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῭
w(11),mod := ∂2

∂ν2 `w,mod (right)). . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2 Modified error model and its derivatives with respect to ν when ρ is fixed

to ρ̂τ ≈ 0.70643. (`e,mod (left), ˙̀
e(1),mod := ∂

∂ν
`e,mod (middle) and ῭
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log likelihood value loglike, number of non-failed replicates rg, computing time
time, averaged MbP steps avg.it, function evaluations func.eval. of 100 replicates
(r=100) and samples of size n = 100, 500 using MbP algorithm with both non-
adaptive (MBP1) and adaptive (MBP2) interchangeable parameters ν0 and ρ0,
direct maximization (DIR) and inference for margins method (IFM). . . . . . . 104

6.3 Scenario allocation: for instance, in scenarios S01 to S04 we have parameter
combination (ν1, ν2, ν) = (3, 3, 3), ρ ∈ {0.3, 0.8} and n ∈ {100, 500} . . . . . 106

6.4 First column gives the scenarios which have MBP1 as best method. Simi-
larly the other columns can be interpreted. . . . . . . . . . . . . . . . . . . 106

6.5 Ranking of scenarios with certain parameter combinations, based on êffrmse. 107
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Chapter 1

Introduction

This thesis presents and numerically implements the maximization by parts method
(MbP) from Song et al. (2005) and applies it to bivariate t and bivariate meta t-distributions
in order to analyze the dependence structure in the embedded bivariate t-copula model.
Furthermore, other estimation methods such as direct maximization, inference for margins
from Joe (1996), semi-parametric method using Kendall’s τ and canonical maximum like-
lihood method for parameter estimation are presented, implemented and compared with
the MbP method. The aim of this thesis is to demonstrate the benefits as well as the dis-
advantages of the MbP method in parameter estimation. Finally, we show an application
using the MbP method involving swap rate data.

1



Chapter 2

Background Material

2.1 Introduction to Copulas

2.1.1 Definition of a copula

The reference for this section is the book Nelsen (1999) which provides a comprehen-
sive introduction to copulas. The following definitions and Sklar’s theorem apply to the
multivariate case. In the interest of clarity, we first introduce some notations.

• Let R denote the ordinary real line (−∞,∞), R̄ denote the extended real line
[−∞,∞] and R̄n denote the extended n-space R̄× R̄×· · ·× R̄, where n is a positive
integer.

• We will use vector notation for points in R̄n, e.g. a = (a1, ...an)t.

• Let [a, b] denote the n-dimensional set B = [a1, b1] × · · · × [an, bn], the Cartesian
product of n closed intervals. The vertices of an n-dimensional set B are the points
c = (c1, ...cn)t where each ck is equal to either ak or bk.

• The unit n-cube In is the product I × · · · × I, where I = [0, 1].

• An n-place real function H is a function whose domain, DomH, is a subset of R̄n

and whose range, RanH, is a subset of R.

Definition 2.1 Let S1,. . . ,Sn be nonempty subset of R̄, and let H be an n-place real
function such that DomH = S1 × Sn. Let B = [a, b] be an n-box. The H volume of B is
defined by

VH(B) :=
∑

sgn(d)H(d)

=
2∑

i1=1

· · ·
2∑

in=1

(−1)i1+···inH(d1i1 , d2i2 , . . . , dnin) > 0,

Example 2.2 Let H be a 2-place real function with domain R̄2. The H-volumne of a
rectangle B = [a1, b1]× [a2, b2] with all of whose vertices in DomH is given by

VH(B) = H(b1, b2)−H(b1, a2)−H(a1, b2) +H(a1, a2)

2



CHAPTER 2. BACKGROUND MATERIAL 3

The definition of an n-dimensional copula in Nelsen (1999) is given by:

Definition 2.3 An n-dimensional copula is a function C from the unit n-cube In = [0, 1]n

to I = [0, 1], denote C : In → I, with the following properties:

(i) C(u) = 0 for all u in [0, 1]n for which at least one coordinate of u equals zero;

(ii) C(u) = uk if all coordinates of u are 1 except the kth one;

(iii) C is n-increasing in the sense that for all a = (a1, ..., an)t and b = (b1, ..., bn)t in
[0, 1]n with ai 6 bi the volume assigned by C to the n-box [a, b] = [a1, b1]×...×[an, bn]
is nonnegative (VC([a, b]) > 0).

This definition shows that an n-dimensional copula is an n-dimensional distribution func-
tion restricted to [0, 1]n with standard uniformly distributed marginals. The most relevant
result in the copula framework is introduce by Sklar (1959).

Theorem 2.4 (Sklar’s Theorem) Let F be a d-dimensional cumulative distribution
function (c.d.f.) with univariate margins F1,...,Fd. Let Ri be the range of Fi, for i =
1, 2, ..., d. Then there exists an d-dimensional copula C such that for all x ∈ R̄d,

F (x1, ..., xd) = C(F1(x1), ..., Fd(xd)). (2.1)

If F1, F2, ..., Fd are all continuous, then C is unique; otherwise, C is uniquely determined
on RanF1× ·×RanFd. Conversely, if C is an d-dimensional copula and F1, ..., Fd are dis-
tribution functions, then the function F defined by (2.1) is an d-dimensional distribution
function with univariate margins F1, ..., Fd.

Proof: See Nelsen (1999) page 41.

Therefore, the joint distribution can be described as a function of copula and the univariate
marginal distributions. Since the copula does not depend on univariate marginal distri-
butions, we can say that it captures completely all the information about the dependence
between the variables. For this reason, a copula is often interpreted as the dependence
structure. Certainly, it makes sense when all the univariate marginals are continuous and
the copula is unique; in the discrete case there will be more than one way to describe the
dependence structure.
As pointed out in many literatures, Sklar’s theorem has an important corollary. Before
continuing with the corollary, we need to define the quantile function, probability-integral
and quantile transformations since they will be repeatedly utilized in the thesis. The
definition of quantile functions is given as follows:

Definition 2.5 (Quantile Function) Consider the random variables X, X1,...,Xd with
distribution functions F , F1,...,Fd respectively.

(i) The quantile function of F is defined for all u ∈ (0, 1) by the generalized inverse of
F :

F−1(u) := inf{x ∈ R : F (x) > u}. (2.2)
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(ii) The probability-integral transformation is the mapping T : Rd → [0, 1]d with

(x1, x2, ..., xd) 7→ (F1(x1), ..., Fd(xd)). (2.3)

(iii) The quantile transformation is the operation T−1 : [0, 1]d → Rd with
(u1, u2, ..., ud) 7→ (F−1

1 (u1), ..., F
−1
d (ud)).

If U is an uniform random variable on (0, 1), then F−1(U) has distribution function F .
On the other hand, the distribution function F of a random variable X is continuous if
and only if F (X) is uniformly distributed on (0, 1).

Corollary 2.6 Let F and C be, respectively, an d-dimensional distribution function with
continuous univariate margins F1, ..., Fd and an d-dimensional copula function. Then, for
any u ∈ [0, 1]d, we have

C(u1, ..., ud) = F (F−1
1 (u1), ..., F

−1
d (ud)) (2.4)

where F−1
j (uj) denotes the inverse of the cumulative distribution function Fj(·).

By applying Sklar’s theorem in (2.1) and by exploiting the relation between the distri-
bution and density function in (2.4), the multivariate copula density c(F1(x1), ..., Fd(xd))
can be derived associated with a copula function C(F1(x1), ..., Fd(xd)) as the following.
Let f(·) be the density function of a d-dimensional c.d.f. F ,

f(x1, ..., xd) =
∂F (x1, ..., xd)

∂x1...∂xd

=
∂dC(F1(x1), ..., Fd(xd))

∂x1...∂xd

= c(F1(x1), ..., Fd(xd)) · f1(x1) · · · fd(xd)

Where we define the copula’s density as

c(u1, ..., ud) =
∂dC(u1, ..., ud)

∂u1...∂ud

=
∂F (F−1

1 (u1), ..., F
−1
d (ud))

∂u1...∂ud

= f(F−1
1 (u1), ..., F

−1
d (ud)) ·

1

f1(F
−1
1 (u1))

· · · 1

fd(F
−1
d (ud))

(2.5)

As we will see later that knowledge of the associated copula density will be particularly
useful in order to calibrate its parameters to real market data.

2.1.2 Multivariate and Bivariate t-Copulas

To define the multivariate and the bivariate t-copulas, we need first to define the proba-
bility density functions of the multivariate, bivariate and univariate t-distributions.
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Definition 2.7 (Univariate t-Distribution) The random variable X ∈ R has the uni-
variate Student’s t distribution with degrees of freedom ν, if its probability density function
(p.d.f.) is

f(x; ν) :=
Γ(ν+1

2
)

√
νπΓ(ν

2
)

(
1 +

x2

ν

)− ν+1
2

(2.6)

It has mean 0 (for ν > 1) and variance ν/(ν − 2) (for ν > 2). In the thesis, we denote
F (x; ν) as the univariate t cumulative distribution function (c.d.f.)

F (x; ν) :=

∫ x

−∞
f(t; ν)dt (2.7)

and t−1
ν as the quantile function of F (x; ν), which is given by

t−1
ν (u) := inf{x ∈ R : F (x; ν) > u}. (2.8)

According to Demarta and McNeil (2004) the multivariate Student’s t joint density func-
tion is given as follows.

Definition 2.8 (Multivariate t-Distribution) X = (X1, ..., Xd)
t has multivariate (or

d-variate) Student’s t-distribution with ν > 1 degrees of freedom (d.f.), mean vector µ ∈
Rd and a d × d symmetric and positive-definite scatter matrix R, denoted by td(ν,µ, R),
if its probability density function is

f(x; ν,µ, R) :=
Γ[ν+d

2
]

Γ[ν
2
](νπ)

d
2

|R|−
1
2

[
1 +

1

ν
(x− µ)tR−1(x− µ)

]− ν+d
2

(2.9)

|R| represents the absolute value of the determinant of the matrix R.

If the mean vector µ = 0, we say that the Student’s t-distribution is central, otherwise
non-central. In this thesis, we only consider the central t-distribution.

Remark: Based on Prop 2.7 in the previous section, the copula remains invariant under
strictly increasing transformations of the components of random vector X, therefore the
copulas of distributions td(ν,µ, R) and td(ν,0, R) are identical. We can also transform any

scatter matrix R̃ to a positive definite matrix with unit diagonal elements and the copula
does not change. In the thesis we consider only a scatter matrix R with unit diagonal
entries. In addition, if ν > 2 then the covariance matrix of the Student’s t-distribution is
given by

Cov(X) =
ν

ν − 2
R

otherwise i.e. 1 < ν 6 2 it does not exist. Thus if ν > 2 the scatter matrix R is equal to
the correlation matrix.
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Definition 2.9 (Bivariate t-Distribution) Let x = (x1, x2)
t. The bivariate t-density

function f(x1, x2; ν, ρ) with parameters ν and ρ is given by

f(x1, x2; ν, ρ) =
Γ(ν+2

2
)

Γ(ν
2
)(νπ)

|R|−
1
2

[
1 +

1

ν
xtR−1x

]− ν+2
2

=
1

2π
|R|−

1
2

[
1 +

1

ν
xtR−1x

]− ν+2
2

=
1

2π
√

1− ρ2

[
1 +

1

ν(1− ρ2)
(x2

1 + x2
2 − 2x1x2ρ)

]− ν+2
2

(2.10)

where we used the identities

Γ

(
ν + 2

2

)
= Γ

(
ν

2
+ 1

)
=
ν

2
Γ

(
ν

2

)
and xtR−1x =

1

1− ρ2
(x2

1 + x2
2 − 2x1x2ρ),

with R :=

(
1 ρ
ρ 1

)
∈ R2×2

By applying the Sklar’s theorem, the t-copula is defined as follows:

Definition 2.10 (Multivariate t-Copula) Let F (·; ν,R) be the cumulative distribution
function (c.d.f.) of the standardized multivariate Student’s t distribution with correlation
matrix R and ν degrees of freedom. Then the multivariate Student’s t-copula is defined as
follows:

C(u1, ..., ud; ν,R) = P [F (X1; ν) ≤ u1, ..., F (Xd; ν) ≤ ud]

= F (t−1
ν (u1), ..., t

−1
ν (ud); ν,R)

=

∫ t−1
ν (u1)

−∞
· · ·
∫ t−1

ν (ud)

−∞
f(x; ν,R)dx, u ∈ (0, 1)d

where t−1
ν (·) denotes the quantile function of a standard univariate F (·; ν) distribution and

f(·; ν,R) the joint density function of F (·; ν,R).

The associated Student’s t-copula density is obtained by applying the equations in (2.5):

c(u; ν,R) =
f(t−1

ν (u1), . . . , t
−1
ν (ud); ν,R)∏d

i=1 f(t−1
ν (ui); ν)

=
Γ(ν+d

2
)Γ(ν

2
)d−1

(
1 + ztR−1z

ν

)− ν+d
2

Γ(ν+1
2

)d|R| 12
∏d

j=1(1 +
z2
j

ν
)−

ν+1
2

(2.11)

with z := (z1, ..., zd)
t := (t−1

ν (u1), ..., t
−1
ν (ud))

t ∈ Rd.
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Definition 2.11 (Bivariate t-Copula) The density of a bivariate t copula is given by

c(u1, u2; ν,R) =
f(t−1

ν (u1), t
−1
ν (u2); ν,R)

f(t−1
ν (u1); ν)f(t−1

ν (u2); ν)

=
Γ(ν+2

2
)Γ(ν

2
)
(
1 + ztR−1z

ν

)− ν+2
2

Γ(ν+1
2

)2|R| 12 (1 +
z2
1

ν
)−

ν+1
2 (1 +

z2
2

ν
)−

ν+1
2

=

ν
2
· Γ(ν

2
)2
(
1 +

z2
1+z2

2−2z1z2ρ

ν(1−ρ2)

)− ν+2
2

Γ(ν+1
2

)2
√

1− ρ2(1 +
z2
1

ν
)−

ν+1
2 (1 +

z2
2

ν
)−

ν+1
2

(2.12)

(u1, u2)
t ∈ [0, 1]2 and z := (z1, z2)

t := (t−1
ν (u1), t

−1
ν (u2))

t with quantile function t−1
ν of

univariate t distribution as defined in (2.8), R =

(
1 ρ
ρ 1

)
∈ R2×2 and |R| = 1− ρ2.

In general, consider a bivariate t random vectors X := (X1, X2)
t ∈ R2 and a bivariate

t-copula U := (U1, U2)
t ∈ [0, 1]2 with U1 = F (X1, ν2) and U2 = F (X2, ν2) where F (; νj)

the univariate t-distribution function with degrees of freedom νj, j = 1, 2. It is important
to note that the correlation coefficient of the bivariate t-copula is not identical to the
correlation of a t-distribution, i.e.

ρ(U1, U2) 6= ρ(X1, X2)

In addition, according to Embrechts (2001), the upper and lower tail dependence
coefficient for bivariate t-copula with parameters ν and ρ is defined as

λ(ν, ρ) := 2tν+1

(
−
√
ν + 1

√
1− ρ

1 + ρ

)
(2.13)

2.1.3 Invariance Property

One attractive feature of the copula representation of dependence is that the copula is
invariant under increasing and continuous transformations of the marginals.

Proposition 2.12 If (X1, ..., Xn)t has copula C and T1, ..., Tn are increasing continuous
functions, then (T1(X1), ..., Tn(Xn))t also has copula C.

Proof. Let the random vector (U1, ..., Un)t have distribution function C with continuous
marginals FXi

, in particular Ui = FXi
(Xi). With P denoting the probability of any event,

we may write

C(FT1(X1)(x1), ..., FTn(Xn)(xn))) = P [U1 ≤ FT1(X1)(x1), ..., Un ≤ FTn(Xn)(xn)]

= P [F−1
T1(X1)(U1) ≤ x1, ..., F

−1
Tn(Xn)(Un) ≤ xn]

= P [T1 ◦ F−1
X1

(U1) ≤ x1, ..., Tn ◦ F−1
Xn

(Un) ≤ xn]

= P [T1(X1) ≤ x1, ..., Tn(Xn) ≤ xn]. �
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The continuity of Ti, i = 1, ..., n, is a necessary condition, since the calculation above
requires F−1

Ti(Xi)
(U1) = T1 ◦ F−1

Xi
(Ui). With this feature we can transform, for instance,

a model of percentage returns on financial assets to a model of logarithmic returns, the
copula of the data will not change, only the marginal distributions. In summary, in terms
of copula modeling, it is indifferent to which of the marginal scales we work.

2.1.4 Linear Correlation and Kendall’s τ Rank Correlation

This section will recall the definition of linear correlation and illustrate a brief descrip-
tion of the Kendall’s τ rank correlation and its relation to the linear correlation. The
presentation of this section follows mainly in Embrechts (2001).

Definition 2.13 (Linear Correlation) Let X and Y be two real valued random vari-
ables with finite variances. The linear correlation coefficient between X and Y is

ρ(X, Y ) :=
Cov(X,Y )√

V ar(X)
√
V ar(Y )

, (2.14)

where Cov(X, Y ) := E(XY ) − E(X)E(Y ) is the covariance between X and Y , and
V ar(X), V ar(Y ) denotes the variances of X and Y .

In the case of perfect linear dependence, i.e. Y = aX + b almost surely for a ∈ R\{0} and
b ∈ R, we have |ρ(X,Y )| = 1. Alternatively, −1 < ρ(X, Y ) < 1. Moreover,

ρ(αX + β, γY + δ) = sign(αγ)ρ(X, Y ),

for α, γ ∈ R\{0} and β, δ ∈ R. The linear correlation is invariant under strictly increasing
linear transformation, thus it can be easily calculated under linear operations. Let A,B
be m× n matrices, a, b ∈ Rm and consider the n-dimensional vectors X,Y . Then

Cov(AX + a,BY + b) = ACov(X,Y )Bt.

It follows that for λ ∈ Rn,
V ar(λtX) = λtCov(X)λ

where Cov(X) := Cov(X,X) = V ar(X).

In practice, the linear correlation is frequently used in measuring dependance structure
between random variables. As mentioned before it is easily manipulatable under linear
operations due to its invariance under strictly increasing linear transformations. For mod-
eling multivariate data people often use joint multivariate normal or the joint multivariate
Student’s t-distribution in which linear correlation exposes its natural measure of depen-
dence. However the linear correlation might prove inappropriate and misleading in certain
situations. For instance, it does not make sense of using linear correlation for the jointly
t-distributed random variables with degrees of freedom less than 3 since the linear cor-
relation coefficient is not even defined because of infinite second moments. Another case
of inappropriate use of linear correlation is where the random variables has different type
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of distributions and are actually not jointly normal or t-distributed. In such situations,
copula-based measures of dependence demonstrate its benefit since it has the invariance
property under strictly increasing transformations of the marginal distributions.

Kendall’s τ rank correlation provides a distribution free test of independence and a
measure of the strength of dependence between two variables.

Definition 2.14 Let (X,Y )t, (X̃, Ỹ )t be two independent vectors of random variables
with joint distributions F . The Kendall’s τ for the random variables X,Y is defined as

ρτ (X, Y ) := P [(X − X̃)(Y − Ỹ ) > 0]− P [(X − X̃)(Y − Ỹ ) < 0],

Theorem 2.15 Let (X, Y )t be a vector of continuous random variables with copula C.
The Kendall’s τ for (X, Y )t is given by

τ(X, Y ) = 4

∫ ∫
[0,1]2

C(u, v)dC(u, v)− 1 (2.15)

for U, V ∼ U(0, 1).

The integral in (2.15) is the expected value of the random variable C(U, V ), i.e.

τ(X, Y ) = 4E[C(U, V )]− 1

Lindskog (2001) proves the relationship between the linear correlation coefficient and
Kendall’s τ of joint normal or joint t-distributed random vectors (X, Y )t can be expressed
as

τ(X, Y ) =
2

π
arcsin ρ(X, Y ) (2.16)

The above formula (2.16) provide a way of estimating Kendall’s τ based on linear
correlation coefficient of two random variables. Inversely, given the estimator of Kendall’s
τ we can estimate the linear correlation ρ, in particular,

ρτ := ρ(X, Y ) = sin
(π
2
τ
)

(2.17)

with τ := τ(X, Y ).

2.2 Introduction to Meta-Elliptical Distributions

In this thesis we are specially interested in modeling data from t-distributions with spec-
ified marginal t-distributions and a given dependence structure. Thus an introduction to
the class of elliptical distributions is essential. Furthermore we will obtain such a distri-
bution by means of the copula construction. The theory in this section will follow the
presentation in Embrechts (2001) and Fang et al. (2005).
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2.2.1 Elliptical Distributions

According to Embrechts (2001) the elliptical distributions are stated as follows:

Definition 2.16 (Elliptical Distributions) If X = (X1, ..., Xd)
t is a d-dimensional

random vector and for some µ ∈ Rd and some d × d nonnegative definite, symmetric
matrix Σ, the characteristic function ϕX−µ(t) of X−µ is a function of the quadratic form
ttΣt, ϕX−µ(t) = φ(ttΣt), we say that X has an elliptical distribution with parameters µ,
Σ and φ, and we write X ∼ Ed(µ,Σ, φ).

For d = 1 corresponds the class of elliptical distributions exactly to the class of one-
dimensional symmetric distributions, which, for instance, the univariate normal or Stu-
dent’s t-distributions belong to. The function φ is called a characteristic generator.

Theorem 2.17 X ∼ Ed(µ,Σ, φ) with rank(Σ) = k if and only if there exist a random
variable ζ > 0 independent of U , an k-dimensional random vector uniformly distributed
on the unit hypersphere {z ∈ Rk|ztz = 1}, and an d × k matrix A with AAt = Σ, such
that

X
d
= µ + ζAU (2.18)

The symbol ”
d
=” implicates that X has the same distribution as the right hand side of

the equation (2.18).
Proof: see Fang and Ng (1987).

As pointed out in Embrechts (2001) as well as in Fang et al. (2005) an elliptical
distributed random vector X does not necessarily possess a density. However, if X has a
density, then the density of X is of the form

|Σ|−
1
2 g((X − µ)tΣ−1(X − µ)) (2.19)

for some nonnegative function g of one scalar variable. |Σ| represents the absolute value
of the determinant of the matrix Σ. From equation (2.19) it follows that the function g is

uniquely determined by the distribution of ζ since X − µ
d
= ζAU from the transforma-

tion of equation (2.18). Thus we can also use the notation X ∼ Ed(µ,Σ, g) for elliptical
distributed vectors.

According to Kibria (2006) the characteristic function of a d-variate t-distributed
random vector Y is given by

φY (y) = exp(iytµ) · ‖(νΣ)
1
2 y‖ ν

2

2
ν
2
−1Γ(ν

2
)
·K ν

2
(‖(νΣ)

1
2 y‖)

where ‖t‖ =
√

ttt and K ν
2
(‖(νΣ)

1
2 y‖) is the Macdonald function with order ν

2
and argu-

ment ‖(νΣ)
1
2 y‖. The notation (νΣ)

1
2 indicates that the upper triangle matrix of cholesky

decomposition. The Macdonald function is defined as

Kα(t) =

(
2

t

)α
Γ(α+ 1)√

π

∫ ∞

0

(1 + u2)−(α+ 1
2
) cos(tu)du
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where t > 0 and α > −1
2
. We can rewrite the argument ‖(νΣ)

1
2 y‖ as

‖(νΣ)
1
2 y‖ =

√
((νΣ)

1
2 y)t((νΣ)

1
2 y)

=

√
ν(Σ

1
2 y)t(Σ

1
2 y)

=

√
ν(Σ

1
2 y)t(Σ

1
2 y)

=

√
νytΣ

t
2 Σ

1
2 y

=
√
νytΣy,

which is a function of ytΣy. Thus, the characteristic function φY (y) can be written as

φY (y) = exp(iytµ) · ψ(ytΣy)

with

ψ(z) :=

(
νz

1
2

) ν
2

2
ν
2
−1Γ(ν

2
)
·K ν

2
(ν · z

1
2 )

and therefore the multivariate t-distributions belong to the class of elliptical distributions.

Furthermore we use the representation (2.18) stated in Theorem 2.17 we obtain Cov(X)
for E[ζ2] <∞ as follows:

Cov(X) = Cov(µ + ζAU )

= A · E[ζ2]Cov(U ) · At

= AAt · E[ζ2] · 1

d

Quoted from Embrechts (2001), Cov(U ) = 1
d
Id can be shown as follows: Let Y ∼

Nd(0, Id), a d-variate standard normal distributed random vector. U is as defined in

theorem 2.17. Then it follows that Y
d
= ‖Y ‖U , where ‖Y ‖ is independent of U . More-

over is ‖Y ‖2 ∼ χ2
d and therefore E[‖Y ‖2] = d. Since Cov(Y ) = Id and U is uniformly

distributed on the unit hypersphere in Rd, then Cov(U ) = 1
d
Id.

2.2.2 Meta-Elliptical Distributions

Following the presentations in Fang et al. (2005) let Z = (Z1, ..., Zd)
t ∼ Ed(0, R, g), where

R is a symmetric positive definite matrix with entries

R := {ρij : −1 < ρij < 1 for i 6= j, ρij = ρji and ρii = 1, for i, j = 1, ..., d} (2.20)

and some function g(·) satisfied (2.19). Then all the marginal distribution of Z are iden-
tical with the probability density function

qg(x) =
π

d−1
2

Γ(d−1
2

)

∫ ∞

x2

(y − x2)
d−1
2
−1g(y)dy, (2.21)



CHAPTER 2. BACKGROUND MATERIAL 12

and the cumulative distribution function

Qg(x) =
1

2
+

π
d−1
2

Γ(d−1
2

)

∫ x

0

∫ ∞

u2

(y − u2)
d−1
2
−1g(y)dydu. (2.22)

Let X = (X1, ..., Xd)
t be a d-variate random vector with each component Xi having a

continuous density fi(xi) and cumulative distribution function Fi(xi) and let the random
vector Z = (Z1, ..., Zd)

t ∼ Ed(0, R, g). Assume that

Zi = Q−1
g (Fi(Xi)), i = 1, ..., d

where Q−1
g is the inverse of Qg. Then with the Jacobian of the transformation

J{(z1, ..., zd)
t → (x1, ..., xd)

t} =
d∏

i=1

dzi

dxi

=
d∏

i=1

fi(xi)

qg(Q−1
g (Fi(xi)))

,

and the density function of X is given by

h((x1, ..., xd)) = w(Q−1
g (F1(x1)), ..., Q

−1
g (Fd(xd)))

d∏
i=1

fi(xi), (2.23)

where w is the d-variate density weighting function

w(z1, ..., zd) = |R|−
1
2 g(ztΣ−1z) · 1∏d

i=1 qg(zi)
. (2.24)

The definition of meta-elliptical distributions is given by:

Definition 2.18 (Meta-Elliptical Distribution) The d-dimensional random vector X
is said to have a meta-elliptical distribution, if its density function is given by (2.23), i.e.

h((x1, ..., xd)) = w(Q−1
g (F1(x1)), ..., Q

−1
g (Fd(xd)))

d∏
i=1

fi(xi),

As stated in Fang et al. (2005) the class of meta-elliptical distributions includes distri-
butions such as elliptical distributions and diverse asymmetric distributions such as the
asymmetric t-distributions (or we call them in this thesis the meta t-distributions) where
the marginal distributions Fi(·) can be arbitrarily determined.

2.2.3 Bivariate Meta t-Distribution

As pointed out in Demarta and McNeil (2004) if a random vector X has the t-copula
C(·; ν,R) and univariate t-marginals with the same degree of freedom ν, then it has a
multivariate t-distribution with ν degrees of freedom. If we use the Sklar’s theorem to



CHAPTER 2. BACKGROUND MATERIAL 13

combine any other set of univariate distributions using the t-copula, we obtain multivari-
ate distribution function F which have been termed meta t-distribution functions, for
instance, the case where F1, ...Fd are univariate t-distributions with different degree of
freedom parameters ν1...νd.

Let Θ := {ν1, ν2, ν, ρ|ν1, ν2, ν ∈ [1,∞), ρ ∈ (−1, 1)} denote the parameter space in the
bivariate meta t-distribution. Let ν1, ν2 be the parameters of the marginal distributions
and ν, ρ be the parameters of the copula. The subsequent definition follows Demarta and
McNeil (2004).

Definition 2.19 (Bivariate Meta t-Distribution) Let X = (X1, X2)
t be independent

random vectors. If the observation x = (x1, x2)
t has the joint density function

h(x1, x2; ν1, ν2, ν, ρ) = c(F (x1; ν1), F (x2; ν2); ν,R)f(x1; ν1)f(x2; ν2), (2.25)

R :=

(
1 ρ
ρ 1

)
∈ R2×2, where c(·, ·; ν,R) is the bivariate t-Copula defined in (2.12) with

parameters ν and R and f(·; νj) is the univariate t-distribution with degrees of freedom
νj for j = 1, 2. We then call X to have a bivariate meta t-distribution or bivariate
asymmetric t-distribution with (ν, ν1, ν2) degrees of freedoms and use the notation X ∼
MT2(ν1, ν2, ν, R).

With the univariate t-density function in (2.6) and the bivariate t-copula density func-
tion in (2.12) we have the joint density function of bivariate meta t-distributed observation
x = (x1, x2)

t defined as

h(x; ν1, ν2, ν, ρ) = c(F (x1; ν1), F (x2; ν2); ν, ρ)f(x1; ν1)f(x2; ν2)

=

ν
2
Γ(ν

2
)2(1 +

z2
1+z2

2−2z1z2ρ

ν(1−ρ2)
)−

ν+2
2

Γ(ν+1
2

)2
√

1− ρ2(1 +
z2
1

ν
)−

ν+1
2 (1 +

z2
2

ν
)−

ν+1
2

·

·
Γ(ν1+1

2
)

√
ν1πΓ(ν1

2
)
(1 +

x2
1

ν1

)−
ν1+1

2 ·
Γ(ν2+1

2
)

√
ν2πΓ(ν2

2
)
(1 +

x2
2

ν2

)−
ν2+1

2 (2.26)

with the notation (z1, z2)
t := (t−1

ν (F (x1, ν1)), t
−1
ν (F (x2, ν2)))

t.
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Figure 2.1: contour plots of bivariate meta t-density functions with ρ = 0.3 and varying
degrees of freedom parameters ν
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Figure 2.2: contour plots of bivariate meta t-density functions with ρ = 0.8 and varying
degrees of freedom parameters ν
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2.3 Maximum by Parts in Likelihood Inference

The first part of this section is based on the books from van der Vaart (1998) and Bickel
and Doksum (1977). The second part on the paper of Song et al. (2005).

2.3.1 Maximum Likelihood Estimation

Let Y = (Y 1, ...Y n)t be independent random vectors and suppose Y i has density in the
parametric family {fi(y; θ),θ ∈ Θ ⊂ Rp}. The likelihood function is given by

L(θ; y) :=
n∏

i=1

fi(yi; θ)

The corresponding log-likelihood function is

`(θ; y) :=
n∑

i=1

ln fi(yi; θ) =
n∑

i=1

`i(θ; yi)

The Maximum Likelihood Estimator (abbr. ML-estimator) is defined as

θ̂ := arg max{`(θ; y) : θ ∈ Θ}.

The ML-estimator may not be always existed and it may not be unique in case of exis-
tence. To discuss asymptotic properties of ML-estimator, we need the following regularity
conditions

(i) The random vectors Y i for i = 1, 2, ... are independent and identically distributed
with probability density function f(y; θ).

(ii) The parameter space Θ is compact.

(iii) The true but unknown parameter value θ0 is identified as θ0 = arg max
θ∈Θ

Eθ0 [ln f(Y i; θ)]

(iv) The log-likelihood function `(θ; y) :=
∑n

i=1 ln f(yi; θ) is continuous in θ.

(v) Eθ0 [ln f(Y i; θ)] exists.

(vi) The log likelihood function is such that 1
n
`(θ; y) converges almost surely (in proba-

bility) to Eθ0 ln f(Y i,θ) uniformly in θ ∈ Θ, i.e.,

sup
θ∈Θ

| 1
n
`(θ; y)− Eθ0 ln f(Y i; θ)| < δ almost surely (in probability) for some δ > 0.

In order to find the ML-estimators θ̂, it is necessary to solve the null of the partial
derivative of the log likelihood function `(θ; y) with respect to θ, more precisely, the score
equations

0
!
= ˙̀(θ; y) :=

∂`(θ; y)

∂θ
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Unfortunately, the sore equations do not often possess analytical solutions and in that
case iteration methods such as the Newton-Raphson Method or the Fisher-Scoring Method
are coming into consideration. First, we need to define some essential terms.

Definition 2.20 (Fisher Information) The observed Fisher information matrix is given
by

Iobs(θ; Y ) := −
{

∂2

∂θ∂θt `(θ; Y )

}
where ∂θ∂θt denotes vectorial differentiation. The expected Fisher information matrix is
defined by

I(θ) := Cov
[
˙̀(θ; Y )

]
= E

{
˙̀(θ; Y ) ˙̀(θ; Y )T

}
Theorem 2.21 (Fisher Information) If the regularity condition,

∫ ∂2

∂θtθ
f(Y ;θ)

f(Y ;θ)2
dθ = 0,

is met, then the expected Fisher information matrix may also be described directly by the
observed Fisher information matrix as

I(θ) = E {Iobs(θ; Y )} = −E
{

∂2

∂θ∂θT
`(θ; Y )

}
Proof. Bickel and Doksum (1977).

For simplicity, let ῭(θ; Y ) :=
{

∂2

∂θ∂θt `(θ; Y )
}
∈ Rp×p, the negative observed Fisher

information matrix. It is also known as the second order derivative of the log likelihood
with respect to θ or the Hessian matrix. Let θ̂ be the solution of the score equations
˙̀(θ; Y ) = 0 ∈ Rp and θ0 be a point near θ̂. According to the first order Taylor expansion
around θ0, the score function can be written by:

0 = ˙̀(θ̂; Y ) ≈ ˙̀(θ0; Y ) + ῭(θ0; Y )(θ̂ − θ0),

and it follows

θ̂ ≈ θ0 −
{

῭(θ0; Y )
}−1 [

˙̀(θ0; Y )
]
.

Therefore, we need to calculate the inverse of the observed Fisher information matrix and
the score function in point θ0.

Let θ0 be a given initial value. In general, if ῭(θ; Y ) is not singular, then the kth
iteration step of the Newton-Raphson algorithm is:

θk+1 := θk −
{

῭(θk; Y )
}−1 [

˙̀(θk; Y )
]
, k = 0, 1... (2.27)

A variation on this is the Fisher scoring algorithm, in which the Hessian matrix
῭(θk; Y ) is replaced by its expectation or Fisher Information Eθ

{
῭(θk; Y )

}
, because

of its randomness.
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Song et al. (2005) pointed out that for a complicated likelihood function, the calcula-
tion of the Hessian matrix is often troublesome due to problems with the invertibility or
positive definiteness of the Hessian matrix at updated values. One approach to solve this
problem is to replace the Fisher information by an estimate, such as

1

n

n∑
i=1

˙̀
i(θ

k−1; Y i) ˙̀
i(θ

k−1; Y i)
t, (2.28)

instead to calculate the Fisher Information or the second order derivatives. This is feasi-
ble for a large n, but it can be very unstable, when n is small. Another approach is to
approximate first and second order derivatives in the Newton-Raphson algorithm empir-
ically. But when the likelihood is changing only slowly, the empirical approximation is
very sensitive to the choice of grid points for differencing, and an algorithm built on this
approximation may be fragile, especially in higher dimension.

One of the statistical tests based on the likelihood is the likelihood ratio test for the
simple null hypothesis, H0 : θ = θ0. The statistic of the test is given by

χ2
LR := −2 · (`(θ0; Y )− `(θ̂; Y )) (2.29)

This statistic has an asymptotic chi-squared distribution with p degrees of freedom under
the null hypothesis. The quantity p is equal to the difference in dimensionality of Θ0 and
Θ whereby Θ0 denotes the parameter space of null hypothesis, a subset of parameter space
Θ.

2.3.2 Maximization by Parts (MbP)

This section follows the presentation in Song et al. (2005). Song et al. (2005) proposed
a new fix-point algorithm for maximizing complicated likelihood functions needed for
maximum likelihood estimates by avoiding the calculation of the Hessian matrix.
Let θ ∈ Rp denote all the parameters of the log likelihood `(θ; Y ). The main idea is to
decompose the likelihood function `(θ; Y ) into two parts:

`(θ; Y ) = `w(θ; Y ) + `e(θ; Y ), (2.30)

where `w(θ; Y ) is so-called the working model and `e(θ; Y ) the error model. Both models
depend on the full parameters θ. The working model is a log likelihood function, relatively
simple to be calculated and the error model is needed to update the estimates from the
working model. In order to find the maximum likelihood estimates for θ, we need to solve
the score equation of the likelihood function ˙̀(θ; Y ) = 0. Hence,

˙̀(θ; Y ) = ˙̀
w(θ; Y ) + ˙̀

e(θ; Y ) = 0 (2.31)

The algorithm requires that ˙̀
w and ˙̀

e are unbiased inference functions, i.e. Eθ[ ˙̀w(θ; Y )] =
0 and Eθ[ ˙̀e(θ; Y )] = 0, and solving ˙̀

w(θ; Y ) = 0 is simple.

The proposed algorithm is given as follows:

Step 1. Find θ1
n, the solution to ˙̀

w(θ; Y ) = 0
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Step k. Find θk
n, the solution to ˙̀

w(θ; Y ) = − ˙̀
e(θ

k−1
n ; Y ) for k = 2, 3, ....

Let θ0 be the true value of the parameter. In step 1, let θ1
n denote the solution to

˙̀
w(θ; Y ) = 0. In order to meet consistency and asymptotic normality of the estimator

θ1
n, ˙̀

w(θ; Y ) is assumed to satisfy sufficient regularity conditions. The the consistency
and asymptotic normality of θ1

n is stated in particular as: θ1
n is consistent, that is

θ1
n

P→ θ0,

and asymptotically normal,

√
n(θ1

n − θ0)
D→ N (0, J(θ0)),

where J(θ0) = Eθ

{
῭t
w(θ0; Y )

}−1

Eθ

{
˙̀
w(θ0; Y ) ˙̀t

w(θ0; Y )
}
Eθ

{
῭
w(θ0; Y )

}−1

.

Since the full log likelihood function `(θ; Y ) is not involved in the estimation of θ1
n,

it can have low efficiency. Song et al. (2005) suggests to use the information in the error
model ˙̀

e in order to increase the efficiency in step k for k = 2, 3, .... Therefore, it follows
that the equation

˙̀
w(θ; y) = − ˙̀

e(θ
k−1
n ; y)) (2.32)

is to be solved for θk
n, in order to meet the score equation ˙̀

w(θk
n; y) + ˙̀

e(θ
k−1
n ; y)

!
= 0.

Equation (2.32) is also equivalent to the iteration

θk
n = ˙̀−1

w (− ˙̀
e(θ

k−1
n ; y)). (2.33)

Song et al. (2005) have demonstrated the consistency of the estimators θk
n and its

asymptotic normality given the proposed algorithm Their theory is based on the follow-
ing regularity conditions:
In particular for a neighborhood of the true parameter θ0, defined as
U0 := {θ : ‖θ − θ0‖2 < δ}, assume that

(I) `(θ; y), `w(θ; y),and `e(θ; y) are twice continuously differentiable for θ ∈ U0

(II) ‖I−1
w Ie‖2 < 1, where Iw := −n−1Eθ{῭w(θ0; Y )}, Ie := −n−1Eθ{῭e(θ0; Y )} and

῭
j(θ0; Y ) :=

{
∂2

∂θ∂θt `j(θ; Y ) |θ=θ0

}
for j = w, e and ‖ · ‖2 denotes the Euclidian

norm.

The latter condition is referred to as information dominance. It implies that
(I−1

w Ie)
k → 0 as k →∞, in other words the working model `w contains more information

on θ0 than the error model `e does.

Theorem 2.22 Under condition (I), it follows that if θ1
n is consistent, then θ2

n is con-
sistent.

Proof. See Song et al. (2005), Theorem 1.



CHAPTER 2. BACKGROUND MATERIAL 19

This theorem implies that if θ1
n is consistent, then θk

n is consistent for each k = 2, 3, ....
Furthermore, for any integers k and m, the difference between two updates, θk+m

n and
θk

n with m-step apart, will disappear in probability for n → ∞. The fact that θ1
n is a

consistent estimator of the true parameter θ0 is essential for the theorem 2.22. However,
as pointed out in Song et al. (2005), if θ1

n is not a consistent estimator of θ0, based on
the data and the given sample size n, θk

n will still converge to the ML-estimator, as long
as there exists an asymptotic contraction mapping1for θk

n.
Let Mn(·) be the function which satisfies θk

n = Mn(θk−1
n ). If Mn(·) is an asymptotic

contraction mapping, then according to the Banach fixed point theorem there exists a
fixed point, that is, θ̂ = limk→∞ θk

n. The fixed point θ̂ of Mn(·) is the ML-estimator of
θ. In our case, if ˙̀−1

w exist,

Mn(θk−1
n ) := ˙̀−1

w (− ˙̀
e(θ

k−1
n ; y))

as stated in (2.33). Mn(·) is an asymptotic contraction mapping if the derivative of
˙̀−1
w (− ˙̀

e(·)), i. e.
−{῭w( ˙̀−1

w (− ˙̀
e(·)))}−1{῭e(·)}, (2.34)

is bounded asymptotically in absolute value by a constant C0 with probability 1, where
0 < C0 < 1. This is because given a consistent estimator θ̂ such that

√
n(θ̂ − θ0) = op(1),

2

This derivative (2.34) can be expressed as I−1
w Ie + op(1).

Let

τn(θ0,Y ) =

{
− 1

n
῭
w(θ0,Y )

}−1{
1

n
῭
e(θ0,Y )

}
,

so that

Ip − τn(θ0,Y ) =

{
1

n
῭
w(θ0,Y )

}−1{
1

n
῭(θ0,Y )

}
,

where Ip is the identity matrix of dimension p× p. Let τ = −I−1
w Ie. Then

lim
n→∞

τn(θ0,Y ) = τ.

To establish the asymptotic distribution of θk
n, we need to consider the following regularity

conditions,
1√
n

(
˙̀
w

˙̀
e

)
D→ N(0,Ω), as →∞

1Let (Ω,A, P ) denote a probability space. For each n > 1 and ω ∈ Ω, let Kω
n (·) be a function defined

on a set X where (X , d) is a metric space. The collection {Kω
n (·) : n > 1, ω ∈ Ω} is an asymptotic

contraction mapping on (X , d) if there exist a constant c in [0, 1) that does not depend on n or ω, and
sets {An} with each An ∈ Ω and P (An) → 1 as n → ∞, such that for each ω ∈ An, Kω

n (·) maps X to
itself and for all x, y ∈ X . (Reference: Dominitz and Sherman (2005))

2Let Yn and Y be random variables. Yn
P→ Y , if and only if for all ε > 0: limn→∞ P (|Yn−Y | < ε) = 1.

op(1) is defined as: un = op(1) ⇐⇒ un
P→ 0, for n →∞.
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where

Ω := lim
n→∞

1

n

(
E{ ˙̀

w
˙̀t
w} E{ ˙̀

w
˙̀t
e}

E{ ˙̀
e
˙̀t
w} E{ ˙̀

e
˙̀t
e}

)
∈ R(p1+p2)×(p1+p2)

with ˙̀
w := ˙̀

w(θ0,Y ) and ˙̀
e := ˙̀

e(θ0,Y ).

Theorem 2.23 Under regularity conditions (i) to (iv) as required in the ML-estimations,
for any fixed k, θk

n is asymptotically normally distributed with mean θ0 and variance 1
n
Σk

with
Σk = At

kΩAk,

I := E{ ˙̀(θ; Y ) ˙̀(θ; Y )t}the expected fisher information matrix

where

Ak =

(
[Ip − τ k]I−1[
Ip − τ k−1

]
I−1

)
.

Moreover, under the condition of information dominance in (II), as k →∞, Σk → I−1,
the inverse of the Fisher information.

Proof. Song et al. (2005), Appendix A.

Under condition (II), τ k → 0 as k →∞. Hence

lim
k→∞

Σk = I−1

[
lim

n→∞

1

n
E{{ ˙̀

w + ˙̀
e}{ ˙̀

w + ˙̀
e}t}

]
I−1 = I.

According to Theorem 2.23, as k → ∞, the asymptotic variance matrix of θk
n converges

at an exponential rate to the asymptotic variance matrix of the ML-estimator θ̂.

At each iteration, let

Îk :=
1

n

n∑
i=1

˙̀
i(θ

k
n; yi) ˙̀

i(θ
k
n; yi)

t,

where `i(·; yi) denotes the log likelihood with respect to observation yi. At convergence,
θk

n can be replaced by the ML-estimator θ̂ and Î = Îk for k → ∞. An estimate of Iw

is Îw = − 1
n

∑n
i=1

῭
w,i(θ̂; yi) where ῭

w,i(θ̂; yi) := ∂2

∂θ∂θt `w(θ; yi) |θ=θ̂. An estimate of Ie is

then given by Îe = Î − Îw. As pointed out in Song et al. (2005), Theorem 2.22 and 2.23
hold for any fixed iteration k, due to the fact that we use a consistent estimator θ1

n of θ0

as the initial value.
An advantage of MbP framework is that the estimate of asymptotic variance matrix
is available at the completion of the first iteration, which can be easily used to form
a numerical check on the condition of information dominance. This is a crucial step,
because it determines if the algorithm will converge to the ML-estimator based on the
chosen working model. In effect, we compute

τ̂(θ1
n) := {Îw(θ1

n)}−1Îe(θ
1
n),
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where

Îw(θ) := − 1

n

n∑
i=1

῭
w,i(θ; yi),

Îe(θ) := Î(θ)− Îw(θ),

and

Î(θ) :=
1

n

n∑
i=1

˙̀
i(θ; yi) ˙̀

i(θ; yi)
t.

Because θ1
n is consistent,

τ̂(θ1
n)

P→ τ(θ0) as n→∞.

If ‖ τ̂(θ1
n) ‖2< 1, then the information dominance condition is confirmed.

2.3.3 Modification of the MbP algorithm

In case that the error model `e contains all parameters of the log likelihood while the
working model `w only includes parts of them, we need a modification of the previous
algorithm.

Let θt = (θ1,θ2)
t, θ1 ∈ Rp1 , θ0 be the true parameter and θ2 ∈ Rp2 , p1 + p2 = p and

assume the partition of the log likelihood `(θ; Y ) = `w(θ1; Y )+ `e(θ; Y ). In this case the
score function is given by:(

˙̀
w(1)(θ1; Y ) + ˙̀

e(1)(θ1,θ2; Y )
˙̀
e(2)(θ1,θ2; Y )

)
= 0

where
˙̀
i(j)(θ0; Y ) :=

∂`i(θ0; Y )

∂θj

for i = w, e and j = 1, 2. (2.35)

The maximization by parts now proceeds as follows:

STEP 1. Find θ1
1,n, the solution to ˙̀

w(1)(θ1; Y ) = 0

Find θ1
2,n, the solution to ˙̀

e(2)(θ
1
1,n,θ2; Y ) = 0

STEP 2. Find θ2
1,n, the solution to ˙̀

w(1)(θ1; Y ) = − ˙̀
e(1)(θ

1
1,n,θ

1
2,n; Y )

Find θ2
2,n, the solution to ˙̀

e(2)(θ
1
1,n,θ2; Y ) = 0

In general:

STEP k. Find θk
1,n, the solution to ˙̀

w(1)(θ1; Y ) = − ˙̀
e(1)(θ

k−1
1,n ,θ

k−1
2,n ; Y )

Find θk
2,n, the solution to ˙̀

e(2)(θ
k−1
1,n ,θ2; Y ) = 0 with k = 2, 3, ...;
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In Step 1, we search for the solution of the score equations of the working model. The
solution, denoted by θ1

1,n, is the ML-estimator of parameter in the working model. Then
we use the ML-estimator from the working model to find the ML-estimators of the remain-
ing parameters in the error model. With this way, we reduce the number of parameters
that are to be maximized in the error model, thus in some cases it reduces the required
computational cost. With this approach we may gain estimators with low efficiency. To
solve the problem, Song et al. (2005) proposes to insert some information from the error
model to the parameter calculation of the working model in Step 2. The updated estimate,
denoted by θ2

1,n, is then calculated by θ2
1,n = ˙̀−1

w(1)(− ˙̀
e(1)(θ

1
1,n,θ

1
2,n; Y )), where θ1

1,n and

θ1
2,n are the results from Step 1. θ2

1,n is supposed to contain more information about the

parameters than θ1
1,n from Step 1. The remainder of the parameters in the error model

are updated using the estimates from Step 1 as well. In summary, for each Step k with
k = 2, 3, ..., we use the estimates from the previous step to update the estimates of the
working and error models in the current step.

Similar to the arguments in Theorem 2.22, if θ1
n = (θ1

1,n,θ
1
2,n) is consistent, then

θk
n = (θk

1,n,θ
k
2,n) for each k, k = 2, 3, ... is consistent as well. Under regularity conditions,

θk
n will converge to its ML-estimator θ̂ as k →∞.

In the following theorem, Song et al. (2005) established the asymptotic variance of θk
n

for each fixed k. Let

Iw(11) := −n−1E
{

῭
w(11)(θ0; Y )

}
∈ Rp1+p1 ,

Ie(11) := −n−1E
{

῭
e(11)(θ0; Y )

}
∈ Rp2+p2 ,

Ie(12) := −n−1E
{

῭
e(12)(θ0; Y )

}
∈ Rp1+p2 ,

Ie(21) := It
e(12),

Ie(22) := −n−1E{῭e(22)(θ0; Y )} ∈ Rp2+p2 ,

where ῭
i(jk)(θ; Y ) = ∂2 ˙̀

i(θ0; Y )/∂θj∂θ
t
k for i = w, e and j, k = 1, 2. Using the abreviation
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῭
i(jk) := ῭

i(jk)(θ0; Y ) define

Dn :=

(
−n−1 ῭

w(11) 0

0 −n−1 ῭
e(22)

)
=

(
Iw(11) 0

0 Ie(22)

)
+ op(1)

=: D + op(1),

Tn :=

(
n−1 ῭

e(11) n−1 ῭
e(12)

n−1 ῭
e(21) 0

)
= −

(
Ie(11) Ie(12)

Ie(21) 0

)
+ op(1)

=: T + op(1),

Ln =

(
0 0

n(῭e(22))
−1(῭e(21))(῭w(11))

−1 0

)
+ op(1)

=: L+ op(1),

and D−1
n Tn converges in probability to D−1T . Therefore, define

Γ := plim
n→∞

D−1
n Tn = D−1T = −

(I−1
w(11)Ie(11) I−1

w(11)Ie(12)

I−1
e(22)Ie(21) 0

)
Using ˙̀

i(j) := ˙̀
i(j)(θ0; Y ) and letting ΩV be the asymptotic variance matrix of the esti-

mating functions n−1/2[ ˙̀w(1), ˙̀
e(2), ˙̀

e(1),0]t. Then ΩV can be expressed as

ΩV = lim
n→∞

1

n


E{ ˙̀

w(1)
˙̀t
w(1)} E{ ˙̀

w(1)
˙̀t
e(2)} E{ ˙̀

w(1)
˙̀t
e(1)} 0

E{ ˙̀
e(2)

˙̀t
w(1)} E{ ˙̀

e(2)
˙̀t
e(2)} E{ ˙̀

e(2)
˙̀t
e(1)} 0

E{ ˙̀
e(1)

˙̀t
w(1)} E{ ˙̀

e(1)
˙̀t
e(2)} E{ ˙̀

e(1)
˙̀t
e(1)} 0

0 0 0 0

 ∈ R2p×2p (2.36)

Theorem 2.24 Under the regularity conditions (i) to (vi), θk
n is asymptotically normal

with mean θ0 and variance n−1Σk, where

Σk := Bt
kΩVBk with Bk := [Bk1, Bk2]

t,

where
Bk1 := {Ip − Γk}I−1 + Γk−1L

and
Bk2 := {Ip − Γk−1}I−1

Moreover, if Γk → 0 as k →∞, then Σ → I−1.
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Proof. Song et al. (2005) Appendix A.

The condition
lim
k→∞

Γk → 0 (2.37)

from Theorem 2.24 can be referred as information dominance of the modified MbP algo-
rithm. This condition is fulfilled, if and only if the spectral radius is less than 1, e.g.

lim
k→∞

Γk → 0 ⇐⇒ ρ(Γ) < 1

where ρ(Γ) is the spectral radius of Γ. However, this condition can be hardly verified in
practice since the number of data is limited. An application of the MbP algorithm to a
bivariate t-copula will be presented in the next chapter.

2.4 Quality of the Estimates

In order to know how good a estimation method works we need to measure the goodness
of the estimators results from the respective algorithm. A good estimator of a parameter
is expected to be close to the true parameter value. An algorithm is considered to have
a good performance, if it consistently delivers good estimators after a number of runs.
In the following we look at the statistics that determine the goodness of the estimators.
We denote r as the number of estimates generated by an algorithm, θ̂ the estimator of a
parameter θ and θtr its true value. To begin with we consider the under- and overestimation
of an estimator that is evaluated by the bias. The applied notations in this section follow
the chapter 2.6 of Kastenmeier (2008), Ripley (2002) and Brown (1982).

Definition 2.25 (Bias and Relative Bias) Let θ̂ be the estimator of the parameter
that possesses a true value of θtr. The bias of the estimator θ̂ is then defined as

b(θ̂) := E[θ̂]− θtr (2.38)

and the relative bias is then given by

rb(θ̂) :=
b(θ̂)

θtr

(2.39)

If the expected value of the estimator is equal to the true parameter, i.e

b(θ̂) = 0 ⇐⇒ E[θ̂] = θtr

then the estimator θ̂ is called unbiased.

An accurate estimator should not only have a small bias but also a small variance.
Hence we expect of an good estimator that its expectation is greater than twice its stan-
dard deviation, i.e.

|E[θ̂]|√
V ar(θ̂)

> 2.
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Furthermore the expectation E[θ̂] can be estimated using the sample mean which is defined
as

θ̄ :=
1

r

r∑
i=1

θ̂i, (2.40)

where r is the number of estimates. Then we are interested in the variance of the sample
mean θ̄. This is given by

V ar(θ̄) = V ar

(
1

r

r∑
i=1

θ̂i

)
=

1

r2

r∑
i=1

V ar(θ̂i) =
1

r
V ar(θ̂) (2.41)

where the last step results from the i.i.d. property of the estimates θ̂1, θ̂2, ..., θ̂r. Moreover,
an unbiased and consistent estimator for the variance of an estimate , i.e. V ar(θ̂), is the
sample variance s2(θ̂) (Georgii (2002), p.194 and p.202) which is given by

s2(θ̂) :=
1

r − 1

r∑
i=1

(θ̂i − θ̄)2. (2.42)

Thus the unbiased and consistent estimator for V ar(θ̄) are calculated as follows:

s2(θ̄) :=
1

r

(
s2(θ̂)

)
=

1

r

(
1

r − 1

r∑
i=1

(θ̂i − θ̄)2

)
(2.43)

In addition, the condition θ̄/s(θ̄) > 2 must be satisfied.

By employing the sample mean, we can specify an estimator for the bias of θ̂ by

b̂(θ̂) :=

(
1

r

r∑
i=1

θ̂i

)
− θtr = θ̄ − θtr. (2.44)

Then the estimator of relative bias of θ̄ can be expressed as

r̂b(θ̄) :=
θ̄ − θtr

θtr

=
b̂(θ̂)

θtr

(2.45)

The variance of estimated relative bias of θ̄ can be written as

V ar(r̂b(θ̄)) := V ar

(
b̂(θ̂)

θtr

)
= V ar

(
θ̄ − θtr

θtr

)
=

1

θ2
tr

V ar(θ̄ − θtr) =
1

θ2
tr

V ar(θ̄) (2.46)

Then the sample variance of estimated relative bias of θ̄ is given by

s2
rb(θ̄) :=

1

θ2
tr

s2(θ̄) =
1

θ2
tr · r

(
s2(θ̂)

)
=

1

θ2
tr · r

(
1

r − 1

r∑
i=1

(θ̂i − θ̄)2

)
. (2.47)

Another way to quantify the amount by which an estimator differs from the true value
of the quantity being estimated is the mean squared error (abbr. mse) of an estimator.
The quantity mse measures the average of the square of the error which is also the bias
as defined in the previous definition.
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Definition 2.26 (Mean squared error) Let θ̂ be the estimator of the parameter with its
true value θ. The mean squared error (mse) of the estimator is then defined as

mse(θ̂) := E[(θ̂ − θtr)
2] (2.48)

The mean square error can be also rewritten as the sum of the variance of the estimator
θ̂ and its squared bias:

mse(θ̂) = E[(θ̂ − θtr)
2]

= E[(θ̂ − E[θ̂] + E[θ̂]− θtr)
2]

= E[(θ̂ − E[θ̂])2] + 2E[(θ̂ − E[θ̂])(E[θ̂]− θtr)] + E[(E[θ̂ − θtr])
2]

= E[(θ̂ − E[θ̂])2] + 2E[θ̂E[θ̂]− E[θ̂]2 − θ̂θtr + E[θ̂]θtr] + E[(E[θ̂]− θtr)
2]

= E[(θ̂ − E[θ̂])2] + 2 · (E[θ̂]E[θ̂]− E[θ̂]2 − E[θ̂]θtr + E[θ̂]θtr) + E[(E[θ̂]− θtr)
2]

= E[(θ̂ − E[θ̂])2] + (E[θ̂]− θtr)
2

= V ar(θ̂) + b(θ̂)2

Due to this feature, we can estimate the mean squared error of mse(θ̂) by

m̂se(θ̂) := s2(θ̂) + b̂(θ̂)2 = s2(θ̂) + (θ̄ − θtr)
2 (2.49)

To obtain the variance of the mean squared error, we first need an estimator for the
random variable mse. This is usually done by the sample mean, i.e.

m̂se∗(θ̂) =
1

r

r∑
i=1

(θ̂i − θtr)
2

The variance of the estimator is calculated as follows:

V ar[m̂se∗(θ̂)] = V ar

[
1

r

r∑
i=1

(θ̂i − θtr)
2

]

=
1

r2
V ar

[
r∑

i=1

(θ̂i − θtr)
2

]
=

1

r
V ar

[
(θ̂ − θtr)

2
]

=
1

r
V ar

[
θ̂2 − 2θ̂θtr + θ2

tr

]
=

1

r
V ar

[
θ̂2 − 2θ̂θtr

]
=

1

r

(
E[(θ̂2 − 2θ̂θtr)

2]− (E[θ̂2]− 2E[θ̂]θtr)
2
)

=
1

r

(
E[θ̂4 − 4θ̂3θtr + 4θ̂2θ2

tr]− (E[θ̂2]2 − 4E[θ̂2]E[θ̂]θtr + 4E[θ̂]2θ2
tr)
)

=
1

r

(
E[θ̂4]− 4E[θ̂3]θtr + 4E[θ̂2]θ2

tr − E[θ̂2]2 + 4E[θ̂2]E[θ̂]θtr − 4E[θ̂]2θtr

)
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Moreover, to gain the variance of the estimated mse we substitute the moments E[θ̂k] for
k = 1, ..., 4 by its the empirical moments given by

mk :=
1

r

r∑
i=1

θ̂k
i (2.50)

Thus, the standard error of the estimated mse can be estimated as

smse(θ̂) :=
1√
r

√
(m4 − 4θtrm3 + 4θ2

trm2 −m2
2 + 4θtrm2m1 − 4θ2

trm
2
1) (2.51)

where the true parameter θtr is estimated by the sample mean θ̄.
One drawback of the estimators such as sample mean, sample variance or the mean

squared error is that these estimators might be distractive if there are few outliers. Hence
we need a resistant measure of the variability of the samples. The next definitions and
descriptions follow Ripley (2002) and Brown (1982).

Definition 2.27 (Median absolute deviation) Let θ̂1, ..., θ̂r be r independent estimates
of θtr. The median absolute deviation (or mad) is defined as

mad(θ̂1, ..., θ̂r) := median(|θ̂i −median(θ̂1, ..., θ̂r)|), i = 1...r (2.52)

The mad has advantages over the standard error, since it is more resilient to outliers in
a data set. In the standard error the distance from the mean are squared, in the average
large deviations are weighted more heavily. In the mad, due to the use of median, the
magnitude of the distances of a small number of outliers is irrelevant and negligible.
In addition, by exploring a relationship to the standard deviation we can receive an
estimate for the standard deviation σ from mad, i.e.

σ̂ = c ·mad(θ̂1, ..., θ̂r)

where c is a constant. The constant ensures consistency, if it takes the value c = 1.4826
(approximately c ≈ 1

Φ−1( 3
4
)
, where Φ−1(·) is the quantile function of the standard normal

distribution), i.e.
E[c ·mad(θ̂1, ..., θ̂r)] = σ

for θ̂i, i.i.d. ∀i = 1, ..., r distributed as N (µ, σ2) for large r.

Definition 2.28 (Estimated robust mean squared error) The estimated robust mean
squared error of θ̂ is defined as

r̂mse(θ̂) := (median(θ̂1, ..., θ̂r)− θtr)
2 +

(
mad(θ̂1, ..., θ̂r)

Φ−1(3
4
)

)2

(2.53)

Another way to investigate the statistical dispersion of the independent estimates

θ̂1, ..., θ̂r we can use the estimated interquartile range, denoted by ÎQR(θ̂), which is equal
to the difference between the empirical 75th and the 25th percentile of the estimator θ̂,
i.e.

ÎQR(θ̂) := θ̂0.75r − θ̂0.25r (2.54)
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Here θ̂0.75r (θ̂0.25r) denotes the empirical 75th (25th) quantile of the random variable θ̂.

The ÎQR(θ̂) is essentially the range of the middle 50% of the data and is not affected by

outliers or extreme values. The smaller the range of ÎQR(θ̂) is, the smaller is variability of
the estimates of the corresponding method. According to Ripley (2002) the relationship
between IQR and the standard deviation of a normal distributed θ̂i, θ̂i ∼ N (µ, σ2), i.i.d.
∀i = 1, ..., r, is described by

IQR(θ̂) → σ[Φ−1(0.75)− Φ−1(0.25)] ≈ 1.35σ (2.55)

for large r. Then we define the estimated robust standard error σ̂r of θ̂ by

σ̂r(θ̂) := ÎQR(θ̂)/1.35 (2.56)

In the later chapter, we are going to compare the stability and efficiency of the esti-
mation methods. To achieve this we can calculate the ratio of the mse and rmse values
from estimates generated by the alternative method to those generated by the reference
method. In particular, assume we compare the methods M1, ...,Md. Without restriction
we define M1 as the reference estimation method, then the efficiencies of the estimates
from Mj, j = 1, ..., d, based on mse and rmse, are defined respectively as follows:

effmse(Mj) :=
mseMj

(θ̂)

mseM1(θ̂)

and

effrmse(Mj) :=
rmseMj

(θ̂)

rmseM1(θ̂)

Then their estimated efficiencies are

êffmse(Mj) :=
m̂seMj

(θ̂)

m̂seM1(θ̂)
(2.57)

and

êffrmse(Mj) :=
r̂mseMj

(θ̂)

r̂mseM1(θ̂)
(2.58)

A smaller ratio of effmse(Mj) or effrmse(Mj) indicates that the alternative method Mj

has a smaller mse or rmse, thus the method Mj operates more steadily and efficiently
toward the reference method M1. More precisely, if effmse(Mj) < 1 then the method Mj

performs better than M1 and similarly if effmse(Mj) > 1 the reference method M1 pro-
duces more robust estimates.

The statistical quantities defined in this section are summed up in an overview in the
Table 2.1 on the following page.
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2.5 One-Dimensional Bisection Method

The one-dimensional bisection method that we utilize to find the root of the score func-
tions of the modified working and error models process as follows.

Suppose that given two real-valued points a and b with a < b, f(a) and f(b) have
opposite signs. According to intermediate value theorem, function f must have at least
one root in the interval [a, b] as long as f is continuous.

The bisection method divides the interval [a, b] in two by computing c = a+b
2

. Now
either f(a) and f(c) have opposite signs or f(b) and f(c) have opposite signs. The bisection
algorithm is then applied recursively to the sub interval where the sign change occurs.

Algorithm 2.1 Bisection Algorithm
1: Input: f , a, b, tol
2: Output: the root of f
3: Set c := a+b

2
4: if f(a) · f(b) > 0 or a > b then
5: return (improper start values)
6: else
7: while ‖ f(c) ‖> tol do
8: if f(a) · f(c) > 0 then
9: a := c and c := a+b

2
10: else
11: b := c and c := a+b

2
12: end if
13: end while
14: end if

When the tolerance tol := 10−8 is reached, the bisection algorithm is said to be
converged. The number tol := 10−8 also implies that the distance between the updated
points a and b in the algorithm is less than 10−8 at convergence.

2.6 Gamma Function and its Derivatives

The Gamma function is a component in various probability distribution functions, such as
the t- and meta t-distributions. In the later analysis we require definitions of the gamma
function and its first and second derivatives.

Definition 2.29 For z ∈ R the digamma function is ψ(z) defined as

ψ(z) :=
∂

∂z
ln Γ(z) =

Γ
′
(z)

Γ(z)
.

where Γ
′
(z) is the first order derivative of Γ(·) with respect to z.
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For ln Γ(f(z)) we have

∂

∂z
ln Γ(f(z)) =

1

Γ(f(z))
· ∂
∂z

Γ(f(z))

=
1

Γ(f(z))
· ψ(f(z)) · Γ(f(z)) · f ′(z)

= f ′(z) · ψ(f(z))

The first order derivative of the digamma function is denoted as the trigamma function.

Definition 2.30 For z ∈ R the trigamma function ψ(1) is defined as

ψ(1)(z) :=
∂2

∂z2
ln Γ(z).
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Figure 2.3: Log gamma function ln Γ(z), digamma function ψ(z) and trigamma function
ψ(1)(z)
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2.7 Introduction to Time Series Analysis

2.7.1 Basic Definitions

A brief introduction to the theory of time series analysis is based on the description in
Brockwell and Davis (1996) and Zivot (2003).

Definition 2.31 (Stochastic process) A stochastic process is a family of random vari-
ables {Xt, t ∈ T } defined on a probability space (Ω,F ,P).

The index T in previous definition is a set of time points, which can be {0,±1,±2, ...},
{0, 1, 2, ...}, [0,∞) or (−∞,∞). Furthermore, the definition of a random variable implies
that if t ∈ T is fixed, Xt is a function of Xt(·) on the set Ω. Reversely, for each fixed
ω ∈ Ω, Xt(ω) is a function on T .

Definition 2.32 (Realizations of a stochastic process) The functions {Xt(ω), ω ∈
Ω} on T are known as the realizations or sample-paths of the process {Xt, ω ∈ Ω}.

The term time series refers to both the data and the process of which it is a realization.

Definition 2.33 (Autocovariance function) Let (Xt)t∈T be a time series with E[X2
t ] <

∞. The covariance function of (Xt)t∈T is

γX(r, s) = Cov(Xr, Xs) = E[(Xr − µX(r))(Xs − µX(s))]

for all integers r and s.

Definition 2.34 A time series (Xt)t∈Z with E[X2
t ] <∞ is (weakly) stationary if

(i) E[X(t)] = c, c a constant, independent of t, ∀t ∈ Z.

(ii) γX(r, s) = γX(r + h, s+ h), ∀r, s, h ∈ Z.

Remark: In view of condition (ii), if (Xt)t∈Z is stationary then γX(r, s) = γX(r − s, 0).
Thus, whenever we refer to a stationary time series (Xt)t∈Z we mean the function γX of
one variable, defined by

γX(h) := γX(h, 0) = γX(t+ h, t)

We say that the function γX(·) is the autocovariance function and γX(h) is its value at
lag h.

Definition 2.35 (Autocovariance- and autocorrelation function) Let (Xt)t∈Z be a
stationary time series. The autocovariance function (ACVF) of (Xt)t∈Z is

γX(h) = Cov(Xt+h, Xt).

The autocorrelation function (ACF) of (Xt)t∈Z is

ρX(h) :=
γX(h)

γX(0)
= Cor(Xt+h, Xt). (2.59)
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Definition 2.36 (Strict Stationarity) The time series {Xt, t ∈ Z} is said to be strictly
stationary if the joint distributions of (Xt1 , ..., Xtk)

t and (Xt1+h, ..., Xtk+h)
t are the same

for all positive integers k and for all t1, ..., tk, h ∈ Z.

A strict stationary process with finite second moments is stationary, however statement
is not valid backwards. For instance, consider a sequence of independent random variables
such that Xt is exponentially distributed with mean one when t is odd and normally
distributed with mean one and variance one when t is even. Then the time series {Xt}
is weakly stationary with γX(0) = 1 and γX(h) = 0 for h 6= 0. However, {Xt} cannot be
strictly stationary because the distributions of X1 and X2 are completely different.

Definition 2.37 (IID Noise) If (Xt)t∈Z is IID noise and E[X2
t ] = σ2 <∞, then µX(t)

is independent of t. By the assumed independence,

γX(t+ h, t) =

{
σ2 if h = 0
0 if h 6= 0

which does not depend on t. Hence IID noise with finite second moment is stationary. We
use the notation

(Xt)t∈Z ∼ IID(0, σ2)

to indicate that the random variables Xt are independent and identically distributed ran-
dom variables, each with mean 0 and variance σ2.

Definition 2.38 (White Noise) If (Xt)t∈Z is a sequence of uncorrelated random vari-
ables, each with zero mean and variance σ2, then (Xt)t∈Z is stationary with the same
covariance function as the IID noise. Such a sequence is referred to as white noise with
mean 0 and variance σ2. This is indicated by the notation

(Xt)t∈Z ∼ WN(0, σ2).

Every IID(0, σ2) sequence is WN(0, σ2) but not conversely.

2.7.2 ARMA Processes

Definition 2.39 (ARMA(p,q)) (Xt)t∈Z is an ARMA(p,q) process if (Xt)t∈Z is station-
ary and if for every t,

Xt − φ1Xt−1 − · · · − φpXt−p = Zt + θ1Zt−1 + · · ·+ θqZt−q (2.60)

where (Zt)t∈Z ∼ WN(0, σ2) and the polynomials (1 − φ1z − · · · − φpz
p) and (1 + θ1z +

· · ·+ θqz
q) have no common factors.

The process (Xt)t∈Z is said to be an ARMA(p,q) process with mean µ if (Xt−µ)t∈Z is
an ARMA(p,q) process. The equation (2.60) can be written as

φ(B)Xt = θ(B)Zt,
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where φ(·) and θ(·) are the pth and qth degree polynomials,

φ(z) = 1− φ1z − · · · − φpz
p (2.61)

and
θ(z) = 1 + θ1z + · · ·+ θqz

q,

and B is the backward shift operator defined by

BjXt = Xt−j, B
jZt = Zt−j, j = 0,±1,±2, ...

The polynomials φ and θ will be referred to as the autoregressive and moving average
polynomials, respectively, of the difference equations (2.61).

Existence and Uniqueness

A stationary solution (Xt)t∈Z of the equation (2.60) exists (and is also the unique station-
ary solution) if and only if

φ(z) = 1− φ1z − · · · − φpz
p 6= 0, ∀|z| = 1

Proposition 2.40 An ARMA(p,q) process (Xt)t∈Z is causal, or a causal function of
(Zt)t∈Z, if there exist constants (ψj) such that

∑∞
j=0 |ψj| <∞ and

Xt =
∞∑

j=0

ψjZt−j ∀t.

Causality is equivalent to the condition

φ(z) = 1− φ1z − · · · − φpz
p 6= 0 |z| 6 1,

Proof: Brockwell and Davis (1996).

Example 2.41 (ARMA(1,1) Process) The time series (Xt)t∈Z is an ARMA(1,1) pro-
cess if it is stationary and satisfies for every t,

Xt − φXt−1 = Zt + θZt−1, (2.62)

where (Zt)t∈Z ∼ WN(0, σ2) and φ+ θ 6= θ.

Using the backward shift operator B, the equation (2.62) can be expressed more concisely
as

φ(B)Xt = θ(B)Zt (2.63)

where φ(B) and θ(B) are the linear filters

φ(B) = 1− φB

and
θ(B) = 1 + θB,

respectively.
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2.7.3 GARCH Processes

According to Zivot (2003) the GARCH processes are defined as follows:

Definition 2.42 (GARCH(p,q)) The generalized ARCH model, GARCH(p,q), which
was developed independently by Bollerslev (1986) and Taylor (1986), has the form

yt = c+ εt

σ2
t = a0 +

p∑
i=1

aiε
2
t−i +

q∑
j=1

bjσ
2
t−j (2.64)

for t = 1, ..., T , where σ2
t = V art−1(εt).

For a GARCH(1,1) model we have the case as

σ2
t = a0 + a1ε

2
t−1 + b1σ

2
t−1, (2.65)

where σ2
t is known as the conditional variance since it is a one-period ahead estimate for

the variance calculated based on any past relevant information. A GARCH(1,1) model
with three parameters in the conditional variance equation is often adequate to obtain a
good model fit for financial time series.



Chapter 3

Maximum Likelihood Estimation for
Bivariate t-Data using Maximization
by Parts (MbP)

In this chapter we will apply the maximization by parts algorithm by Song et al. (2005) to
the bivariate t-distribution using the copula construction. In bivariate t-model we assume
that the univariate t-marginals have the same degrees of freedom as the t-copula’s. Thus
we have two parameters, one for the degrees of freedom and one for the correlation. The
definition of a bivariate copula, as well as the univariate and bivariate t-density function
can be inferred from Chapter 2. Note that the bivariate t-distribution is a special case of
bivariate meta t-distributions.

Let Θ := {ν, ρ : ν ∈ [1,∞), ρ ∈ (−1, 1)} denote the parameter space in the bivariate
t-distribution. Let x = (x1,x2) be a bivariate t-data set, where x1 = (x11, ..., xn1)

t and
x2 = (x12, ..., xn2)

t are independent observations and let xi = (xi1, xi2)
t be the ith obser-

vation of data set x, for i = 1, ..., n.

The likelihood function of the bivariate t-distribution can be written as

L(ν, ρ; x) =
n∏

i=1

c(F (xi1; ν), F (xi2; ν); ν, ρ)f(xi1, ν)f(xi2, ν) (3.1)

and the corresponding log likelihood is

`(ν, ρ; x) := lnL(ν, ρ; x) =
n∑

i=1

ln c(F (xi1; ν), F (xi2; ν); ν, ρ) +
n∑

i=1

2∑
j=1

ln f(xij; ν). (3.2)

As pointed out in the previous chapter, the crucial idea of the MbP algorithm intro-
duced by Song et al. (2005) is the decomposition of the log likelihood function into an
appropriate working model and an error model. Usually the working model needs to meet
the following criteria:

• It contains less parameters to be estimated while the error model includes all pa-
rameters of the joint distribution.

37
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• One can calculate its first order derivative easily.

• It must achieve the information dominance condition defined in Theorem 2.24.

3.1 Choices for the Working Model

3.1.1 Independence Working Model

One decomposition possibility of the log likelihood of bivariate t-distribution is employing
the following working model consisting of two independent marginal t-distributions:

`w(ν; x) := `m(ν; x1) + `m(ν; x2) (3.3)

where `m(ν; xj) is the log likelihood of the univariate t-distribution with degrees of freedom
ν, i.e.

`m(ν; xj) :=
n∑

i=1

ln f(xij; ν), for j = 1, 2. (3.4)

The error model is defined as the log likelihood of the bivariate t-copula with degrees of
freedom ν and correlation coefficient ρ, in particular,

`e(ν, ρ; x) :=
n∑

i=1

ln c(F (xi1; ν), F (xi2; ν); ν, ρ). (3.5)

Thus the sum of these two particular models yields the log likelihood of the bivariate t
distribution, e.g.

`(ν, ρ; x) = `w(ν; x) + `e(ν, ρ; x).

The working model `w(·; ·) defined in (3.3) is denoted as the independence working model.
The error model in (3.5) is referred as the copula error model.

Since the independence working model is composed of two univariate t-marginals which
possess only one common parameter ν, its first order derivative with respect to ν is
effortless to calculate. However, the drawback of the independence working is that the
model does not disclose any information about the correlation of the data from the error
model. Thus, we anticipate that the algorithm will not converge if there is large correlation
in the data. We can modify the independence working model in a way that the correlation
of the error model is taken into consideration.

3.1.2 Alternative Working Model

Inspired by the idea given in Song et al. (2005), we add a new term denoted as φi(xi, ν, ρ0)
into the independence working model `w in order to achieve the information dominance.
The function φi(xi, ν, ρ0) is determined by a term that is proportional to the log likelihood
of the bivariate t-distribution. Thus, φi(xi, ν, ρ0) is given by

φi(xi; ν, ρ0) := |R0|−
1
2

(
1 +

xt
iR

−1
0 xi

ν

)− ν+2
2 (3.6)
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where R0 :=

(
1 ρ0

ρ0 1

)
∈ R2×2 for a fixed ρ0. The corresponding log likelihood is then

given by

`new(ν, ρ0; x) := ln(
n∏

i=1

φi(xi; ν, ρ0)) = −1

2
ln(|R0|)−

ν + 2

2

n∑
i=1

ln
(
1 +

xt
iR

−1
0 xi

ν

)
.

We calculate the value of ρ0 using the empirical estimate of Kendall’s τ correlation τ̂
defined in (2.17) in Chapter 2, i.e.

ρ̂τ := sin(
π

2
τ̂).

In the later section we will investigate the influence of ρ0 on the models. With the addi-
tional term φi(xi; ν, ρ0) we can rewrite the bivariate t-density for the ith observation xi

as

fi(xi; ν, ρ; ρ0) = f(xi1; ν)f(xi2; ν)φi(xi; ν, ρ0)
c(F (xi1; ν), F (xi2; ν); ν, ρ)

φi(xi; ν, ρ0)

and the log likelihood analogously as follows:

`(ν, ρ; ρ0; x) = `w(ν; x) + `new(ν, ρ0; x)︸ ︷︷ ︸
modified working model

+ `e(ν, ρ; x)− `new(ν, ρ0; x)︸ ︷︷ ︸
modified error model

.

with the new working model given by

`w,mod(ν; ρ0; x) := `w(ν; x) + `new(ν, ρ0; x) (3.7)

and the error model

`e,mod(ν, ρ; ρ0; x) := `e(ν, ρ; x)− `new(ν, ρ0; x). (3.8)

The modified working model leads to an estimation procedure similar to that obtained
with the independence working model and ν remains the unique parameter to be estimated
in the working model. In the following MbP algorithm we only utilize the modified working
and error models.

In order to process the MbP algorithm we calculate the score functions. For further
analysis we also derive the second order derivative of both modified working and error
models.

To examine the model more closely we rewrite the models. Since the additional model
`new is the log likelihood of the bivariate t-distribution with fixed correlation coefficient
ρ0, we can also express the term as:

`new(ν, ρ0; x) = `w(ν; x) + `e(ν, ρ0; x).

It follows that the score functions of the modified working and error models can be written
as:

∂

∂ν
`w,mod(ν, ρ0; x) =

∂

∂ν
`w(ν; x) +

∂

∂ν
`new(ν, ρ0; x)

=
∂

∂ν
`w(ν; x) +

∂

∂ν
`w(ν; x) +

∂

∂ν
`e(ν, ρ0; x)

= 2 · ∂
∂ν
`w(ν; x) +

∂

∂ν
`e(ν, ρ0; x) (3.9)
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and

∂

∂ν
`e,mod(ν, ρ; ρ0; x) =

∂

∂ν
`e(ν, ρ; x)− ∂

∂ν
`new(ν, ρ0; x)

=
∂

∂ν
`e(ν, ρ; x)− ∂

∂ν
`e(ν, ρ0; x)− ∂

∂ν
`w(ν; x). (3.10)

Moreover,

∂

∂ρ
`e,mod(ν, ρ; ρ0; x) =

∂

∂ρ
`e(ν, ρ; x). (3.11)

In the following section we calculate the derivative explicitly.

3.2 Log Likelihoods of the Working and Error Mod-

els and its Derivatives

3.2.1 Log Likelihoods of the Working and Error Models

To avoid unclarity in the following formulas we recall the some notations that can be
found in chapter 2:

• Γ(·): the gamma function

• ψ(·): the digamma function

• ψ(1)(·): the trigamma function

• | · |: the absolute value of the determinant of a matrix.

During the calculation of the analytical expressions of the derivatives of the models we
often encounter the following terms:

For R =

(
1 ρ
ρ 1

)
we obtain |R| = 1− ρ2 and xt

iR
−1xi = (x2

i1 + x2
i2 − 2xi1xi2ρ)/(1− ρ2).

These calculations are identical for matrix R0 =

(
1 ρ0

ρ0 1

)
.

1) Log likelihood of the Independence Working Model:

With

`m(ν; xj) :=
n∑

i=1

ln f(xij; ν) for j = 1, 2

=
n∑

i=1

ln

(
Γ(ν+1

2
)

√
νπΓ(ν

2
)

(
1 +

x2
ij

ν

)− ν+1
2

)

= n ln Γ(
ν + 1

2
)− n

2
ln(νπ)− n ln Γ(

ν

2
)− ν + 1

2

n∑
i=1

ln
(
1 +

x2
ij

ν

)
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it follows that the log likelihood of the independence working model is given by

`w(ν; x) := `m(ν; x1) + `m(ν; x2)

= 2n ln Γ(
ν + 1

2
)− 2n ln Γ

(ν
2

)
− n ln(νπ)

− ν + 1

2

( n∑
i=1

ln
(
1 +

x2
i1

ν

)
+

n∑
i=1

ln
(
1 +

x2
i2

ν

))
.

2) Log Likelihood of the (modified) Working Model

Since

`new(ν, ρ0; x) :=
n∏

i=1

lnφi(xi; ν)

=
n∏

i=1

ln

(
−1

2
ln(|R0|)−

ν + 2

2

n∑
i=1

ln
(
1 +

xt
iR

−1
0 xi

ν

))

= −n
2

ln(1− ρ2
0)−

ν + 2

2

n∑
i=1

ln
(
1 +

x2
i1 + x2

i2 − 2xi1xi2ρ0

ν(1− ρ2
0)

)

we have that the log likelihood of the modified working model is given by

`w,mod(ν; ρ0; x) = `w(ν; x) + `new(ν, ρ0; x)

= 2n ln Γ(
ν + 1

2
)− 2n ln Γ

(ν
2

)
− n ln(νπ)

− ν + 1

2

( n∑
i=1

ln
(
1 +

x2
i1

ν

)
+

n∑
i=1

ln
(
1 +

x2
i2

ν

))
− n

2
ln(1− ρ2

0)−
ν + 2

2

n∑
i=1

ln
(
1 +

x2
i1 + x2

i2 − 2xi1xi2ρ0

ν(1− ρ2
0)

)
.
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3) Log Likelihood of the Copula Error Model

`e(ν, ρ; x) :=
n∑

i=1

ln c(F (xi1; ν), F (xi2; ν); ν, ρ)

=
n∑

i=1

ln

 ν
2
· Γ(ν

2
)2
(
1 +

xt
iR

−1xi

ν

)− ν+2
2

Γ(ν+1
2

)2
√
|R|(1 +

x2
i1

ν
)−

ν+1
2 (1 +

x2
i2

ν
)−

ν+1
2


= 2n ln Γ(

ν

2
) + n ln(

ν

2
)− 2n ln Γ

(ν + 1

2

)
− n

2
ln(|R|)

− ν + 2

2

n∑
i=1

ln(1 +
xt

iR
−1xi

ν
) +

ν + 1

2

( n∑
i=1

ln
(
1 +

x2
i1

ν

)
+

n∑
i=1

ln(1 +
x2

i2

ν
)

)

4) Log Likelihood of the (modified) Error Model

`e,mod(ν, ρ; ρ0; x) = `e(ν, ρ; x)− `new(ν, ρ0; x)

= 2n ln Γ(
ν

2
) + n ln(

ν

2
)− 2n ln Γ

(ν + 1

2

)
− n

2
ln(|R|)

− ν + 2

2

n∑
i=1

ln(1 +
xt

iR
−1xi

ν
) +

ν + 1

2

( n∑
i=1

ln
(
1 +

x2
i1

ν

)
+

n∑
i=1

ln(1 +
x2

i2

ν
)

)
+
n

2
ln(|R0|) +

ν + 2

2

n∑
i=1

ln
(
1 +

xt
iR

−1
0 xi

ν

)

3.2.2 Score Functions of the Working and Error Models

1) Score Function for the Independence Working Model

∂

∂ν
`m(ν; xj) :=

∂

∂ν

n∑
i=1

ln f(xij; ν)

=
n

2
ψ(
ν + 1

2
)− n

2

1

νπ
π − n

2
ψ(
ν

2
)

−

1

2

( n∑
i=1

ln(1 +
x2

ij

ν
)

)
+
ν + 1

2

n∑
i=1

1

1 +
x2

ij

ν

x2
ij(−

1

ν2
)


=
n

2
ψ(
ν + 1

2
)− n

2ν
− n

2
ψ(
ν

2
)− 1

2

n∑
i=1

ln(1 +
x2
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Thus, the score function of the independence working model is calculated as:

∂

∂ν
`w(ν; x) :=

∂

∂ν
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ν
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ν
)

)
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)

2) Score Function for the Copula Error Model

The score function of the copula error model is calculated as:

∂

∂ρ
`e(ν, ρ; x) := −n

2

∂

∂ρ
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(3.12)
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−
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3) Score Function of the (modified) Working and Error Models

With

∂
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the score function of the modified working model is given by

∂
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`w,mod(ν; ρ0; x) =
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∂ν
`w(ν; x) +
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x2
i2

ν
)

)
+
ν + 1

2ν

n∑
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, (3.13)

while the score functions of the modified error model are given by
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∂

∂ρ
`e,mod(ν, ρ; ρ0; x) =

∂

∂ρ
`e(ν, ρ; x)
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3.2.3 Second Order Derivative of the (modified) Working and
Error Models

1) Second Order Derivative of the Independence Working Model

The second order derivative of the independence working model with respect to ν is given
by:
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2) Second Order Derivative of the Copula Error Models

The second order derivative of the copula error model with respect to ν is given by:
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The second order derivative of the copula error model with respect to ρ is calculated as

∂2
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The second order derivatives of the copula error model with respect to ρ and ν are



CHAPTER 3. MLE FOR BIVARIATE T -DATA USING MBP 47

expressed as
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∂ν∂ρ
`e(ν, ρ; x) =

∂

∂ν

(
nρ

1− ρ2
− ν + 2

1− ρ2

n∑
i=1

x2
i1ρ+ x2

i2ρ− (1 + ρ2)xi1xi2

ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ

)

= − 1

1− ρ2

(
n∑

i=1

x2
i1ρ+ x2

i2ρ− (1 + ρ2)xi1xi2

ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ

)

+ (− ν + 2

1− ρ2
)

n∑
i=1

−(x2
i1ρ+ x2

i2ρ− (ρ2 + 1)xi1xi2)(1− ρ2)

(ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ)2

= − 1

1− ρ2

n∑
i=1

x2
i1ρ+ x2

i2ρ− (ρ2 + 1)xi1xi2

ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ

+ (ν + 2)
n∑

i=1

x2
i1ρ+ x2

i2ρ− (ρ2 + 1)xi1xi2

(ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ)2

and
∂2

∂ν∂ρ
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3) Second order derivative of (modified) working and error models:
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it follows that
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∂2

∂ρ∂ν
`e,mod(ν, ρ; ρ0; x) =

∂2

∂ρ∂ν
`e(ν, ρ; x)

and
∂2

∂ρ2
`e,mod(ν, ρ; ρ0; x) =

∂2

∂ρ2
`e(ν, ρ; x)

Figures 3.1, 3.2 and 3.3 are based on a randomly generated data set from a bivariate
t-distribution with parameters ν = 10, ρ = 0.6 and sample size n = 100. The parameter
ρ0 = ρ̂τ ≈ 0.70643.
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Figure 3.1: Modified working model and its derivatives with respect to ν when ρ is fixed
to ρ̂τ ≈ 0.70643. (`w,mod (left), ˙̀

w(1),mod := ∂
∂ν
`w,mod (middle) and ῭

w(11),mod := ∂2

∂ν2 `w,mod

(right)).
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Figure 3.2: Modified error model and its derivatives with respect to ν when ρ is fixed
to ρ̂τ ≈ 0.70643. (`e,mod (left), ˙̀

e(1),mod := ∂
∂ν
`e,mod (middle) and ῭

e(11),mod := ∂2

∂ν2 `e,mod

(right)).
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Figure 3.3: Modified error model and its derivatives with respect to ρ when ν is fixed to
10. (`e,mod (left), ˙̀

e(2),mod := ∂
∂ρ
`e (middle) and ῭

e(22),mod := ∂2

∂ρ2 `e (right)).
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3.3 The Choice of Interchangeable Parameter ρ0

In this section we want to investigate the influence of the interchangeable parameter ρ0

in the working and error models.

As specified before, the MbP algorithm applied to the bivariate t model requires to
find the root of one-dimensional score equations. However, it is not guaranteed that a so-
lution has to exist. If there does not exist a solution, the algorithm is said to be failed to
converge. It implies as well that the information dominance condition stated in Theorem
2.24 is failed to meet.

Originally we had the idea to set the interchangeable parameter ρ0 equal to the
estimated correlation coefficient using estimated Kendall’s τ , i.e., ρ̂τ = sin(π

2
τ̂), since

Kendall’s τ correlation is demonstrated as a solid estimate for the rank correlation coeffi-
cient and by exploring the equality with the linear correlation we obtain a robust estimator
for the linear correlation as well.

In order to achieve the information dominance we change the values of ρ0. In the
following illustration we can observe that the score function of the modified working
model ∂/∂ν(`w,mod(ν; ρ0; x)) does not have a null point when ρ0 = ρ̂τ . However as the
parameter ρ0 increases by a certain degree, the curve twists in a way that a null point
emerges.
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Figure 3.4: Graphic description of the influence of ρ0. Data X is a random sample from
bivariate t distribution with true parameters ν = 10 and ρ = 0.9. Sample size is n = 100.
ρ̂τ ≈ 0.8615

Thus the choice of the parameter ρ0 can be crucial for the convergence of the MbP
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algorithm, since it helps to achieve a solution in the first Step of the algorithm. According
to in Theorem 2.22, under the condition that the modified working and error models are
twice differentiable, if the solution θ1

n of step 1 of the MbP algorithm is consistent, then
the solution θ2

n of step 2 is consistent. However, a solution in 1st step does not guarantee
the convergence of the algorithm. Information dominance may disappear after several
MbP-steps.

3.4 The Framework of the MbP Algorithm for Bi-

variate t-Distribution

We use the 1-dimensional bisection algorithm described in Chapter 2 to find the root
of score functions in each MbP step. With the expressions of the score functions stated
in (3.9), (3.10) and (3.11) the framework of the MbP algorithm process as follows. The
implemented MbP algorithm will be presented in the next chapter.

STEP 0. Generating initial values
Via the 1-dimensional bisection algorithm we find the root ν1

n of the equation

p0(ν) :=
∂

∂ν
`w,mod(ν; ρ0; x) = 2 · ∂

∂ν
`w(ν; x) +

∂

∂ν
`e(ν, ρ0; x) = 0

which is required to update the score function of the error model, specifically, we need to
solve

q0(ρ) :=
∂

∂ρ
`e(ν

1
n, ρ; x) = 0

for ρ. Let ρ1
n denote the solution. Overall the solution of the first step is ν1

n and ρ1
n. Actu-

ally this step generates the initial values for further MbP steps.

STEP k. k=1,2,... (MbP steps)
Let νk

n the solution to

pk(ν) :=
∂

∂ν
`w,mod(ν; ρ0; x) +

∂

∂ν
`e,mod(ν

k−1
n , ρk−1

n ; ρ0; x) = 0 (3.15)

and ρk
n the solution to

qk(ρ) :=
∂

∂ρ
`e(ν

k−1
n , ρ; x) = 0 (3.16)

for k = 1, 2, .... In the kth step, we apply again the bisection algorithm to solve both
equations (3.15) and (3.16) in ν and ρ respectively.

The function ∂
∂ν
`e,mod(ν

k
n, ρ

k
n; ρ0; x) in (3.15) is a constant that depends on the updated

values of νk
n, ρk

n and the fixed parameter ρ0. It implies that in the parameter range [1,100]
for ν the updated equation (3.15) may have two roots since the function ∂

∂ν
`w,mod(ν; ρ0; x)

is not strictly monotone. Thus the bisection algorithm would have problems to find the
correct root, if it searches in the range [1,100]. Figure (3.5) demonstrates the two null
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points of the updated equation in (3.15).

One method to solve the problem is to restrict the parameter range of ν [1, 100] to a
smaller range [1, ν̃] from Step 2 on. The quantity ν̃ is the approximate minimum of the
score function of the modified working model ∂

∂ν
`w,mod(ν; ρ0; x) in the parameter space

[1, 100]. We can use the R-function optim to find the minimum. The value ν̃ is set to the
upper limit of the search range of the bisection algorithm for the parameter ν in MbP
step k for k = 2, 3, ....

Illustration of STEP k, k=0,1.
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Figure 3.5: Illustration of step k, k=0,1, of the MbP algorithm (left panel: pk(ν), right
panel: qk(ρ)). Data x is a bivariate t-distributed sample set with true parameters ν = 10
and ρ = 0.6. Sample size is n = 100. ρ0 := 0.95. The solution for νk=1

n is 2.17 and for ρk=1
n

is 0.64



Chapter 4

Small Sample Properties of the MbP
Algorithm and its Competitors for
Bivariate t-Data

4.1 Data and Likelihood

Before we start with the simulation study we need to produce random t-distributed data
for bivariate t-distribution and uniformly distributed data for the bivariate t-copulas.

4.1.1 Generation of bivariate t-Data

To generate independent identically distributed (i.i.d.) bivariate t-data of size n we utilize
the R-function rmvt which randomly generates multivariate t-distributed data of size n,
i.e.

X := (X1,X2) ∼ rmvt(n,R, df = ν), (4.1)

where R =

(
1 ρ
ρ 1

)
. The data x := (x1,x2) ∈ Rn×2 with xj := (x1j, ..., xnj)

t, j = 1, 2, is

then bivariate t-distributed with degrees of freedom ν and correlation ρ.

4.1.2 Generation of uniform data from bivariate t-Data

If we have a set bivariate t-data x := (x1,x2) ∈ Rn×2 and know its true degrees, we
can simply use the probability-integral transformation defined in (2.3) to generate the
uniformly distributed data, i.e. (u1,u2) := (F (x1; ν), F (x2; ν)) ∈ [0, 1]n×2 with the uni-
variate t-distribution function F (·; ν). However, this parameter is needed to be estimated
and for the transformation we can use the concept of the marginal empirical probabil-
ity integral transformation. This transformation approximates the unknown parametric
marginals F (·) with the empirical cumulative distribution functions F̂ (·) defined as fol-
lows:

F̂ (t) :=
1

n+ 1

n∑
i=1

1(−∞6xi](t), for x := (x1, ..., xn) (4.2)

53
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where 1(−∞6xi](t) represents the indicator function with value 1 if t 6 xi and with value
0 otherwise. The approximate i, jth element, j = 1, 2, of the bivariate uniform data u is
defined by:

uij := F̂ (xij) with xj := (x1j, ..., xnj)
t, for each i = 1, ..., n

Then we have the approximate bivariate uniform data u := (u1,u2) with uj := (u1j, ..., unj)
t,

j = 1, 2.

4.1.3 The Log Likelihoods and Score Functions

Consider the bivariate i.i.d. t-data x := (x1,x2) ∈ Rn×2 and the parameter space
Θ := {ν, ρ : ν ∈ [1, 100], ρ ∈ (−1, 1)}. Given u := (u1,u2) ∈ [0, 1]n×2 the log likelihood of
the t-copula is given by

`c(ν, ρ; u) :=
n∑

i=1

ln c(u1,u2; ν, ρ)

=
n∑

i=1

ln

 ν
2
· Γ(ν

2
)2
(
1 +

xt
iR

−1xi

ν

)− ν+2
2

Γ(ν+1
2

)2
√
|R|(1 +

x2
i1

ν
)−

ν+1
2 (1 +

x2
i2

ν
)−

ν+1
2


= 2n ln Γ(

ν

2
) + n ln(

ν

2
)− 2n ln Γ

(ν + 1

2

)
− n

2
ln(|R|)

− ν + 2

2

n∑
i=1

ln(1 +
xt

iR
−1xi

ν
) +

ν + 1

2

( n∑
i=1

ln
(
1 +

x2
i1

ν

)
+

n∑
i=1

ln(1 +
x2

i2

ν
)

)
(4.3)

whereby x = (x1,x2) := (t−1
ν (u1), t

−1
ν (u2)) ∈ Rn×2 and t−1

ν (·) denotes the quantile func-
tion of Student’s t-distribution. Furthermore, given the bivariate t-data x := (x1,x2) ∈
Rn×2 the log likelihood of the bivariate t-distribution is defined by

`(ν, ρ; x) := n ln(
ν

2
)− n

2
ln(1− ρ2)− ν + 2

2

n∑
i=1

ln(1 +
xt

iR
−1xi

ν
). (4.4)

In the later section we will estimate the parameters ν and ρ by maximizing the log
likelihoods `c(ν, ρ; µ) and `(ν, ρ; x) with respect to both parameters directly. However, for
the MbP algorithm we require the following score functions of the modified working and
error models which are calculated in (3.13), (3.12) and (3.14) in Section 3.2 of Chapter 3.
Let x := (x1,x2) ∈ Rn×2 be the i.i.d. bivariate t-data,

∂

∂ν
`w,mod(ν; ρ0; x) := nψ(

ν + 1

2
)− n

ν
− nψ(

ν

2
)− 1

2

n∑
i=1

(
ln(1 +

x2
i1

ν
) + ln(1 +

x2
i2

ν
)

)
+
ν + 1

2ν

n∑
i=1

(
x2

i1

ν + x2
i1

+
x2

i2

ν + x2
i2

)
− 1

2

n∑
i=1

ln
(
1 +

xt
iR

−1xi

ν

)
+
ν + 2

2ν

n∑
i=1

xt
iR

−1
0 xi

ν + xt
iR

−1
0 xi

,
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∂

∂ρ
`e(ν, ρ; x) :=

nρ

1− ρ2
− ν + 2

1− ρ2

n∑
i=1

x2
i1ρ+ x2

i2ρ− (1 + ρ2)xi1xi2

ν(1− ρ2) + x2
i1 + x2

i2 − 2xi1xi2ρ

and

∂

∂ν
`e,mod(ν, ρ; ρ0; x) :=

n

ν
+ nψ(

ν

2
)− nψ(

ν + 1

2
)− 1

2

n∑
i=1

ln(1 +
xt

iR
−1xi

ν
)

+
ν + 2

2ν

n∑
i=1

xt
iR

−1xi

ν + xt
iR

−1xi

+
1

2

( n∑
i=1

ln(1 +
xi1

ν
) + ln(1 +

xi2

ν
)

)
− ν + 1

2ν

( n∑
i=1

x2
i1

ν + x2
i1

+
x2

i2

ν + x2
i2

)
+

1

2

n∑
i=1

ln
(
1 +

xt
iR

−1
0 xi

ν

)
− ν + 2

2ν

n∑
i=1

xt
iR

−1
0 xi

ν + xt
iR

−1
0 xi

,

whereby R0 :=

(
1 ρ0

ρ0 1

)
. In each MbP step k, k = 2, 3, ..., the bisection algorithm

searches for a solution of the function

∂

∂ν
`w,mod(ν; ρ0; x) +

∂

∂ν
`e,mod(ν

k−1
n , ρk−1

n ; ρ0; x) = 0

and
∂

∂ρ
`e(ν

k−1
n , ρ; x) = 0.

as stated in the equations (3.15) and (3.16) in Chapter 3.

4.2 General Settings for the MbP Algorithm in the

Simulation Study

The settings for the MbP algorithm utilized in the simulation study in this chapter are
stated as:

• Given i.i.d. bivariate t-data x := (x1,x2) ∈ Rn×2, which is randomly generated
using the R-function rmvt defined in (4.1).

• Parameter space Θ: ν ∈ [1, 100] and ρ ∈ (−1, 1).

• Given ρ0. The fixed parameter ρ0 can be chosen as ρ̂τ := sin(π
2
τ̂) or other values in

the range (−1, 1).

• Given the convergence criterion denoted as tols. If the convergence criterion is met,
i.e. ‖·| < tols, the MbP algorithm is said to be converged. Otherwise the algorithm is
said to be failed. Note that |·| is the absolute value and indicates the distance between
the updated values. In the simulation study the tols for MbP algorithm is 0.01 for
ν and 10−4 for ρ. In particular, the MbP algorithm converges if |νk − νk−1| < 0.01
and |ρk − ρk−1| < 10−4.
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• The maximal number of iterations k is limited to k := 100. If the maximal number
of iterations is reached but the convergence criterion of MbP algorithm is not met,
the MbP algorithm is considered to be failed to converge.

Algorithm 4.1 MbP Algorithm for Bivariate t-Distribution

Input: x, ρ0, tols = (10−2, 10−4)
Output: ν̂, ρ̂

1: k := 1
2: Find solution ν1

n of ∂
∂ν
`w,mod(ν; ρ0; x) = 0 in a range of [1, 100] using bisection algo-

rithm.
3: Find solution ρ1

n of ∂
∂ρ
`e(ν

1
n, ρ; x) = 0 in a range (−1, 1) of using bisection algorithm.

4: Find a minimum ν̃ of ∂
∂ν
`w,mod(ν; ρ0; x) using R-function optim in the parameter range

[1, 100]. The new value ν̃ is set to the upper limit of the search range of bisection
algorithm for parameter ν in the step k = 2, 3, ....

5: while k < 100 and |νk
n − νk−2

n | > 10−2 and |ρk
n − ρk−1

n | > 10−4 do
6: k := k + 1;
7: Find solution νk

n of ∂
∂ν
`w,mod(ν; ρ0; x) = − ∂

∂ν
`e,mod(ν

k−1
n , ρk−1

n ; ρ0; x) in a range of
[1, ν̃] via bisection algorithm.

8: Find solution ρk
n of ∂

∂ρ
`e(ν

k−1
n , ρ; x) = 0 in a range (−1, 1) using bisection algorithm.

9: end while
10: return ν̂, ρ̂

It is to note that the implemented MbP algorithm used in the simulation study always
returns an estimate for the parameters ν and ρ. However the algorithm is not necessarily
converged, i.e. the convergence criterion is not fulfilled. If the MbP algorithm converges,
the returned values are the maximum likelihood estimates for the parameters. Otherwise
the implemented algorithm returns an approximation of the maximum likelihood estimates
or a suggestion of the estimates. In the next table we classify the outputs ν̂ and ρ̂ from
the implemented MbP algorithm. We assign each outcome to an indicator FF with a
specified number 0-3. The indicator FF:=0 implies a successful convergence of the MbP
algorithm, whereas other numbers indicate a failure of convergence. A flow chart of the
MbP algorithm is illustrated in Figure 4.1.
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FF Outputs ν̂ and ρ̂ generated by MbP algorithm and its description
0: The predefined convergence criterion is met, MbP algorithm converges successfully

and returns ν̂ := ν̂k
n and ρ̂ := ρ̂k

n

1: The bisection algorithm for ν, which is embedded in the MbP algorithm, does not find
a solution in the first step. MbP algorithm fails to converge, but returns
ν̂ := 100 and ρ̂ := ρ̂τ as an output

2: The bisection algorithm does not find a solution in step k.,k ∈ {2, ..., 100}. The
MbP algorithm fails to converge, but returns estimates from the previous step
ν̂ := ν̂k−1

n and ρ̂ := ρ̂k−1
n

3: The maximal iteration number k = 100 is reached but the convergence criterion has
not met. The MbP algorithm fails to converge and returns ν̂ := ν̂100

n and ρ̂ := ρ̂100
n .

Table 4.1: Definition of convergence indicator FF and the corresponding output for ν̂ and ρ̂

Flow Chart of MbP-Algorithm for Bivariate t-Distributions 

 
 

NO YES 

Bisection algorithm for 
υ  does not find a 
solution in STEP k. MbP 
returns: 

11 ˆ:ˆ,ˆ:ˆ −− == k
n

k
n ρρυυ  

FF:= 2 

Successful 
convergence 
MbP returns: 

k
n

k
n ρρυυ ˆ:ˆ,ˆ:ˆ ==  

 
FF:= 0 

YES NO 

STEP 0. 
Is there a solution of 
bisection algorithm 
forυ ? 

100=k , Maximal 
iteration reached.  

MbP returns: 
100

100

ˆ:ˆ

,ˆ:ˆ

n

n

ρρ

υυ

=

=
 

 
FF:= 3 

STEP k. k=1,...,100 
Has MbP-algorithm 

converged within 100 
steps? 

NO 

MbP returns:  

τρρυ ˆ:ˆ,100:ˆ ==  

FF: = 1 

Figure 4.1: Flow chart for determining the convergence indicator FF for MbP algorithm
applied to bivariate t-distribution
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4.3 Illustration of the Performance of the MbP Al-

gorithm for Different Choices of ρ0

As described in Section 3.3, the idea of ρ0 in the modified models is to put some infor-
mation of the data correlation into the original working model in order to achieve an
information dominance of the working model towards the error model. Under the condi-
tion of information dominance the MbP algorithm converges to a fixed point that is the
maximum likelihood estimator.

By default we set ρ0 equal to the estimated correlation coefficient ρ̂τ via estimated
Kendall’s τ of the corresponding data defined in (2.17), since the Kendall’s τ is a robust
estimator of the correlation of a bivariate data set and independent from the marginal
distributions of the data. However this choice does not necessarily assure the conver-
gence of the MbP algorithm. It is to note that in the simulation study the convergence
of the MbP algorithm means that the convergence criterion, i.e. |νk − νk−1| < 0.01 and
|ρk − ρk−1| < 10−4, is reached. Otherwise the algorithm fails to converge.

In the following sections we look at some representative data sets for the analysis of
the MbP algorithm under the influence of ρ0.

Example 1: Convergence with ρ0 = ρ̂τ

Consider the following specific data set x = (x1,x2) (R-file: x_data_10_06.RData) of
size n = 100 which is generated using rmvt function defined in (4.1) with true parameters
νtr = 10 and ρtr = 0.6. The estimated correlation using Kendall’s τ of the data amounts
approximately to 0.6845, i.e. ρ̂τ ≈ 0.6845. With ρ0 = ρ̂τ , the convergence criterion of
the MbP algorithm, i.e. |νk − νk−1| < 0.01 and |ρk − ρk−1| < 10−4, is reached after 7
steps (k = 7). In Figure 4.2 we illustrate the estimated ν, ρ’s and the corresponding log
likelihood of each step.
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Figure 4.2: Estimates via MbP algorithm with ρ0 = ρ̂τ on a randomly generated bivariate
t-data x of size n = 100 with true parameters νtr = 10 and ρtr = 0.6

With this data set x we can make any small shifts to ρ0, i.e. ρ0 = ρ̂τ + 0.025 or
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ρ0 = ρ̂τ + 0.05 with ρ̂τ ≈ 0.6845, the algorithm still converges to the same fixed point.
However if we change the value of ρ0 to 0.95 (ρ0 = 0.95) which is far from the value
of estimated correlation ρ̂τ ≈ 0.6845, the algorithm fails to converge, since the bisection
algorithm cannot find a solution of the function

pk(ν) :=
∂

∂ν
`w,mod(ν; ρ0; x) +

∂

∂ν
`e,mod(ν

k−1
n , ρk−1

n ; ρ0; x) = 0

for ν in the 3th MbP step (k=3). The MbP step k with k=0,1,2,3 with respect to the
parameter ν is illustrated in Figure 4.3.
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Figure 4.3: Estimates via MbP algorithm with ρ0 = ρ̂τ on a randomly generated bivariate
t-data x of size n = 100 with true parameters νtr = 10 and ρtr = 0.6

Example 2: Convergence with a shifted ρ0 from the value of ρ̂τ

In Figure 3.4 in section 3.3 we presented an example of the influence of ρ0 on the score func-
tion of the modified working model. We considered the following specific data set which
was randomly generated using R-function rmvt in (4.1) (R-file: x_data_10_09.RData).
The sample size is n = 100, the true parameters are νtr = 10, ρtr = 0.9 and the estimated
correlation using Kendall’s τ is ρ̂τ ≈ 0.8615. With the same data set we continue the esti-
mation in this example. In our first trials, the MbP algorithm fails to find a ML-estimate
with ρ0 = ρ̂τ and ρ0 = ρ̂τ + 0.025 in the step 0. The parameter ν was estimated as 100.
This result indicates that the bisection algorithm fails to find the root of the score function
of the modified working model p0(ν) := ∂

∂ν
`w,mod(ν; ρ0; x) = 0 defined in (3.13).

In the next trial we shift the default of ρ0 by 0.05 higher, i.e. ρ0 = ρ̂τ + 0.05, then the
MbP algorithm converges after 17 steps. In this case the bisection algorithm found a root
of the modified working model in the first MbP step as well as in the subsequent MbP
iterations. We display the outcomes of MbP algorithm with ρ0 = ρ̂τ + 0.05 in Figure 4.4.
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Figure 4.4: Estimates via MbP algorithm with ρ0 = ρ̂τ + 0.05 on a randomly generated
bivariate t-data x of size n = 100 with true parameters νtr = 10 and ρtr = 0.9

We can observe that the value of the log likelihood rises upwards to its maximum and
the parameters converge to their fixed values.

Example 3: Failure after k MbP steps, k < 100

Nevertheless it is to point out that a solution in the first step does not guarantee the con-
vergence of the MbP algorithm. To illustrate this case we consider a randomly generated
bivariate t-data x = (x1,x2) using rmvt function in (4.1) (R-file: x_10_06_2.RData). The
sample size is n = 100 and the data is generated by the true parameters νtr = 10 and
ρtr = 0.6. With ρ0 = ρ̂τ ≈ 0.6859 no solution can be found by bisection algorithm for ν
in the 12th step. The log likelihood becomes flat as displayed in Figure 4.5.
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Figure 4.5: Estimation via MbP algorithm with ρ0 = ρ̂τ on a randomly generated bivariate
t-data x of size n = 100 with true parameters νtr = 10 and ρtr = 0.6

However, if we choose the value of ρ0 as ρ0 = ρ̂τ − 0.025 the MbP algorithm converges
within 6 steps. Figure 4.6 shows the estimates of the parameters and the values of its log
likelihood values.
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Figure 4.6: Estimation via MbP algorithm with ρ0 = ρ̂τ − 0.025 on a randomly generated
bivariate t-data x of size n = 100 with true parameters νtr = 10 and ρtr = 0.6

Conclusions

The choice of ρ0 is crucial for the convergence of the MbP algorithm. If ρ0 is chosen
relatively far from the value of the ML-estimator of ρ, the MbP algorithm might hardly
converge. If the ρ0 is close to the ML-estimator of ρ, it is more likely that the estimates
from MbP algorithm converges to the ML-estimators of the parameters. When we receive
a data set with unknown parameters, it is in some cases hard to find an adequate ρ0, since
there is no general way to determine appropriate values for ρ0. In conclusion we need to
look at every data carefully.

In the simulation study in the next section we are going to generate 500 replicates
using MbP algorithm and alternative computational methods for estimating the maximum
likelihood estimates.

4.4 Alternative Computational Methods for Deter-

mining the MLE

4.4.1 Direct: Direct Maximization of Likelihood of Bivariate t-
Distribution

In the direct maximization, the optimization routine optim in R will be directly applied
to the log likelihood of bivariate t-distribution `(ν, ρ; x) defined in function (4.4). In this
method we estimate the parameters ν and ρ simultaneously, while in MbP algorithm they
are treated separately.

First we set the initial value (ν0, ρ0) for the optim function as (ν0, ρ0) := (3, ρ̂τ ).
Furthermore, to process a 2-dimensional direct maximization we use the optim-function
based on L-BFGS-B: the quasi-Newton method given a lower and/or upper bound for the
parameters (Ref. R-help). Again the searching region for the optim-function is in the
parameter space Θ := {(ν, ρ) : ν ∈ [1, 100], ρ ∈ (−1, 1)}. Moreover, it is to mention



CHAPTER 4. MBP AND OTHER METHODS FOR BIVARIATE T -DATA 62

that optim minimizes the objective function. Thus, to find the maximum of a function
we simply minimize the negative of it. Finally, for the direct maximization algorithm we
need to generate a set of bivariate t-distributed data using the R-function rmvt stated in
(4.1).

Algorithm 4.2 Direct Maximization for bivariate t-Data

Input: data x, initial vector (ν0, ρ0)
Output: a 2-dim. vector (ν̂, ρ̂)

1: Find 2-dimensional maximum (ν̂, ρ̂) of `(ν, ρ; x) via optim-function with
option=L-BFGS-B and search range for (ν, ρ) lower=c(1,-0.99999),
upper=c(100,0.99999)

2: return (ν̂, ρ̂)

4.4.2 CSP: Semi-parametric Method using Kendall’s τ applied
to Likelihood of Bivariate t-Copula

Unlike the MbP algorithm and the direct maximization method the idea of the semi-
parametric method relies on the concept of the marginal empirical probability integral
transformation. Given the bivariate t-data x := (x1,x2) ∈ Rn×2 with xj := (x1j, ..., xnj)

t,
j = 1, 2 we use the empirical cumulative distribution function defined in (4.2) to trans-
form the bivariate t-data to the approximate uniform data u := (u1,u2)

t with uj :=
(u1j, ..., unj)

t, j = 1, 2. Furthermore, we estimate the parameters ν and ρ of the log like-
lihood of the bivariate t-copula separately. Let `c(ν, ρ̂u; u) be the log likelihood of the
bivariate t-copula, i.e. `c(ν, ρ̂u; u) as defined in (4.3). First we estimate ρ by Kendall’s
τ denoted as ρ̂τ then we insert the estimator ρ̂τ into the log likelihood of the bivariate
t-copula function to estimate the parameter ν. The CSP algorithm is stated as follows:

Algorithm 4.3 CSP Algorithm, Semi-parametric Method for bivariate t-Data

Input: data x, initial value ν0

Output: estimates of ν and ρ̂u

1: Transform x := (x1,x2) to approximate uniform data u := (u1,u2) using empirical
cumulative function defined in (4.2)

2: Estimate correlation coefficient ρ̂ via empirical data estimate of Kendall’s τ of the
uniform data u, i.e. ρ̂u := sin(π

2
τ̂(u1,u2))

3: Find 1-dimensional maximum ν of `c(ν, ρ̂u; u) via optim function with initial value
ν0 = 3, method L-BFGS-B and search range [1, 100] for ν.

4: return ν̂ and ρ̂u

4.4.3 CML: The Canonical Maximum Likelihood Method

Similar to the CSP method we do not make any assumptions about the distributions of
the marginals and adapt the notion of the marginal empirical probability integral transfor-
mation to transform the bivariate t-data x := (x1,x2) ∈ Rn×2 into approximate uniformly
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distributed data u := (u1,u2) using the empirical cumulative distribution function de-
fined in (4.2). Then we estimate the parameters ν and ρ of the log likelihood of the
bivariate t-copula `c(ν, ρ; u), defined in (4.3), jointly. The CML method is implemented
via a two-stage procedure:

Algorithm 4.4 CML Algorithm, Canonical Maximum Likelihood for bivariate t-Data

Input: x, initial values (ν0, ρ0)
Output: a 2-dim. vector (ν̂, ρ̂)

1: Transform x := (x1,x2) to approximate uniform data u := (u1,u2) using empirical
cumulative function defined in (4.2)

2: Maximize 2-dimensional parameter vector (ν, ρ) of the log likelihood of the bivariate
t-copula `c(ν, ρ; û) in the parameter space
Θ := {(ν, ρ) : ν ∈ [1, 100], ρ ∈ (−1, 1)} via the 2-dimensional optim function with
initial values (ν0, ρ0), option=L-BFGS-B.

3: return (ν̂, ρ̂)

4.4.4 Outputs of Direct, CSP and CML Methods

Since the direct maximization and CML methods adopt the optim function on a 2-
dimensional optimization problem using L-BFGS-B method and the CSP uses optim for a
one-dimensional optimization, the successful convergence of the optim function is crucial
for the estimation of all three methods.

Quoted from the help file on optim provided by R, the convergence of optim using
L-BFGS-B method occurs when the reduction in the objective is within this factor of the
machine tolerance, at default 107, and that is a tolerance of about 10−8.

Due to some circumstances the optim function returns a solution with the an error
message ABNORMAL_TERMINATION_IN_LNSRCH, which means an unsuccessful convergence
of the optim function. This message is supposedly indicates that while the optimizer tries
to do the line search in the steepest descent direction, it finds that the derivative along this
line is not negative, which is impossible because the direction would not go downwards in
this case. This problem could happen with numerical gradients used in optim when the
surface of the function is almost flat. Despite of the unsuccessful convergence optim gives
back an estimate that locates near the optimum point.

When there are many complicated terms in the objective function, such as the log-
gamma functions and the digamma functions, optim might generate error messages which
states that L-BFGS-B needs finite ’fn’. This error is presumably caused by some numerical
problems, such as overflow or underflow, a condition that occurs when a calculation pro-
duces a result that is greater than what a given register can represent. In this case optim

fails completely to process and does not give back any estimates.
In addition, we classify the outcome possibilities for the estimation ν̂ and ρ̂ in the im-

plemented Direct maximization, CSP and the CML methods. Similar to the implemented
MbP algorithm we assign each type of the results to the indicator FF with numbers 0−2.
Flow charts of the direct maximization and CML methods, as well as the CML method,
are illustrated in Figure 4.7.
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Flow Chart of Direct maximization and CML methods 
for Bivariate t-Distributions 

 
 
 

Flow Chart of CSP method for Bivariate t-Distributions 
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Figure 4.7: Flow charts for determining the convergence indicator FF for Direct maxi-
mization, CML and CSP methods applied to bivariate t-distribution
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FF The outputs ν̂ and ρ̂ of Direct maximization, CSP and CML methods
0: optim function converges successfully, i.e. optim$convergence:=0,

The implemented programs return the estimates from optim.
1: optim function generates an error message: L-BFGS-B needs finite ’fn’,

and does not give back any values. The programs return ν̂ := 100 and ρ̂ := ρ̂τ .
2: optim function generates the message: ABNORMAL_TERMINATION_IN_LNSRCH,

The implemented programs return the estimates from optim.

Table 4.2: Definition of convergence indicator FF and the corresponding output of Direct
maximization, CSP and CML methods for ν̂ and ρ̂

4.5 Simulation Setups and Performance Measures

In the subsequent simulation studies we are examining scenarios with different parameter
combinations in order to compare the MbP algorithm with three other estimation methods
- the direct maximization of the likelihood (Direct), the semi-parametric method (CSP)
and the canonical maximum likelihood method (CML) which are frequently adopted in
practice. For MbP algorithm and direct method we assume that the marginals are t-
distributed while we do not make this assumption for the CSP method and CML method.
The simulation studies are composed of the following parameter combinations:

• sample size n ∈ {100, 500}

• degrees of freedom νtr ∈ {5, 10, 20}

• correlation ρtr ∈ {0.5, 0.9}

• number of replicates r = 500

Given these parameter values we have a total of 12 scenarios. For each of them we compute
500 replicates (r = 500) using the four estimation methods. With these replicates we can
look at the summary statistics in order to find out the advantages and drawback of MbP
algorithm in comparison with other estimation methods.

For the MbP algorithm we investigate three different versions by choosing different ρ0.
We denote these three scenarios as MbP0, MbP1 and MbP2 we take the value of ρ0 as:

• MbP0: ρ0 := ρ̂τ

• MbP1: ρ0 := ρ̂τ + 0.025

• MbP2: ρ0 := ρ̂τ + 0.05

where ρ̂τ := sin(π
2
τ̂) and τ̂ is the empirically estimated Kendall’s τ from the data. Regard-

ing the three versions of the MbP algorithm with different ρ0 as three different methods
we then have in total 6 estimation methods to be examined, i.e. MbP0, MbP1, MbP2,
DIR, CSP and CML methods.

In order to inspect the estimates and evaluate the estimation methods we dismiss the
ith estimates, i ∈ {1, ..., r} with r = 500, if all six estimation methods return ν̂ = 100
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using the ith sample set. Let |{i}| be the total number of dismissed samples, whereby
|{·}| indicates the cardinality of a set. Then rc := r − |{i}| amounts the total number of
samples we use for comparison of the 6 estimation methods.

Using the output indicator FF defined in Table 4.1 and 4.2, we can investigate the fre-
quency of failure, type of the failure and the convergence of the corresponding algorithm.
For each estimation method we denote rg as the number of the replicates whose output
indicator FF 6= 1. This means the implemented algorithms have iterated some steps till
they converge or fail. The maximum number of rg is the number of the replicates r = 500.
The higher rg is, the more reliable and stable is the estimation method. Thus, the number
rg is the an indicator for the reliability and robustness of the corresponding algorithm.

To measure of the goodness of algorithm we investigate the estimates generated by
respective method. The summary statistics are defined in Section 2.4 of Chapter 2. The
sample mean of the estimates should be close to the true parameter value. Moreover,
the the sample mean should be greater than twice its estimated standard error. We also
calculate the estimated relative bias and its estimated standard error, the estimated mean
squared error and its estimated standard error. These quantities measure the variability of
the estimates, though they are extremely vulnerable to outliers. To examine the goodness
of the estimates without the influence of the outliers we can calculate the estimated
robust standard error approximately by 1/1.35 times the interquartile range IQR of the
estimates. Furthermore, the robust mean squared error measures the variability of the
estimates by eliminating the outliers, since its calculation is adapted with the median and
the estimated median absolute deviation instead of the sample variance and the estimated
bias of the samples.

If we want to compare the 6 estimation methods with one another, an simple way is to
look at the estimated efficiency based the estimated mean squared error and the estimated
robust mean squared error of an algorithm to a predefined reference algorithm as defined
in (2.57) and (2.58) in Section 2.4 of Chapter 2. Without any restriction we identify the
MbP algorithm with fixed ρ0 := ρ̂τ , i.e. MbP0, as the reference method. In the simulation
study if the estimated efficiency of an alternative algorithm compared to MbP0 is smaller
than 1, i.e. effmse(altern.method) < 1 then the alternative method performs better than
MbP0 method and similarly if effmse(altern.method) > 1 the reference method MbP0
produces more robust estimates and operates more stable.

In addition we calculate the log likelihood value, denoted as loglike, to examine if the
algorithms return an good approximation for the ML-estimators of the parameters. We
also record the computing time which is regarded as a crucial factor for the performance
of an algorithm. An efficient algorithm requires the minimal computing cost and delivers
accurate results.

Finally, we record the averaged iterations of MbP algorithm, denoted as avg.it to make
a detailed look of how fast the MbP algorithm reaches the convergence criterion for each
scenario. This number avg.it does not apply to Direct, CSP and CML methods, since
they are not iterative algorithms.



CHAPTER 4. MBP AND OTHER METHODS FOR BIVARIATE T -DATA 67

ν
tr

=
5
,

ρ
tr

=
0
.5

n
θ

M
et

h
o
d

θ̄
s(

θ̄
)

σ̂
r
(θ̂

)
r̂
b(

θ̄
)

s r
b
(θ̄

)
m̂

se
(θ̂

)
s m

s
e
(θ̂

)
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4.6 Simulation Results

In Table 4.3, 4.4 and 4.10 we demonstrate the summary statistics for each scenario with
different parameter settings given in Section 4.5. The estimates of the compared replicates
of size rc are illustrated via boxplots in Figure 4.8, 4.9 and 4.10. We refer the definitions
of the relevant summery statistics to Section 2.4 of Chapter 2.

(i) Scenarios with νtr = 5, ρtr = 0.5, 0.9 and n = 100, 500:
Table 4.3 and Figure 4.8 give an overview of the estimates. In these scenarios the
true value of degrees of freedom ν is relatively low. For the scenario n = 100, νtr = 5
and ρtr = 0.5, the estimated mean θ̄, estimated relative bias r̂b(θ̄) and the estimated
mean squared error (mse) m̂se(θ̂) for parameter ν from MbP0 method are higher
than MbP1, MbP2 and Direct methods, as well as the numbers of the estimated
standard error of mean s(θ̄), the estimated standard error of relative bias srb(θ̄) and
the estimated standard error of m̂se(θ̂). These high statistic numbers of MbP0 are
caused by one outlier where the MbP0 method fails to converge. We can observe it
in the quantity rg as well as in the first panel of Figure 4.8. The influence of the

outlier is also reflected in the number of estimated efficiency êffmse. If we look at the
estimated robust statistics such as the estimated robust standard error σ̂r(θ̂) and
the estimated robust mean squared error r̂mse(θ̂) the results of MbP0 are similar to
those of the MbP1, MbP2 and Direct methods. In contrary the estimates produced
by CSP and CML methods are more variable and the sample means are far from
the true parameter values.
For the scenario n = 100, νtr = 5 and ρtr = 0.9 we can observe that the MbP0
performs similarly well as the MbP1, MbP2 and Direct methods whereas the vari-
ability of the estimates from CSP and CML methods remains high.
As the number of sample size of the data rises to n = 500 (in scenario n = 500,
νtr = 5, ρtr = 0.5 and scenario n = 500, νtr = 5, ρtr = 0.9) none of the estimation
methods fails in the entire 500 replications. Thus we can see that rg = 500 is stated
for all methods. The summary statistics of all estimation methods are similar. They
demonstrate the low variability of the estimates generated by all method as well as
the accuracy of the estimations. Especially for the parameter ρ, we can observe that
the sample mean shows almost the exact number as the true parameter value.

(ii) Scenarios with νtr = 10 and ρtr = 0.5, 0.9 and n = 100, 500:
As the true parameter value for ν becomes higher, νtr = 10, we can observe in Table
4.4 or in Figure 4.9 more outliers of ν̂ as well as the number of fails (500 − rg)
for MbP0, MbP1 and MbP2 methods. For the scenario with n = 100, ρtr = 0.5 the
summary statistics of MbP0, MbP1, MbP2 and Direct methods are almost identical.
While the estimated robust statistic êffrmse of those methods are nearly the same,
the smaller number of the statistics êffmse shows that the variability and the bias
of the estimates from MbP2 are smaller. We can observe that the sample mean of
parameter ν from MbP2 is closer to the true parameter value than the estimates
from any other methods.
However the advantage of MbP2 becomes more evident when the data samples have
high correlations, i.e. ρtr = 0.9. In the scenario n = 100, νtr = 10, ρtr = 0.9,
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the sample mean of estimates ν̂ from MbP2 is very close to its true parameter
value whereas the statistic from other methods significantly show the bias of their
estimates. Furthermore, the statistics êffmse and êffrmse of MbP2 are much smaller
than any other methods, which demonstrate the accuracy and robustness of the
MbP2 estimates. In addition, the value of rg of MbP2 is also close to the total of
replicates which means the lower number of failures in comparison to the scenario
n = 100, νtr = 10, ρtr = 0.5.
As the sample size increases, i.e. n = 500, the estimations become more accurate
as demonstrated in the given statistics in the result table. The number of failures
also disappears completely. While the statistics of the MbP and Direct methods
in scenario n = 500, νtr = 10, ρtr = 0.5 are very similar, the sample mean θ̄ of
parameter ν from MbP2 slightly underestimates its true parameter value in the
scenario n = 500, νtr = 10, ρtr = 0.9. However the estimated efficiency êffmse and
êffrmse of MbP2 method in this scenario are superior to the other methods.

(iii) Scenarios with νtr = 20 and ρtr = 0.5, 0.9 and n = 100, 500:
As the true parameter value of ν becomes higher, it is evidently more difficult to
estimate the parameters since the generated data samples are close to normal and
its likelihood become more even. In these scenarios we can observe high number of
failures (500 − rg) of MbP methods in Table 4.5 as well as the large variability of
the estimates in Figure 4.10.
In the scenario n = 100, νtr = 20, ρtr = 0.5, under the 459 compared replicates, the
MbP2 method has smaller numbers in the estimated statistics θ̄, s(θ̄), σ̂r(θ̂), rb(θ̄),
srb(θ̄), effmse and effrmse for parameter ν in comparison to other methods. Even
though these statistic numbers for MbP2 method in scenario n = 100, νtr = 20,
ρtr = 0.9 are even smaller and the number of failures becomes lower, we can see in
Figure 4.10 that in both scenarios with sample size n = 100 and n = 500 the range
between the first quartile and third quartile in the boxplot of MbP2 for estimated
parameter ν̂ does not cover its true parameter value νtr = 20. Moreover, the box-
plots for parameter ρ show that MbP2 tends to overestimate the parameter and the
75% quartile range does not cover the true parameter value ρtr = 0.9 with sample
size n = 500. Therefore MbP2 method is not recommendable in the case of νtr = 20
and ρtr = 0.9
However, the MbP1 method proofs as the most stable and reliable estimation
method in these scenarios with νtr = 20, ρtr = 0.9 and n = 100, 500. The statistics
numbers θ̄, s(θ̄), σ̂r(θ̂), rb(θ̄), srb(θ̄), effmse and effrmse for parameter ν illustrate
that the estimates of MbP1 are less biased and less variable than these from MbP0,
Direct, CSP and CMl methods. In the scenario with n = 500, both sample mean
of the estimates ν̂ and ρ̂ almost exactly represent their true parameter values while
the statistics from other methods have a significant deflection.

4.7 Conclusions and Summary

In the parameter estimation of ν and ρ for the bivariate t-distribution we first note that the
semi-parametric (CSP) and direct estimation method (CML) using the marginal empirical
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probability integral transformation are unstable and inaccurate estimation methods, the
log likelihood values in all the scenarios are not at its maximum as displayed in the
result tables. Compared to the MbP algorithm, the CSP method separately estimates
the parameters in one step. Moreover, both CSP and CML methods include only few
information about the marginal distributions due to the approximative nature of the
empirical cumulative transformation, especially if the sample size is relatively small such
as n = 100, the empirical transformation narrowly approaches true distribution of their
margins. Therefore, both method are not recommendable.

Based on the estimated summary statistics in Table 4.3, 4.4 and 4.10 and illustrated
boxplots in Figure 4.8, 4.9 and 4.10 we can observe that the correlation parameter ρ in the
bivariate t-model is estimated accurately by all estimation methods in the most scenarios.
The log likelihood values of MbP0, MbP1, MbP2 and Direct maximization methods do
not have significant differences which means the MbP algorithm iteratively converges to
the maximum likelihood estimators. Based on the estimated summary statistics we can
conclude that the MbP algorithm performs stably and accurately and can be considered as
an good alternative to the direct maximization method, even though the MbP algorithm
has significant disadvantages in computing time and the number of failures especially if
the true parameter values of the sampled data are high. In order to reduce the the number
of failure we need to change the fixed parameter ρ0 in the MbP algorithm adequately. In
general the MbP algorithm with ρ0 := ρ̂τ (MbP0) is recommendable for scenarios with
low parameter value for ν. That is the case when the joint distributions have fat tails. If
the joint distributions are close to normal, i.e the true parameter values are higher, the
MbP algorithm with a different value for ρ0 instead of ρ0 := ρ̂τ is more likely to succeed in
the estimations. Particularly, the MbP algorithm with ρ0 := ρ̂τ + 0.05 (MbP2) is suitable
for scenarios with νtr = 10 and the combination νtr = 20, ρtr = 0.5. If both degrees of
freedom and correlations are high, i.e. νtr = 20 and ρtr = 0.9 the MbP algorithm with
ρ0 := ρ̂τ + 0.025 (MbP1) is the most recommendable method on average.
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Figure 4.8: Boxplot of parameter estimates (ν̂, ρ̂) for rc samples when νtr = 5 and ρtr =
0.5, 0.9.
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Figure 4.9: Boxplot of parameter estimates (ν̂, ρ̂) for rc samples when νtr = 10 and
ρtr = 0.5, 0.9.
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Figure 4.10: Boxplot of parameter estimates (ν̂, ρ̂) for rc samples when νtr = 20 and
ρtr = 0.5, 0.9.



Chapter 5

Maximum Likelihood Estimation for
Bivariate Meta t-Data using
Maximization by Parts (MbP)

5.1 MbP Partitions for Meta t-Distribution

Consider a bivariate meta t-distributed data set x := (x1,x2) ∈ Rn×2 of size n, xj :=
(x1j, ..., xnj)

t for j = 1, 2. As defined in (2.25), h(x; ν1, ν2, ν, ρ) denotes the density function
of bivariate meta t-distribution with marginal parameters ν1 and ν2 and copula parameters
ν and ρ. Then the likelihood function of bivariate meta t-distribution is defined by:

L(ν1, ν2, ν, ρ,x) :=
n∏

i=1

hi(x; ν1, ν2, ν, ρ)

=
n∏

i=1

(
c(F1(xi1, ν1), F2(xi2, ν2); ν, ρ)

2∏
j=1

fj(xij; νj)

)
(5.1)

Then the log likelihood of bivariate meta t-distribution, denoted as `(ν1, ν2, ν, ρ; x), is
defined by

`(ν1, ν2, ν, ρ; x) :=
n∑

i=1

lnhi(xi1, xi2; ν1, ν2, ν, ρ)

=
n∑

i=1

ln c(F1(xi1, ν1), F2(xi2, ν2); ν, ρ)︸ ︷︷ ︸
=:`e(ν1,ν2,ν,ρ;x) copula error model

+
n∑

i=1

ln f(xi1; ν1) + ln f(xi2; ν2)︸ ︷︷ ︸
=:`w(ν1,ν2,ν,ρ;x) independence working model

,

(5.2)

which consists of the independence working model with two marginal distributions and
the copula error model. In particular we define the following log likelihood functions as
follows:

76
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`e(ν1, ν2, ν, ρ; x) :=
n∑

i=1

ln c(F1(xi1, ν1), F2(xi2, ν2); ν, ρ) (5.3)

`m(νj; xj) :=
n∑

i=1

ln fj(xij; νj), j = 1, 2

`w(ν1, ν2; x) := `m(ν1; x1) + `m(ν2; x2) (5.4)

As pointed out in Chapter 2, the convergence of the MbP algorithm hinges on a
condition concerning the decomposition of the log-likelihood function. Since the indepen-
dence working model `w(·) from the previous decomposition represents only the univariate
marginal distributions and does not contain any information about their dependence, one
can hardly expect that the information dominance condition from Theorem 2.24 will be
satisfied and MbP fails to work. Thus in order to achieve the information dominance
we need to choose an additional term which amends the drawback of the independence
working model and accounts for some degree of correlation between the marginals. Fol-
lowing the idea in Song et al. (2005) the proposed term, denoted as φ(x; ν1, ν2, ν0, ρ0),
can be the density function of bivariate meta t-distribution with marginal parameters ν1

and ν2, interchangeable degrees of freedom ν0 and correlation coefficient ρ0. The function
φ(x; ν1, ν2, ν0, ρ0) is given by

φ(x; ν1, ν2, ν0, ρ0) := |R0|−
1
2 (1 +

zt
iR

−1
0 z

ν0

)
ν0+2

2
f(x1; ν1)f(x2; ν2)

f(t−1
ν0

(F (x1; ν1)); ν0)f(t−1
ν0

(F (x2; ν2)); ν0)
(5.5)

where z = (t−1
ν0

(F (x1; ν1)), t
−1
ν0

(F (x2; ν2)))
t ∈ R2 and R0 :=

(
1 ρ0

ρ0 1

)
∈ R2×2. The func-

tion F (·; ν) denotes the univariate cumulative t-distribution function defined in (2.7).
With the additional term we can rewrite the log likelihood of the bivariate meta t-

distribution as

`(ν1, ν2, ν, ρ; x) =
n∑

i=1

ln c(F1(xi1, ν1), F2(xi2, ν2); ν, ρ)− lnφi(xi; ν1, ν2, ν0, ρ0)︸ ︷︷ ︸
modified error model

+
n∑

i=1

ln f(xi1; ν1) + ln f(xi2; ν2) + lnφi(xi; ν1, ν2, ν0, ρ0)︸ ︷︷ ︸
modified working model

With the definition of the log likelihood of the addition model, i.e.

`new(ν1, ν2; ν0, ρ0; x) :=
n∑

i=1

lnφi(xi; ν1, ν2, ν0, ρ0)

= `e(ν1, ν2, ν0, ρ0; x) + `m(ν1; x) + `m(ν2; x),
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we then have our modified working and error models composed of these log likelihood
functions as follows:

`e,mod(ν1, ν2, ν, ρ; ν0, ρ0; x) := `e(ν1, ν2; ν, ρ; x)− `new(ν1, ν2; ν0, ρ0; x)

= `e(ν1, ν2; ν, ρ; x)− `e(ν1, ν2, ν0, ρ0; x)− `m(ν1; x1)− `m(ν2; x2)
(5.6)

`w,mod(ν1, ν2; ν0, ρ0; x) := `w(ν1, ν2; x) + `new(ν1, ν2; ν0, ρ0; x)

= `m(ν1; x1) + `m(ν2; x2) + `new(ν1, ν2; ν0, ρ0; x)

= `m(ν1; x1) + `m(ν2; x2) + `e(ν1, ν2, ν0, ρ0; x) + `m(ν1; x1) + `m(ν2; x2)

= 2 (`m(ν1; x1) + `m(ν2; x2)) + `e(ν1, ν2, ν0, ρ0; x) (5.7)

Let η1 := (ν1, ν2) with η2 := (ν, ρ) and η := (η1,η2). The resulting score equations
will be iteratively solved in the MbP algorithm for bivariate meta t-distributions:

∂

∂η1

`w,mod(ν1, ν2; ν0, ρ0; x) +
∂

∂η1

`e,mod(ν1, ν2, ν, ρ; ν0, ρ0; x)

∂

∂η2

`e,mod(ν1, ν2, ν, ρ; ν0, ρ0; x)

 =

(
0
0

)
(5.8)

Furthermore, we can rewrite the score equations in order to diminish the computational
effort. The first order derivative of the modified working model and error model with
respect to η1 can be expressed by:

∂

∂η1

`w,mod(ν1, ν2; ν0, ρ0; x)
(5.7)
= 2

∂

∂η1

(`m(ν1; x1) + `m(ν2; x2)) +
∂

∂η1

`e(ν1, ν2, ν0, ρ0; x)

∂

∂η1

`e,mod(ν1, ν2, ν, ρ; ν0, ρ0; x)
(5.6)
=

∂

∂η1

`e(ν1, ν2; ν, ρ; x)− ∂

∂η1

`e(ν1, ν2, ν0, ρ0; x)

− ∂

∂η1

(`m(ν1; x1) + `m(ν2; x2)) (5.9)

And the first order derivative of the modified error model with respect to η2 is the same
as the first order derivative of the original error model, i.e.

∂

∂η2

`e,mod(ν1, ν2, ν, ρ; ν0, ρ0; x) =
∂

∂η2

`e(ν1, ν2, ν, ρ; x). (5.10)

We note that the modified working and error models and their derivatives only asso-
ciate with the copula error model and the marginal model.

5.2 Derivatives of Working and Error Models

In this section, we assume that x := (x1,x2) ∈ Rn×2 is bivariate meta t-distributed,
xj = (x1j, ..., xnj)

t for j = 1, 2.
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5.2.1 Derivatives of the Quantile Function of t-Distribution

For solving the score equation of the log likelihood functions required in the MbP algo-
rithm, we cannot avoid to calculate the following two derivatives:

∂

∂νj

t−1
ν (F (xij, νj)), j = 1, 2 (5.11)

and
∂

∂ν
t−1
ν (F (xij, νj)). (5.12)

We can also rewrite both terms as:

∂

∂νj

t−1
ν (F (xij, νj)) =

∂t−1
ν (F (xij, νj))

∂F (xij, νj)
· ∂F (xij, νj)

∂νj

=:
∂t−1

ν (u)

∂u
· ∂F (xij, νj)

∂νj

u := F (xij, νj)

=
1

f(c; ν)
· ∂F (xij, νj)

∂νj

, c := t−1
ν (u)

=

∂
∂νj
F (xij; νj)

f(t−1
ν (F (xij, νj)); ν)

and

∂

∂ν
t−1
ν (F (xij, νj)) = −

∂
∂ν
F (t−1

ν (F (xij; νj)); ν)

f(t−1
ν (F (xij; νj)); ν)

, j = 1, 2

where t−1
ν is the quantile function, f(·; ν) and F (·; ν) are the p.d.f. and c.d.f. of the univari-

ate t-distribution with degrees of freedom ν defined in (2.8), (2.6) and (2.7), respectively.
In both cases we need to solve the first derivative of the c.d.f. of univariate t-distribution

function with respect to ν, i.e. ∂
∂ν
F (·; ν), which does not have analytical expressions. Two

numerical approaches of calculating the derivative are presented here:

1st Approach: by the means of Taylor series

The Taylor series of a real number or complex number function f(x) that is infinitely
differentiable function in a neighborhood of a real number or complex number number a,
is the power series

f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 +

f (3)(a)

3!
(x− a)3 + · · ·

which in a more compact form can be written as
∑∞

n=0
f (n)(a)

n!
(x − a)n where n! is the

factorial of n and f (n)(a) denotes the nth derivative of f at the point a.
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Similarly, we can write an arbitrary function q : R → R via the Taylor series as follows:

q(ν + h) = q(ν) +
q′(ν)

1!
· h+

q′′(ν)

2!
· h2 +O(h3)

q(ν − h) = q(ν)− q′(ν)

1!
· h+

q′′(ν)

2!
· h2 +O(h3).

It follows that q(ν + h) − q(ν − h) = 2h · q′(ν) + O(h3). After dividing both sides of the
equation by 2h, we obtain

q′(ν) +O(h2) =
q(ν + h)− q(ν − h)

2h
.

For h → 0, O(h2) converges to zero at a rate of order 2. The convergence order shows
that the given differential quotient,

q(ν + h)− q(ν − h)

2h
,

is a good approximation for the derivative. Moreover, for solving the function q(·) , we

employ the equivalent point arrangement in an interval [a,b] by setting h :=
b− a

N
with

N denotes the number of the interval between a and b. For a large N , h converges to zero.

Remarks:

(i) With this approach, we can skip the calculation of ∂
∂ν
F (·; ν) and go direct to the

calculation of the derivative of the t-quantile function with respect to ν, i.e. ∂
∂ν
t−1
ν (x).

(ii) Practical simulations show that we can even adopt this method to calculate the
derivatives of the working and error models directly. However, we have to take a
good care of handling the differential quotient because of the closed interval for the
parameter of interest.

2nd Approach: Numerical Integration

An alternative way to calculate ∂
∂ν
F (·; ν) is to integrate part of the c.d.f. after some ap-

propriate transformations. The calculation steps are derived in the following way:

Since
∂

∂ν
ln(f(t; ν)) =

1

f(t; ν)

∂f(t; ν)

∂ν
, we have

∂

∂ν
F (x; ν) =

∂

∂ν

∫ x

−∞
f(t; ν)dt =

∫ x

−∞

∂

∂ν
ln(f(t; ν)) · f(t; ν)dt

In addition the function
∂

∂ν
ln f(t; ν) can be expressed as:

∂

∂ν
ln f(t; ν) =

1

2
ψ(
ν + 1

2
)− 1

2ν
− 1

2
ψ(
ν

2
)− 1

2
ln(1 +

t2

ν
) +

ν + 1

2ν

t2

ν + t2
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With the further definitions

g1(ν) :=
1

2
·
(
ψ(
ν + 1

2
)− ψ(

ν

2
)− 1

ν

)
and

g2(t, ν) := −1

2
ln(1 +

t2

ν
) +

ν + 1

2ν
· t2

ν + t2
,

we obtain
∂

∂ν
F (x, ν) =

∫ x

−∞
g1(ν)f(t, ν)dt+

∫ x

−∞
g2(t, ν)f(t, ν)dt

Moreover,∫ x

−∞
g1(ν)f(t, ν)dt = g(ν) ·

∫ x

−∞
f(t, ν)dt = g1(ν) · F (x, ν)∫ x

−∞
g2(t, ν)f(t, ν)dt =

∫ x

−∞
g2(ν)dF (t, ν) Riemann-Integral

=

[
g2(t, ν) · F (t, ν)

]x

−∞
−
∫ x

−∞
F (t, ν)dg2(t, ν)

= g2(x, ν) · F (x, ν)−
∫ x

−∞
F (t, ν) ·

[ ∂
∂t
g2(t, ν)

]
dt

= g2(x, ν) · F (x, ν)−
∫ x

−∞
F (t, ν) ·

[
− t

ν + t2
+

(ν + 1)t

(ν + t2)2

]
dt

All together, we receive

∂

∂ν
F (x, ν) = g1(ν) · F (x, ν) + g2(x, ν) · F (x, ν)−

∫ x

−∞
F (t, ν) ·

[
− t

ν + t2
+

(ν + 1)t

(ν + t2)2

]
dt

=
∂

∂ν
ln f(x, ν) · F (x, ν)−

∫ x

−∞
F (t, ν) ·

[
− t

ν + t2
+

(ν + 1)t

(ν + t2)2

]
dt

The last integral has no analytical expression and can be calculated using Gauss-Quadrature,
specifically the Gauss-Laguerre method. In R, the base function integrate(...) can be
utilized for the one dimensional integration.

Remark: In comparison to the first approach, the second approach is more time consum-
ing and unstable.
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5.2.2 Derivatives of the Modified Working and Error Model

To simplify the expressions of the derivatives of the modified working and error models,
we begin with some definitions:

A(ν1, ν2, ν, ρ; xi) := zt
iR

−1zi (5.13)

=
1

1− ρ2

(
z2

i1(ν1, ν;xi1) + z2
i2(ν2, ν;xi2)− 2zi1(ν1, ν;xi1)zi2(ν2, ν;xi2)ρ

)
B(νj, ν;xij) := z2

ij(νj, ν;xij), j = 1, 2 (5.14)

where zi := (zi1(ν1, ν;xi1), zi2(ν2, ν;xi2))
t := (t−1

ν (F (xi1, ν1)), t
−1
ν (F (xi2, ν2)))

t
.

Their derivatives with respect to ν1, ν2, and ν are calculated as follows:

∂A(ν1, ν2, ν, ρ; xi)

∂νj

=
1

1− ρ2

(
2zij(νj, ν;xij)

∂

∂νj

zij(νj, ν;xij)− 2ρzik(νk, ν;xik)
∂

∂νj

zij(νj, ν, xij)

)
∂B(νj, ν;xij)

∂νj

= 2zij(νj, ν;xij)
∂

∂νj

zij(νj, ν;xij)

where k 6= j, k, j = 1, 2.

Let zij := zij(νj, ν;xij) for j = 1, 2

∂A(ν1, ν2, ν, ρ; xi)

∂ν
=

1

1− ρ2

(
2zi1

∂zi1

∂ν
+ 2zi2

∂zi2

∂ν
− 2ρ

(
∂zi1

∂ν
· zi2 +

∂zi2

∂ν
· zi1

))
=

1

1− ρ2

(
2

2∑
j=1

zij
∂zij

∂ν
− 2ρ

2∑
j 6=k;j,k=1

zik
∂zij

∂ν

)
∂B(νj, ν;xij)

∂ν
= 2zij

∂zij

∂ν

where
∂zij

∂ν
:=

∂t−1
ν (uj)

∂ν
with uj := F (xij; νj), j = 1, 2

By the same token,

∂

∂ρ
A(ν1, ν2, ν, ρ) =

−2zi1zi2(1− ρ2)− (z2
i1 + z2

i2 − 2zi1zi2ρ)(−2ρ)

(1− ρ2)2

=
−2zi1zi2 + 2zi1zi2ρ

2 + 2ρ(z2
i1 + z2

i2)− 4zi1zi2ρ
2

(1− ρ2)2

=
−2zi1zi2(1 + ρ2) + 2ρ(z2

i1 + z2
i2)

(1− ρ2)2

Henceforth, the analytic expressions for the score equations of the working and error mod-
els can be expressed in the following way:
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The Marginal Model and its Derivatives

With the density function of univariate t-Distribution defined in (2.6) we have the marginal
model and its derivatives with respect to νj, j = 1, 2, as follows:

`m(νj; xj) :=
n∑

i=1

ln f(xij; ν) for j = 1, 2

:=
n∑

i=1

ln

 Γ(
νj+1

2
)

√
νjπΓ(

νj

2
)

(
1 +

x2

νj

)− νj+1

2


= n ln Γ(

νj + 1

2
)− n

2
ln(νjπ)− n ln Γ(

νj

2
)− νj + 1

2

n∑
i=1

ln
(
1 +

x2
ij

νj

)
(5.15)

∂

∂νj

`m(νj; xj) =
n

2
ψ(
νj + 1

2
)− n

2νj

− n

2
ψ(
νj

2
)− 1

2

n∑
i=1

ln(1 +
x2

ij

νj

) +
νj + 1

2νj

n∑
i=1

x2
ij

νj + x2
ij

The Error Model and its Derivatives

With the density function of the bivariate t-Copula defined in (2.12) the error model is
given by:

`e(ν1, ν2, ν, ρ) :=
n∑

i=1

ln c(F (xi1; ν), F (xi2; ν); ν, ρ)

=
n∑

i=1

ln

 ν
2
· Γ(ν

2
)2
(
1 +

z2
1+z2

2−2z1z2ρ

ν(1−ρ2)

)− ν+2
2

Γ(ν+1
2

)2
√

1− ρ2(1 +
z2
1

ν
)−

ν+1
2 (1 +

z2
2

ν
)−

ν+1
2


= 2n ln Γ(

ν

2
) + n ln(

ν

2
)− 2n ln Γ(

ν + 1

2
)− n

2
ln(1− ρ2)

− ν + 2

2

n∑
i=1

ln
(
1 +

A(ν1, ν2, ν, ρ; xi)

ν

)
+
ν + 1

2

n∑
i=1

2∑
j=1

ln
(
1 +

B(νj, ν, xij)

ν

)
(5.16)

with A(ν1, ν2, ν, ρ; xi) and B(νj, ν, xij), j = 1, 2, defined in (5.13). The first order deriva-
tives of the error model with respect to the parameters ν1, ν2, ν and ρ are calculated as
follows:

∂

∂νj

`e(ν1, ν2, ν, ρ) = −ν + 2

2

n∑
i=1

1

1 +
A(ν1, ν2, ν, ρ; xi)

ν

· ∂

∂νj

A(ν1, ν2, ν, ρ; xi)
1

ν

+
ν + 1

2

n∑
i=1

1

1 +
B(ν1, ν;xij)

ν

· ∂

∂νj

B(ν1, ν;xij)
1

ν
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Let A(·) := A(ν1, ν2, ν, ρ; xi), then we receive

∂

∂ν
`e(ν1, ν2, ν, ρ; x) =

n

ν
+ nψ(

ν

2
)− nψ(

ν + 1

2
)

−
[
1

2

( n∑
i=1

ln(1 +
A(·)
ν

) +
ν + 2

2

n∑
i=1

1

1 + A(·)/ν
· ∂
∂ν

(
A(·)
ν

)
)]

+
1

2

n∑
i=1

2∑
j=1

(ln(1 +
B(νj, ν;xij)

ν
))

+
ν + 1

2

n∑
i=1

2∑
j=1

1

1 +B(νj, ν;xij)/ν
· ∂
∂ν

(B(νj, ν;xij)

ν

)
=
n

ν
+ nψ(

ν

2
)− nψ(

ν + 1

2
)

−
[
1

2

( n∑
i=1

ln(1 +
A(·)
ν

) +
ν + 2

2ν

n∑
i=1

∂
∂ν
A(·) · ν − A(·)
ν + A(·)

)]

+
1

2

n∑
i=1

2∑
j=1

(ln(1 +
B(νj, ν;xij)

ν
))

+
ν + 1

2ν

n∑
i=1

2∑
j=1

∂
∂ν
B(νj, ν;xij) · ν −B(νj, ν;xij)

ν +B(νj, ν;xij)

whereby
∂

∂ν

(
A(·)
ν

)
=

∂
∂ν
A(·) · ν − A(·)

ν2
.

and it follows similarly that

∂

∂ν

(
B(νj, ν;xij)

ν

)
=

∂
∂ν
B(νj, ν;xij) · ν −B(νj, ν;xij)

ν2
, j = 1, 2

and

∂

∂ρ
`e(ν1, ν2, ν, ρ; x) = −n

2

∂

∂ρ
ln(1− ρ2)− ν + 2

2

n∑
i=1

∂

∂ρ
ln
(
1 +

A(ν1, ν2, ν, ρ; xi)

ν

)
=

nρ

1− ρ2
− ν + 2

2

n∑
i=1

∂
∂ρ
A(ν1, ν2, ν, ρ; xi)

ν + A(ν1, ν2, ν, ρ; xi)
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5.3 The MbP Algorithm for the Bivariate Meta t-

Distribution

5.3.1 Framework of the MbP Algorithm for Bivariate Meta t-
Distribution

Let x := (x1,x2) ∈ Rn×2 be a bivariate meta t-distributed data set of size n with xj :=
(x1j, ..., xnj)

t for j = 1, 2. In the MbP algorithm for bivariate meta t-distribution we are
going to solve the following score functions as given by (5.8).

Given the initial values (ν0
1,n, ν

0
2,n, ν

0
n, ρ

0
n) and using the extended forms of the score

equations stated in (5.9) and (5.10), the framework of the MbP algorithm states as follows:

STEP k.1, k = 1, 2, ...
Find the root of the equation2

∂

∂ν1

`m(ν1; x1) +
∂

∂ν1

`e(ν1, ν2, ν0, ρ0; x)

2
∂

∂ν2

`m(ν2; x2) +
∂

∂ν2

`e(ν1, ν2, ν0, ρ0; x)

+ C(νk−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n , ν0, ρ0) =

(
0
0

)

where the C(·) is a function depending on νk−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n , ν0, ρ0. In particular,

C(·) :=

 ∂

∂ν1

`e(ν
k−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n ; x)− ∂

∂ν1

`e(ν
k−1
1,n , ν

k−1
2,n , ν0, ρ0; x)− ∂

∂ν1

`m(νk−1
1,n ; x1)

∂

∂ν2

`e(ν
k−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n ; x)− ∂

∂ν2

`e(ν
k−1
1,n , ν

k−1
2,n , ν0, ρ0; x)− ∂

∂ν2

`m(νk−1
2,n ; x2)


(5.17)

The result of STEP k.1 is denoted as (νk
1,n, ν

k
2,n).

STEP k.2
Find the root of the equation ∂

∂ν
`e(ν

k−1
1,n , ν

k−1
2,n , ν, ρ; x)

∂

∂ρ
`e(ν

k−1
1,n , ν

k−1
1,n , ν, ρ; x)

 =

(
0
0

)

The result of STEP k.2 is indicated as (νk
n, ρ

k
n).

5.3.2 Choices of Interchangeable Parameters ν0 and ρ0

We can set the interchangeable Parameters ν0 and ρ0 in two ways - the non-adaptive and
adaptive way. Thus it results two versions of the MbP algorithm:
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MBP1: Non-adaptive

If we hold the interchangeable fixed during the entire MbP iterations, i.e. ν0 := νfix,
ρ0 := ρfix, then the STEP k.1 of the MbP algorithm operates as follows:

STEP k.1, k = 1, 2, ...
Find the root (νk

1,n, ν
k
2,n) of the equation2

∂

∂ν1

`m(ν1; x1) +
∂

∂ν1

`e(ν1, ν2, ν
fix, ρfix; x)

2
∂

∂ν2

`m(ν2; x2) +
∂

∂ν2

`e(ν1, ν2, ν
fix, ρfix; x)

+ C(νk−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n , νfix, ρfix) =

(
0
0

)

where

C(·) :=

 ∂

∂ν1

`e(ν
k−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n ; x)− ∂

∂ν1

`e(ν
k−1
1,n , ν

k−1
2,n , ν

fix, ρfix; x)− ∂

∂ν1

`m(νk−1
1,n ; x1)

∂

∂ν2

`e(ν
k−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n ; x)− ∂

∂ν2

`e(ν
k−1
1,n , ν

k−1
2,n , ν

fix, ρfix; x)− ∂

∂ν2

`m(νk−1
2,n ; x2)



MBP2: Adaptive

If we let the values of ν0 and ρ0 be updated in each MbP iterations by the estimated
parameters from previous step, i.e. ν0 := νk−1

n , ρ0 := ρk−1
n , then the STEP k.1 of the MbP

algorithm appears as:

STEP k.1, k = 1, 2, ...
Find the root (νk

1,n, ν
k
2,n) of the equation2

∂

∂ν1

`m(ν1; x1) +
∂

∂ν1

`e(ν1, ν2, ν
k−1
n , ρk−1

n ; x)

2
∂

∂ν2

`m(ν2; x2) +
∂

∂ν2

`e(ν1, ν2, ν
k−1
n , ρk−1

n ; x)

+ C(νk−1
1,n , ν

k−1
2,n ) =

(
0
0

)

where

C(·) := −

 ∂

∂ν1

`m(νk−1
1,n ; x1)

∂

∂ν2

`m(νk−1
2,n ; x2)



Remark: We can also utilize a mixed structure for the interchangeable variables, i.e.
ν0 := νk−1

n and ρ0 := ρfix or vice versa. However, the result after several simulation is
not satisfied, since the likelihood values does not converge to its maximum. Thus in the
following work, this mixed case will not be analyzed.



Chapter 6

Small Sample Properties of the MbP
Algorithm and its Competitors for
Bivariate Meta t-Data

6.1 Data and the Log Likelihood

6.1.1 Generation of bivariate Meta t-Data

To generate bivariate meta t-distributed data we can perform a two-step procedure as
follows:

• Generate bivariate n-dimensional uniform distributed data U := (U 1,U 2) ∈ [0, 1]n×2,
U j := (U1j, ..., Unj)

t for j = 1, 2, jointly from the bivariate t-Copula distribution
with known degree of freedom and correlation coefficient νtr and ρtr. In R, the pro-
cedure can be achieved using the function tCopula from the R package copula.
Particularly,

U = (U 1,U 2) ∼ tCopula(ρtr, dim = 2, df = νtr). (6.1)

• Inversely transform the generated data u := (u1,u2) into bivariate meta t-data
using the t-quantile function with known degrees of freedom ν1,tr and ν2,tr of the
marginal distributions, i.e. x = (x1,x2) = (t−1

ν1,tr
(u1), t

−1
ν2,tr

(u2)) and thus

x = (x1,x2) ∼MT2(ν1,tr, ν2,tr, νtr, ρtr)

with xj := (x1j, ..., xnj)
t for j = 1, 2.

6.1.2 The Log Likelihood

Let x = (x1,x2) ∈ Rn×2 be the bivariate meta t-data of size n. With the decomposition
defined in (2.26) the log likelihood of the bivariate meta t-distribution is given by:

`(x; ν1, ν2, ν, ρ) := `e(ν1, ν2, ν, ρ; x) + `m(ν1; x1) + `m(ν2; x2) (6.2)

with error model `e(ν1, ν2, ν, ρ; x) and marginal model `m(νj; xj) defined in (5.16) and
(5.15).

87
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6.2 General Setting for the MbP Algorithm in the

Simulation Study

Denote the parameter set of interest η := (η1,η2) with η1 := (ν1, ν2) and η2 := (ν, ρ).

1) Initial Settings for the MbP algorithm

• Input: bivariate meta t-data x = (x1,x2)

• Input: Initial values: (ν0
1 , ν

0
2 , ν

0, ρ0)

• Parameter space Θ := {η := (ν1, ν2, ν, ρ)|ν1, ν2, ν ∈ [1, 100] and ρ ∈ (−1, 1)}

• Maximum number of iterations: k = 50

• Convergence criteria: ‖ ηk
n − ηk−1

n ‖2< 10−3, where ‖ · ‖2 is the Euclidean norm.

Furthermore we investigate two versions of MbP algorithm in the simulation study:

(i) MBP1: non-adaptive with fixed ν0 and ρ0

(ii) MBP2: adaptive method with updated ν0 and ρ0 in each MbP step

2) MbP Steps:

The Quasi-Newton method with box constraints (L-BFGS-B) is used in the R function
optim for the non-adaptive MbP algorithm (MBP1), the adaptive MbP algorithm (MBP2)
and direct maximization method (DIR). The interval for parameters for degrees of freedom
ν1, ν2 and ν is in this case constraint to [1, 100]. If the optim function with L-BFGS-B

method either produces an error message or fails to converge (that is the case if the
indicator convergence in the optim is not equal 0.) within the parameter space Θ :=
{(ν1, ν2, ν, ρ) : ν1, ν2, ν ∈ [1, 100] and ρ ∈ (−1, 1)}, the implemented MbP algorithm will
reset and run the iterations using optim with the Quasi-Newton method without box
constraints (BFGS) method. Since upper limit of the searching area is unconstraint in
this method, the algorithm may find estimates that are far beyond 100 for parameter ν,
for instance 100000. Eventually, if the algorithm with BFGS method still generates error
messages, the implemented algorithm will return 100 for parameter ν and 0.999 · sign(ρ0)
for parameter ρ, where sign(ρ0) indicates the sign of the interchangeable parameter ρ0.
Adapting both L-BFGS-B and BFGS methods the framework of the MbP steps states as
follows:

• optim using Quasi-Newton method with box constraints

STEP k.1 Following the described MbP algorithm in the last section, we find the
root of the following score equation for (ν1, ν2):2

∂

∂ν1

`m(ν1; x1) +
∂

∂ν1

`e(ν1, ν2, ν0, ρ0; x)

2
∂

∂ν2

`m(ν2; x2) +
∂

∂ν2

`e(ν1, ν2, ν0, ρ0; x)

+ C(νk−1
1,n , ν

k−1
2,n , ν

k−1
n , ρk−1

n , ν0, ρ0) =

(
0
0

)
,
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with C(·) as defined in (5.17). Moreover, let denote the first element of C(·) as
Ca(·) and second element as Cb(·), i.e. C(·) = (Ca(·),Cb(·))t. Then we calculate
the root of the score equation above by minimizing sum of the squared elements of
the score equation. The result is demonstrated as follows:

(νk
1,n, ν

k
2,n) = argmin{(s1,a(ν1, ν2))

2 + (s1,b(ν1, ν2))
2|ν1, ν2 ∈ [1, 100]} (6.3)

where

s1,a(ν1, ν2) := 2
∂

∂ν1

`m(ν1; x1) +
∂

∂ν1

`e(ν1, ν2, ν0, ρ0; x) + Ca(·),

s1,b(ν1, ν2) := 2
∂

∂ν2

`m(ν2; x2) +
∂

∂ν2

`e(ν1, ν2, ν0, ρ0; x) + Cb(·).

To process (6.3) we first utilize the R-function optim using primarily the Quasi-
Newton Method with box constraints, abbr. L-BFGS-B, that operates with limited
interval for the parameters of interest (ν1, ν2) ∈ [1, 100]× [1, 100].

STEP k.2 In this step we find the root of the equation ∂

∂ν
`e(ν

k−1
1,n , ν

k−1
2,n , ν, ρ; x)

∂

∂ρ
`e(ν

k−1
1,n , ν

k−1
2,n , ν, ρ; x)

 =

(
0
0

)

by maximizing the log likelihood of the copula error model `e(η
k−1
1,n ,η2; x) or mini-

mizing the negative log likelihood. We have again two parameters ν ∈ [1, 100] and
ρ ∈ (−1, 1) for this step.

• optim using Quasi-Newton method without box constraints

If the algorithm fails to converge, meaning that the optim-procedure was terminated
and delivers an error message, we will delete all the previous results calculated by
L-BFGS-B method and adopt the Quasi-Newton method without box constraints,
abbr. BFGS method, for STEP k.1 and STEP k.2, k = 1, 2, .... Since there are
no defined limits for the parameters of interest, we need to undertake a parameter
transformation such as the fisher’s z-transformation for the BFGS method. The
Fisher’s z-transformation operates as follows:

νγ = ln(ν − 1) ∈ R

ργ = ln

(
1 + ρ

1− ρ

)
∈ R (6.4)

with the reverse transformation given by

ν = 1 + eνγ ∈ [1,∞] and

ρ =
eργ−1

eργ+1
∈ (−1, 1)
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The flow chart of the MbP algorithm and the description of the convergence indictor FF
are given in Figure 6.1 and Table 6.1.

Flow Chart of MbP-Algorithm for Bivariate Meta t-Distributions 
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Has MbP Algorithm converged? 
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Figure 6.1: Flow chart of determining convergence indicator FF and the corresponding
output for ν̂ and ρ̂ for MbP algorithm applied to bivariate meta t-distribution
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Algorithm 6.1 MbP Algorithm for Bivariate Meta t-Distribution

Input: bivariate data set x of size n, initial values η0 := (ν0
1 , ν

0
2 , ν

0, ρ0)
Output: η̂k

n := (ν̂k
1,n, ν̂

k
2,n, ν̂

k
n, ρ̂

k
n)

1: Initialize k := 0, fail := 0
2: while k < 50 and ‖ηk − ηk−1‖2 > 10−3, fail := 0 do
3: k := k + 1;
4: if non-adaptive then
5: (ν0, ρ0) := (ν0, ρ0)
6: else
7: (ν0, ρ0) := (ν̂k−1

n , ρ̂k−1
n )

8: end if
9: Find minimum ηk

1,n := (νk
1,n, ν

k
2,n) of function s2

1,a(η1)+s
2
1,b(η1) using optim-function

adapted with L-BFGS-B method in the parameter space Θ1 := {(ν1, ν2) : ν1, ν2 ∈
[1, 100]}

10: Find the maximum ηk
2,n := (νk

n, ρ
k
n) of `e(η

k−1
1,n ,η2; x) via optim-function adapted

with L-BFGS-B method in the parameter space Θ2 := {η2 := (ν, ρ) : ν ∈ [1, 100], ρ ∈
(−1, 1)}

11: if optim fails to converge then
12: fail := 1
13: end if
14: end while

(MbP algorithm adapted with Fisher’s z-transformation)
15: if fail := 1 then
16: Reset k := 0, fail := 0
17: while k < 50 and ‖ηk

n − ηk−1
n ‖2 > 10−3, fail := 0 do

18: k := k + 1;
19: if non-adaptive then
20: (ν0, ρ0) := (ν0, ρ0)
21: else
22: (ν0, ρ0) := (ν̂k−1

n , ρ̂k−1
n )

23: end if
24: Fisher’s z-transformation ηγ,1 := (νγ,1, νγ,2) with νγ,j := ln(νj − 1) for j = 1, 2
25: Find minimum ηk

γ,1,n := (νk
γ,1,n, ν

k
γ,2,n) of function s2

1,a(η1) + s2
1,b(η1) using optim-

function adapted with BFGS method in the parameter space Θγ,1 := {(νγ,1, νγ,2) :
νγ,1, νγ,2 ∈ [1,∞]}

26: ηγ,2 := (νγ, ργ) with νγ := ln(ν − 1) and ργ := ln(1+ρ
1−ρ

)

27: Find the maximum ηk
γ,2,n := (νk

n, ρ
k
n) of `e(η

k−1
γ,1,n,ηγ,2; x) via optim-function

adapted with BFGS method in the parameter space Θγ,2 := {ηγ,2 := (νγ, ργ) :
ν ∈ [1,∞], ρ ∈ (−1, 1)}

28: ηk
n := ηk

γ,n

29: end while
30: end if
31: return η̂k

n := (νk
1,n, ν

k
2,n, ν

k
n, ρ

k
n)
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6.3 Alternative Computational Methods for Deter-

mining the MLE

6.3.1 Direct Optimization Method (DIR)

In the direct maximization method (DIR) we process a 4-dim.maximization of log-likelihood
`(ν1, ν2, ν, ρ; x) using optim-function with the L-BFGS-B method for parameters
ν1, ν2, ν ∈ [1, 100] and ρ ∈ (−1, 1). If optim fails to converge, we adopt the BFGS method
in which the parameters are transformed using Fisher’s z-transformation defined in (6.4)
in Section 6.2. The flow chart of the algorithm, as well as the description of the output
indictor FF, are given in Figure 6.2 and Table 6.1.

Algorithm 6.2 Direct Maximization for bivariate t-Data

Input: data x, initial vector (ν0
1 , ν

0
2 , ν

0, ρ0
n)

Output: a 4-dim. vector η̂ := (ν̂1, ν̂2, ν̂, ρ̂)

1: Find 4-dimensional maximum of `(η; x) via optim-function adapted with L-BFGS-B

method in a parameter space Θ := {η : ν1, ν2, ν ∈ [1, 100], ρ ∈ (−1, 1)}
2: if optim with L-BFGS-B method fails to converge then
3: Fisher’s z-transformation ηγ := (νγ,1, νγ,2, νγ, ργ) with νγ,j := ln(νj−1) for j = 1, 2,

νγ := ln(ν − 1) and ργ := ln(1+ρ
1−ρ

)

4: Find 4-dimensional maximum of `(ηγ; x) via optim-function adapted with BFGS

method in a parameter space Θ := {ηγ : ν1, ν2, ν ∈ [1,∞], ρ ∈ (−1, 1)}
5: end if

6.3.2 Inference for Margins Method (IFM)

Let x = (x1,x2) be the bivariate data set. In the IFM method, we first estimate the
parameter of the marginal distributions separately.

STEP 0.1

Solve the equation
∂

∂η1

`w(ν1, ν2; x) = 0. In particular we find the root ν ifm
1,n of the equation

∂

∂ν1

`m(ν1; x1) = 0 (6.5)

and the root ν ifm
2,n of

∂

∂ν2

`m(ν2; x2) = 0 (6.6)

using 1-dimensional bisection method.

STEP 0.2
Estimate the coefficient ρ of t-copula using empirical estimated Kendall’s τ ρ̂τ . To recall
that the coefficient ρ of the t-copula is given by

ρ := Cor(t−1
ν (F (x1; ν1)), t

−1
ν (F (x2; ν2)))
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Flow Chart of Direct Maximization (DIR) Algorithm for Bivariate Meta t-Distributions 

 
 

NO YES 
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Processing 4-dim. maximization of log 
likelihood );,,,( 21 xρυυυl using optim 
function with L-BFGS-B method. 
Has optim returned a solution? 

DIR Algorithm returns: 

nnnn ρυυυ ˆ,ˆ,ˆ,ˆ ,2,1  

FF:=0 

DIR Algorithm returns: 

nnnn ρυυυ ˆ,ˆ,ˆ,ˆ ,2,1  

 
FF:=0 

DIR Algorithm returns: 

)(999.0:ˆ,100:ˆ
,100:ˆ,100:ˆ

0

21

ρρυ
υυ

sign⋅==
==

 

FF:=1 

Processing Fisher’s z-transformation and 
4-dim.  maximization of );,,,( 21 xρυυυl  
using optim with L-BFGS-B method. 
Has optim returned a solution? 

Figure 6.2: Flow chart of determining convergence indicator FF and the corresponding out-
put for ν̂ and ρ̂ for Direct Maximization algorithm applied to bivariate meta t-distribution

It then follows that

ρ̂ := Cor(t−1
ν (F (x1; ν

ifm
1,n )), t−1

ν (F (x2; ν
ifm
2,n )))

= sin
(π

2
ρ̂τ

(
t−1
ν (F (x1; ν

ifm
1,n )), t−1

ν (F (x2; ν
ifm
2,n ))

))
= sin(

π

2
ρ̂τ (x1,x2))

=: ρ̂ifm
n

STEP 0.3
Estimate the remaining parameter ν ∈ [1, 100] by maximum likelihood with the estimated
coefficient ρ̂ifm

n . Find the root of the equation

∂

∂ν
`e(ν̂

ifm
1,n , ν̂

ifm
2,n , ν, ρ̂

ifm
n ; x) = 0.
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Flow Chart of Inference for Margins (IFM) Algorithm for Bivariate Meta t-Distributions 
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Is there a solution of 
bisection algorithm 

for 1υ and 2υ andυ ? 

Bisection has solutions for all 
parameters. IFM Algorithm returns: 

ifm
n

ifm
n

ifm
n

ifm
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FF:=0 

Bisection does not have solutions for all 
parameters. IFM Algorithm returns 100 
for the failed degrees of freedom 
parameters, otherwise algorithm returns 
results from Bisection. FF:=1 

Figure 6.3: Flow chart of determining convergence indicator FF and the correspond-
ing output for ν̂ and ρ̂ for Inference for Margins algorithm applied to bivariate meta
t-distribution

We denote the estimates from IFM method as: (ν̂ ifm
1,n , ν̂

ifm
2,n , ν̂

ifm
n , ρ̂ifm

n ). The flow chart of the
IFM algorithm and the description of the output indictor FF are illustrated in Figure 6.3
and in Table 6.1.

Algorithm 6.3 IFM: Inference for Margins Method for Bivariate Meta t-Data

Input: data x := (x1,x2) of size n
Output: ν̂ ifm

1,n , ν̂ ifm
2,n , ν̂ ifm

n , ρ̂ifm
n

1: Find the root ν̂ ifm
1,n of ∂

∂ν1
`m(ν1; x1) = 0 in the range ν1 ∈ [1, 100] using bisection

algorithm
2: Find the root ν̂ ifm

2,n of ∂
∂ν2
`m(ν2; x2) = 0 in the range ν2 ∈ [1, 100] using bisection

algorithm
3: Calculate ρ̂ifm

n by ρ̂ := sin(π
2
ρ̂τ (x1,x2))

4: Find the root ν̂ ifm
n of ∂

∂ν
`e(ν̂

ifm
1,n , ν̂

ifm
2,n , ν, ρ̂

ifm
n ; x2) = 0 in the range ν ∈ [1, 100] using

bisection algorithm
5: return ν̂ ifm

1,n , ν̂ ifm
2,n , ν̂ ifm

n , ρ̂ifm
n
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FF:=0
MbP Convergence, MbP returns ν̂k

1,n,ν̂k
2,n,ν̂k

n,ρ̂k
n

DIR Algorithm returns results ν̂k
1,n,ν̂k

2,n,ν̂n,ρ̂n from optim
IFM Bisection finds solutions for all parameters. Algorithm returns: ν̂ifm

1,n ,ν̂ifm
2,n ,ν̂ifm

n ,ρ̂ifm
n

FF:=1
MbP In step k, k = 1, ..., 50 2-dim. optim embedded MbP algorithm fails to returns

a solution. Algorithm returns ν̂1 := 100, ν̂2 := 100, ν̂ := 100, ν̂1 := 0.999 · sign(ρ0).
DIR optim fails to return a solution. Algorithm returns ν̂1 := 100, ν̂2 := 100, ν̂ := 100

and ρ̂ := 0.999 · sign(ρ0)
IFM Bisection algorithm does not have solutions for all parameters. Algorithm returns

100 for the failed degrees of freedom parameters, otherwise algorithm returns results
from Bisection algorithm.

Table 6.1: Overview of convergence indicator FF for MbP, DIR and IFM algorithms

6.4 Illustration of the Performance of MbP Algo-

rithm for Non-adaptive and Adaptive ν0 and ρ0

6.4.1 Example for One Randomly Generated Data Set

With the initial settings as stated in Section 6.2 we first examine the performance of MbP
algorithm for non-adaptive and adaptive ν0 and ρ0 with one randomly generated meta-t
data set using (6.1). Let x = (x1,x2) ∈ Rn×2 be the bivariate meta t-data of size n with
xj := (x1j, ..., xnj)

t for j = 1, 2.
The calculation of initial values for MbP algorithm occurs via IFM method described

in the previous section. As result for the initial values, we have:

(ν0
1 , ν

0
2 , ν

0, ρ0) := (ν̂ ifm
1,n , ν̂

ifm
2,n , ν̂

ifm
n , ρ̂ifm

n )

If the IFM method fails to converge, we start the MbP iteration with a fixed value, i.e.

(ν0
1 , ν

0
2 , ν

0, ρ0) = (5, 5, 20, 0.9)

Then we use previously generated data x and initial value (ν0
1 , ν

0
2 , ν

0, ρ0) to execute
the direct maximization algorithm and MbP algorithm.

Example:

In our example, we consider a specific sample of size n = 100 with parameters ν1,tr = 3,
ν2,tr = 10, νtr = 3 and ρtr = 0.8 randomly generated by (6.1).

1) Result from IFM method, as initial values for MbP and direct maximization method:

• estimated values:
ν̂ ifm

1,n = 2.103401 ν̂ ifm
2,n = 4.878466 ν̂ ifm

n = 2.761441 and ρ̂ifm
n = 0.874158

• log-likelihood value: −284.899879
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• calculating time: 6.54 sec

2) Result from direct maximization method:

• estimated values: ν̂1,n = 2.524670 ν̂2,n = 6.937399 ν̂n = 2.775408 ρ̂n = 0.852053

• log-likelihood value: −284.319566

• calculating time: 3.54 sec

• optim method: Quasi-Newton method with box constraints

3) Result from MBP1: the non-adaptive MbP algorithm with fixed ν0 := νifm
n

and ρ0 := ρifm
n

• estimates: ν̂k
1,n = 2.524274, ν̂k

2,n = 6.934209, ν̂k
n = 2.774007 and ρ̂k

n = 0.852066

• log-likelihood value: −284.31956510

• number of iterations: 16

• calculating time: 354.63 sec

• optim method: L-BFGS-B (Quasi-Newton method with box constraints)

• estimated values:
k ν̂k

1,n ν̂k
2,n ν̂k

n ρ̂k
n

0 2.103401 4.878465 2.761440 0.874157
1 2.217496 5.326820 2.501675 0.861310
2 2.304016 5.802664 2.591402 0.858938
3 2.374666 6.163409 2.639314 0.856600
4 2.425509 6.426413 2.682687 0.855026
...

...
...

...
...

13 2.523123 6.928168 2.773583 0.852110
14 2.523727 6.931333 2.773728 0.852087
15 2.524083 6.933250 2.773872 0.852073
16 2.524274 6.934209 2.774007 0.852065

• The convergence in graphics, see Figure 6.4.

4) Result from MBP2: the adaptive MbP algorithm with updated ν0 and ρ0

• estimates: ν̂k
1,n = 2.524104, ν̂k

2,n = 6.932947, ν̂k
n = 2.774225 and ρ̂k

n = 0.852072

• log-likelihood value: −284.31956493

• number of iterations: 17

• calculating time: 323.00 sec

• optim method: L-BFGS-B (Quasi-Newton method with box constraints)
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• estimated values:
k νk

1,n νk
2,n νk

n ρk
n

0 2.103401 4.878465 2.761440 0.874157
1 2.217496 5.326820 2.501675 0.861310
2 2.300988 5.784421 2.591402 0.858938
3 2.369773 6.132445 2.637863 0.856686
4 2.419597 6.389630 2.680518 0.855159
...

...
...

...
...

13 2.522516 6.924836 2.773341 0.852147
14 2.523232 6.928466 2.773886 0.852109
15 2.523699 6.930872 2.774005 0.852089
16 2.523994 6.932490 2.774117 0.852078
17 2.524104 6.932947 2.774225 0.852072

• The convergence in graphics, see Figure 6.5.

Conclusion

In this specific example, we observe that the direct maximization method and both MbP
methods deliver similar estimates of the parameters (ν1, ν2, ν, ρ), while the estimates from
IFM method largely differ from the true values. Furthermore, we can also observe that
MbP algorithms and direct maximization have similar log-likelihood values. On the other
hand the direct maximization method terminates after a moderate time within few sec-
onds, while both MbP methods require 50× to 100× more computing time than the IFM
and direct maximization method.

One explanation for extreme time costliness is that the MbP algorithm is an iterative
algorithm which requires 2 × k, k > 1, optimization procedures over complicated score
functions while the direct maximization executes once over a simpler log-likelihood func-
tion. In the IFM method, only 1-dimensional bisection method is adopted which operates
in a moderate time frame as well.

In order to scrutinize the MbP algorithm and find out its advantages, we need to
simulate more scenarios in the next section.

6.5 Simulation Setups and Performance Measures

6.5.1 Simulation Setups

In the following simulations we scrutinize all the combinations with the parameters

• ν1, ν2, ν ∈ {3, 10}

• ρ ∈ {0.3, 0.8}

• sample size n ∈ {100, 500}

• number of replications r = 100.

Plus the combination for (ν1, ν2, ν) = (20, 20, 20) it results in total 28 scenarios. For each
scenario we estimate the parameters (ν1, ν2, ν, ρ) using the non-adaptive MbP method
(MBP1), the adaptive MbP method (MBP2), direct maximization method (DIR) and
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inference for margins method (IFM) over 100 replications (r = 100). Thus, in total we
have four estimation methods in the simulation study.

6.5.2 Performance Measures

Like the evaluation of the estimation method in Chapter 4 we utilize the output indicator
FF to investigate the frequency of failure, type of the failure, the convergence of the
corresponding algorithm and to determine the total number of compared replicates in the
simulation study. The indicator FF for the meta case is defined in Table 6.1. The quantity
FF := 1 indicates a failure in the replication. Thus, for each estimation method we denote
rg as the number of the replicates whose output indicator FF 6= 1. The maximum number
of rg is the number of the replicates r = 500. The higher rg is, the more reliable and stable
is the estimation method. Therefore, the number rg implies the reliability and robustness
of the corresponding algorithm.

To compare the four estimation methods, MBP1, MBP2, DIR and IFM methods, with
each other we dismiss the ith estimates, i ∈ {1, ..., r} with r = 500, if all four estimation
methods return ν̂ = 100 using the ith sample set. Let |{i}| be the total number of dismissed
samples, whereby |{·}| indicates the cardinality of a set. Then rc := r−|{i}| amounts the
total number of samples we use for comparison of the four estimation methods.

Based rc we compare the four estimations methods with the summary statistics sample
mean θ̄, estimated standard error of mean s(θ̄), estimated robust standard error σ̂r(θ̂),

estimated relative bias r̂b(θ̄), estimated standard error of relative bias srb(θ̄), estimated
mean squared error (mse) m̂se(θ̂), estimated standard error of mse smse(θ̂), estimated

efficiency based on mse êffmse, estimated robust mse (rmse) r̂mse(θ̂) and estimated ef-

ficiency based on rmse êffrmse. These summary statistics are defined in Section 2.4. We
also calculate their log likelihood value loglike to examine if the estimates on average are
at their maximum.

For stopping time measurement we adopt the R-function proc.time() to measure the
procedure time of optim evaluations in each MbP-step. Since we have 2× 2-dim. optim
operations in each step, 2× k measured time values are summed up and averaged over k
steps. In the summary table we denote time for the consuming time.

Moreover, we examine averaged iterations avg.it to reach the convergence criterion
for the MbP methods. However, this number does not apply to Direct, CSP and CML
methods, since they are not iterative algorithms.

In the summary Table 6.2 in the simulation study we also display the averaged number
of function evaluations f.eval in the optim function of each estimation methods. For MBP
algorithm, f.eval is the averaged function evaluations of both working and error models
during one MBP iteration.

Ranking Method

Since there are in total 28 scenarios in the simulation study and the advantages of MbP
algorithm cannot be easily identified, we want to construct a relative fair way to evaluate
the four maximization methods and discover benefits and disadvantages of each method
based on all scenarios. The idea is that we rank all four methods based on the statistics
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êffrmse of the estimates.

How have the methods been ranked?
The ranking is completed by rank-function in R using the averaged rank method. Here is
an example of the ranking method based on êffrmse, a statistic which describes the ratio
of the robust MSE of each method to MBP1. In the following points, we illustrate the
ranking method for the scenario (ν1, ν2, ν, ρ) = (3, 3, 3, 0.3) with sample size n = 100.

(i) Foremost we rank the methods for each parameter based on êffrmse. Since this figure

is the ratio of the robust MSE of other method to MBP1, i.e. r̂mse(method)

r̂mse(MBP1)
, the smaller

number means that the method has a smaller RMSE estimate than the method
MBP1 and thus it is more stable method than MBP1. Therefore, the smaller the
number is, the better is the ranking. For example:

n θ Meth. êffrmse the rank:
MBP1 1.000 3

ν1 MBP2 1.000 3
DIR · · · 1.000 3
IFM 0.714 1

MBP1 1.000 1.5
ν2 MBP2 · · · 1.000 1.5

DIR 1.001 3
100 IFM 1.042 4

MBP1 · · · 1.000 2
ν MBP2 1.000 2

DIR 1.000 2
IFM · · · 1.150 4

MBP1 1.000 2.5
ρ MBP2 1.000 2.5

DIR · · · 1.001 4
IFM 0.830 1

(ii) From (i) we obtain a rank matrix. Then we can either sum the ranked number
of all parameters or rank the numbers by regarding the parameters of marginal
distributions and these of the copula model separately.

• all parameters

MBP1 MBP2 DIR IFM
ν1 3 3 3 1
ν2 1.5 1.5 3 4
ν 2 2 2 4
ρ 2.5 2.5 4 1∑

9 9 12 10

• separated

MBP1 MBP2 DIR IFM
ν1 3 3 3 1
ν2 1.5 1.5 3 4∑

4.5 4.5 6 5
ν 2 2 2 4
ρ 2.5 2.5 4 1∑

4.5 4.5 6 5
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(iii) then we rank the result from (ii):
• all parameters

MBP1 MBP2 DIR IFM
9 9 12 10

rank: 1.5 1.5 4 3

• separated

MBP1 MBP2 DIR IFM
ν1, ν2 4.5 4.5 6 5
rank: 1.5 1.5 4 3

ν, ρ 4.5 4.5 6 5
rank: 1.5 1.5 4 3

The ranked results are then illustrated in the table as follows:

Scenario ν1 ν2 ν ρ n MBP1 MBP2 DIR IFM
Marginal 1.5 1.5 4.0 3.0

S01 3.0 3.0 3.0 0.3 100 Copula 1.5 1.5 4.0 3.0
Total 1.5 1.5 4.0 3.0

(iv) In the following tables we can investigate the algorithms by summing up the ranking
of different scenarios. In Table 6.7 we have summed up the ranked number of all
scenarios and then ranked the sum. For example, we sum up the ranked numbers
from all scenarios. The labels Marginal and Copula indicate the sum of ranked
number from marginal and copula parameters of all scenarios respectively:

MBP1 MBP2 DIR IFM∑
Marginal 66.5 69.5 74.5 70.0∑
Copula 66.5 74.5 67.0 72.0∑
Total 64.5 75.5 69.0 72.0

Again, we rank the results and receive the final ranking as stated in Table 6.7.

MBP1 MBP2 DIR IFM∑
Marginal 1.0 2.0 4.0 3.0∑
Copula 1.0 4.0 2.0 3.0∑
Total 1.0 4.0 2.0 3.0

To examine the behaviors of a specified parameter combination, we add the ranking
number of the certain scenarios and rank the sum. In Table 6.5 and 6.6, some spec-
ified combinations are ranked and we can then easily observe at which combination
the MBP1 or the MBP2 method exceed direct maximization and IFM method.

6.6 Simulation Results

6.6.1 Result from Example Scenarios

As an example, we regard two scenarios:
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(i) Scenario (ν1, ν2, ν, ρ) = (10, 10, 3, 0.3) and n = 100:
In the summary table it shows that the sample mean θ̄ of the estimated parameters
(ν1, ν2, ν, ρ) from MBP1 and MBP2 methods are closer to the true parameters than
the results from the DIR and IFM methods. While the estimated standard error
of mean s(θ̄) and estimated relative bias r̂b(θ̄) of the copula parameters ν and ρ
from MBP1 and MBP2 are similar to those from the DIR and IFM methods, those
estimates for the marginal parameters are considerably smaller, which means that
the estimated marginal parameters from MBP1 and MBP2 methods are less variable
than those from the DIR and IFM methods. The low variability of the estimates
from MBP1 and MBP2 methods also reflects in the numbers of the estimated mean
squared error (m̂se(θ̂)) or the estimated robust mean squared error (r̂mse(θ̂)). As
described in Chapter 2, the latter is calculated based on the median while the
other uses the average of the estimates which is much sensitive towards outliers.
To compare the m̂se(θ̂) and r̂mse(θ̂) of the four estimation methods we look at
the ratio between each of the four method to the reference method MBP1. Since
the smaller the m̂se(θ̂) or r̂mse(θ̂) are, the closer and the better are the estimates.

Thus a preferable estimation method is the one with smaller êffmse or smaller êffrmse

values. In the column of êffmse we observe that for the marginal parameters ν1 and
ν2 the ratio for MBP2 is significantly smaller than MBP1 while the ratio for DIR
and IFM methods are 2-3 times larger, which indicates that the estimates from these
methods are very variable and the value are far from true parameter values. However
the ratio for the copula parameters of the DIR and IFM are smaller, especially
for the degrees of freedom. In contrary the column of êffrmse demonstrates much
stable ratio numbers which clearly disclose that there are more large estimates for
the marginal parameters ν1 and ν2. Recall that the number of failed replicates is
described by 100 − rg. In this scenario none of replicates was failed with MBP1,
MBP2 and DIR algorithms while IFM methods fails to deliver estimates calculated
by bisection algorithm 22 times.

Although both MbP methods (MBP1 and MBP2) deliver nearly the same log like-
lihood values as the direct maximization method (DIR), the drawback of the MbP
method in comparison to the DIR method is clearly in its huge computing inten-
sity and time consumption. The averaged calculating time for one replicate is in
this case 37 sec. and that is 18 times higher than the time consumed by the DIR
and IFM methods. The reason may be obviously described by the quantity avg.it
in the summary table which explains that due to the iterative nature of the MbP
algorithm it needs on average 13 steps per replicate to convergence while DIR and
IFM calculate the estimates in one step.

(ii) Scenario (ν1, ν2, ν, ρ) = (10, 10, 3, 0.3) and n = 500:
In this scenario as the sample size rises to 500, we can see in the summary table
there are no failed replicates being observed and estimated efficiency stated in the
column êffmse and êffrmse are very similar, as well as the estimated sample θ̄, es-
timated standard error of mean s(θ̄), the estimated robust standard error σ̂r(θ̂),

estimated relative bias r̂b(θ̄) and the log likelihood values. This result is within the
expectation, since the population of a larger sample size contains more information
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which facilitates the maximum likelihood estimation in general. The MbP algorithm
is in this case more disadvantageous in the matter of time consumption. We can see
in column time that MBP1 and MBP2 require on average 170 seconds per replicate
while the DIR and IFM need ca. 7 and 18 seconds for the ML-estimation which is
about 25 times and 9 times faster. The lower boxplot panel in Figure 6.6 demon-
strates that with the increased sample size the variability of the estimates of MBP1
and MBP2 diminishes.

It is to note that we can obtain a different result if the scenario setting varies. For
the results from other scenarios we refer to the summary tables and boxplots for all 28
scenarios in the Appendix.
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6.6.2 Results and Conclusions from the Simulation Ranking over
all Scenarios

Table 6.7 illustrates the ranking of all 28 scenario using ranking method described in
Section 6.5.2. The statistics which the ranking is based on is the efficiency êffrmse calculated
by estimated robust mean squared error.

Table 6.3 gives an overview of the parameter combination being setup in the scenario.
In Table 6.4 we assign each scenario to the method with the highest ranking (lowest
number). Then we receive 10 scenarios for the non-adaptive MbP method (MbP1), 5 for
the adaptive MbP method (MbP2), 12 for direct maximization method (DIR) and 11 for
inference for margins method (IFM). It is to note that two method can perform equally
well and receive the highest ranking at the same time.

ν1,tr ν2,tr νtr Scenarios
3 3 3 S01 − S04
10 10 10 S05 − S08
20 20 20 S09 − S12
3 3 10 S13 − S16
3 10 3 S17 − S20
3 10 10 S21 − S24
10 10 3 S25 − S28

Table 6.3: Scenario allocation: for instance, in
scenarios S01 to S04 we have parameter com-
bination (ν1, ν2, ν) = (3, 3, 3), ρ ∈ {0.3, 0.8}
and n ∈ {100, 500}

MBP1 MBP2 DIR IFM
S01 S01 S02 S05
S02 S02 S03 S06
S08 S13 S04 S07
S09 S17 S10 S13
S11 S20 S16 S14
S12 S17 S15
S13 S18 S17
S17 S19 S21
S20 S20 S22
S25 S24 S23

S27 S26
S28∑

10 5 12 11

Table 6.4: First column gives the
scenarios which have MBP1 as
best method. Similarly the other
columns can be interpreted.

Furthermore, Table 6.5 and Table 6.6 show the ranking of scenarios with certain param-
eter combinations based on êffrmse. The quantity Num indicates the number of scenarios
in the specific combination group.

Depend on ranking in Table 6.5 and Table 6.6 we note that the non-adaptive MbP
method (MBP1) outperforms the direct maximization method (DIR) and the IFM method,
if the sample size n and the copula parameter ν are relatively small (n = 100 and ν = 3).
This result indicates that the MbP method estimate the likelihood better if the distri-
butions have heavier tails. The iterative algorithm is preferable in both simulations with
low and high correlations (ρ ∈ {0.3, 0.8}). In case of a larger sample size (n = 500),
MBP1 estimate the copula parameter ν better, if the correlation ρ is smaller (ρ = 0.3).
Nevertheless, by all means, if the sample size is large, the direct maximization method
and IFM method are superior to the MbP algorithm.

As an overall result of all 28 scenarios stated in Table 6.7 we conclude that the MBP1
method delivers the most accurate and robust estimates and therefore is the best method
for estimating the maximum likelihood estimators.
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Num MBP1 MBP2 DIR IFM

n = 100

Marginal 2.0 1.0 4.0 3.0
ρ = 0.3 7 Copula 2.0 3.0 4.0 1.0

Total 1.0 2.0 4.0 3.0
Marginal 1.0 4.0 3.0 2.0

ρ = 0.8 7 Copula 4.0 3.0 1.0 2.0
Total 2.5 4.0 2.5 1.0

Marginal 2.0 1.0 3.5 3.5
ν = 3 6 Copula 1.0 3.0 2.0 4.0

Total 1.0 3.0 2.0 4.0
Marginal 2.0 3.0 4.0 1.0

ν = 10 6 Copula 2.0 3.0 4.0 1.0
Total 2.0 3.0 4.0 1.0

Marginal 1.0 2.0 4.0 3.0
overall 14 Copula 2.0 4.0 3.0 1.0

Total 1.0 3.0 4.0 2.0

Marginal 3.0 4.0 1.5 1.5
ρ = 0.3 7 Copula 1.0 2.0 4.0 3.0

Total 3.5 3.5 2.0 1.0
Marginal 2.0 4.0 1.0 3.0

ρ = 0.8 7 Copula 2.0 3.0 1.0 4.0
Total 2.0 3.0 1.0 4.0

Marginal 2.0 4.0 1.0 3.0
n = 500 ν = 3 6 Copula 1.0 2.0 3.0 4.0

Total 2.0 3.0 1.0 4.0
Marginal 4.0 3.0 2.0 1.0

ν = 10 6 Copula 3.0 1.0 2.0 4.0
Total 4.0 3.0 2.0 1.0

Marginal 3.0 4.0 1.0 2.0
overall 14 Copula 2.0 3.0 1.0 4.0

Total 2.0 3.0 1.0 4.0

Table 6.5: Ranking of scenarios with certain parameter combinations, based on êffrmse.

Num MBP1 MBP2 DIR IFM
ν = 3 Marginal 2.0 1.0 4.0 3.0

ρ = 0.3 3 Copula 1.0 4.0 3.0 2.0
Total 1.0 2.0 4.0 3.0

ν = 3 Marginal 1.0 2.0 4.0 3.0
ρ = 0.8 3 Copula 2.5 4.0 2.5 1.0

n = 100 Total 1.0 4.0 3.0 2.0
ν = 10 Marginal 2.0 1.0 4.0 3.0
ρ = 0.3 3 Copula 2.0 3.0 4.0 1.0

Total 2.0 3.0 4.0 1.0
ν = 10 Marginal 1.0 3.0 4.0 2.0
ρ = 0.8 3 Copula 3.5 3.5 2.0 1.0

Total 2.0 3.5 3.5 1.0

ν = 3 Marginal 3.0 4.0 1.0 2.0
ρ = 0.3 3 Copula 1.0 2.0 3.0 4.0

Total 2.0 3.0 1.0 4.0
ν = 3 Marginal 2.0 4.0 1.0 3.0

ρ = 0.8 3 Copula 2.0 3.0 1.0 4.0
n = 500 Total 2.0 3.0 1.0 4.0

ν = 10 Marginal 4.0 3.0 1.0 2.0
ρ = 0.3 3 Copula 1.5 1.5 3.0 4.0

Total 4.0 3.0 1.0 2.0
ν = 10 Marginal 3.0 4.0 2.0 1.0
ρ = 0.8 3 Copula 2.0 3.0 1.0 4.0

Total 2.0 4.0 1.0 3.0

Table 6.6: Ranking of scenarios with certain parameter combinations, based on êffrmse
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Scenario ν1 ν2 ν ρ n MBP1 MBP2 DIR IFM
Marginal 1.5 1.5 4.0 3.0

S01 3.0 3.0 3.0 0.3 100 Copula 1.5 1.5 4.0 3.0
Total 1.5 1.5 4.0 3.0
Marginal 2.5 2.5 1.0 4.0

S02 3.0 3.0 3.0 0.3 500 Copula 1.5 1.5 4.0 3.0
Total 2.0 2.0 2.0 4.0
Marginal 1.0 4.0 2.5 2.5

S03 3.0 3.0 3.0 0.8 100 Copula 2.5 2.5 1.0 4.0
Total 2.0 3.0 1.0 4.0
Marginal 3.5 3.5 1.0 2.0

S04 3.0 3.0 3.0 0.8 500 Copula 1.0 3.0 2.0 4.0
Total 2.0 3.0 1.0 4.0
Marginal 1.0 2.5 4.0 2.5

S05 10.0 10.0 10.0 0.3 100 Copula 3.0 3.0 3.0 1.0
Total 2.0 3.0 4.0 1.0
Marginal 3.5 3.5 1.5 1.5

S06 10.0 10.0 10.0 0.3 500 Copula 2.0 1.0 4.0 3.0
Total 4.0 3.0 2.0 1.0
Marginal 1.0 4.0 2.5 2.5

S07 10.0 10.0 10.0 0.8 100 Copula 2.5 2.5 4.0 1.0
Total 2.0 3.0 4.0 1.0
Marginal 1.5 1.5 3.0 4.0

S08 10.0 10.0 10.0 0.8 500 Copula 2.0 3.0 1.0 4.0
Total 1.0 3.0 2.0 4.0
Marginal 1.5 1.5 3.5 3.5

S09 20.0 20.0 20.0 0.3 100 Copula 3.0 4.0 1.0 2.0
Total 1.0 2.0 3.0 4.0
Marginal 1.0 2.0 3.5 3.5

S10 20.0 20.0 20.0 0.3 500 Copula 4.0 3.0 1.0 2.0
Total 2.5 2.5 1.0 4.0
Marginal 1.0 2.0 3.5 3.5

S11 20.0 20.0 20.0 0.8 100 Copula 3.5 3.5 2.0 1.0
Total 1.5 3.5 3.5 1.5
Marginal 1.0 2.0 4.0 3.0

S12 20.0 20.0 20.0 0.8 500 Copula 2.5 4.0 1.0 2.5
Total 1.0 3.5 2.0 3.5
Marginal 1.5 1.5 3.0 4.0

S13 3.0 3.0 10.0 0.3 100 Copula 2.5 2.5 4.0 1.0
Total 2.0 2.0 4.0 2.0
Marginal 2.5 2.5 4.0 1.0

S14 3.0 3.0 10.0 0.3 500 Copula 2.5 2.5 2.5 2.5
Total 2.5 2.5 4.0 1.0
Marginal 2.5 2.5 4.0 1.0

S15 3.0 3.0 10.0 0.8 100 Copula 3.0 3.0 3.0 1.0
Total 2.5 2.5 4.0 1.0
Marginal 4.0 3.0 1.0 2.0

S16 3.0 3.0 10.0 0.8 500 Copula 4.0 2.0 1.0 3.0
Total 4.0 2.5 1.0 2.5
Marginal 4.0 1.0 2.5 2.5

S17 3.0 10.0 3.0 0.3 100 Copula 1.0 4.0 2.5 2.5
Total 2.5 2.5 2.5 2.5
Marginal 2.5 2.5 1.0 4.0

S18 3.0 10.0 3.0 0.3 500 Copula 1.0 4.0 2.5 2.5
Total 2.0 3.0 1.0 4.0
Marginal 2.0 4.0 1.0 3.0

S19 3.0 10.0 3.0 0.8 100 Copula 4.0 2.0 1.0 3.0
Total 2.0 4.0 1.0 3.0
Marginal 2.5 2.5 2.5 2.5

S20 3.0 10.0 3.0 0.8 500 Copula 2.0 2.0 2.0 4.0
Total 2.0 2.0 2.0 4.0
Marginal 3.5 1.5 3.5 1.5

S21 3.0 10.0 10.0 0.3 100 Copula 2.0 3.0 4.0 1.0
Total 3.0 2.0 4.0 1.0
Marginal 3.5 3.5 2.0 1.0

S22 3.0 10.0 10.0 0.3 500 Copula 1.5 1.5 4.0 3.0
Total 3.0 3.0 3.0 1.0
Marginal 4.0 2.0 3.0 1.0

S23 3.0 10.0 10.0 0.8 100 Copula 3.0 4.0 2.0 1.0
Total 3.5 3.5 2.0 1.0
Marginal 4.0 3.0 1.0 2.0

S24 3.0 10.0 10.0 0.8 500 Copula 3.0 3.0 1.0 3.0
Total 4.0 3.0 1.0 2.0
Marginal 1.5 1.5 4.0 3.0

S25 10.0 10.0 3.0 0.3 100 Copula 1.0 2.0 4.0 3.0
Total 1.0 2.0 4.0 3.0
Marginal 3.0 3.0 3.0 1.0

S26 10.0 10.0 3.0 0.3 500 Copula 1.5 1.5 4.0 3.0
Total 2.5 2.5 4.0 1.0
Marginal 4.0 1.0 2.5 2.5

S27 10.0 10.0 3.0 0.8 100 Copula 2.5 2.5 1.0 4.0
Total 3.0 2.0 1.0 4.0
Marginal 1.0 4.0 2.5 2.5

S28 10.0 10.0 3.0 0.8 500 Copula 3.0 2.0 1.0 4.0
Total 2.0 3.0 1.0 4.0∑

Marginal 1.0 2.0 4.0 3.0∑
Copula 1.0 4.0 2.0 3.0∑
Total 1.0 4.0 2.0 3.0

Table 6.7: Ranking of all 28 Scenarios, based on êffrmse



Chapter 7

Application: Swap Rates

In this chapter we consider the swap data from Kuhn (2001). This data was originally
provided by the risk management department of HypoVereinsbank. It is about an annually
compounded zero coupon swap rate of the currency Euro from 12/07/1988 to 05/21/2001
with maturities of 2 years, 3 years, 5 years, 7 years and 10 years. A Zero-Coupon Swap is an
interest rate swap agreement with the fixed-rate side based on a zero-coupon bond. With
agreement of the counterparty, the swap agreement may call for a single fixed payment
at maturity by the holder of the zero. The payments on the other side may follow typical
swap interim payment schedules. Because of the payment mismatch, a zero-coupon swap
exposes one of the counterparties to significant credit risk and is the functional equivalent
of a loan.

In risk management the analysis of dependence between the swap rate of different
maturities of a currency is one of the main interests. In Figure 7.1 the historical prices of
the swap data are illustrated.

7.1 Data Transformation

In order to apply the bivariate meta t-distribution for the swap data, we need i.i.d. data.
The data transformation described in this section follows the master thesis Baumann
(2007). The correlations of a paired data set with conditioned expectations and the con-
ditioned variance are expressed by a ARMA(1,1) defined in (2.62) and a GARCH(1,1)
model defined in (2.65). We receive the time series i, i = 1, ..., 5, with the following
equations for the value of Xi,t:

Xi,t = µi + ψiXi,t−1 + σi,tZi,t + θiσi,t−1Zi,t−1

σ2
i,t = ai,0 + ai,1ε

2
i,t−1 + bi,1σ

2
i,t−1,

whereby E[Zi,t] = 0, V ar[Zi,t] = 1 and εi,t−1 = σi,tZi,t.

For further analysis we need the standardized residuals Ẑi in this model, where
Ẑi := (Ẑ1,1, ..., Ẑ1,n) with t = 1, ..., n. After the marginal parameter estimation we receive:

Ẑi,t =
1

σ̂i,t

(Xi,t − µ̂i − ψ̂iXi,t−1 − θ̂iσ̂i,t−1Ẑi,t−1) (7.1)

109
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Figure 7.3: Normal QQ-plots of GARCH filtered residuals of swap data
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Figure 7.4: t QQ-plots of GARCH filtered residuals of swap data using estimated degrees
of freedom by IFM method
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In addition, Baumann (2007) has examined the independence of the residuals can be
examined using the Ljung-Box Test. For more information on the test, see Baumann
(2007). Figure 7.2 displays the GARCH filtered residuals of the swap data.

7.2 Results and Interpretations

For the analysis we have five margins where each margin is set as one data set with
maturities of 2 years, 3 years, 5 years, 7 years and 10 years. Thus there are 10 paired data
sets in total to be analyzed. We apply the bivariate meta t-model to the data sets and
estimate the parameters ν1, ν2, ν and ρ using MBP1 (non-adaptive), MBP2 (adaptive),
DIR (direct maximization) and IFM (inference for margins) method. In Table 7.1 we can
see the results of the estimated parameters ν̂1, ν̂2, ν̂ and ρ̂ of the 10 pairs of data sets. The
notation S2Y:S3Y indicates that a bivariate data set consisting of a filtered swap data set
with maturity of 2 years and a filtered swap data set with maturity of 3 years. Similarly
the notation is applied to other bivariate data sets. Furthermore, the results demonstrate
that MBP1 and MBP2 yield similar results as the DIR method. The most data pairs have
similar marginal distributions with parameter ν1 and ν2 which lie in a range of [6.2, 7.5],
while their joint parameter ν is relatively small, lying between [1.9, 5.1]. In addition the
joint swap data sets with different maturity are highly correlated. They are in the range
of [0.84, 0.97]. The similar values of the log likelihood of the MBP1, MBP2, DIR affirm
that the MBP1 and MBP2 methods calculate the maximum likelihood estimators as the
DIR method while the log likelihood value results from the IFM method is not at its
maximum.

In order to justify the choice of the meta t-model we make an investigation using
the likelihood ratio test. In the likelihood ratio test we also look at the bivariate t-model
compared to the meta t-model. In the bivariate meta t-model we assume that the marginal
distributions of each data pair have different degrees of freedom as its joint distribution
while in the bivariate t-model we assume that the degrees of freedom of the marginal
distribution and the joint distribution are the same, thus the bivariate t-model has only
two parameters ν and ρ. For the bivariate t-model we estimate the parameters using the
MbP algorithm (MbP0) with ρ0 := ρ̂τ , the estimated correlation using Kendall’s τ , direct
maximization (DIR), semi-parametric method (CSP) and the canonical maximization
method (CML). Table 7.2 displays the estimated degrees of freedom ν̂ is in a range of
[4.5, 6.5] and the estimated correlations lying in a range [0.78, 0.96] with the bivariate
t-model. Furthermore, both the estimation results using the bivariate t-model and the
meta t-model demonstrate that the log likelihood values by the MbP algorithm and direct
maximization method are evidently at their maximum while the IFM method for the meta
t-model and both CSP and CML for the bivariate t-model have significant deviations in
their estimated log likelihood values.

With both bivariate t and bivariate meta t-model we construct a test with the null
hypothesis H0 : ν1 = ν2 = ν versus the alternative H1 : ν1 6= ν2 6= ν. We use the
MBP1 (non-adaptive) method for parameter estimation in the meta t-model and The
test statistics is defined by

χ2
2 ∼ −2(`(ν̂, ρ̂; x)− `(ν̂1, ν̂2, ν̂, ρ̂; x))
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where `(ν̂, ρ̂; x) is the log likelihood of the bivariate t-model defined in (3.2) and `(ν̂1, ν̂2, ν̂, ρ̂; x)
is the log likelihood of the bivariate meta t-model defined in (5.2). In the Table 7.3 we
can observe that based on different α-levels α = 0.01 α = 0.025 and α = 0.05 the null
hypothesis is accepted for the pairs S2Y:S10Y and S3Y:S10Y and rejected for the rest of
the data pairs.
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7.3 Rolling Windows

In the previous section we apply the bivariate t- and bivariate meta t-models to the swap
data to estimate their parameters. We have obtained a single value for each of the pa-
rameters for the entire time horizon. However the economic environment often changes
considerably and it may not reasonable to assume the constancy of a model’s parameters.
For this reason, it would be interesting to see how the parameters of the model vary with
respect to the time. We will catch the changes of the parameters by the rolling window
analysis of a time series model.

We place a sequence of rolling windows on the time axis and estimate the parameters
for each of these windows. Two sequential windows overlap by 50 data points. The size
of a window amounts up to 250 data points which implies the number of trading days in
a year. The setting for the analysis states as follows:

Initial Settings:

• time span: December 07, 1988 to Jan 21, 2001

• data size: 3150

• number of the moving windows: 59

• data size in each moving window: 250

• overlapped data points of sequential windows: 50

Results and Interpretations:

The sequence of estimated values will depict the evolution of the parameters of interest
in our models over time. The 59 rolling windows for each parameters ν1, ν2, ν and ρ are
illustrated in Figures 7.5, 7.6, 7.7 and 7.8, respectively.

Apparently, the 59 rolling parameter estimates of each ν1, ν2, ν and ρ vary considerably
over the data windows. In Figure 7.5 and 7.6 we can observe that for the most data
pairs the estimated rolling marginal degrees of freedom parameters ν̂1,h and ν̂2,h, h =
1, ..., 59 start at a very low value close to 3-5 in the beginning time period in 1989,
rise to about 15-20 in 1991/1992, fall again close to 10 at the time around 1995 and
increase in the period between 1997 and 1999 up to 40. For parameter ν1 the rolling
estimates eventually plummet to 10-20 at 2001 while for ν2 the rolling estimates jumps
up to 60-100. Furthermore, we can also observe that the rolling estimates fluctuate up to
100 occasionally during the entire time horizon. The fluctuations may be caused by the
difficulty of estimations by each methods due to the small data size (n=250) or it could also
indicate that data at those specific time intervals is almost normal distributed. Compared
to the marginal degrees of freedom the rolling estimated joint degrees of freedom ν̂h,
h = 1, ..., 59, show much less extreme fluctuations over time. Figure 7.7 reveals that
the values start out low around 3-5, move upward to 20 at the time around 1993-1995,
stay volatile during the period from 1993 to 1997, until a decline of values in 1999. The
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estimated rolling degree of freedom ν̂h’s of each data differ significantly at the end of
time period. In Figure 7.8 we can take notice of coincidental movement of the rolling
correlations estimated by MBP1, MBP2 and DIR methods while the estimated rolling
correlations by IFM method differ from those estimated by other methods significantly.

Furthermore, in Figure 7.9 we compare the estimated parameters ν̂1, ν̂2 and ν̂ in
bivariate meta t-model with the estimated degrees of freedom ν̂t in bivariate t-model.
Figure 7.9 and its detailed plots in Figure 7.10 show that the rolling degrees of freedom ν̂t

estimated with bivariate t-model and the estimated values of parameters ν1, ν2 and ν from
the bivariate meta t-model disaccord between each other by a considerable amount over
the entire time interval. This also means that any significant deviation from the solid line
(rolling estimations of νt) affirms that a meta t-model is needed. For rolling correlations
ρ and ρt, respectively estimated by bivariate meta t-model and bivariate t-model, the
differences are marginal and can be caught particularly in the periods between 1993-1995
and between 1997-1999. This result is displayed in Figure 7.11.

Finally, we calculate the estimated tail dependence defined in (2.13) of the data using
the estimated joint parameters ν and ρ . Figure 7.12 discloses the significant difference of
the estimated tail dependence by the bivariate meta t and bivariate t-models. Especially
during the period between 1997 and 1999, the estimated tail dependence of the meta
t-model is high, while the result of the bivariate t-model shows very low values. Besides
we also notice that the rolling estimates of tail dependence of meta t-model has a higher
volatility than the rolling estimates of the bivariate t-model which may indicates the
accuracy of the estimation using bivariate meta t-model for the corresponding data pairs.
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Chapter 8

Summary

In this thesis we have adopted the concept of Maximization by Parts from Song et al.
(2005) to calculate the maximum likelihood estimators for parameters of the bivariate
t and bivariate meta t-distributions. We were confronted with several difficulties in the
calculation.

First, for the bivariate t case the challenge was to find the root of the score function of
the modified working model to generate an initial value for the MbP iterations in Step k,
k ∈ N. Since the null of the function does not necessarily exist and we want the algorithm
to iteratively find the MLE, we changed the shape of the modified working model by
shifting the interchangeable parameter ρ0 to guarantee a solution of the modified working
model.

In the bivariate meta t-model the difficulty was more about choosing a simple and
dominant modified working models to ensure the information dominance. For this reason
one needs to find an appropriate working model. Adopted the idea of Song et al. (2005) we
added the log likelihood function of the bivariate meta t-distribution with fixed copula pa-
rameters. Thus, the additional model was very complicated and caused lots of computing
efforts. In order to reduce the computing cost we might choose a different working model.
However, it is not an easy task, since the additional model has to satisfy the information
condition, otherwise the algorithm will not iteratively converge to a fixed point which is
the MLE. Therefore, for the study of the MbP algorithm it may be interesting to develop
a concept to construct a simpler function for the working model which also guarantees
the information dominance.

In general for the bivariate t and meta t-distributions the computing effort of the MbP
algorithm is very intensive. However, based on the ranking presented in Chapter 6, the
MbP algorithm is the most robust estimation method for small sample size in comparison
to the direct maximization and IFM methods. With this advantage we can adopt the MbP
algorithm in many applications such as the rolling window analysis where small samples
are needed.
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Appendix A

The Summary Tables of Simulation
Studies in Chapter 6
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APPENDIX A. THE SUMMARY TABLES OF SIMULATION STUDIES IN
CHAPTER 6
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ê
ff

m
s

e
r̂
m

s
e
(θ̂

)
ê
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APPENDIX A. THE SUMMARY TABLES OF SIMULATION STUDIES IN
CHAPTER 6
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