IEEE COMMUNICATIONS LETTERS, VOL. 14, NO. 5, MAY 2010

387

Reliability-Based Hybrid MMSE/Subspace-Max-Log-APP
MIMO Detector
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Abstract—We present an algorithm which is a flexible and
scalable trade-off both in complexity and performance between
unbiased MMSE and Max-Log-APP MIMO detection. In a first
step, LLRs are generated based on linear detection (Max-Log
per stream). A predefined number of LLRs is chosen as ’reliable’ based on LLR magnitude. For the remaining ’unreliable’
subspace we compute the joint Max-Log-APP solution. The
algorithm contains unbiased MMSE detection as well as full
Max-Log-APP detection as special cases and is suited for iterative
detection-decoding.
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I. I NTRODUCTION
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PTIMAL MIMO detection in the general formulation
including iterative detection-decoding means computation of aposteriori bit probabilities (APP), given the received
symbols and channel matrix and possibly apriori information about bit probabilities from the decoder. For practical
implementation, optimal APP computation is considered too
complex for the number of transmit antennas and modulation
sizes used by modern standards.
There are several practical detector algorithms which approximate the APPs. They output log-likelihood-ratios (LLRs)
of bit probabilities instead of the probabilities themselves,
because multiplications can be conveniently computed as
additions in the log domain, and the ratios avoid extra normalization effort. Computation is∑further reduced by using the
Max-Log approximation [1]: ln 𝑎𝑖 ≈ max(ln(𝑎𝑖 )).
One standard approach is the separation of the transmit
data streams at the receiver by use of unbiased LMMSE
filtering. The separated data streams are then individually soft
demodulated using the Max-Log approximation per stream.
Complexity of this approach is low, but higher detection
performance (LLR accuracy) is desirable.
Another approach is to jointly soft demodulate the data
streams using the Max-Log approximation (’Max-Log-APP’).
This means that each LLR is computed using the closest transmit vector candidate where the bit in question is positive and
the closest vector vector candidate where it is negative (but not
all possible vector candidates). In [2] it is shown analytically
that Max-Log-APP MIMO demapping for QAM constellation
converges with growing apriori information towards the performance of SIMO maximum ratio combining for a (shifted)
BPSK constellation. For a small number of antennas and small
modulation set the candidates can be found by ’brute-force’
enumeration. The soft-output sphere decoder [3] finds the
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Fig. 1. Motivation: the partial bit error rate of linear MIMO detection is low
for bit positions with relatively large LLR magnitude.

candidate vectors by depth-first tree search, which is enabled
by QR-decomposition of the channel matrix (the order of node
expansion is determined by Schnorr-Euchner enumeration).
Unfortunately the Max-Log-APP detection problem is NP hard
[4], resulting in non-constant and high complexity of Sphere
decoding (depending on the channel matrix).
The soft-out M-algorithm (SOMA) [5] uses breadth first
tree search to approximate the Max-Log-APP solution. In
each tree level the so far best M candidates are expanded.
The SOMA has a fixed complexity which makes it interesting
for realtime implementation. By choice of M the performance
can be scaled up to that of the Max-Log-APP solution. Major
drawback of SOMA is the complexity of the sorting step in
each tree level.
Successive interference cancellation (SIC) is the approach to
successively demap one symbol (or one individually encoded
symbol stream of a transmit antenna). Compared to the joint
iterative demapping approach, the SIC approach suffers more
interference when detecting the first data stream.
We propose an algorithm which has constant complexity
(different from sphere decoder) and does not need QRdecomposition and sorting steps like SOMA. It can be applied for iterative APP computation in stochastic inference
frameworks like Bayesian inference (Belief propagation). Performance (and complexity) is scalable by parameter choice
between that of unbiased MMSE and Max-Log-APP.
II. A LGORITHM M OTIVATION
Unbiased MMSE detection gives reliability information
about bits (in form of LLRs) at low complexity. Fig. 1
illustrates the uncoded error rates in 4x4 16QAM transmission
(assuming uncorrelated Rayleigh fading) for the subset of the
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III. A LGORITHM D ESCRIPTION
The detection algorithm consists of three steps. The first
step is to perform unbiased MMSE detection. MIMO transmission over the channel matrix H is denoted as
y = H ⋅ x(c) + n,

(1)

where c is the bit vector which is mapped to the symbol vector
x. With noise variance 𝜎 2 , the MMSE receiver filter matrix
for separation of the streams is given by:
𝐺bias = (𝐻 𝐻 𝐻 + 𝜎 2 𝐼)−1 𝐻 𝐻
The unbiased version is 𝐺unb = 𝑆𝐺bias , where 𝑆 is the
diagonal matrix which removes the bias introduced by the
MMSE criterion [6]:
)
(
1
1
, ...,
𝑆 = diag
(𝐺bias 𝐻)1,1
(𝐺bias 𝐻)𝑁𝑇 ,𝑁𝑇
The equalized symbol vector is:
x̂ = 𝐺unb y
The receiver then computes an LLR for each transmit bit 𝑐:
𝐿(𝑐) = ln

𝑃 (𝑐 = +1)
𝑃 (𝑐 = −1)

(2)

The LLR for transmit antenna 𝑖 and bit position 𝑗 is (under
assumption of Gaussian noise and Max-Log approximation
per stream):
)
1 (
2
𝐿(𝑐𝑖,𝑗 ) = − 2
min1 ∣𝑥ˆ𝑖 − 𝑥𝑖 ∣2 − min
∣
𝑥
ˆ
−
𝑥
∣
𝑖
𝑖
1
2𝜎𝑒𝑞 𝑥𝑖 ∈𝒳𝑗=1
𝑥𝑖 ∈𝒳𝑗=−1
where 𝜎𝑒𝑞 2 is the noise variance on the stream after filtering.
1
𝑥𝑖 ∈ 𝒳𝑗=1
means the set of symbols where the bit whose LLR
1
is to be computed has the value 1, 𝒳𝑗=−1
is the complement
set.
In the second step the 𝑛 LLRs with largest magnitude
∣𝐿(𝑐𝑖,𝑗 )∣ are selected as ’reliable’, where 𝑛 is a predefined
constant. The bit values are the signs of the LLRs. The
remaining 𝑁𝑇 𝑘 −𝑛 bit positions are the ’unreliable’ subspace.
In the third and last step the algorithm computes the
joint Max-Log-APP solution for the ’unreliable’ candidate
subspace. Since this subspace is relatively small, we perform
binary enumeration of the candidates. For each bit position, the
subspace always contains hypothesis and counter-hypothesis
vectors, so that clipping operations like in the list sphere
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𝑛 LLRs with largest magnitude. For the SNR range of interest,
the error rate e.g. of the 4 LLRs with largest magnitude (per
MIMO vector) is far lower than that of maximum likelihood
(ML) detection of all bits. The idea is to reduce the candidate
search space for the Max-Log-APP solution to a fixed predefined size, based on reliability: we assume the 𝑛 bit positions
with largest LLR magnitude as correct, and the remaining
subspace of size 2𝑁𝑇 𝑘−𝑛 is ’most likely’ to contain the ML
solution and Max-Log-APP counter-hypotheses (𝑁𝑇 transmit
antennas and 𝑘 bit per transmit antenna, gives a sum of 𝑁𝑇 𝑘
LLRs to generate). For this remaining (smaller) ’unreliable’
subspace we can perform Max-Log-APP postprocessing.
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Fig. 2. Error rate of proposed algorithm for different number of linearly
detected bit positions.

decoder [7] are not necessary. The extrinsic (Max-Log) LLR
for bit position 𝑖 is [8]:
𝐿𝑒 (𝑐𝑖 ) = 𝑚𝑎𝑥 {−
𝑁𝑇
x∈𝒳𝑖=1

− 𝑚𝑎𝑥 {−
𝑁𝑇
x∈𝒳𝑖=−1

1
1
∣∣y − Hx(c)∣∣2 + 𝐿𝑎 (c)𝑇 c}
2𝜎 2
2

1
1
∣∣y − Hx(c)∣∣2 + 𝐿𝑎 (c)𝑇 c} − 𝐿𝑎 (𝑐𝑖 )
2𝜎 2
2

𝑁𝑇
The notation x ∈ 𝒳𝑖=1
means the set of all (remaining)
symbol vectors of dimension 𝑁𝑇 with the bit value 1 in
position 𝑖 of the corresponding bit vector. The computation
uses apriori information (from the decoder) in the form of
the apriori LLRs 𝐿𝑎 (c). The LLR vector which the detector
outputs consists of 𝑛 values generated by linear detection
and 𝑁𝑇 𝑘 − 𝑛 values generated by subspace-Max-Log-APP
computation. For iterative detection-decoding only step 3
needs to be repeated after running the decoder. A pseudo-code
formulation of the algorithm is given in Alg. 1.

Algorithm 1 Subspace-Max-Log by enumeration
x̂ = 𝐺𝑢𝑛𝑏 y {MMSE stream separation}
for all tx-antennas do
for all bit-positions do {bits of this antenna}
𝐿𝑒 (𝑐𝑗 ) = ( 𝑚𝑖𝑛1 Δ − 𝑚𝑖𝑛1 Δ) {max-log per stream}
𝑥𝑖 ∈𝒳+

𝑥𝑖 ∈𝒳−

select 𝑛 positions of largest ∣𝐿(𝑐𝑖 )∣ {’reliable’}
for all c(𝑠𝑢𝑏) ∈ 2𝑁𝑇 𝑘−𝑛 do {’unreliable’ subspace}
−1
1
2
𝑇
𝑚𝑒𝑡𝑟𝑖𝑐(x(c)) = 2𝜎
2 ∣∣y − Hx∣∣ + 2 𝐿𝑎 (c) c
for 𝑖 = 1 to 𝑁𝑇 𝑘 − 𝑛 do {’unreliable’ bit positions}
𝑚𝑎𝑥
(𝑚𝑒𝑡𝑟𝑖𝑐(x(c)))
𝑚𝑎𝑥 𝑝 =
c(𝑠𝑢𝑏) ∣𝑐𝑗 =+1

𝑚𝑎𝑥 𝑚 =

𝑚𝑎𝑥

c(𝑠𝑢𝑏) ∣𝑐𝑗 =−1

(𝑚𝑒𝑡𝑟𝑖𝑐(x(c)))

𝐿𝑒 (𝑐𝑗 ) = 𝑚𝑎𝑥 𝑝 − 𝑚𝑎𝑥 𝑚 − 𝐿𝑎 (𝑐𝑗 )

IV. P ERFORMANCE
This section illustrates that the performance in terms of error
rates and mutual information varies between that of unbiased
MMSE and Max-Log-APP. Both are included in the algorithm
as special cases for 𝑛 = 𝑁𝑇 𝑘 and 𝑛 = 0 respectively. Simulation assumes 16QAM transmission over 4x4 uncorrelated
Rayleigh fading, and perfect channel estimation at the receiver.
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Fig. 3. Mutual information for different number of linearly detected bit
positions.
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EXIT chart: usage of apriori knowledge from the channel decoder.

complexity scales exponentially with 𝑛 (apart from MMSE
preprocessing), which is due to the problem being NP hard.
VI. D ISCUSSION
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Complexity scales exponentially with parameter 𝑛.

Uncoded error rates are shown for different 𝑛 in Fig. 2.
The detector curve for 𝑛 = 0 is denoted ML, since MaxLog-APP without apriori information and with hard output
(bits instead of LLRs) reduces to searching the most likely
candidate bit vector. Postprocessing for a small subspace of
four bit positions (16 candidate vectors) already results in
more than 1dB improvement for the practically interesting
uncoded BER range around 10−1 .
To assess the performance of soft-output detectors, mutual
information (MI) is a more suitable measure than uncoded
BER (which only evaluates the signs of LLRs and not their
magnitude). MI in dependence on SNR is shown in Fig. 3. By
this measure, Max-Log processing only brings gains for SNR
larger than 10dB in this scenario.
For enhanced detector performance also at low SNR, iterative detection-decoding can be applied. Detector performance
is then measured by an EXIT chart, given in Fig. 5. While
the linear detector does not benefit from apriori information,
the proposed algorithm increasingly exploits it with decreasing
parameter 𝑛.
V. C OMPLEXITY
The number of elementary real-valued computational operations for different 𝑛 is illustrated in Fig. 4. Operations
like Multiply-Accumulate and Compare-Select are counted as
the same unit. For hardware independence we assume the
possibility of reuse of intermediate results (’infinite’ memory)
and cost-free Load/Store operations. The figure shows that

The presented algorithm reduces the search space for MaxLog-APP detection based on the magnitude of MMSE generated LLRs (reliability information). For iterative detectiondecoding we used a constant bit position selection. A modification of the algorithm is also possible: the selection of bit
positions in step 2 of the algorithm can be based on the sum
of MMSE LLRs and apriori LLRs from the decoder (this sum
is the current APP estimate). For the remaining ’unreliable’
subspace we computed the Max-Log-APP solution by candidate enumeration, based on the assumption that the subspace is
small. For a larger subspace (smaller parameter 𝑛) the sphere
decoder could also be applied (tradeoff between vectorized
implementation on the one hand and sorting effort for reducing
the number of computed metrics on the other). The parameter
𝑛 can be chosen according to an overall receiver optimization
including channel estimation and decoding: maximization of
mutual information for minimal or predefined channel SNR
and complexity.
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