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ABSTRACT

Carrier phase measurements are extremely accurate but
ambiguous. The reliability of the resolution of this ambi-
guity is often not suf cient due to the the small carrier wa-
velength ofLl9 cm and multipath. There are two options for
improving the reliability of integer least-squares estima
on: (1) multi-frequency widelane combinations that inerea
se the wavelength to several meters, and (2) constraints on
the length and orientation of the baseline which reduce the
size of the search space. This paper focuses on the second
aspect, and provides a soft constrained integer leastresjua
estimator, i.e. a method that uses a priori information on
the length and orientation of the baseline to improve the
ambiguity resolution and also ensures a suf cient robust-
ness with respect to uncertainties in the a priori informati
on. This opens up new opportunities for applications such
as freight stabilization on cranes and helicopters ornuattit
de determination of aircrafts. In all these applicatiohs, t
length and orientation are constrained but not xed.

This paper suggests two approaches for soft constrai-
ned integer least-squares estimation: The rst one indude
a priori information on the length of the baseline and its
orientation (attitude) in the form of Gaussian distribngo



The second one includes the a priori information by inequa-
lity constraints on the length and orientation. This infarm
tion could come from physical constraints (e.g. gravity) or
other sensors. Both approaches are solved iteratively with
the Newton method.

The bene t of the a priori information depends on its va-
riance or on the tightness of the inequality constraintss Th
paper shows that the new methods reduce the probability
of wrong xing with respect to unconstrained integer least-
squares estimation by more than one order of magnitude
even if the a priori information on the length is biased by 1
m. The proposed method is evaluated with both simulated
and real measurements from PolaRx3G receivers of Sep-
tentrio.

INTRODUCTION

Differential carrier phase positioning is used in a wide
range of applications including RTK services, assistance
systems for cars, attitude determination of aircraftsj-nav
gation of robots, and freight stabilization under heliept

Fig. 1 shows a helicopter that deposits beams near hu-
man workers. The pilot is not able to see the load, which
results in dangerous situations for both the pilot and the
ground staff. Using of two GNSS receivers (one onboard

Oscillations
due to wind

Fig. 1 Freight stabilization under helicopters: An a priori
knowledge about the baseline length substantially immove
the reliability of relative carrier phase positioning.

the helicopter and a second one on the carried freight) al-
lows a determination of the relative position. It can then be
used for stabilizing the freight by an assistance system.

reference receiver : >
Length constraint

Fig. 2 Integer ambiguity grid: The search space volume of
the oat solution is substantially reduced by constraints o
the baseline length and direction. As the length and directi
on are not perfectly known in many applications, a certain
variation is allowed.

The use of carrier phase measurements allows millimeter
accuracy but introduces integer ambiguities due to the pe-
riodicity of the phase. A reliable resolution of these irgeg
ambiguities can be achieved by including a priori knowled-
ge on the baseline into the ambiguity resolution: The length
of the rope is essentially known (up to its extension due to
the weight of the load), and its orientation is constraingd b
gravity and the energy accumulated in the maneuver.

Fig. 2 visualizes the constrained integer least-squares
estimation for differential carrier phase positioning:eTh
wavefronts from three satellites are shown, which intdrsec
in the true receiver position. The pure code solution provi-
des a rough estimate of the receiver position, which leads to
a certain search space volume (shown as circle). The a prio-
ri knowledge on the length and orientation of the baseline
further constrains the search space.

The Least-squares Ambiguity Decorrelation Adjustment
(LAMBDA) method was developed by Teunissen in [1]
to solve the unconstrained integer least-squares estimati
on. He introduced an integer ambiguity transformation ba-
sed on an alternating sequence of permutations and integer
decorrelations to obtain a sphere-like and largely deeorre
lated search space. Monikes et al. introduced position do-
main constraints in the integer search in [2], and Teunissen
provided a rigorous theory for integer least-squares @stim
tion with a hard constraint on the baseline length in [3]. He
extended his theory to a soft Gaussian constraint on the ba-



seline length in [4]. However, he did not include any cons-
traints on the baseline orientation. This is a non-trivial e
tension as the angles describing the baseline directi@n ent
the cost function in a highly nonlinear form. However, soft
constraints on the direction could be extremely helpful to
reduce the size of the search space and, thereby, to improve
the reliability of ambiguity resolution.

This paper proposes a maximum a posteriori probability
estimator of the baseline length and direction with soft a
priori information on both parameters. This estimator can
be applied either to double difference measurements or to
multi-frequency linear combinations of double differesce
In[5]-[7], Henkel et al. proposed a class of multi-frequgnc
code carrier linear combinations that maximize the ambi-
guity discrimination. It was introduced as the ratio betwee
the wavelength and the doubled standard deviation of the
combination noise to further improve the reliability ofeat
ger ambiguity resolution.

MEASUREMENT MODEL

The double difference carrier phase measurements on
frequencyf , of satellitek are modeled in this paper by

Co+ o, CNY
—Gn I+ TR+ T3¢ 5 (1)

—

with the double difference range_1K, the double diffe-
rence integer ambiguity_N ¥ , the double difference io-
nospheric and tropospheric delays 1I* and C_TK, the
ratio of frequenciesy, = f1=fn,, and the double diffe-
rence measurement noisIEIkrn . Obviously, the double
difference atmospheric delays can be neglected for short
baselines as considered in the rst part of this paper. A si-
milar model is used for the double difference code measu-
rements, i.e.

= Cf+ g, CO+ T+ I @ (2

Two multi-frequency linear combinations are applied to the
double difference carrier phase measuremeptd—1 ,

and code measuremenis_1,,,: a code carrier linear com-
bination and a code-only combination, i.e.

2 - 3

( m m I:]m + m I:]m)
= § "o N )
(mCy)
m=1
where , denote the weighting coef cients of the phase
measurements, ang, and ./ represent the code coef -

were optimized by Henkel et al. in [5]-[7]; the derivation is
reviewed later in this paper. The combined measurements
are modeled by

=H +AN +b+"; )

whereH describes the differential geometry given by
(eh)’ —(e")T
: £ (5)
(eK —l)T _ (eK )T
with the unit vectoeX pointing from thek-th satellite to the
receiver, and being the baseline between both receivers. It

can be represented in spherical coordinates by the elavatio
1, the azimuth , and the length, i.e.

=r(1 20 (6)
with
cos( 1) cos( 2)
r( 1 2)=4 cos(1)sin( 2) °: (7)

sin( 1)
The second termin (4) represents the combined integer am-
biguitiesN with the combination wavelength included in
pre-factor matrixA :
A= 0 : (8)
The unknown biaseb describe multipath with long de-
correlation time, and are introduced to test the robustness

of the constrained ambiguity resolution. The measurement
noise" [CNI(0; ) is assumed to be white Gaussian noise.

Unconstrained ambiguity resolution

The estimation of integer ambiguities and baselines is in
general performed such that the weighted squared norm of
range residuals is minimized. Teunissen decomposed this
squared norm into three terms in [1]:

min C1—H —AN 21,

= min M —N 21, +min CN) - 27,

(N)
+ PP 9)
whereN' denotes the oat ambiguity estimategN ) is
the xed baseline estimate, arfl,\5# s—dre orthogonal
projections de ned as

PI'= 1-Py=1-H HT ~"H HT
Pr'= 1-Pj
= 1-A AT “Ia AT L (10)
with
A =P LAk (11)

The oat ambiguity estimatell are given by
o= B —AN) 2T,

arg min
N RN

-1
= AT A AT pL (12)



with covariance matrix g = AT TA . Similarly,
the xed baseline solution(N ) is given by
(N)= min COJ—H —AN 21,; (13)
m 1

with the covariance matrix o, =(H T ~*H)™. For
unconstrained ambiguity resolution, the second term in (9)
can be made to zero by settingo (N ). Consequently,
optimal ambiguity resolution reduces to the minimization
of the rsttermin (9). The last term describes the irreduci-
ble noise. The introduction of constraints on the length and
or direction of the baseline prevents the setting (N )

and, thus, a separate estimation of ambiguities and the ba-
seline is no longer feasible.

INTEGER AMBIGUITY RESOLUTION WITH
TIGHT AND SOFT CONSTRAINTS

The constrained ambiguity resolution is performed in
four steps as shown in Fig. 3. First, an unconstrained oat
solutionN is determined from (12). Secondly, a search is
performed which takes some a priori information about the
baseline lengthl] and direction (1, 2) into account, and
results in a set of candidat¢dl }. For each of thesdl ,
the baseline parameters 1 and , are estimated itera-
tively with the Newton method. Finally, the integer vector
N with minimum error norm is selected. The ef ciency of
the search can be further improved by applying an integer
decorrelation to the oat ambiguities similar to the uncons
trained case [1].

unconstrained float solution

L

a priori

information
search with constraints 40 1; »}
l {N}
estimation of ol 1; » with

steepest gradient method for edth

¢

selection oN  with minimum
M —N2, + CqN)— 21,
N

(N)

Fig. 3 Tight and soft constrained integer ambiguity reso-
lution: A priori information is used for both the search and
the baseline estimation.

The notation shall be simpli ed by denoting the second
term in (9) by

J(1; 2sbN)= EN) —r( 1; 2)||—i—|(1N)1 (14)

Tight constraints

The length of the baseline is known in a variety of app-
lications, e.g. the distance between the freight and the he-
licopter in Fig. 1 is given by the length of the rope. This a
priori knowledge can be considered either as a tight or as a
soft constraint allowing some variations.

Length constraints

The minimization of] with a tight length constraint can
be written as a Lagrange optimization, i.e.

f(oN)=J3(1 2sEN)+ 1212 ;  (15)

with Lagrange parameter. Setting the derivative with re-
spectto equal to zero, and solving it foryields:

-1

- -1 _ -1 .
(N ) - V(N ) I N) (N )! (16)
which is set into the length constraint to obtain
-1
_ -1 _ -1 2.1A.
9( )= 0 5, — | ~(N)(N)Ifl—l =0:
17)

It can be solved iteratively for with the Newton method,
i.e.

_ 90 .
n+1 — n gq ) . ’ (18)
with the gradient
gt)=20 (N)" =4y Tay— ! T, (N
(19)

The iterative computation can be initialized with = 0,
i.e. the unconstrained ambiguity resolution.

Angular constraints

In some applications, the direction of the baseline is
known. Three cases shall be considered: the anglis
known only, the angle, is known only, and both angles
are known a priori. If 1 is known, the minimization pro-
blem is given by

?"m J( 1 25N)): (20)
Setting the derivatives w.ritand ; to zero gives
(s ziNy =
—2( (N)" T(}\l)r( 1; 2)
#2000 ( 0 )T g1 220, (D)



and

@—@2(3(1; SN D)) =

1 @(1; 2)
—2A N ST e
. T
+212. % :(1N)r( 1 2):!o: (22)

As (21) and (22) can not be solved foand » in closed
form, an iterative solution based on the Newton method is
suggested, i.e.

B(( 15 23;N))
S @ 2EN)) - bty
=1 I(N)

(23)

T(N)=I""Y(N) =

and
2 (1 25N))

i(NY= "IN — ;
2(N)= 27 (N) %(J(l; 2 END)) o= T

=1 I(N)
(24)
where the second order derivatives are given by
%(J( 52N =2(r (4 2)T T r( )
(25)
and
@ .o _ 1 @r( 1 2)
@z 2N = —2ACN)T =, a7
. T
+21? Lr(@llz’ 2) t(}\l)r( 1, 2)
@(12 ' 1 @(12),
2P e ™ e
(26)

whereL(@g; 2 = —r( 4 o).
If 5is kr110wn instead of ;, the minimization problem
is given by
min (J( 1; 2;;N));
LN
which can be solved iteratively in a similar way. Setting the
derivative w.r.t. ; to zero gives

@
@1

(27)

J(1; 25N)) =
1 @(1; 2)
N @,

) T
I NGB

The third case includes a tight a priori knowledge of both
angles and, thus, removes the nonlinearity due to the trigo-
nometric functions. The minimization problem turns into

(29)

—2( (N)T

+212 (28)

T&”J( 1, 2,EN);

and can be solved in closed form figii.e.

_ ((N)T “_(%\,)r( 1 2)
(r( a2 2)7 V_(}\,)l'( 1 2)

fin)

(30)

Soft constraints

The length and direction of the baseline are not perfect-
ly known in many applications, e.g. the baseline between
the freight and helicopter varies with elongation of the ro-
pe and oscillations due to wind and, thus, does not cor-
respond to a vector in zenith direction of a priori known
length. A similar situation occurs during attitude determi
nation of aircrafts: In this case, the baseline length betwe
two receivers on the wings varies due to bending. Therefo-
re, soft constraints are introduced for both length anctelire
tion. These constraints can be either included in the form of
a Gaussian distribution or a uniform distribution of the ba-
seline length and direction.

Gaussian constraints

The constrained ambiguity resolution can be considered
also as a maximum likelihood (ML) estimation or as a ma-
ximum a posteriori probability estimation. The latter one
maximizes the a posteriori probability of the estimates of

1, 2 andl foragiven set . This maximization is rewrit-
ten with the rule of Bayes and the assumption of statistical-
ly independenty, » andl as

max p( 1; 21| )

P 1)p( 2)p(l) .
pC )

where the conditional probability is obtained from

= max p( | 3 2i1) (31)

1 1 )
p( | 15 21|) = p:e_fl:l_Hr ( 1; 2)I—AN @ 1
)2 |
(32)

and the a priori knowledge is assumed to be Gaussian dis-
tributed with known means and variances, i.e.

1 _(x x)?

p( x) = q—z —e T s 1)
1 _(|2|)2
p(l) = q—z =€ o (33)
i

andp( ) being a normalization given by

Z
p( )= p(

| 15 2:0)p( 1)p( 2)p(1)d 1d 2dl: (34)

The maximization of (31) can be simpli ed by taking the
logarithm and omitting the pre-factor that does not depend



on 1, »andl,i.e.
min J( 1; 2;1;N)
1, 2N
CI—Hr ( 1; 2)|—AN 21,

(1—2 1)2+(2—;2)2);

= min
1; 26N

+ (l _2|)2 +

| 1 2

(35)

which corresponds to the minimization of the rst two
terms of the unconstrained cost function of (9) plus three
additive terms. The optimization ové& is done in two
steps: A search of a candidate set (that is described later)
and a selection of the best candidate that minimizes the cost
functionJ For a xed candidaté , the optimization over

l and 4, x [{1; 2} is performed by setting the derivatives
equal to zero:

—2( (N)T “_(%\,)r( 1; 2)
20 —1)

+21-(r( 15 2)" T(}\l)r( 12t 2

@@I‘I(l; 2iN) =

:! 0;
(36)

and

@

X

J( 1, 22bN) =
-1 @( 1 2)
N @y
. T
+21%. @(@)1:( 2 _(]N)r( 1; 2)
2( x

— x) 1.,
fx_o,

—2-((N)T

+ (37)

X

which can be solved again iteratively with the Newton me-
thod.

Fig. 4 shows the bene't of tight and soft length cons-
traints for integer least-squares estimation (ILS) [8]eTh
tight constraint (TC) reduces the probability of wrong un-
constrained xing by more than four orders of magnitude
if the a priori length information is correct. The error rate
are based on a simulation of Galileo double difference pha-
se measurements on E1 and EXl@&pochs for a short ba-
seline of30 m. Phase-only measurements were considered
to avoid code multipath, and a widelane combination with
a wavelength o78:1 cm was used to increase the success
rate. A satellite geometry witB visible satellites was se-
lected to obtain a typical performance. Obviously, thettigh
constraint makes the xing also sensitive w.r.t. erroneous
a priori information, i.e. it degrades the unconstrained pe
formance if the error in the a priori information exceé&ds
cm. The soft constrained (SC) xing takes the uncertainty
in the length information into account and, thereby, impro-
ves the unconstrained xing for any quality of the a priori
information.

The reliability of ambiguity resolution can be further im-
proved by including measurements from multiple epochs,
i.e. by generalizing the cost function of (35) to

X

[:li—Hil’ih—AN E]l
i=1 |
+(|i _2|i)2 N ( 1;i_2 1i)? N ( 2;i_2 2i)? :

(38)

J =

li 1;i 2ii

which can be minimized overy; andl; jointly with the
iterative Newton method.

10"t
2107}
=
=2} =
5 10° SC-ILS
= % = 10m
o
210"} SC-ILS
3 : % = 3:16m
e benefit of soft
Qo
£ 10° .. constrained over 3SC_I LS
unconstrained and % =1m
10° _tigthtly consk;_rair_lted B— TC-ILS
b integer ambigui ) 1
resoglution guy ILS without
constraints
¥ T T T
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Error of baseline length a priori knowledge [m]

Fig. 4 Comparison of unconstrained, soft constrained and
tightly constrained ambiguity resolution for erroneous ba
seline length a priori information: The tightly constraihe
ambiguity resolution outperforms the unconstrained and
soft constrained xing for perfect a priori knowledge but
is extremely sensitive w.r.t. erroneous a priori inforroati
The soft constrained ambiguity xing bene ts from the a
priori information even if it is biased.

In the n-th step, the estimate of the baseline and ambi-
guity parameters is given by

2 AN+1 3 2 AN 3 2 @ 3
An+1 /\i @@i
,i\n+1 = g ,i\n é —g1 @%]{ ; (39)
n+1 N @
N [\

where”,, x [{1;2}, andf include the estimates of all
epochs, and the Hesse matrix is given by

2 g1 @7 @7 @7
a3 @@é_?z 9P 9g¥

S=§ %l @r @r el [+ “O
@,0 @,@ L @@\
3 J J @J
@ 1N @ 2N @@N @N



The iterative Newton method does not necessarily con-
verge to the global optimum due to the nonlinearity of the
cost function. One could perform the optimization for se-
veral random initializations around the a priori infornoati
and select the one with minimudi to improve the pro-
bability of nding the global minimum. However, a single
initialization was suf cient to nd the global minimum in
the following analysis.

Fig. 5 and 6 show the achievable accuracies for the soft
constrained estimation of a vertical baseline with10 m.

The minimization of (38) ensures an optimal trade-off bet-
ween the minimization of the weighted range residuals and
the minimization of the weighted difference between the
estimated baseline parameters and their a priori knowled-
ge. Consequently, the achievable accuracies depend on the
accuracy of the double difference measurements (or, mo-
re speci cally, on the accuracy of the widelane phase-only
combination with = 78:1 cm) and the accuracy of the

a priori information ( , = 30°, , | = 10cm).
Obviously, the elevation of the baseline can be determined
with a higher accuracy than the length due to the relatively
long baseline.

= 09,

=
o

o ©

% =10 cm,
Y= 1 mm
% =10cm,
Y= 1cm
l
% =5c¢cm,

b
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Time [h]
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=

Std. dev. of estimated baseline length [cm]

Fig. 5 Soft constrained estimation of baseline length for
| =10 mand ; = 90°: The achievable accuracy depends
on the noise level of the measurements, the noise ampli -
cations due to double differencing, widelane combinations
and the geometry, and the quality of the a priori informa-
tion. The latter one becomes especially bene cial for an
increased phase noise level.

Constrained integer search

The integer ambiguities are determined by a tree search
as shown in Fig. 7. The ef ciency of the search can be sub-
stantially improved by some constraints on the length and
direction of the baseline. The following notation shall be
introduced for the tree search: The level in vertical dimett
is denoted bk [{I;:::;K } corresponding to the ambi-
guity indicesj g m """ d‘} represents the path number

— 05
o
(7}
2045
c
o
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s 01
(]
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Time [h]

Fig. 6 Soft constrained estimation of baseline elevation for

[ =10 mand 1 =90°: The a priori knowledge has only a
minor impact on the estimation of the elevation due to the
large baseline length, which enables a precise computation
of its elevation.

at thek-th level, andcy is the number of paths at theth
level. The set of integer candidates at leivé$ denoted by
Sk - {Nl;....NCk}

The search aims on nding all integer vectaxs that

full N —N 21, < 2 which can also be written in
N
sequential form as
k k
IN _'\Irjkljl::::;' -
v | [ 2
1 —
- g 2_5(_ Nj, N\nlil;:::;u 1
- Nkjl;:::;k 1 ZA !
=1 Nijamg 1
(41)
where the conditional ambiguity estlmaﬁﬁ Lo, @re

determined by classical bootstrapping and oiawously de-
pend on the path frory to j|—1. The standard deviations
2 are also known from bootstrapping and do only

depend onthe levels but not on the individual path. Eq. (41)
provides a lower and upper bound for the xing N at
path numbeyjy:

U NP - .
NF Jilizis o Nj it ¢ g
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v L 2
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Fig. 7 Search tree: Constraints on the baseline length and odtiem&re checked at each path node to reduce the nal number
of branches. The tightness of the bounds and, thus, theegiayi of the search, is determined by the prefacters , and .

where the dependency on the previous path numbers

tree is constructed sequentially with (42) and the total hum
ber of pathgX is reduced by some constraints on the ba-
seline estimate. The latter one is given for path numper

by

A h i -1
Nil;**i «k = HP*A TTHPKA
J1:) k 0 2 31
h | i1
HrPka 1B —p*a§ £ (43)

where the selection matrice andP * are de ned as

1k><k
Pk = oK —kxk
K Ok><K —k
P = 1K —kxK —k (44)

The notation(*) has been introduced to denote partial -
xing. The spherical baseline parameters can be easily ob-

tained from the cartesian estimates:

1..... k N2 N2 N2
le’ ’Njk Xjqmmi g Vit Zjgmniog
A
Zj 4
/\1 le;"';Njk = arctan @)q jpmiok A
1 K 2 N2
0 Xj g T Yigun
A
Yiqnmi
A NLonNfo = arctan @ =1 A (45)
Xjgwm g

The uncertainty of these parameters can be derived from
the covariance matrix

L #
1 = : N
N - > -~
EI’Q (= NTOON
h it h i -1
= HP*A T HPKA (46)
which leads to
;
5 = trace x (47)



The angle estimate® and”% are not Gaussian distribu-
ted. Consequently, the standard deviations have to be-deter
mined by Monte-Carlo simulations from (45). The results
could be stored in a look-up table for realtime applications

Eq. (45) to (47) are the basis for the constraints on the
baseline length and orientation given by

It NL NS == 0 (48)
and
IONG NS =l = X
%2 NLioNfS =2 =, %0 (49)
The prefactors|, , and , were introduced to control

the tightness of the bounds and are constant over all levels.
On the contrary, the standard deviations, = and x
reduce with increasing levels due to a Iarger number of -
xed integer ambiguities.

Fig. 8 shows the number of paths as a function of prefac-
tor | for each levek. The bene t of tightening the cons-
traint increases with the levéd, i.e. the number of paths
is reduced by only one order of magnitude for the rst le-
vel but by three orders of magnitude at the last level. For

| — oo, the number of paths converges to the number
of paths of unconstrained ambiguity resolution. The simu-
lation result refers to the estimation of the E1-E5 Galileo
widelane ambiguities with wavelength @8 cm for a geo-
metry with 8 visible satellites and measurements frém
epochs.

Number of paths at level k

2 4 6 8 10 12 14 16 18 20
Prefactor M for length constraint

Fig. 8 Bene t of length constraint for integer search: The
constraint reduces the number of paths by several orders of
magnitude.

MULTI-FREQUENCY LINEAR COMBINATIONS

The reliability of carrier phase positioning can be further
improved if a multi-frequency linear combination of am-
biguities is resolved instead of the individual carrier gha

ambiguities. This can be explained by the increase in the
combination wavelength, which improves the conditioning
of the equation system and, thereby, improves the accuracy
of the oat solution.

In [5]-[7], Henkel et al. optimized a class of multi-
frequency linear combinations that include both code and
carrier phase measurements with phase coef ciepteind
code coef cients .y, i.e.

k — k

mmm+

m o (50)
wherem = {1;:::;M } denotes the frequency index. The
code and carrier phase measurements can be assumed stati-
stically independent, such that the standard deviationeof t
combination noise is given by

(51)

which depends on the code and phase noise variances. In
this paper, the code noise standard deviations are set to the
Cramer Rao lower bound. It is given in Tab. 1 for the GPS
signals on L1, L2 and L5 at a carrier to noise power ratio
of 45dB-Hz.

Tab. 1 Cramer Rao bounds for GPS signalson L1, L2 and
L5 atC=Ng = 45dB-Hz

Signal BW [MHz] | CRB [cm]
L1-1 | BPSK(1), C/A 2-1:023 7829
L1-I | BPSK(1),C/A| 20-1:023 2592
L1-C | MBOC, OS 20-1:023 11:13
L2-C | BPSK(1), OS 20- 1:023 2592
L5-I | BPSK(10), OS| 20-1:023 7:83
L5-Q

The linear combination shall scale the geometry term by
a certain prede ned factdry, i.e.

X .
( m t m) = hl;
m=1
whereh; = 0 corresponds to a geometry-free amd= 1
to a geometry-preserving combination. Similarly, the com-
bined rst order ionospheric delay shall be scaled by a pre-

de ned valueh,, i.e.
hd

(52)

(m— m)%n = ha (53)

m=1
where the minus sign arises from the code carrier diver-
gence. Moreover, the linear combination of ambiguities
shall correspond to a single wavelength times a single inte-
ger ambiguity:

)M 1
(m mNm)= N:

m=1

(54)



Tab. 2 Triple-frequency code carrier widelane combinations okimaim discrimination for =1mm and  =CRB
hi | hy L1 L2 L5 D
1 0 i1 1] ]2 =51 js 4
1 185659 —72:3348| 3 554567 | 3:533m | 10:3cm | 17.17
1 —0:1394 —0:0424 —0:5060
1 —-0:1 j 1 1 j 2 =5 j 3 4
1 17:3827 —67:7249 | 3 51:9224 | 3:308m | 955cm | 17.46
;. —0:1132 , —0:0359| ; —0:4311
0] -1 i1 =11 1]2 51 s —4
1 —12:5565 489213| 3 —375063| 2:389m | 95cm | 12.60
1 0:3557| » 0:0657| 3 0:7201
0 0 |1 0] j2 =11 js 1
1 0 2 —4:0948 3:9242 Im 1:3cm | 38.05
1 0:0140| » 0:0113 0:1453
Eq. (54) is equivalent to TEST SET-UP
N = X mom 55 In this section, the integer ambiguity resolution shall be
B 1|z} m (55) veri ed with real measurements from two PolaRx3G Ga-
M= lileo receivers of Septentrio. Fig. 9 shows the measure-
=jm 1

Finally, the remaining degrees of freedom shall be used to
maximize the ambiguity discrimination which was introdu-
ced in [5] as the ratio between the combination wavelength
and the doubled standard deviation of the combination noi-
se, i.e.

D=5 (56)

The ambiguity discrimination of (56) shall be maximized
over andoveralj, and n,i.e.

(57)

which includes a numerical search and an analytical com-
putation as described in details in [7]. The result of this op
timization was derived for Galileo by Henkel and Ginther
in [5]-[7]. For GPS with its new signals, it is given in Tab.
2.

Baseline with known length

ment equipment. The two receivers were connected to two
NavX multi-frequency Galileo signal generators of IFEN
GmbH, which generate high frequency signals. The trans-
mit power was set such that the average carrier to noise
power ratio was 48 dB-Hz. The Galileo receivers conti-
nuously tracked the E1 and E5a signals o8@minutes.
The baseline length was xed 80 m.

Fig. 10 and 11 show that both the range residuals and
the widelane oat ambiguity estimates are unbiased. The
noise in the oat ambiguity estimates is signi cantly lower
than one cycle, which indicates an extremely reliable inte-
ger ambiguity resolution. The range residuals are Gaussian
distributed and refer to the xed ambiguity solution. Their
standard deviations vary arouhdm, which can be explai-
ned from thel mm phase noise by its ampli cation due to
double differencing (factor 2), widelaning (factor 4.1)dan
the dilution of precision.

Fig. 9 Measurement equipment for constrained integer ambigagglution: Two PolaRx3G Galileo receivers of Septentrio
are connected to two high frequency signal generators N&VRKEN GmbH.
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Float ambiguity estimates [cycles]
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Fig. 10 Float estimates of the Galileo E1-E5a widelane
ambiguities on a single epoch basis: The estimates are un-
biased and the noise is signi cantly lower than one cycle.

Residuals [cm]

0 5 10 15 20 25 30
Time [min]

Fig. 11 Range residuals after widelane integer ambiguity
resolution: The residuals of all widelane combinations are
nearly unbiased and the noise level can be derived from the
measurement noise and its ampli cation by double diffe-
rencing, by the widelane combination and by the dilution
of precision.

CONCLUSION

In this paper, a maximum a posteriori probability estima-
tor was derived for the estimation of the baseline with both
tight and soft constraints on the baseline length and orien-
tation. This a priori information can be provided either as a
Gaussian distribution or as a uniform distribution. Thé-est
mation includes a sequential construction of a search tree
and an iterative solution with the Newton algorithm. The
proposed algorithm has two advantages over unconstrained
xings: rst, it reduces the number of paths in the search
tree by several orders of magnitude. Secondly, the probabi-

lity of wrong xing is reduced but also the robustness over
errors in the a priori information is substantially increds
The algorithm can be applied to multi-frequency combi-
nations that increase the wavelength and, thereby, further
improve the reliability of integer ambiguity resolutiorh&
suggested algorithm can be used for any application where
a precise and reliable relative position estimate is reqguir
and some a priori knowledge on the baseline length and/ or
orientation is available.

ACKNOWLEDGEMENTS

The rst author would like to thank the Institute of Na-
vigation (ION) and the ESA Business Incubation Cen-
ter (BIC) for the nancial support of this trip. The se-
cond author would like to thank the German Federal Mi-
nistry of Economic Affairs and Technology (BMWi) and
the German Aerospace Center (DLR) for a nancial grant
(FKZ: 50NA0911) to the project "Multi-frequency ionos-
pheric monitoring and ephemeris veri cation with Galileo”
(MIMGAL) which supported this work.

REFERENCES

[1] P. Teunissen, The least-squares ambiguity decorrelati
on adjustment: a method for fast GPS ambiguity esti-
mation,J. of Geodesyvol. 70, pp. 65-82, 1995.

[2] R. Mdnikes, J. Wendel and G. Trommer, A modi-
ed LAMBDA method for ambiguity resolution in
the presence of position domain constraiRc. of
ION GPS pp. 81-87, 2005.

[3] P. Teunissen, The LAMBDA method for the GNSS
compassArt. Satellites vol. 41, nr. 3, pp. 89-103,
2006.

[4] P. Teunissen, Integer least-squares theory for the
GNSS compassl. of Geodesyvol. 84, pp. 433-447,
2010.

[5] P. Henkel and C. Gunther, Joint L-/C-Band Code and
Carrier Phase Linear Combinations for Galiled, J.
of Nav. and ObsArticle ID 651437, 8 pp., 2008.

[6] P. Henkel, Bootstrapping with Multi-Frequency Mi-
xed Code Carrier Linear Combinations and Partial In-
teger Decorrelation in the Presence of Biasesc.
of Int. Assoc. of Geod. Scient. ABuenos Aires, Ar-
gentina, 2009.

[7] P. Henkel and C. Gunther, Reliable Carrier Phase Po-
sitioning with Multi-Frequency Code Carrier Linear
CombinationsProc. of 23rd ION Intern. Techn. Meet.
(ION-GNSS), Portland, USA, 2010.

[8] P. Jurkowski, Baseline constrained ambiguity resolu-
tion with multiple frequencieBachelor thesisTech-
nische Universitat Minchen, 49 pp., 2010.



