047 -1.98 0.055 .

CORT.m -0.405 0.238 -1.71 0.096 .

---

Residual standard error: 6.37 on 40 degrees of freedom

Multiple R-squared: 0.421, Adjusted R-squared: 0.363

F-statistic: 7.26 on 4 and 40 DF, p-value: 0.000171

Again considering the V IFs corresponding to this model,

> vif(mod.fin)

CYL.m.tr.st QCT1low120 CTX.m CORT.m

1.09 1.04 1.09 1.07

does not suggest tht among these variables multicollinearity arises.

To verify the model assumptions, Figure 10.11 shows a Q-Q plot of the standardized
residuals as well as a scatter plot of the fitted values and the standardized residuals.
Keeping in mind that there are only 46 measurements, the graphics do not suggerst a
lack of fit. The standardized residuals are centered to zero and show constant variability.
There are only four outliers, i.e. observations with standardized residuals greater in
absolute value than the 97.5% quantile of the standard normal distribution.

Using this model, the change of bone density might be predicted as follows:

X̂.BMD = 4.57 + 4.85 · CYL.m.tr.st + 6.34 · QCT1low120

− 19.89 · CTX.m − 0.41 · CORT.m
(10.2)

Interpreting the dummy variable QCT1low120, the formula is given by

• Participants with BMD ≤ 120 mgCa-Ha/ml at study onset:

X̂.BMD = 10.91 + 4.85 · CYL.m.tr.st − 19.89 · CTX.m − 0.41 · CORT.m

• Participants with BMD > 120 mgCa-Ha/ml at study onset:

X̂.BMD = 4.57 + 4.85 · CYL.m.tr.st − 19.89 · CTX.m − 0.41 · CORT.m

To make the regression coefficients comparable, we standardize all continuous (non-
dummy) covariates and refit mod.fin using these standardized covariables. The cor-
responding regression coefficients then are estimated as shown in the following Table:
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Figure 10.11.: Q-Q plot of the standardized residuals (left) and scatter plot of the fitted
values and the standardized residuals (right) of mod.fin (10.1)

(Intercept) CYL.m.tr.st QCT1low1201 CTX.m.st CORT.m.st

-6.71 4.85 6.34 -1.98 -1.69

Interpreting the suggested model, we first note that among the continuous covariates,
the standardized and transformed mean length of cycles is most influential. This vari-
able explains the mayority of arising variability. Adjusting the model without including
CYL.m.tr.st yields a R2 of 0.08. The exlanatory power of QCT1low120, CTX.m.st and
CORT.m.st is therefore relatively low. The higher the mean length of cycles, the lower

1
CYL.mean2

and thus the higher the loss of bone density.
The bone resorption marker CTX and the stress hormone cortisol are have an relatively
low influence on the change of bone density. An increase of these variables provokes a
higher loss of BMD. Hence, stressed women are exposed to a higher risk for getting os-
teoporosis.
If women had already osteopenia at study onset, they loose relatively less BMD. This fact
is not very surprising since we considered the absolute value of BMD change and not the
percental.
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11. Linear mixed models to explain the
bone markers (Longitudinal
analysis)

Goal in this chapter is to describe the bone turnover markers characterizing the bone
metabolism by an appropriate model. The central question in this chapter is therefore
which variables influence the serum concentration of CTX, osteocalcin (OST) and BAP.
Since several measurements of the bone markers were made on each individual we fit
linear mixed models which were described in the first part of this thesis. To recapitulate,
these models account for occurring correlations among the repeated measurements and
individual behavior by incorporating, besides constant, fixed effects, also random effects.

11.1. Exploratory data analysis

For the statistical analysis in this chapter there are 170 complete data of 46 different
participants available. Remember that participants 12 and 24 are represented twice in the
study (in total observed over 4 years). Nevertheless, for participant 12 there are all in all
only 5 and for participant 24 only 4 complete data available. The other blood tests can
not be classified as luteal phase blood tests (i.e. were taken in the wrong time interval) or
some data are completely missing. The following table shows the number of participants
per number of complete measurements.

Number of measurements 1 2 3 4 5
Number of participants 2 6 9 16 13

As has been already mentioned, the exact time over which the participants were observed
differs from participant to participant. For most of them it is approximately two years,
but for participant 12 and 24 it is 4 years. Therefore and for reasons to facilitate prediction
we consider in the following only the time-invariant covariates which refer to study onset,
i.e. AGE, BMI.25, BMI.0, X.BMI.0.25 and omit the time-invariant variables which refer to
study end (for example BMI.1 and QCT.2).

As usual, we start our inferences with a detailed graphical analysis of the data to get to
know them well and to suggest first hypotheses for concrete model building later on. We
basically refer here to Pinheiro and Bates (2000) but techniques are also well described in
Verbeke and Molenberghs (2009) and concrete examples for an exploratory data analysis in
R are also presented in West et al. (2007) and Fox (2002). Clearly, we give here, however,
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11. Linear mixed models to explain the bone markers (Longitudinal analysis)

only an overview of our complete performed exploratory data analysis by presenting the
most meaningful graphics. We basically focus on the bone resorption marker CTX on which
we also concentrate by describing the concrete model building process (Section 11.3).

Since the data are longitudinal it suggests itself that we investigate at first if there is
any time trend in the data. Therefore we consider the individual trajectories of the bone
markers. To have a higher informative value we consider only those 13 participants with 5
available measurements. We define this subset of participants by the variable obs. Among
them is participant 12 who has complete data corresponding to blood sample number 4
to 8. The corresponding graphic is shown by Figure 11.1. It can not be seen that the
bone markers are monotonically decreasing or increasing during the course of the study.
Instead, some of the data show a high variation between the single measurements. This
indicates that there is probably no influence of time. It is interesting to note that our
results of Chapter 9 show, that the change of the bone markers with respect to the end
of the study and the study onset are correlated with the change of bone density (X.BMD)
(see Figure 9.15). Moreover it can be seen that especially the bone markers CTX and OST

show a similar behavior over time, which suggests that they might be correlated.
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Figure 11.1.: Individual trajectories of the bone markers for the 13 participants with 5
complete measurements

The individual trajectories shown in Figure 11.1 can be generated in R by plotting a
grouped data object which is provided by the package nlme. The first plot, for instance,
was produced by the following code.
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11. Linear mixed models to explain the bone markers (Longitudinal analysis)

> group.CTX = groupedData( CTX ~ NO.BS | PAT.ID, order.groups=F )

> plot( group.CTX, layout=c(13,1), aspect=1, subset=obs, grid=F, as.table=T)

Additionally it can be observed in Figure 11.1 that the individual mean profiles of the
markers vary from participant to participant. This impression may be reinforced by con-
sidering individual boxplots of the bone markers which is shown in Figure 11.2. Although
the single boxes only consist out of 5 observations and may therefore be not very mean-
ingful, it can be observed that the individual mean concentrations, indicated by the bold,
black lines, highly differ between the participants. This might be a first indication that a
random intercept is needed to explain the individual deviations of the overall population
level. The latter one is represented by the red, dashed line. In order to confirm this
assumption we have to show that these differences in the individual average levels can not
be explained by different levels of certain covariates.
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Figure 11.2.: Individual boxplots of the bone markers for the 13 participants with 5 com-
plete measurements

The standard graphical tool of the exploratory data analysis when fitting standard lin-
ear models are scatter plots of the response and the covariates of interest (see Section
10.1). However, when analyzing longitudinal data, overall scatter plots mostly are not
very meaningful. Although a certain explanatory variable has a significant influence on
the response, this correlation has not necessarily to be seen in the overall scatter plot.
The reason for this is that variability in the data can be explained by individual-specific
deviations of a certain significant global population effect. Consider Figure 2.1 (p. 5) for
an appropriate illustration of this fact.
Figure 11.3 shows an overall scatterplot of the bone markers and the time-invariant covari-
ate AGE. Although we will detect later of this chapter, by applying statistical hypothesis
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tests, that there is a significant effect of AGE on each of the bone markers, the scatterplots
do not suggest a high correlation between the variables. The right graphic does not even
indicate that there is any correlation between BAP and AGE.
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Figure 11.3.: Scatter plots of the bone markers and AGE with regression and LOESS lines

Figure 11.4 illustrates these observations as well by showing scatter plots of the bone
resorption marker CTX with respect to the time-varying covariates FSH, ov.tot.PR and
CORT. It will turn out in Section 11.3 that FSH and ov.tot.PR have a significant fixed
effect on CTX, whereas the latter one not. One definitely might not suppose these results
by only considering the corresponding scatter plots.
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Figure 11.4.: Scatter plots of the bone resorption marker CTX with respect to FSH,
ov.tot.PR and CORT with regression and LOESS lines

Therefore, individual scatter plots have to be considered in the exploratory longitudinal
data analysis. Central questions in this case are if there is a certain global relationship
between the exlanatory variable and the response which can be seen in each single graphic
or if there are differences between the individual intercept and slope values. If the form of
the individual scatter plots differs from individual to individual, then this might indicate
that there are individual-specific effects needed in the model.
Unfortunately, in our data set are even in the optimal case only 5 measurements per
participant available. Consequently individual plots, as already seen at the individual
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boxplots of Figure 11.2, are kind of poor and it turns out to be quite difficult to draw
conclusions from the graphical analysis of the data. Looking at individual scatter plots
of the bone markers and every single covariate for the participants with 5 data available
shows that individual regression lines highly differ from participant to participant. This
might indicate the need of a random slope of every covariate. Therefore we focus on
statistical hypothesis testing (confirmatory data analysis) for the choice of random effects.

To illustrate this difficulty, individual scatter plots of the bone resorption marker CTX with
respect to FSH, log(E2), log(PROG) and CORT are shown in Figure 11.5. FSH will turn out in
Section 11.3 to have a significant fixed and random effect on CTX, log(E2) will be detected
to have a significant random effect, log(PROG) has a significant fixed effect and the stress
hormone CORT has neither a significant fixed nor a significant random effect on CTX. As
described above, intercept and slope of the individual regression lines vary highly among
the participants. The individual regression lines of log(PROG) and CORT do not differ that
much in their slopes than these of FSH and log(E2), but in total there can not be seen
high differences in the general nature of these individual scatter plots.

The single graphics of Figure 11.5 were generated by the function xyplot of the library
lattice. For example, to generate the first graphic showing scatter plots of CTX and FSH

for each participant,

> xyplot(CTX ~ FSH | as.factor(PAT.ID), data = DATA, subset = obs, as.table=T,

+ scales = list(ylim=range(CTX)), layout = c(7,2),

+ panel = function(x,y) {panel.xyplot(x,y,pch=16)

+ panel.lmline(x,y,lty=2)

+ panel.grid(h=3,v=3) } )

was applied.

Fitting an individual standard linear model for each participant can be performed by the
function lmList of the nlme package. For example,

> lmlistfsh = lmList( CTX ~ FSH | PAT.ID, data=DATA, subset=obs)

> plot( intervals(lmlistfsh))

adjusts simple standard linear models to explain the bone resorption marker CTX by
the hormone FSH for the participants with 5 available measurements (subset=obs). An
approach for comparing these individual models which can be more illustrative than
looking at the individual scatter plots is provided by plotting confidence intervals for
the single model parameters. This is shown by the left graphic of Figure 11.6. The right
graphic shows confidence intervals for intercept and slope for individual simple linear
models with covariate log(PROG). In both graphics we may note that some intervals for the
intercept values highly differ which might indicate the need of a random intercept in the
model. However, confidence intervals for the slope values overlap to a great extend which
does not suggest the need of a random slope in the respective covariate. Nevertheless, by
applying asymptotic likelihood ratio tests we will find out that a random slope of FSH
is significant (see Section 11.3). Consequently, the explanatory power of these graphics
again is not very high, simply due to the fact that there are not enough data available.
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Figure 11.5.: Individual scatter plots and regression lines of the bone resorption marker
CTX with respect to FSH, log(E2), log(PROG) and CORT for the 13 participants
with 5 complete measurements
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Figure 11.6.: 95% confidence interval for intercept and slope in individual simple standard
linear models with response CTX and covariates FSH and log(PROG)

Similar as in the previous chapter, we furthermore investigate if some dummy versions of
covariates might influence the bone markers. Figure 11.7 shows some boxplots of the bone
marker concentrations per each of the two groups of the respective dummy variable. It can
be seen that the mean profile of CTX is much higher when the the bone density measured
at the beginning of the study is higher than 150 mgCa-Ha/ml. Serum concentrations of
osteocalcin tend to be a little bit higher if the concentration of estradiol is higher than
200 pg/ml. BAP is somewhat higher when progesterone is lower than 6 ng/ml (indicating
an anovulatory cycle) and shows significant higher values when the respective participant
is overweight.
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Figure 11.7.: Boxplots of bone markers per group

The following table shows the corresponding number of measurements in the respective
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groups:

0 1

QCT1low150 55 115
E2high200 123 47
PROGhigh6 60 110
BMI0high 117 53

Since there are all in all 170 measurements available, data mostly are grouped by the
dummy variables approximately into 1/3 and 2/3 parts.

By introducing these dummy variables it can also be looked for any interactions among
the covariates. Considering Figure 11.8 shows different effects of FSH on CTX when the
serum concentration of E2 is higher or lower than a cutoff value of 150 pg/ml. Clearly, this
might be due to the fact, that FSH and E2 are highly negative correlated which explaines
the high values of FSH (red) in the left graphic.
One also could suspect that the outlying observation (red) in the right graphic pulls down
the regression line and that therefore an interaction might be not significant. However,
omitting this measurement does not change the basic form and the single regression lines
for different E2 levels do still differ. This is why we investigate this interaction further in
Section 11.3.

Since only few observations for each participant are available, it is obvious to investigate
if there can be formed groups of participants which show a similar behavior of the bone
markers with respect to certain covariates. This means to check if random effects should
be included rather for groups of participants than for every single participant. To this end,
we may analyze for example the similarities of the participants with increasing, constant
or decreasing regression lines in the individual scatter plots (Figure 11.5). Unfortunately
these investigations did not show any results.
To illustrate an example, Figure 11.9 shows the relationship between the bone resorp-
tion marker CTX and FSH for different groups of participants. In the first scatter plot
participants were aggregated by their age. Though the single regression lines differ in
their slopes this is mostly due to one single outlier (for example at age 47) or because
of only few observations in one class (for example at age 50). The general distribution
of the measurements does not show high differencies. Instead, all single plots suggest a
slight positive correlation of FSH and CTX which might indicate a fixed effect of FSH. In
the second to 5th graphic of Figure 11.9 participants are equally partioned in groups of
weight (BMI.0), initial level of the bone density (QCT.1), initial level of FSH (defined by
FSH.start) and the average level of estradiol (defined by E2.m). Note that FSH values are
higher when E2.m is low is due to the fact that FSH and E2 are negative correlated. Since
neither these graphics nor concrete investigations by statistical hypotheses indicate the
need of random effects on the level of grouped participants we concentrate in the following
only on including individual-specific effects (random effects for each participant).

Since the study is longitudinal it may also be considered, besides the initial investigation
of a present time trend, if there is any random effect of time. That is we investigate if
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Figure 11.8.: Scatter plot of CTX and FSH partioned by the level of E2. The red values in
the upper graphic indicate FSH concentrations greater than 40 IU/l. In the
lower graphic, the outlying value of high FSH and high E2 was removed.

measurements made at different points in time show different or similar behavior. To this
end we generated scatter plots of the bone markers and the covariates grouped by the
corresponding number of blood sample. Figure 11.10 shows one example for CTX and
FSH. Neither there can be seen different behavior of the measurements taken at different
times nor such an effect of time would be well interpretable. This is why we do not assume
that there is any influence of time on the bone markers.
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Figure 11.9.: Scatter plots of CTX and FSH with respect to different groups
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Figure 11.10.: Effect of time

11.2. Model building

To find an appropriate linear mixed model for each of the three bone turnover markers
we proceed by applying the Top-Down Strategy introduced in Section 7.1. That is, we
start with fitting a standard linear model which incorporates the maximum number of
fixed effects, then we focus on the choice of an appropriate structure of the random effects
before we finally eliminate non-significant fixed effects. Note that since there are at the
most only 5 measurements available for each of the 46 women, it is not very meaningful
to investigate if there is any specific structure of the residuals. Models would turn out to
be too complex for this small data set.

As for modeling the change of bone density X.BMD in Chapter 10, we consider for CYL.BS
and CYL.mean their transformed versions

CYL.BS.tr :=
1

CYL.BS2
and CYL.mean.tr :=

1

CYL.mean2
.

To recapitulate, these variables indicate the length of the cycle at which the blood sam-
ple was taken and the mean length of cycles since the last blood test for each woman,
respectively. Figure 11.11 shows examplarily for CYL.BS that data corresponding to the
transformed variables are distributed more homogeneously.

Considering scatter plots of every single covariate does not clearly suggest that further
transformations of variables might be necessary. However, by applying statistical hy-
potheses in the following sections, we indeed will see that taking the logarithm of some of
the female sex hormones yields better results. A transformation of the response variables
(the bone markes) did not turn out to be necessary.

Moreover, we consider in the following model building process the standardized version
for every continuous, non-dummy covariate. That is, we subtract the mean and divide
this difference by the variable’s standard deviation. These standardized covariates are
labeled by ”.st”. For example, instead of FSH we incorporate in the following FSH.st,
defined as

FSH.st =
FSH−mean(FSH)

sd(FSH)
. (11.1)

The reason for this is on the one hand that estimated fixed effects of the covariates are
directly comparable, meaning that the higher the absolute value of the estimated slope of
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Figure 11.11.: Scatter plots of the bone markers and CYL.BS (first row) and its trans-
formed version (second row), respectively

a covariate, the higher its influence on the response. On the other hand, calculations of
estimates are often numerically more stable.

As already mentioned in the previous section, we incorporate only these time-invariant
covariates which refer to the begin of the study. Furthermore, we do not incorporate the
length of the luteal phase of the cycle at which the blood test was performed (LPL.BS).
This is due to the fact that there are too many missing values (NA entries), since all
cycles where progesterone was measured to be greater than 6ng/ml were categorized as
ovulatory, even if the cycle monitor did not show a ovulation symbol. Clearly, for these
cycles the corresponding length of the luteal phase is not available.

Hence, by avoiding complete dependencies among the variables, the pool of covariates in
the respective saturated fixed effects model, from which we start our statistical analysis
in the following sections, can be summarized as shown by Table 11.1.
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time-invariant coavariates time-varying covariates

AGE.st LH.st CY.BS

BMI.25.st FSH.st CYL.BS.tr.st

BMI.0.st E2.st CYL.mean.tr.st

QCT.1.st PROG.st LPL.mean.st

CORT.st ov.tot.PR.st

anov.long.PR.st

Table 11.1.: Overview of covariates in the saturated fixed effects model
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11.3. Modeling the bone resorption marker CTX

We start our inferences by explaining the bone resorption marker CTX. As mentioned in
the previous section, to find an appropriate model we proceed by applying the Top-Down
Strategy introduced in Section 7.1. To this end we begin with fitting a standard linear
model which incorporates the maximum number of fixed effects to explain adequately
the population-specific variability in the data. This model is called the saturated fixed
effects model or model with loaded mean structure. According to the notations which were
introduced in Part I of this thesis, it can be briefly formulated as

CTXit = xT
itβ + ǫit with ǫ ∼ N(0, σ2I) ,

where CTXit represents the tth measurement of CTX of participant i, i = 1, ..., 46. xT
it

symbolizes the corresponding covariate vector consisting out of the 15 variables listed in
Table 11.1 and a 1-entry corresponding to an intercept.

As seen in Chapter 10.2, fitting a standard linear model in R is provided by the function
lm, thus we declare

> modfix = lm( CTX ~ AGE.st + ... + anov.long.PR.st, , x=T, y=T) .

”...” stands for the remaining covariates of Table 11.1. The corresponding coefficient of
determination R2 is calculated to 0.179, meaning that almost 18% of the variablility in
the data can be explained by the model. The adjusted R2

ad statistic is 0.099 and the
residual standard error σ is estimated to 0.109.

The random intercept model

The fitted standard linear model modfix, however, probably is not appropriate for ex-
plaining the data. Due to the repeated measurements of the same individual, data are
correlated. Therefore the assumption of independent response variables is not satisfied.
This is why we now focus on including individual-specific, random effects to this initial
model to incorporate the occuring correlations. First of all, we include a random inter-
cept, γi0, to describe individual deviations of the mean population level:
For participant i = 1, ..., 46 and blood sample number t:

CTXit = xT
itβ + γi0 + ǫit with γi0 ∼ N(0, d20) and ǫ ∼ N(0, σ2I) . (11.2)

This random intercept model can be adjusted in R by the function lme of the nlme

package. The lme function as well as the other functions applied in the following are
described in Chapter 8.

> library(nlme)

> mod.ri = lme( CTX ~ AGE.st + ... + anov.long.PR.st,

random = ~1 | PAT.ID, data=DATA) .

To get a first impression of the fitted model we consider the corresponding summary table:
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> summary(mod.ri)

Linear mixed-effects model fit by REML

Data: DATA

AIC BIC logLik

-204 -150 120

Random effects:

Formula: ~1 | PAT.ID

(Intercept) Residual

StdDev: 0.0903 0.0696

Fixed effects:

Value Std.Error DF t-value p-value

(Intercept) 0.260 0.022 113 11.85 0.000

AGE.st -0.032 0.015 41 -2.06 0.046

BMI.25.st 0.000 0.019 41 0.01 0.992

BMI.0.st -0.019 0.018 41 -1.07 0.289

QCT.1.st 0.012 0.015 41 0.82 0.419

LH.st 0.008 0.017 113 0.49 0.626

FSH.st 0.016 0.018 113 0.88 0.383

E2.st -0.003 0.008 113 -0.42 0.672

PROG.st -0.007 0.011 113 -0.65 0.517

CORT.st 0.002 0.007 113 0.28 0.780

CY.BS1 -0.017 0.025 113 -0.69 0.491

CYL.BS.tr.st -0.007 0.012 113 -0.59 0.555

CYL.mean.tr.st -0.014 0.013 113 -1.08 0.281

LPL.mean.st -0.012 0.030 113 -0.39 0.696

ov.tot.PR.st 0.025 0.032 113 0.80 0.427

anov.long.PR.st -0.017 0.012 113 -1.44 0.152

...

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-1.8926 -0.4447 -0.0946 0.4786 3.5112

Number of Observations: 170

Number of Groups: 46

From the second paragraph we get that the standard deviation d0 of the random intercept
is estimated to 0.0903 and the estimated residual standard deviation σ̂ is 0.0696. Hence, σ̂
of the random intercept model is less than the the estimated residual standard deviation of
modfix and variation also is explained by γi0. This might indicate already the significance
of the random intecept.
Further we note that only a few of the incorporated fixed effects are significant at level
10% with respect to an asymptotic t-test (see Section 6.2). This indicates that we won’t
need all the corresponding covariates in the model which we will test concretely after
choosing an appropriate structure of random effects.

To check whether the random intercept is significant (H0 : d20 = 0), we perform an
asymptotic likelihood ratio test as presented in Subsection 6.1.3. From this subsection we
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know that the corresponding RLRT statistic satisfies under H0:

RLRT
d−→ 0.5X 2

1 + 0.5X 2
0 .

Referring to Subsection 8.3.1 we may apply the anova function to calculate the corre-
sponding RLRT statistic. The first argument of the function is the full model, i.e. the
random intercept model mod.ri, the second argument is the nested model, that is the
model given that H0 is true. The latter one is the standard linear model modfix which
we fitted initially. Note that the default setting in lme is that the variance components
vector θ is estimated using REML estimation (see Section 8.1). Hence, the given test
statistic L.Ratio indicates the value of the corresponding RLRT statistic.

> (anova.ri = anova(mod.ri, modfix))

Model df AIC BIC logLik Test L.Ratio p-value

mod.ri 1 18 -204 -149.6 120.1

modfix 2 17 -141 -89.1 87.4 1 vs 2 65.5 <.0001

Remember that the returned p-value is calculated with respect to RLRT
d−→ X 2

1 and
is therefore overestimated. Manual calculation of the p-value with respect to the correct
asymptotic distribution, i.e.

0.5 · P( X 2
1 > L.Ratio ) ,

yields obviously an even smaller p-value:

> 0.5 * (1-pchisq( anova.ri$L.Ratio[2], 1))

[1] 0 .

Consequently H0 is rejected which indicates that the random intercept is needed.

Since the random intercept model is a simple linear mixed model (only one single random
effect is included) it can be applied also an exact likelihood ratio test as presented in
Subsection 6.1.4. Under H0 : d

2
0 = 0, the finite sample distribution of the RLRT statistic

is given by (6.8). Simulations of this distribution are implemented in the R package
RLRsim and a likelihood ratio test based on these simulations can be performed by the
function exactRLRT (see Subsection 8.3.1).

> library(RLRsim)

> exactRLRT(mod.ri)

simulated finite sample distribution of RLRT.

(p-value based on 10000 simulated values)

data:

RLRT = 65.5, p-value < 2.2e-16

This test also provides a very small p-value, confirming that H0 can be rejected and the
random intercept is highly significant.
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Inclusion of a random slope

Still concentrating on the ideal structure of random effects, we furthermore investigate if
additionally a random slope is needed in the model. We check this by using again likeli-
hood ratio tests as presented in Subsection 6.1.2 and 6.1.3. In the following we illustrate
the applied procedure exemplarily to verify if a participant-specific slope of logE2.st

is significant. Certainly, the presented approach was applied to various covariates. The
corresponding results are summarized in Table 11.2.

Thus, we consider in the following a linear mixed model incorporating besides a random
intercept, γi0, also a random slope, γi1, of logE2.st. Similar as the saturated fixed effects
model and the random intercept model, it may be briefly formulated as follows:
For participant i = 1, ..., 46 and blood sample number t:

CTXit = xT
itβ + γi0 + γi1logE2.st+ ǫit

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 d01
d01 d21

))
and ǫ ∼ N(0, σ2I) .

As before, xT
it symbolizes the corresponding covariate vector consisting out of the 15

variables listed in Table 11.1 and a 1-entry corresponding to an intercept. It can be fitted
in R by an update of the random intercept model:

> mod.rirs.logE2 = update(mod.ri, random = ~ logE2.st | PAT.ID) .

From the respective part of the summary table we get the estimates of the corresponding

standard deviations of γi0, γi1 and ǫit as well as the estimated correlation
ˆd01

d̂0d̂1
between

the random effects:

> summary(mod.rirs.logE2)

...

Random effects:

Formula: ~logE2.st | PAT.ID

Structure: General positive-definite, Log-Cholesky parametrization

StdDev Corr

(Intercept) 0.0874 (Intr)

logE2.st 0.0217 -0.505

Residual 0.0673

...

Again, the estimated residual standard error σ̂ was slightly reduced as well as the es-
timated standard deviation of the random intercept. In exchange, a small part of the
variation is now explained by the random slope.

To investigate if the random slope of logE2.st is needed in the model we perform an
asymptotic likelihood ratio test for testing random effects. From Subsection 6.1.3 we
know that under

H0 : d
2
1 = d01 = 0
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the RLRT statistic satisfies

RLRT
d−→ 0.5X 2

2 + 0.5X 2
1 .

Since the anova function returns a p-value which is based on RLRT
d−→ X 2

2 , we only extract
the calculated test statistic and calculate the corresponding p-value manually, similarly
as before:

> LR.logE2 = anova(mod.rirs.logE2, mod.ri)$L.Ratio[2]

> 0.5 * (1 - pchisq(LR.logE2,2)) + 0.5 * (1 - pchisq(LR.logE2,1))

[1] 0.0734

However, this p-value refers to the asymptotic distribution of the test statistic. Thus
it should be verified if the sample is large enough that approximating the distribution
of the RLRT statistic by its asmptotic distribution is appropriate and the calculated p-
value is trustable. To this end, the function simulate.lme (discribed in Subsection 8.3.1)
provides to simulate the distribution of the RLRT statistic under H0.

> data.sim.E2 = simulate.lme( mod.ri, mod.rirs.logE2, nsim=1000, seed=2,

+ method="REML" )

> plot(data.sim.E2, df=c(1,2), between=list(x=c(0.5,0.5)),

+ panel = function(x,y){panel.abline(0,1,lty=2); panel.loess(x,y,lwd=2)})

By plotting the generated simulate.lme object, the empirical distribution of the RLRT
statistic is compared to a X 2 distribution with ”df” degrees of freedom (Figure 11.12).
Concretely, in the left graphic, the empirical p-values are drawn against the p-values of a
X 2

1 distribution, in the middle plot against the asymptotic distribution, 0.5X 2
2 + 0.5X 2

1 ,
and in the right plot against a X 2

2 distribution. In the middle plot, the empirical and
nominal p-values do nearly lie on the bisecting line. This indicates that the asymptotic
distribution is appropriate and the calculated p-value of 7.3% is trustable.
Hence we may reject H0 at level 10% and conclude that the random slope of logE2.st is
necessary.
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Figure 11.12.: Simulated distribution of the RLRT statistic compared to X 2
1 , 0.5X 2

2 +
0.5X 2

1 and X 2
2 distributions. The dashed lines indicate the bisecting lines.
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We may proceed by verifying if the fitted correlation between the random intercept and
the random slope, which was estimated to be -50.5%, is significant or if the random effects
are uncorrelated. Hence, the null hypothesis is H0 : d01 = 0. For this test an asymptotic
likelihood ratio test as presented in Subsection 6.1.2 can be applied. Under H0 it holds

that RLRT
d−→ X 2

1 . The 95% quantile of this distribution is 5.99. The test can be
performed in R directly by the anova function. To this end, however, we first have to fit
the nested model. Given that H0 is true, the covariance matrix of the random effects is
a diagonal matrix. This can be adjusted by the argument pdDiag.

> mod.rirs.logE2.diag = update(mod.ri,

+ random = list(PAT.ID = pdDiag(~logE2.st)))

> anova(mod.rirs.logE2, mod.rirs.logE2.diag)

Model df AIC BIC logLik Test L.Ratio p-value

mod.rirs.logE2 1 20 -205 -144 122

mod.rirs.logE2.diag 2 19 -206 -148 122 1 vs 2 1.13 0.288

The corresponding p-value is calculated to 28.8%. Thus, the null hypothesis can not be
rejected (at level 10%) and mod.rirs.logE2.diag is therefore prefered. This model can
be briefly formulated as follows: For participant i = 1, ..., 46 and blood sample number t:

CTXit = xT
itβ + γi0 + γi1logE2.st+ ǫit

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 0
0 d21

))
and ǫ ∼ N(0, σ2I)

Usually, when fitting linear mixed models, the initial explorative data analysis gives an
idea which covariates probably have a significant random effect. Unfortunately this has
not been the case in our investigations. Therefore we applied this procedure presented
for logE2.st to all covariates. Since we saw in our previous data descriptions (Chapter
9 and 10) that the distribution of the female sex hormones is not very homogeneous, we
transformed them by their logarithm and incorporated also these transformed variables
in our investigations (logLH.st, logFSH.st, logE2.st and logPROG.st).

More precisely, according to the approach which was just presented for logE2.st, we
proceeded with all covariates in the following order:

(1) inclusion of the respective covariate in the random intercept model (11.2),

(2) asymptotic likelihood ratio test whether the respective random slope is significant,

(3) asymptotic likelihood ratio test whether the random intercept and the respective
random slope are correlated.

Table 11.2 provides an overview of results of this procedure applied to every covariate:
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to (1) It shows for each of these models the AIC, the estimated residual standard error,
σ̂, the estimated standard deviation of the random intercept, d̂0, the estimated
standard deviation of the random slope, d̂1, and the estimated correlation between
the random effects (”cor.ri.rs”).

to (2) The corresponding test statistic and the corresponding p-value are given in the
columns ”L.Ratio” and ”pvalue”.

to (3) The corresponding p-value is given in the column ”pvalue.cor”.

AIC σ̂ d̂0 d̂1 cor.ri.rs pvalue.cor L.Ratio pvalue

AGE.st -202 0.0696 0.0896 0.0165 -0.9426 0.2455 1.3486 0.3775
QCT.1.st -201 0.0696 0.0753 0.0590 0.4933 0.2848 1.2010 0.4108
BMI.25.st -200 0.0696 0.0898 0.0080 -0.7267 0.7181 0.1303 0.8275
BMI.0.st -200 0.0696 0.0902 0.0038 -0.0776 0.9590 0.0026 0.9788
X.BMI.0.25.st -200 0.0696 0.0890 0.0164 -0.1018 0.9300 0.0121 0.9531

LH.st -202 0.0688 0.0913 0.0110 0.9634 0.2089 1.5865 0.3301
logLH.st -201 0.0690 0.0910 0.0095 0.7949 0.3693 0.8512 0.5048

FSH.st -205 0.0679 0.0908 0.0170 0.9654 0.1105 4.5662 0.0773

logFSH.st -204 0.0678 0.0915 0.0172 0.9077 0.1502 3.8282 0.0989

E2.st -203 0.0675 0.0875 0.0213 -0.4623 0.2683 2.6229 0.1874

logE2.st -205 0.0673 0.0874 0.0217 -0.5047 0.2877 4.4003 0.0734

PROG.st -201 0.0689 0.0915 0.0083 -0.9370 0.3243 0.9713 0.4698
logPROG.st -202 0.0687 0.0919 0.0113 -0.9643 0.2132 1.5499 0.3369

CORT.st -200 0.0696 0.0903 0.0010 0.0208 0.9427 0.0052 0.9701
CY.BS -201 0.0692 0.0998 0.0145 -0.9626 0.3846 0.7559 0.5349
CYL.BS.tr.st -201 0.0694 0.0901 0.0069 -0.8444 0.4848 0.4882 0.6341
CYL.mean.tr.st -200 0.0695 0.0901 0.0066 0.6792 0.6275 0.2355 0.7582
LPL.mean.st -200 0.0696 0.0903 0.0002 0.0077 0.9778 0.0008 0.9887
ov.tot.PR.st -200 0.0696 0.0903 0.0015 0.0564 0.9857 0.0003 0.9928
anov.long.PR.st -200 0.0696 0.0903 0.0005 -0.0199 0.9765 0.0009 0.9880

Table 11.2.: Properties of a linear mixed model of CTX where a random slope of the respective covariate

was included to the random intercept model (11.2). pvalue and pvalue.cor correspond to

asymptotic likelihood ratio tests of H0 : d21 = d01 = 0 and H0 : d01 = 0, respectively. The

values less than 0.1 are marked.

Given the random intercept model, a random slope is significant for the covariates FSH.st,
logFSH.st and logE2.st. A random slope of the non-transformed variable FSH.st turns
out to be more significant, since the corresponding p-value is smaller. Hence we will
focus on the non-transformed version. We may note that a random slope of E2.st is not
significant and the p-value for testing the need of the respective random sope is lowest for
logE2.st. This is why we initially presented the testing procedure for the standardized
version of the logarithm of the estradiol serum concentration. Further it can be seen that
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for none of these covariates a correlation between the random intercept and the random
slope is needed to explain the variation in the data.

Clearly, we may continue by testing if, besides a random intercept, random effects of
more than one covariate are needed. However, corresponding null hypothesis can not be
rejected for any of these asymptotic likelihood ratio tests. Probably there are not enough
data available so that models turn out to be too complex when including more than one
random slope.

Hence, we now may concentrate on selecting significant fixed effects. Since the p-values
of FSH.st and logE2.st in the last column of Table 11.2 do not highly differ and the
corresponding models also have the same AIC, we perform the ”model reduction” for each
of the two random structures in Subsection 11.3.1 and Subsection 11.3.2, respectively. In
Subsection 11.3.4 we then compare the reduced models.

11.3.1. Reduced model with random slope of logE2.st

In this Subsection we focus on selecting an appropriate structure of fixed effects for the
linear mixed model with random intercept and random slope of logE2.st. In Chapter 6
there were presented various tests for verifying the significance of fixed effects. There is
no single strategy how exactly to proceed for choosing an appropriate structure of fixed
effects. Therefore we applied several approaches to this end (forward selection, backward
selection and stepwise regression with respect to the different applicable tests) which
basically all indicated the same set of influential covariates.

A sequential forward selection of covariates with respect to an asymptotic F-test turned
out to be most appropriate. That is, we started with a fixed effects structure consisting
only out of an intercept. Then we sequentially included this variable in the model with
lowest p-value with respect to an asymptotic F-test (see Section 6.2). This procedure was
repeated until all p-values of remaining covariates for selection were greater than 10%.
We also considered logarithm-transformations of some covariates and if a dummy version
of certain covariates might be more influential. Table 11.3 shows exemplarily the p-values
and estimated coefficients of the covariates corresponding to the first level of selection.
At first, a fixed effect of FSH.st is included in the model, since the respective p-value is
lowest for this covariate.

This procedure is repeated until the lowest p-value is greater than 10%. The model which
we obtain that way, defined as mod.CTX.logE2, can be briefly formulated as follows:
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β̂1 pvalue

AGE.st -0.028 0.054
QCT.1.st 0.006 0.691
BMI.25.st -0.015 0.307
BMI.0.st -0.022 0.109
X.BMI.0.25.st -0.011 0.455

LH.st 0.027 0.001

logLH.st 0.021 0.007

FSH.st 0.027 0.000

logFSH.st 0.025 0.001

E2.st -0.005 0.485

logE2.st -0.016 0.062

PROG.st -0.015 0.052

logPROG.st -0.024 0.003

CORT.st 0.007 0.338

CY.BS -0.032 0.041

CYL.BS.tr.st -0.019 0.013
CYL.mean.tr.st -0.011 0.196
LPL.mean.st 0.003 0.745
ov.tot.PR.st 0.002 0.796
anov.long.PR.st 0.002 0.769

BMI0high -0.029 0.337
BMI25high -0.032 0.396

FSHlow -0.059 0.001
QCT1low120 0.019 0.608

QCT1low150 -0.050 0.097

PROGhigh6 -0.044 0.005
PROGhigh12 -0.004 0.775
E2high200 0.005 0.778
E2high150 0.006 0.696

Table 11.3.: Table of β̂1 in the linear mixed model CTXit = β0 + β1 · xi(t) + γi0 + γi1 ·
logE2.stit + ǫit and the calculated p-value corresponding to an asymptotic
F-test of H0 : β1 = 0. xi(t) represents the respective covariate given in the
different rows. The p-values less than 0.1 are marked.
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For participant i = 1, ..., 46 and blood sample number t:

CTXit = β0 + β1 FSH.stit + β2 AGE.sti + β3 QCT1low150i

+ β4 logPROG.stit + β5 ov.tot.PR.stit

+ γi0 + γi1 logE2.stit + ǫit

(11.3)

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 0
0 d21

))
and ǫ ∼ N(0, σ2I) .

Performing the next level of the sequential forward selection shows that the lowest p-value
is 0.129 corresponding to QCT.1.st. This is why we stop the selection procedure at model
(11.3). From the corresponding summary table we may extract the estimates of the single
model parameters which are given by the following table.

β̂0 β̂1 β̂2 β̂3 β̂4 β̂5 d̂0 d̂1 σ̂

0.2854 0.0200 -0.0319 -0.0573 -0.0249 0.0173 0.0833 0.0176 0.0661

Furthermore, the summary table shows that the covariates are significant with respect to
an asymptotic t-test even almost at level 5%:

> summary(mod.CTX.logE2)

Linear mixed-effects model fit by REML

Data: NULL

AIC BIC logLik

-294 -267 156

Random effects:

Formula: ~logE2.st | PAT.ID

Structure: Diagonal

(Intercept) logE2.st Residual

StdDev: 0.0833 0.0176 0.0661

Fixed effects: CTX ~ FSH.st + AGE.st + QCT1low150 +

logPROG.st + ov.tot.PR.st

Value Std.Error DF t-value p-value

(Intercept) 0.285 0.024 121 12.01 0.000

FSH.st 0.020 0.010 121 2.08 0.039

AGE.st -0.032 0.014 43 -2.28 0.027

QCT1low1501 -0.057 0.029 43 -1.97 0.055

logPROG.st -0.025 0.011 121 -2.28 0.024

ov.tot.PR.st 0.017 0.009 121 1.93 0.056

Correlation:

(Intr) FSH.st AGE.st QCT115 lPROG.

FSH.st 0.029

AGE.st 0.012 0.000

QCT1low1501 -0.822 -0.024 -0.050
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logPROG.st -0.060 0.567 0.105 0.066

ov.tot.PR.st 0.021 -0.003 0.071 -0.006 -0.414

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-2.0688 -0.4651 -0.0811 0.5138 3.6029

Number of Observations: 170

Number of Groups: 46

Inclusion of an interaction

As suggested by Figure 11.8, we further investigate if an interaction of FSH with the level
of estradiol might be necessary. To this end we adjust a model mod.CTX.logE2.int,

CTXit = β0 + β1 FSH.stit + β2 AGE.sti + β3 QCT1low150i

+ β4 logPROG.stit + β5 ov.tot.PR.stit + β6 FSH.stit · E2high150it
+ γi0 + γi1 logE2.stit + ǫit ,

and perform an asymptotic likelihood ratio test, introduced in Subsection 6.1.1, to verify
H0 : β6 = 0. The corresponding test statistic statisfies

LRT
d−→ X 2

1 .

This test can be performed by the anova function, but to get the LRT and not the
RLRT statistic we have to adjust "method=ML" in the lme function (see Section 8.1 and
Subsection 8.3.1).

> mod.CTX.logE2.ML = update( mod.CTX.logE2, method="ML")

> mod.CTX.logE2.int.ML = lme( CTX ~ FSH.st + AGE.st + QCT1low150 +

logPROG.st + ov.tot.PR.st + FSH.st:E2high150,

random = list(PAT.ID = pdDiag(~logE2.st)) , method="ML" )

> anova(mod.CTX.logE2.int.ML, mod.CTX.logE2.ML)

Model df AIC BIC logLik Test L.Ratio p-value

mod.CTX.logE2.int.ML 1 10 -337 -306 178

mod.CTX.logE2.ML 2 9 -336 -308 177 1 vs 2 2.74 0.1279

However, due to the p-value of almost 13%, we can not reject the null hypothesis and prefer
model (11.3). Also an asymptotic F-test (p-value 0.119) and an asymptotic t-test (p-value
0.117) did not show the significance of this interaction. For the sake of completeness we
extracted the respecitive line of the summary table of mod.CTX.logE2.int:

Value Std.Error DF t-value p-value

FSH.st:E2high150high -0.040 0.025 120 -1.63 0.117 .

Hence we suggest that the different shapes of the regression lines in Figure 11.8 can be
explained by random effects, particularly by the participant-specific slope of logE2.st.
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Model diagnostics

To decide whether model (11.3) is appropriate for explaining CTX, it is crucial to check if
the model assumptions appear valid. That is, we have to verify whether

(1) ǫ ∼ N(0, σ2I) and

(2) ( γi0
γi1 ) ∼ N

(
0, (

d2
0

0

0 d2
1

)
)

are satisfied. Therefore we consider graphics of the fitted values, the standardized residuals
and the estimated random effects as suggested in Section 7.3 and basically referring to
Pinheiro and Bates (2000). The graphics shown in the following can be easily generated in
R by plotting a lme object which is provided by the nlme library. As already mentioned
in Section 7.3, to verify distributional assumptions made about the residual vector we
consider the conditional Pearson residuals, defined as

(
CTXit − β̂0 − β̂1 FSH.stit − β̂2 AGE.sti − β̂3 QCT1low150i

− β̂4 logPROG.stit − β̂5 ov.tot.PR.stit − γ̂i0 − γ̂i1 logE2.stit

)
� σ̂ .

According to Subsection 8.2.1, these residuals can be accessed in R by

> residuals(mod.CTX.logE2, type="p") .

These conditional Pearson residuals are in R also referred to as standardized residuals.
As generally described in Section 7.3, to investigate whether the model is successful in
explaining the data, the observed response values may be drawn against the fitted ones.
This is shown by Figure 11.13. The points lie along the bisecting line and there are
only 4 outliers, i.e. measurements with conditional Pearson residuals greater than 1.96 in
absolute value. That is the (1−0.05/2)-quantile of the standard normal distribution. The
outliers are labeled by the number of the corresponding participant. Hence, this graphic
does not indicate any lack of fit of model mod.CTX.logE2.
The following code shows exemplarily how Figure 11.13 was generated. The remaining
graphics of this section have been achieved in similar manner.

> library(lattice)

> plot(mod.CTX.logE2, CTX ~ fitted(.), id=0.05, adj=-0.5, cex=0.8, pch=16,

+ main="observed vs. fitted values", grid=F, col="black", abline=c(0,1), lty=2 )

To check the distributional assumption about ǫ, Figure 11.14 shows various graphics of
the conditional Pearson residuals which are seen as estimates of the error terms. First
of all, a scatter plot of the fitted values and the residuals is shown. The points vary
constantly around zero without forming a specific pattern. Thought away the outlying
observations, variablility does not seem to increase highly.
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Figure 11.13.: Scatter plot of CTX and the fitted values of mod.CTX.logE2 (11.3)

The left graphic at the top shows a boxplot of the conditional Pearson residuals for
the 13 participants with 5 complete measurements. The graphic in the second line shows
individual scatter plots of the fitted values and the residuals. It can be seen that depending
on whether how strong CTX varies over time (see Figure 11.1), the residuals vary for each
woman. For example, CTX concentrations of participant number 13 are nearly constant in
all of the 5 blood samples and also the residuals lie in the same range shown by a short box
in the second graphic and points close to each other in the third graphic. The outlying
observations belong to participants who also had an outlying CTX observation during the
course of the study. Figure 11.1 shows that the CTX concentrations of participant number
54 lie in around the same range at blood test 1,4 and 5. In blood test 2 it was extremely
high and in blood test 3 it was lowest. Hence, the variablility is not constant between
the individuals. But as has been mentioned already in Section 11.1, we can not rely too
much on individual plots in our case, since there are too little measurements for each
participant available.
The last row of Figure 11.1 shows scatter plots of each of the continuous covariates in
model mod.CTX.logE2 and the residuals to verify whether the variability of the residuals
is constant as a function of the covariates. The first covariate-residual plot illustrates that
FSH measurements are not homogeneously distributed but concentrated to the lower part
of their range (right-skewed). This was already noticed in the data describtion of Figure
9.9. However, there are also high values of residuals for high values of FSH. Thus, again
thought away the outliers, the variablility can be considered as constant and we do not
prefer a logarithm-transformation in that case.
Altogether, the zero-mean assumption as well as the assumption about a constant variance
parameter σ seems to be valid.
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Finally, we have to check the assumption of normality made on ǫ and the random effects.
Therefore, Figure 11.15 shows Q-Q plots of the conditional Pearson residuals and the
estimated random effects γ̂i0 and γ̂i1. The distribution of the residuals seems to be slightly
skewed to the right and the Q-Q plot of the estimated random slope values suggests
that the corresponding distribution is somehow heavy-tailed. The normality assumption
about the random intercept seems to be valid since the points lie almost exactly on a line.
However, we do not place a very strong emphasis on these graphics because Q-Q plots
generally need a very large number of observations to have a high explanatory power.
Thus, we suspect that the normality assumptions are correct, also for the residuals and
the random slope.

For the sake of completeness, Figure 11.16 shows a scatter plot of the estimated random
effects. It does not seem that there is any relationship between them. Thus the assumption
of uncorrelated random effects appears to be valid. to verify whether the assumption

Consequently, mod.CTX.logE2 provides a first approach to explain the serum concentra-
tion of the bone resorption marker CTX appropriately. Conclusions and interpretations of
this model we give later in this section. At first we concentrate on adjusting the structure
of fixed effects for the linear mixed model with random intercept and random slope of
FSH.st.

11.3.2. Reduced model with random slope of FSH.st

Table 11.2 showed that, besides a random slope of logE2.st, a random slope of FSH.st
is significant in a linear mixed model with random intercept and saturated fixed effects
structure. Therefore we perform the ”model reduction” process also for this model.
To this end, we apply the same procedures as in the the previous subsection, basically
concentrating on a sequential forward selection of covariates with respect to an asymptotic
F-test. All approaches indicate exactly the same set of influential covariates as for the
model with random slope of logE2.st. This emphasize that these covariates are the ones
which inluence CTX mostly.
We declare this model in R by mod.CTX.FSH. It can be briefly formulated as follows:

For participant i = 1, ..., 46 and blood sample number t:

CTXit = β0 + β1 FSH.stit + β2 AGE.sti + β3 QCT1low150i

+ β4 logPROG.stit + β5 ov.tot.PR.stit

+ γi0 + γi1 FSH.stit + ǫit

(11.4)

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 0
0 d21

))
and ǫ ∼ N(0, σ2I) .

Sequential asymptotic F-tests about the significance of fixed effects can be performed by
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anova (see 8.3.2). Hence, by

> anova(mod.CTX.FSH)

it can be asked for the corresponding p-values at which the covariates were included in
model (11.4):

numDF denDF F-value p-value

(Intercept) 1 121 323 <.0001

FSH.st 1 121 12 0.0007

AGE.st 1 43 6 0.0215

QCT1low150 1 43 3 0.0765

logPROG.st 1 121 3 0.0936

ov.tot.PR.st 1 121 4 0.0487

As before, performing one step more of the sequential forward selection shows that the
lowest p-value is 0.130 corresponding to QCT.1.st. To analyze also this model we consider
the corresponding summary table:

> summary(mod.CTX.FSH)

Linear mixed-effects model fit by REML

Data: NULL

AIC BIC logLik

-295 -267 156

Random effects:

Formula: ~FSH.st | PAT.ID

Structure: Diagonal

(Intercept) FSH.st Residual

StdDev: 0.0834 0.0174 0.0663

Fixed effects: CTX ~ FSH.st + AGE.st + QCT1low150 +

logPROG.st + ov.tot.PR.st

Value Std.Error DF t-value p-value

(Intercept) 0.285 0.024 121 11.98 0.000

FSH.st 0.021 0.010 121 2.06 0.041

AGE.st -0.033 0.014 43 -2.34 0.024

QCT1low1501 -0.057 0.029 43 -1.95 0.058

logPROG.st -0.026 0.011 121 -2.37 0.019

ov.tot.PR.st 0.018 0.009 121 1.99 0.049

Correlation:

(Intr) FSH.st AGE.st QCT115 lPROG.

FSH.st 0.037

AGE.st 0.011 -0.015

QCT1low1501 -0.822 -0.017 -0.050

logPROG.st -0.059 0.549 0.100 0.070

ov.tot.PR.st 0.026 0.005 0.072 -0.009 -0.420

Standardized Within-Group Residuals:
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Min Q1 Med Q3 Max

-2.0694 -0.4802 -0.0894 0.5066 3.6600

Number of Observations: 170

Number of Groups: 46

It can be seen that all covariates are significant at level 6% with respect to an asymptotic
t-test. The estimates for the fixed effects as well as for the variance components are almost
equal to model (11.4). Compared with the summary table of that model, the AIC drops
a bit but the maximal value of the conditional Pearson residuals increases to 3.66.
To decide which of the two adjusted models, mod.CTX.logE2 or mod.CTX.FSH, is more
appropriate for explaining CTX, we compare the corresponding graphics for verifying the
model assumptions (see Figure 11.17).

11.3.3. Model comparisons

Finally, we aim to select this model, which seems best in fitting the data and explaining
CTX. Therefore we compare the models (11.3) and (11.4) which do only differ in their
random slope.
As a third model, we also reduced the random intercept model mod.ri (11.2) by selecting
only significant fixed effects. Again, exactly the same set of fixed effects was suggested:

For participant i = 1, ..., 46 and blood sample number t:

CTXit = β0 + β1 FSH.stit + β2 AGE.sti + β3 QCT1low150i

+ β4 logPROG.stit + β5 ov.tot.PR.stit + γi0 + ǫit
(11.5)

with γi0 ∼ N(0, d20) and ǫ ∼ N(0, σ2I) .

We call this reduced random intercept model mod.CTX.ri.red.

Figure 11.17 shows graphics concerning the model analysis of each of the three models.
For mod.CTX.logE2, these plots were already considered in Subsection 11.3.1. Altogether,
it may be concluded that the models do not differ highly in their goodness of fit. In
mod.CTX.FSH and mod.CTX.ri.red there is one outlier more than in mod.CTX.logE2.
That is an observation with conditional Pearson residual greater in absolute value than
the (1 − 0.05/2)-quantile of the standard normal distribution. Hence, the portion of
variability explained by the random slope is probably not very high. Clearly, this fact is
also indicated by the very low values of d̂1 in (11.3) and 11.4.

Since these graphical model diagnostics do not clearly suggest a ”best model” and basically
indicate that each of these models is appropriate for explaining the data, we refer to our
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initial investigations. To recapitulate, using an assymptotic likelihood ratio test we found
out that random slopes of logE2.st and FSH.st are significant (see Table 11.2). The
p-value corresponding to this test was even lower for logE2.st. Therefore, we propose
mod.CTX.logE2 as final model.

11.3.4. The final model for CTX

Using the model (11.3) we might predict CTX for the women who took part at the study
as follows:

ĈTXit = 0.29 + 0.02 · FSH.stit − 0.03 · AGE.sti − 0.06 · QCT1low150i
− 0.02 · logPROG.stit + 0.02 · ov.tot.PR.stit
+ γ̂i0 + γ̂i1 · logE2.stit

The participant-specific effects were estimated as shown in the following table:

2 3 5 8 9 10 11 12 13 14
γ̂i0 -0.0774 0.0043 -0.0715 -0.0265 0.0253 0.1580 -0.1630 0.0068 -0.0522 0.1224
γ̂i1 0.0082 0.0000 0.0056 -0.0018 -0.0006 0.0039 0.0064 -0.0033 -0.0014 0.0001

15 16 17 19 20 21 24 25 26 27
γ̂i0 0.0057 0.0565 -0.0739 -0.0327 -0.0974 -0.0108 0.0223 0.0801 0.0963 0.0399
γ̂i1 -0.0200 0.0009 0.0003 -0.0002 -0.0002 -0.0008 -0.0007 0.0056 -0.0207 0.0023

29 30 31 32 34 36 37 38 39 41
γ̂i0 -0.0337 -0.0139 -0.0795 0.0449 0.0539 -0.0120 -0.0994 -0.1099 -0.0459 -0.0676
γ̂i1 -0.0003 -0.0001 -0.0024 -0.0028 -0.0098 0.0006 0.0048 -0.0060 0.0022 0.0017

42 43 44 45 46 48 51 52 53 54
γ̂i0 0.0975 0.0520 -0.0190 0.1022 0.1100 -0.1249 0.0194 -0.0110 -0.0209 0.1236
γ̂i1 0.0119 -0.0020 0.0052 -0.0002 -0.0025 0.0070 0.0039 -0.0000 0.0062 0.0009

56 58 59 60 61 63
γ̂i0 -0.0188 -0.1045 0.0451 0.0611 0.0301 0.0090
γ̂i1 -0.0005 -0.0035 0.0037 0.0012 -0.0020 0.0051

To summarize the obtained result, we first note that among all continous variables, the
female sex hormone FSH has the highest influence on the bone resorption marker CTX
(remember that this is true since we standardized the covariates initially). The higher
the FSH serum concentration, the lower the concentration of CTX. Furthermore we get:

• If the bone density at study onset is less than 150 mgCa-Ha/ml, the mean level of
CTX is 0.23 ng/ml, otherwise 0.29.

• The older the women at the begin of the study, the lower CTX.

• A high serum concentration of progesterone provoke low serum concentration of
CTX.

• A high percentage of ovulatory cycles leads to higher values of CTX.
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Figure 11.14.: Diagnostics of the conditional Pearson residuals of mod.CTX.logE2 (11.3)

131



11. Linear mixed models to explain the bone markers (Longitudinal analysis)

QQ−Plot of Pearson residuals

Standardized residuals

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

0

2

−2 0 2

32

42

54

54

QQ−Plot of random effects

Random effects

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

−1

0

1

2

−0.2 −0.1 0.0 0.1 0.2

(Intercept)

−0.02 −0.01 0.00 0.01 0.02

logE2.st

Figure 11.15.: Assesing assumptions of normality for mod.CTX.logE2 (11.3)

pairs plot of the random effects

(Intercept)

lo
gE

2.
st

−0.02

−0.01

0.00

0.01

−0.1 0.0 0.1

Figure 11.16.: Scatter plot of the estimated random intercept γ̂i0 and the estimated ran-
dom slope γ̂i1 of mod.CTX.logE2 (11.3)

132



11. Linear mixed models to explain the bone markers (Longitudinal analysis)

mod.CTX.logE2

observed vs. fitted values

Fitted values

C
T

X

0.1

0.2

0.3

0.4

0.5

0.6

0.1 0.2 0.3 0.4 0.5 0.6

32

42

54

54

Residual diagnositcs

Fitted values

S
ta

nd
ar

di
ze

d 
re

si
du

al
s

−2

−1

0

1

2

3

0.1 0.2 0.3 0.4 0.5 0.6

32

42

54

54

QQ−Plot of Pearson residuals

Standardized residuals

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

0

2

−2 0 2

32

42

54

54

QQ−Plot of random effects

Random effects

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

−1

0

1

2

−0.2 −0.1 0.0 0.1 0.2

(Intercept)

−0.02 −0.01 0.00 0.01 0.02

logE2.st

mod.CTX.FSH

observed vs. fitted values

Fitted values

C
T

X

0.1

0.2

0.3

0.4

0.5

0.6

0.1 0.2 0.3 0.4 0.5 0.6

27
32

42

54

54

Residual diagnositcs

Fitted values

S
ta

nd
ar

di
ze

d 
re

si
du

al
s

−2

−1

0

1

2

3

0.1 0.2 0.3 0.4 0.5 0.6

27
32

42

54

54

QQ−Plot of Pearson residuals

Standardized residuals

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

0

2

−2 0 2

27
32

42

54

54

QQ−Plot of random effects

Random effects

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

−1

0

1

2

−0.2 −0.1 0.0 0.1 0.2

(Intercept)

−0.02 −0.01 0.00 0.01 0.02

FSH.st

mod.CTX.ri.red

observed vs. fitted values

Fitted values

C
T

X

0.1

0.2

0.3

0.4

0.5

0.6

0.1 0.2 0.3 0.4 0.5 0.6

15

32

42

54

54

Residual diagnositcs

Fitted values

S
ta

nd
ar

di
ze

d 
re

si
du

al
s

−2

−1

0

1

2

3

0.1 0.2 0.3 0.4 0.5 0.6

15

32

42

54

54

QQ−Plot of Pearson residuals

Standardized residuals

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

0

2

−2 0 2

15

32

42

54

54

QQ−Plot of random effects

Random effects

Q
ua

nt
ile

s 
of

 s
ta

nd
ar

d 
no

rm
al

−2

−1

0

1

2

−0.2 −0.1 0.0 0.1 0.2

(Intercept)

Figure 11.17.: Model diagnostics of model (11.3), (11.4) and (11.5)
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11.4. Modeling the bone formation marker osteocalcin

For modeling the bone formation marker osteocalcin (OST), we proceeded exactly in the
same manner as for modeling CTX. Therefore we ouline only briefly the single steps in
selecting the ”best” model and refer to Chapter 11.3 for a detailed description of the
applied approach.
We start by adjusting the saturated fixed effects model, wich can be briefly formulated as

OSTit = xT
itβ + ǫit with ǫ ∼ N(0, σ2I) .

According to the previous notations, OSTit indicates the serum concentration of osteo-
calcin measured for participant i, i = 1, ..., 46 in the tth blood sample. xT

it denotes the
corresponding covariate vector consisting out of the 15 variables listed in Table 11.1 and
a 1-entry corresponding to an intercept. The R2 for this standard linear model is 0.196
and the residual standard error σ is estimated to 4.1.

Including a random intercept in this model, i.e.

OSTit = xT
itβ + γi0 + ǫit with γi0 ∼ N(0, d20) and ǫ ∼ N(0, σ2I) , (11.6)

the standard deviation of the residuals σ is estimated to 2.31 and the standard deviation
of the random intercept d0 is estimated to 3.65. Hence, also in this case, variability is
explained by the random effect.

To verify this observation, i.e. H0 : d20 = 0, we perform an exact likelihood ratio test (as
before). This yields

simulated finite sample distribution of RLRT.

(p-value based on 10000 simulated values)

data:

RLRT = 88.9, p-value < 2.2e-16

Hence, as expected, the random intercept is highly significant.
Further, we verify if additionally a random slope should be included in (11.6). To this
end we proceed analogously to Section 11.3. Table 11.4 summarizes the results of our
investigations. Only for the standardized percentage of anovulatory long cycles a random
slope is significant at level 10%. It is noticeable that the null hypothesis whether the
random intercept and the random slope of anov.long.PR.st are uncorrelated, can be
rejected (pvalue.cor=0.0420). Hence we incorporate here also a covariance coefficient in
the covariance matrix of the random effects.

Again applying several ”model reduction” procedures, we got always the same set of
covariates with significant fixed effects. Thus we propose the following model, declared
as mod.OST.anovlong:
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AIC σ̂ d̂0 d̂1 cor.ri.rs pvalue.cor L.Ratio pvalue

AGE.st 891 2.3117 3.6122 0.7884 -0.8728 0.1742 1.8464 0.2857
QCT.1.st 892 2.3121 3.6188 0.4613 -0.3248 0.7289 0.1201 0.8353
BMI.25.st 892 2.3115 3.3354 1.5051 -0.4172 0.3888 0.7455 0.5384
BMI.0.st 890 2.3177 1.1097 4.2697 0.1579 0.8275 1.9936 0.2635
X.BMI.0.25.st 891 2.3113 3.5797 0.6307 0.9188 0.3020 1.2688 0.3951

LH.st 892 2.3075 3.6282 0.2757 -0.6470 0.6103 0.2598 0.7442
logLH.st 892 2.2849 3.6860 0.3878 0.3077 0.7101 0.1540 0.8103

FSH.st 892 2.3001 3.6470 0.3206 -0.8963 0.3319 0.9417 0.4782
logFSH.st 892 2.3116 3.6528 0.0587 0.0270 0.9449 0.0048 0.9713

E2.st 892 2.3085 3.6544 0.1378 0.1004 0.9210 0.0098 0.9580
logE2.st 892 2.3118 3.6507 0.0663 0.0582 0.9436 0.0050 0.9706

PROG.st 892 2.2964 3.6521 0.3318 -0.5560 0.5404 0.3862 0.6793
logPROG.st 892 2.2357 3.6877 0.7457 -0.0430 0.9267 0.7866 0.5250

CORT.st 892 2.2612 3.6902 0.5913 0.4477 0.4919 0.7648 0.5320
CY.BS 892 2.2831 3.7017 0.8868 -0.1376 0.8676 0.0854 0.8641
CYL.BS.tr.st 892 2.3059 3.6388 0.2636 0.5206 0.6629 0.1901 0.7861
CYL.mean.tr.st 890 2.2693 3.5563 0.8453 0.6718 0.1202 2.6204 0.1876
LPL.mean.st 892 2.2996 3.6717 0.0700 -0.1090 0.9776 0.0426 0.9077
ov.tot.PR.st 892 2.2804 3.6530 0.5280 0.2886 0.6027 0.3929 0.6762

anov.long.PR.st 888 2.2380 3.5649 0.8965 -0.7755 0.0420 4.9098 0.0563

Table 11.4.: Properties of a linear mixed model of OST where a random slope of the respective covariate

was included to the random intercept model (11.6). pvalue and pvalue.cor correspond to

asymptotic likelihood ratio tests of H0 : d21 = d01 = 0 and H0 : d01 = 0, respectively. The

values less than 0.1 are marked. For details see Section 11.3.

For participant i = 1, ..., 46 and blood sample number t:

OSTit = β0 + β1 BMI.0.sti + β2 AGE.sti + β3 E2high200it

+ γi0 + γi1 anov.long.PR.stit + ǫit
(11.7)

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 d01
d01 d21

))
and ǫ ∼ N(0, σ2I) .

The summary table of this model shows that all covariates are significant at level 10%
with respect to an assymptotic t-test. Figure 11.18 shows

Linear mixed-effects model fit by REML

Data: NULL

AIC BIC logLik

870 895 -427

Random effects:

Formula: ~anov.long.PR.st | PAT.ID
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Structure: General positive-definite, Log-Cholesky parametrization

StdDev Corr

(Intercept) 3.49 (Intr)

anov.long.PR.st 1.12 -0.676

Residual 2.15

Fixed effects: OST ~ BMI.0.st + AGE.st + E2high200

Value Std.Error DF t-value p-value

(Intercept) 16.74 0.544 123 30.76 0.000

BMI.0.st -1.06 0.493 43 -2.16 0.036

AGE.st -0.95 0.522 43 -1.83 0.075

E2high2001 -0.80 0.484 123 -1.64 0.097

Correlation:

(Intr) BMI.0. AGE.st

BMI.0.st -0.023

AGE.st -0.211 -0.162

E2high2001 -0.225 0.071 0.074

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-2.496 -0.518 -0.104 0.542 2.261

Number of Observations: 170

Number of Groups: 46

Osteocalcin concentrations might be predicted at population level, i.e. for any participant
by

ˆOSTit = 16.74 − 1.06 BMI.0.sti − 0.95 AGE.sti − 0.8 E2high200it.

Thus, high weight and age at the begin of the study, as well as high estradiol concentrations
lead to lower values of osteocalcin. By classifying the covariates due to the given table
which shows the 25%, the 50% and the 75% quantiles,

25% 50% 75%
BMI.0 21.48 22.83 25.77
AGE 45.25 48.00 49.00

osteocalcin concentrations can be predicted by applying the following table:
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BMI.0 AGE E2high200 pred.values.OST

low low high 17.73
low low low 18.54
low middle high 16.66
low middle low 17.47
low high high 16.27
low high low 17.08

middle low high 17.30
middle low low 18.11
middle middle high 16.23
middle middle low 17.04
middle high high 15.84
middle high low 16.65
high low high 16.37
high low low 17.18
high middle high 15.30
high middle low 16.11
high high high 14.91
high high low 15.72
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11.5. Modeling the bone formation marker BAP

Finally, we aim to explain the serum concentration of the bone formation marker BAP

using a linear mixed model. Again, we proceed similarly as in Section 11.3 where the
model building process was illustrated in detail for modeling the bone resorption marker
CTX.
The saturated fixed effects model for BAP can be briefly formulated as follows: For par-
ticipant i = 1, ..., 46 and blood sample number t:

BAPit = xT
itβ + ǫit with ǫ ∼ N(0, σ2I) .

As in the previous sections, xT
it symbolizes the corresponding covariate vector consisting

out of the 15 variables listed in Table 11.1 and a 1-entry corresponding to an intercept.
The R2 of this standard linear model is 0.21 and σ is estimated to 2.3.

In order to verify whether a random intercept model,

OSTit = xT
itβ + γi0 + ǫit with γi0 ∼ N(0, d20) and ǫ ∼ N(0, σ2I) . (11.8)

is preferable, we perform an exact likelihood ratio test and get

simulated finite sample distribution of RLRT.

(p-value based on 10000 simulated values)

data:

RLRT = 133, p-value < 2.2e-16 .

Hence, the null hypothesis H0 : d20 = 0 can be rejected, indicating that the random in-
tercept in 11.8 is significant. It’s standard deviation is estimated to 2.21 and the residual
standard error is estimated to 1.05.

As for modeling CTX and osteocalcin, we investigate next if additionally a random slope
should be included. Table 11.5 summarizes the results of this analysis.

The table shows that a random slope is significant for the variables QCT.1, BMI.25.st
and CYL.mean. We figured out that a linear mixed model with random slope of CYL.mean
fits the data best. For the sake of completness, graphics to verify model assumptions in
a reduced linear mixed model with random slope of QCT.1 are given in the Appendix
(B.6).

The further selection process of fixed effects showed, that the following model mod.BAP.CYL
is most appropriate.:
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AIC σ̂ d̂0 d̂1 cor.ri.rs pvalue.cor L.Ratio pvalue

AGE.st 670 1.0503 2.1735 0.4099 0.9186 0.2761 1.1862 0.4144

QCT.1.st 663 1.0499 1.3705 1.8426 -0.4878 0.1276 7.7647 0.0130

BMI.25.st 667 1.0490 1.6397 1.4827 -0.4056 0.1769 4.0427 0.0884
BMI.0.st 667 1.0494 1.7377 1.2799 -0.2390 0.4734 3.4842 0.1186
X.BMI.0.25.st 671 1.0510 2.2089 0.0950 -0.0620 0.9736 0.0011 0.9865

LH.st 669 1.0522 2.1200 0.1792 0.7381 0.1716 1.8837 0.2799

logLH.st 667 1.0490 2.0772 0.2801 0.9318 0.0537 3.8309 0.0988

FSH.st 670 1.0522 2.1559 0.1316 0.5794 0.3792 0.7732 0.5293
logFSH.st 669 1.0504 2.1352 0.1825 0.7300 0.2185 1.5486 0.3372

E2.st 671 1.0504 2.2076 0.0500 -0.1006 0.9877 0.0002 0.9938
logE2.st 670 1.0508 2.1824 0.1051 -0.4383 0.6115 0.2579 0.7453

PROG.st 669 1.0478 2.1505 0.2023 -0.9311 0.1738 1.8499 0.2852
logPROG.st 669 1.0496 2.1384 0.2070 -0.8252 0.1798 1.7989 0.2933

CORT.st 669 1.0475 2.1679 0.1853 0.9404 0.1442 2.1330 0.2442
CY.BS 671 1.0509 2.2111 0.0294 -0.0131 0.9526 0.0035 0.9754
CYL.BS.tr.st 667 1.0346 2.1155 0.3151 -0.6730 0.1141 3.3226 0.1291

CYL.mean.tr.st 665 1.0073 2.0536 0.5392 -0.5313 0.0861 5.5141 0.0412
LPL.mean.st 670 1.0469 2.3150 0.0480 -0.5620 0.4513 0.5674 0.6021
ov.tot.PR.st 670 1.0539 2.1156 0.2102 -0.7118 0.2975 1.0854 0.4393
anov.long.PR.st 670 1.0482 2.1479 0.1894 0.6036 0.3038 1.1721 0.4177

Table 11.5.: Properties of a linear mixed model of BAP where a random slope of the respective covariate

was included to the random intercept model (11.8). pvalue and pvalue.cor correspond to

asymptotic likelihood ratio tests of H0 : d21 = d01 = 0 and H0 : d01 = 0, respectively. The

values less than 0.1 are marked. For details see Section 11.3.

For participant i = 1, ..., 46 and blood sample number t:

BAPit = β0 + β1 PROGhigh6it + β2 BMI0highi + β3 AGE.sti

+ γi0 + γi1 CYL.mean.tr.stit + ǫit
(11.9)

with

(
γi0
γi1

)
∼ N

(
0,

(
d20 d01
d01 d21

))
and ǫ ∼ N(0, σ2I) .

Applying the anova function, one may derive the p-values corresponding to sequential
asymptotic F-test.

> anova(mod.BAP.CYL)

numDF denDF F-value p-value

(Intercept) 1 123 914 <.0001

PROGhigh6 1 123 10 0.0016

BMI0high 1 43 5 0.0394

AGE.st 1 43 3 0.0697
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The summary table shows that all covariates are significant with respect to an asymptotic
t-Test. Referring to Figure 11.19, the model seems to fit the data adequately.

> summary(mod.BAP.CYL)

Linear mixed-effects model fit by REML

Data: NULL

AIC BIC logLik

628 653 -306

Random effects:

Formula: ~CYL.mean.tr.st | PAT.ID

Structure: General positive-definite, Log-Cholesky parametrization

StdDev Corr

(Intercept) 1.987 (Intr)

CYL.mean.tr.st 0.443 -0.695

Residual 1.009

Fixed effects: BAP ~ PROGhigh6 + BMI0high + AGE.st

Value Std.Error DF t-value p-value

(Intercept) 8.94 0.406 123 22.01 0.000

PROGhigh61 -0.78 0.241 123 -3.26 0.001

BMI0high1 1.56 0.637 43 2.44 0.019

AGE.st -0.57 0.309 43 -1.86 0.070

Correlation:

(Intr) PROG61 BMI0h1

PROGhigh61 -0.466

BMI0high1 -0.524 0.026

AGE.st 0.078 0.067 -0.193

Standardized Within-Group Residuals:

Min Q1 Med Q3 Max

-2.2004 -0.5455 -0.0369 0.4659 2.4052

Number of Observations: 170

Number of Groups: 46

Hence we conclude, that also for the bone formation marker BAP, the age at study onset
of the respective participant has a significant influence. High values of progesterone and
no overweight at study onset provoke BAP to be low.
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observed vs. fitted values
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Figure 11.19.: Model diagnostics for mod.BAP.CYL
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11.6. Correlation between the bone markers

As has been mentioned already briefly in Chapter 9, bone formation and bone resorption
processes always take place at the same time (Seifert-Klauss et al. (2011)). By considering
Figure 9.10(b) we noticed, that in particular the bone resorption marker CTX and the
bone formation marker osteocalcin are highly correlated. Although the percental increase
of CTX was illustrated already to be on average higher than the increase of the bone
formation markers when BMD is lost (see Figure bpXMarkPR), we aim to investigate the
occuring correlations among the bone markers further.

To this end, we consider the standardized residuals, i.e. the conditional Pearson residuals,
of the linear mixed models (11.3), (11.7) and (11.9) which were adjusted in the previous
sections to explain CTX, OST and BAP, respectively. These standardized residuals can be
assumed to be approximately independent and identically (normally) distributed (see 7.3).
We declare the respective residual vectors of the different models by the acronym ”r.”:

> r.CTX = residuals(mod.CTX.logE2, type="p")

> r.OST = residuals(mod.OST.anovlong, type="p")

> r.BAP = residuals(mod.BAP.CYL, type="p")

Comparing the Kendall tau rank correlation coefficients of the different bone markers,

> cor(cbind(CTX, OST, BAP), method = "kendall" )

CTX OST BAP

CTX 1.000 0.511 0.219

OST 0.511 1.000 0.246

BAP 0.219 0.246 1.000

and the corresponding residual vectors,

> cor(cbind(r.CTX, r.OST, r.BAP), method = "kendall" )

r.CTX r.OST r.BAP

r.CTX 1.000 0.324 0.059

r.OST 0.324 1.000 0.129

r.BAP 0.059 0.129 1.000

indicates that correlation is reduced, when explaining the data by the respective linear
mixed model. However, especially CTX and OST are still highly correlated, indicated by
a Kendall correlation coefficient of 0.324 of r.CTX and r.OST. Figure 11.20 shows the
corresponsing pairs plots illustrating these findings.

In addition, Figure 11.21 shows contour plots of the bivariate empirical distributions of
the standardized residuals, generated in R using the function BiCopMetaContour of the
R package CDVine. One may note that the (inner) contour lines of the middle graphic
nearly form circles which emphasizes that CTX and BAP are not highly correlated. The
basic form of the left and the right pattern is not of a circular kind of shape, indicating
the correlation among the respective variables.
Furthermore, it can be concluded that the joint distributions are probably not Gaussian,
since the contour lines are not elliptic.
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11. Linear mixed models to explain the bone markers (Longitudinal analysis)
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Figure 11.20.: Pairs plots of the bone markers and their conditional Pearson residuals
corresponding to models (11.3), (11.7) and (11.9) with linear regression
and LOESS lines

CTX and OST

−3 −2 −1 0 1 2 3

−
3

−
2

−
1

0
1

2
3

CTX and BAP

−3 −2 −1 0 1 2 3

−
3

−
2

−
1

0
1

2
3

OST and BAP

−3 −2 −1 0 1 2 3

−
3

−
2

−
1

0
1

2
3

Figure 11.21.: Contour plots of the bivariate empirical distributions of the standardized
residuals of the bone markers CTX, OST and BAP corresponding to models
(11.3), (11.7) and (11.9)
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12. Conclusions and outlook

Due to the high correlations among the covariates and the comparatively small data
set, modeling the change of bone density during the course of the study has not been
straightforward. However, the assumption that high mean serum concentrations of FSH
provoke a higher loss of BMD, could be clearly confirmed by the PeKnO-Study (see Table
10.1). Furthermore, high mean serum concentraions of estradiol were shown to have a
significant positive effect on the change of bone density. Unfortunately, a similar statement
for the mean concentration of progesterone can not be made.
A high percentage of ovulatory cycles suggests that less BMD will be lost and vice versa for
anovulatory cycles, in particular for long anovulatory cycles. Finally, high mean lengths
of the cycles were detected to have a strong negative effect on the change of bone density.
This was found out by transforming the corresponding variable. An appropriate model
to explain and predict the change of bone density over the course of two years is given by
(10.2). This model is able to explain 42% of the arising variability in the data.

As explained in Chapter 9, one unique feature of the PeKnO-Study is that participants
applied a cycle monitor which allows to classify cycles as being ovulatory or anovulatory
and to derive the (likely) lengths of corresponding luteal phases. The latter variable was
shown to be significant at level 10% with respect to a t-test in a simple standard linear
model. Using this model, 6.5% of the variation within the data can be explained (again
referring to Table 10.1).

On the basis of of a graphical analysis at the end of Chapter 9 we saw that the loss
of bone density is accompanied by an increase of the bone marker concentrations. The
percental increase of the bone markers, however, was seen to be highest for the bone
resorption marker CTX. The bone formation markers osteocalcin and BAP showed a
smaller increase on average.

In Chapter 11 we found out that the bone turnover markers can be appropriately ex-
plained using linear mixed models. Keeping in mind that the data set consists out of
relatively few observations, the model diagnostics have basically shown no lack of fit. It
turned out that the age of the women at study onset is one determinant factor for the
bone marker concentrations. A fixed effect of this variable was shown to be significant in
linear mixed model of each single bone marker in the way, that the older the women have
been at the begin of the study, the lower their levels of CTX, osteocalcin and BAP.
Furthermore, when modeling CTX and BAP, progesterone was detected to have a signif-
icant negative effect on these variables. That is, high concentrations of progesterone lead
to lower values of CTX and BAP.
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12. Conclusions and outlook

When we considered the correlations between the bone markers in Section 11.6, we already
outlined briefly that the corresponding bivariate distributions are probably not Gaussian.
Therefore, and for the reason of too little data, a further investigation of the bone markers
applying multivariate linear mixed models (see Boik (1988)) can hardly be justified.

However, a further investigation of the joint bone marker distributions using copulas or
vines might reveal some new insights.
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A. Mathematical tools

A.1. Matrix Algebra

In this section we summarize some basic results concerning matrix calculations which
frequently are used in this thesis to make clear which property we use in the single
computations. Basic and commonly known propositions are listed without giving a proof.
For further reading or proofs please consult some standard literature on linear algebra.

A.1.1. Properties of the determinant

• A ∈ Rn, then |A| 6= 0 ⇔ rank(A) = n

• |AB| = |A| |B|

• |A−1| = |A|−1

The determinant of quadratic block matrices:

(1) Let A and D be quadratic matrices, then it holds:

∣∣∣∣
(
A 0
C D

)∣∣∣∣ =
∣∣∣∣
(
A B
0 D

)∣∣∣∣ = |A| |D|

(2) Let M be a nonsingular, quadratic block matrix

(
M11 M12

MT
12 M22

)
, where M11 and M22

are quadratic and M22 is invertible. Then M can be written as

M =

(
I M12

0 M22

)(
M11 −M12M

−1
22 M

T
12 0

M−1
22 M

T
12 I

)

Hence, the determinant of M may be calulated as

|M | = |M22|
∣∣M11 −M12M

−1
22 M

T
12

∣∣

A.1.2. Properties of the trace of a matrix

• tr(A) = tr(AT )

• tr(A+ B) = tr(A) + tr(B)

• tr(A ·B) = tr(BA)
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• tr(kA) = k tr(A), k ∈ R

• tr(xyT ) = tr(yxT ) = tr(xTy) = xTy

• A positive definite and B positive semidefinite ⇒ tr(AB) ≥ 0

Mean of a quadratic form

Let Y be a random vector with mean vector µ and covariance matrix V and let A be a
symmetric matrix, then

E[Y TAY ] = tr(AV ) + µTAµ (A.1)

Proof :
Y TAY = tr(Y TAY ) = tr(AµµT )

⇒ E[Y TAY ] = E[tr(AY Y T )] = tr(AE[Y Y T ]) = tr(A(V + µµT ))

= tr(AV ) + tr(AµµT ) = tr(AV ) + µTAµ

A.1.3. Differentiation of vector valued functions

Let y ∈ Rn and f(y) be a differentiable function of the n elements of y, then the gradient
of f(y) is

df(y)

dy
=




∂f(y)
∂y1
...

∂f(y)
∂yn


 and

d2f(y)

dy dyT
=

[
∂2f(y)

∂yi ∂yj

]

i,j=1,...,n

denotes the corresponding Hessian matrix.

Then, for A ∈ Rm×n and x ∈ Rn:

• dAy

dy
= A

• dxTy

dy
= x

• dyTAy

dy
= (A+ AT )y

• A symmetric, then
dyTAy

dy
= 2Ay .
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A.1.4. Overview of properties of special matrices in a linear mixed
model

One can easily verify that the following matrices auxiliary introduced in Chapter 5 satisfy
the listed statements:

(1) T := X(XTV −1X)−1XTV −1

• T is idempotent

• TV T T = TV = V T T

since TV = X(XTV −1X)−1XT = V TT and TV = TTV = TV TT

• Xβ̂ = Ty

(2) Q := I − T

• Q is idempotent

• QV QT = QV = V QT

• TV QT = QV T T = 0

since TV QT = TV (I − T )T = TV − TV TT
(1)
= TV − TV = 0 = QV TT

(3) P := V −1Q = V −1(I − T ) = V −1
− V −1X(XTV −1X)−1XTV −1

• P is symmetric

• PT = T TP = 0

• PV P = P

• Py = V −1(y −Xβ̂)

• yTPy = (y −Xβ̂)TV −1(y −Xβ̂)

since yTPy = yTV −1y − yTV −1Xβ̂ = yTV −1y − 2yTV −1Xβ̂ + yTV −1X︸ ︷︷ ︸
= β̂

T
(XTV −1X)

β̂

A.2. Statistical tools

A.2.1. The multivariate normal distribution

Let X ∼ Nn(µ,Σ), then the density of X is

f(x) = (2π)−
n
2 |Σ|−

1

2 exp

{
−1

2
(x− µ)T Σ−1 (x− µ)

}

The conditional distribution

X =

(
Y

Z

)
, µ =

(
µy

µz

)
and Σ =

(
Σy Σyz

Σzy Σz

)

⇒ Z | Y ∼ N( µz + ΣzyΣ
−1
y (y − µy) , Σz − ΣzyΣ

−1
y Σyz )
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A.2.2. The mean squared error

The MSE

Let β be a fixed but unknown scalar coming from a certain parameter space and let β̂
denote an estimator for β. Then the mean squared error of β̂ is defined as:

MSE(β̂) := E[(β̂ − β)2]

Using that β is constant, one easily may show that

MSE(β̂) = Var(β̂) + E[β̂ − β]2

where the second term is the bias of β̂.

In case that β̂ is unbiased, meaning that E[β̂] = β:

MSE(β̂) = Var(β̂ − β) = Var(β̂) .

The MSPE

Let γ be a random variable underlying a certain distribution. The mean squared prediction
error of a predictor γ̂ for γ is defined as:

MSPE(γ̂) := E[(γ̂ − γ)2] .

In case that γ̂ is unbiased, meaning that E[γ̂] = E[γ]:

MSPE(γ̂) = Var(γ̂ − γ) .

Note that in both cases unbiasedness of an estimator and a predictor includes E[β̂−β] = 0
and E[γ̂− γ] = 0, respectively. But since γ is a random variable, to ask for E[γ̂] = γ does
not make sense. Neither we are able to split the MSPE of γ̂ into the sum of its variance
and its bias as in the case above.

A.2.3. Asymptotic normality of the MLE

Using the notations given in A.1.3 for differentiation of a vector valued function, one may
formulate the well known result:

Theorem A.2.1 Bickel and Doksum (2001, Theorem 6.2.2.)

Let Y1, ..., Yn be independent and identical distributed random variables following a
distribution which depends on a unknown model parameter ϑ = (ϑ1, ...ϑr)

T , where

ϑ ∈ Λ ⊂ Rr, Λ open.

Let f(y,ϑ) denote the density function of Yi, i = 1, ..., n, and l(y,ϑ) := ln f(y,ϑ).

In addition, let the following regularity conditions being satisfied:
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(1) ∂ l(y,ϑ)
∂ϑ

and ∂2 l(y,ϑ)

∂ϑ ∂ϑT are well defined

(2) EPϑ

[
∂ l(Y1,ϑ)

∂ϑ

]
= 0

(3) EPϑ

[∥∥∥∂ l(Y1,ϑ)
∂ϑ

∥∥∥
2
]
< ∞

(4) EPϑ

[ ∥∥∥∂2 l(Y1,ϑ)

∂ϑ ∂ϑT

∥∥∥
]
< ∞ and EPϑ

[
∂2 l(Y1,ϑ)

∂ϑ ∂ϑT

]
is nonsingular

(5) sup‖t−ϑ‖≤ǫ

∥∥∥ 1
n

∑n

i=1

(
∂2 l(Yi,t)

∂t ∂tT
− ∂2 l(Yi,ϑ)

∂ϑ ∂ϑT

)∥∥∥ P−→ 0 if ǫ → 0

(6) −EPϑ

[
∂2 l(Y1,ϑ)

∂ϑ ∂ϑT

]
= EPϑ

[(
∂ l(Y1,ϑ)

∂ϑ

)(
∂ l(Y1,ϑ)

∂ϑ

)T]
,

where EPϑ

[(
∂ l(Y1,ϑ)

∂ϑ

)(
∂ l(Y1,ϑ)

∂ϑ

)T]
= I(ϑ) is the Fisher information matrix.

Let ϑ̂ be the MLE of ϑ.

Then, √
n (ϑ̂− ϑ)

d−→ N(0, I(ϑ)−1) .

A.3. Proofs of some used results

Lemma A.3.1

Let X ∈ Rn×p with rank(X) = p and V ∈ Rn×n be a covariance matrix, i.e. sym-
metric and positive definite. Then XTV −1X ∈ Rp×p is positive definite, in particular
regular.

Proof : The positive definiteness of V implys that V −1 is positive definite, i.e. for any non-
zero vector a ∈ Rn it holds:

aTV −1a > 0.

To check this property for XTV −1X, we consider for any non-zero vector c ∈ Rp:

cT (XTV −1X)c =

(Xc)TV −1(Xc) > 0

since Xc is a non-zero vector due to the regularity of X and applying that V −1 is positive
definite. Hence we can follow that XTV −1X is positive definite and therefore invertible.

Lemma A.3.2

Let X ∈ Rn×p with rank(X) = p and V ∈ Rn×n be a covariance matrix, i.e. sym-
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metric and positive definite. Further, let A ∈ Rn×(n−p) with rank(A) = n − p and
ATX = 0. Then (V −1X,A) ∈ Rn×n is regular.

Proof : Since V −1 is symmetric and positive definite, there is a decomposition

T TV −1T = D =




λ1 · · · · · · 0
... λ2

...
...

. . .
...

0 · · · · · · λn




with λi > 0, i = 1, ...,m and T TT = I .

Since T is regular

rank(V −1X,A) = n ⇔ rank( T T (V −1X,A) ) = n

⇔ rank(T TV −1TT TX,T TA) = n

⇔ rank(DT TX︸ ︷︷ ︸
X′

, T TA︸ ︷︷ ︸
A′

) = n .

X ′ and A′ have full rank and A′TX ′ = ATTT TX = ATX = 0. Hence it is enough to
consider the case that V −1 has diagonal form.
Let x be a linear combination of columns of X ′ and a be a linear combination of columns
of A′, with

Dx = (λ1x1, ..., λnxn)
T = a .

The columns of A′ and X ′ are orthogonal, so we get

0 = 〈x,a〉

=
1

λ1
λ1x1a1 + · · ·+ 1

λn
λnxnan

=
1

λ1
a21 + · · ·+ 1

λn
a2n

= a21/λ1 + · · ·+ a2n/λn .

Hence a = 0 and since D is regular x = 0. Thus scaling X ′ by D does not produce linear
dependence between the columns of DX ′ and A, i.e. rank(DX ′, A) = rank(X ′, A) = n
which proves the lemma.
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B. Additional information on the
PeKnO-Study

B.1. Summary of variables

The following table provides an overview of variables observed in the PeKnO-Study. It
specifies their acronyms used in this thesis as well as a compact characterization which
summarizes the elaborate descriptions of Chapter 9. The last two columns indicate the
means and standard deviations of the variables corresponding to available data of all 51
participants. Only these serum concentrations of the female sex hormones, cortisol and
the bone turnover markers are incorporated where blood samples are classified as taken
in the correct time interval (luteal phase blood tests).

To indicate whether a variable depends only on the participant or also on time (i.e. on the
number of the blood sample), the corresponding acronyms are not labeled or labeled by t,
respectively. Thus, the subscript indicates that there were more than one measurements
per participant recorded. These variables are considered in the longitudinal analysis of
Chapter 11. Variables are basically categorized according to Chapter 9. At first the
variables characterizing the bone metabolism which are used as response variables in the
adjusted models of this thesis are presented.

ACRONYM MEANING DEF MEAN SD

Response variables

X.BMD Difference of the bone density at the end and the
begin of the study in mgCa-Ha/ml

QCT.2−
QCT.1

-6.1 8.8

CTXt Serum concentration of the bone resorption marker
CTX in ng/ml

- 0.3 0.1

OSTt Serum concentration of the bone formation marker
osteocalcin in ng/ml

- 16.8 4.4

BAPt Serum concentration of the bone formation marker
BAP in µg/l given on a ordinal scale with usual
values from 4 to 21

- 9.0 2.6
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Basic characterizations of participants

PAT.ID Number of the participant, irregular ranged be-
tween 2 and 63

- - -

AGE Age at the begin of the study in years - 48.2 2.6

BMI.25 Body mass index in kg/m2 at 25 years of age }
weight[kg]

(height[m])2

21.8 3.1

BMI.0 Body mass index in kg/m2 at the begin of the study 24.0 3.5

BMI.1 Body mass index in kg/m2 at the end of the study 24.3 3.7

X.BMI.0.25 Difference of the body mass index at the begin of
the study and at 25 years of age in kg/m2

BMI.0−
BMI.25

2.2 2.9

X.BMI.1.25 Difference of the body mass index at the end of the
study and at 25 years of age in kg/m2

BMI.1−
BMI.25

2.5 3.2

X.BMI.1.0 Difference of the body mass index at the end and
the begin of the study in kg/m2

BMI.1−
BMI.0

0.3 1.2

Measurements of the bone density

QCT.1 Bone mineral density in mgCa-Ha/ml at the begin
of the study

- 139.3 24.2

QCT.2 Bone mineral density in mgCa-Ha/ml at the end of
the study

- 134.0 24.2

X.BMD see above

X.BMD.PR Percental change of bone density with respect to
the begin of the study

X.BMD
QCT.1

·100% -4.2 6.3

BMD.GROUP Category of the change of bone density:
• = 11, if QCT.1 > 120 and QCT.2 > 120
• = 12, if QCT.1 > 120 and QCT.2 < 120
• = 22, if QCT.1 < 120 and QCT.2 < 120

- - -

Blood sample associated variables

NO.BSt Number of the blood sample - - -

Female sex hormones

LHt Serum concentration of the luteinizing hormone
(LH) in IU/l

- 10.9 12.2

LH.m Mean serum concentration of LH in IU/l - 11.0 9.1

FSHt Serum concentration of the follicle-stimulating hor-
mone (FSH) in IU/l

- 15.5 21.8

FSH.m Mean serum concentration of FSH in IU/l - 15.8 15.6

E2t Serum concentration of (17β-) estradiol in pg/ml - 170.9 132.9
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E2.m Mean serum concentration of (17β-) estradiol in
pg/ml

- 164.6 78.8

PROGt Serum concentration of progesterone in ng/ml - 10.1 8.7
PROG.m Mean serum concentration of progesterone in ng/ml - 9.6 6.8

Cortisol

CORTt Serum concentration of cortisol basal (stress hor-
mone) in µg/dl

- 16.4 5.2

CORT.m Mean serum concentration of cortisol basal (stress
hormone) in µg/dl

- 16.1 4.1

Bone turnover markers

CTXt see above
CTX.m Mean serum concentration of the bone resorption

marker CTX in ng/ml
- 0.2 0.1

X.CTX Difference between the bone resorption marker
CTX at blood sample 5 (CTX.2) and blood sam-
ple 1 (CTX.1) in ng/ml

CTX.2−
CTX.1

0.04 0.12

X.CTX.PR Percental change of CTX with respect to the first
blood test

X.CTX
CTX.1

·100% 32.70 88.38

OSTt see above
OST.m Mean serum concentration of the bone formation

marker osteocalcin in ng/ml
- 16.5 4.1

X.OST Difference between the bone formation marker os-
teocalcin at blood sample 5 (OST.2) and blood sam-
ple 1 (OST.1) in ng/ml

OST.2−
OST.1

1.11 4.67

X.OST.PR Percental change of osteocalcin with respect to the
first blood test

X.OST
OST.1

·100% 11.66 32.71

BAPt see above
BAP.m Mean serum concentration of the bone resorption

marker BAP in µg/l
- 9.0 2.4

X.BAP Difference between the bone formation marker BAP
at blood sample 5 (BAP.2) and blood sample 1
(BAP.1) in µg/l

BAP.2−
BAP.1

1.24 2.57

X.BAP.PR Percental change of BAP with respect to the first
blood test

X.BAP
BAP.1

·100% 17.97 36.26

Cycle associated variables

CY.BSt Type of the cycle where the blood test was per-
formed

• = 1, if cycle is ovulatory
• = 0, if cycle is anovulatory

CYL.BSt Length of the cycle at which the blood test was
performed

- 51.3 67.1
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CYL.BS.trt transformation 1
CYL.BS2

0.0011 0.0006

LPL.BSt (Likely) length of the luteal phase of the cycle at
which the blood test was performed

(9.3) 6.6 6.1

CYL.meant Mean length of the cycles since the last blood test - 44.0 56.4
CYL.mean.trt transformation 1

CYL.mean2
0.0011 0.0005

CYL.m Mean length of the cycles during the whole study - 45.0 38.0
CYL.m.tr transformation 1

CYL.m2
0.0010 0.0005

LPL.meant Mean of the (likely) length of luteal phases of cycles
since the last blood test

(9.3) 6.2 4.6

LPL.m Mean of the (likely) length of luteal phases of cycles
during the whole study

(9.3) 6.1 3.5

Classification of cycles

ov.tot.PRt Percentage of ovulatory cycles with respect to all
evaluable cycles since the last blood test

(9.1) 54.3 37.8

ov.tot.s.PR Percentage of ovulatory cycles with respect to all
evaluable cycles during the whole study

(9.2) 52.1 27.3

anov.tot.PRt Percentage of anovulatory cycles with respect to all
evaluable cycles since the last blood test

1-ov.tot.PR 45.7 37.8

anov.tot.s.PR Percentage of anovulatory cycles with respect to all
evaluable cycles during the whole study

1−

ov.tot.s.PR

47.9 27.3

anov.short.PRt Percentage of short anovulatory cycles (cycle length
< 20d) with respect to all evaluable cycles since the
last blood test

similarly
as (9.1)

4.2 10.9

anov.short.s.PR Percentage of short anovulatory cycles with respect
to all evaluable cycles during the whole study

similarly
as (9.2)

5.2 6.9

anov.norm.PRt Percentage of anovulatory cycles with normal cycle
(20d ≤ cycle length ≤ 42d) length with respect to
all evaluable cycles since the last blood test

similarly
as (9.1)

25.2 28.6

anov.norm.s.PR Percentage of anovulatory cycles with normal cycle
with respect to all evaluable cycles during the whole
study

similarly
as (9.2)

26.5 17.2

anov.long.PRt Percentage of long anovulatory cycles (cycle length
> 42d) with respect to all evaluable cycles since the
last blood test

similarly
as (9.1)

16.3 27.5

anov.long.s.PR Percentage of long anovulatory cycles with respect
to all evaluable cycles during the whole study

similarly
as (9.2)

16.2 18.2

Transformations of variables

- Basic form: function (log/sqrt) - acronym - - -

e.g.

sqrtPROG.m transformation
√
PROG.m 2.9 1.2

157



B. Additional information on the PeKnO-Study

Standardized version of variables

acronym.st Respective variable minus its mean divided by its
standard deviation

e.g. (11.1) - -

Dummy version of variables

- Basic form: acronym - condition (high/low) - cutoff
value for satisfied condition, variable takes on the
values

• = 1, if the condition is satisfied
• = 0, if the condition is not satisfied

e.g. p. 93 - -

Table B.1.: Overview of variables

B.2. Summary of models

ACRONYM RESPONSE REFERENCE PAGE

mod.fin X.BMD (10.1) 98

mod.CTX.logE2 CTX (11.3) 123
mod.CTX.FSH CTX (11.4) 127
mod.CTX.ri.red CTX (11.5) 129

mod.OST.anovlong OST (11.7) 135

mod.BAP.CYL BAP (11.9) 140

Table B.2.: Overview of models
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B.3. Additional graphics

Further illustrative graphics corresponding to investigations in
Chapter 9 and Chapter 10
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Figure B.1.: Scatter plot of the percentage of long anovulatory cycles during the whole
study and the mean values of the luteal phase serum concentrations of the
female sex hormones
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Figure B.2.: Barplots of individual mean values of the luteal phase serum concentrations
of the female sex hormones
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Figure B.3.: Scatter plot of the percentage of ovulatory cycles during the whole study and
the mean length of luteal phases LPL.m
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Figure B.4.: Scatter plot of the transformed mean length of cycles and the mean values

of the luteal phase serum concentrations of the female sex hormones
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Figure B.5.: Histograms of summarized data exemplarily for FSH and CTX to compare
different approaches (mean, AUC, min, max) for summarizing longitudinal
data
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Further illustrative graphics corresponding to investigations in
Chapter 11
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Figure B.6.: Model diagnostics for an alternative linear mixed model for modeling BAP
with random slope QCT.1.st. The model can briefly formulated as: BAPit =
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