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Introduction

In the context of renewable energy, wind power has become the most dynamically growing
energy source and especially in the last few years the installation of new wind turbines grew
rapidly. According to the World Wind Energy Report 2008 [31], wind energy grew from 2007 to
2008 by an increased rate of 29%. For the production of electrical power, a group of wind tur-
bines in the same location, called wind farm, are used. To obtain the maximized power output,
wind farms are built far away from buildings and trees at open fields or off-shore. Each wind
turbine is usually equipped with some wind measurement instrument, but the observations are
disturbed due to the turbulences from the big rotors. Therefore, one or more additional meteo-
rological masts, known as met masts, are established to measure several quantities of the wind
farm, such as temperature, wind speed or air pressure. Precise knowledge of the dependence
between the wind speed measured at the met masts and at the wind turbines is important to
assess the exact wind power output. Figure 1 clarifies the structure of some wind park, where
we see three wind turbines and one met mast.

Figure 1: Example of some wind farm.

Energy, that can be captured by wind mills is highly dependent on the local wind speed, so
that a precise knowledge of the wind speed characteristics is important to determine the potential
energy output of a certain site, where a wind farm may be established. An important objective
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to develop statistical models for wind speed is the forecast of wind power as a function of wind
speed. For a specific wind turbine, the power curve shows the wind power output as a function
of wind speed. Figure 2 shows an example of a possible power curve. The cut-in wind speed
is the lowest wind speed at which a wind turbine begins producing usable power, whereas the
cut-out speed is the wind speed at which the turbine stops producing power in order to protect
the instruments. The rated wind speed determines the minimal amount of wind which is needed
to produce the maximized power output possible for a certain wind turbine. The characteristics
of wind speed are important factors for the determination of the cut-in and cut-out speed of a
specific wind turbine.
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Figure 2: Example of a power curve.

There exist many studies on averaged or maximized wind speed data with a frequency of 10
minutes and less. Although our data are different from those used in the literature, we want to
give an overview about existing statistical analyses of wind speed data. Brown, Katz and Mur-
phy [6] fitted time series models including autoregressive processes based on hourly recorded
wind speed series. The main objective of this study was to forecast wind power as a function
wind speed for a few hours ahead. This is especially important, when wind power should be in-
tegrated in a system of multisource energy power, since one wants to know how much electrical
energy could be produced by the turbines. Huang and Chalabi [21] had the same purpose but
used time-varying parameters to model the nonstationary nature of wind speed data. The only
analysis of high frequency wind speed data, we are aware of, can be found in Ewing et al. [14].
They used measurements coming from 4 different heights of one mast and fitted a vector-valued
AR model. They used 15 minutes of observations with a frequency of 10 Hz. They suggested
to use the models for the design and the construction of new wind turbines, which are resistant
against strong wind speeds.

Extreme wind speeds, such as produced by natural hazards like strong storms, can cause
severe damages to structures like bridges and masts. The objective of using extreme value the-
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ory for wind speed data is often the determination of return levels and return periods, respec-
tively. The return period is the mean waiting time between specific extremal wind speed values,
whereas the return level describes the extreme wind speed, which has a certain frequency of
occurrence. The lifetime of buildings, such as large bridges of masts may depend on the oc-
currence of severe storms, so that the estimated return levels at a certain site could be used by
designers to build the structures, such that they last for at least 50 years with high probabil-
ity. This is also interesting within an insurance context, since the insurers have to determine
the risk of damages to structures in order to calculate risk premiums. These considerations are
the motivation of many studies, including for instance Holmes and Moriarity [20] or Walshaw
and Anderson [29], who use the generalized Pareto distribution as approximate distribution of
threshold exceedances. In [20] maximum wind gust speeds, which were caused by thunderstorm
downbursts, are analyzed. A wind gust is usually recorded, when the wind speed is larger than
a specified value. The gust speed is then the peak wind speed within a certain interval of some
seconds. They analyzed gusts with a peak wind speed of 20.6 m/s and more in a time period of
27 years. On basis of the estimated distributions they determined return levels for wind gusts.
Walshaw and Anderson developed a distributional model, which relates the hourly mean wind
speed to the maximum gust speed per hour. Based on the fitted model, they also determined
return levels.

In contrast to these investigations we concentrate on high frequency data in order to get a
better understanding of wind speed in a very short time period to support for example the short
term regulation of windmills. The rotor of a wind turbine is inertial and needs about 7 seconds
to adapt to new wind situations. Therefore, really short-time forecasts of some seconds could be
useful to adjust the turbine to a new wind situation. When a strong gust passes the wind turbines,
one has to make a tradeoff between maximized power capture and minimized fatigue loads of
the turbines. If the wind speed is too large, the turbine could suffer damages, so it would make
sense to change the position of the rotor out of the wind in advance. This could lead to less
power output, but the turbine is protected against too large wind speeds. Extreme value theory
may help to find the optimal time point, when the rotor has to be protected without loosing too
much power output.

The most interesting parameter in extreme value models is the shape parameter ξ which
determines the type of extreme value distribution. In many articles, including for example Coles
and Walshaw [9], who modeled hourly maximum wind gust speeds together with the wind gust
direction, the shape parameter in the extreme value distribution is negative, which implies a
Weibull-type distribution. This type of extreme value distribution has a finite right endpoint
x∗ = sup {x ∈ R : F(x) < 1} of support and is confirmed by the articles [20] and [29] for wind
speed data. Since high frequency data eventually shows more peaks than low frequency or
averaged data, it is of interest whether we find the same type of extreme value distribution for
the high frequency wind speed data.

Our data set consists of 8Hz wind speed time series from three days with very different
wind situations, including a very windy day with wind speeds up to 25 m/s, a day, where the
wind speed is decreasing during the day and a very calm day. Since we are mostly interested in
locally extreme wind speeds, we use maxima per second time series for further analyses. We are
dealing with time series from three different cup anemometers situated on measurement masts
at a height of 30 meters above ground located in Denmark. More details about the data set can
be found in Chapter 1.
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In Chapter 2 we use basic time series analysis to determine the dependence in consecutive
observations and analyze how the dependence is related to the wind situation. We use several
transformation techniques in order to obtain stationary data. Afterwards we fit univariate ARMA
models to each of the nine transformed time series in order to get a first impression of the
dependence structure in the data. In addition we estimate pairwise cross-correlations between
different measurement masts which describe how two time series are correlated over time. We
see how these cross-correlations can be interpreted in terms of the wind direction. The analysis
of the cross-correlations leads us the fitting of vector-valued ARMA models which we analyze
in Chapter 3. We merge the three time series from different masts for each day and estimate the
parameters for the multivariate time series models.

The models we establish in Chapter 4 and Chapter 5 are based on univariate and multivari-
ate extreme value theory and give a better picture of the distribution of extreme wind speeds. In
Chapter 4 we use a cointegration based approach to build series which integrate the information
coming from mast 1 into the other two masts. We investigate that in that way we are basically
looking at the differences between the three masts. Further transformations are used to obtain
stationary data. Based on threshold exceedances of the transformed data we fit the general-
ized Pareto distribution in order to get estimates for the marginal distributions and determine
a dependence structure for the bivariate vector of threshold exceedances by using a paramet-
ric and a non-parametric approach. By testing between different models we finally decide for
one parametric model and, hence, can approximate the joint distribution function for bivariate
threshold exceedances of transformed differences between masts. Based on these estimates we
also determine bivariate quantile curves.

Chapter 5 deals with the most direct way of modeling the threshold exceedances from the
maxima per second time series and from the differenced time series. The non-stationary nature
of the time series leads us to conditional models, where we assume, that given the values of the
parameters, the threshold exceedances constitue an independent sequence of random variables.
We investigate that the shape parameter can be assumed constant over time, whereas the scale
parameter is modeled through a generalized linear model, where the covariates are given by
previous wind speed values for which there is an exceedance. From the fitted distributions we
calculate one-step quantiles, which predict the risk of an extreme wind speed value within the
next second. Based on the univariate estimates for the marginal distributions, we analyze the
dependence in extreme wind speeds between two masts in order to see how the distance between
two masts influences the dependencies. We estimate Pickands dependence function by using a
parametric and a non-parametric approach and compare the results. Section 5.3 uses the same
approach to model exceedances from differenced wind speed time series. We build first-order
differences which describe the change of wind speed within one second and indicate wind gusts,
which are loosely defined as a sudden increase in wind speed.

In the Appendix we give a detailed explanation of the theory behind our models. Appendix
A describes extreme value theory for strictly stationary sequences of random variables, where
we follow the two articles of Leadbetter [23, 24]. In Appendix B we give an introduction to
multivariate extreme value theory and describe in more detail how the bivariate models used in
our analysis can be derived from the multivariate theory.



Chapter 1

Description of wind speed data set

The data we use comes from a database on wind characteristics (www.winddata.com) which
is supervised by Kurt S. Hansen from the Technical University of Denmark (Lyngby, north of
Copenhagen) together with Gunner C. Larsen from the Risø National Laboratories in Roskilde
(Denmark). The database provided by the station Lammefjord in Denmark consists of 8 Hz
(8 measurements per second) observations measured by cup anemometers and wind vanes sit-
uated 30 m above the ground. The measurement system consists of 3 meteorological masts,
which are located in Lammefjord, a reclaimed fjord on the Danish island of Zealand. To the
south-east (next town Faarvejle Stationby) the nearest buildings are about 1 kilometer from the
measuring masts while in the opposite direction (next town Faavejle) the distance is about 0.5
kilometers. A road connects the two towns and this passes about 150 meters to the north-east of
the masts. Apart from the road, the terrain to the north-east is open with the nearest buildings
about 800 meters away. To the south and south-west, the terrain is flat and completely unob-
structed for a distance of between 2.5 and 3.0 kilometers. On each mast several instruments are
established at different heights, including cup anemometers and wind vanes. The heights are
10, 20 and 30 meters, respectively. The higher the instruments are established, the lower are
the turbulences, which disturb the measurements. Therefore, we use the observations coming
from the cup anemometers and wind vanes situated 30 meters above ground. Figure 1.1 shows
the allocation of masts in Lammefjorden together with the instruments from which we use the
observations. In the following we refer to mast 1 when meaning the mast to the left side, mast 2
for the measurement mast in the middle of the figure and mast 3 for the mast on the right hand
side.

Cup anemometers are mechanical instruments with a vertical axis of rotation, usually con-
sisting of three or four hemispherical cups mounted with their diametrical planes vertical and
distributed symmetrically about the axis of rotation. The rate of rotation of the cups measures
the wind speed. Wind vanes are weather instruments which measure the direction from which
the wind is blowing. There is data available for year 1987 and we choose three days, such that
we have no missing values and that the days represent very different wind situations. In the
dataset we found three days with these properties, namely July 12th to July 14th. Day 1 (corre-
sponding to July 12th) was a very windy day with a maximum measured wind speed of 23.84
m/s measured at mast 1, whereas in day 3 (July 14th) there was almost no wind with a maxi-
mum wind speed of 4.93 m/s at mast 1. In day 2 the wind speed is decreasing over time, so that
we have high and low wind speeds within one day. Since we are mostly interested in modeling
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6 Chapter 1. Description of wind speed data set

extreme wind speeds and for computational convenience we determine the maxima per second
for each day and work with the nine resulting univariate time series each having a length of
86 400. Figure 1.2 shows the time series we are dealing with for day 1, 2 and 3 (mast 1).

Figure 1.1: Allocation of masts in Lammefjord.

The data set also provides time series for wind directions with a measurement frequency of
8Hz. To complete the characteristics of the given data set we plot so called rose diagrams for
the wind directions. The following picture on the left hand side clarifies the theory behind rose
diagrams.

αα
r

90°270°

180°

0°
Rose diagrams are circular histograms in which each group
is displayed as a sector. The circumference of the circle is
divided into a specified number of groups. Comparable to
linear histograms the number of sectors correspond to the
number of bars plotted in the histogram. In the plot on the
left hand side we see an example with 8 groups. The radius
of each sector is chosen equal to the square root of the rel-
ative frequency of observations in each group. This ensures
that the area of the sector is proportional to the relative fre-
quency of the corresponding group.

Let h denote the relative frequency of one specific group and r the corresponding radius, given
by r =

√
h. The area of this one specific sector is then given by r2 tan(α) = h tan(α) and is

proportional to the relative frequency h. The angle α is given through the number of sectors. In
the example α equals 22.5◦. In the context of wind directions a point on the 90◦ angle indicates
that the wind is blowing from the east to the west, a point at the 0◦ angle means that the wind
is blowing from the north to the south and so on. For more information on rose diagrams and
circular statistics we refer to Fisher [16].
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Figure 1.2: Maxima per second wind speed time series for day 1, 2 and 3 (mast 1)

The following plots show rose diagrams with 20 groups for the wind directions given by the
data set. We can see that on the first and second day the wind is blowing mainly from the east to
the west. Since the wind speed on these days is very high this is what we expect since the wind
is coming from the weather situation. On the third day the wind speed is very low and the wind
direction is changing more often.

day 1, mast 1

N

E

S

W +

day 2, mast 1

N

E

S

W +

day 3, mast 1

N

E

S

W +

Figure 1.3: Rose diagrams for the wind directions from day 1, 2 and 3 (mast 1)
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Chapter 2

Time series analysis of maxima per second
wind speed observations

2.1 Motivation
In order to get a first impression on the wind speed time series described in Chapter 1, we
use basic concepts from time series analysis for the wind speed data, including the fitting of
standard linear time series models and estimation of cross-correlations of wind speed between
different masts.

In the literature a large number of applications of time series models to wind speed data
can be found. The studies mainly focus on modeling hourly mean wind speed data for several
months or years. The main objective of using time series methods for wind observations is of-
ten the forecast of wind speed in order to forecast wind power for some hours. An important
characteristic of wind speed time series is non-stationarity, which is handled in several ways
in the articles. Brown, Katz and Murphy [6] used power transformations to get approximately
Gaussian distributed data and applied diurnal standardizations in order to get stationary data.
Afterwards they fitted an AR(2) model and made short-term forecasts for wind speed. As al-
ready described, their main objective was to forecast wind power which is a function of wind
speed. This is important when integrating wind power into a large multisource energy network.
In their discussion they already indicated that using higher frequency data would give more
realistic conclusions on wind power. In contrast to the transformation procedure in [6], Huang
and Chalabi [21] fitted AR models with time-varying parameters to hourly wind speed values
coming from weather stations in order to model the non-stationarity of the time series.

As a starting point we present time series plots of the raw data, where we clearly see the
non-stationary nature of wind speed. There are apparent changes in the mean structure and the
volatility varies over time. We use a transformation procedure which includes the fitting of a
local linear trend model to get a trend structure which can be subtracted from the original wind
speed observations. Afterwards we estimate volatility weights and divide the decomposed ob-
servations by the weights. After transforming the data we fit several ARMA models of different
orders and choose the most appropriate orders according to Akaike’s Information criterion. The
resulting ARMA models can be used to simulate and forecast wind speed for some seconds.
The residuals of the fitted ARMA models, which should be approximately white-noise, will
be used to determine estimates for cross-correlations of wind speed between different mea-

9
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surement masts. This gives a first impression of how the wind speeds from different masts are
correlated over time.

We give a short introduction to time series analysis, including the local linear trend model,
the devolatilization procedure and ARMA processes in Section 2.2. This section is mainly based
on the book of Brockwell and Davis [5], where a more detailed description can be found. The
application to the wind speed data is given in Section 2.3.

2.2 Theoretical introduction

2.2.1 Trend estimation using the local linear trend model
Below, we explain how a trend component in the data can be estimated by fitting a local linear
trend model to data. Let (Xt)t∈Z denote the one-dimensional time series we want to analyze.
Starting from the classical non-seasonal decomposition

Xt = Tt + Wt, t ∈ Z, (Wt) ∼WN(0, σ2
W),

where Tt denotes the deterministic "level" or "trend" at time t and the abbreviation WN(0, σ2
w)

names a white-noise process with mean 0 and variance σ2
w , we introduce random variation by

modeling (Tt) as a classical random walk with T0 ∈ R deterministic but unknown.

Tt = Tt−1 + Vt−1, t ∈ Z, (Vt) ∼WN(0, σ2
V). (2.1)

The two equations defined above are called "local level" model. To obtain the local linear trend
model, we add a slope Bt−1 to equation (2.1) and model the slope itself by a random walk.
Altogether we obtain the local linear trend model:

Definition 2.1 (The Local Linear Trend Model)
For t ∈ Z:

Xt = Tt + Wt, (Wt) ∼WN(0, σ2
W)

Tt = Tt−1 + Bt−1 + Vt−1, (Vt) ∼WN(0, σ2
V) (2.2)

Bt = Bt−1 + Ut−1, (Ut) ∼WN(0, σ2
U)

The initial values T0 and B0 are assumed to be constant but unknown and have to be estimated.
The local linear trend model can be written in the state-space representation. We first present a
general definition for a stochastic process (Xt)t∈Z with values in Xt ∈ R

d, for t ∈ Z and d ∈ N.

Definition 2.2 (State-Space Representation)
The Rd-valued stochastic process (Xt)t∈Z possesses a state-space representation, if there exists
v ∈ N and an Rv-valued process (Yt)t∈Z with

Xt = GYt + Wt, t ∈ Z (observation equation), (2.3)
Yt+1 = FYt + Vt, t ∈ Z (state equation), (2.4)
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where

• F and G are known v × v and d × v matrices, respectively.

• (Wt) ∼WN(0,R) and (Vt) ∼WN(0,Q).

• The sequences (Vt) and (Wt) are orthogonal, i.e. that E(VtW
′

s) = 0 ∀ s, t ∈ Z.

• Y1 is uncorrelated with all noise terms of (Vt) and (Wt).

More general definitions of the state-space models allow for time-dependent matrices Gt

and Ft and allow for correlation between (Vt) and (Wt) (see Brockwell and Davis [5], Chapter
12).

The state equation is called stable, if F has all its eigenvalues in the interior of the unit
circle. In this case the state equations have a unique stationary solution and the sequence of
observations is stationary as well.

The local linear trend model can be written in state-space form: Let Yt = (Tt, Bt)T denote
the state space vector and Vt = (Vt,Ut)T the noise vector for the state equation. The observation
equation is given by

Xt =
(
1 0

)
Yt + Wt, t ∈ Z (2.5)

and the state equation can be written as

Yt+1 =

(
1 1
0 1

)
Yt + Vt, t ∈ Z. (2.6)

The white-noise variance Q is given by

Q =

(
σ2

v 0
0 σ2

U

)
,

and the noise term of the state equation is just R = σ2
w. The local linear trend model is not stable

since the matrix F has its eigenvalues on the unit circle. But it can be shown that the twice
differenced process is stationary.
The twice differenced process is defined by Dt = ∇2Xt = (1−B)2Xt, t ∈ Z, and can be calculated
for the local linear trend model by

Dt = Wt − 2Wt−1 + Wt−2 + Vt−1 − Vt−2 + Ut−2, t ∈ Z.

This process is stationary with mean 0 and autocorrelation function

ρ(h) =


−σ2

V−4σ2
W

σ2
U+2σ2

V +6σ2
W
, |h| = 1,

σ2
W

σ2
U+2σ2

V +6σ2
W
, |h| = 2,

0, |h| > 2.

It can be followed that (Dt) is a moving average process of order 2 and, hence, (Xt) is an
ARIMA(0, 2, 2) process.
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In the following, we explain how the parameters of a state-space model, as defined in (2.3)
and (2.4), can be estimated. If we assume that the vectors (Wt) and (Vt) are jointly Gaussian
distributed, we can calculate the Gaussian likelihood function and the parameters are estimated
by maximizing the likelihood function. Even if the (Wt) and (Vt) are not jointly Gaussian, it
is common to choose the parameters in such a way, that the Gaussian likelihood is maximized
(see Brockwell and Davis [5] (Section 8.5)).

Starting from the state-space representation in Definition 2.2 we assume that (Wt) and (Vt)
are jointly Gaussian distributed and calculate the Gaussian likelihood function for realizations
X1, . . . , Xn as

L(ϑ; X1, . . . , Xn) =

n∏
t=1

1
(2π)w/2

(det ∆t)−
1/2 exp

{
−

1
2

(Xt −GŶt)′∆−1
t (Xt −GŶt)

}
,

where
∆t = E

[
(Xt −GŶt)(Xt −GŶt)′

]
, t = 1, . . . , n

and Ŷt is the best linear predictor of Yt in terms of Y1, . . . ,Yt−1. The one-step predictors X̂t

and the error covariance matrices ∆t can be determined by applying the Kalman prediction
algorithm. For more information on Kalman recursions we refer to Brockwell and Davis [5],
(Proposition 12.2.2).

2.2.2 Devolatilization
The next step in the analysis is to determine whether the variance is constant over time. We
can recognize discontinuities by inspecting the time series plot. We use an approach known
from the analysis of financial time series, called volatility weighting. A detailed description of
volatility estimation, including the rolling window estimation, can be found in Allen, Boudoukh
and Saunders [2] (Section 2.2.2 and 2.2.3). Assume that the given time series is a realization
from the stochastic process

Xt = vtX̃t, t ∈ Z, (2.7)

where (vt) denote the volatility weights and (X̃t) is the devolatilized process, which means that
the volatility is assumed to be constant over time.
For uniqueness, we assume that Var(X̃t) = 1, t ∈ Z. If this is not the case and the variance of
(X̃t) is equal to σ2, we can write the above equation (2.7) as

Xt = σvt
1
σ

X̃t =: σvt
˜̃Xt, t ∈ Z,

and Var( ˜̃Xt) = 1, t ∈ Z. Volatility weighting divides a period in several smaller subperiods
and the volatility weights are estimated in each subperiod. For our purposes we use a rolling
window estimation procedure with a window length of p � n, for p ∈ N (n is the total number of
observations in time). This estimation procedure makes it possible to determine one-step ahead
predictions of the volatility weights in terms of previous values. For realizations X1, . . . , Xn, the
volatility weights are estimated by

v̂t =

√√√
1
p

t−1∑
j=t−p+1

X2
j t = p + 1, . . . , n. (2.8)
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The "boundary" weights are estimated by

v̂t =

√√√
1
p

p∑
j=1

X2
t+ j t = 1, . . . , p.

and the devolatilized observations are then given by

X̃t =
Xt

v̂t
, t = 1, . . . , n. (2.9)

2.2.3 Univariate ARMA models
Below, we explain the basic theory of ARMA(p, q) processes which are often used to describe
stationary time series. We explain how the parameters are estimated and how we can compare
models with different orders p and q. For background and details we refer to Brockwell and
Davis [5].

Definition 2.3 (ARMA(p, q) process)
Let (εt)t∈Z be WN(0, σ2

ε). The time series (Xt)t∈Z is called a zero-mean ARMA(p, q) process, if

(i) (Xt)t∈Z is stationary and

(ii) (Xt)t∈Z satisfies the difference equation:

Xt − φ1Xt−1 − . . . − φpXt−p = εt + θ1εt−1 + . . . + θqεt−q, t ∈ Z. (2.10)

By using the Backshift-operator B, which is defined iteratively by

B0Xt = Xt and B jXt = Xt− j, t ∈ Z, j ≥ 1,

we can write the ARMA equations as follows:

φ(B)Xt = θ(B)εt, t ∈ Z, (2.11)

where

φ(z) = 1 − φ1z − . . . − φpzp and
θ(z) = 1 + θ1z + . . . + θqzq

are called the characteristic polynomials of the ARMA(p, q) process.
An important concept for ARMA models is causality. An ARMA(p, q) process (Xt)t∈Z is

said to be causal if there exist constants (ψ j), j ∈ N, such that
∑∞

j=0

∣∣∣ψ j

∣∣∣ < ∞ and

Xt =

∞∑
j=0

ψ jεt− j, t ∈ Z.
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If the characteristic polynomials φ and θ do not have common zeros, this definition is equivalent
to

φ(z) = 1 − φ1z − . . . − φpzp , 0, z ∈ C : |z| ≤ 1.

Thus, if this condition is satisfied, the ARMA equations (2.11) have a unique stationary solution.

Maximum-likelihood estimation for ARMA models

Let (Xt)t∈Z be a causal ARMA(p, q) process. The main objective is the estimation of the param-
eter vectors φ = (φ1, . . . , φp)′, θ = (θ1, . . . , θq)′ and σ2

ε. Within the estimation procedure we need
the innovations algorithm which is given as follows.

Algorithm 2.4 (Innovations Algorithm)
Let (Xt)t∈Z denote some stochastic process with E(Xt) = 0, ∀t ∈ Z, and κ(i, j) = E(XiX j). If the
matrix (κ(i, j)i, j=1,...,n) is non-singular, we can write the best linear one-step ahead prediction
X̂n+1 according to X1, . . . , Xn as

X̂n+1 =

0, n = 0,∑n
j=1 θn, j(Xn+1− j − X̂n+1− j), n ≥ 1,

(2.12)

where

v0 = κ(1, 1),

θn,n−k =
1
vk

κ(n + 1, k + 1) −
n−1∑
j=0

θk,k− jθn,n− jv j

 , k = 0, . . . , n − 1, and

vn = κ(n + 1, n + 1) −
n−1∑
j=0

θ2
n,n− jv j.

For a proof of this result we refer to Brockwell and Davis [5] (Proposition 5.2.2).
We define

Wt B

 1
σ

Xt, t = 1, . . . ,m = max(p, q),
1
σ
φ(B)Xt, t > m.

(2.13)

By applying the innovations algorithm to (Wt)t∈Z, we obtain

X̂n+1 =


n∑

j=1
θn, j(Xn+1− j − X̂n+1− j), n = 1, . . . ,m − 1,

φ1Xn + . . . φpXn+1−p +
q∑

j=1
θn, j(Xn+1− j−X̂n+1− j

), n ≥ m

and
E

[
(Xn+1 − X̂n+1)2

]
= σ2E

[
(Wn+1 − Ŵn+1)2

]
=: σ2rn.
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Values for θi, j and ri can be obtained from the innovations algorithm. Similar to the estimation
of the parameters for a state-space model, it is common to use a Gaussian likelihood function.
The Gaussian likelihood for realizations X1, . . . , Xn is given by

L(φ, θ, σ2; X1, . . . , Xn) =
1(

2πσ2)n/2 √r0 . . . rn−1

exp

− 1
2σ2

n∑
j=1

(X j − X̂ j)2

r j−1

 .
By fixing the parameter vectors φ and θ and differentiating the likelihood function with respect
to σ2 we get

σ̂2 =
1
n

S (φ, θ) B
1
n

n∑
j=1

(X j − X̂ j)2

r j−1
. (2.14)

By plugging in σ̂2 in the likelihood function and taking the logarithm we can calculate the
reduced likelihood function as

l∗(φ, θ) = log
(
1
n

S (φ, θ)
)
−

1
n

n∑
j=1

log
(
r j−1

)
(2.15)

which is minimized in order to get estimates for φ and θ.

Comparison of different ARMA(p, q) models

When estimating the parameters by maximizing the likelihood function for an ARMA(p, q)
model, one has to specify the order p of the autoregressive term and the order q of the moving
average part. One has to be careful about overfitting the data. When using high orders of p and
q, the estimated white-noise variance usually will be small, but since we are dealing with esti-
mation errors for each parameter, the prediction error can get very large. Therefore, we use a
criterion called Akaike’s Information Criterion (AIC) which accounts for this aspect. The AIC
statistic is widely used to select the best model among alternative parametric models. It is an
estimate of the so called Kullback-Leibler index (see below) and was established by Akaike in
1973 [1].
Suppose the random variable X is distributed according an unknown parametric density f (·;ψ0),
where ψ0 represents the true parameter vector. The main objective is to find the best fitting
model for f among the parametric family { f (·;ψ),ψ ∈ Ψ}. We denote by f (·;ψ) an approximat-
ing model. The Kullback-Leibler divergence for continuous distributions is given by

d(ψ0,ψ) = Eψ0

[
log

(
f (X;ψ0)
f (X;ψ)

)]
=

∫
R

log
(

f (x;ψ0)
f (x;ψ)

)
f (x;ψ0)dx.

By defining the Kullback-Leibler index as

δ(ψ0,ψ) = Eψ0

[
−2 log f (X;ψ)

]
,
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2d(ψ0,ψ) can be expressed by δ(ψ0,ψ) − δ(ψ0,ψ0). Since δ(ψ0,ψ0) does not depend on ψ,
δ(ψ0,ψ) can be used as a substitute for d(ψ0,ψ). Given the likelihood-estimate ψ̂ and obser-
vations x1, . . . , xn an approximately unbiased estimate for δ(ψ0,ψ) is given by

−2 log L(ψ̂; x1, . . . , xn) + 2k,

where k is the number of parameters in the model. This estimate is called Akaike’s Information
Criterion (AIC) and according to this criterion the model with the smallest AIC-value should
be chosen in order to obtain the best fitting model.

Returning to the ARMA estimation procedure, we can write the AIC statistic as follows:

AIC(ARMA)(φ, θ) = −2 log L
(
φ, θ,

S (φ, θ)
n

)
+ 2(p + q + 1). (2.16)

We select the values of p and q in such a way that AIC(ARMA)(φ̂, θ̂) is minimized. φ̂ and θ̂ are
the maximum-likelihood estimates.

2.2.4 Cross-correlations
To analyze the dependence structure in time between different time series, one can use cross-
correlations.

Definition 2.5 (Cross-correlation function (CCF))
For two stationary time series (Xt,1)t∈Z and (Xt,2)t∈Z the cross-correlation function is given by

ρ1,2(h) =
Cov(Xt+h,1, Xt,2)√
Var(Xt,1)Var(Xt,2)

∀h, t ∈ Z. (2.17)

It is important to mention that in general the cross-correlation function is not symmetric around
zero like the autocorrelation function. Given random samples

{
X1,1, . . . , Xn,1

}
and

{
X1,2, . . . , Xn,2

}
,

the cross-correlations can be estimated by the empirical version of (2.17)

ρ̂1,2(h) =



n−1
n−h∑
t=1

(Xt+h,1−X1)(Xt,2−X2)√(
n−1

n∑
t=1

(Xt,1−X1)
)(

n−1
n∑

t=1
(Xt,2−X2)

) , 0 ≤ h ≤ n − 1,

n−1
n∑

t=−h+1
(xt+h,1−X1)(Xt,2−X2)√(

n−1
n∑

t=1
(Xt,1−X1)

)(
n−1

n∑
t=1

(Xt,2−X2)
) , −n + 1 ≤ h < 0,

(2.18)

where X j = n−1 ∑n
t=1 Xt, j for j = 1, 2. In order to analyze the dependence structure between two

series, one determines confidence bounds to test if the two series are independent. Therefore,
we use the asymptotic distribution of the estimator which is given for two independent linear
processes in the following theorem.
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Theorem 2.6 (Asymptotic distribution of ρ̂12(h))
Suppose the time series (Xt,1) and (Xt,2) can be represented as linear processes with iid-noise

Xt,1 =

∞∑
j=−∞

ψ j,1εt− j,1, εt,1 ∼ i.i.d.(0, σ2
1), t ∈ Z

Xt,2 =

∞∑
j=−∞

ψ j,2εt− j,2, εt,2 ∼ i.i.d.(0, σ2
2), t ∈ Z

where the two iid sequences (εt,1) and (εt,2) are independent and
∑∞

j=−∞ |ψ j,i| < ∞, i = 1, 2.
For each h ≥ 0 it then follows, that the empirical cross-correlation ρ̂1,2(h) is asymptotically
normal distributed as n→ ∞ with mean 0 and variance

1
n

∞∑
j=−∞

ρ1,1( j)ρ2,2( j).

A proof of this result can be found in Brockwell and Davis [5] (Theorem 11.2.2).
Remark: Any ARMA(p, q) process with difference equations φ(B)Xt = θ(B)εt, t ∈ Z, where
(εt) ∼WN(0, σ2), characteristic polynomials φ and θ which have no common zeros and φ(z) , 0
for all z ∈ C with |z| = 1, has the unique solution

Xt =

∞∑
j=−∞

ψ jεt− j, t ∈ Z,

with coefficients ψ j determined by

ψ(z) =

∞∑
j=−∞

ψ jz j =
θ(z)
φ(z)

, for
1
δ
< |z| < δ,

where δ > 1 comes from the well-known Laurent expansion from complex analysis.

In order to test whether two time series are independent, we have to account for the auto-
correlations of each series. Suppose, we have two white-noise series (εt,1) and (εt,2). Then, the
asymptotic distribution of the empirical cross-correlation is asymptotically normal distributed
with mean 0 and variance 1/n. This makes it possible to compute pointwise confidence bounds
similar to those for the autocorrelations.

2.3 Application to data
As motivated above we will fit univariate ARMA models to transformed data in order to model
the correlations in time. We use preliminary estimation techniques to determine a mean and
volatility structure.

When inspecting the time series plots in the Introduction (Figure 1.2), we see clearly that
the time series we are dealing with are non-stationary. There are apparent changes in the mean
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structure and the volatility varies over time. For each one-dimensional time series we use the
following transformation procedure. We first fit a version of the local linear trend model as
defined in (2.2) to the data to get an estimated trend component. Afterwards we decompose the
time series by subtracting the trend structure and estimate volatility weights of the decomposed
series. The decomposed observations are divided by the estimated volatility weights in order to
get stationary data with constant volatility over time. The model we assume can be summarized
as follows:

Xt = Tt + Wt,

Tt = Tt−1 + Bt−1 + Vt−1, (Vt) ∼WN(0, σ2
V), (2.19)

Bt = Bt−1 + Ut−1, (Ut) ∼WN(0, σ2
U),

Wt = vtX̃t,

where (vt) denote the volatility weights and (X̃t) is a stationary linear process, which we will
model by an ARMA process. The initial values for T0 and B0 are assumed to be deterministic,
but unknown. Given the observations x1, . . . , xn, the parameters σ2

V , σ
2
U ,T0 and B0 are estimated

by maximizing the likelihood function as described in Section 2.2.1. The R-function we use to
estimate the parameters is from the basic stats-package called StructTS(). Predicted values for
Yt = (Tt, Bt) are calculated as one-step ahead predictors, which are determined by the Kalman
prediction algorithm (see Brockwell and Davis [5] (Proposition 12.2.2)) with the estimated
starting values T0 and B0. Given the predicted values for Tt, denoted by T̂t for t = 1, . . . , n, we
calculate residuals from the first equation in (2.19)

Ŵt = xt − T̂t for t = 1, . . . , n.

The volatility weights v1, . . . , vn are then estimated by a window estimation procedure as de-
scribed in Section 2.2.2 based on Ŵ1, . . . , Ŵn with a window length of p = 60 seconds.

v̂t =

√√√
1

60

t−1∑
j=t−60

Ŵ2
j for t = 61, . . . , 86400,

and the boundary weights are given by

v̂t =

√√√
1

60

60∑
j=1

Ŵ2
t+ j−1 for t = 1, . . . , 60.

The devolatilized observations can be determined by

x̃t =
Ŵt

v̂t
for t = 1, . . . , 86400.

Figure 2.1 shows the transformation procedure for day 1 and mast 1. The first plot shows the
original data, where we clearly see the trend in the data which has to be estimated first. The sec-
ond plot shows the decomposed series after fitting the local linear trend model together with the
estimated volatility weights (red). The last plot shows the resulting time series after detrending
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Figure 2.1: Transformation procedure for day 1 and mast 1. Top: original time series for day 1.
Middle: residuals from the local linear trend model together with estimated volatility weights.
Bottom: resulting time series after devolatilization.

and devolatilizing the data together with a zero line. When inspecting the last time series plot
we suppose that the decomposed and devolatilized series are approximately stationary. There
are no particular abnormalities, such as changes in the mean structure, observable. We follow
this approach for all given time series from different days and masts and Figures 2.2 and 2.3
show that the procedure seems to work well for all days.

To support the stationarity assumption of the detrended and devolatilized data we use Dickey-
Fuller and augmented Dickey-Fuller (ADF) tests. The Dickey-Fuller test uses the null- hypoth-
esis that (Xt) has a unit root. A stochastic process is said to have a unit root if the process can
be written as

Xt = c + Xt−1 + εt, t ∈ Z,

where (εt) is a white-noise process with mean 0 and constant variance σ2 and c is a constant
drift term. To test whether there is a unit root, we consider the equation

Xt = c + αXt−1 + εt, t ∈ Z

and test if α = 1. If α < 1, the process is stationary. Rearranging the equation leads to

∇Xt = Xt − Xt−1 = c + βXt−1 + εt, t ∈ Z

with β = α − 1. The hypotheses of the test are given by

H0 : β = 0 against H1 : β < 1.
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Figure 2.2: Transformation procedure for day 2 and mast 1. Top: original time series for day 2.
Middle: residuals from the local linear trend model together with estimated volatility weights.
Bottom: resulting time series after devolatilization.

Figure 2.3: Transformation procedure for day 3 and mast 1. Top: original time series for day 3.
Middle: residuals from the local linear trend model together with estimated volatility weights.
Bottom: resulting time series after devolatilization.
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The coefficient β can be estimated by usual least squares estimation. We build the t-statistic to
test whether the parameter β is significant.

t̃n =
β̂

s.e.(β̂)
,

where s.e.(β̂) denotes the usual standard error. Under the null-hypothesis, the test statistic t̃n

converges in distribution to a functional of a Wiener process W as n→ ∞, given by

W2(1) − 1

2
 1∫

0
W2(t)dt

1/2
. (2.20)

Since this is a sinistral test, the null is rejected if the value of the test statistic is smaller than the
critical value. A table of selected percentiles can be found in Dickey et al. [11] (Table 1).
For our purpose we consider the 1%, 5% and 10% percentiles leading to values −3.43, −2.86
and −2.57 for rejection of the null-hypothesis.

The augmented Dickey-Fuller test (ADF-test) is an extended version of the Dickey-Fuller
test to accommodate some forms of serial correlation. The test equation is given by

∇Xt = c + βXt−1 +

p∑
j=1

α j∇Xt− j + εt, t ∈ Z.

The limiting distribution of the test-statistic is again given by (2.20), but one has to choose the
order p in such a way that the residuals are approximately white-noise which can be done by
taking p to be the order with the smallest AIC value. In our analysis we used both tests, where
we used the AIC criterion to choose the lag order. In all time series the AIC suggests to use
order p = 1. Table 2.1 shows the test-statistic and the estimated values for β. We clearly see that
all test-statistic are very small and the null-hypothesis is always rejected. Therefore, we assume
that our transformed time series are stationary.

DF-test ADF-test
β̂ t̃n β̂ t̃n

day 1, mast 1 -0.9476 -278.9 -1.078 -232.3
day 1, mast 2 -0.9514 -279.9 -1.084 -233.3
day 1, mast 3 -0.9488 -279.2 -1.085 -233.9
day 2, mast 1 -0.6281 -198.9 -0.7403 -197.3
day 2, mast 2 -0.8429 -250.8 -0.9639 -220.5
day 2, mast 3 -0.7832 -235.8 -0.9106 -216.7
day 3, mast 1 -0.6711 -278.9 -0.7661 -196.3
day 3, mast 2 -0.6269 -198.6 -0.7090 -187.7
day 3, mast 3 -0.6019 -192.9 -0.6787 -183.3

Table 2.1: DF- and ADF-test statistic (with order p = 1) and estimated parameter values for β
for the transformed time series.
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The next step in our model building procedure is to fit univariate ARMA models to each of
the nine one-dimensional transformed time series (X̃t), given through the difference equations

X̃t − φ1X̃t−1 − . . . − φpX̃t−p = εt + θ1εt−1 + . . . + θqεt−q, ∀ t ∈ Z, (2.21)

where (εt)t∈Z is a white-noise process. The orders of the ARMA process are chosen according
to Akaike’s Information Criterion (AIC). We use the R-function arima()in the stats package
to estimate the parameters of the ARMA models. This function also returns the AIC-values for
the fitted models. Figure 2.4 shows a plot of the AIC-values for mast 1 and all three days. We
see that for all three days the AIC-values stay almost constant for models with orders p + q ≥ 4.
Therefore, we first choose an ARMA(2,2) model for all nine time series and determine the
goodness of fit.
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Figure 2.4: AIC values for several ARMA models.

Predicted values X̂t(φ̂, θ̂) are determined as one-step ahead predictions by using the innovations
algorithm (see Algorithm 2.4). From the predicted values we calculate residuals

ε̂t = x̃t − X̂t(φ̂, θ̂), t = 1, . . . , n.

The sequence (ε̂t) then should have similar properties as a white-noise sequence. According
to Brockwell and Davis [5] (Section 9.4), we can estimate the autocorrelation function for the
residuals and use confidence intervals to determine whether the hypothesis of white-noise or
independence can be maintained. If (εt)t∈Z is an independent white noise process it follows that
for large n the autocorrelations ρ̂(1), . . . , ρ̂(h) are approximately independent normal distributed
with mean 0 and variance 1/n. The pointwise 95%-confidence bounds for the autocorrelation
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function are, therefore, given by:

CIupper =
1
√

n
Φ−1

(
1 + 0.05

2

)
and

CIlower = −
1
√

n
Φ−1

(
1 − 0.05

2

)
,

where Φ−1 denotes the quantile function of the standard normal distribution. If we plot the em-
pirical autocorrelation function (ACF) for the residuals, nearly 95% of the calculated values
should lie between the confindence bounds. This means that we reject the white-noise hypoth-
esis if more than two or three out of 50 values lie outside the confidence bounds.

By inspecting the autocorrelation plots (ACF) for the residuals from the ARMA(2, 2) model
we have seen that the residuals for day 1 and 2 are incompatible with white-noise. Therefore,
we modify the ARMA model for day 1 and day 2 and add an additional AR order. For day 3,
the ARMA(2,2) model seems to be an appropriate fitting model. The autocorrelation plots for
the residuals from the ARMA(3, 2) model for day 1 and 2 and ARMA(2, 2) model for day 3
are given in Figure 2.5 below. In addition we plot the confidence bounds and count the values,
which fall outside the bounds. We investigate that for all days and masts almost all values stay
within the confidence bounds so that we cannot reject the white-noise hypothesis.
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Figure 2.5: Estimated autocorrelations for residuals from fitted ARMA models without the value
of lag 0 together with confidence bounds. Left: day 1 (ARMA(3, 2), top: mast 1, middle: mast
2, bottom: mast 3). Middle: day 2 (ARMA(3, 2)). Right: day 3 (ARMA(2, 2)).

In the literature many tests based on the estimated autocorrelation can be found. One of



24 Chapter 2. Time series analysis of maxima per second wind speed observations

these tests is the Portmanteau test with null-hypothesis

H0 : ρ(1) = ρ(2) = . . . = ρ(h) = 0.

The test-statistic is given by

Q = n
h∑

j=1

ρ̂2( j),

where h = hn is the number of tested lags which depends on the number of observations. Under
the null-hypothesis, the test-statistic Q is distributed according the chi-squared distribution with
h − p − q degrees of freedom. Therefore, we reject H0 if the test-statistic is larger than the
corresponding quantile of the chi-squared distribution. The number of lags h = hn to be tested
should be chosen in such a way that the following assumptions are fulfilled:

• h = hn → ∞, as n→ ∞,

• hn = O(
√

n) and

• ψ j = O(1/√n) for j ≥ h, where ψ j, j = 1, 2, . . . are the coefficients of the representation of

a causal ARMA process as an infinite moving average process Xt =
∞∑
j=0
ψ jεt− j.

In our case this test is not useful, since the number of observations we are dealing with is
very large. When looking at the test-statistic we see that for moderate h and large values of n
automatically lead to very large values of Q. If we use for example an arbitrary sequence of 600
values from our residuals, the test statistic is small enough so that the null-hypothesis cannot be
rejected. Based on all values we would have to choose a very large number of lags to be tested,
otherwise, the test would always reject the null-hypothesis. This shows that these kind of tests
are not appropriate for such high frequency data.

We decide to choose ARMA(3, 2) models for day 1 and day 2 and an ARMA(2, 2) model
for day 3. Table 2.2 shows the parameter estimates. The estimated parameters allow for the

φ̂1 φ̂2 φ̂3 θ̂1 θ̂2 σ̂

day 1, mast 1 1.257 -0.441 0.109 -1.240 0.248 0.953
day 1, mast 2 1.460 -0.643 0.131 -1.447 0.452 0.952
day 1, mast 3 1.281 -0.470 0.118 -1.265 0.272 0.951
day 2, mast 1 1.282 -0.435 0.089 -0.866 -0.115 0.829
day 2, mast 2 1.185 -0.368 0.107 -1.034 0.049 0.941
day 2, mast 3 1.193 -0.384 0.113 -0.969 -0.011 0.917
day 3, mast 1 1.051 -0.203 - -0.688 -0.176 0.892
day 3, mast 2 1.156 -0.268 - -0.754 -0.158 0.860
day 3, mast 3 1.159 -0.283 - -0.717 -0.158 0.841

Table 2.2: Parameter estimates for ARMA(3,2) (day 1 and day 2) and ARMA(2,2) (day 3) models
fitted by one-dimensional procedures.

following interpretation. We see that the correlation for consecutive observations decreases as
the wind speed decreases. Throughout all estimated parameters, the values are largest for day
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1, where the wind speed is highest. We saw that we can leave out the third AR order for day 3
which supports that the dependence in time is not as long ranging than for the other days.

To see whether the estimated models are stationary, we determine the roots for the charac-
teristic polynomials

φ̂(z) = 1 − φ̂1z − φ̂2z2 (−φ̂3z3) and
θ̂(z) = 1 + θ̂1z + θ̂2z2.

If the characteristic polynomials do not have common zeros and

φ̂(z) , 0, ∀ z ∈ C : |z| ≤ 1,

the corresponding process is causal and the ARMA equations possess a unique stationary solu-
tion. The absolute values of the roots from the characteristic polynomials were all larger than 1,
so that we can assume that the resulting models are stationary.

Given the residuals from the fitted ARMA models, we calculate cross-correlations between
different masts in order to get a first impression on how wind speeds between masts are corre-
lated over time. Since the basic element of an ARMA process is a white-noise process, these
linear time series model build a perfect basis to "prewhiten" time series. From Theorem 2.6, we
know that the asymptotic distribution of the sample cross-correlation of two time series, where
at least one series is white-noise, is normal with mean 0 and variance n−1. Therefore, we use
the residuals from the fitted ARMA models for the estimation of the cross-correlations which
we assume to be white-noise. In this way we can compute confidence intervals and test whether
two time series are independent. For example the 95% - confidence intervals are given by the
usual standard normal quantiles multiplied by the square root of the number of observations
±n−1/2Φ−1(0.975). We denote by (ε̂t,1), (ε̂t,2) and (ε̂t,3) the residuals from the fitted ARMA mod-
els according to mast 1, 2 and 3. Then, we estimate the cross-correlations using the empirical
version (2.18). Figure 2.6 shows the resulting estimates for ρ1,2, ρ1,3 and ρ2,3 for day 1, Figure
2.7 for day 2 and Figure 2.8 for day3. The estimates for ρ2,1, ρ3,1 and ρ3,2 are not shown here,
since they are just mirrored along the y-axis

ρ̂i, j(h) = ρ̂ j,i(−h), i, j = 1, 2, 3, h ∈ Z.

There is an interesting interpretation of the cross-correlations in terms of the wind direction.
From the given data set, we know that for day 1 and day 2 the wind is mainly blowing from one
direction, which can be seen in the rose diagrams (see Figure 1.3). For lags greater than 0 the
cross-correlations decrease to zero faster than for lags smaller than zero. From the allocation
of the masts and the wind direction, we know that the wind is first blowing through mast 1
and then through mast 2 and mast 3. Therefore, the correlations for lags larger than zero are
smaller. Compared to the cross-correlation between mast 1 and mast 2, or mast 1 and mast 3,
the cross-correlation between mast 2 and mast 3 has less values significant above zero, but these
values are larger than all the other correlations. The largest value for all pairwise estimates for
day 1 can be found at lag -1 which describes the correlation within one second when the wind
is blowing from mast 1 to mast 2 or 3, or from mast 2 to 3. In day 2 the lags with the largest
value of cross-correlation are shifted to the left, namely lag -2 for cup 1 and cup 2, -4 for cup 1
and cup 3. This is due to the lower wind speed on the second day, where the wind needs longer
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time until it reaches another mast. The interpretation in terms of wind direction is not possible
for day 3 since we have more directions involved than in the first two days. But we see clearly
that the dependence decreases as the wind speed gets low since the wind needs longer time until
it reaches the next mast. Therefore, the values are much smaller than on the other days, but still
significant above 0. All in all, we can say that the dependence for consecutive observations from
different measurement masts is weaker on days, where the wind speed is lower.
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Figure 2.6: Estimated cross-correlations between different masts for day 1. Top: CCF between
mast 1 and mast 2. Middle: CCF between mast 1 and mast 3. Bottom: CCF between mast 2 and
mast 3.

2.4 Conclusion and outlook
In this chapter we have applied basic time series analysis to wind speed data. In order to be able
to fit standard time series models, we had to use preliminary transformation techniques to the
original maxima per second time series. This included the fit of a local linear trend model to
determine a trend structure for the data. Afterwards we subtracted the trend from the original
maxima per second time series and estimated volatility weights. We divided the residuals from
the local linear trend model by the volatility weights in order to obtain constant volatility over
time. We applied Dickey-Fuller and augmented Dickey-Fuller tests to the transformed time
series, to see whether the assumption of stationarity is reasonable. We saw that the procedure
works well for all nine time series.

Afterwards we fitted several univariate ARMA models in order to model the time depen-
dencies in the data. The orders of the ARMA models were selected using Akaike’s Information
Criterion and inspecting the autocorrelations of the resulting residuals. We chose ARMA(3, 2)
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Figure 2.7: Estimated cross-correlations between different masts for day 2. Top: CCF between
mast 1 and mast 2. Middle: CCF between mast 1 and mast 3. Bottom: CCF between mast 2 and
mast 3.
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Figure 2.8: Estimated cross-correlations between different masts for day 3. Top: CCF between
mast 1 and mast 2. Middle: CCF between mast 1 and mast 3. Bottom: CCF between mast 2 and
mast 3.
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models for day 1 and day 2 and an ARMA(2, 2) model for day 3. The parameters of the fitted
time series models decrease from day 1 to day 3 due to the decreasing wind speed. The range in
dependence for consecutive observations is, however, very similar for all wind situations, since
the best fitting models have nearly the same orders.

As an outlook, one could make short-term forecasts from our fitted models for some sec-
onds. This includes one-step and multistep predictions for the ARMA models, which can be
done by using the Innovations algorithm. Since we want to have forecasts for the original wind
speed per second, we have to include forecasts for the volatility weights and the trend compo-
nent. The rolling window estimation procedure for the volatility weights enables us to make
predictions for the volatility, which is then multiplied by the forecasted component from the
ARMA model. The Kalman prediction algorithm can be used to make one-step and multistep
predictions for the trend component, which is added to the volatile forecast from the ARMA
model. Forecasts for wind speed of some seconds could be useful for the calibration of wind
turbines. The rotor of a turbine is inertial and needs about 7 seconds to adapt to new wind sit-
uations. The knowledge of a new wind situation in advance can be used prepare the rotor. This
could avoid damages due to large wind speeds. Hence, the tradeoff between maximized power
capture and minimization of fatigue loads could be optimized.

The last step in this chapter concerned the estimation of pairwise cross-correlations between
all masts from one day. We saw that the estimates can be interpreted in terms of wind direction
and wind speed. For days with high wind speeds the cross-correlation is higher but decreases
faster for lags away from zero. As closer the masts are together as higher is the correlation for
small lags like one second. From day 1 to day 3 the correlations gets lower due to the lower
wind speed.

The analysis of cross-correlations leads to the idea of fitting vector-valued ARMA models
in order to capture the autocorrelation and the cross-correlations between the masts within one
model. This will be done in the next chapter, where we merge the univariate time series to
vector-valued time series.



Chapter 3

Vector-valued ARMA models for wind
speed observations of different masts

3.1 Motivation
The estimation of cross-correlations between different measurement masts in Chapter 2 leads
us to the idea of modeling the time series from different masts by multivariate methods. We will
now focus on building a vector-valued time series model for each day. Compared to the fitting
of univariate models, we are able to model not only the dependence within one time series but
also between different time series. The fitted models can be used to make short-time wind speed
forecasts for one meteorological mast from previous observations from this mast and previous
measurements from the other masts.

Ewing et al. [14] used a similar approach to analyze high frequency observations measured
at one meteorological mast at 4 different heights. They used 15 minutes of data with a sampling
rate of 10 Hz and fitted a vector-valued AR(3) model to the merged series. They suggested to
use the models for the design and calibration of wind turbines. People who are dealing with
wind power are especially interested in how the wind speeds of different masts with a certain
distance are correlated over time. Such models could be applied to wind farms, where addi-
tional meteorological masts are established in order to measure for instance the wind speed.
Wind turbines have installed some measurement systems as well, but the observations are dis-
turbed due to the turbulences created by the rotors. If the measurements from the met masts are
assumed to be correct, one would like to draw conclusions for the wind speed which actually
reaches the turbines. Multivariate linear time series models as the vector-valued ARMA model
are quite simple and build a good basis to understand the dependence structure in wind speed in
space and time. Therefore we extend the approach of fitting univariate ARMA models to each
of the nine time series as described in Chapter 2 to the fitting of vector-valued time series in
order to capture the dependence within each time series and between time series from different
measurement masts.

In Section 3.2 we give a short introduction to modeling multivariate time series and their
properties. In order to fit the vector-valued ARMA models to our data we use the transformed
time series, which we obtained in Chapter 2. The transformation procedure included the esti-
mation of a mean structure by fitting a local linear trend model to each univariate time series
and the devolatilization of the residuals in order to get time series with constant volatility over

29
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time. The resulting time series are merged and several vector-valued ARMA models are fitted
to the multivariate time series from each day.

3.2 Theoretical Introduction

In this Section we give some basic definitions from multivariate time series analysis and explain
the theory behind vector-valued ARMA processes. In the following let Xt B (Xt1, . . . , Xtd)′, for
t ∈ Z denote a vector-valued time series.

Definition 3.1 ((Weak) stationarity)
The multivariate time series (Xt)t∈Z is called (weakly)stationary if

(i) E [Xt] = (E [Xt1] , . . .E [Xtd])′ = (µt1, . . . , µtd)′ = (µ1, . . . , µd)′ = µ, ∀ t ∈ Z and

(ii) E
[
(Xt+h − µt+h)(Xt − µt)

]
= E

[
(Xt+h − µ)(Xt − µ)

]
=

[
γi j(h)

]
i, j=1,...,d

= Γ(h), ∀ t ∈ Z.

Definition 3.2 (Strict stationarity)
(Xt)t∈Z is said to be strictly if

(X′t1 , . . . , X
′
tn)

d
= (X′t1+h, . . . , X

′
tn+h) ∀ t1, . . . , tn, h ∈ Z, n ∈ N.

Like in the univariate case, the basic blocks of time series models build white-noise processes.

Definition 3.3 (multivariate white-noise process)
The multivariate process (εt)t∈Z is called multivariate white-noise process if the covariance
matrix satisfies

Γ(h) =

Σε, h = 0,
0, h , 0.

We use the same notation as in the univariate case: (εt)t∈Z ∼WN(0,Σε).

The correlation matrix is given by

R(h) =

 γi, j(h)√
γi,i(0)γ j, j(0)


i, j=1,...,d

=
[
ρi, j(h)

]
i, j=1,...,d

.

For i, j = 1, . . . , d, ρi, j(h) are called cross correlations and have been described in Chapter
2 as the correlation between the one-dimensional series (X(t+h),i)t∈Z and (Xt, j)t∈Z. Assume now



Chapter 3. Vector-valued ARMA models for wind speed observations of different masts 31

we have a random sample {x1, . . . , xn} from the multivariate series (Xt)t∈Z. We need empirical
estimates for the mean function and the covariance matrix.

µ̂ = x =
1
n

n∑
t=1

xt =

1
n

n∑
t=1

xt1, . . . ,
1
n

n∑
t=1

xtd

′ and

Γ̂(h) =

 1
n

∑n−h
t=1 (xt+h − x)(xt − x)′, 0 ≤ h < n,

Γ̂(−h), −n < h < 0.

are called the empirical mean function and the empirical covariance matrix, respectively. Note,
that the diagonal entries of Γ̂(h) are estimates for the correlations of each series. It can be shown
that X is asymptotically normal distributed for large values of n.

Definition 3.4 (vector-valued ARMA process (VARMA process))
Let (εt)t∈Z be WN(0,Σε). The d-variate process (Xt)t∈Z is a zero-mean VARMA(p, q) process if

(i) (Xt)t∈Z is stationary and

(ii) (Xt)t∈Z satisfies the difference equations:

Xt − Φ1Xt−1 − . . . − ΦpXt−p = εt + Θ1εt−1 + . . . + Θqεt−q, ∀ t ∈ Z.

Once a VARMA(p, q) model has been specified, the parameter matrices and the covariance
matrix can be estimated by maximum-likelihood estimation. It is common to use Gaussian
likelihoods for the maximization procedure, which can be stated in terms of one-step predictors
and corresponding error covariance matrices.

For a d-dimensional time series (Xt) with mean 0 and constant nonsingular covariance ma-
trix one-step predictors and the corresponding prediction error covariance matrices can be cal-
culated by the Multivariate Innovations Algorithm (see Brockwell and Davis [5], Proposition
11.4.2) leading to one-step predictors with the following form:

X̂n+1 =

0, n = 0,
n∑

t=1
Θn,t(Xn+1−t − X̂n+1−t), n ≥ 1.

Given vectors of observations x1, . . . , xn the likelihood function is then given by

L(Φ,Θ,Σε) =
1

(2π)nd/2

 n∏
t=1

det Vt−1

−1/2

exp

−1
2

n∑
t=1

(xt − x̂t)′V−1
t−1(xt − x̂t)

 ,
where Vt, t = 0, 1, . . . , n denote the prediction error covariance matrices which can be calculated
by using the innovations algorithm. Non-linear optimization algorithms have to be used in order
to maximize the likelihood function with respect to all parameters.
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3.3 Application to data
In this Section we fit VARMA(p, q) models to our data. Since the fitting of VARMA mod-
els requires stationary observations, we use the univariate transformed observations derived in
Chapter 2. This includes the estimation of the parameters from a local linear trend model and
the devolatilization of the resulting residuals. The detrended and devolatilized observations are
denoted by x̃t,1 (mast 1), x̃t,2 (mast 2) and x̃t,3 (mast 3) for t = 1, . . . , n. We merge the transformed
observations into a data matrix with 3 columns and 86400 rows.

To fit the VARMA models we use the module S+Finmetrics in the software S-PLUS.
The function mgarch() which uses maximum-likelihood estimation is assigned to estimate
multivariate GARCH-models but it is so general that it includes the VARMA models as a special
case. We assume that the covariance matrix of the error-vector is deterministic but unknown
and add an ARMA structure to the mean formula. A more accurate description of the function
mgarch() can be found in Chapter 13 of Zivot and Wang [32]. To select the appropriate order
for the VARMA models for each day we calculate AIC values after fitting several models. Figure
3.1 shows the results. From the plots we conclude that models with orders p + q ≥ 4 have the
lowest AIC-values. The values stay almost constant for larger orders. Based on the AIC-values
we conclude, that the best fitting model for all days is a VARMA(2, 2)-process with difference
equation

X̃t − Φ1X̃t−1 − Φ2X̃t−2 = εt + Θ1εt−1 + Θ2εt−2, t ∈ Z.
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Figure 3.1: AIC values for several VARMA models for day 1 (top), day 2 (middle) and day 3
(bottom).
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In order to calculate vector-valued residuals, we determine one-step predictors using the mul-
tivariate innovations algorithm and subtract them from the observations x̃1, . . . , x̃n. In a sec-
ond step we estimate autocorrelations for each residual component series and pairwise cross-
correlations to see whether the residuals obtained from the fitted models are compatible with
white-noise. The estimates for i, j = 1, 2, 3 are given by

ρ̂1,2(h) =



n−1
n−h∑
t=1

(ε̂t+h,i−ε̂i)(ε̂t, j−ε̂ j)√(
n−1

n∑
t=1

(ε̂xt,i−ε̂i)2
)(

n−1
n∑

t=1
(ε̂t, j−ε̂ j)2

) , 0 ≤ h ≤ n − 1,

n−1
n∑

t=−h+1
(ε̂t+h,i−ε̂i)(ε̂t, j−ε̂ j)√(

n−1
n∑

t=1
(ε̂xt,i−ε̂i)2

)(
n−1

n∑
t=1

(ε̂t, j−ε̂ j)2
) , −n + 1 ≤ h < 0.

where the estimated autocorrelations are given for i = j.
Figure 3.2 shows the estimated autocorrelations and cross-correlations for day 1 together with
the confidence bounds ±n−1/2Φ−1(1 − 0.05/2). To see better, whether the values lie between the
confidence intervals, we leave out lag 0 in the autocorrelations plots, since ρ̂ j j(0) = 1, j =

1, 2, 3. We see, that almost all values for the autocorrelation function stay inside the confidence
bounds, which means that there is no more dependence in consecutive values of the residuals.
For the cross-correlations the values for the lags h , 0 also stay within the confidence bounds,
so that all in all we assume that the vector-valued residuals are white-noise. The correlations be-
tween the componentwise residuals again show the allocation of the measurement masts, since
the largest correlation can be found between mast 2 and mast 3, whereas the lowest correla-
tion is between mast 1 and mast 3, which have the largest distance. For day 2 and day 3, the
autocorrelation and cross-correlation plots look very similar, so that they are not shown here.
In the following we show the estimated parameter matrices. For day 1 we obtain:

Φ̂
(1)
1,1 =

0.6227 0.1276 0.0316
0.1684 0.7016 0.1062
0.1526 0.5828 0.3766

 Φ̂
(1)
2,1 =

 0.1536 −0.0505 0.0055
0.0355 −0.0886 0.0332
−0.1551 −0.1432 0.1193


Θ̂

(1)
1,1 =

−0.6277 −0.0539 0.0045
−0.0013 −0.8277 0.0333
−0.1130 −0.1968 −0.5744

 Θ̂
(1)
2,1 =

−0.3551 0.0479 −0.0040
−0.0068 −0.1483 −0.0454
0.1109 0.1781 −0.3823


Σ̂(1)
ε =

0.9449 0.1251 0.0524
0.1251 0.8665 0.2768
0.0524 0.2768 0.7930


The resulting parameters for day 2 are given by

Φ̂
(2)
1 =

1.1106 0.0495 0.0148
0.1772 0.8465 0.0192
0.0446 0.5016 0.7690

 Φ̂
(2)
2 =

−0.2104 −0.0110 −0.0026
−0.0533 −0.0829 0.0334
−0.0699 −0.2492 −0.0218



Θ̂
(2)
1 =

−0.7039 0.0099 0.0003
−0.0582 −0.7721 0.0354
−0.0172 −0.2430 −0.6596

 Θ̂
(2)
2 =

−0.2719 0.0047 0.0004
0.0446 −0.2011 −0.0362
0.0183 0.2258 −0.3015
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Figure 3.2: Estimated autocorrelations (left) without lag 0 and pairwise cross-correlations
(right) for the residual components from the fitted VARMA(2,2) model for day 1:

Σ̂(2)
ε =

0.8237 0.0530 0.0194
0.0530 0.8674 0.1146
0.0194 0.1146 0.8066


For day 3 we get:

Φ̂
(3)
1 =

 1.0108 −0.1061 −0.1973
0.0184 1.1799 0.0489
−0.0291 −0.0057 1.1155

 Φ̂
(3)
2 =

−0.2004 0.0335 0.0429
0.0102 −0.2810 0.0497
−0.0152 −0.0067 −0.2566



Θ̂
(3)
1 =

−0.6631 0.1217 0.2083
0.0069 −0.8079 −0.0036
0.0397 0.0463 −0.6810

 Θ̂
(3)
2 =

−0.1668 0.0183 0.0482
−0.0164 −0.1627 −0.0538
0.0304 0.0102 −0.1725



Σ̂(3)
ε =

0.8696 0.0133 0.0155
0.0133 0.8318 0.0316
0.0155 0.0316 0.8319


In the following we interpret some of the parameters. As we already know from the analysis

of cross-correlations in Chapter 2 and the rose diagrams in Figure 1.3, the wind is blowing from
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mast 1 over mast 2 to mast 3 in the first and second day. This can also be detected in the values
of the estimated parameters. When inspecting the values of Φ̂

(1)
1 , Φ̂

(2)
1 and Φ̂

(3)
1 , we see that in

all cases the values in the lower triangle of the matrices are much higher than the values in the
upper triangular part. To clarify the meaning of the VARMA equations we write out the three
resulting componentwise equations for day 1. For t ∈ Z

X̃t,1 = 0.62X̃t−1,1 + 0.14X̃t−1,2 + 0.02X̃t−1,3 + 0.15X̃t−2,1 − 0.05X̃t−2,2 + 0.01X̃t−2,3

+ εt,1 − 0.63εt−1,1 − 0.06εt−1,2 + 0.01εt−1,3 − 0.36εt−2,1 + 0.05εt−2,2 − 0.02εt−2,3

X̃t,2 = 0.17X̃t−1,1 + 0.70X̃t−1,2 + 0.10X̃t−1,3 + 0.04X̃t−2,1 − 0.09X̃t−2,2 + 0.04X̃t−2,3

+ εt,1 − 0.00εt−1,1 − 0.83εt−1,2 + 0.04εt−1,3 + 0.01εt−2,1 + −0.14εt−2,2 − 0.05εt−2,3

X̃t,3 = 0.14X̃t−1,1 + 0.59X̃t−1,2 + 0.35X̃t−1,3 − 0.14X̃t−2,1 − 0.14X̃t−2,2 + 0.13X̃t−2,3

+ εt,1 − 0.10εt−1,1 − 0.21εt−1,2 − 0.55εt−1,3 + 0.10εt−2,1 + 0.19εt−2,2 − 0.40εt−2,3

We see that (X̃t,1) mainly depends on previous observations of the same time series and the de-
pendence from other previous observations of other masts is very low. This is exactly what we
expect from our previous analysis in Chapter 2 in terms of the wind direction, since the wind is
not blowing from mast 2 or 3 to mast 1. In contrast we recognize that for (X̃t,3) the coefficients
for the component series (X̃t−1,1) and (X̃t−1,2) are significant above zero. In addition we see the
allocation of masts in the values of the lower triangular parts. For example the estimated param-
eters in the lower triangular part of Φ̂

(1)
1 are given by 0.1697, which describes the correlation

between (X̃t−1,1) and (X̃t,2), 0.1400 for (X̃t−1,1) and (X̃t,3) and 0.5927 for the correlation between
(X̃t−1,2) and (X̃t−1,3). Since mast 2 and mast 3 have a distance of 5 meters the correlation between
these two series is the highest and for mast 1 and mast 3 the coefficient is the lowest.

Compared to day 2 and day 3 we see that the coefficients are lower. This is again due to the
lower wind speed which causes less dependence between different masts.

We also determine the t-statistic for each value of the estimated parameter matrix in order
to see, which values are significant above zero. The t-statistic is given by

t =
Φ̂i, j

s.e.(Φ̂i, j)
, or t =

Θ̂i, j

s.e.(Θ̂i, j)
, for i = 1, 2 and j = 1, 2, 3

where s.e. denotes the standard error of the estimated parameter, which is calculated by inverting
an approximation of the matrix of second derivatives of the likelihood function with respect to
the parameters. The diagonal entries are then the estimated standard errors for the parameters.
The underlying null-hypothesis of the t-test is given by H0 : Φ̂i, j = 0 or H0 : Θ̂i, j = 0. Under the
null-hypothesis the t-statistic is t-distributed with (n − k) degrees of freedom, where k denotes
the number of estimated parameters (in our case: k = 45). We also determine the corresponding
p-values, which are shown in the following. For p-values larger than 0.05 the corresponding
parameters are not significant on the 5%-significance level according the t-test. For day 1 we
obtain the following p-values:

p-value(Φ̂(1)
1,1) =

0.0000 0.0000 0.2462
0.0000 0.0000 0.0004
0.0000 0.0000 0.0000

 p-value(Φ̂(1)
2,1) =

0.0000 0.0012 0.7394
0.0590 0.0000 0.0384
0.0000 0.0000 0.0000
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p-value(Θ̂(1)
1,1) =

0.0000 0.0446 0.8645
0.9480 0.0000 0.2151
0.0000 0.0000 0.0000

 p-value(Θ̂(1)
2,1) =

0.0000 0.0668 0.8756
0.7387 0.0000 0.0802
0.0000 0.0000 0.0000


We see, that most of the parameters are significant according to the t-test, since the p-values

are smaller than 0.05. But some parameters, as for example the values in the upper right corner
of all parameter matrices have very small t-statistics and hence have large p-values. In a further
analysis these values could be set to zero. We also estimated VARMA models with lower trian-
gular parameter matrices, but this did not lead to an improvement, since too many values in the
upper right triangular part are significant. The orders we would have to choose for an appropri-
ate fit for lower triangular parameter matrices would lead to the estimation of more parameters
than for VARMA models with full parameter matrices. An improvement in efficiency could be
achieved by setting the non-significant values to zero, which would lead to the estimation of
less parameters.

3.4 Conclusion and outlook
This chapter dealt with the fitting of vector-valued ARMA models to the merged transformed
wind speed time series from each day. We used the transformation procedure as described in
chapter 2, which included the fitting of a local linear trend model to each time series and de-
volatilization of the residuals by estimation of volatility weights with a window estimation
procedure. The resulting time series from each mast were merged in order to get vector-valued
time series for each day. Afterwards we fitted several VARMA models and determined the AIC-
values to find the best fitting model. According to this criterion we chose VARMA(2, 2) models
for each day. The resulting residuals were inspected to see, whether the white-noise assump-
tion is reasonable. We estimated componentwise autocorrelations for the residuals and pairwise
cross-correlations and plotted them together with Gaussian confidence intervals. We saw, that
almost all values stay within the confidence bounds, so that we can assume that the resulting
residuals are multivariate white-noise. The estimated coefficients decrease from day 1 to day 3,
so that we have less dependence in consecutive observations from different masts on day 3 than
on day 1. Large wind speeds, thus, lead to stronger correlations between and within the wind
speed time series. In addition, the dependence is of course larger for masts which are closer to
each other, which can also be seen in the larger parameter values. For day 1 and day 2 the wind
is mainly blowing from one direction, which could for instance be detected in the parameter
matrices Φ1 which describes the correlation between the vector-valued transformed time series
X̃t and X̃t−1. The values in the lower triangular part of the 3 × 3-matrix were significant larger
than the values in the upper triangular part. This can be interpreted in consistence with the wind
direction, since the wind blowing first through mast 1 and than through mast 2 and mast 3, so
that consecutive observations in this direction within one second have larger correlation.

The VARMA models can be used to make forecasts for some seconds based on previous
observations of wind speed from one mast and the other masts. An improvement in efficiency
of the model estimation could be achieved by setting the non-significant values in the parameter
matrices to zero. This would lead to the estimation of less parameters.



Chapter 4

A bivariate model for joint threshold
exceedances of cointegrated components

4.1 Motivation
In contrast to Chapters 2 and 3 we follow a different approach of modeling wind speed time se-
ries in the following chapters. For the design and the operation of measurement masts and wind
turbines a precise knowledge of large wind speeds is very important. Sudden brief increases in
wind speeds, known as wind gusts, can cause damages to the wind turbines or measurement
instruments so that it may be reasonable to adjust the instruments before large wind speeds
reach the masts. Therefore, we concentrate on values above a certain threshold and use extreme
value theory to determine the distribution of threshold exceedances and dependence structures
in extreme values.

In the literature many articles with applications of extreme value theory to wind speed data
can be found. The analysis of large wind speeds is important for the design and construction
of structures, like masts and large bridges. Walshaw and Fawcett [30] established a hierarchical
model which accounts for seasonal and site effects for hourly maximum wind speeds measured
at 12 locations. The serial dependence in wind speeds is modeled through a first-order Markov
chain, where the joint distribution of consecutive threshold exceedances is modeled by a bivari-
ate extreme value model. They setup a Bayesian framework in order to estimate the parameters
by a Markov Chain Monte Carlo procedure. Walshaw and Anderson [29] built a model which
relates the maximum wind speed measurement to the mean wind speed through a distributional
relation. The mean wind speeds over a certain threshold were assumed to have a generalized
Pareto distribution, where the thresholds were chosen individually for each month. They pro-
posed a conditional model for maximum wind speeds conditional on mean wind speeds using
a generalized extreme value distribution. In both articles, return levels are determined based
on the estimated distributions. Return levels describe extreme events which have a certain fre-
quency of occurrence. When huge structures like bridges and masts are built, return levels can
be useful to identify the risk of very large wind speeds which occur for instance every 50 years.

In this chapter we follow a cointegration based approach which means that we first estimate
linear regression models, where we include the wind speed measurements from mast 1 into
the two other masts. We continue our analysis with the estimated residuals obtained from the
regression models. We see that this approach basically leads us to the analysis of the differences
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between the three masts. Further transformations will be used to obtain stationary data. Our
main objective in this section is then to model joint threshold exceedances of the resulting time
series. This means that we basically want to model the dependence in large differences between
the masts. We want to answer questions like: How large is the probability that, if the difference
between mast 1 and mast 2 is large, that the difference in wind speed between mast 1 and mast
3 at the same time is large as well?

Since the measurements coming from the instruments at the wind turbines are disturbed due
to the turbulences created by the rotors, additional meteorological masts, known as met masts,
are established which measure the wind speed. If a wind farm has at least two met masts, the
models, we develop, could be used to determine the probability of an extreme difference in wind
speed between one met mast and a wind turbine, given a large difference in wind speed between
two met masts, if it is assumed that the met masts provide accurate measurements.

Section 4.2 introduces some basic concepts in univariate and bivariate extreme value theory
which we use in our applications.

4.2 Theoretical introduction
In this section we give a short introduction to univariate and bivariate extreme value theory. In
Appendix A and B a more detailed description can be found.

4.2.1 Introduction to univariate extreme value theory
Let X1, . . . , Xn denote independent and identical distributed (i.i.d.) random variables with distri-
bution function F . Traditionally one is interested in the distribution of the sum S n = X1+. . .+Xn.
By the central limit theorem there exist sequences of constants an > 0 and bn such that the distri-
bution of (S n − bn)/an converges in distribution to a normal distribution. We are now interested
in the limiting distribution of

Mn = max {X1, . . . , Xn} , n ∈ N

and want to obtain a similar result than for the sum of i.i.d. random variables. Because of the
independence and the identical distribution, we can calculate the distribution function of Mn in
terms of F:

FMn(x) = P(Mn ≤ x) = P(X1 ≤ x, . . . , Xn ≤ x) = Fn(x), x ∈ R.

The main objective of univariate extreme value theory is to find sequences of constants (an)n∈N

with an > 0 and (bn)n∈N and a limiting non-degenerate distribution G such that for all x ∈ R (for
which the limit is continuous)

P
(

Mn − bn

an
≤ x

)
= Fn(anx + bn)→ G(x), as n→ ∞. (4.1)

Then, we say that F is in the maximum domain of attraction of G and write F ∈ MDA(G) . The
following fundamental theorem in extreme value theory gives the parametric representation of
the limiting distribution G.
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Theorem 4.1 (Fisher Tippett [17], Gnedenko[18])
Let X1, . . . , Xn be i.i.d. random variables with distribution function F. If there exist sequences
of constants (an)n∈N with an > 0 and (bn)n∈N and a non-degenerate distribution function G, such
that

P
(

Mn − bn

an
≤ x

)
→ G(x), as n→ ∞ (4.2)

for all x ∈ R (for which the limit is continuous), then G has the representation:

G(x) =

 exp
{
−

(
1 + ξ x−µ

σ

)−1/ξ
}
, 1 + ξ x−µ

σ
> 0, ξ , 0,

exp
{
−e−(x−µ)/σ

}
, x ∈ R, ξ = 0

, (4.3)

where σ > 0 and µ ∈ R.

A sketch of the proof can be found in Embrechts, Klüppelberg and Mikosch [12] (Theorem
3.2.3). The distribution in (4.3) is called generalized extreme value distribution, often denoted
by GEV. −∞ < ξ < ∞ denotes the shape parameter, −∞ < µ < ∞ the location parameter and
σ > 0 the scale parameter. ξ determines the type of extreme value distribution according to the
following three families of distributions.

Gumbel family (ξ = 0) : G(x) = exp
{
−e−x} , x ∈ R. (4.4)

Fréchet family (ξ > 0) : G(x) =

{
0, x ≤ 0,
exp

{
−x−ξ

}
, x > 0,

(4.5)

Weibull family (ξ < 0) : G(x) =

{
exp

{
−(−x)ξ

}
, x < 0,

1, x ≥ 0.
(4.6)

Remark: We are mostly dealing with stationary, but time-dependent sequences of random vari-
ables. Leadbetter [23, 24] showed, that the limiting distribution for maxima of strictly station-
ary sequences remains the same as for its independent counterpart if some additional mixing
assumptions, known as the Leadbetter conditions, are fulfilled. In addition, it can be shown that
for ARMA processes with Gaussian white-noise these conditions are satisfied, so that we can
assume the same limiting distributions as for its independent counterparts. A detailed descrip-
tion of extreme value theory for stationary sequences can be found in Appendix A.

In our application we model observations which lie above a certain threshold. For this reason
we need the distribution function for exceedances above a threshold, called excess distribution,
and the connection to the generalized extreme value distribution.

Definition 4.2 (Excess distribution, mean-excess function)
Let X denote a random variable with distribution function F and right boundary point
x∗ = sup {x ∈ R : F(x) < 1} or support and let u denote a fixed threshold with u < x∗ . Then

Fu(x) = P(X > u + x | X > u) =
F(u + x)

F(u)
, x > 0 (4.7)
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is called the excess distribution, where F = 1 − F denotes the tail of the distribution F. The
mean-excess function is given by

e(u) = E(X − u | X > u) =

x∗∫
u

F(x)dx, 0 < u < x∗. (4.8)

In practice, the mean excess function is estimated by its empirical counterpart

ên(u) =

n∑
t=1

Xt1(u,∞)(Xt)

n∑
t=1

1(u,∞)(Xt)
− u,

for observations X1, . . . , Xn.
The mean-excess plot is a useful graphical tool, in particular for discriminating in the tails. It is
given by the points

{
(X(n−k), ên(X(n−k))), k = 1, . . . , n − 1

}
=


X(n−k),

1
k

k∑
t=1

X(n−t+1) − X(n−k)

 , k = 1, . . . , n − 1


(4.9)

where X(1) < . . . < X(n) are the order statistics of the sample X1, . . . , Xn. The following distribu-
tion appears as the limit distribution of scaled exceedances over a high threshold.

Definition 4.3 (The generalized Pareto distribution)
The generalized Pareto distribution, denoted by GP(σ, ξ) with parameters ξ ∈ R and σ > 0 is
given as follows:

Hξ,σ(x) =

1 −
(
1 + ξ x

σ

)−1/ξ

+
, ξ , 0,

1 − e−x/σ, ξ = 0,
x ≥ 0, (4.10)

where x+ = max {x, 0}.

The following theorem gives the connection between the generalized extreme value distribution
and the generalized Pareto distribution (GP).

Theorem 4.4
Let X denote a random variable with distribution function F which has the right boundary point
x∗ = sup {x ∈ R : F(x) < 1}. Then F ∈ MDA(G) if and only if there exist a function b(·) such
that

lim
u→x∗

F (u + xb(u))

F(u)
=

(1 + ξx)−1/ξ, ξ , 0,
e−x, ξ = 0.

(4.11)
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A proof of this result can be found for instance in Beirlant et al. [3] (Proposition 2.1).
The theorem gives us the necessary conditions to approximate the excess distribution Fu(·) by
the generalized Pareto-distribution. If F ∈ MDA(G) for some extreme value distribution G, it
follows that

Fu(xb(u)) =
F(u + xb(u))

F(u)
≈

(1 + ξx)−1/ξ, ξ , 0,
e−x, ξ = 0.

(4.12)

By interpreting the function b(u) as a scale parameter, we can therefore approximate the excess
distribution by the generalized Pareto distribution as long as the threshold u is high enough.
This is indicated by the approximating sign ≈ in (4.12).

Modeling threshold exceedances

As already motivated above, we can approximate scaled excesses over a high threshold by the
generalized Pareto distribution. Let X1, . . . , Xn be i.i.d. random variables with distribution func-
tion F ∈ MDA(G) for some extreme value distribution function G. We choose a high threshold
u and define

Nu = # {i ∈ {1, . . . , n} : Xi > u}

as the number of threshold exceedances, denoted by YT1 , . . . ,YTNu
, where YT j = XT j − u, for

XT j > u and j = 1, . . . ,Nu. Then it follows from (4.7) that

F(x) = P(X > x) = F(u)Fu(x − u), x > u.

The excess probability F(u) B P(X > u) can be approximated by the average number of
exceedances Nu/n. The parameters of the generalized Pareto distribution can be estimated by the
maximum-likelihood method. Let X1, . . . , Xn be an i.i.d. sample from the unknown distribution
function F and YT1 , . . . ,YTNu

the corresponding exceedances. We assume that the excesses have
distribution function Hξ,σ and obtain the likelihood function

L(ξ, σ; YT1 , . . . ,YTNu
) =

Nu∏
i=1

1
σ

(
1 + ξ

YTi

σ

)−1/ξ−1

.

The log-likelihood function is given by

l(ξ, σ; YT1 , . . . ,YTNu
) = −Nu log(σ) −

(
1
ξ

+ 1
) Nu∑

i=1

log
(
1 + ξ

YTi

σ

)
.

Maximizing l gives estimates ξ̂ and σ̂ which leads to the following approximation of the tail
probability.

F̂(x) =
Nu

n

(
1 + ξ̂

x − u
σ̂

)−1/ξ̂

, x > u. (4.13)

In order to obtain confidence intervals for the estimated parameters, we need the distribution of
the maximum-likelihood estimates (ξ̂, σ̂). Provided that ξ > −1/2, one can show that√

Nu

(
ξ̂ − ξ, σ̂ − σ

) d
−→ N(0,V), as Nu → ∞, (4.14)
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where N denotes the normal distribution with covariance matrix V given by

V = (1 + ξ)
(
1 + ξ −σ
−σ 2σ2

)
.

A proof of this result can be derived by using the asymptotic normality of maximum-likelihood
estimates and can be found in the article of Smith [27].
A (1 − α)100%-confidence interval for ξ can be determined by plugging in the maximum-
likelihood estimates in the covariance matrix V:[

ξ̂ − Φ−1
(
1 −

α

2

)
N−1/2

u (1 + ξ̂), ξ̂ + Φ−1
(
1 −

α

2

)
N−1/2

u (1 + ξ̂)
]
.

By computing confidence intervals for ξ we can see whether the type of extreme value distribu-
tion obtained from the estimate is significant.

4.2.2 Modeling bivariate threshold exceedances
In the following we give a short introduction to bivariate extreme value theory. A more detailed
description of multivariate extreme value theory can be found in the Appendix B.
Let (X1,Y1), (X2,Y2), . . . , (Xn,Yn) denote a sequence of i.i.d. random vectors with distribution
function F. We define the vector of componentwise maxima as

Mn = (MX,n,MY,n) =

(
max

i=1,...,n
Xi, max

i=1,...,n
Yi

)
, n ∈ N.

As in the univariate case we want to find sequences of vectors (an) with an > (0, 0) and (bn)
with bn ∈ R

2, such that

P
(

MX,n − bn,1

an,1
≤ x,

MY,n − bn,2

an,2
≤ y

)
= Fn(an,1x + bn,1, an,2y + bn,2)

n→∞
→ G(x, y), (4.15)

where G is a two-dimensional distribution function with non-degenerate margins. Then G is
called a bivariate extreme value distribution. It can be shown that a bivariate extreme value
distribution has the general representation

G(x, y) = exp
{

log (GX(x)GY(y)) A
(

log(GY(y))
log(GX(x)GY(y))

)}
, x, y ∈ R, (4.16)

where A is called Pickands dependence function, introduced by Pickands [25] and GX and GY

are the marginal distributions of G which are itself univariate extreme value distributions. A de-
scribes the dependence structure in extreme values. If A(u) = 1 for all u ∈ [0, 1], the distribution
function G reduces to

G(x, y) = exp
{
log GX(x) + log GY(y)

}
= GX(x)GY(y), x, y ∈ R,

which corresponds to asymptotically independent margins, since the joint distribution can be
written as the product of the marginal distributions. Another boundary case for dependence is
complete dependence, where G takes on the form

G(x, y) = min {GX(x),GY(y)} ,
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which means that Mn has asymptotically completely dependent components.
In that case Pickands dependence function can be written as

A(u) = max {u, 1 − u} , u ∈ [0, 1].

From representation (5.2) it follows that

G(x, y) = exp
{

log(GX(x)GY(y)) max
{

log(GY(y))
log(GX(x)GY(y))

,
log(GX(y))

log(GX(x)GY(y))

}}
= exp

{
min

{
log(GY(y)), log(GX(x))

}}
= min {GX(x),GY(y)} , x, y ∈ R.

Strong related to Pickands dependence function is the stable tail dependence function which is
defined as follows.

Definition 4.5 (Stable tail dependence function (see Beirlant et al. [3], Section 8.2.2))
Let (X,Y) be a random vector with distribution function G and standard extremal Weibull mar-
gins with distribution function GX(x) = exp(x) and GY(y) = exp(y) for x, y < 0. The stable tail
dependence function is defined by

V(x, y) = − log G (−x,−y) , x, y < 0. (4.17)

The connection between Pickands dependence function and the stable tail dependence function
is given by

A(u) = V(1 − u, u) u ∈ [0, 1] and

V(x, y) = (x + y)A
(

y
x + y

)
, x, y ∈ R.

The marginal distributions can be estimated by univariate methods as described in Section
4.2.1. Arbitrary marginal distributions can be transformed to standard extremal Weibull margins
by using the probability integral transform, so that the main problem lies in the estimation of
Pickands dependence function or the stable tail dependence function, respectively. In order to
get a first estimate, we use a non-parametric approach for Pickands dependence function, which
is explained in detail in Appendix B.

Parametric models for Pickands dependence function
For the parametric estimation, subfamilies are chosen such that the members can be indexed by
a finite parameter vector. This leads to a standard maximum-likelihood estimation procedure,
where the assumed likelihood-function is maximized in order to obtain parameters which de-
scribe the dependence structure. Based on the non-parametric estimate, we can choose possible
parametric models for Pickands dependence function. In our application, we fit the logistic, the
asymmetric logistic, the bilogistic, the mixed and the asymmetric mixed model, where we list
the stable tail dependence function in Table 4.1. The models are explained in more detail in
Appendix B.
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Model Stable tail dependence function

logistic: V(x, y) =
(
x1/r + y1/r

)r
, 0 < r ≤ 1

asymmetric logistic: V(x, y) = (1 − θ)x + (1 − φ)y + ((xθ)1/r + (yφ)1/r)r, 0 ≤ θ, φ ≤ 1
bilogistic: V(x, y) = xq(1−θ) + y(1 − q)(1−φ), 0 < θ, φ < 1,

where q is the root of the equation:
(1 − θ)x(1 − q)φ − (1 − φ)yqθ = 0

mixed: V(x, y) = (x + y) − θxy
x+y , 0 ≤ θ ≤ 1

asymmetric mixed: V(x, y) = (x + y) − xy[x(θ + φ) + y(2φ + θ)](x + y)−2 θ ≥ 0 and
θ + φ , 1, θ + 2φ , 1, θ + 3φ ≥ 0

Table 4.1: Stable tail dependence function for possible parametric models.

Estimation of the bivariate threshold model

In the univariate case we derived the approximation for threshold exceedances by the gener-
alized Pareto distribution. It is just natural to use this approximation for the marginal threshold
exceedances as well. Let (X1,Y1), . . . , (Xn,Yn) denote realizations from the random vector (X,Y)
with common distribution function F and let uX and uY be specified thresholds. For uX and uY

large enough, we approximate the probabilities FX(·) and FY(·) by

F̃X(x) = 1 −
NuX

n

{
1 + ξX

x − uX

σX

}−1/ξX

, x > uX

and

F̃Y(y) = 1 −
NuY

n

{
1 + ξY

y − uY

σY

}−1/ξY

, y > uY .

Then, we transform the marginal distributions so that they are all extremal Weibull distributed.
This means that the transformations

v1 = log
(
F̃X(x)

)
and v2 = log

(
F̃Y(y)

)
induce a random vector (V1,V2) with distribution function FV which has margins that are ap-
proximately standard Weibull distributed for x > uX and y > uY . It then follows that

FV(v1, v2) =
(
Fn

V(v1, v2)
)1/n

≈ G1/n
(
v1 − b1,n

a1,n
,

v2 − b2,n

a2,n

)
,

where G is an extreme value distribution and a1,n, a2,n > 0 and (b1,n), (b2,n) are sequences of
constants. The approximating sign comes from the general definition of a bivariate extreme
value distribution (4.15) and indicates that we approximate Fn

V for large n by the extreme value
distribution G. The max-stability property of extreme value distributions provides sequences of
constants α1,n > 0, α2,n > 0 and β1,n ∈ R, β2,n ∈ R such that

G1/n(v1, v2) = G(α1,n
v1 − b1,n

a1,n
+ β1,n, α2,n

v2 − b2,n

a2,n
+ β2,n) C G̃(v1, v2).
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G and G̃ only differ in scale and location, but not in the shape parameter or in the dependence
structure. Therefore, G̃ is an extreme value distribution and, since FV(v1, v2) = F(x, y), it follows
that F can be approximated by

F̃(x, y) = exp
{

(v1 + v2)A
(

v2

v1 + v2

)}
= exp {−V(−v1,−v2)} , x > uX, y > uY . (4.18)

Censored likelihood estimation

The marginal parameters (ξX, σX) ,(ξY , σY) and the dependence parameters (according to the
parametric model) can be jointly estimated by maximum-likelihood estimation. Observe that
the model described above is only defined on the region [(uX, uY), (∞,∞)]. Therefore, we need
to ’censor’ the likelihood function for observations for which one component is larger than the
threshold component and the other component is below the threshold component. We define the
following regions and the censored likelihood function according to Coles [8] (Section 8.3.1).

R0,0 = (−∞, uX) × (−∞, uY), R1,1 = [uX,∞) × [uY ,∞),
R1,0 = [uX,∞) × (−∞, uY), R0,1 = (−∞, uX] × [uY ,∞).

Problems arise, if a point lies in region R1,0 or R0,1. Suppose, we have a point (x, y) ∈ R1,0. Then
the likelihood contribution for (x, y) is given by

P(X = x,Y ≤ uY) =
∂F
∂x

∣∣∣∣∣
(x,uY )

.

(information is only concerning the marginal x-component)
Altogether we get the censored likelihood:

L(ϑ, (X1,Y1), . . . , (Xn,Yn)) =

n∏
i=1

ψ(ϑ, (Xi,Yi)),

where ϑ denotes the parameter vector and

ψ(ϑ, (x, y)) =



∂2F
∂x∂y

∣∣∣∣
(x,y)

if(x, y) ∈ R1,1,

∂F
∂x

∣∣∣
(x,uY )

if(x, y) ∈ R1,0,

∂F
∂y

∣∣∣∣
(uX ,y)

if(x, y) ∈ R0,1,

F(uX, uY) if(x, y) ∈ R0,0.

4.3 Application to wind speed data
In this section we follow a different approach of modeling the wind speed time series. Since we
are dealing with non-stationary data, we borrow an idea known from finance by using cointe-
grated vector components We say that a stochastic process (Xt)t∈Z is integrated of order 1 if the
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differenced process ∇Xt = Xt − Xt−1, t ∈ Z is stationary. According to Engle and Granger [13],
we call a vector of stochastic processes cointegrated, if each component series of the vector-
valued time series is integrated of the same order, but there exists a linear combination of the
vector components which is stationary. In order to test, whether the univariate time series are
integrated of order 1, we used the Dickey-Fuller test for a unit root (see Dickey, Bell and Miller
[11]) and concluded that a unit root exists for all time series. This leads us to the idea of building
a cointegration model. Let Xt = (Xt,1, Xt,2, Xt,3)′, t ∈ Z denote the vector of time series according
to the three masts. The idea of cointegration leads to regression models of the following form:

Xt,2 = α1Xt,1 + εt,1, t ∈ Z
Xt,3 = α2Xt,1 + εt,2, t ∈ Z

This means that we integrate the measurements taken from mast 1 into the other two masts. The
parameters α1 and α2 are estimated by standard least-squares estimation and are listed in Table
4.2. We obtain the following estimated values :

day α1 α2

day 1 1.0025 1.0110
day 2 1.0016 0.9825
day 3 1.0206 1.0392

Table 4.2: Estimated values for α1 and α2

We see that the values are all very close to one, which means that we are basically looking at the
differences between measurements of the masts at the same time. We continue with an analysis
of the estimated residuals (ε̂t,1) = Xt,2 − α̂1Xt,1 and (ε̂t,2) = Xt,3 − α̂2Xt,1 for t = 1, . . . , 86 400.
The resulting time series plots in Figure 4.1 manifest that the time series are non-stationary,
which makes it impossible to use standard methods from extreme value theory without modeling
the parameters time-dependently. We use transformation techniques similar to the approach in
Chapter 2. Including the transformation procedure which will be explained in detail below, we
can summarize the model as follows. For t ∈ Z

Xt,2 = α1Xt,1 + εt,1, Xt,3 = α2Xt,1 + εt,2,
εt,1 = vt,1Z̃t,1, εt,2 = vt,2Z̃t,2,
Z̃t,1 = Zt,1 + µt,1, Z̃t,2 = Zt,2 + µt,2,

(4.19)

where (vt,i) denote volatility weights, (µt,i) describes the mean structure of the process (Z̃t,i)
and (Zt,i) is a stationary linear process. For the estimation of the volatility weights we use a
window length of 60 seconds. For i = 1, 2 the estimates are given by

v̂t,i =

√√√
1

60

t−1∑
j=t−60

ε̂2
j,i for t = 61, . . . 86 400 (4.20)

and the boundary weights are estimated by

v̂t,i =

√√√
1

60

60∑
j=1

ε̂2
t+ j−1,i for t = 1, . . . 60.
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The devolatilized observations Z̃t,i are then given by

Z̃t,i =
ε̂t,i

v̂t,i
for i = 1, 2 and t = 1, . . . , n.

In a second step we estimate the mean structure in a similar way by taking a rolling window
procedure and estimating the mean within each subperiod by the arithmetic average. The win-
dow length is chosen to be 600 instead of 60, since the plot (Figure 4.1, second row) indicates
that the mean stays constant over a longer time period compared to the volatility weights.

µ̂t,i =
1

600

t−1∑
j=t−600

Z̃ j,i for j = 601, . . . , 86 400 and i = 1, 2. (4.21)

The boundary values (t = 1, . . . , 600) are estimated in the same way as described for the volatil-
ity weights. Afterwards, the estimated means are subtracted from the series.

Zt,i = Z̃t,i − µ̂t,i, for t = 1, . . . , 86 400, i = 1, 2.

Figure 4.1 shows the transformation steps for day 2. The plots on the left hand side show the
steps used for the first component of the transformed integrated series and the plots on the right
hand side show the steps for the second component. The plots on the top of the figure show
the residuals obtained from the basic regression models together with the estimated volatility
weights. The middle figures represent the devolatilized time series with the estimated mean
structure and the last plots show the devolatilized series subtracted by the mean. By inspecting
the last pictures we can see that the resulting time series seem to be stationary. We see that the
procedure seems to work well which we support by using ADF tests.
To see how the dependence of consecutive observations changes due to the transformation pro-
cedure, we estimate the autocorrelations before and after the transformations and determine
whether there are apparent changes. The results are very similar for all days, so we just show
the plots for day 2. In Figure 4.2 the estimated autocorrelations are plotted for the series before
and after the transformation steps. Especially in the second component on the bottom of the
picture we see a strong improvement in stationarity. The left plot on the bottom of the figure
indicates long-range dependency in the data, since the values for the autocorrelation are sig-
nificantly above zero. They nearly stay constant for larger lags and fall outside the confidence
bounds. This means that the dependence between lagged time series is still apparent for large
lags. This effect nearly disappears in the right plot of the lower autocorrelation plots, where the
autocorrelations decrease to zero for larger lags.

In addition to the autocorrelation plots we perform ADF-tests as in Chapter 2 to support the
assumption of stationarity. This means that we estimate the parameters in

∇Zt,i = c + βZt−1,i +

p∑
j=1

α j∇Zt− j,i + εt, t ∈ Z, i = 1, 2,

where ∇Zt,i = Zt,i − Zt−1,i, t ∈ Z, i = 1, 2 and the order p is chosen according to Akaike’s
information criterion. The t-statistic is used to investigate whether β is significant and, hence,
(Zt,i) has no unit root. The results for the transformed time series are given in the Table 4.3. In
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Figure 4.1: Transformation procedure for the cointegrated vector components of day 2. Top:
cointegrated time series for mast 2 (left) and mast 3 (right). Middle: series after devolatilization
with estimated mean structure. Bottom: time series after subtracting the mean structure.

all cases the AIC-value was smallest for p = 1. We clearly see, that the null-hypothesis of a
unit root is rejected in all cases, since the values of the test-statistic are much smaller than the
critical values (for example: -3.43 for the 1% significance level).

value of β test-statistic t̃n

day 1, W1 -0.3631 -131.9
day 1, W2 -0.2782 -115.4
day 2, W1 -0.3100 -127.4
day 2, W2 -0.2230 -106.2
day 3, W1 -0.1279 -87.89
day 3, W2 -0.1053 -79.53

Table 4.3: Values of β and the test-statistic in the ADF-tests.

To support the assumption of a stationary linear process with Gaussian white-noise, we es-
timate several ARMA models as in Chapter 2. By comparing the AIC-values, we conclude that
the best fitting model for the processes (Zt,1) and (Zt,2) for day 1 and 2 is given by an AR(6)
process and for day 3 by an AR(3) process with Gaussian white-noise. A residual analysis sup-
ports the statement, that the residuals follow a standard normal distribution. Therefore, we can
assume that the distribution lies in the same maximum domain of attraction as the distribution
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Figure 4.2: Estimated autocorrelations before (left) and after (right) the transformation proce-
dure for day 2.

of the corresponding i.i.d. sequence of random variabes. (see Chapter 4 in Embrechts, Klüp-
pelberg and Mikosch [12]). Altogether, this means, that we tranformed the differences between
masts in such a way, that we can directly apply standard methods from extreme value theory.
This corresponds to standardizing the margins to the same level using the probability integral
transform. The marginal exceedances are now modeled by the generalized Pareto distribution
with a threshold chosen equal to the 98% empirical quantile as described in Section 4.2.1. The
estimated parameters are shown in Table 4.4. From the joint distribution of the parameters, see
(4.14), we can approximate confidence intervals for ξ, given by

ξ̂ ± Φ−1
(
1 −

α

2

)
N−1/2

u (1 + ξ̂).

They are also shown in Table 4.4
We see that all estimates are very close to zero and the confidence intervals contain the value

zero in all cases. Therefore, we assume that the distributions could lie in the Gumbel domain
of attraction. In order to get a better picture of the shape parameter, we construct mean-excess
plots (see for instance Chapter 6 in Embrechts et al. [12]) by using the function meplot()in the
R-package evir (available at http://cran.r-project.org/web/packages/evir/index.
html). Figure 4.3 shows the results. We clearly see, that almost all plots are non-decreasing
and almost stay at a constant level for all threshold values, which supports the Gumbel-type
distributions.

In the following, we want to check if the estimated marginal distributions fits the data. Es-
pecially for further multivariate models, it is important that the models for the marginal compo-

http://cran.r-project.org/web/packages/evir/index.html
http://cran.r-project.org/web/packages/evir/index.html
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σ̂ ξ̂ CI(ξ)
day 1, (Z1) 0.4932 (0.015) 0.0258 (0.021) [-0.023,0.074]
day 1, (Z2) 0.4706 (0.016) 0.0257 (0.024) [-0.023,0.074]
day 2, (Z1) 0.4672 (0.015) 0.0179 (0.023) [-0.030,0.066]
day 2, (Z2) 0.4211 (0.014) 0.0425 (0.026) [-0.007,0.092]
day 3, (Z1) 0.4599 (0.020) -0.0425 (0.028) [-0.087,0.003]
day 3, (Z2) 0.4946 (0.024) -0.0506 (0.036) [-0.095,-0.006]

Table 4.4: Estimated parameters and standard errors in brackets for the standard GPD model
together with confidence intervals for the shape parameter.

nents are appropriate. In order to test the goodness-of-fit of our models, we construct probability
and quantile-quantile plots, abbreviated by qq-plots. Given a sample of independent observa-
tions Z1, . . . ,Zn and the estimated distribution function F̂, a probability plot consists of the
points {(

F̂(Z(k)),
n − k + 1

n + 1

)
: k = 1, . . . , n

}
, (4.22)

and qq-plots are given by the points{(
Z(k), F̂←

(
n − k + 1

n + 1

))
: k = 1, . . . , n

}
, (4.23)

where Z(1) < . . . < Z(n) is the ordered sample and F← is the generalized quantile function . If the
reference distribution is a reasonable choice for the data, the qq-plot is approximately linear.
This stays true if the true distribution is a linear transformation of the reference distribution.
Figure 4.4 shows the diagnostic plots for our marginal GPD-fits for day 1. We obtain a straight
line pattern in all plots which supports the statement that the estimated distribution functions fit
the data well. The diagnostic plots for day 2 and day 3 look very similar to those on day 1, so
that they are not shown here.

The next step in our analysis is to establish a bivariate model for joint threshold exceedances.
We want to find a structure for the dependence in extremes. Figure 4.5 shows the transformed
cointegrated observations (Zt,2) against the transformed cointegrated values from (Zt,1). There is
a tendency for large values of one variable to correspond to large values of the other variable.
We choose the componentwise 98%-quantiles as thresholds. Our main objective is to model
the values in the regions R1,0, R0,1 and R1,1 which correspond to the bivariate intervals for the
censored likelihood estimation (see Section 4.2).

We start with the non-parametric estimate, taken from Beirlant et al [3] (Section 9.4.1), for
Pickands dependence function in order to get a first impression on possible parametric models.
A detailed derivation of this estimate can be found in Appendix B (Section B.2.3). From the
non-parametric estimate we conclude, that possible parametric models could be the logistic, the
asymmetric logistic, the bilogistic, the mixed and the asymmetric mixed model. We fit these
models to the transformed exceedances by using the censored likelihood approach.

An useful summary measure for extremal dependence is the so-called tail dependence pa-
rameter. Following the article of Coles, Heffernan and Tawn [7] we define this natural measure
of extremal dependence for a bivariate random vector (X,Y) with common distribution function
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Figure 4.3: Mean-excess plots for values above 98%-quantiles for day 1 (left), day 2 (middle)
and day 3 (right) where the mean-excesses corresponding to Zt,1 are plotted on the top and the
mean-excesses from Zt,2 on the bottom.

F(x, y) and marginal distributions FX and FY in terms of uniformly distributed variables as

χ = lim
u→1

P(FX(X) > u | FY(Y) > u).

We can say that χ is the probability of one variable being extreme given that the other is
extreme. It can be shown (see Appendix, Section B.2.2) that χ can be calculated by

χ = 2
(
1 − A

(
1
2

))
,

so that we can estimate the tail dependence parameter by using the estimates for Pickands
dependence function. Table 4.5 summarizes the estimates for all parametric models.

logistic asy. logistic bilogistic mixed asy. mixed non-parametric
day 1 0.4134 0.4263 0.4135 0.4295 0.4296 0.4119
day 2 0.3328 0.3262 0.3329 0.3520 0.3521 0.3393
day 3 0.2287 0.2154 0.2289 0.2359 0.2369 0.2280

Table 4.5: Estimated tail dependence parameter χ for all estimated parametric models.

For different parametric models Pickands dependence functions and, hence, the tail dependence
parameters are very close to each other. We see that the values decrease from day 1 to day 3. This



52 Chapter 4. A bivariate model for joint threshold exceedances of cointegrated components

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

probability Plot, day 1, Z1

Empirical

M
o

d
e

l

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●
●●●●●●●●●●●●

●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●
●●●●●●●●●●●●●

●●●●●●●●●●●
●●●●●●●●

●●●●●●●●
●●●●●

●●
●●●●●

●●●
●●●●●●●●●

●●●●●●●●
●

●
● ●

● ● ●

●
●

●

2.5 3.0 3.5 4.0 4.5

2
.5

3
.0

3
.5

4
.0

4
.5

qq−plot, day 1, Z1

Model

E
m

p
ir

ic
a

l

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

probability Plot, day 1, Z2

Empirical

M
o

d
e

l

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●

●●●●●●●●●●
●●●●●●●●●●●

●●●●●●●●●
●●●●●●

●●●●
●●●●●●●●

●●●●●●●●
●●●●●●●

●●●●
●●●●●●●●

●●●
●●●●●●●●●

●●
●●●●●●●●●

●● ● ● ● ● ●

● ● ●

●

2.5 3.0 3.5 4.0 4.5

2
.5

3
.0

3
.5

4
.0

4
.5

qq−plot, day 1, Z2

Model

E
m

p
ir

ic
a

l

Figure 4.4: Diagnostic plots for the marginal GPD fits: Probability plots for (Zt,1) (top left) and
(Zt,2) (bottom left) and QQ-plots for (Zt,1) (top right) and (Zt,2) (bottom right)

Figure 4.5: Scatterplot of the transformed series (Zt,1) against (Zt,2) together with 98% quantiles
for day 1
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is due to the decreasing wind speed which causes less dependence in extreme values. The higher
the wind speed, the higher is the dependence in extreme values for the components. Figure 4.6
shows the resulting estimates for Pickands dependence function for different parametric models.
The outer triangle corresponds to the two boundary cases: independence and complete depen-
dence. The line at y-component 1 describes asymptotically independent components, whereas
the two lines which meet at the point (0.5, 0.5) belong to asymptotically complete dependent
components. Our estimates lie between these extreme cases and look very similar for different
parametric models. As already explained for the tail dependence parameters, the dependence
decreases from day 1 to day 3 due to lower wind speeds.

The next step is to find the best fitting model for our data. Within one parametric family
we can use standard likelihood ratio tests for deciding between two different models, since the
models are nested. For example we can test between the logistic and the asymmetric logistic
model by assuming the hypothesis:

H0 : θ = φ = 0 (logistic model) and
H1 : θ > 0, φ > 0 (asymmetric logistic model).

The likelihood ratio test statistic is given by

λ(X) =
supθ=φ=0,r L(r; X)

supθ,φ,r L(θ, φ, r; X)
.

Then, it can be shown that under H0

−2 log λ(X) = −2(log L(r̂; X) − log L(θ̂, φ̂, r̂; X)) ∼ χ2
2.

This means that we reject H0 if −2 log λ(X) > χ2
1−α,2. We proceed similarly to test between lo-

gistic and bilogistic models, or between mixed and asymmetric mixed models. Table 4.6 shows
the resulting values for the test statistic and the corresponding p-values. For day 2 and 3 we
investigate that according to this test we favor the logistic models over the asymmetric logistic
models and over the bilogistic models on the 5%-significance level since the p-values are larger
than 0.05 and, therefore, we cannot reject the null-hypothesis of symmetry. On the first day one
could possibly think about asymmetry in the models, since the p-values are much smaller than
on the other days. But on the 1% significance level we can never reject the null-hypothesis and
we decide to take the symmetric models for our further analysis.

day 1 day 2 day 3
test-stat p-value test-stat p-value test-stat p-value

logistic & asymmetric logistic 2.5045 0.1135 0.0301 0.8623 1.987 0.1587
logistic & bilogistic 2.7524 0.0971 0.0004 0.9840 2.1561 0.1420

mixed & asymmetric mixed 1.0747 0.2999 0.0000 0.9983 2.9369 0.0866

Table 4.6: Likelihood ratio test statistics and corresponding p-values for testing between differ-
ent nested models.
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Figure 4.6: Parametric and non-parametric estimates for Pickands dependence functions. Top
left: estimates for day 1. Top right: estimates for day 2. Bottom: day 3.

We now have to choose between the logistic and the mixed model. The stable tail dependence
functions are given by

Vlogistic(x, y) =
(
x1/r + y1/r

)r
, 0 < r ≤ 1,

Vmixed(x, y) = (x + y) −
θxy

x + y
, 0 ≤ θ ≤ 1.

To decide between these models we use an approach suggested by Tawn [28], where the convex-
ity of Pickands dependence function is used in order to establish a test based on the estimation
of a parametric model with Pickands dependence function

A(u) = γAlogistic(u) + (1 − γ)Amixed(u), u ∈ [0, 1],

where γ ∈ [0, 1]. If γ is significantly above 0.5, the logistic model is favored over the mixed
model and vice versa. We apply this approach to the stable tail dependence function which is
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convex as well:
V(x, y) = γVlogistic(x, y) + (1 − γ)Vmixed(x, y),

where γ ∈ [0, 1]. The estimated values for γ are 0.935 for day 1, 0.998 for day 2 and 0.994
for day 3. These estimates are significantly above 0.5, so that we can reject the mixed model.
Altogether, the estimates for Pickands dependence function are very close to each other (see
Figure 4.6 and Table 4.5) and we assume that the logistic model fits our data well. The estimated
logistic dependence parameter r and standard errors (in brackets) for all days are given in Table
4.7. The estimates are below one and correspond to dependence between the integrated time
series. We also see that the dependence parameters r decreases from day 1 to day 3, which
means that the dependence in extreme values gets weaker from day 1 to day 3. This is what we
expect from the high wind speed on day 1 and the lower wind speeds on day 2 and 3.

dependence parameter r̂
day 1 0.6659 (0.0087)
day 2 0.7374 (0.0084)
day 3 0.8248 (0.0175)

Table 4.7: Estimated dependence parameter r̂ and standard error in brackets from the logistic
model.

To complete the estimation procedure, we also show the parameters estimated for the other
parametric models.

asymmetric logistic bilogistic mixed asymmetric mixed
θ̂ φ̂ r̂ θ̂ φ̂ θ̂ θ̂ φ̂

day 1 0.9994 0.9815 0.6504 0.6394 0.6894 0.8589 0.9222 -0.0421
(0.002) (0.043) (0.012) (0.019) (0.016) (0.019) (0.064) (0.041)

day 2 0.9997 0.9802 0.7402 0.7377 0.7371 0.7040 0.7041 -0.0081
(0.003) (0.056) (0.011) (0.017) (0.017) (0.020) (0.064) (0.040)

day 3 0.9996 0.7491 0.8068 0.7810 0.8565 0.4718 0.6146 -0.0938
(0.002) (0.108) (0.019) (0.028) (0.016) (0.027) (0.078) (0.047)

Table 4.8: Estimated parameters for the asymmetric logistic, the bilogistic, the mixed and the
asymmetric mixed model together with standard errors in brackets.

The last step in this analysis concerns the estimation of bivariate quantile curves. The con-
cept of bivariate quantiles in R2 is not uniquely defined in the literature and there can be found
other definitions as well. For p ∈ (0, 1) one possible definition of bivariate quantile curves is
given through contour lines, given by

QF(p) =
{
(x, y) ∈ R2 : F(x, y) = p

}
This definition can be found for instance in Beirlant et al. [3] (Section 9.4.3). We use the repre-
sentation

F(x, y) = exp
{

log (FX(x)FY(y)) A
(

log(FY(y))
log(FX(x)FY(y))

)}
, x > ux, y > uy
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and solve the equation F(x, y) = p by fixing

ω =
log(FY(y))

log(FX(x)FY(y))
∈ [0, 1] .

We compute

log(FX(x)) =
1 − ω
ω

log(FY(y))⇔ FX(x) = FY(y)(1−ω)/ω

By plugging in Gx(x) in the representation for the joint distribution function we obtain

F(x, y) = p ⇔ exp
{
log

(
FY(y)(1−ω)/ω · FY(y)

)
A(ω)

}
= p

⇔ log
(
FY(y)1/ω

)
A(ω) = log(p)

⇔ FY(y) = pA(ω)/ω

and
FX(x) = p(1−ω)/A(ω)

Together with the maximum-likelihood estimate for Pickands dependence function, the esti-
mated quantile curves (contour plots) are given by the points

QF̂(p) =
{
(x, y) ∈ R2 : F̂(x, y) = p

}
=

{(
F̂←X (p(1−ω)/Â(ω)), F̂←Y (pω/Â(ω))

)
, ω ∈ [0, 1]

}
.

Figure 4.7 shows the resulting estimates together with a scatterplot of the transformed cointe-
grated components.

4.4 Conclusion and outlook
In this chapter we used the idea of cointegration to build two time series for each day which in-
tegrate the information contained in mast 1 into the other two masts. We used linear regression
models for the measurements from mast 2 and 3 with the observations from mast 1 as covariates.
The parameters were estimated by standard least-squares estimation. The estimated parameters
were very close to one, so that we were basically analyzing differences in wind speed between
the measurements masts. We investigated that higher wind speeds lead to higher differences in
wind speed between the masts. We continued with the residuals obtained from the linear regres-
sion models and transformed them in such a way that they became stationary. This was done by
estimating volatility weights and the determination of a mean-structure by calculating the arith-
metic average in 10-minutes subperiods. The stationarity was supported by using augmented
Dickey-Fuller tests. The resulting transformed cointegrated vector components were assumed
to be stationary linear processes which was supported by fitting univariate AR models to each
time series.

The second step in our analysis was to build a model for joint threshold exceedances of
the transformed cointegrated time series using bivariate extreme value theory. The marginal ex-
ceedances were assumed to have a generalized Pareto distribution and based on the marginal fits
we used several parametric models for the dependence structure in extreme values, including
the logistic, asymmetric logistic, bilogistic, the mixed and the asymmetric mixed model. In ad-
dition to the parametric estimates we used a non-parametric approach for Pickands dependence
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Figure 4.7: Scatterplots of transformed cointegrated series together with estimated bivariate
quantile curves for day 1 (upper left), day 2 (upper right) and day 3 (bottom) and different
values for p.
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function and compared the results to the parametric models. We estimated the tail dependence
parameter for all models and saw that they are very similar in all cases for one day. The strength
in dependence decreased from day 1 to day 3 due to the lower wind speeds on day 2 and day 3
which causes lower differences and also lower transformed differences in wind speed between
the measurement masts. The plots of Pickands dependence function indicate the same effect as
for the tail dependence parameter. Compared to day 2 and day 3, day 1 showed some asymmetry
and one could possibly think about using an asymmetric model. To find the best fitting model
we used several tests. For nested models like the logistic, asymmetric and bilogistic model we
used standard likelihood-ratio tests and concluded that for all days the logistic model is favored
over the asymmetric and bilogistic model and the mixed model is preferred to the asymmetric
mixed model. To decide between the logistic and the mixed model we used the approach intro-
duced by Tawn [28] which accounts for the convexity of the stable tail dependence function.
This test indicated that a mixture of the logistic and the mixed model could be a possible fit as
well. To determine the goodness of fit for the marginal distributions we used probability and
quantile-quantile plots and assessed that the fit is satisfactory, since the plots showed a straight
line pattern. According to Beirlant et al. [3] we defined and computed bivariate quantile curves
based on the estimated distributions.

Models for the differences between masts could be useful for the calibration of wind farms.
An important issue for designers of wind turbines is the determination of the exact wind power
which is produced. The turbines have installed some wind speed measurement systems, but the
observations are disturbed due to the turbulences created by the rotors. Therefore, additional
meteorological masts (met masts) are installed to measure the "exact" wind speed. By using
the estimated distribution functions one could determine the probability of a large difference in
wind speed between one met mast and the wind turbine given a large difference between two
met masts.



Chapter 5

Non-stationary modeling of threshold
exceedances

5.1 Motivation
Wind speed is the most important parameter in the design and study of wind energy conver-
sion systems. A precise knowledge of the behavior of large wind speeds is essential for the
design and the calibration of wind turbines. Strong winds can cause severe damages to the wind
turbines so that it makes sense to prepare the rotor of a turbine for large wind speeds.

In previous chapters we transformed the data in such a way that they become stationary.
Afterwards, we fitted standard models from extreme value theory to the transformed data. The
transformation procedures make it difficult to draw conclusions from the original wind speed
time series. The following approach is based on modeling the non-stationary nature of the orig-
inal data within one model. In this way, we can directly interpret the results and the models can
be used to get a better knowledge of large wind speed values above a certain threshold.

We use standard methods from extreme value theory as basic templates and enhance them
by statistical modeling of the parameters in the distributions. We concentrate on day 1 and day
2 only, since day 3 has actually no extreme values and, clearly, it makes no sense to interpret
results from fitting an extreme value model to the data from day 3.

The most interesting parameter in extreme value models is the shape parameter ξ, which de-
termines the type of extreme value distribution. In many articles, including for example Coles
and Walshaw [9] who modeled hourly maximum wind gust speeds together with the wind gust
direction, the shape parameter in the extreme value distribution is negative which implies a
Weibull-type distribution. This type of extreme value distribution for wind speed is also sup-
ported by the articles of Holmes and Moriarty [20] and Walshaw and Anderson [29]. Walshaw
[30] analyzed hourly wind speed time series for 10 years and used the Peaks-over-Threshold
method with variable and homogeneous shape parameters for different months. He concluded
that the shape parameter can be chosen constant for different months and obtained negative val-
ues, leading to the Weibull-type distributions. Since high frequency data eventually shows more
peaks than low frequency or averaged data, it is of interest whether we find the same type of
extreme value distribution for the high frequency wind speed data.

After fitting the conditional models to the univariate data, we use the estimated marginal
distributions to determine a dependence structure for large wind speeds between masts. We

59
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estimate Pickands dependence function by using a parametric and a non-parametric approach.
In Section 5.3, we follow exactly the same approach as in Section 5.2, but we use the first-

order differenced time series ∇Xt = Xt − Xt−1, t ∈ Z, for the estimation procedure. In this way,
we look at the changes of wind speed within one second. Large positive differences within one
second indicate wind gusts, which are loosely defined as a sudden increase in wind speed for
some seconds. We also determine one-step ahead conditional quantiles based on the fitted model
for threshold exceedances.

5.2 Analysis of wind speed exceedances
Exploratory analysis:

As a starting point, we divide the whole time series in 144 subperiods of length 600 (10 min-
utes). Within each subperiod, we model threshold exceedances with a threshold chosen such that
we have 60 exceedances per subperiod. We assume that the time series restricted to each subpe-
riod are stationary and model the exceedances by fitting the generalized Pareto distribution to
the excesses. This procedure leads to estimates ξ̂ j and σ̂ j for each subperiod j = 1, . . . , 144. To
see how the scale and shape parameter of the generalized Pareto distribution change over time,
we plot the estimated parameters over time leading to time series of parameters with length 144
as shown in Figure 5.1 together with the time-dependent threshold. The different colors indicate
the results for the wind speed time series from the three masts. We see that the estimated shape
parameter for each mast nearly stays constant over time and is slightly below zero, whereas the
scale parameters vary over time. To determine an appropriate structure for the scale parameter
σ we fitted several regression models on basis of the subperiods estimates. For all exceedances
in each subperiod we use the same estimated value for σ, denoted by

ˆ̃σ60( j−1)+t = σ̂ j, j = 1, . . . , 144, t = 1, . . . , 60.

Some of the models we fitted are given through:

ˆ̃σm = α0 + α1m, m = 1, . . . , 8640,
log( ˆ̃σm) = α0 + α1m, m = 1, . . . , 8640,
log( ˆ̃σm) = α0 + α1X̃m−1, m = 2, . . . , 8640,

...

where X̃m denotes the wind speed value for which there is an exceedance at m = 60( j − 1) + t
for j = 1, . . . , 144 and t = 1, . . . , 60.
The best fitting model turned out to be log(σ̃m) = α0 +α1X̃m, m = 2, . . . , 8640. In the following,
we model the scale parameter based on this generalized linear regression model.

The preliminary exploratory analysis leads us to the following model. In our further analysis
we use a time-dependent threshold u = ut, which is calculated by a rolling-window procedure
with a window length of 600 seconds, where the threshold is chosen as the 98% empirical quan-
tile in each window based on the previous 600 wind speed values. In such way, the proportion
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Figure 5.1: Time series of estimated parameters σ̂ (top) and ξ̂ (middle) and threshold u (bottom)
from the generalized Pareto distribution fitted to exceedances in 10-minutes subperiods for day
1.

of exceedances is small enough to assume the generalized Pareto distribution as an approximate
distribution. Let YT1 ,YT2 , . . . ,YTNu

denote the threshold exceedances and XT1 , . . . , XTNu
the corre-

sponding wind speed values, where Nu is the number of threshold exceedances. Conditional on
the parameters, we assume that the exceedances constitute an independent sequence of random
variables. The scale parameter is modeled through a generalized linear model with exponential
inverse link function, where we make the scale parameter dependent on previous wind speed
values for which there is an exceedance. The shape parameter is set constant over time. For
t = 2, . . . ,Nu, this leads to the following model.

YTt | σTt , ξTt , XTt−1 ∼ GP(σTt , ξTt),
log(σTt) = α0 + α1XTt−1 , (5.1)

ξTt = ξ.

In order to estimate the parameters α0, α1 and ξ, we set up a likelihood-function which is maxi-
mized. The conditional density for the exceedances, given the previous wind speed observations
for which there is an exceedance, is given by

fYTt |XTt−1
(y) =

1
exp(α0 + α1XTt−1)

(
1 + ξ

y
exp(α0 + α1XTt−1)

)−1/ξ−1

, ξ , 0.
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The log-likelihood for observed exceedances YT1 , . . . ,YTNu
can therefore be expressed as

l(α0, α1, ξ; YT1 , . . . ,YTNu
) = −

Nu∑
j=2

(
α0 + α1XT j−1

)
−

(
1
ξ

+ 1
) Nu∑

j=2

log
(
1 + ξ

YT j

exp(α0 + α1XT j−1)

)
,

Table 5.1 shows the resulting estimates and the corresponding standard errors from the maximum-
likelihood estimation. In addition, we calculate confidence bounds corresponding to the formula

ξ̂ ± Φ−1
(
1 −

α

2

)
N−1/2

u (1 + ξ̂).

α̂0 α̂1 ξ̂ CI(ξ̂)
day 1, mast 1 -1.573 (0.120) 0.083 (0.007) -0.125 (0.013) [−0.163,−0.091]
day 1, mast 2 -1.689 (0.127) 0.084 (0.007) -0.083 (0.013) [−0.128,−0.053]
day 1, mast 3 -1.558 (0.126) 0.077 (0.007) -0.109 (0.018) [−0.148,−0.075]
day 2, mast 1 -1.854 (0.059) 0.110 (0.006) -0.113 (0.015) [−0.149,−0.077]
day 2, mast 2 -2.006 (0.064) 0.121 (0.006) -0.071 (0.018) [−0.112,−0.037]
day 2, mast 3 -1.937 (0.063) 0.115 (0.006) -0.066 (0.018) [−0.097,−0.022]

Table 5.1: Maximum-likelihood estimates for the marginal GPD-fits and confidence intervals
for the shape parameter ξ (CI(ξ)).

In all cases the shape parameters are slightly below zero, which correspond to distributions
which lie in the Weibull domain of attraction. Except for mast 2, the confidence intervals do
not contain the value zero which means that we have estimated shape parameters significantly
below zero. On day 1 and day 2, the confidence intervals for mast 2 do contain the value zero,
so that we cannot be sure, that the distribution lies in the Weibull domain of attraction. We could
possibly think about the Gumbel type distributions as well. To test the goodness of fit we use
probability and quantile-quantile plots. In order to apply such diagnostic checks we have to
standardize the data conditional on the estimated parameters. The transformation given by

ỸTt = − log
(
1 − F̂u(YTt)

)
=

1
ξ̂

log
(
1 + ξ̂

YTt

exp(α̂0 + α̂1XTt−1)

)
for t = 2, . . . ,Nu

should leads to standard exponential distributed variables if the fitted distribution is appropriate.
The probability plots are given by the pairs of points{(

j
Nu + 1

, 1 − exp(−Ỹ(T j))
)
, for j = 2, . . . ,Nu

}
,

and the quantile-quantile plots can be expressed by the points{(
Ỹ(T j),− log

(
1 −

j
Nu + 1

))
, for j = 2, . . . ,Nu

}
,

where Ỹ(T1) < . . . < Ỹ(TNu ) denote the ordered standardized excesses. Figure 5.2 shows the
diagnostic plots for day 1 and day 2 (for mast 3). The approximate straight line pattern in all
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Figure 5.2: Diagnostic plots for the marginal GPD fits. Left: probability plots for day 1 (top)
and day 2 (bottom). Right: qq-plots for day 1 (top) and day 2 (bottom).

plots leads us to the conclusion that the estimated model provides a plausible statistical fit for
the given data.

Furthermore, we determine conditional quantile plots for the original data. Let n denote the total
number of observations and define X̃t B max {Xt, ut} for t = 1, . . . , n. The conditional quantiles
are then defined for t = 2, . . . , n by

Qt(p) = inf
{
z ∈ R : P(X̃t ≤ z | X̃t−1) ≥ p

}
, for p ∈ [0, 1].

The conditional distribution for X̃t, given X̃t−1 for t = 2, . . . , n, can be calculated by

P
(
X̃t ≤ z | X̃t−1 = x̃t−1

)
= P

(
max {Xt, ut} ≤ x | X̃t−1 = x̃t−1

)
= P

(
Xt ≤ z, ut ≤ z | X̃t−1 = x̃t−1

)
=

1 − Nu
n

(
1 + ξ x−ut

exp{α0+α1 x̃t−1}

)
, z ≥ ut,

0, z < ut.

For z large enough, we can calculate the one-step ahead conditional quantile as

Qt(p) = ut +
exp

{
α0 + α1X̃t−1

}
ξ

( n
Nu

(1 − p)
)−ξ
− 1

 , p ∈ [0, 1].
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By plugging in the maximum-likelihood estimates, we estimate the one-step ahead quantiles for
t = 2, . . . , n by

Q̂t(p) = ut +
exp

{
α̂0 + α̂1X̃t−1

}
ξ̂

( n
Nu

(1 − p)
)−ξ̂
− 1

 , p ∈ [0, 1].

The main objective of extreme value theory is to model very large values and hence, we also
want to obtain large quantile estimate. Since the threshold was chosen such that 2% of the data
lie above the threshold, reasonable estimates for the conditional quantiles are given for p larger
than 0.98. As an exqample we estimate 99%-quantiles which are shown in Figure 5.3 together
with the original wind speed time series. In order to test our resulting model, we calculate the
proportion of values above the quantiles. Since we estimated 99%-quantiles, the proportion
above the estimates should be approximately 1%. Table 5.2 shows the number of exceedances
and the corresponding proportion for the one-step ahead quantiles. We recognize proportions
very close to 1% which supports the goodness of fit of our models.

number of excesses proportion above quantile estimate
day 1, mast 1 872 1.01%
day 1, mast 2 873 1.01%
day 2, mast 3 865 1.00%
day 2, mast 1 885 1.02%
day 2, mast 2 865 1.00%
day 2, mast 3 879 1.02%

Table 5.2: "Backtest" for one-step ahead conditional 99%-quantile estimates: absolute and rel-
ative number of excesses over the quantile estimates.

The next step in our analysis is to determine a dependence structure for extreme values.
Based on the fitted distributions for the marginals, we determine estimates for the joint distribu-
tion function for bivariate threshold exceedances of wind speed observations from two different
masts. We estimate Pickands dependence function using a non-parametric and a parametric ap-
proach and compare the estimates as done in Chapter 4. The time-dependence makes it difficult
to use non-parametric estimates for the marginal distributions, so that we use the fitted distri-
butions from model (5.2). It can be shown (see for instance Beirlant et al. [3], Chapter 8) that a
bivariate extreme value distribution has the general representation

G(x, y) = exp
{

log (GX(x)GY(y)) A
(

log(GY(y))
log(GX(x)GY(y))

)}
, x, y ∈ R, (5.2)

where A is called Pickands dependence function, introduced by Pickands [25], and GX and GY

are the marginal distributions of G, which are themselves univariate extreme value distributions.
The function A describes the dependence structure in extreme values and can be represented in
terms of a spectral measure H,

A(u) =

∫
B

max {uω1, (1 − u)ω2} dH(ω1, ω2), u ∈ [0, 1], (5.3)
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Figure 5.3: Conditional quantile estimates: one-step ahead prediction for day 1 (top) and day 2
(bottom).

where B = {(ω1, ω2)′ ∈ [0,∞∞∞)\ {000} : ω1 + ω2 = 1}, see for instance Beirlant et al. [3] (Chapter
8). If A(u) = 1 for all u ∈ [0, 1], the marginal components are asymptotically independent
and if A(u) = max {u, 1 − u} for all u ∈ [0, 1], the components are asymptotically completely
dependent.

We now turn to the estimation problem in our specific problem. The time-dependence makes
it difficult to use non-parametric estimates for the marginal distributions, so that we use the fit-
ted distributions from model (5.2). Thus, the main problem lies in the estimation of Pickands
dependence function. We start with a non-parametric estimate, which is mainly based on repre-
sentation (5.3) and can be found in Beirlant et al. [3], Section 9.4.1. We use the same number of
exceedances in each marginal distribution and set k = NuX = NuY . The observations X1, . . . , Xn

and Y1, . . .Yn from two different masts with a certain distance are transformed, so that the cor-
responding random variables are all Pareto distributed. For t = 1, . . . , n we set

X∗t =

 1
1−F̂Xt (Xt)

, Xt > uX,t,

1, Xt ≤ uX,t,
Y∗t =

 1
1−F̂Yt (Yt)

, Yt > uY,t,

1, Yt ≤ uY,t.

In a second step we build pseudo-polar coordinates

R̂t = X∗t + Y∗t and ω̂X,t =
X∗t
R̂t
, ω̂Y,t =

Y∗t
R̂t
, t = 1, . . . , n.

An estimate for Pickands dependence function, which is then independent of t, is given by

Â(u) =
2
k

n∑
t=1

1{R̂t>R̂(n−k)}max
{
uω̂X,t, (1 − u)ω̂Y,t

}
.
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To obtain an estimate which satisfies the characteristics of Pickands dependence function,
namely that

• Ã is convex and

• max {u, 1 − u} ≤ Ã(u) ≤ 1, for all u ∈ [0, 1],

we use the modification as proposed in [3], given by

Ã(u) = max
{
u, 1 − u, Â(u) + 1 − (1 − u)Â(0) + uÂ(1)

}
.

The non-parametric estimate of Pickands dependence function can be used as a basis guideline
for the choice of a parametric model.

For the parametric estimation, subfamilies are chosen such that the members can be indexed
by a finite set of parameters. This leads to a standard MLE procedure. From the non-parametric
estimate (see Figure 5.4) we conclude that possible parametric models are the logistic, the asym-
metric logistic model and the mixed model, where Pickands dependence functions are listed in
Table 5.3 for 0 < r ≤ 1, 0 ≤ θ ≤ 1 and 0 ≤ φ ≤ 1.

Model Pickands dependence function
logistic (Gumbel [19]) A(u) = (u1/r + (1 − u)1/r)r,
asymmetric logistic (Tawn [28]) A(u) = (θrur + φr(1 − u)r)1/r − (θ − φ)u + 1 − φ,
mixed (Tawn [28]) A(u) = θu2 − θu + 1,

Table 5.3: Pickands dependence functions for the parametric models.

In the following, we give a short theoretical overview of modeling joint threshold ex-
ceedances in the parametric approach. Let (X1,Y1), . . . , (Xn,Yn) denote realizations of the bi-
variate distribution function F and let uX and uY be specified thresholds. For uX and uY large
enough, we approximate the distribution functions FX(·) and FY(·) by the generalized Pareto
distribution

F̃X(x) = 1 −
NuX

n

{
1 + ξX

x − uX

σX

}−1/ξX

and F̃Y(y) = 1 −
NuY

n

{
1 + ξY

y − uY

σY

}−1/ξY

for x > uX and y > uY . Then, we transform the marginal distributions so that they are all
extremal Weibull distributed according to the probability integral transform.

v1 = log
(
F̃X(x)

)
and v2 = log

(
F̃Y(y)

)
, x > uX, y > uY (5.4)

induce a random vector (V1,V2) with distribution function FV , which has margins that are ap-
proximately standard Weibull distributed for x > uX and y > uY . It then follows that

FV(v1, v2) =
(
Fn

V(v1, v2)
)1/n
≈ G1/n

(
v1 − b1,n

a1,n
,

v2 − b2,n

a2,n

)
,

where G is an extreme value distribution, a1,n, a2,n > 0 and (b1,n), (b2,n) are sequences of con-
stants. The approximating sign comes from the general definition of a bivariate extreme value
distribution and indicates that we approximate Fn

V for large n by the extreme value distribution
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G. The max-stability property of extreme value distributions (see for instance Resnick [26],
Chapter 5) provides sequences of constants α1,n > 0, α2,n > 0 and β1,n ∈ R, β2,n ∈ R such that

G1/n(v1, v2) = G
(
α1,n

v1 − b1,n

a1,n
+ β1,n, α2,n

v2 − b2,n

a2,n
+ β2,n

)
C G̃(v1, v2).

G and G̃ only differ in scale and location, but not in the shape parameter or in the dependence
structure. Therefore, G̃ is an extreme value distribution and, since FV(v1, v2) = F(x, y), it follows
that F can be approximated by

F̃(x, y) = exp
{

(v1 + v2)A
(

v2

v1 + v2

)}
, x > uX, y > uY (5.5)

and v1, v2 as in (5.4). The marginal parameters (ξX, σX), (ξY , σY) and the dependence parameters
(according to the parametric model) can be estimated by a censored likelihood estimation as
described in Coles [8] (Section 8.3.1). A more detailed description of the bivariate methods,
including the censored likelihood estimation procedure, can be found in the Appendix B.

In addition, we compare the estimated tail dependence parameter for all models. As de-
scribed in Appendix B.2.2, the tail dependence parameter for two random vectors (X,Y) with
marginal distributions FX and FY is given by

χ = lim
u→1

P(FX(X) > u | FY(Y) > u)

and can be calculated by
χ = 2(1 − Â(1/2)).

Table 5.4 shows the resulting tail dependence parameters based on the parametric and non-
parametric estimated Pickands dependence function. Again we see how the tail dependence
parameters decrease, as the masts are further away from each other. In addition, the parameters
on day 2 are lower than on day 1 due to the lower wind speed on the second day. For dif-
ferent models, the parameters are similar and especially the tail dependence parameter for the
asymmetric logistic model and the non-parametric estimate are very close to each other.

χ = 2(1 − Â(1/2)) logistic asymmetric logistic mixed non-parametric
day 1, masts 1 & 2 0.2083 0.2078 0.2066 0.2093
day 1, masts 1 & 3 0.1407 0.1408 0.1391 0.1374
day 1, masts 2 & 3 0.3577 0.3568 0.3571 0.3612
day 2, masts 1 & 2 0.1986 0.1978 0.1953 0.1953
day 2, masts 1 & 3 0.0987 0.0973 0.0952 0.1027
day 2, masts 2 & 3 0.2721 0.2695 0.2692 0.2719

Table 5.4: Estimated tail dependence parameters for several parametric models.

To discriminate between the parametric models we use tests as suggested by Tawn [28]. To test
between the logistic and the asymmetric logistic models we can use standard likelihood ratio
tests since the two models are nested. The null-hypothesis is given by

H0 : θ = φ = 0,
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Figure 5.4: Parametric and non-parametric estimates for Pickands dependence function for day
1 (Left) and day 2 (Right), Top: mast 1 & mast 2, Middle: mast 1 & mast 3, Bottom: mast 2 &
mast 3
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which corresponds to the logistic model. We use the test statistic

−2 log λ(X) = −2(log L(r̂; X) − log L(θ̂, φ̂, r̂; X)),

where L denotes the likelihood function evaluated at the maximum-likelihood estimates. It can
be shown that this statistic is χ2

2 distributed under H0 which leads to the rejection of H0 if
−2 log λ(X) > χ2

1−α,2. Table 5.5 shows the test statistic together with the corresponding p-values.
From this test we clearly see, that the asymmetric logistic model is rejected in all cases and we
favor the logistic over the asymmetric logistic model.

When looking at Pickands dependence functions 5.4 we investigate that, compared to the
non-parametric version, the estimates for the logistic model always differ more than the esti-
mates from the asymmetric logistic model. So if we choose the non-parametric estimate as a
guideline, the likelihood ratio test supports the models which are closer to the non-parametric
version and, hence, supports the non-parametric estimate as a reference function.

test statistic p-value test statistic p-value
day 1 day 2

mast 1 & mast 2 4.281 0.1176 3.065 0.2159
mast 1 & mast 3 4.164 0.1247 1.774 0.4118
mast 2 & mast 3 1.300 0.5220 8.077 0.0189

Table 5.5: Test statistic and corresponding p-values for the likelihood ratio tests for testing
between the logistic and the asymmetric logistic model.

To test between the logistic and the mixed model we use the same approach as described in
Chapter 4, where we estimate a model with Pickands dependence function

A(u) = γAlogistic(u) + (1 − γ)Amixed(u), γ ∈ [0, 1], u ∈ [0, 1].

If γ is significantly larger than 0.5, we favor the logistic model over the mixed model and vice
versa. In our application we obtain the following values for γ:

day 1 day 2
masts 1 & 2 0.838 0.882
masts 1 & 3 0.826 0.998
masts 2 & 3 0.629 0.694

Table 5.6: Values for γ when testing between the logistic and the mixed model, where values
greater than 0.5 support the logistic model and values smaller than 0.5 favor the mixed model.

The values are all larger than 0.5, but mast 2 and 3 the values are not far away from 0.5,
so that we could also assume a model with dependence function, which is a mixture of the
logistic and the mixed model. As an outlook one could set up a test which decides between
a mixture of the logistic and the mixed model and the asymmetric logistic model. Since the
estimates are so close to each other, we continue with the interpretation of the results from the
logistic model. The parameters for the logistic model are given in Table 5.7. The parameter of
the logistic model can be interpreted as a dependence parameter, which equals one if the two
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components are asymptotically independence and zero if the margins are completely dependent.
In our case, the estimated values for r are below one, but the dependence is not as strong as one
might think for masts which only have a distance of 20, 25 and 5 meters, respectively. The
strongest dependence for extreme values is given, when the wind speed is high and the masts
have a distance of 5 meters. The corresponding value on day 2 is lower and the dependence
parameter for mast 1 and mast 3 gets closer to one.

r̂
day 1, masts 1 & 2 0.8414 (0.0056)
day 1, masts 1 & 3 0.8948 (0.0047)
day 1, masts 2 & 3 0.7157 (0.0069)
day 2, masts 1 & 2 0.8491 (0.0055)
day 2, masts 1 & 3 0.9269 (0.0039)
day 2, masts 2 & 3 0.7890 (0.0062)

Table 5.7: Estimated parameters for the logistic model with standard errors in brackets.

To complete this section we also show the parameters for the asymmetric logistic and the
mixed model in Table 5.8.

asymmetric logistic mixed
θ̂ φ̂ r̂ θ̂

day 1, masts 1 & 2 0.7914 (0.1102) 0.8584 (0.1303) 0.7994 (0.0304) 0.4133 (0.0144)
day 1, masts 1 & 3 0.6182 (0.1458) 0.7518 (0.1752) 0.8423 (0.0378) 0.2782 (0.0124)
day 1, masts 2 & 3 0.9405 (0.0132) 0.9981 (0.0021) 0.7062 (0.0242) 0.7143 (0.0171)
day 2, masts 1 & 2 0.8451 (0.1460) 0.7486 (0.1257) 0.8082 (0.0330) 0.3906 (0.0140)
day 2, masts 1 & 3 0.7654 (0.1188) 0.9944 (0.0189) 0.9170 (0.0081) 0.1903 (0.0106)
day 2, masts 2 & 3 0.6864 (0.0525) 0.7621 (0.0612) 0.7021 (0.0223) 0.5385 (0.0156)

Table 5.8: Estimated parameters for the asymmetric logistic and the mixed model together with
standard errors in brackets.
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5.3 Analysis of differenced wind speed time series

In Section 5.2 we directly modeled the wind speed time series, where we established a model
for threshold exceedances with time-dependent parameters. In this section we use exactly the
same approach, but we analyze the differenced time series. This means, we build time series

∇Xt = Xt − Xt−1, t ∈ Z,

which describe the change in wind speed within one second. This is especially important when
analyzing wind gusts, which are defined as a sudden increase in wind speed. When analyzing
threshold exceedances from the differenced wind speed time series we are basically looking at
large changes in wind speed within one second which could indicate a wind gust. Figure 5.5
shows the differenced time series for all days and mast 1. We see that for large wind speeds in
the original time series the differences within one second are large as well. On day 3, where
the wind speed is always below 5 m/s, the differences are very small so that an extreme value
analysis of threshold exceedances would not make any sense. Therefore, we concentrate on day
1 and day 2 as in Section 5.2.

Figure 5.5: Differenced time series (∇Xt) for day 1 (top), day 2 (middle) and day 3 (bottom) and
mast 1.

Our main objective is to model large values of differences, so we analyze changes in wind speed
within one second over a certain threshold. Let MT1 , . . . ,MTNu

denote threshold exceedances
from the differenced time series (∇Xt) and∇XT1 , . . . ,∇XTNu

the corresponding differences within
one second for which there is an exceedance, where Nu is the number of exceedances over the
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time-dependent threshold u = ut. We assume the following model for t = 2, . . . ,Nu:

MTt | σTt , ξTt ,∇XTt−1 ∼ GP(σTt , ξTt),
log(σTt) = α0 + α1∇XTt−1 ,

ξTt = ξ.

Given the differenced observations ∇x2, . . . ,∇xn, we build exceedances mT1 , . . . ,mTNu
over the

threshold u = ut and estimate the parameters by using standard maximum-likelihood estimation.
We obtain the following values for the parameters:

α̂0 α̂1 ξ̂ CI(ξ)
day 1, mast 1 -1.078 (0.102) 0.1649 (0.038) 0.0293 (0.025) [−0.0235, 0.0821]
day 1, mast 2 -1.171 (0.103) 0.2038 (0.039) -0.0279 (0.023) [−0.0779, 0.0221]
day 1, mast 3 -1.101 (0.104) 0.1675 (0.039) -0.0063 (0.027) [−0.0574, 0.0447]
day 2, mast 1 -2.273 (0.069) 0.6605 (0.041) 0.0389 (0.027) [−0.0139, 0.0918]
day 2, mast 2 -2.334 (0.068) 0.6893 (0.042) 0.0478 (0.029) [−0.0051, 0.1006]
day 2, mast 3 -2.312 (0.069) 0.6630 (0.039) 0.0420 (0.026) [−0.0108, 0.0948]

Table 5.9: Estimated parameters and standard errors in brackets for the conditional GPD-model
together with confidence intervals for the shape parameters.

It can be seen, that the estimated values for the shape parameter are very close to zero and all
confidence intervals contain the value zero. This means that the distributions could lie in the
Gumbel domain of attraction as well. We come back to this point later. We standardize the data
in order to create diagnostic plots, including a probability and a quantile-quantile plot. The
transformation

m̃Tt = − log
(
1 − F̂u(mTt)

)
=

1
ξ̂Tt

log
(
1 + ξ̂Tt

mTt

σ̂Tt

)
for t = 1, . . . ,Nu,

where
σ̂Tt = exp

{
α̂0 + α̂1∇xTt−1

}
should lead to samples from an exponential distribution if the fits are satisfactory. This can be
tested by using probability and quantile-quantile plots. Figure 5.6 shows the resulting plots for
day 1 and day 2 (mast 1). From the approximate straight line pattern in all plots, we conclude
that the fits seem to be satisfactory.

As already mentioned above, the confidence intervals for the shape parameters all contain
the value zero. This leads us to the estimation of the generalized Pareto distribution with the
shape parameter forced to be zero. From the definition of the generalized Pareto distribution
(see Definition 4.3), the approximating distribution for threshold exceedances in that case is
given by

Fu(y) ≈ 1 − exp
{
−

y
σ

}
, y > 0.

For the scale parameter we use the same model as described above. This means that we use a
generalized linear model with exponential inverse link function and the previous wind speed
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Figure 5.6: Probability plots (left) and quantile-quantile plots (right) for the standardized data
against the exponential distribution. Top: day 1. Bottom: day 2.

values for which there is an exceedance as covariates. Altogether we assume the following
model for t = 2, . . . ,Nu:

MTt | σTt ,MTt−1 ∼ GP(σTt , 0),
log(σTt) = α0 + α1∇XTt−1 .

The log-likelihood function for this model is given by

l(α0, α1; mT1 , . . . ,mTNu
) =

Nu∑
t=2

{
−(α0 + α1∇xTt−1) −

mTt

exp(α0 + α1∇xTt−1)

}
.

The estimated parameters for this model can be found in Table 5.10.
The probability and quantile-quantile plots look very similar to those for the full model with

estimated values for ξ (see Figure 5.6) so that they are not shown here.
Since the models are nested, we use likelihood ratio tests to see which model fits our data

best. We determine the likelihood ratio test statistic for observed exceedances mT1 , . . . ,mTNu
by

−2 log λ(mT1 , . . . ,mTNu
) = −2(log L(α̂0, α̂1,mT1 , . . . ,mTNu

) − log L(α̂0, α̂1, ξ̂; mT1 , . . . ,mTNu
)),

where L denotes the corresponding likelihood function. Under the null-hypothesis H0 : ξ = 0
the test-statistic is χ2

1-distributed. Table 5.11 shows the resulting test statistic for all fitted models
and the corresponding p-values. Since all p-values are larger than 0.05, the null-hypothesis
cannot be rejected on the 5%-significance level in all cases.
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α̂0 α̂1

day 1, mast 1 -1.0568 (0.0964) 0.1654 (0.0374)
day 1, mast 2 -1.2362 (0.0994) 0.2166 (0.0397)
day 1, mast 3 -1.0147 (0.0920) 0.1731 (0.0374)
day 2, mast 1 -2.2050 (0.0612) 0.6496 (0.0401)
day 2, mast 2 -2.2154 (0.0602) 0.6889 (0.0414)
day 2, mast 3 -2.2837 (0.0612) 0.6794 (0.0384)

Table 5.10: Estimated parameters and standard errors in brackets for the conditional GPD
model with ξ = 0.

test statistic p-value
day 1, mast 1 2.8122 0.0935
day 1, mast 2 0.7946 0.3730
day 1, mast 3 0.9603 0.3271
day 2, mast 1 2.7652 0.0963
day 2, mast 2 0.8837 0.3472
day 2, mast 3 2.8358 0.0922

Table 5.11: Likelihood ratio test statistic and according p-values to test the null-hypothesis
H0 : ξ = 0.

In the following we use the estimated distribution functions for exceedances to determine
one-step ahead quantiles. Similar to the one-step ahead quantiles for the original wind speed
observations we define for t = 1, . . . , n

∇̃xt =

∇xt, ∇xt > ut,

ut, ∇xt ≤ ut,

and calculate the conditional quantile for large p as

Qt(p) = ut − exp
{
α̂0 + α̂1∇̃xt−1

}
log

(
n

Nu
(1 − p)

)
The quantiles indicate the risk that there is a large difference in wind speed within one sec-
ond. Figure 5.7 shows the one-step ahead quantiles. To see whether the estimates are reason-
able, we calculate the number of exceedances above the estimated quantiles and determine the
proportion. The 99%-quantiles are shown in Figure 5.7 and Table 5.12 gives the number of
exceedances above the estimated quantiles. The proportion is close to 1% which supports the
accuracy of the estimates.

5.4 Conclusion and outlook
In this chapter we established conditional models for threshold exceedances of wind speed
and differenced wind speeds based on the generalized Pareto distributions with time-dependent
parameters. Since preliminary transformation procedures makes it difficult to draw conclusions
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number of excesses proportion above quantile estimate
day 1, mast 1 898 1.04%
day 1, mast 2 946 1.09%
day 1, mast 3 940 1.08%
day 2, mast 1 907 1.05%
day 2, mast 2 924 1.08%
day 2, mast 3 924 1.08%

Table 5.12: "Backtest" for conditional quantile estimates: absolute and relative number of ex-
cesses over the quantile estimates.

Figure 5.7: Conditional one-step ahead 99%-quantiles based on the estimated distributions for
exceedances from the differenced time series for day 1 (top) and day 2 (bottom).
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for the original time series, the models developed in this chapter build the most direct way
of modeling the non-stationary nature of the wind speed time series. Since an extreme value
analysis of the time series on day 3 does not really make sense due to the low wind speed, we
concentrated on day 1 and 2 for modeling.

Extreme wind speeds can cause severe damages to the wind turbines and a precise knowl-
edge of the behavior of large wind speeds is essential for the design and the calibration of the
turbines. Designers of wind turbines are dealing with a tradeoff between maximized power cap-
ture and minimization of fatigue loads. This means that one wants to have the most power out-
put which is possible, but the instruments have to be protected against too strong wind speeds.
Therefore, an analysis of large wind speeds can help to determine the cut-out wind speed, which
is defined as the wind speed, where the turbines stop producing wind power in order to protect
the rotors. These aspects were the main motivation for our analyses.

After an exploratory analysis, we assumed that the shape parameter of the generalized
Pareto distribution stays constant over time and the scale parameter is modeled through a gen-
eralized linear model with exponential inverse link function and previous wind speed values
for which there was an exceedance as covariates. The models were estimated by a standard
maximum-likelihood procedure. After standardizing the threshold excesses we used probability
and quantile-quantile plots to see whether the models fit our data. The straight line patterns in
all diagnostic plots showed us, that the fitted models are satisfactory.

As motivated in Section 5.1, many studies showed that the Weibull domain of attraction is
appropriate for wind speed data. In contrast to our analysis they used lower frequency data, as
for example hourly measured wind speeds. In our analysis the shape parameters are below zero
with confidence intervals not containing the value zero, leading to the Weibull-type distribu-
tions, as well.

From the fitted distributions we estimate one-step ahead quantiles, which predict the risk
of an extreme wind speed value within the next second. As an outlook one should determine
multistep ahead quantiles for more than one second in order to forecast the risk that extreme
wind speeds reach the wind turbines. To test our models, we calculated the values above the
quantiles and determined the proportion relative to the whole set of data points. For the 99%-
quantiles we obtained values very near to 1% leading to very good estimates.

By using the estimates for the marginal exceedances, we transformed the observations so
that the corresponding random variables each have a standard extremal Weibull distribution
according to the probability integral transform. Using the standardized data, we used a non-
parametric and a parametric approach to estimate Pickands dependence function, which is a
measure function for the dependence in extremes. The parameters of the logistic, the asymmetric
logistic and the mixed model were obtained by maximizing a censored likelihood function. We
detected the allocation of masts in Pickands dependence function, where mast 1 and mast 3 show
the weakest dependence, whereas mast 2 and mast 3 have the strongest dependence in large
wind speeds values. This could also investigated in the estimated tail dependence parameters,
where the largest value was given through the dependence structure between mast 2 and mast 3.
The lower wind speed on day 2 lead to weaker dependence in large wind speed values between
different masts. To discriminate between the logistic and the asymmetric logistic model we used
standard likelihood ratio tests and obtained, that in all cases we prefer the asymmetric logistic
model over the logistic model. To test between the mixed and the logistic model, we fitted
a model with a convex combination of Pickands dependence functions from the logistic and
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the mixed model as dependence function. The estimated parameters were significantly above
0.5, which means that we prefer the logistic over the mixed model. Altogether, we choose the
logistic model to be the best fitting model for all days.

In Section 5.3 we used the same model specification as in Section 5.2, but applied to first-
order differenced time series. We saw that the larger the wind speed, the larger are differences for
consecutive observations. Therefore, we confined ourself to building models for day 1 and day
2 since the differences on day 3 were almost zero. The parameters were estimated analogously
to Section 5.2. According to the confidence intervals for the shape parameter, the values for ξ
were not significant, which led us to the fitting of the generalized Pareto distribution with shape
parameters forced to be zero to threshold exceedances . The estimated parameters for α0 and
α1 were very similar to the values for the fitted models with estimated shape parameter. By
using likelihood ratio tests, we investigated that the new models with shape parameters forced
to be zero are preferred to the models with estimated shape parameter unequal to zero leading to
distributions in the Gumbel domain of attraction. We determined one-step ahead quantiles based
on the estimated distributions. According to a "backtest", where we counted the values above the
quantile estimates, the 99%-quantiles led to good results, which supported the appropriateness
of our model.
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Summary

In this thesis we established several models for high frequency wind speed data coming from
different measurement masts at a station in Denmark. The station Lammefjord provided data
from three different days with very different wind situations including a very windy day, a day,
where the wind speed decreased during the day and a windless day. The original time series had
a frequency of 8 Hz, but for computational convenience and since we are mostly interested in
modeling large wind speed values, we used maxima per second observations. The wind speeds
were measured by cup anemometers situated 30 meters above the ground at three measurement
masts, which have a distance of 20, 25 and 5 meters respectively. Altogether we obtained three
maxima per second time series for each day.

In Chapter 2 we analyzed all time series by using univariate time series methods in order
to get a first impression on basic characteristics of the time series. The nonstationary nature
of wind speed led us to the establishing of a transformation procedure. We fitted a local linear
trend model to estimate a trend structure which was subtracted from the original observations.
Afterwards we estimated volatility weights by using a rolling window estimation procedure and
divided the residuals from the local linear trend model by the volatility weights. By inspecting
the resulting time series plots and applying Dickey-Fuller tests to the transformed observa-
tions we assumed that the resulting data comes from a stationary process. We fitted univariate
ARMA models to each of the nine transformed time series and chose the optimal orders by
using Akaike’s Information Criterion. The best fitting model for day 1 and day 2 turned out to
be an ARMA(3, 2) model and for day 3 an ARMA(2, 2) model. We saw, that the strength in
dependence decreased from day 1 to day 3 due to the lower wind speeds on day 3. In addition to
the univariate ARMA models we estimated pairwise cross-correlations between different masts
on each day. We detected that for day 1 and day 2, the wind direction can be interpreted in
terms of the cross-correlations. On these days the wind is mainly blowing from one direction,
first through mast 1 and then through mast 2 and mast 3. The corresponding cross-correlations
ρ̂1,2, ρ̂1,3 and ρ̂2,3 showed larger values for lags smaller than zero, and decreased to zero very
fast for lags larger than zero.

Motivated by the analysis of the cross-correlations, we fitted vector-valued ARMA models
to the merged transformed time series in Chapter 3. For each day we fitted several VARMA
models and determined the best fitting model by using Akaike’ Information Criterion as in the
univariate case. The VARMA(2, 2) model turned out to be the best fit for all three days, which
means, that the range of significant dependence is similar for all days, no matter if the wind
speed was high or low. The different wind situations could be seen in the estimated parameter
matrices, since the values decrease from day 1 to day 3 due to the lower wind speed. The
allocation of masts could for instance be detected in the parameter matrices Φ1, where the
parameter values corresponding to the correlation between mast 2 and mast 3 were largest.
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From the fitted VARMA models one could make one-step or multistep predictions. In order to
obtain realistic forecasts for the original wind speed time series, one has to make predictions
for the volatility weights and the trend component determined by the local linear trend model
as well.

Chapter 4 and 5 dealt with the application of univariate and multivariate extreme value
theory to wind speed data in order to get a better knowledge of large values.

In Chapter 4 we set up a cointegration-based model, where we included the information con-
tained in the wind speed from mast 1 into the other two masts by using standard linear regression
models. We continued with the residuals obtained from the regression models. The estimated
parameters indicated that in that way we are basically looking at the differences between the
measurement masts. The residuals of the regression models were devolatilized in order to get
constant volatility over time. In addition we estimated a mean structure by determining the
arithmetic average in each 10-minutes subperiod, which is subtracted from the devolatilized
series. By using a censored likelihood estimation procedure we fitted a bivariate distribution
to threshold exceedances of the integrated transformed time series. The marginal exceedances
were assumed to have a generalized Pareto distributions with one shape and scale parameter for
each margin. We fitted several parametric models for Pickands dependence function including
the logistic, the asymmetric logistic, the bilogistic, the mixed and the asymmetric mixed model.
In addition, we used a non-parametric estimate for Pickands dependence function and investi-
gated that the estimated tail dependence parameter is closest to the parametric logistic model.
The tail dependence parameter decreased from day 1 to day 3 leading to stronger dependence
in extremes for windy days than for calm days.

In Chapter 5 we established conditional models for threshold excesses which capture di-
rectly the non-stationary nature of wind speed within one model. We assumed that, conditional
on the parameters, the exceedances build an independent sequence of random variables. We
fixed the shape parameter and used a generalized linear model with exponential inverse link
function for the scale parameter, where previous wind speed values, for which there was an
exceedance, served as covariates. The threshold was chosen by a rolling-window estimation
procedure, such that it can be forecasted in advance from previous values.
We investigated that the shape parameters were slightly below zero leading to Weibull-type ex-
treme value distributions. This is consistent with many articles on modeling extreme wind speed
values. Most articles were dealing with low frequency data, so that we can say, the Weibull-type
distributions remain also valid for high frequency data, which may show more peaks than lower
frequency data. By using the fitted distributions for threshold exceedances we transformed the
data to standard extremal Weibull data and estimated a bivariate dependence structure using
the bivariate threshold excess model. We used parametric estimates for Pickands dependence
function as well as a non-parametric estimate in order to see whether the best fitting paramet-
ric model is similar to the non-parametric estimate. Different parametric models led to similar
results, but according to different tests, the logistic model fitted our data best. Section 5.3 dealt
with the differenced time series which describe the change in wind speed within one second.
We fitted the same model as for the original maxima per second time series. The shape pa-
rameters for these models were larger than for the original wind speeds and the confidence
intervals for the shape parameter did contain the value zero. Therefore, we fitted the general-
ized Pareto distribution to threshold exceedances with the shape parameter forced to be zero.
By applying likelihood ratio tests, we assumed that the model with zero-shape parameter fits



81

our data best. From the fitted distributions for threshold exceedances we determined conditional
one-step ahead 99%-quantiles.
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Appendix A

Extremes of stationary sequences

Since we are dealing with stationary, but time-dependent sequences, we have to extend the
theory for independent to stationary sequences. We mainly follow the two papers of Leadbetter
in 1974 [23] and 1983 [24], who showed that the main result for iid sequences also holds for
stationary sequences if an additional mixing conditions are satisfied. The conditions formulated
by Leadbetter require that the series has no long-range dependence and limited short-range
dependence at extreme levels.
Suppose Fi1,...ir (x1, . . . , xr) denotes the joint distribution function of Xi1 , . . . Xir and Fi1,...ir (u) B
Fi1,...ir (u, . . . , u).

Assumption A.1 (Leadbetter condition D(un))
Let (un) be a sequence of real numbers. For all 1 ≤ i1 < . . . ip < j1 < . . . jq ≤ n with j1 − ip ≥ l
the Leadbetter condition is given by

D(un)
∣∣∣Fi1,...,ip, j1,..., jq(un) − Fi1,...ip(un)F j1,... jq(un)

∣∣∣ ≤ αn,l (A.1)

where

lim
l→∞

lim
n→∞

αn,l = 0

We say that the two index sets E =
{
i1, . . . , ip

}
and F =

{
j1, . . . , jq

}
are separated by j1 − ip. The

Leadbetter condition postulates that two events P(max {Xt, t ∈ E} ≤ un) B P(M(E) ≤ un) and
P(M(F) ≤ un) become approximately independent as n gets large. Now we can formulate the
important theorem for stationary sequences.

Theorem A.1 (Leadbetter (1974))
Let (Xn) be a strictly stationary sequence, an > 0 and bn ∈ R given sequences of constants
such that (Mn − bn)/an converges in distribution to a random variable with non-degenerate
distribution function G. Suppose that D(un) is satisfied for un = anx + bn, ∀x ∈ R.
Then G is an extreme value distribution function.
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Proof (just outline):
Let k and m be fixed integers. The idea is the following: Divide the first nk integers into 2k
consecutive intervals for which the probabilities P(M(I j) ≤ unk) are independent of j due to
stationarity:

I1 = {1, . . . , n − m} , I∗1 = {n − m + 1, . . . , n} ,
...

...
Ik = {n(k − 1) + 1, . . . , nk − m} , I∗k = {nk − m + 1, . . . , nk} .

Since the event {Mnk ≤ unk} is a subset of the event
{⋂k

j=1 M(I j) ≤ unk

}
it follows that

0 ≤ P

 k⋂
j=1

(M(I j) ≤ unk)

 − P (Mnk ≤ unk) ≤ kP
(
M(I1) ≤ unk ≤ M(I∗1)

)
.

From the Leadbetter condition, it can be shown by induction that for the subsets I1, . . . , Ik, which
are separated by a distance greater than m for i , j, that∣∣∣∣∣∣∣P

 k⋂
j=1

(M(I j) ≤ unk)

 − k∏
j=1

P
(
M(I j) ≤ unk

)∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣P
 k⋂

j=1

(M(I j) ≤ unk)

 − [P (M(I1) ≤ unk)]k

∣∣∣∣∣∣∣ ≤ kαnk,m,

since the probability P
(
M(I j) ≤ unk

)
is independent of j. Further it follows that∣∣∣[P(M(I1) ≤ unk)]k − [P(Mn ≤ unk)]k

∣∣∣ ≤ KP(M(I1) ≤ unk ≤ M(I∗1))

for some constant K > 0. By using the triangle inequality, we obtain∣∣∣P(Mnk ≤ unk) − [P(Mn ≤ unk)]k
∣∣∣

≤

∣∣∣∣∣∣∣P(Mnk ≤ unk) − P

 k⋂
j=1

(M(I j) ≤ unk)


∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣P
 k⋂

j=1

M(I j) ≤ unk

 − [P(M(I1) ≤ unk)]k

∣∣∣∣∣∣∣
+

∣∣∣[P(M(I1) ≤ unk)]k − [P(Mn ≤ unk)]k
∣∣∣

≤ (k + K)P(M(I1) ≤ unk ≤ M(I∗1)) + kαnk,m,

where αnk,m −→ 0, as n→ ∞.
Furthermore, for n sufficiently large it can be shown that for any integer r ≥ 1

P(M(I1) ≤ unk ≤ M(I∗1)) ≤
1
r

+ 2rαnk,m (see Leadbetter [23], Lemma 2.5).

Altogether, it follows that

P(Mnk ≤ unk) − [P(Mn ≤ unk)]k → 0, as n→ ∞
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With unk = ankx + bnk we obtain[
P

(
Mnk − bnk

ank
≤ x

)]k

= [P(Mn ≤ unk)]k

= P (Mnk ≤ unk) + o(1)

= P
(

Mnk − bnk

ank
≤ x

)
+ o(1)

→ G(x), as n→ ∞

In addition, [
P

(
Mnk − bnk

ank
≤ x

)]k

→ Gk(x), as n→ ∞

Therefore G fulfills the max-stability condition and is therefore an extreme value distribution.

�

For a strictly stationary sequence of random variables (Xn) we call (X̃n) the independent se-
quence associated with (Xn), if the random variables (X̃n) are iid with the same marginal distri-
bution function F as each Xn. In the following, we explain in which cases maxima of strictly
stationary sequences have the same limiting distribution as the maxima of its corresponding in-
dependent sequences. The theorem below states the connection between strictly stationary and
its associated independent sequences in general.

Theorem A.2 (Leadbetter (1983))
Let (Xn) be a strictly stationary process and (X̃n) the associated independent sequence. Let
Mn = max(X1, . . . , Xn) and M̃n = max(X̃1, . . . , X̃n). Then there exist normalizing constants
an > 0 and bn ∈ R and a non-degenerate distribution function G̃ such that

P
(

M̃n − bn

an
≤ x

)
→ G̃(x), as n→ ∞

if, and only if

P
(

Mn − bn

an
≤ x

)
→ G(x) = G̃θ(x), as n→ ∞,

where 0 ≤ θ ≤ 1.

The proof can be found in the article of Leadbetter [24].

We call θ the extremal index of (Xn). If G(x) = exp
{
−

(
1 + ξ x−µ̃

σ̃

)−1/ξ
}
, it follows that

G̃(x) = exp
{
−θ

(
1 + ξ

x − µ̃
σ̃

)−1/ξ
}

= exp
{
−

(
1 + ξ

x − µ
σ

)−1/ξ
}
,
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where

µ = µ̃ −
σ̃

ξ
(1 − θ−ξ) and σ = σ̃θξ.

In 1973 Leadbetter already showed that under the following assumption G̃(x) = G(x), which
implies that θ = 1

Assumption A.2 (Leadbetter condition D′(un))
Condition D′(un) is said to be hold for a sequence (un) if

D′(un) lim
k→∞

lim sup
n→∞

n
bn/kc∑
j=2

P(X1 > un, X j > un) = 0. (A.2)

D′(un) is an "anti-clustering condition" which requires that the probability of observing more
than one exceedances in a block is negligible. The amount of short-range dependence is, there-
fore, limited at extreme values.

Theorem A.3 (Leadbetter (1974,1983))
Suppose that with above described notation

P
(

M̃n − bn

an

)
→ G(x), as n→ ∞

for some sequences of constants and an extreme value distribution G. If the conditions D(un)
and D′(un) are satisfied for all x with un = anx + bn, it follows that also

P
(

Mn − bn

an

)
→ G(x), as n→ ∞.

For Gaussian stationary sequences a weak condition is enough to get the same extremal behavior
as for Gaussian iid sequences. Berman showed in 1964 [4] that the maximum of a stationary
sequence of Gaussian random variables converges to the same limiting distribution as an iid
sequence of Gaussian random variables if one of the following two conditions is satisfied.

(i) log(n)γ(n)
n→∞
−→ 0 or

(ii)
∑∞

n=1 γ
2(n) < ∞.

This result can be applied to ARMA(p, q) processes with Gaussian strict white-noise innova-
tions. Let (Xt)t∈Z be an ARMA(p, q) process with equation φ(B)Xt = θ(B)εt, t ∈ Z, where (εt)t∈Z

is an Gaussian iid sequence with E(ε1) = 0 and σ2 = Var(ε1) < ∞. In addition we assume that
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φ and θ have no common zeros and φ(z) , 0 for all z ∈ C with |z| = 1. As already mentioned in
Chapter 2 ARMA(p, q) processes with these properties have a representation as a linear process

Xt =

∞∑
j=−∞

ψ jεt− j, t ∈ Z

with
∑∞

j=−∞ ψ
2
j < ∞. In addition, the coefficients ψ j decrease to zero at an exponential rate.

Therefore, the autocovariances, which are given by γ(h) = σ2 ∑∞
j=−∞ ψ jψ j+h, decrease to zero

at exponential rate as h → ∞ and Berman’s condition is satisfied. This means that station-
ary ARMA(p,q) with Gaussian strict white-noise innovations can be handled similar to an iid
sequence of random variables.
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Appendix B

Multivariate extreme value theory

B.1 Representation of multivariate extreme value distribu-
tions

In the following chapter we present the basic theory of multivariate extreme value theory. We
will look at componentwise maxima and extend results from the univariate to the multivariate
case. The most important new issue of multivariate extremes is the concept of dependence.
If there is an extreme value in one component how likely is an extreme value in another compo-
nent? This appendix is mainly based on the books of Falk, Hüsler and Reiss[15], Resnick [26]
and Beirlant et al. [3].

Definition B.1 (componentwise maxima)
Let Xi = (Xi,1, . . . , Xi,d), i = 1, . . . , n be iid d-variate random vectors with common distribution
function F. Then, we define the componentwise maxima as:

Mn = max
i=1,...,n

Xi =

(
max

i=1,...,n
Xi,1, . . . , max

i=1,...,n
Xi,d

)
. (B.1)

We define X ≤ x for random vectors X componentwise by

X ≤ x B (X1 ≤ x1, . . . , Xn ≤ xn).

Like in the univariate case it then follows that

P(Mn ≤ x) = P( max
i=1,...,n

Xi,1 ≤ x1, . . . , max
i=1,...,n

Xi,d ≤ xd) = P(X1 ≤ x, . . . , Xn ≤ x)

= Fn(x) = Fn(x1, . . . , xd), ∀ x ∈ Rd.

The main objective is to find normalizing constants (an)n∈N with an > 0 and (bn)n∈N such that
there exists a d-variate limiting distribution function G with non-degenerate marginal distribu-
tions and

Fn(anx + bn)→ G(x) as n→ ∞. (B.2)
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We say that F is in the domain of attraction of G, denoted by F ∈ MDA(G) . Limiting distribu-
tion functions with non-degenerate margins are called multivariate extreme value distributions.
From equation (B.2), we conclude that the marginal distributions F j from F have to converge
to the margins G j of G as well.

Fn
j (an, jx j + bn, j)→ G(∞, . . . ,∞, x j,∞, . . . ,∞) = G j(x j), as n→ ∞,

where G j are non-degenerate univariate distribution functions. From univariate extreme value
theory we conclude that the margins have to be univariate extreme value distributions.

An important concept in multivariate extreme value theory is max-stability.
We call a distribution function max-stable if for every k ∈ N there exist sequences of constants
αk > 0 and βk ∈ R

d such that
Gk(αkx + βk) = G(x). (B.3)

The following Lemma is especially important in the multivariate framework since it gives the
basis for the representation of multivariate extreme value distributions.

Lemma B.2
The class of multivariate extreme value distributions is exactly the class of max-stable distribu-
tions with non-degenerate margins.

A proof of this result can be found in Resnick [26] (Proposition 5.9)

In the following, we show how we can characterize max-stable distributions. Several repre-
sentations have been proposed in the literature. Two equivalent characterizations are given by
Pickands [25] and de Haan and Resnick [10].

Theorem B.3 (de Haan-Resnick representation)
G is a multivariate extreme-value distribution (G is max-stable) with standard Fréchet margins
G j(x) = exp(−x−1), x > 0 if, and only if there exists a finite measure S on the unit sphere
BS = {y ∈ [0,∞∞∞)\ {000} : ‖y‖ = 1} for an arbitrary norm ‖·‖ ∈ Rd such that

G(x) = exp

−
∫
BS

max
j=1,...,d

(
ω j

x j

)
dS (ωωω)

 , for x > 0, (B.4)

where ∫
BS

ω jdS (ωωω) = 1, ∀ j = 1, . . . , d.

In 1981 Pickands gave an analogous representation of max-stable distributions, which is equiv-
alent to de Haan-Resnick’s representation, but the margins are assumed to have an extremal
Weibull distribution.
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Theorem B.4 (Pickands representation for extreme Weibull margins)
G is a multivariate extreme value distribution with standard extremal Weibull margins G j(x) =

exp(x), x < 0 if, and only if there exists a finite measure H on B, for which G has the represen-
tation:

G(x) = exp


∫
B

min
j=1,...,d

(ω jx j)dH(ωωω)

 for x < 0, (B.5)

where

B =

y ∈ [0,∞∞∞)\ {000} :
d∑

j=1

y j = 1


and ∫

B

ω jdH(ωωω) = 1 ∀ j = 1, . . . , d (B.6)

The derivation of the representations is mainly based on the max-stability property of extreme
value distributions from which the max-infinitely divisible property can be followed.
A distribution function G is said to be max-infinitely divisible if G1/k is a distribution function
for every positive integer k ∈ N.
For max-infinitely divisible distributions there exists a measure ν on [0,∞) \ {0}, such that G
can be represented as

G(x) = exp (−ν([0, x]c))

The measure ν is called exponent measure and provides the basis for the representations. For a
proof we refer to Resnick [26] (Proposition 5.8).

Another important concept in the derivation of the de Haan-Resnick representation is the intro-
duction of pseudo-polar coordinates and a corresponding spectral measure which can be used
to represent the exponent measure and, hence, the distribution function G.
The mapping T : Rd\ {0} → (0,∞) ×BS , given by

T (x) = (r,ω) B
(
‖x‖ ,

x
‖x‖

)
, (B.7)

maps the vector x onto its (pseudo-) polar coordinates r and ω, where r is the radial part and ω
is the angular part. The spectral measure is defined by

S (B) = ν

({
x ∈ [0,∞) \ {0} : ‖x‖ ≥ 1,

x
‖x‖
∈ B

})
= ν ({x ∈ [0,∞) \ {0} : r ≥ 1,ω ∈ B})

for all Borel subsets in BS . After some calculations it follows that

ν ([0, x]c) =

∫
BS

max
j=1,...,d

(
ωi

xi

)
dS (ω),
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so that the de Haan-Resnick representation is established.
The full derivation of the de Haan-Resnick representation can be found for example in Falk,
Hüsler and Reiss [15] (section 4.2, page 115 - 117).

Suppose now that G∗ is a max-stable distribution function with standard extremal Weibull
margins G∗j(x) = exp(x). It follows that G, given by G(x1, . . . , xd) = G∗(−x−1

1 , . . . ,−x−1
d ), is also

max-stable and has standard Fréchet margins. Therefore:

G∗(x1, . . . , xd) = G
(
−

1
x1
, . . . ,−

1
xd

)

= exp

−
∫
BS

max
j=1,...,d

(
−ω jx j

)
dS (ω)

 (de Haan-Resnick representation)

= exp


∫
BS

min
j=1,...,d

(
ω jx j

)
dS (ω)


By taking the sum norm in BS we obtain Pickands representation for max-stable distributions
with standard extremal Weibull margins.

Due to Pickands [25] we define Pickands dependence function.
For x = (x1, . . . , xd) ∈ [−∞, 0)d\ {000} we have

G(x) = exp


∫
B

min
j=1,...,d

(ω jx j)dH(ωωω)


= exp

(x1 + . . . + xd)
∫
B

max
(
ω1

x1

x1 + . . . + xd
, . . . , ωd

xd

x1 + . . . + xd

)
dH(ωωω)


= exp

{
(x1 + . . . + xd)A

(
x1

x1 + . . . + xd
, . . . ,

xd−1

x1 + . . . + xd

)}
where A is called Pickands dependence function and is defined on the set

D(A) =

(u1, . . . , ud−1) ∈ [0, 1]d−1 :
d−1∑
j=1

u j ≤ 1


by

A(u1, . . . , ud−1) =

∫
B

max

ω1u1, . . . , ωd−1ud−1, ωd

1 − d−1∑
j=1

u j


 dH(ω) (B.8)
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Properties of Pickands dependence function:

(i)

max

u1, . . . , ud−1, 1 −
d−1∑
j=1

u j

 ≤ A(u) ≤ 1 for all u ∈ D(A)

The first inequality follows immediately from property (B.6) and the second follows from

A(u) =

∫
B

max

ω1u1, . . . , ωd−1ud−1, ωd

1 − d−1∑
j=1

u j


 dH(ω)

≤

∫
B

ω1u1 + . . . + ωd−1ud−1 + ωd

1 − d−1∑
j=1

u j

 dH(ω)
(B.6)
= 1.

(ii) A is convex: ∀ u1,u2 ∈ D(A) and λ ∈ [0, 1]:

A(λu1 + (1 − λ)u2) ≤ λA(u1) + (1 − λ)A(u2).

The statement follows immediately from the convexity of the pointwise maximum func-
tion f (x) = max { f1(x), f2(x)} for f1 and f2 convex functions:

A(λu1 + (1 − λ)u2) =∫
B

max
{
ω1(λu1,1 + (1 − λu2,1)), . . . , ωd−1(λu1,d−1 + (1 − λ)u2,d−1),

ωd

1 − ∑
j=1,...,d−1

(λu1, j + (1 − λ)u2, j)

 }dH(ω)

≤ λ

∫
B

max

ω1u1,1, . . . , ωd−1u1,d−1, ωd

1 − ∑
j=1,...,d−1

u1, j


 dH(ω)

+ (1 − λ)
∫
B

max

ω1u2,1, . . . , ωd−1u2,d−1, ωd

1 − ∑
j=1,...,d−1

u2, j


 dH(ω)

= λA(u1) + (1 − λ)A(u2)

Remark: The boundaries in property (i) represent complete dependence and independence of
the marginal components. Complete dependence corresponds to distribution functions of the
form

G(x) = min {G1(x1), . . . ,Gd(xd)} ,

whereas independence leads to

G(x) = G1(x1) . . .Gd(xd).
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B.2 The bivariate case
In this section we explain the theory for the bivariate case. We describe how bivariate depen-
dence structures in extremes can be estimated and compared. Let (X1,Y1), (X2,Y2), . . . , (Xn,Yn)
denote a sequence of independent random vectors with distribution function F. We define the
vector of componentwise maxima as follows:

Mx,n = max
i=1,...,n

Xi and My,n = max
i=1,...,n

Yi, for n ∈ N,

⇒Mn = (Mx,n,My,n), for n ∈ N.

As in the univariate case we want to find sequences of vectors (an) with an > (0, 0) and (bn)
such that

P
(

Mx,n − bn,1

an,1
≤ x,

My,n − bn,2

an,2
≤ y

)
= Fn(an,1x + bn,1, an,2y + bn,2)

n→∞
→ G(x, y) (B.9)

where G is a two-dimensional distribution function with non-degenerate margins. Then G is
called (bivariate) extreme value distribution.
From Pickands representation in the multivariate case we obtain the following characterization
for bivariate extreme value distributions:

Corollary B.5
A bivariate distribution function G is an extreme value distribution with standard Weibull mar-
gins if, and only if there exists a measure η on [0, 1] such that

G(x, y) = exp


1∫

0

min {(1 − ω)x, ωy} dη(ω)

 = exp
{

(x + y)A
(

y
x + y

)}
(B.10)

where A is Pickands dependence function in the following form:

A(u) =

1∫
0

max {(1 − ω)(1 − u), ωu} dη(ω) (B.11)

Proof: We start from the general multivariate representation in (B.5):

G(x, y) = exp


∫
B

min(ω1x, ω2y)dH(ω1, ω2)

 .
We define the projection πy(x, y) = y and the measure

η(B) = πy(H(B)) = H(π−1
y (B)) for any Borel set Bon[0, 1].
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Then it follows that

1∫
0

ω2dη(ω2) =

∫
BH

ω2dH(ω1, ω2) B.6
= 1 =

1∫
0

1 − ω2dη(ω2),

and for x, y < 0

G(x, y) = exp


∫
B

min {ω1x, ω2y} dH(ω1, ω2)


= exp


1∫

0

min {(1 − ω)x, ωy} dη(ω)


= exp

(x + y)

1∫
0

max
{

(1 − ω)x
x + y

,
ωy

x + y

}
dη(ω)


= exp

{
(x + y)A

(
y

x + y

)}
and

A(u) =

1∫
0

max {(1 − ω)(1 − u), ωu} dη(ω) for u ∈ [0, 1].

Corollary B.6
A bivariate distribution function G is an extreme value distribution with standard Fréchet mar-
gins if, and only if there exists a measure µ on [0, 1] such that

G(x, y) = exp

−
1∫

0

max
{
ω

x
,

(1 − ω)
y

}
dµ(ω)

 (B.12)

The proof is analogues to Corollary B.5. Following Beirlant et al. [3] (page 257), we define the
stable tail dependence function.

Definition B.7 (stable tail dependence function)
Let (X,Y) be a random vector with distribution function G and standard Fréchet margins The
stable tail dependence function is defined by

V(x, y) = − log G
(
1
x
,

1
y

)
=

1∫
0

max {(1 − ω)x, ωy} dµ(ω). (B.13)
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We can also write G in terms of the stable tail dependence function.

• Fréchet margins (de Haan-Resnick representation): G(x, y) = exp
{
−V

(
1
x ,

1
y

)}
, for x, y > 0,

• Weibull margins (Pickands representation) : G(x, y) = exp {−V(−x,−y)}, for x, y < 0,

• Exponential margins: P(X > x,Y > y) = exp {−V(x, y)}, for x, y > 0.

The connection between Pickands dependence function and the stable tail dependence function
is given by:

A(u) = V(1 − u, u) and

V(x, y) = (x + y)A
(

y
x + y

)
.

In the following we use arbitrary marginal distributions Gx,Gy. To obtain standardized margins,
we use the probability integral transform.

Theorem B.8 (The Probability Integral Transform)
Let X be a random variable with distribution function Fx and let U be a random variable, which
is uniformly distributed over [0, 1]. Then:

(i) If X is continuous, the random variable Y B FX(X) is uniformly distributed over [0, 1],
and

(ii) Z B F←X (U) has distribution function FX, Z ∼ Fx

where F←x denotes the general quantile function F←X (p) = inf {x ∈ R : FX(x) ≥ p}

Let GX,GY denote the marginal distributions of G. With the probability integral transform, we
obtain:

• (−1/ log(GX(X)),−1/ log(GY(Y)) is a random vector with standard Fréchet margins.

• (log(GX(X)), log(GY(Y))) has extremal Weibull margins.

• (− log(GX(X)),− log(GY(Y))) has exponential margins.

In all three cases we get

G(x, y) = exp
{
−V(− log(GX(x)),− log(GY(y))

}
. (B.14)

• Fréchet margins:

G(x, y) = exp
{
−V

(
1

−1/ log(GX(x))
,

1
−1/ log(GY(y))

)}
= exp

{
−V(− log(GX(x)),− log(GY(y))

}
,
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• Weibull margins:

G(x, y) = exp
{
−V(− log(GX(x)),− log(GY(y)))

}
.

In terms of Pickands dependence function we obtain the general representation

G(x, y) = exp
{

log (GX(x)GY(y)) A
(

log(GY(y))
log(GX(x)GY(y))

)}
. (B.15)

B.2.1 Parametric models for the stable tail dependence function
In this section, we explain how the stable tail dependence function and Pickands dependence
function can be estimated. Since the class of max-stable distributions, and hence the class of
extreme value distributions has no finite parametric representation, one has to use special es-
timation techniques. The marginal distributions can be estimated using standard models from
univariate extreme value theory, so that the main problem lies in the dependence structure. There
exist several ways to determine V , including non-parametric and parametric models, where a
subfamily is chosen, such that it can be indexed by a finite parameter vector. The parametric
models can be estimated by maximum-likelihood estimation. Later we will describe, how we
can estimate Pickands dependence function by a non-parametric approach. Since the class of
convex functions with the restriction max {u, 1 − u} ≤ A(u) ≤ 1 is infinite, there exist infinitely
many models for Pickands dependence function. In the following we list some parametric mod-
els for Pickands dependence and the stable tail dependence function.

(i) Logistic model (Gumbel (1960) [19]):
Stable tail dependence function:

V(x, y) =
(
x1/r + y1/r

)r
for 0 < r ≤ 1 (B.16)

Pickands dependence function:

A(u) = V(u, 1 − u) = (u1/r + (1 − u)1/r)r, for u ∈ [0, 1] (B.17)

It is easy to see that we reach independence if r = 1 and complete dependence if r
approaches 0. For example, if r = 1, we can write G as a product of the marginals which
corresponds to independent components.

G(x, y) = exp {−z1 − z2} = exp {−z1} exp {−z2} ,

where z1 = log(GX(x)) and z2 = log(GY(y)) according to (B.14).

(ii) Asymmetric logistic model (Tawn, J. (1988) [28]):
A disadvantage of the logistic model is that the variables x and y are exchangeable. The
asymmetric logistic model is an extension of the logistic model which allows for asym-
metry in the two variables.
Stable tail dependence function:

V(x, y) = (1 − θ)x + (1 − φ)y + ((xθ)1/r + (yφ)1/r)r, for 0 ≤ θ, φ ≤ 1 (B.18)
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Pickands dependence function:

A(u) = (θrur + φr(1 − u)r)1/r − (θ − φ)u + 1 − φ (B.19)

The logistic model is a special case of the asymmetric logistic model with θ = φ = 1.
Independence is reached if either r = 1, θ = 0, or φ = 0 and we obtain complete depen-
dence if θ = φ = 1 and r approaches 0. A problem in the asymmetric logistic model arises,
since the corresponding spectral measure may put non-negative mass on the boundary
points 0 and 1. Especially for threshold models this makes the likelihood inference more
complicated, since in most applications we do not obtain observations on the boundary of
the sample space.

(iii) Bilogistic model (Joe et. al (1992) [22]):
Another extension of the logistic model is given by the bilogistic model proposed by Joe
et al. (1992), which also allows for asymmetry in the dependence structure. It overcomes
the difficulties in the asymmetric logistic model.
Stable tail dependence function:

V(x, y) = xq(1−θ) + y(1 − q)(1−φ) for 0 < θ, φ < 1, (B.20)

where q is the root of the following equation:

(1 − θ)x(1 − q)φ − (1 − φ)yqθ = 0.

Pickands dependence function:

A(u) = uq(1−θ) + (1 − u)(1 − q)(1−φ) (B.21)

The logistic model is a special case of the bilogistic model with θ = φ.

If θ = φ, we get an explicit formula for the root of the above defined function:

(1 − θ)x(1 − q)θ − (1 + θ)yqθ = 0
⇔ x(1 − q)θ = yqθ

⇔

(
1 − q

q

)θ
=

y
x

⇔ 1 − q =

(y
x

)1/θ
q

⇔ q =
1

1 +
(

y
x

)1/θ
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Then,

V(x, y) = xq(1−θ) + y(1 − q)(1−θ)

=
x(

1 +
(

y
x

)1/θ
)1−θ + y


(

y
x

)1/θ

1 +
(

y
x

)1/θ


1−θ

=
x 1

x x1/θ

(x1/θ + y1/θ)1−θ +
y1

x x1/θ
(

y
x

)1/θ−1

(x1/θ + y1/θ)1−θ

=
(
x1/θ + y1/θ

)θ ( x1/θ

x1/θ + y1/θ +
y1/θ

x1/θ + y1/θ

)
=

(
x1/θ + y1/θ

)θ
which is the logistic model with θ = r.

Complete dependence is obtained if θ = φ approaches zero and independence is reached,
if θ = φ approaches one, or if one of the parameters is fixed and the other one approaches
one.

(iv) Mixed model:
Stable tail dependence function:

V(x, y) = (x + y) −
θxy

x + y
for 0 ≤ θ ≤ 1 (B.22)

Pickands dependence function:

A(u) = θu2 − θu + 1 (B.23)

Independence is obtained, if θ = 0 and complete dependence cannot be reached.

(v) Asymmetric mixed model (Tawn (1988) [28]):
Stable tail dependence function:

V(x, y) = (x + y) − xy[x(θ + φ) + y(2φ + θ)](x + y)−2 (B.24)

for θ ≥ 0, θ + φ , 1, θ + 2φ , 1, θ + 3φ ≥ 0
Pickands dependence function:

A(u) = −φu3 + (3φ + θ)u2 − (2φ + θ)u − 1 (B.25)

We get the mixed model, if φ = 0.
Independence is obtained, if θ = φ = 0, and as for the mixed model complete dependence
cannot be reached.
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Figure B.1 shows, how Pickands dependence function looks for different models. The plot on
the left hand side shows Pickands dependence function for the symmetric logistic and mixed
model for two different parameters and the plots on the right show Pickands dependence func-
tion for the asymmetric logistic, the bilogistic and the asymmetric mixed model.
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Figure B.1: Examples for Pickands dependence functions for symmetric (left) and asymmetric
models (right)

B.2.2 Summary measures for extremal dependence
Below we describe how the main properties of the dependence structure of two random variables
can be summarized in one coefficient for all parametric models. Following the article of Coles,
Heffernan and Tawn [7], we define the natural measure of extremal dependence for a bivariate
random vector (X,Y) with the same marginal distribution by

χ = lim
z→z∗

P(Y > z | X > z),

where z∗ is the right endpoint of the common marginal distribution. We can say that χ is the
probability of one variable being extreme given that the other is extreme. For a bivariate random
vector (X,Y) with common distribution function G(x, y) and marginal distributions GX and GY

we define χ in terms of uniformly distributed variables by

χ = lim
u→1

P(GX(X) > u | GY(Y) > u).

χ has the following properties:

• 0 ≤ χ ≤ 1.
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• If χ = 0, the two random variables X and Y are called asymptotically independent.

• The value of χ increases with the strength of dependence at extreme levels.

χ is sometimes called tail dependence parameter (see for example Falk et al. [15] (page 163)).
Remember, that according to the probability integral transform the two random variables GY(Y)
and GX(X) are uniformly distributed. Therefore,

χ = lim
u→1

P(GX(X) > u,GY(Y) > u)
P(GY(Y) > u)

= lim
u→1

1 − P(GX(X) ≤ u) − P(GY(Y) ≤ u) + P(GX(X) ≤ u,GY(Y) ≤ u)
1 − P(GY(Y) ≤ u)

= lim
u→1

1 − 2u + G
(
G←X (u),G←Y (u)

)
1 − u

= lim
u→1

2 −
1 −G

(
G←X (u),G←Y (u)

)
1 − u

= lim
u→1

2 −
log

{
G

(
G←X (u),G←Y (u)

)}
log(u)

,

since
(1 −G(G←Y (u),G←X (u)))/(1 − u)

is asymptotically equivalent to

log(G(G←Y (u),G←X (u)))/ log(u) as u→ 1.

For extreme value distributions we use the representation

G(x, y) = exp
{

log (GX(x)GY(y)) A
(

log(GY(y))
log(GX(x)GY(y))

)}
to write χ in terms of Pickands dependence function:

χ = lim
u→1

2 −
log

{
exp

{
log

(
GX(G←X (u))GY(G←Y (u))

)
A

(
log(GY (G←Y (u)))

log(GX(G←X (u))GY (G←Y (u)))

)}}
log(u)

= lim
u→1

2 −
2 log(u)A

(
1
2

)
log(u)

= 2
(
1 − A

(
1
2

))

Especially for threshold models χ can be used to compare different parametric models or to
distinguish between asymptotic independence and asymptotic dependence. The tail dependence
parameter χ can be estimated by plugging in the parametric or non-parametric estimates for
Pickands dependence function.
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B.2.3 A non-parametric estimate for Pickands dependence function based
on threshold exceedances

In the following we explain a non-parametric approach for estimating Pickands dependence
function. The derivation of this estimate is taken from Beirlant et al. [3] (Section 9.4.1). The
non-parametric version of Pickands dependence function can also be used to compare different
parametric models with a non-parametric version. Below, we describe the estimation in the
bivariate case, but this procedure can be extended to the multivariate case in an analogous way.
We start from the representation of A in terms of the spectral measure

A(u) =

∫
B

max {uω1, (1 − u)ω2} dH(ω1, ω2), (B.26)

where B = {(x, y)′ ∈ [0,∞∞∞)\ {000} : x + y = 1} and the spectral measure H can be stated with
respect to the exponent measure ν

H(·) = ν

({
(x, y)′ ∈ [0,∞) \ {0} : x + y ≥ 1,

(x, y)′

x + y
∈ ·

})
.

Based on this representation we can establish a non-parametric estimate for Pickands depen-
dence function. It can be shown (see for example Beirlant et al. [3] (Section 8.3.1)) that

tP(t−1(X∗,Y∗)′ ∈ ·)
v
−→ ν(·) as t → ∞

on [0,∞) \ {0}, where v denotes vague convergence and (X∗,Y∗) is a standardized version of the
random vector (X,Y) given through the marginal distributions

X∗ =
1

1 − FX(X)
and Y∗ =

1
1 − FY(Y)

which implies a random vector (X∗,Y∗) with standard Pareto distributed margins.
Let (x1, y1), . . . , (xn, yn) denote observations of the bivariate random vector (X,Y). The exponent
measure can be estimated by

ν̂(·) =
1
k

n∑
j=1

1
{

k
n

(x̂∗ j, ŷ∗ j)′ ∈ ·
}
,

where k = kn → ∞, k/n→ 0 as n→ ∞ and

x̂∗ j =

 1
1−F̂X(x j)

, x j > ux

1, x j ≤ ux

and ŷ∗ j =

 1
1−F̂Y (y j)

, y j > uy

1, y j ≤ uy,

for j = 1, . . . , n. The estimated marginal distributions are given together with the maximum-
likelihood estimates ξ̂ and σ̂ by

F̂X(x) = 1 −
Nux

n

(
1 + ξ̂x

x − ux

σ̂x

)−1/ξ̂x

, x > ux,

F̂Y(y) = 1 −
Nuy

n

(
1 + ξ̂y

y − uy

σ̂y

)−1/ξ̂y

, y > uy.
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From the estimate for the exponent measure we can determine an approximation for the spectral
measure H. We use the transformation to pseudo-polar coordinates

r̂ j = x̂∗ j + ŷ∗ j and ω̂x, j =
x̂∗ j

r̂ j
, ω̂y, j =

ŷ∗ j

r̂ j
, j = 1, . . . , n,

where r̂ j denotes the radial part and ω̂x, j and ω̂x, j are the angular parts of the pseudo-polar
coordinates for j = 1, . . . , n. This leads to an estimator of the spectral measure given by

H̃(·) =
1
k

n∑
j=1

1
{

k
n

r̂ j > 1, (ω̂x, j, ω̂y, j)′ ∈ ·
}
.

Since we model threshold exceedances, we choose k/n equal to 1/r̂(n−k) and k equal to the number
of threshold exceedances in each marginal components, k = Nux = Nuy . This ensures that we
use exactly k observations in the estimation. Since∫

B

ω1dH(ω1, ω2) +

∫
B

ω2dH(ω1, ω2) =

∫
B

dH(ω1, ω2) = 2,

it follows that H(B) = 2, which can be guaranteed by setting

Ĥ(·) =
2
k

n∑
j=1

1
{
r̂ j > r̂(n−k), (ω∗x, j, ω∗y, j)′ ∈ ·

}
By applying this estimator to relationship (B.26), we obtain the non-parametric estimate for
Pickands dependence function

Â(u) =
2
k

n∑
j=1

1
{
r̂ j > r̂(n−k)

}
max

{
uω̂x, j, (1 − u)ω̂y, j

}
. (B.27)

We apply an additional modification to this estimator to ensure that Ã is convex and satisfies the
boundary requirement max {1 − u, u} ≤ A(u) ≤ 1. Instead of using Â we implement the modified
estimator

Ã(u) = max
{
u, 1 − u, Â(u) + 1 − (1 − u)Â(0) + uÂ(1)

}
. (B.28)
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